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ABSTRACT

Most mathematicians state mathematics is a field of beauty, creativity, and innovation, yet
what is echoed by students is not how mathematics allows students to explore, but rather the ways
in which it constrains and does not necessitate creativity. In comparison, many students associate
coding with freedom, and the ability to create and express themselves. Therefore, a natural
question that arises is what if computation, enacted through coding, could offer mathematics
education more than just an application or skill? What if computation was a pedagogical design
tool for mathematical creativity? This dissertation used cultural-historical activity theory as a
theoretical perspective alongside case study methodology to answer the guiding research question:
How can computation enacted through coding provide opportunities for students to develop and
express their mathematical creativity specifically in the context of learning linear algebra? This
study followed students recruited from an introduction to computational modeling course as they
engaged with a sequence of eight Jupyter computational notebooks that introduce linear algebra.
Each computational notebook was designed using an understanding by design framework with
multiple ways to elicit student understanding and engagement with mathematical creativity.
Further, use-modify-create cycles were incorporated to scaffold student learning and foster
opportunities for mathematical creativity. These notebooks were deployed during an iterative pilot
study, after which they were modified for the full study. Students engaged in weekly two-hour
observations to complete the modules with their small group, followed by weekly experiential
reflections. Students also participated in pre/post surveys and interviews. The data analysis
included iterative coding methods using operationalized dimensions of creativity: fluency,
originality, flexibility, visualization, elaboration, and risk, as well as framework linking student

experiences in mathematics and computation to their relationship with the discipline. Five central



claims resulted from this study. The first claim was that computation, enacted in a creative
environment, enabled opportunities for experimentation within mathematics through prediction
and reflection cycles. Second, computation, enacted through coding, aided in the facilitation of
connecting multiple representations. Third, computation provided new opportunities for students
to expand their views of the nature of mathematics. Fourth, computation provided a novel
environment that challenged previous negative mathematical experiences and allowed for shifts in
students’ mathematical self-image. Finally, computation enacted through coding provided the
opportunity for students to develop new mathematical habits and strategies. These claims
highlighted the potential power that computation has to foster opportunities for mathematical
creativity, specifically through computational prediction and reflection cycles, visualization
capabilities, and computational practices that align with mathematical creativity. This study serves
as a proof of existence case for computation, enacted through coding in a creative environment,
enabling mathematical creativity. Additionally, this study provides an alternate pathway for the
integration of computation and mathematics. Rather than bringing computation into a mathematics
classroom, this study introduces mathematics in a computation setting. This shift provides new
potential integration pathways and is especially important for the computational education and
computer science education communities. It also counters a deficit view of students, and leverages
their assets, namely computation, as way of learning linear algebra. This work serves to contribute
to the growing work exploring the integration of computation within post-secondary mathematics
while simultaneously advocating for researchers and educators to think beyond computing as a
tool, but also as a potential pedagogical approach to transform the undergraduate mathematics

experience.
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CHAPTER 1 - INTRODUCTION

Over the last decade, technology has evolved, coding has become more ubiquitous, and
computation is now a legitimate third pillar to theory and experimentation within the sciences.
With the resulting evolution of computational resources, coding and computation are being
brought into classrooms across disciplines and across academic levels. Specifically, when looking
at undergraduate STEM education, coding elements are being introduced alongside disciplinary
content, integrated throughout a department’s curricula, or even spurring the development of new
computationally focused departments. However, there are questions surrounding the efficacy of
approaches and especially around the notion of having students not only learn new content, such
as a mathematics concept, but simultaneously being asked to learn and understand a new language
— coding, and then asked to combine this together all at once. Previous work highlighted the
complexity associated with student mathematical discourse when the students are co-constructing
an understanding of coding and mathematics (DeJarnette, 2016). Further, mathematics has faced
a creativity crisis, in that many students view mathematics as a discipline that is simply the
application of procedures and rules, with no space to explore (Boaler, 2018; Silver, 1997). This
research aims to address these constraints and gaps within the literature by identifying and
evaluating ways in which computation enacted through coding can aid mathematical
understanding and promote mathematical creativity, while still preparing students for careers in
the upcoming computational world. This chapter will introduce the study by first situating the
research context, background, and key terminology. This will be followed by the research aims

and questions, the significance of this study, and the limitations.



SITUATING THE RESEARCH CONTEXT
Prior to continuing, there are some key terms that may initially seem apparent to the reader,
but due to the convolution of everyday vernacular and plethora of vague definitions, I will provide
definitions that will be used throughout the remainder of the paper. | will then briefly detail the
relationship between mathematics and computation and provide some of the context for the
conception of the study.
Terminology
Mathematical creativity has a plethora of definitions in the literature (Henriksen et al.,

2015) but | define mathematical creativity as:

A process that can be fostered, is context-dependent, and manifests in fluency,

flexibility, and originality with respect to the mathematics which results in the

connection and abstraction of ideas that bring a new perspective that is of use

to the community and is many times the result of prolonged work and reflection.
Further, the terms coding, computation, and computational thinking have become modern-day
buzzwords. Throughout the paper | make an explicit delineation and assert that | am focusing on
computation enacted through coding. Breaking this down, coding is “using the concepts of
program, sequence of instructions, variables, recursion, etc., to write solutions” (Liao & Bright,
2005, p. 253). An example is a student being able to construct a for loop within a given program.
There is no explicit mention of the efficiency of this implementation, nor is there any connection
to the context in which the for loop was constructed. Computation is “an information process in
which the transitions from one element of the sequence to the next are controlled by a
representation” (Denning, 2010, p. 10) where the essence is to develop a representation, or a model,

and use an information-based method to solve a particular problem. When considering computing



in the context of coding, this then focuses on using a programming language or visual programing
environment to develop a representation or model to solve a specific problem. Further, this
computational environment could foster but not guarantee computational thinking, which is the
thought processes involved in framing problems and elegantly designing their solutions in order
that solutions are represented in a form that can be effectively carried out by an information-
processing agent (Tedre & Denning, 2016; Wing, 2006). It is important to emphasize
computational thinking is not simply focusing on obtaining a solution, rather it is engaging within
the process, designing the method, and making a choice about how to wisely go about
implementing this method so an information-processing agent can carry out the calculations.
Further, there is no delineation or recommendation of programming environment as visual
programming can be just as beneficial with mathematical learning and computational development
(Romero et al., 2017), especially at younger levels. However, for the purposes of this study, I am
specifically focusing on the computation enacted through coding.
The Rise of Mathematics and Computation

To contextualize the research, | will give a brief overview of some of the different
approaches to integrating mathematics and computation. This should help situate the reader with
a foundational understanding of the research area and provide for a richer and more nuanced read.
The rise of computation and mathematics is not novel and was spurred on in the late 1900s by the
push of Seymour Papert, who was a mathematician, computer scientist, and educator from MIT.
He co-developed Logo, an educational programming language designed for children, and he
pushed for the idea of students learning mathematics as naturally as they learn their native language
without formal instruction. This push helped researchers and educators to ask questions about the

integration of information technology and education and provided one of the initial examples of



programming for educational learning, not merely as a skill acquisition approach. Individual
programs and researchers have been bringing in elements of coding and computation into
mathematics classrooms and curricula since Papert (Ahmed et al., 2020; Attallah et al., 2019;
Buteau et al., 2016, 2020; Buteau & Muller, 2017; diSessa, 2018; Hart et al., 2008; Israel & Lash,
2020; Krause et al., 2020; Lockwood et al., 2019; Lovric, 2018; Sangwin & O’Toole, 2017; Systo
& Kwiatkowska, 2014; Tall & Thomas, 1991; Weintrop et al., 2016). Nonetheless, the research in
undergraduate mathematics education (RUME) community had not fervently embraced this
integration until recently, as grants and individual researchers have spurred this work forward.
Lockwood & Marken (2021) called on the RUME community to engage in research that explores
the relationship between computing and mathematical thinking and activity. This work builds on
previous work to situate computing as a legitimate mathematical practice rather than a potential
application for mathematics (Lockwood et al., 2019). The 2021 call specifically invited a focus on
research regarding student thinking and learning, research on teaching, and research on issues of
equity while exploring the relationships between computing and mathematical thinking and
activity. More detail will be provided with respect to the integration of computation and
mathematics in the literature review. This brief overview situates the reader within the established
history of the integration of computation and mathematics while also highlighting how this
combination is a relatively new area of research, even if there have already been some integrations
within mathematics classrooms.
RESEARCH PROBLEM

Mathematics is a field filled with beauty, creativity, and innovation. Yet what is echoed
through the halls of schools is not how mathematics allows students to explore, but rather the ways

in which it constrains and does not require creativity (Silver, 1997) - that mathematics is “a dead



subject [with] hundreds of methods and procedures to memorize that [students] will never use, and
hundreds of answers to questions that they have never asked” (Boaler, 2018, p. 31). Countering
this notion, many organizations push for reform to reinvigorate the curriculum with creativity (i.e.,
NCTM, AACU) and employers yearn for more creative individuals (Riling, 2020). Simply put,
there is a jarring disconnect between mathematicians who use creativity in their profession and a
lack of creativity within schools (Boaler, 2018; Fetterly, 2020; Selbach-Allen et al., 2020; Silver,
1997).

Simultaneously, the desire for computing in mathematics education is repeatedly expressed
(Buteau et al., 2015; Cobb, 2015; Feurzeig et al., 2011; Marshall & Buteau, 2014; Veaux et al.,
2017). Most calls for computing focused on preparing students for future careers given the rise of
coding or on the co-construction of mathematical and computational knowledge and the potential
benefits. There is nothing inherently wrong with either of these foci, as STEM fields are
developing a computational element on par with theory and experimentation, but what if
computing could offer more to mathematics? What has been less explored in the literature is how
computing, situated in the context of coding, has the potential to develop mathematical creativity.
| argue that computation has the potential to be a natural environment to revive mathematical
creativity within the classroom. Most studies on the integration of mathematics and coding focus
on teaching coding skills to students within a mathematics course, but what has not been explored
is how computation enacted through coding can be leveraged to teach and explore mathematics.
This switches the paradigm and is a novel approach to the integration of a discipline and

computing.



GUIDING RESEARCH QUESTION
This research aims to understand the ways in which computation enacted through coding can
provide opportunities for mathematical creativity and rich mathematical sense making while
engaging with the mathematics and computation simultaneously. For this study, | organized the
opportunities for mathematical creativity and understanding as actions within Cultural-historical
Activity Theory. This will be discussed within the literature review, and operationalized within the
methodology section, but there are a few key components to highlight and describe to provide
sufficient context for the ways in which I am viewing the study. This theory helps delineate the
hierarchy between the actions the students take and the overall activity and the objective. Further,
this theory places the learners within a larger system. When considering a student coding and
learning mathematics, it is possible to use an approach that situates the student in relation to the
objective of learning mathematics as having a mediated relation through the coding. However,
activity theory brings about the community, rules, and the division of labor. This helps highlight
that the ways students engage with mathematical creativity are not solely mediated by
computational tools, but still allows for a focus on the computational tool and the experience as a
whole by the student. With this contextualization, I now present my guiding dissertation research
question:
How can computation enacted through coding provide opportunities for students to develop and
express their mathematical creativity specifically in the context of learning linear algebra?
Although prior discussions of computation centered mathematics in a broader sense, for
this specific study I chose to focus on linear algebra. Linear algebra provides the computational
and theoretical foundation for a multitude of STEM disciplines, and besides Calculus I,

introductory linear algebra is one of the most common mathematical prerequisite STEM courses



(Stewart et al., 2022). Therefore, when considering the areas of mathematics that would benefit a
large population of students, linear algebra was a natural choice. Further, linear algebra underpins
numerous computational applications including but not limited to data storage, machine learning,
computer graphics, statistical methods, and computational modeling. Computation and linear
algebra coexist within a disciplinary perspective, and therefore it would be advantageous for
students to engage in computational linear algebra as an authentic practice. Finally, consider
NumPy arrays within Python, a key data structure that is used heavily within data science. Two
dimensional arrays are used heavily, and this data structure is simply representing a mathematical
matrix. As students would be used to having the entries within the two-dimensional array
encompass numbers, strings, and other data types then there is a natural extension to how matrices
are not solely an array of numbers, as often seen within high school, but also that matrices can
contain symbols or expressions and represent both mathematical objects and properties (Selinski
et al., 2014; Stewart & Thomas, 2009). For all of these reasons, linear algebra was chosen as the
focal mathematical area of concentration.
SIGNIFICANCE

The scope of this research is of use to the research community within mathematics
education and computational education, as well as to practitioners. First, this study serves as a
proof of existence case for computation enabling mathematical creativity. The pilot study already
demonstrated some of the potential avenues for this occurring, but after refinement with regards
to both methodology and pedagogy, this study is a richer case of the ways in which mathematical
creativity can be supported. Secondly, this study provides an alternate pathway for the integration
of computation and mathematics. Although many studies frame the work as bringing computation

into a mathematics classroom, this study reverses that flow. Students were recruited from an



introduction to computational modeling course, being proficient in basic coding syntax, and
introduced to novel mathematical concepts. This shift in potential ways for mathematics and
computing to be integrated is especially of interest to the computational education community and
the computer science education community. This study aids in the understanding of bringing
disciplinary context to computation, but also sheds light on potential methods for teaching
mathematics. There are studies engaging in how computer science and mathematics overlap
(Baldwin et al., 2013; Ralston, 2005), the relation of computational thinking and mathematical
thinking (Gries et al., 2001; Systo & Kwiatkowska, 2014), as well as computational and computer
science students’ ‘misconceptions’ and perceptions about mathematics (Attallah et al., 2019;
Benadé & Liebenberg, 2019; Sigurdson & Petersen, 2017). This study reframes the narrative by
leveraging a domain in which the students are more comfortable, as reported by this group of
students, and uses this domain to introduce them to the mathematics, with which many students
may have a complicated history with. This work thereby also counters some of the deficit
narratives of mathematical understanding by taking a student-asset approach and leveraging
students’ strengths in computing for learning mathematics. Finally, this study paves the way for
thinking about how to integrate computation and mathematics not solely from a content
perspective but also from a pedagogical standpoint. The basis of this study is that the act of coding
for computation has the potential to bring about actions that enable mathematical creativity and a
deeper understanding of mathematics. This differs from some prior calls that computation should
be integrated because of the need for coding in careers. Therefore, this study enables for richer
implementation of the computation as a way of reforming the undergraduate mathematics

experience. It is important that this will be a case of one method of enaction and is not the sole



method, but the emphasis is still on leveraging computation for mathematical creativity and
understanding.
DISSERTATION STRUCTURE

The remainder of the dissertation is structured as followed. In the following chapter, a
detailed literature review will explore the ways in which mathematical creativity have been
conceptualized, implemented, and assessed, as well as the prior work focused on the integration
of computation and mathematics. This will be followed by an introduction to cultural-historical
activity theory, which serves as the guiding theoretical framing for this work, as well as an
introduction to the design frameworks leveraged to develop the computational materials. Chapter
3 details the methodology used within this study, in conjunction with the introduction of
participants and the study materials. It is important to note that there was already a pilot study of
the computational materials and the study’s design. Therefore, there will be examples of the
methodology grounded in the pilot data and linkages to the pilot study (Castle, 2023a, 2023b)
while also using the pilot study data within the final results. Chapter 4 details the results from this
study through five distinct claims. Finally, Chapter 5 centers on the discussion of the claims
through the lens of cultural-historical activity theory as well as the implications of this work and

potential limitations, barriers, and future steps.



CHAPTER 2 - LITERATURE REVIEW

The merging of computation and mathematics is not novel. For example, one of Papert’s
most known creations, LOGO, was a child-friendly software and coding language designed to
engage students in mathematics and science. In a famous excerpt from his book Mindstorms,
Papert (1993) states:

In many schools today, the phrase “computer-aided instruction” means making

the computer teach the child. One might say the computer is being used to

program the child. In my vision, the child programs the computer and, in doing

so, both acquires a sense of mastery over a piece of the most modern and

powerful technology and establishes an intimate contact with some of the

deepest ideas from science, from mathematics, and from the art of intellectual

model building. (p. 5)
Within this quote, what is evident is that the programming was not solely a task, but rather a
mediating tool that promoted students developing a unique conceptualization of the mathematical
ideas. Within this dissertation, Papert’s work motivated the conceptualization of computing being
more than a syntactical tool for students and providing space for the fostering of mathematical
creativity. Other researchers followed his push for mathematics and coding and as a result there
have been multiple pushes for reform based on this overlap. However, most of Papert’s work and
his fellow researchers’ work centered the child’s experience and was designed for school-age
children. This is one of the key delineations of my work as my work focuses undergraduate
education. This is not to say that work from K-12 cannot be useful, but the contextual factors
influencing my study are vastly different from both Papert and K-12, in addition to the content
matter. In this context, | will review the related literature as this research aims to understand the

ways in which computation enacted through coding at the undergraduate level has the potential to
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provide opportunities to foster mathematical creativity, influence students’ understandings of
mathematical content, and influence students’ relationships with mathematics.

For this study | employed cultural-historical activity theory (CHAT) (Engestrom, 2014) to
map relationships and mediating elements when students engaged in learning mathematics through
computation. When considering the interactions between students, mathematics, computation, and
other elements, this activity system can become complex, and CHAT provides a way of organizing
the relationships. This theory and its relation to activity theory (AT) will be discussed following
the introduction (see Figure 2-6 for a visual model); however, a short overview of the critical parts
of the framework will aid in the understanding of the literature review. Broadly speaking, we can
consider an activity system where participants are motivated towards an object which leads to an
objective. This interaction can be mediated by a tool or artifact. Further, there is a broader
community that the subject interacts with, and the subject’s interaction is governed by specific
rules or social norms. The division of labor refers to how tasks are broken up among the community
during the activity. There are three key relationships where it is pertinent to dive into the literature
for the purposes of this study: the relation between the subject and object as mediated by the tool,
the relationship between the subject and objective, and the relation of the subject that is mediated
through the rules. Therefore, following an introduction to AT and CHAT, a review of the literature
in the three foundational relationships for this study will be done. This includes the ways in which
computation and coding have mediated students’ interactions with mathematics, the ways in which
mathematical creativity has been enacted for student learning, and finally the ways in which

students have conceptualized mathematics, and their attitudes towards the field.
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ENACTING MATHEMATICAL CREATIVITY
To discuss the relationship of students with mathematical creativity, especially in

computational contexts, it is imperative to be explicit about how | am conceptualizing creativity.
Recalling from the introduction, the definition that | am using for mathematical creativity is as
follows:

Mathematical creativity is a process that can be fostered, is context-dependent,

and manifests in fluency, flexibility, and originality with respect to the

mathematics which results in the connection and abstraction of ideas that bring

a new perspective that is of use to the community and is many times the result of

prolonged work and reflection.
This definition results from the combination and synthesis of research centering mathematical
creativity, as there is not a universal, established definition — which many authors point to
(Haylock, 1997; Savic, 2016; Savic et al., 2017; Silver, 1997; Sriraman et al., 2013). In this
definition, fluency refers to being able to use a mathematical approach in a variety of situations
and understanding the limitations and constraints. Flexibility refers to the ability to apply multiple
mathematical approaches to a given situation. Originality can be thought of as novelty of ideas
and approaches. The community mentioned with regards to this originality is not one isolated to
solely the mathematical community at large, but rather is dependent upon the situation that the
student is in. For example, consider when students work in small groups, the community would be
situated to that subset of students. When they go to share out their work, then we could consider
the entire classroom as the community. If a student is working on their own project, then the

community could be considered that student and perhaps those with whom they share their work.
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This conceptualization of mathematical creativity and originality allows for novelty to be found at
all stages of students’ engagement with mathematics.

A key point within the definition is the conceptualization of mathematical creativity as a
process. This necessitates some historical context to highlight the importance of this
conceptualization. The conversation about mathematical creativity originated in 1910 when
Poincaré published his work entitled Mathematical Creation. Within this article, Poincaré raised
questions about how individuals can(not) invent by drawing on his own personal mathematical
experience to emphasize that discernment is a key facet as “to create consists precisely in not
making useless combinations and in making those which are useful” (1910, p. 325) among other
claims. He claimed from his experience that personal discernment is key to creativity. This element
of discernment continued within scholarly writing; however, this also gave rise to a ‘genius view’
of mathematical creativity (Helson, 1983). The issue was not that discernment was bad but rather
creativity was now an attribute of students, reserved solely for the geniuses or gifted students
(Aiken, 1973; Kattou et al., 2013). This view narrowed who could be a mathematician and
presented mathematical creativity as a flash of insight, rather than honoring the long periods of
work and reflection. Not only did this limit whose thinking was privileged in the classroom, but it
specifically limits the potential careers of non-white, non-male students, or those that have not
been traditionally upheld within the mathematics tradition. If only a small subset of creativity is
being recruited, then mathematics is depending on innovation from a small sample of individuals
and therefore lacks the diversity of approaches and thought (Riling, 2020). This genius view still
persists today, but the notion of mathematical creativity as a process, as set in motion by
Hadamard, has risen in popularity and focus (Karakok et al., 2018; Savic, 2016; Savic et al., 2017,

Sriraman, 2009; Yaftian, 2015). By viewing creativity as a process, this broadens the opportunity

13



for participation within mathematics and honors the experience of students, rather than hiding
behind a flash of insight. Within my study, | specifically conceptualize and implement this idea of
creativity as a process. If creativity was only for a set group of students, then there would be no
point in studying the ways that a computational context could generally give rise to opportunities
for mathematical creativity. This specific view is nested within the guiding research question, and
it is important to understand the historical origins in order to dispel some of the commonly
associated connections. While this view of creativity does provide a start for the operationalization
of creativity as a process, a crucial step is determining, developing, and using evidence for the
manifestation of creativity.
Assessment of Mathematical Creativity

When detailing ways to promote the mathematical creativity process, a question that arises
is how to determine if there is evidence of success. What are criteria that can be used to determine
whether opportunities for mathematical creativity have been fostered? Current research has
focused on the operationalization of rubrics to highlight the key manifestations of creativity
(Blyman et al., 2020; Henriksen et al., 2015; Savic et al., 2017). The creation of these rubrics
allowed for the operationalization of key features of creativity in conjunction with the development
of examples of the corresponding manifestations of mathematical creativity. The categories from
these rubrics were used within this study in order to provide an analytical framework coding
system. The rubrics focus on the degree of mathematical creativity, many times with the goal of
providing ways to grade for creativity or to look for creativity across a course. However, this is
not the goal of this specific study. Rather, the goal is to understand how computation can promote
mathematical creativity. Therefore, the question at hand centers on identifying moments of

mathematical creativity and then looking at these different moments together to identify the role
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that computation played in fostering mathematical creativity. These rubrics provide dimensions of
creativity with examples of how creativity may manifest in addition to operationalized definitions
specifically focused on the mathematical creativity and provide a starting point.

This study used Blyman et al.’s (2020) categories as a starting point for operationalization,
with definitions slightly adjusted based on the work of additional work and insights (Blyman et
al., 2020; Savic et al., 2017; Silver, 1997), where the five dimensions of creativity are: originality,
flexibility, visualization, elaboration, and risk. Originality is the ability to extend knowledge to
new situations. Flexibility focuses on the use of multiple or interdisciplinary approaches whereas
elaboration is establishing meaningful conceptual connections (Gadanidis et al., 2016; Leikin,
2019; Leung, 1997; Silver, 1997). Visualization is defined as developing and using illustrations to
clarify concepts (Vale et al., 2018). Finally, risk refers to ‘responsible’ risks where an action is
taken with an unknown result to advance the problem-solving process (Arney et al., 2020; Blyman
et al., 2020; Craft et al., 2013). Each of these dimensions are consistent with the literature.
However, one of the pieces that is missing from this conceptualization is fluency, or the ability to
apply a mathematical approach to multiple situations (Kattou et al., 2013; Silver, 1997). This
dimension is found across literature and therefore was added as another potential manifestation
alongside the original five within this study. Further, these definitions leave ambiguity surrounding
visualization. A student need not create a physical illustration, but a mental illustration is also a
potential key insight into a manifestation of the mathematical creativity process. Therefore, for the
purposes of this study, the definitions are adjusted accordingly and given some additional nuanced
understandings. As an overview, these conceptualizations of the manifestations of mathematical
creativity can be seen in Table 2-1. While these dimensions are to be used in data analysis,

specifically for coding instances of mathematical creativity, they can also serve as a potential
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starting point for the design of activities to promote mathematical creativity. However, what needs
to be considered is where within the overlap of computing and mathematics creativity might lie.

Table 2-1: The six dimensions of manifestation of mathematical creativity with their respective
definitions.
Code Definition

Fluency The ability to apply the same mathematical idea, concept, or
procedure, to a variety of problems and situations

Originality The ability to try novel or unusual approaches towards a
problem. This is contextually dependent, as a novel approach is
caveated by what material the students had encountered
previously and the current solution path.

Flexibility Ability to use multiple methods (either from mathematics or
drawing on an alternative discipline) for solving the same
problem

Visualization ~ Development and use of illustrations (either physical or mental)
to clarify or present concepts

Elaboration The ability to establish meaningful connections between
concepts typically by explaining a thought process in words.
The validity of the solution is independent of the meaning made
— but the student is engaging in sense making.

Risk Taking responsible risk in the problem-solving process, willing
to take an action where the result is unknown, or is a novel
approach, in order to advance problem-solving process. Note
that this can entail social risk

Enacting Creativity Through the Design of Computational Mathematics Experiences

When considering the potential affordances of computation for creativity, an acceptable
approach would be to consider how computational thinking within mathematics manifests and
what this allows with regards to creativity. Although computational thinking is not guaranteed, as
students still can engage in the process of ‘pushing buttons without thinking’ (Tedre & Denning,
2016), one of the goals within computing is to bring about computational thinking. Computational
thinking depends on the enactment of computation and is typically associated with computational
environments, just like the tenants of mathematical thinking are hoped to be seen when engaging

in mathematical exploration. Further, research supports the notion that students can develop both
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mathematical habits of mind simultaneously with computational thinking practices (Pei et al.,
2018) and that mathematical and computational thinking have potential synergy (Rich et al., 2019).
Within computational thinking, there is an element of choice, in that the student must decide which
of all the different potential routes to take seems to be the ‘best’ implementation of the method for
that context. This element of choice mirrors the focus of Poincaré (1910) in that mathematical
creativity depends on choosing between a multitude of approaches rather than trying every
potential combination of approaches.

Figure 2-1: Weintrop et al. s (2016) taxonomy of computational thinking within mathematics
and science.

Data . Modeling &  Computational Problem Systems Thinking
Practices Simulation Practices Solving Practices Practices
Collecting Data Using Computational Preparing Probl: for I igating a Comp
Models to Understand Computational Solutions System as a Whole
< a Concept =
Creating Data ; . Programming Und}erstaAndlngA ﬂje
Using Computational Relationships within a
Manipulating Data Models to Find and Test Choosing Effective System
Solutions Computational Tools
2 Thinking in Levels
Analyzing Data Assessing Assessing Different
Computational Models Approaches/Solutions to a Communicating
Visualizing Data Designing Problem Information about a
Computational Models Developing Modular System
Constructing Computational Solutions 'l;)ﬂeaf'i‘r;in'g Sz:s;renm's ar.:d
in| ex|
Computational Models Creating Computational gine PIEXTY

Abstractions

Troubleshooting and
Debugging

The taxonomy proposed by Weintrop et al. (2016), as seen in Figure 2-1, delineates computational
thinking in mathematical and science practices; there are four general broad categories: data
practices, modeling and simulation practices, computational problem-solving practices, and
systems thinking practices. Using this framework rather than viewing how computational thinking
arises within mathematics, 1 used the identified categories to think about how to use situations that
bring about computational thinking in mathematics for developing opportunities for mathematical
creativity. Specifically, | focused on the modeling and simulation practices and computational

problem-solving practices. This is not to say that other practices would not aid in the development

17



of opportunities for mathematical creativity, but these are the areas in which computation had the
richest theoretical potential.

These practices have a theoretical basis for why they could develop opportunities for
mathematical creativity. A key practice within modeling and simulation is assessing computational
models. During this process, students refine their justification for not only the choice of model,
but also what assumptions affect the model’s behavior. Through the understanding of the model
parameters and validity threats, a student is able to potentially know when a model can be applied
to a different problem in a novel context. This thereby has the potential to develop a student’s
fluency and broaden their understanding of further uses and additional assumptions for the model.
Another practice focuses on the construction of computational models, as students who have
mastered this practice should be able to extend existing models, which thereby develops students’
flexibility once again as they create associations between the tools and applications. These are
simply two examples of ways in which the activities presented within Weintrop et al. (2016) can
be extended for mathematical creativity.

This framework offers guidance when designing curricular materials to promote
mathematical creativity in computational experiences. There are multiple types of activities within
each of the practices mentioned, and these give different computational exercises. Therefore, when
designing computational tasks for mathematical creativity, this framework can serve as a source
of tasks to leverage. This approach will be highlighted later within methodology and module
design.

Avoiding Automation Within Enactment of Creativity
Within computation and coding in general, a concern is whether students are just ‘pushing

buttons’ without engaging in computational thinking (Broley et al., 2018) and this is amplified for
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the ramifications of computing for mathematical creativity. If poorly enacted, then there is
potential that the recommendation for computation for mathematical creativity could lead to its
antithesis, namely simply following a set of commands, implementing a program, and going
through an automized routine. However, this concern is not solely pertinent to computation, as
within mathematics there are concerns that even if students demonstrate procedural and conceptual
proficiency, this does not guarantee mathematical creativity (Tularam & Hulsman, 2015). The
underlying premise is how to enact the computation, and the solution rests with the design. This is
where computation paired with ill-defined and open problems (Savic et al., 2017; Selbach-Allen
et al., 2020) has the potential to safeguard against ‘button pushing’. By leveraging previously
discussed activities and using Weintrop et al.’s (2016) taxonomy to develop mathematically
creative experiences, this has the potential to help safeguard against button pushing, as will
hopefully become explicit in the methodology.
Valuing Creativity and Encouraging Risk

One of the challenges that underlies the entire discussion on creativity and computing is
developing a space in which students feel safe, encouraged, and rewarded to pursue creativity.
Within academia, procedural can be valued over creativity, but at a detriment to student growth
(Selbach-Allen et al., 2020). This is why creativity needs to be explicitly valued to counter
messages from previous mathematical courses. If grades and assessment are focused on procedural
fluency, then the implicit message to students is that ultimately creativity is not what matters, and
it is more important to “play it safe” and follow a standard solution (Lew et al., 2016). To further
the goal of creativity, it would be wise to not penalize in the same traditional manner and to have
tasks in which the students are free to explore without judging ‘correctness’ (Savic et al., 2017).

As risk taking is a key component of the manifestation of creativity, it is imperative to consider
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the ways in which instructors and the classrooms can encourage this risk taking and atypical
thinking (Isomottonen et al., 2020). Therefore, within this study, the goal was towards exploration.
This necessitated explicit messaging to students about the focus on the process over the product.
Further, both creativity and programming are personal processes where a student is tied to their
creation as well as achievement emotions are tied to the creative process, necessitating positive
value appraisals for constructive problem-solving (Moore-Russo & Demler, 2018). Not only did
students need to have a space in which creativity is explicitly valued, but there needs to be
acknowledgment within the study that students’ personal emotions are enmeshed within creation
(Karwowski & Lebuda, 2017). The study provided opportunities for students to pursue their own
lines of inquiry where they felt safe to do so. Therefore, consideration of the explicit messaging
given to students needed to be considered.
THE LEARNING OF MATHEMATICS THROUGH COMPUTATION

This section will detail how computation has the potential to serve as a pedagogy for
mathematics, the challenges posed, and the potential benefit of exploration within computation.
Computation as a Pedagogy for Mathematics

One of the recent shifts within the research community, especially at the undergraduate
level, is the focus of using computation not only as an application of mathematics but specifically
as a way to bring about unique mathematical understanding (Lockwood, 2022; Lockwood &
Chenne, 2020, 2021; Odden et al., 2019; Sand et al., 2022). Further, the act of coding enables
students to not only wrestle with mathematical ideas but reinforce key conceptual understandings.
Specifically, Lockwood (2022) demonstrated the ways in which student combinatorial thinking is
enhanced through the use of coding and computing. Students were able to link the counting

processes, formulas/expressions, and sets of outcomes (Lockwood, 2013). The computational
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element of developing the sets of outcomes is enriched by students developing multiple
conceptions of how to create the sets of outcomes. It is through this act that students were able to
investigate larger sets, something that would be tedious and impractical to do with pen and paper.
Much of this work highlighted the unique ways in which the actual process of computing expands
the size of problem with which students are able to work. Further, that the act of engaging in the
code through computation elicited a unique understanding due to students’ use of coding syntax
and the logic used to solve the problems (Lockwood & Chenne, 2020). This reinforces the notion
that computation can be utilized as a pedagogical approach. The applications, and the ways in
which problem size can scale are affordances of this environment, but a larger piece is the ways
that the act of engaging in computation and computational thinking brings about key insights into
mathematical ideas. The question remains of how this can be expanded for other mathematical
domains.
The Challenge of the Language of Mathematics and the Syntax of Coding

A key consideration surrounding mathematics and computation revolves around language
and level of detail. When integrating these disciplines for mathematics learning, students must
coordinate between the two distinct but technical languages of mathematics and computation
(DeJarnette, 2019). This requires students to combine the two domains which brings in new
assumptions and different rules. Especially if students are newer to computation, or the particular
coding environment, there is the potential for students to miss the bigger picture and get lost within
the details of coding (Miller et al., 2013). Debugging within this context would not be solely
syntax, but could be any combination of the coding syntax, computational approaches, or

underlying mathematics.
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While many studies introduce the coding through an introductory module or ask students
to learn the syntax while engaging in new mathematics, what is less explored is the extent to which
these domains should be cointegrated and in what ways (Ahmed et al., 2020; Israel & Lash, 2020).
Concerns arise surrounding whether this integration could be detrimental to students. Specifically,
if students are forced to use computational thinking skills outside of their knowledge, then they
will become frustrated and this will in turn result in reduced learning for students (Engelman et
al., 2017; Miller et al., 2013). There is an underlying deficit assumption in that students who are
not in computer science tracks will have a limited understanding of computing concepts. This not
only assigns them a lesser value, but there is no room for student growth in the argument. Further,
as computation is becoming far more relevant in multiple fields, the assumption also does not stand
the test. Therefore, the question centers on how to introduce both mathematics and computation.

Within this study, rather than trying to co-construct mathematics and coding knowledge, a
potential path is to leverage students who already have computational experience. In doing this,
the goal focused on leveraging where students were successful and already had experience. This
allowed for the novel element to be the mathematical content and the way that it was incorporated
into computing, rather than the syntax. This also opened up a key area of research as there is
already some work done in relation to computer science and computational students learning
mathematics (Benadé & Liebenberg, 2019; Hart et al., 2008; Pérez, 2018) but there is a dearth of
assets-based approaches, especially within post-secondary educational research.

Computing Bringing Exploration into Mathematics Learning

A key feature of a computational approach within mathematics that both has affordances

and constraints is the ability to thoughtfully explore and experiment. When harnessed in a

beneficial manner, this can lead to students exploring different mathematical concepts and
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engaging in conjecture and discovery. Singer & Voica (2015) noted that the steps students tended
to engage in during problem posing was starting with a base model and then making a series of
small changes. Even though the final model may diverge significantly from the original model, the
way in which students make the changes is through the building up of small changes and testing
components. This concept of allowing students to develop their own models, test them, and then
come to a solution is an important portion of creative problem-solving (Gontijo, 2018) and
computation is a natural place for this to occur, as learning math through programming and
simulation leads to students being able to test and make their own conjectures (Kaufmann &
Stenseth, 2020). This thereby has the potential to lead to novel understandings and approaches and
developing specific insights into a number of key mathematical concepts (Feurzeig et al., 2011;
Garcia-Perales & Palomares-Ruiz, 2020).

Despite the potential promise in this area, the trial-and-error method may evolve from this
original design which some argue can have a negative impact on students’ mathematical arguments
(Kaufmann & Stenseth, 2020). Furter concern surrounds the potential of experimentation
devolving to a ‘pushing buttons’ strategy (Tedre & Denning, 2016). To potentially avoid adverse
effects, one could have students to tinker with the computational environment first, prior to
engaging in the specific mathematics within the environment. Tinkering allows a student to take
advantage of the unexpected, draw on personal experiences, and then use the familiar materials in
unexpected ways (Resnick, 2017). This approach not only allows students to become increasingly
comfortable with the computational environment, but it also provides a beneficial environment for
trial and error. The ability to tinker and test conjectures is beneficial for engaging in the initial
exploration of a conjecture, or determining its validity, before engaging in proof, or exploring

mathematical concepts (Barichello, 2016; Pei et al., 2018). Although a key point is that this is not
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of an ad hoc nature, rather this testing is a systematic and well thought out approach. Therefore,
the exploratory nature can be beneficial, but as all educational pursuits, it does depend on the
enactment and the goals for the lesson. This method of reasoning allows students to explore
different avenues and efficiently engage in the conjecturing process which can thereby lead to
original ideas.
STUDENTS’ RELATIONSHIPS WITH MATHEMATICS AND COMPUTATION

The very act of bringing computation into students’ mathematical learning experiences
changes the overall activity system. Specifically, there is potential for the students’ relationships
with the mathematics community and the corresponding rules of engagement to change. To
express the students’ relationships with mathematics and understand how computational
experiences might shift student attitudes towards mathematics and computation, | modified a
framework presented in Schulte & Knobelsdorf (2007). Their original framework provides a model
for how student’s computing experience impacts their attitudes towards computing and computer
science, as can be seen in Figure 2-2. The model states computational experiences are one of the
factors that influence attitudes towards computing and computer science. More specifically this is
because these experiences affect students’ self-image (confidence and perception of one’s own
skills and position to CS), world-image (notion of computing and computer science), and habits

(patterns of computing and of problem-solving).
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Figure 2-2: Schulte & Knobelsdorf (2007) model of biographical effects of computing
experiences on attitudes towards computing and computer science (CS).
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This model was chosen due to the theorization that the computing experience has an effect
on the attitudes and self-images of students. One of the key underpinnings of why computation
and coding have the potential benefit to mathematics is due to the computational practice of
debugging. Debugging allows students to develop an attitude of resilience, and the notion that
there will be errors along the way but that is part of the process (Pérez, 2018). This contrasts with
many mathematics classrooms where students are rewarded for speed and accuracy in the problem-
solving process. Therefore, if properly leveraged a computational experience with debugging
could normalize mathematical errors for students. This change in student view of mathematics
would be rooted in their experience.

The original model had the potential to be adapted to mathematics, as mathematical
experiences influence students’ attitudes towards mathematics and problem-solving through their
self-image, world-image, and habits. Having two distinct models for students’ relationships with

mathematics and computation would be acceptable if students both experienced mathematics and
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computation separately and viewed the disciplines as separate without meaningful connections
between the disciplines, as many do. However, the interplay between computation and
mathematics is what students experienced during this study. Therefore, when we consider students
engaging in mathematics through computation enacted through coding, then this assumption is no
longer true as these models now have a linkage that needs to be studied.

Figure 2-3: Adapted framework linking computational mathematics experiences and students’
respective attitudes. The computational and mathematics experiences are not the sole factors
that affect students’ attitudes, but the framework highlights the ways in which the experiences
can affect their attitudes. The arrows do not indicate a hierarchy between students’ self-image,
habits, and world-image in the disciplines, but rather represent an ongoing interaction.
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To capture the linkage between computation and mathematics, | proposed the following
framework as seen in Figure 2-3. The original framework (Schulte & Knobelsdorf, 2007) is still
visible as seen with the computational portion of the framework on the left. What has been
extended is the introduction of a new type of experience - computational mathematical

experiences, as well as the corresponding explicit relationship between the computational
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experiences and mathematical experiences. In this case, this new experience has the potential to
influence students’ self-image, world-image, and habits in both disciplines. As many students have
already had mathematics courses or computing courses when they experience computational
mathematics, the framework also reflects that students’ attitudes toward mathematics and
computing also influence the computational mathematics experience.
Potential Ways Computation May Change Students’ Relationships with Mathematics
Based on the framing shown in Figure 2-3, the key underlying conceptualization is that
ultimately computational mathematical experiences have the potential to influence students’ self-
image, habits, and world-image of mathematics and computation, thereby shifting their attitudes
towards these disciplines. Although there is not as deep of literature surrounding this mediated
effect, there are multiple theorized ways in which literature from both educational domains can be
used to inform potential effects.

Programming Cycle in Mathematics and Dispelling Notion of Linear Progression

When students are engaging in programming for a mathematical model or investigation,
there is a cyclical nature to their work (Buteau et al., 2020; Marshall & Buteau, 2014). Using the
framework from Buteau et al. (2020), the processes that students are engaged in require multiple
iterations across the design, the actual programming, and the refinement of the model itself when
students are engaging in ‘authentic’ mathematical work. These nested cycles can be seen in Figure
2-4. Within the design cycle, there are multiple areas for fluency, flexibility, and originality.
However, one of the greatest messages within the overall conceptualization of this framework is

that the act of authentically engaging in mathematics is cyclical.
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Figure 2-4: Development process model of a student engaging in programming for a
mathematical investigation or application from Buteau et al. (2020).
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A common myth surrounding mathematics is that mathematical ability is innate (Hurst &
Cordes, 2017; Leslie et al., 2015). This notion then brings about the connotation in mathematics
that either a student gets it - or simply will not. This also brings about an understanding that any
initial struggle, or deviation from the ‘correct solution path’ is an indicator that this student does
not possess this innate mathematical ability. Further, when considering lectures within the
undergraduate mathematics context, the ‘messiness’ of the mathematics is often hidden. Students
may be presented with a problem and how to solve it from start to end. Or they might receive a
proof in complete form with all formal language and none of the scratch work that went into it.
Presenting mathematics in these ways produces a logical argument that mathematics is innate, and
those who have authority in mathematics have this innate ability and follow a linear problem-
solving strategy. Therefore, an indicator of mathematical ability is being able to immediately jump
to the solution. In using the framework of Buteau et al. (2020), what becomes immediately obvious

is the fact that the problem-solving process is not linear, making space for mathematical creativity
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to occur. Computation normalizes the problem-solving process not being linear, thereby enabling
students to take risks and follow their own line of thinking, because it is simply part of the process.

Coding Offering a Novel Environment for Mathematical Experiences to Occur

Because there is a link between general creativity and mathematical creativity, as
previously discussed, then pedagogical approaches that foster creativity in general have the
potential to foster mathematical creativity. Coding itself offers a general connotation of creativity,
which is something that mathematics often lacks, as it many times is associated with rules and
memorization (Boaler, 2018; Riling, 2020; Silver, 1997). When undergraduate students in an
introduction to computer science course were asked to reflect on programming, Isomottonen et al.
(2020) found that the top category student responses focused on was the freedom to create and
express. These students were from a variety of majors and the freedom they identified included
the freedom to create, to resolve unforeseen problems, as well as the freedom to express oneself.
Although this study was at a single institution, the data consisted of approximately 2,000 students
over an eight-year period. This indicates that there is a perception of potential creativity associated
with the computational content. That is, within this study the world-image of computation carries
an understanding of computation necessitating creativity. In comparison, the world-image of
mathematics many times has a connotation of being devoid of creativity and requiring innate
ability. Through computational mathematics experiences, students have the potential to lean into
the computational world-image and then view mathematics as creative by providing an alternate
experience that may be in contrast with their previous mathematical experiences. Therefore, there
is the possibility that student experiences in computation can be leveraged to not only promote
creativity but potentially change students’ relation with mathematics itself. This conceptualization

of the world-image of computation and mathematics offers a basis for how computation can
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provide opportunities for creativity and draws attention to student experiences with computation.
Computational mathematics experiences have the potential to influence student’s perceptions of
mathematics and their relationship with the mathematics.
ACTIVITY THEORY

Throughout this study, | used activity theory (AT) as a conceptual framework that bridges
the gap between motivation and action (Kaptelinin & Nardi, 1997, 2006) as it provides a coherent
account for processes at various levels of acting in the world (Nardi, 1996). This section will
proceed as follows: an introduction to the two key ideas of activity theory will be presented,
followed by sections on the individual principles of activity theory. This structure mirrors that of
Kaptelinin & Nardi (2006) as this was one of the most well-structured overviews and aids in the
understanding of the conceptual ideas within activity theory. It is important to highlight the tenants
of activity theory in order to understand the structure of cultural-historical activity theory (CHAT)
and its underlying assumptions.
Two Key ldeas of Activity Theory

Activity theory has its origins in Russian psychology, specifically Vygotsky and Leontiev,
and as such, many of the key tenants can be traced back to their work. Two of the main ideas
underlying activity theory are the unity of consciousness and activity, as well as the social nature
of the human mind. The first key idea, the unity of consciousness and activity, comes out of the
desire to have studies explore the context of interactions rather than solely focus on the mind. If
one is interested in the mind, then it is imperative to understand it in the context of a subject-object
relationship. The mind is in fact embedded in the world and therefore the relationship between

humans and the world around them needs to be included.
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The second idea focuses on the social nature of the human mind, and is a profoundly
different approach, especially when compared to the work of other psychologists at the time of
Vygotsky and Leontiev. This idea draws on the first idea, in that the human mind is embedded
within the world and cannot be understood on its own. However, this key idea goes further in that
society and culture are not external influences, but rather they are present for the creation of the
mind. A maxim that embodied this notion was “social being determines consciousness” (Marx and
Engels, 1976 as quoted in Kaptelinin & Nardi, 2006). Not only are human beings social, but also
the world itself is social. Therefore, when compared to other ideas, such as Piaget’s constructivism,
culture cannot be relegated to a secondary component or a footnote. Rather, the culture and social
interactions must be intertwined into analysis. It is not enough to solely look at an individual and
their relationship to the object. Rather, the relationships and culture must be integrated.
Object-Oriented

In activity theory, the underlying assumption is that human activity is always directed
towards something — their objects (Kaptelinin & Nardi, 2006). Objects represent the intention that
motivates the activity (Jonassen & Rohrer-Murphy, 1999). It is worth noting that the object is not
a static entity but can be transformed and shaped over the course of activities. Leontiev expresses
the object of activity is twofold:

First, in its independent existence as subordinating to itself and transforming the
activity of the subject; second, as an image of the object, as a product of its
property of psychological reflection that is realized as an activity of the subject.
(1978, p. 52)
In this definition, it brings together the notion of the object of both practical activity and of thought

— therefore the object can be either internal or external (Roth, 2004). When considering student
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intentions, this means that they are shaped both internally and externally. This highlights the need
to contextualize all interactions and ensure that any claims of the individual are nested in the larger
system. Kaptelinin & Nardi (2006) give the example that “a way to understand objects of activities
is to think of them as objectives that give meaning to what people do” (p. 66). In this way, we can
evaluate actions that people take as whether or not they help facilitate the objective, but they do
not unilaterally determine the fate of actions. Hence the malleability.

Human beings live in a reality that is objective in a broad sense: the things that

constitute this reality have not only the properties that are considered objective

according to natural sciences but socially/culturally defined properties as well.

(Kaptelinin & Nardi, 1997)
Within this study, it is important to not solely focus on the individual actions, but rather consider
how the student objective can shift, especially with regards to social pieces as the students are
working within groups.
Hierarchical Structure of Activity

Within activity theory, there are different levels at which you can analyze the relationship

between subject and object: activities, actions, and operations (Leontiev, 1974).The hierarchy
between these levels can be thought of as activity is composed of actions, and actions are composed
of operations (Batiibwe, 2019). Operations are automatized or routinized behaviors and many
times do not require conscious effort (Jonassen & Rohrer-Murphy, 1999). The conditions
determine the operations. At the next level up, the goal an individual holds results in actions, but
the goal is also affected by the conditions. At this level, it is the functional level (Linnard, 1995)
that uses planning and problem-solving to complete the activities (Jonassen & Rohrer-Murphy,

1999). Finally, it is motive that generates activity, which is composed of actions, and the motive
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determines the goal. This hierarchy can be seen in Figure 2-5 as shown in Batiibwe (2019). This
hierarchical structure was used to operationalize activity theory within observations, as there are
multiple units of analysis and can be used to build up the overall activity from the operation or
action level.

Figure 2-5: Hierarchical structure of activity according to activity theory as shown in Batiibwe
(2019).
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Internalization and Externalization

Activity theory emphasizes the differences between internal and external activities. This
can be directly traced to VVygotsky and his conceptualization of internalization, which argued that
internal things cannot exist without initially existing externally. Therefore, in activity theory the
internal activities cannot be analyzed or even understood independent from the external activities.
Further, internalization is not the eradication of all external activities, but rather the redistribution
of resources between the internal and external. Externalization is simply the opposite in that the
internal activities are transformed into external activities (Jonassen & Rohrer-Murphy, 1999;
Kaptelinin & Nardi, 1997; Roth, 2004). This is critical for group work where activities must be

coordinated externally, or for example, if a student uses the command line to modify a variable
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because the calculation is too complex to do mentally. Therefore, there is a constant shifting of
resources between the internal and external which underlies all human activity.

The internal and external is also applied to the development of mental abilities and the
relation between the individual and community. There are two stages in this development: the
interpyschological and then the intrapyschological (Vygotsky, 1986). Initially functions have to
be distributed between others and the individual; however, the switch occurs when there is no need
for social distribution. The previously mentioned internalization in this context would be when an
individual is able to take and abstract a function that has been socially distributed, whereas
externalization is when there is a reallocation of a process’ activities. Within groupwork, this is a
helpful model to consider how a student internalizes the learning that took place in a cooperative
context. The individual cannot be isolated from the community, as there is a constant shifting of
internal and external resources. Therefore, the context and community should be accounted for
when utilizing this theory.

Mediation

As there is a shifting between the external and internal, artifacts and tools are how
individuals interact with reality. Activity will always involve artifacts (Jonassen & Rohrer-
Murphy, 1999). When tools are internalized, this impacts individuals’ development. Kaptelinen
maintains that all “human experience is shaped by the tools and sign systems we use” (1996, p.
10). Just as the mind cannot be understood without the relation of the world, the tools need to be
understood in terms of human activity. It is not enough to simply observe the tool, but how the
tool is used, the needs it serves, and its evolution all aid in the understanding of the tool itself
(Jonassen & Rohrer-Murphy, 1999; Kaptelinin & Nardi, 1997; Kuutti, 1996; Roth, 2004). The use

of coding or computation for the learning a different discipline is rich in these mediated
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interactions. Specifically, this notion of mediation has been studied through the use of instrumental
genesis and has been the framing for multiple studies examining computationally mediated
interactions (Castle, 2021; Lonchamp, 2012; Maschietto, 2015; Wagh et al., 2017). However, what
is critical is that this mediation takes place within culture and context —something that instrumental
genesis does not necessarily capture.
Development

One of the key underlying principles that originates in Vygotsky’s zone of proximal
development is that reality should be analyzed in the context of development. Activity theory is a
“formative experiment which combines active participation with monitoring of the developmental
changes of the study participants” (Kaptelinin & Nardi, 1997, p. 159). What is important within
this principle is that there is always a focus on progressing forward. The student never has a static
ability, which is crucial when we discuss the conceptualization of mathematical creativity.

All these principles work together to form activity theory. It is not enough to simply take
a sole principle. Rather, it is by the nature of the theory and principles, that when applying any of
the principles, the others are engaged as this is an integrated system. These tenants inform not only
the CHAT framework that will be used as an analytic framework but also provide some key
features to consider when designing and analyzing during a study.
Cultural-Historical Activity Theory Framework

The general conceptualization of activity theory was discussed previously. This theory was
utilized for this study through the framework provided by Engestrom (1987). The notion of
mediation is the underlying conceptualization of his configuration of activity theory, leading to the
first generation of CHAT by explicitly bringing the relationship between the individual,

community, history, content and interaction of the situation and activity to light (Batiibwe, 2019).
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Just as in activity theory, learning can only be understood by attending to the purpose or goals that
the participants hold and the context in which it occurs (Battista, 2015). The extensions that CHAT
brings are the rules, community, and division of labor, as detailed by Battista (2015) citing Cole
& Engestrom (1993):

A community is the social and cultural group that subjects are a part of, with

explicit rules or social norms that regulate and influence behavior. The division

of labor defines how tasks and responsibilities are shared among system

participants as they engage in an activity.
A visualization of the relationship between all the factors can be seen in Figure 2-6. Within this
diagram, the original subject and object relation can be seen with the mediation by the instrument
and tools, as proposed by Vygotsky. However, where this experience is expanded is within the
bottom half of the triangle. The community is also connected to both the subject and object. Further
there are rules that mediate the relation of the subject and community. Additionally, the division
of labor mediates the relationship between the community and object. All these dimensions bring
a nuanced understanding of the activity system to understand the relation of activities, actions,
operations, and actions; motive and goals of the subject; and the contextual factors in which the
subject operates. This framing has been used extensively in physics education and computational
education research and to some extent mathematics education (Roth, 2012).

This representation of CHAT is particularly useful for my study as not only is the subject-
object relation mediated through the artifact, but the system includes the community, rules, and
division of labor. All these features are key in understanding the activity in which the subjects are
engaging. This can be especially important during enactment of curriculum as the responsibility

of the completion of the modules is not guaranteed to be equally distributed among all group
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members, which may result in very different lived experiences for students and alter objects and
outcomes. This framework is able to represent a complex interaction and provides scaffolding for
the analysis; pilot data will be used to highlight the powerful potential of this framework within
Chapter 3, which details the methodology used.

Figure 2-6: Visualization of the cultural-historical activity theory framework (Engestrém, 1987)
where the light blue solid lines represent the direct interactions whereas the dashed lines
represent the mediated interactions.
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DESIGN FRAMEWORKS

One of the key points of this study is the design of the computational experiences. There
are multiple potential frameworks that would be beneficial, but due to my goals of computational
creativity and my focus on mathematical understanding, | will review the Use-Modify-Create cycle
as well as the understanding by design framework. Both of these frameworks will be
operationalized in the methodology chapter.
Use-Modify-Create Cycle

Initially proposed by Lee et al. (2011), the use-modify-create framework is utilized within
computer science education to engage students in computational thinking within computational
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environments (Robins et al., 2020; Scharlau et al., 2019). The use phase of the cycle is when
students are presented with a computational artifact where students are expected to be a consumer.
The modify phase is when they begin to alter the artifact, and finally the create phase is when
students create their own computational artifact that supports their own interest and thinking. A
visualization of this cycle is presented within Figure 2-7.

Figure 2-7: The Use-Modify-Create Learning Progression Framework Diagram as proposed by
Lee etal. (2011).
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This cycle provides insight into potential design structures, specifically relating to the
guiding research question. Specifically, the create portion enables students to engage in abstraction
(Leeetal., 2011) while pursuing their own ideas, thereby providing opportunities for both risk and
originality. The scaffolding allows multiple points for students to make connections and develop
their mathematical understanding, and many times this cycle is coupled with visualization. In
addition to the potential for mathematical creativity opportunities, the cycle was also designed as
a way of easing student anxieties and developing “appropriate and incrementally challenging
experiences” (p. 35). While this is no guarantee of changing student relationship with mathematics,
if the mathematics is taught within this computational design structure, then there is a possibility
that students may not only be learning in a novel environment but in one that is designed to ease

anxieties.
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The Understanding by Design Framework

The understanding by design framework is a backwards design process for curriculum
planning that utilizes three stages, as can be seen in Figure 2-8. The first stage focuses on
identifying desired results. The goal of this phase is to consider goals, content standards, and
curriculum expectations to prioritize what students should know, understand, and be able to do.
During the second stage of determining acceptable evidence, the focus is to think about a unit or a
course in terms of what assessment data is needed to validate that the desired results have been
achieved. After these two stages have been completed, then instructional activities can be
designed. These activities are meant to support and equip students with the desired knowledge and
skills. It is during this phase where frameworks such as Weintrop et al.’s (2016) taxonomy of
computational thinking in mathematics can aid in the generation of types of activities to meet the
learning goals. The goal of this process is to avoid both aimless coverage of content as well as
isolated activities that might be engaging but are not connected to established intellectual goals.

Figure 2-8: The stages of backwards design visualization presented within the understanding by
design framework (Wiggins & McTighe, 2005).
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A key assumption is that within the first and second step, there must be a way in which you

can establish whether a student understands something. Building on the previous theoretical

frameworks of activity theory (Vygotsky, 1986), the student would need to externalize their

thoughts in order for any assessment to be made. In doing this there cannot be direct evidence of

understanding, but rather the focus is on the manifestation of understanding. Therefore, | draw on

Wiggings & McTighe’s (2005) work on the facets of understanding. These aspects are overlapping

and ideally integrated, but they point to how a ‘true” understanding can manifest. These facets are

displayed in Table 2-2. The definitions given are general, as the goal is to be able to apply to

multiple disciplines and contexts. This allows for the adaptation to mathematical content taught

in a computational setting enacted through coding.

Table 2-2: The six dimensions of understanding from Wiggins & McTighe (2005).

Dimension of Understanding

Understanding Dimension Definition

Can explain

Via generalizations or principles, providing justified
and systematic accounts of phenomena, facts, and
data; make insightful connections and provide
illuminating examples or illustrations

Can interpret

Tell meaningful stories; offer apt translations;
provide a revealing historical or personal dimension
to ideas and events; make the object of
understanding personal or accessible through
images, anecdotes, analogies, and models.

Can apply

Effectively use and adapt what we know in diverse
and real contexts—we can “do” the subject

Have perspective

See and hear points of view through critical eyes
and ears; see the big picture.

Can empathize

Find value in what others might find odd, alien, or
implausible; perceive sensitively on the basis of
prior direct experience

Have self-knowledge

Show metacognitive awareness; perceive the
personal style, prejudices, projections, and habits of
mind that both shape and impede our own
understanding; are aware of what we do not
understand; reflect on the meaning of learning and
experience.

Each of these dimensions has the potential to be expanded beyond the design phase and

used as an analytic framework to develop codes for actions that demonstrate understanding. These
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dimensions will be further expounded upon in the methodology specifically with the incorporation
of how I have operationalized these definitions using data from my pilot study. This will serve as

a rich source of examples but also serves as an initial validation of the theoretical framing.

41



CHAPTER 3 - METHODOLOGY

THE STUDY DESIGN

The main methodology that this study was designed upon was case study. This choice was
for multiple reasons. First, there is a lack of the overlap between mathematical creativity and
computation within the literature as previously discussed. Therefore, this case study serves as a
proof of existence that students are in fact able to engage in mathematical creativity during
computation enacted through coding. The pilot study pointed to this, but a thick description of this
was valuable to myself and the research community as a whole. Further, as this interaction and
course of study is relatively new, this study serves to extend theory and frameworks to this
interaction of mathematics and computation. In doing this, theories can be substantiated and tested
to bring about a deeper understanding of the relation between mathematical creativity and
computation. Therefore, case study allows for the substantiation, testing, and modification of
mathematical creativity theory in the context of computation. Finally, one of the most valuable
roles that case study serves for this study is to increase the repertoire of stories of computation
enacted in mathematics, specifically with an eye towards mathematical creativity. Case studies
allow for a thick description that aids in related phenomena where there are overlapping
characteristics (Guba & Lincoln, 1981). Within this thick description of the case, case study
methodology allows for studying the interactions that occur between the different elements present
within the study and illuminates meaning. It provides insight into the questions of how computation
can bring about mathematical creativity. For all these reasons, case study was the chosen
methodology, and specifically from the interpretivist tradition. Within this tradition, the focus is

on an in-depth look at a particular case with human interpretation.

42



Stake — Constructivist/Interpretivist Approach

The work of Stake (1995) is aligned both with a constructivist and interpretivist orientation.
This approach to case study will be used as a key portion of the approach is to be able to understand
and discover meaning of experiences within a certain context. As the study centers on computation
enacted through coding, with specific design features for mathematical creativity, and enacted
through groupwork, the contextualization of student experiences is critical. For example, the lived
experiences of students in the pilot study highly differed between two groups. Although the groups
had the same gender makeup and the same number of group members, how students experienced
the mathematical modules was highly contextualized based on their group work. It is also worth
noting that Stake emphasizes the role of the researcher in the study along multiple dimensions and
some of the deliberate and intuitive choices a researcher may make. Further, the underlying
epistemological approach is relativistic, as “each researcher contributes uniquely to the study of
the case; each reader derives unique meanings” (p. 103). Therefore, the reality has multiple
interpretations and is subjective based on meaning and understanding. This study did not attempt
to lay out an immutable argument, but rather aimed to begin shaping an understanding of the
relation of mathematics, computation, and creativity. Note that the data collection mirrors this
interpretivist approach as the bulk of the data consists of observations and interviews. While there
are additional data sources, as will be detailed in Table 3-1, these data sources are complementary
to the interviews and observations, rather than stand-alone measures.
Instrumental Case Study Approach

Continuing to draw from Stake (1995), the study methodology implemented was an
instrumental case study. An instrumental case study allows for a thick description of a case while

also facilitating understanding of the phenomenon and testing and modifying existing theory. As
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the broader goal of the research was to investigate the relationship of computation, mathematical
content, and mathematical creativity, this methodology allowed for the in-depth analysis of a case
while then being able to compare it to other cases, or instances of mathematics enacted through
computation, in an effort to understand the relationship and the potential for mathematical
creativity. This delineation can be thought of as follows:
Issue: Can computation enhance mathematical experiences for students in a meaningful
way and foster mathematical creativity?
Case: Students working in small groups engaging with Linear Algebra modules enacted in
Jupyter notebooks with the goal of fostering mathematical creativity

Within an instrumental case study, the issue is of highest importance, rather than the case.
While the cases to be presented within this study are important, the specific cases are selected with
the intention of addressing the larger issue of computation, mathematics, and creativity. Therefore,
the need for qualitative categorical data and measurement is highly important rather than direct
interpretation. The discussion of the corresponding approach to analysis is discussed later in the
analysis section, with excerpts from pilot data, but the focus of the section is on the coding and
coordination of data. This is not dispelling any singular instances, but rather it shapes the data
analysis portion.

As it was important to get rich descriptions of the case, each group of students working through
these modules, the data sources are summarized in Table 3-1, with ways in which they addressed
the guiding research question. Once again, the guiding research questions was as follows:

How can computation enacted through coding provide opportunities for students to
develop and express their mathematical creativity specifically in the context of learning

linear algebra?
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The information in Table 3-1 is solely to provide the reader with an initial idea of the data sources
and what they aimed to capture. The coordination of these sources with their analysis will be
further discussed within the following sections.

Table 3-1: An overview of this study’s data sources along with their purpose in answering the
guiding research question.

Data Source

How it Addresses the Guiding Research Question

Initial Gained an understanding of students’ view of the relationship between mathematics and coding,
Interview and the relationship of both disciplines with creativity and ability to explore
Documented students’ previous mathematical experiences and how they typically engaged in
mathematics vs. computing
Developed a profile of student’s initial relationship to and conceptualization of computation and
mathematics
Initial Established a baseline of how students rated elements of mathematical creativity and computation
Survey
Final Obtained student narrative of how they experienced the modules and their perception of
Interview mathematics, computing, and their relation to creativity
Obtained how students conceptualized the different topics introduced in the study. Used the
student voice of their mathematical understanding to look at the trends across observations
Developed a profile of student’s relationship to and conceptualization of computation and
mathematics after they had completed the modules and potential areas where these were switched
Final Survey  Provided a general overview of student perspective on how they viewed mathematics and

computation and relation to creativity and looked to see if there were any changes

Observations

Observed how students engaged with the modules and mapped the different features of the

X6 weeks computational experience that provided opportunities for fostering mathematical creativity
X3 groups
Used student manifestations of understanding during the study to track features that enabled
mathematical understanding creation or the constraints
Reflections Used as a check against the observational data analysis to obtain the student voice about their
X6 weeks perceptions of exploration and the challenges they faced

x8 students

Used student writing to identify mathematical areas of understanding and highlight the student
determined import module features that led to understanding

To provide a thick description of this case, the data collection was across multiple sources

and there were reflections at different points in time during the study. The data collection methods

implemented are detailed below.

MODULE DESIGN

An underlying portion of this study centered around the design of the computational

modules, as the theoretical framework emphasized their role in the mediation of mathematical
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understanding, creativity, and students’ relationships with mathematics. These modules were
designed and deployed during the pilot study, and then through an iterative design process were
adjusted for the study. This section will highlight the methods used in their construction.
Understanding By Design

A key methodology used as the basis for the construction of the modules was the method
of understanding by design, as discussed in the literature review section. This process employs
backwards design where the learning goals are established, then potential evidence for meeting the
goals, and finally the activity design itself using the prior work. Therefore, to establish the key
learning goals for the linear algebra modules, | reviewed multiple textbooks, syllabi from Linear
Algebra | (MTH 309) and Matrix Algebra with Computational Applications (CMSE 314), as well
as materials from CMSE 314. These specific courses were selected as these are the most common
introductory linear algebra courses at MSU and are prerequisites for multiple later courses across
disciplines. In reviewing MSU-specific materials, the goal was to gain an overview of what might
be beneficial for students later on. As this study and module design was not a prerequisite for
anything, nor a required portion of students’ educational plans, I had latitude in selecting what I
felt was most appropriate for this study. After compiling the potential topics for inclusion within
the modules, | centered on the desire for students to walk away with a broad understanding of how
matrices can be used to represent various systems as well as for students to develop a geometrical
understanding of vectors and their properties. These learning goals were in addition to the broader
goal of students engaging in mathematical creativity. These goals were then used to group topics
and learning goals, producing a set of 10 potential modules with coordinated learning goals, but
was trimmed down to six for the pilot study. Once the learning goals were established, evidence

for meeting these goals were written out and used for construction of the modules. A detailed list
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of each module, the topic, and evidence for meeting goals can be seen in Appendix C. For the sake
of space and conciseness, | will use Week 4 as an exemplar which focuses on Matrices as
Transformations. The full module can be seen in Appendix D, showing the full flow of content,
scaffolding, and materials that students received in the Jupyter Notebook. However, | will supply
key portions to highlight the process used.

Table 3-2: An example of how key understanding and evidence for understanding were mapped
through learning objectives and skills. This was week four which focused on the idea of matrices
as transformations.

Week Linear Algebra Mathematical Learning Objectives and Computational Learning

Number Topic Skills Objectives and Coding Skills
Relate various matrix transformations to Ieifr:ilﬁcniggo(r)getrhteol rtrtzr']gl]f;?%oaggw
geometric illustrations g
challenges
Recognize common types of

transformations Engage in conjecture and

Interpret a matrix product as a composition computational experimentation
4 Matrices as of linear transformations

Transformations Interpret the inverse matrix as representing

the inverse linear transformation . o
. - Translate mathematical equations into
Distinguish between a matrix as a table of code

numbers and a linear transformation as a
function

Demonstrate ability to break apart a

Define the image of a linear transformation .
problem into smaller parts

For the fourth module, the key understanding was matrices as transformations, and the
evidence for understanding is listed in Table 3-2 under the mathematical learning objectives and
skills. This evidence was based on the potential manifestations of understanding presented earlier
in Table 2-1, such as visualization or elaboration. This provided the structure and goals for each
activity, but what was left was how to actually implement this design.

Design of Activities
In order to go from the learning objectives and key ideas to an actual Jupyter notebook for

students to engage with, there were three main sources that I coordinated between when thinking
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through potential ideas for activities. These were: the potential manifestation of mathematical
creativity within computation, based on Weintrop et al.’s (2006) taxonomy of computational
thinking within STEM, the use-modify-create cycle highlighted in Figure 2-7, and the potential
manifestations of creativity, presented within Table 2-1.

As mentioned in the literature review, | used the categories of modeling and simulation
practices and computational problem-solving practices. Within each of the categories, there were
multiple computational activities that | had linked to potential sources of creativity. These were
compared against the evidence of understanding to determine the potential enactments of the
mathematics within computation. For example, one of the activities presented within the taxonomy
was creating computational abstractions nested under computational problem-solving practices.
Additionally, one of the mathematical learning objectives was to relate various matrix
transformations to geometric illustrations as well as recognize common types of transformations.
Therefore, in using this practice to achieve the desired learning objective, students were asked to
abstract the matrix transformations they had experimented with in the earlier module where they
predicted the effect of a transformation on an image of a cat. Specifically, they had to abstract how
the elements within a 2x2 matrix translated to the image of an input matrix (note the terminology
was added towards the end of the module). Two of the prompts from the module can be seen in
Figure 3-1. This is an example where ultimately students created a computational abstraction. Note
that there is no requirement that computation is enacted through coding, as the focus is on
designing solutions that will be carried out by an information-processing agent. Therefore, the
development of a general matrix transformation that performs certain desired properties would be
a computational abstraction. Therefore, the elements within the taxonomy were used as a basis for

designing potential activities.
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Figure 3-1: Module 4 excerpt focused on students abstracting different types of transformations
based on their prior work.

Reflections

There are multipleways that we can reflect our image. What are the matrices that would
correspond to the following reflections?

* Reflection across the x; -axis?

* Reflection across the x; -axis?

¢ Reflection through the line x, = —x;?
Reflection through the origin

In [ ]: # Code to check

Contraction and Expansion

e What are the matrices that would correspond to the being able to horizontally contract and
expand? shrink/stretch

« What are the matrices that would correspond to the being able to vertically contract and
expand? shrink/stretch

In [ ]1: # Code to check

Another facet used within the construction of the modules was the use-modify-create cycle.
This framework was discussed within the literature review, but the general idea is for students to
first use an artifact, then modify it, and then create their own. This cycle was used within the
structuring of the notebook as a way of scaffolding some of the materials, especially when all
mathematical concepts were new. For example, in Module 4 students were given a base example
chunk of code with a matrix of points that defined a cat and a function to plot a matrix
transformation. From there, they modified the piece of code and experimented with different
transformations and abstracted the different types of transformations. Finally, the students created
their own transformations and code chunks designed to modify an original image they created.
This cycle was used throughout the notebooks as a way of breaking down a learning goal or big

idea and providing scaffolding for the students then to be able to create and explore.
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Finally, the other source of design ideas came from the dimensions of creativity: fluency,
originality, flexibility, visualization, elaboration, and risk. These dimensions were used in the
middle and end of module creation to ensure that students had opportunities for engagement in the
mathematical creative process. If students never had these opportunities within the module, then
there was a potential that the experience would be ‘pushing buttons’ and not only would this lead
to a lack of opportunity for mathematical creativity, but it also would constrain students’
opportunities to develop their mathematical understanding. Therefore, | ensured that there were
opportunities for a variety of dimensions of mathematical creativity within the final product.
Within the fourth module, originality is present within the modify and create portion as students
were designing and testing their own transformations and following their own line of thinking,
which also coincided with risk. Elaboration opportunities were within how students connect their
understanding of functions to transformations and explaining transformation. Visualization
opportunities were also within the construction of these analogies and the creation of plots to
clarify and present matrix transformations.

THE DATA COLLECTION PROCESS

The data collection process took place over the course of the Spring 2022 semester for the

pilot study, followed by the Fall 2022 semester. The timeline is presented in Table 3-3.

Table 3-3: The data collection timeline across pilot and final dissertation study.

Study Phase Dates Data Collection Description
Pilot 03/03/22 — 03/18/22 Student Recruitment from CMSE 201
Pilot 03/14/22 — 03/22/22 Initial Student Interviews & Surveys
Pilot 03/23/22 — 04/29/22 Observations of Modules #1 - #6
Pilot 05/01/22 — 05/20/22 Final Student Interviews & Surveys
Modification Summer 22 Revision of Modules based on initial

analysis and student feedback from pilot
study, resulting in final eight modules
Dissertation 09/12/22 — 09/28/22 Student Recruitment from CMSE 201
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Table 3-3 (cont’d)

Dissertation 09/29/22 — 10/11/22 Initial Student Interviews & Surveys
Dissertation 10/11/22 — 12/09/22 Observations of Modules #1 - #8
Dissertation 12/08/22 — 12/23/22 Final Student Interviews & Surveys

The Research Context

| recruited students from CMSE 201 - Introduction to Computational Modeling. This is a
multidisciplinary course for students from majors across the university. The core underlying tenant
of this course is to use computational models to solve disciplinary problems. Incoming students
are not required to have any prior experience with coding or computing and the only prerequisite
is a semester of calculus. Over the course of the semester, students are introduced to coding in
Python, and developing computational modules - through a flipped classroom employing Jupyter
notebooks. CMSE faculty have spent considerable time and resources overhauling this course and
ensuring that it is employs a learner-centered approach (Silvia et al., 2019).

| selected this course for multiple reasons including access, student composition, and
coding experience. | had connections with the CMSE department that make this class easily
accessible as a researcher, as well as | had departmental support from their computational
education group. This aided not only in recruitment access but also with material gathering,
structural questions, and research support. With regards to the student demographics, this course
employed students from multiple disciplines, and anecdotally, many students in the course have
expressed mathematics anxiety or hatred. Finally, all students in the course were exposed to key
computational concepts and coding syntaxes by the time they began the linear algebra modules.
This differed from multiple other studies in which students are either mathematics majors, or in a
specific mathematics course. Rather than recruiting students from a mathematics course, teaching
coding, and then approaching modules, this design used coding, a familiar language by the middle
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of the semester, and then introduced the mathematics. The rationale behind this choice is detailed
as follows.

It has been documented that students many times have to translate back and forth between
the languages of mathematics, coding, as well as their own vernacular (Delarnette,
2019). Although this can be a rich site for instrumentation to occur, it often leads to a sole focus
on one of the areas at the neglect of the other two. Further, it can be overwhelming to students who
are struggling with imposter syndrome and can cause the exodus of students from a discipline.
Recruiting students from CMSE 201 enables a focus on the mathematics and computation that
would best support the learning of linear algebra instead of having to also provide materials for
the introduction to coding such as for loops, lists, arrays, etc.... For students who either have faced
mathematics anxiety, or a general dislike of the subject, the learning of mathematics in this context
potentially enables students to have a safe ground from which they were entering in the
mathematics realm. Even if they were unsure of their mathematical abilities, they could be able to
feel more confident in their computational abilities, as noted during the pilot study.

Participant Selection

Students had the option of participating in this research study for an honors designation for
their CMSE 201 course. To get the honors designation, students had to maintain a 3.0 or above
and either complete this series of research modules or do an additional final project for the course.
According to the course coordinator, students would spend approximately 20 hours on their final
projects, therefore the goal was to mirror this time commitment for students within the study.

It is important to highlight that this sampling did focus on a subset of students from the
course, namely those who are in the honors program or who wish to be. It is known that these types

of programs can perpetuate inequities with who is accepted, and who is recruited. Further, those
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students that are choosing the honors program in this course anticipated earning a 3.0 or higher
and most likely had more confidence surrounding their coding and computational abilities. The
self-selection was exemplified during the pilot study by a student who chose to participate and do
the honors credit because he felt that he was doing well in the course and could therefore seek this
option. Although many of these students felt confident in their computing capabilities, this did not
necessarily reflect their mathematics confidence. As noted in the pilot study, students' mathematics
comfort levels were varied, and many noted they were glad to be done with their mathematics
courses. Therefore, selecting students from this subgroup allowed for the investigation of non-
mathematics majors exploring mathematics in a computational context. Further, by having comfort
with the coding, it allowed students to be presented with new mathematical ideas and have the
underlying coding syntax abilities.

In the pilot study, the CMSE 201 course coordinator sent an email to all students soliciting
participants and directing them to a google form. Students expressed their interest in the project
via this form and then were contacted to set up an initial interview. Due to time constraints, the
form was turned off after 8 participants had signed up and scheduled their initial interview. This
was solely a sample of convenience, but there was a diverse set of student majors and individuals.
Three groups were created with 2-3 students in each based on availability.

For the dissertation study, a similar process was followed as an email was sent out during
the second week of classes with ongoing recruitment until the end of September. A total of 11
students expressed interest, with nine students scheduling and completing the introductory
interview and one student only showing up for the first week. Due to scheduling constraints,
students were initially placed into three groups, each with three students. However, due to one

student dropping out of the study and another student having an unavoidable scheduling conflict,
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the final configuration was two groups of four students and a student who would be completing
the modules individually. The modules were designed to facilitate discussion, and so while the
situation was not ideal, this participant was excited to learn, and | wanted to ensure that she still
had the opportunity to explore and earn her honor’s designation. Therefore, this student
experienced more of a think-out-loud style interaction.
Interviews

I conducted an initial interview with each student for approximately 30 minutes. It was
important to establish a rapport with the student as well as answer any questions they had prior to
the observations. | wanted to ensure that there was an opportunity for them to ask any questions
one-on-one prior to the group work. This interview was semi-structured as it was important to
capture participants’ thoughts about their comfort with coding and mathematics, their views about
the nature of these two subjects, and the degree of creativity needed for computation and
mathematics. Further, general information such as their degree, backgrounds in mathematics and
computation, and educational plans was also captured within this interview. However, within these
interviews it was important that | had the freedom to follow lines of questioning that are either
interesting or seem relevant to the context. This interview served as the core for the development
of an initial participant profile. The interview protocol can be seen in Appendix A.
Observations

For a total of 8 weeks, students met with their group for two hours per week. All modules
were posted on a google drive folder to which participants had constant access. The choice was
made not to use GitHub as not all participants may have encountered this yet as well as each
individual had their own Jupyter notebook and there was not a need to commit changes to a

common repository.
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Participants downloaded the module and then began working through the notebook with
their groups. During this time, my engagement with the group was minimal. | let them follow their
own path and ideas, allowing for the engagement in a hopefully productive mathematical struggle.
Nonetheless, there were some key points where | intervened. If the group bypassed a ‘check in
with your group’ stop sign, then I ensured that they discussed their answers. Further, based on the
pilot study, | jumped in if they had truly engaged in the mathematics struggle, but hit a point where
they are asking for help. However, | let the students initiate the ask. Finally, if there was a point of
confusion that was simply based on the wording of a question or a mistake that I made (such as
stating something was in R? when | meant R3 in a question), | provided a quick directional note.

I collected each individual’s screen recording. This was done so that during data analysis |
could see whether or not participants tried something within the code that they had not shared with
the group yet. For example, consider the varying levels of social risk when suggesting a novel
approach versus first testing the novel approach on a private script and then sharing the approach
with the group. In addition, there was a video recording of the whole group to capture if
participants moved to look at a screen (such as leaning over to look at their neighbor’s screen) or
ignored other participants with their body language. To ensure that the audio was captured, |
utilized an omnidirectional microphone that sat in the center of the participants.

A key portion of both the research and experience for the participants was the ability for
students to share their screens with one another. Due to room constraints, there was not an easily
accessible individual screen students could airplay to or connect via HDMI. There was a projector
within the room which students were free to use, but due to the size of the group, students often
simply turned their laptop to face one another and then used their laptop to share their results. This

was in contrast with the pilot study where students would share their screen to Zoom for others to
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be able to see. Both of these methods allowed for highlighting an individual approach, but also
enabled there to be a shared common space where they could think together, rather than trying to
‘keep up’ with the typing or methods being tried.
Reflections

After each observation, there was a small portion of time set aside for students to complete
a reflection document. This allowed them to document their in-the-moment thoughts and emotions,
rather than having to recall sometime after. However, the choice was left to the student as some
students preferred to write their reflection after having some time to process the new content.
Students responded to a series of prompts that asked them to describe what they thought the
purpose of the lesson was, challenges they faced, what they felt was rewarding, opportunities for
exploring, and what the most helpful parts were. There were also tailored questions from each of
the modules to probe the students’ understandings and their conceptualization. This provided
variation within the reflections which students in the second phase of the study appreciated, as
students within the pilot study wanted some variation in question prompts.
Final Interviews

After the final module, students scheduled a one-hour interview with me. This was once
again a semi-structured interview, similar to the initial interview. The interview protocol can be
found in Appendix B. The purpose of this style of interview was to have a core set of questions
that all participants responded to, especially due to the content questions and student
conceptualizations. However, | needed to maintain the freedom to follow the participant’s lead,
especially when there were important features of the student’s experience that were not captured

in the protocol.
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The first section of the final interview focused on the students reflecting on their
experience. This included questions to capture both challenge and reward. This was important
during the pilot study, as it helped shed light on what the students really focused on — the
mathematics, computation, or their intersection. It was also important since this brought to the
forefront what the salient features of their experience were. Also, it was through the challenges
that many of the features of mathematical creativity could manifest. Students were also asked about
whether they felt they were able to explore during the modules. Based on the pilot study,
exploration seemed to be an underlying component in the mathematical creativity process, and
therefore it was important to have the students identify when they felt they could explore. This
also brought about some of the most salient explorations. The student weekly reflections captured
the in-the-moment conceptualizations as well as the immediate reflections while it was fresh in
their mind. This allowed for the reflection to bring about some of the most notable features for the
students to begin to see some of the longer impacts.

As the guiding research question specifically focused on the context of linear algebra, the
second portion of the interview focused on the mathematical content. As one of the overarching
themes of the backward design linear algebra concepts was multiple representations, students were
asked to describe the different ways that matrices could be used for representation. The goal was
to allow the student to parse through the different topics that they remembered to see what stood
out to them. It also identifies what ways a matrix can be used for representations. | then asked
students to explain the concepts of matrices, linear systems of equations, linear independence,
span, basis, eigenproblems and Markov chains. These were some of the larger topics in which

students engaged. Further, this also provided students with the opportunity to articulate elements
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of mathematical creativity, such as elaboration and visualizations. Students had the opportunity to
describe unique mental visualizations that they developed during these modules.

During this content-based portion, students could look at their previous notebooks that
contain their responses to the modules. Although there may be the fear that this would bias
student’s response towards computation, these notebooks have the formal mathematical definition
as well as the computational portions. Based on the pilot interviews, students sometimes pulled up
their old notebooks, but no student read the definition verbatim or any portion of the text. Many
times, they would take a quick scroll though for a reminder, and then articulated their
understanding. As | was not as concerned with memorization, but rather the ways in which they
explained the mathematical concepts, this activity targeted the concepts that I am interested,
without creating a testing environment that promoted mathematical anxiety.

Surveys

Before the initial and final interview, participants were asked to complete a survey, which
is shown in Appendix E. The goal of the introduction of the survey questions was for students to
reflect on the nature of mathematics and computing, how they perceived their abilities within the
disciplines, and what was needed to be successful in each of these areas. The purpose of having
these surveys prior to the interviews was that it enabled me to ask follow-up questions surrounding
salient features of their surveys and to gain clarification on their answers. These surveys were used
as a potential entry point to begin a conversation with the student.

Student Notebooks

Students maintained their own individual Jupyter notebooks. This allowed students to

synthesize the information, and ensured that they could document their current understanding, or

key ideas, in their own words. The generation of these notebooks will also be helpful for them if
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they take MTH 309, CMSE 314, or another course that depends on linear algebra. The generation
of individual notebooks also aided me as the facilitator because the notebook captured their written
down explanations, giving me insight into their current conceptualizations. In light of the guiding
research question and the desire to promote mathematical creativity, these notebooks in
combination with the reflections served an additional purpose. Reflective writing activities have
helped students develop their metacognitive awareness, self-regulated learning behaviors, as well
as their problem-solving and critical thinking skills (Zarestky et al., 2022). As problem-solving
and critical thinking skills have been linked in the literature to mathematical creativity, this activity
should have aided students in expressing their conceptualization, and in also developing key skills
for mathematical creativity.
COORDINATION OF DATA SOURCES AND ANALYSIS IN LIGHT OF GUIDING
RESEARCH QUESTION

As there are a multitude of different research sources and sub-analyses, | have given an
overview of the analysis in Table 3-4. Each data source is linked to what part of the guiding
research question it addressed and how it was used to answer the research question. The final
column highlights the analysis across all phases of analysis. Prior to a more thorough discussion
of the planned analyses, there will be a discussion of how the guiding research question was
answered using different research sources. Further, results from the pilot study will be incorporated

to shed light on the nature of the claims, as this was the first phase of the study.
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Table 3-4: Overview of the data analysis within the study. Each data source is linked to how the

analysis addressed the research question, then the steps of the analysis are given.

Data Source

How does this address the
guiding research guestion?

Data Analysis

Initial Gained an understanding of 1. Used in vivo coding to code the transcripts with the
Interview students’ view of the relationship  goal of identifying salient features of those participants
between mathematics and coding,  relating to mathematics, coding, and creativity
and the relationship of both 2. Developed key common codes based on the in vivo
disciplines with creativity and codes to create a common base coding system in
ability to explore relation to participants
3. Constructed analytical memos based on the student
individual in vivo codes and common code system
4. Developed profiles of each participant
Documented students’ previous 1. Coded interview for instances of statements where
mathematical experiences and students identify their process for working on
how they typically engaged in mathematics and computational problems
mathematics vs. computing 2. Used codes to develop section in student profile that
details their reported problem-solving approaches in
each discipline prior to the study
Developed a profile of student’s 1. Coded for categorization within adapted
initial relationship to and mathematical and computational experience and attitude
conceptualization of computation  framework (shown in Figure 2-3)
and mathematics 2. Developed initial model with student quotes related
to each dimension
Initial Established a baseline of how Used the student profile to compare against the initial
Survey students would rate elements of survey results to check if there were any contradictions
mathematical creativity and or reinforcement of the profile
computation
Final Obtained student narrative of how 1. Used mathematical creativity codes (shown in Table
Interview they experienced the modules and  2-1) to code transcript in order to identify experiences

their perception of mathematics,
computing, and their relation to
creativity

salient to the student surrounding mathematical
creativity

2. Use codes to determine common themes between
computing and mathematical creativity.

Obtained how students
conceptualized the different topics
introduced in the study. Used the
student voice of their
mathematical understanding to
look at the trends across
observations

1. Looked across participants for each question and note
any responses that are mediated by elements of the
modules and the experience

2. Recorded each student’s response to the conceptual
questions, and bundle responses by group

3. Compared against the themes developed during
observational analysis to determine how the experiences
shaped the given responses
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Table 3-4 (cont’d)

Developed a profile of student’s
relationship to and
conceptualization of computation
and mathematics after they had
completed the modules and
potential areas where these
switched

1. Coded for categorization within adapted
mathematical and computational experience and attitude
framework (shown in Figure 2-3)

2. Placed student quotes related to each dimension into
final profile

3. Compared against students’ initial profiles and note
any changes in conceptualization

4. Grouped changes in conceptualization across
participants to identify the different ways in which
student relationship to discipline had changed

5. Used observations at action level to reinforce these
changes, specifically if there were changes in ways of
engaging with the material

Final Survey

Provided a general overview of
student perspective on how they
viewed mathematics and
computation and relation to
creativity and see if there was any
change

1. Compared the pre and post survey responses to
determine if there were any changes for each individual
and check against student profiles to determine if there
is a contradiction or reinforcement

2. Aggregated all students to look at trends across
students and check if there were any notable change
along any of the questions

Observations
(x6 weeks
X3 groups)

Observed how students engaged
with the modules and mapped the
different features of the
computational experience that
provide opportunities for
fostering mathematical creativity

1. Used initial theoretical mathematical creativity codes
(shown in Table 2-1) for each observation at the action
level

2. Noted if action mediated by the Jupyter notebook and
attach subcodes for each action

3. Constructed analytical memos detailing initial themes
of creativity that were seen for each observation or
instances that were notable and why

4. Grouped codes along dimensions of creativity and
determined if there were common elements among the
actions taken in each dimension

5. Grouped codes along whether action is mediated and
looked for whether there were common elements among
the actions taken in mediated actions

6. Developed a framing of what elements of these
notebooks enabled mathematical creativity and how

Used student manifestations of
understanding during the study to
track features that enabled
mathematical understanding
creation or the constraints

1. Used initial theoretical mathematical understanding
codes (shown in Table 2-2) for each observation at the
action level

2. Noted if action mediated by the Jupyter notebook

3. Constructed analytical memos detailing initial
understandings that appear to highlight unique ways of
conceptualizing ideas

4. Grouped codes along dimensions of understanding
and determined if there were common elements among
the actions taken in each dimension

5. Based on the groupings, construct a framing of the
features of the modules that provided for student’s
mathematical understanding and areas that students
were constrained in understanding
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Table 3-4 (cont’d)

Reflections Used as a check against the 1. Coded using mathematical creativity codes and mark
(x6 weeks 8  observational data analysis to if mediated by module experience as determined by
students) obtain the student voice about student self-report

their perceptions of exploration 2. Compared against the themes developed in

and the challenges they faced observations to either modify observational framework

or validate
Used student writing to identify 1. Coded using mathematical understanding codes and
mathematical areas of marked if mediated by module experience

understanding and highlight the 2. Compared against the affordances and constraints
student determined import module  developed in observations to either modify or validate
features leading to understanding  findings

Guiding Research Question

The guiding research question for this study asked how can computation enacted through
coding provide opportunities for students to develop and express their mathematical creativity
specifically in the context of learning linear algebra? To be able to answer this question, the first
phase of analysis was to understand student’s relationship with both mathematics and computing,
as well as identify if students have had prior opportunities to foster their mathematical creativity,
whether computational or not. This was accomplished through initial in vivo coding to highlight
salient student features followed by another round of coding on all student initial interviews based
on the codes generated during the first phase of analysis. This served to identify key features of
the student’s prior experiences alongside their ‘typical” approach to mathematics and computation.
From there, analytic memos were constructed to introduce the students and describe how they have
previously experienced mathematics, computing, and mathematical creativity. Upon completion
of student surveys, responses were disaggregated by student, allowing for the comparison of
answers with their profile developed by the initial interview. Any reinforcements or contradictions

were be noted within the student profile.
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As the research focuses on the computation providing opportunities for mathematical
creativity, a large portion of the supporting data came from the observations. Each observation
was coded at the action level using the mathematical creativity codes initially presented within
Table 2-1. Each instance of mathematical creativity was tagged with whether it was mediated by
the Jupyter notebook, as determined by both student self-report and observation. After the initial
analysis, | constructed an analytical memo detailing potential initial themes of creativity that were
salient within the observation, or any other notable instances that relate to mathematical creativity.
Upon completion of all observation coding, the codes were grouped along the dimensions of
creativity (i.e., all codes from flexibility together, visualization together, ...) to then thematically
group and determine if there were common elements within each dimension of creativity. The
codes were then regrouped along whether the action was mediated by the Jupyter notebook to
determine if there were common features of the computing experience within the mediated
interactions that promoted mathematical creativity and whether there were elements of
mathematical creativity that did not manifest specifically through mediated actions. Upon
completion of both of these groupings, I utilized MaxQDA’s questions, themes, & theories (QTT)
qualitative analytical tool to investigate the relationship of computational elements and their
relation to the dimensions of creativity. This mapped the opportunities for students within the
computing experience to the promotion of mathematical creativity. For example, during the pilot
study, one of the findings that came to light after coding along the dimensions of mathematical
creativity was that the act of experimentation within computation enabled students to engage in
risk taking, a dimension of mathematical creativity. This was supported many times with the use-

modify-create cycle and gave students opportunities to experiment in ways that were completely
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new to them, as a student remarked that he knew this was math but that it was different. The
analysis section will provide further detail surrounding the codes and examples.

The final interviews with students were used to validate or modify the claims focused on
connecting computing and mathematical creativity, alongside with their reflections. This was done
by coding each interview with the mathematical creativity codes initially presented within Table
2-1. Then each coded experience was compared against the claims. If the claims did not support
the connection of computing and mathematical creativity within the particular experiences, then a
modification was made to the claim to incorporate this experience and the process continued on.
The final product from this process was a series of claims that link affordances and experiences
within mathematics taught using computing and the impact upon the opportunities for students to
engage in mathematical creativity.

To answer the guiding research question, it was important to understand how computation,
enacted through coding, has the potential to influence student’s perceptions of mathematics and
their relationships to mathematics. This was informed both by literature and the initial pilot study
as potential changes in student’s relationship with mathematics thereby influenced the potential
for mathematical creativity (Castle, 2023b). Students’ initial interviews were coded using the
adapted framework presented in Figure 2-3. This framework specifically focused on the linking of
students computational and mathematical experiences to their attitudes in each discipline. For each
student an initial filled-in framework profile was generated based on the codes, and this provided
an overview prior to their experience in the computational mathematical modules. Each
observation was coded based on whether students vocalized statements that related to their self-
image, habits, or world-image, as governed by the framework. Both the final interview and the

weekly reflections were coded using this framework to construct a new profile that included
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student’s new computational mathematics experiences and their relation to the attitudes within
computation and mathematics. The initial and final profile were then compared noting the changes
that occurred for each student, accompanied with the student self-report of the shifts. These
changes were then grouped together across students and thematically analyzed to develop themes
in the ways that students’ experience with the modules shifted their attitudes towards mathematics.
For example, claims from the pilot study utilizing this methodology were how computing provided
opportunities to counter student’s prior mathematical experiences that negatively impacted their
confidence and ultimately generated excitement for the mathematics. This was specifically linked
to their mathematical experiences, and how the new experience shifted their self-view in
mathematics, leading to a change in their attitude towards mathematics.
DATA ANALYSIS PHASE

From the pilot study, one of the key lessons that arose in terms of the data analysis was the
richness of data that a transcript alone cannot capture. Students tried different approaches on their
computer, and this was not always verbally expressed, but was documented within their Jupyter
notebooks. Further, being able to view students code in live time was a key element that was
necessary for the research question. Therefore, MAXQDA was used for analysis. Both the
transcription and the video were pulled up at once to fluidly switch back and forth between both
verbal and non-verbal communication. Further, to understand the approaches students took in the
public and private spaces, students individual screencasts were synchronized to form a grid of
student videos, as shown in Figure 3-2. All transcripts were initially processed using Rev’s Al

transcription and then either edited by myself or sent off for human transcription.
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Figure 3-2: Example concatenation of student screens used for the analysis phase. Each
student’s video was synced with the main audio track providing a live time viewing of different
tests students ran. This image is blurred for student privacy.

Operationalization of Activity Theory Framework

As previously mentioned, the theoretical framework for this study was cultural-historical
activity theory. Figure 2-6 provides the visualization between the elements and relationships within
the system. To apply this to the study, Figure 3-3 provides an example of how the activity system
was analyzed for the purposes of this study. Due to the work in the pilot study, the sociocultural
practices and rules, which mediate students’ interaction with the object and community, can be
quite broad. Therefore, the framework presented in Figure 2-3 was used to provide a more nuanced
understanding of the ways in which these rules can manifest. Namely that within the sociocultural
practices | considered, how do students perceive the role of mathematics in the world and what it
entailed, how did they see themselves in relation to the mathematics, and what were the resulting

ways or habits in which they were allowed to interact. The world-image, self-image, and habits
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were used to refine the understanding of the sociocultural rules, in addition to other elements such
as rules and norms within the groups and social power dynamics.

In the context of the research questions, the key relationships that are of interest within this
study are the subject to object relation, mediated by the Jupyter notebook as well as the relation
between the participants and the community, which is mediated by different rules. The guiding
research question focuses on how the instrument mediates the relationship between subject and
object/objective. To operationalize this relationship, there are two foci that will be used to
understand the relation. The first of which is using a mathematical creativity framework to code
for the action level instances of creativity, and then elevating to the activity level through thematic
grouping. The second is using an understanding framework to identify substantiations of the
student’s understanding of the objective, or potential creative visualizations and elaboration. These
are at the action level as well, and then coding and interpretivism was used. These processes will
be detailed in the following sections.

Figure 3-3: Application of Engestrom's activity theory scheme where the blue solid lines are
direct interactions whereas the dashed lines are mediated interactions.

Instrument

Python and Jupyter Notebooks

AAS

Develop know ledge of
Igebra, develop
compuvutational
representations of linear
algebra

Subject .. Obiject Objective

Students

Engage in
mathematical
creativity

L R'u’l’ei . Division of Labor
Li38.of coding Community i

ly role of researcher is to intervene if groupwork is
Fellow group members not going well or provide clarification. Students are
group rules researcher, mathematics the ones in charge, each completes their own

community at large notebook
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Initial Coding

Engestrom’s activity theory visualized in Figure 3-3 and the hierarchy of activity systems
presented in Figure 2-5 informed the initial levels of coding. Within this hierarchy, the activity
was oriented towards a motive, which corresponded with a specific need. Within this study, the
need of the students can be thought of as completing the modules while learning linear algebra
concepts and learning how to use it in computation. This relation of need and activity was a multi-
layer system that has multiple subunits to unpack. During each of the modules that a student
worked to complete, there were multiple actions that took place to meet the students’ need. This
was where the heart of the guiding research question come in, and it was at this level that coding
for mathematical creativity and understanding came into play. Within this the hierarchical structure
in cultural-historical activity theory framing as shown in Figure 2-5, actions were the conscious
processes motivated by goals that then resulted in the attainment of the object. These actions were
implemented through lower-level units of activity: operations, which were the routine processes,
or could be thought of as the actions you take without thinking. Therefore, when asking the
question of how computation could provide opportunities for students to develop and express their
mathematical creativity, this mediated interaction manifested through the actions that were taken
by students. To identify these actions, the non-mutually exclusive coding scheme presented in the
next section aided in this identification.
Mathematical Creativity Coding

As previously stated, the actions corresponding to mathematical creativity were coded. The
codes themselves were an operationalization of the definition of mathematical creativity and were
not mutually exclusive. As discussed in the literature, these dimensions had not been utilized

within a computational and coding context. Therefore, there was an ‘other’ category that was used
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to flag any instances of what seems to be mathematical creativity that was not captured in the
current scheme. When using this code, an attached memo was inserted into the transcript
describing why | believed this would be a case of mathematical creativity and why the current
codes were insufficient in capturing this instance.

All other codes are below in Table 3-5, where the code, definition, example, and subcodes
are indicated. The subcodes were based on the pilot study, as these were some of the common
attributes that arose, and it aided in the delineation of the role that the tool played in mediating the
subject-object relationship.

Table 3-5: The six dimensions of the manifestation of mathematical creativity accompanied by

examples of each code from the pilot study, and the subcodes.

Code Definition Examples Sub Codes

Fluency The ability to apply the “Yeah. If you're, if you're on the Idea Generation
same mathematical idea, same plane in three dimensions, it's  Pursued Idea
concept, or procedure, toa  kind of like being on the same line
variety of problems and in two dimensions.”
situations

Originality The ability to try novel or “Um, I pretty much, I was trying to ~ Deviation in solution
unusual approaches do it a diff, I had one idea that | attempt
towards a problem. Thisis  wanted to see, but | wasn't sure. So,  No prior content (Note
contextually dependent, as | didn't wanna lead you guys down that this solely is
a novel approach is the wrong path.” Note the approach  based upon what is
caveated by what material ~ she tried was different than group covered in the
the students had and from module modules)
encountered previously and
the current solution path.

Flexibility Ability to use multiple “You can think of it like that. Each LA method
methods (either from of your vertical columns in your, Computation
mathematics or drawing on  matrix, are like a step you can take. ~ Physics
an alternative discipline) So, like in, in physics where you Other

for solving the same
problem

have i-hat, j-hat, and k-hat, or like 1
0,01."

Kylie: I had one idea that | wanted
to see, but | wasn't sure. So, I didn't
wanna lead you guys down the
wrong path.

Alex: Can try to do it that way too?
Kylie: It pretty much ended up
almost exactly the same as, as
yours. Um, wait, I'm just gonna, for
the sake of knowing how we're
doing it, um, there's two, that makes
sense.
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Table 3-5 (cont’d)

Visualization  Development and use of
illustrations (either
physical or mental) to

clarify or present concepts

“And then | always think of it like,
which is like, not really, I guess
how you supposed to think about it,
but like if it's like a vertical or
horizontal line, like how many ticks
are on the line is like how many
rows are in like, like a table
basically, but like the, then the
numbers are like how many? | don't
know like how many takes there
are, but I, that doesn't make any
sense. | think it's just how my brain
thinks that.”

Physical
representation
Computation Based
Mental Illustration

Elaboration The ability to establish “Yeah. If we multiply anything by Previous material
meaningful connections zero, we get zero, but if A inverse Other discipline
between concepts typically — doesn't exist, then we're not gonna Other mathematics
by explaining a thought get the zero matrix back basically.
process in words. The Um, because it's a, it's a thing where
validity of the solution is it's, it doesn’t exist... Um, and if our
independent of the columns are, uh, linearly dependent
meaning made — but the in A, then we can't take the inverse
student is engaging in basically. And then it breaks.”
sense making.

Risk Taking responsible risk in ~ Casey: We, we have to experiment.  Social Risk

the problem-solving
process, willing to take an
action where the result is
unknown, or is a novel
approach, in order to
advance problem-solving
process. Note that this can
entail social risk

Mobius: Oh yeah. Uh, the
experiment. Do we just copy and
paste that one? | think we can just
copy and paste [the matrix], then
calculate [row reduced echelon
form] and then change that example.

Casey: Um, yeah. We could change
them to be the exact same values
and see if it changes anything.

Mobius: So, can we just pick, we
can just pick whatever numbers we
want. | guess.

Casey: I'm doing the same exact
values to see if it comes out the
same. Okay. So, if they're the same
exact values, it looks a little weird.

Unknown result
Experimentation

When coding each action of mathematical creativity, an additional tag of whether this

action was mediated by the tool — the Jupyter notebook, was documented. The determination of

whether the action was mediated by the Jupyter notebook begs the question of if the notebook was
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no longer there and rather was replaced with a textbook or a pen and paper problem, would the
opportunity still have existed? This was a somewhat crude definition, but the main purpose was
identifying what opportunities these enacted computational notebooks had. In the pilot study, there
were instances where a mathematical definition was provided, but then the students relate it to
previous work they did while working on the module and created a mental model. In this case, the
action was mediated, and was also an example of elaboration as the student was engaged in sense
making and connection of the ideas.

Once this coding was complete, the codes were grouped along dimensions of creativity to
see if there were key elements of the computational modules that better mediated mathematical
creativity. Similarly, the codes were then grouped by whether actions were mediated by the tools
to highlight if there were trends in the ways that mediation (or lack thereof) was elicited. One of
the goals during this stage was to identify linkages between the mathematical creativity and the
context it was enacted in, or the actions taken prior. For example, from the pilot study, a lot of the
risk was taken in a coding/computation setting. During this phase, analytical memos were also
constructed to heighten theoretical sensitivity and sense making. These memos also aided in the
clustering of data. These were then used to answer the guiding research question surrounding
mathematical creativity and computing.

Mathematical Understanding Coding

The process of coding for mathematical understanding was similar to that of mathematical
creativity since both were analyzed at the action level. However, during this process the initial
coding phase was along the dimensions of understanding. Recalling from the literature review,

each of these dimensions came from the framing of understanding by design. In this framing:
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An understanding is a mental construct, an abstraction made by the human mind

to make sense of many distinct pieces of knowledge. The standard further

suggests that if students understand, then they can provide evidence of that

understanding by showing that they know and can do certain specific things

(Wiggins & McTighe, 2005, Chapter 2).
Therefore, as we do not know what was occurring in students’ minds, as well as from activity
theory we cannot analyze the mind without the social element, the result is a set of operationalized
manifestations of understandings. The six dimensions of understandings are presented within
Table 3-6. Each of the explanations are the definitions within Understanding by Design, and there
are also examples from the pilot study that help illuminate how this can occur within the
mathematical and computational context. The absence of different dimensions did not mean that a
student did not understand, as when considering the activity theory framing, there could be other
rules or division of labor that are influencing what actions they took towards the completion of
these modules with their group. Further, if a student stated “I do not know” in the context of a
concept then this did show metacognitive awareness, as they identified where their struggle was,
or where they did not understand.

Table 3-6: Dimensions of understanding from Understanding by Design (Wiggins & McTighe,
2005).

Dimension of Understanding Dimension Definition

Understanding from (Wiggins & McTighe, 2005) Examples from Pilot Study
Can explain  Via generalizations or principles, “Yeah. If we multiply anything by zero, we
providing justified and systematic get zero, but if A inverse doesn't exist, then
accounts of phenomena, facts, and data; we're not gonna get the zero matrix back
make insightful connections and basically. Um, because it's a, it's a thing
provide illuminating examples or where it's, it doesn’t exist... Um, and if our
illustrations columns are, uh, linearly dependent in A,

then we can't take the inverse basically. And
then it breaks.”
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Table 3-6 (cont’d)

Can interpret

Tell meaningful stories; offer apt
translations; provide a revealing
historical or personal dimension to
ideas and events; make the object of
understanding personal or
accessible through images,
anecdotes, analogies, and models.

“It just says is the system consistent. Does at
least one solution exist? ... So, it means like the
lines aren't right on top of each.”

Can apply

Effectively use and adapt what we
know in diverse and real contexts—
we can “do” the subject

“It kind of made me think like, what else can I
do with math and computing at the same time?
And like, can I use this on previous math? Like
| can totally code a function to do it for like
derivative of this!”

Have perspective

See and hear points of view through
critical eyes and ears; see the big
picture.

(After talking about very detailed code pieces)
“This probably would've been easier if I just
talked through it for a second, but instead of just
vomiting things. Okay but so we want that. So,
we're wanting all our squared values?”

Can empathize

Find value in what others might find
odd, alien, or implausible; perceive
sensitively on the basis of prior
direct experience

Kylie: Um, | pretty much, | was trying to do it a
diff, I had one idea that | wanted to see, but |
wasn't sure. So, | didn't wanna lead you guys
down the wrong path. Um, we

Alex: Can try to do it that way too?

Kylie: It pretty much ended up almost exactly
the same as, as yours. Um, so | we're good. Um,
wait, I'm just gonna, for the sake of knowing
how we're doing it, um, there's two, that makes
sense.

Discussion about approaches followed

Have self-
knowledge

The goal of this process is to be able to highlight ways in which students were able to
express their understandings during the mediation of the module with linear algebra, and
specifically whether there were any creative mental constructs or visualizations. These were used
as tags to probe potentially interesting conceptualizations and to compare with ways that students
demonstrated their understanding during the final interview. An important element to note is that
each of these dimensions do not incorporate any element of ‘correctness’. Students were able to

demonstrate their understanding (whether validated by their communities) in a multitude of ways.

Show metacognitive awareness;
perceive the personal style,
prejudices, projections, and habits
of mind that both shape and impede
our own understanding; are aware
of what we do not understand,;
reflect on the meaning of learning
and experience.
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This process was used to be able to begin to assemble a narrative of the affordances and constraints
that computation provides for student’s mathematical understanding of linear algebra.
Student Relationship to Mathematics Analysis

The guiding research question focused on mathematical creativity, and yet this implicitly
brought about a focus on students’ perceptions about their relationship to mathematics, because
the ways in which students were enabled or constrained by computation were also dependent on
their relationship with the mathematics. The framework represented in Figure 2-3 was
operationalized in order to answer this question. As a reminder, this framework connected
students’ mathematical and computational experiences to their attitudes towards each respective
discipline. The original hypothesis was that the computational mathematics experience could
influence changes in their attitudes in each discipline by impacting their self-image, world-image,
and habits in both mathematics and computation. Therefore, after the initial interview | coded for
instances of student’s previous experiences, Self-image, habits, and world-image towards
mathematics and computing. These were then used to develop an initial profile with student quotes
placed within each of the categories presented Table 3-7. The same process of coding and then
developing the profile for students after the experience was done after the final interview. I then
compared this against students’ initial profiles and noted changes along any of the dimensions.
Changes were grouped across participants to identify the different ways in which student
relationship to discipline had changed, and general themes were developed using MAXQDA’s
QTT feature to combine codes, memos, and other analytical tools. Finally, the observations at the
action level were used to reinforce these changes, specifically if students demonstrated changes in

the ways they engaged with the discipline. As the focus was on computation enacted through
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coding, any coding experiences were documented within the computing experience, even though
engaging in coding may not necessarily have been engaging in computation.

Table 3-7: Experience and relationship codes based on Figure 2-3 with definitions for each code
and examples based on pilot data.

Code Definition Examples from Pilot Study

Mathematical Any engagement with ~ “A lot of my math lectures were just, you know, someone was

Experience mathematical ideas, standing at a whiteboard writing things down and you were writing
content, or classes the same thing down on, um, a notes page that they printed out for

you, and you were not absorbing any of the information cause you
were just focused on writing what they were saying down. And then,
you know, you'd go home, and you'd do homework, and it would
just be like, oh, I like, I'm just gonna copy what these notes say.”
Computational ~ Any engagement with  “And I took an AP computer class in high school, and I really liked

Experience computational ideas, it. So that's why it kind of led me in the direction.”

content, classes, or

coding
Self- Image Confidence and “I have like a pretty high level of confidence [in computing] that
(Computing) perception of one’s whatever I have to learn, I will be able to understand, I have a good

own skills and position  understanding of the basics of a lot of those structures.”
to computing

World-Image Notion of computing “I think about like my cell phone and how the apps are coded in my
(Computing) and computer science  cell phone and how like technology and everything is all intertwined
with coding today.”
Habits Patterns of computing  “In my mind, | don't exactly type it in my mind. | just think of the
(Computing) and of problem- words that translate into code. So, the words of how to solve the
solving problem”

Self- Image Confidence and “I wouldn't say math is not ever really been my like strong suit. ... I
(Math) perception of one’s never really had a lot of confidence about like solving mathematical

own skills and position  problems and like being able to kind of conceptually master them.”
to mathematics
World-Image Notion of mathematics  “[Math] was honestly more of straight and narrow. | think my
(Math) experience with math has been getting equations, someone telling
me an equation and memorizing it and then memorizing where to
use it and where to plug numbers in. | think obviously like it's
problem-solving. But I think it was more of a if you have the right
equation and you put the numbers in, it's gonna work and you really
just have to keep doing that over and over again. And there's no
amount of, | don't know, at least in the math, the level of math | got,
there's not a lot of like creativity that you can use to solve problems.
You're pretty much, there's one way to do it. And if you don't know
it, you're not going to, you're not gonna find the answer. And also, if
you do know it, then you're gonna get the answer and it's gonna be
right. And there's really no other, there's nothing else you're really
gonna run into. I mean, you plug your numbers in, and you get an
answer and it's either right. Or it's wrong.”

75



Table 3-7 (cont’d)

Patterns of
mathematics and of
problem-solving

Habits
(Math)

“That's where I struggle with the math cause I'm the type that goes
back and | double check all my answers on my test. I, if | have time,
I go back and | give it all over again. So that's when I, that's why |
think I struggle with it so much is cause I second guess, and there's
nothing telling me if it's wrong or not.”

PARTICIPANTS

One of the key portions of CHAT is to understand the history of a participant and a given activity
system. Therefore, it is important to introduce the reader to the participants from both the pilot
study and the second phase of the dissertation study. An overview of the participants can be seen
in Table 3-8. All names presented are pseudonyms and the students’ majors, status, and prior
mathematical and computational background are given within the table. Each of these students had
unique backgrounds and experiences that will be thread throughout the results section. However,
this is simply to serve as an initial point to familiarize the reader with some of the participants and
highlight the range of experiences.

Table 3-8: This table provides an overview of all participants both within the pilot and the full
study. Note P1, P2, and P3 all refer to groups within the pilot study and D1, D2, and D3 refer to
groups within the main dissertation study.

Name Major Minor Year Group Prior Mathematical  Prior Computational
Experiences Experiences
Alex Physics - 1 P1 Through Calculus 111 Introduction to
Programming Logic
(Python)
Kylie Psychology Quantitative 3 P1 Through Calculus 1 Computer Science |
Data Analytics (Python)
lvy Data Science - 1 P1 Through Calculus 1 AP Computer Science
Principles
Lee Data Science - 2 P2 Through Calculus 11 Scratch in Middle and
High School
Versha Data Science - 1 P2 Through Calculus 11 Computer Science | &
Il (Python and C++)
Ezra Physics Mathematics 3 P2 Through Calculus 1V, Brief introduction to
and Data Linear Algebra, Python within Physics
Science Transitions, & course
Analysis
Colton Statistics Pre-Med 1 P3 Through Calculus 1l Java & Python in high
school
Micah  Biochemistry Japanese 2 P3 Through Calculus BC ~ Python in high school
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Table 3-8 (cont’d)

Allison Actuarial Data Science D1 Through Calculus IV Computer Science | &
Science Il (Python and C++)
David Actuarial Mathematics D1 Through Calculus 1V, Computer Science |
Science and Data Linear Algebra, (Python)
Science Transitions, Abstract,
& Analysis
Nate Physics Computer D1 Through Calculus 111 Physics seminar
Science introducing Python
Ash Astrophysics Philosophy D1 Through Calculus Il AP Computer Science
Principles
Theo Biochemistry D2 Through Calculus Il Statistics course which
& Molecular utilized R
Biology
Jack Chemistry Data Science D2 Through Calculus 1V Introduction to visual
basic & HTML coding
1zzie Astrophysics  Data Science & D2 Through Calculus IV Introduced to Python in
Classical astronomy course but
Ancient focus was on data
Mediterranean visualization
Studies
Harper Applied Data Science D2 Through Calculus 11 Statistics course which
Engineering utilized R &
Introduction to
Engineering course
which introduced
MATLAB
Olivia  Biochemistry French D3 Through Calculus | None
& Molecular
Biology
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CHAPTER 4 - RESULTS

This research aims to add to the growing body of literature focused on investigating how
computing can be used as a pedagogical approach within a mathematical context. This work is
centered on the research question: How can computation enacted through coding provide
opportunities for students to develop and express their mathematical creativity specifically in the
context of learning linear algebra? This chapter will serve to answer this question based on the
methodology laid out in the prior chapter. From the analysis, five main claims emerged:
1. Computation, enacted in a creative environment, enabled opportunities for experimentation
within mathematics through prediction and reflection cycles.
2. Computation, enacted through coding, aided in the facilitation of connecting multiple
representations.
3. Computation provided new opportunities for students to expand their views of the nature
of mathematics.
4. Computation provided a novel environment that challenged previous negative
mathematical experiences and allowed for shifts in students’ mathematical self-image.
5. Computation enacted through coding provided the opportunity for students to develop new
mathematical habits and strategies.
RESULTING CLAIMS
Each of these claims will be discussed in detail by first providing a more thorough explanation of
the claim followed by evidence compiled across sources according to the analysis plan dictated in
the prior chapter. Then these claims will be used to answer the guiding research question and
highlight the affordances of computation for mathematical creativity. However, prior to the
discussion it is important to acknowledge that these claims are bound to the activity system that

the computation occurred. These claims are not generalizable for all of computation, as specifically
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will be discussed. Computation on its own does not guarantee anything about the enactment of the
modules, the commitment of the instructor, the norms of the classroom. All of these are critical
elements of the system that impact students lived experiences. However, these claims serve to
highlight some of the affordances of computation within this study, and cause reflection for some
of the more general potential affordances.
Claim 1: Computation, Enacted in a Creative Environment, Enabled Opportunities for
Experimentation Within Mathematics Via Prediction and Reflection Cycles

This first claim centers on how the modules provided opportunities to engage in
experimentation and try new ideas within mathematics. This was accomplished through prediction
and reflection cycles in which students engaged. These cycles were both built into the modules
through various prompts and design choices as well as were instigated by students’ own curiosities,
such as when students asked “what if” questions. It is important to note that the claim does not
mean that general coding enabled these cycles, rather it was through the modules within the Jupyter
notebooks where this occurred. Further, there were other ways in which computation enabled
experimentation and exploration of mathematical ideas. This exploration spanned individuals,
groups, and modules, and arose in a multitude of ways. As will be detailed later in this section,
during the matrix transformation module students were able to experiment with different matrices
of their own choosing to predict and observe the effect on an image and abstract the different types
of linear transformation through reflection. The experimentation allowed for risk taking and
originality in their choices. The students guided their own exploration with respect to the matrix
transformations and were supported through the computational environment. Other examples
included students wondering if they could extend a mathematical concept in the code, such as

developing a non-cube parallelepiped where the code enabled them to try different approaches to
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test their idea. Within the examples for this claim, the students were not ‘pushing buttons’ as some
fear, but rather they were making claims, or positing potential explorations, and then using the
coding to put their ideas into action. The prediction and reflection cycle that was present deviated
from the students’ previous mathematical experiences, as they said the idea of play or creativity
had not been present in their prior classes. Additionally, students were able to explore and follow
their own inquires which also differed from prior experiences. Coding alone did not guarantee this
exploration through prediction and reflection, but it was one of the key structural components of
the computational environment that enabled this pattern.

During the fifth module, students were introduced to Markov chains. They were asked to
write a function that would take in a state vector, a stochastic matrix, and the number of
observations, and return the final state vector. They used the function to predict the population
levels of a related suburb and city after 1, 2, and 5 years. The following exchange occurred within
one group after writing their functions with the code seen in Figure 4-1.

Kylie: I'm just like running them all. Uh, it basically just keeps going in the same direction.
Alex: | think eventually it would, I don't know if we did, like, a thousand that would
probably make our computers freeze, but um, would eventually it balance out somewhere.
Ivy: Maybe we can try like 10 and see what happens.

Alex: Maybe balance out, balance out isn’t the right word. But eventually it would like 50-
50, the directions would've reversed. Yeah.

Ivy: Let's try this. Yeah. It reversed at 10. So, the city is less than the suburb.

Alex: I mean like eventually they would get like eventually a year would go by and the city
would increase while the other one would decrease.

Within this example, a key point is that students were never explicitly prompted to explore beyond
the 5-year mark. Rather, they were designing a function to be able to easily model the Markov
chains, and then testing that function to check predictions for a model. After completing the task
at hand, the group demonstrated both originality and risk by asking a question that was of interest
with a prediction about their question. Note that they had not specifically encountered the concept
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of steady state yet. After this prediction they tested their hypothesis using their function, and then
reflected on the output itself. Within this example, the computational environment enacted through
coding enabled a cycle of prediction and reflection, which ultimately later led to a concept of
steady state vectors. The coding enabled function creation, which allowed for an efficient way to
engage in experimentation. The students were able to create a prediction and then check their
result.

Figure 4-1: Alex’s code (a) and Ivy’s code (b) when testing the population levels of suburbs and
cities using Markov chains after 2, 5, and 10 years.

# Put Code Here X0 = np.array”[.ﬁ].l.ﬂ]]) ; i
- M = np.array([[0.95, @.03], [0.05, 0.97
M nE.arrayi [ ['95’_ -031,[.05, .971]) x2 = linalg.matrix_power(M,2)@x@
X2M = llnalg.matrl)lq_poweril"l.z}@xﬂ x1 = linalg.matrix_power(M,1)@x@
#x2M = linalg.matrix_power(M,5)@x0 x5 = linalg.matrix_power(M,5)@x@
#x2M = linalg.matrix_power(M,10)@x0 print(x1, x2, x5)
print{x2M) [10.582]
[0.418]] [[0.56544]
[[8.56544] [0.43456]1 [[0.52329334]
[0.43456]] [0.47670666] ]
(@) (b)

As seen previously, students were willing to experiment without being explicitly prompted;
however, there were instances within the modules where they had explicit guidance to do so. For
example, during the fourth module which can be seen in Appendix D: Example Module, which
focused on linear transformations and matrices as linear transformations, students were asked to
experiment with the visualization of matrix transformations. During this task, multiple groups
engaged in predicting the different transformations and reflecting on the visual result, which then
allowed for the abstraction of general matrix transformation structures such as shear and reflection.
After each of their experiments, students reflected on the visual results, which then informed their
next iteration of testing. The code both prompted the prediction and reflection cycle through errors
that appeared as well as validated students’ predictions during the abstraction phase. This set of
tasks within the module allowed students to determine the changes to make to figure out the

corresponding effect, thereby developing a deeper understanding of the system. Students noted
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how different this was from their prior experiences in the mathematics course and how this module
was a salient memory due to them being able to choose what to test and to then be able to abstract
from that process. The following excerpts will follow different groups’ engagement with the tasks
as well as student reflections on their experience.

At the beginning of the previously mentioned fourth module, students were provided with
an initial set of points and the plot of those points which formed the shape of a cat as can be seen
in Figure 4-2.

Figure 4-2: A portion of Module 4 which focused on image transformations. Students were
presented with a set of points that formed a cat shape and then asked to make it double the width.

In [25]: # Define some points
x = np.array([0@.0, 1, 3, 4, 4, 3, 1, 0,0 1)

y = np.array([0.0, -1,-1,0,6,4,4,6,8])
p = np.matrix([x,y])
sm = p.copy()

#Plot Points

plt.plot([-20,20],[@,8], color="cyan')

plt.plot([®,0], [-20,28], color='cyan')

plt.plot(sm[@,:].tolist() [@],sm[1,:].tolist()[@], color='purple');
plt.grid()

plt.axis('scaled'};

plt.axis([-5,15,-1@,15]);

plt.title('Starting Image');

Starting Image
15 9 g

10
5
o

-10

-5 o 5 10 15

Students were then given the following prompt: “Let's say that you now wanted to make the cat
face slightly wider but want to keep the same height. How might you want to modify your points

matrix? Give it a try below!” Most students first began by multiplying the x component by some
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factor — such as three — resulting in the cat being three times as wide. From here students were
asked to consider how we could use matrices to transform the cat and make it wider. They were
asked, “If we represent our points vector as p what size of matrix should we use? Let's call this
matrix 4. Would we want to calculate 4p or p4 and why? Talk with your group about what each
would mean.” There was a space for a response followed by the following section prompting
students with “Let's say that I wanted to double the size of the cat outline. Discuss with your
groupmates how you could accomplish this, write out the mathematical expression, and then
implement this below. You can use the code above as scaffolding.” The following vignette will
follow the group with Harper, Jack, lzzie, and Theo as they engaged with the beginning of this
fourth module.

Theo: What'd you guys say A was? | think A is a factor when you're multiplying the matrix
by.

Izzie: Yeah, through a number in this case.

Harper: The vectors are P, yeah.

Theo: It's confusing.

Jack: If we just multiply the whole point vector by scaling, you'd be scaling X and Y, and
you just want to scale one dimension of it. Not both. So, we need to have a transformation
matrix, not a scalar.

Izzie: How annoying.

Theo: So, that means that whole matrix would just be full of like, let's say that factor's two.
It would just be all twos.

Izzie: Wait that wouldn’t work because it is the same as multiplying all by two. Well, you
need the [inaudible] just multiply by twos.

Jack: Yeah.

Izzie: Would it be like two and like that X and then one everywhere else?

Jack: Maybe...

(General conversation and joking about whiteboard time)

Izzie: Yeah, [our p matrix is] two by nine.

Harper: Noted.

Izzie: So, wouldn't the two be like the X component?

Jack: | think it would be, because are we scaling

Izzie: | guess it depends on what you're trying to change, because if it was the height, it
would be the Y.
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Jack: Because if we're doing matrix multiplication, we want the columns of the first to
match with the rows of the second. I think if we're only wanting to scale X by two, we'd
want to do two-zero, because then it would be you'd do across then down from there.
Izzie: But would it be zero though? Because wouldn’t that make it zero?

Jack: Two times whatever it is. That's zero, but two, one?

Izzie: Oh yeah, okay. | guess. It'll make sense.

Theo: This is the answer? ... (Question about moving tables)

Izzie: We want to calculate Ap right? Not pA?

Theo: Right.

Figure 4-3: Code screenshot from Jack’s notebook with the error he received after running code
trying to scale the points image of the cat.

M A = np.matrix([2,1])
p3 = Agp

sm = p3.copy()

IndexError Traceback (most recent call last)
Q)

3], coler='cyan')

], ¢olor="cyan')
t()[e],sa[E¢] . tolist()[9], color='purple')

{)
11 plt.axis('scaled’);

File ~\anaconda3d\lip\site-packages\numpy\matrixlib\defmatrix.py:193, in (self, index)
198 self._getitem = True
192 try:
-=> 193 out - M.ndarray._ getitem (self, index)
194 finally:
195 self._getitem - False

IndexError: index 1 is out of bounds for axis @ with size 1

From here, the group goes and writes the code to match their current prediction of how
they think the cat can be scaled using a matrix. However, they encounter an error in their code, as
can be seen in Figure 4-3. Adjustments were made to the code based on the error that they had an
out of bounds index, and then they tried simplifying it to just the matrix multiplication to see if
they could figure out what was going wrong, prompting the following discussion:

Harper: So, P is two by nine, or is A two by nine? Then other one's one by two, or am |
completely off? Should I have not asked?
Theo: | don't know myself, so | can't comment.
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Izzie: Well, hmm

Sarah: So, your point vector is a two by nine, is what you’re saying? Also, you're scaling,
meaning you should have the same number of points left over. Then A needs to be
something that you multiply by two by nine, so you're left with a two by nine.

Harper: Oh shoot!

Izzie: Why?

Harper: That is a mind [inaudible].

Jack: It needs to be a two by two then, because wouldn't you have the two by two, by two
by nine, so it would be kind of...

Harper: Yes.

Theo: So, what would the two by two be then if we want to double the size? It would be
two, zero? | don't know. Two, zero, zero, two?

After this point, the group coded their solution which in turn was able to double the cat’s width
while keeping the height intact using a matrix. Within this excerpt, there is a prediction and
reflection cycle where the code errors or unexpected results aid in the reflection. Consider the first
trial where the group utilized a 1x2 matrix. They had predicted that this would double the cat
outline because the x component would double while the y component remained the same. After
coding this they ran into an error, which caused them to reflect on what went wrong and reexamine
their original assumptions. As the observer, I did interject after their discussion to clarify that with
scaling, the number of points should remain the same. From here, Jack posited the dimensions of
the matrix, while Theo supplied what he thought the matrix values should be. The group engaged
in small prediction and reflection cycles that were prompted due to an error in the code or an
unexpected result. After they had discovered the transformation matrix and how it altered the cat
image, Harper began to make changes to the matrix to see what happened, first having one off
diagonal entry followed by creating a symmetric matrix with nonzero off diagonal elements, as
shown in Figure 4-4. This seemed to trigger the curiosity of her groupmates as Theo exclaimed:

“Warped Cat! How does that come about?”
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Figure 4-4: Screenshot of Harper’s changed transformation matrix and the resulting images.

A = np.array(((2,2], [0,1])])
s = Afp

sm = s.copy()

plt.plot((~20,20],(0,0), color="cyan')

plt.plot((0,0), [-20,20), color='cyan')
plt.plot(sm{0,:].tolist()}(0],sm[]l,:).tolist()(0), color='purple’);
plt.grid()

plt.axis('scaled’);

plt.axis(( 015,<10,15]);

plt.title( 'Different Wide Starting Image')

t J Text (0.5, 1.0, 'Different Wide Starting Image')

Different Wide Starting Image

There were other changes and explorations that had started such as Theo adjusting his
transformation matrix to see if he could make a tiny cat and adjusting the code to turn the cat pink.
Throughout these cycles of predictions and reflections, the group could use the computational
environment to test their mathematical predictions and they felt comfortable in making changes
and exploring what would happen with different linear transformations, especially during the next
phase where this was built in.

From this portion, the next phase of the module centered on a structured time where
students would be able to experiment just as Harper had begun to. The following prompt within
the notebook (following the previous experimentation to determine how to alter the size of the cat)
was “It will now be your turn to explore! See what happens when you try different matrices. Use
the cell below to document your thoughts or whatever you find easiest! Try and state what you

think will happen before you run the code.” This was followed by multiple cells designated for
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students to try different matrices. This portion was specifically designed for students to be able to
experiment. The following excerpt is from the group consisting of Kylie, Ivy, and Alex.

Figure 4-5: The output from Ivy’s Jupyter Notebook when using a matrix transform along a set
of points.

— Scaled
Original

25 1

20 14—

15 1

Xz

10 11

) 5 10 15 20 35 30
X1

Ivy: I wonder if you like had like 3, 1, what would happen like anything that's not a zero.
Alex: Or you wanna do 3, 1, 3, 1. (Referring to a 2x2 matrix)

Kylie: Do you think it will work?

Ivy: Um, we can say, we don't think it will work.

Alex: What do you mean? What do you think?

Kylie: I guess it will just change. Like it'll disproportionately change the width and length.
Alex: Uh, I think the X values will be three times X plus Y and the Y values will be, uh, Y
plus three X. So, | think it - the X and Y will turn out to be the same, if that makes sense...
Ivy: So, you think that it's gonna, they're gonna be multiplied by three, but then the value,
like a value's gonna be added to them as well...

Kylie: Okay. And then what do we think that's gonna do the graph. It's gonna make it larger
and move it?

Alex: I don't think it'll look like a cat anymore.

Kylie: Yeah. It's gonna move him around. So, it's gonna like break up the lines. That is
correct. It looks really weird. Oh! [Output graphic shown in Figure 4-5.]

Ivy: It kind of looks like it just stretched linearly. Like, kind of like on a line.

Kylie: It's it looks like if you took a side of it and just pulled yeah. You like took one of
the cat ears and pulled it.

Ivy: So, it's still cat.

Alex: I think it, it kinda looks like you took, like, we took the lines and multiplied them
each by like some number, but it looks consistent, you know? You know what I'm saying?
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Ivy: Kinda like, it just looks linear to me. I don't know why.
Alex: So, for the next one, what do you guys wanna do?
Kylie: What about if we did it like negative numbers?
Alex: Oh, it'll flip it over. Like the X, Y or something?

This process continued on and the students each completed 6-8 different trials, deriving
their own novel transformations, and plotting the visualization. From here, students were then
asked to define the matrices that would correspond to the points undergoing: reflection across each
axis, lines, and through the origin, as well as contractions and expansions, and shears. During each
of these phases students then took what they had learned through experimentation to abstract, make
meaningful connections, and create general representations of the types of transformations and the
corresponding matrix. If they were usure, then they would experiment, using the insight they
gained during the first part. Then they used code to validate their approaches and show the
transformation on a set of points.

During this activity, there was specific reference to ‘exploring’ within the prompt.
However, it was previously shown that students engaged in experimentation via prediction and
reflection even when not prompted. This new excerpt highlights the potential ways in which the
prediction and reflection cycle can take place. Specifically, the students were able to predict the
ways that a 2x2 transformation matrix would affect an image and how the corresponding vertices
would shift. The experimentation highlighted their initial choice in what matrix to start with and
followed by different modifications. This allowed for their thoughts to guide the exploration.
Further, during this experimentation, students were not simply “pushing buttons.” Rather, they
actively engaged in the sense making and making predictions based on their current understanding
of the materials. This exploration piece allows for a type of inquiry-based approach to
transformations, and the computational environment is something that enabled this to be fostered,

especially due to the visualization and the speed in which students could compute transformations.
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This was drastically different from previous mathematics experiences for most students. When
reflecting on the experience as a whole, Alex stated:
I know it was a math, you know, teaching us math, but it didn't feel like math the same way
as like solving integral does ... it was more so recognizing like what was changing ... it felt
much more like recognizing patterns... Yeah. Just, just figuring that out. It didn't feel so
much like, step by, I move this over here and then simplify this, it felt more like, playing a
game, trying to, trying to figure out the way to get to the end goal.
This quote highlights the fact that the experimentation portion felt different to Alex than previous
math classes. Although he does not explicitly name experimentation, he discusses this concept of
changing pieces and looking for patterns to get to the end goal, which mirrors the notion of
prediction and reflection. Within the previous examples from the observations, the group engaged
in making changes to figure out the corresponding effect, thereby developing a deeper
understanding of the system. This experimentation fostered via computation countered Alex’s
prior notions of mathematics, and specifically gave a framing of exploration rather than following
a series of given steps, thereby promoting opportunities for creativity. Further, when reflecting on
whether modules allowed for creativity, Harper (in the prior group) brought up this module where
they were engaging with linear transformations as one that stood out in her memory. Specifically,
she said:
The little cat graph - the transformations, yep. We had time to experiment and see what
different things would lead to different outcomes. And then later you asked us to, you put,
| think you put a name to it or something or | can't remember exactly, but you were like,
okay, now what do we do to get a transformation over the x axis or something? And we

were like - well it just so happens we know exactly that. So, I liked that - a bunch of
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creativity. You gave us time to experiment before and see what each thing would do and
how different values inputting in different places would react. And then we went into
applying it, which was good.

During this module, Harper actually associated the portion that was prediction and reflection
within the module to creativity, as this experimentation prior to application enabled creativity and
was prompted by these cycles of creation and abstraction. In her group, it was noted that students
were engaging in this prediction and reflection, even if not vocalized, as 1zzie stated that she had
predicted cat transformations but forgot to record them within her notebook. Multiple students
echoed these sentiments and reflections about exploration during their final interview after their
experience. For example, when asked about her experience, Allison stated:

I think a lot of it was the modules we were able to, it was we were given something to test
out and we could look at it different ways and try different things to see what would happen.
| think that we were able to explore and see all the different things would happen. Just
here, test it out - have fun.
Within this quote, there was an emphasis on the design of the module in that students were given
actual code to test out. This is in line with the module creation process and the focus on the use
and modification of code. This enabled Allison and her group to test different ideas and see what
happened. Interestingly, this was one of the areas that resonated with Allison, and she felt it was
also fun — something that is not always expressed within a mathematics classroom. This
emphasizes the role that computational experimentation played in the student experience in
addition to the ways in which it was facilitated via prediction and reflection. Interestingly, this
sentiment was not isolated to those who were new to linear algebra. For David, who had already

taken linear algebra, this was one of the features of his experience that was most intriguing.
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| think the best thing in the modules was when you got to play around with things a little

bit - like when we were creating matrix transformations. So, we build the matrix and then

get to see the actual transformation on the graph. | never really did that in my linear

algebra classes prior, so that was kind of cool, just being able to where there's not even a

set right answer, but you get to play around and try new ideas and see how things, if they

work the way you thought they would.

Within this excerpt, David specifically calls specific attention to this prediction and reflection
cycle in that they would have some sort of transformation matrix and then use the code to test if it
affected the image in the way that they thought it would. This idea of exploration, or playing
around, is one that he had not experienced before in his prior linear algebra courses. The ability to
be able to quickly try different matrices see if the actual transformation on the graph aligned with
the prediction was due to this computational environment. Of course, it is worth noting that most
of his prior mathematics experiences were lecture-based and without coding, but the focus is on
this experience and how computing opened doors that were previously closed.

There were numerous examples of these prediction and reflection cycles, especially when
pertaining to visual elements. One of the other modules where this cycle occurred frequently was
when students were investigating what a determinant was and how it related to linear independence
and dependence. Students were initially provided with the statement that the determinant of a
matrix was equivalent to the volume of the parallelepiped defined by the columns of the matrix.
Students started with a unit cube to check that this statement holds and then were asked what could
cause the determinant to be zero. During this initial phase, Colton had just completed the unit cube

task and stated,
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Yeah, this is really cool! Yeah, I'm gonna mess with this for a second just because - |
dunno it looks neat. [Changes matrix to enlarge the cube 2x2x2 cube and a rectangular
prism that is 1.5x2x2] Amazing oh it's actually pretty cool now! We made a rectangle!
[Makes a rectangular prism that is 1.5x2.5x2] | want to think about how I could make this
a parallelogram, but I don't think that are actually like... Oh wait...
It is at this moment that Colton realized that the next phase allows for the creation of
parallelepipeds that were not rectangular prisms. Colton then proceeded to the question asking
what would cause the determinant to be zero. He stated “What would cause the determinant to be
zero... Would, wouldn't technically it just mean that it has zero volume - like a zero volume - ohhh
so it's a 2D shape.” After this insight he tried setting the first column of the matrix to be zero,
checked that the determinant is zero for the matrix that he created, and then plated it as seen in
Figure 4-6. In explaining his approach Colton stated, “So technically I did make the determinant
go to zero... it’s because the vectors are 2D right?”

Figure 4-6: Colton’s initial plot checking his hypothesis of setting one of the column vectors to
be zero would result in a determinant and volume of zero.

g CJbe_Ce‘FiFitiCﬂ [(";)"b‘)'}:": "\)“"‘;'j",') (l, 2,1), (-1, :;':‘.f]
plot_cube(cube_definition)
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| followed up with an additional prompt and asked whether anything else could cause the shape to
be two-dimensional (besides setting one component of each vector to be zero). He then exclaimed
excitedly “Oh!! Because these are dependent right?” while using his mouse to circle the matrix
columns of the cube definition. “So, if we were to put dependent vectors in there” and then
visualizes a matrix where there is not a row or column of zeros, but rather one of the column
vectors is a scalar multiple of another column vector, as seen in Figure 4-7.

Figure 4-7: Colton’s matrix visualization of a matrix with linearly dependent vectors that are
nonzero to check if the shape would be 2-dimensional and have a volume of zero.

— v

During this example, Colton made predictions both in what he thinks the code will do, but also
why the mathematics behaves in a certain manner. When initially given the plotting code, he tried
multiple different rectangular prisms to see the relationship between the matrix, parallelepiped,
and the determinant. After a few of these tests, he decided he wanted to go further and see how he
could create a parallelogram. This experience demonstrates that his desired experimentation with
the code was built upon his initial prediction and reflection of differing rectangular prisms. After
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the additional prompt of questioning what could cause the determinant to go to zero, that is when
Colton predicted that it is due to the linear (in)dependence of the column vectors and then plotted
and reflected to check that this is in fact the case. This demonstrates how his exploration of the
mathematical construct of determinant was able to be investigated by predicting what he thought
would drive the determinant to zero and being able to then try this in the code.

The previous excerpts and quotes have centered the verbal communication between group
members alongside the coding actions taken within the notebook itself. This is not the sole way in
which these prediction and reflection cycles occurred; however, the prediction was less obvious
and oftentimes placed within inline code comments, quiet utterances that students made to
themselves while working, or in the order of their tests. For example, Ash was a part of a group
that tended to engage in less full group discussion and performed much of their experimentation
on their own. When working with matrices that represented systems of equations, students were
asked to generate their own rules about when a system of equations would have one solution, no
solution, or any solution. Ash started with an initial matrix, checked the row reduced echelon form,
and then came up with another example. Within this cycle, she began to make updates where each
row was a scalar multiple of another, or where each variable had scaled in the same manner, as
seen in Figure 4-8. It is important to note here that there was not a verbal prediction; however,
there was clear evidence surrounding the genesis of these examples to suggest that she was
thinking through potential possibilities and the outcome on the reduced echelon form. While all
examples were within the same cell in the code, they were individually added after running the

prior experiments and each appeared to be crafted in a particular manner.
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Figure 4-8: Ash’s Screen. Note that calculate_re_reef() was a function that was used to calculate
the reduced echelon and row reduced echelon form of a matrix.

In [45]: M # Put code here

ex2 = np.array([[3, 5, 1]) [6: 2, 7]) [9: 9, 1]])
ex3 = np.array([[2, 5, 1, 6], [e, 9 ,1, 4]])

ex4 = np.array([[1, 2, 3], [2, 4, 6], [3, &, 9]])
ex5 = np.array([[l, 1, 1]1[2) 2, 2]) [3J 3, 3]])
ex6 = np.array([[2, 4, 6], [3, 6, 9], [5, 1e, 15]])

calculate_re_reef(ex2)
calculate_re_reef(ex3)
calculate_re_reef(ex4)
calculate_re_reef(ex5)
calculate_re_reef(ex6)

e Echelon form --Jﬁw--

[[2 1 #]
[ e 1 -1]
[ e e 1]]
------- Reduced Row Echelon form -------
[[1. e. ©.]
[e. 1. o.]
[e. ©. 1.]]
------- Echelon form -------
[[12 e 3]
[e 10 0]]

------- Reduced Row Echelon form -------
[[1. e. @. 3.]
[e. 1. e. ©.]]

------- Echelon form -------

If Ash were to have done this using pencil and paper, it would have been a laborious task.
Each of the echelon and reduced row echelon forms would have been calculated by hand and a
small arithmetic error would convolute potential pattern recognition and sense-making. In this
case, the code provided the space to keep running and testing different matrices and comparing
against previous trials. This environment opened the doors to experimentation through prediction
and reflection.

The prediction and reflection were not isolated to traditional visual elements with the code
as well. For example, when in the module focusing on linear transformations, students were asked
whether they thought certain types of transformations were linear, such as an affine transformation.
The group with lzzie, Harper, Jack, and Theo decided to code a function that would test the
different matrices to determine if all matrix transformations were linear functions. Then they

generalized it to an affine transformation and used their function, and they anticipated that the

95



transformation would be linear, since y = mx + b is a linear function. However, they were surprised
that this was not a linear transformation despite the likeness to a linear function.

As noted in the initial description of the claim, this claim is not centered on general coding.
One of the key affordances of Jupyter notebooks was that students were able to have their
predictions and reflections alongside each experimental trial. There was documentation of what
they tried, and why they thought the code/mathematics would behave in a certain way. For
example, during the second module focused on images and filters, Harper scrolled between her
code, inline comments, as well as the visual output across multiple trials. From there she was able
to hypothesize what different dimensions of the matrix represented and how to manipulate the
code to obtain solely a red image, or solely a blue image. During the matrix transformation module,
which was previously discussed with the cat image, students would record their trials of different
transformation matrices, just as David referred to previously, and try different variations to
understand how the system behaved. For example, Harper alluded to this previously, where they
experimented with the system and would try different matrices to see what happened and then
were able to abstract from there. Therefore, the claim on computing facilitating mathematical
creativity cannot be divorced from the enactment within a creative environment. In all the cases
presented, the computational environment facilitated experimentation through prediction and
reflection cycles.
Claim 2: Computation, Enacted Through Coding, Aided in the Facilitation of Connecting
Multiple Representations

This claim focuses on the ways in which computation was able to support students making
connections between different representations of mathematical concepts and ideas. The way in

which computation facilitated these connections was twofold. The first of which was the act of
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coding itself following a prediction and reflection schema, as previously discussed, necessitating
the student to view the computational task simultaneously in terms of lines code, but also the output
of the code. Secondly, the mathematical prediction and reflection cycles that students engaged in
allowed for the development of multiple representations of mathematical concepts. This was due
to both the previously mentioned act of coordinating the inputs and outputs as well as coding
providing a key affordance of visualization. While students were coordinating their code and
output, many times they had multiple representations of a mathematical idea nested within their
code and the corresponding output. This enabled students to play with multiple ways to approach
a concept or mathematical procedure. The graphical nature and numerous visualization packages
present within coding enabled students to create varied representations of how they understood
mathematical content. Additionally, the coding environment also provided opportunities for
students to engage in the visual prediction and reflection cycle — something that is difficult to
replicate using pencil and paper approaches to learning linear algebra. Through the coordination
of these multiple acts and affordances, the computational environment that students explored and
discovered linear algebra through facilitated connections between multiple representations of key
ideas and theorems.
Prediction and Reflection Within Coding as Coordinating Representations

When students coded for computation, they connected multiple resources through
prediction and reflection, as they designed a solution to accomplish a specific task. To do this, they
had to have a conception of what they would like to produce. Therefore, students had a prediction
of what the code would do, in that they anticipated the behavior of the code. This may be evidenced
through students stating what they believed would happen prior to and after running the code. If

what the code produced differed from their prediction, then often they would comment on this
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mismatch and enter into another prediction and reflection cycle while debugging. This thereby
necessitated student reflection as they examined both the code and the output to compare their
prediction to the result. As previously noted, this process could continue to iterate through
additional cycles. Within these cycles of prediction and reflection of the code itself, students
coordinated the representation of their concept within the code itself as well as the output. Both of
these two features did not exist on their own, but rather the code could be thought of as the
instructions to make a certain object or execute a task, while the output was the physical
manifestation of this process. Students naturally went between these two representations when
coding and this is evidenced in a number of ways.

Figure 4-9: Results from cropping task within the second module which focused on how images
are stored and edited within Python. The original image (a) was cropped to produce the final
image of just one character (b).

(@) (b)

Consider Module 2 which focused on image storage and manipulation within Python.

During one of the tasks, students were asked to crop an image to focus on a sole individual within
a photo with the results shown in Figure 4-9. When students were attempting to crop the photo,
they had a conception of what they wanted the code to do and predicted that their code would
generate the desired image. For example, when initially presented with the problem, the group

with Harper, Izzie, and Theo (Jack was absent that day) had the following exchange:
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Harper: And then to test it | think - I mean to crop it. I think we can just, instead of having
the colons, we could just do whatever it's called. Zero to half point. You know what | mean?
Izzie: Yeah.

Theo: So, zero for the first and -

Izzie: Yeah, because the colons are basically saying the whole -

Theo: I'm going to do a hundred for the first value and then just a colon for the second and
the third.

After writing out the code they thought would produce the desired image, the group ran their code
and were met with a black box. This was not what they had expected as Theo stated, “I¢’s kind of
just a back screen and that is the problem.” 1zzie then followed up with her new prediction: “Oh
wait, no, because you'll need it. You'll need a value in the first and second because otherwise you
are just saying | want this one line of pixels in the y value.”” This cycle continued to produce the
desired cropped image. This was not in and of itself a mathematical prediction and reflection cycle,
as the focus was on the syntax. Rather, the prediction of what the code would do followed by
reflection on the output necessitated an understanding of the idea of what they were trying to do
both in the form of code and in the output. This positioned students to already be thinking and
engaging with multiple representations through the coding environment itself. The group had
correctly determined that they would need a submatrix to produce the desired image, but the
sticking spot was the syntax. This excerpt highlights the potential ways in which students engage
in prediction and reflection cycles while coding, which creates a natural scaffolding to use this
method when engaging in experimentation about mathematical concepts.

Mathematical Prediction and Reflection Cycles While Coding Brings About Multiple

Representations with Unique Opportunity for Visualization

This portion of the claim centers on how when students engaged in prediction and
reflection cycles that centered a mathematical prediction, such as those evidenced in the prior

claim, the computational environment provided the opportunity for students to make connections
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between different representations of the mathematical concept. Further, computation enacted
through coding brought about the unique affordance of visualization, which was able to be
leveraged during prediction and reflection cycles. When students engaged in the coding as
previously mentioned, students were already in the process of bridging representations — namely
the lines of code and the output from the code. Therefore, within the mathematical prediction and
reflection cycles, this provided the scaffolding for a natural way of connecting the tradition of
multiple representations, namely students balancing the graphical, numerical, and algebraic
representations. Students making connections between these mathematical representations were
seen across the observations and facilitated not only flexibility but also the creation of personal
visualizations and elaborations. In this study, students represented different linear algebra concepts
through coding potential solutions, visualizing the concepts through packages such as matplotlib,
or calculating the numerical properties utilizing the code itself, all of which are embedded within
their code. In doing this, the previously discussed prediction reflection cycle of the code provided
students with the basis to begin to connect their mathematical conceptualizations through multiple
representations, as they had done with the code previously. Further, one of the unique affordances
of having students code was the access that they had to the suite of visualization and graphical
tools available as different packages. The coding environment provided specific opportunities for
students to leverage visualization for prediction and reflection, thereby developing a geometrical
representation of their mathematical concepts, something that can be difficult to develop through
textbook reading and working on paper alone.

The following excerpt follows the group with Kylie, Ivy, and Alex as they engaged with
the module on determinants and the connection to the graphical representation and interpretation

with respect to the linear algebra concepts. During this interaction, the group members had
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multiple representations of which to keep track. There were the computational representations of
the code and the output, as well as the output itself was both a visual graphic and a numerical
output, as seen in Figure 4-10. Within the code the students had to navigate the code description
of the parallelepiped as defined by a series of vectors and by columns of a matrix as well as the
visualized parallelepiped that was displayed in 3D and was interactive. Further, there was the
numerical determinant calculated within the code, as can be seen using the linalg.det() function
and the determinant being the volume of the parallelepiped. Students had to coordinate the code
itself and the embedded mathematical representations. During this exchange, students predicted
and tested their ideas, then reflected on the output and how this connected to the different linear
algebra concepts. The act of predicting and reflecting required students to coordinate between the
different computational representations, thereby providing a natural environment to structure the
connections between multiple mathematical representations. This resulted in the students
connecting the ways in which determinants of 3x3 matrices connect to the volume of a
parallelepiped and then in turn connecting why a determinant of zero necessitates linear
dependence. Therefore, students developed mathematical connections between multiple
representations of the invertible matrix theorem as described in the following section.

Figure 4-10: Example of the student code utilized within module focused on determinants. The
code for generating the figure was previously defined. The shown cell focuses on the use of that
function in conjunction with comparing the numerical determinant value with the visual that is
generated.

cube_definition = [(@,0,0), (3,4,5), (1,-2,1), (-1,-5,6)] — a2
A = np.array([[3,1,-11, [4, -2, -5], [5, 1, 6]]) :

plot_cube(cube_definition) [ B
Adet = linalg.det(A) f H
volume = abs(Adet) } ?
print(volume) 0

# Complete code here

83.99999999999999
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This excerpt begins with Kylie sharing her screen with her group. She began by plotting
the identity matrix, which represented a unit cube. The group ensured the determinant was one
since the volume of the cube was one and then read through the plotting function noting what was
occurring and how to use the function. This is where the following excerpt picks up.

Alex: So, let's use the columns of A as our vectors. Okay. So, um, | guess that kind of
makes sense. ‘Cause the determinant is like, doing the, it's kinda like doing the cross
products a couple times. Right. And cross products, like the area of a parallelogram. So
anyway, um, that's our parallelepiped... Cool. What would cause the determinant of A, to
be zero? Uh, if it were, how do you get a volume of zero?

Ivy: Would it be like a 2D shape?

Alex: Oh yeah! Yeah, that makes sense.

Ivy: But how would we express that?

Alex: We could try different matrices. So v1, v2, and v3 are probably all gonna be in the
same plane is my guess. | guess. Yeah, but how do we —

Ivy: Should we set one of them to all zeros? No —

Kylie: We could try it! | guess we don’t need to plot it right now. We’re just looking at the
determinant.... Uh, okay. So, we are trying. Yeah. Here is our original -

Ivy: I’'m just gonna change the first value to be zero for all of them. See if that does. Yeah.
That is how you can do it... ‘Cause technically you’re saying v1 has like zero value...
(Kylie then sets one of the columns of A to be 0 and uses linAlg.det() to check determinant)
Alex: Okay so that one is like on the same plane? ...

(Kylie then runs the plotting code with the new matrix that has a determinant of 0)

Kylie: ... How does — no. Cause it’s all on the same plane, because one of them is zero.
What must be true for one of them to not be zero?

Alex: They must be on the same plane?

Ivy: So, if we have three vectors that are all on the same plane or that they’re all, oh wait,
like 2D plane...

Alex: Right. Well, there’s no volume if they’re all on the same.

Kylie: Plane. Yeah, okay. No, no, okay, got it. Got it. We’re good.

Ivy: Which means that they must be linearly dependent!

Alex: ... Oh yeah. So, we can say they’re linearly dependent. If the determinant is zero.
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Figure 4-11: Visualizations Kylie created during the exploration of determinants, where she
used (a) unit basis vectors, (b) linearly independent vectors, and (c) linearly dependent vectors
to check the volume of the parallelepiped and determinant.
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The group then went on to check another set of known linearly independent vectors to verify the
determinant is not zero. The three visualizations produced through this experimentation and
reflection are shown in Figure 4-11. The activity used a series of prediction and reflections which
thereby leveraged multiple representations as well. Students then discovered the relation between
the determinant being zero and the linear dependence of vectors, providing opportunities for
flexibility and visualization.

During the excerpt, the computational representations were the code itself and the output
of the code, referring both to the plot of the vectors in three dimensions as well as the numerical
value of the determinant. The code plotting the parallelepiped had students decompose the matrix

into a set of vectors to calculate the volume to determine the determinant while simultaneously
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using the definition of a matrix to calculate the determinant. It was up to the students to determine
the test matrices, how the matrix was then used to determine the parallelepiped, and then calculate
and visualize the determinant. The plotting code was provided but for all other representations of
the determinant, students developed the code to test. This necessitated a switching between
multiple representations. Further, when they discussed the notion of determinant, they drew on the
algebraic notion alongside the graphical interpretation, leading to the discovery of the impact of
linear dependence on the determinant. The coding enabled them to engage in these prediction and
reflection cycles using visualization tools which developed their multiple mathematical
representations of different concepts.

This was not the sole instance of the prediction and reflection cycle within this module, as
the next example focuses on the same module but Colton’s experience. Specifically, Colton
expanded the given code in hope of creating a three-dimensional parallelogram. During this
process, he initially coordinated the representation of the 3x3 matrix and the visualization of this
matrix within the code and engaged in the prediction and reflection cycles to determine the
relationship. He then developed the code and the scenarios to examine what could cause the
determinant to go to zero. It is through the code and corresponding visualization that he was able
to develop a conceptualization of the determinant being zero, the loss of a dimension when
visualizing, and then the effect on linear dependence, as seen in Figure 4-7. Once again, the
computation facilitated the prediction and reflection cycles, which brought about Colton
connecting multiple mathematical representations.

The exploration of the determinant was not the sole module, as computation being able to
support multiple representations was across modules, participants, and groups. For example,

consider the aforementioned matrix transformation activity where students were asked to try
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different matrices acting upon a series of points and then abstract different types of
transformations, such as reflection, scaling, and sheer. An example of part of the completed task
is shown in

Figure 4-12. Within this activity, students connected the matrix both as an object in and of
itself, as well as an action in which they could transform the set of points. It is important to note
that the very design of this activity was implementing prediction and reflection cycles, and so
connections to multiple representations are rooted in computational prediction and reflection. The
conceptualization of a matrix was not a static entity, rather there were multiple representations of
the purpose and use of a matrix. For example, in Allison’s weekly reflection on the matrix and
linear transformation module, she stated that she viewed “matrices as vectors or a system of linear
equations for the most part. For linear transformations, I'm thinking of it as a function that is
altering the original value. ” Jack stated, “matrices | mostly see as vectors just because most math
is done by either rows or columns, and transformations | see either as matrices or functions
depending on the context.” Within these excerpts, students began to view matrices in a variety of
ways and how a matrix can have multiple interpretations. Jack highlighted a more algebraic
understanding of the matrix in the relationship between transformations and matrices. Whereas
Theo stated that he conceptualizes matrices as “in Python as ([number, number]) and in writing
them out they have rows and columns and can be added/multiplied by scalars.” This points to
more of a numerical understanding of a matrix. Within the module itself, 1zzie posed the question
of how to do a vertical stretch on her cat and Theo responded to use the second part of the matrix,
bringing about a more geometrical understanding of how the matrix acts upon the points matrix.
This idea of matrices as transformations was quite noticeable for Ezra because when he was

reflecting on what modules we felt were most beneficial he stated,
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| feel like the linear transformation module really sticks out for me for that since thinking
of matrices as linear transformations in themselves, | had never previously paid attention
to that. | had only applied the ideas of linear transformations to the systems. So, using the
matrices themselves as linear transformations to change images and affect plots via shears,
which | previously hadn't seen, uh, that really stuck out to me as like a different way that |
could apply the coding knowledge and how | could actually use these linear algebra
concepts.
Even though Ezra had already taken a linear algebra course, it was through these computational
prediction and reflection cycles and coding the matrix transformations that allowed for a new
understanding of matrix. The combination of defining matrices within Python, using them within
the code, and also visualizing transformations within this module allowed for the prediction and
reflection cycles that students engaged in to naturally support multiple representations.

Figure 4-12: An example of a trial taken from Harper’s third trial within Module 4. This module
examined linear transformations and matrix transformations. Students were asked to generate
test matrices, predict the effect, and then plot the result.

Trial 3:

In [48]1: # Put transformation matrix here
checkings = [[15@,3],[3,150]]
print('Transformation Matrix: ')
sym.Matrix(checkings)

Transformation Matrix:

Out [48]: I150 3]
3 150

‘What | think it will do: | think the cat will be huge and slanted

In [49]: # Then run it
pletTransformation(p, checkings)

X1
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Within the modules, students had opportunities both to explain their own
conceptualizations of different mathematical ideas and to create visualizations (whether mental or
physical) that they felt captured the given mathematical concept or demonstrated their
understanding. During the sixth module, students engaged with the concepts of linear
independence and span. Students engaged in prediction and reflection cycles surrounding
conditions for a set of vectors to span a given subspace and how to use row reduction to determine
if a set of vectors were linearly independent. For example, one group tried different matrices
composed of vectors they knew were linearly dependent and linearly independent to look for a
pattern. From here students were then asked to put span and linear (in)dependence in their own
words and then to “create a visual, simulation, or anything that you feel captures what span is.”
Within this, Allison began by stating that “span is the area that vectors can reach. It is the area
that can be covered or reached by linear combinations of certain vectors”. In this example, it is
worth noting that both parts of her definition do have a graphical approach in that there is mention
of area; however, she also ties in the idea of linear combinations. Allison then created two plots to
exemplify her understanding of span. In describing her plots, she wrote,

| created two different plots, one with two vectors that are linearly independent and will

span all of R*2 and one that is linearly dependent and will not span all of R*2. You can see

that in the linearly dependent graph that the two vectors create one line since they are just
multiples of one another. With only one line it shows that the vectors will not be able to
span the entire R"2 space since they can only go in the one direction. The linearly
independent graph shows the vectors going to two separate directions and when you make
different linear combinations of the two vectors, they will be able to span the entire R"2

space.
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Figure 4-13: Allison’s visualization created to highlight the concepts of span and linearly
(in)dependent vectors.
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Within this example, it is important to note that the visualization itself would not be difficult to do
using pen and paper. However, the speed at which students could try different linear combinations
and then visualize the linear combination is something that cannot be matched. Through the
computational activities of prediction and reflection, Allison developed multiple representations
for span and then used them to summarize her ideas. In the earlier portion, she worked with the
idea of linear independence as no vector being a linear combination of the other vectors and how
to solve that system algebraically. Further, she was able to extend this to a visual representation of
linear (in)dependence in conjunction with the connection with the idea of span.
Summary of Claim

As shown throughout this claim, the prediction and reflection cycles brought about during
the coding process were able to aid in the development of multiple representations of mathematical
concepts. This was in part also due to the affordances in code because when reflecting on what
was helpful, Lee stated, “Cause I like that, like, I could see the numbers side. Like you can have

numbers print out, but like there were also like plots and stuff, so you can visualize it as well. So
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those and like reading through it, you kind of like, it's more like the dictionary way and like get
like kind like, and like just learning it for the first time you read through it and then you visualize
and stuff. I think those were all helpful. ” This quote points to why the coding environment can be
so beneficial for prediction and reflection. There are already multiple ways to express the same
computational idea, and since Claim 1 established how computation brings about these prediction
and reflection cycles, this claim highlights how computation and coding can then be leveraged
during these cycles to promote multiple mathematical representations, especially leveraging the
different computational representations that Lee discussed.
Claim 3: Computation Fostered New Opportunities to Expand Students’ Views of the
Nature of Mathematics

The third claim centers on students’ perspectives of the nature of mathematics and what
doing mathematics entails. Specifically, for many students, mathematics was no longer a single-
solution, single-pathway discipline composed of rules and procedures; rather, the process of doing
mathematics was opened to exploration, multiple methods, and meaningful discovery. There was
a marked shift from doing mathematics by following a set number of steps to centering
mathematics on exploration. For example, consider what Kylie said about how she viewed
mathematics during her initial interview:

[Math] was honestly more of straight and narrow. | think my experience with math has

been getting equations, someone telling me an equation and memorizing it and then

memorizing where to use it and where to plug numbers in. I think obviously like it's

problem-solving. But I think it was more of if you have the right equation and you put the

numbers in, it's gonna work and you really just have to keep doing that over and over

again. And there's no amount of, I don't know, at least in the math, the level of math I got,
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there's not a lot of like creativity that you can use to solve problems. You're pretty much,
there's one way to do it. And if you don't know it, you're not going to, you're not gonna find
the answer. And also, if you do know it, then you're gonna get the answer and it's gonna
be right. And there's really no other, there's nothing else you're really gonna run into. |
mean, you plug your numbers in, and you get an answer and it's either right - or it's wrong.
Within her statement, what becomes evident is this notion that mathematics had a sole answer and
that it was simply a case where she either knew how to do it or she did not. She stated that there
was problem-solving, but ultimately it boiled down to using equations and plugging in numbers,
and this also did not make any affordances for creativity. In contrast, during Kylie's final interview
while reflecting on the experience, she reminisced about her previous mathematics experiences
and compared them to her computational mathematics experience:
[My math courses] were really just kind of the basic up to calculus. | wouldn't say that |
really had an opportunity to [explore]... but that's really something I've only experienced
in coding classes so that was, that was definitely new... (Switches to discussing the
mathematics in the modules) | think a big part of when we got to be creative is when we
were testing things. And I think, I don't know if creative is the word, but I, I definitely think
it's like curious of like, okay, well, what if we do this? And what if we do this? Um, you
know, how will those things change? What if we wanted to make it look like this? Definitely
think with some of the more like visual aspects of what we were looking at... Um, I think
there was definitely opportunities for that and pretty much all of them modules, because
all of them, we were working through examples and working through, um, kind of bit by

bit the concept with lots of like opportunities to visualize all that was possible.
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In this quote, one of the pieces that was striking was the lack of comments about memorization or
plugging in numbers to get to the final answer. Rather, the focus was on exploration of the
mathematical content. This contrasts greatly with her earlier statement where she remarked, “If
you don't know it... you're not gonna find the answer.” Rather than having a complete stop based
on whether she could initially solve a mathematics problem, the focus was on following what
questions naturally arose and connecting to the visualization. Through the computational
environment, she was able to ask questions about the mathematics, such as what would happen if
she changed the code to reflect a mathematical principle. One of the affordances of coding was the
ease with which she was able to visualize different mathematical concepts, specifically
determinants.

This combination of creativity, exploration, computation, and mathematics was best
exemplified during her group's exploration of determinants. During this time, they modified code
to plot the column vectors of a matrix as vectors and used these to define a parallelepiped in three
dimensions. From there, they explored what happened if the columns were the unit basis vectors,
three linearly independent vectors, or linearly dependent. These visualizations can be seen in
Figure 4-11. During this exploration, a group member brought up that they “knew you had to
multiply a bunch of things ”” but that they didn't know why. Rather than simply plugging in numbers
to the code or looking for formulas, the group wrestled with the conceptualization and the
relationship between determinants, volumes, and linear independence. If she had retained this idea
of “either you get it or you don't,” then this unique insight into the relationship between concepts
would have not come to fruition. These visualizations and abilities to form connections were one
of the elements that she highlighted in her quote that were critical to her experience. During her

reflection she expressed that the module was “surprisingly fun” and that she was able to explore
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new connections to previous materials. This was a novel way of working with mathematics, and
for Kylie, because of this experience, mathematics now had an aspect of exploration that was not
present before.

This experience was not isolated to Kylie. During the initial interview, Ivy expressed her
frustration because “Math is based on speed, especially on the tests... The timed sets - you gotta
go in fast mode.” She continued by stating that speed is what is valued in mathematics through
assessment and connected this to her conception of mathematics:

| don't necessarily think that math is a creativity because [the problems] have a set number

of steps. You have to do this, this, this, and there's a set value. | definitely think it's very

fixed in the, okay, | think that if you don't follow the fixed way, you're not gonna help
yourself in the future since everything builds on it. | think that if you don't do it [the
instructor's] way, then when they refer to it back in the future, you're gonna be like, oh,
what is that again?
Once again there was a notion of mathematics having a set procedure to follow. Due to her
experiences which reified a notion of speed being a marker for mathematical ability, she believed
it was better to adhere to the instructor's method of doing something. This was because the fixed
way would ultimately aid in understanding in the long run, because the instructor's method was
viewed as a building block for the next concept/procedure. When reflecting on her experience with
the modules, Ivy revoiced a notion of being curious and wanting to go further:

I think that this experience definitely expanded my mathematical thinking with coding. |

think that it brought more questions into my mind as to like how far we can go if that makes

sense. Like what other things can | do?
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This highlighted that rather than being done after following a set number of steps, there were
natural places to go further, and therefore she developed a curiosity and wanted to push her
thinking. While speaking about how she viewed mathematics, Ivy noted, “I still feel like there is
like one answer that you've gotta come to. This has gonna be - it's just how you get [there especially
with coding] is where the creativity comes in.” For lvy, mathematics still had a sole answer, but
the act of engaging in these modules opened the range of possible solution methods. This was
repeatedly demonstrated during observations, as even if her team was trying one method, she
would try another method and then compare. She began to value the different approaches and
methods within mathematics, and she spoke about how it was tied to this computational experience
that was enacted through coding.

These experiences were not isolated to Ivy and Kylie as there was a common pattern of
previous mathematical experiences being procedural based with no room for creativity and a focus
on a sole procedure. Alex stated that “in my math class specifically like no creativity at all in my
experience,” and Lee stated, “I feel like [math is] just numbers in general. Maybe like numbers,
like getting answers, like there's usually one answer and so like it's pretty black and white 1'd say. ”
She does continue on to state that there might be more methods, but it boils down to the same
solution. Both of these participants expressed opinions at the end of the experience that multiple
solution paths to a mathematics problem were possible. Lee added in that individuals can even add
in their own style because of the coding and Alex noted,

I know it was a math, you know, teaching us math, but it didn't feel like math the same way

as like solving integral does or something like that, you know? ... For me in Calc I'll write

down like seven steps or something, like I'll look at a, a sample problem and, and write

down the steps of how I'd solve it. And I felt like, um, | mean, | could probably do that for
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this, but it was more so recognizing a, like what was changing when, when I changed this,

what happens if, it felt much more like recognizing patterns... Yeah. Just, just figuring that

out. It didn't feel so much like, step by, you know, I move this over here and then simplify

this, it felt more like, you know, playing a game, trying to, trying to figure out the way to

get to the end goal.
This quote highlighted that something was different in Alex’s experience in this study compared
to his previous mathematical experiences which had “no creativity at all.” Rather than mirroring
procedures given in sample problems, Alex centered exploration and the recognition of patterns.
This re-framing of mathematics and what it meant to do mathematics was possible due to the space
created by these modules. Specifically, through open-ended coding questions and the development
of students” own lines of inquiry that they could then test using computing.

For some students, such as Harper, they had positive mathematical experiences overall, but
through the computational experience, their appreciation for what mathematics is widened. Harper
noted that mathematics was often her favorite subject despite the reliance upon webwork at the
undergraduate level. She stated that for mathematics: “It's just you get the right formula, you get
the right numbers, you plug in, and you go.” She enjoyed her mathematics courses, and she noted
that this is partly because mathematics just “clicks.” When engaging in the mathematics through
computation, it was much different than her prior mathematical experiences. Most of her prior
work centered on individual experiences, which she accredited to the lecture format. Even when
working through mathematics homework in a group or with friends, it never had the “working
through it group dynamic” that was present within this experience. For her, this experience
challenged her experiential view of mathematics as an individualistic process and opened doors to

a more group explorational approach when learning the mathematics. Further, she had similar
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experiences to previously mentioned participants with regards to the creativity. Harper commented
on how this experience opened her eyes to math in a new way, specifically:
| think definitely learning it through a computational, learning this through a
computational coding way has had me open my eyes to different ways in math too, as well.
Definitely. I think it definitely made me get a more creative view towards math than I had
before. So that was nice to see for sure... Before, | guess before with my math classes,
obviously was lecture and what you were given is what you were given, you didn't really
stray far from it. Whereas the way we learned it here, it kind of lets you - the coding way
and the math way lets you, | guess it was a bit broader and you could pull anything. How
| connected matrix multiplication, and the dot product were very similar and things like
that. | definitely think it led to more exploration.
Note that in this excerpt from Harper’s final interview, she detailed that in mathematics you do not
‘stray’ away from what the professor has given you. There was a fixed set of things that a student
should know, and a specific way of doing things. By incorporating the coding and the mathematics,
it allowed Harper to pull multiple concepts together. The example that she gives is matrix
multiplication and the dot product. When her group created their matrix multiplication function,
there was a notable moment of realization that within their nested for loops they simply needed to
take the dot product between the row and column vector of the two matrices. Her connections were
not to different fields, or even to different coding methods. Rather, she made a mathematical
connection because of the process of coding the matrix multiplication function. In this example,
computation provided the environment to see mathematics as full of connections and to explore
concepts rather than having a rigid set of understandings. Through this computational experience

her view of mathematics and what it means to learn mathematics shifted.
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This experiential shift was also echoed by Allison. She stated that she has always enjoyed
mathematics and that she has “always been good at it. [Math] has never been too much of a
struggle.” Further, mathematics focused on numbers and how to use it in daily life. Due to her
prior mathematical learning experiences, she felt you have to do a problem in a certain way and
continue to do that over and over. Further, mathematics has not been a struggle for her. It was
procedurally based, and in reference to her mathematics courses she stated, “I guess I mostly just
do what I'm supposed to and move on for the most part.” When reflecting on her experience,
Allison noted that she was able to “come up with different solutions” and how the goal was not
“replication” of a procedure, but rather she could explore the mathematics with the given code.
With regards to the coding within the experience, Allison reflected,

I think overall it allowed you, like you said to, you asked about being more creative. | think

it gave us the opportunity to come up with different ways to do it and not always do the

same thing over and over again. Whereas in all those other math courses, you're typically
taught one way to do it and you're expected to just replicate it over and over again. And
you don't often sit and try to find a different way to do something because they're like, you
already taught you how to do it, and you just go do your homework, take the tests, and
move on. So, | think this had a lot more room for you to come up with different solutions.
Within this quote, it is worth noting that there were structural differences between her experience
coding and her experience within mathematics courses. The role of testing and homework was a
key feature that did constrain her experience. Nonetheless, the experience of coding expanded her
view of how to learn mathematics, because the coding provided a space in which she could come

up with different solutions. As she and other students noted, there was not one way to solve a
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coding problem, therefore everyone’s solution might look different. This affordance of coding
could have provided the initial impetus that there are multiple solutions within mathematics.

The allowances that students were making in their conceptualization of mathematics and
what the discipline entailed were so salient, that within her interview lzzie actually reflected back
on her initial skepticism about whether creativity was required for mathematics.

| feel like over time after we've done all the modules, it kind of made me realize, | mean |

remember at the beginning and the interview the first one, | was like, oh, I feel like you

could be creative in math maybe, whatever. But actually, you do need to be quite creative
when you're doing it with coding! Because as we've done on the whiteboard so many times,
there's a lot of planning that you need to do to get in. You know can't just have the idea,
you've got to plan it, pseudocode it. And there are normally different approaches that you
can take in different ways. You can do it to get the same result. So, | feel like you got to be
creative in your thinking of maybe, okay, this didn't work for some weird reason. Maybe
we can try it a different way and see if, yeah, we can do that...
Izzie accredited this shift in her view to engaging in mathematics through coding. The coding
allowed for creativity and specifically multiple approaches. Rather than mathematics being the
“same set of steps” done over and over again, there was now an allowance in her view of
mathematics for multiple approaches and methods of solving. Further, she noted that there may be
times that the code does not work; however, that just meant she needed to try another. This
affordance allowed for the development of persistence in mathematics and countered the notion

that to do the math well, she had to do it perfectly the first time.
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Claim 4: Computation Provided a Novel Environment Challenging Prior Negative
Mathematical Experiences and Allowing for Shifts in Students’ Mathematical Self-image

The fourth claim centers on the modules providing opportunities to create new experiences
in mathematics that could counter students’ prior mathematical experiences, especially for those
participants whose prior experiences negatively impacted their confidence in their mathematics.
Coding was a new environment without the associated negative mathematical experiences. It was
simultaneously a completely new way of engaging in mathematics for many, as well as an
environment where students were confident and felt they could learn the material. This in turn
ultimately generated excitement for the mathematics, and for some it developed a notion of
mathematical persistence. For many of the participants, this affordance was made possible by the
act of debugging within coding. They did not have the same anticipation for their code to be perfect
when they first engaged with a computational problem. Rather, it took time and different
debugging cycles, and not only was this okay, but it was part of the established norm within the
discipline. Further, allowing the computer to bear the burden of arithmetic allowed students to
concentrate on the mathematical concepts rather than be frustrated with errors that are independent
of the new content.

For Kylie, mathematics was never her favorite subject, and she had actually avoided it at
the start of her undergraduate experience. She felt that she could “do it in a math class, but it's not
gonna be my favorite thing, ” so she never felt mathematics was her strong suit. Reflecting on those
prior experiences she stated,

| have dyslexia. So sometimes, genuinely, just like the way that the signs look or, or the

numbers and letters getting kind of jumbled, like that was always really like confusing for

me. And it was really easy to like to miss a negative or write one thing when | mean another
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or not be able to kind of completely track, you know, the order of everything on a like piece
of paper. A lot of my math lectures were just, you know, someone was standing at a
whiteboard writing things down and you were writing the same thing down on a notes page
that they printed out for you, and you were not absorbing any of the information ‘cause
you were just focused on writing what they were saying down. And then, you know, you'd
go home, and you'd do homework, and it would just be like, oh, I like, I'm just gonna copy
what these notes say. And | don't, I'm not really like gaining any like understanding of the
concepts behind this or like why it works the way it does or where else | can use this.
Kylie's experiences within the mathematics lectures were where she did not feel that she
was gaining understanding and, further, the paper and pencil mode in which she had engaged in
the mathematics was actually causing confusion and frustration. The ways in which mathematics
was being valued and taught isolated Kylie. These attitudes towards mathematics were in contrast
with her computational confidence: “I have like a pretty high level of confidence (in computing)
that whatever | have to learn, | will be able to understand, | have a good understanding of the
basics of a lot of those structures.” For Kylie, one of the key contrasts between mathematics and
coding is that, unlike in mathematics, she was confident that she would understand coding and
computation. Her mathematics experience centered on not gaining understanding and feeling
confused, and yet she was confident in her ability to learn in computational settings. Entering into
the project, her confidence towards mathematics and computation were vastly different.
Over the course of the semester both in her course and this project, she began to build up
resilience in coding as well as in computational mathematics. In her final interview, she shared,
I think it's more of just like, getting better at trying and failing a bunch and then figuring

something out, um, of it not being kind of like a straight and narrow, like you are gonna
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get from point A to point B. There's not gonna be any problems. And then like learning how
to problem solve through that and not get frustrated or too discouraged from kind of the
main goal. So, | think more of just building, like, maybe this isn't gonna work a few times
and that's okay.
It is important to note that within this quote, Kylie demonstrated how her ability to problem solve
was developing. The larger picture presented is that she recognized that the work is not a linear
progression. Specifically, that the work would not go step by step and there would be setbacks.
However, her focus is on how to push forward to build understanding rather than ending in
frustration. This was in contrast with her previous mathematical experiences of becoming
frustrated or feeling that she was not gaining understanding. This experience and the interaction
with the modules allowed for her to have the space to explore (as previously mentioned), but it
also motivated her and caused excitement. She expressed that, even though her group met on
Friday afternoons, they “want to keep going, want to keep finishing, like, and figuring this out.”
These experiences impacted her relationship with the mathematics:
I wouldn't say math is not ever really been my like strong suit. | never, would've like even
thought like, you know, a year ago that | would've been pursuing a minor in data analytics,
just it's pretty stats heavy, and, and has a lot of other elements of math ... I never really had
a lot of confidence about like solving mathematical problems and like being able to kind of
conceptually master them. Um, so | would say like that it's definitely very intimidating, but
| do think that coding is something that actually makes it less intimidating because you are
kind of like, you're telling the computer what to do, but also like, you know, there's a lot of
built in tools in these packages in all the different software that we use for this that are

really helpful for making things a lot more, um, clean and like stream lined ... but it's
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definitely getting better and it's definitely not an overwhelming intimidation now, you

know, like I still really want to try and if anything, I think it's pretty motivating
The mediation of coding in her mathematics experience was evident throughout her narrative. The
ability to do the mathematics within the Jupyter notebook helped her see the larger picture. The
notebook and code format lent themselves to exploration, while providing clean documentation of
steps and the ability to incorporate text and calculations. For her, it was a relief not to have to try
and do all of these steps on paper and then try and plug multiple things into a calculator. This was
in contrast to her previous experience where she felt that in mathematics, she would get small
things jumbled, leading to frustration. Specifically, because of her dyslexia, the tracking of
mathematics on paper was difficult, which led to her feeling lost and behind. However, the coding
helped her organize the procedure, which in turn helped counter her previous interactions with
mathematics. She was beginning to gain more confidence, and initially her coding confidence
mediated her mathematical confidence. This was also evident during her group work. As time
progressed, she began taking more social risk and initiating ideas, asking questions, and providing
help to her group mates. While not all of the intimidation of mathematics dissipated, what was
evident was that as she was gaining confidence, she was able to explore the mathematics in this
novel environment. She wanted to continue to try, and it motivated her. In her final reflection, she
stated that she was so “grateful for this opportunity and it was surprisingly fun” and that during
this final module “the most rewarding part of this module was reviewing all of the content that |
previously was not familiar with and realizing how much I had learned.” Ultimately, she was
excited to go on and see how this could apply to her own discipline and incorporate the

mathematical computation, especially since this was something she had not been able to do in prior
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experiences. It was through the coding, resilience, and the overall experience that her relationship
to mathematics was affected.

The mediation of mathematical confidence by computational confidence was also seen as
Ivy recalled her shift between high school and college. She entered feeling positive about her
mathematical abilities but after calculus she struggled and doubted herself asking “What do, what
do I do?” She added, “That's where I struggle. Where do I start?... and I don't know why I'm the
type of person, like I'll have it all down and then somehow, it'll be wrong.” She discussed how
many times her errors would be because of one small mistake, or she would enter a number into
the calculator incorrectly.

Ivy expressed her frustration with getting the ‘wrong’ answer once she started and finished.
Ivy's mention of speed, as well as not getting the right answer initially, is indicative of a common
mentality among students that to be good at math, you need to be able to do it quickly and correctly.
However, lvy offered a much different conception about computing and coding in that “errors are
a part of the process” and, when she got stuck or had trouble starting, her process was: “In my
mind, | don't exactly type it in my mind. | just think of the words that translate into code. So, the
words of how to solve the problem. ” This approach was seen translating over into her mathematical
experience after experiencing the modules, specifically during her final interview, she stated,

| definitely think that it [the mathematics] was scary to me at first um, it was very

overwhelming. But [after a bit] it's like it's okay. We'll work and understand it later. It kind

of made me think like, what else can | do with math and computing at the same time? And

like, can | use this on previous math? Like | can totally code a function to do it for like

derivative of this!
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Within this excerpt, her initial focus was that she had come into this experience apprehensive of
the mathematics, but with time she was okay with not immediately getting the solution. She kept
persevering, as shown in the observations. If she was stuck with the mathematical concept, she
would try to implement it with the code and look at how it behaved under different conditions and
was not afraid to ask questions. She was even able to look at previous mathematics concepts with
excitement and feel confident in her understanding to be able to implement it computationally.
This shift was highlighted when talking about her experience: “I learned better when
experimenting and coding ‘cause I kind of learned from my mistakes.” She embraced her mistakes
within this context, rather than viewing them as failures like her previous mathematics experiences.
Ultimately, through this shift, mathematics became less intimidating, and she felt “stronger in
math” specifically through encountering the mathematics via computation.

Similar to Ivy and Kylie, the coding environment allowed for Nate’s mathematical
confidence to be mediated by his computational confidence. Nate entered into the study feeling
“shaky’” about his mathematical abilities. He felt that he did not have the same way with numbers
and mathematics that those around him had. He felt that the mathematical concepts presented in
the modules were challenging; however, one of the pieces that ameliorated his experience was
being able to do the mathematics in Python. The code “helped [him] get a better understanding of
it" and while he would not call himself a “linear algebra savant”, he believed that he would be
much better prepared for a course in linear algebra. Nate did hedge his learning of the material and
stated that he was ultimately limited by his understanding of math, but that in those situations he

would take the following approach:
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When I'd run into something I didn't understand, 1'd always try and rely on my knowledge

of Python. And so, | feel like the modules where | was able to use by knowledge of Python

more, | was able to do more.
Nate’s reflection demonstrated that the coding allowed for another way to be successful in a
mathematics context. He felt that even when he did not quite have a grasp on the mathematical
concept, he was able to engage with the code to learn the material and be able to contribute. Part
of this, Nate noted, was that “coding really reflects how your brain works, whereas math not so
much.” By engaging in the math through coding, Nate was able to leverage his computational
abilities, and this resilience and confidence then mediated his mathematical interactions. The use
of coding was able to ameliorate some of his views about his mathematical capabilities derived
from prior experiences and highlight his strengths.

Although lvy, Kylie, and Nate began with self-described lower levels of confidence in their
mathematical abilities, the computational experiences were still able to counter some of the
negative mathematics experiences for those who felt stronger in mathematics. For example, when
reflecting on the experience, lzzie stated,

Well, okay, this is going to sound weird. | feel like it adds - it takes out the boring part of

math and it adds in a kind of fun aspect because | feel like the part, I don't like about math

is how to do a problem. But then you've got all these steps and then you forget how to do a

step and then you can't do the problem and you get really frustrated. But with coding it -

does the actual calculations for you. You just have to know the concept and how to apply
it, which is kind of nice because then you can apply it to loads of different scenarios.
When lzzie described what she disliked in mathematics, and where her prior mathematical

frustrations were, she noted that it resided in ‘doing’ the math problem. However, she was not
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discussing the act of doing math, but rather the actual calculations that have to be done after
grasping the concept or the procedure. This is because she specifically credited the coding with
taking away parts of the frustration that come with carrying out the evaluation of a mathematical
procedure. In doing this, she was able to center her focus on understanding the concept and how it
is applied to different scenarios both inside and outside of mathematics. Further, this quote points
to the idea that coding is this novel environment that can counter some of the previously held
beliefs related to students’ mathematics experiences. Specifically, 1zzie mentioned how coding
brings this element of fun and joy into mathematics. This was in contrast with the differential
equations class she was taking the same semester. During the observations and in her interviews,
she referenced how frustrating this course was. Her time was spent doing the same procedure over
and over. Even when she felt that she already understood the topic, she had to continue on with
the same procedure and only slight changes to the problem. The coding experience not only
allowed her to focus on the conceptual understanding rather than the arithmetic, but it also provided
the opportunity to see how the mathematics can be used elsewhere. Coding once again brought joy
and excitement to 1zzie, something that was missing in her other mathematical experiences.
Allison also had a generally positive relationship with mathematics, but not necessarily
mathematics courses. As previously noted, Allison remarked about how replication was not the
norm within this experience, but rather exploration. Rather than having to do the same procedure
over and over again, there was an element of creativity that provided some excitement. While she
was in this study, Allison was also taking a matrix algebra course. She noted that in that course “it
was really just like you're taking the course - do as well as you need to, and move on, and don't
really understand what's going on” and because of this, she was not enjoying her course as much

as she had hoped. She was thankful that she was a part of this study, as she had a better
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understanding of concepts and was able to engage in open-ended problem-solving. While her
course was not necessarily a negative experience, the contrast in experiences allowed for her to
build up her mathematical understanding in a different type of context and feel more confident
when engaging with those problems. Specifically, she was able to not only do what she needed to
do, but also understand it. The coding environment and the nature of the questions allowed for this
open-ended and explorative nature, but the experience was in stark contrast with her other prior
mathematical experiences.

Within this claim, the emphasis was students’ experiences with mathematics and how by
encountering the mathematics within a coding environment, students were able to leverage their
confidence in computation to mediate their mathematical confidence. For example, Nate had
actually used his knowledge of Python to investigate the mathematics and by engaging with the
mathematics in coding, students had new opportunities and more ways to be successful. Further,
students found newfound excitement for mathematics and reflected that this experience deepened
their understanding of different mathematical concepts.

Claim 5: Computation Enacted Through Coding Provided the Opportunity for Students to
Develop New Mathematical Habits and Strategies

As discussed in Claim 3, computation enabled potential shifts in how students viewed
mathematics, specifically in that mathematics went from a single solution, single pathway
approach where the goal is to follow rules and procedures to a discipline where it was possible to
have multiple approaches, and students could learn through meaningful discovery and exploration.
Claim 5 will place the focus on how students shifted away from the view that doing mathematics
necessitates a linear progression of steps, and the new mathematical habits and problem-solving

strategies that can be implemented because of coding and computation. Many of the students’ prior
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mathematical experiences informed their view of mathematics specifically in that linearly solving
a mathematics problem meant that if there was a stuck point at a step within the process, no more
progress could be made. Students referenced bashing their head against the wall or becoming
highly frustrated in those situations. However, computation enacted through coding was able to
challenge this notion and students were able to adopt some of their problem-solving strategies from
coding to the mathematical context. Some of the different approaches included modularization of
the problem, iterative solution methods (where an initial base case is contrived and then expanded),
and finally the ability to test their solution along the way, even if it was not fully complete. The
difference between the testing described within this claim and experimentation through prediction
and reflection cycles described within Claim 1 was that testing did not necessitate a prediction. In
fact, sometimes students were unsure of the result but were willing to try a new approach. Through
challenging the linear problem-solving progression and being able to modularize code as well as
break down the problem, students were able to take a series of smaller risks within the problem-
solving process — rather than feeling the weight of having a ‘large’ risk taken within typical
mathematical contexts. Although these areas have been delineated for sake of clarity, they are in
fact entwined in nature, hence why they are all under a sole claim. Consider the reflection that Jack
provided about mathematics and coding:
In mathematics, it's almost like you get to the point where you know what to do and then |
- it's a ball falling down a hill. Just once you set everything up the right way, everything
just sort of falls into place. But with coding, I think of it as a lot more modular. Or maybe
you'll get one part that runs properly, but then this next chunk of code breaks, and so you

have to do it in little bits at a time.
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Within this excerpt, Jack spoke about his view of linearity in mathematical problem-solving,
modularization of problem, and the ability to break a problem down and try different approaches.
To begin with, the analogy of the ball down a hill gives rise to a linear view of the mathematical
process. It evokes the imagery of a continuous path as a ball (without any external forces acting
on it) will not roll to the middle of the hill, go back a little, then continue to roll down. Rather, it
simply rolls down the hill, in the same way that students describe their engagement with
mathematics problems as following a series of steps, and if you miss one step you cannot continue
to make progress. Additionally, he described the modular nature of code. While this was not given
in the context of using the code to solve a mathematics problem, it highlighted the affordances
associated with code which gives rise to the potential of this being leveraged for mathematical
tasks. Finally, another association with the code is the ability to do it in little bits at a time. He
discusses how there are different parts within a larger problem, and he can both build and test his
solution in pieces. This sets the stage for a deeper dive into these opportunities for different
approaches when solving mathematics problems.

Expressed Linearity of Mathematical Problem-solving

Many students expressed a view of mathematics that was governed by a set number of
steps. Olivia stated that when she is solving mathematics problems, “you have a set number of
defined steps that your professor tells you to do, or certain things to look for.” Within this view,
mathematics has a rigid structure that is defined by the instructor and students are supposed to
follow this progression. Therefore, it makes sense that if you miss a step, you cannot continue to
engage in the problem. As shown earlier, I1zzie had a similar view of mathematics because “you've
got all these steps and then you forget how to do a step and then you can't do the problem and you

get really frustrated. ” She described mathematics as a linear progression of steps and highlighted
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the frustration that she felt when she hit a stuck point. This view was also highlighted in comments
such as when Colton stated his frustration with mathematics was “having to remember all those
little rules and tricks ” or when Harper discussed her mathematics course and how she had to learn
the “tricks. ” Further, for her to learn it she needs repetition. Nate also emphasized this repetition
and learning the steps to avoid “bashing [his] head into a wall.” Many of these views came about
when reflecting on the relationship between computation and mathematics, and specifically when
students emphasized different computational and coding practices they leveraged during the
experience. When describing mathematical practices that they engage in, the linearity of
approaches also arose in terms of following examples. For example, Micah stated that when
working on his mathematics homework: “I base a lot of my stuff on like examples that we've given
in class. So, | usually have just my notes, like literally right in front of me, and I try and find
whatever is closest to that. ” Multiple students expressed similar viewpoints which highlighted this
sequence of steps, similar to the prior claims.

With the rules and tricks previously described many times the mathematical process was
needing to agree with the mathematics instructor’s method. Nate noted how math is “a bit more
procedural ” and how there is “‘some sort of set way you're supposed to solve most problems.”
While this does not directly indicate a linear progression within mathematics, what is solidified is
that there is a certain way mathematics problem should be solved, and drawing on other students’
statements this also typically indicates a certain path or number of steps to take. The way in which
the subject, the students, interact with mathematics is governed by their view of the nature of
mathematics and the perceived rules that are present within the structure of solving mathematics.
This also poses potential problems for mathematical creativity. One of the key dimensions is risk,

where students take an action where the result is unknown to progress the problem-solving process.
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If the view is that mathematics must be done linearly and in a particular way then when they hit a
stuck point, that piece must be resolved before progressing. For example, when Jack was
describing a homework problem, he mentioned how he continued working on this complex
problem up until he hit a certain point. Despite his different attempts, it was “unsolvable ” for him.
From this point he went to his instructor for help to be able to make forward progress because he
said that he was unable to progress until that happened. However, within the observations the
difference was how students could leverage coding and computational practices within their
mathematical approaches.

Computation and coding were something that could challenge this step-by-step and
linearity assumption. Consider the following excerpt from lzzie:

And because you're going through it a bit, like | was saying, with the maths problems, you

have to go at step by step. And even though with code you don't have to do it quite step by

step in the problem, the same when you are writing the code, you still have to follow that

step by step. And if you don't know what the code is doing, you can't use the code to do a

problem in the first place.
Note that while she does view mathematics as a linear flow, the code is something that you are
able to work on in a different order. The caveat is that when reading code, or evaluating the code,
it still needs to be viewed in a sequential order. This provides the opportunity to view a problem
and potentially break it down into pieces that do not need to be solved in a linear fashion. This is
a key opportunity, as this is one of coding strategies that students were able to adopt and bring into

their mathematical habits.
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New Approaches in Student’s Mathematical Habits

Throughout the different modules, students engaged in mathematical habits that differed
from those that they expressed during the initial interview. It is not that every student adopted each
of these practices, but rather that these were different mathematical habits that students engaged
in due to the computational environment. Students engaged in modularization, where a problem
was broken up into independent chunks so if a problem was encountered, it was not a dead stop to
all progress as previously described. Other habits included testing new ideas within the code, even
if a student did not have a prediction, as students were willing to take risks within the code.
Additionally, students could test a solution along the way rather than waiting to check the final
answer. These habits advanced the students’ mathematical problem-solving and also may be built
upon in various ways to promote mathematical creativity.

The modularization of the code was something that students could leverage when working
through the modules. Specifically, they could break apart a problem into smaller subparts that were
independent of one another and could then be integrated to form a solution. Jack had noted that
within the computational mathematics:

It's easier to just work on one part at a time, individually, get those parts kind of working,

and then put them all together and see if anything falls apart then or if you get a final

product that you're looking for.
In doing this, he and his group were able to break apart the problem into different portions, work
on those pieces individually, and then combine at the end when they were done. This was seen
across numerous observations, as one of the first steps when engaging in a more complicated
problem was to start at the board and actually write the pseudo code or the general outline to a

problem, an approach that was directly from their introduction to computational modeling course.
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From there they would approach the problem in pieces and work together until they felt satisfied
with the solution. His other groupmates also reflected on this in their final interviews as lzzie stated
that,

Actually, you do need to be quite creative when you're doing it [math] with coding because

as we've done on the whiteboard so many times, there's a lot of planning that you need to

do to get in. You know can't just have the idea, you've got to plan it, pseudocode it.
Harper and Theo also made similar comments that focused on breaking down a complicated
problem on the board, parsing it into different steps, and being able to work on the different pieces.
Note that once again this portion of the claim is coupled with the introduction to Claim 5 because
there cannot be a modular approach to a problem that must be solved in a linear fashion.

The element of modularization is also reflected in students’ ability to break down a problem
and work on the problem piece by piece. For example, Alex detailed one of his computational
practices during difficult or larger problems was to “reread the question and kind of try to break
it down a bit more into smaller parts.” This approach was noted across observations within
mathematical contexts such as when developing matrix multiplication code and starting from the
inmost calculation and working his way outwards, adding complexity as he went.

One of the affordances of coding as noted by participants was the ability to test ideas within
the code. This meant trying new mathematical approaches within the code, but also something
more. Students seemed more willing to take risks in their problem-solving and try novel ideas
when working in code than with pen and paper mathematics. For example, consider Nate’s
statement about this:

| feel like at least with my experience, | find coding to be a bit easier because | could - |

can solve a problem and then I could think of a way that | could break my code, and then
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I goand I try to fix that, and then | can immediately test it. | can just hit run and if it doesn't
work, | have to figure out why it didn't work. | feel like the feedback is much, much faster
with coding. I, I like, I like doing that, you know? I don't know, sometimes when | get, when
I'm doing a math problem and I get to a point, | just feel like I'm bashing my head into a
wall. So, I just can't quite seem to figure out what I'm doing wrong and then, yeah. and
sometimes it's really hard to, to figure out what you did wrong, and you can look it up and
you may not find out what you're doing, which you, what you've been doing.
Within this excerpt, Nate specifically highlighted how students were able to get instant feedback
from coding. This was due to potential error messages that they receive if some syntax failed or
there was a logical error. This is compared with mathematics where he hits a point in the process
and cannot advance. Note that this is a different cycle than what was described earlier because it
is not mathematical prediction and reflection that allowed for the risk taking but rather is
operationalized through the feedback mechanisms built into coding environments. These helped
orient Nate to his potential errors and note that he stated, “/ can just hit run.” There is a lower cost
implied because as Nate said, it is simply a push of the button where the code will execute and
provide feedback. Of course, this feedback will not necessarily indicate whether the mathematical
assumptions and problem setup are correct, only whether the code was able to fully execute.
However, as seen by many groups when they encountered errors in the code, there was often an
underlying mathematical error.
The ability to test within the computational environment, even if not coupled with an
explicit prediction, was a key part for some students engaging and learning the mathematics. This
is in contrast with Claim 1, where prediction and reflection cycles were one of the structures in

which experimentation occurred, especially during the matrix transformation module where
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students explored how different matrices altered an image of a cat. For example, consider the
following excerpt from Micah’s final interview when he was asked what helped him push his
mathematical thinking:

Micah: Uh, | mean, it's, it was also sort of like the examples helped push it a lot or like just
like, um, whatever, when it came to like the cat images or like transforming things or
changing those matrices. It was always just like looking at what happened whenever |
changed the matrix and then always thinking back on why it happened almost. So, like I'd,
I'd always try and like, just play around with matrices until finding something that worked.
Sarah: Mm-hmm. So, how did you go from kind of like the element of like playing around
with them to figuring out oh, okay. It's because | had something here that the cat image did
this, or now it actually looks like a cat or something like that.

Micah: Yeah. Um, I dunno, it was sort of just like, oh, well, if you change like the value
from like, you know, zero to like one and then one to negative one or something, just
whatever that did to the image. Just like, | feel like 1 just like broke it down to the steps
about like, okay, well, if I change the number here, what does it do? Like the overall
equation. And so, you know, | had to do like several trials in like seven or eight to find out
like, or what each value in the matrix changed and like a graph or something mm-hmm.
And so, it's like, it came down to a lot of trial and error when | was like first try to figure
out matrices and solve them because it's just like, all right. I just gotta like guess a little bit
about what's going on and then eventually I'll put it together. So usually, I could piece it
together towards the end, but like, it was always just learning matrices. | just gotta like
brute force it for a little bit. So hopefully works.

Within Micah’s experience, he described a similar pattern to other students when engaging in the
experimentation through prediction and reflection; however, he used the terminology of trial and
error. This is because during the observation he had started with an initial trial where he was testing
a matrix but did not record a prediction and then continued through the cycle of testing different
matrices within the same code cell. When reflecting, he noted the ease with which he could change
a number and see the result. In doing this, he could test his different ideas — even if there was not
an explicit prediction component. The coding element with visualization allowed him to employ a
“brute force trial and error” approach. This would not have been doable on pencil and paper, as

he was able to perform numerous different trials, thereby highlighting how the coding environment
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supported this method of engaging in the mathematics. He was able to build on this method and
engage in reflection for abstraction, and when he was asked why a certain matrix produced a line,
as shown in Figure 4-14, he stated, “I think if I had both the values here (MOving mouse across
each row of the matrix) it's just like expanding in the same direction. It’s the same thing on both
sides.” This was not a part of an explicit prediction and reflection cycle, rather it is the result of
trial and error, and looking for changes in the system based on changing the inputs. It highlights
how Micah was able to test in a computational environment and try things that were unknown at
the time. Then he reflected to bring about a mathematical understanding or advance his problem-
solving process.

Figure 4-14: Micah’s trial where the cat is projected into a line. He reflected on the output,
along with prior trials, to determine the mathematics of why this occurred.
Trial 1:
In [22]: check = [[3,2],[3,2]]
print(’'Transformation Matrix: ')
sym.Matrix(check)

Transformation Matrix:

What | think it will do: put thoughts here

In [23]: plotTransformation(p, check)

15

— Scaled
Original

10

X2

-10

-10 5 0 5 10 5
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Across multiple students there were shifts in mathematical habits in comparison to the
habits and world-images of mathematics with which they entered. This is not to say that all prior
mathematical habits were abandoned, but rather, there were simply more tools and strategies for
students to engage with. As discussed, students now had ways to break a problem down into
different parts and therefore not experience the same level of frustration with some of the sticking
points within a linear interpretation of mathematical problem-solving.

LIMITATIONS OF COMPUTATION ENACTED THROUGH CODING

The previous claims have highlighted the potential pedagogical power of computing,
enacted through coding in a creative environment. However, it is important to highlight some of
the limitations that computing has with respect to mathematical creativity. First of all, as
previously discussed lIzzie reflected,

And because you're going through it a bit, like | was saying, with the maths problems, you

have to go at step by step. And even though with code you don't have to do it quite step by

step in the problem, the same when you are writing the code, you still have to follow that

step by step. And if you don't know what the code is doing, you can't use the code to do a

problem in the first place.

Izzie highlights one of the constraints of when students are asked to engage in computation and
are given prewritten code. If a student does not understand the code, then they are unable to use
the code. This can lead to the aforementioned ‘pushing buttons.” Further, 1zzie highlighted that
when solving a problem, you do not have to go step by step, when writing the code, you do have
to. The code needs to be written in such a way that a computer can follow the instructions. While
there is the possibility of returning a dummy variable or another argument to proceed in the code

writing, when working with computation enacted through coding, the computer still follows a
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serial set of commands. Therefore, there are still limitations about understanding the code and
potential linear code writing methods.

Further, computation on its own does not guarantee opportunities for flexibility within
mathematical creativity. For example, as Olivia worked by herself to complete the modules, she
reflected,

So it wasn't, there wasn't a lot of people for me to bounce off ideas from, and | couldn't

really hear a lot of different ideas either. And along with that, this is all stuff that | haven't

seen before, so trying to apply stuff that | haven't seen before, but I'm trying to understand
and then apply it to code, but not really knowing what it should look like. That kind of was

a little difficult.

Within this quote, despite engaging in the computation, Olivia did not have other group members
to develop alternate solution pathways. Therefore, even though coding offers multiple ways to
code a solution, she did not have the same opportunity as others to see different problem solving
strategies. Further, Olivia exposed one of the most critical limitations of computing enacted
through coding. When working with mathematics and computational processes enacted through
coding, there are multiple key portions of the problem-solving process. It is important to
understand the mathematics, the coding syntax, and how to take the mathematics and turn it into
code. Oliva noted that she did not know what it “should look like” and this is a difficulty. Olivia
reported having overall meaningful experiences within this study, but within this quote she
highlighted a significant limitation of computation as a pedagogy because there were so many parts
to the problem that she had not seen before. Within a classroom context, this could be
overwhelming for students and also placed a high cognitive demand on students. While these were

not a complete list of the limitations of computing, it is important to understand the nuanced
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complexities of introducing computing for mathematical creativity. In light of these claims and
limitations that arose in the data, it is important to revisit the guiding research question.
ANSWERING THE RESEARCH QUESTION
The findings and claims that resulted from the analysis have been thoroughly expounded upon in
the prior sections of this chapter. This next subsection will use the prior claims to answer the
guiding research question presented within Chapter 1 and will proceed in the following format.
The research question will be presented, followed by a detailed answer based upon the prior claims
and supplemented by additional participant reflections.

How can computation enacted through coding provide opportunities for students to

develop and express their mathematical creativity specifically in the context of learning

linear algebra?
As indicated in the claims, there are multiple ways in which computation enacted through coding
can provide opportunities for students’ mathematical creativity. The first of which is through
engaging students in experimentation through prediction and reflection cycles. As discussed in
Claim 1, these cycles encouraged students to ask “what if” questions and to engage within
experimentation. Students were able to follow their intuition and curiosities. These cycles thereby
support the development of students’ originality, risk, and elaboration. Students may have had a
prediction, but it was not guaranteed that the prediction was correct. Further, when they made
suggestions of potential solutions or ideas to try, they were taking a social risk. However, by having
students decide how to approach some of these experimentation pieces and then having them code
their solutions, it allowed for the development of meaningful connections between mathematical
ideas, such as the matrix transformations. By using code, the students were the ones in charge. It

was not that they were just copying down notes, something that many of them associated with
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mathematics. Rather, they were actively trying different ideas and the process of coding
empowered them. For example, Nate felt the code “helped [him] get a better understanding of it
[the mathematical concept]” and Olivia noted that part of the reason why she enjoyed this
experience was the modules did not just focus on content coverage. Rather coding “lets you learn
on your own, experiment with stuff instead of just being told like, oh, this is a rule in mathematics,
and you should just follow it and we're not really going to talk about it.” For Olivia, the actual
computational environment was what enabled this experimentation and so this is one of the key
affordances for mathematical creativity. As noted by other students, this is partially due to the
ease in which you can run an experiment. For example, Jack brought up:

And so, | think it helped with it being iterable where we could just try this idea and this

idea and this idea instead of having to take the five minutes in between to erase everything,

write it out again, do all the steps.
Having the code execute the steps rather than having students erase and do everything by hand,
which allowed students to focus on the conceptual pieces and pattern recognition which ties
directly into elaboration. The focus could be on establishing meaningful connections rather than
solely having to do arithmetic over and over.

The prediction and reflection cycles also supported the development of multiple
representations. As visualization (both physical and mental) is a key element of mathematical
creativity, this affordance is extremely important and one of the elements that students continually
reflected on during their final interview. For many groups, the determinant module had them
continually bridging and connecting their code with the output produced. The modification of the
code led to the determination of multiple cases of linear (in)dependence where they then pivoted

to make connections between the concepts they had already encountered and the code output. This
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enabled for a natural bridging between the graphical, algebraic, and numerical understandings of
a determinant. This is one of the particular strengths of these specific modules but more broadly
within computation enacted through coding. Many programming languages have supports built in
for visualization which allows students to plot different objects that were previously unattainable
by hand. Further, the act of coding coupled with students’ control over the representation enable
not only originality but also constant maintenance of multiple representations.

The physical visualization capabilities of coding were another affordance that is highly
beneficial for mathematical creativity, as detailed in Claim 2. Even students such as David who
had already taken a linear algebra course remarked on how helpful and intuitive this was, and
something that was missing from their courses. Harper noted how the visualization was really
helpful for her, and the examples she gave were linked to different prediction and reflection cycles,
such as the following quote:

| think I really liked when you included some sort of visual where we could graph it and

see what happens. So, you could actually see what putting in, inputting different values.

The Roomba one, | think it was on the last one, how you could input different values and it

would end up at different spots and stuff like that. So definitely visualizing is better for me.
Visualization was not limited to just plots but also the way in which intermediate steps can be
output within the code, or additional displays can be added. As Nate noted when asked why he felt
Python was beneficial for his understanding:

Being able to visualize stuff, honestly. Cause being able to, | guess take two vectors and

then make some nested for loop to show that it actually can reach basically every point in

R? or R™. Then graph it and see it visually is really interesting.
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Within this quote, Nate is highlighting both the power of being able to graph and develop plots of
ideas is helpful, but there is even more. The visualization that the code has and the outputs that are
made is something that is unique to the coding process, and yet students found highly beneficial.

The outputting of different parts of the problem allowed for visualization, but coding and
computation also enabled new mathematical habits and strategies, as discussed in Claim 5. Many
students viewed mathematics as a linear path with a fixed number of steps given by the instructor.
On the contrary, coding was something that although it was executable in a sequential order, it was
able to be modularized. Students could develop different parts of code and then test them
individually and reassemble. Further, during this process coding gave quick feedback through error
messages. This enabled students to take a series of smaller risks along the way and then test their
code as they created it. This supported students’ originality in being willing to follow their ideas,
but it also developed some of their mathematical risk taking because it minimized some of the
arithmetic work while also allowing for quick inquiry. Once again, the coding environment
supported the development of mathematical creativity.

Although many of the structural pieces of coding and computation allowed for different
engagement patterns, there was also a relational component to the ways in which computation can
bolster mathematical creativity. This relational component was at the core of Claim 3 and Claim
4. Many students had prior mathematical experiences that left them questioning their mathematical
capabilities. The computation was a new environment where they could have their confidence in
their computational abilities actually mediate their mathematical self-view. For example, both
Kylie and Ivy developed a resilience in their mathematical problem-solving due in part to their
computational world views. Both articulated a notion of debugging within coding and how the

problem-solving process rarely goes perfectly and smoothly. They were able to use these views to

141



then continue on with the mathematics, and they arrived at a point where they were excited to
continue and even thought of ways, they could extend what they learned to new domains of
mathematics. This is a crucial affordance of computation for mathematical creativity. If a student
has a view of mathematics needing to be perfect or in a linear fashion, like the discussion in Claim
5, then it will be highly difficult to take risks or engage in originality. Further, if the student finds
the math intimidating, then it is easier to disengage to protect themselves, or follow the path for
that specific problem. This then stunts elaboration and other elements of mathematical creativity.
Therefore, the norms associated with their coding experiences, and it being a new environment to
encounter mathematics, allow for a greater chance of fostering mathematical creativity.

Students’ relationship with the discipline was also mediated by coding, as the
computational experience had the potential to shift student’s mathematical views. Mathematics
was no longer perceived as being a single solution, single pathway discipline composed of rules
and procedures for students; rather, the process of doing mathematics was opened to exploration,
multiple methods, and meaningful discovery. There was a marked shift from doing mathematics
by following a specific set of steps to centering mathematics on exploration. Once again, this was
mediated by the norms associated with computing, but also the inferred freedom that computation
brought. Students reflected on how coding enabled the testing of ideas, and this allowed them to
be in control and think through all the possibilities. Differences in coding styles and ideas allowed
multiple solution processes that were simultaneously correct. The coding allowed students to take
a more active role within their learning, but more specifically the code highlighted the ways in
which they could conceptualize a problem and develop an approach. When reflecting on the

modules, David stated,
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| think it requires more creativity to actually write a code that's going to matrix

multiplication. | think it's a lot easier to be given two matrix matrices and multiply them

than it is to write a code that can multiply any two matrices it's given, which is what we

did.

When writing the code for these mathematical concepts, there were multiple ways to approach a
problem, and David’s statement highlights how the abstraction that is necessary in coding actually
requires students to be more creative. Across the different claims, student voices have expressed
similar conceptions.

It is important to note that these claims are in the context of computation enacted through
coding, and specifically within a creative environment. Nonetheless, together these claims and
student voices highlight the potential that computation has for mathematics education.
Computation enacted through coding can provide structural mechanisms such as the prediction
and reflection cycles that scaffold mathematical creativity while also allowing for new social rules

to mediate students’ relations with the disciplines.
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CHAPTER 5 - DISCUSSION, IMPLICATIONS, AND CONCLUSIONS

The work presented within this study seeks to understand how computation can be
integrated into the undergraduate mathematics classroom, and how this has the potential to develop
opportunities to foster mathematical creativity. This chapter is focused on developing further
nuanced understandings of the claims presented within the results section and highlighting the
potential implications for research and pedagogy. The chapter will proceed as follows. Initially,
each of the mediating factors from the CHAT framework, including the instrument, sociocultural
practices and rules, and the division of labor as seen in Figure 5-1, will be discussed in light of the
prior claims and situated within the literature. I will then argue for the multiple research,
methodological, and pedagogical implications of this work. This is both for the mathematics
education and computational education fields and includes the challenging of deficit narratives,
answering the call for the exploration of the relationship between coding and mathematical
learning, and novel ways for students to engage in linear algebra that promotes an intuitive view.
The chapter will conclude with the limitations of the study and the future directions.

Figure 5-1: Cultural-Historical Activity Theory (CHAT) framework where the solid teal lines
indicate a direct interaction and dotted lines represent the mediated interactions.
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DISCUSSION

As the CHAT framework provides a nuanced and detailed understanding of the complex
inner workings of the activity system of interest, this section will first begin with a discussion of
how the computational modules mediated students' mathematical understanding. Specifically, how
the prediction and reflection cycles, coupled with the multiple representations, fit into the larger
mathematics education discussion. Following this, the mediation of the sociocultural rules within
the study will be discussed in terms of student’s mathematical world-image, self-image, and
mathematical habits, and specifically how these build on and provide new avenues for much of the
inquiry-based learning projects. Finally, I will present a discussion of how the division of labor
mediated students’ mathematical understandings and actions where, in light of the results, I argue
that coding is not enough to guarantee creativity, a call that the mathematics and computational
education community needs to take seriously when considering the broader scope of this work.

Mediation of the Instrument

Engaging in coding enabled students to experiment with mathematics and create multiple
visualizations of concepts, which provided unique opportunities for advancing mathematical
creativity through originality and risk-taking. This in turn advances our understanding of the
relationship between coding and mathematical creativity, a connection previously unexplored in
the field of mathematics education.

By using coding, students were able to engage in originality and try new approaches to
their mathematical problems. During exercises such as working with linear transformations,
students used the provided code to explore mathematical patterns thereby providing the basis for
future explorations. Students also used the computational notebook to insert a new cell and expand
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an existing piece of code or develop new code to pursue their inquiry. The prediction and reflection
cycles in Claim 1 highlight the ways in which students experimented and tried different approaches
with mathematical concepts to advance their problem-solving. A common question that arises
within literature and practice is whether coding is necessary for mathematical learning, or whether
an applet would be enough to produce the same opportunities (Grover et al., 2019; Wassie &
Zergaw, 2019). Within this study, this develops into the question of whether interactive graphics
could provide the same opportunities for students to foster mathematical creativity. Although
researchers have found that students can engage in experimentation through provided interactive
modules, only through the coding do students have full freedom with originality (Liang & Sedig,
2009; McDonald & Stewart, 2023). When engaging with the applets and prefabricated tools,
students were confined to engaging with the applet in predetermined ways or were only able to
modify a subset of features. This thereby constrains how the student can use this tool and what
potential ideas they can explore. In comparison, this study highlights how, by engaging students
in coding, students were able to follow their own line of thinking and either appropriate the tool
or develop a new tool in the context of coding to explore the mathematical object of interest.
Students cannot engage in complete originality unless they have full access to the inner
workings of the program and can expand upon any direction that they would like to pursue.
Students within the study highlighted how the transparent nature of coding aided in developing
their mathematical understanding and the ability to follow their own ideas. Specifically, they could
read through the provided code if they wanted to dig into a particular concept or could modify and
adapt the code for new situations. The difference between the impacts of given code and

developing code is exemplified in Harper’s reflection, where she stated,

146



| think being able to do it myself definitely helped me understand the math a bit better
because | had to figure it out and get it to work in my brain. I guess figuring it out on my
own was helped me understand it more than when we were given it and had to read through
it... it [coding] was a bit broader [than math] and you could pull anything. How |
connected Matrix multiplication, and the dot product were very similar and things like that.
| definitely think it led to more exploration.
Within this quote, Harper highlighted how she learned more when she was able to develop her
own code. Further, within the coding she drew from multiple disciplines, experiences, or different
coding tools. She attributed this feature of coding to developing opportunities for exploration.
Once again, the coding environment and tool created conditions of freedom in how the students
could use the code because they were able to add any sort of modifications or create a new cell
and develop their mathematical hypothesis. When working in other environments students were
often limited by the ways in which the designer anticipated students interacting with the tool,
thereby constraining their creativity (Resnick, 2013). In coding, students are able to follow their
own ideas and interests, a key connection to mathematical creativity.

Students used the computational module to test their predictions rapidly, thereby seeking
patterns and connecting between different mathematical concepts. This is exemplified both within
Claim 1 and Claim 2. The ability to test predictions, or abstract different matrix transformations
has been noted within prior research on Inquiry-Oriented Linear Algebra (IOLA) materials
(Andrews-Larson et al., 2017; Wawro et al., 2019). However, the code that students developed
during this study provided a much quicker response time, in comparison to students having to

manually sketch out matrix transformations. Coding enabled students to test their ideas much more
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quickly. Further, as the cost to try different matrices was minimized, students were able to try
different matrices quickly and repeat the process in order to derive connections and abstractions.
Further, as noted within the observations, many students began to alter the code to either
personalize the plotting routine or pursue different mathematical ideas such as affine
transformations. The students used the scaffolding to expand out their ideas and pursue new
approaches with regards to originality, and take risks more easily, thereby highlighting the ways
in which the tool mediated their engagement with the mathematical and computational ideas.

By using coding, students needed to engage with multiple representations while they
coordinated both the lines of code and the output of the code itself, since their computational idea
or abstraction was represented in both forms, as detailed in Claim 2. Using tools gave students the
opportunity to coordinate among multiple mathematical representations. While prior work noted
the potential area for students to see the different representations as disjointed and existing as
separate entities (Castle, 2021; McDonald & Stewart, 2023), this study highlighted how when the
students wrote code, or had the code open to view, and used the coding platform, the students were
able to see across the multiple representations and develop a coordinated view. Students increased
their mathematical flexibility through encounters with concepts in multiple forms and
representations, which allowed them to approach problems in a variety of ways. Further, as the
outputs could include numerical, algebraic, and graphical output, there was opportunity for
visualization. However, this goes further. When students engage in the coding process and develop
their own visual representations, they create personal conceptual visualizations, as with the
example of the determinant in Claim 2. Students' personal mental conceptions transform the way

in which they use the tool and relate the tool to the mathematics. This work highlights the ways in

148



which computation enacted through coding can mediate students’ mathematical understandings
and provide novel ways for students to engage with the concepts while simultaneously promoting
mathematical creativity - specifically in the ways that coding may provide more opportunities for
developing creative environments when compared to traditional applet-based applications while
simultaneously promoting connections across mathematical representations. This work provides
the forefront of developing more nuanced affordances of the computational environment, allowing
for the development of richer research and pedagogy.

Mediation of Sociocultural Rules & Practices

As noted within the theoretical framing, the sociocultural rules within CHAT are quite
broad, and incorporating the additional framework provided additional refinement to the
understandings of some of the implicit and explicit rules surrounding how the students interacted
with their communities and the mathematics. Once again, mathematical world-image refers to how
students conceptualize mathematics, its role in the world, and what it means to do mathematics.
Mathematical self-image denotes how students relate to mathematics, their believed self-efficacy,
and their mathematical identity. Finally, mathematical habits are the habits that students engage in
based upon their beliefs about the mathematical world-image. These dimensions govern the
perceived rules that regulate how the student engages in these mathematical modules and with the
linear algebra concepts.

Mathematical World-Image

Engaging in mathematics enacted through coding changed student perspectives about the

nature of mathematics, specifically shifting the view from a single-solution, single-pathway

discipline to one that involved exploration and meaningful discovery, a shift that is sought after in
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literature (Boaler, 2018; Selbach-Allen et al., 2020). This shift thereby facilitated greater ease to
students engaging in flexibility, risk, and originality, something not captured within the literature
on computation and creativity. By challenging the assumed norms about what mathematics is, and
what it entails, the use of coding enables students to have multiple opportunities to foster
mathematical creativity rather than restricting students where they see mathematics as a boring
and dead subject (Boaler, 2018). As detailed in Claim 3, students such as Harper entered into the
study with a perception that mathematics as a discipline centered on getting the formula, plugging
in the ‘right” numbers and following the previously established steps. This view of mathematics
and the ways in which students had to engage in their previous mathematics as a result restricted
student originality, and there was no true risk in approach as students had already seen all the
approaches thereby hindering mathematical creativity. The formula was given by the instructor,
the goal was to find new numbers, and then the student was supposed to simply plug in the
numbers. This left no room for the student to try new approaches towards a problem, and
specifically no incentive to do this. The coding experience countered this, as many students
commented about the creativity in choosing how to solve a problem. Harper noted that she was
able to bridge knowledge from different courses and try to incorporate what she has seen in new
and innovative ways. Further, when students described mathematics as a single pathway, it stymied
any potential mathematical flexibility. The sole-solution view of mathematics problem-solving
blocks flexibility because flexibility inherently requires multiple solutions. As students noted,
coding challenged their sole-solution views, because it opened multiple pathways through choice
in variable names, coding approaches, and solution steps. Although variable names may seem

trivial in comparison to the other choices, having this freedom was something that students
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repeatedly emphasized and allowed them to be in control. While the overall approach could have
been similar, or utilized the same mathematical phenomenon, the implementation of their solution
path would almost always be unique. When students acknowledge this difference, then there is
deviation from the perceived universal answer that students may search for. In turn, students began
to acknowledge multiple solution paths, and this was reified within Claim 2, as students developed
multiple representations of mathematical concepts, thereby allowing students to develop
approaches and solutions along with different representations. These modules leveraged the
perceived freedom that coding affords (Isomottonen et al., 2020) to change the norms surrounding
what mathematics is, thereby developing new opportunities for risk, flexibility, and originality.
At the start of this study, some students demonstrated the viewpoint that mathematical
creativity is for a gifted and select few and that mathematical creativity can only arise within the
context of mathematical competence. This view persisted through the study and was still implicitly
embedded within some students’ conceptualizations. A subset of students openly discussed the
need for mathematical knowledge in order to be able to engage in mathematical creativity. They
held the belief that to be creative in mathematics, you must have a baseline competency established
or already have mastery of the subject. For example, Nate detailed an account of this during his
final interview and stated:
| think it [mathematical creativity] all comes down to experience, honestly. The more you
know about something, the more creative you can be with it. In my opinion. | would say
that math is a little bit more procedural. You may look at a problem and there may be two,
there actually could be a lot of solutions, but you're not going to know about ‘em until

you've learned about some new concept or whatever.
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Nate highlighted how when students consider mathematics to be procedural, then their creativity
is constrained until they have achieved mastery. He stated that to be creative, you have to first
learn the concept before engaging in this creativity, a sentiment that echoed the origins of Poincare
(1906) and others who advocated for mathematical creativity being for a select few. There is a
notion within mathematics, that in order to explore in mathematics, you must be good at it.
However, as noted within the results section, students did not have the same concerns surrounding
coding. This sentiment and view were echoed by Jack:
| think at least with the way that | work on problems, | tend to notice more creativity in
computation because | just don't know enough mathematical stuff to be confident in my
ability to try a different method and have it be correct. Especially when you get into the
more specialized forms of mathematics. | normally just the one method to solve this type of
problem, I do it because it works.
Jack expressed his concern over trying new methods and being correct. While this can relate to
Jack’s mathematical self-image, it is also important for understanding his mathematical world-
view. In this way, there is an implicit assumption of needing to be correct when trying something.
This may in part be due to the hidden messiness of mathematics that students experience during
lecture and within textbooks in comparison to coding where debugging is part of the norm. Within
mathematics, there is a notion that creativity needs to be preceded by mathematical knowledge and
ability. Jack expanded upon this within his initial interview by stating,
[Math] solutions are things that, you know, someone very smart came up with and unless
you're like, as smart as they are, you're probably not gonna come up with some new

solution to it. So, they're very much, okay, this kind of problem is solved by this method
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and it's kinda like a lock and key thing where you have to find the, the thing that matches
up with the, the question that they gave you. Not really a whole lot of room to innovate.
The very nature of the mathematical world-image of having a lock and key highlights the
restriction of creativity. If an instructor gives a student a procedure, then there is no incentive to
deviate because they have already discovered the key that works. Further, to do anything with
regards to mathematics, he noted that you must be smart to develop something novel or original.
Therefore, there is an implied notion that to excel in mathematics or be creative, it is for a sole
subset of students. In David’s initial interview he reflected,
| feel like you need the computational stuff down, which is why I think it's important that
calc is a little more computation based before we get into the proof-based stuff in linear
algebra. Because | feel like if you don't, if you're kind of shaky on your computation, you
shouldn't really be getting into like the creative part of math quite yet. | feel like you need
to have that down before you venture into the creativity.
Note that in this excerpt, David uses the word computation not in the same way that | have been
using it, but rather to denote the ability to follow a procedure or arithmetic. Therefore, he believed
that students cannot even engage in creativity unless they have the procedural portions down. Once
again participants demonstrated an assumption of mathematical competency as a necessary
precursor mathematical creativity. This view aligns with the ‘genius view’ of mathematical
creativity (Helson, 1983) and the inherent and dangerous assumption that there is a single best
solution path within mathematics which in turn limits student thought (Riling, 2020). However, as
noted within Claim 3 and Claim 4, by the end of the study the students’ world-image of

mathematics allowed for some openness and creativity, because of the coding environment.
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Therefore, this work challenges the genius view of mathematical creativity through students’ use
of code and aids students in viewing it as a process rather than an attribute, in line with similar
pushes within research (Karakok et al., 2018; Savic, 2016; Savic et al., 2017; Sriraman, 2009;
Yaftian, 2015).

An interesting observation is that students who expressed these views were all male. I am
not trying to make an argument for whether or not this occurs across all populations or whether
this is an artifact from the data for consideration. Conversations enforcing mastery before
creativity within mathematics did not arise within the interviews and reflections with the women
in this study. As the mathematical world-image is situated within sociocultural practices, this
observation questions how the introduction of the new tool thereby influences the rules
surrounding students within the activity system and how this in turn impacts the objective of
engaging in mathematical creativity. This observation raises questions and potential future avenues
to explore both in light of research and pedagogy. Current work probes how teaching for
mathematical creativity can enhance equity in the classroom (Luria et al., 2017) and this study
contributes how computation can be a tool used to assist this process, specifically challenging the
reified notion of mathematics being a single solution discipline for a select few.

Mathematical Self-Image

Coding and computation changed the rules of what it meant to be good at mathematics,
thereby countering students’ negative mathematical experiences and bolstering confidence in their
abilities. This is intricately tied with the changes in students’ mathematical world-images as
previously detailed. As student’s view of the nature of mathematics within the computational

modules changed, this provoked an affective shift in students because what it meant to be ‘good
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at math’ also broadened. As detailed in Claim 4, students became frustrated when they got the
‘wrong’ answer or when there was a focus on the speed of being able to solve a mathematics
problem quickly. These frustrations and findings are consistent with literature (Dunleavy, 2018),
as there is a dominant narrative that mathematics values the quickest students with the right answer.
However, this work is novel due to how student’s computational confidence mediated their
mathematical confidence. For students such as lvy, Kylie, and Nate, their computational self-
image focused on their ability to be able to problem solve and figure out how to implement their
ideas into coding. During the activities, they drew on this view to learn the linear algebra concepts,
and Nate detailed how he was able to leverage his knowledge of coding to feel more confident and
do more. By the end of the study, these students noted how they felt stronger in mathematics, less
intimidated, and able to expand their mathematical knowledge and try new things. Inquiry-based
learning (IBL) has documented some of the positive affective changes in students, such as
increased confidence (Laursen et al., 2014), and this is in part due to changing the nature of what
it means to do and learn mathematics, shifting the student’s mathematical world-view. However,
this study highlights how, by engaging students in activities that mirror tenants of IBL, the actual
coding itself and students’ computational self-image mediated students’ mathematical self-image.
There is very little work in the mathematics education literature exploring this phenomenon or
how computing can bolster self-confidence. Many student-centered approaches to learning have
resulted in documented affective shifts (Boaler & Staples, 2008). However, this study focuses on
how the introduction of computation and coding shifts students’ affective relationship with
mathematics, specifically due to coding. As noted, this was especially evident within cases such

as lvy or Kylie, where their confidence in their coding abilities mediated their confidence in
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mathematics. This study demonstrates the potential that computation enacted in a creative
environment through coding has, especially for those who have prior negative mathematical
experiences. Considering the ubiquitous nature of computing within STEM concurring with that
of mathematics anxiety, this specifically points to how the use of computing can aid in students
challenging negative affective beliefs about themselves in mathematics. However, this work does
not address the mathematical self-image for students who have technology or coding anxiety, and
more work is needed to ensure that computation does not become another source of mathematics
trauma. Nonetheless, there is a missing corpus of literature surrounding coding mediating students’
relationships to mathematics and none that explore it within a creative environment. This work
specifically emphasizes the need for a creative environment to development the space for these
affective shifts to occur and highlights the potential affordances that coding has for the
mathematics education community.
Mathematical Habits

The introduction of learning mathematics through coding and computation enabled
students to develop new habits to engage with mathematics and problem-solving, including
modularization and the intermediate testing of ideas and solutions. The transformation of students'
mathematical habits observed in this study developed directly from the shift in self- and world-
views discussed above. As students saw mathematics as no longer a single solution, single pathway
discipline, students like 1zzie could then engage with the code in a way that aligned with her current
conception of an idea. This is in contrast to following the step-by-step procedure that prior
instructors gave her. Again, students perceive rules for how to engage in the mathematical habits,

such as Nate’s articulation of the need to repeat multiple mathematical procedures to learn because
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mathematics is step by step. This in turn means that students' mathematical creativity would be
restricted because the habit would center on repetition and the need to repeat an identical procedure
rather than exploring how the mathematical algorithm could be applied to novel problems. These
mathematical habits are based upon the ways in which students view the nature of mathematics
and how they view themselves in relation to the mathematics. As a result of the profound shift in
students” mathematical beliefs through their participation in this study, their actions and habits
also shifted in ways that demonstrated increased creativity and more positive affect. This shift in
habits and actions were observed throughout the observations, and students’ actions corresponded
to the expressed change in their views during the final reflection and interview. As there were
demonstrated and sustained shifts in belief and action, then there is potential for the longevity of
the view of creativity within mathematics. Of course, this is dependent upon future mathematical
endeavors and the sociocultural rules governing those interactions. However, this provides a
historical perspective where students established a more positive affect with mathematics thereby
allowing for creative mathematical habits.

Mediation of Division of Labor

One of the most important elements of discussion is analyzing the division of labor within
the study, as the importance of groups becomes evident and highlights how coding is not enough
to guarantee mathematical creativity. On its own, computation is not necessarily enough to support
creativity. The division of labor is a direct mediation between the student and the mathematical
material. This means that when considering the ways in which students engaged with mathematical
creativity, coding and computation are not enough to guarantee the fostering of mathematical

creativity. This was further reified within this study, as one of the most important elements, as
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identified by students, was their group. Specifically, collaboration was a crucial part of the student
experience, and the opportunities for mathematical creativity through coding otherwise would not
been realized had this study focused solely on the experiences of individual students without any
relational framing or understanding. This sentiment is reflected and wonderfully summarized
within Jack’s final interview. When asked if there was anything else that he would like to add, he
reflected:
| think I've talked about pretty much everything conceptually at one point or another that
| thought was important. | did want to say, | think the group aspect of it is an important
part that I don't think it can be understated that this would've been a lot more I don't know,
frustrating, irritating, boring, annoying, or some negative word to do alone and just try
and stare at a computer screen and just mess around with stuff that you don't really know
what you're doing. And having people to just bounce ideas off of or think out loud to, or
just even not be entirely serious all the time and break the ice a little bit. It was important
for the learning experience in a way that I don't think necessarily gets conveyed just
through the results of the actual modules themselves.
Jack highlighted the different supports that his group provided and explicitly pointed out how
crucial these were for the experience. The work was not done where each student focused on their
module. Rather, the way in which the group accomplished the task implored discussing different
ideas, which enabled flexibility, and being willing to take risks and investigating pieces that were
unknown, enabling risk. The group allowed for multiple views and perspectives when trying to
learn the material which enabled different ideas to come to fruition. Further, Jack predicted it

would most likely have been a negative experience if it was just him, the module, and the code.

158



Jack identified that the if the sole consideration is the modules themselves, or only looking at the
computation within the modules, then a key portion of the learning experience would be missing.
This is one of the reasons why this work cannot be divorced from the context in which it was
enacted. To simply implement the modules as individual explorations would deny students the
opportunity to learn from each other as well as could mitigate some of the ways in which
computation mediated mathematical creativity. Further, the language shift that Jack highlights was
important. When working alone he stated that he would “mess around with stuff that you don't
really know what you're doing.” His description of working alone was no longer focused on
experimenting, trying new ideas, or exploring, all phrases that were used at one point or another
to describe his experience with the computational modules, but rather focused on simply messing
with stuff he didn't know. For the mathematical creativity to be fostered, the context in which the
computation was enacted was critical for Jack. He even stated that “it lets you be creative in a way
that's not just throwing code at a wall and seeing what sticks. ” This is one of the key points of this
experience is that students were able to engage in responsible risk and originality when supported
by their group.

Throughout the final interviews, nearly all students discussed the importance of groups
within the computational context, and the specific roles that the group plays within their learning
experience and enactment of creativity. The groups served multiple roles for students, including
generating alternate ideas and being a sounding board for potential explorations, and it also
provided students with a sense of community that oftentimes was missing from their prior

mathematical experiences, as detailed in prior claims. During Harper’s final interview, she
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repeatedly referenced her group. The importance of her group was reflected in her statements such
as:

But it was super fun to be able to work together and collaborate and then actually have it
work out and see things working and then being able to help others as well if they were
confused. And get help from others if I was confused... I definitely enjoyed, again, the
group aspect of it and being able to have, I think having the whiteboard and area where
we can work together was very nice too. It gave us different options to try and collaborate
either through code or through the whiteboard or just talking out loud and everything.

Within Harper’s experience, her group served many purposes. Her group was able to support her
if she hit a stuck point, and she was able to do the same for them. Further, the way in which she
engaged was not through coding alone, as the whiteboard and different collaboration options
allowed new collaborative opportunities to arise. While the group was still engaged in the
computational process, having the mediums outside of code was critical for their problem-solving
and developing flexibility. The computation enacted through coding would not be enough to
guarantee the development of flexibility and originality in Harper’s case.

Flexibility and the importance of multiple methods was a common theme across

participants. Allison specifically noted in her final interview that:

I liked the whole working with other people. It was nice to go in and you weren't doing this
whole thing by yourself and that you had other people, or if you got stuck, you could ask
someone and be like, hey, what did you do for this? Or just to get a different idea of the

different ways you can do things.
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She specifically accredited developing multiple solution methods to the group discussions and
being able to work with others; this was echoed by students including lzzie, Theo, lvy, Kylie,
Alex, Versha, Lee, and Nate. As previously mentioned, the computation and coding enabled
multiple solutions due to the customizable nature of code and how there can be multiple solution
paths. However, for Allison what spurred her mathematical flexibility was being able to work with
others. Therefore, the coding and computation were not enough for the mathematical creativity.
During the study, Olivia was by herself in a group since her groupmates had either dropped
out of the study or needed to switch groups due to scheduling conflicts. Working through the
modules on her own forced the burden of mathematical creativity to fall on her shoulders alone.
She stated,
| think the most challenging part was trying to take some of the information written in text
and then applying it to solve problems in code. And I think that might have just been also
because | didn't have a group which is fine. Yeah. So it wasn't, there wasn't a lot of people
for me to bounce off ideas from, and | couldn't really hear a lot of different ideas either.
And along with that, this is all stuff that | haven't seen before, so trying to apply stuff that
| haven't seen before, but I'm trying to understand and then apply it to code, but not really
knowing what it should look like. That kind of was a little difficult.
Within this excerpt, Olivia highlights how by not having a group, she had to generate all the ideas
and she had no one to collaborate with or discuss possible approaches. In doing this, some of the
dimensions such as originality and flexibility are stifled. Further, the experience was more
overwhelming compared to other reflections. For example, Nate discussed how when he was

confused about the mathematics, he could rely on his coding expertise and listen to groupmates’
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ideas. In this case, Olivia had to understand the new mathematics, the coding syntax, and how
everything fit together. This had the potential to cause frustration for students or potentially limit
risk taking. As seen in the observations, Olivia still took risks, but regarding the mathematics she
stated that:

You could still be kind of creative in how you approach problems. But for me, | only know

a set way. So sometimes it can be harder for me to be creative. But I've definitely learned

from this semester and then also from these modules that with computation, you can be

really creative in how you solve different things.
Olivia still had a positive experience and engaged in mathematical creativity through the study,
and she viewed mathematics as more creative compared to where she started. However, since it
can be hard for her to deviate from her set way, coupled with her not having any group members
that she could discuss ideas with, her case highlights why computation on its own is not necessarily
enough to support mathematical creativity.

The focus within this portion of the discussion is that students reported that other elements,
such as their groupwork, were crucial for their computational experience. The notion of
computation creating space to foster creativity cannot be divorced from the context in which it was
enacted. The tool, namely the engagement with the code and Python modules, would not have
functioned in the same manner if implemented alone. A few students did their modules
independently because they were sick or traveling. This was such a different experience than when
they worked in their small groups that they actually brought this up in their interviews. David noted
that it was easier to hit roadblocks when he completed the module on his own, and that there was

no one to be able to “fill in the gaps” so he had to “just come up with some sort of solution.” This
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is in contrast with his prior comments about the modules developing an intuitive understanding of
linear algebra and how he was able to play around with the code to see different effects.
Computation enacted through coding on its own does not guarantee mathematical creativity. This
caveat is extremely important for both the research and pedagogical implications, as it is known
that the intended curriculum does not guarantee the translation into enacted curriculum (Johnson
etal., 2020).
RESEARCH IMPLICATIONS

There are multiple implications for research that results from this study. This section will
detail the research implications for the Research in Undergraduate Mathematics Community, the
Computer Science Education Community, and Computing Education more broadly.
Answering the Call Within the Research in Undergraduate Mathematics Education
Community for Research on Computation and Mathematics

This work answers the call given to the Research in Undergraduate Mathematics Education
(RUME) community for research that explores the relationships between computing and
mathematical activity. As argued by Lockwood & Magarken (2021), compared to other areas of
undergraduate mathematics education, there is relatively little known about how introducing
machine-based computing affects students’ mathematical and computational thinking, and what
this means for developing equitable classrooms. Therefore, this work begins to answer several key
questions including:

e What kinds of affordances and barriers to student’s mathematical understanding arise
from the integration of machine-based computing into post-secondary curricula?
e What are examples of content areas and specific topics that are particularly suitable or

unsuitable in which to integrating computing?
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e Is it possible for engagement with computing in mathematics to change students’ views of
their own mathematical identities?
Each of these questions will be addressed using the work from this study, as well as contextualizing
the claim with the initial research that seeks to understand the relationship between computation
and mathematics in the undergraduate context.
What Kinds of Affordances and Barriers to Student’s Mathematical Understanding Arise from

the Integration of Machine-Based Computing into Post-Secondary Curricula?

The integration of machine-based computing into student’s post-secondary curricula
allows for the development of multiple mathematical representations thereby enhancing students’
mathematical understanding by being able to view mathematical concepts in multiple ways as well
as provides students with new tools that can mediate their mathematical understandings. While all
the claims presented within the results section highlighted different affordances of computation,
one of the most striking for mathematical understanding was how students engaged with multiple
representations. Coding itself provided an opportunity for students to predict and reflect in a low-
cost way that enabled experimentation within the code itself and the mathematics. Students do not
have to erase all their work if they make a small change, therefore the environment frees them to
try different approaches or combination of ideas. Further, the very act of machine-based coding
necessitates a constant coordination of multiple computational representations thereby developing
a natural way to engage students in multiple mathematical representations. This is a key affordance
of coding as the notion of coding in and of itself necessitating multiple representations is something
that has just begun to be explored within this community (Lockwood, 2020). Once again, this is
an area that widgets or other interactive apps have fallen short in the past. The separation that is

presented within the app and not having students ‘open the hood’ forces students to coordinate the

164



different objects and make the connections. In comparison, when they are coding, they are
necessarily having to coordinate the different computational representations. In this study, the
students coordinated multiple computational representations as well as the traditional
mathematical representations of algebraic, numerical, and graphical. This is a unique affordance
that is difficult to replicate outside of coding. As the research in machine-based computation is
fairly limited, this study provides a novel perspective with affordances, such as the visualization
capabilities, and potential starting barriers that need more research, such as code comprehension
and linear coding writing methods, while also highlighting the need for creativity.

What Are Examples of Content Areas and Specific Topics That Are Particularly Suitable or

Unsuitable in Which to Integrate Computing?

This work is one of the first studies within the RUME community that explores the
integration of computation into Linear Algebra. Prior efforts include but are not limited to calculus,
combinatorics, numerical analysis, and mathematical physics (Barichello, 2016; Buteau & Muller,
2017; Lockwood, 2022; Lockwood et al., 2019; Lockwood & Chenne, 2020, 2021; Lovric, 2018;
Merkle et al., 2022; Odden et al., 2019; Sand et al., 2022). Students learned linear algebra concepts
beginning with defining matrices and going through span, vector spaced, determinants, linear
independence, and eigenvalue problems. While this study demonstrates the suitable nature of
linear algebra for the integration of computation, some of the subtopics within linear algebra are
particularly suitable for computation. Consider the module which focused on determinants and
their connections across a geometric, algebraic, and numeric perspective. Within this module,
students leveraged the power of the computational environment by coordinating the geometric
representation through plotting, the algebraic representation through symbolic Python packages,

and numeric by calculating the determinant of the matrix itself. A key point within the literature
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is how students are able to develop great insight and creativity when developing geometric
interpretations of key linear algebra concepts (Larson et al., 2008). This is one of the particular
strengths of these specific modules but more broadly within computation enacted through coding.
Many programming languages have supports built in for visualization which allows students to
plot different objects that were previously unattainable by hand. Therefore, when students are
learning about determinants, coding is a highly suitable environment. For researchers, this
demonstrates how the most apt topics are those that leverage multiple representations.

Is It Possible for Engagement with Computing in Mathematics to Change Students’ Views of

Their Own Mathematical Identities?

One of the narratives within this work surrounds how computation and coding can
empower students and counter prior negative mathematical narratives by shifting student’s world-
image of mathematics and developing new mathematical practices. Therefore, this work acts as a
call to researchers to consider how coding and computation can be used within the mathematics
classroom to pursue issues of equity. This study demonstrated a proof of existence to Lockwood
& Marken’s (2021) call, namely that computing does have the potential to change students’ views
of their own mathematical identities through the shifts in students’ mathematical self-image. This
work also draws on how this is done in part by the shift in the world-image of mathematics. It is
worth noting that this work was done with the PI as the instructor and material designer, and with
an implicit focus on ensuring positive mathematical experiences. Simply because a student
engages with the coding does not imply a positive affective shift, or any real shift in student view
of mathematical identity. As the RUME community has already faced how inquiry-based learning
does not guarantee equity (Johnson et al., 2020), it is important to emphasize that computation

does have the potential to shift student views but not a guarantee. Further, there is the potential
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that if coding was incorporated in ways that were synonymous with students’ prior mathematical
experiences, then it simply would have reified inequities and negative mathematical self-images.
Therefore, as this study demonstrates the potential to shift, it is imperative to investigate how
computation can be used in a more liberatory capacity for those who have been marginalized by
mathematics rather than reifying inequities.
Countering Deficit Narratives About Student Mathematical Ability Within Computer
Science Education Research

This study shifts the focus by leveraging computational science students’ strengths and
using computing as a pedagogical tool for students to engage in meaningful mathematical
experiences. This work informs the computer science education community by countering some
of the pervasive deficit language that researchers use when discussing mathematics and computer
science education (Castle, 2023). By leveraging student assets, namely computing, this work
provides a different framing of the relationship between mathematics and computation since many
studies within computer science education have focused on the relationship between mathematical
ability and computation, student perception of the two disciplines, or why mathematics is needed
in computing (Konvalina et al., 1983; Whalley et al., 2020). One of the most striking results is the
ways in which students who previously had negative mathematical experiences were able to
engage in mathematics in novel and positive ways. The mathematics requirements for a
computational science degree, or even the connotation of the dominance of mathematics in coding,
has the potential to eliminate students who would otherwise be interested (Lavy, 2021). By
demonstrating the shift in student perceptions of what it means to do mathematics, as well as their
relationship to it, this brings about the engagement of students in mathematics that highlights their

strengths rather than reinforcing previous traumatic mathematics experiences.
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Furthermore, as previously discussed, students no longer perceived mathematics as being
a single solution, single pathway discipline composed of rules and procedures for students; rather,
the process of doing mathematics was opened to exploration, multiple methods, and meaningful
discovery, consistent with literature (Odden et al., 2019). Students experienced a marked shift from
doing mathematics by following a specific set of steps to centering mathematics on exploration.
Therefore, this study strongly motivates the utilization of computation as a pedagogical approach
within the mathematics classroom, as well as also encouraging the research community to consider
how to leverage students’ strengths for the promotion of learning, rather than solely focusing on
identifying student mistakes.
Pushing the Research Community Beyond Integration

Within the research community, there has been a push for considering the way in which
coding is able to support mathematical integration, and yet this study asks the research community
to think bigger. How can we do this so that students develop confidence? It raises questions
surrounding cognitive processes when students are using the code, versus modifying or creating
the code. Much of the work surrounding the integration of computation into mathematics has
centered upon providing coding as a tool or using it as a way to do more realistic mathematics.
However, this work challenges the community to dream bigger and think of how machine-based
computation can be used as a pedagogical tool and to consider in what ways computation can bring
about a unique opportunity for mathematical creativity and understanding.
METHODOLOGICAL IMPLICATIONS
Within this study, a key point of discussion centers on how the scope of the tool influences the
type of claim and raises questions surrounding whether coding and computational modules are the

tool, or the individual functions and coding concepts are the tool. For example, Claim 3 and Claim
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4 center on the notion of the tool being computation and coding as a whole. When using this as the

unit of analysis for an activity system within the CHAT framework, this emphasizes a broader

view of the system.

Figure 5-2: Nate’s activity system when considering the tool of mediation to be the Python

module as a whole.
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Figure 5-3: Nate’s activity system when considering the tool of mediation to be Python for loops,
rather than Python as a whole.

Subject

Nate

Instrument

Python for Loops

Ay

- oof

Develop knowledge of
linear algebra concept
of span in two-
dimensions

Object

Objective

Development of

Unigue Mentol

Visualization of
Span

Division of Labor

l‘- ----- " "o
- s
Rules Community

Explicit and Implicit rules

governing Nate's Interactions

David, Allison, Ash, & Researcher
Mathemaotical Community

169

Between Nate & Students
Between Note & Instructor



Consider the two visualizations of the different activity systems for Nate. The system shown in
Figure 5-2 uses the instrument as the Python computational modules whereas the system shown in
Figure 5-3 highlights the tool as Python for loops. Specifically, the activity system reflected in
Figure 5-3 corresponds to Nate’s reflection surrounding why he felt Python was beneficial for his
understanding.

Being able to visualize stuff, honestly. Cause being able to, | guess take two vectors and

then make some nested for Loop to show that it actually can reach basically every point in

R? or R™ and graph it and see it visually is really interesting.
Note that this was not a given task or a specific problem within the computational modules.
However, Nate’s understanding was actually tied to the computational construction. He took the
for loop code, and even though for loops can serve many different purposes, he used it to develop
his understanding of span and linear combinations. Because he thought about how when going
through the x-y plane, he could iterate through with points, and if vectors were linearly
independent, then he should be able to reach any point in R%. He also referred to the visual
component in R?, and noted that this does expand up to R™. What is of interest here is that this
incorporated a graphical visualization but through the constructs of coding and specific syntax.
One of the concerns with R? and R3 is that students develop a conceptualization of vectors that is
reality or physics based. But one of the key points is that by conceptualizing span as a nested for
loop, this expands to the broader dimensions to which Nate alluded. This highlights how Nate took
a computational tool and then adapted it for his own use and developed his understanding of the
linear algebra concepts. This was actually not designed for within the modules, nor was this a
specific task. Rather this conception is something that works for Nate and so when asked to

describe what span is, he notes that it is some scalar combination of the points to achieve any point
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in R™. This is in line with his conceptualization because any point is represented by some stage
within the nested for loops, but his definition did not rely on graphical interpretation. When asked
to discuss basis, one of the key parts was that it was linked to the coordinate system.

While the original question centered on Python as an instrument in general, when
considering the tool of the for loop, this led to a specific understanding of span. However, when
he reflects on Python as a whole, he breaks apart some of the affordances specifically related to
coding. Therefore, the scope of the tool is important to consider as the claims can differ and bring
about different key understandings. When considering some of the affective effects of computation
enacted through coding, then a focus on this as a whole may be a more apt lens, consistent with
trends taken during instrumental genesis and other prior work done using CHAT and mathematical
coding. However, when considering the affordances of mathematical understanding, it might be
more apt to consider some of the more syntactical level tools. In particular there are certain
constructs that may illuminate unique understandings. Further, consider the work of Lockwood
(2020) discussed within the literature review. Her assertation is that the code itself and the
enumeration strategies give rise to unique combinatorial understandings. However, consider the
nested for loop itself: this specific computational syntactical piece reveals unique combinatorial
understanding. The hierarchical level of the code itself brings about different understandings of
the combinatorial process. Further, it is the function that they created and not necessarily all of
coding. This example can go back and forth but this is a way of considering the different
mathematical structures. The for loop represents the combination, but the if statement represents
whether or not there is a repeated pattern. It is the coding structures that result in the understanding.
However, one of the claims at large is that the coding allows for empirical reconceptualization as

students are able to generate vast combinatorial sets, something that would not be accessible using

171



traditional methods. This ultimately opens the doors for students to be able to engage in new habits
while learning the mathematical content.

In this way, the analysis can then be seen about the initial tool presented, namely the for
loop for example, and then from there see how the student takes it up and how that specific one
ends up mediating the interaction with the mathematical objectives. Then examination about how
the student makes it their own and how the student takes it up can be conducted. From there it may
be a more interesting perspective for theories such as instrumental genesis, which originates from
activity theory. While the argument has been made for computation as a tool in general, now that
some of the unique benefits have been established, for the investigation of mathematical
understanding, this has the potential to focus on the desired understandings. For more general
affective and other sociocultural implications, then perhaps a more macro scale perspective is
appropriate.

PEDAGOGICAL IMPLICATIONS

New Ways to Engage Students in Linear Algebra in an Intuitive Manner

This study provides a fresh perspective on the ways in which to introduce linear algebra to
undergraduate students in a way that is focused on developing student understanding, rather than
typical content coverage. As discussed within methods, these modules were designed using
understanding by design, so the focus was on developing student thinking and understanding,
rather than trying to cover all materials. These types of modules could be used to introduce
concepts and have students build key theorems followed by the next course session focusing on
different proof developments or alternate applications. It is worth noting that conjecturing, a key
point in the proof schema, is built within these modules. As discussed throughout, students found

the modules extremely helpful and felt that they walked away with a general understanding of the
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key liner algebra concepts. However, one of the students, David, had already taken linear algebra
during his mathematics minor. Therefore, when he entered this study, David was already familiar
with some of the topics, or at least had name recognition of the topics. Within this study, many
times he seemed to rely on a definitional view of the mathematics and even stated that when the
modules were trying to develop a “more intuitive view” of the mathematics, this would often be a
sticking point. Now this note is not focused on David as an individual, but rather the ways in which
his mathematics courses were previously enacted and why this study provides key pedagogical
impact. By all traditional standards he was a confident mathematics student who even became an
undergraduate learning assistant within the mathematics department. However, when asked what
challenged him during the study, he responded,
I think the most challenging part was getting stuck on the modules because they kind of try
to lead to some conclusion or some theorem or something like that. But you want us to have
a more intuitive view of it. Good example is the last one with the eigenvalues. I just wasn't
getting to that property where you take the eigenvalues raised to a power. So, | think
sometimes when | got stuck there, that was probably the hardest part.
During his final interview, he continued with multiple similar statements that highlighted how the
challenging portions were where he either had to develop or implement a more intuitive view
rather than find a “derivative or find the equation of tangible line or something like that” because
he stated that “/ have that, you know, pretty easy.” Part of this was due to his experience, as
highlighted earlier, he reflected,
| thought the modules were great, and | thought they were, | would just say that there,
unlike anything I've really seen in a math course before I haven't really seen linear algebra

presented in that intuitive way before. And I think it's one of the, it's a very unintuitive field,
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but when you're learning it, but once you've learned it, you kind of get a feel for how to

deal with matrices and linear, independent, things like that. And it becomes a lot more

intuitive to you once you've actually, and | feel like you're kind of putting that intuitive
forefront, which is a very good thing to get comfortable from the get-go and the concepts
kind of on a deeper level.

David is a student who took numerous mathematical courses and engaged with
mathematics a great deal during his undergraduate career and yet this is one of the first times that
the linear algebra concepts are intuitive. When he initially engaged with the definitions and
concepts, they were unintuitive to him and yet through the experience and coding, the intuition
was at the forefront. Of course, as noted prior part of this is due to the understanding by design
framework. However, his developed understanding of the linear algebra concepts seems in part
due to the code itself. David stated,

| think it requires more creativity to actually write a code that's going to matrix

multiplication. | think it's a lot easier to be given two matrix matrices and multiply them

than it is to write a code that can multiply any two matrices it's given, which is what we

did.
There is a different type of thinking and learning that David appears to be hinting at, and when
students engage in coding, there is more required. Consider Olivia’s reflection on her experience
within the study, and it is important to note that she was the participant who did not have a group.

| think it definitely did help me understand a lot of stuff, especially for, since a lot of the

stuff that we talked about we're talking about things that were like you could place onto a

graph, especially the vectors. | feel like that's something that's really hard to explain, and

being able to put that into code, and then also messing with your dimensions or messing
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with your matrices to see what happens to the vector in code was really helpful in
understanding them. And then also was really helpful in understanding the linearly
independent vectors or your span and stuff like that especially that little 3D model that we
made.
Within this reflection, Olivia highlighted at how engaging with the code developed her
understanding of vectors. For her, there was something qualitatively different about being able to
code and investigate the concepts that help gave a natural understanding of the concepts.
This notion of developing an intuitive view of linear algebra, that was done in the context of
coding, highlights the potential for pedagogy. Specifically, one of the questions that arises is when
you add something in, something else has to come out and how do you make that decision. Further,
how can computation be meaningfully integrated? This study offers one potential pathway,
namely, to use the computation to introduce a concept and have students then test out different
constraints and affordances to then arrive at a theorem. One of the pieces that was not covered, as
will be discussed within limitations, is the relation to proving. For a mathematics course that needs
students to be able to understand the concepts, prove related theorems, and apply the concepts to
novel proofs and worldly applications, this is something to be considered. These types of modules
could be used to introduce concepts and have students build key theorems. Then the next day in
the course could be dedicated to the proof element, or potentially another application. It is worth
noting that conjecturing, a key point in the proof schema, is built within these modules.
Role of Jupyter Notebooks in Mathematical Creativity
Within this study Jupyter notebooks were used to enact the use-modify-create cycle, allowing for
an environmental structure to promote mathematical creativity. Jupyter notebooks are used widely

within industry (Jin & Johnson, 2020) and computational education, and have been used to design
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curriculum reform. However, within mathematics education these have been used to a much lesser
extent, especially when considering courses beyond mathematical physics, or numerical analysis
and most of the research centers on teacher development of the interactive platform (Koehler &
Kim, 2018). This study is a research-based look at the affordances of Jupyter notebooks and the
design features that connect to specific desired outcomes, namely mathematical creativity. Rather
than students developing traditional script, this work highlights the pedagogical power of Jupyter
notebooks with respect to creativity. The claims previously discussed focused on the power of
experimentation enacted through prediction and reflection cycles. When students engaged in these
cycles, often they had multiple cells with all the different trials recorded and the corresponding
outputs. For students it was important to have the ability to make changes and have those
documented with the corresponding methods. Jupyter notebooks enabled having their trials and
thoughts all together, something that is not readily achievable with a script. Further, when using
these multiple cells and outputs, students compared between the results, as detailed withing Claim
1, prompting key insights and connections between trials and abstraction of structure. This type of
use is unique to the notebook style environment, such as Jupyter, and provides key insights into
the ways educators can leverage the coding environment to bring about mathematical creativity.
Role of Groupwork within Mathematical Computation

One of the key implications for pedagogy is that within this study, groupwork was critical
for the development of mathematical creativity and the affective shift students discussed within
their final interviews. Students leveraged their group members for new ideas. Working in groups
also challenged some of the students’ prior views of mathematics being a purely individualistic
subject. This work highlights the potential that enacting computation within the mathematics

classroom has for mathematical creativity, specifically when done in groups.
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One of the points that was less salient throughout the results was the potential power that
students may hold when they are perceived as good at mathematics and the transferability of this
social power to computational settings. During multiple observations of a group, it was
documented that when sharing his work, Nate would only ask questions to David even when
Allison was sitting next to him. David had the mathematical power in the group due to prior
courses, but Allison had more prior coding experience. For both mathematical and computational
questions, Nate would default to David. Even when specifically prompted by the module to work
with his partner, he did not engage with Allison and waited for David and Ash to be finished to
discuss. | want to make it clear that all group members reported positive group experiences and
gave specific anecdotes as to why they valued their group. However, from an observer standpoint
there were times that | felt uncomfortable and documented this within observation field notes and
during the analytical memos. The implication for pedagogy is that a tool, such as Python, may
introduce more ways to be successful in mathematics. However, the sociocultural rules can still
dominate and give the most power based on the mathematical identity of students rather than
valuing all ways that students can participate. This is to serve as a reminder that inquiry does not
guarantee equity (Johnson et al., 2019). Therefore, while computational groupwork has a great
potential to develop student understanding and create positive mathematical experiences, it is
critical to consider the ways in which it can reify inequities.

LIMITATIONS AND FUTURE DIRECTIONS
This study has multiple limitations, both avoidable and unavoidable. The purpose of this
section is to detail the present study’s limitations and some of the implications. The latter section

will then detail how these limitations may inform future research.
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Honors Students

To begin with, this study recruited students within the honors college, as this study offered
students an alternate to an additional final project for the honors credit. This was done
intentionally, as each student would be engaging with the study for approximately 20 hours over
the course of the semester. This was a large time commitment and financial compensation would
not necessarily have been enough to motivate students to participate, nor was that within the
research budget to ensure adequate compensation. This option was simply replacing a prior
engagement so there was not a net loss of time for students. However, in doing this the group of
students that resulted were those that had been academically successful in the past. It is important
to note that simply because they were a part of the honors college did not guarantee a positive
relationship with mathematics. Consider Kylie, Ivy, and Nate. Each of these students had negative
mathematical experiences that impacted their mathematical self-image. However, each were
motivated to complete the study and to participate to ensure that they earned honors credit. Further,
what was being asked of students during this study was very different than some of the extrinsic
motivators within the honors college. These students are high-achieving students who pursue
academic excellence. Therefore, in expansion of this work | hope to introduce these modules and
this approach to integration of computation within the mathematics classroom to students across
the academic spectrum. | want to ensure that systems-based inequities are not reified using this
approach to learning the mathematics. Therefore, the next course of work would be to expand the
work to a full linear algebra course. This widens the target audience and also develops the modules

in a class-based setting, a non-trivial effort.
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Supplemental Modules

One of the strengths of the materials is that the modules were developed as self-contained units
and can serve as an addition to a mathematics course. However, these materials were piloted within
individual small groups in a grade-free environment. This is a noteworthy change from students’
prior interactions with mathematics which were in the classroom where there was external
motivation from high stakes testing. It is not my desire to advocate for high stakes grading within
the mathematics classroom, but it is the reality that many students experience. In the study, students
were detached from this setting as there was no official grading of the products. Rather, the
instructor of record simply received a checklist of whether a student had completed their
reflections, sessions, and interviews. This in turn frees the student from some of the pressures
associated with grading and the desire to do it ‘right’. Much of this pressure comes from the ways
in which instructors grade their course and the established norms. Therefore, | want the next phase
of the development to be within my own classroom where | can simultaneously use the modules
to introduce these concepts while also having control over the grading. This also provides insight
into how different groups can support each other and what happens when this is broken into smaller
time constraints rather than the weekly two-hour meetings.

Students’ Prior Coding Exposure in Their Introduction to Computing Course

One of the key considerations about this study is that the students were recruited from an
introduction to computational modeling course. This was explicitly done to leverage student assets,
namely their confidence in their computational abilities, in order to engage students in
mathematical creativity and development of linear algebra concepts. However, this study
circumvents one of the dominating questions in the literature about the relation of teaching coding

syntax and new mathematics simultaneously (Castle, 2021; DelJarnette, 2018, 2019) and the
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required cognitive demand. This study does provide some potential suggestions to start with,
namely perhaps that some initial coding specific syntax lessons should be developed first. Consider
the case of Nate who already felt ‘shaky’ about the mathematics. He was able to lean on his
understanding of Python when he was not as confident in the mathematics. If he had to learn the
coding syntax simultaneously then he would be unable to do this to the same degree. As
universities are developing more introduction to computation courses, then perhaps one of the
potential avenues is focusing on how to support the development of these courses and having
mathematics students enroll in these courses prior to their computing-based mathematics
explorations. However, this circumvents the problem and offloads the work to a different set of
individuals who may not be as committed to enacting the computation in a student-centered
manner. Therefore, perhaps initially scaffolding in the coding where the mathematical concepts
are more straightforward, and the coding is being introduced in the beginning of the course is more
apt. Then there could be a constant check on the balance of coding and mathematical concepts to
reduce the strain on the student. However, this would need to be investigated further, and across
multiple student groups.

Student Identity

Within this study student identity is not specifically addressed and this is a critical dimension to
consider, especially when scaling up materials and widening the student demographic. Students’
relationship to mathematics was examined within the study, but what was less evident was how
social identity such as race, ethnicity, gender and other demographics intersected with their
experience. There are countless pieces in literature examining how identity mediates mathematical
experiences and how mathematics is not a neutral space (Bishop, 2012; Darragh, 2016; Esmonde,

2009; Larnell, 2011; Leyva, 2017; McGee & Martin, 2011; Mendick, 2005; Stinson, 2013).
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However, what is less known is what happens when computing is introduced. The computer
science education community is starting to consider questions surrounding equity and have
documented the ways in which systemic inequities minoritize students within the classroom.
Therefore, is the integration of coding into the mathematics a compounding effect? Are there ways
in which some of the stereotypes about who should be present within the course are minimized or
exasperated? These are critical questions that this study does not address. There are instances such
as the observations between Allison, Nate, and David that highlight potential gender dynamics
mediating the interaction but there is not much exploration along these lines given the scope of the
study. Therefore, | plan to follow this work up with a study that looks at identity across
computation and mathematics, and how it mediates students’ understandings. This explores along
the sociocultural practices and rules, specifically understanding how those mediate student action.
CONCLUDING REMARKS

This study provides a novel framing of the integration of computation into the
undergraduate mathematics classroom, both with respect to the focus on mathematical creativity
as well as providing a different conceptualization to counter some of the deficit messaging within
the computer science education community. This study shifted the focus by leveraging
computational science students’ strengths and using computing as a pedagogical tool for students
to engage in meaningful mathematical experiences. This work puts forth multiple claims that
contribute directly to the research field at large as well as provides different pedagogical
suggestions and potential implementations. However, this study specifically calls on the
mathematics education and computational education communities to dream bigger than simply the
integration of computation into the mathematics classroom. Rather, the focus is on introducing this

tool to change students’ relationship with mathematics by changing the very ways in which
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students perceive what it is to do mathematics. This in turn enables mathematical creativity and
opens doors for students who had been previously marginalized by mathematics. If 1 have one
hope for this study, it is to challenge researchers and educators to push beyond the simple use of a
tool within the classroom but to consider the ways in which coding and computation could

radically change the mathematics classroom and students’ lives.
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APPENDIX A: INITIAL INTERVIEW PROTOCOL

1. Opening

a.

b.

Hi! My name is Sarah Castle and | am a fifth-year graduate student in the Program

for Mathematics Education. Just so | have it correct, your name is
that the correct pronunciation?

Consent form

2. General Background

Please tell me about your current major and if you have any minors?

,and is

Describe your previous experience with mathematics and your comfort level?

Describe your previous experience with computing and your comfort level with it?

What are you hoping to do after undergrad?

3. Mathematics and Computation Questions

o o

o o

o Q o

K.
l.

m.

When | say mathematics — what associations come to mind?
When | say coding — what associations come to mind?

What about computation?

How do you feel when you solve a mathematics problem?

How do you feel when you solve a computational problem?

Does computation or mathematics require more creativity? Why?
What has been the most challenging part of CMSE 201?

What has been the most rewarding part of CMSE 201?

What was the most challenging part of your last math course?
What was the most rewarding part of your last math course?
How do you typically approach a mathematics homework problem?
How do you typically approach a CMSE homework problem?
Are you able to explore within mathematics? Computation?

4. Introduce Surveys and provide links

5. General

a.

What are you hoping to get out of these sessions?

b. Are there any applications of linear algebra that you would be interested in

C.

exploring?

Do you have any other questions for me?
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APPENDIX B: FINAL INTERVIEW PROTOCOL

1. Relationship with Disciplines

a.

b.

C.

d.

How do you feel when you solve a mathematics problem?
How do you feel when you solve a computational problem?
Does computation or mathematics require more creativity? Why?

Are you able to explore within mathematics? Computation?

2. Reflection on Modules

3. Tasks

What has been the most challenging part of this experience?

What has been the most rewarding part of this experience?

What parts of this experience did you enjoy? Dislike?

What elements do you think helped push your mathematical thinking? Didn’t help?
What module helped you learn the mathematical concept and why?

The least helpful?

Computational most and least helpful?

Were you able to explore either within these modules? If so, how?

Were there moments during this experience where you were able to be creative? If

so when, and what enabled you?

After this experience, how would you explain the concept of what a matrix and/or
vector is?
After this experience, how do you conceptualize systems of linear equations and

approaches to solve them?
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What does linear independence of vectors mean to you and what is associated with
this property?

. After this experience, how would you explain the concept of span?

After this experience, how would you explain the concept of basis?

What is an eigenvector and what is an eigenvalue?

. What is a Markov chain?
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APPENDIX C: LINEAR ALGEBRA MODULE OVERVIEW

Table C-1: Mapping of the linear algebra modules with weeks, skills, and objectives.

Week Linear Algebra | Mathematical Learning Objectives and Computational Learning Context for
Topic Skills Objectives and Coding Skills | Computation
Avrticulate what a matrix is and how to o
A How to represent a matrix in
use them to represent systems of linear .
. Python using NumPy
equations
Introduction to Be able to compute matrix multlp_llcatlon How to perform matrix .
. and be able to perform matrix S Data Analysis
Matrices : . operations in Python
manipulations
Understand algebraic and geometric How to partition a matrix and
representations of vectors in Rn and their | take slices or access elements
operations of matrix
Discuss associativity and Determine how imaaes are
noncommutativity of matrix Imag
L stored as data in NumPy
multiplication
i i i Use coding to purposefull
Be able to multiply matrices using X él 'tpl p g y Image
. NumPy create digital conten . )
Matrix Manipulation
Operations Recognize when two matrices can be o and Photo
multiplied Design, |mplemgnt, and Filters
analyze a computing-based
Acrticulate how to matrix multiplication solution to develop a piece of
works digital art
Define the transpose of a matrix
Articulate how to use matrices to Ability to read pre-existin
represent systems of linear equations 4 P g
code, interpret steps, and make
Solving Systems Relate a matrix to a homogeneous system needed modifications Balancing
of Linear of linear equations Chemical
Equations Rel q . Equations
elate an aufglr_nente matrix to a system Codify' physical systems and
of linear equations interpret results
Interpret solution(s) from echelon form
Reflecting on their thinking and
Relate various matrix transformations to | '€arning in orr(]ielrl to transfer to
geometric illustrations new chaflenges
Recognize common types of
transformations Engage in conjecture and
. computational experimentation
Interpret a matrix product as a
composition of linear transformations
Matrix Interpret the inverse matrix as Image
Transformations representing the inverse linear Manipulation
transformation Translate mathematical
Distinguish between a matrix as a table equations into code
of numbers and a linear transformation as
a function
Defi_ne a}nd ideqtify when a ancti_on is Demonstrate ability to break
injective, surjective, and bijective apart a problem into smaller
Define the image of a linear parts
transformation
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Table C-1 (cont’d)

List examples of subspaces of a vector ) )
space Identify overarching approach
- - - for code, and develop a plan
Describe coordma_tes ofa vector relative prior to coding Signal
5 Vector Spaces to a given basis Processing and
Part1 Recognize and use basic properties of Dlscé‘r_ete-;l'lme
subspaces and vector spaces - . Ignals
P P Ability to learn, practice, and
Discuss linear independence for vectors refine approach during the
in R™ coding process
Engage in conjecture and
computational experimentation
Provide a definition of the determinant
Use determinants and their interpretation
as volumes Ability to read pre-existing
Analyze the determinant of a product code, mtgrzret 55‘?;?3' a_nd make Areas and
6 Matrix algebraically and geometrically needed moditications Volir;es of
Determinants Describe properties of the determinant Parallelepiped
Describe how the determinant of a matrix
and its transpose are related ]
] ] ] Implement code to determine
Describe how the determinant of a matrix the determinant using
and its inverse are related mathematical equations
Explain what the determinant measures
geometrically
Define the dimension of a vector space _Demonstrate an ability to
visualize a process in order to
Discuss linear independence for vectors accomplish a task in their
in R project
7 Vector Spaces . . . . Markov Chains
Part 2 Determine a basis and the dimension of a -
finite-dimensional space Demonstrate ability to break
apart a problem into smaller
Define row space and column space of a parts
matrix
Find the eigenvalues and eigenvectors of Engage in conjecture and
a matrix computational experimentation
Explain the significance of eigenvectors
) and eigenvalues Translate Mathematics into Cluster
8 Eigenvectors and . . . Code to analyze a phenomenon |  Analysis and
Eigenvalues Verify that a given vector is an PyCA
eigenvector of a matrix.
Verify that a scalar is an eigenvalue of a
matrix. Develop a meaningful
Use eigenvectors to represent a linear notebook that fulfills a task
transformation
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APPENDIX D: EXAMPLE MODULE

Figure D-1: The Jupyter Notebook for Module 4 which focused on linear transformations and
matrices. Note this version is the printout example, but the cells where students would run code
are denoted using [].

1 Computational Module 4 - Linear Transformations and Matrices
of Linear Transformations

1.1 Name:
1.2 Date:
1.3 Group:

[ 1: 'matplotlib inline
import numpy as np
import matplotlib.pyplot as plt
import numpy.linalg as la
import sympy as aym
import math
import random as rand
from IPython.display import Image
from IPytheon.cere.display impert HIML
sym.init_printing(use_unicode=True)

2 Linear Transformations and Matrices of Linear Transforms

During the notebook, we have been working on editing different images and changing their array
representation. We will be formalizing some definitions as well as looking at the difference between
Matrix Transformations and Linear Transformations.

To start with, run the following code and you should see an image. We will use thiz az the base
image for the next couple of sections

[ 1: # Define some points

x = np.array([0.0, 1, 3, 4, 4, 3, 1, 0,0 1)
y = np.array([0.0, -1,-1,0,6,4,4,56,0])
p = np.matrix([z,y])

sm = p.copy()
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Figure D-1 (cont’d)

[1:

[1:

[1:

[1:

[1:

#Plot Points

plt.plet{[-20,20],[0,0], color='cyan')

plt.plot{[0,0], [-20,20], color='cyan'}

plt.plot{em[0,:].telist () [0] ,em[1, :1.telist () [0], color='purple');
plt.grid()

plt.axis('scaled');

plt.axis{[-10,15,-10,15]);

Plt.title('Starting Image');

Oune of the nice features of the sympy module is that we are able to cutput our matrices and arrays
in a way that is visually easier to see, rather than outputting the way in which the computer
processes the arrays.

sym.Matrix(p)

How does this matrix represent the image that is plotted above?

Put your answer here

What are the dimensions of our matrix p?

Put your answer here
What are the potential dimensions of matrices we could multiply P with?  Put your
answer here

Let’s say that you now wanted to make the cat face slightly wider, but want to keep the same
height. How might you want to modify your matrix? Give it a try below!

# code goes here

Check in with your group at this point and do not proceed until all are at this point
Conjecture Now assume that you wanted to represent how you transformed the cat using a
matrix. For example, we want to represent making the cat face wider.

If we represent our points vector ag p, what size of matrix should we use? Let’s call this A, and
would we want to caleulate Ap or pA and why?

Put your answer here

Experimentation Let’s say that [ wanted to double the size of the cat outline. Discuss with
your groupmates how you could accomplish this, write out the mathematical expression, and then
implement this below. You can use the code above as scaffolding.

Put brainstorming and expression here
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Figure D-1 (cont’d)

[ 1:

[1:

[1:

[1:

# Put code here

Experimentation What if [ now wanted a cat outline that was half the size of the original. Dis-
cuss with your groupmates how you could accomplish this, write out the mathematical expression,
and then implement this below. You can use the code above as seaffolding.

Put brainstorming and expression here

# Put code here

You have been performing transformations of your original matrix by contracting and expanding
the original image.

Below I have included a function that allows you to pass in your points vector and a matrix of your
choosing and it will plot the original and your new image.

Based on your discussion during the conjecture and experimentation, modify the line of code to
represent the new scaled points veetor based on your transformation A and your points vector

def plotTransformation(points, A):
plt.figure(figsize=(5,5))

scaled = AQpoints # Fill in this line

plt.plot(scaled[0,:].telist () [0] ,scaled[1,:].tolist () [0],,
—color="'green' ,label="'Ecaled');

plt.plot(peints[0,:].telist () [0] ,peints(l,:].tolist () [0],,
—color="'blue' ,label="'0Original');

plt.grid()

plt.legend()
plt.xlabel('$x_1%',fonteize=18)
plt.ylabel('$x_2%',fonteize=18)
plt.axis('scaled');
plt.axis([-10,15,-10,15]);

plt.axhline (0, color='cadetblue')
plt.axvline {0, color='cadetblue')

plotTransformation(p, [[2,01,[0,21])

In the above matrix we have doubled the size of the cat head. Note that the point (0,0) stays the
same.

It will now be your turn to explore! See what happens when you try different matrices.
Use the format below to document your thoughts or whatever you find easiest! Try
and state what you think will happen before you run the code.

Below is one example of how you can record your experimentation, but feel free to use your own
system! Add subsequent trials after trial 1 and make sure to label them.
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Figure D-1 (cont’d)

[1:

[1:

[1:

[1:

[ 1:

2.0.1 Trial 1:
check = [[1,[1]

print {' Transformation Matrix: ')
sym.Matrix{check)

What I think it will do: put thoughts here

plotTransformation(p, check)

2.0.2 Add Subsequent Trials Below

2.1 Looking at different types of Transformations

There are lots of different types of transformations that we can do nsing matrix mulitplication and
you will now take your findings from above and see if you can generalize the different types of
transformations.

Whenever we multiply by the identity matrix, such as this 2 x 2 matrix:

HH (1)

we pet the same image back, because the matrix representing our points stay the same

2.1.1 Reflections

There are multipleways that we can reflect our image. What are the matrices that would correspond
to the following reflections? - Reflection across the r;-axis? - Heflection across the z,-axis? -
Reflection through the line o = —x;7 - Reflection through the origin

# Code teo check

2.1.2 Contraction and Expansion

« What are the matrices that would correspond to the being able to horizontally contract and
expand? shrink/stretch

« What are the matricez that would correzpond to the being able to vertically contract and
expand? shrink/stretch

# Code to check

2.1.3 Shears
Go to this link and look at the visual of horizontal shear and vertical shear.

« What are the matrices that would corregpond to the being able to horizontal ghear?
« What are the matrices that would correspond to the being able to vertical shear?

203



Figure D-1 (cont’d)

[1:

[1:

[1:

[1:

# Code to check

‘Were there any other types of transformations that your groups found interesting?
Put your answer here

3 Transformations

A transformation (or function/mapping) T from BE™ to B™ is a rule that assings to each vector
X in E" a vector T'(x) in B™.

« B*: the domain of T

« E™ iz called the codomain of T

» T'(x) in B™ is called the image of x (under the action of T')
» Set of all images T'(x) is called the range of T

The notation T : E® — B™ indicates that the domain of T is B™ and the codomain is B™.

Computational Connection How can the concept of a funetion help you understand what
a, transformation is? If we were to relate the new vocabulary to this coding concept, what would
each represent? Can vou think of any other analogies that help in your understanding?

Put your thoughts here

# Put any code here

Explain and Apply For the prior transformation where you were modifying your matrix
P by multplying by a 2 x 2 matrix, pick a specific matrix and try applying the definitions of
transformations. 1. What was the transformation? (ie. what was T') 2. What was the image of
your x values in your points matriz under the action of T? 3. The points matriz, p, was composed
of a vector of x values and y values. Each vector was an element of B®. What iz n in this case?
How do you know this?

Put your answer here

# put any code here

3.1 Linear Transformations

We can denote the mapping associated with matrix multiplication, where for each x in ", T'(x) is
computed as Ax where A is an m x » matrix, ag x — Ax.

One of the most important classes of transformations in Linear Algebra are Linear Transformations
and we will define these below:

A transformation (or mapping) T is linear if:
1. T{u+v)=T{u) + T(v) for all u,v in the domain of T
2. T'(eu) = T '(u) for all sealars ¢ and all u in the domain of T
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Figure D-1 (cont’d)

Linear Transformation - Condition 1 Write a function to test if the first condition of a
linear transformation is satisfied:

Tiu+v)=T(u) +T(v) for all u,v in the domain of T
[ 1: | # Put code here

Put your thoughts here

Linear Transformation - Condition 2 Write a funection to test if the second condition of a
linear transformation is satisfied:

T'{eu) = ¢T'(u) for all sealars ¢ and all u in the domain of T

[ 1: | # Put code here

Put your thoughts here

Classification Which of the following matrices from above would be classified as linear trans-
formations? How do you know this?

Put your thoughts here

[ 1: | # Put ecperimentation code here

True or False Every matrix transformation is a linear transformation.

Put your thoughts here
[ 1:| # Put ezperimentation code here

Affine Transformations An affine transformation T" : R™ — ™ has the form T'(x) = Ax+ b
where 4 is an m % n matrix and b is in B™.

Assuming that b £ 0, your goal is to figure out if an affine transformation a linear transformation?
Why or why not?

[ 1: | # Put ecperimentalion code here

Put your thoughts here

Order of Linear Transformations Is it true that you can apply linear transformations in any
order? Why or why not?

[ 1: | # Put ezperimentation code here

Put thoughts and answers here

Combining Linear Transformations Is it true that when two linear transformations are
performed one after another, the combined effect may not always be a linear transformation? Why
or why not?
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Figure D-1 (cont’d)

[1:

[1:

[1:

# Pui any ezperimeniatiion code here

Put thoughts and answers here

Reflection How are you currently conceptualizing a transformation? A linear transformation?
Are there any coding concepts that help you understand what a transformation is?

Put thoughts and answers here

3.2 Creating your Own Transformations

Now it is your turn! Take about 20 minutes and first design an image, you can uze the cat outline
as a scaffold. You ean use scatter plot if you want to have individual points, or plot if you want
connected lines. Then create a series of transformations that alter your original image.

At the end of the time, you will show your original image, and the series of transformations, and
then your partners will have to hypothesize what they think the final image will be. (You will show
the initial plot, and then the matrices for the transformations, and they will guess what they think
the final image will be)

Put thoughts and brainstorms here

# Put code here

Put your prediction of your partner’s transformations here

4 Additional Activities

4.1 Exploring Week 2

Go back to your week 2 module with the image manipulation with Loki. Did you use any matrix
transformations? If so, were they linear?

Put thoughts here
Now try using matrix transformations to alter your image. What did youn need to make sure that
the transformation will work?
4.2 Creating Linear Transformations

We will assume that T is a linear transformation. Find the matrix that represents T' for the
following problems and make sure to demonstrate that it works via code. You can alzo experiment
with code as well. The process is up to you.

1. T : B® —+ R? first reflects points through the horizontal r; axis and then reflects points
through the line zy = =

2T R 5B, Tler) =(3,1,3,1) and T(eg) = (—5,2,0,0) where e; = (1,0) and ey = (0,1)
Put thoughts here

# Put Code here
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Figure D-1 (cont’d)

4.3 Wrap Up

1. What is a linear transformation (in your own words)
2. What are matrix transformations?
3. How can matrix transformations be used outside of the mathematics clagsroom?

Put your responses here

[1:
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APPENDIX E: SURVEY QUESTIONS

Likert Scale [Strongly Disagree/Disagree/Neutral/Agree/Strongly Agree]
Rate you (dis)agreement with the following:

e Mathematics is an innate ability

e Mathematics problems can have multiple solutions

e Mathematics is a collection of rules, formulas, and procedures

e If I don't know how to do a math problem, I will look for a similar problem in my notes or
in the textbook

e If I am not able to solve a mathematics problem after my initial attempt, I will go and ask
for help

e Mathematics is a creative endeavor

e Mathematics is best taught by direct instruction

e Mathematical creativity is a talent possessed by the most gifted students

e | can take different approaches to given mathematical problems

e | can pose mathematical problems on my own

e | create tools or tricks to help solve mathematics problems

e | can extend my mathematical knowledge to new situations

e When solving a mathematics problem, I look for cues in the problem that are similar to
previously worked examples

e | can look at a mathematics problem and think of new ways to solve it, if the assumptions
in the problem were changed

e | develop illustrations or representations to help me understand and clarify mathematical

concepts
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Rate you (dis)agreement with the following:

Coding is an innate ability

Computational problems can have multiple solutions

Computation is a collection of rules, formulas, and procedures

If I don't know how to do a computational problem, I will look for a similar problem in my
notes, previous Jupyter notebooks, or in the textbook

If I am not able to solve a computational problem after my initial attempt, 1 will go and ask
for help

Computation is a creative endeavor

Computation is best taught by direct instruction

Computational creativity is a talent possessed by the most gifted students

| can take different approaches to given computational problems

| can pose computational problems on my own

| create tools or tricks to help solve computing problems

| can extend my computational knowledge to new situations

When solving a computation problem, I look for cues in the problem that are similar to
previously worked examples

I can look at a computation problem and think of new ways to solve it, if the assumptions
in the problem were changed

| develop illustrations or representations to help me understand and clarify computational

concepts
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