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ABSTRACT
The classical Optimal Transport (OT) problem studies how to transport one distribution to
another in the most efficient way. In the past few decades it has emerged as a very powerful
tool in various fields, such as optimization theory, probability theory, partial differential
equations, machine learning and data analysis. In this thesis, we will discuss some existing
variants of the classical optimal transport problem, such as the capacity constrained OT
problem, multi-marginal OT problem, entropy-regularized OT problem and barycenters,
and we will introduce a couple of new variants by combining the existing versions. We will

also discuss their duality results and some characterizations.
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INTRODUCTION

The origin of the Optimal Transport (OT) Problem goes back to the year of 1781, where the
French Mathematician Gaspard Monge introduced a problem in his classic paper Memoire
sur la theorie des deblais et des remblais [41], which is about finding the most efficient way
of moving dirt from one place to another which was inspired due to military and economic
purposes. However, this problem remained unsolved for almost two centuries, until the
Russian Mathematician and economist Leonid Kantorovich’s involvement in this problem
([30]) who made some progress with the invention of Linear Programming.

To get an insight of this problem, we will consider an example in the discrete setting.
Suppose there is a large number of iron mines and the iron has to be transported to the
refining factories. The problem is to find where each unit of iron should be transported so
that the total transportation cost is minimized. Such an assignment from an initial position
to its final position, is known as an “optimal transport plan”.

Over the past few decades, the theory of OT has gained a lot of attention and it has been
applied in various fields such as optimization theory, probability theory partial differential
equations, machine learning, etc. In 1987, in [10] Yann Brenier showed that under certain
conditions, there exists a unique transport plan that minimizes the cost associated to the
Euclidian distance squared. In 1995, Wilfrid Gangbo and Robert McCann generalized this
result for cost functions which are strictly convex or concave (|22, 23]). In [6], Benamou
and Brenier presents a dynamical formulation of the OT problems which connects the OT
theory to many other fields such as fluid mechanics ([11]), image processing ([42]), data
analysis (|36]), etc. The field of Computational OT is another rapidly growing area as it
serves as a powerful tool to compare probability distributions. Object recognition (|25]),
label classification ([55]), and generative modelling (|50]) are few among many sub-fields in
machine learning that widely apply OT tools.

Viewing the OT problem as a linear programming problem enables us to construct dual-

ity theory for the OT problem. It plays a significant role in understanding and solving the



OT problem. Furthermore, it helps to characterize optimal solutions which is often chal-
lenging to do without duality theory. For instance, in computation OT theory, the duality
theory enables to use efficient computational algorithms, such as Sinkhorn algorithm ([45])
to approximate the solutions to the OT problem.

In this thesis, we will discuss a few variants of the classical OT problem, namely, the ca-
pacity constrained OT problem, multi-marginal OT problem, entropy-regularized OT prob-
lem and barycenters, and their duality theory. We will also discuss a couple of new variants
by combining already existing versions, such as the capacity constrained multi-marginal OT
(CCMMOT) problem and capacity constrained barycenters. By combining the two notions
of the capacity constrained OT problem and the barycenter problem, we will introduce ca-
pacity constrained barycenters in Wasserstein space. Under certain assumptions, we will
prove that the problem attains a minimizer and present some duality results. The notion of
the CCMMOT problem already exists in the literature ([18]); however, a dual formulation for
this problem does not exist. We will present a dual formulation for this problem and prove
the strong duality result and the existence of dual maximizers. The entropy-regularized ver-
sion of Wasserstein barycenters and their dual formulation also exist in the literature (|38]).
The authors have proven that the strong duality holds and the existence of the primal prob-
lem via duality result. In this thesis, we will provide a direct proof for the existence of a

minimizer for the primal problem and the existence of dual maximizers.



CHAPTER 1

PRELIMINARIES

Some standard symbols, definitions, and theorems used in this thesis are given below.

Notation

Let X be a Polish space (see Definition 1.0.1).

e B(X): The sigma algebra of Borel sets of X.

e P(X): The space of Borel probability measures on X.

e P5(X): The space of Borel probability measures with finite second moment.
e M(X): The space of finite Borel measures.

e M (X): The space of positive, finite Borel measures.

e ((X) : Continuous functions on X.

e Cy(X): Bounded, continuous functions on X.

e L'(R%): Functions integrable w.r.t. Lebesgue measure on R?.

e LY(X,du): Functions integrable w.r.t. measure yu on X.

e [°(X,du): Measurable functions on the space (X, ).

e [f];: Positive part of the function f (see Definition 1.0.16).

[f]—: Negative part of the function f (see Definition 1.0.17).

Definitions
Definition 1.0.1. (Polish Spaces) A Polish space is a separable completely metrizable topo-

logical space.



Definition 1.0.2. (Push forward of a measure) Given two Polish spaces X,Y , a Borel map
T:X — Y, and a probability measure p € P(X), we define the push forward of p through
T, denoted by Ty € P(Y), as

Tyn(E) = u(THE)), VE CY, Borel.

Definition 1.0.3. (Convex set) A subset C of a vector space V' is convez if (1—N)x+Ay € C

whenever x,y € C, and 0 < XA < 1.

Definition 1.0.4. (Weak Convergence) A sequence {pi,}nen € P(X) converges weakly to
w € P(X), if for all f € Cp(X),

lim fdun—/fd,u.

Definition 1.0.5. (Tightness) A set A C P(X) is tight, if Ve > 0, there exists a compact
set K. C X such that

WX\ K.) <e, Y e A.

Definition 1.0.6. (Lower semi-continuity) Let (X,d) be a metric space. A function f :
X — RU{+o0} is lower semi-continuous, if for every sequence x,, such that x, — x, we

have

f(z) < liminf f(z,).

n—00

Definition 1.0.7. (Support of a measure) Let X be a separable metric space. We define
the support of a measure v, denoted by spt(vy), as the smallest closed set on which v is

concentrated.

spt(7y) = ﬂ E.

{E:E is closed and v(X\E)=0}

Definition 1.0.8. (Finite p'* moment) A measure i € P(R?) has finite p'* moment, if

/Rd |z|P dp(z) < +oo.



Definition 1.0.9. (Vanishing measures on small sets) A probability measure i € P(R?)
is said to vanish on small sets if and only if W(E) = 0, VE C B(RY) having Hausdorff

dimension d — 1 or less.

Definition 1.0.10. (w-continuity) A function f: X — R is said to be w-continuous, if there

exists a function w : [0, 00] — [0, 00| such that lim;_,qw(t) = w(0) =0 and

lf(z) — f(y)] <w(|z—y]), Vr,y € X.

Definition 1.0.11. (K-Convezity along curves) Given a metric space (X, d), a functional

¢ X — (—00,00] is called K-convex on a curve y : t € [0,1] — v € X, for some K € R, if

() < (1 —1)p(v0) +top(n) — %Kt(l —t)d*(v0,m),  Vtel0,1].

Definition 1.0.12. (Proper Convez function) A convex function f : X — [—o0, 0] is called

proper, if f(x) < oo for at least one v € X and f(x) > —oc0 for all x € X.

Definition 1.0.13. (Infimal Convolution) Given two proper convex functions f,g on R, we

define their infimal convolution, denoted by fUlg, as

(fO9)(@) = nf{f(z —y) + 9(y)}, Vo eR"

Definition 1.0.14. (L-Lipschitzness) Given two metric spaces (X,dx) and (Y, dy), a func-
tion f : X — Y s said to be L-Lipschitz, if there is a real constant L > 0 such that, for all
X1, To € X,

dy (f(x1), f(z2)) < Ldx(z1, x2).

Definition 1.0.15. (Legendre-Fenchel Transform) Let E be a normed vector space, and ¢
a convex function on E with values in RU {oo}. Then the Legendre-Fenchel transform of ¢
is the function ©*, defined on the dual space E* by the formula

@*(2") = sup{z" - z — p(2)}.

zelE



Definition 1.0.16. (Positive part) Given a function f: R — R, we define its positive part,
denoted by [f]y, as

[/ (@)]4 = max{f(z),0}.
Definition 1.0.17. (Negative part) Given a function f : R — R, we define its negative part,
denoted by [f]_, as

[f(2)]- = —min{f(z),0}.

Theorems
Theorem 1.0.18. (Prokhorov) Let (X,d) be a Polish space. Then a family A C P(X) is

relatively compact w.r.t. the weak topology if and only if it is tight.

Theorem 1.0.19. (Fatou’s Lemma) Let f, : X — [0,00] be measurable, for each n € N.

Then

n—o0 n—oo

/ liminf f,, dp <lim inf/ fn dp.
X X

Theorem 1.0.20. (Monotone Convergence theorem) Let {f.} be a sequence of measurable

functions on X such that
(i) 0 < fr(x) < fra1(x) < oo, for allk € N and all z € X,

(i1) lim, o fn(x) = f(x), for al z € X.
Then,

lim [ f, du :/ f dp.
X X

n—oo



CHAPTER 2
THE CLASSICAL OPTIMAL TRANSPORT PROBLEM

2.1 The Primal Problem
Let X and Y be two Polish Spaces, u € P(X) and v € P(Y) be two Borel probability
measures, and ¢ : X XY — R U {oo} be a Borel measurable cost function. The Monge

Problem is the following:

Problem 2.1.1. Find a Borel map T : X — Y, that minimizes the cost

M(S) ::/ c(x, S(z)) du(z) (2.1.1)
D'
among all Borel maps S : X — Y such that Syp = v.

Such maps are called transport maps from p to v. Maps that minimize the cost M (S)
are called optimal transport maps.

The push forward condition Sxp = v can be characterized by

[ twdv) = [ 5w dSputs) = [ fos@ aut@),  vievin. (212
Y Y X
There are few major drawbacks in the Monge formulation. For example:

e The constraint set could be empty.
Eg: For yp = dpand v = %51—1—%5_1, the condition (2.1.2) cannot hold for any S : X — Y

that is p-a.e. single-valued.

e The cost M(S) could be non-linear in S (depending on ¢), hence could be difficult to
solve.
e The constraint Syp = v may not be closed under weak convergence in general.

Eg: (|2], Chapter 1) Let u = L|[o 1 and v = %51 + %5_1. Consider the sequence of

functions given by S,(x) := S(nz) where S : R — R is a 1-periodic function defined



S(z) = booon [01/2) (2.1.3)

-1 on [1/2,1)

Then, (S,)zn =v,¥n € N, but (S,,) weakly converges to S =0 in L”,V1 < p < o0, so
that Sup = 09 # v.

Due to these issues, we consider a relaxation of the Monge Problem, which is known as

the Kantorovich Problem.

Definition 2.1.2. For given two probability measures p € P(X) and v € P(Y), we define

the set of all transport plans from p to v by

(p,v) = {7 € P(X x ) : Proj,(x,y)47 = 1, Proj, (a, y) 47 = v}, (2.1.4)

The conditions on vy above, are known as the marginal conditions and they can also be defined

as
YA XY)=p(h), VAeB(X), and (X x B)=v(B), VBeB(Y).
Then, the Kantorovich Problem is defined as below:
Problem 2.1.3. Find a vy € (u,v) that minimizes the cost
K0)= [ cley) drtay) 219
XxY
among all transport plans v € (u,v).

Transport plans that minimize the cost K(v) are called optimal transport plans.
When compared to the Monge formulation, there are many advantages in the Kantorovich

formulation, such as:
e The set II(p,v) is always non-empty as it contains pu ® v.

e The cost K(7) is linear in v (regardless of ¢), hence much easier to solve.



e The set II(p,v) is a convex set.

We can easily see that for any 71,72 € (g, v) and 0 < A < 1, Ay + (1= X))y € (u, v).

o If Ty =v, then v := (Id XT")xp € (i, v), hence the set of transport plans contains

all transport maps.
Now, we will discuss the existence of a minimizer for the Kantorovich problem.

Theorem 2.1.4. ([51], Theorem 1.7) Let X,Y be two Polish spaces and p € P(X) and
vePY). Ifc: X XY — [0,00] is lower semi-continuous, then the Kantorovich problem

(2.1.3) has a minimizer.

The proof is based on the tightness of the set II(u, v) and the Prokhorov theorem.
From here onwards, we will call the Kantorovich problem, the classical Optimal Transport
(OT) problem and we will denote it by
OT.:= inf / c(x,y) dy(z,y) p. (2.1.6)
YEl(p) | Jxxy
2.2 Duality
Let X,Y be two compact Polish spaces, p € P(X) and v € P(Y) and c: X x Y +— [0, 00)

be continuous. We will define the dual formulation of the OT problem as the following

maximization problem:

(P )EDe

OT;:= sup {/Xqﬁ(x) du(fv)+/yw(y) dV(y)} (2.2.1)
where
D= {(¢,¥) € Cp(X) x Cy(Y) : ¢(x) + ¥ (y) < ez, y)}- (2.2.2)

Due to the lack of compactness of the above class of admissible functions, we will consider

an alternative dual formulation.



Definition 2.2.1. Given a function f : X — R U {+oc}, we define its c-transform, f€ :

Y = RU{£o0} by

Fo(y) = inf {ely) (). (223)
Similarly, given a function g : Y + R U {£oo}, we define its c*-transform, ¢¢ : X
R U {£o00} by

9" (@) := inf{c(a,y) - g(y)}- (22.4)

Definition 2.2.2. A function f : X — R U {£oo} is called c-concave, if there exists a
function g : Y + R U {£oo} such that f = g . A function g : Y — R U {£oo} is called
c*-concave, if there exists a function f : X — RU{xoo} such that g = f€.

We will denote the set of c-concave functions on X by c-conc(X) and the set of ¢*-concave

functions on'Y by c*-conc(Y).

Observe that, given an admissible pair (¢, ) in OT*, if we replace (¢,1) by (¢, ¢¢) and
then again by (¢°, ¢°), the value will be increased while satisfying the constraints (|51],

Definition 1.10). Hence, we consider the following dual formulation.

OT¢:= sup {AM@W@+L¢@¢@%- (2.2.5)

pEc-cone(X)

Functions that maximize OT}, are called Kantorovich potentials.

Now, we will present the existence of dual maximizers and strong duality results.

Theorem 2.2.3. (/51], Proposition 1.11) Let X,Y be compact subsets of R and c be a con-

tinuous function. Then OT) has a solution (¢,1)) such that ¢ € c-conc(X), ¢ € c¢*-conc(Y)

and 1 = ¢°.

In the proof, one starts with a maximizing sequence (¢,,¥,) and take the c-transforms
so that it improves the dual formulation. This transformation will make (¢,,,) equi-
continuous and equi-bounded, so that one can apply the Arzela-Ascoli theorem to get the

existence result.
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Theorem 2.2.4. ([51], Theorem 1.39) Let X,Y be two Polish spaces and suppose that

c: X XY — R is uniformly continuous and bounded. Then,
0T, =0T;.

The proof uses the concept of c-cyclical monotonicity, which we will discuss next.

2.3 Properties of the optimizers
Definition 2.3.1. Given a function ¢ : X XY +— RU{occo}, we say a set ' C X x Y is
c-cyclically monotone, if for any positive integer p, any permutation o of {1,...,p}, and any

finite family of points (x1,vy1), ..., (2, yp) € I', we have

p p

Z C(%i, yz) < Z C<xi7 ya(z))

i=1 i=1
Theorem 2.3.2. ([51], Theorem 1.38) Let v be an optimal transport plan for OT. and let

¢ be a continuous function. Then, spt(7y) is a c-cyclically monotone set.
Now, we will present a more general theorem.

Theorem 2.3.3. ([53], Theorem 5.9) Let X,Y be two Polish spaces and p € P(X) and
v € P(Y). Suppose that ¢ : X xY +— RU{oo} is a lower semi-continuous function, such that
there exist some real-valued, upper semi-continuous functions u € LY (X, du), v € LYY, dv)
satisfying

c(x,y) > u(x) +v(y), V(z,y) € X X Y.

Then,

1. Duality holds:

OoT. = sup / o(x) dp(zx / Y(y) dv(y
(&, ¢)€Cb ><Cb
- {/¢ dute)+ [ o) dvly }
(¢, w)ELl(X du Yx L1 (Y,dv)

$+y<e
= sup {/ o(x) dp(x /gbc ) dv(y }
peL (X du)

11



- 0w f o ).

Note that, in the above suprema, we may take ¢ € c-conc(X) and 1) € c*-conc(Y').

2. Suppose ¢ is real-valued and the cost OT,. is finite. Then there is a measurable c-

cyclically monotone set I' C X X Y, such that for any v € I(u,v), the following

statements are equivalent.
a) v is optimal;
b) 7 is c-cyclically monotone;

¢) There exists a c-concave function ¢ : X — R U {—oco} such that ¢(x) + ¢°(y) =

c(x,y), v-a.e.;

d) There ezist functions ¢ : X — RU{oo} and ¢ : Y — R U {oo}, such that

o(x) + ¢°(y) < c(x,y), Y(z,y), with equality v-a.e.;

e) 7 is concentrated on T.

Now, we will present a uniqueness result for the optimal transport plans. This is known

as the Brenier-McCann’s Theorem.

Theorem 2.3.4. ([54], Theorem 2.12) Let c(z,y) = |z — y|* and p € Po(X),v € Po(Y).

Suppose that p vanishes on small sets. Then,
1. There exists a unique optimal transport plan, given by
v = (IdxXVu)up,

where Vu is uniquely determined p-a.e. such that u is conver and Vuyp = v.

Furthermore,

spt(v) = Vu(spt(p)).

2. Vu is the unique solution to the Monge problem given by (2.1.1).

12



3. If v also vanishes on smalls sets, then Vu* is a v-a.e. unique solution to the Monge

problem from v to u, such that u* is convexr and
Vu(Vu*(y)) =y v-a.e. y and
Vu*(Vu(z)) == p-a.e. x.
Finally, we will briefly discuss the notion of the Wasserstein distance.

Definition 2.3.5. Let (X,d) be a Polish metric space and p,v € P(X). For a given p €

[1,00), we define the Wasserstein distance of order p between p and v by

Wte)i= (_ant [ oy dw(x,m)l/p.

YEl(p,v)

Proposition 2.3.6. (/3/, Chapter 7.1) W, defines a distance on P,(X).

Proposition 2.3.7. (/53], Corollary 6.9) W, is lower semi-continuous w.r.t. weak conver-

gence of measures.

13



CHAPTER 3
CAPACITY CONSTRAINED OT PROBLEM

3.1 Introduction

In the capacity constrained OT problem, we impose capacity constraints which limit the
amount transported between any given source and corresponding target. As an example in
the discrete case, we can consider a large number of coal mines from which coal has to be
transported to refining factories and the problem is to find where each unit of coal should
go with a minimum transportation cost. In the unconstrained OT problem, we assume that
any amount of coal can be transported, whereas in the capacity constrained case, there is
a limit to the amount of coal that can be transported from one mine to the corresponding
factory.

Formally, given two probability measures y, v € P(R?), that represent the distributions
in source and target, respectively, and a finite Borel measure 7 on R% x R?, that represents

the capacity constraint for the transport plans, we minimize the cost:

inf {/ c(z,y) dv(x,y)} (3.1.1)
~EIIY (u,v) Rd xR

Here, the set I17(u, v) represents the set of transport plans from p to v bounded by 7.

In [46], Rachev and Riischendorf introduced this problem on compact spaces where they
study bounded below, Borel measurable and lower semicontinuous cost functions and ob-
tained a dual formulation of the minimization problem. Recently, in a series of papers by
Korman, McCann and Seis, [33, 35, 34|, the authors have considered this problem for con-
tinuous, bounded cost functions on R? x R? and for finite, bounded capacity constraints.
There, they have obtained the equivalence between the primal problem and a dual problem
with the existence of minimizers of the capacity constrained OT problem and existence of
dual maximizers. However, unlike in the classical case, any further information about dual
maximizers such as regularity or inheriting properties from the cost function is still unknown.

In this chapter, we will present the existing results regarding this Capacity Constrained

14



OT problem and provide some characterization of the optimizers of the primal and dual

problems.

3.2 The Primal Problem

Similar to the work in 33|, we will use functions to represent mass densities.

Let f and g be two non-negative, compactly supported density functions in L!(R?) with
equal total masses, i.e. [p. f(2) dz = [, 9(y) dy, representing the source and the target
densities. Let ¢ be a Borel measurable function on R? x R? representing the cost function. Let
h e L>®(R? x R?) be a compactly supported function representing the capacity constraint.
Denote by Hﬁ(f, g), the set of all joint densities h € L'(R? x R?) with marginals f and g,

and bounded by A, i.e.

fla) = [ b dy, o) = [ hw.y) de, and 0<h<h

We define the two-marginal Capacity Constrained Optimal Transport (CCOT) problem be-

tween f and ¢ under the capacity A as the following minimization problem:

OTCC = iI}f [C(h> (3.2.1)
hellh(f,9)

where

L(h) = /R | claah(a.y) dody

Unlike in the unconstrained problem, it is not always guaranteed that the set HB( f.9)
is non-empty. The necessary and sufficient conditions for HE( f,g) to be non-empty are as

follows:

Proposition 3.2.1. ([/6], Corollary 4.6.15) The set Hﬁ(f, g) # 0 if and only if

/A f(@) do+ /B o) dy <1+ [ .y dedy

for any Borel measurable sets A, B C R%.

The following theorem states that OT ¢ has a minimizer.
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Theorem 3.2.2. (/35], Theorem 3.1) Let ¢ be a bounded, continuous function on R? x R?
and 0 < h € L®(R? x RY) be compactly supported. Take 0 < f,g € LY(R?Y) compactly

supported functions such that the set Hﬁ(f, g) is non-empty. Then, OT cc has a minimizer

n Hh(f,g).

In order to get uniqueness of the minimizers, we require the cost ¢ to satisfy three con-

ditions.
(C1) ¢(x,y) is bounded,

(C2) there is a Lebesgue negligible closed set Z C RYxR? such that c(x,y) € C*(RIx R\ Z)

and,
(C3) c¢(x,y) is non-degenerate: i.e. detVZ c(z,y) # 0 for all (z,y) € R x R?\ Z.

Theorem 3.2.3. ([33], Theorem 8.1) Suppose that the cost c(x,y) satisfies the conditions
(C1), (C2), and (C3). Let 0 < h e L®(R? x RY) be compactly supported. Take 0 < f,g €
LY(R?) compactly supported functions such that the set Hﬁ(f, g) is non-empty. Then, OT ¢

has a unique minimaizer.
Now, we will give a characterization of the minimizers of OT¢¢.

Definition 3.2.4. Let h € L®(R? x RY). A density h € Hﬁ(f, g) is called geometrically
extreme, if h(z,y) = Lw(z,y)h(z,y) for almost all (x,y) € R x R%, for some Lebesgue

measurable set W C R% x R%,

Theorem 3.2.5. (/33], Theorem 7.2) Suppose that the cost c(x,y) satisfies the conditions
(C1), (C2), and (C3). Let 0 < h € L=(R* x R?) be compactly supported. Take 0 < f,g €
LY(RY) compactly supported functions such that the set Hﬁ(f, g) is non-empty. Ifh € Hﬁ(f, 9)

minimizes OT o¢, then h is geometrically extreme.
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3.3 Duality - Version I
For given f,g € L'(R%) and 0 < h € L®(R?xR%), we consider the following maximization

problem:

OT¢e = sup  J(u,v,w) (3.3.1)

(u,v,w)GLipcﬁ

where

J(u,v,w) = /Rd u(z) f(x) de + /Rdv(y)g(y) dy +/ w(x,y)ﬁ(z,y) dzdy, (3.3.2)

R4 x R4
and
Lip, j, := {(u, v,w):u e LYRY, fdx),v e LYRY, gdy), w € LR x R?, hdzdy),
(3.3.3)
u(x) +v(y) + w(z,y) < c(z,y), and w(z,y) < 0}-

Now, we will present the strong duality result for the CCOT problem.

Theorem 3.3.1. (/35], Theorem 1) Let f,g € L'(R?) be two probability densities such that
11" (f, g) is non-empty and 0 < h € L>®(R¢xRY) be compactly supported. Let c € L'(RExRY).
Then,

OTce = OThe.

Remark 3.3.2. In [35], the authors use an infinite dimensional linear programming duality

with a quadratic penalization to get this result.

In [34], the same authors prove the existence of dual maximizers for OT¢..
Let X and Y be two compact subsets of R? with unit volumes, f and g be probability
densities on X and Y, respectively, and 0 < h € L®(X x Y).

Instead of the dual functional (3.3.2), we consider the functional

J (u,v) = / uf dx +/ vg dy — / [—c+u+v], h dxdy. (3.3.4)
X Y XxY
and define
OThg = sup J (u,v). (3.3.5)

ueLl (X, fdz)ve L1 (Y,gdy)
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Note that OT%, = OTh (see Appendix 1).

The existence result of dual maximizers is given below:

Theorem 3.3.3. (/34/, Theorem 4.2) Let f,g and h be continuous and strictly positive on
their compact supports X,Y, and X x Y, respectively. Let c € LY(X xY). Fiz ann > 1
and assume that TI""(f, g) is non-empty. Then, there exist functions (u,v) € L*(X, fdz) x
LMY, gdy), such that

OThy = J'(u,v).

The authors also provide a characterization of the optimizers of the primal and the dual

problems as follows:

Corollary 3.3.4. ([34], Corollary 1.1) Under the assumptions of Theorem 3.3.3, any h €
Hi‘(f, g) is optimal if and only if there exist functions (u,v) € LY (X, fdx) x L'(Y, gdy), such
that

>0 where h =0,

C—u—v =0 whe7”60<h<ﬁ, (3.3.6)

<0 where h =h.

\

3.4 Duality - Version II

In [46], the authors consider the CCOT problem in a different setting.

Let X,Y be two compact subsets of R? and let ¢ : X xY — RU{oo} be Borel measurable
and bounded below. Let u € P(X), v € P(Y) and 4 be a finite Borel measure on X x Y.

Then, the CCOT is defined as the following minimization problem:

OT¢e :=  inf {/Xyc(x,y) dfy(x,y)}, (3.4.1)

yel¥ (p,v)

where

(1, v) := {7 € M(p,v) : 7(A x B) < 5(A x B),Y(A4, B) € B(X) x B(Y)}.  (3.4.2)
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Its dual formulation is given by the following maximization problem:

OT¢e = S%p{/XU(w) du(:lr)Jr/Yv(y) du(y)+/X Yw(x,y) d’y(m,y)}, (3.4.3)

where the supremum is taken over the set B of real-valued functions u, v, w satisfying u €
Cp(X),v € Cyp(Y),w € Cp(X xY) and w < 0 with u(z)+v(y)+w(x,y) < c(z,y) everywhere.

Now, we will present the duality theorem for this version.

Theorem 3.4.1. ([46], Theorem 4.6.14) Let ¢ : X xY +— RU{oo} be Borel measurable and

bounded below. Then, the following statements are equivalent:
(a) c is lower semi-continuous on X X Y.

(b) The duality holds for all p € P(X),v € P(Y) and 5 € M (X xY).

1.€. OTCC = OT*C’C

The proof is based on the abstract duality theorem (see [46], Theorem 4.6.1).

3.5 A further characterization on the optimizers

Even though the idea of the CCOT problem is quite as natural as the classical OT
problem, only a little is known about the optimizers when compared to other variants of
OT problem. In this section, we will present some characterization on the optimizers of the
primal and the dual problems for CCOT problem.

Let X,Y be compact subsets of R? and ¢ be a non-negative, bounded, continuous function
on X xY. Let p € P(X),v € P(Y) be probability measures which are absolutely continuous
w.r.t. Lebesgue measure with densities f € L}(X) and ¢ € L'(Y) and ¥ be a compactly
supported finite measure on X x Y that is absolutely continuous w.r.t. Lebesgue measure
with a bounded density h € L™(X x Y).

We will redefine the primal and the dual problems as follows:

leap == inf {/ c(z,y) dv(ﬂs,y)}- (3.5.1)
YEIY (pu,v) XxY
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.= sup J(u,v,w), (3.5.2)

cap * .
(u7v7w)€Llpc,ﬁ/

where

J(u, v, w) = /Xu(x) du(x) +/

Y

v(y) dv(y) —i—/ w(x,y) dy(z,y)

X XY

and

Lip, s := {(u,v,w) cu e LNX,du),v e LNY,dv),w € LN(X x Y,d7),
(3.5.3)
u(@) + v(y) + wlz,y) < (o), and w(z,y) < o}.

Let v € II"(p, v) be a minimizer for Iy, and (u,v,w) € Lip, 5 be a maximizer for I7,,.
Let £ C spt(%) be the compact support of .

Then, by Theorem 3.2.5, we have that

5 onECXXY,
v = (3.5.4)

0 elsewhere.

By duality (Theorem 3.3.1), we have that

/ cd*y:/udu—ir/vdu—i—/ w dy
XxY X Y XxY

:/udu+/vdu+/ wd’y—l—/ w d7.

s Y (XXY)NE (X xY)NE®

By (3.5.4) and w < 0 on (X x Y) N E¢, we have that

/ cdvg/ud,u—i—/vdl/jL/ w dry. (3.5.5)

XxY b's Y XxY
On the other hand, since (u,v,w) € Lip, 5, we have that

u(z) +v(y) +w(z,y) <clz,y), Viz,y) € X xY.

By integrating both sides with respect to v, we get

/udu—l—/vdu—l—/ wdwﬁ/ c dv. (3.5.6)
X % XxY XxY
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By combining (3.5.5) and (3.5.6), we get

/ cdyz/udujt/vdu%—/ w dry. (3.5.7)
XxY X Y XxY

Thus, by using the marginal conditions, we can write

/X Y(c—u—’u—w) dvy = 0. (3.5.8)

Since we have the inequality ¢ — u — v — w > 0, we can conclude that

c(xz,y) —u(x) —v(y) —w(z,y) =0  7-ae. (3.5.9)

Now, let n € N, o be any permutation of {1,...,n} and pick an arbitrary collection of

points (x1,41), - -, (Tn, yn) € spt(7y). Then,

n n n

ZC(%,%) - Zw(xz‘u Yi) = ZU(%) + v(yi)

= > ule) + vlymo)

< Z C(xiv yo(z)) - w(xia ya(z))
i=1
This shows that spt(v) is (¢ — w)-cyclical monotone (see Definition 2.3.1).
From here onwards, we will assume that the capacity ¥ = ku ® v for some xk > 1.

Let v* € IT7(u, v) be a minimizer for Io,, and (u,v,w) € Lip,; be a maximizer for I7,,.

Thus, by (3.5.7), we have
/ cdyt = / u du+/ v dv +/ w dy*. (3.5.10)
XxY b Y XxY
Again, consider the inequality
u(@) +o(y) + wiz,y) < c(z,y).

By integrating both sides with respect to an arbitrary v € II(u, v), we get

/udu—l—/vdu—l—/ wdvg/ c dv.
X Y XxY XY
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1.e.

/udu+/vdu§/ (c —w) dy.
X Y XxY

Now, taking the infimum over v € II(u, v) from both sides, we get

/ud,u—l—/vdug inf / (¢ —w) dr.
X Y vE(n) Jx xy

Observe that, since

7 (p,v) C I(p,v),

we have

inf c—w)dy < inf / c—w) d
veH(u,V)/XxY< ) ! YEIY (p,v) X><Y( ) !

S/X Y(c—w) dy* (3.5.11)

:/Xu d,u+/yv dv, (by (3.5.10)).

Recall that the strong duality result holds for the classical OT problem with Borel mea-
surable and p ® v-a.e. finite costs (see [5], Theorem 2). Since ¢ —w > 0 is Borel measurable
and p ® v-a.e. finite, we have that

inf / (c—w) dy = sup / u dp +/ v dv. (3.5.12)
vell(pv) Jx xy weLN(X)weL (Y) J X Y

u+v<c

Thus, by (3.5.11) and (3.5.12), we can conclude that (u,v) maximizes the dual of the
classical OT problem with cost (¢ — w).

Finally, we will list the above characterization in the following proposition.

Proposition 3.5.1. Let v € II'(u,v) be a minimizer for L., and (u,v,w) € Lip.; be a

maximizer for I, . Then,

1. c(z,y) —u(z) —v(y) —w(z,y) =0 v-a.e..

2. spt(7) is (¢ — w)-cyclical monotone.

3. If ¥ = ku @ v for some k > 1, then (u,v) maximizes the dual of the classical OT

problem with cost (¢ — w).
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CHAPTER 4
MULTI-MARGINAL OT PROBLEM
4.1 The Multi-Marginal OT (MMOT) Problem

4.1.1 Introduction

As opposed to the classical OTP, which is a two-marginal problem, multi-marginal OTP
(also known as the multi-dimensional Monge-Kantorovich Problem) studies transporting
mass from a single source to multiple targets. More generally, given a p-tuple of probability
measures (vi,...,1,) in R% the problem consists of finding an optimal way of successively
rearranging v; onto v; against a certain cost on R?? where v; represents the mass distribution
at the source and (v;),21 represent the mass distributions at the targets.

MMOT is a versatile framework that can be applied in various fields, including image
processing, computer vision, economics, machine learning, natural language processing, and
medical imaging, among others. For example, MMOT is used in economics to model and
solve problems involving the distribution of resources, such as the allocation of goods among
multiple buyers and sellers [13]. Also, MMOT is used in machine learning tasks such as
clustering, where it is used to group similar data points together based on their feature
similarities.

This was first discussed by Gangbo and Swiech in [24], for a specific cost function. More
characterization of the optimal solutions and some applications have been discussed in [43,
44] and a few variants such as multi-marginal partial OTP [31] have been introduced later

on.

4.1.2 The Primal Problem (MMOT Problem)
Let p be a positive integer. For a given p-tuple of probability measures (vq,...,1,) in
P(R?), and a lower semi-continuous cost function c(zy,...,z,) : R — R, we consider the

minimization problem:

OTwm(v1, ..., 1) :=  inf / dc(xl,...,xp)d’y(wl,...,xp), (4.1.1)
Rp

~yeIl(vy,...,Vp)
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where
(v, ..., 1) = {y € PR : Proj,, (21,...,2p)xy = 13,V1 <i < p}. (4.1.2)
When p = 2, (4.1.1) becomes the classical OT problem.

Remark 4.1.1. In [2}], the authors consider the cost

p
c(zy,...,xp) :Z|x]~ — x1]? (4.1.3)

i#k

and the minimization problem
p 2
Ti(x)—1T,
OTy(T) = inf > / T(@) = Te@) 4 (4.1.4)
gk R 2

where K is the set of all p-tuples of maps T = (T, ...,T,) such that T; : R? — R? (i =

1,...,p) are Borel measurable and satisfy v; = Ti,vr.

Theorem 4.1.2. Given v; € P(RY) for each i = {1,...,p}, and a lower semi-continuous

cost ¢ : RPY — R, OT s has a solution.

The proof of the existence of a minimizer for (4.1.1) is quite standard. Similar to the
proof of existence of solutions for the classical OT Problem, since the set II(vy, ..., v,) is non-
empty, convex and compact with respect to the weak topology and the functional v — [ ¢ dy

is linear with respect to 7, we can guarantee the existence of a minimizer for (4.1.1).

Remark 4.1.3. In [24], the authors have proven that if the measures vy, . . ., v, are vanishing
on (d — 1)-rectifiable sets and have finite second moments, then the MMOT Problem with

cost 30, [xj — x]? has a unique solution (See [24], Corollary 2.2).

4.1.3 Duality
Similar to the dual formulation of the two-marginal OT problem, we define the dual

problem of the MMOT Problem as follows:
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Given probability measures (v1,...,1,) in P(R?), we consider the maximizing problem

OTYm(ur, ... up) = sbllp { Z /]Rd wi(z;) dyz(ml)} (4.1.5)

Here, A is the set of all p-tuples of functions (us,...,u,) such that u; € L'(R? dy;) and
upper semi-continuous, and > b w;(z;) < c(1, ..., xp), V(z1,...,7,) € R

The duality results between (4.1.1) and (4.1.5) have been discussed in the literature. How-
ever, in [24], the authors provide duality results with extensive characterization. Therefore,

we will present the duality results given in [24] for the cost given by (4.1.3).

Theorem 4.1.4. (/24], Theorem 2.1) Assume that vy, ..., v, are non-negative Borel proba-
bility measures vanishing on (d — 1)-rectifiable sets and having finite second moments. Set

X; :=spt(y;) fori=1,...,p. Then:
(1) OTy admits a mazimizer u = (uq,...,u,) € A.

(ii) There is a minimizer S = (Si,...,S,) for (4.1.4) satisfying Si(z) = = (z € RY).
The S; are one-to-one v;-a.e., are uniquely determined, and have the form S;(x) =

Vi (Vfi(x)) (x € RY), where

_ =P

fi(x) 5 + ¢i(x),

the ¢; are convex functions, and f; € C*(R?) where f; denotes the Legendre transform
of fi (see [47], Section 26).

(iii) Duality holds: the optimal values in (4.1.4) and (4.1.5) coincide.

() Ifu = (a,...,u,) € A is another mazimizer for (4.1.5), we can modify the u;’s on sets
of zero v; measure to obtain a mazimizer, still denoted u, such that u; is differentiable
vi-a.e. Furthermore,

Vu, =Vu; v;-a.e.
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4.2 Capacity Constrained Multi-Marginal OT Problem

The notion of the capacity constrained multi-marginal OT Problem already has been
introduced in [18]. The Capacity Constrained Multi-Marginal Optimal Transport (CCM-
MOT) problem introduces capacities that limit the amount transported between the source

and the targets.

4.2.1 The Primal Problem
Suppose we are given a positive integer p, and p probability measures v, ..., v, € P(R?).

Let 7 be a compactly supported finite measure on RP? such that ¥ < 11 ® ... ® v,
Define

(v, v) = {y €U, ..., 1) 9 (A x ... x A) <AL x ... x A),VA; € B(R?),Vi}.

(4.2.1)
We assume that the set 117 (v, ..., 1,) is non-empty.
Then, the CCMMOT problem is to minimize the cost:
OTcomm = inf / c(xy, ... xp) dy(z, ..., xp). (4.2.2)
~EIY (v1,...,vp) JRPd

In [18], it has been shown that the CCMMOT problem has a solution and some char-
acterization of the optimal solution is given. We will present some of the results from [18]

below.
Theorem 4.2.1. (/18], Theorem 3.1) If c € L°(RP), then OT comum has a solution.
Next, we will provide a characterization of the optimal solutions of (4.2.2).

Definition 4.2.2. A measure v € I (14, ..., 1) is called an extreme point of the convex set

I (vy,...,vp) if v is not the midpoint of a non-trivial line segment in 11 (vy, ..., 1vp).

Theorem 4.2.3. ([18], Theorem 4.1) Suppose vy,...,v, are non-atomic Borel probability
Vp) if

measures on R?. Then, v € 11(vy,...,1v,) is an extreme point of the set 117 (v, ...

and only if v = 1w~ for a y-measurable set W C RP?,
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To get the uniqueness of optimal solutions, we make the following two assumptions on

the cost function.

1. Assume that the function ¢ € L*®(RP?) is such that the mixed partial derivative of

order p
oPc
11 ,eenslp :
o, ... oy
exists for each set of variables (2. .. ,x;}’), where 1 < i, < d for any k < p.

2. Assume that for some fixed number N € NU {oo} there exist at most countably many

disjoint open sets {Gy}_,, G), C RY such that the following conditions are satisfied:

(C1) each set Gy has positive Lebesgue measure;
(C2) the union of all sets in {Gy}2_, has full Lebesgue measure;

(C3) for every k < N there exist a set of variables (z%, ..., 2}?) such that the functions

O,,...k,C 1s either strictly positive or strictly negative on Gy.

Theorem 4.2.4. ([18], Theorem 6.1) Suppose we are given a cost function ¢ on R? satisfying
the conditions (C1), (C2), and (C3). Then, any v € P(RP?Y) that is an optimal plan is an

extreme point of the set 11 (vy, ..., 1,).

Corollary 4.2.5. (/18], Corollary 6.1.1) If ¢ on R? satisfies the conditions (C1), (C2), and

(C3), then the optimal plan is unique.

4.2.2 Duality

To the best of our knowledge, a dual formulation for the CCMMOT problem does not exist
in the literature. Therefore, in this section we present a dual formulation for the CCMMOT
problem and prove the strong duality result and the existence of dual maximizers.

We will generalize the techniques used in [34, 35| for the two-marginal capacity con-

strained OT problem to get our results.
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Let v; be a probability measure in P(R?) which is absolutely continuous w.r.t. Lebesgue
measure with density f; € L'(R?) for each 1 <4 < p and 4 be a compactly supported finite
measure that is absolutely continuous w.r.t. Lebesgue measure with a bounded density h.
We denote by Hﬁ(f 1,-- ., fp) the set of all non-negative measurable joint densities on RF? that
are bounded by h. i.e. for each 1 < i < p, filw;) = [h(z1,...,2p) doy ... dri_gdzig ... dxy,
and 0 < h < h. As the dual formulation of the CCMMOT problem, we consider the following

maximization problem:

OT¢ e = sup S (ur, .. up, w) (4.2.3)
(U1 5eeeyup,w) ELipH
where
P
J(u, ... up,w) = Z /]Rd wi(x;) fi(x;) da; + /de w(zy, ..., xp)h(x, ... xp) doy ... dx,
- (4.2.4)
and
Lip/ = {(ul, g w) u; € LYRY), w e LY(RPY),
, (4.2.5)
Zul(xz) +w(zy,...,xp) < c(zy,...,2p),and w(xy,...,x,) < O}.
i=1

First, we will prove that the strong duality holds for the CCMMOT problem.

Theorem 4.2.6. Let v; be a probability measure in P(R?) which is absolutely continuous
w.r.t. Lebesque measure with density f; € L*(RY) for each 1 < i < p, 7 be a compactly
supported finite measure that is absolutely continuous w.r.t. Lebesque measure on RPY with

a bounded density h, ¢ € L (R and assume TI"(fy, . . ., fp) # 0. Then,

Here, we will redefine OTcomu as

OTcovm = inf I.(h):= / ch dzy ... dx,. (4.2.6)
Rpd
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Proof. The proof of Theorem 4.2.6 is a consequence of the two propositions that we will be

proving below.

Proposition 4.2.7. Under the hypotheses of Theorem 4.2.6, we have

Proposition 4.2.8. Under the hypotheses of Theorem 4.2.6, there exists a sequence

{(uf, . ug, w®) ey in Lipib such that

I.(ho) = 15%1 J(ug, ... ug, we), (4.2.8)

where hg is a minimizer of (4.2.6) of the form hy = Lyh, for a Lebesque measurable set

W c R
Proof of Proposition 4.2.7 Let h € I"(fy, ..., fp) with I.(h) finite and let
(U, ... up,w) € Lipib. Then we have

I.(h) = / ch dx; ...dx,
Rrd

p p
:Z/ uifidﬁrl—/ wﬁdazl...dxp—i-/ (C—Zui—w)hdxl...dxp
i—1 JR? Rpd Rpd i=1

—I—/ w(h —h) dz, ... dz,
Rrd

> J(uq, ..., up,w).

Note that, in the second line, we use the marginal conditions on A and in the last line, we
used the properties of the set Lipi‘ along with the fact that h < h. By taking the infimum
over h € Hﬁ(fl, ..., fp) and supremum over (uq, ..., Uy, W) € LipZL from both sides, we get
the inequality (4.2.7).

Proof of Proposition 4.2.8: Similar to [35], we introduce a relaxzed version of the MMOT

problem with capacity constraints. Let ¢ > 0 be a small number. Define
I5(h) '—/ ch dx dz, + ! i[|<h> — fill3 (4.2.9)
c = - 1--- p % 2 z; ill2 L.
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where (g}ﬂjz denotes the " marginal of g, for a given function g = g(z1,...,z,) defined on
RP? je. for each 1 < i < p, (g)mz = [g(@1,...,2p) doy ... drviqdaiyy ... dxy.

For (uy,...,u,, w) € LipZL such that each u; € L*(R?), we define

P P
J(u, .. up,w) = Z/Rd w; fi da; + /R dwh dey...dx, — gz 1A (4.2.10)
i=1 P i=1

Note that, if u; ¢ L*(R?) for some i € {1,...,p}, we can extend J¢ to a functional on the
entire set Lipi’ by setting J*(uy, ..., u,, w) := —oo.

First, we will prove that the statement of Proposition 4.2.7 holds for the relaxed version.

Lemma 4.2.9. Let € > 0 be given. Under the hypotheses of Theorem 4.2.6, we have

inf IZ(h)> sup JE (U, ... up,w). (4.2.11)
0<h<h

Proof. Let 0 < h < hand (uy,. .., uy,w) € Lipi‘ be such that IZ(h) and J®(uy,. .., u,, w) are

both finite. Then, observe that,
1 p
€ _ 2
I5(h) = /R chdr.day + o3, =

¢ p

7 €
:Z ifi da; hdx...dv, — - 12
izl/JRde T +/dew 1 z 21221:Hu||2

p
+/ (C—E ui—w)hdxl...d$p+/ w(h —h) dz, .. .dz,
Rpd i=1

Rpd
1 &
o SR, — it cull
i=1
> J(ug, .. up,w).

The last line holds true by the definition of the set Lipi’ , the fact that 0 < h < h and the
non-negativity of the L? norms.
Finally, by taking the infimum over h € Hﬁ(fl, ..., fp) and supremum over (uy, ..., u,, w)

€ Lipf from both sides, we get the inequality (4.2.11). [ |

Next, we will prove that the relaxed problem (4.2.9) has a minimizer.
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Lemma 4.2.10. Let € > 0 be given. Under the hypotheses of Theorem 4.2.6, there exists
a minimizer h. of I, and h. can be chosen of the form h. = ]1sz for some Lebesgue
measurable set W. C RPY. Furthermore, if h. is another minimizer of I7, then for each
1<i<p, (b, = (he) .

Proof. Let hg be a minimizer of (4.2.6). Since it is admissible for 5, and hy has marginals
fis- -, fp, we have that I5(hg) = I.(ho). Thus, we have that, —HiLHOOHCHLl(V”V) <inf, It(h) <
I:(hy) = I.(hy) < oo, where W is the support of h. So, we pick a minimizing sequence
{hpYnen of I¢. Since we have 0 < h,, < h, for each n, we can find a subsequence (without
relabeling) {h, }nen that converges weak-* in (L'(RP?))* = L>®(RPY) (see [48], Chapter 19)
to some L*° function h, that satisfies 0 < h, < h.

Also note that for each 1 < i < p,

<h’">:(31 - fz = / (hn — ho) dil?l e d.fEi_ldﬂfH_l c. dl'p.
R(»p—1)d

Hence,

2
/ | (P, — fil? da; g/ (/ |h, — ho dxl...dxildwiﬂ...dxp) dz;.
Rd Rd R(p—1)d

Since hy, ho < h € L®°(RP?) with compact support, the sequence {{hn)y, — fitnen is
bounded in L?. Hence, we can find a further subsequence (without relabeling) {h, }»en such
that the sequences {(h,), — fi}nen Weakly converge to (<h5>xi — fi) in L? for each .

Now, fix an i € {1,...,p} and let & = &£(x;) be an arbitrary smooth and compactly

supported test function. Then,
/ [(<hn>xl - fl) - (<h5>x¢ - fl)]f dr; = / (<h”>zi o <h5>wz)£ dx;
R4 Rd
= / (hn, — he)é dzy ... dzx,,.
Rpd

Since h,, converges to h. weak-*, we get that (h,), — fi converges to (h.), — fi.
Now, by the lower semi-continuity of the L? norm with respect to weak L? convergence,

for each i, we have that

| ey, = fill 2 ey < liminf [ (hn),, — fill L2(me).
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Also, since ¢ € LY(RPY), and h., h, are supported in W, by the weak-* convergence on

L>(W), we get
/ che dz; ... dx, = lim chy, dzy ... dx,.
Rpd

n—oo Rpd

Thus, we have that

ir}if IZ(h) = liminf IZ (h,)

n—oo
1 &
_1: . el o ) 2
= hgri)g.}f{/w chy, dz, ... dx, + e ;:1 || (), fZH?}

. 1
> lim inf /de chy dxy ... dz, + Te;hﬂgﬁf” (), = Fill3

n—oo

1< ,
Z/dechg d$1...d$p+2—€;||<h5>xi—fi||2
= 1:(he).

This concludes that h. is a minimizer for I7. Since the relaxed problem is strictly convex
(see Appendix 2), it is clear that h. has unique marginals. Also, since h. is a minimizer for I..

in the class TI"((h.) ., (he),, ), we can choose h. such that h. = 1y, h for some Lebesgue

z10 "

measurable set W, C W (see Theorem 4.2.3 and Theorem 4.2.4). |

For the rest of the proof, we define the following functions.
1 .

ui = ——((he),. — [i) V1 <i<p, (4.2.12)
€ 1

and

p
W = mm{c—zu;,o}. (4.2.13)
=1

Note that, by the definition of w®, we get that w® < 0 and > 7 uf + w® < ¢. Thus,

(3

(uf, ..., u5,w) € Lipzl defined in (4.2.5). Also note that for each i,u$ are determined inde-

pendently of the choice of h, in H?‘(fl, -5 fp). We will claim that (uf, ..., us, w®) maximizes

J® in Lipé.
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Lemma 4.2.11. Let h, = ILWJL be a minimizer for I:. Then

P <0 a.e W,
c— ) u (4.2.14)
=1 >0 ae inW)\W..

Proof. Let € > 0 be an arbitrary smooth test function. Define, for any o € R
h := h. + o&(h — h.).

Since h, = ILWJL, we have

he a.e. in W,
he = (4.2.15)
oth ae. in W\ W..
Observe that, h? = h. and for 0 < o < ||¢]||2}, 0 < h? < h. Since h. minimizes I¢, we
have I¢ (he) = IE(h) < IZ(h7).

Now observe that,

£(ho o 1 e )
I:(hY) = /dechg dxl...d:cer%;H (h2),. — fill2
~ 1 p ~ )
= /de C(hg“‘O'f(h—hg)) d.%'ldl‘p—l—% ;:1 H <(h€+o—€(h_ha))>xl _fin

— /dechg dx1...dxp+/dec<T§(h—hg) dx1...dxp+%;|| (he),, — fill3

Then, the right derivative of I at o = 0 is given by

9, 15(0) = lim 1<) =1:(0)

oc—0t+ g
1 -
= lim —{/ che d:vl...dzp~|—/ co&(h — he) dzy .. .dx,
oc—0t O Rpd Rpd

2

dxi

1 & 1 &
—§ he). — fill3 —E
+2€i:1||< ) e f||2+2€i_1/w

ot ((h—h.))

T
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_/hd dxp—ggguu f,||2}

“ i { [ anan s 23 [ el [ an
AL () ) 01 i

:/ch(;;_@ dz, dw-i/w (§<<h—ha>>%) ((he)y, — fi) day

:/ (c— zp:u> e(h— hy) de, ... dz,.
Rpd -

Since hY = h. minimizes I2, we have

0 <0.15(0) —/ <C—Zu> ) dxy ... dx,.
Rpd

As this holds for any arbitrary test function { > 0, we have that (¢ — us) (h—h.) >0

i=1 i
a.e..

Since h — h. > 0 ae. and h — h. > 0 ae in w \ W., we get the second part of the
inequality in (4.2.14).

With a similar argument for h? := h. —o&h,, we can prove the first inequality in (4.2.14).

Next, we will prove a duality result for the relaxed version.

Lemma 4.2.12. Let h, = ]leL be a minimizer for IS and uS,w® be defined by (4.2.12) and
(4.2.13). Then

E(he) = J7(, . us, w). (4.2.16)
In particular, (ui, ..., us, w®) is a mazimizer for J*(uy, ..., up,w) in Lz’pf.
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Proof. Observe that,
P 3 2
JE(ug, - up, wt) = Z/ u; fi dx; +/ wh dxy ...dx, — —Z 1A1E
i=1 /R Rrd 23
:/ chgdznl...da;p—/ chad:vl...da:p—i—/ wh, dzy ... dx,
Rpd Rpd Rpd

p p
_/dewfhg dxl...dxp%—;/wuf(hg)xi dmi—;/ﬂ%duf(hg}m dx;
p 5 c p
2 fi dx; ‘hdxy...dx, — = °l)2
#30 [ tdent [ whdn ey = 53 ol

p
= he dxy .. .dz, — ST —wf | heday .. d
/dec T Tp /de (c ;uz w) Ty Tp
B p
+/ w(h — he) d:zcl...d:vp—i-Z/ ui(fi — (he),.) da;
Rrd i—1 Y R4

p
€ €
=5 2 il
=1
1 p
= he doy ... dx, + — he), — fill5
et ey S R,
+/ wé(h — he) dz; ... dz,
Rpd

p
— — s—w" | hedxy...d
/de (c izlul w) T Tp

= I*(he) +/ w(h — h.) dxy ... dz,
Rpd

p

- - s —w | he doy .. dxy,.
/de<c ;ul w) T T

(4.2.17)

From (4.2.14) and (4.2.13), we observe that, on We, h. = h, hence w®(h — h.) = 0 and

sincec—> P uf <0, w=c—>7  uf, weobtain c—> Y uf—w® = 0. On the other hand
=1 " ) =1 71 =1 " )
on W\ W,, h. =0, hence (¢ — > % uf —w)h. =0, and since ¢ — > uf > 0, w® =0, we

obtain we(h — h.) = 0.
Thus, (4.2.17) becomes



By (4.2.11) and the fact that (uf, ..., u;, w®) € Lipé, we can conclude that (uf, ..., u5, w®)
is a maximizer for J(ug, ..., us, we) in Lipi’.
|

Now, we will prove that the minimizer of the relaxed problem (4.2.9) approximates the

original problem (4.2.6).

Lemma 4.2.13. Let {h.}.;0 be a sequence of minimizers for IS. Then, it is precompact in

the L™ -weak-* topology and every limit point hy is a minimizer of I.. Furthermore,

“ﬁ} I.(h.) = L.(hy), (4.2.18)
liﬂ)15||uf||§ =0, V1 <i<p. (4.2.19)

Proof. Since we have 0 < h, < 71, there exists a subsequence {h., }nen that converges weakly-
*in L‘X’(W) to some function 0 < h < h.
Let ho be a minimizer of I,. Note that, hg is admissible for the relaxed problem and since

he, is a minimizer for the relaxed problem, we have

157 (he,) < 127 (ho) = Le(ho). (4.2.20)

—

By the weak-* convergence of {h.,} in L>(W), we have that

/de ch dz; ...dz, = lim che, dx;...dz,.

end0 Jppd
le.
I.(h) = liri% I.(he,). (4.2.21)
Since I.(h.,) < It (h.,), we have
o < Timinf J6n ' 5
llgsjélf I.(he,) < lllarifglf I (h,) (4.2.22)

By taking the liminf in (4.2.20), we have

tim inf 17" (b, ) < I.(ho). (4.2.23)
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Thus, by combining (4.2.21), (4.2.22), and (4.2.23)
I.(h) < I.(ho). (4.2.24)

Now, we will claim that h has the marginals fi, ..., f,.

From (4.2.20), we have

1 & _
/de ch.. dry ... dz, + E; [ (hey), — F2 < /R cho day ... d,.

So,

p

S he)y, — FllE <260 | elho—he,) day ... dz,
d

i=1 RP

Note that, since hg, h., € L>®(RP?) with 0

IN

h., < h,Ve,, and ¢ € LY(RP?), we have
prd C(BO — hEn) dl'l Ce dl'p S 2";LHLOO(RPd)HCHLl(de)'

Hence, sup,, [ppa ¢(ho — he,) dzy ... dx, < .

Therefore, as ¢, | 0, for each i,
(hey),, = fi in L% (4.2.25)

Now, fix an i € {1,...,p} and let & = &(x;) be an arbitrary smooth and compactly

supported test function. Then,

[ (= 5)etn= [ (e =) etns [ (B~ e, )€
= /]Rd (<h5n>x — i) € da +/ (h — h.,)¢ dxy ... dx,

Rpd

< /Rd | (<h8n>x1 - fz) §| dx; +/ (h — h.))€ dx; . .dx,,

Rpd

<[ (hen)e, = fillL2@ay| ]| L2 (me —|—/ (h — h.,)¢ dxy .. . dx,.

Rpd
In the last line, the first integral on the right converges to zero by (4.2.25) and the second
integral converges to zero by the weak-* convergence of h. . Since ¢ is arbitrary, we get that

for each 7, <l_z>$ = f;. Thus, we have h € H?‘(fl, ...y fp). Hence, by (4.2.24), we have that

I.(h) = I.(hg) = min  I.(h). (4.2.26)
HETh (fi ... fp)
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Thus, we have

min (k) = I.(h) = liminf I.(h.,) < liminf I*"(h., ) < I.(hy) = min  I.(h).
hell (f1,....fp) enl0 enl0 hellh (f1,....fp)

So, we can find a subsequence {he, }nen (not relabeled), such that

min  I.(h) = lim I.(h.,) = lim I."(h.,). (4.2.27)
RETTE (i, fy) enl0 enl0

Therefore,

1 p
/ che, da:l...dxp%—gZH(han)m—fi||§}
=1

nd0 Rpd
1 p
. : 2
= limy { [ et o d%} + lim {_2gn >, - f@-HQ}

_ ' 1 <& )
= I.(h) + i}ﬂ% {E Z [ (hen)ay — fi||2}'
This gives us that

1 p
lim ¢ — hey),, — fill3 p = 0.
;gg{gnﬁw e fr|2}

Using the definition of u;™ in (4.2.12), we get

p
tng 3 o[ = 0
1=

Hence, for each 1 < < p,

li 12 = 0.
lim e, [l = 0
This completes the proof of Lemma 4.2.13. [ |

Finally, rewriting (4.2.16) using J(ui",...,u5", w*) and I.(h., ), we get that

Y D )
p
J(us™, . ugr, w™) = To(he,) + Y enllus”|l3.
i=1
Letting ¢, | 0, we get
lirf(l) Jui, . uwt) = lirf(l) Io(he,) = 1.(ho).

This completes the proof of Proposition 4.2.8, hence the proof of Theorem 4.2.6.
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Remark 4.2.14. Note that the assumption of h being compactly supported, automatically

gives us that the densities f;’s are compactly supported.

Next, we will prove the existence of dual maximizers for the CCMMOT problem.

Recall that the CCMMOT problem is given by

OTcovm = inf / c(xy, ... xp) dy(xy,...,xp)
~EIV (v1,...,vp) JRPd
and the dual problem is given by
OTqomy == sup J(ug, ... up, w),

where

P
J(Ug, ..., Uy, w) = Z/Rd wi(x;) fi(x;) da; + /R dw(arl,...,xp)h(xl,...,xp) dry...dx,.
i=1 u

Let h € L®(X; x ... x X)), and the probability densities f; € L'(X;), for each 1 <14 < p
are compactly supported. We will assume that the sets X; = spt(f;) have unit Lebesgue
measure.

In order to get the existence result, we will consider the following dual formulation:

OTCown = sup J (w1, up), (4.2.28)

u; €L1(X;),V1<i<p

where

p
J(ur, ... uy) = /uzfzdx,—/
(1 p) @21 x, ¥

Note that, (see Appendix 1)

1X...xXp

P
—c+ Z uZ] hdx, ...dz,. (4.2.29)
+

«

OT*CCMM = OTCCMM .

Now, we will show that (4.2.28) has a solution.

Theorem 4.2.15. Let f; and h be continuous and strictly positive on their compact supports

Xi; CR? and X, x ... x X, respectively. Let c € L'(X; x ... x X,). Fiz ann > 1 and
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assume that Hﬁ/"(fl, .y fp) is non-empty. Then, there exist functions (ui,...,u,) where

u; € LN X;) Vi, such that
OTCCMM — J/(u:l’ o .. ,up).

As in [34], our main goal will be to get a coercivity estimate of maximizing sequences

which will guarantee L'-boundedness

kp) with 327,

For each 1 < i <p, let

k; = 0, we have

cey

Note that for a p-tuple of constants (ky,
= J/(U1+]€1,...,

J (.. up,) = u, + k).
k) with S ks

= 0, so that

Hence, we can find a p-tuple of constants (k,
(wj + kj) [, Vi#j.

(wi + ki) fi =

First, we will find a bound on the means wu; f;
x X,) and a probability density h €

Lemma 4.2.16. Fiz u; € L'(X;),c € L'(X;
. [p). Suppose there is some n > 1 such that h < h

L>(Xy x ... x X,) with marginals (f1,. ..

Then,
p he|| s — J'(u, ...,
T(u, ) <> wifi < el ..xx) : (). (4.2.30)
/’7_

i=1

Proof. From definition (4.2.29), we have

Ju,..., /u,fzd:vz /
' Z X1 x.xXp

By the non-positivity of the second integral, we get one direction of the inequality

p
J’(ul,. .. ,Up) S Zm
=1

and the fact that (—c+>_7_ u;) < [-c+ >0 i,

—c—i—ZuZ] hd:z:l...dxp.

(4.2.31)

3|

On the other hand, since 0 < h <

we have

p
—c—l—Zui] iLd:Cl...da:p
i=1 +

p
S (g, up) = Zuifi —/
i=1 X1 X..xXp
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P P
§Zm—77/ <—c+Zui)hd:c1...dxp
i=1 X1><..4><Xp i=1
p —
= Zuifi + 77/
i=1 X

p
<—(n-1) Zuifi + |[nehl| Ly ... xx,)-

p
ch da:l...dxp—nZuifi
i=1

1X...xXXp

i=1
Thus, we have
P 1
h — J'(uy,. ..,
i=1 n—1
By combining (4.2.31) and (4.2.32), we get the inequality (4.2.30) we desired. |

Remark 4.2.17. Note that, if we assume that (u; + k;) fi = (uj + k;)f;, Vi # j for some

constants (ki,...,k,), the bounds in (4.2.30) imply that u;f; is also bounded ¥1 < i < p.
Next, we will obtain a bound on the oscillation of w; f; around its mean for each 7.

Lemma 4.2.18. Let u;, f; € L'(X;) for each 1 < i < p, ¢ € L'(X; x ... X X,,) and
h e L>®(Xy x ... x X,). Suppose that there is some 0 < € <1 such that efy ... f, < h for

all (xy,...,2p) € Xy X ... x X,. Then, for each 1 <1i < p we have

p
£ — _
6||Uifi—Uz'fi||L1(X1x...xXp) < —J(ur, . up) Fllefr o folloixxexox,) + E lu; fi]. (4.2.33)
=1

Proof. Fix an ¢ € {1,...,p}. Define the oscillation around the mean as

0; 12/ |uifi —szl dx;.
X;

Let
XF = {xz t(u(w) fi(wi) — wifi) > %}
and
m; = | X/
Also, let

AF = [ (@) file) =) da

i
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Note that by definition, AF > 0.

Now, observe that
/ o (uifi - Uz(%)fz(a?z)) dr; = / (uifi - Uz(xz)fz(xz)) dx;
i fi—ui fi| <G} X;
—/ o _ (wifi — ui(2i) fi(2i)) da;
{uifi—uifi<—%}
[ - ) fe) da
{wifi—ui fi>3}

— WX — s - /X (@i — i) i) de

i

i

= [ tuwdste) — ) do

i

n /X (i) () — ) d

= A — A7,
(4.2.34)

In the second line, first term, we used the fact that the sets X; have unit Lebesgue measure.

Then, by the definition of o;,
0; = / ’szz —sz! d;
X;

{lui fi—uifil <F} {ui fi—uifi<—%}

+/ |uifi - W| dx;
{uifi—us fi> 5}

<Pt -l < GY+ [ wsi-wfil dnr [ s -] do
3 3 X; X
< 2 (L—mf —mp) + AF A7
Thus,
2 mi  om; 2
; + ;> (3 + 3 —+ 3 >0‘ = 30’ ( )

42



On the other hand, by (4.2.34) we have

AF— A — / (urfi — i) fi(ws) da
{lus fi wi fil < %}

o; o;
Z__Z { Py fz ulflg_}‘
3 3 3 (4.2.36)
:—Z(l—mj—m;)
3
o
- 3
Thus by (4.2.35) and (4.2.36), we get
AF > % (4.2.37)
Therefore, first we will find a bound on A, so that we get a bound on o;.
Now, observe that
Af :/ (uifi — uifi) dx;
X
Z—/ md$i+/ u; f; d;
x;t X+
X1X...><Xi_1XX;_XXZ'_;,_lX...XXp
= —(uifi)m; + —c+ ) up | fi.. fpde
( ) X1><..‘><Xl-_1><Xj'><Xi+1><...><Xp ( Z > b g
+/ cfr... fpdxy. .. uf/ﬁda:Z
X1><...><Xi_1><Xj'><Xi+1><...><Xp ' P ! ; 7 42.38)
1 2 - 1 — _
< - —c+Zuk hdxl...dwp——Zukfk—l——Zukfk
€ J X% xXp Pt N € €
+/ |C|fl--'fp dxl' Zujf]/ fz dl‘z_ uzfz)
X1 X..xXp i
1, 1
< _EJ (Ul, Up) + ||Cf1 fp||L1(X1>< xXp) T g - m szz

+ (é—/ fi dxl) > uif;.

J#i

Note that in the penultimate line, we used the fact that ef; ... f, < h.
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So, from (4.2.38), we have that,

AT < T, ellefi o fylligo ey + (1 emf) wfi
+ (11— 6/ fz dl’l Zujfj'
X i
Since each f; is a probability density and m;, e < 1, we have 0 < 1 —em; < 1 and
Ogl—éfx.;.fzdngl

So, we get that

p

AT < —T(ur, . wp) +llefi o follo ey + 3 [fi] (4.2.39)

k=1

Since we have A7 > % by (4.2.37), we get

3

P
60'1‘ < —J/(Ub e 7Up) + HCfl cee prLl(Xlx...xXp) + Z }kak| .
k=1

This is the desired inequality (4.2.33). [
Now, we will obtain L'-bounds on the u;’s.

Proposition 4.2.19. Letc € L' (X, x...x X,) and h € L™(X, x...x X,). Let h be a prob-
ability density with marginals fi,..., f, such that h < % for some n > 1. Suppose that there
is some € > 0 such that efi(x) ... fy(z,) < h(xy,...,2,) and ¢ < min{fi(zy),..., fo(z,)}
for almost all (z1,...,2,) € Xy % ... x X, and suppose that there exist some functions
u; € LNX;),i € {1,...,p} such that u;f; = ujf;,¥i # j. Then OThoum—1 < J'(ug, ... u,)

implies that ||u;||11(x,) s bounded for each 1 <i < p.

Remark 4.2.20. Note that the above bound depends only on OT e €,M, |||z and
[1Al]ze

Proof. Fix an i € {1,...,p}. Observe that

1 1 1, — 1 -
||Ui||L1(Xi) < ||f||L°°(Xi) uifiHLl(Xi) < g||uifi||L1(Xi) < g||uifz‘||L1(Xi) + g||uz'fi - uifiHLl(Xi)

Using Lemma 4.2.16, Lemma 4.2.18 and the fact that OT¢eyy —1 < J'(wg, ..., up), we

get a bound for |[u;||11(x,) for each i. |
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Now, we will discuss the proof of the existence of maximizers.

By Proposition 4.2.19, we can pick a maximizing sequence (ui,...,u,) with uniform
L*-bounds for OT{cyy. However, since the L'-unit ball is not compact, an L'-bound is
not sufficient to get the convergence of a subsequence. Therefore, in order to get better
compactness properties, we extend the definition of J'(uy,...,u,) from L' space to the
space of signed measures with finite total variation.

Let M (X) denote the space of signed Radon measures on X. Let C' € M(X; x...x X,)
be such that dC(xy,...,x,) = c(x1,...,xp) doy ... dx, and U; € M(X;) for each 1 <i < p.

Define

p
J(U,....U) = /fidUi—/ hd
( ' p) ; X; X1X..xXp

p

p
—C+Y Hi®..9U®.. . oH]
i=1 +
(4.2.40)
Here, dH{(x) = dx; denotes Lebesgue measure on R%.

First, we will prove that the functional J” is upper semi-continuous with respect to weak-*

convergence in M(X;) X ... x M(X,).

Lemma 4.2.21. Let ¢ € LY(X; x ... x X,) be such that dC = ¢ dHP*. Let f1,...,[,
and h be continuous, non-negative functions on the compact sets X1, . .. ,Xp and Xq X ... X%

X, respectively. Then, the functional J' is upper semi-continuous with respect to weak-*

convergence in M(Xy) x ... x M(X,).

Proof. Let (Uy,...,U))ney be a bounded sequence in M(X;) x ... x M(X,) such that
(UT, ..., UJ) converges to (Uy, . .., U,) when tested against functions in C'(X1) x ... x C(X)).
We need to show that

limsup J'(UP,...,U") < J'(Uy, ..., Up).

n—o0

Observe that,

P
lim sup / fi dU —/ hd
n—>00 { Zz:; X; X1 x..xXp

p
—C+)Y Hi®.. . @U'®.. o H
=1

)
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P P
§limsup2/ fi dUi"—Himsup—/ hd —C+ZH?®...®U{‘®...®H§
n—roo i=1 X; n—roo X1><-~-><Xp i=1 4
P . p
:limsupZ/ fidUi"—liminf/ hd —C—i—ZHf@...@Uﬁ@...@Hg
n—oo T JX; 0 J X %L x Xy i1 .
We already have that, for each 1 <17 < p,
X; n—00 X;
So, it remains to show that
. P
/ hd|-C+) Hl®.. . oUe. . ©H
X1 x.xXp i=1 I
3 p
gnmmf/ hd|-C+>Y Hig. . oU'®.. . H (4.2.42)
N0 J X% x Xy i—1 N

Fix ani € {1,...,p}. Let

dp

and

p
dy; :—Bd<—0+ZH{l®...®Ui®
=1

Then, we have that dul converges weakly-* to du;. i.e

... x X,), we have

/ gbd,u?:—/ cﬁqﬁdﬁ...d%
X1 x..xXp X1 X xXp

p
+ E / / hgbdl’l e d$i_1d$i+1 Ce
i=1 Xl' X1><...><Xi,1 ><X¢+1><..‘><Xp

—>—/ cﬁ¢dm1...dxp
X1 x..xXp

p
+ E / / h(/bdlj ce. dxi,1d$i+1 R
i=1 Xi X1><...><Xi,1 XXiJrl ><...><Xp
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ﬁd(—C+ZHf®...®U;‘®...
=1

d
®Hp>

d
...®Hp>.

. given a function ¢ € C(X; x



X1 x.xXp

Now, we will decompose the measures p' and p; into their positive and negative parts as
=l — pl— and p; = i — i Since pl converges to p; weak-*| by plugging ¢ = 1 in
(4.2.43), we get

pr (X x oo x Xp) — i (X x oo x X)) = pi(Xy X x X))

n—00

— ,LLZ(Xl X ... X Xp) = /JJH_(Xl X ... X Xp) —,uz-_(Xl X ... X Xp) (4244)

Let X = X; x ... x X,

So, we have
pi (X) = piy (X) < 117{gg1f{/~0?+()~() — (X))}, (4.2.45)
On the other hand, since the total variation norm ||u;||ryv given by |u;| = pit + pi— is

lower semi-continuous w.r.t. weak-* convergence, we have

pig (X) 4 i (X) < liminf || || vy
nosoo (4.2.46)

= liminf {4 (X) + (X))}
ie.

i (X) i (X) < linninf (a2 (X) + (X)), (4.2.47)

Now, by combining (4.2.45) and (4.2.47), we get

pi+(X) < liminf gy (X).

n—00

Note that, since we only have the positive part of the measures in (4.2.42), it is enough to

get lower semi-continuity of u? . (X) only.

This completes the proof of Lemma 4.2.21. |
Finally, we will present the main result for existence of dual maximizers.

Theorem 4.2.22. Let f; and h be continuous and strictly positive on their compact supports

X; CR? and X, x ... x X, respectively. Let ¢ € L'(X; x ... x X,). Fiz ann > 1 and
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assume that Hﬁ/"(fl, .y fp) is non-empty. Then, there exist functions (ui,...,u,) where
u; € LN X;) Vi, such that

OT*CI'CMM — J/(U1, e ,up).

Proof. Let (uf,...,u7)nen be a maximizing sequence for OT¢eypy,

i.e. for each i € {1,...,p}, u? € L'(X;) and

*/ 1 ) n
OToov = lim J'(uf, ... up).
n—o0

sufficiently small so that we have ef) (x1) ... f,(x,) < h for all (zy,...,2,) € X1 X ... X X,
We can find a p-tuple of constants (kf,..., k) with 37 | k&7 = 0 such that adding £} to
each ul' ensures that u? f; = m for each i # j.

Now, by Proposition 4.2.19, for each i, we get a bound for ||u}||.1(x,) independent from
n. For each i, let U € M(X;) be such that dU(x;) = du}'(z;) dzx;. Then, we have that

UM tv = [[uf]|r1(x,) is bounded. Thus, by Alaoglu’s theorem, we can get a subsequence

(without relabelling) (U, ..., U]') that converges weakly-* to some (U, ...,U,) € M(X1) x

X M(X,).
So, we have that J'(UP, ..., Uup) =J'(ug,. .. up) 22 OTE ey~ By Lemma 4.2.21, we
have that

OT oy < (U, ..., U,).

Next, we will prove that OT ey > J' (U, - - ., Up).

Let C =cH{®...® H;f. By Lebesgue’s decomposition theorem, for each i, the measures
U; can be written as U; = U2+ Ug, where U < H? and U? L H¢. On the other hand, by the
Hahn-Jordan decomposition theorem, we can write U; = U;; — U;_. Since the Hahn-Jordan

decomposition and the Lebesgue decomposition commute, we have
Uiy = U], + U714

and

Ui = [0+ [U7)_.
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Now, observe that

p
—C+Y Hl®..9U;®...0Hf
i=1 +

P 1 p
=|-C+> Hl®.. U ®..0H| +|> Hlo. . oU®. ®H!
i=1 44 i=1 +
Thus,
- p T p
J/(Ul,...,Up):Z/ fidUl-—/ hd|-C+) Hi®.. . oUe. . oH
i=1 Y Xi XX xXp L i=1 +

p p
=;/Xifidvf‘3+;/xifidvf

p
—/ hd|-C+) Hi®.. . oUFe.. o H
XlX...XXp i=1

+

:p
—/ hd|) Hiw. . oUe. . oH
XlX...XXp i=1

+
p
:j’(UfC,...,U;C)+Z/ fi dU?
i=1 VX
5 p
—/ hd[ZHf@...@UE@...@Hg
X1x..xX, i=1 i

p
- hd Hio. . oU®. H
/X1><...><Xp [; ! P

= J'(ul, ce ,up)
< OToemm -
Here, for each ¢, u; represents the Radon-Nikodym derivative of U2 such that u; dz; = dU

and h € TIM(fy, ..., f,).

So, we have proven that

OTtenms < (U, ..., Uy) < J'(ug, - up) < OTenm -

Thus, (uq,...,u,) is the desired maximizer. [
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CHAPTER 5
BARYCENTERS
5.1 Barycenters in the Wasserstein Space

5.1.1 Introduction

The problem of finding a barycenter in the Wasserstine space is a nonlinear interpolation
between several probability measures. As an example in the discrete case, consider several
coal mines, and the coal extracted has to be sent to a factory that is located centrally. The
problem is to find the location to construct such a factory so that total transportation cost
is minimized.

This notion of barycenters in Wasserstein space was first introduced by Agueh and Carlier
in [1] and they have provided existence, uniqueness, characterizations of the minimizer and
regularity of the barycenter, and relate it to the multi-marginal OT problem considered
by Gangbo and Swiech in [24]. This problem has a wide range of applications including
economics [13] and data science [4, §].

To elaborate a few applications of Wasserstein Barycenters; in image processing, Wasser-
stein barycenters have been used to generate “averaged” images from a set of input images.
This technique is particularly useful for denoising and image reconstruction. “Image morph-
ing” or “image interpolation” is such an application (|52, 56|). In Machine Learning, it can
be used to generate representative data points from a set of input data, which can then be
used to train machine learning models. This can be particularly useful in cases where the
input data is noisy or incomplete.

Overall, Wasserstein barycenters are a powerful mathematical tool that have found many
applications in different fields. Their properties and computational efficiency make them a
popular choice for solving optimization problems involving probability measures.

To provide some background on the Wasserstein Barycenters, we will present some ex-

isting results in [1] in the next few sections.
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5.1.2 The Primal Problem
Recall that we define the squared 2-Wasserstein distance between two probability mea-

sures p1, v € Po(R?) by

. 1
W)= nt [ Sl P,

~eIl(p,v) Rd xRd 2
Let p > 2 be an integer. Given a p-tuple of probability measures (vy,...1,) with each
v; € P2(R?) and a p-tuple of positive real numbers (A1,...),) with Y7 A, = 1, we define

the following minimization problem:

p
OTpc = inf {inwg(w,y)}. (5.1.1)
=1

vePy(RE)

A solution of (5.1.1) is called the barycenter of the probabilities v; with weights \;.

Remark 5.1.1. For p = 2 with A\ = Ay = %, this problem means finding the midpoint be-
tween the two measures v1 and vy and such an interpolation is already known as the McCann’s

interpolation [40].

Theorem 5.1.2. ([1], Proposition 2.3) Given an integer p > 2, a p-tuple of probability
measures (v1, .. .v,) with each v; € Po(R?) and a p-tuple of positive real numbers (Ay,...\,)

with Y~Y | X\; = 1, the Barycenter Problem given by (5.1.1) has a solution.

The proof is given in [1] and it uses the direct method in Calculus of Variations.
To study the uniqueness and other properties of the barycenters, we require a dual

formulation.

5.1.3 Duality

Define the space of continuous functions with at most quadratic growth,

/
1+ .]?

Yi=(1+]. [)Cy(RY) = {f € C(RY): is bounded}

that is equipped with the norm

flly = sup |f ()]

. 51.2
S T (5.12)
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We define the dual of (5.1.1) as

p
by
Othe % / inf 5o =" = fily) p dui(x). 5.1.3
BC fier(Y),Zf_linigl: Rd yeRd{ 9 ‘ ‘ ( ) ( ) ( )

In [1], the authors have proven that the strong duality holds for the barycenter problem

and dual maximizers for (5.1.3) exist.

Theorem 5.1.3. ([1], Proposition 2.2 € Proposition 2.3)
and OT%q given by (5.1.3) has a solution.

With the duality results, we can characterize the barycenters in several ways. Given

below are few results from [1].

Proposition 5.1.4. (/1], Proposition 3.5) Assume that there is an index i € {1,...,p} such
that v; vanishes on small sets. Then OTpgo admits a unique solution v which is given by
v = V¢, uv;, where given a solution (fi,..., f,) of OTgq, @i is the convexr potential defined
by

Ai . Ai
Xiti(x) = 5!33\2 - ylgﬂgd {§|$ —yl* - fi(y)}- (5.1.4)

Proposition 5.1.5. (/1/, Proposition 3.8) Assume that v; vanishes on small sets for every

i€{l,...,p}, and let v € Py(R?). Then the following conditions are equivalent:
1. v solves OTpgc.
2. v =Va¢pv; for every i, where ¢; is defined by (5.1.4).

3. There exist convex potentials 1; such that Vi; is the Brenier’s map transporting v; to

v, and a constant C' such that

p 2
Z Ni(y) < C+ %,Vy e RY, with equality v-a.e. (5.1.5)
i=1
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Remark 5.1.6. If v and the potentials 1); satisfy the third statement of Proposition 5.1.5,
then the support of v is included in the contact set where the convex function ¢ := 3 5 | Ni)?

agrees with its quadratic majorant C + g Note that, at such a point, we have

Z&%Q‘(ﬂf) C 9¢(x) C {x},

so that each potential 1} is differentiable at x. The potentials ¥} are therefore differentiable

on the support of v and satisfy the relation
P
> NV = id, (5.1.6)
i=1

Remark 5.1.7. If (5.1.6) holds everywhere for the Brenier’s maps V; transporting v; to

v, then v is optimal for OTgc.

In [1], the authors also have shown that OTp¢ is equivalent to a linear programming
problem of multi-marginal optimal transport type similar to the problem solved by Gangbo

and Swiech in [24]. Now we will list two main Theorems which describe this relation.

Theorem 5.1.8. ([1/, Theorem 4.1) Assume that v; vanishes on small sets fori=1,... p.
Then the multi-marginal problem given by
sup{/ ( Z )\,»iji-xj> dy(x1, ..., 1), WEH(Vl,...,Vp)}. (5.1.7)
(REOP M 1<i<i<p
admits a unique solution v € 1(vy, ..., v,). Moreover, v is of the form v = (T}, ... ,Tpl)#yl

with T} = Vu} o Vuy fori=1,...,p where u; are the strictly convex potentials defined by

&’13‘2 + gl(x)

R? 1.
5 N , Vo e RY, (5.1.8)

wi(x) ==

and (g1, ..., gp) are the convex potentials that solve the dual of (5.1.7) given by

P P
inf { Z/Rd i dl/i,Zgi(xi) > Z Nid\jxi - xj, Vo € (Rd)l’}. (5.1.9)
i=1 i=1

1<i<j<p
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Proposition 5.1.9. (/1], Proposition 4.2) Assume that v; vanishes on small set for i =
1,...,p. Then the solution of OTpc given by (5.1.1) is given by v = Ty, where 7y is the

solution of (5.1.7) and T is defined by
p
T(x) = Nwj, Vai=(r1,...,7,) € (R (5.1.10)
i=1

Remark 5.1.10. Note that the Euclidean barycenter T'(x) defined in (5.1.10) is characterized
by the property

ye

p

> iz = T(2)]” = inf {Aim—yﬁ}. (5.1.11)
]R‘i

=1

5.2 Capacity Constrained Barycenter Problem

In this section, we introduce the notion of capacity constrained barycenters in Wasserstein
space which is a generalization of the barycenter problem (5.1.1). As the name suggests, the
capacity constrained barycenter problem introduces capacities to each of the two marginal
problems associated. Under certain assumptions on the capacities, we have proven that the

problem attains a minimizer and obtained duality results.

5.2.1 The Primal Problem
Given an integer p > 2, a p-tuple of probability measures (v1,...,5,) each in Py(R?) and
a p-tuple of positive real numbers (Ay,...,\,) with >7 A\, = 1, we define the following

minimizing problem:

p
OTccpc = inf {J(u) = ; NW2 (v, y)} (5.2.1)

where

P =Po(RY) N {v/ : 117 (v, 0)) # 0, Vi€ {1,2,...p}}, (5.2.2)

and

—~ 1
W2(vv)= int / Lo — P dys(a,y) V. (5.2.3)
i €174 (v3,v) R4 x R4 2

Here, {7;}?_, € M, (R? x R?) is the set of capacities of the two marginal problems and

17 (v, v) is the set of transport plans from v; to v bounded by 7; (see Definition 3.4.2).
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We call the problem (5.2.1), the Capacity Constrained Barycenter (CCBC) problem
between the measures vy, ..., v,.

We will consider this minimization problem under two assumptions.

e Assumption 1: We assume that {%;}¥_; are compactly supported finite measures that

are absolutely continuous w.r.t. Lebesgue measure with bounded densities for all ¢ €

{1,2,...p}.
e Assumption 2: We assume that the set P’ is non-empty.
Recall that the non-empty condition of the set 117 (1, v) is given by the following theorem.

Theorem 5.2.1. ([46], Corollary 4.6.15) Let X,Y be compact sets and for given Borel
probability measures p € P(X), v € P(Y) and a finite Borel measure ¥ on X XY, we have
that T (u,v) # 0 if and only if

wA)+v(B) <H(Ax B)+1, VAeB(X) and VB € B(Y).

Remark 5.2.2. Note that the assumption 2 is not a very restrictive assumption. For in-
stance, we could pick the capacities ¥; such that ¥; = v; ® £ for some probability measure

€ € Po(R?) so that the set P' becomes non-empty.
Lemma 5.2.3. W; s weakly lower semi-continuous.

Proof. Let {pt,}tnen and {7, }nen be two sequences of probability measures in P’ such that
fn — p* and v, — v*.

Since {u,} and {7, } are tight |JII(p,, 7,) is also tight (see [53|, Lemma 4.4).

Now, let v € II(pn, 7n) be optimal such that v < 4. Since {7/} is also tight, there exists
ay* € P(R? x RY) such that v* — v* and v* € II(u*, v*). We also get that v* < 7 (see the
proof of (5.2.8) in Theorem 5.2.4 below).

Now,

. 1
W3 (p*,v*) = inf / “|z — y|?* dy(z,y)
yEITT (p*,v*) RIxRE 2
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1 *
< / sl = yI? dv(z,y)
RIxR4

1
< liminf “|x —y* dyi(z,y) (see [53], Lemma 4.3)
" RIxRd 2

1
= liminf inf / “le — yl? dy,(x,
" 7"erm(lhwn){ R xRE 2| yl” doya( y>}

= lim inf Wf(un, Up).
This proves that WZQ is weakly lower semi-continuous. |
Now, we will show that the CCBC problem has a solution.

Theorem 5.2.4. Under the assumptions 1 and 2, the CCBC problem given by (5.2.1) has

a solution.

Proof. Let {0y }nen € P’ be a minimizing sequence of OT¢cpe-
ie. lim, .o J(7,) = inf, J(v). Then, we can find an M > 0 such that J(7,) < M for all n.
Thus, for each 1 <4 < p and for each n € N, /\MA//;(W, Up) < M.

Using the duality and the assumption that 1;’s have finite second moments, we can show

that (see Appendix 3)
sup/ |z|? di, < C, for some constant C.

Hence, {7, } is tight (see Appendix 4).

Then, by Prokhorov’s theorem, there exists a subsquence {7,} (not relabeled), that
converges weakly to some v* € P(Y).

Since, [|z|* dv* < liminf, [|z|? di, < C (see [53], Lemma 4.3), we have that v* €
Po(Y).

Now, we will prove that V1 < i < p, there exists a v; € [I"(7,,v*), so that v* € P'.

Fix an i € {1,...,p} and n € N. By assumption 2, there exists some ~;,, € II(v;, 7,)
such that v;, < ;. Since {v;,} is tight, there exists a subsequence {7;,} (not relabeled),

that weakly converges to some v € P(X x Y).
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Let E C R be an open set and {¢;}?°, C Cy(R?) be a sequence of functions such that
0< ¢, <1gand ¢, / 1g pointwise.

Then,

¢ dvy, = [ & d(Proj,(z,y)4Yin) = / ¢1 0 Proj,(z,y) dvin.
R4 R4 R4

Letting n — oo, we get

» ¢y dv* = /Rd @1 0 Proj, (v, y) dv;. (5.2.4)

In (5.2.4), on the left hand side, we used the fact that 7, — v* and on the right hand
side, we used the fact that v, ,, — 7;. Now, letting [ — oo in 5.2.4, by monotone convergence

theorem, we get

/ 1p dv* = / 1 o Proj,(z,y) dv;.
R4 Rd

ie. V*(E) = Proj, (x,y) 47 (E). (5.2.5)
Now, let B C R? be any Borel set. Since Borel measures are outer regular, we have that
v*(B) = Proj, (z.y)47 (B). (5.2.6)
Similarly, we can prove that, for any Borel set A € R,
vi(A) = Proj,(z, y)4; (A). (5.2.7)

By (5.2.6) and (5.2.7), we can conclude that v € II(y;, v*).
Now, let E, F' C R? be two open sets and {¢;}, C Cp(R? x R%) be a sequence of
functions such that 0 < ¢; < 1g«r and ¢; * 1y r pointwise.

Since 7, ,, < ;, we have

/ o1 dyim < / ¢ d;.
Rd x R4 Rd x R4

Now, letting n — oo, gives us

/ byt < / o i
R4 x R4 R4 x R4
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Letting [ — oo, the monotone convergence theorem gives us

/ Lpxp dv; S/ Lepxr dvi,
R4 xR4 R4 xR4

ie. Y (ExF)<%(ExF).
Hence, for given two Borel sets A, B C R?, we have that
7 (A x B) <9;(A x B). (5.2.8)

Thus, v} € 17 (v, v*), i.e. v* € P
Now, we will claim that v* is the desired minimizer.

Observe that,
p —~
J(V*) = Z )\ZW22(V“ V*)
i=1
p —~
< Z A lim inf W2(v;, 7, (By Lemma 5.2.3)

=1

P
< lim inf Z NW3 (v, D)

=1

= liminf J(7,)

n

= OTccene -

This concludes that v* is a minimizer for CCBC Problem. [ |

5.2.2 Duality

For the dual formulation, we will be adopting the duality results for two-marginal capacity
constrained OT problem by Rachev and Riischendorf in [46].

Let K x K be a compact subset of RY x R? containing supports of the capacities 7; for

all 7. For an integer p > 2 consider the dual problem:

p
* o . >\z 2
OT¢epe = Slfllp { ; /Kzléllf; {EL’B —z° = fi(z) — wi(x, z)} dv;(x)
p

—l—Z/KXsz‘(%y) d:Vi(Ly)}‘

i=1

(5.2.9)
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Here, the supremum is taken over the set A of functions f; and w; satisfying f; €
p
Cy(K),w; € Cy(K x K) ,w; <0,Vi € {1,2,...p} and Y _ f; =0.
i=1
In the Theorem below, we will show that the strong duality result holds for the CCBC

Problem. We will be using some similar arguments as in [1], Proposition 2.2.

Theorem 5.2.5. Under the assumptions 1 and 2, the strong duality holds,

Proof. Let v € P NP(K), v; € II(v;,v) such that v < 4 and (f1,..., fp, wi,...,w,) such
that Y » | f; = 0 and w; <O0.
Then, for each (z,y) € K x K, we have

. i A

inf { e — 2 = £i(2) —wile, )} < Slo =yl = £ily) - wil. ).
Hence,

zlél[f( {EW - Z|2 — fiz) — wi(%z)} + fily) + wi(z,y) < E|-7U - ?J|2-

Now, by integrating w.r.t. v; over K x K, we get
/ inf {—\x—zP fi(z) —wi(x, 2) dl/l / fily) dv(y / wi(x,y) dvi(x,y)
K €K KxK
<[ Sy dutey). G210
KxK 2
Since v; < 9; and w; < 0, we have
| we) dien) < [ wto) dute), (5.2.11)
KxK KxK

By combining (5.2.10) and (5.2.11), we get

i
/K;g[f;{—lx—dz £i(2) — w9} duifa /fl ) duly /Mwi@,y)dvz(x,y)

< / Aoy duery). (5.212)
KxK 2
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Now, we take the summation over ¢ to get

Z /nglf{ gl = ) - wl'@ﬂ)}dwwé; | e die)

<Z/

Note that, in (5.2.13), we used the fact that >, fi =0.

5 Sl =yl dyi(z,y). (5.2.13)
KxK

Now, by taking the infimum over v; € 117 (v, v), infimum over v € P and supremum

over (fi,w;) € A from both sides, we get

Next, we will prove that

OTECBC Z OTCCBC.

For i € {1,...,p}, define H; : Cy(K) x Cp( K x K) — RU {00} by

;

—/K inf {—|:E—Z|2 fi(z) — wi(z, 2)} dvi(z)

zeK

Hi(fi, wi) = — i Wiz, y) di(z,y) ifw; <0 - (5.2.15)

00 otherwise

\

Now, we take the Legendre transform of H;(f;, w;) in both variables to get

H (v, §&) = sup {/Kf, dl/+/K Kwi df—Hi(fi,wi)}. (5.2.16)

F1€C(K),w; <0
Here, v € M(K) and £ € M(K x K).

Letting £ = 0 in (5.2.16), we get

H A
:(Va O) = Sup / ]nf { |x - 2’2 fl(z) — wa(x Z dI/Z / fZ dV
Fi€Ch(K),w;<0 KZEK
+/ w;(x, y) d’%(:v,y)}. (5.2.17)
KxK

First, we will show that if v € M(K) \ P(K), then H(v,0) =
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Case 1: Suppose 3A € B(K) such that v(A) < 0.
Then, there exists a function f € C,(K) such that f <0 and fK fdv > 0. Let t > 0 be

arbitrary and choose f; = tf and w; = 0. Then,

H;(V,O)Z/Kmf {%]w—yﬁ—tf(y)} dl/i—i-/th dv

ye

t/fdy, vt > 0.
K

Hence, Hf(v,0) =
Case 2: Suppose v(K) < 1.

Let t > 0 be arbitrary and choose f; = —t and w; = 0. Then,

H:(v,0) > / mf{ |x—y|2+t} dv; — /tdl/
K Ve K

>t(/ dv; — /du), vVt >0

Hence, H} (v,0) =
Case 3: Suppose v(K) > 1.

Let t > 0 be arbitrary and choose f; =t and w; = 0. Then,

s
* > i e — 2—} ,
Hl(y,O)_/Kylng({zu yl=—t dul—l-/thu
zt(—/ dyz-—i-/ dy), YVt >0
K K

— (—1 4+ v(K))t, V> 0.

Hence, H/ (v,0) =

Therefore, whenever v € M(K) \ P(K), we have H; (v,0) = cc.

Now, let v € P(K). By the duality of the two-marginal CCOT Problem (Theorem 3.4.1),
we get

H:(v,0) = N\W2(v;, v). (5.2.18)

61



Hence, we have

P P
OTcepe = irgf Z NW3 (vi,v) = irl}f Z H!(v,0).
i=1

i=1

(5.2.19)

Now, consider the Legendre transform of Y7 | H(-,0), restricted to C,(K) viewed as a

subspace of C,(K)*™.

(ZH:(70)> (f)zsgp{/deV—ZH:(l/,O)}

where f € Cy(K) and v € M(K).

Letting f = 0, we get

Hence,

By combining (5.2.19) and (5.2.20), we get

OTCCBC = — (Z Hz*(a())) (O)

Now, we define the infimal convolution of Hs as

i=1
Then,
P P
i=1 i=1
So,

—H(0) :sup{ —ZHi(fi,wi) : Zfi =0, w; < O}.

=1 i=1
- A\
— sup /inf{—zx_zz—fzz_wzl’,Z}deg;
Zf:yfz—o {ZZ KZGK 2| | ( ) ( ) ( )
w; <0

p

+Z/KXKU%‘($7?J) d’yz-(x,y)}-

i=1
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(5.2.21)

(5.2.22)



Thus, we have

Also note that,

H*(I/):Sl}p{/ fdv—H }
{/fdy—]nf{zp:Hl fuwz Zfz f ’LUZSO}}
P
=su p{ fd1/+sup{—ZHi(fi,wi):Zfi:f, wiSO}}
i=1 i=1
:S[}p{Z/ fz dV+fl€CbS(1[J-(pw1<o{ ZHz fzywz }}
(e rn)

P
= Z sup / fi dv — H;(fi, w;)
i=1 fzer w1<0

= ZH;@,O).

Hence, we have
- i H: (1,0). (5.2.24)
Now, by combining (5.2.21) and (5.2.24), Wezgiet
OTcene = —H™(0). (5.2.25)
Since we have (5.2.23), it only remains to show that
H*™(0) = H(0). (5.2.26)

Since H is convex, it is sufficient (see [20]) to show that H is continuous at 0 for the norm

topology given by (5.1.2). To prove that, we rewrite H; defined in (5.2.15) as

Hi(fw) = [ sup{£) +wite2) = Sl =P} dno) = [ witon) diton),

zeK KxK
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Plugging in z = 0, we get

H;(fi,w;) > fi(0)+/

K

w;(x,0) dui(w)—%/KLx\Q dyi(x)—/K Kwi(x,y) d¥i(x,y). (5.2.27)

Since V1 < i < p, w; € Cp(K x K), there exist some negative real numbers m; such that

m; < w;(z,0) <0, for all x € K.

Thus, (5.2.27) becomes

H;(fi,w;) > fi(0) +m; — %/K |z|* dv;(x).

(5.2.28)

Note that, in (5.2.28), the last integral is non-negative since w; < 0.

Now, taking the summation over ¢, we get

ZHi(fi,wi) > Zfi(o) + Zmz - %2/ z? dvi(z).
i=1 i=1 i=1 i=1 v K

Now, for all f € C,(K) such that >~" | fi = f, we have

H(f) > (0) + Y mi - %Z /K 2] dvi(z).

(5.2.29)

By the finite second moment condition of each of the v;’s, we get that,

Now, let f be such that || f||y < Zmin{A,...

we have

H(f)

H(f) > —o0. (5.2.30)

, Ap}t. Choosing f; % and w; = 0in H(f;, w;),

- f
< H; (=,0
=2 (50)
p
f(y) i 2
< sup ¢ —~ dy;
_Zzl/KyGIIg{ p 2| y|}
p
Ai i
< sup 4 —(1+ |y>) = Z|z —y|? } du
> [ {0 - S o)
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Again, by the finite second moment condition of each of the v;’s, we get that,

H(f) < . (5.2.31)

Thus, by (5.2.30) and (5.2.31), we have shown that the convex function H never takes the
value —oo and is bounded from above in a neighborhood of 0. Thus, by a standard convex
analysis result (see [20], Proposition 2.5), H is continuous at 0. Hence, H**(0) = H(0).

Thus, by combining (5.2.23) and (5.2.25), we get
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CHAPTER 6
ENTROPY REGULARIZATION
6.1 Entropy Regularized Optimal Transport (EROT) Problem

6.1.1 Introduction

Optimal transport offers an elegant solution to many theoretical and practical prob-
lems at the interface between probability, partial differential equations, and optimization.
This success however comes at a high computational price, and the computation becomes
prohibitive whenever the dimension exceeds a few hundred, since it requires the solution of
a linear program over distributions on a product space. Entropic regularization provides us
with an approximation of optimal transport, with lower computational complexity and easy
implementation. It operates by adding an entropic regularization penalty to the original
problem making it a strictly convex problem, hence guaranteeing a unique minimizer.

In this section, we explore the EROT problem and its duality.

The idea of smoothing the classical OTP with an entropic regularization term was first
introduced by Cuturi in [16] and it has been shown that the resulting optimum can be
computed through Sinkhorn’s matrix scaling algorithm at a speed that is several orders of
magnitude faster than that of transport solvers. Duality results and a characterization of
the dual maximizers have been presented by Marino and Gerolin in [39, 17]. Some of the

main results, definitions and remarks mentioned in this section are taken from [39, 45] .

6.1.2 The Primal Problem
Let (X,dx) and (Y, dy) be Polish Spaces, ¢ : X x Y — R be a cost function, u € P(X)
and v € P(Y) be probability measures and € > 0. We consider the following minimization

problem:

OT. = inf / c(z,y)dy(z,y) + e KL(v|p @ v). (6.1.1)
vell(wv) S x v
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The function KL(y|¢) in (6.1.1) is the Kullback-Leibler divergence between the probability

measures 7y and £ in P(X x Y') which is defined as

/ Ylog()d(€) if v < ¢
KL(1]¢) = { Jxxr

+00 otherwise

Here, v denotes the Radon-Nikodym derivative of v with respect to the measure &.

The problem (6.1.1) can also be represented as

OT. = inf eKL(y|X) (6.1.2)

YE(1,v)
where X represents the Gibbs Kernel for the cost ¢, given by:

c(@,y)

K=klz,y)p@v=e = peu. (6.1.3)

The existence of a minimizer in (6.1.1) and its characterizations have been discussed by
several authors under different settings (|9], [15], [29] [49]).
Under the definition (6.1.3) of K (|37], Proposition 2.3), a necessary and sufficient con-

dition for a minimizer, ., of (6.1.1) to be unique is given by:

fe(@) [y 9=(y) k(2 y)dv(y) = 1
e = £2)g(y)K, where f..g. solve () [y 9-(y)k (2, y)dv(y) | 6.4

9:() [x feW)k(z, y)dpu(z) = 1

Here, the functions f.(x) and g.(y) are known as the Entropic potentials and they are
unique up to the trivial transformation f +— f/\, g — Ag for some A > 0. The system solved
by the Entropic potentials is called the Schradinger system. The following theorem states
that if we assume that p and v are positive everywhere and their entropy w.r.t. X is finite,

then the minimizer of (6.1.1) takes a special form.

Theorem 6.1.1. (/9], Corollary 3,9) Let (X,dx) and (Y,dy) be two Polish spaces, and

c: X xY — [0,00) be a bounded cost function. Suppose that p € P(X), v € P(Y) are
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two probability measures that are absolutely continuous w.r.t. Lebesque measure, such that

w(x),v(y) > 0,V € X,y €Y, and KL(p ® v|K) < +o0 for K = e_c(xs’y)u ®v. Then, OT,

has a unique minimizer of the form
Ve(@,y) = fo(2)g:(y) K(z, y).

6.1.3 Duality

We define a dual functional for (6.2.1) as follows:

u(@)+o(y) —c(z,y)
€

D) = [ w@du(o) + [ vtdvi) < [ A @ v).

XxXY

Then, the dual formulation of (6.2.1) is the following maximization problem:
OT: = sup D.(u,v). (6.1.5)
uECH(X),weC,(Y)

Now, we will present the duality result for the EROT problem. This has been discussed

in several articles, such as [14, 21, 28, 27, 39|.

Theorem 6.1.2. (/39], Proposition 2.11) Let (X,dx),(Y,dy) be two Polish metric space,
c: X xY — R be a bounded function and let € > 0. Suppose that p € P(X) and v € P(Y)

are two probability measures that are absolutely continuous w.r.t. Lebesque measure. Then,
OT, = OT} 4.

In [39], the authors also provide a direct proof of existence of maximizers in (6.1.5)
following the direct method of Calculus of Variations. The main idea in the proof is to define

a generalized version of c-transform (see Definition (2.2.1)), called the (c, €)-transform.

6.1.3.1 Entropy-Transform and its properties
In this section, we will consider functions ¢ : X X Y — R which are bounded.
First, we will define the space LE"P, in which the functions admissible for the dual problem

will lie.
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Definition 6.1.3. Given an ¢ > 0, a Polish space (X,dx), and a probability measure p €
P(X), we define the set LEP(X,du) by

LIP(X, dp) = {u : X — [—00,00) : u is a measurable function in (X, du)
and 0 < / eve dy < oo}.
X
For uw € L&(X, dp) we also define o, := elog ([ ev/e du).

Observe that u € L&P(X, du) may take the value —oo on a set of positive measure, but

not yi-a.e., since we have a condition [, e du > 0.

Definition 6.1.4. Given an € > 0, two Polish spaces (X,dx), (Y, dy), two probability mea-
sures p € P(X),v € P(Y), and a bounded function ¢ : X x Y +— R, we define the (c,¢)-
transform F©) . LeP (X, dp) — LO(Y,dv) by

gwmmw:—a%(éawfwwuo. (6.1.6)

Similarly, we define the (c*,e)-transform F9) : LeP(Y, dv) — LO(X, du) by

%WMM@:—H%<AJ@?MW@O. (6.1.7)

For simplicity, we will use the notation u(>¥) = F) (y).

Remark 6.1.5. Note that the definition of (c,€)-transform is consistent with the definition

of c-transform in the sense that as € — 0, u'>9 — u® ([26], Lemma 4.2).

Now we will list some results about the (¢, €)-transform mentioned in [39] without proof.

Lemma 6.1.6. ( [39], Lemma 2.3) Let (X,dx), (Y,dy) be Polish spaces, u € LEP(X,du),
ve L&Y, dv) and e > 0. Then,

(i) u'®) € L>®(Y,dv) and v\*°) € L=(X,dpu), satisfying the inequality

u(x)

2 dp) < u(y) < el - elog (fy ¢ dpr).

el —=log (fy e
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(ii) u'®® € LeP(Y,dv) and v'*9) € L (X, du).

Furthermore, |0 o) + 0u] < ||¢|loo-

Given below are some more properties of the (¢, ¢)-transform.

Proposition 6.1.7. (/39], Prop 2.4) Let (X,dx) and (Y,dy) be Polish metric spaces, c :
X xY — [0,00] be a bounded function, p € P(X), v € P(Y) be probability measures,
u € L& (X, du) and e > 0. Then,

(i) if ¢ is L-Lipschitz, then u'®) is L-Lipschitz;

%) {s w-continuous;

(ii) if c is w-continuous, then u'

(iii) if |c| < M, then [u*®) + o,| < M;

(iv) if |c| < M, then F©°) : L>®(X, du) — LP(Y,dv) is a 1-Lipschitz compact operator.
(v) if ¢ is K-concave with respect to y, then u(®) is K -concave.

6.1.3.2 Dual Problem

Recall that the dual functional of the EROT problem is given by

u(@)+o(y)—c(@,y)
€

D.(u,v) = /Xu(x)du(x) + /Yv(y)dl/(y) —5/ e dlpv). (6.1.8)

XxXY

Now, we will state some results used to get the existence of dual maximizers.

Lemma 6.1.8. (/39/, Lemma 2.6) Consider the functional D, : L¢P (X, dp) x LEP(Y, dv) —
R defined by (6.1.8). Then,

D.(u,u'*®) > D_(u,v) Yo e LE(Y, dv), (6.1.9)

D.(u,u*?) = D_(u,v) if and only if v = u(*, (6.1.10)

In particular, u*?) € argmaz{D.(u,v) : v € L& (Y, dv)}.
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Lemma 6.1.9. (/39], Lemma 2.7) Given u € L& (X,du) and v € LE(Y,dv), there exist
u* € L (X, dp) and v* € LE(Y, dv) such that

e D.(u,v) < D.(u*,v"),
o [[v*]lc < 3llello/2,
o [[ufloc < 3lleloc/2-
Moreover we can choose a € R such that u* = (v + a)®® and v* = (u*)).

The theorem given below states that the dual functional (6.1.8) attains a maximizer.

Theorem 6.1.10. (/39], Theorem 2.8) Let (X, dx), (Y,dy) be Polish spaces, c: X xY — R
be a bounded function, u € P(X), v € P(Y) be probability measures and € > 0. Then, the

dual problem given by
sup{D.(u,v) : ue LI (X,du),v e L (Y, dv)} (6.1.11)

attains the supremum for a unique couple (ug,vy) (up to the trivial tranformation (u,v)

(u+a,v—a)). In particular we have
ug € L=(X,dp)  and vy € L=(Y, dv);

moreover, we can choose the mazimizers such that ||uolse, ||V0lce < 2|l¢]loo-

The proof mainly uses Lemma 6.1.8 and Lemma 6.1.9 along with Banach-Alaoglu theo-

rem.
6.2 Entropy Regularized Barycenter Problem

6.2.1 Introduction
Similar to finding optimizers of the classical OT problem, finding the Wasserstein
barycenter is also not an easy task. By introducing the entropy regularization to the classical

Wasserstein Barycenter problem, it becomes more tractable and flexible.
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Two different notions of regularization exist in the literature. In [7, 12], the authors
introduce a penalization term which is a function of the barycenter. On the other hand, in
[38], the authors add a penalty term which is a function of the transport plans between the
barycenter and the target measures. The main difference between these two approaches is the
reference point that is used to regularize the resulting measure. The choice of regularization
approach depends on the specific application and the desired properties of the resulting
measure. However, the similarities or the differences of these approaches have not been
discussed widely in the literature. In this section, as in [38] we will be considering the latter
approach.

In [38], the authors introduce the regularized Wasserstein barycenter problem and its
dual formulation. They prove that the strong duality holds and the existence of the primal
problem via duality result. However, they do not discuss the existence of the maximizers of
the dual functional.

In this section, we will provide a direct proof for the existence of a minimizer for the

primal problem and the existence of dual maximizers.

6.2.2 The Primal Problem
Throughout this section, we will be working with compact subsets of R and symmetric,

bounded cost functions. Recall that the entropy regularized OT problem is defined as

OT.(ur) = int [ cleg)drle,y) +eKLO o) (6.2.1)
yell(pv) Jx xy
By the duality result, we have

OT.(p,v) = sup /Xu(x)du(l’)Jr/

uECb(X),’UECb(Y) Y

uw(@)+v(y)—c(=:y)
€

v@www—e/' A ® v).

XxXY

Also recall that given an integer p > 2, Xi,...,X,,Y compact subsets of R?, a p-tuple of
probability measures (v4,...,1,) each in P(X;), a p-tuple of positive real numbers (A;,...,\,)

p
with Z A;i=1, and cost functions ¢; : X; X Y — R, we define the Wasserstein Barycenter
i=1
problem as
p

OTBC’(Vh cey Vp> = yeliI?}(fY) /\iOTci(Via V) (622)
=1
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where OT,, (v, v) is the optimal transport cost between v; and v with cost ¢; given in (2.1.6).
In [1], Proposition 2.2, gives us the following duality result for the case ¢;(z,y) = |z —y[*.
p
OTpc(ry, ..., 1) = sup Z/ inf {)\ici(xi,y) - fl(y)} dvi(z;).  (6.2.3)
fi€Cy(YV), 30, fi=0 =] JX; VER
Now we will introduce the Entropy Regularized Barycenter (ERBC) problem.
Given an integer p > 2, Xi,...,X,,Y compact subsets of R¢, a p-tuple of probability
measures (v1,...,p) each in P(X;), a p-tuple of positive real numbers (\y,...,\,) with i Ai—1,
and € > 0, we define the ERBC problem as i

p

OT%a(r1, ... 1) = Veig(fy) NOT (v, v). (6.2.4)

=1
Now we will prove that the minimization problem (6.2.4) has a minimizer. For simplicity we

will assume that ¢;(x,y) = 1|z — y|? for each 1 < < p in this proof, but we can prove that
this result holds for more general costs. Also note that in [38], the authors have provided a
proof for the existence of a minimizer via duality and here we provide a direct proof without

assuming the duality result.
Lemma 6.2.1. OT. is weakly lower semi-continuous.

Proof. Let {jin}nen and {1, }nen be two sequences such that u,, — p* and v, — v*. We can

pick subsequences (not relabeled) { i, }nen and {1, }rnen such that

lim OT.(tn, vp) = liminf OT. (n, vy).

n—oo n—oo

Since { /iy fnen and {vy, fnen are tight |,y H(pn, 1) is also tight (see [53], Lemma 4.4). Now
let {7V, }nen be a sequence with marginals u,, and v, which is "close" to the optimal value of

OT.(pn, vn),

i.e. given 6 > 0,

/ 15— g o+ KL( i © ) < OT (i, ) + 0.

Since {7Vn}nen is also tight, we can pick a subsequence (not relabeled) {7, }nen such that

Yo — 7y and v* € TI(p*, v*).
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Now, observe that,

OT. (4, v") < / 2 —y? dy" + e KL(y' | ® v°)

< liminf/ |z — y|?* dy, + e liminf KL(y, |, ® v,)

§liminf{/|x—y|2 d7n+5KL('yn|;Ln®un)}

< liminf OT.(pn, vn) + 9

= lim OT.(un, vn) + 0.

In the second inequality, we get the first term due to weak lower semi-continuity of the total
cost (see [53], Lemma 4.3), and the second term due to the lower semi-continuity of the
relative entropy, which is a well-known result (see [19], Lemma 1.4.3).

Finally, letting 6 — 0, we get the lower semi-continuity result. |

Theorem 6.2.2. Let Xi,...,X,,Y be compact subsets of RY. Given an integer p > 0, a
p-tuple of probability measures (v1,...,v,) each in Py(X;), a p-tuple of positive real numbers

p
(A1,...,Ap) with Z)‘i:]’ and € > 0, there exists a minimizer for the ERBC problem given
i=1

by (6.2.4).
Proof. Let
p » ,
I{v) = ANOT. (v, v) = inf )\i/ ~| — y]Pdyi(z,y) + e KL(vi|lv; @ v).
v ; ( ) Z%‘GH(W,V) XixY 2| yl"dvi(z, y) (il )

Also, we will denote the squared 2 - Wasserstein distance by
Wi(v,v) = inf / 1|:11: —y|Pdyi(z, y).
2 \Vi ~i €1l(v;,v) X;xY 2 i\ Ly
Then, (6.2.4) becomes

OT%a(vy, ... 1) = ueig(fy) I(v).

Now, let {v"},eny be a minimizing sequence of OT%., ie. lim, o I(v,,) = inf, I(v).

Then, we can find an M > 0 such that I(r,) < M for all n. Since e KL(y;|v; @ v) > 0, we
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have for each n,

P
Z)\iWZQ(ui, vn) < I(v,) < M.
i=1

Thus, for each 1 <i < p and for each n € N, \\W2(v;,v,) < M.
Using the duality of the Kantorovich problem and the assumption that 1;’s have finite second

moments, we can show that (see Appendix 3)
sup/ |z|? dv, < C, for some constant C.
n

Hence, {v,} is tight (see Appendix 4).

Then, by Prokhorov’s theorem, there exists a subsquence {v,} (not relabeled), that
converges weakly to some v* € P(Y). Since, [|z]* dv* < liminf, [|z]* dv, < C, we
have that v* € Po(Y). Here, the first inequality is again due to the weak convergence of
measures for lower semi-continuous bounded below costs ([19], Theorem A.3.12). Note that
[ x> dv = W3(v,d) for any v € Po(Y).

Now, we will prove that v* is the desired minimizer.

Observe that,

inf I(v) = liminf I(v,)

n

P
= lim inf Z i OT. (v, vp)

i=1

p
Z Z lim inf )\Z OT5<Vi7 Vn)

=1

p
> Z Ai OT (v, v") (By Lemma 6.2.1)

i=1

= I(v").

This proves that (6.2.4) has a minimizer.

Remark 6.2.3. Note that we assumed that X1,...,X,,Y are compact only to be consistent

with the assumptions on the ERBC Problem in the original paper [38]. However, we do
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not require the compactness of the spaces in the proof, hence the Theorem 6.2.2 holds for

X;=..=X,=Y =R%

6.2.3 Duality
We define the dual functional of the ERBC problem as

P
€ (P4 (@) +i (W) —ci(=;,9)) N
Bc(¢1>---7¢p7¢17---7¢p)IZ)\i(/ <Z5idVi—€/ € : dVi®V($i,y))-
i=1 Xi X;xY
(6.2.5)

Since we already know the existence of a barycenter of the minimization problem (6.2.4),
say v*, we will use v* for the following duality results.

Now we will present the duality result for the ERBC problem discussed in [38|.

Theorem 6.2.4. ([38], Theorem 3.1) The dual formulation of (6.2.4) is

p
(pi(zy) s (W) —ci(z4,9))
ap ([ mantm) e [ )
{(9i€Cy(X4), i €Co(Y )My T2 X XixY

Zf:1Ai¢¢=0

(6.2.6)
Moreover, strong duality holds in the sense that the infimum of (6.2.4) equals the supremum
of (6.2.6), and a solution to (6.2.4) ewxists. If {(¢i,Vs)}o; solves (6.2.6), then each (¢, ;)

is a solution to the dual formulation (6.1.5) of OT(v;, v*).

The proof relies on the convex duality theory of locally convex topological spaces.

Now, we will prove that dual maximizers for (6.2.6) exist.

Theorem 6.2.5. Given an integer p > 2, let Xy,...,X,,Y be compact subsets of R?, ¢; :
X; xY = RT be symmetric, bounded cost functions such that for each 1 < i < p, ¢
is L;-Lipschitz, (11,...,v,) be a p-tuple of probability measures each in P(X;), (A,...,\,) be
a p-tuple of positive real numbers with Zp:)\i], and € > 0. Then, there exist functions

=1

{(¢ € LN Xi,15), 4 € LYY, v*))}_, that solve (6.2.6).
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Proof. We will redefine the dual formulation as

P
Tho = sup > AiD(¢i ), (6.2.7)
{(#:€Cu(X0) i €Co (YN, =1
Zf:l Aii=0
where

% (9s+1bi—¢;) "

D(¢i, ;) := / ¢z’d1/i+/ YPidy —8/ e B dv; @ V™.
Let (P1ms - -+ Ppons Vims - - - » Ypn)nen be a maximizing sequence. i.e. we have that for each

p
i=1,...,p, Gin € Co(X:), i € Co(Y) with 30 Nthi, = 0 and lim Y~ N D(jn, thin) =
n—oo
=1
T

For each 1 < i < p define ggm =¢;"°. By Lemma 6.1.8, we have that

i,n

Now for each 1 < i < p — 1, define k;, = —oy,,, and k,,, = —Z?%j’k”” (the definition of
the softmax operator oy, . is given in definition 6.1.3). Note that, we have > % | A\;k;,, = 0.
By Proposition 6.1.7 part (iii), we have that 172" + 0y, .| < ||¢i]e- A simple calculation

@,n

gives us that [¢;"° — k; | < ||¢i||s for each 1 <i <p—1.

©,m

Now, for each 1 < i < p, we define
Gip = %n —kin and Y7, =Yg + ki
Then for each 1 < i < p — 1, we have that |[¢],|[oc < ||cil|oo- i-e.
51 6, o < . (6.2.9)

Observe that,
P P
Z A, = Z Ai(Win + kin) = 0.
i=1 i=1
Since for each 1 < i < p, ¢; is L;-Lipschitz, by Proposition 6.1.7 part (i), foreach 1 <i <p
and n € N, 47" is L-Lipschitz. Hence for each 1 <i <p—1, ¢}, = ;" — k;, is Lipschitz

continuous with the same Lipschitz constant max; L;.

Now, we will prove that for each 1 < < p, sup,, ||V}, ||L1v,a) < 00.

7



Let 1 <7 < p—1 be arbitrary. Then,

1/);:" * wi,n‘H"i,n "

e e dvt = e~ ¢ dv
Y Y

—d

Since for a given 1 < ¢ < oo, there is a constant ¢ such that ct? < €', for each ¢t > 0, we have

o]’ 1 an
/ [ﬂ)—} dv* < —/ = dv*.
yL € 1t CJy

gq
/ [¢7,]% dv* < — for some constant c.
y 7 ¢

that for each 1 < ¢ < o0,

Thus,

So, sup,, || w;nh || La(v,a+) < 00 for each 1 < ¢ < oo and for each 1 <7 <p—1.
In particular,

sup || [7,], [[ivay <00, V1<i<p—1. (6.2.10)

Now, since (ﬁn’ w;n)lgigpynej\] is a maximizing sequence, there is some constant c¢; such

that

p
—C S Z AiD(gb:,n? w:n)

* *
¢i,n+wi,n_cl

i=1
p p

:Z)\i/ (b;ndl/i—EZ)\i/ e —
Py X, Py X; XY

* *
¢i,n+wi,n_cl

p—1 p—1
:Z)\i/ ¢jndz/i+)\p/ ¢;nd1/p—52)\i/ R
i=1 X; y Xp 7 i=1 X

iXY
$pnt¥pn=cp
— 5)\p/ e c dv, @ V*.
XpxY

(6.2.11)
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Recall that, for each 1 <1 < p, = @Z)C“ kin and 7, = Vi, + Kin.

Hence,

<f>;n+¢;‘,n_ci 7, n —kintintkin—c; N
e E E dv; Q v
X;xY Xl><Y
Cl €+'¢"L ,n 6
= dyQut
Z><Y
/ e = (/ ~dv* ) dv; (6.2.12)
X;
ci,e
'L,n
/ = dy;
7

The penultimate equality holds since,

>

><

CjHE

CiE wi,nfci % _wi,n "/’7, n %
P =—¢clog [ e = dv = e T = dv*.
Y Y

Also, since |9}, ||cc < ||ci||oo for each 1 <@ < p—1, Py fX Fadv; < max; ||| (1= Ap).

Now, the inequality (6.2.11) becomes

* *
¢p n+’¢7pm, —Cp

- gmaXHciHoo(l—)\p)—i—)\p/ b pdvp — (1= N) —5)\p/ e~ ¢ dv, @ V*.
v X, XpxY

Hence, there exists a constant ¢y such that

=< Gy vy — E/X XYe Ty, @ U (6.2.13)

¢p.nt¥pm—cp
* —_— *
/ ¢ ndvp — 5/ e c dv, @ V.
X, XpxY

P

Now, consider

Since f(t) =t —ee = is concave and it attains its maximum at ¢ = a,

pnt¥pn=cp pn=(p=¥pn)
/ by, ndvy — 5/ e c dv, @ V" = / (gb;n —e€e e dv, @ V*
X XpxY XpxY

p p
< / (cp =y, —€) dv, @V
XpxY

[ g il ¢
Y

79



Thus, by (6.2.13), there exists a constant c3 such that

c3 < —/ Uy, dv”. (6.2.14)
Y

Since Y 7, A\ibf,, = 0, we get that

N &
Hence,
p—1 p—1
/\p03<z)\z/ [wzn}_i_ dy*_z)‘z/ [w:n]_ dv*
i=1 Y i=1 Y

Thus, by (6.2.10), there is some constant ¢, such that

p—1
ZA,/ [Vi.]  dv < e
i=1 Y

Since A; [, W’Zn]_ dv* > 0, we have that \; [, W;n}_ dv* < ¢4 for each 1 < i < p—1. This
gives us that
supy, || [¥5n] |ivaws) < oo for each 1 <i<p—1.

Hence, for each 1 <7 <p—1,

[l = [ ], s [ o) o <o

Thus we have for each 1 <i < p — 1, sup,, ||}, ||z < oo.

Now observe that,
1 -
02 ol vawsy = || — » > Nl vy
i=1

1 2L
<+ D Al vane)
P =1

1
< max |97, o vav) \ hR
P =1

1—X .
= b\ £ max ||¢i,n||L1(Y,du*)
D K3
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Hence,

sup |[¢7, /|21 (v < 00, V1<i<p.

Now we will prove that sup,, ||¢5 .||t (x,.dv,) < 00

Observe that, for a given 1 <1 < p,

¢* _ (¢* )Ci,E
wn T ©,n

< —¢ / Oin — G dv* (by Jensen’s inequality)
Y

:/(c,. 4 dv

< max [lcilloe — /wmdv

1<i<p

< cs, for some constant cs.

The last inequality above holds by (6.2.15).
Hence, V1 <1 < p,

of,(x) < c5, Vo € X;.

i,n

In particular,

/ (b;;n dl/p < Cs,
Xp

and
/ [(bp n} dv, < max{0,cs}.
Xp
‘z’p n+'¢’pn °p
In (6.2.13), since —¢ [, ™ =  dy, ®v* <0, we have that
Co %
)\_p S X, ¢p,ndyp
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(6.2.16)

(6.2.17)

(6.2.18)

(6.2.19)



: C * *
ie. )\—i < /Xp [¢p7n}+ dl/p—/ [pr,n], dv, < cs.

P

Thus, by (6.2.18), there is some constant c¢g such that

/ [Gpn] - dvp < cs. (6.2.20)
X,

P

Thus, we have that
/Xp b5l dvp = /Xp [gb;nh dv, + /Xp [65,] dvp < max{0,c5} + cg.

Hence, sup, (|64, ]121 ) < 0.

For simplicity of the proof, we will just use the uniform L!-boundedness of ¢; ,, for each
1 <1 < p—1. Later, we will improve this proof using the uniform boundedness of them.

Now, since for each 1 < i < p, (¢}, )nen is a sequence with sup,, ||¢7, /|21 (x,.d40) < 00,
by Komlo6s theorem ([32]), there is a subsequence (¢, )men such that <% SN gb;nm>
converges pointwise v;-a.e. to some ¢ as N — oo and the same is true for any further

subsequence of (¢7,, ).
Similarly, since for each 1 < i < p, sup, [|[¥],||z1(v.a+) < 00, for each 1 < i < p, we
can find a subsequence (¢}, )men such that (% Ean=1 wznm) converges pointwise v*-a.e. to

some ¥} as N — oo and the same is true for any further subsequence of (¢}, ).

Recall that we have
p p p
sup 3 A:D(65 ) = 1t > MWD (b tin) = 3 AD (G Vi)
DY =1 i=1 i=1

Now, fix 6 > 0. Then, there exists an integer Ny such that for each m > Ny,

sup Z AiD (s, 1) — 6 < Z NiD(Di s Vin )
i=1

< Z )\iD(;gi,nmawi,nm) (By (6.2.8))

=1

p
= Z )\iD((ﬁan’ w:nm)

i=1
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Now, consider the subsequences {gb;‘mNﬁm}meN and {¢ano+m}m€N' Note that, the av-
N N
erages {% Y1 - Fmen and {% >4 wanﬁm}meN also converge to ¢*, v-a.e. and
¥, v*-a.e. respectively.

Then, for any N > 1,

p P N
sup Y A D(6i 1) =0 < % D DD o Vi)

DisYi i=1 =1 m=1
p N N
<y AD = > o; . ;
>~ % N (bi,nNO_;,_m’ N wl7nN0+m
i=1 m=1 m=1
P N
» A ! ) ¢ d
= il N Pingsm Vi
=1 Xi m=1
P N, ¢;vnN0+m+% St w?,nN0+m—Ci
*
—e E )\7, e € dVi ® V.
i=1 XZXY
(6.2.21)

Note that, on the first line above, we take the sum over m from 1 to N and divide by N on

both sides, and on the second line, we use the concavity of the functional D (see Appendix

5).
Then,
D D 1 N
. *
sup E AiD(¢;, ;) — 6 < limsup E )\i/ N E ¢i7nN0+m dy;
P N—o0 i=1 Xi m=1
p % ZTJXZI ¢;('"N0+m+% Z%:1 w;nNO_‘_mici N
—€ E Y e c dv; Q v
i=1 X,L'XY
p 1 N
*
< E i h]r\? sup/ — E ¢z,nNO+m i
i=1 =0 Xi m=1
1N e LN _
p . . N Ym=1 ¢i,nN0+m+W Ym=1 wiv"NO+m7CZ .
—¢ E A; lim inf e e dv; @ V™.

(6.2.22)

Now, we will consider each of the limits in (6.2.22) above.

Note that by (6.2.16), we have sup,, sup,¢x., O (x) < co. Hence, by Fatou’s Lemma
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(lim sup version),

N
. 1 *
lim sup/ N Z ¢i7nNO+m v; < / lim sup — Z o; nNOHn Vi

N—oo . N—oo

X;

. . 1 N * 1 N * . .
Since V1 < i < p, (N 2ot Prnngam T N 2emet Yinngim — cl-> converges pointwise v; ®

(6.2.23)

v-a.e. to (¢f + v — ¢;), by Fatou’s Lemma,

~dy; ® v* < liminf e c dv;, @ v*. (6.2.24)

N * 1 N *

/ ¢ +w % Z'n’L:I ¢i,nN0+m+W Z'm:l wi,nNO+mici

€
X;xY N=oo Jx,xy

Thus, by combining (6.2.22), (6.2.23) and (6.2.24), we get

supz/\quZ,qu —6<Z/\/ & dv; — 52)\/ T g & b
X; XY

171/}1 >
= (6.2.25)
= ZAZ-D ;7).
i=1
Since 0 > 0 is arbitrary, letting 6 — 0, we get that
EUEZA D(¢y, i) < ZAD &1, 07).
¥ =1
Also, since Y7 | Aip;, = 0, we have that
1 d
]\}l—rgo )\ N Z wz,nm Zl )‘lwz =0 vi-ae.
Thus we can conclude that {¢7, ¢ }_; is a maximizer for (6.2.6). [

Remark 6.2.6. Note that, since Ny depends on , V1 <1 < p, the sets

Ag, = {z; € X; - {¢} NN } does not converge to ¢} }

and

Ap, ={yeY: {w;nNo+m} does not converge to 7}

depend on the choice of 0. However, since we only consider integrals against v;’s and v*,

these sets do not affect our calculations.
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Remark 6.2.7. Also observe that, even though we have strong duality results for {(¢; €
Co(Xi, vi), i € Co(Y,v)) Y-y, we get existence for {(¢i € L'(Xy,mi), ¢ € L'(Y,v*))}_,.
We may get a better reqularity for ¢7,V1 <1 < p—1, due to the uniform boundedness of the

V1 <i<p-—1 (see (6.2.9)).

i\no
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APPENDIX

1 Alternative dual functional for CCOT Problem: 5
Let X, Y C R? For given f € L'(X),g € L'(Y) and 0 < h € L>*(X x Y), consider

OT¢e == sup  J(u,v,w) (1.1)

(u,v,w)GLipCﬁ

where

J(u,v,w) := /Xu(x)f(x) dr + /Yv(y)g(y) dy +/ w(m,y)ﬁ(m,y) dzdy, (1.2)

XxY

Lip,j == {(u,v,w) cu € LMNX, fdz),v € LMY, gdy),w € LY(X x Y, ﬁdxdy),

(1.3)
u(z) +v(y) +w(z,y) < c(z,y),and w(z,y) < 0},
and
OT¢ = sup J (u,v), (1.4)
ueL(X)weLll(Y)
where
J (u,v) := / uf dx +/ vg dy — / [—c+u+v], h dady. (1.5)
b Y XxY
Proposition 1.1. 0T}, = OTh.
Proof. Define A = {(u,v,w) cu € LNX, fdx),v e L)Y, gdy),and w = — [—c+u + 0], }
Then,
OThe = sup  J(u,v,w).
(u,v,w)eA
First, let (u,v,w) € A be arbitrary. Then w < 0, w = —[-c+u+v], < —[-c+u+1],

which gives u + v +w < ¢, and w € L} X x Y, Bdmdy). Hence, (u,v,w) € Lip,j;. Thus,
A C Lipcﬁ. So, we have

sup  J(u,v,w) < sup  J(u,v,w), (1.6)
(u,v,w)EA (u,v,’w)ELipCﬁ
ie.
OT¢e < OT¢ - (1.7)

Now observe that,

OT¢c =(u7vﬁgipﬂ{ /X u(z) f(z) dr + /Y v(y)g(y) dy + /X N w(z,y)h(z,y) dxdy}
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= ewp {AwmmwM+/v@¢w@

(u,v,w)ELipc’ﬁ Y

+/ w(z,y)h(z,y) dedy
{(2,9):—clay)+u(z)+v(y)20)

w(z,y)h(z,y) dwdy}

g
{(z.y):—c(z,y)+u(z)+v(y) <0}

< sup {/Xu(x)f(x) dx—i—/ v(y)g(y) dy

(u,w)e LY (X)X L1(Y) Y

+ / [e(2,y) = u(@) = v(y)]h(z,y) d:rdy}- (1.8)
{(w):—clay) +u(@)+o(y) 20}

In the last line above, we used the fact that w < c¢—u — v, and w < 0.
On the other hand,

OT*(}/C = sup { / u(z)f(z) dx +/ v(y)g(y) dy — / [—c+u+v], h d:z:dy}
(u)eLL(X)xL1(Y) | Jx Y XxY

- (%U)ELlS(l—lX%xLl(Y) { /X“(x)f (z) dw + /Y v(y)g(y) dy

- / [—c+u+v], h(z,y) dvdy
{(zy):—c(z,y)+u(z)+v(y) =0}

_ / [—c+u+], h(z,y) dxdy}
{(@)i—c(.9)+u(e)+o(s)<0}

- awp {memmM+/ﬁ@mw@

(u,w)eLY (X)X L1(Y) Y

—/ [—c +u + 0] h(z, y) da:dy}
{(z,y):—c(@,y)+u(z)+v(y) 20}

- awp {Lw@mAM+/v@mw@

(u,w)eLY (X)X L1(Y) Y
+ / [e(2,y) = u(@) — v(y)] h(z, y) dwdy} (1.9)
{(z.y):—c(@,y)+u(z)+v(y) =0}
By combining (1.8) and (1.9), we get
OT}e < 0T . (1.10)

The inequalities (1.7) and (1.10) conclude that
OTE = OThc .
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2 The relaxed CCOT Problem is strictly convex.
Given an integer p > 2, a lower semi-continuous function ¢ : R?* — R, f € L*(R?) and
h € L*(RY x R?), consider the functional

1 p
IE(R) = h di + — hy  — fill? 2.1
= [ ehdi g Sl - Al (2.)

where dt = dx; ... dz,.
Proposition 2.1. I is strictly conves.

Proof. Let 0 < hy, hy < h be such that hy # hs and let 0 < X < 1.
Then, observe that

LA+ (1= Nha) = [ e(Ahn + (1= \ho)di + ZH (A1 + (1= Nha)),. — fill2

Rrd

_ /dechl di+(1—)\)/dech2 di
1 p
T 52 Z (M + (1= Nha)),. — A+ (1= ) fill3
=1

:A/ chy da§+(1—)\)/ chy di
Rrd Rpd

p

+%Z|\A<<hl> — £) + (L= N2}y, — F)IE

<)\/ chy d:i:+(1—)\)/ chy di
Rpd Rprd

p p

A - A
2 Dl = il + D), —

=1

= M:(h1) + (1 — NI (hg).

Note that in the penultimate line, the strict inequality holds due to the strict convexity of
the L? norm. |

3 Uniform boundedness for probability measures with finite moment.
Proposition 3.1. Given capacities {7;}7_; € M, (R? x RY), p probability measures
Vi, ..V i Po(RY), and a sequence of probability measures {Dy}nen € P2(RY) such that
i (v, 0,) # 0,V1 < i < p, if there is an M > 0 such that V[N/;(Vi,ﬁn) < M,Vi and n, we
have

sup/ |z|? db, < C, for some constant C.

Proof. Fix i € {1,...,p} and n € N. Consider the two-marginal capacity constrained OT
problem between the measures v; and 7, with capacity 4; given by (5.2.3).
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By the duality,

2 (4 70) = sup { [ v+ [ o) dnaw+ [ i) dwx,y)}, 3.1)

where the supremum is taken over the set B, ,, of real-valued functions u, v, w satisfying
u e LY (v),v € LYD,), w € L'(%) and w < 0 with u(z) + v(y) + w(z,y) < 1|z — y|*

Choose u(x) = infyepa{3]z[* + {ly[* =z -y}, v(y) = Fly* w(z,y) = 0.

Then,

u(z) +o(y) +w(z,y) < lz)? + 3yl —z -y + 1lyl> = 5|z — y|? for all (z,y) € R* x R%.

By plugging this choice of u,v,w in (3.1), we get

1 1 1 —~2
[ int (Gl + P — oy} dito) + [ P ) < W), (32)
R Rd

d yeRd

Since Vy{%|a:|2 + iyl —=- y} = 1y — z, we have
inf e { 312 + Lyl — oy} = —Hal?
Thus, (3.2) gives us,
1, 5 ~2 1, 5
) —lyl® dv(y) < W (vi, o) + | 52| dvi(z).
R 4 Rd 2

— 2
Since Wy (v4,7,) < M and v; € Py(RY), there is a constant C' > 0, independent from n such
that

1 .
[ g ) <

4 An integral condition for tightness:
Proposition 4.1. (/3/, Remark 5.1.5) Let X C R% and {v, }nen € P2(X) be a sequence of
probability measures. Then, if sup, [ |z* dv, < +00, then {v,}nen is tight.

Proof. Let § > 0 be arbitrary and fix n € N. Suppose sup,, [ |z|* dv,, < M. Let Rs be a real
number such that Rs > (/2. Define the compact set K5 = {z € R?: |z| < Rs}. Then,

1 M
vo({z € R : 2| > Rs}) < i /Rd |z|? dv, < i < 0. (4.1)

This proves that {v, },en is tight.
Note that we get the first inequality in (4.1) by the Chebychev’s inequality. |
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5 The entropic dual functional is strictly concave.

Given two Polish spaces X, Y, a bounded cost function ¢ : X x Y +— R, two probability
measures 1 € P(X),v € P(v), and two functions ¢ € L& (X, du), v € L&P(Y,dv), consider
the functional

D(6,0) = /X b+ /Y b — ¢ /X e, (5.1)

Proposition 5.1. The functional D is strictly concave.

Proof. Let ¢1, ¢ € LEP(X,dp), 11,19 € LEP(Y,dv) and 0 < A < 1 be a real number. We
need to show that

D(A1 4 (1 = N)o2, APy + (1 — A)apa) > AD(¢1,91) + (1 — X)D(¢p2, 12).

/¢1du+ (1= /¢2du—|—)\/w1du+ (1—A /wgdy

(A¢1+(1 A><z>2+w1+(1 Nipg—c)
dp ® v
X><Y

(1491 —c)
>/\/qb1d,u+/\/¢1du—5/\/ e = dp @ v
X Y XxY

+(1—>\)/ s du+(1—)\)/w2 du—e(l—)\)/ e i .
X Y XxY

So, it is sufficient to show that

(Ap1+(1=N) o +Ap +(1—A)py—c)
—€ e c dp @ v
XxY
(¢t —c)

> —5)\/ o= dp®v—e(l —)\)/ e = du®v.
XxXY XxY

1.e.

Ap1+(1=N)po+ A1 +(1—N)Pg—c)
e E dp ® v
XxXY
(p2+1o—c)

< )\/ o= du®@v+(1-— )\)/ e = du®v. (5.2)
XXY XXY

First, we will prove that

(AP1+(A=N)do+A +(1=N)pg—c) (#1491 —c)

e : <Xe = +(1-Ne

(p2+wo—c)
€ .

(5.3)

Observe that

(A1 +(1=N)po+Ap1+(1-N)Pp—c) Ap1+(1=N)Pa+ A1 +(1=N) Yo —Ac—(1—-N)c)
€ 1>

(¢1+11—c) (¢a+pp—c)
6)\ 1 51 +(17)\) 2 s2

95



(¢1+91—¢) (¢ tpa—c)
€ € .

< De +(1—Ne
Note that the last line above holds due to the strict convexity of the exponential function.
Now, by integrating both sides of (5.3) with respect to du®v on X XY, we get the inequality
(5.2).
This completes the proof.
|
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