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ABSTRACT
LEVEL STRUCTURES ON FINITE GROUP SCHEMES AND APPLICATIONS
By
Chuangtian Guan

The notion of level structures originates from the study of the moduli of elliptic curves. In this
thesis, we consider generalizing the notion of level structures and make explicit calculations
on different moduli spaces.

The first moduli space we consider is the moduli of finite flat (commutative) group
schemes. We give a definition of I'(p)-level structure (also called the “full level structure”)
over group schemes of the form G x G, where G is a group scheme or rank p over a Z,,-
scheme. The full level structure over G' x G is flat over the base of rank | GLy(F,)|. We also
observe that there is no natural notion of full level structures over the stack of all finite flat
commutative group schemes.

The second moduli space we consider is the moduli of principally polarized abelian sur-
faces in characteristic p > 0 with symplectic level-n structure (n > 3), which is known as the
Siegel threefold. By decomposing the Siegel threefold using the Ekedahl-Oort stratification,
we analyze the p-torsion group scheme of the universal abelian surface over each stratum.
To do this, we establish a machinery to produce group schemes from their Dieudonné mod-
ules using a version of Dieudonné theory due to de Jong. By using this machinery, we give
explicit local equations of the Hopf algebras over the superspecial locus, the supersingular
locus and ordinary locus. Using these local equations, we calculate explicit equations of the
I’ (p)-covers over these strata using Kottwitz—Wake primitive elements. These equations
can be used to prove geometric and arithmetic properties of the I'; (p)-cover over the Siegel

threefold. In particular, we prove that the I'; (p)-cover over the Siegel threefold is not normal.
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CHAPTER 1

INTRODUCTION

Let A be the complex upper half plane. The special linear group SLy(Z) and its subgroups

act on A by Mobius transformations:

(a Z) L az+b 1)

cz+d

Let N > 1 be an integer. Let I'((V),I';(N) and I'(IV) be subgroups of SL,(Z) defined as

Ty(N) = {(Z Z) = (: 2) mod N}, (1.2)
T, (N) = {(‘C‘ Z) = (i 2) mod N}, (1.3)
{(‘CL Z) _ ((1] g’) mod N}. (1.4)

In general, we call a subgroup I" a congruence subgroup (of SL,(Z)) if I contains I'(IV)

follows:

T(N):=

for some integer N > 1. The subgroups I'y(N),I';(N) and I'(N) are the most interest-
ing congruence subgroups. In particular, the quotients of the upper half plane by these

congruence subgroups have the following moduli interpretations:

isomorphism class of pairs (F,G), where E is an elliptic curve
FO<N>\‘7_[ = )
over C and G C E a subgroup of order N

isomorphism class of pairs (E, P), where E is an elliptic curve
F1 (N)\j{ = )
over C and P € FE generates a subgroup of order NV

isomorphism class of triples (F, P, @), where E is an elliptic
L(N)\H =< curve over C and P, Q € E generate the N-torsion points E[N]
with (P, Q) = *™/N for the Weil pairing (-, -)
These quotients are denoted by Yy (V) (resp. Y;(N), Y(N)). The modular curves X(IV)
(resp. X;(N), X(NN)) are constructed by compactifying Y,(N) (resp. Y;(N), Y(N)). These

modular curves are known to admit smooth models over Z[1/N].



As we can see above, modular curves arise as the moduli spaces of elliptic curves with
some extra structures. These extra structures are called level structures. In particular, the
extra structures that appear in the moduli description of Y,(V) (resp. Y;(N), Y(N)) are
called I'y(N) (resp. I'y (IV), I'(N))-level structures.

The first systematic study of integral models of modular curves over Z was done by
Deligne-Rapoport [8], who construct models of X,(p) and X;(p) over the p-adic integers
Z,. In [19], Katz and Mazur construct integral models of Xy(N), X;(N) and X(N), by
carefully defining the moduli problems of elliptic curves with level structures. For example,
following an idea of Drinfeld in [10], Katz and Mazur define a set of sections {P,, ..., Py2}
of E[N] to be a “full set of sections”, if the points generate the group scheme E[N] as
Cartier divisors. Using this notion, the I'(IV)-level structure on E[N], also called “full level
structure”, is defined to be the maps in Hom((Z/N7Z)?, E[N]) whose images form a full set of
sections. Katz and Mazur use this notion of full level structure to construct integral models
of X(N).

In Chapter 2, we review some preliminaries such as the Oort—Tate and Raynaud theory
of group schemes of order p, the Ekedahl-Oort stratification and the definition of primitive
elements of group schemes due to Kottwitz—Wake. Throughout the rest of this thesis, the
central questions we consider are to generalize these notions of level structures, and make ex-
plicit calculations on different moduli spaces. Particularly, we consider I'(p)-level structures
on moduli of finite flat group schemes and I'; (p)-level structures on the moduli of principally
polarized abelian surfaces with symplectic level structure. For each of the case, we consider

the following questions:
(A) How to define a good notion of level structures over the moduli space?

(B) Given a good notion of level structure over the moduli, find equations that describe the

universal covers, at first locally.

(C) What arithmetic/geometric properties can we obtain from the above descriptions?



First we consider the moduli of finite flat group schemes (over Z,,) and consider Question
(A) for I'(p)-level structures (also called “full level structure”) on it. Note that although
there is no “moduli space” of finite flat group schemes, we can still consider the “moduli
stack” instead. Here by a stack, we simply mean a category fibered in groupoids over
Scth as in [6]. More precisely, let C be a stack of group schemes G/S of certain type
(for example, finite flat commutative so that G[1/p] is étale locally isomorphic to (Z/p™Z)9)
over Scth. The objects in C are group schemes G/S of the fixed type and the morphisms
are Cartesian squares. By a “good” I'(p)-level structure over C, we mean a fibered functor
F: C — Sch, such that F(G/S) is a closed subscheme of Hom((Z/p"Z)9, G) and such
that for f: G/S — G’/S’, the morphism F(f): F(G/S) — F(G'/S") is the restriction of
the morphism Hom((Z/p"Z)9, G) — Homg, ((Z/p"Z)?,G") induced by f, and satisfies the
following conditions:

(1) F(G/S) is flat over S and of rank |GL/(Z/p"Z)|.

(2) F(G/S) is invariant under the right GL,(Z/p™Z)-action on Hom¢((Z/p"Z)?, G). When

inverting p, we have an identification

T(GIE/S[) = Tsomgx (Z/p"2)9, GI2)

as closed subschemes of Ho_ms[%]((Z/p”Z)g, G[%])

(3) When identifying
Hom((2/p"2)%,G) x T = Homy.((Z/p"2)?, Grp)
in the natural way, we have
F(G/S)xgT =F(Gyp/T)
as closed subschemes, for any S-scheme T

(4) For any group scheme isomorphism G = G’, the induced isomorphism

Hom((Z/p"Z)%, G) — Hom((Z/p"2)9,G")



restricts to an isomorphism

F(G/S) = F(G')S).

The condition (4) is automatic from being a functor.

There have been many attempts by other mathematicians to give such a construction.
In [19], Katz and Mazur suggest a construction of full level structures for general group
schemes. Unfortunately, this is shown to be badly behaved (for example, not flat) by Chai
and Norman in [3]. In [42], Wake gives a good notion of full level structure for pu,, x p,. In
his paper, Wake also gives an alternative description of his full level structure on p,, x p,,
that can be defined for general group schemes. However, this alternative description still
fails to behave well for general group schemes.

In [21], Kottwitz and Wake construct a general notion of I'; (p)-level structure on finite
flat group schemes, given by so-called primitive elements (see Section 2.3). In [13], we extend
the result of Wake and give a definition of full level structure on all group schemes of the
form GG x GG using the notion of Kottwitz-Wake primitive elements. Here is the main theorem

in Chapter 3:

Theorem 1.0.1. Let S be a Z,-scheme and let G be a finite flat commutative group scheme
of rank p over S. The full level structure on G x G defined in Definition 3.1.2 satisfies
condition (1)-(3).

Back to the language of stacks, Theorem 1.0.1 implies that we defined a well-behaved
notion of full level structure over the stack OT', whose objects are group schemes of the
form G x G where G is an Oort-Tate scheme (see Section 2.1) over a Z,-scheme S, and
morphisms are diagonal group scheme isomorphisms G x G — G’ x G’ induced by two
identical isomorphisms of Oort—Tate group schemes G — G”.

One might hope to extend this result over the stack of finite flat commutative group

schemes. Unfortunately, we record the following negative result in Chapter 4:



Theorem 1.0.2. There is no “natural” notion of full level structure over group schemes

which is flat of the expected rank over the base.

Here, by “natural”, we mean one is actually defined over the stack, i.e. satisfying con-
dition (4) as above. In fact, we observe that there is no good notion of full level structure
even over the substack OT x OT, whose objects are G x G’ where G,G’ are Oort—Tate
group schemes. We show that the full level structure defined in Theorem 1.0.1 is the only
possible definition that gives a flat model. The full level structure we define is preserved
by the diagonal group scheme isomorphisms G x G — G’ x G’ induced by two identical
isomorphisms of Oort—Tate group schemes G — G’. However, there exists group schemes
for which the full level structure scheme is not preserved by all automorphisms. It is notable
that the counterexamples come from non-p-divisible groups. So there is still a possibility of
a positive result for truncated p-divisible groups.

Next, we consider I'; (p)-level structures over the moduli of principally polarized abelian
surface with symplectic level-IV structure. For N > 3, this is a fine moduli space by [28].
This moduli space is called the Siegel threefold and is denoted by A = Ay, . We are
particularly interested in the level structures over the special fiber A = A4 ® F,. There
is already a well-behaved notion of I';(p)-level structure defined by taking Kottwitz—Wake
primitive elements on the p-torsion of the universal abelian surface '. The T';(p)-cover is
then given by X [p] := (X[p])* over A. (Some mathematicians use the name “I'; (p)-cover”
differently. For example, Haines and Rapoport use “T';(p)-cover” for the pro-p Iwahori
structure in [16].) So in this case, Question (A) has already been resolved.

Consider Question (B). In [30], Oort defines a stratification of A (for general dimension g),
now called the Ekedahl-Oort stratification. The Ekedahl-Oort stratification is parametrized
by “elementary sequences”. For each elementary sequence ¢, we denote the associated stra-
tum by S,. We want to give the local equations of the I'; (p)-cover X [p] over each stratum
S, To do this, we need some machinery to systematically produce group schemes.

This machinery is built in Chapter 4. The tool we use is a version of Dieudonné theory



due to de Jong [4]. We review this version of Dieudonné theory and compare it with the
crystalline Dieudonné theory. Although this version of Dieudonné theory does not establish
an antiequivalence of categories, there are still bijections between morphisms and extensions.
Using these bijections, we construct group schemes killed by p whose Dieudonné modules
have nilpotent Verschiebung. These group schemes are constructed by taking consecutive
extensions of group schemes with trivial Verschiebung, and their Hopf algebras are given

explicitly in terms of their Dieudonné modules. Here is a sample of such result:

Theorem 1.0.3. Let S = Spec R, where R is a local ring in characteristic p. Assume that
S and its Frobenius lift modulo p?. (This is true, for example, when S is smooth.) Let G/S
be a (finite flat commutative) group scheme of rank p* and killed by p. Suppose that the

Frobenius and Verschiebung on the Dieudonné module are given by matrices of the following

form:
0 ay ay c 0 b, b, d
10 0 0 ¢ 10 0 0 f
F= 0 0 0 e V= 00 0 fy]’ (1.5)
0 0 0 O 0 0 0 O

where aq,a4,by,by,c,d, ey, €9, f1, fo € R. Then
G = Spec R[z, Y1, 5, 2]/ (2, 4 — @12, 3 — apx, 2P — cx — €4y — e, (1.6)
and there are also explicit formulas for the coalgebra structure (see Equation (4.12)).

In Chapter 6, we give some explicit calculations of the I';(p)-cover X *[p] over each
stratum S, of the Siegel threefold A. There are 4 Ekedahl-Oort strata. They are: the
superspecial locus, the supersingular (but not superspecial) locus, the p-rank-1 locus and
the ordinary locus. The loci have dimensions 0,1,2,3 respectively. Over each stratum, there
is a canonical group scheme filtration of the p-torsion of the universal abelian surface X .

Let X', be the restriction of X over S,. The I'y(p)-cover X*[p] — A restricts to

X5p] = (X,[p])* over S,. We want to calculate explicit descriptions of the I'y (p)-cover



X 5[pl/S, by finding (local) equations. To do this, we first want to get a (local) description
of the Hopf algebras of X', [p]/S,, for each stratum.

The superspecial locus is a union of discrete points corresponding to products of super-
singular elliptic curves. The Hopf algebra of X (p[p] over this locus can be easily calculated
using classical Dieudonné theory over perfect fields.

Now consider the supersingular locus. Theorem 1.0.3 applies in this situation and it shows
that the group scheme X' [p] over S,,, where S, is the supersingular locus, is (Zariski-locally)
of the form (1.6).

To make the Hopf algebra description of X', [p]/S,, more precise, we will use some specific
constructions of the supersingular locus. Following an idea of Moret-Bailly [25] and Oort
[32], one can form families of supersingular abelian surfaces ¥ over P1. It is shown in [18]
that for any irreducible component W of the supersingular locus, Xy, /W pulls back to ¥ /P*
via some surjective morphism P! — W and the morphism is generically an immersion. In
[22], Kudla and Rapoport give nice descriptions of the Dieudonné modules of ¥ /P!, whose F
and V' modulo p are of the shape (1.5) in Theorem 1.0.3. Using the construction in Theorem
1.0.3, we can explicitly write down the Hopf algebra of ¥[p].

For the p-rank-1 locus, we are not able to obtain explicit descriptions of the Hopf algebras.
However, we give some partial results using the theory of mixed extensions in Theorem
5.3.7 due to Grothendieck. In particular, we explicitly calculate all extensions and ext
groups that are ingredients of the theory of mixed extensions. The only obstruction is to
construct an explicit mixed extension using the calculated data. Once we have one explicit
mixed extension, we can get all mixed extensions by applying all calculated ingredients to
Proposition 5.3.2.

For the ordinary locus, Serre-Tate theory applies and we can get explicit expressions of
the Hopf algebras using Serre-Tate coordinates.

All these group schemes that we construct over the three Ekedahl-Oort strata are written

explicitly as complete intersections. In this case, one can obtain explicit generators of the



defining ideal of Kottwitz-Wake primitive elements as certain determinants. Putting all these

results together, we have the following result:

Theorem 1.0.4. Over each Ekedahl-Oort stratum S, the I'y(p)-cover X }[p]/S, has the

following description:

1. Let S, be the superspecial locus. Over each point of S, the I'y(p)-cover X 3[p]/S,, is
given by

Spec [z, y]/(x?”, y?", a?"1yr" 1)
over Spec [Fp.

2. Let S, be the supersingular stratum and let W be an irreducible component of S,.
The T, (p)-cover X3, [p]/W is the pullback of Y*[p]/Pt wia some open immersion
W — [P[lF . Quer each affine chart of the standard cover [P[lF = AL UAL, the restricted

I, (p)-cover yX[p]\A% /A}Fp is isomorphic to
p

Spec [Fp[,u,.96,3/]/(:1:7‘)2,yi"2 — (uP — p)aP, Pyt
over Spec ([l?p[,u]).

3. Let S, be the ordinary locus. Let S, be the ordinary locus and x be a closed point of
S, Let @Swm be the completion of the local ring of S, at x. Then the base change of

X;[pl/S, to Spec @Sw,x is isomorphic to

_ 2 =Py (y1,Y2),25—Pa(y1,Y2),
SpecFp[t1, by, ts][w1, 2o, 41, Yo I G Te
over Spec [Fp[[tl,tz,tg]]. Here, ®,, denotes the cyclotomic polynomial, the polynomials

P,,P, € [Fp[[tl,tQ,tg]][yl,yQ] are certain interpolation polynomials and the variables

t1,19,13 are the Serre-Tate coordinates.

Next, we consider Question (C), the geometric and arithmetic properties of the I';(p)-

cover over each stratum S, and over the whole moduli space A, ; y in mixed characteristics.



The first property we consider is the normality. Using the descriptions given in Theorem
(1.0.4), we prove that the I'; (p)-cover X' [p] is not normal in all three cases of Theorem 1.0.4
and the whole integral model X [p]/ A5 ; y is not normal as well.

Next, we consider the regularity properties. The whole integral model X *[p] is Cohen—
Macaulay since it is finite flat over a Cohen—-Macaulay base. Over the superspecial and
ordinary locus, we prove that X7 [p] is Cohen—Macaulay, but not Gorenstein using the Hopf
algebra descriptions. Using computer programs like Macaulay2, we can check the same prop-
erties hold over the supersingular locus for fixed primes. In particular, over the supersingular
locus, the I'y (p)-cover X';[p] is also Cohen—Macaulay, but not Gorenstein. We summarize

these results in the following table:

Table 1.1 Regularity Properties of the I'; (p)-cover over the Siegel Threefold

superspecial supersingular ordinary whole
locus locuss locus | integral model
Normal No No No No
Cohen-Macaulay Yes Yes (for fixed primes) Yes Yes
Gorenstein No No (for fixed primes) No




CHAPTER 2

PRELIMINARIES

In this chapter, we will review some important tools that will be used later.

2.1 Group Schemes and Classification Theorems

Let S be a scheme. A group scheme G over S is a representable functor from the category
of S-schemes to the category of groups. Equivalently, a group scheme G is an S-scheme
together with scheme morphisms m : G xg G — G, inv: G — G and € : S — G so that the

following diagrams commute:

s
lm (2.2)

S
l l’” (2.3)

A group scheme G/S is called commutative if the points G(T') are commutative groups,

for all S-schemes T'. Equivalently, this means the diagram

R % (2.4)

commutes.

10



We say a group scheme G/S is locally free (resp. flat, finite) if G — S is a locally free
(resp. flat, finite) morphism. For a finite, locally free group scheme G/S, we call the rank
of O as a locally free Og-module “the rank of the group scheme G/S” (suppose that S is
connected).

Throughout this paper, all base schemes are noetherian and all group schemes are as-
sumed to be commutative and flat over the base. Note that being flat and locally free are
the same when the morphism is locally of finite presentation. Therefore all group schemes
are locally free and commutative over the base.

Let S be a scheme over Spec Z,, and let G be a finite flat commutative group scheme over
S of rank p. In [33], Oort and Tate give a classification theorem for all group schemes G/S

of this type. They define an anti-equivalence of categories as following:

triples (£, u,v), where £ is a line bundle over

G/S, finite flat commutative
S, u € (S, £8P 1) o € T(S, £8P 50 0 —

group schemes of rank p
that u @ v =w,

Here w),, is a constant in pZ; C Z,,. Specifically, when S = Spec R where R is a local ring,
the line bundle £ is trivial. Therefore to give a rank p group scheme over such S, it suffices
to give two elements u,v € R satisfying uv = w,,. For such a pair (u,v), the corresponding
Hopf algebra is

Spec R[z] /(2P — ux),

where the coalgebra operations are given by

p—1 . w
1 Z vt Q@ kP~
)
1—p —~ ww,

m(x)=10zr+x®1+

inv'(z) = —=,
e(x) =0
Here w;’s are also constants in Z,, with wy,...,w, ; € Z; and w, = pw,_;. The constants
wy, ..., w,_ 1 satisfy that w; = 4! mod p. For more details on the w;,’s, see [33, page 10].

11



Haines and Rapoport express this result using stack language in [16, Theorem 3.3.1]. For

convenience, we give the result here:

Theorem 2.1.1 ([16]). The Z,-stack OT of finite flat commutative group schemes of rank

p, satisfies the following properties:

(i) OT is an Artin stack isomorphic to
[(Spec Z,[s,t]/(st —w,))/C,,].
The action of G,, is given by X - (s,t) = (\P~1s, \'"Pt) with w, € pZ as above.
(i) The universal group scheme G over OT is

G = [(Specyy Ola]/(2? —tx))/C,,].
The action of G,,, is given by \ -z = A\z.

In [38], Raynaud generalizes the notion of Oort—Tate group schemes to higher ranks. In
particular, let I, be a finite field, where ¢ = p™. Raynaud consider [ -vector space schemes
of rank 1, which are the same as group schemes of rank ¢ = p™ together with a [ -action
on it. Let Q, := Qp(qul) be the unique unramified extension of Q, of degree n, and let Z,
be the ring of integers of Q,. The character group of F is a cyclic group of order ¢ — 1.
Let x; : F; — Z, be the generator of the character group and we let x; := XfH. Therefore
Xns1 = X1 and any character x can be written as H?=1 X;* with 0 < e, < p. A character x
acts on the vector space scheme by

= S X
¢— 13
Let the base scheme S be a Z -scheme. Raynaud shows that there is an anti-equivalence

of categories

n triples (£;,u;, v;), where £,’s are line bun- G /S, finite flat | -vector space

dles over S, u; : £, — LLF, v; + LPP — ¢ — 4 schemes whose eigenspaces of

L1 50 that u®@ v =w X; are of rank 1

12



Here w € Z, is a constant.
As in the Oort-Tate case, when S = Spec R with R a local ring, the line bundles £,
are trivial and wu,, v, are given by elements in R. Given n pairs (u;,v;) with u,v; = w, the

associated [ -vector space scheme is given by
p_ p_ P _
SpecR[:L’l,...,xn]/ <$1 UyTg, Ty UpTg,y -oe y Ty unajl)

with coalgebra operations

m*(z,) =2, 1 +1Qz, + Z %(Hm‘?)@(ﬂx?),
N X/ 77 .

X' X" =x; X

Here we write x' = H:Zl ng and " = H:Zl Xfél and w, € Z, are constants. The index
0 < h < n is uniquely characterized by e, , +e; , =p.

Oort—Tate group schemes and Raynaud group schemes have explicit descriptions that are
locally quotients of polynomials rings as complete intersections. This fact holds for group
schemes more generally: for any group scheme G/S with S Noetherian, the morphism G — S
is a local complete intersection morphism, i.e. all fibers are locally complete intersections
(see [23, Lemma 31.14]). When further assuming that S = Spec R with R a local complete

Noetherian ring, the group schemes G/S have the following form:

Proposition 2.1.2. ([41, Page 28, Corollary]) Let (R,m) be a complete local noetherian
ring with the residue field R/m perfect of characteristic p. Let G = Spec A be a local group

scheme over Spec R. Then

A = Rﬂxla 5ajn]]/<f1’ 7fn)

where f; = xfei + g; and g;’s are polynomials with coefficients in m and degree < p®. In

particular, when R is a perfect field in characteristic p, then

A~ Rz, ..., x,]/(z2", .. 22™).

13



2.2 Siegel Modular Varieties and Ekedahl-Oort Stratification

Siegel modular varieties are generalizations of modular curves. In particular, over the com-
plex numbers C, the Siegel modular variety A, ; y(C) is the moduli spaces of isomorphism
classes of triples (A, \,7n), where A is an abelian variety over C, A : A — A" is a principal
polarization on A, and n : A[N] — (Z/NZ)?9 is an isomorphism compatible with the Weil
pairing on A[N] and the symplectic pairing on (Z/NZ)?9. In [28], Mumford shows that
A, 1 n 1s a fine moduli space when NV > 3. Similar to the case of modular curves, the Siegel
modular variety A, ; y also has a “model” over Z[1/N]. This is in fact a smooth scheme of
relative dimension g(g + 1)/2 over Z[1/N] (see [28]).

We are particularly interested in the geometry of Siegel modular variety in characteristic
p, i.e. thescheme A := A |y Xgpecz11/n55Pec |, where p is prime to N. In [30], Oort defines
a stratification on A by the isomorphism class of the p-torsion (A, \)[p]. This stratification
is now called the “Ekedahl-Oort stratification”. The stratification is constructed as follows.

Let (A, A) be an principally polarized abelian variety of dimension g over a base scheme S
of characteristic p > 0. Consider the p-torsion group scheme G := A[p]. Let F: G — GP)
and Vi: G — G be the Frobenius and Verschiebung respectively. Note that G is a
truncated p-divisible group. Therefore ker F, = Im V. The principal polarization on A
gives a group scheme isomorphism ¢ : G — GP of G with its Cartier dual. For any subgroup

scheme H of G, we define V(H) := ImVy; and F~1(H) as the fiber product:

FYH) —— HW®

[ o |

G—— G
FG

where the bottom arrow is the Frobenius. We also define

¢ il
H* :=%ker(G — GP — HP).
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Note that by identifying G with GP via {, we get a non-degenerate pairing (-, )5 : G X G —

p,- The notation “L” comes from the fact that
v € HY(S) < (z,y)g =0

for all y € H.

Consider the points (A, A, n) of A. The Ekedahl-Oort stratification of A is defined by the
isomorphism classes of (A, \)[p]. For each isomorphism class of (A, \)[p], one can associate it
with an “elementary sequence” ¢, which is an increasing sequence of integers of length g+ 1
with initial term O and increments less than or equal to 1, i.e. (i) < @(i+1) < (i) + 1.
These sequences are called elementary sequences and it is easy to see that there are 29
elementary sequences. The Ekedahl-Oort strata are parametrized by elementary sequences;
we denote the stratum corresponding to ¢ by S,. The stratification has the following

properties:

(i) Every stratum S, is non-empty, smooth, quasi-affine and equi-dimensional of dimension
g
> (i)
i=0

(ii) Let X be the universal abelian surface over A and let X, := X x 4 S,. Over each

strata S, there is a so-called “canonical filtration” of group schemes
0=G,C-CG,=V(G)C - CG,, =G,

of G = X, [p] satistying

Rank G, = p°(?) (2.5)
V(G;) = Gy (2.6)
FY(Gy) = Gy (2.7)
G =G, (2.8)
(G,L-/Gj)D >~ Gy, j/Gopy (2.9)

15



Here the index r and maps p : {0,...,2r} — Z, v : {0,....2r} — {0,...,r}, f :
{0,...,2r} — {r,...,2r} are determined and can be easily calculated from . For a given ¢,
set p(0) = 0 and define p(7) to be the maximum index > p(i—1) so that p(p(i)) = @(p(i—1))
or ¢(p(i)) — p(p(i—1)) = p(i) — p(i — 1). In other words, p(7) is the maximal index after
p(i — 1) so that ¢ keeps increasing or stationary from p(i — 1) to p(i). In this way, we form
ap:{0,..,7} — Z (note that r is the highest index in p). We define v : {0,...,7} — Z and
f:{0,...,r} = Z by setting v(0) =0, f(0) = r and define v(i) and f(i) by

o(i) = (i — 1) & £(0) = £(i— 1)+ 14 g(p(i)) = p(pli — 1)),
v(i) =v(i—1)+ 1< f(i) = fi —1) < @(p(i)) — e(p(i — 1)) = p(i) — p(i —1).
We then expand p, v, f to {0, ...,2r} by defining
p(r+1i) =2p(r) — p(r — 1)

v(r4+14) =2r — f(r—1i)

flr+1i) =2r—uv(r—r1)
forall 1 <i<r.

Example 2.2.1. Let g = 2. We consider pricipally polarized abelian surfaces. We have 4
elementary sequences. For each p, let X', be the universal abelian surface over the associated

stratum S, and G = X ,[p] as before. For any geometric point (A, \,n) of S,,, we define the

%224

p-rank k and a-number of A by

Alpl(F,) = (2/p2)* (2.10)

a(A) = dimg Hom(a,,, A) (2.11)
For each elementary sequence ¢, the stratum S, has the following data:
(i) Let o = (0,0,0). In this case, the canonical filtration is
0=G,CG,CGy,=0G.
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The corresponding canonical type is p = (0,2,4), v =(0,0,1) and f = (1,2,2). In this

case, A is of p-rank 0 and a-number 2, corresponding to superspecial abelian surfaces.
(ii) Let ¢ = (0,0,1). In this case, the canonical filtration is
O:G0CG1CG2CG3CG4:G

The corresponding canonical type is p = (0,1,2,3,4), v = (0,0,1,1,2) and f =
(2,3,3,4,4). In this case, A is of p-rank 0 and a-number 1, corresponding to su-

persingular but not superspecial (sometimes called supergeneral) abelian surfaces.
(11i) Let o = (0,1,1). In this case, the canonical filtration is
O:G0CG1CG2CG3CG4:G

The corresponding canonical type is p = (0,1,2,3,4), v = (0,1,1,2,2) and f =

(2,2,3,3,4). In this case A is of p-rank 1 and a-number 1.
(iv) Let ¢ = (0,1,2). In this case, the canonical filtration is
0=Gy,CcG,CG,=@G.
The corresponding canonical type is p = (0,2,4), v=(0,1,1) and f = (1,1,2). In this

case A is of p-rank 2 and a-number 0. This corresponds to ordinary abelian surfaces.

2.3 Kottwitz-Wake Primitive Elements

Recall that all base schemes are assumed to be locally of finite presentation and all group
schemes are assumed to be commutative and flat over the base. Let G/S be a finite group
scheme. In [21], Kottwitz and Wake define a subscheme of “non-nullity” of G. This sub-

scheme is denoted by G*.

Definition 2.3.1 ([21]). Let G be a finite group scheme over a base scheme S. Let I C O g

be the augmentation ideal of G. We define the scheme of “non-null” elements G* to be the
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closed subscheme of G with the defining ideal sheaf given by Ann(J), the annihilator of the

augmentation ideal sheaf.

A key property of “non-nullity” is that the scheme of “non-null” elements G* is locally
free of rank |G| — 1 over S (see [21]).

This notion of “non-nullity” is used to describe the subscheme of “non-zero” points. But
one needs to be careful with this analogy. When G/S is not étale, the group scheme G may

have no points other than the unit, but G* can still have points. Here is a concrete example:

Example 2.3.2. Consider the additive group Ga/[l-_p. Let «,, be the kernel of the Frobenius

of G,/F,. In particular, the group scheme a,, can be written as Specl ,[z]/(zP) with aug-

P
mentation ideal (x) and additive group operation. The annihilator of the augmentation ideal
() is generated by xP~' and therefore oy = SpecF [z]/(xP71).

Note that for any reduced ring R in characteristic p, we have a,,(R) = {0} and o,y (R) =

{0}. The unit section can still be non-null.

Using “non-nullity”, Kottwitz and Wake define primitive elements for truncated p-divisible
groups. More precisely, let G/S be a truncated p-divisible group of height h and level r (i.e.
the smallest exponent such that p” kills G). This happens, for example, when G/S is the
p"-torsion of a p-divisible group over S. In this case, the (scheme of) primitive elements G*

is defined to be the fiber product

where (G[p])* is the subscheme of “non-nullity”. The scheme of primitive elements G*/S is
flat of rank p"~!(p" —1) and describes the points “of exact order p””. Note that for truncated
p-divisible groups of level 1, primitive elements are the same as “non-null” elements. For
simplicity, on general group schemes killed by p, we will abuse the name of primitive elements

for “non-null” elements.
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In general, it may not be easy to calculate an annihilator ideal in a ring. However, by
Proposition 2.1.2, many group schemes are quotients of polynomial rings or power series

rings as complete intersections. In these cases, we have the following lemma:

Lemma 2.3.3. Let R be a Noetherian ring and let (R’,€) be an augmented R-algebra, i.e.
an R-algebra R’ together with a ring homomorphism € : R — R such that the composition
R — R' 5 R is identity. Assume that the augmentation ideal I := kere = (Tqy.eeyx,) S
generated by a reqular sequence xq,...,x,. Let J = (fy,..., f,) C I be a subideal generated

by a regqular sequence fy, ..., f,, in R'. Write

fi=Myz,++M,z,,i=1,..,n

mn?

with M;; € R’ and set M = (M,;) € Mat,,,,,(R"). Then we have

(J: 1) = (det(M)) + J (2.12)

where (J : I):={x € R'|x«I C J}. Let A:=R’'/J. Let I, = 1/J be the corresponding ideal
of A and let d be the image of det(M) in A. Then we have

Ann(I,) = (d) (2.13)

Proof. The proof follows from [9, Proposition 2.1]. We sketch the argument here.

The equivalence of Equation (2.12) and Equation (2.13) is immediate from the definition.
We will prove Equation (2.13).

Consider the Koszul resolutions K ((z;), R") and K((f;),R’). They are complexes of
R’-modules defined by K, (=, R") = Hompg/ (A% (R')",R"). For ¢ € K, ((x;),R’), the
boundary map is defined by d¢(y) = ¢(z Ay) and K,,((f;), R") is similarly defined. It is a
standard fact that K ((x;), R") and K((f;), R’) are exact from the regularity of the sequences

(see [24, Section 6]). There is a map K((f;), R") — K((x;), R") given as follows:

K((f) R):0 — R L5 (R)" — o — (R 5 R — A= R'JJ — 0

et | o |k

t

),R):0 — R = (R)" — - — (R)" = R — R=R'JI — 0
(2.14)

K((z;

(2
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Note that the exact rows are free resolutions of A and R respectively. By tensoring the
diagram with A over R’ and consider the n-th homology, we get a commutative diagram

with exact rows:

0 — Tork/ (A, A) y A —2 5 An

|~ y l (2.15)

x

0 —— Torp/ (R, A) y A —— A"

From the bottom row, we have Tor"(R, A) = Ann(I,). On the other hand, consider
K((f,),R)®pr A — K((f;,),R')®gr R given by A =R'/J L R= R’/I as in the right

colomn of Diagram (2.14). We get another commutative diagram with exact rows

0 —— Tor" (A, A) y A —2 An

lw* lﬂ l (2.16)

0 —— Tor™(R, A) s R —— R"

This implies that 7, is surjective and therefore by Equation (2.15), the image (d) C A
coincides with Tor" (R, A) = Ann(1,), as claimed. O

Lemma 2.3.3 is a very powerful tool to calculate primitive elements on finite group

schemes. In many cases, a group scheme killed by p over Spec R can be written in the

form

G = Spec R[z]/(zP — A - ) := R[z1, ... ,xn]/ <{xf — ijl aijmj}1§i§n> ) (2.17)
where z = (74, ...,2,)" and A is an n x n matrix over R. Pappas gives the following lemma
in [36]:

Lemma 2.3.4. Let G be a group scheme over Spec R killed by p as given in Equation (2.17)
with augmentation ideal (z) = (2, ...,2,). Then the defining ideal of the primitive elements
G is generated by

det(D(zr 1) —A) = > (=) det(Aye, o) [J22" (2.18)
JcA{1,...,n} JjeJ

Here the Aje, je is the minor of A with rows and columns in J¢, the complement of J in

{1,....n}.
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Proof. By Lemma 2.3.3, the generator of the primitive elements in G is generated by
det(D(zP~1) — A). Expand the determinant det(D(zP~1) — A) and consider the coefficient
of Hjejxg-’*l. Note that the sign sgn(o) of a permutation o on {1,...,n} fixing a subset
J C {1,...,n} is the same as the sign sgn(o) of the induced permutation ¢ on J°. Therefore

the coefficient of [ “!in det(D(zP~1) — A) is the determinant det(—A ;.. ;.), which is

P
jeJ L
equal to (—1)“Idet(A ., ;.) as claimed in Equation (2.18). O

We can apply Lemma 2.3.4 to the Oort—Tate group schemes and Raynaud group schemes

in Section 2.1:

Example 2.3.5. Let S = Spec R where R is a local ring. Consider an Qort-Tate group
scheme given by Spec R[z|/(axP —ux) with augmentation ideal given generated by (x). In this
case, the 1 x 1 matriz in Lemma 2.5.3 is given by 2P~ —w, implying the primitive elements
are defined by the ideal (xP~' —u).

The Raynaud case is slightly more complicated. Using the notation in Equation (2.17),

the Raynaud group scheme over S is given by

G = Spec R[z] /(2P — U - z)

where x = (x4, ...,,)" and
0 - 0 wu,
oo |m o 0 0
0  wu_, 0
with augmentation ideal given by (xq,...,x,). Note that det(U) = (—1)""tuy - u, and the

only principal minor of U with nonzero determinant is the whole matrix U. Therefore by

L. % . -1
Lemma 2.3.4, the primitive elements G* C G is defined by (zf " -

We will use the following special case of Lemma 2.3.4 later:

Example 2.3.6. Let G/ Spec R be a group scheme as given in Equation (2.17). Suppose the

matriz A is upper triangular, i.e. a;; =0 if i > j. Then D(zP~Y) — A is an upper triangular
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matriz with diagonal elements xf_l —a,;. Therefore by Lemma 2.5.4, the defining ideal of

G* C G 1is generated by H?:l (xf_l —ay;).
In particular, suppose A is strictly upper triangular, i.e. assume further that a;; = 0.

Then the defining ideal of G* C G is generated by zvll)_l N an

n
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CHAPTER 3

FULL LEVEL STRUCTURE ON FINITE GROUP SCHEMES

In this chapter, we consider the I'(p)-level structure, also called “full level structure”, on
finite flat commutative group schemes.

Suppose that H is annihilated by p” and H [%] =H xg S [%] is étale-locally isomorphic
to the constant group scheme (Z/p"Z)? for some r and g. This happens, for example, when
H is the p"-torsion of some abelian variety of dimension g/2.

Let Homg((Z/p"Z)9, H) be the functor from the category of S-schemes Schg to the

category of abelian groups Ab, defined by
Homg((Z/p"2)%, H)(T) := Hom,,,((Z/p"2)?, H(T)).

We will use Hom (((Z/p"Z)9, H) to denote the representing scheme. Since H is annihilated
by p", the representing scheme is just HY9. The general linear group GLQ(Z/ p"Z) has a
natural right action on Hom((Z/p"Z)9, H) by acting on (Z/p"Z)9 by precomposition.
The problem we consider is to give a notion of full level structure on H. We expect it
to be a closed subscheme of Hom((Z/p"Z)?, H), which we denote by Hom((Z/p"2)9, H),

satisfying:
1. Hom((Z/p"Z)%, H) is flat over S and of rank |GL,(Z/p"Z)|.

2. Hom§((Z/p"2)9,H) is GL,(Z/p"Z)-invariant under the right GL,(Z/p"Z)-action on

Hom((Z/p"Z)%, H). When inverting p, we have an identification

« , 1 - 1
Houy, ((2/p2)%, L)) = somgy (2/5'2)0, H)
as closed subschemes of Homs[l]((Z/p’“Z)g, H[%])
3. When identifying Hom((Z/p"Z)9, H) x ¢ T with Hom.((Z/p"Z)?, Hy) in the natural
way, we have Hom((Z/p"Z)9, H) x s T = Hom.((Z/p"Z)?, Hy) as closed subschemes,

for any S-scheme T
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We also expect our definition to coincide with the intuitive definition for some familiar
group schemes. For example, for H = p,,, we expect HomZ(Z/p’“Z,H ) to be the closed
subscheme of p,,- defined by the cyclotomic polynomial

.
P —1

=g pT g2
P —1

D, (z) =

When H is the constant group scheme (Z/p”Z)9, the resulting full level structure on H given
by Hom},((Z/p"Z)%, H) should be GL,(Z/p"Z) C Mat,(Z/p"Z).

The motivation for giving a well-behaved notion of full level structure comes from the
study of integral models of Shimura varieties. For example, for modular curves, finding an
integral model of the modular curve X (p") essentially amounts to finding a flat model of full
level structure on the p"-torsion of elliptic curves. This is done by Katz and Mazur in their
book [19]: following an idea of Drinfeld in [10], Katz and Mazur consider the case when H
can be embedded into a curve. In this case a set of sections {P,, ..., P, } of H is defined to
be a “full set of sections”, if the points generate the group H as Cartier divisors. Using this
notion, the full level structure on H is defined to be the maps in Homg((Z/p"Z)9, H) whose
image forms a full set of sections. As a scheme, Hom(((Z/p"Z)9, H) can be also described
as the closed subscheme of Hom((Z/p"Z)9, H) cut out by the Cartier divisor equation

H= Y [i)
z€(Z/prL)?
where h is the universal homomorphism. Katz and Mazur’s construction, for example,
gives a definition of full level structure on Z/_pZ X fi,,, as it is the p-torsion of an ordinary
elliptic curve. They also suggest a natural generalization of their construction, given by
“x-homomorphisms” [19, Appendix of Chapter 1], that can be defined for general group
schemes. Unfortunately, the notion of x-homomorphisms is deficient because the resulting
closed subscheme is generally not flat over the base. Such a negative result has been observed
by Chai and Norman in [3, Appendix 2]. For example, the nonflatness for x-homomorphisms

even happens on i, X fi,,.
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As an improvement, Wake gives in [42] a good definition in the case of H = oy X
over SpecZ. By using a notion of “primitive elements”, he defines the full level structure,
called “scheme of full homomorphisms”, to be cut out by the condition that all nontrivial
linear combinations of rows and columns of the universal homomorphism are primitive.
Alternatively, Wake also gives another level structure, called “KM+D” level structure, short
for Katz-Mazur 4+ Dual. The notion of KM+D level structure is defined by requiring both
universal homomorphism and its dual being x-homomorphisms as defined by Katz and
Mazur. Wake proves that in the case p, X u,, the KM+D level structure coincides with
his original notion of full homomorphisms. Unfortunately, in general the “KM+D” level
structure does not give a flat scheme over the base. For example, it is observed in [42,
Example 4.8] that I—k)_m?i\A+D((Z/ZZ)2, (c5)?) has larger rank than expected.

In this chapter, we give a definition of full level structure for H of the form H = G x G,
where G is a rank p group scheme over a Z,-scheme S. When G is p,, our definition
coincides with the one in [42]. The idea of our construction is to generalize Wake’s “rows-
and-columns” construction to a general group scheme G using Kottwitz-Wake’s notion of
primitive elements [21]. In [21] the authors give a notion of primitive elements which is
well-behaved, even for general p-divisible groups. Using this notion, our full level structure
will be cut out by the condition that rows and columns of the universal homomorphism are
linearly independent, as in Wake’s construction. The precise description and properties are
discussed in Section 3. The main point is that this construction gives a flat model. We show
this by using Oort—Tate theory to reduce to Wake’s result.

One might also expect the following naturality condition:

4. For any group scheme isomorphism H S H ', the induced isomorphism
Hom((Z/p"2)?, H) — Hom((Z/p"2)?, H')

restricts to an isomorphism Hom¢((Z/p"Z)%, H) — Hom((Z/p"Z)9, H').
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This condition (4) can be interpreted as saying the notion of full level structure is defined
over the stack. Unfortunately, it turns out that in general there is no level structure on
H satisfying all conditions (1) — (4). Wake pointed out to us that the construction cannot
extend to the stack. We discuss this negative result in Section 3.3 and include their example

there. We thank Wake for the communication.

3.1 Full level structure on GG x GG

The fundamental tool in defining the full level structure on G x GG is the notion of “primitive
elements” (see Section 2.3). An important example of the primitive elements is the Oort—Tate
group scheme G' = Spec A[z]/(zP — tx), where A is a Z,-algebra. The augmentation ideal
is (). Thus G* is defined by the ideal (2P~ —t), coinciding with the scheme of generators
defined in [16]. Another example is G x G. Its underlying algebra is Az, y]/(zP —tz, yP —ty)
with the augmentation ideal (z,y). By a direct calculation or using Lemma 2.3.3, we can

see that the scheme of primitive elements in G2 is

(G?)* = Spec A[z, y]/ ((xP~' = t)(y" — 1))

See also [21, Section 3.8].

Now we consider the operation on the points of Homg((Z/pZ)?,G?) = G* (as functors).
We will identify G*4(T) with Mat,(G(T)), the additive group of 2 x 2 matrices with entries in
G(T). On each entry Homg(Z/pZ,G)(T) = G(T), there is a natural addition arising from
the group structure of G. We denote this addition by -+, to distinguish it from the addition
on Og. For simplicity, for any f € G(T), let [m]f be f+f+ - +f, the sum of m copies of
f. Since the Oort-Tate Group is annihilated by p, the operation [m] only depends on m

modulo p.

Example 3.1.1. Let S = SpecZ,, and G = Spec Z ,[x]/(xP — z) with comultiplication

1 pz w,r" @ xP~
1— p i=1 wz’wp—i

m'(z) =1®r+r®1+
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This is obtained by taking uw =1 and v = w, from Section 2. Let T = SpecZ,,. In G(T'), let
x(j) € Homg(Z/pZ,G)(T) = G(T') be the map sending x to x(j), where x is the Teichmiiller
character and let x(0) = 0. Since the elements in G(T) are closed under the group action,
we have ([5](1))? — [j](1) = 0. On the other hand, by the definition of the comultiplication
of G, we have [j}(1) = j wod p. Therefore [j)(1) = x(G). From [j)(1)+K(1) = [j + K](1),
we get a useful equation:

1 pz_l w, X ()X (k1)

1—p — W Wy,

(3.1)

X7+ k) = x() + x(k) +

In fact, G is isomorphic to the constant group scheme Z/_pZS = Spec Z%/pz' The Hopf
algebra isomorphism between Z,[x]/(zP — x) and Zz/pz is given by x +— Y x(i)e, and
e; H AQ) H#i(a: — x(7)), where A\(0) = —1 and (i) = 1% otherwise. To see this, we
first easily observe that the maps give algebra isomorphisms. To see that it preserves the

comultiplication, we can check straightforwardly using Equation (3.1). We will skip the

detailed calculation here.

Now we define Homg((Z/pZ)?, G?) to be the subfunctor of Homg((Z/pZ)?, G*) which

is given as follows:

Definition 3.1.2. Define Homg((Z/pZ)?,G?) to be the functor whose T-valued points are
the elements in Homg((Z/pZ)?,G?*)(T) = Maty(G(T')) so that all nonzero F,-linear com-
binations of rows and columns are in (G*)*(T'). For nonzero [F,-linear combinations, we

mean elements like [m]f-+[n]g where m and n are not both zero in [ ,.

Remark 3.1.3. It is easy to see that the functor Homg((Z/pZ)?,G?) we defined above is
representable. Indeed, each linear combination being primitive is a closed condition and thus
gives a subscheme of Homo((Z/pZ)?,G*) = G*. Therefore the functor Homg((Z/pZ)?, G?)
is represented by the scheme-theoretical intersection of those subschemes. We will use

Hom',((Z/pZ)?,G?) for the representing scheme.

Here are some elementary properties of Homy((Z/pZ)?, G?):

27



Proposition 3.1.4. Let S be a Z,-scheme and let G,G’ be finite flat commutative group

schemes of rank p over S. Let GLy(F ) act on Hom¢((Z/pZ)?, G*) by acting on (Z/pZ)* by

precomposition. Then Homy((Z/pZ)*,G?) satisfies:

(1)

(i)

(iii)

By identifying Hom((Z/pZ)?,G?) x ¢ T = Hom...((Z/pZ)?,G%) for any S-scheme T,
we have
Hom'((2/pZ)?, G?) x5 T = Homy(Z/pZ)?, G3)

as closed subschemes.

The full level structure Homs((Z/pZ)?, G?) is GLy(F ,)-invariant. Away from charac-

teristic p, we have
Ho_mz[%]«Z/pZ)Q, G[%]Q) = ISOmS[%]((Z/pZ)2, G[%P)
as closed subschemes of Homs[;]((z/pZ)z, G[%P),

Let ¢ : G — G’ be an isomorphism and let ® : G* — (G')? be the isomorphism given

by (g) g) . Then the isomorphism Hom((Z/pZ)?, G*) — Homy((Z/pZ)?,(G')?) in-

duced by ® restricts to an isomorphism on the full level structures Hom o ((Z /pZ)?, G*) —

Homg((2/p2)?,(G)?).

Proof.

(i)

(i)

It follows straightforwardly from Definition 3.1.2 and the fact that the notion of prim-

itive elements is compatible with base change [21, 3.5].

Let f € Hom((Z/pZ)?,G?), regarded as a 2 x 2 matrix in G(S). Let g € GLy(F,).
Then g acts on f by f + g' f, where the scalar multiplication is [-] and the addition is +.
By an elementary calculation, one can see that it suffices to show that if (u,v) € (G?)*
then (u,v)g € (G*)* for all g € GLy(F,). Note that since G is annihilated by p, every
m € [, defines an endomorphism of G and therefore every 2 x 2 matrix over [, defines

an endomorphism of G2 and invertible matrices induce automorphisms of G2. In fact,
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(u,v)g is the image of (u,v) under the automorphism induced by g. Since group scheme
automorphisms preserve the augmentation ideal sheaf, they also preserve the primitive

elements by Definition 2.3.1. Therefore (u,v)g € (G?)* and we are done.

For the second half of (ii), note that G [%] is étale locally isomorphic to Z/pZ and by
definition Hom™((Z/pZ)?,(Z/pZ)?) = Isom((Z/pZ)?,(Z/pZ)?). Then the statement is

an immediate result of (i).

(iii) As in (ii), since every group scheme isomorphism preserves the augmentation ideal
sheaf, by Definition 2.3.1 it also preserves the primitive elements. Then it is straight-

forward to check that (iii) holds by Definition 3.1.2.

Now here is the main theorem in this chapter:

Theorem 3.1.5. Let S be a Z,-scheme and let G be a finite flat commutative group scheme
of rank p over S. Let Homg((Z/pZ)2,G2) be as defined in Definition 3.1.2. Then the full
level structure Homg((Z/pZ)?, G?) is flat over S of rank |GLy(F,)|.

3.2 Proof of Theorem 3.1.5

By Proposition 3.1.4 (i), since being flat is a local property, we can reduce to the case where
S = Spec A with A being a local Z,-algebra. Recall from Section 2 that the group scheme
G/S is determined by a triple (£, u,v). Since A is local, the line bundle £ on S is trivial.
Let A = Z,[s,t]/(st —w,) and & = Spec A. Let § = Spec A[z]/(xP — tx) be the group

scheme over & with comultiplication

1 2 sai@ap
m(z)=10r+x®1+ Z . (3.2)
l=pim wiw,;

Then G/S will be the pull back of /8 through a morphism S — & determined by u and v.
Applying Proposition 3.1.4 (i) again, we can see that it suffices to show the flatness of the

full level structure for G2/8.
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We first look at Hom¢((Z/pZ)?, G%) over the two open subschemes Spec Z,[s, s™'] and
Spec Z,[t, t~1 of 8. It is easy to check that after applying étale base changes by adding the p—
Ithroot of 5,571, ¢,t71, we get Gx ¢Spec Zp[sp%l, s_ﬁ] = 1, and G X gSpec Zp[tﬁ,t_p%l] =

Z/pZ. In these cases, the following lemma is as expected:
Lemma 3.2.1. We have the following two isomorphisms of group schemes:

(i) Hom's((Z/pZ)?,G2) x s SpecZ,[s7 1,5 71| = Hom™ 1 1 (Z/pZ)% ).

SpecZ,[sP~T,s PT]

Here the Hom™" is the Jull level structure for p, X p,, defined by Wake in [42].
(ii) Hom’s((Z/pZ)?, §%) x s Spec Z,[t77,t77] = GLy(Z/pZ).
Proof. Note that from the definition of Hom", we have

Hom'((Z/pZ)?, i2) = Hom™"' (2 /pZ)?, u2)

as they are defined in the same way. For the étale part, note that sections of constant group
schemes being primitive exactly means being nonzero. So Hom"((Z/pZ)?, (Z/pZ)?) consists
of the matrices satisfying that nonzero linear combinations of rows and columns are nonzero,
thus invertible matrices. Hence Hom"((Z/pZ)?, (Z/_pZ)Q) = GL4(Z/pZ) and the claim is

immediate from Proposition 3.1.4 (i). O

To make the full level structure explicit for G2/8, it is helpful to use the universal ho-
momorphism for description. Consider the universal base §"V = Spec A" where A" =
Ala, b, ¢, d]/(aP — ta,b? —tb, P — tc,d? —td). Then we have 8™ = Hom((Z/pZ)?, G*).
Let h € Homguniv ((Z/ pZ)?, 9§umv) be the universal homomorphism defined over "™V, given
by (1,0) + (a,b), (0,1) = (¢,d). Then Hom((Z/pZ)?, G*), as a subscheme of the uni-
versal base "™V, is cut out by the condition h € Homgui ((Z/pZ)?, G2umiv). Therefore, by

definition, Hom¢((Z/pZ)?, G*) is given by the ideal I C A" generated by

{ ((mlatinlp)”™" —¢) ((mletmla)”™ —¢).
((mlatole)” " —¢) ((Fmlbtola)” " ~ 1) } .

(m.n)€F3 {(0,0))
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Recall that in the notion [m]a+[n]b, we are regarding a,b,c,d as elements in G(S$"™V),

corresponding to the homomorphisms
Alz]/(xP — tx) — Ala,b,c,d]/(aP — ta,bP — tb,cP — tc,dP — td)
sending = to a,b,c,d. As an abstract group, G(S™) is given by

{I‘ = A[a7 ba ¢ d]/(ap — ta, b — tb? c? —te, dr — td)’fﬂp = tx}

with the group structure given by x+y = = +y + > . Therefore
1 — D=1 wiwp—z
—1 p—1 p—1
1 X P 1 t 1 w
2]la = 2a + g S P g LT g 4 a.
1=piF wiwy, 1=piF wiwy, 1=pim wiw,

Using Equation (3.1), we get [2]a = x(2)a and in general by induction we have [m]a =

x(m)a. Therefore the full level structure on G2/8 has the following expression:

Hom((Z/pZ)?, 5%)

st—w,,,aP—ta,b? —tb,cP—tc,dP —td, (33)
=~ Spec Zp[s, t,a,b,c, d]/ ({((X(m)a%x(n)b)plo ((X(m)c%((n)d)plt),) .

((xtmjatx(mie)” " —t) ((xtmpixma)” " 1) }
Having all these set up, we will prove the flatness of Hom:';((Z /pZ)?, G2) over 8 using

the lemma below:

Lemma 3.2.2 ([27] Page 51 Lemma 1). Let Y be a reduced scheme and F a coherent sheaf
on'Y such that dimy,, F R0, k(y) =r, forally € Y. Then F is a locally free of rank r on
Y.

Apply Lemma 3.2.2 to Y = &. Note that for y € Spec Z,,[t, t~1], we know that

dlmk(y) <(9HoimfS ®0y k(y)> = ’GL2<[Fp)‘

from Lemma 3.2.1 (i) and étale descent. For y € Spec Z,[s, s'], we can get
dimy,,, (0@; R0, k’(.U)) = |GLy(F )|
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by combining Lemma 3.2.1 (i) together with Wake’s result on Ho_mfull and étale descent. The
only remaining point is y, for s =t =p = 0.

Consider §/8 modulo p, denoted by G / S. The underlying base scheme, which is given
by § = Spec F,[s,t]/(st), is a union of two affine lines and the concerning point yq is the
origin of 8. Note that x(m) = m mod p. Therefore, by setting p = 0 from Equation (1.6),

we get

How’s((Z/pZ)?, )
aP—ta,bP—tb,cP—tc,dP—td, ) (34)

=S Osla,b,c,d {<(ma+”b)p71—t> ((mcirnd)p*l—t),
necOgla, b, c ]/ ( <(ma+m)p71_t) <(mb+nd)p71_t>}

Wy . : : H . r-1 S:Eiyp_i
Here the “+” operation is given as x+y =x+y+ >

from Section 2). Now we have a key observation on Equation (3.4).

(recall that w; = 4! mod p

Theorem 3.2.3. Let 9_/5’ be the “universal” Qort-Tate group scheme in characteristic p
as above. Then the ideal defining the full level structure Hom}((Z/pZ)2,§2) as a closed

subscheme of G* is generated by elements which do not involve the parameter s.

Proof. We claim that in the coordinate ring (3.4), we have
(ma+nb)P~t —t = u ((ma + nb)P~1 —1t)

for some unit w. Then it follows that

Homyg((2/p2)?, G°)
OLP—ta,bpl—tb,cp—tc,di"—tdi (35)
=~ Spec Og]a, b,c,d]/ <{((ma+nb)p_ —t)((metnd)”” t),>
((maﬂrnc)pf1 ft) ((mb+nd)p717t)}

and we are done.

When p = 2, since st = 0 and a? = ta, we simply have
ma-+nb = ma + nb + smnab = (ma + nb)(1 + sma).
Here 1 + sma is a unit as (1 + sma)? = 1 + s>m2a? = 1 + s2m?at = 1.
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p—1 i,,p—1
Now suppose that p > 2. Let g(z,y) = > % be a polynomial in [ [x,y]. Note
i=1 4 \D—1):
this polynomial g(x,y) is divisible by « + y as g(x,—z) = 0 (note that p is odd). Assume

g(z,y) = (x +v)g'(z,y). Then ma+nb = (ma + nb)(1 + sg’(ma,nd)). Note that ¢’ has no

constant term and st = 0. So we have
(14 sg’(ma,ndb))’ =14 sPg’(mPat, nPbt) = 1.
Therefore 1 + sg’(ma,nb) is a unit and we have
(1 + sg’(ma,nb))’ " ((ma +nb)P~* —t) = (matnb)P~! — ¢
as claimed. n
As a consequence of Theorem 3.2.3, for any point y € § away from Yo, We have
dimy, ) Onom;, ®0,, k(yo) = dimyy) Opon, Qo k(y) = |GLy(F )]
Applying Lemma 3.2.2; we finish proving the flatness.

3.3 Nonexistence of full level structure over the stack

Let C be a stack of group schemes of certain type over Scth. (By a stack here we simply
mean a category fibered in groupoids over Schzp as in [6].) So, we assume that the objects
in C are group schemes G/S of certain fixed type (for example, finite flat commutative and

of certain rank) and the morphisms are Cartesian squares.

Definition 3.3.1. Let C be a stack of group schemes as above. By a full level structure over

C, we mean a fibered functor & : C — Sch, such that
(1) For any G/S, the scheme F(G/S) is a closed subscheme of Hom((Z/p"2)?,G).

(2) Forany f: G/S — G'/S’, the morphism F (f): F(G/S) — F(G'/S") is the restriction
of the induced morphism Hom((Z/p"Z)?,G) — Hom, ((Z/p"2)9,G’).

(3) The scheme F(G/S) satisfies the conditions (1)-(3) in the beginning of this chapter.
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Note that the condition (4) is automatically satisfied since F is a functor.

Using this terminology of full level structure over the stack, we may briefly summarize
the results in Section 3.1 as that we define a well-behaved notion of full level structure on
the stack OT', whose objects are group schemes of the form GG x G where G is an Oort—Tate
scheme over a Z,,-scheme S, and morphisms are group scheme isomorphisms G xG — G"xG’

_(? O
oftheform@-(o é

However, this full level structure on OT cannot be extended to the stack of finite flat

> as in Proposition 3.1.4.

commutative group schemes. In fact, consider the substack OT x OT', whose objects are
G x G’ where G,G’ are Oort-Tate schemes with morphisms be arbitrary group scheme
isomorphisms. We will see that even on OT x OT', there is no good notion of full level

structure:

Theorem 3.3.2. There is no notion of full level structure over the stack OT x OT in the

sense of Definition 3.3.1

Proof. Let G/S be as in Section 3. Assume there is a full level structure on OT x OT
satisfying (1)-(4). Then the full level structure on G?/8 must be the one we defined. In fact
over the generic fiber of 8, the full level structure is given by the condition (2). Therefore
the only way to satisfy condition (1) is defining the full level structure over S as the Zariski
closure of the corresponding scheme over the generic fiber. Note that any group scheme of
rank p over a local ring can be obtained from /8 by base change. Because of condition (3),
the full level structure on G x G over a local base must be the one we defined above. However,
this only possible structure is not preserved under all group scheme automorphisms. Here is
one example communicated to the author by Wake:

Consider the full level structure on «,, X a,, over [Fp with p > 2. By our definition and
Theorem 3.2.3, we have

aP bP P, dP
Ho—m?%p <<Z/pz>2’ 0512)) = Spec H?p[aa b, c, d]/ <{(ma+nb)p_1(mc+nd)p_l’> .

(ma+nc)p71 (mb+nd)p71 }
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Note that Aut; (a2) = GL2([FP), with the action given by multiplying (Z b) by elements

d
of GLQ([EP) from the right. Since (m,n) € F2 {(0,0)}, it is not hard to see that the ideal is

not invariant under the action of GLQ([I?p). O

Remark 3.3.3. Although as shown, a good notion of full level structure on the stack of all
finite group schemes does not exist, one might still hope to define a full level structure on

truncated p-divisible groups. However, some new idea is needed.

3.4 Full level structure on GG x G x G

A natural question we may ask is whether we can have some similar results for group schemes
of the form G", where G is an Oort—Tate group scheme. We record some partial results here.
However, a full answer to this question requires some new idea.

Let us take G = p,, over Spec Z. One intermediate step towards defining a full level struc-
ture on G is defining a “partial level structure” as a subscheme of Hom, ((Z/pZ)?, (j1,)?).
We will still require that the resulting scheme is flat over the base and when inverting p
we want Hom), ((Z/pZ)?, (1,)?) = Maty,5(F,), where Matj, 5 denote the set of all 2 x 3
matrices of rank 2. It turns out that this can be done using our result in this paper. Let
h be the universal homomorphism. Then Hom,, ((Z/pZ)?, (11,,)?) is cut out by the following

conditions:

(i) All nonzero linear combinations of rows and columns are primitive.

(ii) After applying any left GLy(F,)-action and right GL3(F,)-action to h, one of the

three 2 x 2 blocks of the resulting homomorphism lies in the full level structure

Hom, ((Z/pZ)?, (11,)?)-

Let us make (ii) clear here. Let
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be the universal homomorphism. Let I, resp. I5, I5, be the ideal defined by requiring that

o) i) G2,
lies in the full level structure subscheme Hom"((Z/pZ)?, (11,,)?). Then the ideal defining “one
of the three 2 x 2 blocks lies the full level structure” is the ideal I, I,N1;I5N I,15. The closed
subscheme Hom, ((Z/pZ)?, (p,,)?) cut out by these conditions is flat of rank [Maty, 3(F,)|
over the base. This result of “partial level structure” Hom} ((Z/pZ)?, (1,)?) can be extended
to Hom'((Z/pZ)?, GP).

One might hope to define Hom’, ((Z/pZ)?, (11,,)*) using the “partial level structure” above,
by requiring that after applying the left and right GL3(F,,)-action and possibly Cartier dual
to the universal homomorphism, the resulting homomorphism is such that any 2 x 3 block
is giving a “partial level structure”. It turns out that this condition is very close to what we
want, but still not enough. Here are some numerical results. Consider p,, over F,. For p = 2,
the above condition will give a closed subscheme of rank 169 over [, while |GL3(F,)| = 168.
For p = 3, the obtained subscheme has rank 11473 over [, while |GL3(F5)| = 11232

(comparing with 3% = 19683). So, some further conditions need to be discovered.
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CHAPTER 4

CONSTRUCTIONS OF GROUP SCHEMES USING DIEUDONNE
MODULES

Dieudonné theory is a powerful tool for studying group schemes, p-divisible groups and
abelian varieties. The classical Dieudonné theory works over perfect fields in characteristic
p > 0. There has been many variations of Dieudonné theory over difference bases. In
this chapter, we will use a version of Dieudonné theory due to de Jong to construct group
schemes.

Let G/S be a finite group scheme. (Recall that all group schemes are assumed to be

commutative and flat over the base.) We define its Cartier dual GP by
GP(T) = Hom(Gr, Gy, 7)-

This is a priori a functor but can be shown to be representable. This makes GP a finite
group scheme over S and there is a canonical isomorphism G = (GP)P. Furthermore,
for any group scheme homomorphism f : G — H, we have an induced homomorphism
fP: HP — GP such that (fP)P = f under the canonical isomorphism G = (GP)P.

Let G/S be a group scheme (not necessarily finite) with the pOg = 0. Then there are
Frobenius morphisms o,: G — G and og : S — S that are defined by Frobenius maps
fa: Og = Og and fg: Og — Og. This induces a morphism Fg: G — G := G Xg0g9

which turns out to be a homomorphism of group schemes:

G z

N
Gr) — @
| o]
S —= S

We can define another group scheme homomorphism V : G®) — @G. Consider the
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following diagram:

O — (OFF)% — 0g ®p, ., Os
S
ogr
Here (O%P)5r is the S,-invariant elements of OFP. Since G is commutative, the comultiplica-
tion factors through (O&F)%. The map (OF)% — O ®p.,f, Ug 1s the unique homomor-
phism such that a(z® - ®x) = z®a. In this way, we get a morphism V : G — G®) which
also turns out to be a homomorphism of group schemes. This group scheme homomorphism
is called the Verschiebung of G. When the group scheme G/S is finite, the Verschiebung Vi,
can also be defined as (Fgp)P : (GP)PH)P = GP) — (GP)P = G. Tt is a basic fact that
FooVa=p-1dgw and Vg o Fy = p - 1dg (see [5, I1]).

4.1 A Version of Dieudonné Theory by De Jong

Let W be the Witt ring (over Z) as in [5, III]. It is a ring scheme over SpecZ. Let k be a
perfect field in characteristic p > 0. The k-points of W are called Witt vectors and W (k)
is the ring of Witt vectors. The ring W (k) is a complete discrete valuation ring in mixed
characteristics (0, p) with uniformizer p and residue field k (see [5, IIL. 3]).

Moreover, there is a ring homomorphism o : W (k) — W (k) which lifts the Frobenius
map on the residue field k. Let D, := W (k){F,V}/(FV —p) be the Dieudonné ring, where

W (k){F,V} is the non-commutative polynomial ring in variables F', V with relations

FV = VF,
Fa=o(a)F,
Va=0o1a)V

The left D;-modules are called Dieudonné modules. Equivalently, one can think of Dieudonné
modules as W (k)-modules with actions of F' and V' that are subject to the relations above.
Dieudonné modules are powerful tools to study group schemes, p-divisible groups and

abelian varieties. (Recall that all group schemes are assumed to be commutative and flat over
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the base.) The classical (contravariant) Dieudonné theory gives an anti-equivalence between
the category of finite group schemes over a perfect field k& with positive characteristics and

the category of Dieudonné modules over W (k) with finite length (see [5, III. 7]):
finite group schemes Dieudonné modules with
— .
G/ Spec k finite W (k)-length

The classical Dieudonné theory also gives an similar anti-equivalence for p-divisible groups

over a perfect field (see [5, III. §]):

Dieudonné modules that are

p-divisible groups
— finitely generated free

G/ Speck
W (k)-modules

Starting from the classical Dieudonné theory, there has been variations of Dieudonné
theory for different base schemes. Let S = Spec R with R a ring of characteristic p > 0
and let X := SpecZ,,. In [2], using the notion of crystals over the crystalline site, Berthelot—
Breen—Messing define the crystalline Dieudonné functor D from the category of p-divisible

groups over S to the category of F-crystals over the crystalline site CRIS(S/Y), given by
D(G) 1= &ty (9,0sn) - (4.1)
Here Oy, is the structure sheaf defined by
Og/x(U,T,0) = Or. (4.2)

and 3 is regarded as an abelian sheaf on CRIS(S/X). It is shown in [1] and [2] that when R
is a perfect field or more generally a perfect valuation ring, the Dieudonné functor D defines
an anti-equivalence of categories. Moreover, let f : A — Spec R be an abelian scheme, then
we have
D(A[p®))s = R'£.0 45

In [4], de Jong established a version of Dieudonné theory for group schemes G /S satisfying
pOg = 0 and S and its Frobenius fg lift modulo p?. More precisely, let S = Spec R be as
above. Assume that S admits a lift to Z/p?Z, i.e. a scheme S’ flat over Spec Z/p*Z with

S" Xgpecz/p2z Speck, = St
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S — 9
| oo
SpecF,, —— Spec 7 /p*7
Then the divided power on Z, extends to a unique divided power v on pOg,. In this way,
the triple (S,.5’,7) forms an object in the Crystalline site CRIS(S/X).
Assume further that there is a morphism fg : S — S’ which lifts the Frobenius map on
S. Let C(1) denote the category of group schemes over S killed by p and let M (1) denote the
category of triples (M, F', V'), where M is a finite locally free O g-module and F' : f*M — M,
Vi M — f*M are Og-linear maps such that Vo F'=p-Ids, and FoV =p-1Idy,.
Consider the functor Mg : C(1) — M(1) defined by

Ms(G) = gxté./z (G, .75/2) (43)

(S,5"7)
where G is regarded as an abelian sheaf on CRIS(S/X¥) and Jg/5, is the abelian sheaf on
CRIS(S/Y) defined by

Ts/s(U,T,8) :=ker(Or — Oy).

Proposition 4.1.1. (de Jong [4, Proposition 8.6]) The functor Mg : C(1) — M (1) induces

the following isomorphisms when Vo =0 or Fy = 0:
Home 1) (H, G) > Hom ;1) (Mg(G), Mg(H))

and

EXtIC(l)(Hv G) = EXt}wu)(Ms(G% Mg (H)).

Remark 4.1.2. The conditions in Proposition 4.1.1 are satisfied when S is affine and smooth.
In fact, when S is smooth, the obstruction class lifting S together with the Frobenius lies in
certain cohomology H'(S,Tg ® By) (see [26, Appendiz]). When S is affine, the cohomology

vanishes. In this case, the lift of S together with the Frobenius exists automatically.

Note that this version of Dieudonné theory by de Jong is slightly different from the

crystalline Dieudonné theory of finite group schemes or abelian schemes as in the definitions
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(4.1) and (4.3). In the rest of this section, we will compare these two versions of Dieudonné

theory.
Let G, be the abelian sheaf on CRIS(S/Y) defined by

Ga(U, T, 5) = OU

Therefore there is a exact sequence of abelian sheaves
0—=Jg;x = 0Ogx = G, — 0.

Let A/S (resp. G/S) be an abelian scheme (resp. a finite group scheme). We define

the crystalline Dieudonné crystal of A/S (resp. G/S) as D(—) := é’xtém (—,(95/2> .As a

standard result of crystalline Dieudonné theory, we have the following proposition:

Proposition 4.1.3. (/2, Proposition 2.5.8]) Let A/S be an abelian scheme. Then we have

Eatly s (A, Jgpn) = Eatly )y (A,G,) =0

fori =20 ori=2. In particular, when evaluating at S, we have the following commutative

diagram that connects with De Rham cohomology:

0 — Eutyy (A dgm) , — D(A)g — Eatls (A,0,)  — 0

1: ) l

» Hhp(A/S) —— RYf(04) —— 0

1R

0 > WA
Here w4 is the pullback of Qi&/s along the unit section, and H},r(A/S) is the first De Rham
cohomology.
Remark 4.1.4. The identification in Proposition 4.1.3 can also be realized as following:

0 — V(D(4)g) — D(A)s — D(A)s/V(D(A)s) — 0

[ :

0 —— wy —— Hpp(A/S) —— R'f.(O,) —— 0
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where V' is the induced action of Verschibung on D(A)g. In particular, é’xtg/z (A, gS/E>S -

D(A)g identifies with VD(A)g. Similarly, Ext}g/z (A, 55/2)( D(A)s,s ) identifies

S,57,7) =
with VD(A)g,s7 ). This follows from the observation over a field in [29, Corollary 5.11]

and the fact that the Dieudonné crystal functor commutes with base change.
Now we give the following comparison lemma:

Lemma 4.1.5. Let 0 = G — A — B — 0 be an exact sequence, where G is a finite group

scheme killed by p and A, B are abelian varieties over S. Then we have

My (G) = Coker (VD(B)g — VD(A)g) . (4.4)
In particular, we have

Mg (Alp]) = Coker (VD(A)s/pVD(A)g) - (4.5)

Proof. By Proposition 4.1.3, we can get a commutative diagram

1 1
Extl s (B, gs/z)(&sw) — Extl s, (4, 35/2)(5,5/,@ — My(G) — 0.
From Remark 4.1.4, we have
Mg(G) = Coker (VD(B) 5,5 ) — VD(A)(5,5.)) - (4.6)

Note that G is killed by p. Therefore Mg(G) is also annihilated by p. Therefore we may
modulo p before taking the cokernel in Equation (4.6). Note that the base S C S’ is defined

by the ideal (p). Therefore we have D(A) g ¢ . ®F, = D(A4)g and the statement follows. [

Assume that S, S’ are spectra of local rings. From Proposition 4.1.3, by evaluating the

first row at (S, S’,7), we get that

0— Ext}g/z (A,ﬂs/z) — D(A)(s.5/ ) = (R f,(O4)) = 0.

(8,8 ,7)

where i : S — S’ is the embedding. Let sq,...,55, € D(A)g g, be a basis so that

the images 5,,...,5, € D(A)g generate wy and §,,,,..., 5y, € D(A)g generates R'f,(0 ).
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1
Then Eutg s, (A, gs/z)(S,S’,'y)
The Dieudonné module M¢(A[p]), by Equation (4.5), is generated by

= VD(A)g,s ) 18 generated by s1,...,8,,PSgi1, -, PSoq.

2 2
815003805 PSgi1s s PSgg MO (PSy, ., PS D78 11,5 e, D S0g)-

4.2 Group Schemes Annihilated by V

Let G/S be a group scheme as in Section 4.1. Suppose the rank of G/S is r. From Section 4.1,
the Dieudonné module M := M¢(G) is a locally free O g-module of rank r. Let f: Og — Og
be the Frobenius map. Then f*M = M ®,_ ; Og is also a locally free Og-module of rank
r. Let F, Vs be the Frobenius and Verschiebung on G respectively. The Frobenius Fi; and
Verschiebung V; induce two linear maps F; : f*M — M and V,, : M — f*M, so that
FyoVyy,=0and V0 Fy =0.

The goal of the rest of this chapter is to determine the group scheme G when we are given
its Dieudonné module M¢(G). Upon a choice of bases of M and f*M, this is equivalent to
the two matrices F',V with F'V = VF = 0. The first theorem of this type is the following

result of Grothendieck in [12, Exposé VII, Theorem 7.4]:

Proposition 4.2.1. Let S be a base scheme over F,. We have the following anti-equivalence

of categories:

G/S, finite (flat commutative) pairs (M, F'), where M is a locally free
group schemes killed by p with — Og-module, Fy;: f*M — M is a
Voe=0 homomorphism of Og-modules

In particular, when S = Spec R where R is a local ring, the Dieudonné module M is a
free R-module. Let x, ..., x, be a basis of M. Then z; ®1,...,z, ® 1 form a basis of f*M.

We write the linear map Fy;: f*M — M as

a1p Qo - Gy

_ Qg1 Qoo -+ Qo
Fy(z®1,,2, 1) = (2, ..,7,) | 2

Ay Qg =t Qpp
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Then the corresponding group scheme G/S is given by

_ p r
G = Spec R[zq, ..., 7]/ ({5'37, - ijl ajixj}lgigr> )
with additive coalgebra operations

m*(z;) =1Q®x; +r; ® 1,

4.3 Group Schemes Annihilated by V2

Let G/S be a group scheme as in Section 4.1. Suppose that VG2 = 0 and all images and
coimages of Verschiebung are flat over S. Let G, := G/ImV; and G, := Im V. Then we

have an exact sequence of group schemes:
0—-G,—G—=G;,—0.

By our assumption, G; and G, are both annihilated by the Verschiebung, i.e. Vg =0

and Vi, =0. According to Proposition 4.2.1, we may write

G, = Spec R[xq,...,x,]/ ({xf - Z;;l ajixj}1<z’<n>
and
G, = SpeCR Yiy-e- 7ym ({yz Jj=1 ﬂyj}1<z‘<m>

The Dieudonné module of G, (resp. G5) is given by M, = @ Rz, (resp. My = @ Ry;)
i=1
with Frobenius matrix A = (a;;),,x, (tesp. B = (b;;) ) and Verschibung matrlx 0,y xm

Let M be a Dieudonné module that is an extension of M, by M;:

me)'

(resp. 0

00— M, - M — My— 0.
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Therefore M is a free R-module of rank m + n with basis z,...,2,,9;,...,y, and the

Frobenius and Verschiebung of M has the description

A C
Fo®L .2, ®Ly; ® L,y @ 1) = (T4, 05 Ty Y1 oo, Yy <0nm anm>’
Om><n Dm><m (47)
4 ('xl? vy Ly Yy eee 7ym) = (xl ® 15 R ® 17y1 ® 1’ o Ym ® 1) <0n><n 0 nXM) .
mxn mxm

so that F'oV =V o F = 0. This is equivalent to AD = DB = 0.

By Proposition 4.1.1, there is a bijection between the extensions G' of G| by G, and the
extensions M of M, by M,. Therefore, to get all group schemes G that are extensions of
G, by G5, we only need to construct a group scheme of G; by G, that has F' and V as in

Equation (4.7). Here is the theorem:

Theorem 4.3.1. Let G/S be a group scheme as in Section 4.1. Suppose that S = Spec R
where R is a local ring. Assume that ImV and G/Im Vg are flat over S. Then G can be

written as

Spec R[Tq, ooy Ty Uiy oov s Ypn) ({x — ;Llaﬂ ]} {yl J L biiy; — PO Cji ]})

with coalgebra structure given by

p=1 n (. " ®a:p k
* ]
mG<xz):1®xz+xz®17 mG(yz)_1®yz+yz®1+ZZ | |

k=1j=1 k.(p k)

eq(z;) =0, ec(y;) =0,

invg(z;) = —a;, inve(y;) = —y;-
Proof. Note that the coordinate ring of G is a free module of rank p™*™ generated by
R e y{l . -yzzm for 0 < e, f; < p. Therefore G — S is flat. The only thing to check is
that these operations give a group scheme. This is similar to the proof of Theorem 4.4.1 in

the next section but simpler. We will skip the direct calculations here. Il

4.4 Group Schemes Annihilated by V3

Now we consider the next case. Let G/S be a finite group scheme that is killed by p and

such that Vg = 0. We will also assume that all kernels and cokernels of V, are flat group
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schemes over the base S. In this case, we have exact sequences
0= ImVy/ImVZ = G/ImVZ — G/ImV; =0

and

0—ImVi—G— G/ImVi — 0.

Both left terms in these two exact sequences are annihilated by Vi, to satisty the condition

in Proposition 4.1.1. The idea to obtain the explicit expression of GG is to use the first exact

sequence to get a description of G/Im V32 using the result in Section 5.1. Then we will use

the second exact sequence to construct the group scheme G.

Since the notation and calculation get very complicated immediately, we will only state

the result in a specific case that we need in Section 6.2. However, note that the theorem can

be stated with more generality.

Theorem 4.4.1. Let G/S be a group scheme as in Section 4.1. Assume S = Spec R with

R a local ring. Assume the rank of G is p* and suppose that G admits a filtration

such that

FHG,) = G r(iys

(Gi/Gj)D =Gy /Gy
where v = (0,0,1,2) and f = (2,3,4,4). Then there exists a 10-tuple
(alv Qg, b17 b27 ¢, d7 €1,€9, f17 f2)

over R such that

G = Gy = Spec R[z,yy, Yz, 2]/ (2P, 4] — ayz,y5 — agx, 2P — cx — ey —
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where coalgebra operations given by

() =0; invi(z)=—2; m'(r)=1Qr+r®1,

s b:l:k®a:p*k
e(y) =0 invi(y) =—y; m(y) =10y +y® 1+Zm, (4.12)
d p—k
€(z) =0; inv'(z) =—z; m()-l@z—kz@l—{—Z%

+ ; SM 2 fibi(1®yi+yz~®1)p71 (2 @ zP~F)
e R e K (p— k)l

Proof. We start by analyzing G5/G;. Note that we have F~}(G;) = G5 and V(G3) = G;.

Therefore we have Vi o, = 0 and Fg,_ i, = 0. By Proposition 4.2.1, we have G3/G, =

Q, X a, = Spec R[ylayQ]/(y]l)7yg)'

Now consider the exact sequence
0—Gy/Gy — G,/G; — G4/G5 — 0.

Similarly, we have Fg; ;. = 0 and Vi o, = 0. Thereofore we can write G4/G3 = o, =

Spec R[z]/(zP). By Theorem 4.3.1, we have
G4/G1 = SpecR[m, Y1s y2]/ (mp7 y:f — T, yg - CLQ,CL'>
with

mg, e, (@) =10z+z®1

bxk®m”*k
me, /G, (yz)_1®yz+yz®1+zm'

The Frobenius and Verschebung acts on M¢(G,/G) b

0 a; ay

F($®1,y1®1,y2®1):(x,yl,yg) 0 0 0 )
0 0 O

(4.13)

0 b, b,
Viz,y,9) = (2® 1L,y ®1,5,01) |0 0 0 |.
00 0
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With the Hopf algebra of G /G, now we consider the exact sequence
0—-G,—G,—G,/Gy — 0.
Similarly, we have Gy = «,, = Spec R[z]/(2?). Consider the extension of Dieudonné modules
0— Mg(G,/G) = Mg(Gy) = Mg(G;) — 0.

As an R module, M¢(G) = R*. Using the matrices of the Dieudonné modules in Equations

(4.13), we can calculate that the Frobenius of M¢(G,) acts by

0 a; ay ¢
0 0 e
F($®1,y1®1,y2®172®1>:(I,yl,y2,2) ’ (414>
0 0 0 ey
0O 0 0 O
and the Verschiebung acts by
0 b, by d
0 0 O
V(‘Tvyl?y%z) :($®1,y1®1,y2®172®1> 0 0 0 ;1 ) (415)
2
0 0 0 O
so that F'V =V F = 0. Equivalently, we have the following equations:
ayfi+agfo =0 (4.16)

By Proposition 4.1.1, it suffices to construct a group scheme with Frobenius and Verschiebung
in forms of (4.14) and (4.15). We construct this group scheme explicitly as stated in Theorem
4.4.1. The rest of this proof is devoted to checking that the scheme G with operations above

defines a group scheme. We will check the following conditions:

(I) The comultiplication, counit, coinverse defined in Equation (4.12) give well-defined

algebra homomorphisms.

(IT) The Hopf algebra axioms are satisfied, i.e.
(Id®@m*) om* = (m* @ Id) o m*,
(Id ®€*) o m* = 1d, (4.18)

(Id, inv") o m* = €*.
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We first check condition (I). We will check that the comultiplication gives a well-defined
algebra homomorphism m*: O — Ons ® Or. The well-definedness of the counit and coin-
verse are easy to check.

The well-definedness of the comultiplication amounts to checking that

(m*(2))" — em*(z) — eym*(y,) — egm*(yy) = 0. (4.19)
Note that
2 p=1 .p k k
p fi (a;2)" ® (a;x)P
m(z)) =1Q2zP+2PR1+ L
(m*(2)) Z;hl Hph)
b1 ) (4.20)
p P ok @ xP*
=1®2P+ 221+ fPal | .
2\ 2 ) =

Note that we have aq f; + asfy = 0 from Equation (4.16). So we have o} f] + a5 f5 = 0 and

therefore

(m*(2))’ =122 + 2P ®1

(4.21)
=c(l®@r+2z®1l)+e;(1®y; +41®1) +e(1®@ys +y,®1).
On the other hand, we have
e (z)+eym* (y) + eam* () = c (1@ 7+ 2@ 1) (1.22)

p—l / 2 2k @ 2Pk
+e (1Y +y, 8 1) +e,(1Qy, +y, @ 1)+ [ D elb? | w0
=1 \i=1 kHp —k)!
Similarly, note that e;b; + eyby = 0 from Equation (4.16) and therefore efb! + bbb = 0.

Hence we have

em*(x) + eym*(y; + eom™(ys)
(4.23)
=c(1®@z+2®1)+e; (1Qy; +y; @) +e(1®y, + 9, ®1).
By combining Equation (4.21) and (4.23), Equation (4.19) holds. It follows that the

algebra homomorphism m* : O — Og ® O is well-defined.

Now we check condition (IT). We will check the equation
(Id®@m*) o m*(z) = (m* @ Id) o m*(2). (4.24)
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The calculation for the other two equations of (4.18) is straightforward and therefore omitted.

We first fix some notations. Let R’ be an R-algebra and let x,y, z be points of G(R’). A

point z € G(R') is given by z = (x, :1:(11), x(lg), Z5), a quadruple of elements in R’ satisfying

(2)

2 + ey .

zh = 0, (x(li))p = a;xy and b = cxy + 6190(1 Similar conditions hold for y =

(yo,ygl),y?),yz) and z = (z, zgl), zf), 29). For any a,b,c € R’, we define P(a,b) € R’ as

p—1 aFpp—F
P(a,b) := ; m (4.25)

and define
akble™
P(a,b,c) := —_. (4.26)
O<k brmsp—1 K I'm!
k+l+m=p
One basic property of this expression is
P(a,b,c) = P(a,b) + P(a+b,¢c) = P(a,b+c) + P(b, c). (4.27)

Now we define s(z,y) to be the sum of z and y under the group operation defined by

the coalgebra operators in Equation (4.12). More explicitly, using the notation P(a,b), we

define s(z,y) = (59,51, 51, 5,), where

So(2,4) = %o + Yo
D) e 2?4 o 1 pp
sy (z,y) =21 +y; + b, P(x0, o)
2 . . 2 . .
$9(2, y) := Ty + Yo + dP(z,Yo) + Z fz‘P(x(f)a y?)) - Z f’bz‘(@"(f) + yg”)p_lp(%ay@

=1 =1

By Yoneda’s Lemma, Equation (4.24) is equivalent to the associativity of s, i.e.

s(z,5(y, 2)) = 5(s(z, ), 2)
for any z,y,2 € G(R’). Note that sq(x, s(y,2)) = so(s(z,y), 2) is trivial and 3(11) (z,s(y,2))

s(li) (s(x,y),z) follows from Equation (4.27). The difficult part is checking sy(z, s(y, 2))

s9(8(2, ), 2).
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We start with the left side. Denote w = (wy, wgl), w?), ws) = s(x,y). Therefore

52 (§<£7 y)v g)
=wy + 2, + dP(wy, z0) + Y fiP(w,2") — Z Fiby(w) + 2P 1P (wy, 2)

=1 =1
2

2
:.TQ + yQ + dP(xo, yo) + Z f x]_ 7y]_ Z fzbz x]_ + y]_ )p 1P<£CO7 yO) (428)
i=1 1=

2
+ 25+ dP(xg + Yo, 20) + O [Pl +yt” + b P(ag, o), 21”)
1=1

2

- Z Fibi (@) + 91 + 0, P (g, 50) + 21 )P Pl + o, 20)
i—1

Note that 25 =y = 0. By definition of P in (4.25), we have (P(zy,,))?> = 0. Therefore
(i) + ygi) + b, P (o, yo)>k<zgi)>p_k

:1 El'(p—k)!

_ Z ( 1+ )+ bik(ay! ) P (g, o) ) (247
= k! (p —k)!

p—1 (ON ()\p—k

) b;( 33 +Z/ ()PP (20, yp)

=P ( —|—y ,Z —|— L 1 ’
( 1 1 1 Zl 1) <p ]{Z)

Plugging this into (4.28), we get

so(8(z,u),2) =

2
Ty + Yo + 29 + dP (g, Yo, 29) + Z f; P(x(f), y1 Z fibi( xl )+ yg ))p LP(xg,y0)

1=1 =1
p—1 () (k=17 (D) \p—k
(@) (@) bz’(fﬁ + 9 ) (21 )PP P(4,9,)
+ ) i o+ 20) +
Z ( 1 1) — (k—1D!(p—k)!

=S A () ol 4 AP Pl ) o+ o)+ ?)

(P(g, Yo, 20) — P9, Yp))
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After rearranging and simplifying, we get

so(s(z,u),2) =
2

Ty + Yoy + 29 + dP (2, Yo, 20) + Z fZ-P<ZE(1i), ygi), zgz)) (4.29)
i=1

2 1 1)\ p—
TR USTINRNS ) e Sl SsEA

2
—2 i
2 _
=gy () + g +z§))p
zl
+2 I

1 p—1

P(zg,Y0,20) + Z fibi (513(11) +uy + Z@) P(zg,yo)
i—1

371 +y1> +Z§))p 2P (24, Yo, 20) P(2g, Yo)

Now we calculate the term P(zq, vy, 29) P (g, o). Note that xh = yb = 25 = 0. Therefore

we have

ki, 11 m4 ks, 1o
Z Lo Yo %0 Lo~ Yo

17,1 | 171
0<ky,ly,m; <p—1 kl' ll' my: 1<ky,l<p—1 k2' l2'
ki4ly+my=p kg+lo=p

p—m 1 -
= 2 (Z(p—zl—m)!zl!m!(p—uzl)!(z—zl)!>xgyézo‘

2<k,l,m<p—1 \1;=0
k+l4+m=2p

P(z0, Y0, 20) P(79,y9) =

Here my =m,ly =1—1,kg =p—1ly=p—1+1;,k; =p—1; —m. Note that all k,[,m are
at least 2. Otherwise at least one of the other 2 variables will be greater than or equal to p.
The bounds for [ is from 0 to p—m since [ —p —m > 0 from k <p—1and k+1+m = 2p.
Soly =1—1; >0, as we want. Now we want to calculate the constant in the parenthesis,
which is given by the following lemma:

Lemma 4.4.2. For any 2 < k,[,m < p—1 such that k + 1+ m = 2p, we have

p—m

1 1

lz_:o (p—1, —m I m! (p— 1+ 1) (I—1)! ~ K'l!'m!
—

mod p.

Proof. Note that

EOEE) (o
Iin 1 _ L4=0 L) \p—m—1 _\p—m
l:0(p—ll—m)!lllm!(p—l+ll)!(l—ll)!_ m!(2p—1—m) Kllm!
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Now observe that modulo p, we have

p—m) _(ptp—m)-(ptp—m—1)-p+1) _(p-—mp-—m-1)--1 .
This finishes the proof of the lemma. O
From Lemma 4.4.2, we get
1
P(z0,y0,20)P(z0,59) = Y mxgyézgl- (4.30)
2<k,l, m<p—1
k+l+m=2p
Plug it into Equation (4.29), we get
So(s(z,u),2) =
2
Ty + Yo + 29 + dP(z, Yy, 20) + Z fiP(ac(f),ng), Zg”)
i=1
- i) 0 0\
Zfzbz <x1 ty + 2 ) P(z4, Yo 20)
i=1
2 2
D VDO AR
i=1 2<k,l,m<p—1
k+l4+m=2p
S Al Pl ) £ ) o Sibi(ay” + ) E PPy, o)
- %\ Y1 Zo5 Yo
i=1 =1 k=1 (k - 1>! (p - k)!
- (@, 60, @)
+ Zfibi (371 Tyt ) P(zg,yo)
i=1

Now we observe that the last three terms cancel. To see this, we just need to expand the

last term using the binomial expansion:

2
i i NP~
Zfibi (515(1) + 11" +Z(1)) P(zg,yo)
=1
=S fb (x@)w(i))p* Play,yo) + Zfibi(fcﬁi)wf))k(zﬁ”)p’“P(xo,yo) (4.32)
2 Jii 1 T YT L ) (k= 1)l (p— k! '

=1 i=1 k=
2 2 p-1 (2) (ONk—17 (D) \p—k
i i b (2 +uyy )Y (2P P (g, Yp)
— flbzx()+y()p—lpx,y - 171\"1
; () + )PP, yo) ;k_l (ST



Here, the last step uses (p — 1)! = —1 mod p. After canceling the last three terms, we get

2
$o(8(2,4), 2) =To + Yo + 29 + dP (20, Yo, 29) + Z fip(x(f)» ?AZ): Zg”)

=1
2
p—1
Z (xl +yl) +Z§)> P(z¢,Y0s 20) (4.33)
2 2
1ib; i i D)\ p m

D DI DI~ e G A R e e K
1=1 2<k, I, m<p—1

k+l+m=2p

By the symmetry of this expression, we can conclude that s,(s(z,y),2) = sy(z,s(y,2)).

This completes the proof that the G we constructed in Theorem 4.4.1 is a group scheme. []
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CHAPTER 5

I';(p) -COVER OVER THE SIEGEL THREEFOLD

Let A := Ay, N, N > 3 be the Siegel threefold, which is the fine moduli scheme of
principally polarized abelian surfaces with symplectic level-N structure as in Section 2.3. For
the existence of A, see [28]. In this chapter, we consider the special fiber A := A x Spec F,
As in Example 2.2.1, there are 4 Ekedahl-Oort strata of A, corresponding to the superspecial
locus, supersingular (but not superspecial) locus, p-rank-1 locus and ordinary locus. The loci
have dimensions 0,1,2,3 respectively. On each stratum, there is a canonical group scheme
filtration of the p-torsion of the universal abelian surface as in Example 2.2.1.

Let X be the universal abelian surface over A and X := X x , A. Let X[p] be the p-
torsion group scheme of X and let X *[p] := (X[p])* be its subscheme of primitive elements.
We will call the morphism X [p] — A “the T';(p)-cover” of A. (Note that the name “T'; (p)-
cover” has different meaning in various papers. For example, Haines and Rapoport use
“I'y (p)-cover” for the pro-p Iwahori structure in [16].)

Let S, be an Ekedahl-Oort stratum of A. Let X , be the restriction of X over S, and
let X 5Pl — S, be the restriction of the I';(p)-cover. We want to study the geometry of
the T, (p)-cover X/ S, on each Ekedahl-Oort stratum by calculating the (local) eqautions.
The main tool in this chapter is the machinery of constructing group schemes from their
Dieudonné modules built in Chapter 4 and Lemma 2.3.3 (particularly Example 2.3.6) for

calculating primitive elements.

5.1 T';(p) -cover over the Superspecial Locus

The superspecial locus consists of discrete points. Over each point Spec [l?p, the universal
abelian surface X  is a product of supersingular elliptic curves. Let E be a supersingular
elliptic curve over Spec [Fp. Then X o = E X E by a result due to Deligne ([40, Theorem
3.5]). Therefore fw[p] =~ F[p] x E[p].

95



Note that E[p] is a self-dual group scheme of rank p?, killed by p, of local-local type and
has nonzero Frobenius and Verschiebung. By classical Dieudonné theory over perfect fields,

there is a unique group scheme with these properties, given by
Spec [l?p [x]/(a:p2)

with coalgebra operations

p

k=1

Therefore, we have X o[p] = Elp] x E[p] = [fp[ac, y]/(x?*,yP*) with coalgebra operations
as above. The augmentation ideal is given by (z,y). By Lemma 2.3.3, we can see that
Y Y - - 21, p2—1 : :
X3p] € X, [p] is defined by ideal (zP"~*y*" ). To conclude, we have the following result:

for the I'; (p)-cover X »[P]/ S, over the superspecial locus:

Theorem 5.1.1. Let S, be the superspecial locus of the Sigel threefold A. Over each point

of S, the T'y(p)-cover ffo[p]/Scp is given by
Spec [, [z, y]/(a?",yP", a?" "tyP" 1)
over Spec [Fp. In particular, the scheme f; is Cohen—Macaulay, but not Gorenstein.

Proof. Tt only remains to prove the last statement. Note that the expression of O . p 0
®
Theorem 5.1.1 is an Artin ring. Therefore X f;[p] is automatically Cohen—Macaulay. Also
it is easy to see that the socle of ?p[:v,y]/(ach, y?* 2P*~1yP*~1) has dimension 1 as an F-
vector space, spanned by :BPZ_lyPQ_l, while O 4. o] has dimension 0. Therefore X o [p] is not
%

Gorenstein. O]
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5.2 TI'y(p) -cover over the Supersingular Locus

In this section, let S, be the supersingular locus of the Siegel threefold and X » be the
restriction of the universal abelian surface on S,,. Let G := X »[P] be the p-torsion of X o

Recall that from Example 2.2.1, the canonical filtration of G has the form
O:G0CG1CG2CG3CG4:G

The corresponding canonical type is p = (0,1,2,3,4), v =(0,0,1,1,2) and f = (2,3,3,4,4).

Recall that this means the following:

Rank G; = p*'¥), (5.1)
V(G;) = GU(i)? (5.2)
F7HG;) = Gy, (5.3)
Gii =Gy, (5.4)
(Gi/G;)P =Gy /Gy (5.5)

We want to give an explicit description of G = G,. This is precisely the situation in

Theorem 4.4.1. From this, we have the following result:

Theorem 5.2.1. Let wa/S@ be the universal abelian surface over the supersingular locus of
the Siegel threefold. Let x € S, be a point and let R := 095,5«: be the local ring at x € S,,.
Let S = Spec R and let fs be the pullback of i’w to S. Consider its p-torsion G := fs[p].

Then there ezists a 10-tuple (ay,aq,by,by, ¢, d, ey, ey, f1, fo) with entries in R, so that

G =G, = Spec Rz, y1, Y5, 2]/ (a7, 4} — a;x, 2P — cx — e,y — eays)
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where coalgebra operations given by

m*(z) =1z +2x®1,

bx ® xPFk

=1 1 G 2

m(y;) =1 ®y; +y; ® +Z IS
2 dak @ ok 2p1fyz®y
m()—1®z+z®1+zk'p W +;Zl M )

e k! (p k)!

The primitive elements of G is given by

)

G = Spec Rz, Yy, Ys, 2]/ (CUpa y; —a;x, 2P — cx — eqy; — ey, xp_1y11)—1y§—1zp—1)
Proof. This is an immediate corollary of Theorem 4.4.1 and Example 2.3.6. [

In Theorem 5.2.1, the only property we used about X g[p]/S is that it allows a canoni-
cal filtration that satisfies properties (5.2)-(5.5). It does not use the properties of the base
scheme, i.e. the supersingular locus of the Siegel threefold. To make a more precise descrip-
tion of the group scheme X s[p]/S, we can use a construction of the supersingular locus by
Moret-Bailly [25] and Oort [32]. This construction is also studied in [18].

Let E be a supersingular elliptic curve over [F and consider E' x E. Note that the kernel
of Frobenius on E' X E'is o, X a,,. For each p € F p» We define a group scheme morphism

*

p* : a, — oy, by sending a = pa. Let (u,v) C [F?, — {0,0} and consider the embedding

) () — . ) .
iyt — a, X o, C Ex E. Note that for any A € F;, the image i), ,,(«,) is equal

v
to the image i, ,(a,) (though the maps are not the same).

Consider P! = Proj (F,[u,v]) and write a,, x a,, X P! = Spec Opi [z, y]/(aP,y?). We
define H C a, X o, X P! C E x E x P! to be the subgroup scheme defined by va — uy = 0.
In particular, at each point [1, v] € P!, the restriction H, , C a,, X , is the image i, ,(a,).
Over any affine chart U C P!, the restriction of H on U satisfies that Hy = o, ;.

Now let ¥ := (E x E x P1)/H to be the quotient abelian surface over P*. This abelian

surface ¥ /P! has the following property:
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Proposition 5.2.2. Let A = Ag 1 n X Specl, be the Siegel threefold in characteristic p with
N > 3. Consider the supersingular locus A®®, which is the union of superspecial stratum

and supersingular (but not superspecial) stratum. Then we have
(1) The singular points of A% are exactly the points in the superspecial stratum.

(2) Each irreducible component of A*° is isomorphic to P* and there are exactly (p + 1)

branches of P intersecting transversally at each superspecial point.

(3) Let V C A be an irreducible component and let Jb_’v be the restriction of the universal

abelian surface on V.. Then there is an isomorphism ¢ : P — V so that Y = Xy, x, PL.
Proof. See [20, Page 193] and [18, Section 2. O

Let S, be the supersingular stratum and X » be the universal abelian surface over S,,.

By Proposition 5.2.2, we have
j‘w = I_I y Xp1 Uz

i
where U, C P! are open subschemes. Therefore, we would want to have a description of
Y[p]* /P! to study the I';(p)-cover.
Consider the exact sequence 0 —- H — E x E — Y — 0 and restrict it to U =
(1,1)

Spec [fp[,u] C Proj [Fp[u,l/]. In this case, we have H; =~ o), — «, X , = E x E. The

exact sequence above yields an exact sequence of Dieudonné modules
DY)y — D(E x E)y — D(H)y — 0.

Note that H and E x E are base changed from Spec [fp and D is a crystal. Therefore the
Dieudonné module of D(H );; and D(E x E);; can be directly obtained from the Dieudonné

modules of E and «,, over [l?p. In particular, we have that
D(H)y = F, ®w i, Ov =0y

and

D(E x E), éw WE,VI/(F—V)®0,.

1=
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From this, we write D(E x E) as
Li=D(E x E)y = W(F,)[ule; ® W(F,)[ule; & W(F,,)[ules & W (F,)[ules,

where Fe, = e;, Fe, = e,, Fes = pe,, Fe, = pe,, and same for V.

Now we want to identify D(¥),;, C D(E x E);, which is the kernel of the map ¢ :
D(ExE)y; — D(H)y. Since H is killed by F', the kernel ker ¢ contains F'L, and D(¥); can be
identified with a line ¢ C L/F L which generated by pe;+e,. Tosumup, D(¥),; C D(EXE)y
is generated by es, e,, peq, pes, pe; + ey. Note that pey, = p(ue; + e5) — p(pey). Therefore,

we have

D(Y)y = W(F,)[ulpe, ® W(F,)ules @ W(F,)[ules & W (F,)[ul(ney + ey),

with Frobenius given by

01 —p O
00 0 wu

F(pe; ® 1,e3®1,e,® 1, (ney +€3) ® 1) = (pey, e, €4, pey + €3) p 0 0 1| (5.6)
00 p O

and the Verschiebung given by

01 —u O
00 0 u

V(peh €3, €4, 1€ + 62) = (pel ® 17 €3 ® 17 €4 ® 17 (:U’el + 62> ® 1) P 0 0 1 (57)
00 p O

Now we are ready for the following result:

Theorem 5.2.3. Let S, be the supersingular stratum and let W be an irreducible component
of S,. The I'y(p)-cover X5 [p]/W is the pullback of Y*[p]/Pt wvia some open immersion

W — [P[lF . Over each affine chart of the standard cover [P[lr = Ay U AL, the restricted

[ op)
P

Iy (p)-cover yx[p]u[% /AF s isomorphic to
Spec F [, 2, y]/ (a7, y7" — (P — p)a?,a?" 1y ) (5.8)
over Spec ([Fp [1]).
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Proof. Without loss of generality, consider U = Spec ﬂ?p[u] C P! as above. Other affine
charts are similar. Write G = Y[p]. By Section 2.4, we have M¢(G) = VD(Y);/pVD(Y)y-
Following the calculations in (5.6) and (5.7), we can see that VD(¥),/pVD(Y)y is a free

Op-module with basis pes, pe;, pey, ptes + e, with Frobenius and Verschiebung given by

01 —p O
0 0 pu
F(pe; ® 1,pe; @ 1,pe; ® 1, (pneg + e4) ® 1) = (peg, pey, pey, pieg + €4) oo o 11’
00 0 O
01 —u O
00 0 pu
V(pes, pey, pes, peg + €4) = (pes ® 1,pe; @ 1,pe; ® 1, (peg +e4) ® 1) 00 0 1
00 0 O
By Theorem 4.4.1, the group scheme GG can be written as
Spec [F_p[:u’? Ty Y15 Y2, Z]/(xp7 yllj -, ?Jg + e, 2P — Ky — y2> (59)

After substituting z = ¢} and y, = 2P — uy; and changing the variables, we have the
expression (5.8).

On the other chart T = Spec [Fp[y] C P!, we have VD(Y),/pVD(Y)1 a free Op-module
with basis pey, pe;, peqy, e5+1e,. A similar calculation follows and we have the group scheme

as

Spec [F_p[l/, Ty, Yoy 2) [ (aP Y — v, yh — @, 2P — Yy — vys). (5.10)
Note that (5.9) and (5.10) are isomorphic by sending p + v and swapping y; and ys.

The calculation of primitive elements is immediate from Example 2.3.6. [

5.3 T';(p) -cover over p-rank-1 Locus

Let S, be the p-rank-1 stratum and let = be a point of S,. We set R = Of’gh 5> the strict
w?
henselization of the local coordinate ring @ S, .0 and set S = Spec R. Recall that in this case,

the canonical filtration is
OZG0CG1CG2CG3CG4:G
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The corresponding canonical type is p = (0,1,2,3,4), v =(0,1,1,2,2) and f = (2,2,3,3,4).
We will use the notion mixed extensions in this case, established by Grothendieck. First,

we will give a quick review of this theory. For more details, see [11, Exposé IX, 9.3] and [3,

42).

5.3.1 Mixed extensions

Let € be an abelian category. Suppose that there are two extensions in C:

(F):0-P—F—R—0, (5.11)

(E):0>R—-FE—Q—0. (5.12)

Definition 5.3.1. A mized extension (extension panachée) of E by F is an object x in C
together with a filtration
0CcX?*cX'cX

such that

0 X2 - X2 X/X?—>5020—-P—F—R—0, (5.13)

0—-XY/X?2 5 X/X? 5 X/X' 500> R—FE—Q—0. (5.14)

Let Extpan(E, F') be the category of all mixed extensions of F by F' and let Ext(Q, P) be
the category of all extensions of @ by P. We define a functor w : Ext(Q, P)xExtpan(E, F') —
Extpan(FE, F') as follows: Let X be a mixed extension of E by F'. Regard X as an ordinary
extension of @ by F. Let G be an extension of Q by P. Let G be the induced extension of

Q@ by F via the injection P < F"

0 > P > G > Q > 0
0 s F y G y Q > 0
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Then we define w(G, X) :== G A X. Here A denotes the Baer sum in the Ext group. Let
Y = w(G, X). We need to define the filtration on Y to get an element in Extpan(FE, F'). By

the definition of Y, we have an extension in C:
0—>F—=Y—=Q—N0.

Let Y! be the image of F under the inclusion. Push this exact sequence out along F — R:

> Q > 0

0 y F »'Y
> R %

By Y = w(@G, X), one can get Y = E. We take Y2 = ker(Y — Y). In this way we form the
filtration 0 CY? CY' C Y.

The main result of the theory of mixed extensions is the following proposition:

Proposition 5.3.2. Let E and F' be two extensions as above. Consider the category
Extpan(E, F) of mized extensions of E by F. Let Ext(Q,P) be the category of all ex-
tensions of Q by P. Then the set of all isomorphism classes of objects in Extpan(FE, F')
is either empty, or it is a torsor under Extl(Q,P) (the group of isomorphism classes of

extensions) via the functor
w : Ext(Q, P) x Extpan(E, F') — Extpan(E, F').

defined above.

5.3.2 Calculations on extensions

Apply the theory of mixed extensions to the filtration 0 C G; C G5 C G,. We need to

understand the extensions

(F):0—>G, - G5 — G3/G; — 0
(5.15)
(E):0—Gy/G; - G,/Gy — Gy/G5 — 0
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and the Ext group Ext(G,/G5,G;). We will analyze these groups one by one. We will
analyze (E) first.
First, we consider G3/G;. Consider the p-divisible group X ¢[p>]. There is a short exact

sequence
0= Xg[p™]° = Xg[p™] = Ls[p™] — 0, (5.16)

where 0 denotes the identity component and et denotes the maximal étale quotient. Let V

denote the Cartier dual of p-divisible groups, defined by

where D denotes the Cartier dual of finite group schemes. Apply the same exact sequence

to (X g[p™]°)V and take Cartier dual again: We get

0 — Lg[p>]™ — Lg[p>]" = (X g[p™1°)"" — 0. (5.17)

Consider G = (X g[p>°]°)*™. By the construction above, we have G[p] = G5/G, and the
Newton polygon of each point of G is of slope (1/2,1/2). Now we need the following result
by Oort and Zink from [34]:

Proposition 5.3.3. ([4, Proposition 8.6]) Let R be a strictly henselian reduced local ring
over [Fp. Let G be an isoclinic p-divisible group over S = Spec R. Then there is a p-divisible

group Go over b, with an isogeny G, XSpeck, S—= 3.

Applying Proposition 5.3.3 to G = (X g[p>]%)*™, we obtain an isogeny G, XspecF, S = G-
By classical Dieudonné theory ([5, III. 8]), there is a unique p-divisible group of dimension
1 and height 2 over an algebraically closed field, which is the p-divisible group associated
to a supersingular elliptic curve. Therefore we assume G, = E[p>°] for some supersingular

elliptic curve over [Fp and we get an isogeny

E[p™] Xgpeer, § = G- (5.18)
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Lemma 5.3.4. The isogeny E[p™] Xg .. S — G is an isomorphism.
p

Proof. Here we use the tool of Rapoport—Zink space M of E[p>°]. For an [}:p—scheme T,
a T-point of M is given by a pair (G, p), where G is a p-divisible group over 7" and p :
E[p™>] Xspec, T = G is a quasi-isogeny of height 0. Two points (G, p;) and (G5, py) are
identified if they are isomorphic. The fundamental result of M is that it is represented by
the formal scheme Spf W (I »)[t]. For more details of this Rapoport-Zink space, see 37, 3.78,
3.79].

The isogeny in (5.18) gives an S-point of M, which corresponds to a morphism S —
Spf W (F p)[t]. Note that the only possible map S — Spf W (I p)[t] is by sending ¢ — 0
since S is smooth (thus integral). So M (S) has only one point and therefore the isogeny

E[p%°] Xgpec P, S — G is in fact an isomorphism. O

By Lemma 5.3.4 above, we see that G5/G; is isomorphic to the p-torsion of a supersin-

gular elliptic curve base changed from a field. Therefore we have
G3/G = E[p] = Spec Rlyy, yo]/ (47, v — y1) (5.19)
with
mEB/Gl(?Jl) =1®y; +y; ®1,

k
® Yy
MGy, (yz>—1®y2+y2®1+zk—1k>!

Now consider G4/G5. From the canonical type of G, we get that Fy; ;. is an isomor-
phism and Vi /o, = 0. Since the base Spec R is strictly henselian, we have G,/Gs = 7/pZ.
Dually, we also have G = u,,. We write them as

G,/Gs = 7 /pZ = Spec R[z]/(xP — x), me,a, (@ ):1®:E+x®1

sigari (520)

Glg,up%SpecR[z]/(zp), m*Gl( )—1®Z+Z®1+Z T
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From the discussion above, the two extensions in (5.15) are now given by
(F):0—=p,— Gy — E[p] =0
(5.21)
(E):0— Elp] > G,/G, = Z/pZ -0
Now we want to give the expression of G,/G; in (E). Consider G5/G,. By the canonical
type, we can see that Vi, = 0and F o, =0. Then G3/G, = o, and we write G3/G,

as
Giy/ Gy = Spec B[y, ]/ (47)
with
mg e, W) =10y +y, 1.

Note that we have G,/G5 from (5.20). Consider the extension
0—Gy3/Gy — Gy/Gy — G4 /G3 — 0
By Theorem 4.3.1, G, /G, is of the form
G,/Gy = Spec Rz, y,]/ (2P — z,y} — ax) (5.22)
with
mg4/G2(x) =1Qzx+z®1, mg4/G2(y1) =1y +y, ®1.
Then we consider the extension
0—=Gy/G, = Gy/G, = G,/Gy — 0
Here again G5/G; = a,,. We write it as
G5/Gy = Spec R[y,]/(v5)
with
mg, c,(Y2) =1®ys +y, ® 1.

Again by Theorem 4.3.1, G,/G; is of the form
G4/Gy = Spec Rz, yy,y5]/ (2P — 2,47 — az, y; — bz — cyy) (5.23)
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with

mg, e, (¥) =10z +z®1,

mg, e, W) =1®y +y, ®1,

p—1 K —k Pl ok p—k
. B —adz” @ xP Ayt ® y;
mc4/al<y2>—1®92+y2®1+; Hp—h)! I;Wp—k)!'

Note that G5/G; = ker Fé4/G1. Comparing with (5.19), we get ¢ = d = 1 and therefore we

have the expression of G,/G; as
G,/Gy = Spec Rz, y1, o]/ (2¥ — z,9f — az,yy — bz —y,) (5.24)
with

mg4/G1(a:) =1Qz+z®1,

mg, e, W) =1®y +y, ®1,

p—1 k —k Pl g p—k
. B —ax” ® xP Yy Qv
mG“/Gl(%)_l@yﬁ%@H; k! (p — k)! ,;k!(p—k)!

This expression of G,/G; gives the description of all terms in (E). Now we want to
analyze (F'). Note that (F) is in fact the Cartier dual of E from the information of the
canonical type. However, the explicit expressions of the group schemes are complicated and
difficult to directly write down the algebras and coalgebras. Therefore, we will also analyse
(F') using another approach based on the fact that G5 is an extension of the p-torsion of

supersingular elliptic curves by p,,. The result is as follows:
Lemma 5.3.5. The extension group Ext}ppf,S(E[p],,up) is isomorphic to E(S)/pE(S).

Proof. We will be using fppf topology throughout this proof. It is a classical result that
for any group scheme G/S, we have an isomorphism H'(S,G) = Extg(GP,G,,). This
isomorphism is explained in many places, for example [43, Theorem 2, Theorem 3]. Apply
this isomorphism to E[p]. Note that E[p] is self-dual. Therefore we get an isomorphism
H'(S, Elp]) = Ext:(E[p], 6,,)
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For H(S, E[p]), consider the long exact sequence associated to
P
0— E[p)>FE—E—D0. (5.25)
We get
E(S) = E(S) — H'(S, Elp]) — H'(S, E). (5.26)

Note that H'(S, E) = 0 since E is smooth over S and S is strictly henselian. Therefore
we have E(S)/pE(S) = H(S, E[p]). Given any point S — E, the E[p]-torsor over S is
obtained by pulling back the short exact sequence (5.25) along S — FE.

For Extg(E[p], G,,), consider the long exact sequence associated to the Kummer sequence
0— p, — 6, =G, —0. (5.27)
We get
Hom(E[p], G,,) — Ext(E[p], ji,) — Ext(E[p], G,,) — Ext(E[p],G,,)  (5.28)
Since #om(E[p], C,,) is a sheaf, we get an exact sequence
0 — Hom(E[p|, G,,) — #om(E[p],C,,)(5). (5.29)

Note that #om (E|[p],G,,)(S) = E[p|(S), which vanishes since F is supersingular and S is
integral. Therefore the first term Hom(E|p], G,,,) in (5.28) vanishes. Note that since El[p]

is annihilated by p, the map Ext(E[p],G,,) kit Ext(E[p],C,,) in (5.28) is the zero map.

m

Therefore we have Ext(E[p], u,,) = Ext(E][p], C,,).

Combining all the above results, we get Extg(E[p], py) = E(S)/pE(S). O

The last ingredient from Proposition 5.3.2 is the Ext group Ext(Z/pZ, u,). For this, we

have the following lemma:

Proposition 5.3.6. The Ext group Exté(Z/pZ, t,,) is isomorphic to H(S, ) = 0%/ ((9’5)]0.
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Proof. Consider the short exact sequence 0 — Z — Z — Z/pZ — 0. This gives a long exact

sequence:

Hom(Z, p1,,) — Ext (Z/pZ, p,) — Ext'(Z, ) — 0.

Note that S is reduced and of characteristic p. Therefore O g has no non-trivial p-th root of
unity and Hom(Z, up) = 0. On the other hand, it is easy to see that the extensions of Z by

p,, are completely freely determined by the p,,-torsor over 1 € Z. Therefore
1 1
Extg(Z/pZ, p,) = Ext (Z,p,) = H*(S, ).

The isomorphism 0%/ (0%)" = H'(S, ) is a classical result of Kummer theory. Con-
P
sider the Kummer exact sequence 1 — p,, — G,,, — G,,, — 1. Then we have the associated

long exact sequence
H'(S,6,,) = H'(S,6,,) = H'(S, 1,) — H(S,G,,).

Since S is local, we have that H'(S,G,,) = Pic(S) = 0. Note that H°(S,G,,) = 0%, we
have that H'(S, p,,) = 0%/ (0%)". O

As a conclusion, we record all previous results as follows:
Theorem 5.3.7. The group scheme G = G is a mized extension of

(F):0—p, = G3— Elp] =0
(E): 0— E[p| - G,/Gy — Z/pZ — 0

asin (5.21). Here, the extension (E) is explicitly given by Equation (5.19), (5.20) and (5.23).
The extension (F') is the Cartier dual of (E) and can alternatively obtained by Lemma 5.3.5.

All mized extensions form a Exté(Z/pZ,up)—torsor
w : Extg(Z/pZ, p,) X Extpan(E, F)) — Extpan(E, F),

where the ext group Exts(Z/pZ, p,) = 0%/ (0%)" and the map w is described in Proposition
5.3.2.
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5.4 T';(p) -cover over the Ordinary Locus

Now, let S, be the ordinary locus. The universal abelian surface X o 1s ordinary. In this
case, we have a powerful tool, namely the Serre-Tate theory, to help with analyzing the
I'; (p)-cover. For details about Serre-Tate local moduli, see [17].

Let x € S, be a geometric point which corresponds to a principally polarized abelian
variety X over [Fp. Serre-Tate theory states that the deformation space of X is canoni-
cally pro-represented by Spf H?p[[tl,tQ,t3]]. Alternatively, this means there is a compatible
system of universal principally polarized abelian schemes X,/ Spec [P:p [t1,tg, 3]/ (ty, ts, t3)™.
By the definition of the Siegel threefold, this gives canonical isomorphisms (596 s, /m" —
[Fp [t1,ts, 3]/ (L1, ts, t5)™ where @17% is the completion of the local coordinate ring at x and
m is the maximal ideal of (§x s,- This induces a canonical isomorphism F Ity to, ts] = @w S,

Consider X := X o X5, Spec (5337 s, 1tis the universal abelian surface over the Serre-Tate
local moduli. The goal of this section is to give explicit description of X[p]/ Spec (§x s, To
do this, we will calculate the universal extension over the Serre-Tate local moduli.

We first sketch the idea of Serre-Tate theory. Let X be the principally polarized ordinary
abelian variety corresponding to = € S,,. Let T, X (k) be the Tate module of X. By choosing
a basis, T, X (k) = Z2. Let X" be the dual abelian variety of X. We also have T, X (k) = 72
after a choice of basis.

The first result is that the deformation theory of X is the same as the deformation theory
of the associated p-divisible group X [p>°] (see [17, Theorem 1.2.1]). Therefore we only need
to work with X[p>]. Let X[p>°] be a deformation of X[p>°] over an Artin local ring R. Let
X™ul the maximal toroidal subgroup of X[p™] and let X% be the unique lift of X™4!

Then there is the canonical decomposition
0 — XUt — X[p>] = T,X (k) ® Q,/Z, — 0. (5.30)
It turns out that the extension (5.30) can be obtained from the basic extension
0—=T,X(k)—T,X(k)®Q, —T,X(k)®Q,/Z,— 0. (5.31)

70



by pushing out along a unique homomorphism ¢y, p: T, X (k) — X™u_ On the other hand,

there is a pairing of group schemes over R

Ey: X x T, X*(k) — C,,, (5.32)
which is the unique lift of the paring of group schemes over k
Ex: X™ x T,X'(k) — G, (5.33)

that is induced from the Weil pairing X™%[p] x T,X !Ipl(k) — ftpn - By composing the map

buyr: T,X(k) — X4l with the pairing (5.32), we get a pairing
q(X/R;—,—): T,X (k) ® T,X"(k) — G,,(R). (5.34)
It turns out that this ¢ contains all the information of the deformation X:

Proposition 5.4.1. ([17, Theorem 2.1]) The construction
KR = q(X/R; =, =)

gives a bijection of the set of isomorphism classes of deformations of X and the group

Hom; (T, X (k) ® T,X"'(k),G,,(R)).
Now we will calculate the universal extension. Take e;,ey as a basis for T, X (k) and
f1: fo for T, X" (k). Over the universal base S = SpfF[t11, t15, to1, tao], let

¢ € Homg(T, X (k) ® T,X"(k),G,,) = Homg(T, X (k), Hom(T, X' (k), G,,))

be the universal homomorphism given by e; ® f; = ¢;;. By the Serre-Tate theory above, the

universal extension is the pushout of the basic extension (5.31) along ¢:

0 ——— T,X(k) —— T,X(k)®Q, — T, X(k)®Q,/Z, —— 0

! | ﬂ

0 —— Hom(T,X*(k),G,,) » T,X(k) ®Q,/Z, — 0
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Note that Hom(TpXt(k:),@m) ~ G, x G,, by taking the images of f, and f,. We will
denote the elements in Hom (7, X"*(k), G,,) by their images under this isomorphism. In this
way, the generators of Hom (7, X" (k), @m) are denoted by (1+t;;, 14+t5) and (14+t5;, 1+t99)
and a general element ae, +be, € T, X (k) is mapped to ((1+t1;)*(14+t1)?, (14+t15)* (14+t55))
by ¢.

Now we consider the p-torsion X [p] of the fiber coproduct
X = (T,X(k) ®Q,) Ur, x() Hom(T, X" (k), G,,).

The points of X [p] are given by

~

X[pl(A) ={(a,b,z,y)]a,b € {0,...,p—1}, 2P = (14t,1)(14ty)°, yP = (L+t15)"(1+15,)"}
(5.35)

with group multiplication defined by

(al,bl,xl,yl)—'k(%,b2,x2,y2) =

(ay + ag,by + by, 2175, Y1Ys) if a; +ag,b; + by < p,

T1To Y1Y2 )
) , ifby +b, <p<a;+a,,
(1 4+239)P" (1 +149)P b ! 2 (5.36)

T1%q Y192 if a, +ay <p < by + by,

a1+a2_p>b1+b27

< a1+a2,b1+b2—p,

(1+t5)P" (1 +1tp)P )
T Y1Yo
a; +ay —p,by + b, —p, o ’ )’
1 O (L4117)P(1 +191)P " (1 +t19)P(1 +tyo)P

\ it p<a;+ay,b; +0b,.
Note that we haven’t used the polarization structure on A yet and hence the dimension

of the formal moduli is 4. Now we consider the polarization. From [17, Theorem 21. (4)],

the principal polarization A\: X — X lifts to X — X* if and only if
q(R/R; 0, X(B)) = q(X/ R; AM«), B) (5.37)

for all @ € T,X(k) and 8 € T,X"(k) = T,X(k). From the symmetry formula in [17,

Theorem 21. (3)], we have
q(X'/R; Ma), B) = ¢(X/R; B, M) (5.38)
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By combining Equation (5.37), (5.38) and since A = \!, we have

q(K/R; o, A(B)) = q(X/R; B, M«)). (5.39)

We choose a basis e, ey for T,X (k) and let f; = A(e;),i = 1,2 be a basis of T, X*(k).
Then Equation (5.39) is equivalent to q(X/R;e;, f;) = q(X/R;e;, f;). Recall that ¢, is
the image of e; ® f,; under the universal homomorphism ¢ € Homg (T, X (k) ® T, X*(k), @m)
Therefore the Serre—Tate local coordinates for principally polarized abelian surfaces are given
by t11,t19 = ta1, tao.

Now we denote ¢, :=t;1,ty = t;9 = ty; and t5 := t9y. After changing the variables, we

are now ready to state the final result:

Theorem 5.4.2. Let S, be the ordinary locus. Let S, be the ordinary locus and z be a
closed point of S,. Let @wa be the completion of the local ring of S, at x. Then the base

change of X'3[p]/S, to Spec @Sv’x is isomorphic to

¥ =Py (y1,92),25—Pa(y1,Y2), )

SPGCU:p[[tlatQatS]][x1»$2ay1»92]/( YT —Y1,Y5 Y2,

W =D(s T 1)@, (1)@, (22)
over Spec [P:p[[tl,tQ,t?)]]. Here, ®, denotes the cyclotomic polynomial and the polynomials

Py, Py € T [ty ts, t3][y1,yo] are interpolation polynomials characterized by

Pl(%]) = (1 + t1)2<1 + t2)j7

Py(i,5) = (1 +t) (1 + t3)!
for 0 <,j <p—1. The variables t,,ty,t5 are the Serre-Tate coordinates.

Proof. From the description of points of X [p], we can write

where

Xy = Spec Rl yl/ (a7 — (14 1,)(1+ )%, 47 — (1 + 1) (1 + t5)").
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Note that in particular, )A(070 & Ly X .

We want to modify the description of X [p] to make it consistent with the forms in

IR

the previous cases. Note that the constant group scheme can be written as Z/pZ

Spec R[x]/(x? — x). Using this for the indices a,b € 0, ...,p — 1, we can write X|[p] as

X[p] = Spec H?[[tlvt%t?)]]['rlux%yluyZ]/ (9511) - 9517$g - m27y€ - P1<m1,xz),y§’ — Py(zy,25)).

Here, the polynomials Py, Py € [, [[t1,t5,t5][71, 2] are defined by

Py(zy,xy) = Z (1+t11>i(1+t21)j< H (xl-_k)<w2_l>>a

0<i,j<p—1 ki 1] (i—Fk)(j—1)

‘ j (2 —k)(zy —1)
Py(xq,29) = 14115)"(1 4+ t95)’ - , .
) Osmzépl( el ) (k#lléj (=R =0 )

They are interpolation polynomials so that we have P; (i, ) = (1+t;)(1+t5)’ and Py(i,7) =
(1+ty) (1 +t3)7 for 0 <i,j<p—1.

For the primitive elements X* [p], we will use Lemma 2.3.3 again. Note that in this case,
the augmentation ideal is generated by x,,x,,y; — 1,y5 — 1. Note that the constant terms
of P;(x,x,) are equal to 0 since we have P(0,0) = 1 from interpolation conditions. Denote

P __

D, (7) = . for the cyclotomic polynomial. Therefore, using the notation in Lemma
x _

2.3.3, the matrix M with respect to generators z;,z5,y; — 1,y, — 1 is

r,  —1 0
p—1

*
T, 1 *
0

q)p <y2>

Therefore the primitive elements X*[p] C X[p] are defined by (det M) = (' —1) (22" —

1)¢p(y1)q)p(y2>' O

5.5 Applications

In the previous sections, we use the explicit descriptions of the I';(p)-cover to prove some

geometric properties of the I'y (p)-cover over each stratum. In fact, these descriptions can
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also be used to show some geometric properties of the whole integral model A in mixed
characteristics. In this section, we will use the descriptions in Section 5.4 to prove that the
whole T'; (p)-cover in mixed characteristics is not normal. More precisely, consider the Siegel
threefold A = A, y in mixed characteristics and let ' be the universal abelian surface

over A. We will prove:

Theorem 5.5.1. The universal I'y(p)-cover (X[p])* over the Siegel threefold A in mized

characteristic is not normal.

Proof. By Serre’s criterion for normality, it is enough to prove that (X[p])* does not satisfy
the condition R, which says O gun. , is regular for any x € 2" with codimension < 1. In
fact, we will show that the local ring at the generic point of the special fiber, i.e. with respect
to the ideal (p), is not regular.

Recall our notation that /4 is the Siegel threefold over Spec Z,, and A=A XSpecz,) Specl,,
is the special fiber. Let £ be the generic point of the special fiber A and let 0 4 ¢ to be the
local ring of € in A. Let G, := X[p] x 4 SpecO 4. Then G¢ is the universal I' (p)-cover
over Spec 0 4 .. By Serre’s criterion, it suffices to prove that OGE is not regular.

Let k(&) = O 4¢/p0 4¢ be the residue field of O 4 .. Note that we also have k(§) =
Frac(O ;). On the other hand, let = € A be a geometric ordinary point. Let 0, be the

local ring of A at z and let O 4, be its completion. Then we have an inclusion
04C0O;,C0,,,
which induces a field extension
k(€) = Frac(0 ;) C K := Frac(@/i@).

Note that by Serre-Tate theory, we have a canonical isomorphism @ A = [fp [ty,ts, 5]

)



Now consider the following Cartesian diagrams

G — » GE — » G > X¥[p]
& — &7

. > &
. 0] - (5.40)
§

Spec K — Speck(§) — SpecO 4, —— A
By construction, ég / Spec K is the generic fiber of the group scheme in Theorem 5.4.2; given
by

ég =~ Spec K [@1, T, Yy, Ys] ( Y0 =Py (@1,25) Py (01,22), ) : (5.41)
(@7 =D)(@E 1)@, (y1) P, (y2)

Let & be the point of ég in (5.41) corresponding to the maximal ideal mg/, :=
(x1,29,y; — 1,y5 — 1). One can check directly from (5.41) that mgm/mg,,, is a K-vector

space generated by y; — 1,y, — 1. This proves
dlmf{ mg/// /m?,,, = 2. (542)
Let £',£" be the images of £’”" as in (5.40). Then we have

= dlmk<£//) mg///mgu

— s . 2
= dlmeg////mé:/// =2

Therefore OGE is not regular and we finish the proof by Serre’s criterion. O]
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