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800 Å box at a minimum center-to-center distance of D = 100 Å.
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Chapter 1

Introduction

1.1 Motivation

Human beings have developed a rather addictive habit in the past century: the somewhat

thoughtless consumption of great amounts of energy for our comfort and enjoyment. Un-

fortunately, our capability to safely and efficiently generate energy has not grown nearly as

quick as our ability to consume it. As our population continues to grow (another habit we as

a species are rather fond of) it becomes clear that if we wish to maintain our modern lifestyle,

we must explore and develop sources of alternative energy. I have personally always thought

the sun seemed rather full of energy, and why don’t we try to harness some of that. Most

current forms of easily accessible energy can be traced back to the sun’s influence[10]. Coal

and oil, perhaps two of our worst habits, began their stories as ancient plants and animals

who millions of years ago found themselves sustained, directly or indirectly, by the energy of

the sun. Today we go to great lengths to discover the high energy chemical bonds of these

previous tenants, often found deep underground. After much industry and effort, we extract

these complex carbon chains hidden below, and proceed to combust them for our comfort

and entertainment or simply to pour them into our gas tanks. Wind and water both move

turbines for us, but the currents and motions utilized therein are consequences of the com-

plex thermal and weather cycles in which our sun plays the rather central role of “heater”.

It seems justified, given it’s extensive past experience and outstanding track record, that
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we directly consider the sun as principle energy provider for our species. I mean, it’s just

going to keep shining down on us for the foreseeable future anyway, so further development

of photovoltaic, photothermal, and solar to fuel technologies seems fitting.

Arguably, the greatest hurdle one faces in order to fully realize the concept of a solar

powered energy economy lies in the cost and efficiency levels of present day photovoltaic

(PV) technologies[11, 12]. One promising avenue of research in the last decade has been thin

film organic photovoltaic (OPV) devices. With devices typically composed of polymer and

nanoparticles arranged creatively on the length scales of 100-300 nm thick, OPV devices have

the potential to be both lighter and cheaper than conventional PV, not necessarily replacing

them, but becoming a supplementary energy source in designs where conventional PV could

not be used[13]. One of the remaining hurdles towards development of industrial quality

OPV devices is that their current maximum efficiencies are much lower than conventional

PV (about 10% compared to 40%)[14, 15]. It is a principle focus of this thesis to develop

tools that help characterize and explain the emergence of the performance limiting behaviors

in OPV devices.

Unlike their inorganic counterparts, absorption of a photon in OPV does not immediately

generate a free charge, but instead a tightly bound exciton state. In order for this exciton

to be dissociated into free charges an additional energetic asymmetry is required inside the

active layer of the device, such as the difference in energy levels between the acceptor and

donor material. A complication arises due to the relatively short lifetimes of excitons inside

these materials (≈ 10 ps), such that even though the exciton may be mobile throughout the

device it is only capable of successfully separating into free charges if it is generated within

close proximity of an acceptor/donor interface. The parameter known as the exciton decay

length (Lx-decay), which corresponds to the approximate distance an exciton will diffuse
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prior to it’s radiative decay, is useful in describing system morphologies. This requirement

has led to widespread use of the so called bulk-heterojunction (BHJ) design, in which accep-

tor and donor material are finely mixed on length scales of order Lx-decay such that most

photogenerated excitons easily discover an interface prior to decay. This ease of interface dis-

covery increases the efficiency at which absorbed photons are converted into usable current,

known as the quantum efficiency (QE) of the device, by minimizing exciton decay losses.

An unfortunate downside to this design comes from the fact that once excitons dissociate

into free charges (electrons in the acceptor material and holes in the donor material) the

conductive transport path from the geminate location (site of exciton dissociation) to the

charge contacts will inevitably be more tortuous and complex in a BHJ structure compared

to a simple planar heterojunction. Thus, while the BHJ significantly enhances exciton dis-

sociation efficiencies, it may lead to significant free charge loss. Great care must be taken to

design BHJ morphologies which optimize overall quantum efficiency, not simply maximize

exciton dissociation behavior while neglecting the effect on free charge.

This complex relationship between morphology and device performance[16, 17] is in no

way unique to the field of organic photovoltaics. Many next-generation energy applications

have material properties and device performance metrics which are strongly correlated to

their internal nanoscale features or morphologies. Batteries, LEDs, fuel cells, sensors, and

organic photovoltaics all rely on transport mechanisms intrinsically associated with the inter-

penetrating, percolative nanostructures employed by these devices[18, 19], and yet no models

exist which attempt to directly extract morphology from experimental data, with transport

calculations instead relying upon assumed or simplified models. We present a simple model

which generates three dimensional interpenetrating percolative nanostructural morphologies

that are simultaneously consistent with multiple types of experimental data. Though the
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work emphasized in this thesis is on the P3HT/PCBM bulk heterojunction morphology,

modeled using small angle neutron scattering (SANS) and neutron reflectometry data, the

method is easily adapted to many other systems and forms of experimental data.

In order to characterize these morphological models, we employ transport calculations

based on modified dynamic Monte Carlo (DMC) device simulations. The DMC model is

excellent at exploring how subtle changes in the nanoscale features of a configurational

morphology will influence exciton and charge behavior in the active layer of the OPV. In

this thesis we focus on the effect of nanoscale morphology of a polymer/nanoparticle BHJ

OPV device. The morphology models used are extracted directly from and then fit to SANS

and neutron reflectometry data. We feel that by using morphological models which are more

directly correlated with available experimental data, any subsequent theories derived from

these models are inherently more accurate than those developed from assumed morphologies.

We will compare how the use of assumed morphologies[2] versus the presented more realistic

morphologies alters the outcome of transport calculations.

In this thesis, we focus on utilizing SANS and neutron reflectometry data as it pertains

to the OPV devices under investigation, but many other viable experimental datasets exist

which could readily be incorporated into future modeling efforts. A wide variety of tech-

niques have been employed to better understand the complex systems involved in these BHJ

morphologies, including AFM studies probing local photocurrents[20] and space-charge lim-

iting behavior[21], STM[22], SEM[23], and electron tomography[6] based studies which have

attempted to directly map the morphology, and attempts to directly observe carrier photo-

generation with Kelvin probe force microscopy[24]. Each of these measurements is valuable

in it’s own right, however none so far have attempted to directly extract a morphological

model required for device simulation.
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While the reflectometry data used in this thesis has previously been fitted to an exact

PCBM density profile[8], and is thus easily incorporated into our morphological model, SANS

data is not as directly invertible. While previous standard methods utilizing polydisperse

sphere fits have estimated aggregate PCBM cluster size[25], these fits have little physical

correlation with the actual system. In order to fit our theoretical models directly to the

SANS data, we have developed a novel algorithm we refer to as the distribution function

method (DFM), which calculates the SANS profile of a theoretical morphology. Although

not as conceptually straightforward as other methods of calculating a theoretical small angle

scattering profile[26], the DFM method allows for a more flexible and scalable calculation of

a simulated scattering profile, allowing us to easily tune the precision of the calculation while

exploring the influence of various features of a morphology on the overall SANS profile.

Utilizing our modified Ising model, novel DFM scattering algorithm, and DMC based

device simulation, we will present a step forward in characterization and understanding of

the effect of nanoscale morphology on overall device performance of P3HT/PCBM based

OPV devices.

1.2 Outline

The focus of this thesis is to describe the developed methods and results from an effort to

better characterize and understand the effect of nanoscale internal morphology on various

aspects of OPV performance. Though much work has gone into this question in the past[2,

27, 1, 28, 29], this thesis will present modifications to the dynamic Monte Carlo model

frequently employed to study OPV, which act to directly refine the morphological model

through the use of neutron reflectometry and small angle scattering data. Both the method
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used to generate the model morphology itself and the calculations performed to evaluate

the theoretical performance will be explained in detail, and the importance of incorporating

previously underutilized experimental data will be demonstrated. The bulk of new work

presented is to be found in chapters 4 through 6.

Chapter 2 explains the basic principles of photovoltaic devices as well as the differences

between conventional PV and thin film OPV. This chapter will also introduce and motivate

the strong relation between nanoscale morphology and OPV device performance. Finally,

this chapter will present some of the attempts that have been made to enhance device

performance through morphology manipulation. This chapter is principally review.

Chapter 3 describes the dynamic Monte Carlo (DMC) transport model used to char-

acterize the performance of a particular morphology. The details of the model will be pre-

sented, along with example calculations on a set of simple morphologies. The modifications

we introduce to the basic DMC model will then be motivated and explained in detail.

Chapter 4 presents a novel method to efficiently generate a simulated small angle scat-

tering profile from any model morphology which we refer to as the distribution function

method (DFM). The benefits and limitations of the DFM method will be discussed, particu-

larly in comparison to the more straightforward direct method employed by other groups[26].

Several examples of well known structures will be presented, demonstrating the validity of

the DFM method. This chapter reviews previous small angle scattering calculation methods,

as well as introducing our new procedure, and the results of this chapter will be published

in a techniques paper.

Chapter 5 describes the modified Ising model we use to generate theoretical P3HT/PCBM

BHJ structures that are consistent with neutron reflectometry and SANS data. Though the

reflectometry data is directly incorporated into the Ising model, SANS data is not as di-

6



rectly invertible, and thus we demonstrate how through the use of the DFM method we

select and refine our structures until they are consistent with the experimental SANS data.

Additionally, we will demonstrate how to expand the simple two-phase model for use in

more elaborate system descriptions. One such presented case is a model where one differ-

entiates between aggregate PCBM and dispersed PCBM, as is suggested to occur in real

devices after annealing[30, 4]. Another presented model will incorporate P3HT crystalliza-

tion. The modified Ising model we present, which allows for morphologies directly extracted

from experimental data, is entirely new and has recently been published[31].

Chapter 6 presents the results of DMC device simulations performed on the modified

Ising model morphologies introduced in chapter 5 and compares these results to those cal-

culated from more primitive morphological models.

We will also discuss the ability to incorporate additional experimental data into this type

of morphologically driven device simulation. As the contents of this chapter will summarize

the bulk of the work, the results presented in this chapter have been recently published[31].

Chapter 7 presents conclusions of this work and directions for future work.

7



Chapter 2

The Basics of OPV

2.1 Solar Cell Devices

The essential mechanism for the generation of power in a photovoltaic (PV) device (solar

cell) is unsurprisingly, the photovoltaic effect[32]. Similar to the photoelectric effect, wherein

photon induced excitation ejects electrons from a material’s surface, in the photovoltaic effect

an absorbed photon’s energy is transferred to an electron within the absorbing material. By

absorbing this energy, the electron is freed from it’s previously bound state such that it

becomes mobile inside the material[33]. The sudden absence of an electron in the absorbing

material generates a mobile vacancy site which acts as a positively charged particle in the

system, called a hole[34]. In solar cell design, the goal is to collect these photoexcited free

charges (both the electron and hole) at the contacts of the device where they may perform

work on an external circuit. In this way a solar cell is not a voltage source like a battery,

but rather a current source[35]. Not all photoexcited charges will successfully be collected

at the contacts however, as there are a number of loss mechanisms inherent in photovoltaic

devices.

As charges are being generated in oppositely charged pairs (one hole and one electron)

a solar cell requires a mechanism to separate these opposite charges and drive them to the

opposing contacts. Note that photocurrent is often defined as flowing in the reverse direction

of a circuit (electrons moving to the cathode and holes to the anode) as the device is supplying

8



c
a

th
o

d
e

a
n

o
d

eE
f

+

-

n-type p-type

valence band

vacuum

condunction

band

Figure 2.1 Schematic of a simple PN junction in a solar cell at short-circuit condition, as
evidenced by the energy levels of the anode and cathode being equalized. Absorbed photon
excites an electron from the valence band into the conduction band. The electron and hole
can then follow the chemical potential gradient to the cathode and anode respectively. The
Fermi energy, Ef , exists between the valence and conduction bands. For interpretation of
the references to color in this and all other figures, the reader is referred to the electronic
version of this dissertation.

power rather than consuming it, hence the convention that the photocurrent generated in

a solar cell is negative. The principle physics inherent to conventional photovoltaic devices

are well illustrated using a band structure diagram, such as the example presented in figure

2.1. In order to photoexcite charges, absorbed photons must have sufficient energy to excite

an electron in the valence band across the band gap (Egap) into the conduction band.

Once excited, the now mobile electron and hole will follow the chemical energy gradient of

the device. This gradient, represented by the slope of the bands in figure 2.1, may arise

from a number of sources such as the depletion zone formed in a pn-junction, a charge

population concentration gradient, the difference between the work functions of the contacts

when connected to an external circuit, or an applied external potential. In band diagram

representations electrons will flow down a potential gradient and holes (because of their

opposite charge) will flow up. Both charges travel along the bands until they are either

collected at the contacts or otherwise lost. The total power delivered has the familiar form
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P = I × V, (2.1)

where P is the power, I is the current delivered, and V is the voltage at which this current is

collected. This potential difference across the device from anode to cathode arises due to the

quasi-Fermi level separation of the charges[36]. The maximum delivered photocurrent under

no applied load is called the short-circuit current, ISC . As photocurrent will be proportional

to the total area of the solar cell upon which light is incident, it is often convenient to describe

the current density rather than the absolute current. The short-circuit current density, Jsc,

may be described by the function

JSC = q

∫
dEγ bs(Eγ)QE(Eγ), (2.2)

where the integral is taken over Eγ , which spans all photon energies incident upon the

solar cell, q is the charge of an electron, bs(Eγ) is the incident photon flux as a function

of photon energy, and QE is the quantum efficiency, which describes the probability that a

photon with given energy (Eγ) incident upon the device will successfully deliver a charge to

the external circuit.

At the contacts themselves, a slight energetic mismatch will likely exist between the active

material of the solar cell (the p-type or n-type semiconductor) and the electrode. If the

transition between the two materials results in an energetic barrier inhibiting charges from

leaving the active layer to the contact, it is referred to as a Schottky barrier. Charge must

tunnel through or be thermally excited over a Schottky barrier in order to be collected[37].

This delay in collection time can lead to the build-up of a space-charge layer near the contacts,

which can further impede charge transport. By contrast, if the resultant barrier enhances
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charge transport across the barrier by nature of being at a lower energy state for the charge

relative to it’s energy in the semiconductor, the contact is referred to as Ohmic[38, 39].

In any device with a quantum efficiency of less than unity, not all photogenerated charge

is being successfully collected at the contacts. The three main loss mechanisms are radiative

recombination, Auger recombination, and trap assisted recombination[35, 40]. Radiative re-

combination occurs when an electron relaxes across the band gap, emitting an associated

photon of energy Egap. Radiative recombination is a common loss mechanism in a con-

ventional solar cell, with it’s rate being governed by the width of the band gap. Auger

recombination also involves relaxation of a charge carrier across the bandgap, but the energy

released acts to push a different charge carrier to a higher energy level in the same band.

In terms of PV devices, this sacrifices one charge with no particular energetic gain for the

other, as the charge excited above the band edge will quickly thermalize back to it’s previous

energy level at the bandgap edge. Auger recombination is only a significant loss mechanism

in systems with a high free charge density, which rarely occurs in conventional devices un-

der normal operating conditions. Trap assisted recombination occurs when charges become

trapped in energetic defects (traps)[41] which have an intermediate energy in the band gap,

such that the trapped charge gives up this difference in energy in the form of phonon radia-

tion (heat). Trap assisted recombination is often the dominant form of loss near the surface

of a device, due to defects introduced by the bulk termination at the surface[38].

The potential difference applied by an external load will cause external charges present in

the contacts to be injected into the active layer of the solar cell. The injected charges flow in

the opposite direction to the flow of photogenerated charge current towards the contacts[35].

This injected opposing flow of charges is referred to as the dark current density, Jdark, as it

will be present whether the solar cell is under illumination or not. Though “dark” charges
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Figure 2.2 Demonstration of applied voltage to a simple solar cell band diagram. As the
open circuit voltage, Voc is passed, the runaway diode behavior emerges.
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are continuously thermally injected from the contacts into the solar cell[37], because of the

band structure design of conventional PV devices they will likely be unable to travel across

the device until sufficient external bias is applied, as is demonstrated in figure 2.2. This

diode-like behavior of the dark current is a common feature in solar cells, principally due to

the rectifying features of their internal energetics favoring charge transport in one direction.

One may describe the dark current density, Jdark, with an ideal diode equation

Jdark = Jo

(
eqV/kBT − 1

)
, (2.3)

where Jo is a constant, V is the net voltage across the device, and kBT is the Boltzmann

constant times the temperature.

The equivalent circuit for a solar cell, seen in figure 2.3, demonstrates a photon induced

current source (JSC), a dark current contribution modeled as a diode (Jdark), additional

current losses modeled as a parallel and series resistance (Rp and Rs respectively), and the

contact points across which a solar cell would be connected to an external circuit with a

potential difference when a load is applied (V ).

Though a solar cell will deliver the maximum photocurrent at short-circuit, it is often

desirable to apply an additional external voltage which acts to oppose the flow of the pho-

tocharges. The reason for this applied voltage, Vapp, is to increase the total power delivered

by increasing the potential at which the photocharges are collected at the contacts. At a

certain threshold voltage, however, the flow of the photocurrent will be stopped entirely

rendering the solar cell useless. Because of the desire to maximize power delivered by the

device, solar cells are often evaluated with a current versus voltage (IV-curve) or current

density versus voltage (JV-curve), an example of which is seen in figure 2.4.
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Figure 2.3 Equivalent circuit for a solar cell, showing photon absorption generating a short-
circuit current density, JSC , which has losses represented as a parallel and series resistances,
RP and RS respectively. Dark current, Jdark, is represented as a diode in the reverse
direction of the photogenerated current.

Though figure 2.4 is a function of applied voltage, Vapp, recall that the total voltage

across the device will be the combination of the applied voltage and the built-in bias, Vbi,

such that the total voltage across the system is denoted Vnet = Vbi−Vapp. Three important

points of note on any JV-curve are the short-circuit current density (Jsc), the open-circuit

voltage (Voc), and the maximum power point[35]. The short-circuit current density describes

how the system behaves when no external voltage is applied (Vapp = 0) and is the maximum

possible collected current in the device. The open-circuit voltage is the point at which the

applied voltage has caused the net potential across the cell to be zero[42], at which point the

net current inside the device will be driven only by charge diffusion, which is typically much

smaller then the contribution of the drift current. The maximum power point is the location

on the JV-curve where total delivered power will be maximized, at voltage Vm and current

density Jm, which is subsequently the point of optimal device operation. In any regime of

the JV-curve outside this quadrant, either with applied voltages greater than Voc or under a

reverse bias with Vapp < 0, the solar cell will consume rather than generate power. A solar
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Figure 2.4 Example of a current density (J) versus applied voltage (Vapplied) graph,

demonstrating the diode like behavior of a solar cell. Curves are shown for both a de-
vice in the dark (Jdark) and under illumination (Jlight). Also shown on the graph are the

open circuit voltage, VOC , short-circuit current, JSC , thick dashed line to better understand
the fill factor, FF . Notable behavior points occur at short circuit, a©, near maximum power,
b©, near open circuit, c©, and finally at runaway diode-like behavior, d©.

cell’s ability to “fill-out” the area of it’s JV curve to the maximum possible power, Jsc×Voc,

is described by the fill factor, FF , defined

FF =
JmVm
JscVoc

. (2.4)

The total efficiency, η, of a solar cell describes it’s ability to convert incident light power

into usable work, defined as

η =
JmVm
Ps

=
JscVoc FF

Ps
, (2.5)

where Ps is the incident power density, delivered by the photons, to the solar cell.

Photogenerated free charges will transport throughout the solar cell by a combination
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of electrostatic field induced drift and concentration gradient driven diffusion. The current

densities in a solar cell at equilibrium can thus be separated into a drift component and a

diffusion component, described (in one dimension) as[35]

Jn = qDn∇n+ qµnFn (2.6)

Jp = −qDp∇p+ qµpFp, (2.7)

where Jn/p is the net current density for electrons/holes driven by the diffusion due to

the gradient of the charge population density, ∇n/p, the charge mobilities, µn/p, and the

diffusion constants, Dn/p, through the use of the Einstein relationship

µ =
qD

kBT
. (2.8)

Note that this approximation of current is only valid in the regime where charge pop-

ulations are at thermal equilibrium with the Fermi level, the material has a relatively low

density of defects or traps, the charge population is well described by Boltzmann statistics

(non-degenerate semi-conductors), and the gradient of the effective field (band gradient) is

relatively constant over the device[43]. This simple model does not explicitly incorporate

any morphological information, utilizing only an average mobility and charge population to

describe the photocurrent.
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2.2 Organic Photovoltaics

Organic photovoltaic (OPV) devices have great promise for applications unsuitable for con-

ventional solar cells, due to their light-weight and potentially less expensive fabrication

costs[15, 13, 2]. The difference in underlying mechanics and design of OPV systems com-

pared to their inorganic counterparts stems from the fact that the energetics in an OPV

systems arise from disordered molecular systems, rather than continuous band structure

seen in conventional semiconductors. These molecular materials cannot strictly be thought

of as p-type and n-type semiconductors, as there are no inherent free charges to be ex-

changed and thus no depletion region will will form at pn-junctions. Instead, OPV systems

are described as a combination of acceptor and donor materials[44], requiring their energetic

design considered through molecular based HOMO (highest occupied molecular orbital) and

LUMO (lowest unoccupied molecular level) levels, rather than valence bands and conduction

bands. An example of a molecular based OPV HOMO/LUMO level diagram is shown in

figure 2.5. In these materials, absorbed light will not immediately generate free charges as

in conventional PV, but instead generate strongly bound Frenkel excitons. These photogen-

erated excitons must be dissociated prior to exciton decay if the charges are to be collected

at the contacts.

The exciton is a bound state of an electron and hole pair, Coulombically bound to one

another resulting in a bosonic particle (being the combination of two spin one-half particles).

In these materials, excitons exist for a very brief period of time compared to free charges

(on the order of picoseconds) before they decay[45], with the energy lost through radiative

(photon emission) or non-radiative (phonon emission) processes. On a band diagram, exci-

tons exist as states slightly inside the bandgap, such that they are at a lower energy state
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than the two free charges unbound from one another. In most conventional photovoltaics,

photogenerated excitonic states are readily separated via thermal excitation or internal field

gradients, such that most models of conventional solar cells do not even take the exciton into

account.

Unlike conventional PV, the internal energetics of an OPV device are often insufficient to

naturally facilitate exciton dissociation, requiring an additional energetic asymmetry to do

so. This asymmetry can be provided by the energetic contrast present at interfaces between

acceptor and donor material, called a heterojunction[35]. This naturally suggests fabrication

of devices in which exciton is likely to discover, via it’s drift motion, a heterojunction interface

prior to decay. The most widely studied morphology fitting this requirement is the bulk-

heterojunction[46] (BHJ), in which the active layer of the device is composed of a finely

mixed blend of acceptor and donor material such that the length scales of the absorbing

material domains are of the same order as the exciton decay length.

Once an exciton reaches a BHJ interface, the difference in energies of the HOMO/LUMO

levels between the acceptor and donor materials is sufficient to separate the tightly bound

exciton into it free charge carriers. In these OPV systems, the dissociated electron is con-

sidered bound inside the acceptor material, as transport back to the donor would involve

passing into a higher energy state and is therefore unfavorable. Similarly, the hole is bound

inside the donor material. The limitation of the BHJ design is that while it greatly enhances

exciton dissociation efficiencies, it decreases the overall charge collection efficiency[2, 47] due

to the tortuous path a free charge is forced to follow (electrons through the acceptor material

only, and holes through donor only) to reach the contacts. Optimization of the internal mor-

phology such that it satisfies the transport requirements of both excitons and free charges is

thereby a principle concern in the development of higher efficiency OPV devices.
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Figure 2.5 Example of a molecular PV device, showing photoexcitation occurring in the
donor material, then charge separation and transport to the contacts. Note the lack of any
band bending, but rather hopping between HOMO levels (hole transport) and LUMO levels
(electron transport).

Free charges in molecular devices are typically more localized than their inorganic coun-

terparts, due to the energetic disorder inherent in the complex disordered energies and mor-

phologies associated with OPV. This leads to charge mobilities in OPV devices which are

orders of magnitude smaller than those seen in their inorganic counterparts. Additionally,

charge transport is often modeled as a hopping process as compared to a continuous current,

with the hopping charges jumping between localized minima energy states on timescales

associated with random energetic fluctuations inherent in the system, as is conceptually

demonstrated in figure 2.6.

Free charge recombination is arguably a greater concern in organic systems, as evidenced

by their lower quantum efficiencies compared to inorganic devices. This is in part due to the

lower mobilities preventing free charge pairs from escaping the Coulombic attraction that

exists between them. Additionally, the lack of free charge within molecular materials leads to

a lack of any significant Debye screening effects. Consequently, the only energetic screening in
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Figure 2.6 Qualitative illustration of how a charge hops on a length scale related to thermal
vibration of a local energy landscape.

these devices originates from the fluctuating random thermal contributions to the energetic

landscape, described by a Bjerrum length. Free charge recombination is often specified

as being either geminate or bimolecular in nature. Geminate pair recombination refers to

a pair of charges that were generated together (from the same photon absorption/exciton

dissociation event) recombining and thus being lost. Bimolecular recombination refers to

a charge which had successfully escaped it’s initial partner but then recombines with an

opposite charge some time later. Because of the low carrier densities present under normal

illumination conditions, geminate recombination seems likely the dominant form of charge

recombination, as opposed to bimolecular.
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2.3 P3HT/PCBM OPV Device Design

The devices we model in this thesis are based on the work of Jonathan Kiel, of Michael

Mackay’s group at the University of Delaware. These solar cells were inspired by the popular

polymer/nanoparticle bulk heterojunction design[48], which uses the conductive polymer,

poly(3-hexylthiophene) (P3HT) as a donor material and the conductive nanoparticle, [6,6]-

phenyl-C61-butyric acid methyl ester (PCBM) as an acceptor material. A simple schematic

for the device is shown in figure 2.7.

The active layer of these devices is composed of a 1-to-1 by volume mixture of P3HT and

PCBM, which is then spin coated onto a prepared front contact. The front contact must be

transparent to incident photons, so that the photons may reach and be absorbed in the active

layer. Indium tin oxide (ITO) is a common choice for the front contact material, but other

common materials include fluorine doped tin oxide (FT) or doped zinc oxide. Prior to spin

coating, the front contact is often coated with an electron blocking layer of poly(ethylene

dioxythiophene):polystyrene sulfonate (PEDOT:PSS) so that only holes will be collected at

the anode (ITO) contact. Post spin cast annealement of the active layer was found to cause

an overall improvement in the final device performance[8, 25]. The back contact is typically

a metal, often aluminum, which is carefully evaporated onto the active layer.

In these P3HT/PCBM devices, photons are absorbed only into the polymer (P3HT) gen-

erating excitons. These excitons diffuse, with hop rates influenced by local site energies[49],

until they either discover a bulk heterojunction (BHJ) interface or decay. Though some

evidence suggests that decaying excitons emit photons which may later be reabsorbed in

the polymer and form a new exciton, for the purposes of our work we consider any decayed

exciton as lost. This assumption is justified because the decay-generated photons would
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likely have wavelengths just below the HOMO-LUMO gap energy, and thus the likelihood

of re-absorption in these materials would be small.

Dissociated excitons form a pair of charges which are localized within separate materials

(electrons in the acceptor and holes in the donor) but are still strongly attracted to one

another via their Coulomb potential[50]. As the density of photogenerated free charges is

relatively low in these devices under normal operating conditions, no screening due to local

charge induced fields need be considered. We consider the attraction between these charges

to be a function of only their separation distance and the difference in dielectric constants of

the acceptor and donor materials. We may write the potential, φ, experienced by a charge

due to it’s geminate partner as

φ(r, z) =
2q

(ε2 + ε1)

(
1

r

)
− (ε1 − ε2) q

(ε2 + ε1) ε1

(
1

2z

)
, (2.9)

where q is the charge sitting in a material of relative dielectric constant ε1 at a distance of

z from the interfacial boundary, while it’s geminate partner (having opposite charge) resides

in the opposing material of relative dielectric ε2, at a total distance of r from the charge.

The full derivation of equation 2.9 is provided in appendix A.1. As the force on a charge q1

by charge q2 is given F = −q1 ∂φ∂r , this will generate an overall attractive force due to the

opposing charge, given in the first term of equation 2.9. The second term of equation 2.9

will either be positive or negative, dependent on whether the image charge is generated in a

material of lower relative dielectric constant (resulting in a repulsive force) or higher relative

dielectric (resulting in an attractive force).

If the relative dielectric constants are equal, such that ε1 = ε2 = ε, then equation 2.9 will

simplify to the familiar form
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φ(r, z) =
2q

(ε+ ε)

(
1

r

)
− (ε− ε) q

(ε+ ε) ε

(
1

2z

)
=

2q

(2ε)

(
1

r

)
=

q

εr
. (2.10)

Conformational variations and deep energy traps lead to a Gaussian like density of states,

σr, throughout the transporting medium with some width [43] which for these devices has

assumed values around σr ≈ 1 × 10−20J ≈ 1/16 eV [51]. If the geminate pair separates to

a distance such that the Coulomb potential between the charges is less than the energetic

width of density of states, we may consider a pair now fully separated free charges. This

is not to say charges reaching this range are certain to be collected at the contacts, only

that any further recombination is to be considered bimolecular rather than geminate. The

average size of a geminate pair will thus be determined by the dielectric constants of the

materials and the hop rate of the charges.

Free charges are considered localized to 1nm in these systems, with a single charge con-

fined in a thermally oscillating energetic landscape. Charge transport is driven by a hopping

mechanism well described by Marcus theory[51, 43, 52], which will be further discussed in

section 3.3 of this thesis. Free charges within the confines of their respective material (elec-

trons in acceptor and holes in donor) will hop throughout the morphology until they are

either collected at the contacts or lost due to recombination.
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Figure 2.7 Schematic of a P3HT/PCBM based OPV device, with the physical layers shown
in the top figure and the corresponding energy levels on the bottom. In this diagram, light
passes in from the right hand side and is absorbed in the active layer. Electrons travel to
the back metal contact (typically aluminum) and holes, passing through the PEDOT:PSS,
are collected at the top contact (ITO).
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Chapter 3

Monte Carlo Device Model for OPV

In this chapter, we begin by summarizing the different scales of modeling used in OPV

simulations and giving a background of the calculations that have been performed. We

motivate our use of the dynamic Monte Carlo (DMC) model for use in exploring the effects

of morphology on OPV device performance, summarizing how the DMC method has been

used previously. We will explain the DMC model in detail as well as the origin of the event

rates used for both excitons and charges. We will demonstrate an application of the DMC

model on simple bilayer systems with a number of different calculations, testing both the

effect of system energetics and morphology. Though we ultimately modified the presented

DMC method to better fit our focus on the direct effects of morphology on transport (see

chapter 6), we present the standard method in full detail here.

3.1 The Scales of Modeling and Literature Review

Modeling of organic photovoltaic devices is useful to both better understand how internal

mechanisms effect device performance and to help design higher efficiency devices[53]. The

principle factors involved in an OPV device’s performance, and thus the factors under inves-

tigation by simulation, may include photon absorption and conversion, exciton generation

and transport, charge generation and transport, carrier loss mechanisms, trapping, internal

field effects, HOMO/LUMO levels, charge extraction at contacts, and dark charge injec-
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tion. With so many different mechanisms influencing OPV device performance, no single

model exists which simultaneously incorporates all these mechanisms on a device scale[54].

The models used in OPV device simulations can be separated into three scales, macroscopic

models, mesoscopic models, and atomistic models.

Atomistic models are those which occur on the smallest length scale (1 Å - 5 nm) and are

the most precise calculations of the processes occurring inside the device, often treating these

processes with the most physically precise theories. Examples of atomistic scale calculations

include quantum mechanical calculations of exciton transport dynamics across polymers[55],

photon absorption and localized exciton mechanics [56], calculations of charge transfer or

separation across a heterojunction[57, 58, 59, 60, 61], self-consisted field theory studies of

polymer phases[62], and Monte Carlo calculations of charge dynamics across HOMO/LUMO

gaps[43, 63]. Simulations on the atomistic scale, while more accurate than larger scale

models, are computationally infeasible to implement on length scales required for full device

simulations.

Macroscopic models are those which simulate the largest (100nm−1µm) and subsequently

coarsest length scales. These models are capable of simulating an entire device, but to do

so must approximate the internal features in some way. Additionally, these models rarely

simulate individual charges, instead modeling charge densities and net currents and often

producing full IV characteristics for a device. One of the most common types of macroscopic

models are the so called drift-diffusion calculations[64, 65, 28, 66, 67], which examine the

influence of effects such as trap states[68, 69], mobility dependence[70], material mixture

ratios[71], and doping effects[72]. Other examples of macroscopic models include simple

reaction rate calculations[73] or detailed balance studies[74].

While atomistic scale models are the most physically accurate, their small scale pre-
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vents their use in exploring device-spanning phenomena. On the other end of the spectrum,

macroscopic models are quite capable of full device characterization, but only when utilizing

simplified morphological models which may wash out detailed nanoscale features. We feel a

third scale of simulation, the mesoscopic models (2nm− 400nm), are ideal for investigating

the influence of nanoscale morphology on a wide breadth of physical mechanisms of interest

in these OPV systems.

Mesoscopic models often simulate individual charge and exciton transport over a sample

or cross-section of the total device. The transport mechanisms in mesoscale models are often

abbreviated or simplified from those used in atomistic models. Many mesoscopic models

utilize the Dynamic Monte Carlo (DMC) method and include studies of the influence of

nanoscale structure on device performance[2, 51, 1, 75, 76, 77]. These models are readily

expanded to include many different effects, such as energetic disorder[27, 78, 79, 80], charge

separation and recombination[81, 82], surface wetting effects[83], localized trapping[84], elec-

trode heterogeneity[85], material roughness[86], and light intensity[87]. Because of their

simplified transport mechanisms, mesoscopic scale models inherently lack the precise detail

provided by atomistic scale calculations. However, because of the much broader view acces-

sible by models of this scale, the influence of internal nanoscale features may be explored

over lengths associated with charge lifetimes. We believe that mesoscale models, specifically

the dynamic Monte Carlo model, offer an ideal tool with which to bridge the information gap

between the accuracy of atomistic scale calculations and the macroscopic scale calculations

required for efficient full device characterization.
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3.2 Basics of the Dynamic Monte Carlo OPV Model

In it’s simplest form, the dynamic Monte Carlo (DMC) device model simulates a solar cell’s

active layer, a nanoscale morphology composed of two materials: an electron acceptor (such

as PCBM) and donor (such as P3HT)[88]. The precise structure is defined on a cubic lattice,

with each site being defined as one material or the other. System dynamics are simulated via

modeling the transport of individual excitons, electrons, and holes; all of which are modeled

as single lattice-site occupying particles. The DMC model is viable in both two[89] and three

dimensions[2], though we will focus on to the three dimensional case for this thesis. The

assumption is made that free electrons are bound inside the acceptor material, and free holes

are bound inside the donor material. This assumption is justified because of the difference

in energy levels between the HOMO/LUMO levels of the acceptor and donor material, as

seen in figure 2.7.

Excitons are generated randomly throughout the bulk of the morphology’s donor sites,

and diffuse until they either discover a heterojunction interface (a donor site adjacent to an

acceptor site) where they may dissociate into free charges or decay. Free charges are generated

in electron-hole pairs, and proceed to drift/diffuse throughout the morphology until they

either discover an electrode and are collected, or are lost due to recombination. Real devices

typically have an electron blocking layer, such as PEDOT:PSS, between the active layer

and the hole collecting electrode in order to prevent photogenerated electron injection into

the wrong contact (as this would generate current flowing in the wrong direction, and thus

consuming power). In this simple model, we approximate this by only allowing charges to

be collected at their respective contacts (electrons at the cathode, holes at the anode).

The model morphology is mapped onto a cubic lattice with all sites being assigned as
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either pure acceptor or pure donor, with a typical lattice spacing of al = 1 to 3nm. Pe-

riodic boundary conditions are considered to occur in the x and y (horizontal) directions,

with reflective boundaries assumed in the z (vertical) direction. Additionally, electrodes are

assumed at the edges of the z direction, with the electron collecting electrode (a metal, such

as aluminum) at the air interface (z = 0) and the hole collecting electrode (transparent con-

ductive contact, such as ITO) on the substrate (z = Lz). Due to the assumed confinement

of electrons in acceptor material and holes in the donor material, there must exist a nearest

neighbor percolative path from any site to the corresponding contact if charges generated

upon such a site are to be collected.

3.2.1 First Reaction Method

The first reaction method (FRM) is a common algorithm used in Monte Carlo transport

simulations of OPV systems[2, 47], and is useful in efficiently handling a number of dynamic

particle trajectories simultaneously. The basic premise is that one keeps a chronologically

ordered queue of future events and their associated times. Every possible event in the

system (such as charge movement, recombination, collection at electrode, etc) is assigned

an associated rate. During each simulation step, the top event is removed from the queue

and, so long as that event is still possible, executed. After event execution, all candidate

next events for the involved particles are considered, with associated times generated from

a characteristic rate as

τevent =
−1

ωevent
lnX, (3.1)

where τevent is the candidate event time, ωevent is the associated characteristic event
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rate, and X is a uniform random number between 0 and 1. Equation 3.1 is taken directly

from the Gillespie algorithm[90], and will produce stoichiometrically correct results for the

rate given while still being dynamically unpredictable. For example, an event with a char-

acteristic rate of ωa = 20 would be selected 4 times more often than an event with rate

ωb = 5. All candidate events have associated times generated in this manner, but only the

candidate event which produced the fastest time is selected and inserted into the queue at

it’s chronologically associated position.

3.2.2 Exciton Events

For excitons in our model, possible events and their associated rates include exciton gener-

ation on a donor (P3HT) site due to light absorption (νx-gen), hopping movement to any

neighboring site (νx-hop), exciton decay (νx-decay), and dissociation into free charges when

adjacent to a heterojunction (HJ) site (νx-diss). Commonly used values are shown in table

3.1.

3.2.2.1 DMC exciton generation

As excitons in this model are generated due to photon absorption, one could apply the Beer-

Lambert law in order calculate the exciton generation rate. The Beer-Lambert law describes

photon absorption in a material with an exponential decay as a function of thickness and

density of the material, cumulatively describing a path-length. A simple derivation for

the Beer-Lambert law begins by dividing the absorbing sample into a series of thin slices,

perpendicular to the incident light.

The assumption is made that the beam intensity decreases as it passes through each slice

of the material due to molecular absorption and that all particles absorbing light in the slab
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have a perpendicular cross-section to the beam, σ, such that any light not absorbed in a

thin slab passes through. The thickness of a layer, dz, is considered to be thin enough that

one absorbing particle does not obscure the interaction of the photons with another particle.

As each slab has a definable area, A, and we assume each absorbing particle has a specific

cross-section, we define each slab to have a particle density, n. The fraction of photons

absorbed by a specific slab will be proportional to it’s opaque surface area (σANdz) divided

by the area of the slab such that one may write the intensity absorbed by a given slab as

dIz = −σnIzdz, (3.2)

where we specified the intensity lost, Iz, due to a specific layer, dz. After rearranging

and integrating, we come to the equation

ln [Iz] = −σnz + C, (3.3)

where C is a constant due to integration. If we assume the difference in intensity for a

sample of thickness, l, is described such that it has intensity I0 at the surface (z = 0) and

final intensity Il at the bottom of the sample z = l, then the difference in intensity across

the sample may be written

ln [Il]− ln [I0] = (−σln+ C)− (0 + c) = −σln. (3.4)

Defining the transmission through a sample, T , as the fraction of light intensity at the

bottom of the sample (Il) over the intensity at the surface (I0), we see the expected expo-

nential decay of intensity, as a function of thickness and other absorption parameters
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T =
Il
I0

= e−σln = e−αl, (3.5)

where we have combined the absorption parameters of number of particles and particle

cross-section into one parameter, α.

For many thin film OPV devices, however, the photon absorbing active layer is so thin (on

the order of 100 nm) that the Beer-Lambert law is not required to accurately simulate device

performance, as photon absorption may be treated as a constant throughout the thickness

of the active layer[2].

In the simple DMC OPV simulation, the exciton generation rate, νx-gen, is defined

νx-gen = Iincidentαx Lx Ly, (3.6)

in which Iincident is the flux of photons incident upon the cell based upon the AM1.5

spectrum, αx is a material constant representing what percentage of photons incident upon

the device are absorbed (assumed 1 in the DMC simulations), and Lx/y are the simulated

morphologies dimensions in x and y, producing incident surface area. As noted previously,

our model assumes thin morphologies where absorption of photons does not have a depth

dependence.

3.2.2.2 DMC exciton hop rates

Once an exciton is generated, it proceeds to diffuse throughout the device with a rate νx-hop

until it decays or dissociates. The decay rate is based on experimentally observed lifetimes of

νx-decay = 1/τx-lifetime = 500 ps−1. Note that due to the scales of morphological area be-

ing simulated in the DMC model (1000 nm2 to .16 µm2), and given that νx-gen � νx-decay,
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only rarely will there exist more than a single exciton in the model at any given time. Ex-

perimental measurements suggest exciton diffusion lengths on the order of ≈ 10nm. For

these P3HT/PCBM systems, we set the exciton hop rate to reproduce the desired mobility

through the use of the diffusion equation and the Einstein relationship. A detailed explana-

tion on the selection of hop rates to achieve a desired mobility is found in appendix A.3 of

this thesis, but briefly the Einstein relation is defined

D =
q

kBT
µ, (3.7)

which relates the diffusion constant, D, to the mobility, µ, via the charge, q, temperature,

T , and Boltzmann’s constant, kb. The relationship between the diffusion constant and the

average hop rate and average rate of a particle on a cubic lattice is defined

D = l2ωi/6, (3.8)

which gives the average hop distance, l, and average hop rate, ωi, required to generate a

specific diffusion constant. Note that the derivation of equation 3.8 is also found in appendix

A.3. Taking the average hop length used in our DMC model to be the lattice constant (l = a)

we may combine equations 3.7 and 3.8 to to final form

ωi =
6kBTµ

qa2
. (3.9)

3.2.2.3 DMC exciton dissociation rate

Exciton dissociation may only occur when the exciton is directly adjacent to a heterojunction,

such that a geminate pair may form across the two materials. We take the dissociation rate
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to be much faster than all other processes when the exciton is adjacent to a HJ (on the order

of 1000 × νx-hop), but 0 otherwise. If an exciton is simultaneously adjacent to several HJ

interfaces (for instance, in a corner), the target interface to dissociate across is selected at

random.

3.2.3 Charge Events

Although charge diffusion can be correctly modeled in bulk material by selecting a single

time through the use of 3.1 and then assigning a random hop direction, we simulate the drift

behavior due to internal fields by dynamically modifying hop rates as particles move through

the morphology. These fields originate from a wide variety of sources including built-in bias

due to differences in work function, ∆φ, applied field, Vapplied, coulombic interaction with

nearby free charges, Ecoulomb, image charge effects near contacts, Eimage-c, and inherent

energetic disorder[91] throughout the morphology, Edisorder. In the DMC model, these

various field effects are maintained on a set of field maps, Ee/h/x(i, j, k), which specify the

current potential value of site (i, j, k). For convenience, we separate field effects into three

different maps for electrons, hole, and excitons (as Ee, Eh, and Ex respectively).

The random site energies, Edisorder simulate the effect of thermally induced energetic

disorder in the systems[92, 93], and are assigned at the start of any simulation with a

Gaussian distribution centered at 0 with a width of σrand. The net field across the device,

being the difference of the built in bias and applied bias (Vnet = Vbi − V app) is applied as a

static linear field gradient, Ee/h, across the system.

A free charge occupying site (i′, j′, k′) will coulombically contribute to nearby site (i, j, k)

with potential
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V (i, j, k) =
q2

εr

1

R(i′,j′,k′)
, (3.10)

where V (i, j, k) is the contribution to the field, 1 is the elementary charge, εr is the

relative permittivity of the material, and R(i′, j′, k′) is the distance from site (i, j, k) to the

charge generating the field. V (i, j, k) is added to the field map of the same-type charge

(being a repulsive potential) and subtracted from the field map of the opposite type charge

(being an attractive potential).

Image charge effects may occur near the contacts, and are treated by generating an

equivalent field as one due to a charge placed at the site (i, j,−k), that has the opposite

polarity as the original charge at site (i, j, k). In these systems, the image charge will act

to enhance charge collection at the contacts by attracting free charges, though this is a

function of material permittivity and is further discussed in appendix A.1 of this thesis. In

DMC models of these BHJ systems, the permittivity of the two materials involved are often

taken to be the same such that no image charge effects at the heterojunction itself need be

considered. This is an acceptable approximation, as the charge recombination rate is already

being fit to experimental results, which likely encompasses any enhanced recombination due

to image charges effects across the heterojunction.

While exciton dissociation generates a pair of free charges across a heterojunction, these

charges are still somewhat bound to one another due to the strong coulombic attraction,

and are thus referred to as a geminate pair. Though the precise mechanism of geminate

pair separation is somewhat debatable, from the standpoint of the DMC model a charge

must escape the energetic influence of it’s geminate partner in order to become a truly free

charge. The Debye length is commonly used in simulations of conventional PV devices for
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the effective charge field cutoff length as it is brought about by the Coulombic fields of nearby

free charge, and previous OPV simulations have used the Debye length in a similar way[2].

However, as OPV systems have a relatively low density of thermally excited free charge, it

is not entirely correct to characterize geminate pair separation in this way. In discussions

of OPV devices it is more fitting to use the Bjerrum length as a field cutoff radius, being

the separation distance at which the electrostatic interaction between a pair of charges is of

equal magnitude to the local thermal excitations[94]. The Bjerrum length, λB , is defined as

λB =
q2

εrkBT
, (3.11)

where q is the elementary charge, εr is the relative dielectric constant, T is the temper-

ature. In our simulations, if a pair of charges is at distance λB or greater, we may consider

their electrostatic interaction effectively masked by natural thermal diffusive processes, and

as such, we need not calculate the effects of any single charge generated Coulombic fields

beyond the length λB . This allows for significant speed increases in the calculation.

Both the built in bias (∆φ) and the applied field (Eapplied) are treated as static through-

out the simulation. In most cases, this net static field is treated independently of BHJ mor-

phology, because of the assumption that the relative permittivity, and thus relative dielectric

constant, are identical in the acceptor and donor. The means the internal static field is typi-

cally treated as a simple linear potential gradient across the morphology. In reality, the field

may be more complex, particularly near the contacts, but for most simple models a linear

field approximation is used. The common notation is that a positive ∆φ generates a field

which enhances charge transport to the charge’s respective contact (electrons to the anode,

holes to the cathode), while a positive Eapplied field acts to oppose charge transport. As
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such, we write an effective vertically linear static field, Estatic

Ee-static(k) = Eapplied −∆φ
(

k
Lz

)
:for electrons

Eh-static(k) = Eapplied −∆φ
(
Lz−k
Lz

)
:for holes,

(3.12)

where Lz is the largest lattice site value in the z-coordinate representing the substrate

interface, which is modeled as the hole collecting contact. At high applied field, diode like

behavior emerges. As has been previously discussed in section 2.2, this behavior is expected

as a high applied field will sweep the dark-charges being injected from the contacts across

the device to the opposing contact, thus providing a source for the runaway current in the

non-desirable direction.

3.2.3.1 DMC charge hop rates

Charge hop rates, νc-hop, are calculated dynamically between all nearest neighbor sites, m

and n using a simplified form of the Marcus rate equation

νc-hopmn
= νc exp

−(Em − En + ER)
2

4kBTER
, (3.13)

where νc is a constant, Em and En are the energies of the sites based on the sum of static

and dynamic site energies, ER is the reconfiguration energy, and kBT is the simulation

temperature. Note that the Marcus rate equation will be discussed in further detail in

section 3.3. Careful consideration must be taken in the selection of the prefactor hopping

constant, νc, such that the desired diffusive rate is produced. Additionally, the desired

effects of confinement on charge behavior must be considered, which are discussed in detail

in appendix A.3. For purposes of the simple model it is sufficient to calculate the hop rate

to all surrounding sites regardless of site assignment (acceptor or donor) and only later,
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as the selected hop execution, reject movement to forbidden sites (hops out of confining

material). This mechanism will model the situation where charges that have become caught

up in tortuous morphologies have difficulty finding an acceptable hop site, and thus their

effective mobility will drop.

3.2.3.2 DMC charge collection and dark charge injection

The charge collection rate at electrodes, νc-collect is considered fast compared to all other

processes due to image charge effects, on the order of 100× νc-hop.

Dark charge injection is modeled using rates derived from theoretical thermionic emission

from the contacts. The total electron current over a Schottky barrier can be described[39]

Jdark = A∗T 2 exp

[
− qφB
kBT

]
, (3.14)

where φB is the barrier height and the Richardson constant, A∗, can be approximated

(neglecting tunneling and reflection)

A∗ =
4πqm∗k2B

h3
, (3.15)

where m∗ is the effective mass. In the DMC simulations, dark charge injection is sim-

ulated by generating either an electron or a hole (chosen at random) at a random site of

the confining material (i.e. electrons in acceptor sites) which is adjacent to the injecting

contact. The simulation injection rate is based on the current density from equation 3.14

and the area of the contact being simulated. Under typical OPV operating conditions, dark

charges will almost always be recollected at their respective contacts. If the applied voltage

becomes great enough, however, the dark charges will be swept across the device and col-
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lected at their non-corresponding contact. This mechanism is the principle reason why dark

charge injection must be modeled in order to calculate full JV-characteristics in a model

morphology, as they provide the runaway current seen at high applied voltage as in figure

2.4.

3.2.3.3 DMC charge recombination rate

The charge recombination rate, νc-recomb, is typically a fit parameter in these DMC simu-

lations with a value selected such that the simulation reproduces actual device performance.

Charge recombination is only a candidate event when an electron and hole are directly adja-

cent to each other at a HJ site. Typical values used for νc-recomb are on the order of 100 s−1,

which is significantly slower than any other rate used in the simulation. The very slow rate of

νc-recomb can be understood because, despite referring to them as “free charges”, recently

generated geminate pairs are anything but free. The coulomb attraction, defined in equation

3.10, is typically much stronger than any other effect geminate charge pairs will encounter.

This tends to lead to the behavior of two “free” charges actually spending a majority of their

simulated existence bound to each other across an interface of the HJ. This pair of charges is

unlikely to drift apart, even when the interface runs parallel with the built in field. Because

of this, charge recombination rates must be low otherwise most geminate pairs would simply

recombine before ever having a chance to escape one another. This mechanism can be con-

sidered one of the weaknesses of this simple model. Note that if the selected next event for a

charge is a recombination action, the opposite charge must still exist and be present at the

time of recombination, and a new action will be selected via the standard FRM procedure.
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3.3 Marcus Hop Rates

As charge hopping transport in this model is derived directly from Marcus theory, we will

briefly explain it’s origin in this section. Marcus theory was developed to explain the rates

associated with electron transfer reactions. In the case of the DMC model employed here,

the transfer reaction represents a charge hopping between localized energy sites. One may

conceptualize the energetic landscape inside this system as a series of local energy minimas

with the barriers between sites oscillating due to thermal excitations, as was illustrated in

figure 2.6. The motion of the localized charge carrier itself is a function of the charge’s

capability to hop between localized minima (lattice sites in the DMC model), and is limited

by the details of the current energy landscape. The oscillations are essentially phonon-

mitigated interactions with nearby sites, such that when a potential crossing path does

come about (at some specific energy level) the charge may readily hop to an adjacent site as

charge transport is presumed to be much faster than the reorganization speed of the energetic

landscape. It is this subtle phonon interaction between the system’s energetic landscape that

creates the possibility for charge transfer, and not the reverse.

In order to calculate a hop rate, the Gibb’s free energy of activation, ∆Go, is used as

it represents the minimum energy required to excite a charge out of one localized energy

site and into another. The Marcus transition is conceptually visualized in figure 3.1 as a

function of free energy versus the reaction coordinate[52]. The reaction coordinate is an

abstract variable which describes the energy path involved in a reaction, with each point

along the axis corresponding to a different configuration of molecular distances and angles

related to the reactants and bonds. The standard thermally activated rate equation, known

as the Annherius equation[95], is given
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Figure 3.1 Parabola geometry used to derive Marcus rate activation energy. The net en-
ergy change from the reaction is the Gibb’s free energy of reaction, ∆Go. λ is energy of
reorganization. Gibb’s free energy of activation is found by solving for the crossover point of
the parabolas. Hij is the interaction energy at the intersection of the two states. In the two
states shown, the state on the right has a lower overall configurational energy by ∆Go, but
the activation barrier must be overcome for charges to transport to this lower configuration.

kab = Aab exp

(
−∆Gab

kBT

)
, (3.16)

where kab is the rate of a transition from state a to state b, Aab encompasses the prob-

ability of crossing from configuration a to b, and ∆Gab is the Gibb’s free energy difference

between the states. This exponential term can be thought of as expressing the probability of

forming a transitionary state between states a and b, which the charge may readily transition

through.

Solving for the activation energy given by the crossover point of the two parabolas in

figure 3.1, one finds that the free energy of activation is

∆G =
(λ+∆Go)2

4λ
, (3.17)

where λ is the reorganizational energy of the system and ∆Go is the total energy change
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due to the reaction or hop. Typically, it is the reorganization energy which dominates the

activation energy, producing somewhat predictable results that hop rates to lower energy

sites will be faster than hop rates to a higher energy sites.

Note that an interesting consequence of Marcus theory is the prediction that hop rates to

configurations of much lower energy might be slower than the rate to a slightly higher energy

state (due to the squaring of the numerator in the exponential). This result is a phenomena

referred to as a Marcus inverted region, and has been experimentally observed[96].

For the DMC method, a simplified form of the Marcus theory is used to derive charge

hop rates. The prefactor term of equation 3.16 is set as a hopping rate constant, νo, the

exact choice of which is further discussed in appendix A.3. Incorporating the specific site

energies into the Gibb’s free energy term, the final form of the hopping rate is found

νij = νo · exp

[
−
−
(
Ej − Ei + ER

)2
4ERkBT

]
, (3.18)

where νij the hop rate from site i to j, νo is a prefactor, Ei/j are the site energies involved

in the transition, the difference of which generates the Gibb’s free energy of reaction, and

ER is the reconfigurational energy. This simplification of the prefactor is used to set the

hop rate to be consistent with the desired mobility for an isoenergetic system, set by the

Einstein relation.

3.4 Simple Bilayer Morphology Example

To demonstrate the effectiveness of the DMC model, we here present the case of a simple

bilayer[97]. Even though modern devices typically use a BHJ morphology[98], the bilayer

system allows us to explore the DMC model independent of complex morphological consid-
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erations. We model the bilayer as two equally sized slabs of acceptor and donor material,

each 10nm thick, that have periodic boundary conditions in the x and y dimensions with

contacts assumed on either side of the device in the z dimension, such that final system size is

35nm×35nm×20nm. Excitons are generated uniformly throughout the morphology, with

a rate constant derived from the AM 1.5 light spectrum[82], scaled to the total volume being

simulated. Note that this example morphology is made intentionally thin, such that more

excitons will discover the interface and dissociate prior to decay and is not representative of

typical devices. The values of the various rates used in the simulation are given in table 3.1,

and are consistent with the values frequently used in DMC calculations of PCBM/P3HT

devices[47, 27, 2].

3.4.1 The effects of energetic disorder on a bilayer system

In order to demonstrate how the DMC model may be used to explore key features in OPV

devices, we first demonstrate the effect of increasing energetic disorder on the system. We test

this by widening the Gaussian distribution, σr, used to assign initial random site energies,

ER. Excitons are generated uniformly through the P3HT (donor) sites, and no dark charge

injection is modeled for this example. A difference in work functions of 1.2 eV is assumed

to exist across the morphology (Vbi) which acts to drive charges toward their respective

contacts. We compare 4 values of increasing site disorder, σr = 0, 1/16, 1/8, and, 3/16 eV

at 21 different applied voltage values between 0 and 2 eV . For each combination of σr and

Vapplied, 20 simulations were averaged for each point simulated over 10ms of illumination,

which was found to be sufficient to generate reliable statistics in the equilibrium region of

the device response. The results of these calculations are shown in figure 3.2, along with

error bars representing the standard deviation of each point.
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(a)

(b)

Figure 3.2 Example of how energetic roughness would effect a bilayer. Data presented as
collection efficiency versus applied voltage (Vapplied), demonstrating the well known diode-
like behavior. Note that no dark current is being simulated, so no runaway current in the
opposite direction is possible. Figure 3.2a is the charge collection efficiency, χc-collect, while
figure 3.2b is the exciton dissociation efficiency, χx-diss.
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Table 3.1 Parameters used in the bilayer example, except when otherwise specified.

Parameter Value

exciton generation rate 5× 1027m−3s−1

exciton hop rate 0.02 ps−1

exciton decay rate 0.002 ps−1

exciton diss rate 100 ps−1

charge hop rate .676 ps−1

charge recombination rate 5× 10−7 ps−1

charge collection at electrode rate .00646 ps−1

φ0 1.2 eV
EB (contact injection barrier) .4 eV

a (lattice constant) 1nm
T (temperature) 298K

ER (reconfigurational energy) .25 eV
σr (width of random site energies) .062415 eV

Lx/y/z (lattice dimensions) 35 / 35 / 20 nm

Note the emergence of a dramatic turn-off voltage occurring between 1 and 1.5V (de-

pending on σr), at which point charges are no longer capable of efficiently escaping the

interface and are lost due to recombination. As the energetic roughness is increased, the

voltage required to effectively pin the charges to the interface drops, such that they are more

likely to recombine. This result is not surprising, as the charge hop rates, given by equation

3.18, have a clear dependence on the difference of site-to-site energies. As the disorder in

random site energies was increased, so was the average difference between adjacent site en-

ergy values and thus the hop times between them. Longer average hop times meant charge

recombination became a more common event candidate and thus, occurred more often. Ad-

ditionally, energetic traps formed by random low energy wells become more prevalent, which

act to inhibit efficient charge transport.

Exciton behavior for this bilayer system is shown in figure 3.2, demonstrating that while
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applied voltage has no effect on the exciton behavior (as they are unaffected by the electric

field in this model), the dissociation efficiency dropped as the site disorder was increased.

Similar to the charge behavior, this is a consequence of decreased average hop rates, such

that exciton decay become more frequent.

3.4.2 The effects of sample depth on a bilayer system

To demonstrate that the DMC model can capture effects introduced by the morphology

itself, we look at a bilayer system in which the total length of the morphology, in the

z dimension, is gradually increased. We will look at bilayer systems with total vertical

dimension length Lz = 20, 40, 60, 80, and 200, with the heterojunction occurring in the xy-

plane at depth Lz/2 in each case. All other parameters of the simulation are shown in table

3.1. Once again, calculations are performed at 21 different values of Vapplied between 0 and

2V , simulating 10ms of illumination, with the data presented being the average of 20 full

simulations. Excitons are generated through the bulk of the donor sites and no dark charges

are simulated in this example. The results of these simulations are shown in figure 3.3.

As one can see, lengthening the z-dimension of the morphology (normal to the contacts)

has a dramatic effect on exciton collection. This illustrates the need in OPV for excitons to

be generated in close proximity to a HJ interface if they are to be successfully dissociated

into free charges. As the size of the morphology was increased, so was the average path

length from an acceptor site to the HJ, and thus excitons were capable of diffusing to the

interface prior to decay.

The charge collection efficiency, by contrast, had a much more subtle change across

different device lengths, as the data shows only a slight decrease in charge collection efficiency,

most notable near the cutoff voltage of approximately 1.5V . This illustrates that so called
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“geminate” charge recombination is the dominant loss mechanism in the DMC model, as

most charge pairs that escape the interface (and subsequently each other) are successfully

transported to their corresponding electrode, no matter what the path distance might be.

The minimum charge escape distance is dictated here by the Bjerrum length, as was discussed

in section 3.2.3. The effects of the Bjerrum length are will illustrated in this bilayer example,

as there are essentially no confinement effects influencing charge transport to the contacts

(other than the reflective wall of the interface).

3.5 Conclusions

In this chapter, we have introduced a characterization of the different scales of modeling

used in OPV simulations; these scales being atomistic (1 Å- 5 nm), mesoscopic (2 - 400 nm),

and macroscopic (100 nm - 1 µm) models. We discussed previous calculations which were

performed with each of the model scales, and motivated our selection of a mesoscopic model

in order to study the effects of nanoscale morphology on OPV device performance.

We then introduced the dynamic Monte Carlo OPV device model, and explained it’s

ability to simulate exciton and charge transport behavior in detail. Derivations of a number

of the key mechanism rates were presented. Example calculations were presented on a sim-

ple bilayer morphology, demonstrating the effects of energetic disorder and layer thickness.

Clearly, the DMC model presents a tool to explore how both energetics of a system and

morphology would influence the internal transport properties of a device.

Deficiencies of the DMC model, as it was presented in this chapter, are computational

efficiency and the reliance on fitting parameters. Additionally, the demonstrated effects

of both model parameters (such as energetic roughness) and specific morphology (such as
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Figure 3.3 DMC calculations showing the effect of varying total bilayer thickness on charge
collection efficiency, χc-collect (top), and exciton dissociation efficiency, χx-diss (bottom).
Presented are the results for systems of thickness L = 20, 40, 60, 80, and 200, with total
morphology size 35×35×L, and with periodic boundary conditions in the x and y dimensions.
No dark charge is simulated here. All other parameters used in the simulation are shown in
table 3.1. 48



the dimensions of model used) suggest that it’s crucial to use the most realistic model

morphologies possible in order to improve the reliability and use of the DMC simulation

results.
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Chapter 4

A Novel Method to Simulate Small

Angle Scattering

Many materials under study for modern energy and industrial applications are composed

of percolative, interpenetrating, complex nanostructures, such as Nafion networks in fuel

cells[99, 100, 101], structural materials[102, 103], organic photovoltaics[16, 18], batteries[104,

105], OLED’s[106, 107], and sensor materials[108]. Though the exact mechanisms influenc-

ing device performance in many of these systems are not yet well understood, the transport

properties are known to be strongly correlated with the details of the complex nanoscale

material networks, and as such much recent work has involved structural characterization of

these morphologies. One such measurement is small angle scattering, which can inform on

nanometer scale internal structure. Of particular interest to the study of organic systems is

small angle neutron scattering (SANS), which often can provide contrast between material

components that are indistinguishable with small angle x-ray scattering (SAXS). The chal-

lenge of SANS and SAXS measurements lies in interpreting the data, as standard analysis

requires fitting experimental data to well defined analytical form factors and structure fac-

tors. Although informative, these standard fitting procedures do not directly extract a 3-D

model, which is necessary for device simulation. Reverse Monte Carlo methods are capable

of handling small scale structures (on the order of 5-10 nm) but larger structures required for
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full scale device modeling are computationally difficult to refine using conventional methods.

To extract large scale nanostructural models from SAS data we developed a novel algo-

rithm to efficiently calculate the theoretical scattering structure function for morphological

models of arbitrary scale and resolution that we refer to as the distribution function method

(DFM). We will present the DFM algorithm here, discuss the limits of it’s applicability,

and demonstrate it’s usefulness through a range of simple to complex morphological model

examples.

4.1 Principles of the Fourier Transform

Before delving into the principles of scattering, it is worthwhile to discuss the principles of

the Fourier Transform as they relate to scattering. The Fourier transform (F.T. for short)

is a decomposition of a function into the sum of it’s complex periodic frequencies. One

commonly defined form of a FT is

F (k) =
1√
2π

∫ ∞

−∞
f(x) e−ikx dx. (4.1)

To give an example, consider a simple cosine with frequency ν, defined in real-space as

f(x) = cos(νx). Recalling that cosines may be written as cos(x) = (eix + e−ix)/2, the

Fourier transform into wave number space, k, is

F (k) =
1√
2π

∫ ∞

−∞
cos(νx) e−ikx dx

=
1

2
√
2π

∫ ∞

−∞
e−ix(k−ν) + e−ix(k+ν)dx

=

√
π

2

(
δ(k+ν) + δ(k−ν)

)
(4.2)
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where we have used the definition of the Dirac Delta function

2πδ(k−ko) =

∫ ∞

−∞
e−ix(k−ko) dx =


1 if k = ko

0 otherwise.

(4.3)

The result expresses the function, f(x) = cos(νx), in wave number space, F (k) =√π
2

(
δ(k+ν) + δ(k−ν)

)
, which demonstrates that this function is composed only of periodic

frequencies with wavenumbers k = ν and k = −ν. It’s important to note that f(x) and F (k)

carry identical information, only in different forms, and that performing a Fourier transform

from one form to the other will not cause any inherent loss of information. Also, note the

choice of Fourier function used in this example is not unique, as many different forms are

acceptable so long as they conform to principles of a Fourier Transform. Here, we used a

form that generated functions in terms of wave number, k, from a real space coordinate, x,

but could have just as easily used a form which converted functions in time, t, to functions

in frequency space, f . Wave number is a natural corollary to frequency, as it expresses the

number of waves which may fit in a distance of 2 pi (units of cycles per unit length), being

defined as k = 2π/λ, where λ is wavelength.

A more complex FT example is given in figure 4.1, which demonstrates how a complex

function (in this case, a series of broad delta-functions) would generate a series of peaks

which are symmetric about zero. As is explained in detail in appendix A.2, if the real

space function represented an aperture (series of slits), the Fourier transform would be the

transmitted intensity of an incident wave through the aperture.

Some important principles of Fourier transforms are that first, they work through de-

composition of periodic functions into their symmetric (cosine) and asymmetric (sine) com-

ponents. Though this might at first seem a narrow band of functions (periodic only), realize
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(a) (b) (c)

Figure 4.1 A demonstration of the Fourier relationship. Figure 4.1a shows an arbitrary
function composed of superimposed Gaussian distributions of varying heights. Figure 4.1b
demonstrates the real component of the Fourier transform of the function in figure 4.1a.
Figure 4.1c demonstrates the auto-correlation of the function in figure 4.1a.

as the length of the periodic cell grows to infinity, no repetitions become necessary and thus

any function may in principle be Fourier transformed. Second, Fourier transforms of real

and symmetric functions produce a function which is real and even, while Fourier transforms

of functions which are real and antisymmetric produce a function which is imaginary and

odd. Finally, the value of the Fourier transform at the origin, F (k = 0) is proportional to

the total area under the curve of the original function, f(x).

A useful mathematical concept in Fourier transforms and their applications is the convo-

lution theorem, which states that two functions, g(x) and h(x), may be convoluted by one

another (defined with the symbol ⊗) as

g(x)⊗ h(x) =

∫ ∞

−∞
g(t)h(x− t) dt. (4.4)

The effect of a convolution is to “blur out” the function g(x) and h(x) by each other, as the

two functions are essentially dragged across one another, causing the resultant convolution

to be significantly different than a simple product of the two functions. An example is given

in figure 4.2, showing a series of delta function peaks, of various amplitudes, convoluted with

a Gaussian distribution.

53



(a) (b) (c)

Figure 4.2 Convolutions of Gaussian functions of varying widths with a series of delta
function peaks. The function describing the delta functions is f(x) = δ(x+10)+2δ(x+5)+
3δ(x) + 2δ(x− 5) + δ(x− 10). The Gaussian is described as g(x) = exp

(
−x2/2σ2

)
. Widths

of Gaussian distributions used in these three examples are σ2 = .1 in figure 4.2a, σ2 = .5 in
figure 4.2b, and σ2 = 3 in figure 4.2c.

One convenient aspect of convolutions relates to their effect on the Fourier transforms of

resultant functions, giving the relation

f(x) = g(x)⊗ h(x) ⇔ F (k) =
√
2π G(k)×H(k). (4.5)

Notice that functions g(x) and h(x) have been convoluted (⊗) to produce f(x), but the

Fourier transform of this new function, F (k) is the result of the product of the Fourier

transforms of the two initial functions, G(k) and H(k). This result is useful, as many times

taking the convolution of two systems can be complex, where as the Fourier transform and

subsequent product is simple.

4.2 Basics of scattering

Scattering measurements are characterizations of how an incident particle, say an x-ray or a

neutron, is effected by a sample. We describe the incident particle through it’s energy and

momentum, with the basic equations
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λ =
h

p
(4.6)

E = hν =
hc

λ
= eV = ~ω = ~c|~k|, (4.7)

where λ is particle wavelength, h is Planck’s constant, ~ is the reduced Planck’s constant

(~ = h/2π), p is a particle’s momentum, E is it’s energy, ν is it’s frequency, and c is it’s

velocity (the speed of light). It is common to express the energy of a wave in units of

electron volts (eV ), a measurement of the energy required to take a single electron of charge

e ≈ −1.6× 10−19C across a potential of 1 volt.

The incident particle’s momentum can be expressed in terms of wavenumber, k, as

k =
2π

λ
=

2π

h
p. (4.8)

Wave number describes the number of times a wave oscillates in a given length, which is

directly proportional to momentum through a constant.

In the case of neutrons, their kinematic energy may also be described via the wavenumber

as

E =
p2

2m
=

h2

2mλ2
=

~2k2

2m
, (4.9)

where m is the mass of the neutron. Scattering particles are described through their

waveform, ψ. The equation of a propagating plane wave is written

ψ = Ae
i
(
~k·~r−ωt

)
(4.10)
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A = |A|eiφo , (4.11)

where A is the complex amplitude of the wave which has absolute amplitude, |A|, and

phase offset, φo, with frequency ω at time t.

When a particle scatters from a sample, the interaction may be characterized by the

change in momentum and energy. The momentum change, ~P is

~P = ~~ki − ~ ~kf = ~~q, (4.12)

where ~ = h/2π is the reduced Planck’s constant, ~ki/f is the initial and final momentum

of the particle, and ~q is the transferred momentum. The energy transfer from the incident

particle to the sample, ∆E, is

∆E = ~
(
ωi − ωf

)
. (4.13)

When no energy is transferred (∆E = 0), the scattering is referred to as elastic. All

scattering events discussed in this thesis will be in the elastic regime. The implications of

elastic scattering and equation 4.7 is that the wavelength, λ, cannot change before and after

a scattering event, and by extension neither can the magnitude of the wavevector, |~k|. This

condition leads to the result

|kf | = |ki| =
2π

λ
. (4.14)

Thus we have introduced momentum transfer, q, which is a common variable in many

scattering measurements.
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4.2.1 Single Scattering Event

An example of a simple elastic scattering event is shown in figure 4.3, where an incident

wave with momentum ~ki is scattering off a sample at an angle 2θ, such that it has final

momentum ~kf . Described using momentum transfer, ~q = ~kf − ~ki, we see that the amplitude

of q is

q =
4π sin θ

λ
. (4.15)

Figure 4.3 Single scatter event example

We may describe the spherical scattered wave, ψf , as

ψf = ψo f(λ, θ)
ei
~k·~r

r
, (4.16)

where ψo describes the incident plane wave, f(λ, θ) is a function describing the fraction

of an incident wave of wavelength λ that is deflected in the direction, θ. Note that there is

no azimuthal (φ) dependence on the function f(λ, θ) due to the spherical symmetry. The
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scattering strength of a particle, f(λ, θ), explicitly describes how strongly the incident wave

interacts with the scatter. Note that the term “scatterer” is used here, as although the

scattering is principally caused by interactions with atoms, it is sometimes more convenient

to consider average scattering from a molecule or small volume of material. The scattering

interaction itself is caused by a number of different specific mechanisms, dependent on inci-

dent wave and sample. For instance, electrons may scatter due to their Coulomb interaction

with an atom’s electric field, hence larger atoms (with greater Z number) scatter x-rays

stronger than smaller atoms. Neglecting magnetic interactions, neutrons interact only with

the nucleus of the atom and thus their scattering strength has no simple correlation with

atomic size. As these scattering interactions can be dependent on incident particle wave-

length and angle, we have up until now included their explicit dependence in f(λ, θ). As

we shall discuss later, in the q-range used in many small angle scattering measurements the

strengths of these interactions can often be approximated as a constant.

4.2.2 Multiple Atom Scattering

Scattering from an ensemble of atoms can be calculated by applying the principles of super-

position to the methods introduced for scattering due to a single atom. Assuming the total

scattered wave, ψf , will be composed of the sum of the scattering due to each individual

atom,
[
δψf

]
j
, where the index, j, identifies the scattering atom, one may rewrite equation

4.16 as

[
δψf

]
j
= ψo e

i~ki·~rj fj(λ, θ)
e
i~kf ·(~r−~rj)

|~r − ~rj |
, (4.17)

where the j-th atom is at coordinate, ~rj . Taking the sum over all N atoms in this
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ensemble, with each atom located at ~rj we find

ψf =
N∑
j=1

[
δψf

]
j

=
N∑
j=1

ψo e
i~ki·~rj fj(λ, θ)

e
i~kf ·(~r−~rj)

|~r − ~rj |

= ψo e
i~kf ·~r

N∑
j=1

fj(λ, θ)
e
i
(
~kf−~ki

)
·~rj

|~r − ~rj |
,

where as we have rearranged the terms, it’s straightforward to rewrite the exponential

in the sum in terms of momentum transfer, ~q. Additionally, we may assume that the inter-

atomic distances, |~rj −~rk|, in the system is much smaller than the distance to the detectors,

|~r|, and thus the far-field approximation can be made, |~r − ~rj | ≈ |~r| = r. Taking this limit

into account, we may write

ψf = ψo e
i~kf ·~r

N∑
j=1

fj(λ, θ)
e
i~q· ~rj

|~r|
. (4.18)

Finally, as we are interested in the net intensity (I ∝ |ψf |2) measured at the detectors,

we take the modulus squared of ψf to find

|ψf |2 =
ψ2o
r2

∣∣∣∣∣∣
N∑
j=1

fj(λ, θ) e
i~q·~rj

∣∣∣∣∣∣
2

. (4.19)

As we shall see later, this result is of particular use when we derive the Debye formalism

in section 4.3.2.
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4.2.3 Scattering strength

The principle mechanism by which matter scatters an incident wave is dependent on the

incident scattering particle. In the case of x-rays and electrons, scattering is primarily

dominated by electrostatic interactions with the electrons surrounding an atom, hence the

stronger interaction with atoms of greater Z number. Electrons primarily scatter due to

the Coulomb interaction with the electron cloud, whereas x-rays primarily scatter due to

interaction with the electron cloud itself[109]. For this reason, x-rays may penetrate deeper

towards the nucleus than an electron. For neutrons, scattering may occur either due to the

nuclear interaction at the nucleus of the atom or via a dipole-dipole interaction referred to

as magnetic scattering[110].

In the classical image of scattering, we may imagine the incident wave as a single particle

and the scattering atom as a single spherical body of finite size. In this picture, the rela-

tive scattering strength of an atom may be represented by a larger overall scattering area.

Although this is a simple classical interpretation of scattering, it inspires the common unit

of relative scattering strength called the scattering cross-section, σ. Because of the strength

of the scattering interactions, electrons will encounter much larger overall scattering cross-

sections than x-rays, and neutrons will encounter the smallest cross-sections overall. For this

reason, neutrons are capable of probing much deeper into many materials than electrons or

x-rays, particularly those with high Z number such as metals.

The value of σ may be measured by looking at the rate of incident particle scattering

over all angles, R(s−1), over the total amount of incident flux on the scattering sample,

Φ(s−1m−2). The scattering cross-section is related as σ = R/Φ, with units of m2.

In principle, the scattering cross-section will be dependent on both the incident angle (θ)
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and wavelength (λ) of the incident wave, as the driving scattering interaction mechanisms

are so dependent. However, in the regime that small angle scattering measurements are

taken the relative q-values of incident scatterers will be such that little variation occurs in

the σ(θ, λ)[111], and as such we may refer to a constant scattering cross-section, σ. The

scattering length, b, is another quantity which may describe material scattering strength.

Scattering length is related to the scattering cross-section, similar to the relationship between

the radius of a sphere and it’s surface area

σ = 4π|b|2. (4.20)

As the measurement taken in any small angle scattering experiment is the number of

incident scatterers deflected to a specific solid angle defined by the measurement detector, a

useful quantity to discuss is the differential cross-section

(
dσ

dΩ

)
=
R(2θ, φ)

NΦ∆Ω
, (4.21)

where the number of scatterers deflected per solid angle, R/∆Ω, is normalized by the

total number of scattering particles incident on a sample, Φ, and the number of scattering

units (such as atoms) in a sample, N . All scattering due to internal structural features inside

a sample will be present in the differential cross-section[111, 110]. Although scattering from

a sample will always be composed of an elastic (∆E = 0) and inelastic (∆E 6= 0) compo-

nent, the inelastic scattering will generally be small compared to the elastic component, and

constant across the q-ranges of interest here. As such, we treat total differential cross-section

and elastic differential cross-section as one-in-the-same for the purposes of this thesis.

The elastic scattering to a specific solid-angle due to a sample may be written
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R(2θ, φ) =
∣∣ψf ∣∣2 δA, (4.22)

where δA is the area subtended by the solid angle defined by (2θ, φ).

Along with the definition of scattered wave due to an ensemble of scatterers provided by

equation 4.19, we may describe the differential cross-section as

(
dσ

dΩ

)
=

1

N

∣∣∣∣∣∣
N∑
i=1

bi e
i~q·~ri

∣∣∣∣∣∣
2

, (4.23)

where the sum is taken over all N scatterers of the system, each of which has scattering

length density, b, and exists at vector ri in the system. Note that here, the differential cross-

section has been normalized by total number of scatterers, N , but the exact normalization

may vary between disciplines to include such values as mass, volume, average scatterer

strength, and so forth[110]. The overall shape of the differential cross-section in all cases is

always a function of the particular arrangement of scatterers in a given sample, as well as

the scattering strength of each of these components. This is why all structural information

of a sample is found in the differential cross-section.

4.2.4 The Full SAS Picture

Up to now, we have discussed scattering due to individual scatterers, each described by

a scattering length, b. However, we may instead treat scattering from a large number of

atoms in a finite region with a scattering length density, β(~r). The scattering length density

(SLD) may be defined by assuming that scattering from a point source of constant scattering

strength, b, is described as
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b = β(~r)dV, (4.24)

where the vector, ~r, defines the coordinate of the total scattering volume dV . Using β(~r)

and equation 4.23, we may generalize the differential cross section as

(
dσ

dΩ

)
el
∝

∣∣∣∣∣∣
∫∫∫
V

β(~r)ei~q·~rd3~r

∣∣∣∣∣∣
2

. (4.25)

Notice that by defining the differential cross-section in this way, we see that the structure

of a sample (explicitly defined by the function β(~r)) is related to the differential cross-section

by a Fourier transform.

The absolute measured intensity due to elastic scattering in a SAS measurement may be

written

I(q) = Io(λ)η(λ)T (λ)∆Ω

(
dσ

dΩ

)
⊗Rinst(~q) +B(~q), (4.26)

where the incident flux, Io, efficiency of the detector, η, and transmission through the

sample, T , are all dependent on incident wavelength. ∆Ω represents the angle subtended by

the detector at momentum transfer ~q. All these factors are convoluted with the instrument

resolution, Rinst, except for the background signal, B.

4.2.5 Form Factor vs. Structure Factor

Often times, small angle scattering data is discussed in terms of a form factor, P (q), and a

structure factor, S(q). In principle, a form factor (or atomic form factor) is the scattering

profile due to the scattering from an individual scatterer, such as an atom or a spherical
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nanoparticle. If a sample is composed of an ensemble of scatterers, the arrangement itself

contributes to the scattering profile as a structure factor. The overall scattering profile will

be the product of the form factor and structure factor

I(q) = P (q)× S(q). (4.27)

Because of the Fourier relationship between real space structural information and q-

space scattering data, scattering from small physical features (small r information) will be

represented inversely by large q-scale features and vice verse. Thus, if a system is composed

of well dispersed scatterers in medium transparent to the incident wave (the dilute limit),

then any contributions due to long range ordering of individual scatterers will occur in the

low-q region of the data, well separated from the form factor contributions of the individual

scatterers.

4.3 Scattering Simulation

In this section, we introduce two general methods of calculating the scattering profiles of

model morphologies, which we refer to as the direct method and the Debye method. Both

methods rely on the inherent Fourier relationship between real space data and scattering

data. We will describe both these methods in detail, and discuss the strengths and weaknesses

of each. While other forms of structural scattering simulations exist[112, 113, 114, 115, 116,

117], we limit our comparison here to the direct and Debye formalisms because of their

underlying mathematical symmetry.

Both the direct method and the Debye formalism require discretization of a scattering
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Figure 4.4 Comparison of methods used to simulate small angle scattering, highlighting the
overall mathematical similarities of the two methods.

structure into essentially point scatters and rely on the Fourier relationship between a mor-

phologies’ real space function and it’s scattering profile. The differences between the two

methods are qualitatively illustrated in figure 4.4. Note that both of these methods assume

the scattering data involved is angle averaged[111].

4.3.1 Direct Method

The direct method of simulating small angle scattering begins by defining a morphological

model on a discrete lattice and then taking a full 3-d Fourier transform of the structure,

before finally projecting the resultant 3-d complex lattice down into one dimension[26].

In detail, the values of the typically cubic lattice sites on the real space model correspond

to the scattering length densities of the associated material. This results in a discretized lat-

tice of SLD values, ρ(x, y, z). The full 3-D Fourier transform is then calculated on ρ(x, y, z),

which results in a a 3-D lattice of scattering intensities, I(qx, qy, qz). In order to compare
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directly to experiment, it is necessary to project this scattering information down into one

dimension, resulting in I(q). This projection involves first summing cylindrical shells of

I(qx, qy, qz), centered about the z-axis (considered parallel to the direction of the detector

from the sample), which results in a 2-D rings of scattering intensity. These rings are inte-

grated, much as they are in experiment, to generate the final angle averaged 1-D scattering

intensity plot, I(q). Finally, in order to account for the natural resolution limits of experi-

mental measurements, a smearing function is often applied to I(q). This smearing may also

be used to mask the effects of the lattice spacing.

In order to alleviate the effects of discretizing a morphology into point scatterers, one can

convolute a sinc function in 3 dimensions with the 3-D scattering data prior to projection.

The reasoning for this is that the Fourier transform of a sinc function is a square wave,

and considering the relationship described in equation 4.5, this is equivalent to calculating

the scattering from a structure generated by point scatters multiplied by cubic scatterers,

thus filling the void space between the point scatterers so long as the width of the sinc

function is selected accordingly[26]. The downside to this approach is that, while one does

effectively eliminate void space, one is left with a structure of sharply transitioning non-

physical densities which thus must be later smoothed out with a smearing function regardless.

The only information added to the structure is unphysical, and thus we feel this step is

superfluous.

The advantage of the direct method is that it is a straightforward calculation which scales

as N lnN , which is relatively efficient for small systems. However, the need to perform a

3D Fourier transform and convert these results into a 1D form can become computationally

intensive for large systems.
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4.3.2 Debye Method

The Debye method involves construction of a function containing structural correlation in-

formation in real space, followed by Fourier transforming this function to generate scattering

information in reciprocal space. The derivation of the Debye formalism begins by defining

the scattered amplitude due to an ensemble of atoms

A(~q) =
∑
k

Ak = C
∑
k

bk e
−i ~q·~rk , (4.28)

where C is the scattering amplitude of a single atom. The measured scattering intensity

from the ensemble of atoms, I(q) = A∗A, may thus be written

I(q) = A∗A

= C2
∑
j

∑
k

bjbk e
−i ~q·~rj e i ~q·~rk

= C2
∑
j

∑
k

bjbk e
−i ~q·

(
~rk−~rj

)
.

(4.29)

Every segment in this arrangement of atoms, (~ri− ~rj), will have a corresponding reverse

segment of equal magnitude but opposite direction, (~rj − ~ri), we may combine both these

contributions as follows
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e−i~x·(~a−~b) =
1

2

(
e
−i~x·

(
~a−~b

)
+ e

−i~x·
(
~b−~a

))

=
1

2

(
e
−i~x·

(
~a−~b

)
+ e

i~x·
(
~a−~b

))

= cos (~x · ~rab) = cos (xrab cosφ) , (4.30)

where ~rab = ~a −~b, and φ is the angle between ~a and ~b, φ = ]a,b. Using the results of

equation 4.30 in equation 4.29, we may write the intensity as

I(q) = C2
∑
j

∑
k

bjbk cos
(
~q · ~rjk

)
= C2

∑
j

∑
k

bjbk cos
(
qrjk cosφjk

)
, (4.31)

where φjk here defines the angle between the incident scattering wave, ~q, and the pair-

position vectors, ~rjk, where φ ∈ [0, π]. Under the assumption that scattering from all angles

are equally likely, in the words of Guinier, “the mathematical problem” is in finding the

average value:
〈
cos
(
~q · ~rjk

)〉
.

To calculate this average, we begin by stating that if all angles, φjk, are equally likely,

then the probability that an angle exists between φ and φ+dφ is given by: 1
2 sin (φ) dφ. The

average of the phase function, cos
(
~q · ~rjk

)
, can thus be written
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〈
cos
(
~q · ~rjk

)〉
=

∫ π

0
cos
(
q rjk cosφ

) sinφ
2

dφ

=

∫ π/2

0
cos
(
q rjk cosφ

)
sinφ dφ

= − 1

q rjk

∫ π/2

0
cos
(
q rjk cosφ

)
d
(
q rjk cosφ

)
= − q

q rjk

∫ 0

hr
cos (u) du

=
1

q rjk

[
sin
(
q rjk

)]
, (4.32)

where u =
(
h rjk cosφ

)
. Simplifying variables such that ~rjk = ~r, this produces the result

〈cos (~q · ~r)〉 = sin (qr)

qr
, (4.33)

such that when utilized in the angle averaged form of equation 4.29, we generate the well

known Debye formula for scattering intensity

I(q) =
∑
j

∑
k

bjbk
sin(qrjk)

qrjk
. (4.34)

While a straightforward calculation of equation 4.34 is acceptable for small scale systems,

it becomes computationally difficult as the number of scatterers increases. This can be

somewhat circumvented by first calculating a weighted pair density, ζ(r), defined as

ζ(r) =
∑
j

∑
k

bjbkδ(r − rjk), (4.35)

such that a sine-transform (often referred to in the scattering community simply as

the Fourier transform) of ζ(r) needs only to be calculated once (for each value of r seen),
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generating the scattering intensity

I(q) =

∫ ∞

0
dr ζ(r)

sin(qr)

qr
. (4.36)

Note that the Fourier relationship between scattering data and the real space structural

data, as defined by ζ(r) here, may be written in a variety of forms. Any function which

contains real-space structural pair data, such as the atomic pair distribution function, ra-

dial distribution function, etc., can be Fourier transformed into scattering data, with the

differences being only in normalization and scaling. We compare a number of different rela-

tionships commonly used in the literature in appendix A.4 of this thesis.

As compared to the direct method, the Debye method requires the additional step of

calculating pair-structural information (ζ(r)), however this step circumvents the need to

later project the scattering data down into one-dimension, as ζ(r) is one-dimensional. It

is the calculation of ζ(r), requiring a sum over N(N − 1)/2 pair distances, which is the

dominant computational step. Thus, the Debye method scale as N2, making them less

efficient than the direct method that scaled as N lnN . However, we found neither method

to be acceptably efficient for use in reverse Monte Carlo-like structural refinement of large

scale morphologies.

4.4 DFM Algorithm

We have found that for many systems, the full calculation of the structural correlations

is not necessary to estimate the Debye form factor to high precision, as one may instead

randomly sample the structure to generate a weighted distribution function, w(r), which

acts as the real space structural data (defined by ζ(r) previously) for the morphology. We
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thus refer to our algorithm as the distribution function method (DFM). The number of pairs

sampled per calculation may be scaled according to the demands of the application and

morphology itself, with higher sampling rates corresponding to greater accuracy and lower

rates with faster calculation time. Once generated, a sine-transform of w(r) generates an

approximated scattering profile, Ia(q). This allows the calculation to scale as f ×N2, where

f is the ratio of random pairs sampled, Np, over the total number of pairs possible in the

system such that 0 < f < 1. Thus, the DFM approach can be adjusted such that it is more

efficient than the direct method when f < lnN/N by sacrificing some level of accuracy.

For our systems, we find that a w(r) which has been calculated with as little as 0.001% of

the total pairs to be found in the system will generate an accurate scattering profile. Though

further sampling refines high-q details and may increase confidence in the simulated scatter-

ing structure, for purposes of empirical reverse Monte Carlo-like refinement, the abbreviated

sampling works remarkably well.

We will begin by detailing the algorithm and sampling method used in the DFM algo-

rithm, demonstrating it’s validity through a series of simple examples. We then examine

the limitations of the model as well as methods to improve results as demonstrated with

examples of more complex morphologies, such as systems of monodisperse and polydisperse

spheres and an interpenetrating two-phase structure typical of the nanoscale morphologies

found in many energy applications.

4.4.1 Methodology

The DFM algorithm assumes a morphology defined by a discrete set of points, with each

site assigned a scattering strength based upon the scattering length density (SLD) of the

represented material. A sites which is considered a mix of different materials should be
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assigned an appropriately weighted SLD value. The approximated scattered intensity, Ia(q),

is thus

Ia(q) = C

Rmax∑
r=Rmin

w(r)
sin
(
qrij

)
qrij

, (4.37)

where the constant, C, is typically adjusted to compare the experimental system of

interest. For direct comparison to the full Debye calculation (over all pairs), one can set

C = (N2−N)/Ns, where N is the total number of scatterers and Ns is the number of pairs

sampled. The sum is taken over all binned distances in the system, Rmin to Rmax, and we

have incorporated the weighted distribution function, w(r). Here we define w(r) as

w (r) =

Ns∑
pairs

bi bj δ(r − rij), (4.38)

where the sum is taken over Ns sampled pairs of sites, i and j, which are distance rij

apart with corresponding scattering weights bi and bj . Typical material SLD values (for

neutrons) are −1×10−6Å
−2

to 5×10−6Å
−2

. To simplify the sum of w(r), if the SLD values

used in the model have integer ratios to each other it is convenient to reduce the weights

to integer values for computational efficiency. The difference between using the real values

and representative integer values can be later adjusted in the normalization. The weighted

distribution function, w(r), is defined similarly to the atomic distribution function, ρ(r),

with differences in the normalization (see appendix A.4).

We find that C × Ia(q) calculated from w(r) quickly converges to I(q) (the results of the

full calculation) for many systems, particularly those with strong contrast between different

scattering species such as the 1-to-0 scattering values assigned in the examples here. As

in our simulation w(r) is not a continuous distribution but rather a histogram, care must

72



be taken to select an appropriate number of bins, Nbins = D/dr where D is the longest

length measured and dr is the width of a single bin. Note that in a cubic system of width

L, the longest possible distance is
√
3L in a non-periodic system, and

√
3L/2 in a periodic

system. Sufficient binning of the sampled data is necessary to avoid violating the Nyquist

limit of dr ≤ π/qmax and related aliasing effects. By contrast, a much finer grid than that

dictated by the Nyquist limit is unnecessary, as information on distances smaller than dr is

not representative of any actual morphological features. Though acceptable if smoother data

is desired, over binning will slow down the Fourier transform and thus the overall algorithm

efficiency. Additionally, when over-binning care must be taken not to misinterpret features

smaller than the Nyquist limit as these are unphysical. We typically use 10,000 bins in

producing w(r) in equation 4.38, and 30,000 when transforming to Ia(q) in equation 4.37,

as we find this number is sufficient for the size L = 400 systems we typically model.

While it’s possible to use different sampling methods in order to weight different re-

gions of the morphology preferentially, here we sample all pairs with equal probability. A

demonstration of the accuracy of the method is shown in figures 4.5 and 4.6, which compare

the analytical form factor and DFM calculated structure for a sphere and set of cylinders

respectively, where the structures have been modeled with coordinates on a cubic lattice.

The analytical form factors shown in these two examples were generated using Irena Igor

macros[118]. As can be seen, the form factor of these systems is recovered to a high preci-

sion by sampling a total of 107 total pairs, as compared to the total number of pairs in the

models, being approximately 1.7×1010 for the sphere in figure 4.5, 1.9×1010 for the smaller

cylinder and 3.1× 1011 for the larger cylinder in figure 4.6.

In each of these examples the constant C is selected such that the simulated scattering

intensity, I(q), is normalized to unity as q → 0. Note also that only in the case of the large
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Figure 4.5 Comparison of scattering from a single R = 100 Å sphere calculated using the
analytical form factor and the DFM algorithm. Analytical form factor provided by the
IRENA SAS Macros in Igor, where sphere to solvent contrast is taken 1-to-0. DFM calcula-
tion performed over a randomly sampled set of 107 pairs, or .05% of the total model pairs.
The lattice spacing here is taken as al = 1 Å.
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Figure 4.6 Simulated scattering from cylinders of length, L = 100 Å, and radius, R =
25, 50 Å, calculated using the analytical form factor for a cylinder and compared to the
scattering calculated with the DFM algorithm. Analytical form factors provided by IRENA
SAS macros in Igor, where cylinder to solvent contrast is taken as 1-to-0. DFM calculation
performed over a randomly sampled set of 107 pairs, or .005% of the total system pairs.

75



cylinder, R = 50, L = 100, constructed from Np = 785524 discrete points, do we see any

deviation from the analytical from factor. The deviation we do see corresponds to small

scale features which are not as well represented due to the number of pairs sampled. We

find that when the number of pairs sampled is set equivalent to the total number of pairs in

the system, there is no discernible difference in the resultant simulated scattering implying

that the sampling method itself does not introduce any additional structure-like features in

the scattering profile.

As small angle scattering data is useful for a number of polymeric system studies such as

observing phase transitions[119, 120], we next look at an example of scattering from an ideal

polymer chain. For this calculation, we simulate a polymer with one million monomers,

generated through an unbiased (non-self avoiding) random walk in real-space, with bond

length of 1Å. For each calculation, 1000 polymers are generated and then each sampled to

generate w(r), and the results are shown in figure 4.7. The measured radius of gyration for

the simulated polymers was found to be r̄g = 398 Å, and we compare the calculated scattering

to the Debye form factor[121] for this value of rg. To explore the effects of sampling rate,

scattering profiles were generated using both 106 pairs and 100 pairs per configuration.

We see that the results from the DFM algorithm match the Debye form factor to a high

degree in both sampling rates, though the errors introduced by the lower sampling rate are

evident at high-q. Note that this result is of particular interest, for while the higher sampling

rate (.0002% total pairs sampled) captures the analytical solution exactly, the low sampling

rate manages to captures all critical information up to the high-q limits of the model where

it begins to deviate. This result demonstrates the usefulness of the DFM algorithm as even

though the low sampling rate is looking at 10 orders of magnitude less total pairs than the

full Debye formalism, a nearly identical scattering profile is generated.
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Figure 4.7 Simulated scattering from an ideal chain polymer model with 106 monomers with
resultant radius of gyration, rg ≈ 398 Å. The DFM calculation is performed by sampling the
given number of random pairs on 1000 random polymer configurations. Note that for the
size of polymer simulated here, the total calculation would require a sum of nearly 5× 1011

total pairs per polymer configuration. Even with only 100 pairs sampled per polymer, the
analytical solution is exactly recovered up to high-q values.
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4.4.2 Limits of method

Though the examples shown in figures 4.5 - 4.7 are presented as evidence of the validity of

the DFM algorithm, it’s primary use is in the efficient calculation of scattering profiles for

complex structures which are not well described via analytical formalism. However, it is

important to understand the natural limits of this method if the profiles generated are to

be considered reliable. The two primary limitations on any DFM algorithm are finite size

effects and sampling rate errors.

4.4.2.1 Finite size effects

Finite size effects are seen as comparatively high-frequency oscillations in q−space, where the

frequencies correspond to the length scales of the sample box. In cases where the relevant

structural information is contained at higher q-values, which are well separated from the

low-q finite size effects, interpretation of the data may seem straightforward. However, the

oscillations induced by the finite size effects may still interfere with correct data analysis due

to the hard-wall like nature inherent in the abrupt termination of the structural information

at the box edge. To alleviate this effect, we suggest a Gaussian “fuzzying” routine be

performed on the morphological models prior to scattering profile calculation, which acts to

roughen the box edges. Every site in a morphology is assigned a random number, X ∈ [0, 1],

which is then compared to the value of a Gaussian distribution, G(σ), with origin at the

center of the morphology with a width of σ. If for a given site, if X > G(σ), the site is pruned

from the list of sites to be used in generating w(r). Thus, the surfaces of a morphological

model are roughened such that the contributions to the scattering profile will be damped as

compared to a hard-wall sample box.

An example of the Gaussian “fuzzying” routine is given in figure 4.8, which demonstrates
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Figure 4.8 DFM calculation of scattering from a system of 697 spheres of radius r =

20 Å placed randomly inside a box of size 8003Å
3
which were selected to have a minimum

distance between sphere centers of L = 100 Å. Demonstrated are the effect of calculating the
scattering on this morphology while points were randomly removed from the structure using
a “fuzzying” routine via a Gaussian probability with width σ. This procedure reduces the
inherent hard-edged box effects seen as high frequency oscillations at the expense of total
signal contrast and sample size.
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the routine for a system of monodisperse spheres of radius r = 20 Å which have been ran-

domly placed at a minimum center-to-center distance of D = 100 Å from one another in a

cubic sample box of size L = 800 Å. Presented in figure 4.8 are the full data (no “fuzzying”

routine performed) for comparison with data from σ = 30, 60, 120, and 240 Å. The Guinier

regime of the plot, seen as a plateau at q → 0, will have an intensity dependent on the

total number of scatterers. We thus expect higher intensities for systems which have larger

values of σ, as less points will have been removed from the structural model. For purposes of

comparison, we normalize all the presented data such that I(0) = 1, leading to the apparent

rise in intensity of the scattering peaks as σ is decreased. Note also that as the width of the

Gaussian is decreased, the shrinking overall model size is evident in the shift of the left most

bend in the scattering profile, which is increasing in q-value as the system size is shrinking

in real space. In large box simulations, it is important that the box size contributions to the

scattering are kept well separated from the sample features of interest.

By applying an appropriate σ to the fuzzying routine, one is able to dampen the finite size

effects at the expense of contrast between structures found at long range in the sample and

overall model size. For example, in figure 4.8, one might select 120 < σ < 240 Å (between

15% to 30% the total box width) in order to better resolve both the average center-to-center

structure factor peak seen at q ≈ (2π/100) Å
−1

as well as the spherical form factor seen

at q > .2 Å
−1

. Smaller σ values than this, correlating with more sites pruned, do little to

further clarify the data and may actually begin to obscure the information of interest. This

trade-off between total information sampled and clarity of the signal must be evaluated for

each morphology.

If using a lattice model, the lattice constant employed (a) will contribute a strong sig-

nal at q = 2π/a, which typically occurs at much higher q-values than the features one is
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investigating. Undesirable contributions of the lattice constant will rarely be a problem as

long as the lattice resolution employed by a model is sufficient to capture morphological

characteristics of interest. Peaks due to the bin size used in generation of w(r) or I(q) will

also occur, but as long as the bin width is less than the lattice constant, these will not occur

until much higher-q.

4.4.3 Sampling rate errors

When using the DFM algorithm, choice of sampling rate is critical in the generation of a

w(r) that will lead to an accurate I(q). The ideal rate to use, however, is highly dependent

on individual morphology. If the structure is isolated and a simple fit is all that’s required,

such as was the case with the polymer in figure 4.7, surprisingly few pairs are required to

accurately generate a scattering profile up to high values of q. When insufficient sampling

occurs, the effects will be most evident in the high-q regions, as this corresponds to the

smallest length-scale features in a morphology and are thus less precisely sampled than

those features which exist on longer length scales. It is recommended that when employing

the DFM algorithm on an unfamiliar system, a careful examination of how sampling rate

effects resultant scattering profiles be performed.

One of the most useful aspects of the DFM algorithm is that once a system’s minimum

sampling rate is established, dramatic speed increases are possible for many classes of mor-

phologies. If one is interested in larger scale morphological features only (i.e. q < 1 a−1),

we have found that applying a smearing function to Ia(q) can alleviate high frequency oscil-

lations introduced by sampling rates too low to accurately capture the high-q information.

As a demonstration, we generate large (4003) lattice box models of 3-d interpenetrating

two-phase morphologies where the goal is to characterize the growth of average cluster size
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in these models under Ising model simulated annealing[46, 2].

We initially generate structures by randomly assigning sites as one of two materials

assignments, s = 1 or −1. A simple nearest-neighbor site energy Hamiltonian is employed,

Hi = −
∑

j si sj , where a site i with material assignment si will have an energy based on the

sum of it’s nearest neighbor site assignments, sj . Sites are selected at random and evaluated

with Metropolis Monte Carlo, driving the morphology towards increasing phase segregation.

We quantify the degree of phase segregation with the characteristic feature size, a = 3V/S,

where V is total morphology volume and S is total surface area between the two phases.

Further details of the Ising model employed are given in section 5.1 of this thesis. We fix the

planar density along one direction of the morphology so that the system cannot completely

phase segregate, thus keeping a somewhat homogeneous mix throughout the model. DFM

calculations were performed as the system was annealed from a = 4 to a = 16, sampling

with a rate of 106 pairs (approximately 10 orders of magnitude less pairs than required by

the full Debye calculation), using the Gaussian “fuzzying” routine with σ = 120. Once

calculated, the smearing function suggested by Kline for use in neutron scattering data[118]

was employed. The results are shown in figure 4.9. The smearing function used is defined

by

Is(q0) =

∫ ∞

0
R(q, q0)I(q)dq (4.39)

R(q, q0) =
1(

2πσ2q
)1/2 exp

[
− (q − q0)

2

2σ2q

]
. (4.40)

Here, Is, is the smeared intensity, σq is the standard deviation of the resolution in q. In

practice, this smearing function encompass all effects that cause resolution losses in a system.

Values of σq between five and ten percent were often found to best match experiment.
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Figure 4.9 A demonstration of how simulated scattering can be used to study the effects of
annealing a complex, interpenetrating structure such as the Ising model shown here. Also
demonstrated is the use of applying a smearing function to somewhat under-sampled data.
The raw data is presented as dashed lines and the σq = 10% smeared data is presented as
solid lines. Inset figures show cross-sections of these two-phase morphologies as they are
annealed from a = 4 to a = 16.
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As demonstrated in figure 4.9, the scattering profile before smearing (dashed lines) and

after a smearing function (solid lines) show the same large trends in plateau position and

overall profile, but the unsmeared data contains significantly more noise and would thus be

difficult to fit to experimental data. If DFM were being employed to observe the drift of the

characteristic plateau, as it shifts to higher intensity and lower-q as feature size is increased,

it is clear that the sampling rate used here would be sufficient and the presented high-q

inaccuracies would be acceptable. The smearing effect itself is less necessary as a increases,

as there are few small scale features left in the morphology.

4.4.4 The effects of Interaction

A novel aspect of the DFM approach is that structure factors and form factors need not be

treated independently. In theory, one considers the form factor, P (q), to be the contribution

to the scattering due to the shape of the individual scatterer and the structure factor, S(q),

to be the contribution due to the arrangement these individual scatterers. The overall

scattering is a product of these two terms

I(q) = S(q)× P (q). (4.41)

In it’s simplest interpretation, the DFM algorithm treats all scatterers as points, and

thus it is the structure factor that is being calculated. However, if the model resolution

is sufficiently high we may construct “scatterers” from a series of points, and then build a

larger superstructure out of these scatterers to generate a unique structure factor. Here,

we demonstrate this by looking more closely at the case of monodisperse spheres randomly

placed inside a large box with different minimum center-to-center distances.
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Similar to the morphology modeled in figure 4.8, we randomly place spheres of radius

r = 10 Å inside a cubic sample box of side length L = 400 Å, varying the minimum allowed

sphere center-to-center distance as D = 20, 40, and 100 Å. Given the resolution we employed

(1 Å) and that we constructed the morphology on a cubic lattice, each sphere was composed

of 4169 individual scatterers. The number of spheres used in each case was varied such that

each configuration was filled to high density. DFM calculations were performed on these

systems, sampling 109 pairs and the resultant scattering profiles were smeared by 5%. For

direct comparison, the scattering profiles were normalized such that I(0) = 1. The results of

these calculations are shown in figure 4.10. For comparison, the form factor for a r = 10 Å

sphere is also shown.

In all cases, the average center-to-center distance, D, is clearly observable in figure 4.10

as a small peak at q = (2π/D), with subsequent damped oscillations. Note that while both

the spherical form factor (clearly visible at q = 2π/r) and structure factor due to the average

center-to-center distance, ≈ D, are clearly distinguishable for the D = 100 and D = 40 Å

cases, the form and structure factor contributions become somewhat indistinguishable when

the average center-to-center distance becomes comparable to the diameter of the spheres,

D ∝ 2r = 20 Å. While no overlap of spheres is occurring, the effects of the structure factor

peak in the D = 20 Å case are clearly interfering with the normally well defined r = 10 Å

spherical form factor, highlighting the inherent difficulties present in interpreting high den-

sity non-crystallized systems, even when they are composed of very regular nanostructures.

This simultaneous modeling of both a form factor and structure factor is possible because

of the fine-grained mesh we are employing here, and such a high-resolution model is compu-

tationally simple to probe with the DFM algorithm.

As a final example we model a fixed number of polydisperse spheres inside a large box.
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Figure 4.10 Spheres of constant radii, r = 10 Å, randomly placed inside an L = 400 Å box
with a minimum center-to-center distance of D = 20, 40, and 100 Å. For comparison, the
form factor for a single sphere of radius r = 10 Å is also shown. The DFM calculation is
performed by sampling 109 pairs, and smearing resultants by 5%.
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We enforce a minimum center-to-center distance between spheres of D = 100 Å using a

cubic sample box of side length L = 800 Å, and fix the number of randomly placed spheres

in each case to be N = 370. For each sphere, a radius is selected based on a polydisperse

Schulz distribution with an average of r̄ = 20 Å and width σ = 5, 10, and 15. The Schulz

distribution being defined[122]

P (r) =

[
z + 1

r̄

]z+1

rz exp

[
−
(
z + 1

r̄
r

)]
1

Γ (z + 1)
, (4.42)

where r̄ is the average radius, z = r̄/σ, and Γ(z + 1) is the gamma function defined at

z + 1. The polydispersity index (PDI) of each resultant morphology was measured.

The results of the DFM calculated scattering profiles, along with an equivalent system

with monodisperse spheres (PDI = 1.0) are shown in figure 4.11. Of note is the emergence

of clear polydispersity effects as soon as the sphere radii is permitted to vary, seen as a

natural blurring of the sphere peaks visible at q > .2 in the r = 20 Å form factor case. As

the polydispersity is increased, the bend over point continues to decrease, as is consistent

with polydisperse sphere form factors. Similar to the results of monodisperse spheres in

figure 4.10, the structure factor contribution of the average center-to-center distance, D =

100 Å, is plainly visible at q = (2π/D) ≈ .06Å
−1

for all cases except the most polydisperse,

PDI = 8.15, at which point the polydispersity induced bending occurs at small enough q

that it obscures the structure factor peak.
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Figure 4.11 Scattering from a series of 370 spheres randomly placed in a L = 800 Å box
at a minimum center-to-center distance of D = 100 Å. The sphere radii are selected from
a Schulz distribution shown in the inset to the figure. For each distribution, the average
radius is r = 20 Å, but the deviation used in each case is σ = 5, 10, and 15, which generated
resultant polydispersity of PDI = 1.36, 3.27, and 8.15 respectively. For comparison, also
shown is the scattering from spheres placed under similar conditions with constant radius,
r = 20 Å, corresponding to PDI = 1.0. DFM calculation performed by sampling 109 pairs,
and smearing results 5%. The inset shows the Schulz polydisperse sphere distributions used
to select radii.
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Chapter 5

Nanoscale Morphologies

Incorporating Reflectometry Data

and Assessing Effects on Percolative

Processes

Both characterization of the BHJ structure and a greater understanding of how morphological

effects influence overall OPV device performance are active areas of research[123, 116, 124,

125, 126, 127, 128]. Arguably, the most successful models that relate morphological features

to device performance have relied on Ising models[86, 84, 2, 129], published examples of which

are shown in figure 5.1. While the Ising model is in no way the only acceptable method for

addressing the effects of morphology on device performance, it’s simplicity and versatility

make it ideal for studying the effects of morphology on transport mechanisms present in an

OPV device. In this chapter, we will begin with a detailed description of the simple lattice

Ising model as it has been used for generating BHJ morphologies.

In order to generate more realistic model morphologies, we introduce modifications to

the simple Ising model which incorporate experimental data by refining the structure using

Monte Carlo methods. Specifically, we will demonstrate models which incorporate neutron
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reflectometry data taken on P3HT/PCBM BHJ films. We will present derivations of the

basic principles of reflectometry and demonstrate how a density profile may be derived from

the reflectometry data[130]. The derivations presented are taken from texts[110, 121] unless

otherwise noted.

We will present 3-d interpenetrating, percolative morphologies consistent with the exper-

imental reflectivity data, and compare DMC performance calculations performed on these

realistic morphologies to results from previous simple “Ising only” models, which contain

no reflectivity data. We will then demonstrate modifications to the model to examine the

effects of P3HT crystallization and degree of PCBM sequestration.

Finally, we will show that reflectivity data on it’s own is insufficient to select a morphology

for use in DMC calculations, as a large number of qualitatively varying morphologies may

be generated to fit the reflectivity data to high precision.

5.1 Simple Three Dimensional Ising Model

Originally formulated to model the statistical dynamics of ferromagnetism, the Ising model

presents a straightforward and efficient method to generate two-phase systems which are

formulated with a simply defined configuration based Hamiltonian. The principles of a spin-

flip Ising model are that each site of a lattice is assigned a designation (say, 1 or -1) which

define the site as being one of two possible states/spins/etc. We use the word “spin” in-

terchangeably with “material” in this discussion, as they are only meant to designate site

assignment. Model morphologies are generated through the use of Metropolis Monte Carlo

(MC) procedures, wherein potential site flips are evaluated based on their overall effect on

a defined Hamiltonian, H(a), where the evaluated energy will be based upon the specifics
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(a)

(b)

Figure 5.1 Figure 5.1a demonstrates the work of Steve Forrest’s group using a simple Ising
model to roughen the interface between a set of bilayers[1]. Figure 5.1b demonstrates the
work of Alison Walker’s group using an Ising model to study the effect of BHJ feature size
on device performance[2].
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of the configuration. The system is modified via careful acceptance or rejection of spin

flips based on randomly chosen sites. Candidate spin flips generate altered configurations,

b, whose ideality is evaluated in comparison to the initial configuration, a, via the defined

Hamiltonian as a change in system energy ∆Eab = H(b) − H(a). Candidate flips which

generate a more energetically favorable configuration such that ∆Eab < 0 are always ac-

cepted. Candidate spin-flips which generate less favorable configurations (∆Eab > 0) are

only accepted with a certain probability based on the magnitude of ∆Eab and the simula-

tion temperature. Through the use of the well known Metropolis algorithm[131]. The overall

acceptance probability can be summarized as

Paccept(∆E) =


1 if ∆E < 0

exp
[
−∆E

kbT

]
otherwise,

(5.1)

where Paccept(∆E) is the probability of accepting a candidate spin-flip, ∆E is the energy

change of a system due to this candidate spin-flip, and kbT is the simulation temperature. In

the high-temperature limit, almost all flips will be accepted where as in the low-temperature

limit, no energetically unfavorable flips from the ground state will occur.

The nearest neighbor spin 1/2 Ising Hamiltonian function, Ho, is defined as

Ho(Si) = −
n.n. sites∑

i6=j

JSiSj , (5.2)

such that the energy contribution of a site, i, which has spin assignment Si, is related

to the interaction strength, J , with nearest neighbor sites j, that have spin assignment, Sj .

Sites may have spin designation of S = +1 or S = −1. With such a Hamiltonian, values of

J > 0 will coarsen the morphology, minimizing surface area between the two spin-phases. If
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J < 0, the system will tend towards a mixed configuration, maximizing surface area between

the two spin-phases. A common metric used to describe the current state of a two-phase

morphology is the characteristic feature size, a, defined as

a = 3V/S, (5.3)

where V is the total volume and S is the total surface area between the two spin-phases.

Smaller values of a correspond to a greater level of mixing between the two materials, whereas

larger values of a designate a coarser grained-structure.

A time-step in an Ising model MC process is defined to be attempting to make a number

of random site spin flips equal to the number of sites in the lattice, N = Lx ×Ly ×Lz for a

3-d cubic lattice. Candidate sites are selected at random for each potential flip, rather than

a constant sweep through the morphology as this would bias the structure. This random-

selection method means that in a single MC step, some sites may not be given an opportunity

to flip while others could potentially flip many times. One can correct for this by initially

generating a list of all sites in a lattice, randomly ordering this list every time step, and going

through this list to select candidate sites; but the results of the two methods are essentially

the same.

The total number of time-steps required to anneal an Ising morphology to a desired

characteristic feature size, atarget, will be dependent on the specific Hamiltonian used and

the simulation temperature. For values of J > 0 the morphology feature size evolution

will grow as T 1/2 where T is the number of Ising steps, as is demonstrated in figure 5.9.

Higher values of T will permit the morphology to more quickly explore configurational phase-

space, but one must be careful as too high a temperature will prevent the morphology from
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converging on the ideal energetic minima configuration.

Two versions of the Ising model MC algorithm are the Kawasaki (spin-swap) dynam-

ics method and the Glauber (non-conserved) Monte Carlo (GMC) method. In the GMC

method[132], a single site’s contribution to the Hamiltonian is considered for each spin flip,

and if that flip is found acceptable (passes the Metropolis test) then the site’s spin-assignment

is flipped. In the Kawasaki method[133], two sites of different spin values are considered si-

multaneously, having their individual candidate spin-swap energy contributions summed to

generate ∆E. If the candidate swap is accepted, then the two site spins are exchanged,

effectively exchanging their spin assignments. In the Kawasaki method total spin is thus

conserved, which is not guaranteed in the GMC method. By nature of single site evaluation

compared to pairs of sites, the GMC method will anneal a structure to coarser grained struc-

tures (greater a) more rapidly, but the lowest energy configuration will be one in which all

sites are assigned a single spin value. However, by adding a term to the Hamiltonian defined

by equation 5.2, which is a function of total population density, we may overcome this and

find structures with a target population. An example of such a modified Hamiltonian is

Hconfig(Si) = −
n.n. sites∑

i6=j

JSiSj + Jpop
∣∣νconfig − νtarget

∣∣p , (5.4)

where the prefactor Jpop and the parameter p constrains the current population of a spin

species, νconfig, to the target population, νtarget.

As Ising models have been used extensively to describe nanomorphology present in OPV

devices, our goal is to improve the techniques in order to incorporate experimentally pro-

vided information about the morphology. Reflectometry is one experimental method which

lends itself easily for incorporation into an Ising model, and we introduce the principles of
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reflectometry measurements here.

5.2 Principles of Reflectometry
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Figure 5.2 Schematic of reflectometry measurement, with incident wavelength, λi reflecting
at an angle of θi off of the surface, with a transmitted wave having associated wavelength
λt at angle θt. Note that this figure demonstrates the reflection and transmission angles
associated with only the first layer of a multilayer system. Further reflections/transmissions
are implied but not shown.

Reflectometry is a measurement which probes the scattering properties of a very flat

sample, typically described by a 1-d vertical function normal to the surface of the sample.

In a reflectometry experiment, a beam of particles (neutrons or x-rays) is incident nearly

parallel to the surface of a sample (see figure 5.2). Based on the properties of the sample,

a fraction of the incident beam intensity will be specularly scattered off the sample, being

reflected symmetrically forward at the incident angle, θi, which is then measured with a

detector placed far from the sample. That fraction of the beam which is not reflected is

transmitted into the sample, at angle θt, and based on the material will have an associated

transmitted wavelength, λt. The measurement thus characterizes reflectance from a sample

with values ranging 0 ≤ R ≤ 1, where 0 represents total absorption in the sample and 1
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being total reflection. The incident beam is characterized by it’s momentum transfer, q,

which is defined

q =
4π sin θi
λi

. (5.5)

The measurement will thus inform on a sample’s reflectivity as a function of momentum

transfer, R(q). As the beam is incident over a large surface area of the sample, all structural

information due to lateral (x-y dimension) features will be averaged together and only those

details in the vertical (z-dimension) are discernible.

The reflectivity measured off a sample will be related to the scattering strength of the

materials in the sample, described most directly by their scattering length density (SLD).

Standard reflectivity data analysis involves fitting an experimentally measured reflectivity

profile to a modeled SLD profile, β(r), which due to the lateral averaging of the sample may

simply be considered as β(z).

5.2.1 Kinematic Derivation

To begin with, let us examine the Fourier transform relationship between the elastic differ-

ential cross-section and the SLD function. Recall the relationship derived in equation 4.25,

we may write this more straightforwardly as

dσ

dΩ
∝

∣∣∣∣∣∣
∫∫∫
V

dr β(r) eiQ·r

∣∣∣∣∣∣
2

, (5.6)

noting again that the proportionality is used instead of an equals sign as the RHS has

not been normalized by a constant such as the number of scatterers, mass, or volume, as

this normalization varies across disciplines but this core concept relation remains the same.
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If we define a sample to have dimensions (2Lx, 2Ly, 2Lz) (with lengths selected to simplify

the calculation), and assume β(r) is equal to β(z) inside the sample, and 0 outside, we may

rewrite equation 5.6 as

dσ

dΩ
∝ 16

sin2 (Lxqx)

q2x

sin2
(
Lyqy

)
q2y

∣∣∣∣∫ ∞

−∞
dz β(z)eizqz

∣∣∣∣2 , (5.7)

where the two sinc-squared prefactors come from the scattering of a rectangular slab of

width 2Lx × 2Ly. Thus, the scattering will have a maximum at qx = 0 and qy = 0 of the

value 16L2xL
2
y and be focused in the small region

∣∣∣qx/y∣∣∣ < π
Lx/y

.

The relationship between elastic differential cross-section and the specular reflectivity

measured in a reflectivity measurement is best understood by comparing the definitions

dσ

dΩ
=

Number of particles deflected an angle (2θ, φ) per unit solid angle

Number of incident particles per unit area of beam

and

R =
Rate of specular reflective scattering

Rate of incidence
.

Clearly, both values are based on the ratio of scattered particles to the illuminated portion

of the sample, which in the case of the reflectometry is 4LxLy sin θ, whereas the differential

cross section is integrated over a solid angle, ∆Ω. Thus, in the range of specular condition,

we may write the reflectivity in terms of the differential cross-section

R(Q) =
1

4LxLy sin θ

∫∫
∆Ω

dΩ
dσ

dΩ
. (5.8)

Using the substitution
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∫∫
∆Ω

dΩ
dσ

dΩ
≈ ∆Ω

4
× dσ

dΩ

∣∣∣∣
qx=0,qy=0,qz=−q

(5.9)

and approximating ∆Ω as

∆Ω ≈ 16π2 sin θ

LxLyq2
. (5.10)

Assuming that the area under illumination is large compared to the wavelength of the

incident particle, this yields the relation

R(q) =
16π2

q2

∣∣∣∣∫ ∞

−∞
dz β(z)e−iqz

∣∣∣∣2 . (5.11)

Notice also that unlike the differential cross section definitions, which were left as propor-

tionalities, the reflectivity is a direct equality as the former was a consequence of a variety

of conventions used in normalization, but this is not required for the SLD as one may define

β = n 〈b〉 , (5.12)

where the SLD, β, is defined as the product of the atomic density (atoms per unit

volume), n, and the coherent scattering length, 〈b〉. Thus, utilizing integration by parts we

can redefine the reflectivity data as a function of the derivative of the SLD

R(q) ≈ 16π2

q4

∣∣∣∣∫ ∞

−∞
dz

dβ

dz
e−iqz

∣∣∣∣2 . (5.13)

Here we have written the result as only an approximation, not direct equivalence. As we

will show, this is because any result derived using the kinematical assumption is not valid
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for reflectometry, particularly at low values of q.

5.2.2 Dynamical Derivation

While an excellent first order approximation, the Fourier relationship derived in equation

5.13 was formulated under the Born or kinematical approximation, which assumes that

the scattering process is weak and that the scattered wave has a negligible effect on the

incident beam. In such a kinematical picture, multiple scattering is ignored, hence the

simple superposition of the scattering due to individual scatterers. In neutron reflectometry,

however, measurements are taken in a regime where all incident neutrons are specularly

reflected from the surface of a sample, which is not weak scattering and thus, not in the

Born regime.

The perturbation of the incident wave by the scattering process is considered negligible

in the Born approximation. However, a “thick” sample is used in neutron reflectometry

due to the path the neutrons take being L = T/ sin θ where T is the thickness and θ is the

incident angle. This leads to the failure of the approximation of equation 5.13, particularly

as θ becomes close to 0 or the thickness, T gets large. Deviations at higher λ values come

from the reciprocal relationship between momentum of an incident particle and wavelength,

meaning that the more energetic a particle is, the less it will be perturbed.

In order to generate accurate models of reflectivity, one must use a dynamical theory of

scattering, rather than a kinematical (Born based) one used previously. We present that

derivation here.

Using the standard definition of a refractive index
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Figure 5.3 Two qualitative 1-d examples of an incident wave, ψi, which originates in air
(βair = 0) interacting with a sample. Figure 5.3a demonstrates a incident wave ψi incident
on a sample with index of refraction n, with subsequent transmitted wave ψt and reflected
wave ψr. Figure 5.3b demonstrates the incident wave on a multilayered sample, with N
different layers atop a substrate layer S. Each layer has a propagating component, ψ− to
the left and a reflected component ψ+ to the right.
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n(λi) =
cos(θi)

cos(θt)
=
λi
λt
, (5.14)

where the index of refraction is considered a function of incident wavelength, λi, it is

defined as the ratio of the cosine of the incident angle, θi, over the cosine of the transmitted

wave angle, θt. This is equivalent to the ratio of the incident wavelength over the transmitted

wavelength, noting that the frequency of the wave will be unchanged through the boundary.

To derive the dynamical scattering expression we begin with a simple one dimensional

single boundary example, as defined in figure 5.3a, with the interface at z=0. The incident

wave is defined

ψi(z) = ψoe
−izki sin θi , (5.15)

where ψi is the incident wave as a function of coordinate z, ψo is the incident amplitude,

ki is the incident wavenumber defined as ki =
2π
λi
. At the boundary, a fraction of the wave

will be transmitted and the rest reflected. We may define these transmitted and reflected

waves similarly as

ψt = te−izkt sin θi (5.16)

ψr = reizki sin θi , (5.17)

where the coefficients, t and r, define the amplitude of transmitted and reflected wave

respectively. The sign convention denotes propagation direction, as is seen in figure 5.3a.

Using equation 5.14, the transmitted wave vector can be written kt =
2πn
λi

. Similarly, the
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relation of the incident angle to reflected angle can be written as 1− sin2 θt =
1−sin2 θi

n2
. The

boundary conditions which must be satisfied are thus

ψi + ψr = ψt (5.18)

d

dz
(ψi + ψr) =

d

dz
ψt, (5.19)

the solution of which can be found to be

t =
2ψo
1 + α

and r =

(
1− α

1 + α

)
ψo (5.20)

where

α =
kt sin θt
ki sin θi

=
n

sin θ

[
1− (1− sin2 θi)

n2

]1/2
. (5.21)

Clearly, we can see that total reflection (r = 1) will occur when α is equal to 0. Addition-

ally, if the term in brackets of equation 5.21 is less than 0, then α will be imaginary, which

cannot occur if any wave is to be transmitted. We may thus define the fraction of reflected

wave as the ratio of the amplitude reflected to the incident amplitude, squared, as

R =

∣∣∣∣ rψo
∣∣∣∣2 =

1− 2< (α) + |α|2

1 + 2< (α) + |α|2
. (5.22)

Total external reflection will occur when R = 1. Thus, in order to have total external

reflection the necessary condition exists

sin2 θi ≤ 1− n2. (5.23)
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Complete reflection thus occurs for materials with n < 1 (for an interface with the

incident wave passing through air) below a critical angle of

θc = sin−1
(√

1− n2
)
. (5.24)

Recalling the definition of momentum transfer, q = 4π
λ sin θi, and the condition given by

equation 5.23, we may rewrite equation 5.21 as

α =
n

sin θi

[
1− (1− sin2 θi)

n2

]1/2
=

n

n sin θi

[
n2 − (1− sin2 θi)

]1/2
=

1

sin θi

[
−(1− n2) + sin2 θi

]1/2
=

sin θi
sin θi

[
1− n2 − 1

sin2 θi

]1/2
= 1− 1

2

n2 − 1

sin2 θ

≈ 1− 8π2(1− n2)

λ2i q
2

. (5.25)

Note that the last step of this derivation takes advantage of the binomial expansion,

√
1− A = 1 − A/2 − . . ., and this approximation will be more accurate as q increases.

Noting that α ≈ 1, we may rewrite equation 5.22 in the form

R =

∣∣∣∣1− α

1 + α

∣∣∣∣2 ≈ 16π2

q4

[
π(1− n2)

λ2

]2
, (5.26)

which when compared to equation 5.13, implies that the term in brackets must be equated

with the SLD, such that
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n2 ≈ 1−
βλ2i
π
. (5.27)

Note that this is the same result Fermi derived for the transmission of a signal through

a planer slab of uniform material in 1950. Referring back to the critical angle as defined in

equation 5.24, we see that we may define a critical value for q where total external reflection

will abruptly cease

qc = 4
√
βπ. (5.28)

Having derived the dynamics of reflection and transmission for a single boundary, we

may generalize to treat multiple boundaries. Having a series of boundaries, defined by their

SLD profiles

β(z) =


βs for z < zN

βj for zj < z < zj−1

0 for z > 0,

(5.29)

where j = 1, 2, 3, . . . , N are the indices defining the N layers of the structure, with an

air interface at z = 0, as seen in figure 5.3b. The wave function in a single slab, j, may be

written

ψj(z) = Aj e
izkj +Bj e

−izkj , (5.30)

where Aj and Bj are the amplitudes for waves in the reflected (positive in z) and trans-

mitted (negative in z) direction, respectively. The wavenumber for each component may be

written
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kj =

(
2π

λj

)
sin θj =

(
2πn)j

λi

)√√√√1− 1− sin2 θi
n2j

. (5.31)

In a similar method to the single layer, we may rewrite the wavevector for the j-th layer

kj =
1

2

√
q2 − 16πβj . (5.32)

The boundary conditions for this set of wavefunctions is

ψj+1(zj) = ψj(zj) and
d

dz
ψj+1(zj) =

d

dz
ψj(zj). (5.33)

The solution, similar to equation 5.20, has the form

Aj =
ikjψj(z) + ψ′j(z)

2ikje
izkj

and Bj =
ikjψj(z)− ψ′j(z)

2ikje
−izkj

. (5.34)

The reflectivity is measured as the ratio of reflected amplitude to transmitted amplitude

at the surface interface (j = 0), will be given by |A0/B0|2

R(q) =

∣∣∣∣ ik0ψ(0) + ψ′(0)
ik0ψ(0)− ψ′(0)

∣∣∣∣2 . (5.35)

As transmission occurs when AN+1 = 0 (implying no reverse wave inside the substrate),

we may write that at the substrate the wave is defined

ψ′(zN ) = −iksψ(zN ), (5.36)

which has the solution
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ψ(zN ) = 1 and ψ′(zN ) = −iks. (5.37)

Starting with this solution, one may recursively solve the wave function inside each

previous layer, ψ(zj − 1), as a function of the following layer with the relationship

ψ(zj − 1) = cos(kjTj)ψ(zj) +
sin(kjTj)

kj
ψ′(zj) (5.38)

and

ψ′(zj − 1) = −kj sin(kjTj)ψ(zj) + cos(kjTj)ψ
′(zj), (5.39)

up to j = N where the surface of the multiple layers is reached at z = 0. This iterative

process for calculating reflectivity was proposed by Abelés and Parratt, and this is the

method used by many modern reflectivity calculations, such as those demonstrated in figures

5.4 to 5.7.

Examples of the relationship between SLD density profiles and associated reflectometry

data are shown in figures 5.4 to 5.7, which have all been generated with the commonly used

motofit macros[134] for IGOR. In all examples of figures 5.4 to 5.7 and discussions here, SLD

values have units of 10−6 Å
−2

. In the first example, figure 5.4, a single step of thickness 25

Å (βstep = 5) between an air interface (βair = 0) and a substrate (βsub = 5) is shown with

different step “roughness” of 0, 5, and 10 Å, where roughness is a somewhat counterintuitive

term used in the motofit macros to denote a blending transition between two adjacent layers

of an SLD density profile. The first important features of note in figure 5.4 is the sudden

drop from total external reflection (R = 1) at the critical angle, qc = 4
√
πβ, at which point

the reflectometry takes on the R(q) ∝ q−1/4 dependence as seen in equation 5.13. At angles
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Figure 5.4 A demonstration of the simulated reflectometry data from a simple step function,
with various amounts of “roughing” of the edges to smooth the transition between layers.

Figure 5.5 An example of various step functions with combinations of sharp and smooth
transitions between steps, demonstrating how identical reflectometry data can be generated
from structures with different SLD density profiles.
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Figure 5.6 An example of simulated reflectometry data from layers of alternating SLD
values, in order to demonstrate how SLD contrast effects reflectometry data.

Figure 5.7 A demonstration of the effect of varying the background layer of an otherwise
fixed SLD density profile.
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lower than the qc, neutrons will be entirely reflected from the interface, thus no information

on the internal structure is probed. This initial drop at qc often provides a clear picture

on the SLD value of the first layer the neutrons pass though, so long as the SLD value

of this material is positive. The second feature to note from figure 5.4 is that increasing

roughness causes a further Gaussian like decay from the R(q) ∝ q−1/4 relationship, which

can be described as

R(q) ≈ Ro(q)× exp(−σ2q2), (5.40)

where Ro(q) is the reflectometry due to a sharp interface (no roughing) and σ is the

thickness of the associated Gaussian which has been convoluted with the sharp interface

structure to generate a smoothed transition between two adjacent layers.

The second example, seen in figure 5.5, exhibits different transitions between an air in-

terface, 25 Å thick layer of βstep = 2.5, and substrate (βsub = 5). There are essentially

two transitions which must be made, from air to the step layer (∆β = 2.5) and from the

step layer to the substrate (∆β = 2.5), with the effects of different combinations of these

transitions (sharp interfaces or smooth) being shown. Note that while the two sharp inter-

faces (black line) decay the least at higher q, while the two smooth interfaces (green line)

decay the most, the mixed transition states of sharp-smooth or smooth-sharp (blue and

orange, respectively) are indistinguishable from one another. This highlights an important

shortcoming of the reflectometry method, that different SLD-density profiles may generate

identical reflectometry graphs, as the relationship between them is based on the integral of

all SLD derivatives (dβ/dz) throughout the sample, as seen in equation 5.13, and thus R(q)

contains no inherent information about the ordering of the layers, nor the SLD values inside
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the system, only the transitions between layers.

The third example in figure 5.6 shows the reflectometry for a system of 6 total layers be-

tween air (βair = 0) and a substrate (βsub = 5) which have three different sets of alternating

SLD values for the layers, of 3 and 3 (black line), 1 and 3 (blue line), and 4 and 3 (green

line). This example demonstrates the importance of contrast difference between components

in a complex system, as the greater the difference in SLD values of the layers is, the more

significant the deviation of the R(q) profile from the uniform case. Note that the sign of the

difference doesn’t matter, only the magnitude, a result of the loss of phase information in

the scattering measurement. Contrast is often a principle concern in scattering experiments,

leading to the frequent use of deuterated samples in neutron based studies as deuterium has

a significantly different SLD value than hydrogen (≈ .67 to ≈ −.37 respectively).

The final example in figure 5.7 is a specific demonstration of altered contrast in a system,

wherein an arbitrary complex layer between the air and substrate is held constant, but the

substrate SLD is altered from β1 = 5 to β2 = 2. This subtle change to the system can be seen

to cause a dramatic shift in R(q) at all values of q. This highlights a technique of backing-

layer contrast change, in which an unknown morphology is probed using a variable backing

layer, such that two measurements for the same system are taken with a well known difference

between them. The resultant two reflectometry profiles, R1(q) and R2(q), may then be solved

with the constraint that the density profile must be consistent with both measurements, as

only the backing SLD value will have altered. This method produces density profiles of

significant confidence, as the morphologies are fit not just to a single measurement, which

we know to be underconstrained (as shown in fig. ??) but two measurements simultaneously.

This is the method utilized by Jon Kiel to generate reflectometry fits from the annealed and

as cast P3HT/PCBM solar cells[8], the results of which are shown in figure 5.10.
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5.3 Generation of BHJ Morphologies Consistent with

Reflectometry Data

First and foremost, the models we generate should be consistent with the general picture

of these OPV BHJ morphologies. We first motivate our structures by presenting recently

published images and models of various polymer/fullerene BHJ morphologies, shown in figure

5.8. Though subtle differences between sample preparation or model picture will vary from

group to group, a clear consensus is that the nanomorphology present in these BHJ structures

is one of 3-d interpenetrating, percolative structure.

The bulk heterojunction morphology has been modeled extensively in previous work

through the use of a simple spin-flip Kawasaki lattice Ising model[2, 47], with sites being

assigned as either pure PCBM (acceptor) or pure P3HT (donor). For our initial models, we

employ a methodology similar to that used previously, with the addition of a constrained

Ising model to incorporate an experimentally provided target density profile, ρtarget. At this

point we impose no other constraints on the morphologies, such as P3HT crystallization or

PCBM sequestration. The Hamiltonian we use is

Hconfig(Si) = −
n.n. sites∑

i 6=j

JSiSj + Jpop
∣∣νconfig − νtarget

∣∣p1
+Jdens

∫ L

0
dz |ρconfig(z)− ρtarget(z)|p2 , (5.41)

where the Hamiltonian evaluating a specific site i with material assignment, Si, is defined

by three terms. The first term defines the phase-segregation energy, J , looking at nearest

neighbor material assignments, Sj . The third term, defined by the energy Jdens, evaluates
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(a) (b) (c)

(d) (e) (f)

Figure 5.8 Various images and models of polymer/fullerene BHJ morphologies. Fig-
ure 5.8a shows bright field TEM images of an polymer/fullerene BHJ OPV film com-
posed of PTB7:PC61BM/DCB + DIO, with artificial black lines added to highlight
differences between the polymer-rich and nanoparticle-rich domains[3]. Figure 5.8b is
a cartoon illustrating the nanomorphology proposed in BHJ OPV devices under the
“Rivers and Streams“ model[4]. Figure 5.8c is an image of the x-y plane in a poly-
mer(PF10TBT)/nanoparticle(PCBM) film generated from electron tomography data, with
the polymer regions highlighted in light and PCBM regions in dark[5]. Figure 5.8d shows
a sample cross-section of reconstructed data taken on a P3HT/ZnO OPV device obtained
through electron tomography with ZnO being yellow and P3HT being transparent[6]. Fig-
ures 5.8e and 5.8f show sulfur maps and carbon maps, respectively, taken through energy
filtered electron tomography (EFTEM) for 1:1 weighted P3HT/PCBM films which were an-
nealed for 30 minutes at zero defocus and with dimensions approximately 400 nm across.
Light regions in the sulfur map correspond to higher concentrations of P3HT-domains[7].
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Figure 5.9 Demonstration of Ising annealement over time on an example morphology an-
nealed with parameters J = 2.0, kBT = 2.0, Jdens = 15.0, and Jpop = 4.1, fitting the
annealed reflectivity profile shown in figure 5.10. As the morphology was being annealed,
exciton transport calculations were performed for each integer value of feature size reached
(a = 1, 2, 3, . . .) using a simplified form of the DMC model as is described in chapter 6.
The results of these calculations are presented in the inset as exciton dissociation efficiency
versus characteristic feature size (a). The calculation was performed using decay of lengths,
Lx = [.01, .1, 1, 10, 100], which are shown. Four specific morphologies are highlighted, with
their corresponding results also highlighted in the inset.

how closely a candidate configuration’s in-plane density, ρconfig(z) adheres to the target

density profile, ρtarget(z). The final term, defined by the energy Jpop, evaluates how closely

the candidate configuration’s target population density, νconfig, adheres to the target as

provided by integration of the target density profile, νtarget. The terms p1 and p2 are fitting

parameters which for the models presented here we set to unity, but which can be varied to

tune the strength of the constraints.

With the addition of the second term (defined by Jpop) we may change from the previ-

ously utilized pair-swapping Kawasaki Ising method to the non-conserved single-site flipping
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Glauber Metropolis Monte Carlo method. The introduction of this third term adds a con-

straint such that the population of the entire morphology will not deviate far from the target

population value, ρtarget.

So long as Jdens is sufficiently large, all generated morphologies will fit the reflectivity

profile to high precision. For our models, we utilize PCBM density profiles derived from

neutron reflectometry measurements taken by Jon Kiel on spin-cast P3HT/PCBM BHJ

OPV mimics before and after annealing, the fits for which are shown in figure 5.10. At this

stage, the model contains no information which informs on the target characteristic feature

size (a), so we generate many morphologies with a wide range in a. 2-D cross-sections of

some morphologies generated using this method are shown for the as-cast morphology in

figure 5.11 and the annealed morphology in figure 5.12. Clearly, this method generates

morphologies which are qualitatively similar to previous models, but also consistent with

neutron reflectometry data.

Figure 5.10 PCBM density profile fits derived from neutron reflectivity data and an asso-
ciated cartoon theorizing the morphology[8].
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The cross-sections illustrate that as characteristic feature size, a, is increased, the model

morphologies become increasingly phase segregated. The effects of the imposed density

profile are immediately visible, in that while phase-segregation is clearly perceivable with

increasing values of a, the material is tethered to span the entirety of the morphology because

of the target density profile. The details of these reflectivity informed density fluctuations

are seen most dramatically in the sudden drop in PCBM (acceptor) sites on the top electron

collecting (metal) side of the as-cast morphologies, which is clearly seen comparing the top-

down views of the as-cast and annealed morphologies in figures 5.14a and 5.14b respectively.

More subtle effects of the imposed density profiles are perceptible, as higher density PCBM

sites (brown) correlate with higher PCBM densities in the target profile.

For a straightforward comparison between the models generated here, and the experimen-

tal picture of BHJ morphology, we take a 400nm × 400nm section of a published image of

electron tomography of a BHJ morphology[5] which is similar to those used in the Kiel reflec-

tometry study, artificially color it similarly to how we have presented our models, and present

the results in figure 5.13. Note that the polymer used in the tomography study was poly[2-

methoxy-5-(30 ,70 -dimethyloctyloxy)-1,4-phenylene vinylene] (MDMO-PPV), and not the

P3HT used in the neutron reflectometry studies here, so this example is shown only for

qualitative comparison of a polymer/fullerene BHJ nanostructure.

While these models are similar to previous Ising model morphologies, generating 3-D

interpenetrating percolative morphologies, the method presented provides a simple and eas-

ily expandable framework on which to incorporate additional details into the model. To

demonstrate this, we first explore the theoretical effect of PCBM sequestration, as proposed

in the “Rivers and Streams” model[4].
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5.3.1 The Three-Phase BHJ Picture

Though much work has been done on the P3HT/PCBM bulk heterojunction solar cell with

a so-called two-phase model, describing the morphology as either a site of acceptor (PCBM)

or donor (P3HT) material, recent work has suggested that the BHJ internal morphology

is better described by a three phase model. Yin and Dadmun[4] suggest a picture of the

morphology they refer to as as the “Rivers and Streams” model, with three distinct compo-

nents; a phase of pure aggregate PCBM particles, a phase of pure crystallized P3HT, and a

mixed phase of non-crystallized P3HT with dispersed PCBM. A principle assumption in this

model is that charge transport is dominated by transport through the pure material phases

(non-mixed), with hole mobility greatly enhanced in the crystallized polymer and electron

mobility higher in the aggregate PCBM regions. The colloquial name, “Rivers and Streams”

comes from Yin and Dadmun’s theory that charges flow through small “streams” of pure

material percolating through the bulk of the mixed phase, connecting with large “rivers” of

pure material which connect more directly with the contacts. Yin and Dadmun propose that

the fraction of dispersed PCBM is around 20% the total PCBM in a morphology.

Here, we explore the effects of the three-phase model picture using our constrained Ising

morphologies. To begin with, we reduce the complexity of the three-phase model by treating

the crystallized P3HT and mixed phases as one and the same. Yin and Dadmun themselves

suggest that crystallized P3HT phases likely do not occur within films as thin as those used

in OPV devices[4], requiring films an order of magnitude thicker in order to be observed with

small angle x-ray scattering. Additionally, the difference between crystallized and amorphous

P3HT are imperceptible in neutron scattering studies, as the SLD for the two are very similar.

For these reasons, we model two-phases for the “Rivers and Streams” morphologies; a phase
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of pure aggregate PCBM and a phase of dispersed PCBM in P3HT.

The density profiles, provided by the Kiel neutron reflectometry data, are assumed to

represent the features of aggregate PCBM throughout the film and we assume that PCBM

present in the mixed phase is evenly dispersed. We define a variable, x, which defines

the fraction of total PCBM in a film that has become dispersed in the amorphous P3HT,

and reduce the annealed PCBM density profile evenly at all sites by this dispersed PCBM

fraction, x, as shown in figure 5.15. Using these modified aggregate PCBM density profiles,

we generate morphologies using the modified Ising model as described in section 5.3 and

select those morphologies which have a characteristic feature size of a ≈ 16 (selected for

reasons explained in section 6.1.1) in order to compare to the previous annealed morphology.

We generate morphologies with dispersed PCBM fractions of x = 0, x = .1, x = .15 and

x = .2. Cross-sections of the generated morphologies are shown in figure ??, which upon

initial inspection reveal only subtle differences. However, closer examination reveals that as

the faction of dispersed PCBM (x) is increased, a discontinuity develops between the network

of agglomerate PCBM sites and the electron collecting electrode. To visualize this effect,

we superimpose cross-sections 15 layers thick, labeling those sites which have a connected

aggregate PCBM path to the electrode of interest in green, those sites which contain no such

path and are thus disconnected from the contact are shown in white, and removing all sites

which are the mixed PCBM/P3HT phase, the results of which are shown in figure 5.17.

Qualitatively, the cross-sections in figure 5.17 reveal several initial features of note, fore-

most being that the majority of the aggregate PCBM in the x = .2 morphology is discon-

nected from the electron accepting contact. Comparing the x = .15 and x = .2 cases, we

see that a sudden and dramatic transition occurs, implying that a percolative threshold for

this sort of morphology was crossed. Note also that the x = 0 case does have aggregate
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PCBM sites which are disconnected from the contact (marked as white in figure 5.17) but

that the size of these non-viable PCBM aggregates are much smaller, typically on the order

of a single site, as compared to all other cases where x > 0 in which the non-viable PCBM

has formed larger aggregates.

The qualitative differences between the cases are a direct consequence of having less

PCBM available as the value x is increased, because the models compared here were all

generated to have a feature size of a ≈ 16. In each case, the volume is fixed by the dimensions

of the morphology (V = 4003) yet there are a decreasing number of aggregate PCBM sites

overall, meaning on average, each site must be more likely to be an interfacial site and

subsequently less of the sites can be interior bulk of aggregate PCBM (directly adjacent to

only other aggregate PCBM sites). This can be seen somewhat in the “beading” of aggregate

PCBM as x increases. For a similar reason the distance between aggregate PCBM clusters

must increase.

5.3.2 Crystallized P3HT Fiber Networks

Recent studies have shown that transport through crystalline polymer regions are an im-

portant factor in overall OPV BHJ device performance[135]. Extensive study of crystalline

P3HT (c-P3HT) has been performed[136, 30, 4, 137, 138, 139], which found crystalline

structures forming with cross-sectional areas of 20nm × 4nm and lengths of up to 400nm.

The molecular structure and packing of individual fibers is well understood. The packing

of fibers is highly dependent on processing conditions, with annealing typically leading to

higher crystallinity. Here, we explore the morphological effects of generating models which

directly incorporate crystallized fiber networks through a templating procedure.

We begin by seeding the morphology with semi-aligned non-overlapping c-P3HT fiber
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regions. The fibers are added layer by layer with each layer being 4 lattice units thick (in

the z-dimension). The orientation of each layer alternates between spanning the x and y

dimension. For each layer, an initial propagation angle is randomly selected, θ ∈ −π
4 to π

4

radians, though each individual fiber may deviate by a random angle of ∆θ ≤ .3 radians. If

a fiber would overlap with a previously placed fiber, it is rejected. All fibers are placed down

segment by segment, with each segment having the dimensions of 20 × 4 lattice units2. As

segments are being placed, there is a random chance of breaking the crystal fiber, taken here

to be .25%. A break causes a gap to form in a specific fiber, with this gap having a random

width based on a Gaussian distribution with average size 60 and width 20. The c-P3HT fiber

segments resume placement once the break gap is completed. This break behavior leads to

fibers with an average length of 250nm. Figure 5.18b demonstrates the c-P3HT fiber lattice

structure, from a top-down perspective. c-P3HT fibers are placed down in this way up to

a predetermined maximum density for a given layer set by the P3HT profile derived from

the reflectivity data in figure 5.10 up to a maximum of 30%, generating a density of c-P3HT

such as that seen in figure 5.18a.

Once the initial c-P3HT template is constructed, the remaining P3HT sites required

to match the density profile of the model with the target density are randomly placed on

each layer. A model morphology seeded in this way is shown in figure 5.19. At this point,

Ising annealement is performed on the morphology in order to generate structures with

greater characteristic feature sizes. This annealement is similar to the procedure described

in section 5.3, however those sites which are marked as c-P3HT (shown in blue in figures

5.19) are frozen. The interaction energy, J , between c-P3HT and other sites is taken to

be the same as the interaction between amorphous P3HT sites with some adjustment to

the parameters used in the Hamiltonian (given in equation 5.41), principally using higher
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temperatures in the simulation, we are able to again generate model morphologies with the

characteristic feature size of a = 16 (this value was selected for reasons discussed in section

6.1.1 of this thesis). For calculations of surface area required to define a, we calculate the

surface area between all PCBM and P3HT sites. This annealed c-P3HT morphology is shown

in figure 5.20, again with PCBM sites shown in brown, amorphous P3HT shown in white,

and crystallized P3HT shown in blue. The c-P3HT templating procedure has introduced a

clearly visible anisotropy into the system, whereby the static framework of the crystallized

polymer network forces additional constraints into how the system may anneal.

5.4 Conclusions

In this chapter, we have introduced a simple method to generate 3-d interpenetrating, per-

colate nanostructures which are consistent with neutron reflectivity data. Though we choose

to use a constrained Ising model, this method could easily be expanded to other morpholog-

ical models such as Cahn-Hilliard, phase-field models, interpenetrating sphere models, and

so on. We have also demonstrated how these sorts of morphological models may be used

to qualitatively explore the effect of various system features, which we demonstrated by

comparing morphologies generated with a simple two-phase model, a more complex three-

phase sequestered PCBM model (like Yin and Dadmun’s “Rivers and Streams” model) and

a crystallized P3HT fiber network model.

As noted earlier, many model morphologies are consistent with reflectometry data as

this system is underconstrained. These model morphologies are being developed for use

in transport dynamic simulations, but we can assume that any model in which morphology

plays a significant role could produce very different results for two different morphologies that
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are fit to the same target density profile, but significantly differ in other internal features.

A clear example of this is shown in the inset to figure 5.9 which shows a sample DMC

calculation, looking at exciton dissociation ability, as a function of not only parameters used

in the model, but also morphology used. In order to further constrain the model, in chapter

6 we take advantage of small angle neutron scattering (SANS) measurements, which were

also performed on the annealed and as cast BHJ OPV devices by Jon Kiel[25].

121



(a) (b)

(c) (d)

Figure 5.11 Model morphologies (L = 400 × 400 × 400) fit to the unannealed (as-cast)
density profile in figure 5.10. Cross sections of the x-y plane are shown for 4 different feature
sizes, a = 4 (5.11a), a = 8 (5.11b), a = 12 (5.11c), and a = 16 (5.11d). Brown represents
PCBM sites and white represents P3HT sites.
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(a) (b)

(c) (d)

Figure 5.12 Model morphologies fit to the annealed density profile seen in figure 5.10. Cross
sections of the x-y plane are shown for 4 different feature sizes(figure), a = 4 (5.12a), a = 8
(5.12b), a = 12 (5.12c), and a = 16 (5.12d). Brown represents PCBM sites and white
represents P3HT sites.
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(a) (b) (c)

Figure 5.13 A comparison of electron tomography[5] performed on PPV:PCBM BHJ solar
cells to simple morphologies generated using the constrained Ising model method. First,
figure 5.13a demonstrates a zoomed in 400nm × 400nm section of electron tomography
taken of a BHJ morphology[5]. Next, in figure 5.13b, is an artificially colored two-phase
view of this image. Finally, figure 5.13c is a sample side-cut of an example morphology
generated with our model with comparable scale, containing feature size a = 8.1. The
interpenetrating morphology of figures 5.8b and 5.8c are evident.
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Figure 5.15 Assumed aggregate PCBM density profile from the three-phase model.
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(a) (b)

(c) (d)

Figure 5.16 2-d cross-sections demonstrating the sequestered PCBM morphologies, with
figures 5.16a, 5.16b, 5.16c, and 5.16d representing x = 0, x = .1, x = .15, and x = .2 reduced
volume fractions respectively. Brown sites represent aggregate PCBM, white represents the
mixed PCBM/P3HT phase.
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(a) (b)

(c) (d)

Figure 5.17 Superpositions of 15 cross-sections of the reduced aggregate PCBM morpholo-
gies, where only aggregate PCBM is displayed as green for sites connecting to the electron
collecting electrode and white for sites which are disconnected. The four cross sections shown
are for the x = 0, x = .1, x = .15, and x = 2. dispersed PCBM cases.
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(a) (b)

Figure 5.18 Figure 5.18a shows the P3HT density profiles used in model generation here,
demonstrating both the crystallized fraction (c-P3HT) and the total fraction. Figure 5.18b
shows a top down view of c-P3HT fiber network. Superposition of 20 total layers shown,
with each fiber being 4 layers deep.

(a) (b)

Figure 5.19 Views of the unannealed c-P3HT fiber-network based morphologies. Figure
5.19a shows a 2-d cross section of the initial configuration of a model morphology, which
has had a c-P3HT fiber network inlaid but has not yet undergone annealing, such that the
PCBM (brown) and amorphous P3HT (white) are still well mixed. Figure 5.19b is a 3-d
view of the same morphology.
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(a) (b)

Figure 5.20 Views of the annealed (a=16) c-P3HT fiber-network based morphologies. Fig-
ure 5.20a shows a 2-d cross section of the final configuration of a model morphology, which
has undergone annealing of the amorphous P3HT and PCBM (but left the c-P3HT network
frozen) to characteristic feature size, a=16, such that the phases are now well segregated.
Figure 5.20b is a 3-d view of the same morphology.
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Chapter 6

Transport in nanostructures

consistent with SANS data

As was highlighted in the end of chapter 5, reflectometry data on it’s own provides no infor-

mation about the nature of the internal structure in-plane, only informing on an averaged

density profile in the xy-plane, at a given height through the morphology (z-dimension).

Unfortunately, this information may yield models with dramatically different performance

characteristics, as was demonstrated through the wide variety of models fitting the neutron

reflectometry data in chapter 5. This wide variation in modeled morphologies comes from

the simple fact that the system is underconstrained. Clearly, if we are to generate more

realistic morphological models for use in transport calculations we must incorporate exper-

imental data which is complementary to the neutron reflectivity provided density profiles.

Fortunately, Jon Kiel also took small angle neutron scattering (SANS) measurements of

these P3HT/PCBM BHJ systems[8], which informs on internal structural information we

may use to further constrain our models.

SANS provides angle averaged information about the internal structure of a film in all

dimensions, rather than composition as a function of depth as was the case with reflectivity

measurements. Previous analysis of SANS measurements on P3HT/PCBM BHJ morpholo-

gies employed standard fitting procedures, which modeled the BHJ morphology as a system
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of polydisperse spheres. Though these polydisperse sphere fits do provide information on the

nature of the nanoparticle agglomeration and highlight average changes in agglomerate size

due to system annealing, this type of analysis does not provide exact morphological models

required for use in morphologically driven device simulations. Indeed, while the use of a

polydisperse sphere model does fit the SANS data, it’s use is in no way meant to imply that

the morphology itself is composed of spherical agglomerates, as we know these BHJ contain

3-d percolative interpenetrating nanostructures.

We find that by incorporating small angle scattering data into our models, we are able

to select an appropriate characteristic feature size, a, to use for the as cast and annealed

cases. By simultaneously fitting to both the reflectivity data and the SANS data, new

morphological insights are possible in these complex systems. In this chapter, we look at

what effects the use of models consistent with both SANS and neutron reflectometry data

has on DMC device performance calculations which rely on model morphology.

Unlike the reflectometry data, we do not directly incorporate the experimental SANS

data into the Hamiltonian used to generate morphologies. Instead, we refine the model

morphologies to fit the SANS data though the use of the simulated small angle scattering

algorithm introduced in chapter 4. In this chapter, we will describe the reasons for this

procedure, as well as describing the methods used to fit to the SANS data in detail. We will

first demonstrate this procedure on the commonly used two-phase model, but then expand

to the sequestered (dispersed) PCBM model and the crystallized P3HT fiber model, all

introduced in chapter 5. In each case, after refining the models to the experimental SANS

data, relevant DMC transport calculations will be performed to understand what effects

different morphological models would have on overall device performance. The DMC model

we employ in this chapter is slightly modified from the traditional form which was presented
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Table 6.1 Parameters extracted from SANS based on polydisperse sphere model

Morphology As Cast Annealed
PCBM agg. radius (nm) 1.0± 0.75 5.9± 2.4

Total PCBM volume in film 52% 51%
Dist. between PCBM agg. (nm) 9.2 16.3

in chapter 3. We will explain the reasons for the modifications, and go through our modified

DMC model in detail.

6.1 Nanostructures consistent with SANS and neutron

reflectometry data

Jon Kiel performed small angle neutron scattering (SANS) measurements on P3HT/PCBM

BHJ OPV systems on the NG-1 reactor at NIST[8], fitting the data to a set of polydisperse

spheres with a Schulz distribution to study the effects of annealing on the BHJ morphology.

The results of these fits are summarized in table 6.1, which suggest that annealing the film

caused the PCBM agglomerates to increase in radius by a factor of 6, while at the same time

the agglomerates were separating from one another.

Unlike neutron reflectometry data, SANS data is not directly invertible as there are

potentially countless morphologies that would generate seemingly identical SANS profiles.

Indeed, the original polydisperse sphere fits should not be interpreted as implying that the

nanostructure itself is composed of agglomerate spheres, only to highlight how the dominant

scattering structure (agglomerates of PCBM) increased in relative size. We generated a wide

variety of candidate morphologies by varying the Hamiltonian, simulating SANS profiles for

each. We tuned the parameters used in the Ising model until a morphology is generated

whose simulated scattering profile fits both the neutron reflectometry data and experimental
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SANS data to high precision.

For the SANS simulation, the site weights used (the values used for b in equation 4.38)

are based on the corresponding scattering length densities (SLD) as the pure real materials,

SLDP3HT = .74 × 10−6Å
−2

and SLDPCBM = 3.7 × 10−6Å
−2

. A low-q upturn will be

ever present in the calculated SANS profile due to the sample box size itself, which may

not directly fit the experimental data. However, as we are looking to model the internal

morphological characteristics of the BHJ thin films, and not model the entire film to scale,

this is acceptable so long as the features of interest are distinguishable from the effects of

sample box size. Previously described methods in section 4.4 of convoluting the scattered

data or reducing the box size contributions are employed, with typical smearing values of

10%.

Figure 6.1 Demonstration of how a lattice constant, blattice, can be extracted from the
Bragg-like nearest neighbor peak generated by the DFM method. Once final scaling is
performed such that the calculated scattering profile is best it to experimental data, these
lattice peaks (as highlighted here) will correspond to 2π/blattice. Shown are the fits for the
annealed and as cast two-phase morphology seen in figure 6.5.

Once model morphologies with SANS profiles comparable to those seen in experiment
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are generated, a final fit to the experimental data is performed in which the scales of the

simulated SANS plots are adjusted until the features of interest best match the data. As we

are using a cubic lattice model, there will be a very strong Bragg-like peak due to the lattice

spacing itself seen at the q = 2π/blattice in the calculated scattering, where blattice is the

lattice constant, as is demonstrated in figure 6.1. This final scaling fit allows us to precisely

extract the lattice constant for a specific model morphology, which is useful in transport

calculations utilizing this morphology.

6.1.1 Two phase model

We first discuss the simple two-phase model, in which the nanoscale morphology is described

as a lattice of sites, each assigned either pure P3HT (donor site) or pure PCBM (acceptor

site).

The two key features of interest in the original SANS data are the amplitude and position

of the plateau-terminating bend, shown in figure 6.2. For the as cast BHJ film, this plateau

has an amplitude of approximately 8 cm−1, with the bend cresting at q ≈ .05Å
−1

. For

the annealed BHJ film, the plateau has an amplitude of approximately 600 cm−1 and the

bend cresting at q ≈ .015Å
−1

. This plateau shift to a higher intensity and bend at a lower

q-value is indicative of an increase in characteristic feature size. As the generation of w(r)

from equation 4.38 involves the product of the SLD values of pairs, the contrast in the

intensity contribution between those features with the strongest SLD values (bS) and the

weakest (bw) will go as the difference of squares (b2S − b2w). In the case of the P3HT/PCBM

system under investigation in this thesis the contrast in intensity between PCBM features

to P3HT features will be 3.72 − .742 ≈ 13, a significant signal difference. For this reason,

characteristics seen in SANS profile will be predominantly caused by PCBM features of the
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morphology.

Simple Guinier analysis of the intensity change of the plateau informs on the aggregation

number[110], defined as the number of basic scattering units per scattering particle. In

this case, the scattering unit is taken as an individual PCBM molecule and the scattering

particle is the agglomeration of many PCBM molecules. If we assume the density of these

particles remains constant before and after annealing, then the number of scattering particles

is proportional to the volume of the scatterer (N ∝ r3 in the case of spheres). Noting that the

relative intensity of the as cast and annealed SANS plateaus are 8 and 600 cm−1 respectively,

this allows for a quick estimation of average agglomerate growth due to annealing

rannealed
ras cast

=

(
Nannealed
Nas cast

)1/3

≈
(
600

8

)1/3

≈ 4.2. (6.1)

This back-of-the-envelope calculation is consistent with the results of the polydisperse

sphere fits, which showed an aggregate radius increase of 5.9 ± 5.0 (taking fractional error

propagation into effect). Though these error bars seem large, recall that a Schulz distribution

has a particularly long tail which and can be described as

P (r) =
exp

[
−r·R

σ2

] ( r
R

)R2

σ2
(
R2

σ2

)R2

σ2

r · Γ(R2

σ2
)

, (6.2)

where P (r) is the probability of a sphere with radius r, the average sphere size is defined

by R, the width of the distribution is defined σ, and Γ is the gamma function. An example of

a polydisperse Schulz distribution is given in figure 6.3, which demonstrates the distributions

found by Jon Kiel in his fitting of the annealed and as cast morphologies. A polydisperse

Schulz sphere function is often used to fit SANS data of polymer systems[121] not because
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the system is thought to be composed of spheres, but because this wide distribution of length

scales is thought to be similar to the length scales present in the actual systems.

For our modeling here, we use the two phase morphologies as described in section 5.3 of

this thesis. Figures 5.11 and 5.12 show examples of the as cast and annealed morphologies

we tune using our simulated SANS algorithm. Sites are assigned scattering weights based

on the pure material SLD values (found by Jon Kiel in his previous fitting methods[8]) of

bdonor = .74 and bacceptor = 3.7. We roughen the edges of the sample box by randomly

removing sites via the algorithm described in section 4.4.2.1 of this thesis, with a Gaussian

width of 120 lattice sites from the center of the box (thus covering 60% the box edge width),

as this length was found to remove a majority of high frequency sample-size oscillations

without effecting the larger scale internal features of interest.

We find best fit models to the experimental SANS data to have features sizes of ≈ 4b

for the as cast cast and ≈ 16b for the annealed case, where b is the model lattice constant.

Final scaling to the experimental data extracts lattice constants of b = .667 nm for the

as cast model and b = 1.25 nm for the annealed model. Taking the lattice constants into

effect, these results imply the annealed morphology has increased in average aggregate radius

by a factor of approximately 7.5 over the as cast morphology, which is consistent with the

standard polydisperse Schulz spheres fit, which had an average feature size growth of 5.9±5.0.

Comparison of the experimental and modeled SANS data is presented in figure 6.5.

Having selected the characteristic feature sizes to be used in these percolative, inter-

penetrating BHJ structure models (aas cast = 4 and aannealed = 16), we now generate a

complimentary set of morphologies with identical feature sizes but incorporating a flat target

density profile rather than one provided by the neutron reflectivity data. In this way, we

may explore the effects of the density profile on model predictions independent of feature
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size. These so called “Ising Only” morphologies are shown in figure 6.7c and 6.7d.

6.1.2 Modified DMC Method

As we are interested in characterizing how nanoscale morphology effects device performance,

independent of the particular parameter set used in the simulation, we alter our dynamic

Monte Carlo calculations from the previously employed method presented in section 3.4 of

this thesis. Rather than specifying a specific set of model parameters for use in each calcula-

tion, such as applied voltage, electron mobility, hole mobility, work function, etc, we instead

attempt a more general characterization by sweeping over a broad range of recombination

lengths for all carriers, which we define as:

L = b

(
νhop
νloss

)1/2

(6.3)

where L is the relevant recombination length, b is the lattice constant, νhop is the asso-

ciated particles hop rate, and νloss is the associated particles recombination or decay rate.

6.1.2.1 Exciton behavior in the 2-phase model

We will first look at how morphology effects exciton dissociation efficiency when comparing

the as cast and annealed morphologies. The results of the DMC calculation are summarized

in figure 6.8. Exciton dissociation, χdiss, is defined as the ratio of excitons successfully

dissociating at a heterojunction over the total number of excitons generated. The exciton

decay length is defined Lx = b

(
νx-hop
νx-decay

)1/2

. Excitons are generated with equal proba-

bility at all P3HT sites, and then diffuse with hop/decay rate combinations which provide

the specific decay lengths given on the axis of figure 6.8. The data presented is taken at
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100 different decay length values, with each point being averaged over one million exciton

lifetimes. Exciton dissociation at a heterojunction is treated as exceptionally fast compared

to all potential DMC actions, such that excitons will almost always dissociate upon reaching

a site which is a heterojunction (adjacent to an acceptor site).

As the results in figure 6.8 show, the as cast morphology with it’s much finer characteristic

feature size (a ≈ 4), is much more efficient at dissociating excitons at any given exciton decay

length compared to the annealed morphology (a ≈ 16). This is a predictable outcome, as the

excitons are generated in the donor material (P3HT) and must diffuse to a heterojunction

interface in order to dissociate. Any morphology which offers shorter average paths to a

heterojunction will naturally outperform systems with longer paths, and thus smaller feature

sizes are always preferable from the standpoint of exciton dissociation efficiency. In the case

of the as cast morphology, it is observable that once the decay length is of order equal to the

feature size, essentially all excitons generated will successfully dissociate. While this effect

is not as clear in the annealed model data, this is only due to the bounds of Lx used in the

simulation and the trend is still seen.

Now, we look at the differences between the so called “realistic” morphologies, being those

generated with the reflectivity informed density profile, and the “Ising only” morphologies.

This comparison data is also shown in figure 6.8. We note that in both cases, the Ising

only morphologies exhibit better exciton dissociation than their realistic counterparts, other

than a small deviation from this trend for the a ≈ 4 morphologies for Lx-diss < 1. To

understand this low Lx-diss discrepancy, one can look at the average characteristic feature

size of each individual layer in the morphologies, shown in figure 6.9. While the Ising

only models are generally consistent at maintaining constant feature size at every depth

in the morphology, the realistic morphologies contain significant feature size fluctuations,
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particularly in regions where the target density profile was far from 50% such as near the

edges. These regions of anisotropic feature size must exist in order to fit any non-uniform

density profile, as some regions will have greater average P3HT agglomerates (and thus,

sites to form a heterojunction) to the rest of the model, and others less. As excitons are

generated in P3HT, those regions containing lower PCBM volume fractions present, on

average, a longer path excitons must travel in order to discover a heterojunction interface.

Additionally, as excitons are generated uniformly through the bulk of the donor material

(P3HT), those regions with more total donor material will have a greater number of exciton

generation events, and thus the behavior of excitons in these regions will be slightly more

significant in the DMC averaged results. This subtle difference, entirely due to PCBM density

profile fluctuations, is what leads to a slight diminishing of exciton dissociation efficiency for

the “realistic” morphologies. For a fixed characteristic feature size, density fluctuations are

detrimental to exciton dissociation efficiency in these morphological device calculations.

At very low recombination lengths (Lx-diss � 1) essentially no excitons will be able to

hop from the site they originate at prior to decay. Those excitons that do dissociate must

be generated on sites of P3HT which are already adjacent to PCBM (at the heterojunc-

tion), where due to the selected high exciton dissociation rate, successful dissociation may

occur. The crossover behavior we see in the a ≈ 4 cases at Lx ≈ .3 nm has been traced to

the small difference in BHJ surface area between the two models, as careful inspection of

each morphologies reveals that the as cast has an exact feature size of aas-cast = 4.007997,

where as the Ising only has an exact feature size of aIsing = 4.023306. As feature size is

inversely proportional to surface area, this shows that the as cast morphology has more total

P3HT sites sitting directly next to PCBM sites, which coupled with the understanding of

how density fluctuations are detrimental to overall exciton dissociation efficiency, explains
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the crossover behavior seen in the data. For comparison, the morphology used in the an-

nealed morphology, compared to the Ising only a=16 morphology, had exact feature sizes of

aannealed = 16.014643 and aIsing = 16.000523 respectively, which fits with our understand-

ing as there is no such crossover for the a ≈ 16 morphologies.

6.1.2.2 Charge behavior in the 2-phase model

We now compare the morphologies from figure 6.7 in terms of their ability to collect free

charges as they diffuse throughout the morphology. The results of the simulations are pre-

sented in figure 6.10, where charge collection efficiency, χq, is defined as the ratio of free

charges collected at their respective contacts over total charges generated due to exciton

dissociation. The charge recombination length, Lq = b

(
νc-hop

νc-recomb

)1/2

, is defined as the

lattice constant (b) times the ratio of the free charge hop rate to the free charge recombination

rate.

The results in figure 6.10 show that for all morphologies under consideration, free charge

is collected with roughly the same efficiency, with a notable exception of electron collection

efficiency in the as cast morphology, which was significantly reduced compared to all other

morphologies. This poor charge collection efficiency is due to the abrupt drop in PCBM

density which occurs at the electron collecting electrode visible on the left-hand side of the

as-cast density profile in figure 6.6. This leads to a situation where a bulk of the PCBM

sites in the morphology have no percolative paths which would allow free electrons to reach

the electron collecting electrode, regardless of the recombination length used. This is clearly

seen by comparing the PCBM sites (brown) which reach the contact layer in the top-down

views of the as cast (figure 5.14a) and annealed (figure 5.14b) morphologies.

We see a subtle (≈ 15%) drop in the maximum possible charge collection efficiency of
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electrons in the annealed morphology compared to the Ising only morphologies, and again

find this effect is due to electrons which are generated on regions of acceptor (PCBM)

material which had no percolating paths to the electron accepting electrode.

If one compares electron collection to the hole collection efficiency (in figure 6.10) for the

as cast and annealed cases, hole collection efficiency is nearly the same in both cases, and

very similar to the electron collection efficiency for the annealed case. While this implies

that differences in morphology between the as cast and annealed morphologies did effect

hole collection efficiency, the majority of the P3HT sites here are connected to the hole

collecting contact and thus no significant disconnect in the hole current occurs. For the Ising

only data we found the electron and hole collection efficiencies to be essentially identical,

such that we present it here as a single solid line. This is understandable, as the Ising only

morphologies are isotropic at all layers, due to their flat target density profile, and thus there

is no morphological differences between the behavior of electrons and holes. Looking at the

Ising only data from Lq = 10 to 400, we see that charge transport is more efficient in the larger

features size, a = 16, compared to the finer grained a = 4 morphology. This observation is

consistent with the conventional understanding that larger aggregates of material allow for

easier diffusion of the charges, or to put it another way, morphologies with smaller feature

size offer more tortuous paths which diffusing charges must transverse. At recombination

lengths Lq > 400 the charge collection efficiency of the two different feature size models

merge together, as this is outside the regime in which the tortuous path for the diffusing

particles is the limiting factor. The only upper limits on charge collection efficiency when

Lq gets sufficiently large are therefore the limits based on charges being generated on sites

which do not connect to the associated charge’s electrode, or so called “islands”.

Overall, we see that charge collection efficiency is enhanced by greater characteristic
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feature sizes, but that subtle effects introduced by using an experimentally measured density

profile are significant enough to alter the results of a calculation, regardless of the set of device

model parameters used.

6.1.3 Sequestered PCBM model

We now look at the effects of the so called three-phase or sequestered PCBM model on

DMC device calculations. Recall that, similar to the “Rivers and Streams” model[4], the

sequestered PCBM picture models the system as sites assigned to be either a pure phase

of aggregate PCBM or a mixed phase of P3HT and dispersed PCBM. In order to directly

compare to the previously employed annealed two-phase model, we generate models with

feature size a ≈ 16. Using the model morphologies generated in section 5.3.1, simulated

SANS profiles were generated using the distribution function method (DFM) with associated

scattering strength weights proportional to the SLD value of pure PCBM for the aggregate

PCBM phase (bPCBM = 3.7) and a weighted mixture of pure PCBM and pure P3HT

(bP3HT = .74) for the mixed phase, the results of which are shown in table 6.2.

Table 6.2 SLD values for the four different fractions of dispersed PCBM morphologies seen
in figure 5.17, used in simulated scattering in figure 5.17.

x bd-PCBM/P3HT bagg-PCBM
0 0.74 3.7
.1 1.04 3.7
.15 1.18 3.7
.2 1.33 3.7

Simulated SANS calculations were performed on the morphologies shown in figures 5.16

and 5.17, with identical Gaussian fuzzying and smearing routines as those used in the pre-

vious two-phase model. The results of the SANS simulation is shown in figure 6.11.

As each of the three-phase models shown here have been generated to feature size a = 16,
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it is not surprising that the simulated SANS profiles are quite similar. The primary difference

in the simulated scattering profiles is that as the fraction of dispersed PCBM (x) increases,

the scattering intensity decreases slightly. This can be attributed both to the decrease in

PCBM present and the decreasing contrast between the two materials (PCMB and mixed

phase) as x increases. However, all volume fractions presented generate SANS profiles which

are quite comparable to one another based on fits to the experimental SANS data, and thus

no strong conclusion can yet be drawn on which model is more accurate.

We now compare these four sequestered PCBM model morphologies through the use of

our modified DMC transport calculation, as we did previously with the two-phase model.

6.1.3.1 Exciton behavior in the sequestered PCBM model

The results of the DMC exciton transport calculations are shown in figure 6.12, with results

presented as a function of a exciton decay length, Lx = b

(
νx−hop
νx−decay

)1/2

. These graphs were

generated using 66 different values of Lx, with each point being the average of one million

exciton lifetimes.

We note that the most efficient exciton dissociation occurs in the original x = 0 case

(no PCBM sequestered), and that progressively less excitons successfully dissociate as the

fraction of dispersed PCBM is increased. As excitons are being generated uniformly though

the bulk of the mixed phase (as photons are absorbed only in P3HT) an exciton will have,

on average, a further distance it must travel to discover a heterojunction as x is increased

because the average distance to an aggregate of PCBM increases. Note that while we already

demonstrated that increasing feature size decreases exciton dissociation efficiency, this is not

the same effect here as feature size between all four morphologies studied here is held at

a ≈ 16. Instead, this is an effect of the decreasing average surface area each donor site
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(mixed phase) will have, as the total number of donor sites is increasing with x, but feature

size (and thus surface area) is held constant.

6.1.3.2 Electron collection in the sequestered PCBM model

Next we look at the results of DMC based electron collection efficiency calculations in figure

6.13. The most striking feature of the data is the x = .2 result, which shows electron

collection efficiency of essentially zero. This result comes from the apparent transition of the

system to a non-percolative network (in regards to reaching the electron collecting contact)

which occurs in the x = .2 morphology. It is clear that in these morphological models,

some critical threshold exists between x = .15 and x = .2, wherein the PCBM network

becomes too disconnected in order to function successfully as an OPV device. This result is

consistent with our qualitative analysis of the morphology, which showed an overwhelming

volume of disconnected PCBM sites as is demonstrated in figure 5.17 (in white). While

all other morphologies with x < .2 show relatively similar electron collection efficiency, it

is worth noting that the x = .1 case exhibits slightly improved electron collection. We

have investigated this, and found it to be an effect of well defined “rivers” of aggregate

PCBM which extend from the electron collecting contact into the bulk of the morphology.

Though one would intuitively consider more aggregate PCBM to produce a more favorable

electron transport profile, we found that due to the morphologies specific exciton dissociation

dynamics, excitons were more likely to dissociate onto sites which had a further average path

length to the electron collecting contact in the x = 0 case as compared to those excitons which

dissociated successfully in the x = .1 case. This result is directly related to the anisotropic

density profile introduced by the neutron reflectometry data, and would not have come

about without it’s inclusion. Note that hole collection efficiency is not discussed here, as the
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principle effects of sequestering PCBM in this model will be on electron transport.

6.1.4 Crystallized P3HT fiber model

Finally, we look at morphologies generated with a crystallized P3HT (c-P3HT) template, as

were shown in figure 5.20. To directly compare to previous models, the morphologies studied

here have been Ising annealed to characteristic feature size, a = 16. Simulated SANS profiles

were calculated for the c-P3HT model using site scattering weights of bP3HT = .74 and

bPCBM = 3.7, just as with the two-phase model. Sites assigned as c-P3HT or amorphous

P3HT are weighted the same in the simulated SANS, as the neutron SLD of the two materials

is identical. Once again, we utilize a fuzzying procedure with the same parameters as the

two-phase model, and apply a smearing function of 10% to the resultant profiles, shown in

figure 6.14.

Comparing the simulated SANS profile of the c-P3HT model to the simple two-phase

model, we see the two are very similar. The fiber template method introduced a structural

anisotropy to the system, yet as the model morphology was annealed to characteristic feature

size a = 16, it’s angle averaged scattering profile (which is sampled by our method) is nearly

indistinguishable from those structures generated without the fiber template.

DMC device performance calculations were performed on the c-P3HT model, looking

at both exciton, electron, and hole dynamics, similar to the method used to characterize

the simple two-phase morphologies. Transport through crystallized polymers is known to

exhibit significantly higher in-plane mobility, while their through-plane mobility is thought

to be significantly lower[140]. In order to examine the effect of enhanced hole mobility due to

c-P3HT regions, we also perform so-called “fast” hole transport calculations, where mobility

inside c-P3HT is enhanced in the planer (xy) direction.
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6.1.4.1 Exciton behavior in the c-P3HT fiber model

DMC device calculations were performed on the c-P3HT model morphology and compared

to those results found for the two-phase model, the results of which are presented in figure

6.15, 66 values of Lx were modeled, with each data point being the averaged behavior of

one million exciton lifetimes. Recall that the feature size for the as cast model was a = 4,

compared to the features size of a = 16 for the annealed model, which is also the feature

size we use in the c-P3HT model. As was explained in discussions on exciton transport

dynamics in the two-phase system, this feature size difference explains why the as cast case

exhibits significantly better exciton dissociation than either of the a = 16 morphologies.

Comparing both a = 16 morphologies, however, we see the c-P3HT model had consistently

better exciton dissociation efficiencies than the two-phase annealed morphology. This can be

attributed to the introduction of a fiber network in the c-P3HT morphology, which lead to

a significant anisotropy not present in the two-phase model. In the c-P3HT morphology, a

greater fraction of the total surface area (acceptor/donor bordering sites) is stretched across

the xy-plane, rather than evenly distributed in all three dimensions.

Excitons in the c-P3HT model can thus, on average, diffusively discover heterojunctions

more quickly because of the smaller average feature size in the z-dimension. This interesting

result demonstrates that characteristic feature size alone is not sufficient to predict transport

dynamics, as any inherent anisotropic factors must also be considered in any morphologically

dependent calculation.

6.1.4.2 Charge behavior in the c-P3HT fiber model

We now perform charge transport calculations on the c-P3HT model. In addition to the

standard calculations of charge collection efficiency (χq) versus charge recombination length
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(Lq), we also perform a so called “fast” transport calculation, where we examine the effect

of enhanced hole transport through crystallized P3HT regions. For these fast-transport

calculations, we treat the hole hopping rate on sites assigned c-P3HT as 100× faster than

the given Lq. As this enhanced mobility is considered only in-plane[140], hop rates through

the plane (in the z-direction) are not enhanced. The results from these calculations as well

as the two-phase model for comparison are shown in figure 6.16.

The c-P3HT model displays very similar results for electron and hole transport, with both

charges’ collection efficiency being comparable to the annealed two-phase morphology. When

examined closely, we see the measured difference between the electron and hole collection

efficiencies is in fact even smaller than the two-phase model, which is likely due to the c-

P3HT templating, which induced the generation of a more connected network for not only

the P3HT (donor) sites, but also the PCBM (acceptor).

The hole collection efficiency in the “fast” c-P3HT model was significantly enhanced,

which is somewhat surprising considering that hole transport dynamics through the plane (z-

direction) were in no way explicitly enhanced, yet it is the transport through the plane which

must occur efficiently in order for holes to quickly reach and be collected at the contact. This

result can be understood because holes in the “fast” system may now very quickly explore

the xy-plane such that “dead-end” regions of the morphology, which previously would have

presented a significant hazard to transport, are now easily explored. This allows the holes

to more efficiently explore the morphology and quickly discover those percolative paths to

the contacts which, based on our studies of the sequestered PCBM morphologies, we know

can enhance charge collection efficiencies.

These final results are of particular interest, as they demonstrates that both exciton and

charge transport would be enhanced by a crystal fiber network from a purely morphological
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standpoint, and even more so when considering the increased mobility granted by crystallized

materials.

6.2 Conclusions

In this chapter, we have demonstrated how the inclusion of experimentally measured data can

alter the results of device performance calculations in morphologically dependent systems,

such as the BHJ OPV systems. In our work, we utilized small angle neutron scattering data

(SANS) from PCBM/P3HT systems to refine and more precisely select a realistic model

morphology which would otherwise be underconstrained. Although we utilized two forms of

complementary neutron scattering data, the techniques presented could readily be adapted

to a variety of other experimental data such as AFM, SEM, STM, x-ray scattering, etc. We

have shown how the inclusion of experimentally measured data can have a significant effect on

device calculations when compared to predictions made with simple assumed morphologies.

The DMC method we applied here makes no assumptions about specific device parame-

ters, instead sweeping over a wide range of potential material properties to give an overall

picture of the morphological effects on the system. Indeed, our results show that logical mod-

ifications to the simple Ising model, such as the inclusion of sequestered PCBM or a network

of crystallized P3HT fibers, can have significant effects on device performance calculations

entirely independent of the parameter set used.

While we are unable to make claims on the accuracy of one particular model over an-

other, as every morphology used herein has been simultaneously consistent with both neutron

reflectometry and SANS data, we suggest that the methods used here (inclusion of exper-

imental data into a modified Ising model) are an ideal framework to explore the effects of
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many other forms of data and theoretical model systems.
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(a)

(b)

Figure 6.2 Small angle neutron scattering (SANS) data of the P3HT/PCBM BHJ thin film
mimics, from the thesis of Jon Kiel[9]. Figure 6.2a shows the original SANS data for the as
cast and annealed systems, as well as the polydisperse sphere fits. Figure 6.2b is a cartoon
by Jon Kiel, suggesting how the agglomerate PCBM size increases might be interpreted.
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Figure 6.3 Demonstration of Schulz Distributions of the polydisperse fits for the as cast
experimental SANS data(R = 1.0, σ = .75) and the annealed experimental SANS data
(R = 5.9, σ = 2.4).

Figure 6.4 Demonstration of how the plateau shifts to greater intensity and the bend shifts
to lower q as the constrained Ising model anneals a BHJ morphology to greater values of
a. Dashed lines are the unsmeared data and solid lines have been smeared 10%. The inset
presents the same data (smeared only), zoomed out so as to better observe the plateau.
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Figure 6.5 Simulated SANS profiles for the as cast and annealed morphologies, showing
fits to the experimental SANS data, as well as previous fits performed with a polydisperse
sphere model. Inset in the figure are 3-d views of the as cast and annealed morphologies.
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Figure 6.6 Density profiles of the as cast and annealed morphologies, with the simulated
morphologies compared to the experimental reflectometry fits.
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(a) (b)

(c) (d)

Figure 6.7 Cross sections of the model morphologies, generated with experimentally mea-
sured density profiles, and those generated to an identical characteristic feature size, a, but
with a flat target density, which we refer to as Ising-only. The left hand column has feature
size a = 4, while the right hand column has feature size a = 16. The top row are morpholo-
gies generated with the corresponding reflectivity informed density profile, while the bottom
row is the Ising-only models, with a flat target density profile.
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Figure 6.8 Results of exciton behavior comparing realistic morphologies to Ising only mor-
phologies. Plot is of exciton dissociation efficiency (χdiss) vs. exciton decay length (Lx).
Maroon crosses represent the as cast morphology, black circles the annealed morphology,
green diamonds the Ising only of feature size as cast (a=4) and yellow boxes the Ising only
of feature size annealed (a=16).
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Figure 6.9 Local feature sizes for the as cast, annealed, and Ising only (a=4,16) morpholo-
gies. Local feature size is calculated with the familiar form a = 3V/S, but V is taken as
the number of sites in a single slab V = L × L and S is taken as the total number of BHJ
interfaces seen by the sites on a specific layer.
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Figure 6.10 Charge collection efficiency comparison between the as cast, annealed, and
Ising only (a=4,16) morphologies. Presented as the ratio of total charges collected at their
respective contacts versus charge recombination length. For the realistic morphologies, solid
lines represent electron collection and dashed lines represent holes. For the Ising only mor-
phologies, there was no difference between electron and hole collection efficiencies, so they
are presented as a single solid line.
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Figure 6.11 Simulated SANS scattering for the four cases of x = 0, x = .1, x = .15, and
x = 2. fractional dispersed PCBM. The inset demonstrates the zoomed out view of the same
simulated scattering.
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Figure 6.12 Exciton dissociation efficiency, χdiss, versus exciton decay length, Lx, for the
four cases of figure 5.17. Inset is a magnified portion of the data.
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Figure 6.13 Electron collection efficiency, χq, versus free charge recombination length, Lq,
for the four cases of figure 5.17. Inset is a zoomed out version of the data, on a log-log graph.
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Figure 6.14 Simulated SANS comparisons of the simple two-phase model (black) and the
crystallized P3HT model (dashed blue), as well as the experimental data (yellow boxes) and
polydisperse sphere fits (black dots). Shown inset are views of the c-P3HT crystal network
on the left, and a 3-d view of this morphology where PCBM has been colored brown, c-P3HT
is white, and amorphous P3HT is gray.
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Figure 6.15 Exciton dissociation efficiency for the as cast (maroon triangles), annealed
(black circles), and c-P3HT (light blue diamonds) morphologies. Exciton dissociation effi-
ciency, χx-diss, is defined as the ratio of excitons successfully diffusing to and dissociating at
a heterojunction interface over total excitons generated. Exciton decay length, Lx, is defined
as the lattice constant times the ratio of the exciton hop rate to the exciton decay rate.
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Figure 6.16 Charge collection efficiency for the as cast (maroon up-pointing triangles),
annealed (black circles), c-P3HT (light blue diamond) models. Solid lines represent electron
collection efficiency, while dashed lines represent hole collection. The enhanced mobility hole
transport is also shown (dark blue right-pointing triangles). Charge collection efficiency, χq,
is defined as the ratio of charges successfully collected at their respective contacts over total
charges generated. Data presented as a function of charge recombination length, Lq.
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Chapter 7

Conclusions

We have developed a method to efficiently generate three dimensional, interpenetrating,

percolative nanostructures which are consistent with experimental data. In this thesis, we

utilized neutron reflectometry and small angle neutron scattering data to model the bulk het-

erojunction nanostructure morphology as is found in many thin-film polymer based organic

photovoltaic devices, specifically the P3HT/PCBM devices generated by Jon Kiel[8, 25] of

Micheal Mackay’s group at the University of Delaware. The development of higher efficiency

thin film OPV devices is currently limited by our understanding of the influence nanoscale

morphology has on overall device performance. Though several models have been proposed

in order to explain this relationship[2, 27, 141, 136, 65, 4], none so far have extracted mor-

phological characteristics directly from experimental data, but rather used a simple assumed

morphology. As we have shown, small changes in model morphology produce measurable

effects on calculated transport dynamics. Because of the strong influence morphology has

in these systems it is important to use the most realistic model morphology possible, as this

will lead to more accurate models and a better understanding of the system as a whole.

Previous fitting methods, using standard polydisperse sphere models[25] provide infor-

mation on aggregate PCBM cluster size changes due to post-spin casting annealement of the

device, but grant no insight into the percolative interpenetrating structure which defines this

bulk heterojunction morphology and dictates many transport properties. Complex nanoscale

morphologies exhibiting such a structure are not only important in OPV, but many other
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modern energy applications such as LEDs, batteries, fuel cells, and sensors. Each of these

fields can benefit in their modeling efforts through the use of morphologies extracted di-

rectly from experimental data, and we feel the method presented here offers a framework to

accomplish this task.

The methodology of incorporating experimentally observed features through the use of

an Ising model is quite similar to the reverse Monte Carlo technique, but distinct as we

modify the Hamiltonian of the Ising model in order to facilitate refinement, rather than

comparing directly to the scattering data. This general procedure can easily be extended to

morphological models beyond the lattice Ising model, such as a Cahn-Hillard model, phase-

field models, interpenetrating sphere models, and so on. The choice of experimental data

to refine to is also much broader than the SANS and neutron reflectometry used here, as

one could easily incorporate many other forms of data such as x-ray scattering data, AFM,

STM, SEM, etc.

In this thesis, using morphologies generated with the modified Ising model, we looked

at the effects of incorporating SANS and reflectometry data into a number of different

nanoarchitecture systems, including the simple two-phase system, the sequestered PCBM

system, and a model incorporating crystallized P3HT fibers. With our modeling efforts,

we confirmed a number of well known previous postulates as well as discovering several

previously undiscussed effects of nanoscale morphology on transport in these BHJ OPV

devices. First, we confirmed the findings of previous studies[2, 18] which showed larger

characteristic feature size in nanoscale morphology lead to greater charge collection efficiency,

but also lower exciton dissociation. Second, we showed with our two-phase model that

incorporation of experimental data, here in the form of neutron reflectometry and SANS

data, has a significant effect on the results of DMC transport calculations. We also find that
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for a specific characteristic feature size, density fluctuations throughout the morphology are

detrimental to exciton dissociation efficiency. Through our sequestered PCBM models, we

found that uniformly dropping the density of a charge carrier density (in this case, the pure

PCBM phase) will eventually lead to an abrupt drop in percolation that will effectively break

the OPV device, regardless of the effects of annealing. Finally, with the use of our c-P3HT

fiber template model we find that from a purely morphological standpoint, the introduction of

a crystal fiber network of P3HT will enhance both exciton dissociation efficiency and charge

collection efficiency. We also find that if hole mobility inside these crystal fiber networks

is enhanced only in-plane, this will dramatically increase hole transport throughout the

morphology.
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in figure A.1. The charge, e, is a distance z away from the interface. Inside material ε1, the

potential at a point P will be due to the charge at a distance r and the image charge, e′,

which is a distance r′ from point P . The potential due to this charge inside material ε1 is

φ1 =
e

ε1r
+

e′

ε1r′
. (A.2)

The field in material ε2 will be due only to the effective charge, e′′, which is the charge e

screened by the dielectric boundary, such that it is in the same location but with a different

magnitude. We write the potential in material ε2 as thus

φ2 =
e′′

ε2r
. (A.3)

At the boundary between the materials, in order to fulfill Maxwell’s equations[142], the

field and it’s derivative scaled by the relative dielectric must be constant such that when

r = r′

φ1 = φ2 (A.4)

and

ε1
∂φ1
∂n

= ε2
∂φ2
∂n

, (A.5)

where the derivatives, ∂φ/∂n are taken normal to the boundary interface. These two

boundary conditions mean that at r = r′ we may write
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φ1(r) = φ2(r)

e

ε1r
+

e′

ε1r
=

e′′

ε2r

e+ e′

ε1
=
e′′

ε2
(A.6)

and

ε1
∂φ1(r)

∂n
= ε2

∂φ2(r)

∂n

ε1
∂

∂r

(
e

ε1r
+

e′

ε1r

)
∂r

∂n
= ε2

∂

∂r

(
e′′

ε2r

)
∂r

∂n

ε1

(
−e
ε1r2

+
e′

ε1r2

)
= ε2

(
−e
ε2r2

)
e− e′ = e′′, (A.7)

noting that e′ is on the opposite side of the boundary as e, and thus it’s derivative with

respect to the normal direction will be opposite in sign. Using the results in equation A.6

and equation A.7 we may solve for e′ and e′′ to find

e′ =
e (ε1 − ε2)

(ε1 + ε2)
(A.8)

e′′ =
2ε2e

ε1 + ε2
. (A.9)

As we are interested in a system which contains a pair of charges, we may add an
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additional charge, q, which exists in material ε2, as is illustrated in figure A.2 The potential

on this charge would be the superposition of the field due to charge e in material ε1 as is

provided in equation A.3, and the charges own image, which is similar to the second term of

equation A.2, seen as

φq(r, z) = φ2 +
q′

ε2(2z)
. (A.10)

By corollary, we know that the image charge, q′, must have the value

q′ =
q (ε2 − ε1)

(ε1 + ε2)
. (A.11)

Making the final assumption that we are dealing with an electron and hole, and thus

q = −e, we may write the potential experienced by charge q as

φq(r, z) =
2q

(ε1 + ε2)

(
1

r

)
− (ε2 − ε1) q(

εq + ε2
)
ε2

(
1

2z

)
, (A.12)

where we may generalize that ε2 is the material the charge of interest resides in and ε1

is the opposite material. The first term is clearly the attraction due to opposite charges and

the second is the image charge effect. Notice that if ε1 = ε2, this reduces to the familiar

form given in equation A.1, which is what we would predict in uniform material, such as two

charges in a vacuum.

The electrostatic potential for a linear dielectric system, W , can be expressed as

W =
1

2

∫
ρ(~r)φ(~r) dV (A.13)
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where the integral is taken over all space, ρ(~r) is the charge distribution and φ(~r) is the

electrostatic field. Using this, we may define the electrostatic potential of an arrangement

of two charges of opposite charge, on either side of an infinite dielectric barrier as

W =
−2q2

(ε1 + ε2)r12
+

q2

4z1ε1

ε1 − ε2
ε1 + ε2

+
q2

4z2ε2

ε2 − ε1
ε1 + ε2

. (A.14)

Note that the first term of equation A.14 is the interaction energy between the two

opposite charges while the second and third terms are the interaction energy of the charges

with their respective image charges. As with the potential, we see that in the case of

ε1 = ε2 = 1 (vacuum conditions), the static potential energy reduces to the familiar solution

of W = z1z2/r12

Figure A.2 Geometry of a pair of charges, with the potential on charge q given by equation
A.12
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A.2 Derivation of Basic Scattering Principles

A.2.1 Derivation of Single Slit Scattering

We begin by deriving the results of single slit diffraction, as seen in figure A.3. Assume a

plane wave with wavelength θ is incident on a barrier, with a slit of width a. Every point

along this slit, da, will act as a point source for a spherical wave propagating in all directions,

with the assumption that all waves start out in phase from the slit. Thus, at an arbitrary

point along the detector, the contributions from the top of the slit will have to travel a

distance r1, and the bottom of the slit will have to travel r2. The difference of these lengths

∆r, is therefore

Figure A.3 Single slit example
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Figure A.4 Single slit example data

∆r = r2 − r1 = a sin θ. (A.15)

If a << θ, the slit will act as a point source, and a spherical wave will result. If λ ≈ a,

an interference pattern will occur, known as a “Fresnel diffraction” pattern if the detector is

close to the slit or a “Fraunhofer” pattern if it is far away.

The contribution to a field, ~E, from an arbitrary point P due to a small element of the

slit of width dy, where the edge of slit distance to P is r1 and r2, assuming a constant source

strength at the slit of εl (units of intensity per length) is given:

dE =
εl
r
dy exp i (kr − ωt) (A.16)

Now, consider a tiny fraction of the entire slit, dy. As seen in figure A.3, r2 is slightly

175



longer than r1 by a length of b = y sin θ, and at this point line r2 is a distance away from r1

of c = y cos θ. We thus can express r21 as

r21 = (r2 − b)2 + c2

= (r2 − y sin θ)2 + (y cos θ)2

= r22 + y2 sin2 θ − 2r2y sin θ + y2 cos2 θ

= r22 + y2 − 2r2y sin θ

= r22

[
1− 2y

r2
sin θ +

y2

r22
.

]

(A.17)

The limit y � r1/2, is the Fraunhofer regime and we may drop final term of equation

A.17. We rewrite and expand this definition of r1 as

r1 = r2

[
1− 2y

r2
sin θ

]1/2
= r2

[
1− y

r2
sin θ + ...

]
= r2 + y sin θ. (A.18)

For simplicity we here define R = r1. Using this result in equation A.16 and taking

r → R we find
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dE =
εl
r
ei(kr−ωt)dy

=
εl
R
ei(k(R−y sin θ)−ωt)dy

=
εl
R
ei(kR−ωt)e−i(ky sin θ)dy. (A.19)

We can then use A.19 to find the effect of all such small sections of the total slit, a, by

integrating from −a/2 to a/2 to find E as

E =
εl
R
ei(kR−ωt)

∫ a/2

−a/2
e−i(ky sin θ) dy

=
εl
R
ei(kR−ωt)

[
e−iky sin θ

−ik sin θ

]a/2
−a/2

=
εl
R
ei(kR−ωt)

e−ika2 sin θ − ei
ka
2 sin θ

−ik sin θ


=

εl
R
ei(kR−ωt)

−2i sin
(
ka
2 sin θ

)
−ik sin θ

E =
εla

R
ei(kR−ωt)

sin
(
ka
2 sin θ

)
ka
2 sin θ

. (A.20)

For convenience, we define β = ka
2 sin θ, so that equation A.20 has the form

E =
εla

R

sin (β)

β
ei(kR−ωt)

=
εla

R
sinc (β) ei(kR−ωt). (A.21)
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We can define relative intensity of the delivered wave, Irel, as

Irel = |E|2 = I0 sinc
2β, (A.22)

where I0 is the maximum intensity given by
(
εla
R

)2
. The sinc function behaves similarly

to a sin function, but decays inversely with |β|, such that Irel has an absolute maximum

at β = θ = 0. The descending maxima will occur at points satisfying β = tan β and the

minima will occur at points satisfying β = nπ for all non-zero integer values of n.

At small angles of θ, distances between maxima becomes δθ = λ
a . If one increases the slit

width until a � λ, the distance between peaks at small θ tends toward 0, and a shadowing

effect becomes dominant, rather than diffraction.

The general trends, over the range of θ from −π/2 to π/2 are that zeros only appear

once ka ≥ 2π, the peak at θ = 0 is always I0, and as ka increases, the width of this peak

decreases. as new maxima appear with separation ∆θ = λ/a.

An alternative, and arguably simpler calculation of this scattering pattern is through the

use of the Fourier transform. If one defines the single wide slit as an aperture, A(x) as

A(x)wide slit =


1 if |x| ≤ a/2

0 otherwise,

(A.23)

and after a quick change of variables where q = 2π sin θ/λ = 2πk sin θ we find
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E(x) = E0

∫ ∞

−∞
A(x)eiqx

= E0

∫ a/2

−a/2
eiqx

=
E0

iq

(
eiqa/2 − e−iqa/2

)
=
E0

iq

(
2 sin

(qa
2

))
=

2E0 sin
(qa
2

)
q

, (A.24)

where we have once again recovered the sinc behavior seen in equation A.21.

A.2.2 Derivation of Double Slit Scattering

Consider the case of two slits, spaced a distance d apart, with slit width of a, with a plane

wave incident on one side as demonstrated in figure A.5. The field propagated to the other

side of the screen will be the sum of the two individual slits, as derived previously

Figure A.5 Double slit example
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E =
εla

R1
sinc (β) ei(kR1−ωt) +

εla

R2
sinc (β) ei(kR2−ωt), (A.25)

where R1 and R2 are the distances from the two slits to any point on the detector. For

convenience, we define the paths from the two slits to the point P in terms of their separation,

d, and the angle θ, as R1 = R and R2 = R1 − d sin θ = R − d sin θ. As such, we may now

rewrite A.25 as

E =
εla

R
sinc (β) ei(kR−ωt) +

εla

R− d sin θ
sinc (β) ei(kR−kd sin θ−ωt). (A.26)

First, note that we assume R � d, as we are considering the situation where distance

to the detector is much larger than the distance between the slits. As such, we reduce

the denominator of the second term from (R − d sin θ) to (R). Next, we define a variable

similar to β = ka sin θ
2 from the single slit, but incorporating the distance between slits as

α = kd sin θ
2 . We incorporate these changes into equation A.26 and reduce it to the form

E =
εla

R
sinc (β) ei(kR−ωt) +

εla

R
sinc (β) ei(kR−2α−ωt)

=
εla

R
sinc (β) ei(kR−ωt)

(
1 + e−i2α

)
recalling that: eiα + e−iα = 2 cosα

=
εla

R
sinc (β) ei(kR−ωt)

(
1 + e−i2α

)( 2 cosα

eiα + e−iα

)
=

εla

R
sinc (β) (2 cosα) ei(kR−ωt)

(
re−iα

(
eiα + e−iα

)(
eiα + e−iα

) )

E =
εla

R
sinc (β) (2 cosα) ei(kR−α−ωt). (A.27)

180



Notice that this final form, equation A.27, is similar to the single slit diffraction pattern,

equation A.21, but has an additional factor of (2 cosα), and a phase shift in the harmonic

function. Expressing relative intensity again through the use of A.22, we find the double slit

intensity to be

Ids = 4I0 cos
2 (α) sinc2 (β) . (A.28)

Notice that the intensity of the double slits is the product of the intensity of the infinitely

thin pair of slits (which is proportional to cos2 α) and the intensity of a single wide slit (which

goes as sinc2β), a direct consequence of the Fourier relationship properties of a convolution

as described previously in equation 4.5 as

f(x) = g(x)⊗ h(x) ⇔ F (k) =
√
2π G(k)×H(k),

where F (k), G(k), and H(k) are the resultant Fourier transformed functions of f(x), g(x),

and h(x) respectively. As the convolution of a pair of infinitely thin slits and a single finite

“thick” slit results in two finite “thick” slits, the resultant scattering of two finite slits is the

product of the scattering from an an infinitely thin pair and a single finite slit.

As the slits are brought closer, d → 0, the factor α → 0, and the single slit case is

recovered. As the slits become more narrow, a → 0, the factor β → 0, and the behavior of

the traditional Young’s double experiment emerges, in which the distance between maximas

become δθ = nθ, with n = 0, 1, 2, 3, ... and so on.

As with the single wide slit case, we may alternatively compute the scattering by defining

an aperture function with two points distance d apart
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A(x) = δx−d/2 + δx+d/2 (A.29)

the scattering function is then a Fourier transforms

E(q) = Eo

∫ ∞

−∞

(
δx−d/2 + δx+d/2

)
eiqxdx

= Eo

(
eikd/2 + e−ikd/2

)
= Eo

[
2 cos

(
dq

2

)]
, (A.30)

which clearly reconstructs the cosine behavior in the wave, and thus cosine squared

behavior in the intensity, as seen in equation A.28.

A.2.3 Origin of Nyquist Limits

Before discussing the various Nyquist limits placed on a Fourier transformation based scat-

tering calculation, it is worth going through a simple example at the limits of analysis, a

one dimensional delta function in real space f(x), and it’s compliment in momentum space,

F(k), and how this relates to the well known limits of the Heisenberg uncertainty principle.

We begin with a straightforward Fourier transform of a delta function
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F (k) = F.T. [f(x)] = (2π)−1/2
∫ ∞

−∞
dx e−ikxf(x)

= (2π)−1/2
∫ ∞

−∞
dx e−ikxδ(x)

= (2π)−1/2, (A.31)

which is the expected result of a constant at all points in k-space, showing that a signal

infinitely thin is composed of an infinite number of different Fourier contributions, seen as

an infinitely wide signal in Fourier space. To get around this impasse in analysis, we model

the delta function as a Gaussian, P (x), defined

P (x) = Axe
−x2/(2σ2x), (A.32)

where the width is σx, we derive the normalization constant, Ax as

1 =

∫ ∞

−∞
dxP (x) =

∫ ∞

−∞
dx Axe

−x2/(2σ2x)

= Axσx
√
2π,

clearly showing that in order to normalize the probability, the prefactor must be

Ax =
1

σx
√
2π
. (A.33)

Recalling that a wavefunction is related to a probability distribution as
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Px = |ψ(x)|2 , (A.34)

we may thus define ψ(x) as a square root of the described normal distribution

ψ(x) =
√
(Px) =

√
Axe

−x2/4σ2x . (A.35)

Just as this wavefunction is described in real space as ψ(x), so can it be described in

momentum space as φ(k). Making the assumption that just as the position can be described

as a normal distribution, P (x), so can the momentum be assumed to fit such a distribution

in k-space

φ(k) =
√

(P (k)) =
√
Ake

−k2/4σ2k (A.36)

where

Ak =
1

σk
√
2π
. (A.37)

As ψ(x) and φ(k) are Fourier conjugates of one another and both are even functions we

may relate though through the cosine Fourier transform as

ψ(x) =

√
2

π

∫ ∞

0
dk φ(k) cos (kx) (A.38)

with the reverse transform being

φ(k) =

√
2

π

∫ ∞

0
dxψ(x) cos (kx) . (A.39)

Using the definition of φ(k) from equation A.36 and ψ(x) from equation A.35, we can
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rewrite equation A.38 as

√
Axe

−x2/4σ2x =

√
2

π

∫ ∞

0
dk
√
Ake

−k2/4σ2k cos (kx) . (A.40)

We can solve the integral on the right with the use of the solution

∫ ∞

0
dx e−a2x2 cos (bx) =

√
π

2a
e−b2/4a2 , (A.41)

such that equation A.40 becomes

√
Ax e

−x2/4σ2x =

√
2

π

√
Ak

[ √
π

2(1/2σk)
e
−x2σ2k)

]
= σk

√
2
√
Ak e

−x2σ2k . (A.42)

In order for this equality to hold, one finds that the relationship between σx and σk must

be

σ2xσ
2
k =

1

4
(A.43)

or more simply

σxσk =
1

2
. (A.44)

Note this equality exists only because this distribution of momentum and energy min-

imizes the uncertainty in both, as any function whose Fourier transform did not recover

itself would inherently have a different width (σ), and the product for a general function

185



could be larger than 1/2. The value of 1/2 on the RHS is a direct consequence of our use

of the square-root of the probability, as this is how wavefunctions are described in quantum

mechanics. If one were to instead perform an identical calculation using P (x) and P (k),

one would find the product of the widths of those functions to be 1. Finally, through this

discussion we have referred to σ as the width of a Gaussian distribution, but it could equally

be considered an uncertainty of a measurement, where the center of the distribution is the

measurement. Taking both these into account, we can write the relation

∆x∆k ≥ 1

2
. (A.45)

Using the relationship between momentum and wavenumber, p = ~k, where ~ is the

reduced Planck’s constant, one recovers the familiar form of the Heisenberg uncertainty

principle

∆x∆p ≥ ~
2
. (A.46)

Although it is entertaining to see that the Heisenberg uncertainty principle can be derived

with a few simple assumptions and the Fourier transform, a more general concept is that

the uncertainty (width) of one variable is inversely related to any the uncertainty in that

function’s Fourier conjugates. This is the origin of the concept of a Nyquist interval, drN ,

which states

drN =
1

2fB
=

2π

2ωB
, (A.47)

where B is the highest possible frequency of a system, and we have utilized the relation-
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ship between ordinary frequency (f) and angular frequency (ω) of f = 2π/ω. In the case

of the relationship between a PDF(r) and the scattering, I(q), which are Fourier conjugates

of one another in real (r) and wavevector (k) space. For example, the uncertainty of the

pair-distribution function[143] is inherent in the resolution in real space, here the Nyquist

interval drN , but the limiting frequency, B, is more easily understood if we consider the

entire scattering profile to be symmetric about q = 0, such that it then resembles a probabil-

ity distribution with a width of qmax. As such, we recover the commonly used relationship

between resolution in the PDF(r) and qmax.

dr =
π

qmax
. (A.48)

A.3 Detailed examination of the First Reaction Method

and Diffusion Rates

In order to verify the validity of the Walker/Greenham approach to charge transport in

Polymer-Fullerene based photovoltaics via the first reaction method (FRM) in this appendix

we examine the action of charge movement. Using FRM, particle movement is a process in

which all potential actions for a particle have an associated time, τ , generated for them:

τi = − 1

ωi
log (X) (A.49)

Where ωi is the characteristic rate for an event and X is a random number between 0

and 1. As this transport model occurs on a cubic lattice, there can be as many as 6 different

“hop” events for a particle; potentially less if a specific geometry bars transport in some of
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the directions prior to calculation of a hop time in that direction.

In previous works[2, 18] the calculation of the characteristic hop rates associated with a

specific mobility, µ, derive from the Einstein relation (equation A.50), and the relationship

between hop frequency and diffusion constants (equation A.51) which we will derive later.

These two equations are:

D =
q

kbT
µ (A.50)

a2 = 6D/ωi (A.51)

where D is the diffusion constant, q is the charge, kBT is the thermal energy, µ is

mobility, and a is the lattice constant (or characteristic hop length, which can only be the

lattice constant in this model). By combining these equations, one generates a hop rate

based on a given mobility:

ωi =
6kBTµ

qa2
(A.52)

A.3.1 Simple Diffusion

Before even approaching the validity of a charge hop rate between sites with varying energies

(something integral to both Walker’s and Greenham’s transport model) let us look at the

behavior of a simple diffusion in continuum compared to cubic lattice space. To study this

diffusion behavior, we employed a simulation in which a diffusing particle is generated at

origin, Ro = (0, 0, 0), and then hops about the system randomly. By comparison, in the

case of a cubic lattice, a hop is randomly chosen which moves the particle in one of the six
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possible directions (±x,±y,±z). For continuous diffusion, the diffuser will always hop with

a distance of 1, but is in no way confined to cubic lattice directions, i.e. we allowed the

diffuser to exist at non-integer coordinates and move in any direction. To facilitate uniform

sampling on a sphere I select two random numbers: u ∈ [−1, 1] and φ ∈ [0, 2π]. These can

then be translated to Cartesian coordinates as

x =
√
1− u2 cosφ

y =
√
1− u2 sinφ

z = u. (A.53)

To select a time for a hop we specify a general hop rate, ωhop, which we then either explic-

itly use for every hop in diffusion (producing constant hop times) or employ in our FRM

calculation through the use of equation (A.49).

A.3.2 Measuring the Effective Diffusion Constant

As we are interested in measuring the effective mobility, µeff , we here derive the relationship

between µeff and the average distance a diffusing particle travels from the origin over time.

The average displacement of a 3-dimensional cubic lattice bound random walker, after

a single hop that is equally likely to move in any of the 6 directions goes as the average of

all 6 possible lattice moves. As such, the average radial position after a single hop will be

〈r1〉 = 0 and the average variance after one hop will be
〈
r21
〉
= a2, where a is the lattice

constant. After N -hops, we can clearly see that the average displacement is going to remain

at the origin, but the average variance will grow with the number of hops such that
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〈rN 〉 = N 〈ri〉 = 0 (A.54)

〈
r2N

〉
= N

〈
r2i

〉
= Na2. (A.55)

As the number of hops grows large, a site’s occupation probability becomes a Gaussian

distribution about origin, with a variance given above (and normalized) as

Px (x) =
1√
2πσ2

exp

[
−(x− x0)

2

2σ2

]
. (A.56)

Putting together similar expressions for Py and Pz, we can define P (r):

Pr (r) = Px (x)× Py (y)× Pz (z) (A.57)

Pr (x, y, z) =

(
3 · 32

2a3N3/2π3/2

)
exp

[
−
3
(
x2 + y2 + z2

)
2a2N

]

=

(
2πNa2

3

)−3/2

exp

[
− 3 r2

2a2N

]
(A.58)

Note that the probability distribution is isotropic (having no angular dependence), as is

expected for a diffusing particle with no directional bias. The result of integration for the

displacement is
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〈r〉 =

∫ 2π

0

∫ π

0

∫ ∞

−∞
r

(
2πNa2

3

)−3/2

exp

[
− 3 r2

2a2N

]
r2 sin θ dr dθ dφ

= 0 (A.59)

and the variance is

〈
r2
〉

=

∫ 2π

0

∫ π

0

∫ ∞

0
r2
(
2πNa2

3

)−3/2

exp

[
− 3 r2

2a2N

]
r2 sin θ dr dθ dφ

= Na2. (A.60)

So we see that the variance of a diffusing particle goes as the product of the number of

hops and the average hop length squared. If particle hopping occurs at a constant rate of ω,

then after a time t has passed, we can expect the number of hops taken to be N = ωt. We

express the variance of such a particle at time t to be:

〈
r2
〉

= Na2 = ωta2

or if solving the 1D form :〈
x2
〉

= Na2 = ωta2 (A.61)

Next we relate the diffusion constant itself, D, to the simulation measured variance,
〈
r2
〉
.

First we derive the relationship between the diffusion constant and the hopping rate. We

start with the diffusion equation itself in 1-D:
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∂Px
∂t

= D
∂2Px
∂x2

(A.62)

If we plug the results of equ.(A.61) into equ.(A.56), and solve for D in equ.(A.62), one

finds that in 1-D:

D =
a2ω

2
⇒ or equivalently ⇒ a2ω = 2D (A.63)

such that when we then plug these results back into the 1D results of equ(A.61), we find:

〈
x2
〉
= 2Dt (A.64)

To get higher dimensional forms of this result, we must simply add together the variances

such that the result in 3D is

〈
r2
〉
= 6Dt (A.65)

Now, we will use the equations derived and simple diffusion simulation described to

examine the results of varying an explicitly given hop rate, ωhop. We measure the variance

squared over time, knowing from equ.(A.65) that this should produce a value of 6D, the

results of the calculation are shown in figure A.6. As we see, for both continuous diffusing

(in all directions) and cubic diffusing (on a cubic lattice) the diffusion constant can easily

and accurately be extracted. It is noteworthy that both the cubic and continuous diffusion

average generate nearly identical values, illustrating that cubic hopping has no noteworthy

effect on the results. Thus, the results of diffusion transport calculations in a cubic lattice

model can be correctly assumed to be similar to the results for a real space model.
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Figure A.6 A simple random walker simulation with hops either confined to a cubic lattice
or allowed in all directions but with fixed hop distance. Averaged over 107 walkers. On the
LHS is the average modulus of the radius traveled vs. time. On the RHS is the average
variance over time vs time, which according to equ.(A.65), will give 6D.

A.3.3 Correcting for attempt number

One problem we find with the FRM method as it has been employed previously is that

no consideration has been taken for how the number of hop-actions possible will influence

transport. For example, a diffuser in a cubic lattice which is in a corner will only have 3

potential movement actions considered in the FRM method, where as a diffuser in the bulk of

the material will have 6 potential hop actions. Based on the semi-random nature of the FRM

method, the more chances an action has to occur (in this case diffuser hopping), the faster

an averaged selected event will be. We find this can be corrected by inversely scaling the

average hop rate used to generate an event time (equation A.49) by the number of attempts

a current action is allowed (i.e. 1/6 in the bulk and 1/3 in a corner), with the form

ωeff =
ωhop
Ntries

, (A.66)
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where ωeff is the effective hop rate to use in the equation A.49 to generate an average

hop rate of ωhop when used over Ntries number of attempts.

To illustrate this problem and correction, we measure the value of 6D (being proportional

to the variance over time) for a series of diffusers with hop rates generated using hop rates of

ω = 1 and ω = 1/6 with the FRM method being employed in the standard way (6 attempts

on a cubic lattice). We also show the results in which only ω = 1 is employed, but only a

single time is generated with the hop vector in the cubic lattice being randomly selected.

The results are shown in figure A.7.

Figure A.7 A demonstration of how desired hop rate is affected by attempt rate in the
FRM method.

As one can see, the measured diffusion constant is a factor of 6 too high for the standard

FRM method implementation, resulting in a value of 6D=6 rather than the desired 6D=1

(seen in using A.51 with a ωi = 1 and a = 1.). The alternative method of randomly

selecting a hop vector and calculating a time recovers the desired results, as does our proposed

correction. This result shows that the previously uncorrected FRM method will on average
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select a faster hop rate than desired.

A.4 Relationships between various correlation functions

and the scattering profiles

Here, we outline the relationships between various frequently used functions defining struc-

ture and their scattering corollaries. Common variables used here are scattering power for a

scatterer, fi, scalar distance between two scatterers (i and j), rij , total number of scatterers

in a sample, N , number density of scatterers, ρ0. Note that although scattering power in-

herently has a q-dependence, in the small angle region scattering power may be considered

constant[111].

A.4.1 Structural correlation functions definitions

Radial distribution function, R(r), is given

R(r) =
1

〈f〉
∑
i

∑
j

f∗i fjδ(r − rij). (A.67)

Real space pair density, ρ(r), is given

ρ(r) =
1

4πr2N 〈f〉2
∑
i 6=j

fifjδ(r − rij). (A.68)

Atomic pair distribution function (PDF), g(r), is given

g(r) = 4πr [ρ(r)− ρ0] =
1

rN 〈f〉2
∑
i 6=j

fifjδ(r − rij)− 4πrρ0. (A.69)
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Reduced pair distribution function, G(r), is given

G(r) = 4πrρ0 [g(r)− 1] . (A.70)

A.4.2 Scattering profile function definitions

The full scattering, I(q), is given

I(q) = Icoh(q) + Iincoh(q), (A.71)

where the incoherent scattering, Iincoh, is defined as,

Iincoh =
∑
i

f∗i fi = N
〈
f2
〉
, (A.72)

and the coherent scattering, Icoh is,

Icoh =
∑
i,j

f∗i fj exp
(
i ~q · ~rij

)
. (A.73)

The discrete scattering, Id, which is the coherent component minus the incoherent, may

be defined

Id = Icoh − Iincho =
∑
i6=j

f∗i fj exp
(
i ~q · ~rij

)
. (A.74)

The total scattering structure function, S(q), is defined as

S(q) =
Icoh

N 〈f〉2
−

〈
(f − 〈f〉)2

〉
〈f〉2

, (A.75)
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which if we take into account angle-averaging, may be written as

S(q)− 1 =
1

N 〈f〉2
∑
i6=j

f∗i fj exp
(
i ~q · ~rij

)
. (A.76)

The reduced total scattering structure function, F (q), being [S(q)− 1] rescaled by q and

averaged over all angles, may be written

F (q) = q [S(q)− 1] =
1

N 〈f〉2
∑
i6=j

f∗i fj
sin
(
q rij

)
rij

. (A.77)

The sine-transform of F (q) generates a function, k(r), which is defined

k(r) =
2

π

∫ ∞

0

1

N 〈f〉2
∑
i6=j

f∗i fj
sin
(
q rij

)
rij

sin(qr)dq

=
1

rN 〈f〉2
∑
i6=j

f∗i fj
[
δ(r − rij)− δ(r + rij)

]
,

limiting the calculation to values of r > 0 only, one finds

k(r) =
1

rN 〈f〉2
∑
i6=j

f∗i fjδ(r − rij). (A.78)

A.4.3 Correlation relationships

The relationships between the total scattering structure function S(q), total scattering in-

tensity I(q), reduced total scattering structure function F (q), and the coherent scattering

intensity, Icoh(q), are
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S(q) =
I(q)

〈f〉2
=
F (q)

q
+ 1 =

Icoh

N 〈f〉2
−
〈
(f − 〈f〉)2

〉
〈f〉2

. (A.79)

The relationships between the real space pair density, ρ(r), the radial distribution func-

tion R(r), and Fourier transform of the reduced total scattering structure function, k(r), the

atomic pair distribution function, g(r), and the reduced pair distribution function G(r), are

ρ(r) =
k(r)

4πr
=
R(r)

4πr2
=
g(r)

4πr
+ ρ0 =

G(r) + 4πrρ0 (1 + 4πrρ0)

16π2r2ρ0
. (A.80)

A.4.4 Relationship to the weighted pair density function

Our definition of the weighted pair density function, w(r), which is only sampling a random

number of pairs, Np, is

w(r) =

Np∑
i 6=j

f∗i fjδ(r − rij), (A.81)

which, as the number of pairs sampled tends toward the total number of pairs in the

system, asymptotically approaches a rescaled ρ(r) as

lim
Np→all

[w(r)] = 4πr2N 〈f〉2ρ(r). (A.82)

The effective scattering profile we calculate, Ia(q), is

Ia(q) = C

Rmax∑
Rmin

w(r)
sin (q r)

q r
, (A.83)

where the sum is taken over r from the smallest to largest lengths used in w(r), and C

is a normalization constant used to fit simulations to experiment. As we have calculated

198



Ia(q), it’s closest scattering corollary is the coherent scattering, Icoh(q), which has been

angle averaged over the scattering interaction q ·rij , though as one can see in equation A.79,

this quantity is closely related to many others.

Note also that we do not use actual scattering powers, f , as these are typically measured

in units of 10−6 Å
−2

, instead using scaled scattering powers, b, with typical values of 0, 1, 5,

etc. If direct comparison to experiment is desired, correct unit scaling may be accounted for

in the normalization constant, C.
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