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ABSTRACT

Algebraic K-theory is an invariant of rings that relates to interesting questions in many
mathematical subfields including geometric topology, algebraic geometry, and number the-
ory. Although these connections have generated great interest in the study of algebraic
K-theory, computations are quite difficult. This prompted the development of trace meth-
ods for algebraic K-theory in which one studies more computable invariants of rings (and
their topological analogues) that receive maps from K-theory. One such approximation
called topological Hochschild homology (THH) has proven foundational to progress in com-
putations of K-theory via trace methods. The Bokstedt spectral sequence is one of the main
tools for computing THH.

Hesselholt and Madsen developed a Cs-equivariant analogue of algebraic K-theory for
rings with anti-involution called Real algebraic K-theory. A Real version of the trace methods
story unfolds in this context by studying an approximation of Real K-theory called Real
topological Hochschild homology (THR). The main result of this thesis is the construction
of a Real Bokstedt spectral sequence which computes the equivariant homology of THR. We
then extend our techniques to the case of another equivariant Hochschild theory called G-
twisted topological Hochschild homology and construct a spectral sequence which computes
the G-equivariant homology of H-twisted THH when H < G are finite subgroups of S?.

Finally, this thesis explores the algebraic structures present in Real topological Hochschild
homology. When the input is commutative, THH has the structure of a Hopf algebra in the
homotopy category. Work of Angeltveit-Rognes further shows that this structure lifts to the
Bokstedt spectral sequence. We show in this thesis that when the input is commutative,

THR has a Hopf algebroid structure in the Cs-equivariant stable homotopy category.
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CHAPTER 1

INTRODUCTION
The motivation for the work undertaken in this thesis is rooted in the study of an important
invariant of rings called algebraic K-theory. To a ring R, we may associate a sequence of
abelian groups, denoted by K, (R), called the algebraic K-theory groups. Building off of
work of Grothendieck for the case n =0, Quillen [Qui73| defined the nth algebraic K-theory

group of R for n >0 to be the homotopy group
K,(R) = m,(BGL(R)").

Here, BGL(R)* is the +-construction of the classifying space of the infinite general linear
group GL(R). Although K-theory is an invariant of algebraic objects, its definition uti-
lizes topological notions from homotopy theory, and algebraic K-theory demonstrates deep
connections between topology and algebra. Further details about historical developments in
K-theory, including other constructions, may be found in [Weil3|.

The study of algebraic K-theory has uncovered deep, and often unexpected, connections
to many areas of mathematics including algebraic geometry, geometric topology, and number
theory. These connections relate to foundational theorems in these fields, such as the s-
cobordism theorem, which is relevant to the classification of manifolds [Bar64|, and the
Kummer-Vandiver conjecture, a conjecture in algebraic number theory dating back to the
1800s [Kur92|. Although such connections prompted an interest in the study of algebraic
K-theory in the second half of the 20th century, progress was hindered by the incredible
difficulty of K-theory computations. Perhaps the open question that best illustrates just
how difficult K-theory computations are is that of K,,(Z); more than 50 years after Quillen
defined algebraic K-theory for rings, we still do not know all of the K-groups of the integers.

Seeking to gain a computational foothold, algebraic topologists developed a research pro-
gram known as trace methods in which other, more computationally accessible invariants of

rings (and their topological analogues) are studied as approximations of algebraic K-theory.



One such approximation is an invariant of rings from classical algebra called Hochschild
homology. Hochschild homology receives a map from K-theory called the Dennis trace.
Although Hochschild homology, denoted by HH, is significantly more computable than K-
theory, the trace map is not an especially good approximation. One can understand this
as a failure of Hochschild homology to capture some of the topological information used to
define K-theory, given that HH is an entirely algebraic construction.

The development of so-called “brave new algebra” gave us another try at approximating
K-theory. In this setting, also referred to as higher algebra, one works with topological
objects that mimic the properties of objects from classical algebra. One example is that of
ring spectra, the topological analogue of rings. The construction of Hochschild homology
can be translated using this language of higher algebra to define a theory of topological
Hochschild homology, denoted by THH, which is an invariant of ring spectra. An examination
of the trace map between K-theory and THH provides a better approximation than our first
attempt and has proven enormously useful in the trace methods approach to understanding
K-theory.

Of particular relevance to our story is work of Bokstedt [BHM93|, who constructed a
spectral sequence which takes input data from classical Hochschild homology groups and

produces information about the homology of THH:
Ef,* =HH,(H.(R);k) = H.(THH(R); k).

The Bokstedt spectral sequence is quite useful in THH calculations, leveraging the com-
putational accessibility of Hochschild homology to understand the better, higher algebra
approximation we have in THH.

A generalized retelling of this story where we consider inputs with group actions has been
a focus of homotopy theory in recent years. This led to definitions of equivariant algebraic
K-theories. One example is Real algebraic K-theory, denoted by KR, for rings with the
Cs-action of involution. Real K-theory was originally defined by Hesselholt and Madsen in

[HM15], along with an equivariant version of topological Hochschild homology incorporating



the involution action called Real topological Hochschild homology; we denote this invariant
by THR. A definition of THR via a simplicial bar construction which lends itself well to
computational work was given recently by Dotto, Moi, Patchkoria, and Reeh in [Dot+20].
Recently, work of Angelini-Knoll, Gerhardt, and Hill further filled in details of the Real
trace methods story. In [AGH21|, the authors develop a theory of Real Hochschild homology,
denoted by HR, which takes inputs from equivariant algebra with an appropriate notion of

an involution.

Algebra Topology

Non-equivariant inputs HH THH

Inputs with involution HR THR

We may now ask a question in this Real setting which motivated the use of the Bokst-
edt spectral sequence in classical THH computations: can we use information about Real
Hochschild homology to better understand THR? The main result of this thesis answers this
question in the affirmative with the construction of a Real Bokstedt spectral sequence.

Classically, THH inherits an action of the circle group S'. Real topological Hochschild
homology is constructed similarly, but with additional structure encoding the Cs-action of
the involution. This construction yields an S x Cy = O(2)-action, and THR is an O(2)-
equivariant spectrum. As all dihedral groups Dy, are subgroups of O(2), we may restrict
THR to a Dy,,-equivariant spectrum. Thus, our Real Bokstedt spectral sequence computes
the Ds,,-equivariant homology of THR using input data from Real D,,,-Hochschild homology.

This result is restated as Theorem 5.2.4 in the text.

Theorem. Let A be a ring spectrum with anti-involution and let E be a commutative Day,,-
ring spectrum. If E®(N522MA) and Eg (NP> 12 A) are both flat as modules over Eg and if
A has free (1, E)- and 1fE-homology then there is a Real Békstedt spectral sequence of the
form

B o = HR"((1h, ) (A)) = E4(1h,,, THR(A)).



Here, Eg denotes an RO(Ds,,)-graded homology theory, which we review in Section 4.5.
The techniques used to construct the Real Bokstedt spectral sequence may be extended
to a different flavor of equivariant topological Hochschild homology. For G, a finite subgroup
of St the G-twisted topological Hochschild homology is an S'-spectrum which incorporates
an action of the cyclic group into the invariant constructions. In this twisted setting there

is an analogous algebraic theory called Hochschild homology for Green functors.

Algebra Topology

Non-equivariant inputs HH THH
Inputs with involution HR THR

Inputs with G-action ~ HH¢ THH

Work of Adamyk, Gerhardt, Hess, Klang, and Kong [Ada-+22| constructs a twisted Bok-

stedt spectral sequence which computes the G-equivariant homology of THH.
EZ, =HHZ(E,(R)) = E,..(1; THHG(R)).

In this thesis, we construct a spectral sequence which computes the G-equivariant homology
of H-twisted THH, for a subgroup H of G. This result is restated as Theorem 5.3.3 in
Chapter 5.

Theorem. Let H < G be finite subgroups of S* and let g = e2™/IGl be a generator of G. Let R
be an H-ring spectrum and E a commutative G-ring spectrum. Assume that g acts trivially
on E and that E4(NGR) is flat as a module over Eg. If R has (1} E)-free homology, then

there 1s a relative twisted Bokstedt spectral sequence
B} = HHE((5E) (R))s = E,q (15 THHE (R)).

Taking G = H in this theorem recovers the spectral sequence of [Ada+22|. In the case
of H = e, this result also gives a new spectral sequence converging to the G-equivariant

homology of ordinary THH.



One way to gain computational traction in calculations involving the classical Bokstedt
spectral sequence is to utilize the algebraic structures present in THH and in the spectral
sequence itself. Angeltveit and Rognes show in [AR05] how to use simplicial constructions
to induce a Hopf algebra structure in the homotopy category on THH(R) when the ring
spectrum R is commutative. The authors further show that, under appropriate flatness
conditions, this Hopf algebra structure lifts to the Bokstedt spectral sequence. We take on
a similar exploration of algebraic structures for Real topological Hochschild homology with
the goal of lifting this structure to the Real Bokstedt spectral sequence in the future. We
find that when the input is commutative, THR has the structure of a Hopf algebroid, a
generalized notion of Hopf algebras, in the Cy-equivariant stable homotopy category. This

result is restated as Theorem 6.2.10 in Chapter 6.

Theorem. Let A be a commutative Cy-ring spectrum. The Real topological Hochschild ho-

mology of A is a Hopf algebroid in the Cy-equivariant stable homotopy category.

1.1 Organization

We begin by recalling the classical constructions of Hochschild homology, topological
Hochschild homology, and the Bokstedt spectral sequence in Chapter 2. In Chapter 3, we
provide some necessary definitions from equivariant algebra including those of Mackey func-
tors, Green functors, and equivariant norms. Chapter 4 describes equivariant analogues of the
classical Hochschild invariants; here we recall definitions of Real topological Hochschild ho-
mology, Real Hochschild homology, twisted topological Hochschild homology, and Hochschild
homology for Green functors.

In Chapter 5, we construct a Bokstedt spectral sequence for Real topological Hochschild
homology and an equivariant Bokstedt spectral sequence for twisted topological Hochschild
homology. Finally, Chapter 6 recalls the algebraic structures present in THH and proves the

existence of a Hopf algebroid structure in the Real equivariant setting.



CHAPTER 2

TOPOLOGICAL HOCHSCHILD HOMOLOGY
In the introduction we discussed the extraordinary difficulty but deep interest in computing
algebraic K-theory. The trace methods program arising from homotopy theory offers an
approach to K-theory computations by way of approximation. Rather than studying the
algebraic K-theory groups themselves, we instead investigate other, more computable invari-
ants and the maps they receive from K-theory. In this chapter we describe the construction
of some of these ring and ring spectra invariants. We begin by recalling a classical invariant
of rings (or, more generally, of unital, associative algebras) from algebra called Hochschild
homology. Following this, we describe the construction of the analogous topological version
of this theory. This topological version of Hochschild homology, denoted by THH, plays a
crucial role in the trace methods story; THH and a closely related invariant called topological
cyclic homology have proven to be good approximations of K-theory. Much of the progress
in K-theory computations relies on being able to compute THH. One tool which assists
in these computations is the Bokstedt spectral sequence, which bridges the algebraic and

topological Hochschild theories.

2.1 Hochschild homology

A first approximation of algebraic K-theory one might consider is Hochschild homology,
an invariant of rings and algebras from the world of classical algebra. Hochschild homology
is constructed as a simplicial abelian group so we begin by reviewing the definition of a

simplicial object. These simplicial objects generalize the notion of a simplicial set.

Definition 2.1.1. A simplicial object K, in a category C is a sequence of objects K, in C
for n > 0 with face maps d, : K,, » K,_1 and degeneracy maps s, : K, - K, ;1 obeying the

following relations:

didj = djfldz’ if 4 <j



Sj—ldi 1 <j

disj =1id t=jori=7+1

dei—l 1> ] +1

S5iSj = Sj+15; if 7 < j
We now construct the simplicial object used to define Hochschild homology.
Definition 2.1.2. Let k£ be a commutative ring, A an associative, unital k-algebra and M an

A-bimodule. The cyclic bar construction on A with coefficients in M is a simplicial abelian

group, denoted by BY(A; M), and is defined as follows:

u:f::,Aw

MA® A®

N N N
dQ\LSO dy|s1|da|s2 idg
~ ~

do|so|di| st do
~N- ~N- ~

The nth level of this simplicial object is the (n+1)-fold tensor product B,,(A; M) = M ® A®".
All of the tensor products are taken over k but we omit this from the notation. The face

maps d; : M ® A®" - M ® A®(»~1) are defined by

Yp ® id®1) i=0

di ={idy ®id®D @ p@id @i 0<i<n

(wL ® id®(n71)) oT 1=n
where ¥ and g are the left and right A-module actions of M, respectively. The map

w:A® A - A is the multiplication on the algebra A and 7 is the “twist map” which

permutes the last tensor copy of A to the left of M.



The degeneracy maps s; : B,(A; M) — B,,1(A; M) are defined to be
s;=idy ®id® @ n @ id®™ .

In the above notion, n denotes the unit map of the algebra, n: k - A.
We define the Hochschild homology of A with coefficients in M to be the homotopy groups

of the geometric realization of the cyclic bar construction,
HH,,(A; M) = 7, (|BY (A; M))).

Alternatively, one may define Hochschild homology from a totally homological algebra

perspective by taking the homology of the chain complex constructed from tensor copies of

A.

Definition 2.1.3. Let k£ be a commutative ring, A an associative, unital k algebra, and M

an A-bimodule. The Hochschild complez is the chain complex (C.(A, M),b) with
Co(A, M) = M e A®".
We define maps d; on C,,(A, M) for 0 <i<n as in Definition 2.1.2. The sum
b= i(_l)idi
i=0

defines a boundary; one may check that b = 0. The Hochschild homology of A with coeffi-

cients in M is the homology of this chain complex,
HH,, (A; M) := H,(C.(A, M),b).

The Dold-Kan correspondence between the category of simplicial abelian groups and
the category of non-negatively graded chain complexes shows that these two definitions of

Hochschild homology are equivalent.

Convention. In the case of M = A where we take coefficients in the algebra as a bimodule

over itself, we denote the Hochschild homology by
HH, (A; A) =HH,(A),

omitting the coefficients from the notation.



We now outline some results which are useful for computing Hochschild homology groups.

Definition 2.1.4. Let A be an algebra. The opposite algebra, denoted A°P, is an algebra
consisting of the same elements and additive structure as A but with a reversed multiplicative

structure so that the product is defined by

MOP . AP ® AP - A°P

a®bw ba.

Definition 2.1.5. For a k-algebra A, the enveloping algebra A¢ is the tensor product A ®y
Aep. Multiplication is defined component-wise and we can consider A as a left A¢-module

via the multiplication (a ® b)c = acb.

Because the Hochschild complex is a resolution of A as an A®-module (|[Lod13|, 1.1.12)

we can understand Hochschild homology as a Tor group.

Proposition 2.1.6 (see, for instance, |[Lod13] 1.1.13). If A is projective as a module over

k, then for any A-bimodule M there is an isomorphism
HH,, (A, M) = Tor’" (M, A).

This relationship between Hochschild homology and Tor has analogous statements in
equivariant Hochschild settings and is an important tool for computing Hochschild groups
in both the equivariant and non-equivariant settings.

Returning to our trace methods motivation, we recall that there is a map called the
Dennis trace from the algebraic K-theory groups of a ring A to its Hochschild homology. By

this map, we consider HH(A) as a K-theory approximation,
Kn(A) Dennis trace HHH(A)

A natural follow up when presented with such an approximation is to ask how close we come

to capturing K-theory. This is akin to asking how close the Dennis trace comes to being



an isomorphism. Unfortunately, what we gained in computational traction with Hochschild
homology, we traded for accuracy; the Dennis trace is not a very good K-theory approxi-
mation. In part, we recognize this as the failure of Hochschild homology to incorporate the
homotopy theoretic information used to construct the algebraic K-theory groups. We now
consider another Hochschild invariant, this time one coming from topology, in an effort to

better approximate algebraic K-theory.

2.2 Topological Hochschild homology

The preceding construction of Hochschild homology can be translated to a topological
setting in order to define a theory of topological Hochschild homology, denoted by THH. To
do so, we appeal to the world of so-called “brave new algebra,” also known as higher algebra,
to find topological analogues which mimic important properties of classical algebraic objects.

This translation utilizes the following dictionary:

Classical Algebra Higher Algebra

Rings Ring spectra
Tensor product, ® | Smash product, A
Integers, Z Sphere spectrum, S
HH THH

We begin this section by recalling some definitions in higher algebra one needs to understand
this dictionary. Following that, we describe the construction of THH and recount how it fits

into the story of trace methods for algebraic K-theory.

Definition 2.2.1. A ring spectrum is a monoid in a symmetric monoidal category of spectra.
In other words, a ring spectrum FE admits a unit map n : S - E and a product map
w: EAE — E subject to the unitality relation

SAE - BEAE &M BAS

Sk

10



and the associativity relation

unid

EAEANE —— EANE

iann | I

Ezample 2.2.2 (Eilenberg-Mac Lane spectrum). Any ring A gives rise to a ring spectrum
H A called the Eilenberg-Mac Lane spectrum of A. These Eilenberg-Mac Lane spectra have

the property that

A ifn=0
mn(HA) =

0 mn>0.

Since ring spectra are analogous to rings in higher algebra, we also wish to have an

analogous notion of a module.

Definition 2.2.3. Let A be a ring spectrum. We say that a spectrum M is a left A-module
spectrum if there is a map of spectra ¢y : AA M — M such that the following diagrams

commute:
nAid

s AnM

SAM
x %
M

ANMAA N AnM

idA Ll l"/’L

ANM ¢—> M.
L

The definition of a right A-module is analogous. If M is a left A-module via an action v,
and a right A-module via ¥ such that the following diagram commutes,

MAAAM 22%% MoAA

me‘di i@bR

ANM —— M,
L

we say that M is an A-bimodule.

These constructions in higher algebra mimic the familiar ones of classical algebra with
the symmetric monoidal smash product playing the role of the tensor product. Akin to the

notion of a relative tensor, we also have relative smash product in spectra.

11



Definition 2.2.4. Let A be a ring spectrum. If M is a right A-module spectrum with action
1 and N is a left A-module spectrum with action ¢, the relative smash product M Ay N is
the coequalizer in spectra:

PYAiLd
M/\A/\NZMAN—)M/\AN.
idAp

Remark 2.2.5. Following this definition, we may translate a classical isomorphism to the
setting of higher algebra. If A is a ring spectrum and M is a left A-module we can regard A
as a right module over itself. Then the relative smash product A A4 M is the coequalizer
ANAAM #; AANM —— AAa M.
idadr
But the associativity of a left module action ensures that 1y (uAid) =¥ (idAt)r) so we have

that
A/\AMEM.

Topological Hochschild homology (THH) was first defined in the 1980s by Bokstedt
[B6k85b|. A more modern description of THH (including constructions utilizing the no-
tion of an associative smash product in a category of spectra that was not yet developed at

the time of Bokstedt’s original publication) is given in Chapter 9 of [Elm-+97]|.

Definition 2.2.6. Let A be a ring spectrum and M an (A, A)-bimodule. The cyclic bar
construction on A with coefficients in M, denoted BsY( A; M), is a simplicial spectrum whose
n-simplices are M A A" and which has the following face and degeneracy maps:

%DR A idn (1) 1=0

di = Yidy A idND A Aidh im0 <i<n

(¢L A Z‘d/\(nfl)) oT 1="n

s; = idy Aid" A Aid N

12



As before, 7 is the twist map that brings the right-most factor of A to the left position. We

can also encode this data into a simplicial diagram,

LTLTLTIT
MANAANAANA

do di da ds

N
do SOle 81 | da SZT ds
~ ~ ~ ~

The topological Hochschild homology of a ring spectrum A with coefficients in a bimodule M

is then defined to be the spectrum given by the geometric realization
THH(A; M) = |B&(A; M)).

Convention. If we take coefficients in the ring spectrum A as a bimodule over itself, we

call this simply the topological Hochschild homology of A and denote it by
THH(A) := |BY(A; A)|.

At each level of the cyclic bar construction which defines THH(A), the twist map 7 acts
as a cyclic operator, inducing an action of the cyclic group C,,,; at simplicial level n. This

operator allows us to classify the cyclic bar construction as a special type of simplicial object.

Definition 2.2.7 ([Lod13|, 6.1.2). A cyclic object C, in a category C is a simplicial object

which is further endowed with a map

tn:On_>07w
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such that (¢,)™*! = id, and the map ¢ interacts with the face and degeneracy maps in the

following ways:

d, 1=0
dltn =
tn—ldi—l 1<1<n
(tuer)25n i =0
Sity =

tn+l$i—1 1<i<n.

Proposition 2.2.8 (|Lod13|, Theorem 7.1.4). The geometric realization of a cyclic object

has an action of the circle group, S*.

Since BJY(A) is a cyclic object, THH(A) has an S'-action. Further, THH(A) can be
constructed as a genuine S'-spectrum.

In the preceding section we discussed the failure of classical Hochschild homology to serve
as a good approximation of algebraic K-theory and sought to remedy this by considering an
invariant constructed in the world of topology. For a ring A, it was shown that topological

Hochschild homology also receives a Dennis trace map from K-theory:

topological Dennis trace

K,(A) m.(THH(HA)),

where H A is the Eilenberg-Mac Lane spectrum of the ring A. In fact, the classical Dennis

trace factors as a composition of the above map with a map
m.(THH(HA)) - HH, (A).
This is a particular case of a map which relates THH and HH called linearization.

Proposition 2.2.9. Let A be a (-1)-connected ring spectrum. There is a map
7, THH(A) - HH,,(mgA)
which s an isomorphism for n = 0.
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With this topological trace we do indeed get a better approximation of K-theory from
THH; in fact, much of the recent progress made in K-theory computations has involved
computing THH and a closely related invariant called topological cyclic homology.

The question now is how to compute topological Hochschild homology. Recall that the
motivation for trace methods was to find a computationally approachable approximation of
K-theory. We now describe a tool which bridges the algebraic and topological theories of

Hochschild homology to help us compute THH.

2.3 The Bokstedt spectral sequence

The Bokstedt spectral sequence is a computational tool that uses the classical, algebraic
Hochschild groups (which are computationally more approachable than their topological
counterparts) to determine the homology of THH. This work of Bokstedt originally appeared
in [Bok85b| at a time before many of the tools of higher algebra (including a symmetric
monoidal category of spectra with an associative smash product) were developed. Here we
recall a more modern construction of this spectral sequence as it appears in [Elm-+97].

We begin with a result about the existence of spectral sequences for simplicial spectra.

Proposition 2.3.1 ([Elm+97|, X.2.9). Let X, be a proper simplicial spectrum and let E be

any spectrum. There is a natural homological spectral sequence {5 X} such that
Eﬁ,q = Hy(Ey(X.)) = Epig(|Xe]) (2.1)
which converges strongly.

Recalling Definition 2.2.6, we see that topological Hochschild homology is a simplicial
spectrum, so by Proposition 2.3.1 the skeletal filtration gives rise to a spectral sequence
converging to the homology of THH. Here, for a commutative ring spectrum FE, a general
E.-homology theory is defined by setting E,(A) = 7,(AAE). Setting E = Hk (the Eilenberg-
Mac Lane spectrum of k) recovers ordinary homology with coefficients in a field k. Thus, to

compute H,(THH(A); k) the E?-page has the form:

EZ, = H,(H.(B¥(A): k).

15



We would like to identify this Es-term as something familiar and computable; indeed we
shall see that this is Hochschild homology.

The notation H,(X,;k) denotes applying the homology functor to the simplicial object
X, level-wise. For example, taking homology of the cyclic bar construction at level p we

have
p+1 p+1
—_— —_—

H(ANAN ANAK)=T.(ANAN...NANHE).

The isomorphism described in Remark 2.2.5 allows us to write this as
T*(A/\A/\.../\A/\Hk}) gﬂ'*(A/\H/{Z/\HkA/\H]C/\Hk.../\HkA/\Hk').

Here, because m,(Hk) = k is a field, all modules over it are flat including the module 7, (A A
HE). Thus the Kiinneth spectral sequence collapses and the homotopy of this product can

be written

T (ANHEk Ay ANHE Ay .. Agr AN HE) =

W*(A A Hk?) ®r, (HE) 7'('*(14 A H]{?) O, (HE) -+ ®Om, (HE) W*(A A Hk?) =

H*(A; k) ®r H*(A; k’) ... O H*(A; k’)
A simplicial complex which is built from (n + 1)-tensor copies of a ring at the nth level is
precisely how we constructed the Hochschild complex. One can verify that the boundary

maps in the Hochschild complex coincide with the d;-differential in the spectral sequence,

thus we have the following result of Bokstedt:

Proposition 2.3.2. Let A be a ring spectrum and k a field. There is a spectral sequence

called the Békstedt spectral sequence which has the form:
Ef’* =HH,(H.(A);k) = H,(THH(A); k).

This result has been foundational in many THH computations. For example, in [B6k85a|
Bokstedt uses this spectral sequence to compute THH(F,) and THH(Z). These computa-

tions have been essential to many calculations in algebraic K-theory.
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CHAPTER 3

TOOLS FROM EQUIVARIANT ALGEBRA
The goal of the following chapters is to reconstruct much of the previously discussed ma-
chinery in an equivariant setting where the invariants we consider encode a group action on
the input. Before constructing these equivariant Hochschild theories, we take this chapter to
introduce some key objects of study in equivariant algebra and related notions in equivariant

topology.

Convention. In this thesis we use Dy to denote the group of two elements 1,w such that
w? =1. We elect to use this naming rather than the more common notation of Cs for cyclic

groups or Z/2 in anticipation of generalized results for dihedral Ds,,-equivariant objects.

3.1 Mackey and Green functors
We now recall the definition of Mackey functors which one may think of as the analogue of
abelian groups in the equivariant setting. We then give several examples of common Mackey

functors to illustrate what these objects look like and how one might use them.
Convention. In this section we always take G to be a finite group.

Definition 3.1.1. A G-Mackey functor M is a pair (M,, M*) of functors, one covariant

and one contravariant, from the category of finite GG-sets to the category of abelian groups
M,, M* : Setls — Ab

with the following properties:

(a) M,(X)=M~*(X) for all finite G-sets X. This group is denoted by M(X).

(b) M, and M* take disjoint unions of finite G-sets to direct sums of groups.

(c) A pullback diagram in S etg" of the form
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L)Y

N 4
ol

—F W

is taken to a commutative diagram of abelian groups.

M(X) 25 vy

o] T

M(Z) 53 M(W).

The fact that every finite G-set can be written as a disjoint union of orbits of the form
G/H in combination with property (b) above means that to completely describe a G-Mackey
functor M, it is sufficient to determine the structure on just the orbits. This yields a more
concrete description of M which we take to be our definition of a Mackey functor going

forward.
Definition 3.1.2. A G-Mackey functor M consists of the following data:
1. An abelian group M(G/H) associated to each subgroup H of G.
2. A transfer map trfl : M(G/K) —» M(G/H) for each subgroup K < H <G.
3. A restriction map resf : M(G/H) - M(G/K) for each subgroup K < H < G.
4. An action of the Weyl group W (H) = Ng(H)/H on M (G/H) for all subgroups H < G.
This data is subject to the following relations:
(a) If J < K < H, then we have trff = triitrl and rest = resfrestL.
(b) If K < H <@, then restt(z) =~ resti(z) for all x € M(G/H) and v € Wy(K).
(¢) If K < H <@, then trif(y-x) =trfl(x) for all z € M(G/K) and v € Wy (K).
(d) For all subgroups K, J in H and z € M(G/(J n K)),

resftrg(z) =Y y-trig(x)
YW (J)
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M(Cpr[Cy)

C C
TeSe P <‘ ’> tre p

M(Cprfe)
Figure 3.1 The Lewis diagram for a C,»-Mackey functor.

Convention. For the remainder of this thesis, the underline notion will be used to denote

an object in equivariant algebra.

Remark 3.1.3. From this definition, we see that a trivial e-Mackey functor is just an abelian
group. We may thus think of Mackey functors as a generalization of abelian groups in the

world of equivariant algebra.

The collection of data which defines a Mackey functor may be organized visually into
what is referred to as a Lewis diagram, first introduced by Gaunce Lewis in [LewS88|. We
elect to omit the Weyl action in all Lewis diagrams presented in this thesis. In Figures 3.1
and 3.2 we provide two different examples of Lewis diagrams for Mackey functors to illustrate

this definition.

Ezample 3.1.4 (Lewis diagram for a Cpn-Mackey functor). We can describe a Cpn-Mackey
functor by the collection of abelian groups associated to the orbits Cyn /e, Cpn [C, ..., Cpn [Cp,
the transfer and restriction maps between them, and the Weyl actions at each orbit. The

Lewis diagram has a ladder-like structure, as seen in Figure 3.1.

Example 3.1.5 (Lewis diagram for a dihedral Mackey functor). For a dihedral group Ds,,
where p is prime, we obtain a branched diagram from the cyclic rotation subgroup C, and

the reflection subgroup D,. We depict this in Figure 3.2 for the case of Dg.
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trp M(DG/DG) el
/ esD6
Dy c

M(Ds/Ds) € "2 M(Dg/Cs)

c
Tese 3
©3
e

M (Dﬁ/ €)
Figure 3.2 The Lewis diagram for a Dg-Mackey functor.

Definition 3.1.6. Let M and N be G-Mackey functors. A map of Mackey functors ¢ : M —
N is a homomorphism ¢y : M(G/H) - N(G/H) for each subgroup H < G, such that the

maps ¢y are Wg(H )-equivariant and commute with the restriction and transfer.

Equipped with the definitions of objects and morphisms in the category of G-Mackey
functors (which we denote by Mackg), we now turn to some important examples of Mackey

functors.

Definition 3.1.7. Let B be an abelian group with a trivial G-action. There is a G-Mackey
functor called the constant Mackey functor, which is denoted by B, consisting of the group
B = B(G/H) at each orbit. The restriction maps are the identity and the transfer maps tri
are multiplication by the index |H /K| for all subgroups K < H < G. All the Weyl actions

are trivial.

Example 3.1.8. The case of a constant Mackey functor with B = Z arises often in equivariant

algebra. A diagram of this constant Dy-Mackey functor is depicted below.

m Z, 2n
:[ rengj /TI‘A"D2 I
m Z, n

Ezrample 3.1.9. Later in this section we explain how one takes the homotopy and homology
of a G-equivariant spectrum. In the case of G' = Dy, taking homology with coefficients in the

Dy-Mackey functor [, yields a widely studied equivariant homology theory. The constant
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D,-Mackey functor F, is given by:

We now recall a special object in the category of G-Mackey functors which will play the
role of a unit in this setting. We begin first with a definition needed to understand this

Mackey functor.

Definition 3.1.10. For a group G, the Burnside ring A(G) of G is the group completion

of the monoid of isomorphism classes of finite G-sets with disjoint union.

Ezample 3.1.11. The G-Burnside Mackey functor, denoted by A is the Burnside ring A(H) at
each orbit G/H with the trivial Weyl action. For K < H, the transfer map sends [ X ] € A(K)
to the induction [ H xx X]. The restriction map sends an H-set [X] to its underlying K-set
[t X].

The category Mackq has a symmetric monoidal product on it; for two G-Mackey functors
M and N, the box product is a G-Mackey functor denoted by M 0O N. This product has
a categorical definition as a left Kan extension. More concrete formulas in the case of
G = Cpn may be found in Section 1 of [Lew88|. We will not reproduce these definitions
here, although we remark that these formulas underscore the computational complexity of
equivariant algebra. For instance, although the box product plays the role of a tensor product
in the world of Mackey functors, the box product of two Mackey functors is not simply their
level-wise tensor.

The Burnside Mackey functor given in Example 3.1.11 is the unit for this box product.

Thus, for any Mackey functor M we have that A o M ~ M.

Definition 3.1.12. Let M be a group with G-action. The fized point Mackey functor M
has at each orbit (G/H) the H-fixed points of M,

M(G/H)=M" ={meM|hm=m,VheH}.
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Restriction maps are inclusions of fixed points and the transfer map ¢rf is given by a sum

over the Weyl actions

trii(m) = Z v m.
yeWg (K)

We have already seen an example of a fixed point Mackey functor; if we consider Z as
a group with a trivial G-action, we recover the constant Mackey functor Z. At each orbit
Z(G/H) we have ZH =7 since Z has a trivial G-action. All restriction maps are thus the
identity. The transfer maps

trg(m)=" > ~ym= > m
yeWn (K) ¥eWn (K)
send an integer m to |H/K|-m since all the Weyl group actions are trivial. This is precisely
the structure of the constant Mackey functor described in 3.1.7 and depicted in the Dy-case
in Example 3.1.8. More generally, for an abelian group B, one could endow B with the trivial
G action. The fixed point Mackey functor coincides with the constant Mackey functor.

A key example of Mackey functors that will be used extensively in the following chapters
of this thesis is the equivariant homotopy Mackey functor. We want to recognize the full
equivariance present in a (G-spectrum when we take its homotopy and the classical notion of
a group is insufficient in this regard. Instead, we need the additional equivariant structure of
a Mackey functor to capture the homotopy of a G-spectrum. Before recounting the definition
of equivariant homotopy, we first recall two notions of a graded Mackey functor, noting that

in the G-equivariant setting, we often take gradings in the real representation ring RO(G).

Definition 3.1.13. A Z-graded G-Mackey functor M, is a set {M, | n e Z} of G-Mackey
functors. A map of Z-graded G-Mackey functors is a set {M, - N, } of maps of G-Mackey

functors.

Definition 3.1.14. An RO(G)-graded Mackey functor M, is a set {M | o« € RO(G)} of
G-Mackey functors. A map between two RO(G)-graded Mackey functors M, and N, is a

set of maps of Mackey functors {M _, - N_}.
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In anticipation of the work conducted with graded Mackey functors in later chapters, we

also introduce the definition of a graded box product.

Definition 3.1.15 (|[LMO06]|, Definition 2.4). Let M, and N, be Z-graded Mackey functors

as defined in 3.1.13. The graded box product M 0O N, is given by

(M* O M*)n = EB MiD Mj-

i+j=n
We can also define a box product for the RO(G)-graded Mackey functors of Definition 3.1.14.
Given two RO(G)-graded Mackey functors M, and N, we have

Using these conventions, we recall that one may consider the Z-graded or RO(G)-graded

homotopy of a G-spectrum.

Definition 3.1.16. Let X be a G-spectrum. The Z-graded homotopy of X is a graded
Mackey functor given by

T (X)(G/H) = (XT).
To define the RO(G)-graded homotopy, let a =[] - [v] € RO(G) where 8 and ~ are finite

dimensional real representations of G. Then for H < G,
(X)) (G/H) =[S’ AG|H,,S" A X]q
is defined to be the RO(G)-graded homotopy Mackey functor.

Convention. In this thesis we will use the notation * to denote an integer grading. The

five-point star = will denote an RO(G)-grading,.

Analogous to the case of abelian groups, we have an Eilenberg-Mac Lane functor which
takes a G-Mackey functor M to a G-spectrum HM. The spectrum HM has the property

that

M n=0
TS (HM) =

0 n #+ 0.
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As described above in the case of homotopy, we also wish to preserve the full equivariant
structure when considering an appropriate homology theory for a G-spectrum X. Again, the
structure that incorporates the equivariant structure is not a group, but a Mackey functor.
We can thus study the G-equivariant homology of a G-spectrum with the following definition.
This equivariant notion of homology will play an important role in our construction of the

Real Bokstedt spectral sequence in Chapter 5.

Definition 3.1.17. Let E be a commutative G-ring spectrum and let X be a G-spectrum.
We define the RO(G)-graded E-homology of X to be

E (X)=1Y(XAE).

In the case of E'= HF we this is homology with coeflicients in the constant Mackey functor

G(y.
F,, H)(X;F,).

Having presented Mackey functors as an equivariant analogue to abelian groups and
noted the symmetric monoidal product on this category, we now turn to the question of

what a ring looks like in the world of equivariant algebra.

Definition 3.1.18. A GG-Green functor R is an associative monoid in the category Mackg.
Explicitly, R is a G-Mackey functor with a product map p: R 0 R — R and a unit map
1 : A — R such that the follow associativity and unitality diagrams commute:

AoRS RoREE2 AR

Sk

id
ED Dﬁﬂ)

u\]idi m

EDB%

=
=
o

R

=

If we further require a commutative diagram

ROR a s RO R

S A
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where 7 is the switch map that permutes the two copies of R, we say that R is a commutative

G-Green functor.

Green functors serve as the analogue to rings in the world of equivariant homotopy theory;
we see this connection in numerous ways. For example, a G-Green functor R yields a G-ring
spectrum as its Eilenberg-Mac Lane spectrum H R. If we take the equivariant homotopy of
a G-ring spectrum X, m, (X)) has the structure of a Green functor. Green functors will thus
serve as the input to the equivariant algebraic Hochschild theory considered in the following

chapters.

3.2 Equivariant norms

In the preceding section of this chapter we held a finite group G constant and described
what it means to be a G-equivariant version of an abelian group or a ring. We also considered
the equivariant topological notion of a G-spectrum. We now recall two change-of-group
functors that play an important role in equivariant homotopy theory. The first one allows
us to take a G-spectrum and create an H-spectrum when H < G by remembering only the

H-equivariance.

vy SpY - Sp'.

We now recall a functor in the opposite direction which creates a G-spectrum from an
H-spectrum for a finite group G and subgroup H. The original construction of this functor,
called an equivariant norm is due to Hill, Hopkins, and Ravenel [HHR16]. For an H-spectrum
X, we denote its norm to G by N§X. The norm is symmetric monoidal meaning it enjoys
the property that

NG(XAY)2NSX ANGY.

In the commutative case, the norm is also left adjoint to the restriction functor we described

above. In particular, Corollary 2.28 of [HHR16]| gives us that for a commutative G-ring
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spectrum X,

NS (5 X) = X © (G/H).

Remark 3.2.1. A particular application of this isomorphism will be utilized in the following
chapters; if A is a Dy-spectrum, then NP2 A is the Do-spectrum A A A with the action
given by 7, the permutation of the two smash copies of A. We make use of this fact in the

Real Hochschild constructions in Chapter 4.

Hill and Hopkins show that this symmetric monoidal norm of spectra can be used to

define a norm functor for finite H < G,
NG : Macky - Mackg.
We now recall this definition of the norm in Mackey functors.

Definition 3.2.2 (|[HH16]|, Definition 5.9). Let H < G be finite groups and let M be an
H-Mackey functor. The norm from H to G of M is defined

NGM :=nf (NG HM)
where HM is the Eilenberg-Mac Lane spectrum of M.

Work of Mazur, Hill-Mazur, and Hoyer ([Maz13|, [HM19|, [Hoy14]) develop explicit for-
mulas for norms of Mackey functors without passing to spectra though we do not reproduce
these formulas here. This notion of a change-of-group functor in equivariant algebra also
appeared under a different guise in earlier work of Bouc [Bou00].

A restriction functor in the opposite direction may also be defined for Mackey functors.

Definition 3.2.3. [see [Hoy14|, Section 2.3] Let M be a G-Mackey functor and H a subgroup

of G. There is a functor called the restriction,
Ly : Mackg - Mack .
The restriction takes M to its underlying H-Mackey functor ¢}, M is given by

M (H[K) = M(G <y (H/K)).
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In the cases relevant to us (when G is a cyclic group or dihedral group) we have that
viyM(H/K) = M(G/K) and the transfer maps, restriction maps, and Weyl actions are

simply the H-restriction of those maps in M.

Remark 3.2.4. Although we focused on norms for finite groups in this section, the more
complex question of norms for compact Lie groups has been considered in [Ang-+18| and
[BDS22| with a particular goal of constructing a norm to S*. That one can make sense of
such norms to groups which are not finite plays an important role in interpreting Hochschild
constructions as a norm. See [Ang+18| for further discussion in the case of THH and [AGH21]
in the case of THR.

In this chapter we developed the language of equivariant algebra, as summarized in the

dictionary below:

Classical Algebra Equivariant Algebra
Abelian groups Mackey functors
Tensor product, ® Box product, O
Integers, Z Burnside Mackey functor, A
Rings Green functors.

In the following chapters we will use this dictionary to translate trace methods for alge-
braic K-theory, and in particular the construction of the Bokstedt spectral sequence, to an

equivariant setting where the inputs and their invariants have an action of involution.
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CHAPTER 4

EQUIVARIANT THEORIES OF TOPOLOGICAL HOCHSCHILD
HOMOLOGY

Equipped with the foundations of equivariant algebra, we now return to the story of trace
methods for algebraic K-theory that began in Chapter 2. This time we take an equivariant
perspective, studying an algebraic K-theory (and related approximations) that recognizes a
group action on the input. Hesselholt and Madsen defined such a Ds-equivariant refinement
of K-theory called Real algebraic K-theory (K R) for rings with the action of involution
[HM15]. Real algebraic K-theory is a generalization of Hermitian K-theory. For a discrete
ring with anti-involution A in which 2 is invertible, taking the Do-fixed points of K R(A)
recovers Karoubi’s connective Hermitian K-theory [Kar73|.

As we observed in the classical case, despite the interest in Real algebraic K-theory
computations, they are quite difficult. We again employ a trace methods approach to ap-
proximate K R with more computable equivariant invariants. In this chapter, we review
the constructions of these invariants, called Real Hochschild homology and Real topological
Hochschild homology.

A different equivariant perspective on Hochschild invariants one may wish to consider
is that of a C),-action on the input. This produces a different theory called Hochschild
homology for C,,-Green functors (in the algebraic setting) and twisted topological Hochschild
homology (in the topological setting). In Chapter 5 we will extend some of the techniques
used to develop computational tools for Real topological Hochschild homology to this twisted
theory so we take the opportunity in this chapter to include relevant background on twisted

Hochschild constructions as well.

4.1 Equivariant simplicial objects
Recall that in Chapter 2 we defined Hochschild homology as a simplicial object in the
category of abelian groups. Analogously, THH was a simplicial spectrum. By defining a

cyclic operator at each simplicial level, we showed that the bar constructions which define
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HH and THH were in fact cyclic objects, giving their geometric realization an action of S*.
We now review some additional equivariant definitions of simplicial objects.

To set notation, let Ds,, denote the dihedral group generated by two elements
Doy =<w,t| w?=t"=1wtw=t"1>.

Note that when m = 1, this is the cyclic group on two elements typically denoted C5. In
anticipation of our discussion about dihedral-equivariant objects in algebra and topology, we

elect to use the notation Dy for this group instead.

Definition 4.1.1. A dihedral object L, in a category C is a simplicial object in C together

with a Dy(.1y-action on L, specified by the action of the generators:

t,:L,—> L, and w,:L, — L,

such that:
1. wpty =t w, 5. Sty =tns18i-1 i 1<i<n
2. dOtn+1 = dn

6. dywy, = wp_1d,—; if0<i<n
3. dztn = tnfldifl if 1 <1<n

4. sotn =12, S 7. 8iWn = Wpi1Sn_i f 0<i<n

Definition 4.1.2. A Real simplicial object M, is a simplicial object together with maps
wy : M, - M, for each n >0 which square to the identity (w2 =idy;,) and obey relations 6

and 7 in Definition 4.1.1.

Remark 4.1.3. By Theorem 5.3 of [FL91|, the geometric realization of a dihedral object has
an action of the orthogonal group O(2) and the geometric realization of a Real simplicial

object has a Dsy-action.

At times, it is useful to work with a subdivided simplicial object which supports a Ds-

action. The appropriate subdivision in this case is attributed to Segal [Seg73] and Quillen.
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Definition 4.1.4. The Segal-Quillen subdivision of a simplicial object X,, denoted sqX,, is

the simplicial object with k-simplices
$qXy = Xog1-

Let d; and s; denote the face and degeneracy maps of X,. The face and degeneracy maps d;

and §; of the subdivision sqX, are given by

di = dz d2k+17i

Si = S2k-iSi-

The geometric realizations of a simplicial object and its Segal-Quillen subdivision are homeo-
morphic [Spa00|. Further, if X, is a dihedral or Real simplicial set then the homeomorphism

| X.| 2 |sqX,| is Dy-equivariant (see [AGH21]|, Section 2.1).

4.2 Real topological Hochschild homology

In Section 2.2, we discussed topological Hochschild homology, an invariant of ring spectra.
We now wish to consider a Real notion of ring spectra. These are a particular kind of D,-
equivariant ring spectra called ring spectra with anti-involution. A genuinely equivariant
topological Hochschild homology theory for these ring spectra with anti-involution can be
constructed to encode this Ds-action of involution. This invariant, called Real topological
Hochschild homology (THR), was first introduced by Hesselholt and Madsen in their work
on Real algebraic K-theory [HM15|, given in the style of Bokstedt’s original construction of
THH [Bok85b]. Dotto, Moi, Patchkoria, and Reeh [Dot+20] subsequently gave a construction
of THR using a dihedral bar construction analogous to the definition of THH via the cyclic
bar construction which we recalled in Section 2.2. In this section, we recall the definition of

THR via the dihedral bar construction, beginning with a formal description of its input.

Definition 4.2.1. A ring spectrum with anti-involution is a pair (A,w) consisting of a ring

30



spectrum A and a map w: A - A such that w? =id and the following diagram commutes

AnA a y A @ M‘T

ARA — 9% W ApNA T s AnA 1y A

Here, 7 is the switch map that permutes the two copies of A and pu is the product on the
ring spectrum. Equivalently, one may define the anti-involution to be a map w : A? - A

such that w? =id. We use these descriptions of the anti-involution interchangeably.

Example 4.2.2. Let A be a commutative Dy-ring spectrum. Since A is commutative, A% = A

and the Ds-action on A defines an anti-involution.

Definition 4.2.3. A map of ring spectra with anti-involution f:(A,w) — (B,7) is a mor-

phism of ring spectra f: A - B that commutes strictly with the involutions w and 7.

Let (A,w) be a ring spectrum with anti-involution and M an A-bimodule with left action
map 1, and right action map ¢gr. We may define an A-bimodule M via

idAw

ANM S MAAM AraA2R 0

wAid

MAAD AAM 2 A a0 25 0

Definition 4.2.4. Let (A,w) be a ring spectrum with anti-involution. An (A,w)-bimodule
is a pair (M, o) which consists of an A-bimodule M and a map of A-bimodules o : M°P - M

such that o2 =id.

With this description of the inputs to Real topological Hochschild homology, we now

proceed to recall the dihedral bar construction.

Definition 4.2.5 (|Dot+20], Section 2.2). Let (A,w) be a ring spectrum with anti-involution
and (M,0) an (A,w)-bimodule. The dihedral bar construction of (A,w) with coefficients in
(M,0) is a Real simplicial spectrum (in the sense of Definition 4.1.2) and is denoted by

Bdi(A; M). This spectrum has k-simplices
BE(A; M) = M A A",
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The simplicial structure maps in this spectrum are the same as those of the cyclic bar
construction of Definition 2.2.6.

Furthermore, the dihedral bar construction has a level-wise involution W. At level &, let
k be the Dy-set of integers k = {1,...,k} with a Dy-action of (i) = k+ 1 -4 for v a generator
of Dy. The involution is given by

’L’d/\A,y(l)/\.../\AA/(k) O'AUJAk

M A AN 225 MOA ANK

W :M A Ak

For example, at k = 3 the involution W is defined by

TAWAWAW

MAAI/\AQ/\Ag EEE— M/\Ag/\AQ/\Al EEE—— M/\Ag/\AQ/\Al.

Definition 4.2.6. The Real topological Hochschild homology of a ring spectrum with anti-
involution (A,w) with coefficients in the bimodule (M, o) is the Dy-spectrum given by the

geometric realization of the dihedral bar construction,
THR(A; M) = | B (A; M)|.
Convention. Taking coefficients in A, we simplify notation and write
THR(A) := THR(A, A).

Remark 4.2.7. Recall from Section 2.2 that the cyclic operators in the cyclic bar construction
realized to give THH(A) an S!'-action. We note that the dihedral bar construction inherits
much of the same structure as the cyclic bar construction, including the cyclic operators.
The additional data present in the dihedral bar construction comes from the Ds-action of
the anti-involution on each level. Thus, we see that each level B%(A) has a C,, x Dy = Do,,-
action on it. These actions assemble to an action of O(2) on the geometric realization, thus

THR(A) is an O(2)-spectrum.

4.3 Real Hochschild homology
Having recalled a Real-equivariant theory of topological Hochschild homology, we now

seek a Real algebraic Hochschild theory to complete the translation of the trace methods
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approach to the Real equivariant setting. A Hochschild homology theory for rings and
algebras equipped with an anti-involution called dihedral homology is described in Section
5.2 of [Lod13|. However, this theory is does not fully capture the Real equivariant structure
present. In particular, one sees this failure when attempting to construct a Real linearization
map. In Proposition 2.2.9, we recalled that a connective link between THH and HH was the
linearization map =, (THH(R)) - HH, (m(R)) from the homotopy groups of THH to the
Hochschild homology of the ring my(R).

Given a ring spectrum with anti-involution A, a Real linearization map should take
THR(A) to the Hochschild homology of my(A). This is not, however, simply a ring with in-
volution; since A is a Dy-spectrum, its homotopy forms a graded Do-Mackey functor 722 (A).
Thus, a true algebraic analogue of THR should be constructed using the language of equivari-
ant algebra we developed in Chapter 3 and take inputs in a Ds-Mackey functor that encodes
the action of involution.

In this section, we recall Angelini-Knoll, Gerhardt, and Hill’'s [AGH21]| construction of
the algebraic analogue of THR, Real Hochschild homology. We begin with a definition of the
appropriate input for this Real Hochschild theory, a particular kind of Dy-Mackey functor

called a discrete F,-ring.
Definition 4.3.1. A discrete E,-ring consists of the following:

1. A Dy-Mackey functor M such that there is an associative product on M (Ds/e) for

which the Weyl action is an anti-homomorphism.

2. An NP2,z M-bimodule structure on M with right action ¥, : N”2,*M o M - M and
left action 1z : M 0 NP22M - M. We further require that 1) restricts to the usual

module action over the enveloping algebra (see 2.1.5) on M (Ds/e).

3. A unit element 1 € M(Dy/Ds) such that res(1) =1¢e M(Ds/e).
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Remark 4.3.2. The data of a discrete E,-ring is essentially that of a Hermitian Mackey
functor plus the unit condition in (3) above. The definition of Hermitian Mackey functors

is due to Dotto and Ogle; for further details see [DO19].

Ezxample 4.3.3. Let A be a ring spectrum with anti-involution. Then 552 (A) has the structure

of a discrete F,-ring.

Remark 4.3.4. A discrete E,-ring can also be described as an algebra in Ds-Mackey functors

over an E,-operad (sece [AGH21], 6.3).

Before introducing the definition of Real Hochschild homology, we recall the notion of a

two-sided bar construction in Mackey functors.

Definition 4.3.5. Let R be an associative G-Green functor with right module M and left
module N. The two-sided bar construction Bo(M, R, N) is a simplicial Mackey functor with
k-simplices

By(M,R,N)=M o R" o N.

The face maps are defined by

Yr 0 idpt Y o idy i=0

di =Yidy O z’d%(i*l) O p O z‘dlm%(kfifl)

Oidy 0<i<k

idy 0 idyt Y ooy i=k

where ¢ represents the left and right module actions of N and M respectively and pu is the

Green functor multiplication. The degeneracy maps are given by

si=idy O idf 0 n D z’d%(k*i)

O Zdﬂ,
where 7 is the unit map from the Burnside Mackey functor A% - R.

We now define the left and right module action maps needed to describe the coefficients

of the two-sided bar construction which defines Real Hochschild homology.
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Definition 4.3.6. Recall from Definition 4.3.1 that the data of a discrete E,-ring M includes
a right module structure ¢z : M o0 NP2 1M — M. This action can be lifted to view Ng;mM
as a right NP>m,* M-module. We define this module structure via the induced action map

Np2™(vr)

NpzmM o NP M = Np2 (M o NP2 M) NGz M,

where the isomorphism on the left arises from the fact that the norm is symmetric monoidal.
We have another way to consider D, sitting inside D, as a subgroup. Let ( = e27i/2m,
Then (Dy(~! is a distinct order 2 subgroup of D,,,. However, since these groups are distinct

only up to a change of generator, we have an equivalence of categories,
et Mack®? - MackP¢".

This equivalence may similarly be defined in spectra and we will use the same notation

to denote it. In our bar construction we will wish to take right coefficients in the norm

Nfg;z._lccﬂ. The left module structure o, : N?2¢*M 0 M — M defines a left NP2ux M-

module structure on N QPDQ;”’&_ICCM by composing the isomorphism given by the symmetric

monoidal property of the norm,

* Dom ~ Dom -1y
NP2M o NepreeM = Nepr (NP2 iMoo e M)

with the induced left action,

NZm | (ec(r)

NP2 (NP2 Moo M)

D2m
¢DyC N pye-16cM.

D

Equipped with the necessary information to define left and right module action maps
for our coefficients, we now recall Angelini-Knoll, Gerhardt, and Hill’s definition of Real

Hochschild homology as a two-sided bar construction.

Definition 4.3.7 ([AGH21|, Definition 6.15). Let M be a discrete E,-ring. Let HRP>™ (M)

denote the two-sided bar construction

Bu(ND2m M, NP2 M, Nfﬁ;’g_lcgﬂ)
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and define the Real D,,,-Hochschild homology of M to be the Z-graded D,,,-Mackey functor
HR > (M) = H.(HR.*" (M),
where H, denotes taking the homology of the dg Mackey functor associated to HRP?™ (M).

Remark 4.3.8. Theorem 6.20 of [AGH21| gives a Real linearization map
m,* THR(A) > HR}®" (25" A),

which is one piece of evidence justifying that HR is the algebraic analogue of THR. The
construction of the Real Bokstedt spectral sequence in the following chapter relates HR to
the equivariant homology of THR, further justifying that this is the correct definition of an

algebraic analogue for THR.

A useful relationship in Hochschild computations is that between Hochschild homology
and the Tor functor - we noted this relationship in the classical setting in Lemma 2.1.6.
In their work defining HR, the authors also prove an analogous result for Real Hochschild

homology.

Lemma 4.3.9 (JAGH21|, Proposition 6.19). Let M be a discrete E,-ring. If M is flat as
a module over the Ds,,-Burnside Mackey functor there is an isomorphism of Da,,-Mackey

functors

ngb* 2m 2m
HRP> (M) = Tor™ "M ND M, NI2re_ e M).

4.4 Twisted topological Hochschild homology

Rather than considering equivariant inputs with a involution action, we could also con-
sider a set of Hochschild invariants which capture the equivariance of a cyclic group C),-action.
We begin by taking inputs in C),-equivariant ring spectra and recall here the theory of C,-
twisted topological Hochschild homology, denoted by THH¢, , first defined by the authors in

[Ang+18].
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Definition 4.4.1 (|Ang+18]|, Definition 8.1). Let R be an associative orthogonal C,-ring
spectrum indexed on the trivial universe R*. The C,-twisted cyclic bar construction on R,

denoted by B&“*(R), is a simplicial spectrum which has k-simplices
cy,Cn
Bky (R) — R/\(kJrl)'

For g a generator of C,,, let o, denote the composition that wraps the last factor of R around
to the front then acts,

k k-1 k-1
—_—— ——— —_——

ap: RARAN..ANAR->RARARAN..AR-IRARARA..AR,
where 9R denotes the action of g on R. We define the face maps of Bzy’C"(R) by

idh A A drEEED 0 <<k
di =
(unid kD)o, i=k.

Let n denote the unit map of the ring spectrum R. The degeneracy maps in this simplicial

object are
s; = id D A A id B,

We then define the C),-twisted topological Hochschild homology of R to be the geometric

realization of this simplicial construction.

Definition 4.4.2. Let U be a complete S'-universe and let U = te, U be the pullback of
U to C,. For R an associative orthogonal C,-ring spectrum indexed on U, the C,,-twisted

topological Hochschild homology of R is defined
THH, (R) = N&, (R) = i B (I3 R)|.
Here, Z denotes a change of universe functor.

There is an algebraic theory associated to C,,-twisted THH, which takes inputs in C,,-
Green functors. The theory of Hochschild homology for Green functors was first defined by
Blumberg, Gerhardt, Hill, and Lawson. We first recall the definition of G-twisted Hochschild

homology for a G-Green functor R, denoted by HHY(R) (see [Blu+19] Section 2.3).
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Definition 4.4.3. Let G < S! be a finite subgroup and let g € G. For a G-Green functor
R and a left module v : Ro M — M, we can define a g-twisted module structure on M,

denoted 9M, where the action map is the composition

RoM

gl]ll Y

RoM —25 M.

Definition 4.4.4. Let G < S! be a finite subgroup and let g = 2™/IG| be a generator of G.
For a G-Green functor R and an R-bimodule M, we denote the G-twisted cyclic nerve by

B&Y(R;9M). This is a simplicial Mackey functor which has k simplices
BY(R;"M) =M o R™,

and face maps

P AddM kD) i=0

di = Yidy AddM YA A idr =) 0 <<k

(ng A @'d/\(k’—l)) oT 1=k.
Here, 7 is the map which wraps the last factor R around to the front. The degeneracy maps

are given by
s; = idy Add™ A Adid B,

We now recall a relative version of G-twisted Hochschild homology where the input is an

H-spectrum for H < G.

Definition 4.4.5 (|[Blu+19], 3.2.6). Let H < G be a finite subgroup of S* and let g = e27¥/IC|
be a generator of G' as above. For an associative H-Green functor R we define the G-twisted

Hochschild homology of R as the homology of the simplicial Mackey functor
HH} (R). = H.(BY (N R /NiiR)).

We will utilize these twisted Hochschild homology definitions in the construction of a

spectral sequence computing the equivariant homology of THH¢, in Section 5.3.
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4.5 Equivariant Hochschild homology for graded inputs

In the following chapter, our construction of the Real Bokstedt spectral sequence requires
us to make sense of Real Hochschild homology for a graded discrete E,-ring; recall from our
discussion of the classical Bokstedt spectral sequence for a ring A in Section 2.3 that the £?2-
page was the Hochschild homology of the graded ring H,(A;k). In the classical case we only
consider Z-graded inputs. In the construction of equivariant Bokstedt spectral sequences,
the necessary flatness conditions that arise when one does not restrict to field coefficients
are more likely to hold if one uses an equivariant grading. For example, the equivariant
Bokstedt spectral sequence for C,-twisted THH constructed in [Ada+22| takes inputs in
RO(C),)-graded Green functors.

As we saw in Definition 4.3.7, however, HR is defined with a two-sided bar construction
that involves taking equivariant norms and restrictions of the input. This complicates the
question of gradings; although discrete E,-rings are Do-Mackey functors, if one only considers
the RO(Ds)-graded homology, it is unclear how to restrict to the trivial group and then
norm back to Dy while preserving the RO(D;)-grading. We therefore need a grading which
contains representations of other groups; the appropriate grading in this equivariant setting
with norms is in RO(G), as considered in [HHR17|, [AB18|, and [Hil22].

Let G be a finite group. An element in RO(G) is a pair (H,«) where H is a subgroup of
G and «a is a virtual H-representation. Note the contrast with an element of RO(G) which
is only a virtual G-representation. We see that in our case, an RO(D;)-grading will allow
us to grade on representations of e and Ds, as desired.

We have the following definition of the RO(G)-graded homotopy of a G-spectrum due

to Hill, Hopkins, and Ravenel.

Definition 4.5.1 ([HHR17|, Definition 2.7). Let X be a G-spectrum. For each pair (H, )
consisting of a subgroup H < G and a virtual orthogonal representation a of H, define the

RO(G)-graded homotopy Mackey functor to be the G-Mackey functor mg(X) where, for
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® = (H,«a), we set
Ty o(X)(T) = [(Gy Ay S*) AT, X 2 [S* Ay Ty oy X i = wlf (0 X) (0 T)
for each finite G-set T.

Convention. We will use ® to denote an RO(G)-grading. We continue to denote an RO(G)-

grading by *.

Definition 4.5.2. For a G-spectrum X and a commutative G-ring spectrum FE, the RO(G)-

graded E-homology of X is defined to be
E@(X) = E@(X A E)

Remark 4.5.3. The RO(G)-graded homotopy and homology Mackey functors are both ex-
amples of a more general construction called an RO(G)-graded Mackey functor due to An-

geltveit and Bohmann [AB18].

In Chapter 3 we noted that the category of G-Mackey functors is equipped with a sym-
metric monoidal product. Similarly, this category of RO(G)-graded Mackey functors has a
symmetric monoidal product (see, for instance [Hil22]). For RO(G)-graded Mackey functors
M, and N we denote this product, which we refer to as the RO(G)-graded box product,

by Mg O N. The notion of a product allows to consider monoids in this category.

Definition 4.5.4. An RO(G)-graded Green functor is an associative monoid in the category

of RO(G)-graded Mackey functors with respect to the graded box product.

Definition 4.5.5. Let R, be an RO(G)-graded G-Green functor. A left R,-module is an

RO(G)-graded Mackey functor M, with an action map
Q/}L:E®D M@ _>M®a

such that diagrams analogous to those in Definition 2.2.3 commute. A right Rg -module is

defined similarly.
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Definition 4.5.6. Let R, be an RO(G)-graded G-Green functor. We say that an RO(G)-

graded Rg-module Mg is flat if the functor (=) Op, Mg is exact.

Our motivation for the use of these RO(G)-graded objects was to define an appropriately
graded input to Real Hochschild homology, the construction of which includes equivariant
norms. A grading in RO(G) is the appropriate setting for constructions which involve an
equivariant norm as demonstrated by work of Angeltveit and Bohmann on RO(G)-graded
Tambara functors which takes a more categorical perspective [AB18|. The interplay of norms
with RO(G)-graded objects in equivariant homotopy is also considered by Hill in [Hil22].

In the case of an ungraded input, discussed in Section 4.3, HR took inputs in discrete

E,-rings. We now define a notion of RO(D,)-graded discrete E,-rings.
Definition 4.5.7. An RO(D,)-graded discrete E,-ring Mg is the following data:

1. An Dy-Mackey functor M (H,a for each subgroup H < Dj and virtual H-representation
a such that M (D,/e) forms a graded ring with anti-involution. That is, we have an

associative product,
Mg (Dsfe) ® Mg(Dzfe) » Mg(Da/e)
where the domain has the action of swapping the two copies of M, (Ds/e).

2. An N2 ¥ M o-bimodule structure on M,. We further require that the action restricts

to the standard action of M (Ds/e) ® M (D2/e)P on M (Ds/e).
3. A designated unit 1 € Mg (Ds/Ds) which restricts to 1 € Mg (Ds/e).

We claim that the RO(Ds)-graded homotopy Mackey functor of a ring spectrum with
anti-involution forms an RO(D,)-graded discrete E,-ring. A useful perspective in proving
this statement is the view of ring spectra with anti-involution as algebras in Ds-spectra over
an F,-operad. It is this interpretation which motivates the name and definition of a discrete

E,-ring in equivariant algebra. Formally, this gives the following definition.
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Definition 4.5.8 ([AGH21]|, Corollary 3.10). An E,-ring A is a Dy-spectrum such that

1. the spectrum ¢} A is an Ej-ring with anti-involution, denoted 7 : 1} A% — 1} A and given

by the action of the generator of the Weyl group.

2. the spectrum A is an Ey— N2?1 A-algebra and applying the restriction functor ¢ to the

NP21x A-module structure map gives > A the standard > A A 1> A°-module structure.

Proposition 4.5.9. The RO(D,)-graded homotopy of a ring spectrum with anti-involution

(equivalently, an E,-ring) A forms an RO(Ds)-graded discrete Ey-ring.

Proof. By Definition 4.5.1 we see that each m H7a)(A) is a Do-Mackey functor. Further, we
see by this definition that the restriction to the orbit (Ds/e) recovers the non-equivariant

homotopy of ¢*A. This is clear in the case of H =e. When H = Dy we have that
E(DQ,a)(A)(D2/€) =[5 Al = 7T|a|(L2A)-

Thus, restricting to the orbit (Dsy/e) in both cases recovers the non-equivariant homotopy
of the underlying spectrum. From Definition 4.5.8, we know that (A is an E'-ring with
anti-involution. Thus we have a map t}AAt} A - A with a swap action on the domain. This
induces the desired map on homotopy.

To define the module structure specified in condition 2 of Definition 4.5.7, we recall that
since A is an E,-ring, it has an N22,* A-bimodule structure. We denote these module action
maps by 1%, and ;. We use these maps to induce module action maps on RO(D,)-graded
homotopy,

Ui Ty (AN NP2 A) = mg (A),
and similarly for ¢} . Since the RO(D,)-graded homotopy functor is D,-lax monoidal there
is a map
13(A) 0 NP20:my(A) > mg(ANNP2LA),

Precomposing this map with v}, yields the desired right-module structure,

¢R E@(A) o NeIJZL;E@(A) - E@(A)
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The left module action ¢/, is defined analogously. Thus mg(A) is an N22¢2 7, (A)-bimodule.
Above, we argued that restriction to the orbit (Ds/e) recovers the non-equivariant homotopy
of 1} A. By Definition 4.5.8, ¢*-restriction of the module structure map recovers the standard

action. Thus the induced map on homotopy is also the standard action of mg(A)(Ds/e) ®

T (A)(Dafe)?. 0

The RO(D,)-graded equivariant homology of a ring spectrum with anti-involution will be
the input of Real Hochschild homology in the Real Bokstedt spectral sequence constructed
in Chapter 5. We now define HR for RO(D,)-graded discrete E,-rings. To make sense of
the Real Hochschild homology two-sided bar construction in the graded setting, we use the
NP 7 (A)-module structure of mg (A) to give the necessary module structures which define

the coefficients in the two-sided bar construction.

Proposition 4.5.10. Let My be an RO(D,)-graded discrete E,-ring. Then Ng;mM® s a
right NP2m ts M g -module and NCDDQ;”C_lcCM® is a left NP> LM g -module.
Proof. Since M4 is an RO(D,)-graded discrete E,-ring there is an NP2: M »-bimodule struc-
ture on M,

Vit NP2 MeD Mg — M,

Uy Mg B NP2IMg — My,
We then define the desired module structures over the RO(D5)-graded box product to be

the same composites as specified in the ungraded case by Definition 4.3.6. O]

With these module actions in hand, we define a two-sided bar construction for an

RO(D,)-graded discrete E,-ring M,

HRD>" (M) = Bu(Np2m Mg, NP1 Mg, N2 e M)

with the same face and degeneracy maps as in Definition 4.3.7, taken here over the RO(D,)-
graded box product. The Real Hochschild homology of the RO(Dy)-graded discrete E,-ring

M is the homology of this two-sided bar construction.
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In Section 5.3, we also wish to consider a notion of Hochschild homology for RO(G)-
graded Green functors. Recall from Definition 4.4.4 that Hochschild homology for Green
functors is defined using a cyclic bar construction, rather than the kind of two-sided bar
construction we have been discussing for Real Hochschild homology. The final face map of
the cyclic bar construction picks up an additional sign in the graded case - see Section 4.1
of [Ada+22| for a discussion of this point in the Z- and RO(G)-graded settings. Before
defining a notion of RO(G)-graded Hochschild homology for G-Green functors, we address
the question of signs in the final face map of the twisted cyclic bar construction in the
RO(G)-graded case.

Let G be a finite subgroup of S and let § and + be two finite dimensional real represen-
tations of G. The switch map on the representation spheres, S# A S7 — S7 A SB, specifies an
element in the Burnside ring A(G), which we denote by o(/3,7). The rotating isomorphism

of RO(G)-graded Mackey functors is a map
T:MgO Ny > NgO M.

We restrict to working one subgroup at a time in the RO(G)-graded box product, so at level
(H,«), the rotating isomorphism is as defined in [Ada+22|, Definition 4.1.4 with the sign in

the switch map coming from the Burnside ring A(H).

Definition 4.5.11. We say an RO(G)-graded Green functor R, is commutative if pur = p

where p is the multiplication on Ry and 7 is the rotating isomorphism Ry O Ry — R.

With this description of how RO(G)-graded Green functors commute past each other,

we are ready to define an RO(G)-graded notion of the twisted cyclic nerve.

Definition 4.5.12. Let G be a finite subgroup of S* and let g = e2™/IGl € G be a generator.
For R, an RO(G)-graded G-Green functor and Mg an R -module, we define the G-twisted
cyclic nerve of Ry with coefficients in 9M, to be the simplicial RO(G)-graded Mackey

functor which has k-simplices

BP%(Rg,9Mg) =M, 0 RF.
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The face map dy applies the right module action of R, to 9M,. For 1 <i < k, the face
map d; multiplies the ith and (i + 1)st copies of R,. The final face map dj, incorporates the
rotating isomorphism by rotating the last factor around to the front and then applying the

left module action of Ry to 9M . Explicitly, this is given by

‘M,o R 5 R,o 9M, o RIFV Fyoid oM, o RI¢D),

where 7, denotes iterating the rotating isomorphism k times in order to bring the last factor to
the front. Recall from Definition 4.4.3 that 92 denotes the g-twisted module action on 9M .
This twisted action is defined analogously in the RO(G)-graded setting. The degeneracy

maps in this simplicial object are the usual maps induced by inclusion via the unit.

In Section 5.3, we consider the case of relative Hochschild homology for RO(G)-graded
Green functors. With our definition of the graded twisted cyclic nerve, we can now define a

relative equivariant Hochschild homology for these graded inputs.

Definition 4.5.13. Let H < G be finite subgroups of S* and let R, be an RO(G)-graded

associative Green functor for H. The G-twisted Hochschild homology of R is

HHS(Ry). = H.(B&(NSR,)).
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CHAPTER 5

SPECTRAL SEQUENCE CONSTRUCTIONS
In this chapter we describe the construction of a Bokstedt spectral sequence relating the
theories of Real Hochschild homology and Real topological Hochschild homology. This con-
struction parallels the one we described for the classical Bokstedt spectral sequence in Section
2.3, however the presence of equivariant norms in the Real equivariant case is a notable dif-
ference. These norms require us to place additional hypotheses on the ring spectra inputs
to ensure that we may recognize the E?-page of the spectral sequence is Real Hochschild
homology. The existence of norms on this E?-page also necessitates the use of a more com-
plicated grading convention, as discussed in Section 4.5. We begin this chapter by recalling
Hill’s notion of free homology in an equivariant setting, particularly as it relates to this ques-
tion of how to treat equivariant norms in the Real Bokstedt spectral sequence construction.
Following this, in Section 5.2 we construct the Real Bokstedt spectral sequence converging
to the RO(Dsy,,)-graded equivariant homology of THR. Finally, we extend our techniques

to the setting of twisted THH, generalizing the results of [Ada+22].

5.1 Free homology

In contrast with the classical Bokstedt spectral sequence, the equivariant norms present
in the two-sided bar construction defining Real Hochschild homology necessitate additional
freeness conditions on the input in order to construct a Bokstedt spectral sequence. Be-
fore the construction, we take this opportunity to recall Hill’s notion of free homology in
an equivariant setting and a related lemma describing the interaction of the norm functor
with free homology. Finally, we prove a corollary of the lemma which will be used in the

construction of the spectral sequence.

Convention. For a G spectrum E, we let £, denote the RO(G)-graded equivariant homo-

topy Mackey functor of E, 7§(E).

Definition 5.1.1 ([Hil22]). Let A be a G-spectrum and let E be a commutative G-ring
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spectrum. We say A has free E-homology if E A A splits as a wedge of E-modules of the
form

En(GyAg SY)
where « is a virtual representation of H, a subgroup of G.

Hill shows that this class of spectra with E-free homology is closed under operations
such taking coproducts, restriction, and the norm. Of particular relevance to our work con-
structing the Real Bokstedt spectral sequence is a description of how the homology functor

interacts with the equivariant norm under freeness hypotheses.

Lemma 5.1.2 ([Hil22|, Corollary 3.30). Let A be an H-spectrum for H < G and let E
be a commutative G-ring spectrum. If A has free (13 E)-homology, then there is a natural
1somorphism

Eo(NA) = NG (i B) (A)).

This result, which allows us to permute the norm functor and the homology functor, will
be important in our construction of the Real Bokstedt spectral sequence. In particular, we

make use of the following consequence of this lemma.

Corollary 5.1.3. Let A be a ring spectrum with anti-involution and E be a commutative

Do, -ring spectrum such that 12 A has free 1} E-homology. Then there is an isomorphism
Eg (N2 i A) 2 NP2 ((1p, E) (A))
22 e

Proof. The assumption that ¢} A has free 1} E-homology allows us to apply the result in 5.1.2.
We have
B (NP0 A) 2 NP (12B_(124)).

The restriction functor commutes with homology so we on the right hand side we can write
NP (B (1:A)) 2 NP ((1p, B) (A)).
— ——2 ‘8
which gives us the desired isomorphism. O]
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Remark 5.1.4. This freeness condition is always satisfied for equivariant-HF, homology since

1s HF, is considered by [Rav03] Theorem 3.1.2.g.

5.2 Construction of the spectral sequence

In Definition 4.2.6, we presented THR as a dihderal bar construction but Corollary 2.12
of [Dot+20] shows that we could also think of the Dy-spectrum THR as a two-sided bar con-
struction using a multiplicative double coset formula. This result was extended by Angelini-
Knoll, Gerhardt, and Hill in [AGH21] to a multiplicative double coset formula for THR as
a Dsy,,-spectrum. In this section, we use these results to construct a Real Bokstedt spectral

sequence converging to the Ds,,-equivariant homology of THR as a Dy,,-spectrum.

Definition 5.2.1. Let R be a unital ring spectrum with a right module M and left module

N. The two-sided bar construction B,(M, R, N) is a simplicial spectrum with k-simplices
Bi(M,R,N)=MAR™AN.
The face and degeneracy maps are given by

o nidyF T Nidy i=0

di = {idy A id%(i_l) TN z’d%(k_i_l) Nidy 0<i<k

idpy A id) D At i=k.
s; = idyr Aidy A A id%(k_i) Aidy.

Here, ¢ and v denotes the right and left module actions of M and N respectively. The map

w1 is the ring spectrum product and 7 is the unit map S - R.

Recall that a ring spectrum with anti-involution is an FE,-ring as in Definition 4.5.8.
This interpretation yields a right NZ2m.r A-module structure on N gij and a left module
structure on N Q%Z,ICCA in spectra via the same compositions of maps which we saw for

Mackey functors in Definition 4.3.6. The following lemma gives us a characterization of the

D5,,-spectrum THR via a two-sided bar construction.
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Lemma 5.2.2 (JAGH21], Theorem 5.9). Let A be a flat ring spectrum with anti-involution.

There is a stable equivalence of Da,,-spectra

* 0(2) ~ D2m L D2m
LDQmNDQ A — ND2 A/\N6D2mL;A NCDzé.,lCCA.

In particular, this gives an equivalence
Uhy THR(A) = [Bo(NG2m A, NP2 i A, NS e A)|.

This result generalizes Corollary 2.12 of Dotto, Moi, Patchkoria, and Reeh in [Dot+20],

which proves the stable equivalence of spectra in the case of m = 1.

Remark 5.2.3. In Proposition 4.5.9 we showed that the RO(Ds)-graded homotopy of a ring
spectrum with anti-involution A forms an RO(D,)-graded discrete E,-ring. Note that the
equivariant Fg-homology of a ring spectrum with anti-involution is also an an RO(D,)-
graded discrete E,-ring. This is because the Fg-homology is defined by taking the RO(D,)-
graded homotopy of the spectrum A A E and this product is also a ring spectrum with

anti-involution.

The main result of this chapter is the following theorem.

Theorem 5.2.4. Let A be a ring spectrum with anti-involution and let E be a commutative
Dy, -ring spectrum. ]fﬂ®(N£22mA) and E®(N6D2m i A) are both flat as modules over Eg and
if A has free (LBQE)— and 1} E-homology then there is a Real Bikstedt spectral sequence of
the form

E o =HR" ((1p,B) _(A)) = Eqg(ih,, THR(A)).

In the above, we let £, denote the RO(Dsy,)-graded homotopy Mackey functor mg (E).
Before presenting a proof, we recall Theorem 2.3.1 which gave a general construction of a
spectral sequence associated to a simplicial spectrum, X,. We note that proof of this result

also goes through equivariantly.
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Proposition 5.2.5. Let E be a commutative G-spectrum and X, be a proper simplicial

G-spectrum. There exists a strongly convergent spectral sequence
E} o= Hi(Eg(X.)) = E.ie(|X]).
As in the non-equivariant case, the simplicial filtration
FyicF,cFyc...cX,
gives rise to such a spectral sequence. Here, the E'l-page is given by
Eziea = E@(Fp/Fp—1)~

Since the multiplicative double coset formula for THR is a simplicial spectrum, we can

apply this result to construct the Real Bokstedt spectral sequence.

Proof of Theorem 5.2.4. We begin by taking E-homology of the double bar construction
from the multiplicative double coset formula for ¢7, THR(A). At the pth level we see that

E} ¢ takes the form

p

Eo(Np2m ANNP2 Z AN . A NP2 Z ANNE e A) =

D m m o, * m X D m ~
(N2 ANNP 2 AN . A NP2 wANN R ccANE) =

T (N2 ANE ng NP (ZANE A .. Ap NP*mZANE ng N cc AN E)

where the final isomorphism is that of Remark 2.2.5.
By Corollary 3.20 of [Hil22] and the flatness of E®(Ngj'”A) and E (NP1 A) there

is a Kiinneth isomorphism which allows us to split this as a product of homotopy Mackey

functors,
To (N2 ANE A NP iANE A oo A NP EANE Ap N7 cc ANE) 2
E®(N522WA AE) = o (NP2 ANE) jalpy= o (NP2 ANE) = E®(N<%2;”C_1€<A ANE) =
Ze =® —=® =®

Eg (N A) = Eg (NP2 x A) 0.0 Eg (NP2 x A) ja Eg(N B ccA).
=® =® =® =®
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Recall from Corollary 5.1.3 that when A has free ¢} E-homology as we assumed, there is an
isomorphism

By (N2 A) = N2mid (e, B) (A)) (5.1)

Furthermore, the hypothesis that A has free (LBZE )-homology in conjunction with Lemma

5.1.2, yields an isomorphism
Eq(Np;mA) = Np2 (1, B) (A))- (5.2)

Finally, since ccA is just viewing A as a Dsy-spectrum with a different generator for Dy, if A

has free (¢}, /)-homology, then c¢A has free (¢, ., /)-homology under this equivalence of

¢Da¢t

categories in spectra. Thus we have an isomorphism,

B (N pyeccA) = Npraee((1p, ) _(A)) (5.3)

The isomorphisms in 5.1, 5.2, and 5.3 allow us to conclude that at level p, the E?-page

of the spectral sequence is isomorphic to

NB (1, ) (4) NP2 (1,B) ()" B NEsce((15, ) (4).

This is precisely the pth simplicial level of the two-sided bar construction which defines the

Real Dsy,,-Hochschild homology of the RO(Ds)-graded equivariant E-homology of A:
HR,*"((15,E) (A))-

At each simplicial level, we have identified the F;-page of the spectral sequence with the
complex that computed Real Hochschild homology. A diagram chase in the style of the one
on p. 111 of [May06] shows that the d; differential of the spectral sequence agrees with the
differential in HR and hence on the Es-page we get Real Hochschild homology as in the

statement. N

A particular case of interest occurs when E' = HF, and m = 1; the Real Bokstedt spectral

sequence allows us to compute the Ds-equivariant homology of THR(A) as a Ds-spectrum.
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Note that in this case we do not need an additional flatness assumption about Eg (N ng)
since this norm is trivial. Similarly, we do not require freeness assumptions since we are in

the case described by Remark 5.1.4. Thus we have the following corollary:

Corollary 5.2.6. Let A be a ring spectrum with anti-involution and such that ﬂgz(A;EQ)
and ﬂgQ(NeD%;A;EQ) are flat as modules over HF,_. Then there is a Real Bokstedt spectral
sequence

B g = HR?(Hg* (A F,)) = Hg”* (1p, THR(A) E,).

Finally, we remark that there are interesting equivariant spectra for which these flatness
conditions will hold. One example is the Real bordism spectrum, MUg. This is a D»-
equivariant ring spectrum first studied by Landweber [Lan68| and Fuji [Fuj76] which played
an important role in work of Hill, Hopkins, and Ravenel on the Kervaire invariant one problem
[HHR16]. In particular, we have that the HF,-homology of MUy is polynomial over HF, and

hence satisfies the flatness condition required to use the Real Bokstedt spectral sequence.

5.3 Extensions to twisted topological Hochschild homology

In [Ada-+22], the authors construct a Bokstedt spectral sequence for a different flavor of
equivariant topological Hochschild homology which takes inputs in G-ring spectra for G a
finite subgroup of S'. Adamyk, Gerhardt, Hess, Klang, and Kong proved the existence of the
following Bokstedt spectral sequence which converges to the RO(G)-graded G-equivariant
homology of G-twisted THH:

Lemma 5.3.1 ([Ada+22|, Theorem 4.2.7). Let G < S* be a finite subgroup and g = e2=/IG]
a generator of G. Let R be a G-ring spectrum and E a commutative G-ring spectrum such
that g acts trivially on E. If E (R) is flat over E, then there is a twisted Bokstedt spectral

sequence

E?, =HHE-Y(E,(R)) = E,,, (15 THHg(R)).

Remark 5.3.2. If g acts trivially on F, Lemma 4.2.5 of [Ada+22| shows that there is an

isomorphism of left £ (R)-modules, £, (R) 2 E,(9R). The proof of this lemma shows
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there is an isomorphism at the level of spectra, EA9IR = 9(E A R), hence the result also goes

through when passing to RO(G)-graded homotopy.

We note that G-twisted THH is an S'-spectrum. In the preceding result, the authors
considered the equivariant homology of the G-restriction of THHg. However we could also
consider the spectrum given by taking the G-restriction of H-twisted THH when H is a
subgroup of GG. In doing so, we find there is an equivariant Bokstedt spectral sequence
which computes the G-equivariant homology of ¢}, THHy (R) and it has on its E?-page the
relative theory of Hochschild homology for Green functors given in Definition 4.4.5. Recall
that the relative construction of the twisted cyclic nerve involved taking equivariant norms
N§. Thus once again, we require the use of an RO(G)-grading to ensure that our grading

scheme respects the norm.

Theorem 5.3.3. Let H < G be finite subgroups of S* and let g = e2™/IGl be a generator of
G. Let R be an H-ring spectrum and E a commutative G-ring spectrum. Assume that g
acts trivially on E and that E4(NGR) is flat as a module over Eg. If R has (v E)-free

homology, then there is a relative twisted Békstedt spectral sequence

B2y = HHG (i E)_(R)). = E, (15 THH(R)).

—=s+®

Proof. By Proposition 5.2.5 we have a spectral sequence
E? 4= H(Eg(BY (NG R;“N{R))) = E,.o(|BY (Nj R )Nj R))).

On the right hand side, this is the twisted cyclic bar construction which defines «f, THH (R).
We wish to identify the E2-page with RO(G)-graded relative Hochschild homology for Green
functors.

We apply the homology functor E(-) level-wise to the relative twisted cyclic bar con-
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struction. At the nth level this gives
n

E (ONGRANSRA...ANGR) =

TS(UNGRANGRA..ANSRAE) =
TS(ONGRAEAE NGRAEAR .. AEAg NGRAE) =

T$(ONFRAE) 0 aS(NFRAE) D .. 0 2S(NGRAE) =
Ze =& =&
Eg(“NiR) 0 Eo(NGR) O ... 0 Eg(NGR).
e Ze e

Here the first isomorphism is that given by 2.2.5. The flatness of E,(N§R) as a module
over B, and an application of the Kiinneth theorem yields the second isomorphism in the
above.

By the freeness assumption in the statement of the theorem and by Lemma 5.1.2, we get

an isomorphism

Eo(NjR) 2 Nj((tuE) R). (5.4)
Combining this isomorphism with the equivalence in Remark 5.3.2 further yields
Ey("NjiR) 2 Eg(NjR) 2 “Nij (1 E)e R). (5.5)

The isomorphisms in 5.4 and 5.5 allow us to conclude that E} & is isomorphic to the following:

n

ING((3E)eR) 0 NG((5E)eR) D .. 0 N((15E)eR).
Z® Lo e

Term-wise, this is precisely the nth level of the twisted cyclic bar construction which defines
ﬂg((@E)@(R)) as given in Definition 4.5.12. A diagram chase in the style of the one on p.
111 of [May06] shows that d; differential of the spectral sequence agrees with the differential
in HHY.

We thus conclude that the relative twisted Bokstedt spectral sequence takes the form

B g = HHy (1 B) (R))s = B, (1 THHH (R)).

—®
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CHAPTER 6

REAL ALGEBRAIC STRUCTURES

Bokstedt spectral sequence calculations are often quite complex, therefore identifying any
additional algebraic structures present in the spectral sequence can provide a computational
foothold. An exploration of the algebraic structure in topological Hochschild homology was
undertaken by McClure, Swanzel, and Vogt (see [MSV97|) and by Angeltveit and Rognes,
who showed in [ARO05] that for A a commutative ring spectrum, THH(A) is an A-Hopf
algebra in the stable homotopy category by constructing simplicial algebraic structure maps.
Since the spectral sequence construction we recalled in Theorem 2.3.2 utilized the simplicial
filtration on THH, they showed that this Hopf algebra structure lifts to the Bokstedt spectral
sequence. In this chapter, we utilize techniques analogous to those of Angeltveit and Rognes
to show that THR(A) is a Hopf algebroid in the Dy-equivariant stable homotopy category
when A is a commutative ring spectrum with anti-involution. Section 6.1 recalls the argument
that there is a Hopf algebra structure on THH, beginning with a characterization of THH
as the tensor of a ring spectrum with a simplicial circle in the commutative case. In Section
6.2, we translate this argument to the Real equivariant setting to show that THR(A) has a
Hopf algebroid structure.

Since our aim is to recall the existence of a Hopf algebra structure in THH and identify a
similar structure in THR, we begin this chapter by recalling the definition of a Hopf algebra

in spectra.

Definition 6.0.1. Let R be a commutative ring spectrum. A unital, associative R-algebra is
an R-module spectrum A which has a unit map n: R - A and a product map p: AAgA — A,
subject to the condition that the following unitality and associativity diagrams commute.

All smash products are taken over R, though we omit this from the notation.

RA A naid idAn A AR

SOk
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ANANA — M o AnA

m%_ y (6.2)

AANA s A

m

If A is further endowed with a counit map € : A - R and a coassociative, counital
coproduct 0 : A - A A A subject to the compatibility relations depicted in the diagrams

below, we say that A is an R-bialgebra.

ANA < g A g s AnA
. 6.3
enid Zdl {% ( )
RAAzZzA~AANR

A—2 S ANA

| [ 01

AAATW?AAAAA

R i >y R
: (6.5)
~

R —— RAR

@‘ yw (6.6)

AT>A/\A

AnA s A

e@L & (6.7)

RAR —— R

ANA A S v AANA

(wl Tu/\u (6.8)

ANANANA s ANAANANANA

idATATd

Here, 7 denotes the flip map which permutes two factors.
Finally, if a bialgebra A is equipped with an antipode x : A - A such that the following

diagram commutes, A is called an R-Hopf algebra.
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s ANA

idAX
These are the types of structures we wish to identify in THR and in the Real Bokstedt
spectral sequence. We begin in Section 6.1 by recalling how one endows classical topological

Hochschild homology with a Hopf algebra structure.

6.1 Topological Hochschild homology is a Hopf algebra

In Definition 2.2.6, we presented topological Hochschild homology as the geometric real-
ization of a cyclic bar construction. To define algebraic structure maps on THH, a different
perspective proves useful in which THH(A) may be thought of as the tensor of A with the
simplicial circle when A is a commutative ring spectrum. The strategy for endowing THH(A)
with a Hopf algebra structure is to first define structure maps on simplicial circles and then
lift those to THH. We take a very similar approach to produce the algebraic structure maps
on THR in Section 6.2, so we take the opportunity in this section to reproduce the arguments
for classical THH with detail in order to illustrate the proof technique.

To begin, recall that the standard n-simplex A™ consists of the convex hull of points

(0,...,0,1,0,...,0) € Rn+1,

Definition 6.1.1 (|[Lod13]). The standard model for the simplicial circle S is a quotient of
the 1-simplex A'/OA!. Here, Al is the simplicial object Al = {xy,...,x,41}, with face maps
defined by
dj(z;) =
Ti-1 if 1> ]
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and degeneracy maps defined by

sj(xi) =

Ti+1 if 7> j
The quotient A'/OA! identifies z¢ with ;1.

Remark 6.1.2. By examining the images of the degeneracy maps s;, we see that the only
non-degenerate simplices are g € A} and x; € A]l. Thus, upon geometric realization we
recognize the familiar model of a circle with a single 0-cell and a single 1-cell. This model is

depicted in Figure 6.1.

X
I 1

Figure 6.1 The simplicial circle S!.

For a commutative ring spectrum A, a direct, level-wise association of the cyclic bar
construction on A with the tensor product of A with S} yields the following isomorphism.
For an explanation of what it means to tensor a spectrum with a simplicial object we direct

the reader to Section 3 of [ARO5].

Proposition 6.1.3 ([AR05]|). Let A be commutative ring spectrum. There is an isomorphism
of simplicial ring spectra

THH(A) 2 A® S!.

Remark 6.1.4. The above isomorphism was also proven in the topological (non-simplicial)
case in Theorem B of [MSV97]. In this chapter we follow the proof techniques of Angeltveit
and Rognes [AR05| so that in future work we may lift the algebraic structure of THR(A) to

the Real Bokstedt spectral sequence.
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To endow THH(A) with an A-Hopf algebra structure one starts by constructing maps
on simplicial circles and then tensoring those simplicial maps with A to obtain maps on
THH(A). We present this argument contained in [AR05| in three steps, beginning with the

existence of an A-algebra structure on THH(A).

Lemma 6.1.5. Let A be a commutative ring spectrum. The topological Hochschild homology

of A, THH(A), is an associative, unital A-algebra.

Proof. The algebraic structure maps arise from maps of simplicial circles. We have a unit
map

n:A— THH(A)
induced by the map to the basepoint, n: * - S!. Applying the functor A ® (=) to the map

depicted in Figure 6.2 yields the desired map 7.
o 7T

Sl
Figure 6.2 The simplicial map inducing a unit on THH.

In a similar fashion we obtain a product map
w:THH(A) Anp THH(A) — THH(A)

from the simplicial map which folds one copy of S! onto the other, as shown in Figure 6.3.

O

Slv st St
Figure 6.3 The simplicial map inducing a product on THH.

To verify unitality and associativity we check that diagrams of simplicial circles in the style of
Diagrams 6.1 and 6.2 in Definition 6.0.1 commute. The diagram demonstrating associativity

is given in Figure 6.4.
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In this chapter we will not include all simplicial commutative diagrams but we provide
some as illustrative examples. In Figure 6.4, we denote the association of the blue and green
copies of S} via the fold along the top by a thickened circle colored with green and blue.
We use a similar color coding in the remaining figures of this chapter to keep track of which

simplicial objects are associated in the diagrams.

W

oV oid
Slv st
SeVSLV S,
dV H
u
Slv sl S)

Figure 6.4 Simplicial commutative associativity diagram for THH.

If we tensor Figure 6.4 with A, we obtain a commutative diagram

pAid

THH(A) A4 THH(A) A4, THH(A) — 2 THH(A) A, THH(A)

i | I

THH(A) A4 THH(A) s> THH(A)

m

demonstrating that THH(A) is an associative algebra. A similar check shows that n satisfies

the unitality diagram hence THH(A) is a unital, associative A-algebra. O

Topological Hochschild homology can also be endowed with a coalgebra structure, how-

ever the definition of a simplicial coproduct map is not as straightforward as the one used
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to define the product. A coproduct on THH(A) is a map THH(A) -» THH(A) A, THH(A).
The natural topological map which creates two copies of ST from one is a pinch map; how-
ever, this map is not simplicial when we use our standard simplicial model of the circle.
To remedy this, we instead define a coproduct on a different model of the simplicial circle,
which, upon tensoring with A, yields a model of THH which is homotopy equivalent to the

model presented above.

Definition 6.1.6 (J[ARO05|, Section 3). The double model of S!, denoted by dS} is the
simplicial set

dS} = (Al [ Al) LUoAl oAl 3A1
and is depicted in Figure 6.5. We denote the tensor product with this model, A ® dS! by
d THH.

Figure 6.5 The double circle dS?.

In order to make use of this double model in the construction of a coproduct on THH,
we must demonstrate that there is a homotopy equivalence d THH(A) ~ THH(A). We now

recall the proof of this fact by Angeltveit-Rognes.

Lemma 6.1.7 ([ARO5], Lemma 3.8). Let A be a commutative ring spectrum which is cofi-
brant as an S-module. The double model d THH(A) is weakly equivalent to THH(A) via the

simplicial collapse map m: dSt — S! which crushes the second copy of A in the double circle.

Proof. Consider the pushout diagram of simplicial sets given in Figure 6.6. In this diagram,
the top map associates the two points and the left map includes them as the boundary of

the 1-simplex.
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o
@ o ] [ )
Zo 1

-
A
Sl

Figure 6.6 A pushout diagram which gives S!.

Since the tensor product preserves pushouts, tensoring this diagram with A gives

ArnA — A

I

B(A) —— THH(A)
where B(A) is the two-sided bar construction B(A, A, A) = Ao Al

We could similarly consider the diagram in Figure 6.7 which shows dS! as a pushout.

Al
:L”(). .131 >:L_00 .:131
l
| r
l_oo e oxl >
dS}

Figure 6.7 A pushout diagram which gives dS!.

The tensor of the diagram in Figure 6.7 with A gives a commutative diagram
AnA — B(A)
B(A) —— dTHH(A).

There is a map of pushout diagrams

B(A) «— AnA —— A

H |

B(A) «— ANA —— B(A)
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where the weak equivalence on the right is the augmentation from the two-sided bar con-
struction to its right hand coefficients as in [Elm+97], IV.7.2. Since pushouts preserve weak
equivalences, we have d THH(A) ~ THH(A) as desired. We note that geometrically, this
weak equivalence is induced by the map 7 : dS! — S! which collapses the second copy of
Al in the double circle to a point. We will refer to the homotopy between d THH(A) and
THH(A) by 7 also. O

We can now use the double model to define a coalgebra structure on THH. In contrast to
the algebra structure, we only have a coalgebra structure on THH(A) in the stable homotopy

category since the coproduct map must factor through the weak equivalence described above.

Lemma 6.1.8 (|[ARO05]). Let A be a commutative ring spectrum. Then THH(A) is a counital
A-coalgebra in the stable homotopy category. Further, this coalgebra structure is compatible

with the algebra structure so that THH(A) is in fact an A-bialgebra in the homotopy category.

Proof. The counit

¢: THH(A) > A

is induced by the simplicial collapse map from S} to a point, as shown in Figure 6.8.

Sl

Figure 6.8 The simplicial map inducing a counit on THH.

To define the simplicial pinch map which induces the coproduct
d: THH(A) > THH(A) Ao THH(A),

we use the double model of the circle. This map is shown in Figure 6.9. The map ¢ is thus
induced by a composition of a simplicial coproduct ¢’ : dS! - S! v S! and the homotopy
equivalence 71,

THH(A) "= d THH(A) 2> THH(A) A, THH(A).
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5/

ds! SeV S,
Figure 6.9 The simplicial map inducing a coproduct on THH.

A check that these maps of simplicial circles satisfy the bialgebra compatibility diagrams
given in Definition 6.0.1 completes the proof. We omit this. n

Lemma 6.1.9 ([ARO5|, Theorem 3.9). If A is a commutative ring spectrum, then THH(A)

is an A-Hopf algebra in the stable homotopy category.

Proof. The double circle has an antipode map x’, depicted in Figure 6.10, which induces an

antipodal map on THH via the composition

: THH(A) = d THH(A) 2> d THH(A) % THH(A).

4] ds]
Figure 6.10 The simplicial map inducing an antipode on THH.

Equipped with this map and the results of Lemmas 6.1.5 and 6.1.8, all that remains to check
is that the Hopf compatibility diagram in 6.9 commutes. We omit this part of the proof but
direct the reader to the diagram in 3.10 of [ARO5| for further details. O

6.2 Real topological Hochschild homology is a Hopf algebroid
In this section, we follow the technique of the proofs presented earlier in this chapter

to determine the algebraic structure of THR(A) when A is a commutative ring spectrum
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with anti-involution. In particular, we define all algebraic structure maps as ones induced
by maps of simplicial objects in anticipation of lifting the structure to the Real Bokstedt
spectral sequence in future work.

The Hopf algebra structure on THH was induced by maps on simplicial circles since THH
is a tensor product with S*. Recall from Remark 4.2.7 that THR(A) is an O(2)-spectrum.

For a nice class of ring spectra with anti-involution, we can recognize THR as a tensor with

0(2).

Definition 6.2.1. An orthogonal Ds-spectrum A indexed on a complete universe U is
well-pointed if A(V) is well pointed in Top™? for all finite dimensional orthogonal D,-
representations V. Further, we say a Do-spectrum A is very well-pointed if it is well-pointed

and the unit map S° - A(R?) is a Hurewicz cofibration in Top™2.

Proposition 6.2.2 (JAGH21|, Proposition 4.9). Let A be a commutative Dy-ring spectrum

which is very well pointed. Then there is a weak equivalence of Dy-spectra
NP A=~ Aep, O(2).

Note that in the Real equivariant setting, our tensor product defining THR occurs over
D,. In our case, we utilize the fact that the category of commutative monoids in the category
of orthogonal Dy-spectra is tensored over the category of Da-sets (see Section 4.1 of [AGH21]).
More generally, we have that G-spectra are tensored in G-sets which allows us to define the

tensor product of a G-spectrum over GG as a coequalizer.

Definition 6.2.3. Let A be a commutative G-ring spectrum and X, a simplicial G-set. The

tensor product over G of A with X is the coequalizer
v1®id
AeGeX, — =2 A®X, — A®c X,

1d®y2

where v is the G-action applied to A and 5 is the G-action on X,.

The standard simplicial model on O(2) (see 6.3 of [Lod13|, for instance) is the geometric

realization of a simplicial complex of dihedral groups:
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\
A} N p 7 —>
Dy == D¢ ——= Ds === D>
—— >

Let the group Dy, be generated by an element w of order 2 and by ¢, an element of order
m with the usual dihedral relations. The face maps at simplicial level n, d; : Dygni1) = Do,

are defined on the generator ¢ by

, o j<i
d;(t7) =
=1 >4
. t j<n
d,(t) =+
1 j5=n

The degeneracy maps on ¢, s; : Dyni1) = Da(ns2), are given by

7 j<i

s5i(t) = -
i+t >4,
We further specify that these are Ds-equivariant maps so d;(wt’) = wd;(#/) and s;(wt?) =
ws;(t7) which defines the face and degeneracy maps on the entire simplicial object.

To view THR(A) as the Ds-tensor product of A with O(2), we actually require a different
simplicial model of O(2). We take the standard simplicial model and apply a Segal-Quillen
subdivision as in Definition 4.1.4. In keeping with the conventions of [AGH21|, we denote
this subdivided O(2) by O(2)., regarded as a simplicial D-set.

One can check that most of the cells in this simplicial object are degenerate, thus upon
geometric realization our model of O(2), can be depicted as two subdivided circles. Explic-
itly, the simplicial structure of O(2), at levels 0 and 1 is as follows. At simplicial level 0 it
is the group

Dy ={ty,w| t2=1=w? tow=wty) ={1,ty,w,wto}.

To emphasize that ¢ is the generator of the group at the 0th level, we denote it by a subscript

0. At simplicial level 1 we have

Dg=(t,w| th=1=w? tiw=wtd) = {1,123 w,wt;,wt?, wt3}.
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The elements 1, 2, w, and wt? in simplicial level 1 are in the image of the degeneracy maps.
Thus, upon geometric realization to O(2),, we only retain 1-cells indexed by ¢;,¢3, wt;, and

wt?. This simplicial model O(2), is depicted in Figure 6.11. For ease of notion, we will cease

Figure 6.11 The simplicial model O(2),.

to label every cell in the remaining figures of this chapter.
We obtain a Dy-action on O(2), where w swaps the two circles (as seen in Figure 6.12)

and ¢ reflects within each circle (see Figure 6.13).

O O—=0 C

Figure 6.12 The action of w on O(2),.

O O—=0 0

Figure 6.13 The action of ¢ on O(2),.

We now use this simplicial structure to define algebraic structure maps on THR.

Lemma 6.2.4. Let A be a commutative Do-ring spectrum. The Real topological Hochschild

homology of A is a commutative A-algebra in Ds-spectra.

Proof. As in the proof of Lemma 6.1.5, we define algebraic structure maps on THR(A) by
defining maps on simplicial O(2),. Note that in addition to constructing all maps so that
they are simplicial, we must also ensure that the maps are Ds-equivariant.

We can define a unit map

n:A - THR(A)
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which is induced by the inclusion of Dy into O(2)., as shown in Figure 6.14.

.1 .w (—) Q Q
0(2)e

D,
Figure 6.14 The simplicial map inducing a unit on THR.

Applying the functor A®p, (-) to the diagram yields our desired map.
We now wish to define a product map p : THR(A) A THR(A) - THR(A). Since we
want this product to arise from a simplicial product, we must first recognize this smash

product as a tensor of A with simplicial sets over Ds.

53

2)‘ VD2
Figure 6.15 The simplicial wedge from which THR(A) Aa THR(A) arises.

We claim that A ®p, (O(2). Vp, O(2).) (depicted in Figure 6.15) is the smash product
THR(A) A4 THR(A). To see this, note that the relative wedge O(2)e Vp, O(2), is defined

to be the pushout of the diagram

0(2). < D, > O(2)..

The tensor product in Dy-spectra preserves pushouts so upon applying the functor A®p, (-)

we obtain a diagram

A®p, 0(2)e +— A®p, Dy —— A®p, O(2).
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whose pushout is A ®p, (O(2). vp, O(2).). By identifying A ®p, O(2). as THR(A) and

A®p, Dy as A, we see this is the diagram

THR(A) < A > THR(A).

The pushout of this diagram defines the relative smash product THR(A) A4 THR(A) so we
have identified A ®p, (O(2). vp, O(2).).

Now we may define a product map
w:THR(A) Ao THR(A) - THR(A)

which is induced by the map on simplicial copies of O(2) that folds one copy of O(2) onto

the other, as depicted in Figure 6.16.

REREReYe

2 \/D2 2)0 (2)
Figure 6.16 The simplicial map inducing a product on THR.

We note that both the product and unit are equivariant with respect to the swapping action
on the circles and the action which reflects within each circle. We omit the pictures, but one
can check that these maps satisfy commutative diagrams of simplicial sets for unitality and
associativity analogous to those presented in Definition 6.0.1 in order to show that THR(A)

is a unital, associative A-algebra. O]

In the preceding proof we defined a unit map on O(2), by including D, as the points 1
and w of O(2).. However, our simplicial model of O(2) also includes another pair of points

that one could consider as the base points. The presence of two possible non-equivalent
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unit maps suggests that rather than inheriting a Hopf algebra structure like THH, Real
topological Hochschild homology has the structure of a more general object called a Hopf

algebroid. We now recall the definition of a Hopf algebroid from algebra.

Definition 6.2.5 (|[Rav03|, Definition Al.1.1). A Hopf algebroid over a commutative ring k

is a pair of commutative k-algebras (A, R) together with:
e a left unit map n,: A - R
e a right unit map ng: A - R
e a coproduct map 6: R> R®, R
e a counit mape: R—> A
e an antipode map y : R - R which squares to the identity

such that all of the following diagrams commute,

R ( R A L ) R
% 610
A

R®4 R < > R®a R
\ l / (6.11)
eQid id®e
R——" 5 Re,R
§\L lid@(s (612)

Ro,R 229 Re,Reo4R

AR

lx (6.13)

R
R
l (6.14)

R

=

Yk



and such that there exist maps pur and pp such that the following diagram commutes.

Re. R &% Re.R X Re, R

| | |

R« Re,R--"-3 R (6.15)

o

A—— R —— A

Here, the map ¢ is the multiplication map on R ® R as a k-algebra.

As Ravenel explains in Appendix A of [Rav03|, Hopf algebroids were named suggestively
since one is to think of them as as generalization of Hopf algebras in the way that a groupoid
generalizes the notion of a group. When the left and right units coincide, n; = ng, R is
simply an A-Hopf algebra.

We claim that THR(A) has a Hopf algebroid structure in the Dy-homotopy category. To
show the existence of this structure requires us to define a coproduct map on O(2),. Recall
from the proof of Lemma 6.1.9, that in the case of THH, a double model of the simplicial

circle was needed in order to define a simplicial coproduct. Similarly, we must use a double

model of O(2).,
dO(2)e :=5q(0(2).) = 5q(sq(Daes1y))-

This model is depicted in Figure 6.17.
t wt

Figure 6.17 The double model dO(2)..

We now demonstrate the Do-equivalence between the model of THR given by A®p, O(2).
and the double model d THR(A) = A®p, dO(2)., following the structure of Angeltveit and
Rognes’ argument presented in Lemma 6.1.7. To begin, we argue that THR and d THR can

be understood as pushouts by taking the Ds-tensor of a diagram of simplicial objects.
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Definition 6.2.6. For a ring spectrum R, we let B(R) denote the double bar construction
B(R,R,R).

For clarity, we label copies of the ring spectrum R as R;. A Segal-Quillen subdivision of
the bar construction B(R) has n-simplices given by the product RgA Ry A ... A Ropi1 A Ropyo.
There is a level-wise Ds-action on sqB(R) given by swapping R; <> Ranio;. Thus the

coefficients Ry and Ra, .o are exchanged by the Ds-action on sqB(R).

Proposition 6.2.7. Let A be a commutative Do-ring spectrum. Then the Real topological

Hochschild homology of A is represented as a pushout diagram in Dy-spectra given by,

ArnA —— A

L

sqB(A) —— THR(A)
where AN A has a swap action and sqB(A) has the Dy-action induced by Segal-Quillen

subdivision. The map along the top is given by multiplication and the left hand map is the

inclusion of AN A as the coefficients in the subdivided bar construction.

Proof. We wish to recognize this pushout diagram as one which arises from a diagram of
simplicial objects whose pushout is O(2),. We claim that the appropriate diagram is the

following,

l l (6.16)

Dy ® sqA! —— O(2).
where the top map associates the points 1 and ¢ in D, and the map on the left includes
D, as the boundaries of the two subdivided 1-simplices. Figure 6.18 provides a geometric
visualization of this diagram.
Applying the functor A ®p, (-) to this entire diagram, it is clear that in the top right
corner we have A ®p, Dy = A. To see that A ®p, D, is the smash product A A A endowed

with a swap action, consider the coequalizer

A®Dy® Dy —= A® Dy —— A®p, Dy.
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Figure 6.18 A pushout diagram which gives O(2)..

The term on the left is a smash product of eight copies of A, indexed on pairs of elements
(a, ) € Dy x Dy and the term on the right is four copies of A, indexed by the elements of

D,. One map in the coequalizer associates the copies of A via the following association:

A171 A Aw,l - Al Al,w A Aw,w - Aw
Al,t A Aw,t - A Al,wt A Aw,wt - A

The other map multiplies to associate these eight copies of A in a different way,

Al,l A Aw,w g Al Aw,l A Al,w g Aw
Al,t A Aw,wt - A, Aw,t A Al,wt - Ayt

In the coequalizer, we have A; A A; which retains a Ds-action of ¢ that swaps the copies. Thus
we’ve identified the term in the top left corner of the pushout diagram that gives THR(A)
as a tensor with a simplicial set.

Finally, we wish to identify A ®p, (D2 ® sqA') with sqB(A). To begin, we consider
the Segal-Quillen subdivision of the 1-simplex A', whose simplicial structure was described
in Definition 6.1.1. In the subdivision, (sqA!), = A3, = {@o,x1,...,Z2mm+1)} and has
the structure maps given by compositions of the fact and degeneracy maps in Al as de-
scribed in Definition 4.1.4. Furthermore, the subdivided 1-simplex has a Ds-action given
by x; < ZTo(ns1)-;. Tensoring over the D, action of w, we see that A ®p, (Dy ® sqB(A))

is sqB(A) which retains the Dsy-action given by the subdivision. A level-wise comparison
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shows that A® (sqAl), = (sqB(A)), and one may check that the face and degeneracy maps
agree. Thus, we find that applying the functor A ®p, () to the diagram in 6.16 yields the
diagram in the statement of the proposition. The map A A A - A is multiplication and the
map A A A - sqB(A) is the inclusion of the two copies of A as the coefficients in the bar
construction. These maps are Ds-equivariant and so, since the equivariant tensor product

preserves pushouts, we have a pushout diagram in Ds-spectra which gives THR(A). O]

We now employ a similar technique to recognize the double model of THR, which is
defined as the tensor over Dy with the double model dO(2), depicted in Figure 6.17, also

arises from a simplicial pushout.

Proposition 6.2.8. Let A be a commutative Dy-ring spectrum. Then d THR(A) is the

pushout in Ds-spectra given by the diagram

ANA — sqB(A)

L]

sqgB(A) —— dTHR(A)

where ANA and sqB(A) have the same Dq-actions as specified in the statement of Proposition

6.2.7.

Proof. Consider the pushout diagram of simplicial objects,

Dy ——— Dy®sqAl

| ] (6.17)

Dy ®sqA! —— dO(2)..

Here, both maps included D, as the boundary of Dy ® sqA!. This diagram is depicted
geometrically in Figure 6.19.

We can make the same identifications of A®p, Dy and A ®p, Dy ® sqA! as in the proof
of Proposition 6.2.7. Since the equivariant tensor preserves pushouts, we see that applying
the functor A ®p, (=) to the diagram in 6.17 yields the pushout in the statement of the

proposition. ]
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Figure 6.19 A pushout diagram which gives dO(2).,.
We now demonstrate that THR(A) and d THR(A) are Dy-weakly equivalent by giving a

weak equivalence of pushout diagrams.

Lemma 6.2.9. Let A be a commutative Do-ring spectrum which is cofibrant as a Ds-

spectrum. Then there is a Dy-weak equivalence
7:dTHR(A) = THR(A)

which is induced by the simplicial homotopy collapsing one half of each circle in O(2), to a

point. This simplicial homotopy is depicted in Figure 6.20.

CO-0O0

Figure 6.20 The simplicial homotopy inducing 7 on d THR.

Proof. There is a commutative diagram of commutative Ds-spectra constructed from the

pushout diagrams given in Proposition 6.2.7 and Proposition 6.2.8 of the form

sqB(A) «— AAA —— sqB(A)

H l (6.18)

sqB(A) ¢— ANA —— A.

)



Classically, there is a homotopy equivalence B(A, A, A) - A (see |[Elm+97|, IV. 7.3 and
XII.1.2) defined level-wise on the bar construction by treating A as a constant simplicial
object. Since the bar construction we are considering here is a subdivision of B(A), the map
inducing the equivalence B(A, A, A) - A at level 2n+1 induces the equivalence sqB(A) - A
at level n. The homotopy is given by an iterated composite of unit and multiplication maps,
which are all Dy-equivariant maps. Since pushouts preserve weak equivalences by [Elm-+97]
IT1.8.2 we obtain a weak equivalence between the pushout along the top row and the pushout
along the bottom, d THR(A) = THR(A).

Finally, we verify that this is a Do-weak equivalence by checking that the map is a weak
equivalence on the geometric fixed points, ®P2. The geometric fixed points functor commutes
with colimits and since THR(A) and d THR(A) are both colimits by Propositions 6.2.7 and

6.2.8, we have that

PP2(dTHR(A)) = colim(®P2(sqB(A)) « ®P2(A A A) —» dP2(sqB(A))

OP2(THR(A)) = colim(PP2(sqB(A)) « dP2 (A A A) > dP2(A).

To compare the terms on the right, we recall that ®P2 commutes with the smash product
and that this functor is applied level-wise to a simplicial object. Hence ®P2(sqB(A))
sqB(®P2A) We then apply the same equivalence between a two-sided bar construction and
its right coefficients described above to see that sqB(®P2A) ~ ®P2 A and conclude that the
equivalence d THR(A) ~ A induced by the homotopy in 6.18 is a Dy-weak equivalence of

spectra. ]

Equipped with this homotopy equivalence between our two models of THR, we are now
able to describe a coproduct structure and thus show that THR has the structure of a Hopf

algebroid.

Theorem 6.2.10. For a commutative Do-ring spectrum A, THR(A) is a Hopf algebroid in

the Ds-equivariant stable homotopy category.
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Proof. Here we consider the pair of Dy-spectra A and THR(A). Recall that the data of a Hopf
algebroid includes both a left and right unit map. We will induce these maps A -~ THR(A)
by tensoring simplicial diagrams with A over D,. The left and right units are given by the
two possible inclusion maps depicted in Figures 6.21 and 6.22. Note that 7, is the map

previously called 7 in Lemma 6.2.4.

=00
0(2)e

Dy
Figure 6.21 The simplicial map inducing the left unit on THR.

I OO,
0(2)e

Dy
Figure 6.22 The simplicial map inducing the right unit on THR.

We also define a counit map

e: THR(A) > A

by taking the Ds-tensor with A of the map which collapses each of the two circles in O(2),

to a point. This is depicted in Figure 6.23.

Q —L 5 e °
1 w 1 w
0(2)e

D,
Figure 6.23 The simplicial map inducing a counit on THR.

Utilizing the double model of O(2)., we define
d":dTHR(A) — THR(A)
induced by the tensor over D, of the simplicial map in Figure 6.24 with A.
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Flgure 6.24 The simplicial map inducing a coproduct on THR.

A coproduct on THR is then given by the composition
5: THR(A) "> d THR(A) %> THR(A) A4 THR(A),

where 7 is the equivalence from Lemma 6.2.9.
Finally, we define an antipodal map on THR induced by the map on O(2), which reflects
each circle across an axis so that the base points swap. The action of this antipodal map,

which we will call y, is depicted in Figure 6.25.

DL

Figure 6.25 The action of the map x which induces an antipode on THR.

To verify that these structure maps satisfy the commutativity relations of a Hopf algebroid
as stated in Definition 6.2.5, we check that the relations hold for the simplicial maps of O(2)s,.
From a visual inspection it is clear that the antipodal map swaps the units. That the units
and counit obey the relations depicted in Diagram 6.10 of Definition 6.2.5 is also clear.

To verify counitality, consider the diagram in Figure 6.26. For the sake of clarity in
the diagram, we have not color-coded any of the cells in the second circle of O(2). but the
identifications are precisely the same as shown in the first copy of the circle.

The simplicial homotopy from 7 : dO(2), - O(2). we described (and depicted in Figure 6.20)
collapses the two copies of A! on the right hand side of each circle to a point. In Figure

6.26 above, this is represented by the diagonal arrow which collapses the yellow, orange,
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Figure 6.26 Simplicial counitality diagram for THR.

12

teal, blue, and green cells to a single point. This homotopy equivalence is the composition
of (id v e) o ¢’ along the right hand side of the diagram.

Equivalently, there is a simplicial homotopy from o : dO(2), - O(2), which collapses the
two copies of Al on the left hand side of each circle. In Figure 6.26, this homotopy collapses
the green, pink, red, and maroon cells to one point. We see such a collapse occurring in the
composite along the left hand side of the diagram. Thus we have the homotopy equivalence
along the bottom of the diagram given by 7o o~! and we see that the counitality diagram
commutes up to homotopy. We omit the diagram, but one may similarly check that the
coassociativity relation holds.

Finally, we show the existence of two maps (denoted by p; and pug so as to suggest a
left and right multiplication) which make Diagram 6.15 in Definition 6.2.5 commute. Once
again, we will not label or color-code the second circle in O(2), in this diagram, but the
associations are the same.

In Figure 6.27, the map py, is given by folding the orange-teal-navy circle onto the other
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Figure 6.27 Simplicial Hopf algebroid compatibility diagram.

circle (a fold to the left). The map pg is a fold to the right, folding the pink-red-maroon
circle on top of the other one. The map ¢ slides the copies of O(2), on top of each other.

We claim composites py o9’ and pg o 0’ both factor through the map
A2UA2 5 9A2 LA - AlUAL - O(2).,

which is shown below in Figure 6.28. Again, this figure depicts the contraction in one of the

O(2). circles but the maps in the other disjoint copy of the circle are defined to be the same.

Here we take A? to be the subdivided Real 2-simplex which has a Ds-action that reflects
across the vertical axis. We include the boundary of the subdivided Real 2-simplex into A2
and then collapse through the 2-cells down to edge adc. The map f is given by folding the
subdivided 1-simplex to the left and gluing a to ¢. This produces a copy of O(2). where
the unit is included via ny. If instead we fold the subdivided 1-simplex to the right along
map ¢ and glue ¢ to a we produce O(2), where the unit has been included via ng. Since the

1-simplex is contractible, both of these composites are null homotopic. We recover the wedge
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Figure 6.28 Simplicial contractibility factorization.

O(2)e Ap, O(2). at the center of the Hopf algebroid compatibility diagram in Figure 6.27
by gluing @ to ¢ in the boundary dA2. Therefore we have that the maps jiz, o 6" and pig o &'
are null homotopic since they factor through the contractible 1-simplex and the verification
that the diagram in Figure 6.27 is Dy-commutative up to homotopy is complete. We apply

the functor A ®p, (-) to the entire diagram and obtain the following diagram:

A< — dTHR(A) — > A

g | I

THR(A) +——— THR(A) A4 THR(A) —-—— THR(A)

d I [

THR(A) As THR(A) <22 THR(A) As THR(A) —2X5 THR(A) rg THR(A)

We note that A®p, (O(2). 1 O(2),) is the smash product of two copies of THR(A) as
algebras over the sphere spectrum. Because the simplicial diagram was Dy-commutative up
to homotopy, so too is the diagram in spectra and the proof that THR(A) is a Hopf algebroid

in the Dy-homotopy category when A is commutative is complete. O

Although THR(A) has an A-algebra structure (the one given in Lemma 6.2.4), it is
not compatible with the coproduct. Specifically, the issue arises from the fact that the A-
bimodule structure on THR is given by these two different unit maps that we defined. Hence
we get a Hopf algebroid structure rather than a Hopf algebra structure.

In the classical case of topological Hochschild homology, the Hopf algebra structure on

THH descends to a Hopf algebra structure on the spectral sequence. Specifically, the follow-
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ing theorem of Angeltveit and Rognes in the THH case motivated the work undertaken in

this chapter for THR.

Theorem 6.2.11 (|[ARO05|, Theorem 4.5). Let R be a commutative ring spectrum and con-

sider the Békstedt spectral sequence
Efv* =HH.(H.(R;F,)) = H.(THH(R);F),).

If each term EY , for v > 2 s flat over H.(R;F,) then the Bikstedt spectral sequence is a

spectral sequence of H,(R;F,)-Hopf algebras.

Though we do not recall the full proof of this theorem, we remark that the key step
involves using the simplicial Hopf algebra structure maps on THH to define maps on the
spectral sequence. Such an approach is made possible because the Bokstedt spectral sequence
arises from a simplicial filtration of THH. For this reason, we were careful to construct all of
the Hopf algebroid structure maps simplicially in this section. Although we do not consider
whether this structure lifts to the Real Bokstedt spectral sequence in this thesis, we will

return to this in future work.
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