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ABSTRACT
Statistical signal processing plays a crucial role in numerous fields of modern technology and
science. Some of the important applications include extracting signals from noisy data, processing
images and videos for tasks like compression and enhancement, and analyzing time-varying data,
such as climate data and asset prices. In this dissertation, we address two problems related to
statistical signal/image processing.

The first issue involves a generalized version of the multi-reference alignment problem in one
dimension, inspired by modern data applications such as cryo-electron microscopy. The objective
is to recover an unknown signal f : R — R from multiple observations that have been translated,
dilated, and corrupted by additive noise. In the presence of large dilations and corruptions,
observational data do not resemble the underlying signal. Although current approaches in the field
have shown empirical success in the absence of dilations, no approach has successfully provided
convergence guarantees for signal inversion while dilating, translating, and corrupting observational
data all at once. Thus, we propose an unbiased estimator for the bispectrum of the unknown signal
which depends on the corrupted samples and knowledge of the dilation distribution. To validate
our proposed estimator, we use it for bispectrum recovery, and invert the recovered bispectrum to
achieve full signal inversion.

The second problem concerns neural texture synthesis, which is important for understanding
how humans perceive texture. Current approaches require regularization terms or some type of
supervision to capture long range constraints, such as the alignment of bricks, in images. To remedy
this issue, we propose a new set of statistics for examplar-based neural texture synthesis based on
Sliced Wasserstein Loss, and augment our proposed algorithm with a multi-scale synthesis process.
Based on qualitative and quantitative experiments, our results are comparable or better than current

state of the art methods.
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CHAPTER 1

THESIS OVERVIEW

We provide a brief outline of this thesis, which focuses on two problems in statistical signal
processing: multi-reference alignment and texture synthesis. The second chapter focuses on a
variation of the multi-reference alignment problem, which is motivated by Cryoelectron microscopy
that won the Nobel prize in 2015. The original multi-reference alignment problem focuses on
recovering a function f : R3 — R from observations that have been translated, rotated, or
corrupted by additive noise. The challenge in this problem is the following: in the presence of large
corruptions, observational data do not resemble the underlying signal.

However, the multi-reference alignment problem is not necessarily an accurate representation
of reality. One expects small physical variations in objects, such as macro-molecular structure in
the context of Cryo-EM or deformation of an object in the context of object registration. Thus, it
is of interest to consider a model where each observation has been deformed by a diffeomorphism
7 € C?(R®). However, the class of diffeomorphisms is challenging to study. We address a
simplified one-dimensional version of diffeomorphism MRA where we only consider a specific
class of diffeomorphisms, dilations of the form 7(x) = (1 — ¢)x, which we will call dilation MRA.
Under mild assumptions, we propose an algorithm that is able to recover the ground truth signal
using Fourier invariants, namely the power spectrum and bispectrum. Previous results provide a
nonlinear estimator for bispectrum recovery, and we recover the bispectrum via a novel nonlinear
estimator. This is a first step towards a model that can address general classes of diffeomorphisms,
which will be left for future work.

The third chapter considers the problem of texture synthesis, which focuses on generating a new
texture from a reference texture. The generated texture should have the same perceptual qualities
as the reference texture without being a repetition of the old texture. We consider a modification
the Heeger Bergen texture synthesis algoritm, which generates new textures via matching wavelet
coeflicients between a reference texture and white noise. To increase the robustness of the algorithm,

we first create a nonlinear version of the wavelet transform by applying a set of nonlinearities to



each wavelet coefficient after performing a wavelet transform. We then extend our formulation
by creating a modification of Mallat’s invariant scattering transform, the Two Layer Scattering
Pyramid. We attempt to histogram match coefficients of the Two Layer Scattering Pyramid to get
good synthesis results. However, we find that our results are not competitive with state of the art
algorithms, which motivates the last main chapter of this dissertation.

For chapter four, instead of using an understood and mathematically tested representation like
the scattering transform, we switch to using statistics of a deep convolutional neural network,
VGG19. We propose a new set of statistics for texture synthesis using Sliced Wasserstein Loss,
which is an approximate solution to an optimal transport problem. Our results are compared with
current state-of-the-art algorithms in single texture synthesis that have comparable run-time. We
find our results are competitive with the state-of-the-art, but do require hyperparameter tuning or
user-added spatial constraints. Additionally, we propose a multi-scale algorithm to augment our

results, which improves the results of our synthesis dramatically.



CHAPTER 2

BISPECTRUM INVERSION FOR
MULTI-REFERENCE ALIGNMENT

2.1 Introduction to MRA

The multi-reference alignment (MRA) problem, is a problem where we want to recover an
unknown signal f : R — R from many observations that have been randomly translated and
corrupted by an additive noise. Is there a way to recover f from these observations? A formal
description of the assumptions is given in Model 1.

Model 1. Suppose we have M independent observations of a function f € L*(R) defined by

fix)=fx—t))+e;(x), 1<j<M,
where

« supp(fj) € [-3, 4] for1 < j < M.

s {1 }?4: , are independent samples of a random variable 7 € R.

* {&j(x) }jj"i , are independent white noise processes on [—%, %] with variance 2.

The MRA problem is a simplified version of problems in cryo-electron microscopy (cryo-EM),
and is similar to problems in other fields such as structural biology [17, 35, 36, 41, 42, 50], image
registration [11, 18], and image processing [54].

To solve the problem outlined in Model 1, current methods can be grouped into two categories.

The first of which is synchronization methods [2, 3,4, 5, 9, 12, 13, 38, 46, 53], which try to recover

M

each translation factor {t; }j=1’

align each of the signals using the recovered translation factor,
and average the aligned signals to get a smoother estimate for the ground truth signal. However,
synchronization methods can be problematic when the signal-to-noise ratio (SNR) is small. To
illustrate this point, consider the following picture:

Looking at Figure 2.1, with small amounts of noise, one can align the signals and then average
the translated signals to get a cleaner version of the ground truth signal, up to a translation. However,

at high noise levels, these peaks aren’t recognizable, which makes this "synchronization" process

unreliable.



Figure 2.1 Left Column: three ground truth signals that have been translated without any additive
noise. Middle Column: Adding Gaussian noise with mean zero and o> = 0.2 to each of the
signals in the left column. Right Column: Adding Gaussian noise with mean zero and o = 1.2
to each of the signals in the left column. Reference: [6].

The second approach involves estimating the signal directly using ideas such as the method of
moments [22, 28, 44]; a subclass of the method of moments technique, is the method of invariants
technique [2, 7, 15, 26, 27]. Additionally, expectation maximization (EM) algorithms [1, 16] have
also shown success for signal recovery.

One problem with Model 1 is that it is not an accurate representation of real world applications.
In particular, for three dimensional applications such as cryo-EM, molecules are randomly rotated

and one only has access to 2D projections of the molecule like below:
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Figure 2.2 An example of the Cryo-EM problem. The 3D object at the top of the figure is the
ground truth object. One has 2D slices of the object that are noisy, rotated, and possibly translated.
Reference: [47].

aed

However, the model does not consider of physical variations in the objects, such as macro-
molecular structure which “flop" around. One can think of these deformations as a diffeomorphism
acting on the molecule before retrieving the slices. In other words, if g is a function extracting
the slices and x is a molecule, we retrieve g(£(x)), where & € C?(R") has a bijective, continuous
hessian. The problem of adding random diffeomorphisms to Model 1 is much harder though. Thisis
because the class of all diffeomorphisms encompasses a variety of different possible deformations.
To simplify the problem, we consider a simple subset of all possible diffeomorphisms, the set of
dilations. This leads to the formulation of Model 2 below:

Model 2. Suppose we have M independent observations of a function f € L*(R) defined by
yi@) = f(1=1) " (x—1)) +&;(x) := fj(x) +&;(x), 1<j<M

Furthermore, assume that
* supp(fj) C [—%,%] forl <j< M.
o {t; }?4: , are independent samples of a random variable ¢ € R.
s {7 }j‘/[: , are independent samples of a uniformly distributed random variable 7 € R satisfying

E[7] = 0 and Var(t) = 5° < 1—12



* {g(x) };"I: , are independent white noise processes on [—%, %] with variance o2.

Dilations are one of the simplest class of diffeomorphisms other than translations, but Model
2 is significantly more difficult to solve compared to Model 1, even at low noise levels. Consider

Figure 2.3. Intuitively, as we see in Figure 2.3, dilations add another degree of difficulty to the

__%*_‘ __%F_‘

Figure 2.3 Left Column: three ground truth signals that have been translated without any additive
noise. Middle Left Column: Dilating each of the signals. Middle Right Column: Adding
Gaussian noise with mean zero and o> = 0.5 to each of the signals in the left column. Right
Column: Adding Gaussian noise with mean zero and o> = 2 to each of the signals in the left
column. Reference: [26].

problem. Regarding alignment, the main challenge arises from the additive noise.
Regarding the method of invariants, it utilizes translation invariant Fourier features, such as the
power spectrum and bispectrum. Before we begin, define L9 (R) as the set of functions f such that

||f||Z = fR | ]9 dx < oco. The Fourier Transform of f € L'(R) is

ﬂm=éfmﬁmﬁ o0



the power spectrum is
(P)(w) =1f (), (2.2)

and the bispectrum is
Bf (w1, w2) = f(w1) f*(w2) f(wr = w). (2.3)
However, in the case of Model 2, using an approach with Fourier invariants results in significant
difficulties because the Fourier Transform modulus is unstable to small dilations. Consider the
operator L.f(t) = f((1 — ¢)t). For small c, this is a minor rescaling of the function f. Let
&(t) = (1 —c)t; itis clear that ¢ is a diffeomorphism, specifically a dilation. Then L. f(t) = f(£(2))
with ||¢'||l = 1 — ¢. Choose f(t) = e'®6(t), where 6 is smooth with fast decay. We see that

Lo f(t) = &@1=99((1 = ¢)1), and it follows that

Zc?(w) = /9((1 —c)t)em(l—C)t—iwz dt
R
1 fat—iT“t
= 6(1)e' "~ 1=c" dt
R

T 1-c¢

= LHA((I o) l\w-a).
l-c¢

Looking at the norm now, for ¢ < 1/2, we see that from an argument identical to [34],

ILef1 = £ ~ leal - I1£113. (2.4)

Since « is arbitrary, we see why Fourier invariants are unstable to small dilations.
While we will address Model 2 later in this thesis, we first address a noiseless model, Model 3,
given by

Model 3. Suppose we have M independent observations of a function f € L*(R) defined by

[ =f((1-t)~ (x=1y)), 1<j<M

Furthermore, assume that
* supp(fj) C [—%,%] forl <j<M.

o {t }?4: , are independent samples of a random variable ¢ € R.



s {7 }yz , are independent samples of a uniformly distributed random variable 7 € R with

1
E[7] = 0 and Var(t) = n? < -
Note that the lack of additive noise means one can estimate Cy = || f||> and then dilate each
observation to have norm C, which makes this problem trivial. However we explore a solution to

Model 3 via Fourier invariants to provide intuition on how to approach Model 2.

2.2 Notation

Let g = Bf. For the second and third models, let

gp(w1, w2) = B [(Bfj) (w1, w2)].

We will also define the following constants and operations used in the rest of the paper:

c _(1-vV3p)

0= ,Clzz‘/gfl,czz
(1+37)

1
. 2.5
povn 2.5)

Additionally, define the dilation operator Leg(wi,ws) = C*g(Cwy, Cw,). Note that in polar

coordinates (r, 8), we have Lcg(r,0) = C*g(Cr, 6).

2.3 Power Spectrum Recovery for Model 3

Specific work from [26] has produced results for recovery of the power spectrum of a hidden
signal under certain assumptions in Models 2 and 3. We summarize their results below for Model
3 and explain how to adjust the results for Model 2.

Define

py(w) :=E; [(Pf)(w)] (2.6)

We also let (Scg)(w) = C3g(Cw) be arescaled dilation operator. In the case of the infinite sample
limit, we have the following theorem:

Theorem 1. Assume Pf € C°(R) and p,, as defined in (2.6). Then for w # 0:

(Pf)(w) = (I = Sc) "' C1Lc, B3py(w) + wp)(w)),

where Cy, C, C, are as defined in (2.5).



One can now use this to derive an approximation of the infinite sample estimator. In practice,

one can estimate p,, by

M
— 1
(@) =+ ;wm(w) . @.7)
Additionally, a natural approximation for the estimator in Theorem 1 is

(Pf)(w) = (I - Sc,) "' C1Sc, 3Py(w) + wp)(w)), (2.8)

For the next theorem, define the quantity:

(PN (w) = max |(P) (&) (2.9)

é€lw/220]
Using (2.8), the following convergence theorem holds:
Theorem 2. Assume Model 3, the estimator (ﬁ;‘) (w) defined in (2.8), Pf € C3(R), and that
W*(Pf)®) (w) € L*(R) for k = 2, 3. Then:

. 2
B[IPf - PTIR] S T (1PA(@)122 + llo(PFY (@)}

+ [l (Pf)" (w)I3) + 7,
where r is a higher-order term satisfying

4
]7 [ —_—
r< T (162PF) @3+ 16° P @) -
That is, in expectation, the convergence rate of (2.8) to the true power spectrum is O (”—A;)

2.4 Power Spectrum Recovery for Model 2

Using these results from Model 3, we design estimators for Model 2. The main difficulty in
model 2 is because of the additive noise. First of all, the mean-squared error (MSE) is only finite
on a bounded interval due to the additive noise. Thus we consider a bounded frequency domain €,
and consider the MSE of an estimator 137‘ over Q: E [||Pf - ﬁj‘||Lz(Q)||z .

Another difficultly is that one cannot use p,,, the average of the observations without noise.

Instead, one has access to

M
1 ~
N E Py; —0” =py+po

Jj=1



where

1

M
-~ T = T~ 2

j=1
The particular problem is the term p,-, which is not continuous due to the additive noise. To remedy

this issue, we smooth the noisy power spectra via a low pass filtering:

(Pn+ Do) *dL (2.10)

w2
using a Gaussian filter with width L, ¢ (w) = (27rL2)_%e_ﬁ. Accordingly, we define a modified

version of (2.7):

(PF)(w) = (I = Sc,) "' C1Sc, [3(Py + Do) * ¢r.(@) + 0 (Py + Do) * 1) ()] . (2.11)

Similar to before, (2.11) is an unbiased estimator of P f when |M| — oo and L — 0. Additionally,
we have the following result:
Theorem 3. Assume Model 2, the estimator (E‘)(w) defined in (2.11), Pf € C*(R), and that

W*(Pf)®)(w) € LA(R) for k = 2,3. Then

2 2 4
— n o Vo
(1P - Pis) < Cra (2 + 244 T

1/6
When o > 1, we may choose L = ("4) . Then we have

o
2 4\2/3
E[lle—Pf”iz(Q)] <Cra M+L4+(ﬁ) ] :

We will generalize these results for bispectrum recovery in the next sections. In other words, for

proper choice of L and M, the expected MSE converges to 0 as M — co.

2.5 Bispectrum Recovery for Model 3
Following [26], we propose a similar process for creating an estimator for the bispectrum. We
will first consider the case where we have an infinite number of samples and find an unbiased

estimator.

10



Theorem 4. Suppose we have an infinite number of samples and assume that Bf € C'(R?) An

unbiased estimator for the bispectrum is given by
-1 agﬂ
Bf(r’g):(I_LC()) CILC2 4gﬂ(r’0)+rﬁ(r99) .
Proof. Recall that the Bispectrum is given by

Bf (w1, w2) = f(w1) f*(w2) f (w2 — w).

The Fourier Transform of each f; is e (1 — ;) f(a- 7j)w). Making a substitution,

Bfj(wi,w2) = (1= 1,)°e 1 f((1 = 7))w1)
[T F((1 = T)w)] - e F((1 - 1)) (wy — w1))
= (1-1)° f((1 =) f((1 = 7)) f((1 - 1) (w2 = w1)).
So
(Bfj)(wi,w2) = (1 =7))*(BA)((1 = tp)wi, (1 = 7j)w2).

Since 7 has uniform distribution with variance n“, the pdf of 7 has form p, = e X 1-Van -

Thus:
gp(wi, w2) = E¢[Bfj (w1, w?)]

=E.[(1-7)°g((1 —=7t)wi, (1 = T)wy)]

:/(1—7’)3g((1—7)w1,(1—T)Wz)PT(T)dT

Now we convert to polar coordinates (r,8) and let 7 = (1 — 7)r:

V3

1
¢ (r,9>=—/ (1= 1g((1 = D)r, O)dr
! 2V3n J-va
1 (1+‘/§77)r 3
- #g(%,0) dF.
234 /(1—\/§n)r

Let H be the antiderivative in the variable w for the function i(w, 8) = w3g(w, ). In other

words,
oOH

—(w,0) = h(w,0) =w’g(w,0).
ow

11



By Fundamental Theorem of Calculus,

2V3nrg, (r,0) = H((1+3y)r,0) — H((1 = 3yq)r, 6).

Now take derivative with respect to 7 and divide both sides by 7> to get

0
2¢%(%Anm+r§?vﬂﬁ=(uavm%«1+%ﬁwﬁ»—u—3%%@«1—%@ﬁﬂ»

We now apply the dilation operation Lc, to both sides, which yields

o)« ()

We can also rewrite the right side in terms of / and L¢, to get

0gy B
CiLc, (4g,7(r, 0) + rﬁ(r,e)) =g(r,0) - (

CiLc, (4g,7(r, 0) + r%(;’, 0)) =(I—-Lc,)g(r,0).
Thus, an unbiased estimator is
g(r,0) = - LCO)_IClLC2 (4g,,(r, 0) + r%(i’, 0)].
]

However, we are only given a finite number of samples and do not have access to the estimator
above in actual applications. For Model 3, we can approximate g, by taking an average of M

samples using
M

Balwn ) = 0 Y (Bf)) @n02).

j=1
Based on Proposition 4, a good choice for the estimator is

Y, -1 ~ 98y
(Bf)(r,0) :==(I - Lc,)” CiLc, (4g,,(r, 0) + FW(F’ 9)) i

To show the estimator B~f has a small error, we will need the following lemma.

Lemma 1. Assume that Bf € C!(R). Then

— 5 . 5 gy g, 2
I1Bf(r,0) = Bf(r,0)|l3 < lign(r.0) = &, (r,0)ll; + FW(V,H) —VW(", 0)| -
2

12



Proof. We start with

Y. _ -1 ~ 9y 98y
Bf(rag)_Bf(r’e)_(I_LC()) CILC2 4(g77(r’9)_g77(r99))+r W(F,H)—E(I",H) .

By using the triangle inequality,

|IBf(r,60) = Bf(r,0)1> < 32C2||(1 = Ley) ' 1IPIILe, P18y (7, 0) = 8, (r, 0)]13

ag 98
2 -12 2 U Ui
+ 2G0T = Leg) " PG 1P ||r—=(r, 6) = r—-2(r, )

2
2

To compute the spectral norm of L, we revert back to Cartesian coordinates:

1L, 12 = Co" /]R /R 120(C" 1, C"ry) Py devs.

Letu = C"w; and v = C"wy:

1L, 12 = CO" /]R /]R L0 (e, ) Pdudy = CO|[g, 1.

Thus || Lc,||> = Cgm. Our result also implies that

-t Sl e S - e
= = 1-C}

Putting everything together,

IBf(r.6) = Bf(r.0)3 < 16 129° lgn(r.0) = &, (r.0)|13
r, - r, = g r, _g r,
2T (1-C2(1+ VB2 " T
2 9 98 2
+ 127 r gn(r,é’)—r—gn(r,e) .
(1=CH2(1+V3p) 2|l or or 2

13



12172

Now it suffices to prove that aCor (T

is bounded by constant:

122 - 122
(1-CH2(1+V3p)12 ~ [1 ) (1-@;)6]2

143y
1212

) ()]

+V3p 1437

_ 121+ V3n)'2
(108V355 + 120353 + 124/37)2
_ 127%(1 + V32
2108304 + 1208352 + 12/3)2

2
< T(1+Vap"
n

=0o(1).

This lemma implies that we only have to bound

E [llg,(r.0) — &, 03] .

with an O(1/M) bound on M for f??(r, #) to converge to Bf(r,6) with an O(1/M) bound. We
have the following result now.
Theorem 5. Suppose that Bf € C>(R?) and also assume that 72 maxye[r/2,.2¢] |0aa (Bf)(, 0)| e

L>(R?,dr x d6) and r® maxye;/22/] |8yyy (Bf)(v,0)> € L*(R%, dr x df). Then the following

bound holds:
D72 /& 2 2 2 2
B[1BS - BII3] S 1 (IBN G013 +21ra (BN, 013 + 1720, (BA) (. 0)13)
774 2 2
2 3
+—|llr* max Oue(Bf)(a,0)|| +|r” max 0 B ,0 .
M( L0 Sua(BA@0)| | max Ay (B )2)

with
=~ 1 - 98y
(Bf)(r,0) = - L¢,)” CiLc, (4g,,(r,9) +r5(7’, 9)) :

14



Proof. First, assume that the Bf : R> — R. The argument will be generalized to the complex case

after. Notice that

2

M
8001, 0) = &y (r. O = |+ Y (BF)(r.0) (. 0)]
=1

Define
X;=Bfi(r,0)—g,(r,0) =Bf;(r,0) —E[(Bf;)(r,0)].

This means each X is zero centered, so we have

M 2 M
. %;X,- [1;)(] Var(X)
Write
X; = Bf;(r,0) = (Bf)(r,0) + (Bf)(r,0) = B[(Bf;)(r,0)].
Then
X} < (Bfi(r,0) = (Bf)(r,0))” + ((Bf)(r,0) = E[(Bf;)(r,0)])*
and

E[X7] SE[(Bfi(r,0) = (Bf)(r,0))*] +E [((Bf)(r,0) —E[(Bf))(r,0)])?]
SE[(Bfj(r.0) - (Bf)(r,0))].

Each 7; has bounded variance and is supported on [—1/2,1/2]. Taylor expand the dilated

bispectrum in radial variable in interval [r/2,2r]:

(BAY((1 =1j)r,0) = (Bf)(r,0) = 0,(Bf)(r,0)rt; + %[)rr(Bf)(r,@) rz‘r]z, a € [r/2,2r].

r=a

Now multiply both sides by (1 — 7;) to get

(Bfj)(r.0) = (1 —t)*(Bf)((1 - 1))r,6)
=(1- r,~>3(Bf><r 0) - (1- r,~)3ar<Bf)<r, 0)rr;

+(1 —r,>3 Oaa(Bf) (e, 0)r°7;

15



with @ € [r/2,2r]. It now follows that

(B))(r0) - (Bf)(r,0) = (372 = 31, - 7)) (BS) (1, 0)
— (1 -1,)*8,(Bf)(r,0)rt;

+ %(1 — 1) Baa (Bf) (. 0)r°7}.

with a € [r/2,2r].

Square both sides to get:

((Bfy)(r,0) = (Bf)(r,0))* = (377 —7; —11)*(Bf)*(r,6)
-2(37; — 1, — 1)) (1 = ;) (Bf) (r,0)8, (Bf) (r, 0)rT;
+ (377 — 7, =) (1 = 7,)°(Bf)(r, 0)8ua (Bf) (@, 0)r’<;
+(1=7)°[6,(Bf) (r, )17}

— (1 =1)°0,(Bf)(r,0)dua(Bf) (e, 0)rT]
(1-1)°

+
4

[0ua(Bf)(a, 0)]2r4rj.
Using the inequality 2|ab| < |a|? + |b|?, it follows that

227 = 7 = (1= 1) (B (.08, (Bf) (r,O)res| < (77 =15 = T2A(BS) (1, O)

+ (1 =1)°(6,(Bf)(r, 0)r7;|?
and

137 =17 = T (L= 1) (BN 060 (B 07T < 3377 =15 = 7} PI(BA) . O

1
+5l1- 7j°100a (Bf) (@, O)r*<; .

and

(1= 10, (BF) (. 0)daa (B) @, 00| < 51 = )10, (B, Oy

1
+ 5'1 - Tj|6|aaa(Bf)(a', 0)r27}|2~
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Take the expectation of both sides now. Since the pdf of 7 is supported on [—-1/2, 1/2] and zero

centered,

BI(37} - ;- 7)%] SE[T] S 7.

The other terms with 7; are bounded in a similar way. Thus

E[((Bf))(r,6) = (Bf)(r,0)’] S7°(Bf)*(r,0) + r*n*[0,(Bf)(r, )]
2

+n'r Jmax |0ua (BF)(, 0)|

We also have
var[X;] = E[X}]
E[((Bfj)(r,6) = (Bf)(r,6))’]
S (B (r,0) + 2 [8,(Bf) (r,0)]* +7*r* L max |0 (Bf) (e, H)I]2

and

2 2
B [(31(r.0) = (1. 0)°] S T(BA*(r.0) +* L[5, (Bf)(r. )]

4

2
1 4
+ — Ona (B ,0 .
Vil Ler[?fz’fzr]l o (Bf) (@ )I]

Now we can take the integral and expectation to get

2
E [llg,(r,0) = &, (r, O)113] < UMII(Bf)(r,H)II§+n—IIr8 (Bf)(r, 0)|2

4
L

r2 max |0,
M

[r/2,2r]

The first term is now handled appropriately. We can now repeat a nearly identical argument for the

second term. Let g; = B f; and

ag,- ag,]
Zj FE(,Q)—I’W(F,H).
‘We have
08, gy 1 < dg; gy
r—t(r.0) = r—="(r.0) M;rg( 0) = r—(r.0)



By Leibniz Rule, we can take the derivative inside the expectation to get E[Z;] = 0, and a similar

argument from before yields

dg 98y ?
rg(rvg) —FW(T,Q)

( (r6')—r (r@))]

Taylor expand 8, (B f)((1 — 7;)r, 6) to get

ag; 2
ij. < [r%(r,@) - rZ—‘i(r, 0)| +

and

E[Z}] SE

Or(BA((1=1))r,0) = 8.(Bf)(r, 0) = 8, (BF) (r, O)rT; + %%W(Bf)(% 0Ty, v e lr/2,2r].

Since r a] (r,0) =r(1 = 1,)*6,(Bf)((1 - 7;)r, 6), multiply both sides by (1 — 7;)*:

(1 =1)*r8,(Bf)((1 = 7))r,0) = (1 = 7))*rd,(Bf)(r,6)

1
= (=5 3 B0 + (1= 1) 30,7 (BN 0, 007}
with y € [r/2,2r]. Then

r%(r,@) —r—(r 0) = (T —4T +6T —41;)ro.(Bf)(r,6)

—(1- Tj) O (Bf)(r, Q)r i+ (1—15) %ayyy(Bf)(’)’, Q)r37_j2

with y € [r/2,2r]. By a similar process from above,

S n—2||r<9 (Bf)(r,0)|5
~mMtT N2

E (r%(r,e)—r—( 0))
or

n? n* ?
+ L0, (8001 + L

r maX |6777(Bf)('}’,9)|
yelr/ 2

Thus

_ 2
B (181 - BAIB| S L (16BN, 0)13 + 210, (BF) (r, 0)13 + +12., (B (. 0)I13)

4
+77_( 2
M

r° max |0ya
a€(r/2,2r]

2
+|r° yr[nax |ayyy(Bf)(7a9)|

)
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For the case where Bf : R> — C, simply write Bf = Re(Bf) + iIm(Bf) and repeat the

argument above. Then it follows that

E

—_—

IRe(B/) - Re(BPIE|

2
< 12 (IRe(BA) (. 0)I +21irdRe(BF) (. )1 + +1r0, Re(BF) (1. ) I3)

4 2 2
n 2 3
+— d.Re(B SOl + OnaaRe(B ,0
M( r aer[rrl/alz)er]l «Re(Bf)(a,0)| i yer[gfaz§2r]| eaaRe(Bf)(7,0)] 2)
and
B [lm(Bf) - Im(B) 3]
2
n
< 1 (Im(BA)(r, )13 + 20ird,Im (B ) (. 113 + +l1r20,, Im(B) (r, )]3)
774 2 2
2 3
+—|[{lr* max |dpeIm(Bf)(a,0)|| +|r° max |J,,,Im(B ,0 .
M( 0 10l (BA) @ 0|+ max 10, Im(B)(7.6) 2)
Adding the two inequalities together yields the desired result. O

Now that we have solved the noiseless case, the goal is to move onto Model 2 and try to adapt

our method to work in the presence of additive noise.

2.6 Bispectrum Recovery for Model 2

Now we move on to Model 2. This is similar, but the additive noise creates two difficulties.
First, we must restrict ourselves from R? to some finite domain Q since the MSE is not well defined
on infinite intervals because of the noise. Second, we don’t necessarily have access to g, like

before. Instead, we only know
M
1
]:

12 . . . N
/ e '*dB, as an integral with respect to a Brownian motion, it is clear that

Writing £(w) = 1

E[Be;] = 0. Also, notice that E[Bg;] = E[éj(a)l)é; (w2)€; (w2 — w1)], where each g; is white
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noise process on [—1/2, 1/2] with variance o->. We see that for each index

Byj(w1,w) = B(f; + &) (w1, w)
= (fi(w1) + & () (f} (@2) + &3 (w2) (f (w2 — w1) + (w3 = w1))
= fi(w) f} (@) fi(wr = 1) + fj(@1) f} (@2)8 (w2 = w1)

+ filw)&) (w28 (w2 = w1) + f} (@) f (w2 — w1)é;(w1)
+ [1 (W)€ 1(@1)E (w2 — 1) + &) (w1)E}(w)) fr(wa — w1)
+ filw) fiwr - 01) &) (w2) + & (w1) &} (w2)é (w2 - w1)

= Bfj(wi,w2) + Rj(w1, wy).

Thus, we need to perform a o-based centering to recover ﬁ Zyz | Bfj(w1,w2). We see that if we

take the expectation over &, we have

Eg[Byj(w1, w2)] = Bfj(w1, w2) + Es[fj(wl)éj‘(WZ)éj(WZ - w1)

+ [} (W2) & (w1)éj(war — w) + & (w1) & (w2) fj (w2 — w1)].

Now we know from Theorem 4.5 of [29]

sin (%(wz — wl))

Ee[6(w1)8" (w2)] = 207
wy — Wi

in( 1
Define h(w) = ZUZW. Note that 4 is an even function since it is the product of two odd

functions. Taking the expectation yields
Ee[Byj(wi,w2)] = Bfj(wi,w2) + fij(wn)h(wr) + [} (w2)h(w2) + fi(ws = w1)h(wz = wy).
Now take the expectation over the translation and dilation parameters to get

E[By;(w1,w2)] = E[Bfj(w1, w2)] +E[ fj(wi)]h(wr)

+E[f} (02)]h(w2) + B[ fj(w2 = w1)]h(w2 = w1).
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Denote the u(w) = E[ fj(w)] and let fi(w) = % Z?”: 1 Vj(w). We will approximate the expectation

using
| M
E[Bf;] ~ i By; — fi(wi)h(wy) = g (w2) h(wz) = fi(ws — w1)h(wy — wr)
J=1
| M
= M ZByJ - Ro—
=

After empirical centering by R, we can thus decompose the computable quantity into two pieces:
| M
M;Byj ~Ro =8yt 80,
where
1 < 1<
fo = ; Rj(01,@) = Ro(@1.02) = o ; R;(r,0) = Ro(r,0).

The term g, + g, is not smooth due to the additive noise. Thus we need to add some procedure
to smooth the signal. Let ¢ (r) = (2xL?)~/ 2=r/(2L%) pe a low pass filter. We define a new

estimator for Model 2 as

(Bf)(r,0) := (I = Ley) ' CiLe, (4((8y + &) * $1) (1, 0) +70,((3y + §0) * 1) (r,0)) . (2.12)

We will use the following two lemmas, whose proofs are similar to [26].
Lemma 2. Let g € L>(R?) and assume |§(w)| decays like |¢|~® for some integer @ > 2 and w

such that |w| > wy for some wg > 0. Then for L small enough,
lg =g * ¢oll3 S llgllsL* + L2,

Proof. We have ¢, (|w|) = e~L*1¢I’/2 and

L2|w|2
2

1-¢r(lwl) = +0(L°).
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Letting |w| = r, we write the integral in polar coordinates and get

lg =g+l = (2)JM(-—m)M

2r 00
[ [ ae.orn -guofraras
0 0

2r wo
/ / 1G(r,0)1?|1 = 1. (7)|*rdrdo
0 0
2 ) .
/ / 1G(r, 0|1 = ¢1.(r)|*rdrdo
0 wo

=1+ 1.

:@mz

"~ 2n)7?

T any

For I;, we have

I =

e R S Py
(27.[)2‘/0 /0 14(r,0)] (T+0(L )) rdrdo

1 L4(1)g s 2r wo . 5
< eyl +0(L>) ‘/0 /0 |g(r,0)|"rdrd6

S wyllglsL +0(L).

For I,
2r
2 < (27[)2/ / —2(l/+1(1 —L r /2)2 dr de
po2a+1 —LZ 2/2 24
1-
27r ( ) d
Using the same argument as [26], it follows that I, < L*(2¢=2), O

Lemma 3. Letrg(r,0) € L*(R?, dr x df) and assume its Fourier transform ()q/(\) (w) decays like

|w|~* for some integer @ > 2. Then for L small enough,

Ir(q =g % ¢)(r, 013 < llrg(r, O)IFL* + L7 + L3 |q]3.
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Proof. First, we switch back to rectangular coordinates:
Ir(q = q % ¢r)(r, 0I5 = (@] + 3)*(g = g * ) (w1, )13
= [ WA= ar o010 don dos
R
o [ i -+ o0 @100 don do
R2

(2 )2/ 10n,G (11, 12) = 0, (4(t1, )b (11, 12))|* dity diy

+ o / 0 (11.12) — (@01, )1 (10, )P iy i

=1L+ D.

For the first term, take derivatives to get

I = (2 )2/ |(9t1‘1(t1,t2) ath(tl l2)¢L(t1 1) — Q(tl’t2)at1¢L(f1,t2)| dt, dis
—1 ~
s (2 )2/ 101G (t1,12) = 81,4(t1,12) L (11, 12) |* dty diy
(2 )2/ 19(t1,12)0,, dr (11, 12)|* dty di

< Nlwig(wr, wz) = (w19) * ¢r(wr, w15+ 1G(t1, 12)8, i (11, 22) |13
We use Lemma 2 to get

4lwig(wi, w2) = (w1g) * dr. (w1, w3 S llwrg(wr, wy) 3L + L2,

By how we defined ¢, we also have ¢y (11,12) = e™%"(1*2)/2. Take the derivative with respect to
t:

O d(11,12) = _ L2 e )2
and get

The result is

I < llwig(wr, wp)|3L* + L2 4 13|12,
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An identical argument is used to get
L 5 llwag(wi, wp) 3L + L4272 + L3 |q]13.
Now combine /; and /5. The previous work implies
lwig(w1, )15 + lwag(wi, w3 = lIrg(r, O)I13

and

Ir(g = q * 1) (r, )13 < llrg(r, O)IFLY + L3272 4 L3||q]13.

Along with these two lemmas, we will also need the following lemma.
Lemma 4. Suppose ¢ is a mean zero Gaussian white noise supported on [—1/2, 1/2] with variance
o?. Forall p >0and w € R,

E[l8w)I"] Sp o

Proof. We rewrite £ as an integral with respect to a Brownian motion:

12
é(a)):/ e '"dB,.

1/2
Let
1/2
01(0) = Re(é(@) = [ cos(wn)dB.,
-1/2
12
22 (w) =Im(é(w)) = / sin(wx)dB,.
-1/2
g1(w) . L
For fixed w, the random vector ~ N (0, X(w)) where the covariance matrix is given by
g2(w)
1+ sin w cos w 0
Y(w) = o? ¢
0 1 — sin w cos W
w
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We will now prove a bound for g;(w). An identical bound applies for g(w). Since g;(w) is

normal,

p/2 P_+1)
L Var’(g1(w) 2 T2

E P| =
[Ig1(w)P] =0 = N
2 sin w cos 2
) pgp(l_w) p/ F(pT)
<o e =
< o”.
Now we have
R » . 2\P/2
Bllé@)"] =B |(18@)P)

= E|(¢}(w) + &3(w)"?|
S B |18 | +E|Ig@)? )

p
Sp ol

O

Lemma 5. Assume that the assumptions of Model 2 hold, Bf € C3(R?), (-)E} (+) decays like | - |*

for some k > 2,

r? max |04 (Bf)(a,0)| € L*(R?, dr x d6),

a€lr/2,2r]
and
r* max |0,y (Bf)(y,0)| € L*(R?, dr x df).
yelr/2,2r]
We have the bound
2 ot
1801320y Sar 32 T+ B+ 5
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Proof. We use triangle inequality to get

2 2
1301220 S Z filonfrlw)gw —w)|  + % D F (@) fi(ws = wn)éj(wr)
() J=1 (@)
v 2 . 2
+ MZ (w1) fj(w2 — w1)é}(w2) + MZng(wl,CUZ)
/=] L2(Q) /=t L2(@)
2

filw)&H(w)éj(wy = w1) = h(wi)d(w:)

.
Il
—

+
N
Ms

L2(Q)
2
M
LN @8 ()8 (2 - w1) — h(w)* ())
+ MZf(wz)Sj(wl)SJ(wz w1) D) (w2
Jj=1 L2(Q)

2

M
= —Zl (@2 = w1)&j(w1)&] (W) = h(w) = w1) (w2 - w1)

3

L2(Q)

The argument for bounding the expectation of the first three terms is similar, so we only provide

the proof for the first term H i 2 -1 f] (a)l)f (w2)éj(wr — . We have
2
1Y,
M Z filw)f; (w2)é(w2 — wy)
7= L2(@)

M
) /QE # ;ﬁ.(wl)ﬁ(wz)éf(wz —wy)| | dw dw;
o2 o )
-2 | fi(w)) fi(w2)|? dwy dw
MZ‘/Q]Z:; J J
M
B %;/Qlff(wl)fj(wzﬂzdwldwz

2 M
=%_ [ enr o [ 1w do;

”f”LZ(Q)

4
S ﬁ”f” |L2(R)’
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where the last line follows from Phlancherel Theorem. A similar argument proves that each of the
. 2
first three terms on the right are bounded on the order of ;|| f ||‘2‘.
For the fourth term, since E[Be;] = 0, we have

2 2

M M
1 1
E MZBs_j(wl,wz) =FE / MZBSJ(wl’wZ) dwi dwy
Jj=1 LZ(Q) Q J=1

M
1
:/QE M;ng(wl’wZ) dwi dw>

M
1
:/QVar M;st(wl,wz) dwi dwy
| |
= QVar(st)d(ulala)z.

We now bound Var(Beg;). First, since the expectation is zero, by Holder’s inequality and the Lemma
4 to get
Var(Be,) = E[|Bs,|*]

= B [|6(w1)P18(@2) Pl&(ws = 1) ]

A« 1/3 R 1/3 . 1/3
<E[18(wn®] TE[I18(w)I°] T E [1&(w2 — w1)|°]
< oS,
Thus, we obtain
1 u ’ o
_ . < 2
Bl 2. Beswnw)|| | S 710k
J=1 L2(Q)

Now we bound the last three terms. We start with

2

1 &,
A=E |7 D [i@)& @)~ w1) = hwn) i)
J=1 L2(Q)

Consider the random variable
Aj = fi() & (w)éj(wy — w).
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Then

1 2
A=E||+ Z Aj = h(w)f(wr)
a L2(Q)
2
1 M
=E || 37 2.4 — Mwnp(wn) [+ h@)p(@r) - hw)iw)
= 12(Q)
I < 2
SE N Z Aj = h(w)p(wr) +E [llh(wl)ﬂ(wl) - h(wl)/j(wl)lliz(g)] :
J=1 LZ(Q)

For the first term at the end of the inequality, we see that h(w1)u(w1) is the mean of A; for fixed

(w1, w2). Thus,

1 < 2 1 < 2
|37 - | | = [2]|5 D4 - henuen| | dordos
J=1 L2(Q) Q J=1

1
:/QMVar [A;] dwi dw,
We have

Var(A;) = E[lf}(wl)é;(wz)éj(wz —w)*] = K (w)p(wy)
< B[|fj(w)&} (@) (w2 - w)*]
S B[l fi (@),

Now substitute this back into the integral to get

4

1 o A ot A
[ apvarlag] dondos S 5 [ B0 Pldordon =T [ 20 (1 @] don dos
Q Q Q

by translation invariance of the power spectrum. Now we have
0-4 A~ 2 0-4 N 2
— [ B [Ifj(w)?] dw) dwy = —E, | fi(w)]” dwi dws
M Q M Q

4
=%ET[1_ITJ, / / |f (@) div, dwz]

4
o
Sea 13
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For the second term,

E |[A(w)p(wr) = h(wl)ﬂ(wl)”iZ(Q)] = ‘/th(wl)E [lu(w1) - fi(w1)*] doi dw,

<o /Q E [lu(w) - ()] dor dew

2

M
1
4 ~
=0 /QE M ;)’j(wl) - u(wy)| | dwydw;
Define Z; = y;(w) — p(w). Using similar steps to before, we get

2
M
- 1
E | [|h(wi)u(wr) _h(wl)ﬂ(wl)”iz(g)] N 0'4/9 MZZJ) dw) dw;
=

o4
=7 /QVar(Zj) dwi dwy
4
g 2, 2
So TAIFIB +0).

This means that we put everything together to conclude

2 4 6
18012200y Seur S+ SIAIB+

O

Theorem 6. Assume that the assumptions of Model 2 hold, Bf € C3(R?), (-)é}” (+) decays like
|- 1"

for some « > 2,

r? max |84a(Bf)(a,0)| € L2(R?, dr x db),
aclr/2,2r]

and

rP max |8y, (Bf)(y,6)| € L*(R?, dr x db).
ye(r/2,2r]

For the estimator (]_737‘ )(r, 6) defined for Model 2,

2

2 6
— n o°Vo
E ||Bf—Bf||iz(Q)] <Cra (M LAy

L*M ]’

where Cr g only depends on f and £2.
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Proof. First, we see that by an argument as in Lemma 1,

IBf = Bf 210y S 148y +rrgy — 42y + &0) * $1 = 10, ((8y + &o) * ¢L)||L2(Q)
< llgn - gn“Lz(Q) +|[rdrgy - rargn”y(g)
+[J4g, + rngy — 4(8y + 80) * 01— rar (&g + &) * 00|12
< llgn = &allr2( * Irdrgn = r0:8al32y + 180 = 8n * 6112
+[r0:8y = 10, (8 % 00 12y + 180 * L2 ) + 170 & # 6012 g

By Theorem 1,

B [llgy - &llzacq * Irdrgn - rdrllae |

2
< T 1B 013+ 210, (BL) (. 0) 13+ 170, (BN (-, O I3)
2
N (
M

r? max |d.a(Bf) (@, 0)l| +
2
It suffices to bound the other four terms appropriately now. By Lemma 2,

)

r I[nax |6777(Bf)(7’ 6)|

a€lr/2,2r] YE

18y = & * Sl 72y S NZIELY + L3N,
For g,, notice that
1Bfill3 = (1=7))° /R NBA = e, (1 - 1)w)[* dordw,
= (=" [ 1B @10 dordor
= (1 =1)"IBSfI3

< 2Bf3.

Triangle inequality implies

M
13912 = ZBf, SMZ|ij||2§||Bf||2
j=1

2

and

18y = & * drLlli2i) S IBFIFL + L2272,
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Also, by Lemma 3,
170, (8~ @y * Sy S IrdhgglBLY + L7 4 1316, 3, 3.

Now consider the error terms. First start with ||go- * ¢7 || 12(Q)" We have

1o * BLIP2 ) < 6L 0130 122 0) S 1202y -

Now we consider |70, (85 * ¢1)|l12(q)- Let R = maxg |r|. We have

170 (8o * B2 < RENZ * 06112 0,

< R|18,¢L12 IIgalle(m

Since ¢ is a radial filter and we know the filter
d,¢1(r) = 2rL*)~11%4, [e"z/(nz)] = —(27TL3)_1/2re_r2/(2L2).

It follows that
1 o0
10:¢Lll1 = E/ re 1L gy = 71
0

and ||6,¢>L||% = L2. We can also use our previous bound to get

2 6
~ H[O"VOT
”rar(gtf * ¢L)||22(Q) S/T,Q,f L 2 ( M ) .

This finishes the proof of the theorem since each term is dependent on L, M, and n? now. O

to get a bound ofO( ) when o > 1. We let L* = (’—6

Note that we can choose L = 230

Ml 16
and this gives a convergence rate of O(M + #) on the squared error.
2.7 Numerical Implementation of Bispectrum Recovery

Now that we have theoretical results to recover the bispectrum, we will use these results for
bispectrum recovery. After showing success for signal recovery, we will use our recovery results for
signal inversion with the phase synchronization algorithm from [7], which will require a recovered
power spectrum and recovered bispectrum, which will motivate our current approach of doing

power spectrum recovery first.
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We can discuss computing (2.12) numerically now. We cannot compute (I — L¢,)~!, but we
can still solve for the bispectrum by means of optimization. Similar to how we constructed the
estimator in the finite sample case, we will consider the infinite sample case first and derive an
optimization procedure. Based on this procedure, we will design another optimization procedure
for the finite sample case that is a good estimator when M is large.

In the infinite sample limit, we have access to the term
d(r,0) =4g,(r,0) +r0,8,(r,0) (2.13)
and Proposition 4 implies that we can recover d by solving the convex optimization problem
g = argming||(/ — L¢,)g — C1Lc,d|l3, (2.14)

where the constants Cy, C, C> depend on 1 as given in (2.5). Note that for fixed 7, this problem
is convex. Since the variance of the dilations is not necessarily known, 7 is possibly an unknown

parameter and we must actually minimize

2(2.7) = ||(I = Leyi) = CL @ Leypdfs -

In [26], the authors find 7 via a nonconvex optimization problem while recovering the power
spectrum. We could mimic a similar process for bispectrum recovery, but it is likely this process
would fail. The reason for this is that the optimization problem for bispectrum recovery has a
larger number of variables, so memory limited methods are necessary. In addition, we also need a
recovered power spectrum for our bispectrum inversion algorithm anyway, so we would still need
to perform power spectrum recovery. We will choose to learn 1 and recover the power spectrum
using a modification of the algorithm from [26] and describe the steps below.

For recovering the power spectrum, our data term is given by

Pdata(w) = 3pn(w) + wp;(w) ) (2.15)

and we can consider minimizer

11 = Sc,)P = C1Sc, paaall’

) (2.16)
2

p = argmin
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Since n may be unknown, we use the loss function:

L(ﬁ, ﬁ) _ ” (I - SCO(ﬁ)) ﬁ _T’C; (ﬁ)Scz(ﬁ)pdatang .

Theorem 7. Define the operator A = I — S¢,. For the loss function in (2.17), we have

2.17)

ZA*(Aﬁ - Cl SCzpdata)
772
1 0
ViL(p,7) = = / 2(Ap(w) - ClSCzpdata(w))a_ﬁ(Aﬁ(w) = C18¢,Pdaa(w)) dw

Vﬁl:(ﬁ’ ﬁ) =

2 ~ 2
- ||Ap - CISCzpdata“z'
773

Proof. The following computation is almost identical to [26], but we provide the details for com-
pleteness. We start with V5. L(p, 7j) and fix 7j. We will ignore the 77 dependence for this part of the

computation. The Frechet derivative is

. IAp = CiSc,paaall’ B
L(p) = -~ =2 = N(Ap),

where Nf = || f — C15C2pdata||%. Let 4 be a test function. Then we have
(DL)(p)h = (DN)(Ap) o D(Ap)h = (DN)(Ap) o Ah

since A is a linear operator. It follows that

IN(f+1) = Nf = 5(f = CiSc,pauas )| 1 ||h|)?
= — -
1212 n? 1All2

as ||hll2 — 0, and (DN)(f)h = 5(f = C1Sc,Paaas h). Thus

- 2,
(DL)(p)h = ?(AP — C1S¢, pdatas Ah)

2 .
= <FA (Ap - C1SC2pdata)’ h>

It now follows that

~ 2 ES ~
VL(p) = FA (Ap — C1Sc,pdata) - (2.18)
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Additionally, using the work above, we have

2 - 2 - 2
. n°Vy(lAp = CiSc,pdanlls) = 20l|Ap = C1Sc, Pdatall
VﬁL(p’ 77) = 2 ]274 2 Z

= iz / 2(Ap(w) - C Sczpdata(w))i(Aﬁ(w) - C1S¢,Pdaa(w)) dw
n on

2.
- ?”Ap - CISCzpdata”%-

For this implementation, we need to calculate A*, which we do analytically below. We have
. = [ Ag(@h(w) do
- [ (¢(@) - Ge(Cunhiw) do

:/g((I)) (h(ca)—Cgh(C%)) di>

= (g,A%h).

Thus,

A*h(w) = h(w) - C2h (ﬂ) : (2.19)
Co

For implementations, one only has access to the estimate of p,, so numerical implementations

will use the following estimate for the data term:

Pdata(w) = 3(1717 + Do) ¥ dr(w) +w [(ﬁn + Do) * ¢IL] (w)

Z(p.71) = (T = Scyo) B = CL(iDScsm Paaall »

and recovered power spectrum is computed by minimizing L.
After recovering the power spectrum and an estimate for n, the problem for recovering the
bispectrum is
g = argming||(1 = L¢y ())& = C1(n) Ly dll3- (2.20)
for a fixed estimate 77, which is a convex optimization problem. We letY = I — L¢,. By a proof

identical to above, we get

Vi2(3) = 21" (Yg - CiLe,d)
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Additionally, we have
Y*h(wi, w) = h(w1, w3) = Coh(Cy w1, Cg'wa)). (221)

Like before, for numerical applications, we only have access to a finite number of samples, so
will have to have to modify our data term and loss function based on the estimator provided in

Model 2:

d(r,0) =43y +8o) * ¢0.(r,0) +r[(Zy + &o) * 0,011(r,0)

. - 12
£(@) = || - Ley)g - CiLe,d); .
With this surrogate loss and data term, we can conduct numerical experiments in the next section.

2.8 Numerical Experiments for Bispectrum Recovery

We will now test our bispectrum recovery algorithm on the following signals:

fi(x) = Aje™™ cos(4x)
fo(x) = Aze™™ cos(8x)
£5(x) = Aze™ cos(12x)

Fu(x) = Agl_1/8.1/81 (%)
f5(x) = Assinc(4x)

2 —2|x|, lx] <1
Jo(x) = Ag
0, otherwise
Like in [27], we define our hidden signals on [-N/4, N/4], and the noisy signals are defined on
[-N/2,N/2] with N = 2°. In frequency, the signals were sampled on the interval [-2¢x, 2¢7] with

¢ = 4 and sampling rate of 7/N. The constants A; withi = 1,...,6 were chosen so that the SNR

NJ2

for each f; was set to be o2, where SNR = ( N2

| £ (x)]? dx) Jo?. All signals, other than f4, were
generated in space. We chose to generate f; in frequency. We chose to generate f; in frequency
because of aliasing.

Regarding our signals, we chose our signals so that they could test the robustness of our proposed

method. The signals f; to f3 are smooth with fast decay, which do not fit the assumptions to employ
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our proposed estimators. Nonetheless, fi to f3 still perform well, which is most likely because of
their exponential decay rate. However, we note that as the peak of the power spectrum is farther
from the origin, our problem becomes much harder problem because the dilations cause larger
perturbations. This is shown in Figure 2.4.

We start with the case of oracle 77 (i.e. 1 is known) and consider two cases: o = 0.5and o = 1.0.
1/2

Error plots are shown in Figures 2.4 and 2.5. All oracle experiments were run with n = 127"/< and

with a gaussian width of L = 5(%)1/ ¢ for bispectrum recovery and width L = 10(%4)1/ ¢ for power

spectrum recovery.
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Figure 2.4 Relative error decay with standard error bars for Bispectrum Recovery using Model 2
under the assumption of oracle = 1271/2 with o = 0.5.

36



log, (Error)

0 0
=3 No Dilation UB —— No Dilation UB
—3F— InvUB (Slope =-0.31) —F— InvUB (Slope = -0.28)

- Kl -1

E 2 -2
: 3 3
e
4 -4
-5
=3— No Dilation UB
20

log, (Error)

5 5
—F— InvUB (Slope = -0.26)
-
6 -6 .
4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20 5 10 15
log, (M) log, (M) logg (M)
(@ fi () f2 © f3
- 0
—F— No Dilation UB —3— No Dilation UB
=== InvUB (Slope = -0.26) —F— InvUB (Slope =-0.12) = InVUB (Slope = -0.28)
1 1 El
2

log, (Error)

log, (Error)

18 20

14 16

12

1‘6 18
logy (M)

5
s I
4 6 8 10 12 14
log, (M)
® fo

-4
1 5
20 a4 6 8 10

T R
(d) fa () fs
Figure 2.5 Relative error decay with standard error bars for Bispectrum Recovery using Model 2

under the assumption of oracle = 121/2 and o = 1.0.
For all the signals, in the case where one only does empirical noise centering on the average
bispectra, which is marked in blue, there is a diminishing return in performance for large enough
M. This is most likely because the blue estimator has a dilation bias, and a large sample size will
not be able to overcome this. It will only be able to overcome the additive noise bias, so eventually
the blue line will plateau. In comparison, our inversion unbiasing procedure,which is marked in
red, demonstrates a continual drop in error for both choices of o, except for f5. Additionally, note
that the red decay line does not plateau, but is linear on the log-log plot, supporting the claim of
Theorem 5 that B? is truly an unbiased estimator. The poor performance of f5 stems from the
fact that it does not obey the assumptions of Model 2 since sinc is not a compactly supported

function. The same is true for each of the Gabor functions, but their decay is exponential rather

than polynomial like the sinc.
Bispectrum recovery examples for o = 0.5 are given in Figures 2.6 and 2.7. Note that in all
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the examples, once can "undilate" the additive noise unbiased bispectrum average. The results are

similar for o = 1.0, but they are not provided in this thesis.

12

Figure 2.6 Example plots of recovery for fi, f2, and f3 under the assumption of oracle n = 12~
with o = 0.5. Left: ground truth. Middle: Only Additive Noise Unbiasing. Our Unbiasing
Procedure.



12

Figure 2.7 Example plots of recovery for fi, f5, and fg under the assumption of oracle n = 12~
with o = 0.5. Left: ground truth. Middle: Only Additive Noise Unbiasing. Our Unbiasing
Procedure.

We now consider the case where 1 is unknown and estimated. Again, we have two cases:
o = 0.5, and o = 1.0. For estimating o, since all the signals decay away from the origin, the
values of the power spectrum average should be near zero, sans noise. Thus, we find the variance
of the function values on the edge of the signal. All experiments will be run with n = 1271/2. Since
we now need to estimate the power spectrum, we let the width for the smoothing parameter for

power spectrum recovery be 5( %) 176 and use the smoothing parameter 5( o) 176 for the bispectrum



recovery. Note that the smoothing parameter for the power spectrum is smaller than the oracle

case. We found that 10(%4)1/ ¢ and 5(%4)‘/ 6 yielded similar results, so we decided to not change

the parameter.
In Figure 2.8, an error plot based on the number of samples is shown with o = 0.5; in Figure
2.9, a similar error plot is shown with o = 1.0. With regards to the estimation of 5, the process

given in [26] was unreliable for all sample sizes. Our results show that our modified loss function

yields a more reliable estimate of n for large M. See Figures 2.20 and 2.21.

0 0

== No Dilation UB

=F— InvUB (Slope = -0.29) =% No Dilation UB
—F— InvUB (Slope = -0.30)

0
=3 No Dilation UB
=== InVUB (Slope = -0.32)

log, (Error)
log, (Error)
log, (Error)

5
r ) . 6

4 6 8 10 12 14 16 18 20 4 & 8 10 12 14 16 18 20 5 10 15 20

log,(M) log, (M) logy (M)
(@ fi ®) 12 © f
. 0
—— No Dilation UB =3 No Dilation UB
=—F— InvUB (Slope = -0.12) =% InvUB (Slope = -0.28)

=3 No Dilation UB
=% InvUB (Slope = -0.26)

log, (Error)
log, (Error)

-5
>64 6 8 10 12 14 16 18 20 754 6 8 10 12 14 16 18 20 764 6 8 10 12 14 16 18 20
logy (M) logy (M) logy (M)
) fs ) fo

(d) fa
Figure 2.8 Relative error decay with standard error bars for Bispectrum Recovery using Model 2

without prior knowledge of  and with o = 0.5.
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Figure 2.9 Relative error decay with standard error bars for Bispectrum Recovery using Model 2
without prior knowledge of  and with o = 1.0.

Our results indicate that we can recovery the bispectrum with a reasonable degree of accuracy.

The question is: do we have enough accuracy for full signal inversion?

2.9 Bispectrum Inversion and Hidden Signal Recovery

For hidden signal recovery, the tools we will need are a power spectrum recovery algorithm,
a bispectrum recovery algorithm, and a bispectrum inversion algorithm. We use [26] for power
spectrum recovery and 7 estimation, our proposed bispectrum recovery algorithm, and the iterative
phase synrchonization algorithm [7] for bispectrum inversion. The general outline of the recovery
and inversion process is in Algorithm 2.2. The idea behind algorithm 2.2 is that we have already
recovered the magnitudes of the target signal via power spectrum recovery. Thus, if we are able to
recover the corresponding phase measurements, will recover the original signal.

The algorithm we use for phase recovery is iterative phase synchronization. Suppose that the
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bispectrum of our hidden signal is given by B, and our estimate of the phases for B is given by B.
Suppose we have an estimate of the phase, ¥, say ¥ that is close to the ground truth. Then we
should have B o m ~ $k-1¥,_,» where T(y) is the circulant matrix for the vector y and o is the
elementwise product of two matrices. We then approximate the phases via solving the optimization
problem:

argmax,.c.Re{z"B o T (y)z}

subject to |z[£]| = 1V£. However, this solution is incorrect by a global phase. We need additional
information, namely £(0), or some estimate of it.

Algorithm 2.1 describes the iterative phase synchronization algorithm:

Algorithm 2.1 Iterative Phase Synchronization

. INPUT: normalized bispectrum B, estimation of phase of f(0), given by ¥(0).
: OUTPUT: Phase of Signal, ¥.
: Letk =0.
while Stopping Criterion does not occur do
Increase k by 1.

Dok W

Vi — argmaxzeCnRe{z*é oT(yx)z} subjectto z[£]| =1 V¢.

N[ ()
5(0)

~

If the signal is real, symmetrize it.
8: end while

Other methods, such as frequency marching [7], local non-convex optimization over the man-
ifold of phases [7], and semidefinite relaxation [4]. Frequency marching and iterative phase
synchronization have been found the have similar empirical performance. However, iterative phase
synchronization requires less assumptions, namely one does not need f(1) # 0. We have found
that local non-convex optimization over the manifold of phases did not yield good results in our

experiments, and semidefinite programming was infeasible due to memory requirements.
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Algorithm 2.2 Hidden Signal Recovery Algorithm

AN AN ey

=

10:

11:

INPUTS: noisy signals {y;}

Calculate f =3; 9/, Py + Pos &y + &0

Estimate the additive noise level, &, using the power spectrum on the edge of the signal.

Perform additive noise centering on the power spectrum and bispectrum.

if Eta Known then
Recover the power spectrum via solving the convex optimization problem argmin||(/ —
Sco)P — C1Sc, pdaall3-

else if Eta Unknown then

Estimate the power spectrum and 7 via solving the nonconvex optimization problem
. ||(1—Sc0(ﬁ))ﬁ—C1 (DS, (i) Pdaiall3
argming; ; 7 .
end if
Recover the bispectrum via solving the convex optimization problem argming||(/ — L¢,)§ —
CILC2d||%-

Apply APS to recover the original signal using £(0), the recovered power spectrum, and the
recovered bispectrum.

To illustrate the difficulty of this process, we provide a ground truth example for f5 in Figure

2.10 and four observations of fs5 in Figure 2.11. One can see that the observations do not resemble

the actual signal, even at a low noise levels.

12 T T

10 |- B

-4 1 1 1 1 1 ! 1
-20 -15 -10 -5 0 5 10 15 20

t
Figure 2.10 Ground Truth Signal for fs.
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Figure 2.11 Corrupted Samples for f5. The top row is o = 0.5 and the bottom row is o = 1.0.
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We test our results on the signals from the previous section with M = 229 samples with

n = 12712, We start with an oracle 1. The results for o = 0.5 are given in Figure 2.12 and example

inversion plots are given in Figure 2.13.
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Figure 2.12 Relative error decay with standard error bars for bispectrum inversion using Model 2
under the assumption of oracle n = 127'/2 with o = 0.5.

The blue lines are for inversion using additive noise centered versions of the average bispectrum
and average power spectrum, and the red lines are using our inversion unbiasing procedure. One
can see that there is a huge gain in performance for the first five signals. However, for fg, there is
no gain in performance. We hypothesize this occurs because the power spectrum and bispectrum
of fg have a peak around the origin. Dilating the power spectrum and bispectrum will not have a

large effect on the shape of the signal, since their support is restricted to very low frequencies. This

behavior is observed in Figure 2.7 as well.

45



—— Ground Truth
——Rec. RE: 0.15
NO UB. RE: 0.17]

——Ground Truth |
——Rec. RE: 0.15
NO UB. RE: 0.32]

“ —— Ground Truth
—— Rec. RE: 0.09

2 NO UB. RE: 045

ol \ 1

8f I

° \
= I

1

6 -4 2 o 2 4 6

(@ fi (®) 12 © f
7L —— Ground Truth J
4 ——Ground Trutl ——Ground Trut] ——Rec. RE: 0.12
—Rec. RE: 0.2 12r —Rec. RE: 0.25 \ NO UB. RE: 0.13
101 1
3 sl 1
25 o 8r |
ab
2 6 |
3
15 ak ‘
os [ R A A \'I[‘\\YAV,\ \‘ ﬁ V&\"%’}\'/A\,ﬁv"v"«%"e“« i ‘ 1
" 1 ) ‘V ) 2t [ SPCRSNPVYY S, e ——
6 4 2 0 2 4 6 -6 -4 0 2 4 6 - -4 2 [ 2 4 6
(d) fa e fs ® fe

Figure 2.13 Bispectrum inversion results using Model 2 under the assumption of oracle n = 1271/2

with o0 = 0.5. "Rec" is using our inversion unbiasing procedure and "NO UB" is using the the
centered averages. "RE" stands for the relative error.

Note that while the relative error between the signals is similar in a few cases, such as f; and
f5, the quality of the recovery results cannot be fully judged by using relative error. For instance,
in fi; and f5, one can see that the general shape of the signals is incorrect without the inversion
unbiasing, but the relative error is low because the recovered signal is relatively smooth. On the
other hand, with the inversion unbiasing, the recovered signal has the right general shape, but is
not very smooth. Also, with regards to fs, the assumptions of the model are not met, so the drop
in performance is expected. For this specific run, for the high frequency signal ( f3), the recovery
error decreased from 0.45 without unbiasing to 0.09 with unbiasing. Additionally for f> and fa,
the unbiasing procedure decreased the error error by over 50%. For f] and fg we do not see much
improvement, but that is as expected since they are supported in the low frequencies; for f5 there is a
moderate improvement, but the bispectrum estimation was less reliable because model assumptions

were not met.
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Now we consider the case where o = 1.0. The error decay plots are given in Figure 2.14 and

corresponding inversion plots are given in Figure 2.15.
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Figure 2.14 Relative error decay with standard error bars for bispectrum inversion using Model 2
under the assumption of oracle n = 1271/2 with o = 1.0.

Notice that the gap in relative error between not using the unbiasing procedure and using the

unbaising procedure has decreased. This suggests that the bispectrum inversion algorithm we have

used is sensitive to noise. This also explains the slight performance drop we have observed.
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Figure 2.15 Bispectrum inversion results using Model 2 under the assumption of oracle 7 = 1271/2
with oo = 1.0.

Surprisingly, our error has not increased too much except in f4. For f4, we notice that noise in
the signal is most notable around the discontinuities of the function. There is a similar phenomenon
in fs. Atthe end of each triangle and the peak of the triangle, we observe more noise. This suggests
that the bispectrum inversion algorithm has a hard time learning discontinuities of the signal, which
is expected.

Now, we consider the case where n is unknown and estimated again. For o = 0.5, the error
decay plots are in Figure 2.16 and the inversion results are in Figure 2.17. For o = 1.0, the error
decay plots are in Figure 2.18 and the inversion results are in Figure 2.19. Surprisingly, the results

are similar to the corresponding oracle plots in many cases.
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Figure 2.16 Relative error decay with standard error bars for bispectrum inversion using Model 2
with o = 0.5 and no prior knowledge of 7.
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Figure 2.17 Bispectrum inversion results using Model 2 with o = 0.5 and no prior knowledge of 7.
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Figure 2.18 Relative error decay with standard error bars for bispectrum inversion using Model 2
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Finally, here are error plots for the estimation of 7 in the empirical case. Figure 2.20 is for

o = 0.5 and Figure 2.21 is for oo = 1.0. Note that the improvement tends to plateau once we have

more than 2'% samples for most of our cases. Note that the 77 estimation was subpar for f;. We

believe this is because the signal is not continuous, but we have not done rigorous tests to confirm

this. Nonetheless, the bispectrum recovery results were still adequate in the oracle case.

0 0 0
4t 1,
2
— 3
— — [
[ = Q
2 S £
- -
B B g
> S =
£ £ =
g 3 ) L
= — = 7
8l -8
9t ol -9
-10
-104 6 8 10 12 14 16 18 20 -104 6 8 10 12 14 16 18 20 5 10 15 20
logy (M) logy (M) logy (M)
@ fi (b) f2 © f3
T T T T 0 0
-1
-2
al
o ™ ™
O af e 2
- - -
Bl M B
£ £ £
& 6f 5 - % -
2 i) °
a2k E 7h
8l 8
9 ot
10 10 10
4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20
log,y (M) log, (M) log, (M)
d fa e fs ®) fo

Figure 2.20 Mean Relative Error in estimating  with o = 0.5.
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2.10 Conclusions and Future Work

In this chapter, we have provided a solution for the dilation MRA model by recovering the
bispectrum of the noisy observations. After recovering the bispectrum, we perform full signal
inversion and observe competitive results compared to other methods without dilations.

One natural extension is to work in two dimensions. That is, we want to recover a signal
f : R? = R from many noisy observations that have been randomly translated, dilated, rotated,

and corrupted by additive noise. Define the rotation matrix

cosf —sind
Ry = ) (2.22)

sinf@ cosé

A formal description is now given by

Model 4. Suppose we have M independent observations of a function f € L*(R?) defined by
i) = FRGI (1 =) (x =1)) +£;(x) = fi(x) +&;(x), 1<j<M

Furthermore, assume that
* supp(fj) € [-1, %)% for1 < j < M.
o {t j}jy[: , are independent samples of a random variable 7 € R.
* {0, }?4: , are independent samples of a uniformly distributed random variable 6 € -, 7).

e {7; }?4: , are independent samples of a uniformly distributed random variable 7 € R satisfying

E[r] = 0 and Var(t) = n? < ﬁ

, %]2 with variance 2.

| —

* {&j(x) }j!”: , are independent white noise processes on [—
Can we recover f?

The main difficulty in this model comes from the addition of the rotations, like mentioned in
previous sections. Even the noiseless case itself is difficult because one cannot simply align the
signals anymore. Intuitively, one has to first rotate all the signals in place, but this is not very
feasible. The corresponding noiseless model is given by

Model 5. Suppose we have M independent observations of a function f € L?(R?) defined by
S =Ry (A =7)7 (x=1))) 1<j<M
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Furthermore, assume that
« supp(f;) C [-3.3]*for1 < j < M.
o {1 }?4: , are independent samples of a random variable ¢ € R.
* {0, }?’[: , are independent samples of a uniformly distributed random variable 6 € [-n, 7).
e {7; }yz , are independent samples of a uniformly distributed random variable 7 € R satisfying
E[r] =0 and Var(7) =% < %
Can we recover f?

We will start with Model 4 and generalize our results to Model 5, like in the one dimensional

case.
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CHAPTER 3
NONLINEAR HEEGER-BERGEN TEXTURE SYNTHESIS

3.1 Background on Texture Synthesis

Texture synthesis is the process of generating an image from a reference image by taking
advantage of its statistical properties. The new texture should have similar qualities as the reference
texture, but look different. In other words, for example, the same reference texture, a rotation of
the reference texture, or a rearrangement of the reference texture should not be the result after

synthesis. An example of texture synthesis is given in Figure 3.1.

Generated

Figure 3.1 "Example" is the reference texture and "Generated" is the synthesized texture. Note that
the images have the same perceptual qualities, but are not the same image.

While this task can be phrased simply, one difficulty in this task is that traditional image metrics
do not lead to good synthesis results. For example, if one were to minimize the MSE loss between

a reference image /r and synthesized image I via solving the optimization problem
Is = argmianHfg — I3

the result would be same texture. To illustrate why such a metric is difficult, we will provide some
examples.
Consider Figure 3.2. The synthesis in the last two columns have similar quality compared to

the reference, and it’s clear that both textures are not simply repetitions of the reference texture.
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Figure 3.2 Left: Original Texture. Middle: Synthesis using [24]. Right: Synthesis using [20].

One could argue that dots are more solid in the middle column, which matches with the reference
texture, so the synthesis is better. However, this is a subjective argument without any quantitative
backing.

Additionally, consider Figure 3.3. One can see that the middle column has worse alignment

compared to the reference texture on the left, so it’s clear that the synthesis on the right is higher

quality since there is no repetition.

Figure 3.3 Left: Original Texture. Middle: Synthesis using [24]. Right: Synthesis using [20].

The synthesis in the right column of Figure 3.3 captures what we will call "long range con-
straints" in an image. That is, it is able to capture macroscopic features that the middle column
of Figure 3.3 cannot capture. To approach this problem, there are two factors to consider. First,
can one find a representation that captures texture? If so, what is a good measure for measuring

similarity between textures? One needs to account for long range constraints without creating a
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texture too similar to the original reference texture.
One approach, which we will generalize in this chapter, is to update a white noise by matching
the histograms of wavelet coefficients between a reference image and the white noise. First, we will

need to introduce the filter bank we used and the wavelet transform.

3.2 Filter Construction

In this section we describe the filter bank used in the Heeger-Bergen algorithm. This is the
analytic description of the filters that does not rely on down sampling. We are following the
presentation in [10], but some of the notation is changed so care should be taken when comparing
the two. All filters are defined in frequency in the frequency box [-x,7]? := [-7, 7] X [-7, 7]
using polar coordinates.

Write w = (w;, w2) € [-7, 1) as

w=(r0)
_ 2 2
ri=Ljwi t+w;
T w; <0and wy =0
0=
w) .
2 arctan (wl +r) otherwise

We begin by defining some “building block™ functions. The first is a low frequency radial function

L : [0,00) — R defined as
1 r<m/2
Vr>0, L(r):= cos(%logz(%)) n/2<r<m .
0 r>m

The second is a high frequency function H : [0, o) — R defined as

0 r<m/2
Vr20, H(r):=y cos(5log, (%)) n/2<r<nm .
1 r>m

One can verify that L and H satisfy the following important property:

L +|H(r)P=1, ¥r>0, (3.1)
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Radius r

Figure 3.4 Plot of L(r), H(r), and |L(r)|* + |H(r)|>.
In fact, the cosine part for L(r) can be replaced with a different decreasing function, and the cosine
part of H(r) can be replaced with a different increasing function, so long as (3.1) holds. Figure 3.4
plots L(r) and H(r) and verifies, numerically, equation (3.1).
Remark 1. Looking at the plots in Figure 3.4, indeed we may want to use a different form for L(r)

and H(r), as they are not very smooth at the point where they equal zero.

We also define dilations of L and H. They are given by:

1 r<m/2/

VieZ  Lir) =L@ =1 cos(Slog, (%)) w2 <r<nj2l

T

0 r>n/2
and
0 r < m/2/*1
VjeZ. Hyr)=H@r) =1 cos(3log, ()] n/27 <r <2
1 r>mn/2

We remark that it follows from (3.1) that
IL;(n)[*+|H;(n*=1, Yr>0, VjeZ

Now we define a family of functions for the angular variable 6. Let Q be the number of such

functions, which will later correspond to the number of directional filters at each scale. We define
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Figure 3.5 Plots of G,(6) and Zg;ol |Gq(6)|2 for0 < g < Q=4
VO0<g<Q, VOe€ (-n,n],

0-1 0-1
nq n(qg - Q)
G4(0) =g (COS (9 - 5) Lig-rg/0|<n/2 + COS (9 T o ) IL|e—n<q—Q>/Q|Sn/2) :

where
(-1!
VO(2(Q - 1))!

aQ = 2Q_1
One can verify that

0-1
Z IG,(0)>=1, VOe (-mn]. (3.2)
q=0
Figure 3.5 plots the functions G, (6) and verifies (3.2) numerically. Similarly to the L(r) and H(r)

functions, the functions G,(6) can be changed so long as (3.2) is satisfied.

Now we use the functions L(r), H(r), and G,(6) to build our filters. We construct three types
of filters:

* A high frequency filter 4 : R> - R

* Directional wavelet filters ¢, : R? — R

* A low frequency filter £ : R? — R

The high pass filter 4(u) is defined through its Fourier transform Z(r, 0) as
Vr>0, YO€ (-m x|, h(r,0) :=H(®),
and the low pass filter £(u) is defined analogously,
Vr>0, Vo€ (-m,n], €(r,0):=L(r).
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The directional filters ¢, (u) are defined as
Vr>0, YO (-m,x], ¥,(r,0) :=Lo(r)Hi(r)G,(6).

One may verify that all the filters are symmetric through the origin (i.e., h(—u) = h(u), {(—u) =
C(u), and ¥4 (—u) = 4(u)) and real valued in space.

We now define the wavelet transform of an image x € L?(R?) with its frequency support
contained in [-r, ]2, i.e., supp(X) C [-x, m]%. Let J > 1 be the number of scales and let Q > 1

be the number of orientations. A dilation of a filter f : R*> — C is defined as

VueR?: VjeZ, fiu)=2"f2u).
We remark that the Fourier transform of a dilated filter satisfies:

f;(r, 6) = f;(w) = f(2jw) = f(2jr,9), Yo eR? VjeZ
Using this notation define the filter bank ¥ o as
Fro=1h,t,¢¥;,:0<j<J, 0<q <0},
where £;(u) is the dilation of the low pass filter £(«), which means:
W) =2"Ye27n) = 6,0 =027r,0) = L(2'r) = L;(r),
and ¥/ ,(u) is the dilation of the directional filter ¢, (), meaning that:
Vi) =27, 27u) = @y g(r,0) = 44277, 0) = Li(r)Hja (r)G 4 (6).

Figure 3.6 plots the high frequency residual filter 4#(u) and the low frequency filter £;(u) for
J = 4, along with their Fourier transforms. Figure 3.7 plots the Fourier transforms n j.q(w) of the
directional band-pass wavelets for 0 < j < J =4 and 0 < g < Q = 4, while Figure 3.8 plots

Vjq(u)inspacefor0 < j <J=4and0<qg < Q=4
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Figure 3.6 The high frequency residual filter /(u) and the low frequency filter £, (u) with J = 4,
and their Fourier transforms 4 (w) and ¢;(w), respectively.
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Figure 3.7 The Fourier transfor
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Figure 3.8 The directional wavelets ; ,(u) for0 < j <J=4and0 < g < Q =4.
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Define the wavelet transform of x () as the map W, o : L?(R?) — L?(R?)’2*2, where
Wiox ={xxh,x*€,xxy;,:0<j<J, 0<g<Q}.

Notice that Wy o takes an image x(u«) and returns JQ + 2 images, which we refer to as the wavelet

coefficients of x. Let ||x|| denote the L?(R?) norm of x,

el = /R ()P du.

The norm of Wj gx is defined as

—

J-10-

2. 2 2 2

Wy 0xl1? := [l AIZ + s €12+ >0 " [l s w12,
= q=

~

This particular wavelet transform has many nice properties due to the filter construction. We collect
them in the next theorem.

Theorem 8. The filter bank ¥ o satisfies the following Littlewood-Paley condition:

~
—

-1
1h(w)? + 1€ ()| + Wig(@)>=1, Ve [-rnx (3.3)
=0 ¢

©Q

~
I
(=]
I
o

Therefore, for any x € L2(R?) with supp(X) C [, x]?, the wavelet transform W, ¢ is an isometry,
Wr.oxll = llx]l,

and furthermore has the following inverse:

J-10-1
x:x*h*h+x*€]*{’1+z X*YjgxWjg. (3.4)
J=0 g=

Proof. First, convert everything to polar coordinates. Use condition (3.2) to simplify the third

term, condition (3.1) for the other terms, and also use the definition of L j(r) to observe that
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Li(r)Ljs1(r) = Lj41(r), which results in a telescoping sum:

_ _ J-10-1
[R(w) P + 12 (w) | + 1074 (@)
Jj=0 ¢g=0
J-10-1
= [H()P+ 1Ly ()] + Ly ()P 1Hj1 (PG (0)
j=0 ¢=0
J-1 0-1
= [H() P+ Ly ()P + YLy (P Hp (0P| D] Gy(0)
j=0 q=0

J-1
= [H(r) [ +|L;(r)]* + Z L (r)P|H s (r)]?
=0
: J-1
= L= LR+ Ly P+ Y UL ()P = 1L (DP)
=0
-1
= 1= [LOP +ILi (PP + Y 1L (P = 1L (D PILja ()P
j=0

J-1
= 1= L) P+ L) P+ ) L ()P = 1L ()P
j=0

= 1= L) +ILs ()P + L = Ly ()

=1.

To prove the isometry property, multiply both sides of (3.3) by |%(w)|?, integrate, and apply

Plancherel formula.

To prove the inversion formula, take the Fourier Transform of

—_

J-1
g:x*h*h+x*€j*€j+z X*wj,q*wj»Q'

Q

~

(S
I
o
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Then

J-10-1

8(0) = (W) h(@)h(w) + 2@ W) l(w) + D > H@) g0 (w)
j=0 ¢=0
J-10-1
= 2(w) [[h(@) + (W) + .4 (@)
j=0 g=0
=X (w).
Taking inverse Fourier Transform gives result. O

It turns out that the inverse formula (3.4) is based on the adjoint of the wavelet transform. Let

us explain. For x, y € L?(R?) define their inner product as:

(x,y) = ‘/sz(u)mdu, 3.5)

where x(u) is the complex conjugate of x(u). Using this inner product we can define an inner

product on L?(R?)72+2. Write F € L?>(R?)’2*? as

F={fn,f1,fiq:05j<J, 0<g<0Q},

where f, € L2(R?), f; € L?>(R?), and fiq € L2(R?) for each j and ¢. Then for F, G € L*(R?)7¢*2,
define their inner product as:

J-10-1

(F,GY = (furgn) +{f1-8) + D > {fia8ia)

=0 g=

~

where the inner products on the right hand side are defined using (3.5). Notice that with this inner
product we have

W) .0x||* = (W 0x, W ox).

Now let us define the adjoint of the wavelet transform. The adjoint of W o : L?(R?) — L?(R?)’/9+2
is the map W, : L?(R?)72+? — L2(R?) such that the following relation holds:

Vx e L*(R?), YF e L*(R*)/®*?, (W) px, F) = (x, W] ,F). (3.6)
Using (3.6) as the definition of W7 ,, one can prove the following theorem.

J,0°
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Theorem 9. The adjoint of W; ¢ is

J-10-1
WioF = furh+ fisli+ > frgitig YFeLA(R)C2

Jj= q:O

Proof. Let x € L>(R?) and F € L?(R?)/2*2. The filters are real symmetric. We can also use
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Fubini’s Theorem.

(Wyox, F)

J-1

= ((x ), f) + ((x = L), fo) + ((X*l//j,q),fj,q>

Jj=0

fQ

g
o
~

1T

-1 0-

/ (x5 1) () Fat) lu + / (x % £0) () Fo(a) du +

:/RZ ('/Rjzx(f)h(l/l—t)dt)mdu+‘/[&2 (‘/R:zx(t)gj(u_t)dt)mdu

[ 500l d

~.
Il
[e]

S
Il
]

+j:0;0/Rz (/sz(r)w,,q(u 1) dt) Frq(u) du
:/sz(t)( . fh(u)h(u—t)du) dt+/ x(1) (/ mfj(u—t)du) dt
J-10-1
+ x(1) ( Fia@io(u—1) du)
]=0 2 / / Jsa Jj.a
x(t) ( fn(u)h(t —u) du) dt + x(t) (/ fe(u)ty(t —u) du) dt
R2
J-10
+ x(1) ( Fia@io(t = u) du) dt
; i / / Jj.a Jja
= / x(1) ( fu(u)h(t —u) du dt + x(t) (/ fe(u)ty(t —u) du)
R2 R2 R?
J-10-1
+ x(1) ( fiq(io(t —u) du) dt
22 [0 [ st
J-10-1
:/ x(t) - fn*h(1) dt+/ x(t) - fox€;(t)dt+ / x(t) - fiq*x¥q(t)dt
R2 R2 IR
J-10-1
= (x, (fax b))+ (x, (fe = 8)) + O, (fig *¥jg))
j=0 ¢=0

= (x, W}:QF>.

Looking back at (3.4) we see that the left inverse of W, o is given by W} o 1€

X = W}’:QWJ,Qx.
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Having the adjoint of W; o and this relationship will be useful when we get to the Heeger-Bergen

texture synthesis algorithm.

3.3 Heeger Bergen Texture Synthesis
Using the filter bank from before, we can now state the Heeger-Bergen Texture Synthesis

algorithm. We will need an auxillary histogram matching algorithm taken from [10]:

Algorithm 3.1 Histogram Matching

1. Start with an input image u and reference image v both of size M X N.
Define L = M N and assume that u and v are unraveled.
Determine the permutation 7 such that v-(1) < vy2) < ... < vy(y).
Determine the permutation o~ such that u,(1) < us2) < ... < U ().
fori=1to L do

Ug(i) < Vr(k)
end for

AN AN

The general idea behind the Heeger Bergen Texture Synthesis algorithm is to match distributions
one wavelet coefficients. One starts with a M X N white noise, say Iy, with pixels sampled from
a standard normal distribution and a reference image /g. One then calculates W; oIg and W; oI,
histogram matches corresponding coefficients, and inverts the transform. The general idea is that
matching distributions of wavelet coeflicients will turn the white noise into an image that is similar

to reference texture. Pseudocode for the algorithm is provided in Algorithm 3.2.

Algorithm 3.2 Heeger Bergen Texture Synthesis Algorithm

1: Start with an white noise Iy € R¥*N reference image I € RMXN set of scales J, number of
rotations 0, and number of iterations 7.
Calculate W) oI € L2(R?)72+2,
fortr=1to 7T do
Calculate Wj oIy € L?(R?)79+2,
Update Wy o Iw by histogram matching each element of W, o I with the corresponding filter
in Wj oI (using each filter in W oI as the reference histogram).
Update Iy via the formula Iy = W;Q Wyolw.
Histogram match Iy with Ig using I as the reference histogram.
8: end for

Unfortunately, Algorithm 3.2 does not yield high quality texture synthesis. One possible reason

for this is that it does not use a nonlinear filter bank, so complex features in a texture cannot be
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effectively captured.

3.4 One Layer Nonlinear Heeger Bergen Texture Synthesis
To improve the synthesis quality of Algorithm 3.2, we propose a slight modification. Consider

the nonlinearity ReLU(x) := max{0, x} and notice that we have the identities
|x| = ReLU(x) + ReLU(—x) (3.7)

and

x = ReLU(x) — ReLU(~x). (3.8)

Now define the nonlinear filter bank

Wi o.ex = {ReLU(x *&h), ReLU(x x&ly), ReLU(x*&yy;,) :0<j<J, 0<g <Q, £==+1}.

3.9
In particular, for any ¥ in W, o, we see that
|f = W] =ReLU(f %= ¥) + ReLU(f * —¥) (3.10)
and
f ¥ =ReLU(f *¥) — ReLU(f * —W). 3.11)
Thus, it follows that
W],Qx = W],Q,lx — W]7Q,_1x, (3.12)
which means that
X = W;’Q(W_]’Q’]x - WJ’Q,_l.X). (3.13)

Using this inverse formula, we can create the following algorithm. Results using Algorithm 3.3

are given in Figure 3.9.
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Algorithm 3.3 ReLLU Heeger Bergen Texture Synthesis Algorithm

1: Start with an white noise Iy € R¥*V reference image Ir € RMXN get of scales J, number of
rotations Q, and number of iterations 7.

2: Calculate Wy o Ig € L?(R?)20/0*2)

3: fort=1to T do

4:  Calculate Wy oIw € L2(R?)2(/2+2),

5. Update W, g oIw by histogram matching each element of W, o .Iw with the corresponding

filter in Wy o ¢Ir (using each filter in W, o I as the reference histogram).

6:  Update Iy via the formula Iy = W}*,Q(W],Q,llw - Wio-1lw).

7. Histogram match Iy with Ig using I as the reference histogram.

8: end for

i — A -

Figure 3.9 Left: Reference Texture. Middle: No ReLU. Right: With ReLU. Ran with J = 4 and
Q = 6 for 50 iterations.

3.5 An Invertible Windowed Scattering Transform
Before we describe the next modification to the Heeger Bergen Texture Synthesis algorithm,

we need to motivate the usage of wavelet scattering transforms. We will use the following notation
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again:

Lof(x)=f(x-c) (3.14)
Ltf(x) = f(x —7(x)). (3.15)

The first operator, L., is a translation operator, and the second operator L, can be thought of as a
deformation operator. In particular, if

IVT||e = sup |VT(x)| < 1 (3.16)

xeR"
and T € C2(R"). Suppose that H,, H, are a Hilbert spaces and ® : H; — H- is an operator for a
vision-related task, such as classification. We would like ® to have the following properties:
* Local Translation Invariance: small translations of an object should not greatly affect the
output of ®.

* Nonexpansiveness: for f, g € Hj,

In other words, the distance between @ f and ®g should not be larger than the original
distance between f and g for stability reasons.

* Stability to Diffeomorphisms: there exists C > 0 such that
I®f = PL: fll, < Cllfllt, (I7lleo + VT lloo + [[HT[|co)- (3.18)

for all T € C2(R"). That is, the operator "linearizes" small deformations.
As shown in [34], the Fourier modulus is not stable to small dilations, which are a simple class
of diffeomorphisms. A natural next step is to use wavelets, which produce a representation that is
well localized in space and frequency.

Let G* be the set of "positive" rotations and define

A=2r:reG* j<J}ifJ < oo
Ay = (3.19)
(A=2r:reG* jez}ifJ =oco.
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Let ¢ be a wavelet. For x € L>(R"), let A € Ay and define
UlA]x = |x = ¢, (3.20)

A path p is an ordered tuple p = (41,...47) with 4; € A fori = 1...,¢, and P; where each

element of the path is from A;. For paths, define the operator

Ulplx=U[4] ... U[4:]U[21]x

= [l [yl [+, . (3.21)

Let ¢y (u) be a low pass filter. For p € Py, define the windowed scattering operator

Sslplx(u) = (Ulplx  ¢y)(u) (3.22)
For any set of paths, say Q, define the path set S;[Q] = {S;[p]}ca. We now define the windowed
scattering transform as the set S;[P;]x and use the following Hilbert Space norm

IS, 1Q1xl1 = " 1S, [p1xl3. (3.23)
peQ

Notably, the windowed scattering transform has many properties we would like in a feature extractor.
Theorem 10 (The Windowed Scattering Norm is Well-defined). Suppose that ¢ is a wavelet such

that there 7 € R”, p > 0, |[p(w)| < |¢(2w)|, p(0) = 1, and

(o)

P(w) = 1p(@=-nP =) k(1-1p@ " w =P (3.24)
k=1
satisfies
o =T =1, U ==, V(2
a lglgl;zjz ;‘1’(2 L) 2 w)? > 0. (3.25)
=—oor

We will call this the admissibility condition. Under the admissibility condition, for all x € L*(R"),
we have the isometry

1S [P 1xll = llx]l. (3.26)
Theorem 11 (Nonexpansive Property of the Windowed Scattering Transform). For all x,y €
L*(R"),

ISy [Pslx = Sul[PsIyll < llx = yll2. (3.27)

75



Theorem 12 (Local Translation Invariance of the Windowed Scattering Transform). Forall ¢ € R”,

x € L?>(R"), and an admissible wavelet,

lim IS, [Pslx = Ss[Ps]Lex] = 0. (3.28)
Theorem 13 (Diffeomorphism Stability). Let 7 € C%(R") with |D7||e < ﬁ For an admissible

wavelet and any x € L?(R"), there exists a constant C such that
IS, [Ps1L-x — S;[Pylx|l < CK()|Ix]l, (3.29)

where K(7) — 0 as

[7lleo + IVTlleo + | HT |0 — 0.

That is to say, a windowed scattering operator is a good feature extractor. In practice, it is not
able to compute an infinite cascade of wavelet transforms, but empirical studies have shown that
two layers is enough [33].

We will now construct a two layer modification of the scattering transform, which we will

denote as the "Two Layer Scattering Pyramid," using the operators W; o and Wy g .:
Sox ={xx¢j,xxh,WjpoReLU(xxey;,) : 0<j<J-1,0<g<0-1,e==x1}. (3.30)

The algorithm is provided in Algorithm 3.4. Note that this can be generalized to multiple layers, but

the computational cost is infeasible; additionally, most of energy should be in the first two layers.
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Algorithm 3.4 Two Layer Scattering Pyramid

1: INPUTS: An image x and operators Wj o, Wy o -1, Wr0,1.

2: OUTPUT: S,x, a modification of the Two Layer Scattering Pyramid.
3: Initialize a set of functions Spx.

4: Calculate W; o _1x and W; o 1x and add

x* ¢y =ReLU(x * ¢;) — ReLU(x * —¢;)
and
x % h =ReLU(x = h) — ReLU(x * —h).

5: forj=0toJ —1do

6: forg=0toQ —-1do

7: for e = +1do

8: Calculate Wy g (x * ¢ ) and add to Sx.

9: end for
10:  end for
11: end for

12: Return S)x.

Algorithm 3.5 Two Layer Scattering Pyramid Inverse

: INPUTS: The two layer pyramid S»x.

: OUTPUT: The original image x.

:for j=0toJ —1do

forg=0toQ —1do
Calculate W} ,(Wy01(x * ¢ q) — Wyg-1(x * ¢j4)), where corresponding filters are
subtracted in the subtraction operation.

end for

7: end for

8: Note that this recovers all the bandpass filters in Wy ox, and the high and low pass residuals are

already in Sox.
9: x = W;’QWJ’Q.X.
10: Return x.

Dok W o

a

For the next section, we will use the algorithms above to formulate a modified texture synthesis

algorithm.

3.6 Two Layer Nonlinear Heeger Bergen Texture Synthesis
Using Algorithm 3.4, we can formulate a Heeger Bergen Texture Synthesis algorithm motivated

by the scattering transform.
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Algorithm 3.6 Heeger Bergen Scattering Texture Synthesis

1: Start with an white noise Iy € R¥*N  reference image Ir € RMXN set of scales J, number of
rotations Q, and number of iterations 7.

2: Calculate S,/g and save it.

3: fort=1toT do

4: Calculate WJ,Q,IIW and W‘]’Q,_]IW.

5:
6:  Update W; o 1Iw by histogram matching each element of Wy o 1Iw with the corresponding
filter in Wy o 1Ig (using each filter in Wy o 1Ig as the reference histogram) and update
Wj 0,-11w by histogram matching each element of Wy o _1Iy with the corresponding filter
in Wy o _11g (using each filter in W; o _1Ig as the reference histogram).
7. Keep
Iw = ¢y = ReLU(Iy * ¢p;) — ReLU(Iy * —¢y)

and
Iy * h= ReLU(IW * h) - RCLU(IW * —]’l)

for inversion.
8: forj=0toJ—1do

9: forq=0to QO —1do
10: for e = =1 do
11: Calculate Wy g «(Iw * & j 4) and histogram match with corresponding filter in S>/g.
12: end for
13: end for
14:  end for
15:  Invert the scattering pyramid S/ via 3.5.
16: end for

17: Histogram match Iy with I using Ik as the reference histogram.
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Figure 3.10 Left: Reference Texture. Middle: One Layer ReLLU Synthesis for 50 iterations. Right:
Two Layer Synthesis for 10 iterations. Ran with J =4 and Q = 6.
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3.7 Conclusions and Future Work

Based on our current experiments, we believe there are multiple reasons why our approach
fails. First, matching wavelet coefficients is an approximation of optimal transport. However, this
approximation seems to get stuck in local minimums quickly. There are two possible reasons

* Histogram matching wavelet coeflicients is bad approximation of optimal transport.

* Matching each coefficient works, but they "interfere" each other. That is, matches in one
coefliciens might lead to better synthesis, but a match in a different coefficient leads to worse
synthesis.

The second point leads to an interesting question. Two representations can have close to the same
histogram for each component, but their structure does not necessarily look the same; what else do
we need to match to obtain structure such as edges and lines?

One approach, which we will consider for deep neural networks in the next chapter, is to match
n-dimensional histograms. We can regard the set of wavelet coefficients as a H X W x C tensor with
each H x W slice of the last dimension being a wavelet coefficient. If we unroll the vector into a
HW x C matrix and match HW dimension histograms for each pixel, it is a good approximation of
an optimal transport problem. Will this problem yield good results for synthesis? Our preliminary
experiments suggest yes. If this is the case, can we study what type of frames yield good texture

synthesis? Is invertibility/pseudoinvertibility really a necessary requirement?
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CHAPTER 4

LONG RANGE CONSTRAINTS FOR NEURAL TEXTURE
SYNTHESIS USING SLICED WASSERSTEIN LOSS

This work is based on [51], which has been submitted to IEEE ICIP 2023. We introduce an

algorithm for texture synthesis using a modified form of Sliced Wasserstein Loss. The main idea of

both methods is similar: we match 1D histograms between feature maps. However, our approach

for this chapter will use deep convolutional neural networks (CNNs) instead of an invertible wavelet

frame.

4.1 Background on Convolutional Neural Networks

The contents of this section is based on [21]. A CNN is neural network using series of

convolutions to learn features from data. The general steps of the network for an image classification

task are the following:

Initialize random weights for a set of filters and put in an input image x.

Apply a cascade of convolutional layers and nonlinearities using the filters.

Subsample the result using a subsampling operation such as max pooling, min pooling, or
average pooling.

Repeat this process multiple times.

Use a classifier (usually feedforward neural network) to classify the image.

Apply backpropogation to update the filters via gradient descent.

Repeat the steps till one reaches desired performance on the desired task.

An example of a convolutional architecture, LeNet, is given in Figure 4.1.

First, consider the discrete convolution of functions x(¢) and w(¢), which are only defined for

integer ¢:

(o)

(1) = (x xw)(t) = Z x(@)w(t - a). 4.1)

a=—0oo

Convolutions are done over more than one dimension at a time. In particular, for two dimensions,
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C3:f. maps 16@10x10
C1: feature maps 54:1. maps 16@5x5
6@28x28
52: f. maps

6@14x14

INPUT
32x32

|
| | Full connection ‘ Gaussian connections

Convolutions Subsampling Convolutions Subsampling Full connection

Figure 4.1 LeNet Architecture demonstrating the procedure for the forward pass of a CNN.

for an image two-dimensional image / and two dimensional kernel K, the convolution is

SG, j) = (K +D)(i, ) = Z Z 1(i—m, j —n)K(m,n), 4.2)

which is a commutative operation.

However, neural network libraries usually use the cross-correlation function

SG,j) = (K= D) j) = »° > 1 +m, j+m)K(m,n). (4.3)

due to ease of implementation. While the operation is not commutative, this does not affect the
accuracy of a network because the kernel K is learned from the data anyway. In practice, when
ones uses a convolutional neural network, we regard an image or feature map as an 3-tensor. For
example, an M X N RGB image is an M X N X 3 tensor, where the last dimension is known as the
channel dimension. Each channel of a the three tensor (i.e. each M X N matrix) is known as a
feature map.

We can now provide a mathematical formulation for a convolutional layer of a network. Assume
we have an M X N X Cy input. In other words, there are C; feature maps in the channel dimension.
If we would like to output C, feature maps from our convolutional layer, define the set of filters

{F;j}with1 <i < Cjand 1 < j < C,. A the "convolution" step of convolutional layer is

Cy
C(x) = Z Fj*x, (4.4)
i=1

which has channel dimension C;. After the application of the convolution step above, one applies
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a pointwise nonlinearity, o to get

Ci
o(C(x) =0 ZFI.J wx|. (4.5)
i=1

Common choices are the sigmoid function, tanh, ReLLU, and so on.

After a convolutional layer, CNNs usually have a subsampling operation to decrease the size
of the feature maps. This makes training networks less computationally intensive and helps with
extracting features such as edges. Usually, a pooling operation, such as max pooling, which involves
sliding a kernel and taking the maximum along a window, is used.

The reason CNNs work better than, such as feedfoward neural networks, for vision tasks is
that they encode information in a more relevant manner. Specifically, the convolution step of a
convolutional layer is translation equivariant (e.g. applying a translation to an image before and
after the convolution step yields the same result); convolutions are a local operation, and local
information is more relevant for images; a feature map shares parameters with other feature maps,
which captures interaction between different feature maps and lowers the total number of learned
parameters. Parameter sharing and more capacity for larger networks are some of the reasons one
would suspect a deep CNN to work better than a scattering transform for classification tasks.

Regarding deep CNNs5s, we are interested in a specific architecture which is commonly used for

neural texture synthesis tasks, VGG19 [45]. See Figures 4.2 and 4.3.

VGG19 Network

e [l | =] =] T w5

=122 2|21 2 |2l2i212/2 |2(2|2|2 2 |2|12|2]|2 B E== ot
E] 2|2 |= |E|E|S |E|2|E|E £ |Bjefe|le 5 |2|E|2|eg BEE 2
= i i B e B —* 5
= — 2 o | B w8 | w|wlsls O ||| 8 e =
= 15l (218 la |[ZBEE1E 4 |25z a | zlzz2]2n ki o

= =N ElE] = Clol o] el ax EIE|IE|E = |E|lS| S| & = et

O oo ol o m Ol ol oy O m glelole m (o gl o) o) "

LIS = ooy = QL = Qoo = |O|la|lo|C|=

Figure 4.2 Schematic of VGG19 architecture. The blocks "Conv" are a convolution block and
ReLU, "MaxPooling" is a max pooling operation, and "FC+relu" is a linear layer and ReL.U.

4.2 TImage Quality Metrics
To evaluate the effectiveness of our texture synthesis algorithms, discuss a few image quality

metrics that we will use to compare the quality of images we generated. Traditional image metrics,
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fully nected+RelLU
softmax

Figure 4.3 VGG19 schematic showing how feature map size decreases as the number of filters
increase.

like PSNR and SSIM, are not perfect image metrics. Consider the following example:

Patch 0 Reference Patch 1

Humans
L2/PSNR, SSIM, FSIM v

Figure 4.4 Two examples where human perception does not match with common image metrics.

In the example, one can clearly see that Patch 1 looks similar to the reference, and is slightly
deformed. However, common image metrics like MSE would not be able to handle the distortions
properly. Additionally, Patch O, which is a low pass filtering of the reference, would be recognized
as similar by traditional metrics. Note that these metrics we will discuss are not optimal either. In

all cases, if we calculate the similarity between two of the same image, the image metric would
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yield the best score. Like we mentioned previously, this is not ideal for texture synthesis.
The first metric we consider is LPIPS [52], which measures the perceptual similarity between

two images. The idea is to use MSE between feature maps of a deep convolutional neural network.

Normalize _ﬂ____{l__ Muttiply | *l]
Subtract L_E norm - Avg 0
Spatial Average ,_,,ﬂ dg

+

Computing Distance

Figure 4.5 LPIPS calculation between an image x and xo.

Suppose we have £ = 1, ..., L layers of a neural network. We extract feature stacks from layer
¢ and unit-normalize in the channel dimension, which we designate y’, $¢ € REWexCe We do a
channel-wise scaling of the activiations by vector w’ € R Finally, we average spatially and over

the channels. This can be represented as

=

1

H,W,
1 =1 j

we o (v = 99113 (4.6)

L H,
d(x,xp) =
=

Ik
—_

Usually, a deep network like VGG or AlexNet are used for feature map extraction.
The second metric we use is Frechet Inception distance (FID) [25]. The 2-Wasserstein Distance,

or Frechet Distance, is given by

E(uv) = inf / e = ylPdy(x. y) @)
vel(1,v) JRrxR?

where I'(u, v) is the set of joint probability measures such that

{7 : / y(x,y) =dy = u(x) and R"}y(x,y) = dx = V(y)} :
Rn

For FID, one assumes that the model fits to a Gaussian distribution. Then for two Gaussian

distributions p; with distribution N (u;, X1) and p, with distribution N (u3, X,), one can write the
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FID as

d3(p1.p2) = llu1 — pall3 +tr

12
S +3 -2 (2}/2222}/2) ] . (4.8)

Usually, the function to estimate the distribution is a specific layer of a deep convolutional neural
network, similar to LPIPS.

KID score [8] is similar to FID score, but relaxes the assumption that both distributions are
Gaussian and is defined as

KID(p1, p2) = MMD(py, p2)°. (4.9)
More detail is given in [8], but it will be omitted from this thesis.

4.3 Texture Synthesis Using VGG19 and Gram Matrices

The contents of this section are adapted from [19], which has made led to remarkable improve-
ments in the field of texture synthesis since its publication. For notation, assume we have an L + 1
layer convolutional neural network; for £ =0, ..., L, layer £ has N, distinct feature maps. Each of
these feature maps is a M, vector after flattening. We reshape feature maps in layer ¢ into a matrix
Fy € RNe*Me wwhere each row of the matrix is a feature map.

Assuming that each row of Fy (i.e. each feature map in layer £) is mean centered, we define the

Gram matrix Gy € R” x R" as

¢
Gl = D FLF. (4.10)
k

In matrix form, we have G¢ = F{(FO)T.

To generate a new texture from a reference texture, we update a white noise image using
gradient descent by optimizing over the mean-squared error (MSE) between the Gram matrices of
the reference image and the white noise. More formally, let X be a reference image and X be the

generated image. Also let the gram matrices for ¥ be G’ and the gram matrices for X be ¢¢. Define

1 ¢ Al N2
B = e ;(GU - G4, (4.11)

which is the MSE between the gram matrices of X and Xin layer €. The full loss function is given
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L
LE D) = ) weEs, (4.12)
(=0

where w, are user-defined weights.

For updating the image, one uses gradient descent. In particular, the following identity holds:

— ﬁ”(cf-éf) , £L >0
aEg: N?M{% (( ) ji ij

: (4.13)
aF;;.

0, otherwise.

In practice, one does not implement the gradient manually. Instead, one can use open-source deep
learning packages, like PyTorch or Tensorflow, with a built in optimizer (L-BFGS) to update the
white noise image.

Before we provide a unified workflow, we discuss the specific CNN architecture, which is a
modified version of VGG-19, used for texture synthesis. The following changes were made to the
original version of VGG-19:

* The max pooling layers are switched to average pooling layers. No retraining of the network

is done. The authors noticed that this change improved image quality.

* The weights of the network are transformed so that the mean of each feature map is 1.
Additionally, during the synthesis process the feature maps from the layers ’convl_1’, *pooll’,
"pool2’, *pool3’, and ’pool4’ are used to make Gram matrices. The other convolutional layers and
the fully connected part of the network are not used.A schematic of the general workflow is given

in Figure 4.6 and some synthesis results are given in Figure 4.7.
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Gradient
descent

Figure 4.6 The general synthesis method is given below. The images X and X are both passed through
the network. Gram matrices are created from specific feature maps, and the loss is calculated. Using
a backpropogation engine, the X is updated. Picture reference: [19].
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Portilla & Smonceli

Figure 4.7 Results for textures synthesis after each gram matrix is added for synthesis. "Original"
denotes the reference image and "Portilla and Simoncelli" are results from [40]. Picture reference:

[19].
One notable issue with the results above is that long range constraints are not captured by this

algorithm. In other words, the alignment of objects isn’t capture by this algorithm. This is expected

because CNNs aggregate local information.
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4.4 Improvements Via Regularization
To ameliorate the lack of long range information captured by [19], [31] propose adding regu-

larization (4.12). For an image /, let
Er={I:17(D] =7 DI} (4.14)

That is, (4.14) is the set of images with the same power spectrum as /. We can find the projection

of an image I onto &; via

- I -FU)*

r (T T
|F () - F ()%

Letd (f , &1) be the distance of [ to &;. If we denote Lny to be the loss from (4.12), then our new

F)|. (4.15)

loss function between images is
_ Bt e
-l: - -ECNN + Ed(17 8[) s (416)

where £ is a hyperparameter.

In Figure 4.8, some examples of synthesis using the spectrum constraint are given. As shown
in Figure 4.8, there is notable improvement in alignment for these textures. However, it is difficult
to find a value for 8 that works on a variety of images. This would require time-consuming
hyperparameter tuning. Additionally, if one required high quality synthesis for multiple textures,
one may have to tune 8 depending on each texture. It would be ideal if one could find a method

that did not require hyperparameter tuning for high quality synthesis results.
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Figure 4.8 Results for textures synthesis using a spectrum constraint. The hyperparameter S is
10°. Left: Reference Texture. Middle: Without Spectrum Constraint. Right: With Spectrum
Constraint.

4.5 Texture Synthesis Using Sliced Wasserstein Loss

Before we discuss the method from [51], we will provide some background information about
texture synthesis using Sliced Wasserstein Loss from [24]. Suppose that layer ¢ of an L layer
convolutional neural network has Ny channels and M, pixels in each channel. We denote the
feature vector located at pixel m as F!, € RV, which is a change in notation from previous sections.

The authors of [24] propose using a different set of statistics instead of the mean squared error
between gram matrices. In a manner similar to [23, 48], the authors match the distributions between
feature maps, but these feature maps used in [24] are feature maps of VGG19 [45].

With respect a network architecture, let p¢ and p¢ be the probability density functions associated
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with the set of feature vectors {F’} and {F’}. Since our network is discrete, we assume that the

probability density functions are always an average of Dirac delta distributions of the form

1
P =1p le 55, (%), (.17)

Let V € S be a random direction on the unit sphere of dimension N,. For the purpose of this

paper, the Sliced Wasserstein Distance between two distributions of features is of the form

Lsw.e(p’, p°) = By[Lswip(py, pi)], (4.18)

where
Pl = {(FL V) (4.19)

is a set consisting of batched projections of the feature maps F’, onto the directions V; if we make a
vector Pf; consisting of the elements of pf}, the 1D Sliced Wasserstein Loss is the 2-norm between

sets of sorted projections:

. Ar o2
Lswip(py, py) = |[sort(Py,) — sort(Py)||; (4.20)

¢
len(Py,)

and the full Sliced Wasserstein loss over all the layers is

L
Lsw(ly, ) = Z Lsw.e(py 0 Py1,): (4.21)
=1

for images I; and I, respectively. For practical applications, one uses a loss of the form

L
Lsw(li, 1) = Z wiLsw.e(Py.1»Py.p,)s (4.22)
=1

where w; are weight terms that set to zero for layers that are not used. We will use this formulation
for the rest of the paper.

An implementation of 4.20 is provided below in pseudocode:
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Algorithm 4.1 Implementation of 4.20

1: Set Iwy as variable to be updated by optimizer.
2. fork=1,...,Mdo

3:  Calculate Extract(Iwn).

4 Calculate Extract(/yer).

5. Calculate Lsiicing (IwN> Iref)-

6:  Backpropogate and update Iwn.

7: end for

8: Return updated Iwy as synthesized texture.

Pitie et al. [39] showed that Sliced Wasserstein Distance satisfies:

Lsw(p,p) =0 = p=p.
The same does not hold for other losses used for texture synthesis, such as the gram matrix loss.
Thus, using a Sliced Wasserstein-based loss should capture more stationary statistics compared to

the traditional Gram Loss.

“P'r-i;_': 'f:t"um ‘-'Emm Eﬁ_\\-‘

Figure 4.9 Synthesis results using the gram matrix loss, denoted Lgram and using Lgw.

In Figure 4.9, some examples of synthesis using sliced wasserstein loss are given above. While

the alignment is better for the synthesis, the algorithm still has trouble capturing long range
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constraints, like alignment. The authors propose adding a spatial tag as fourth channel in an RGB

image to guide synthesis, which is shown in Figure 4.10.

input + tag

input + tag

optim with tag Low

o, BN

1;‘1\:’1

optim with tag Low

L1111 Ll

1I||

1I||

Figure 4.10 Synthesis results with and without a spatial tag.

While adding a spatial tag creates visually appealing textures, one needs a spatial tag for each

constraint they wish to impose. However, it’s unlikely to have a prepared spatial tag for each texture

one would like to generate, especially if the texture is highly irregular. Thus, it would be ideal if

there was an algorithm that could capture long range constraints without user guidance and without

tedious hyperparameter tuning.

4.6 New Texture Synthesis Algorithm

The method proposed in [24] cannot effectively capture long range constraints unless a user-

added spatial tag is added to guide synthesis. This is most likely Sliced Wasserstein Loss does

not fully capture nonstationary statistics in an image. Thus we propose a new set of statistics for

texture synthesis based on Sliced Wasserstein Loss to capture long range constraints without any
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supervision or hyperparameter tuning. Our experiments show that our proposed set of statistics
provides competitive results with current approaches. Additionally, we augment our synthesis
results via a coarse-to-fine multi-scale procedure, which yield state-of-the-art results.

Instead of just matching distributions via slicing over the channel dimension of the feature
maps, we purpose matching more statistics in a very simple way. Consider a set of feature maps
Ft e RHOWexNe 1n the original algorithm, we unravel each H; X W, feature map, consider each
pixel m to get feature vectors of length N,, and project onto direction V in Eq. (4.21). Another
way to reshape the feature maps is to unravel them into H, different W, X N, feature maps, FI‘;
(with Flf,,n being a vector of all n™ pixels of each feature vector), and project them onto Vg, € S,
Analogous to Eq. (4.19), for the distribution pil associated to feature vectors {Ffm} we can define

another set of batched projections given by

Py, = Ui Via)}- (4.23)

The corresponding additional loss term is

L
Lswu(li, 1) = Z wiLsw.¢ (PeH(,Ilapf;H[,lz) - (4.24)
=1

Intuitively, this loss term accounts for alignment in an image by slicing over the dimension for
the height of the feature maps rather than the dimension for the channel of the feature maps. The

new loss function we consider is

Lsticing (11, I2) = Lsw(I1, I2) + Lsw.u (11, I2), (4.25)

which is the sum of Eq. (4.21) and Eq. (4.24).

Denote the feature map extraction from VGG19 as Extract(/). For our algorithm, we start with
a reference image I, and a white noise Iy and run for M epochs. Our implementation for slicing
synthesis is the same as in [24] for Eq. (4.21) where we perform a batch projection on N, directions
and sort. For our additional loss term in equation Eq. (4.24), the number of batched projections we
make is H,. In our next algorithm, assume that the goal is to synthesize an image the same size as

the reference image without any loss of generality.
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Algorithm 4.2 Synthesis Algorithm

1: Set Iwn as variable to be updated by optimizer.
2. fork=1,...,Mdo

3 Calculate Extract(/wy).

4 Calculate Extract(/yer).

R} Calculate ~£Slicing(IWN, Lret).

6:  Backpropogate and update Iwy.

7: end for

8: Return updated Iwy as synthesized texture.

The settings for the slicing loss are to use the first 12 layers of VGG19 for calculating Lgw and
the first two convolutions (after the ReLLU) in each convolution block for for calculating Lsw x-
The L-BFGS optimizer [30] is used for optimization with a learning rate of n = 1.

We start by comparing results with [24]. We use the author’s TensorFlow implementation,
which is a previous commit in https://github.com/tchambon/A-Sliced-Wasserstein-Loss-for-Neural-
Texture-Synthesis. without their spatial tag on some relatively periodic textures. For all the
experiments in this paper, our texture sources were the following:

* https://github.com/omrysendik/DCor/tree/master/Data

* https://www.robots.ox.ac.uk/ vgg/data/dtd

for generating 256 X 256 textures. The results are given in Fig. 4.11.
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Figure 4.11 Original SW loss vs. Eq. (4.25). Left: Reference. Mid: SW Loss. Right: Eq. (4.25)
Loss (Ours).

However, there are still some textures that are not generated perfectly. See Fig. 4.12 for some

examples.
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Figure 4.12 Less successful cases. Left: Reference. Mid: SW Loss. Right: Eq. (4.25) Loss
(Ours).

Now the results of using Eq. (4.25) is compared to [31]. Note that we use the implementation
from [20] for this comparison. as an additional point of comparison. There is no comparison

with [43] because experiments from [43, 20] have shown the algorithm does not yield much
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improvement for nonperiodic textures. Take note of the top row of Figure 4.13 in particular. The

Figure 4.13 Gram Matrix + Spectrum vs. Eq. (4.25) Loss. Left: Reference. Mid: Spectrum
Constraint. Right: Eq. (4.25) Loss (Ours).

spectrum constraint produces better results, which suggests that there could be improvement in our
proposed synthesis method.

Quantitative comparisons between the original SW loss, the spectrum constraint, and our
proposed method using a set of 34 images are provided in this section. The LPIPS [52], FID [25],
crop-based FID. This is done by taking sixty-four 128 x 128 crops of the reference texture and
synthesized texture for each exemplar (the FID/KID score is calculated between these two sets of
images. For the ground truth case, a different set of crops of the reference is used) like [32], KID
[8], and crop-based KID (c-KID) score are provided in Table 4.1. For FID and KID based scores,
the implementation from [37] is used. In Table 4.1, SW stands for the method using the original

SW Loss, Spec. stands for using a spectrum constraint, and GT stands for the Ground Truth.
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Table 4.1 Quantitative Comparison

H Method LPIPS  FID c-FID KID ¢-KID H

Ours  0.437 107.220 71938 -0.014 0.073
SW 0.454 101.768 78.683 —0.016 0.083
Spec.  0.447 99.615 78.250 -0.016 0.083

[ GT 0 0 18069 —0025 0 |

From the table, our results are competitive and our proposed set of statistics did not require
searching for a proper hyperparameter to get competitive results. Note that our results for FID and
c-FID vary compared to [32] because FID is a biased estimate [14] and our sample count is very

low.

4.7 Improvements via a Multi-scale Approach

Since there is room for improvement in our synthesis, we augment our algorithm with a multi-
scale procedure in a manner identical to [20, 49]. For the multi-scale algorithm at K scales, let
It be the reference image downsampled by a scale factor of 2 withi =0, ..., K, and define the
upsampling operator as Upsample(/). Lastly, define the output of Algorithm 4.2 using the notation
Isynthesis = SWSynthesis(Linput, Iref), Where Iinpy is the input to be optimized via backpropogation,
Irer is the reference texture, and Isyneesis 1S the output after synthesis using Algorithm 1. The results

are given in Figure 4.14.

Algorithm 4.3 Multi-scale Synthesis Algorithm
1: Initialize Isynenesis as @ white noise that is the same size as the reference texture downsampled
by 2K.
2: fori=0,...,Kdo
3 ISynthesis — SWSyntheSiS(ISynthesis, Iref,K—i)-
4: ISynthesis — Upsample(ISynthesis)-
5
6

: end for
: Return Isynmesis as the synthesized texture.

In Figure 4.14, note the small improvements in edge generation and general structure when

using K = 1 compared to K = 0.
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Figure 4.14 Multi-scale procedure at different scales. Left: Reference. Mid Left: K = 0. Mid
Right: K = 1. Right: K =2.

The intuition for why it works is that it generates the details of the texture in a coarse-to-fine
way; the initial scale generates the general color and macro-scale features and additional scales add

on fine-grain details in an image.

Figure 4.15 Progression of synthesis that lead to repetitions. Left: Reference Texture. Middle
Left: K = 0. Middle Right: K = 1. Right: K = 2.

However, it is possible to create replica textures for larger values of K. Of the 34 images
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generated for the experiments, there were four repetitions when K = 2. See Figure 4.15 for
examples.

Additionally, a quantitative comparison using the same image quality metrics from before is
provided. Unlike in previous comparisons, it would be better to have a higher LPIPS score at a
comparable generative metric; this would mean that our textures are less likely to be replicas, but

still have similar qualities. The results are given in Table 4.2.

Table 4.2 Quantitative Score for K =0, 1,2

|| Scale LPIPS FID ¢-FID KID c¢-KID ||

K=0 0437 107.220 71.938 -0.014 0.073
1 0381 67.118 53.908 -0.018 0.044
2 0.250 38304 40.220 -0.022 0.027

K
K

Based on the scores and Fig. 5, K = 1 provides a nice mix between diversity and image quality at
our fixed image size.

In the Figure 4.16, the multi-scale approach is applied without the additional loss term in

Eq. (4.25).

5

Figure 4.16 Results with SW Loss. Left: Reference. Mid Left: K = 0. Mid Right: K = 1.
Right: K = 2.
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From our results, the multi-scale approach by itself is not enough to fully capture nonstationary

statistics or enforce long range constraints. That is to say, the loss term added in Eq. (4.25) is

absolutely necessary to capture long-range constraints in textures.

=R G- B Abl e

Figure 4.17 Comparison of results. Left: Reference. Mid Left: SW Loss. Mid Right: Gonthier.
Right: K =1 (Ours).

Lastly, the results using K = 1 are compared with [20] using the default settings from their
experiments (K = 2) to show the effectiveness our mutli-scale results relative to another multi-scale

algorithm. The results from [24] again for an additional point of reference. Some results are shown
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in Figure 4.17 and a quantitative study is given in Table 4.3.

Table 4.3 Comparison of K = 1, SW Loss, Gonthier

H Method LPIPS  FID ¢-FID KID c¢-KID H

K=1 0.381 67.118 53908 -0.018 0.044
SW 0.454 101.768 78.683 -0.016 0.083
Gonthier 0.415 77.569 67.728 -0.018 0.067

| GT 0 0 18069 -0.025 0 |

4.8 Conclusions

We present a modification of texture synthesis via Sliced Wasserstein Loss that has the ability to
add long range constraints without user-added spatial tags (supervision). Our additional loss term
can be thought of as a regularization term, but unlike traditional regularization terms, one does not
need to hyperparameter tune to enforce long range constraints. That is to say, the proposed method
requires less user supervision for competitive results. One thing we have not tested is whether the
number of scales is dependent on image size. We believe this is true, and it is probable that one

would need to choose the number of scales based on the size of the image.

103



CHAPTER 5

CONCLUDING REMARKS

We have addressed two important problems in statistical signal processing: mtuli-reference align-
ment and texture synthesis. For multi-reference alignment, like we mentioned in chapter 2, many
open problems remain. In one dimension, one question to consider is how we can approach general
diffeomorphisms. While considering a specific set of group actions seems to be the most viable
approach, one wonders whether it would be possible to consider limiting the size of ||7'||» and
|I7”||c0, Which would make 7 "close" to a translation. Additionally, is it possible to generalize all
our results to two and three dimensions? Both these cases would be more relevant to practitioners
in cryo-EM.

Regarding texture synthesis, one wonders whether a deep representation is actually needed.
That is, could we use a wavelet transform or scattering transform with sliced wasserstein loss to
generate textures? Our preliminary experiments, which are not available in this thesis, suggest this
is possible. However, the synthesis quality is not as strong. This suggests that we could use a
different filter bank for better synthesis. VGG models have omnidirectional filters and all the filters
are not necessarily positive, which we believe is responsible for strong synthesis. Future work will

focus on testing our hypotheses.
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