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ABSTRACT

Sheet Molding Compound (SMC) is a type of ready to mold composites material. The most com-

mon SMC consists of glass fiber bundles about one inch long distributed randomly in a B-stage

polyester resin. SMC possesses good mechanical properties and manufacturing flexibility in form-

ing complex shaped parts and is relatively low cost, making it one of the attractive choices to re-

place metallic parts in automotive industry. Nevertheless, SMC composites have not been utilized

in critical automobile components owing to the lack of a satisfactory predictive model, especially

for crashworthiness simulations. The main challenges in analysis of SMC structures are the large

scatter in mechanical properties and the large difference in strengths under different stress distri-

bution or loading conditions. For example, SMC demonstrates 1.5-2 times higher strength under

3-point (3-pt) bending in comparison to uniaxial tension strength. This phenomenon is known as

the size effect on strength and can be explained by Weibull’s statistical strength theory. For materi-

als with large size effect such as SMC, simulations carried out with the mean mechanical properties

(i.e., tension, compression, and shear data) would result in a significant underprediction of flexural

responses of the structure. To improve the predictions, the statistical distributions of the mechan-

ical properties need to be considered and the size effect should be examined. Although statistical

analysis has long been considered in composite designs, probabilistic finite element (PFE) analysis

based on statistical strength models has also been employed to consider uncertainties and design re-

liability at every scale in composites, little work has been done to examine the size effect of strength

in FE simulations.

This work aims to incorporate the size effect in probabilistic simulations of SMC composite

structures. First, we extended the unimodal Weibull strength model into multimodal one by com-

bining the tensile and flexural Weibull strength models. This approach was examined with a glass

fiber SMC composite. A randomization algorithm was developed to incorporate the strength dis-

tribution in PFE models. The strength distribution model was discretized into a limited number

of segments and the values of the average strength for each segment and their probabilities were

determined. The strength values were then randomly assigned across the integration points in the



PFE model according to their probabilities. This approach successfully reproduced the tensile and

flexural responses with the mean peak load, post peak behavior, and energy absorption similar to

experimental results within ten iterations. Next, in addition to the tensile strength, the statistical

distributions of the elastic modulus and compressive strength were also considered. The tensile

strength and compressive strength were modeled by bimodal Weibull strength distributions corre-

sponding to the uniaxial and 3-pt bending experiments. To determine the mixture weight fraction

of the bimodal models and some difficult to measure parameters in the damage mechanics based

composite material model, model optimization was explored using two techniques: (1) Artificial

Neural Network (ANN)-basedmachine learning (ML) and (2) Random Search. It was observed that

although computationally inexpensive, ANN-ML was rather complicated for a general-purpose re-

gression. On the other hand, RS is easy to implement. Its high computational cost is acceptable

as the optimization has to be done only once for any specific material model. The PFE models

optimized with RS were examined with four verification cases including tensile, compression, 3-pt

and 4-pt bending, and three validation cases including open hole tension, disk bending with a fixed

boundary and with a simply supported boundary conditions. The PFE predictions agreed well with

the experimental results across these load cases.
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CHAPTER 1

INTRODUCTION

Improvement of fuel efficiency in automobiles has become increasingly significant in recent years

due to international regulations on carbon footprint reduction. To meet this, weight reduction is a

key factor, as it directly affects the energy required to move a vehicle. While advanced metallic al-

loys have been used to reduce weight, their poor specific strength limits their effectiveness, and their

high manufacturing costs make them less attractive to the consumer market. Composite materials

offer a superior alternative in this regard. The use of composite materials in the aerospace industry

and high-performance race cars has been long successful. This has led to their integration into au-

tomobiles and mass transportation industries. This is an area where discontinuous fiber-reinforced

polymer (DFRP) composites, such as Sheet Molding Compound (SMC) composites, are frequently

used [1–3].

1.1 Introduction to Sheet Molding Compound (SMC)

Sheet Molding Compound composites or SMC composites are a specific branch of thermoset-

ting DFRP composite materials. It has gained popularity in the automotive industry due to its excel-

lent mechanical properties, superior corrosion resistance, and low manufacturing cost. Moreover,

SMC composites can be molded into complex shapes and sizes [4, 5]. Its manufacturing process is

relatively simple and efficient, and the speed of production can be compared to that of metal stamp-

ing. These properties make SMC composites a highly attractive option for part-supplying industries

in the automotive sector. The use of SMC composites is expected to increase in the coming years as

manufacturers continue to seek lightweight and cost-effective alternatives to traditional materials

such as continuous fiber-reinforced composites, metallic alloys, etc.

SMC panels consist of the matrix material, such as unsaturated polyester or epoxy resin, re-

inforced with chopped glass fiber bundles. The fiber bundles in SMC are randomly distributed

throughout the matrix and typically range from 15-45 wt% of the composite. The length of the

fiber bundles is typically around 20-30mm, with approximately 200 fibers in each bundle [6]. The
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manufacturing process of SMC is characterized by mold flow, which can result in microstructural

changes such as the evolution of spatial and orientation distributions of fiber bundles and the forma-

tion of voids. The mold flow pattern has a significant impact on the final physical and mechanical

properties of the molded parts, as well as their surface characteristics, such as pinholes, craters, and

surface waviness [7–9]. Further details about SMC’s manufacturing technique and morphology can

be found in section 2.1.4.

The mechanical properties of the Sheet Molding Compound (SMC) exhibit significant varia-

tion in different loading conditions, regardless of the manufacturing process. For instance, SMC

demonstrates significantly higher strength in 3-point bending tests than in uniaxial tension tests, as

reported in [7–9]. The randomness of fiber distribution and the inclusion of flaws have been cited

as reasons for this variation by Thomason et al. [8]. Additionally, Knight and Hahn [10] have ex-

plained that anyDiscontinuous Fiber-Reinforced Polymer (DFRP) composite under uniaxial tension

always fails at the largest flaw, and thus tensile strength only represents the lowest possible strength

in a specimen. SMC also shows tension-compression asymmetry, similar to other polymers and

their composites, which means it exhibits higher strength under compressive loading [11–13]. The

variation between tensile strength, compressive strength, and flexural strength is commonly known

as the size effect of strength [11]. Understanding these characteristics is critical for the development

of optimized SMC materials and processes for the production of automotive components.

1.2 Motivations

Although having long been used, the usage of SMC or any DFRP parts has endured limited

use in structural components owing to the lack of a satisfactory crashworthiness model. The main

difficulty in fully exploring the capabilities of the DFRP composite lies in the apparent uncertainty

regarding their safety and predictability. In order for automotive industries to use DFRP in making

vital components, an algorithm needs to be developed which can effectively model the randomness

of strength under different loading conditions [10, 14, 15]. Furthermore, the model needs to be easy

to implement and computationally efficient.

While extensive research has been focused on developing models for composite materials, most
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of them do not work well with DFRP. For instance, classical laminated plate theory [15], which is

a reliable and computationally efficient approach for continuous fiber-reinforced composites, per-

forms poorly with DFRP. Other approaches, such as quasi-classical laminated composite theory

or laminated random strand method, can statistically assess sample size effects through moving-

window analyses but cannot predict the variation of strength under different loading conditions.

Statistical analysis and statistical strength theory has long been considered in composite designs

[16, 17]. Probabilistic finite element (PFE) analysis based on statistical strength models has been

employed to consider uncertainties and design reliability at every scale in composites. PFE has been

used to predict the variations in ply-level material properties [18], component-level responses with

uncertainties in material and geometrical properties [18–21], the damage and failure propagation

of structures with open holes [22, 23], and the variability of the final product from manufacturing

processes [24]. Computational micromechanics techniques have been used to predict the mesoscale

variations of mechanical properties for SMC composites with chopped carbon fibers [25–30]. The

predicted variations have been incorporated in numerical models and demonstrated in simulations

of tensile experiments [25, 26, 28, 29]. However, little work has been done to examine the size

effect of strength in FE simulations of structural components.

1.3 Objectives

The objective of this work is to develop a methodology for crashworthiness simulations of SMC

composite structures with the consideration of randomness in the mechanical properties and size

effect on strength. The proposed model will cover a broad spectrum of stress distributions from

uniform to deep gradients, as it might be found in a structure. This procedure should be practical,

easy to calibrate, and computationally efficient for vehicle-level simulations. The feasibility of this

approach will be examined with experimental results, probabilistic simulations, verification, and

validation.

Thus, the first objective is to investigate the uniqueness of material strength in the conventional

orthogonal direction under tension, compression, and bending and to perform statistical analysis to

determine the correlation between them.
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The second objective is to develop a General Strength Distribution Model (GSDM) for SMC

composites. For this purpose, multimodal Weibull distributions will be developed from statisti-

cal models of tension, compression, and bending. This model would cover a broad spectrum of

stress distributions from uniform to deep gradients, and thereby, the size effect is accounted for in

simulations.

3rd objective is to develop an algorithm to implement GSDM in the FE model and optimize

model parameters to reduce error. This will be done by creating randomization in FE according to

GSDM and fitting PFE simulations with experimental results.

Finally, optimized models will be verified and validated against different mechanical charac-

terization tests. This includes PFE simulations of standardized and in-house tests, i.e., tension,

compression, axial bending, open-hole tension, disk bending, etc.

1.4 Outline

This thesis is organized as follows.

Ch.1 introduces the problem and defines the scope of this thesis.

Ch. 2 provides an overview of SMC manufacturing and its morphology. This chapter will also

provide a literature review regarding the mechanics of DFRP and different modeling approaches.

Chapter 3 presents an overview of mechanical characterization techniques and experimental

results for SMC plaques.

Chapter 4 presents an Extended Strength Distribution Model (ESDM) and probabilistic simu-

lation techniques for SMC. This technique was cross-examined with standardized characterization

tests.

Chapter 5 presents a General Strength Distribution Model (GSDM) that includes tension and

compression from uniaxial and bending. Additionally, a machine learning based optimization tech-

nique is developed to estimate parameters for GSDM and material damage mechanics.

Chapter 6 presents a Random Search based optimization technique to further improve accuracy

from PFE simulations. Additionally, results from different optimization are compared for different

mechanical tests.
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CHAPTER 2

LITERATURE REVIEW

This chapter presents an overview of current understandings relevant to Discontinuous Fiber Re-

inforced (DFRP) Composites, especially Sheet Molding Compound (SMC). SMC’s manufacturing

processes, typical morphology are reviewed in section 2.1. Literature studies on various modeling

techniques for DFRP and SMC are discussed through section 2.2-2.4. Furthermore, a review on

multimodalWeibull distribution and optimization techniques are presented through section 2.5-2.7.

Recent studies regarding simulation with statistical consideration are reviewed in section 2.8.

2.1 SMC Manufacturing and Its Morphology

The manufacturing process of SMC can be divided into two primary stages: manufacturing of

semi-finished SMC sheets or prepreg and producing parts by compressionmolding of SMCprepreg.

2.1.1 Manufacturing of SMC Prepreg

The first step in the manufacturing process of SMC prepreg is the mixing of resin, curing agent,

and filler. The resin is typically a thermosetting resin such as polyester, vinyl ester, or epoxy. The

filler is a material that provides bulk to the mixture and reduces the overall cost. Common fillers

include calcium carbonate, talc, and silica. Afterward, chopped glass fiber bundles are distributed

heterogeneously with a resin mixture. Once the reinforcement fibers are distributed, the entire

mixture is sandwiched between two release films, as shown in Figure 2.1. The release films are

used to prevent the mixture from sticking to the rollers during the compression process.

Finally, it undergoes multiple roller compression to remove any trapped air. Then it is coiled up

and stored for later stages. At this stage, it is called SMCPrepregwhich can be stored safely for a few

weeks to a couple of months, depending on storage temperature. For further detailed information

regarding the SMC ingredients and a detailed description of the manufacturing process of the semi-

finished SMC can be found in the book chapter of “Sheet Molding Compound” by Nicolais et al.

[31], and in the book by Böhlke et al. [32].
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Figure 2.1 Manufacturing process of semi-finished SMC sheet or SMC Prepreg (Böhlke et al. [32]).

2.1.2 Manufacturing Parts from SMC Prepreg

The process of manufacturing parts from SMC prepreg involves the compression molding of

the semi-finished sheets. Firstly, a molding tool is prepared based on the desired shape and size of

the part to be manufactured. The tool is heated to a specific temperature to ensure that the SMC

prepreg material flows and takes the shape of the mold.

Later, SMC prepregs are cut into smaller manageable sizes and stacked up, which is known as

SMC charge. The size of the charge and the number of prepreg layers in the charge depends on the

size and thickness of the final product. In reality, multiple charges are placed at different locations

and sometimes at multiple layers depending on the complexity of shape and variation of thickness

at different regions. Finally, stacked-up charges undergo compression at high temperatures and

pressure. The heating and pressurization process is carried out for a specific time.

2.1.3 Typical Arrangement of Charge For Molding

Parts of intricate design requires stacking up of SMC charges in various arrangement. These

arrangements can be simplified into three basic categories, i.e., unidirectional flow, heterogeneous

flow, and merging flow.
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• If the charge is placed in the middle, as shown in Figure 2.2a, then the resin-fiber mixture

would flow in every direction. Fiber orientation can still be considered as random uniform

in this case. Plaques manufactured from this manufacturing technique is known as standard

plaque. Experimental results of standard plaques demonstrated macroscale planar isotropic

behavior, as to be discussed in Chapter 3.

• When the charge is placed at either side of the mold, as shown in Figure 2.2b, the resin-

fiber mixture flows predominantly in direction-1. This results in the reorientation of fiber

and macroscale in-plane anisotropy, which is experimentally shown in Chapter 3. Plaques

manufactured with this technique is named flow plaque.

• Merging flow is obtained when two charges are placed at opposite sides, mold flows toward

the center, and merges as shown in Figure 2.2c. The resulting part is called knit plaque. This

arrangement of charge typically yields very poor mechanical properties at the flow merging

section or knit line. Knit plaque is considered the least desirable SMC.

2.1.4 Morphology of SMC

Several research works have been conducted to determine fiber orientation and microstructures

of SMC plaques using destructive and non-destructive characterization techniques. Charring and

weighing techniques are some of the commonly used destructive methods to determine average

fiber mass fraction, but they can’t be used to obtain fiber orientation since the fiber-bundle network

gets destroyed [33, 34].

Optical or electron microscopy is a common form of non-destructive technique. It is, however,

only useful to analyze the morphology of SMC at fractured surfaces as it can’t provide much in-

sight into fiber distribution. Micro-computed tomography (μCT) is a more suitable non-destructive

characterization method to obtain microstructure and inner fiber architecture [34–36].

Le et al. [37] performed a detailed microstructure analysis. They reported that glass fiber bun-

dles in the SMC are elliptically cross-sectioned (major axis ≈0.66mm and minor axis 0.06mm).

Each fiber bundle contains around 200 fibers of diameter ≈15µm which is shown in Figure 2.3a and

2.3b. Their 2D micro-imaging shows typical fiber bundle distribution and a random presence of
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Figure 2.2 Schematic view of typical SMC molding from stack of semi-finished sheet (a) standard
plaques, (b) flow plaques, and (c) knit plaques. (d) Sampling plan from plaque at orthogonal direc-
tion. 0° is treated as longitudinal direction and 90° as transverse direction.

voids. Microstructure analysis of SMC performed by Kehrer et al. [6] is shown in Figure 2.3c and

2.3d. Their 3D Micro-computed tomography (μCT) exhibited in-plane randomness of fiber bun-

dle distribution (Fig 2.3c). Additionally, fiber orientation varies through the thickness, as shown in

Figure 2.3d. Fiber bundles at the top and bottom surface were mostly curled up, while in the middle

section, they were mostly straight. Kehrer et al. [6] and Le et al. [37] concluded that SMC would

be in-plane anisotropic when mold flow is dominant along a particular direction. However, when a

fiber-resin mixture flows unidirectionally, it results in in-plane isotropic mechanical properties.

2.2 Micromechanics and Multiscale Models of SMC

As shown in the previous section, SMC exhibits complex microstructure and random orienta-

tion of fibers and voids in the matrix phase. Its mechanical characteristics are influenced by the

interactions between these components. Micromechanical and multiscale have been employed in

this regard to predict these characteristics and to optimize their properties for various applications.
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(a) (b)

(c) (d)

Figure 2.3 (a), (b) 2D micrographs of SMC showing fiber bundle distribution and random presence
of voids in the matrix (Le et al. [37]) (c) 3D μCT scan of SMC composite performed by Kehrer
et al. [6] exhibits in plane randomness of fiber bundles (d) Fiber Orientation at different thickness
[6].
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Micromechanical models of SMC aim to describe the mechanical behavior of the material at

the microscale level. These models typically use numerical techniques, such as Finite Element (FE)

analysis, to simulate the deformation and failuremechanisms of the composite. Thematrix and fiber

phases, as well as the interfacial regions, are modeled by a representative volume element (RVE)

[11, 12, 38]. Micromechanical models have been used to study the effect of various parameters,

such as fiber content, fiber orientation, and matrix properties, on the mechanical behavior of SMC.

Multiscale approaches of SMC aim to describe the mechanical behavior of the material at mul-

tiple length scales, from the microscale to the macroscale. Typically, these models use homoge-

nization techniques to link the microstructure of the composite to its macroscopic behavior. The

properties of the microscale constituents are used to calculate effective properties at the macroscale.

Some of the more commonly used homogenization methods include the Voigt, Reuss, and Mori-

Tanaka homogenization schemes. The Voigt homogenization scheme assumes a constant mean

strain, while the Reuss homogenization scheme assumes constant mean stress, and they represent

the upper and lower bounds of the solution [39]. The Mori-Tanaka homogenization scheme as-

sumes that the mean stress in the matrix of the composite is constant [40]. These homogenization

schemes are suitable for composites with continuously aligned fiber structures. Extensions have

been made to these approaches for misaligned fiber composites [39, 41].

While micromechanics and Multiscale Models models demonstrated promising results for uni-

directional composites with easily identifiable RVE, their usage in SMC is very limited due to its

intricate, random microstructures. Moreover, modeling the micromechanical structure of the entire

component using this approach is not feasible for large components such as automobiles as it would

require enormous elements in FEmesh. Performing a FE simulation on such a structure will require

immense computational resources. Finally, these approaches are typically more computationally

expensive compared to macro-scale phenomenological models.
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2.3 Statistical Strength Theory

2.3.1 Origin of the Statistical Strength Theory

Classical mechanics has been long used to describe engineering materials by internal stress,

young’s modulus, density, etc., assuming that materials are homogeneous. In a nutshell, these

parameters are assumed to be a definite number for a certain material and less likely to be influenced

by its structure. This model has demonstrated sufficient accuracy to determine the characteristics

of ductile materials which have an ordered lattice structure. However, brittle materials don’t exhibit

a simple, ordered lattice structure like ductile materials; their structures are composed of numerous

defects, i.e., dislocations, secondary phases, pores, fissures, and inclusions. Due to the complexity

of the microstructure and the uncertainty of the property of the constituents, a set of nominally

identical specimens tested under the same condition would fail at different strengths, which is very

difficult to estimate with classical mechanical theories [42].

Statistical strength theory, on the other hand, considers the inhomogeneity of structures and

links the material strength to its imperfections. According to this theory, materials are assumed to

be composed of discrete volume elements whose characteristics are related to porosity, cracks, and

other imperfections. Imperfections are randomly distributed throughout the body, which renders

the microscopic stress concentration, propagation of cracks, and overall failure. Unlike the contin-

uum theory, where the ultimate failure is deterministic, statistical strength theory describes it using

probability due to the randomness of structural flaws. By relating the strength to the material struc-

ture, this theory attempts to bridge the gap between the microscopic and continuum approaches to

fracture mechanics.

2.3.2 Different Types of Statistical Theories

Several statistical models such as Weibull, normal (Gaussian), log-normal, gamma, and gen-

eralized exponential distributions have been investigated by researchers to describe the strength

distribution in materials. Basu et al. [43, 44] summarized the most common statistical theories and

compared their accuracy to represent the strength distribution of brittle materials. They analyzed

different materials ranging from extremely brittle such as solid glass, to relatively tougher mate-
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rials, like ceramics and its composites, to determine strength reliability using probability models.

Based on their findings, the Weibull distribution represents the closest match to the experimental

results, followed by the normal distribution.

Lu et al. [45] also presented a relative comparison between Weibull and normal distributions.

They stated that the two-parameterWeibull and normal distribution fits better than the three-parameter

Weibull distribution for brittle materials like ceramics. They also noted that normal distribution

could potentially introduce non-physical negative tensile strengths. Elimination of these irrelevant

data points would disrupt the symmetry of strength distribution around the mean value [16, 46].

This limitation makes the normal distribution less versatile, and special attention is needed to at-

tenuate the biased results in different cases. In contrast, the implementation of the Weibull model

is much straight forward. Additionally, the Weibull model can accurately estimate flexure strength

from tensile strength [10]. Other statistical models were not employed in this regard.

2.4 Weibull Theory of Strength

2.4.1 Weibull Theory Derivation

Weibull strength theory [47] dictates that any brittle material can be considered as a chain, and

it will always fail at its weakest link. So, the strength of a brittle material represents the strength of

the weakest link. The Weibull model assumes that defects are randomly distributed throughout the

body. This random flaw distribution creates the provision of merging multiple flaws into a larger

flaw. This results in defects of random sizes throughout the specimen (can be seen in themicrograph

of brittle materials in Figure 2.3a and 2.3b). As the volume of a material increases, the probability

of having multiple weak links or having a larger flaw also increases. Based on this theory, the

probability (S) of a specimen’s strength would exceed its threshold strength can be described as,

𝑆 = 𝑒𝑥𝑝

[
−
∫
𝑣

(
𝑋 − 𝑋𝑢

𝑋0

)𝑚
𝑑𝑉

]
(2.1)
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where,

𝑋0 = Characteristics strength

𝑚 = Weibull modulus or shape parameter

𝑉 = The volume of the specimen under stress

𝑋𝑢 = The threshold stress below which the material will not fail.

2.4.2 Application of Weibull Theory

A major application of Weibull strength theory is in the field of brittle fracture. The Weibull

theory has been applied to different materials, including ferritic steels [48], ceramics [11], rocks

[45], dental materials [45], fibers [49], and composites [50]. TheWeibull shape parameter is closely

related to the flaw size distribution, and hence it can define the brittle fracture of a material and be

used to estimate the crack propagation under load [51, 52]. Xie and Gao [42] investigated the

damage evolution in rocks under load using video microscopy and scanning electron microscopy

and correlated its strength and crack propagation with fracture statistics which fits properly with

the Weibull model. They argued that the Weibull shape parameter could represent the structural

properties and crack distribution in a rock.

Another major application of the Weibull theory is in the probabilistic design and reliability of

engineering structures [53–55]. Engineering structures contain defects. Under service loads, these

defects may grow into micro cracks and initiate failure. The design based on classical mechanical

theories with deterministic properties cannot link the material nonuniformity to the reliability of

the structures. Besides large structures, Weibull theory is also effective in predicting the strength of

micro-electro-mechanical system design [56]. These microscale devices demonstrated significantly

higher strength compared to bulk counterparts, as predicted by the Weibull size effect.

2.4.3 Application of Weibull Theory in DFRP

DFRP consists of discontinuous fibers in a polymer matrix. Unlike continuous fiber-reinforced

composites, where the load is carried directly by fibers, DFRP transfers load from one fiber bundle to

another through the matrix and fiber/matrix interfaces. Therefore, its mechanical property is greatly
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influenced by the fiber length, fiber distribution, and flaw distribution in the matrix. Fiber bundles

and flaws in the matrix are randomly distributed throughout the whole part as well as through-

thickness [40, 41]. Consequently, the scatter in the strength of DFRP composites is much larger

than that of continuous fiber composites, and statistical analysis has to be considered. The Weibull

model has been successful regarding this by describing its strength with probability distribution

[10].

Another issue with DFRP composites is the large difference between the tensile and flexural

strengths. Its flexural strength is often 60-80% higher than the tensile strength. The statistical

strength theory based on the Weibull model can explain this difference [10, 57]. In uniaxial ten-

sion, the entire gage section of the specimen is under uniform stress. The tensile strength will be

determined by the largest flaw in the gauge section. In the case of 3-point flexure tests, the stress

is concentrated in a small effective volume under the middle roller on the surface. In this case, the

flaw has to be exactly under the middle roller and on the surface. The possibility of having a flaw

in this small region is infinitesimally low, and hence it would result in significantly higher strength.

Mathematically, this phenomenon can be explained by the Weibull model size effect on strength.

Under uniaxial tension, the specimen is under uniform stress and threshold strength 𝑋𝑢 = 0.

Equation 2.1 can be written as,

𝑆 = exp
[
−𝑉

(
𝑋 − 𝑋𝑢

𝑋0

)𝑚]
(2.2)

If the tensile test is carried out for two specimens of the same material but different volumes V1

and V2, the two specimens would have the same probability of survival. According to Equation

2.2, we have:

𝑆 = exp
[
−𝑉1

(
𝑋1 − 𝑋𝑢

𝑋0

)𝑚]
= exp

[
−𝑉2

(
𝑋2 − 𝑋𝑢

𝑋0

)𝑚]
(2.3)

=⇒ 𝑋1
𝑋2

=

(
𝑉2
𝑉1

) 1
𝑚

(2.4)

The effective volume for the uniaxial tension test is the entire specimen volume (except the

grip). However, according to the Weibull model, the effective volume for 3-point bending and
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4-point bending test can be described by Equation 2.5 and 2.6 respectively as below:

𝑣𝑒 =
𝑊𝐿𝑇

2(𝑚 + 1)2 (2.5)

𝑣𝑒 = 𝑊𝑇

[
𝑙

2(𝑚 + 1) +
𝑟

(𝑚 + 1)2

]
(2.6)

Where, 𝑊= width of specimen

𝐿= length of specimen

𝑇= thickness of specimen

𝑙= loading span for 4-pt bending

𝑟= distance between support and loading roller

Equation 2.4 is the so-calledWeibull size effect equation.According to Equation 2.4, specimens

with different effective volumes would have different tensile strengths. It has been used to predict

the tensile and flexural strengths of composite specimens of different sizes [14, 58]. Wisnom et

al. [59] and Cattell et al. [14] demonstrated that the tensile strength, 3-pt flexure, and 4-pt flexure

strength fit well with the Weibull size effect when considering effective volume as shown by Figure

2.4.

Bullock [57] developed a general method to determine the tensile strength of DFRP composite

from inexpensive tests such as the fiber tow test or the 3-point flexure test by utilizing the Weibull

size effect. They examined twomaterials with differentWeibull shape parameters, and the predicted

tensile strengths from the two tests were within 5% accuracy. Nader et al. [21] also performed

similar studies for multiphase materials and reported that the Weibull model was successful in

accounting for the size effect in tension specimens and variation of strength between tension and

flexural tests.

2.4.4 Significance of Parameters in Weibull Model

In Weibull distribution, the shape parameter is considered the most important measurement,

which determines the randomness of the material properties. A smaller shape parameter specifies

a larger scatter in material properties and vice versa. The shape parameter can be determined
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Figure 2.4 Relationship between strength and the volume under stress for composites (Cattell and
Kibble [14]).

from experimental results and utilized to determine a material’s behavior under different loading

conditions. Jayatilaka et al. Jayatilaka and Trustrum [51], Trustrum and Jayatilaka [52] considered

the shape parameter of the Weibull model as a material property, and Xie et al. [42] argued that the

shape parameter is related to microstructure or its flaw distribution. They successfully correlated

crack propagation in materials with their shape parameter. Their investigation suggests that the

shape parameter can account for material properties as well as its microstructure.

The shape parameter, however, depends on how sampling and tests were performed. Xu et al.

[60] investigated the influence of sample size on the shape parameter, and confidence level and

summarized that the sample size should be more than 20 to minimize the error in the estimated

parameter. Similar works can be found in [61–63], which confirmed that a sample size smaller than

20 would not accurately determine the shape parameter. In order to establish a Weibull model that

properly describes the material property, it is very important to have sufficient experimental data

points.
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2.5 Multimodal Weibull Distribution

The Weibull distribution is a common form of statistical analysis to assess reliability in engi-

neering and medical studies [64–68]. However, its assumption of a unimodal distribution is not

always sufficient for real-world cases such as materials with complex microstructures. Multimodal

Weibull distribution provides an alternative solution to this problem.

The multimodal Weibull distribution is an extension to unimodal Weibull distribution. It allows

any possibility of having multiple modes in a sample population. In the simplest form, multimodal

Weibull distribution can be considered as a mixture of several unimodal Weibull distributions. It

can be defined as below:

𝑆(𝑋) =
𝑛∑
𝑖=1

𝑝𝑖 .𝑆𝑖 (2.7)

𝑛∑
𝑖=1

𝑝𝑖 = 1 (2.8)

𝑆(𝑋) =
𝑛∑
𝑖=1

𝑝𝑖 . exp

[
−
(
𝑋𝑖

𝑋0

)𝑚(𝑖)]
(2.9)

where,

𝑆(𝑋) = survival probability for multimodal distribution

𝑝𝑖 = mixture weight

𝑆𝑖 = survival probability for unimodal distribution

𝑋0 = characteristics strength

𝑚 = Weibull modulus or shape parameter

Mixture weight (𝑝𝑖) is determined from diversity in a population. Several methods have been

developed to estimate this parameter. They can be broadly classified in three categories [69] i.e.

• Graphical methods

• Statistical methods

• Combination of the above two methods
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Graphical methods are useful when an initial rough estimation is required. But, it has limited

use in most real-life cases as there is no well-developed statistical theory for determining asymptotic

properties. Statistical methods are better suited as a general-purpose estimation technique [70, 71].

It works well with all kinds of models and data. Statistical methods can be done by following

techniques:

• Bayesian approach

• Pearson’s method of moments

• Maximum likelihood

• General curve fitting

• Hybrid methods etc.

In most cases, model parameters for multimodal Weibull distribution can’t be directly mea-

sured from experimental results as the diversity could be unpredictable. Instead, it is estimated

from an iterative process [72]. These approaches are relatively easy to apply for bimodal Weibull

distributions but become complicated for trimodal Weibull distributions.

Multimodal Weibull distribution covers a broad range of phenomena, including material sci-

ence, mechanical system, wind energy, financial studies, etc. Bourahli et al. analyzed the strength

data of natural Diss fibers and investigated the compatibility of various probability distribution

functions with their experimental results [66]. Their investigation showed that the bimodal Weibull

distribution provides the least error in comparison to other distributions. Watanabe et al., A re-

search group from the Institute of Power Engineering, provided an overview of statistical analysis

for wind power [73]. Their review paper shows that a mixture of twoWeibull distributions provides

fewer relative errors in determining the annual wind power density and energy production. Similar

results are found for brittle materials [74], plasma coating [75], SiC fibers [76], carbon fibers [77],

titanium alloy [78], composite structures [79], etc.

2.6 Machine Learning and Statistical Analysis

Machine Learning (ML) is a field of artificial intelligence. In simple terms, it can be considered

a statistical model that can learn from a given data set and automatically improve its accuracy
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Figure 2.5 Schematic representation of simple artificial neural network (perceptron).

through a rigorous algorithm. It has broad applications ranging from simple regression analysis to

autonomous driving.

One of the common subsets of ML algorithms is Artificial Neural Networks (ANN). It is in-

spired by biological neural networks that constitute animal brains. Its simplest form is known as a

perceptron, composed of a single neuron where the linear transformation of input variable occurs

[80–82]. It can be described by Equation 2.11 and illustrated as Figure 2.5.

𝑦 = 𝑓 (𝑥) = 𝑎(𝑤𝑖𝑥𝑖 + 𝑏) (2.10)

𝑦 = 𝑎(𝑤1𝑥1 + 𝑤2𝑥2 + ... + 𝑤𝑛𝑥𝑛 + 𝑏) (2.11)

where, 𝑎= activation function

𝑏 = bias

𝑤 = weights

ANN with 3 hidden layers can be illustrated as Figure 2.6. ANN with 𝑛 hidden layers can be

represented by following equations.
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Figure 2.6 Schematic diagram of ANN with 3 hidden layers.

ℎ(1)𝑖 = 𝑎 (1) (𝑤 (1)
𝑖 𝑗 𝑥

(1)
𝑗 + 𝑏 (1)𝑖 )

ℎ(2)𝑖 = 𝑎 (2) (𝑤 (2)
𝑖 𝑗 ℎ(1)𝑗 + 𝑏 (2)𝑖 )

.

.

𝑦 = 𝑎 (𝑛) (𝑤 (𝑛)
𝑖 ℎ(𝑛−1)

𝑖 + 𝑏 (𝑛))

Where, ℎ𝑖 =intermediate variable for a hidden layer

𝑥 𝑗 =input variables

𝑦 =output variable

ANN can be used for both classification and regression tasks. In regression, the ANN is trained

to predict a continuous output variable based on a set of input features. Training in ML is a process

where weights 𝑤𝑖 𝑗 are estimated from an input data set. This is typically done using an optimization

algorithm such as gradient descent. Once ANN is trained, it can be used to make predictions on a

new data set.
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(a) (b)

Figure 2.7 Example of regression analysis with ANN with (a) one hidden layer (b) 3 hidden layers.

ANN with one hidden layer, as shown in Equation 2.11 can fit with linear data as well as some

simple nonlinear data. However, it doesn’t workwell with every nonlinear data. One of the examples

is shown in Figure 2.7a. Here, the blue line represents the data ANN was trained on, and the red

line represents the data predicted from ANN. The model was able to capture the average trend of

the input data, but the prediction wasn’t precise. When the same data was used to train an ANN

with three hidden layers, it was able to predict very accurately, as shown in Figure 2.7b.

In engineering applications, ANN is being adopted for manufacturing processes, optimization

of FE models, structural engineering, estimation of parameters for stochastic processes, etc. Luo

et al. [83] used an ANN-based optimization strategy to minimize errors in FE analysis. Their opti-

mization techniques were able to achieve less than 1% error. In a study by Gholizadeh et al. [84], a

machine-learning approach was used to predict the behavior of steel structures under extreme load-

ing conditions. The authors trained a neural network on a dataset of simulations of steel structures

under different loading scenarios and used the network to predict the behavior of new structures

under similar conditions. The results showed that the neural network was able to accurately predict

the behavior of new structures and outperformed traditional FEA models in terms of computational

time and accuracy. Liu et al. [85] provided a comprehensive overview of ANNs in the constitutive

modeling of composite materials. Their review paper enlisted some promising results regarding

the improvement of accuracy and efficiency of FE modeling for composites.
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Figure 2.8 Methodology of the blind random search algorithm (Ranazzi and Pinto [87]).

2.7 Random Search Optimization

Random Search (RS) is a common optimization technique in statistical analysis to estimate the

optimal values of a set of parameters [86]. The approach involves randomly selecting values for

the parameters within a predefined range and then assessing their performance using a designated

evaluation metric, such as accuracy or error rate. The process is then repeated with different ran-

domly sampled parameter values until the best combination of parameters that yielded the highest

performance metric is identified. Generic RS algorithm can be illustrated [87] as Figure 2.8.

One of the key advantages of RS optimization is its simplicity and versatility. It is easy to

implement and does not require any prior knowledge of the parameter space. Additionally, RS op-
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timization isn’t susceptible to converge at a local optima as data sampling is random independent

[88]. This makes it an ideal technique for exploratory research or when working with complex

models that have many parameters. However, RS can be slow and computationally expensive, par-

ticularly for large parameter spaces. Despite its drawbacks, random search optimization is powerful

and widely used for finding the optimal set of parameters for complex models [89].

Keith et al. compared the performance of random search optimization to other popular optimiza-

tion techniques, such as genetic algorithms and particle swarm optimization, for parameter tuning

in support vector machines. The authors found that random search optimization outperformed the

other methods in terms of accuracy. Similar studies have been done by a research group from the

School of Information and Communication Technology, Australia. They remarked that RS opti-

mization is a reliable and accurate optimization scheme when computation cost is not concerned.

Andradóttir investigated the potentiality of RS in the optimization of simulation and concluded that

it can always lead to global optimum system design [90–92].

2.8 Simulations with Statistical Consideration

Several types of research have been conducted to develop phenomenological modeling tech-

niques to simulate the stochastic nature found in a wide range of fields such as material science,

engineering, finance, particle physics, computational biology, etc. These simulation techniques are

generally referred to as probabilistic simulation. Among them, Monte Carlo (MC) simulation is

commonly used [93].

Monte Carlo simulation is a computational technique used to estimate the outcome of a stochas-

tic event in a system by generating from its probabilisticmodel [94]. It does so by generating random

samples of inputs and calculating the resulting outputs. Predictions from MC can be reliable and

accurate as long as the underlying probability distribution is modeled accurately. Nonetheless, a

broad range of problems has been effectively resolved with MC.

In composite mechanics, MC has been used since the 1970s MC technique has been used suc-

cessfully to incorporate statistical strength simulation [38, 95–100]. But, they were mostly limited

to micromechanics-based models. One of the earliest applications of Monte Carlo simulation in FE
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analysis of mesoscale composites demonstrated by Xia et al. [101–104]. The authors developed

the methods to study the quasi-static and dynamic failure process of unidirectional composites in

tension, and the predicted results agree well with the experiments.

In recent years, Nader et al. [19–21] applied MC simulation in PFE analysis for different tests

on multidirectional woven E-glass/vinyl ester polymer matrix composites. The authors treated the

elastic properties and strength of thematerials as random variables and generated sample sets of data

parameters using the corresponding probability distribution. Their models predicted results met

sufficient reliability with 500 iterations. This could be helpful for the analysis of smaller specimens

but not ideal for automotive crash simulation applications.

Similar studies have been performed by Emil et al. The authors compared the MC and quasi-

MC method to determine the fracture of composite laminates [22]. However, their approach was

slightly different from Nader et al. [19–21]. They used random sampling for every element, while

Nader et al. used the same material properties for all elements. The authors demonstrated that the

quasi-MC technique is significantly faster than the MC method.

Overall, these models are based on unimodal distribution derived from a particular mechanical

property. Their usage is mostly limited to continuous fiber-reinforced composites where the size

effect on strength isn’t as significant as DFRP. In the case of DFRP composites such as SMC, the

size effect is inviolable, as to be discussed in Chapter 3. Such as SMC has 60-80% higher flexural

strength in comparison to its tensile strength. This phenomenon can’t be properly predicted from

models that are based on unimodal distribution.
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CHAPTER 3

MECHANICAL CHARACTERIZATION OF SMC

This chapter presents the development of experimental methods for the characterization of SMC

composite. It contained chopped glass fiber strands roughly 25 mm long in a thermoset resin.

The nominal fiber weight fraction determined by the burn-out method [105] was about 43%. The

received SMC plaques had a nominal dimension of 300x600x3.25 mm. Mechanical properties

were measured with specimens cut along the longitudinal and transverse directions of the plaques

as shown in Figure 2.2d. Three types of plaques of glass fiber SMCwere investigated, i.e., standard,

flow, and knit plaques. However, the investigation in this chapter is mainly focused on standard

plaques.

For statistical analysis, mechanical tests were performed under tension, 3-point (3-pt) bending,

and 4-point (4-pt) bending, which is tabulated in Table 3.1. Size effect on strength [10, 14, 57–

59, 106] is investigated by comparing different categories of tests. It wasn’t tested under the same

loading configuration. In other words, the specimen size was kept constant for each type of test. All

tests were performed under quasi-static displacement-controlled mode and at ambient temperature

(∼22°C).

For all specimens and all kinds of tests, the modulus of elasticity was calculated by taking

the slope of the stress-strain curves ranging from 5-30% of the ultimate stress. For example, if a

specimen has ultimate stress of 160MPa, then the modulus would be determined by taking a slope

between 8 MPa to 48 MPa.

Table 3.1 Mechanical characterization tests performed on the SMC.

Test name Standard Nominal Dimensions
Uniaxial Tension ASTM D3039 [107] 20x150x3.25
Uniaxial Compression In-house 20x75x3.25
3-pt bending ASTM D790-03 [108] 12.7x52x3.25
4-pt bending ASTM D7264 [109] 13x104x3.25
In-plane shear ASTM D7078 [110] 56x56x3.25
Cyclic shear In-house 56x56x3.25
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Figure 3.1 Schematic diagram for uni-axial tension test.

3.1 Uniaxial Tension Test

Tensile tests were performed according to ASTMD3039/D 3039M [107]. A schematic diagram

of the uniaxial tension test is shown in Figure 3.1. The test was carried out with a MTS servo-

hydraulic 810 material testing system with a 22.5 KN load cell. The specimen was gripped with

hydraulic grips with a pressure of 9 MPa. Specimens were loaded to the machine byMTS’s built-in

specimen protection system to eliminate unexpected preloading of the specimen.

A laser extensometer was primarily used to measure the displacement, in addition to machine

displacement. The laser extensometer’s output (analog voltage) was calibrated from a predeter-

mined length. Output from the laser extensometer was connected to MTS 810 to record data syn-

chronously with force and machine displacement. The test was performed at a quasi-static rate of

1.5 mm/min or strain rate of 0.0005/sec under the displacement-controlled model.

3.1.1 Sampling

For each type of plaque, 6-8 specimens were taken along the longitudinal and transverse direc-

tions. Locations of these specimens on the plaques are shown in Appendix A on Figure A.1 at page

129. The specimens were marked with an identification number and photographed to keep proper

documentation. The specimens were cut with a wet diamond saw, cleaned, and dried before test-

ing. After specimen preparation, their dimensions were measured. The thickness and width were

measured with a micrometer and slide caliper, respectively. For each specimen, four dimension

measurements were taken, and their average was recorded. The tensile specimen had a nominal
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width of 20 mm and a thickness of 3.25 mm. The gage length for the laser extensometer was about

45 mm. Exact dimensions are given in Appendix A on Table A.1 through Table A.4 at page 129.

3.1.2 Calibration of Machine Displacement

Crosshead displacement of the testing machine is typically very inaccurate due to slippage of

the specimen in the grips. A laser extensometer can provide reliable and precise measurements in

this regard. However, the laser extensometer’s measurement becomes unreliable near the peak load

of the specimen as the laser tags tend to become loose. Additionally, failure doesn’t always happen

in between laser tags. To avoid these limitations, calibrated machine displacement is used.

The calibration was done by correlating the machine displacement with a laser extensometer.

The machine displacement vs. the laser extensometer displacement for uniaxial tension is shown

in Appendix A on Figure A.2 at page 130. The slope of the graph provides the calibration factor.

Since the specimen’s slippage varies from test to test, the calibration factor was determined for each

specimen. From Figure A.2 it is seen that the laser displacement provided a reliable reading until

machine displacement reached about 1.3mm. After that, the laser tag tends to peel off due to its

poor adhesion to the specimen. Therefore, a correlation factor was determined between machine

displacement and laser displacement for the 0-1 mm range. The results are given in Table 3.2.

Table 3.2 Calibration factor for machine displacement during tensile test of standard plaques.

Specimen ID TT1 TT2 TT3 TT4 TT11 TT12 TT13 TT14
Calibration factor (mm/mm) 0.313 0.072 0.505 0.460 0.451 0.514 0.459 0.460

3.1.3 Digital Image Correlation

The local strain in a SMC composite is influenced by the fiber orientation. Vice versa, the

strain field can provide useful information about the fiber orientation of the SMC. To investigate

this phenomenon, the digital image correlation (DIC) measurement was performed for standard

plaques during the tensile test.

For DIC measurement, the surface of the specimen was sprayed with fine speckles. SMC spec-

imens are naturally grey to black in color. Therefore, they were coated with a flat black paint to

make a uniform non-reflecting black surface. Later, white speckles were created on top of black
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Figure 3.2 Virtual extensometer arrangement on specimen to determine poison’s ratio of SMC using
DIC.

paint using flat white spray paint. Speckles’ size ranged between 0.2-0.5 mm.

A Stingray F-201B monochrome CCD camera was used to capture the image during tensile

tests. The camera has a resolution of 1624x1234 pixels. All images were taken with a Zeiss 50

mm macro lens. A DC incandescent light source was used during imaging to improve contrast and

reduce noise.

Images from the camera were synchronized with the tensile testing machine. The synchroniza-

tion was done by using the same data acquisition frequency and matching rupture. For example,

the tensile test data acquisition frequency was set to 10 Hz, and the image capturing system was
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Figure 3.3 SMC’s uniaxial tension test stress-strain results for Standard plaques.

set to 10 FPS. This technique enabled us to obtain data at the same time interval. The last step

towards synchronization is to match tensile testing data with camera images. It can be done if the

two systems can be started exactly at the same time, but that couldn’t be done as two processes were

done on a separate system. An alternative route is to match a specific point, such as the point of fail-

ure. The force measurement from the testing machine and the strain measurement from DIC would

provide a sharp point when the specimen fails at the ultimate stress. By matching the failure point,

we can correct the phase lag between the camera and the testing machine. This synchronization

process was performed in the post-processing of the tensile test experiment.

The same process was used to determine the Poisson’s ratio of the material. In this setup, eight

virtual extensometers were created on the specimen in the longitudinal and transverse directions to

obtain an average strain measurement along those axes, as shown in Figure 3.2. Results from DIC

are shown in Appendix A on Figure A.9 at page 134.

3.1.4 Uniaxial Tension Test Results

Figure 3.3a presents all tensile stress-strain curves measured in SMC standard plaques. Speci-

mens TL11 to TL28 were along the longitudinal direction, whereas TT1 through TT14 were along
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the transverse direction. From these results, the following are observed: (1) tensile stress-strain

curves were highly scattered, and (2) tensile properties for standard plaques in the longitudinal di-

rection and transverse directions were randomly distributed. In other words, tensile properties were

indistinguishable between directions.

Figure 3.4 demonstrates the strain distribution on the specimen (SMC standard plaques) during

the uniaxial tension test. The strain field was obtained from digital image correlation. This figure

clearly shows (1) the strain field was almost uniform at the lower strain level. (2) strain became

gradually non-uniform as the specimens were stressed further. (3) Near peak load strain was highly

concentrated near the area of failure. The strain field fromDIC provided a good prediction of where

the specimen might fail.

Uniaxial tension test results for Flow plaques and knit plaques are given in Appendix A Figure

A.3 to Figure A.6 at page 131.

3.2 Uniaxial Compression Test

The MTS 810 material testing system was used to perform uniaxial compression tests. The test

protocol was developed in-house. A schematic diagram of this test protocol is shown in Figure 3.5.

In this protocol, the specimen was gripped directly by the hydraulic grips at its two ends. The length

of the ungripped portionwas kept sufficiently short to prevent global buckling of the specimen under

compression. The ASTM standard compression test usually utilizes an anti-buckling fixture for this

purpose. However, the standard setup prohibits the measurement of the post-peak behavior, which

is critical to crash simulations.

For each type of plaque, 6-10 specimens were taken in both longitudinal and transverse direc-

tions. Figure 135 shows the locations of the specimens. The specimens had a nominal cross-section

dimension of 15x3.25 mm. The measured dimensions are given in Appendix A on Table A.5 to

Table A.7 at page 135.

The laser extensometer and the machine crosshead displacement were used for displacement

measurement. The machine displacement was calibrated the same way as in the tensile experiment.

Calibration curves and results are given in Appendix A on Figure A.11 at page A.11. It indicates
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Figure 3.4 Uniaxial tension strain field for standard plaques measured by DIC.

25 15 25

10

SpecimenGrip area

3.25

Figure 3.5 Schematic diagram for uniaxial compression test.
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that the laser extensometer provided reliable readings until machine displacement was around 0.6

mm. Therefore, the correlation factor was determined for a displacement range of 0-0.4 mm.

Figure 3.6a plots the compressive stress-strain curves for the standard plaques. Specimens 1

through 11 were along the longitudinal direction, whereas 12 to 22 were along the transverse direc-

tion. As seen, the curves were randomly distributed in the stress-strain plots. The results suggest

that the standard plaque can be considered isotropic under compression. The degree of anisotropy

observed in these plaques is similar to the uniaxial tension cases. Figure 3.6b demonstrates the

failure mode of SMC standard plaques during uniaxial compression tests. Compressive properties

of flow plaques and knit plaques are shown in Appendix A on Figure A.12 to Figure A.14 at page

136.

3.3 3-Pt Bending Test

The flexural tests under 3-point bending were performed according to ASTM D790-03 [108].

A Schematic diagram and nominal dimensions for the 3-pt bending test are shown in Figure 3.7.

Seven specimens were taken from standard plaques along longitudinal, and six were along trans-

verse directions. Specimens were prepared using a water-jet CNC cutting machine. The exact

dimensions of the specimens were given in Appendix A on Table A.8 to Table A.10 at page 138.

All Tests were performed with a MTS Insight material testing system. WTF IO-108 three-point

bending fixture was used to mount specimens on the MTS Insight testing machine. This fixture had

three rollers of 0.25-inch diameter to provide smooth translation motion of specimen.

A quasi-static displacement rate of 1.5 mm/min was used for all tests. The reaction force from

specimens was measured by a 10 kN load cell. Crosshead displacement was used to measure the

specimen’s mid-span deflection. The flexural stress of SMC was determined using the following

equation:

𝜎 𝑓 =
3𝐹𝐿

2𝑊𝑇2 (3.1)
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Figure 3.6 Uniaxial compression test for SMC standard plaques (a) Stress-strain plots (b) Failure
mode.
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Figure 3.7 3-pt bending test schematic diagram (ASTM D790).

where, 𝜎 𝑓 = stress in the outer fibers at midpoint [MPa]

𝐹 = applied force [N]

𝐿 = Support span [mm]

𝑊 = width of the specimen [mm]

𝑇 = Height or thickness of the specimen [mm]

Figure 3.8a presents the flexural stress-strain curves obtained under 3-point bending for standard

plaques. Flexural test results showed a similar scatter as uniaxial tension results. For the standard

plaque, specimens B1 through B8 were along the longitudinal direction, whereas B74 to B80 were

along the transverse direction. Differences in flexural strength between longitudinal and transverse

directions were indistinguishable similar to uniaxial tension or compression test results.

However, 3-pt bending tests of standard plaques demonstrated two key differences in compar-

ison to uniaxial tests, i.e. (1) Peak stress was significantly higher compared to its tensile or com-

pressive strength, and (2) Specimens failed gradually during bending, whereas in uniaxial testing

specimens reached to near zero stress after peak stress. In other words, specimens had very high
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Figure 3.8 3-pt bending test results for SMC standard plaques (a) Stress-strain plots (b) Specimen
deformation and failure mode at different strains.
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strain at rupture during 3-pt bending tests.

Gradual failure of SMC under 3-pt bending can be clearly seen in Figure 3.8b. These sequential

images were taken during the test. They demonstrate the progression of failure of the specimens at

different strains. 2nd image in the sequence (𝜖 = 0.003) represents conditions at peak stress where

the failure of the lower surface was visible. The last image in the sequence represents conditions

at rupture. One important key point of failure mode is: failure started at the bottom surface where

the fibers were at tension. This failure then gradually progresses toward the top surface. Even at

rupture, there wasn’t any sign of failure on the top surface of the specimen. A similar failure mode

was seen in all 3-pt bending cases. Therefore, it can be concluded that SMC’s failure during 3-pt

bending tests was dictated by tensile failure.

Flow plaques and knit plaques exhibited similar results. Results for Flow plaques and knit

plaques 3-pt bending tests are shown in Appendix A on Figure A.15 to A.18 at page 139.

3.4 4-Pt Bending Test

4-pt bending tests were performed according to ASTM D7264 [109]. The schematic diagram

and nominal specimen dimensions for the 3-pt bending test are shown in Figure 3.9. Tests were

carried out with a MTS Insight material testing system and WTF IO-108 fixture. It was the same

fixture as 3-pt bending setup, but it used four rollers instead of three rollers.

A total of fourteen specimens were prepared from SMC standard plaques along the longitudinal

and transverse directions. All tests were carried out in displacement-controlled mode at a displace-

ment rate of 1.5 mm/min. The reaction force from the specimen was measured with a 10 kN load

cell. Flexural stress was determined from the following equation:

𝜎 =
3𝐹𝐿

4𝑊𝑇2 (3.2)
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Figure 3.9 Schematic diagram for 4-pt bending test.

Where, 𝜎 = stress in the outer surface in the load span [MPa]

𝐹 = applied force [N]

𝐿 = Support span [mm]

𝑊 = width of the specimen [mm]

𝑇 = thickness of the specimen [mm]

ASTM D7264 standard requires mid-span deflection measurement to determine strain at the

outer surface of the specimen. This experiment was done with a Laser extensometer. Mid-span

deflection measurement was done by putting one laser tag on the top part of the fixture and another

at the mid-section of the specimen. Later output from the laser extensometer was synchronously

recorded with force measurement from the MTS machine. Finally, strain at the outer surface was

determined from Equation 3.3. The correlation between laser displacement and machine displace-

ment is shown in Appendix A on Figure A.19 at page 142.

𝜖 =
48𝛿𝑇
11𝐿2 (3.3)
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Where, 𝜖 = strain at the outer surface of the specimen [mm/mm]

𝛿 = mid-span deflection [mm]

𝐿 = Support span [mm]

𝑇 = thickness of the specimen [mm]

Figure 3.10a shows the stress-strain curves for 4-point bending tests. These test results were

obtained from SMC standard plaques. Specimen B67-B73 were cut along the longitudinal direc-

tion from standard plaques, whereas B50 to B56 were along the transverse directions. 4-pt tests

demonstrated similar anisotropy and scatter as other characterization tests.

4-pt bending tests of standard plaques had two major differences in comparison to two 3-pt

bending tests: (1) Peak stress was lower compared, yet it was higher than its tensile strength, and

(2) Specimens failed more rapidly after peak stress.

Rapid failure of peak stress during 4-pt bending can be clearly seen in Figure 3.10b. These

sequential images were taken during the test. They demonstrate the progression of failure of the

specimens at different strains. 5th image in the sequence (𝜖 = 0.003) represents conditions at peak

stress where the failure of the lower surfacewas identified. The last image in the sequence represents

conditions at rupture.

Similar to 3-pt bending, failure started at the bottom surface where the fibers were at tension.

Then the failure rapidly progressed through the thickness towards the top surface. This failure then

gradually progresses toward the top surface. There wasn’t any noticeable failure on the top surface

due to compression.

3.5 In-Plane Shear Test

The in-plane shear properties of the SMCwere measured using the V-Notched rail shear method

according to ASTM D7078/D7078M -12 [110]. Figure 3.11 shows a schematic diagram of the V-

Notched specimen and its nominal dimensions.
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deformation and failure mode at different strains.

39



56 D=31

12.5

56

90°

T=3.25

Figure 3.11 Schematic diagram for V-notched shear test.

3.5.1 Sampling

For standard plaque, a total of 15 samples have been taken. Seven test specimens were taken

in the transverse direction, and eight specimens were taken along the longitudinal direction. Their

locations are shown in Appendix A in Figure A.20 at 143. Specimens were cut from the SMC

plaque using a CNC water jet. The actual dimensions of the V-Notched specimens are given in

Appendix A on Table A.11 to Table A.13 at page 143.

3.5.2 Test setup

The test setup for the in-plane shear test is shown in Figure 3.12. The specimen was clamped

using a V-Notched rail fixture, as shown on the left side of the experiment setup. This specific was

manufactured by Wyoming Test Fixtures, INC. The right image in Figure 3.12 shows the entire

experiment setup. A DC incandescent light source with an endoscope was used to illuminate the

surface of the specimen to obtain noise-free images from the camera. All images were taken with

Zeiss 50 mm macro lens. The camera was set on a tripod to get the same field of view.

The specimen was clamped to the fixture according to ASTM specifications, i.e., each bolt of

the fixture was tightened to 50Nm torque using a digital torque wrench. Tests were performed on

a MTS-810 material testing machine with a displacement-controlled mode similar to the uniaxial

tension test.
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Figure 3.12 Experimental setup for Shear test of SMC.

The shear stress 𝜏 is calculated using the following formula:

𝜏 =
𝑃

𝐻𝐷
(3.4)

where, 𝐹 = force obtain from load cell

𝑇 = thickness of the specimen

𝐷 = distance between V-notches as shown in Figure 3.11

3.5.3 Strain Measurement

According to ASTM D7078 [110], the shear strain can be measured through two single strain

gages oriented at ±45º directions. The shear strain 𝛾 is computed as

𝛾 = 𝜖+45 + 𝜖−45 (3.5)

In this work, the strain measurement was performed using DIC. To be consistent with ASTM

D7078, virtual strain gages oriented at ±45º directions were defined. As shown in Figure 3.13a

total of 12 virtual strain gages were set between the notch tips in the gage section of the specimen.
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(a) (b)

Figure 3.13 (a)Virtual strain gage setup and (b) the measured strain history curves by these gages.

6 gages were oriented 45°, the other 6 at -45°. The strain history curves measured by these strain

gages are presented in Figure 3.13b. The shear strain was calculated using the averaged strain value

measured from the 45° and -45° gages.

3.5.4 Synchronization of DIC and Force

During the failure process, some speckles on the specimen surface fell off. This affected the

strain measurement in the final stage. To estimate the strain beyond the peak load, the machine

displacement was used. For this purpose, the machine displacement was correlated with the DIC

strain, as shown in Figure A.21 on Appendix A at page 144. The synchronization of the two systems

was similar to that in the tensile experiment. The force data were recorded at 2 Hz, and images were

taken at 2 FPS for all specimens. Figure A.21 provides a linear correlation between DIC strain and

machine displacement until the specimen failure point.
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Figure 3.14 In-plane shear test results for SMC standard plaques.

3.5.5 Results for In-plane Shear Test

Figure 3.14 presents the measured in-plane shear stress-strain curves for SMC standard plaques.

Results showed that SMC had significantly low shear strength in comparison to other mechanical

tests. However, SMC demonstrated high residual shear strength (approximately 20%).

A typical shear-strain field obtained from DIC for an in-plane shear test is presented in Figure

3.15. Results are shown for five different time steps during the tests. The image taken at 47s

represents the strain field at peak stress. Here, high levels of strain (≥ 2.5%) were concentrated

randomly between the notches. This strain concentration path was similar to its failure mods as

shown in Figure A.22 on Appendix A at page 144.

3.6 Cyclic Shear Test

MAT 297 has two plasticity parameters which are determined through a cyclic shear test [2].

In the current work, the cyclic test was performed for standard plaques. This test was carried out
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Figure 3.15 Strain filed of in-plane shear test obtained by DIC.

Table 3.3 The load levels in cyclic shear test.

Cycle no. 1 2 3 4 5
Load (kN) 2 4 6 8 9.5

the same way as mentioned in Section 3.5.1 and 3.5.2. Only the loading condition was varied.

In the cyclic test, the specimen was loaded by five consecutive loading and unloading cycles with

incremental load levels, as shown in Table 3.3. The strain measurement for the cyclic shear test was

carried out with DIC using the same method as described in Section 3.5.3 and 3.5.4. Stress-strain

results from the cyclic shear test are plotted in Figure 3.16 and plasticity parameters are graphed in

Figure A.26 on Appendix A at page 45.

3.7 Summary

Mechanical properties of SMC standard plaques are summarized in Table 3.4. SMC standard

plaques demonstrated significantly high flexural strength in comparison to their tensile strength

or compressive strength. Flexural strength in 3-pt bending was 1.9 times higher, and 4-pt bending

was 1.5 times higher compared to uniaxial tension. Flow plaques and knit plaques exhibited similar

characteristics. Their mechanical properties are summarized in Appendix A on Table A.14 through

Table A.17 at page 147.
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Figure 3.16 Cyclic shear stress-strain results for SMC standard plaques.

Table 3.4 Summary of Mechanical Properties for SMC standard plaques.

Tension Compression 3-pt 4-pt Shear
Strength (MPa) 135.6±15.5 174.2±25.1 262.9±39.1 189.8±17.4 105.5±7.4
Modulus (GPa) 10.14±1.1 13.4±1.0 11.7±1.6 10.3±0.44 5.1±0.5
Strain at peak load 0.016±0.003 0.018±0.002 0.023±0.002 0.024±0.003 0.034±0.004

Additionally, SMC standard plaques exhibited in-plane isotropic mechanical properties for all

characterization tests. In contrast, flow plaques and knit plaques were anisotropic.

Typical stress-strain curves of SMC standard plaques for different mechanical characterization

tests are plotted in Figure 3.17a. SMC specimens exhibited gradual failure during flexural load,

whereas specimens failed abruptly after peak load under uniaxial tension or compression. Never-

theless, all tests exhibited a large scatter in strength as shown in Figure 3.17b.
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Figure 3.17 (a)Typical stress-strain curves, and (b) Scatter of peak stress for standard plaques in
various mechanical characterization test.
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CHAPTER 4

PFE MODEL WITH RANDOM TENSILE STRENGTH

This chapter presents the development of the Probabilistic Finite Element (PFE) model for SMC

standard plaques. The PFE model is based on an extended strength distribution model (ESDM)

in the form of a trimodal Weibull distribution. ESDM was developed from unimodal Weibull dis-

tributions of uniaxial tension, 3-pt bending, and 4-pt bending. This strength distribution doesn’t

consider the randomness of compressive and shear strength.

ESDM was subsequently tested in PFE simulations of SMC tensile and flexural experiments

following a randomization algorithm that considers the tensile strength as a random variable and

assigns it according to ESDM across finite element models.

PFE Model described in this chapter followed two major steps, i.e., the development of a statis-

tical model for SMC and the implementation of randomness in the FE model. It is to be noted that

this model didn’t use any optimization to fit the simulation results with experimental results. The

work presented in this chapter has been summarized and published [111].

4.1 Mechanical Properties of SMC

Mechanical characterization of SMC standard plaques is described in Chapter 3. Among them,

only uniaxial tension, 3-pt bending, and 4-pt bending test cases were considered for the PFE model

described in this chapter. A summary of these characterization tests is given in Table 4.1. The

ratios of the flexural strength to the tensile strength measured in the 3-pt bending and 4-pt flexural

tests were 1.9 and 1.4, respectively.

Table 4.1 Summary of mechanical properties for SMC standard plaques used in this chapter.

Tension 3-pt 4-pt
Strength (MPa) 135.6±15.5 262.9±39.1 189.8±17.4
Modulus (GPa) 10.14±1.1 11.7±1.6 10.3±0.44
Strain at peak load 0.016±0.003 0.023±0.002 0.024±0.003

Figure 4.1a compares the typical stress-strain curves, and Figure 4.1b presents the scatter in

strengths for each type of test. As shown, the 3-pt bending yielded the highest strength, followed
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Figure 4.1 (a) The typical stress-strain curves of the SMC material obtained by uniaxial tension,
3-pt, and 4-pt bending tests. (b) The scatter in strengths.

by 4-pt bending and uniaxial tension. The shapes of the stress-strain curves varied with the loading

modes. During the tensile experiments, the specimens failed abruptly at the peak stress with very

little residual strength. On the other hand, the flexural stress-strain curves displayed a gradual

failure pattern, i.e., the specimens maintained some post-peak load-carrying capabilities after the

peak stress. Furthermore, the specimens exhibited a more gradual failure under 3-pt bending than

that under 4-pt bending. Figure 3.8b and 3.10b present a sequence of photos taken during 3-pt

and 4-pt flexural experiments. As shown, the failure occurred in the region of the specimen under

tension. There was minimal to no failure due to compression. The same failure mode was observed

in all flexural tests.

4.2 Statistical Model of SMC

Brittle materials display a much higher strength under compression than under tensile load

[11–13]. In flexural experiments, brittle materials tend to fail at the region of the specimen under

tension. Therefore, the flexural strength of a brittle material is related to its tensile strength but

with a much higher value. According to Weibull’s statistical strength theory [112], the strength of a

material is determined by its weakest point, i.e., the flaws. As the volume of the specimen increases,

the probability of having a larger size flaw also increases. Assuming that the flaws are randomly

distributed throughout the specimen, the probability of survival (S) of a specimen under stress 𝑋 is
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described by the Weibull model as:

𝑆 = exp
[
−
∫
𝑣

(
𝑋

𝑋0

)𝑚
𝑑𝑉

]
(4.1)

where 𝑋0 is the characteristic stress, 𝑚 is the shape parameter, is the threshold stress below

which the material will never fail, and𝑉 is the volume of the specimen under stress. 𝑚 is a measure

of the scatter of the data. A smaller value of m means that the material has a large variation in

strength and vice versa.

The Weibull theory has been used to explain the discrepancy between the flexural and tensile

strengths observed in composite materials [10, 57]. In uniaxial tension, the material is under uni-

form stress. With the assumption of 𝑋𝑢 = 0, Equation 4.1 becomes the two-parameter Weibull’s

model expressed as:

𝑆 = exp
[
−𝑉

(
𝑋

𝑋0

)𝑚]
(4.2)

where 𝑉 is the volume of the tensile specimen and 𝑋 is the tensile strength. If the tensile test

is carried out using specimens with two different volumes of 𝑉1 and 𝑉2 of the same material and

assuming that the two have the same probability of survival, we have:

𝑆 = exp
[
−𝑉1

(
𝑋1
𝑋0

)𝑚]
= exp

[
−𝑉2

(
𝑋2
𝑋0

)𝑚]
(4.3)

𝑋1
𝑋2

=

(
𝑉2
𝑉1

) 1
𝑚

(4.4)

Equation 4.4 is the so-called Weibull size effect model, which provides a relationship between

the volume under tensile stress, its strength, and the scatter of the strength. This equation essentially

shows that a material with a large standard deviation (smaller 𝑚) would have higher strength when

the volume of the specimen under higher stresses is smaller. In flexural tests, due to the presence of

a stress gradient, only a portion of the specimen is under high tensile stress. Therefore, an effective

volume is used. The equations for the effective volumes of the 3-pt and 4-pt bending configurations

are provided in Refs. [10, 57]. From the effective volume, one can estimate the flexural strength
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from the tensile strength. Vice versa, the known value of the apparent tensile strength can be used

to calculate the effective volume.

4.2.1 Unimodal Weibull Strength Model

The Weibull statistical analysis starts by making the survival probability plot, i.e., the Weibull

plot. There are a number of ways to determine the survival probability. In this work, it was deter-

mined using the median rank (M.R.) as follows [10, 113]:

𝑆𝑖 = 1 −M.R. = 1 − 𝑖 − 0.3
𝑛 + 0.4

(4.5)

Using Equation 4.5, the survival probability was determined for each data point. The Weibull

plots for strength were subsequently constructed for tensile, 3-pt, and 4-pt flexural tests, as presented

in Figure 4.2. The Weibull plots were then fitted with the two-parameter Weibull model (Equation

4.6) using the Least Square method. The obtained characteristic strength (𝑋0) and shape parameter

(𝑚) are summarized in Table 4.2. The Weibull models obtained from a single type of experimental

data are labeled as the regular Weibull models.

𝑆𝑖 = exp
[
−
(
𝑋𝑖

𝑋0

)𝑚]
(4.6)

Figure 4.2 shows that the data from different tests follow different Weibull distributions. The

tensile strength curve is on the left, followed by 4-pt bending and then 3-pt bending. Although

some of the data points from different tests overlap at their lower and higher ends, an individual

category of tests can cover only a portion of the strength spectrum. As observed in the experimental

procedure, flexural specimens failed at the region under tension. Theoretically, to cover load cases

with stress distributions either uniformly as in tensile tests or with deep gradients as in flexural

experiments, we need to perform tensile tests with specimens of different sizes. To measure the

tensile strength in a small volume, as at the stress concentration point in 3-pt bending, the specimen

size will have to be infinitesimal. Such specimens will require a small-scale test.
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Figure 4.2 The tensile strength (red) and flexural strength measured by 3-pt bending (blue) and 4-pt
bending (black) followed three different Weibull distributions.

Table 4.2 Summary of Weibull parameters for SMC plaques (Regular Weibull Model).

Data set for the model Tensile 3-Pt Bending 4-Pt Bending
Weibull modulus, 𝑚 9.68 7.31 12.04
Characteristics strength, 𝑋0 143 280 260

4.2.2 Multimodal Weibull Distribution

The Weibull statistical strength model has been successful in describing the characteristics of

brittle materials and estimating the size effect on strength. However, unimodal Weibull distribu-

tion has its own limitations. For example, manufacturing process variability, fiber heat treatment

temperature, and variation of strain rate create a significant shift in strength distribution which does

not fit with a unimodal distribution properly [114–116]. To overcome these limitations, multimodal

Weibull distributions have been used to analyze the strength of fibers [66, 117], composite struc-

tures [79, 118, 119], and ceramic coating [120, 121]. They have also been used to analyze the

fatigue rating of alloys [78]. One of the common ways of modeling multimodal data is by using
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a mixture of unimodal distributions [72, 122]. Trimodal mixture Weibull distribution is a special

case of multimodal distribution that has been used to model heterogenous mechanical properties

[117, 121]. Mathematically, a trimodal Weibull distribution can be represented as:

𝑆𝑖 = 𝑝1. exp
[
−
(
𝑋𝑖

𝑋01

)𝑚1]
+ 𝑝2. exp

[
−
(
𝑋𝑖

𝑋02

)𝑚2]
+ 𝑝3. exp

[
−
(
𝑋𝑖

𝑋03

)𝑚3]
(4.7)

with,
3∑
1

𝑝 𝑗 = 1 (4.8)

where 𝑚 𝑗 , 𝑋0 𝑗 and 𝑝 𝑗 ( 𝑗 = 1, 2, 3) are the shape parameter, characteristic strength, and mixture

weight, respectively. The mixture weight 𝑝 𝑗 is a parameter to be determined with an iterative pro-

cess. A number of approaches have been used to determine the parameters in multimodal Weibull

distribution [72], such as Pearson’s method of moments, method of quantiles, general curve fitting,

Bayesian approach, maximum likelihood, etc. These approaches are relatively easy to apply for

bimodal Weibull distributions but become complicated for trimodal Weibull distributions.

4.2.3 Extended Strength Distribution Model

As discussed in section 4.1, SMC exhibits higher strength in flexure tests than in uniaxial ten-

sion tests. Therefore, a model based on only tensile strength distribution would always underpredict

flexure strength. Similarly, if the model is based on only flexural strength distribution, it would al-

ways overpredict the tensile strength. Tensile strength distribution and flexure strength distribution

can’t individually represent the overall properties of SMC material.

To predict material behavior in different mechanical tests, it is necessary to combine tensile

test results with 3-pt flexure test results and 4-pt flexure test results in the material model. For this

purpose, we hypothesize that the flexural strength is equivalent to the tensile strength measured

with small tensile specimens, as depicted in Figure 4.3.

It is proposed to use the flexural strength data to expand the tensile strength spectrum. This may

be done by adding the flexural strength data to the tensile strength data and fitting the combined

data set with a unimodal Weibull model as in [123]. In the current work, the model was built as

a trimodal Weibull distribution by combining the tension, 4-pt flexure, and 3-pt flexure Weibull
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Length

Moment

Figure 4.3 In flexural test of brittle materials, the failure starts from the tensile side. The volume
under higher tensile stresses is relatively small, which is equivalent to tensile test with a small size
specimen.

models with equal mixture weights, as described by Equation 4.10.

𝑝 = 𝑝1 = 𝑝2 = 𝑝3 =
1
3

(4.9)

𝑆𝐸𝑆𝐷𝑀 (𝑖) =
1
3

(
exp

[
−
(
𝑋𝑖

𝑋01

)𝑚1]
+ exp

[
−
(
𝑋𝑖

𝑋02

)𝑚2]
+ exp

[
−
(
𝑋𝑖

𝑋03

)𝑚3] )
(4.10)

Themodel in Equation 4.10 is called the Extended Strength DistributionModel (ESDM). Figure

4.4 compares the combined data set with the model predictions using the ESDM and the unimodal

Weibull distribution. It can be seen that the ESDM matches the experimental data better in com-

parison to the unimodal approximation.

4.3 Considering Randomness in PFE Models

For an in-plane isotropic composite material modeled using shell elements, the inputs for ma-

terial models include the in-plane tensile, compression, and shear properties. In the current work,

only the tensile strength of the SMC was considered as the random variable, while other material

properties were kept constant. A randomization algorithm was developed to assign the random

variable in the PFE models. This included two steps: (1) discretization and (2) randomization.

53



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

50 100 150 200 250 300 350

P
ro

b
ab

il
it

y
 o

f 
su

rv
iv

al
 (

S
)

Ultimate Stress (MPa)

Experiment

Unimodal

ESDM

Figure 4.4 The ESDM (red) was created by combiningWeibull models of tension, 4-pt bending and
3-pt bending.

4.3.1 Discretization

To obtain discretized tensile strength values, the Weibull model was divided into segments and

the probability for each segment 𝑃𝑖 was determined by:

𝑃𝑖 = 𝑆𝐸𝑆𝐷𝑀 (𝑖) − 𝑆𝐸𝑆𝐷𝑀 (𝑖+1) (4.11)

This is illustrated in Figure 4.5. In this demonstration, the probability Pi distribution for the

ESDMwas discretized into ten segments for strength values between 104MPa and 346MPa. Values

outside this range were not considered, as no experimental data fell outside this range. This range

covers 95% of ESDM’s spectrum. The tensile strength (𝑋𝑇 (𝑖)) for a given segment is the mean

strength of the segment and is calculated using Equation 4.12. The discretized probability (𝑃𝑖) is

shown in Figure 4.5 as a function of the tensile strength (𝑋𝑇 (𝑖)).

𝑋𝑇 (𝑖) =
1
2
(𝑋𝑖 + 𝑋𝑖+1) (4.12)
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Figure 4.5 The discretized probability distribution of the tensile strength for ESDMwith 𝑛𝑚𝑎𝑡 = 10.
This represents probabilistic materials models.

Each segment can be considered as a unique material and hence is represented with a unique

material input set in simulations. The number of material input sets, i.e., the number of segments

denoted as 𝑛𝑚𝑎𝑡 . In the current work, the material input sets differ only in tensile strength.

The material input sets were assigned randomly to the elements in the PFE model following

the ESDM’s probability distribution (P). This was implemented by controlling the frequency of the

assignment. In SMC, fiber orientations and distributions vary both in-plane and through-thickness.

For FEmodels with shell elements, the through-thickness integration points can be utilized to assign

randomness in the through-thickness direction. In this case, the frequency 𝑓 of each material input

sets to be assigned is calculated as:

𝑓𝑖 =
𝑁𝑃𝑖 𝐼∑

𝑃
(4.13)

where N is the total number of shell elements, I is the number of integration points through

the thickness of the shell element, and Pi is the probability of the segment determined by Equation
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4.12. Excluding the values generated by the ESDM outside the range of 104-346 MPa, we would

have
∑

𝑃 < 1. This effect is adjusted in Equation 4.13.

4.3.2 Approximation of Element Size

Weibull size effect Equation 4.4 provides a correlation between strength and volume. This

equation can be used to require element size that can acquire flexure strength for a small test volume

from tensile strength. Later, volume can be used to approximate element size for a given specimen

width.

Therefore, at survival probability S=0.5 we can determine 𝑋𝑇 (at S=0.5) = 138.6 and 𝑋𝐹 (at

S=0.5) = 269. Using these values and putting them in Equation 4.4, we get effective volume or

element volume for the 3-point flexure test as:

𝑉2 = 𝑊𝐿𝑇 = 𝑉1

(
𝑋𝑇

𝑋𝐹

)𝑚
= 7.906𝑚𝑚3 (4.14)

⇒ 𝑊 = 𝐿 =

√
𝑉1
𝑇

(
𝑋𝑇

𝑋𝐹

)𝑚
≈ 1.6𝑚𝑚 (4.15)

where, 𝑊 =Wdith of element for effective volume

𝑇 =Height/thickness of SMC material (in our case which is 3.25mm)

𝐿 =length of element (in FEM analysis element is assumed to be square meaning W=L)

𝑉1 =Tensile test specimen volume

𝑚 =Weibull modulus for uniaxial tension (given in Table 4.2)

4.3.3 Randomization in FE Model

The randomization process is illustrated using the FE model of a 3-pt bending specimen ran-

domized with 𝑛𝑚𝑎𝑡 = 10, as shown in Figure 4.6a. The specimen was modeled with 320 shell

elements. Each shell element had six integration points through the thickness. Therefore, the pop-

ulation (total integration points) was 1920. A Python programwas written and used to randomly as-

sign these integration points to 10 pins according to the frequency determined by Equation 4.13 and

then associate each pin to one material input set. In this way, a probabilistic FE model with a ran-
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(a) (b)

(c)

Figure 4.6 Randomization of a (a) 3-pt bending specimen (b) Uniaxial tension specimen and, (c)
4-pt bending specimen with 𝑛𝑚𝑎𝑡 = 10. Elements with different colors have different material input
sets. The element size is 1.5 mm in all cases.

domly distributed property following a given statistical distribution can be generated. This method,

in essence, is similar to Monte Carlo (MC) or quasi-MC method [22, 72, 122, 124]. However, in-

stead of considering numerous material variables and using a refined discretization, the current

method considers only one critical material parameter and uses a relatively coarse discretization.

As to be presented in the next section, this approach can achieve sufficient accuracy with a limited

number of iterations. Similar approach was taken for modeling specimens for uniaxial tension and

4-pt bending, as shown in Figure 4.6b and Figure 4.6c.
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Figure 4.7 Tensile responses by one element simulations with the ECDMmodel with three different
tensile strength values.

4.3.4 Material Model

The material model used in this investigation was MAT 297, an Enhanced Continuum Damage

Mechanics (ECDM) model for composite materials [93] implemented for shell elements in LS-

DYNA. Figure 4.7 presents the tensile stress-strain responses produced by simulations using one

element FE model with the ECDMmodel for the SMC. Three simulation runs were performed with

three different tensile strength values while all other parameters were kept the same.

The ECDM uses the Hashin failure criterion, the same as that in MAT 58 of LS-DYNA [125],

which is a widely used composite damage model. The main features of the ECDM are: (1) it

employs two different damage evolution laws in the pre-and post-failure regions, and hence it can

describe the stress-strain response in both regions more accurately than MAT 58 [126], and (2)

it is a coupled damage-plasticity model and hence can capture the energy absorption related to

irreversible deformation in crashworthiness simulations [127, 128]. It should be mentioned that
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Table 4.3 Three types of simulations.

Symbol Type 𝑛𝑚𝑎𝑡 𝑋𝑇 (MPa) 𝑛𝑖𝑡𝑒𝑟
DET Deterministic 1 135.6 1
REG PFE 10 114-170 10
ESDM PFE 10 116-334 10

although MAT 297 was used, the method presented here can be applied to other material models

and other finite element codes.

4.3.5 PFE Models

All simulations were performed with LS-DYNA explicit solver. In explicit FE analysis, the

time step is controlled by the size of the smallest element, and therefore, a uniform element size

is preferred. The PFE model for the 3-pt bending simulation (Figure 4.6a) had a uniform element

size of 1.5 mm. This size is tolerable in the current crashworthiness FE simulations. The effect of

element size will be examined in the next section.

4.4 Results and Discussions

4.4.1 Simulations With a Randomly Distributed Tensile Strength

Simulations were performed for uniaxial tension, 3-pt, and 4-pt bending cases. For each case,

three types of simulations were performed: one was deterministic (DET) with the mean tensile

strength value of 135.6MPa, the other two were probabilistic with a tensile strength distribution

determined by either the regular Weibull model (REG) or the ESDM. PFE models were random-

ized with 𝑛𝑚𝑎𝑡 = 10, following the procedure discussed in the previous section. Simulations were

performed in 10 independent iterations, each with new randomization. As to be discussed in the

Number of Randomization Iterations, the simulationswith the current approach can convergewithin

ten iterations. Table 4.3 summarises three types of simulations. An element size of 1.5 mm was

used in all FE models.

Figure 4.8, 4.9, and 4.10 compares the responses from three types of simulations with the exper-

imental results. For the probabilistic simulations, the response was the average of ten independent

simulations. Table 4.4 compares the mean experimental and predicted values for the peak force (or

stress) and the area under the load-displacement (or stress-strain) curve.
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Figure 4.8 Comparison of experimental results with three types of simulations. Uniaxial tensile
stress-strain curves. Simulation responses were the average of ten iterations.

For uniaxial tension, the results were compared in stress-strain responses. In the tensile ex-

periments, the strain was measured using a laser extensometer. While in the simulation, a virtual

extensometer of the same gage length was defined on each specimen to determine the strain. Fig-

ure 4.8 shows that DET and REG predicted peak stress within the scatter of the experimental peak

stresses but a failure strain lower than that of the experimental values. The simulation by ESDM

agreed best in terms of failure strain values. The predicted mean peak stress was relatively high in

Table 4.4 Comparison in Ratios of Model Prediction Average to Experimental Average Values.

Ratios to Experiment Average
Experiment Average DET REG ESDM

Tensile strength 136.5 MPa 1.003 0.990 1.103
Area under stress-strain 1.260 MPa.mm/mm 0.804 0.875 1.175

3-pt bending peak force 423 N 0.787 0.898 1.045
Area under force-disp 2040 N.mm 0.229 0.577 0.923

4-pt bending peak force 342 N 0.906 1.019 1.026
Area under force-disp 3445 N.mm 0.703 0.589 0.943
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Figure 4.9 Comparison of experimental results with three types of simulations 3-pt bending force-
displacement responses. Simulation responses were the average of ten iterations.

comparison to the mean experimental value but still within the scatter. The area under the stress-

strain curve was calculated. The mean experimental value and the ratio of the predicted values to

the experimental values are presented in Table 4.4 for the tensile strength and the area. As shown,

DET and REG predicted the mean peak stress within 1% but underpredicted the area by about 12

to 20%. On the other hand, ESDM overpredicted the peak stress by 10% and the area by 17%.

The difference between the three simulations is more drastic for the 3-pt bending case. In Figure

4.9, DET predicted a peak force about 21% lower than the average peak force and an abrupt failure

without any post-peak response. REG yielded a better prediction of the peak force and post-peak

response. ESDM provided the best prediction. The predicted peak force was within the experimen-

tal scatter, and the post-peak response was similar to the experimental curves. As shown in Table

4.4, in terms of the area under the force-deflection curve, the values predicted by DET, REG, and

ESDM were about 23%, 58%, and 92% of the mean experimental value, respectively. It should be
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Figure 4.10 Comparison of experimental results with three types of simulations for 4-pt bending
force-displacement responses. Simulation responses were the average of ten iterations.

noted that the area under the force-deflection curve represents the energy absorbed by the structure.

DET and REG significantly underpredicted this amount. In crashworthiness simulations, these two

methods would result in erroneous predictions for the crash performance of the composite structures

[127, 128].

In the 4-pt bending case (shown in 4.10), the force-displacement curves predicted by three types

of simulations all displayed a gradual failure pattern. However, DET and REG Weibull underpre-

dicted the area under the force-displacement curve by about 30 to 40%.

In summary, the predictions follow the order DET<REG<ESDM. This is attributed to whether

the scatter and size effect is considered in simulations. Figure 4.11 illustrates the difference between

the DET model and a run with the ESDM model in terms of axial stress and damage parameter

distributions for a 3-pt bending case. In a DET model, elements had the same tensile strength.

The elements in highly stressed volume would fail simultaneously, which tends to lead to a sudden
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Figure 4.11 Typical axial stress, damage parameter distributions at the lower surface under 3-pt
bending near the peak load, and the deformed shape after the peak load by the DET model and one
of the probabilistic simulations with ESDM.

failure of the structure. In REG and ESDM models, the elements had a range of strength values.

The elements in highly stressed volume failed successively rather than all at once, and hence the

structure displayed a gradual post-failure response. The ESDM models considered both the scatter

and the size effect. Compared to REG, its strength distribution was wider and extended toward the

higher-value regions. Therefore, the ESDM models predicted the highest mean peak values and

more gradual post-failure responses.

The three load cases investigated here are commonly used in the investigation of the size effect.

The tensile specimen was with a large, uniformly stressed volume, the 3-pt bending with a very

small, highly stressed volume, and the size of the stressed volume for the 4-pt bending was in
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Figure 4.12 Comparison of 3-pt bending simulations with different numbers of material input sets
with the averaged experimental curve.

between that of the tensile and 3-pt bending specimen. The results showed that the probabilistic

simulations with the ESDM captured the size effect of the SMC composite better than the other two

types of simulations.

4.4.2 Number of material input set

To investigate the effect of 𝑛𝑚𝑎𝑡 , the number of the material input set, simulations with ESDM

were performed with 𝑛𝑚𝑎𝑡=1, 4, 6, 8, 10, 20, and 40 for the 3-pt bending case. The results are

compared with the mean experimental force-displacement curve in Figure 4.12. When 𝑛𝑚𝑎𝑡 =1,

the simulation model reduces to DET. With increasing 𝑛𝑚𝑎𝑡 , the predicted peak force and the post-

peak response improved. At 𝑛𝑚𝑎𝑡 =10, the predicted peak force and the post-peak response were

very close to the mean experimental results. Further increasing 𝑛𝑚𝑎𝑡 did not seem to improve the

prediction.

To quantitatively measure how well each FE model predicts the flexural response of the SMC in
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comparison to the experiment average, the coefficient of variance (𝐶𝑜𝑉) of the force-displacement

curve obtained by simulations to the averaged experimental curve was computed. The variance (𝑠2)

was defined as:

𝑠2 =
1
𝑛

𝑛∑
𝑖, 𝑗=1

(
𝑥𝑖 − 𝑥 𝑗

)2������
𝑦𝑖=𝑦 𝑗

(4.16)

where 𝑥 is the force and 𝑦 is the displacement. 𝑖 denotes a point on the simulation curve, 𝑗 de-

notes a point on experimental curve, 𝑥 𝑗 denotes the averaged force for experiment results at 𝑦 𝑗

displacement. And, 𝑛 is the number of data points on the plot. The 𝐶𝑜𝑉 is given by:

𝐶𝑜𝑉 =
𝑠

𝜇
(4.17)

where, 𝜇2 =
1
𝑛

𝑛∑
𝑗=1

(
𝑥 𝑗 − 𝑥 𝑗

)2 (4.18)

where μ is the square root of the mean variance of the experimental results. The 𝐶𝑜𝑉 as a

function of the number of material input sets is plotted in Figure 4.13. 𝐶𝑜𝑉=1.0 corresponds to the

case when the deviation of a simulation from the experiment is equal to the mean variance of the

experimental results. The results show that the 𝐶𝑜𝑉 with a small 𝑛𝑚𝑎𝑡 can be significant. However,

this value reduces quickly with increasing 𝑛𝑚𝑎𝑡 . When 𝑛𝑚𝑎𝑡 ≥ 10, the 𝐶𝑜𝑉 converged to about 0.5.

Therefore, 𝑛𝑚𝑎𝑡 =10 is sufficient to capture the 3-pt bending response of the SMC.

4.4.3 Number of Randomization Iterations

Each simulation iteration was independent, and it was done by redistribution of 10 pins across

1920 integration points of the PFE model. Therefore, it would result in a PFE model with a unique

distribution of tensile strength and hence a unique mechanical response, especially in a 3-pt bend-

ing simulation. In this way, simulations with FE models generated in different randomization trials

would capture the scatters in responses at the structural level. To examine this, ten independent sim-

ulations were performed for the 3-pt bending case with ESDM, each with a PFE model randomized

by a new trial with 𝑛𝑚𝑎𝑡 =10. Figure 4.14 plots the force-displacement response of the 3-pt bending
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Figure 4.13 The CoV of the 3-pt bending simulations versus the number of material input sets.

obtained by simulations, and the averaged experimental curve. As seen, individual curves gener-

ated by simulations have similar shapes and scatters as the experimental curves in Figure 4.9. The

averaged simulation response also agreed well with the experimental curve.

Figure 4.15 plots the CoV of the averaged force-displacement curve obtained by simulations

to the experimental curve versus the number of simulations. The CoV value initially was slightly

higher than 1.0 but decreased to below 1.0 with three trials. With six to ten trials, the CoV converged

to 0.4, i.e., 40% of the experimental variance. The results indicate that the simulations with the

current approach can converge within ten randomization trials.

4.4.4 Effect of Element Size

The element size was investigated for the case of 3-pt bending with ESDM and 𝑛𝑚𝑎𝑡 = 10.

Simulations were performed with PFE models with element sizes of 5 mm, 4 mm, 3 mm, 2 mm,

and 1.5 mm. The results are shown in Figure 4.16. At a 5 mm size, there were only 30 elements

across the 3-point bending specimen and a total of 180 integration points to create randomness. As

a result, the CoV of the simulation with a 5 mm element size was high, and the value did not seem
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Figure 4.14 The 3-pt bending force-displacement curves. Comparison of simulation responses from
ten randomization iterationswith the averaged experimental curve. The simulationswere performed
for 3-pt bending with 𝑛𝑚𝑎𝑡 = 10.

to improve with the number of randomizations. Similar results can be seen for element sizes of 4

mm and 3 mm. Further decrease in the element size resulted in a faster decrease in CoV. The model

with a 2 mm element size demonstrates slower convergence in comparison to the model with 1.5

mm. A 1.5 mm element with 𝑛𝑚𝑎𝑡 = 10 appears to sufficiently capture the 3-pt bending response of

the SMC. The simulation accuracy can be further improved with a larger 𝑛𝑚𝑎𝑡 and smaller element

size, but the computational cost would be higher.

In summary, simulation models with a randomly distributed tensile strength determined by

the ESDM successfully reproduced both the tensile and flexural responses with the mean peak

load, post-peak behavior, and energy absorption similar to experimental results. Discretizing the

tensile strength distribution into ten segments and performing simulations with ten randomization

trials was sufficient to produce an averaged simulation response that closely resembles the averaged
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Figure 4.15 The CoV of the mean simulations to the averaged experimental results versus the num-
ber of simulation trials. The simulations were performed for 3-pt bending with 𝑛𝑚𝑎𝑡 = 10.

experimental response curve. The computational efficiency of the proposed method is reasonable,

and it has the potential to be used in probabilistic crashworthiness simulations of SMC structures.

This work is the first attempt to incorporate the size effect in PFE. It is far from complete, and some

important aspects have yet to be investigated.

4.5 Summary

To consider the statistical distributions of the tensile strength and the size effect observed in

a glass fiber SMC, an extended strength distribution model (ESDM) was proposed. The ESDM

is a trimodal Weibull model with equal weight from tensile, 3-pt, and 4-pt bending Weibull mod-

els. This model covers a broader distribution than the regular Weibull models built from a single

type of experiment. The ESDM model was tested in probabilistic FE simulations of tensile, 3-pt,

and 4-pt flexural experiments. To incorporate the statistical strength distribution randomly in FE

models, a randomization algorithmwas developed. Simulations with the proposed method success-

fully reproduced the tensile and flexural responses with the peak load and brittle or gradual failure
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Figure 4.16 Convergence study with variation in the element size. The simulations were performed
for 3-pt bending with 𝑛𝑚𝑎𝑡 = 10.

behaviors similar to the experimental results, i.e., the size effect was captured.

For the tested cases, the proposed randomization strategy produced desired results with as few

as ten iterations. The results show that the method presented here is computationally efficient and

has the potential to be used in probabilistic crashworthiness simulations of SMC structures.
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CHAPTER 5

OPTIMIZATION OF PFE MODEL WITH
MACHINE LEARNING

This chapter presents the development, optimization, and verification of the Probabilistic Finite

Element (PFE) model for SMC standard plaques with randomness in mechanical properties, i.e.,

tension and compression. The statistical distributions of the elastic modulus, tensile strength, and

compressive strength were modeled with bimodal Weibull strength distributions. An optimization

procedure for probabilistic FE models using an artificial neural network (ANN)-based machine

learning (ML) algorithm has been proposed. This procedure was examined by correlating sim-

ulations with experimental results for the 3-pt bending case. A set of optimum parameters was

determined and subsequently examined in probabilistic simulations of tension, compression, 3-pt,

and 4-pt bending cases. The work presented in this chapter has been summarized and published

[129].

5.1 Mechanical Properties of SMC

Mechanical characterization is described in Chapter 3. Among them, only uniaxial tension,

uniaxial compression, and 3-pt bending test cases were considered for the PFE model described in

this chapter. A summary of these mechanical properties is given in Table 5.1. Typical stress-strain

plots and scatter in strengths for these tests are shown in Figure 5.1a and Figure 5.1b, respectively.

Table 5.1 Summary of mechanical characteristics for standard plaques used in this chapter.

Tension Compression 3-pt
Strength (MPa) 135.6±15.5 174.2±25.1 262.9±39.1
Modulus (GPa) 10.14±1.1 13.4±1.0 11.7±1.6
Strain at peak load 0.016±0.003 0.018±0.002 0.023±0.002

5.2 Statistical Model & PFE Simulation

5.2.1 Weibull Statistical Strength Model

According to theWeibull’s statistical model [112], these ultimate strengths (X) can be described

by a probability of survival (S) as shown in Equation 5.1.
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(a) (b)

Figure 5.1 (a) The typical stress-strain curves of the SMC material obtained by uniaxial tension,
uniaxial compression and 3-pt bending tests. (b) The scatter in strengths.

From Weibull model, 𝑆𝑖 = exp
[
−
(
𝑋𝑖

𝑋0

)𝑚]
(5.1)

where, 𝑋0 = characteristic strength

𝑚 = shape parameter.

The shape parameter, 𝑚, is determined by the scatter of the data. A smaller 𝑚 indicates that the

material has a large variation of strength and vice versa.

The experimental data from each category of mechanical tests in Section 5.1 were fitted with

Equation 5.1 using the least square method to determine 𝑋0 and 𝑚 [10, 113, 123] for the strength

obtained in tension, compression, and 3-pt flexure tests. The results are summarized in Table 5.2.

The Weibull models obtained from a single type of experimental data are labeled as the unimodal

Weibull models.

Table 5.2 Unimodal Weibull parameters for the strength of SMC standard plaques.

Tensile 3-Pt Bending Compression
Weibull modulus, 𝑚 9.68 7.31 8.02
Characteristics strength, 𝑋0 143 280 194
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5.2.2 Strength Distribution Model

The Weibull statistical strength model is successful in modeling the strength characteristics of

brittle materials and estimating the size effect on strength. However, unimodal distribution models

have their limitations, and multimodal distributions have been introduced. A multimodal distribu-

tion combines two or more statistical models into one distribution. This approach has been used in

modeling the effect of processes that create a significant shift in strength distribution, such as the

manufacturing process variability, fiber heat treatment temperature, variation of strain rates, etc.

[114–116]. In the current work, the multimodal distribution is explored to combine the strength

data obtained by the uniaxial test and flexure test.

5.2.2.1 Bimodal Tensile Strength Distribution

Figure 3.8 on Chapter 3 at page 35 presents the typical failure mode observed in SMC in the

3-pt bending experiment. As shown, the failure started at the tensile side of the specimen. There

was minimal to no failure on the compressive side. Therefore, the flexural strength can be consid-

ered to be equivalent to the tensile strength measured with small-sized tensile specimens. In this

case, the flexural strength distribution can be mixed with uniaxial tensile strength distribution to ex-

pand the tensile strength spectrum into a bimodal Weibull distribution. A bimodal tensile strength

distribution model, 𝑆𝑇 , is mathematically represented as:

𝑆𝑇 = 𝑝. exp
[
−
(
𝑋

𝑋01

)𝑚1]
+ (1 − 𝑝). exp

[
−
(
𝑋

𝑋02

)𝑚2]
(5.2)

⇒ 𝑆𝑇 = 𝑝.𝑆1 + (1 − 𝑝).𝑆2 (5.3)

where 𝑝 is the mixture weight fraction for the uniaxial tension, 𝑆1 and 𝑆2 are the unimodal

Weibull strength distributions for the uniaxial tension and 3-pt bending, respectively. The Weibull

parameters for these two cases are given in Table 5.2. Theweight fraction, 𝑝, is assigned an assumed

initial value and determined with an iterative process [72].
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5.2.2.2 Bimodal Compressive Strength Distribution

As SMC exhibited minimal to no failure due to compression during a 3-pt bending test, the

measured flexure strength does not directly relate to the compressive strength. On the other hand,

using the compression strength obtained by the uniaxial compression experiment would result in

compressive failure rather than tensile failure in 3-pt bending simulations. To solve this problem,

we assume that the compressive strength under a 3-pt bending configuration follows the relationship

between the strength and effective volume derived from the Weibull statistical strength model [10,

57]:

𝑋3
𝑋4

=

(
𝑉4
𝑉3

) 1
𝑚3

(5.4)

where 𝑋 𝑗 is the compressive strength, 𝑉 𝑗 is the effective specimen volume, and 𝑗 = 3, 4 corre-

sponds to two experimental configurations, such as uniaxial compression and 3-pt bending, respec-

tively. The effective volume for 3-pt bending has been given by:

𝑉4 =
𝑊𝐿𝑇

2(𝑚3 + 1)2 (5.5)

where𝑚3 is the shape parameter for uniaxial compression,𝑊=width, 𝐿= span and𝑇= thickness

for 3-pt flexure test. Combining Equations 5.4 and 5.5, we have

𝑋4 = 𝑋3

[
2𝑉3(𝑚3 + 1)2

𝑊𝐿𝑇

] 1
𝑚3

(5.6)

Equation 5.6 provides the correlation between the uniaxial compression strength and its flexural

strength if it is dictated by compressive failure. The flexural, compressive strength was estimated

by Equation 5.6. 𝑋4 can be fitted with Equation 5.1 to determine parameters for unimodal Weibull

model of 3-pt bending for compression. This value was used together with the uniaxial compressive

strength to establish a bimodal compressive strength distribution model, 𝑆𝑐, as the follows

𝑆𝑐 = 𝑞. exp
[
−
(
𝑋

𝑋03

)𝑚3]
+ (1 − 𝑞). exp

[
−
(
𝑋

𝑋04

)𝑚4]
(5.7)

⇒ 𝑆𝑐 = 𝑞.𝑆3 + (1 − 𝑞).𝑆4 (5.8)
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where 𝑞 is the mixture weight for uniaxial tension,𝑆3 and 𝑆4 are the unimodal Weibull compressive

strength distributions for the uniaxial compression and 3-pt bending, respectively.

5.2.2.3 General Strength Distribution Model

Equation 5.3 and 5.8 provide bimodal distribution models for tension and compression, respec-

tively. There are two possible outcomes: i.e., tension and compression strengths could be either

independent or dependent random variables. It is, however, reasonable to assume that a specimen

would have a higher compressive strength if it has a higher tensile strength or vice versa. In this

case, the tensile strength and compressive strength can be considered as dependent random vari-

ables, i.e., it is assumed that 𝑞 = 𝑝. Equation 5.3 and 5.8 can be rewritten as below:

𝑆𝑔 = 𝑆𝑇 = 𝑆𝐶 (5.9)

⇒ 𝑆𝑔 = 𝑝.𝑆1 + (1 − 𝑝).𝑆2 = 𝑝.𝑆3 + (1 − 𝑝).𝑆4 (5.10)

The above relationship is established with the assumption that the tensile strength and com-

pressive strength are dependent random variables, and they have the same weight fraction, 𝑝. It

primarily influences the peak load/stress for a given test. This parameter depends on the distribu-

tion of fiber and flaws. However, determining 𝑝 from the alignment of fibers and flaws is notoriously

difficult. It is rather easier to determine from model optimization.

Equation 5.10 represents a General Strength Distribution Model (GSDM) for the probabilistic

FE simulation. It is essentially a 3D vector of tensile strength, compressive strength, and probability.

For any survival probability (𝑆𝑔), it would result in different strengths for tension and compression.

Vice versa, any given strength would yield a different survival probability (𝑆𝑔) for tension and

compression. Strength distribution obtained from Equation 5.10 are shown in Figure 5.3.

5.2.3 Statistical Model for Elastic Moduli

The statistic distributions of the tensile modulus and compressive modulus obtained in the uni-

axial test were modeled with a unimodal Weibull distribution. Elastic moduli were considered as

random variables independent of their strength. Table 5.3 and Figure 5.2 present the summary of
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Figure 5.2 Elastic modulus distribution for tension and compression.

the Weibull parameters for the SMC plaques.

Table 5.3 Weibull distribution parameters for the moduli of the SMC plaques.

Data set for model Tension Compression
Shape parameter 9.87 6.53
Characteristic elastic modulus 10.65 12.39

5.2.4 Probabilistic Finite Element Model

For an in-plane isotropic composite material modeled using shell elements, the inputs for mate-

rial models include the in-plane tensile, compression, and shear properties. In the current work, the

shear properties were kept constant while the tensile and compression properties were considered

random variables. The tensile strength and compressive strength were modeled with the GSDM.

The tensile modulus and compressive modulus were modeled with a normal distribution model.

A randomization algorithm was developed to assign the random variable in the probabilistic FE

models.
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Figure 5.3 The discretized strength and probability distribution for tension and compression.

5.2.4.1 Discretization

To obtain discretized strength values, theWeibull model described in Equation 5.10 was divided

into segments and the probability for each segment 𝑃𝑖 was determined by:

𝑃𝑖 = 𝑆𝑔(𝑖) − 𝑆𝑔(𝑖+1) (5.11)

In this demonstration, the probability 𝑃𝑖 distribution for the GSDM. It was discretized into 40 seg-

ments for tensile strength values between 102-345 MPa and compressive strength values between

130-515MPa. Values outside this range were not considered, as no experimental data fell outside

this range. This range covers 95% of GSDM’s spectrum.

Figure 5.3 represents discretized strengths and probability for tension and compression. Tensile

and compressive strength were determined from Equation 5.10 and probability from Equation 5.11.

From these equations, it can be seen that tensile strength and compressive strength distribution are

correlated by probability. As mentioned in section 5.2.2.3, the general strength distribution model

is a 3D vector of tensile strength, compressive strength, and probability.

To make visualization easier, this 3D vector is represented by a 2D plot with two 𝑌 axes. Each
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discretized strength in this plot has two 𝑌 values, i.e., 𝑌1 = compressive strength, which is denoted

by dots, and 𝑌2 = probability, which is denoted by bars.

Each dot in Figure 5.3 can be considered as a unique material input set, and the corresponding

bar would be its probability. Hence, it is represented with a unique material input set in simulations.

The number of material input sets, i.e., the number of segments, is denoted as 𝑛𝑚𝑎𝑡 . In the current

work, thematerial input sets differ in tensile strength aswell as compressive strength. The remaining

mechanical properties were kept constant.

The material input sets were assigned randomly to the elements in the PFE model following

the GSDM’s probability distribution (P). This was implemented by controlling the frequency of the

assignment. In SMC, fiber orientations and distributions vary both in-plane and through-thickness.

For FEmodels with shell elements, the through-thickness integration points can be utilized to assign

randomness in the through-thickness direction. In this case, the frequency 𝑓 of each material input

sets to be assigned is calculated by:

𝑓 =
𝑁𝑃𝑖 𝐼∑

𝑃
(5.12)

where 𝑁 is the total number of shell elements, 𝐼 is the number of the integration points through

the thickness of the shell element, and 𝑃𝑖 is the probability of the segment determined by Equation

5.11. Excluding the values generated by the GSDM outside the range of 104-346 MPa, we would

have
∑

𝑃 < 1. This effect is adjusted in Equation 5.12.

For elastic modulus, each material cart was assigned random values from their probability dis-

tribution as described in Table 5.3. Elastic moduli were independent of their strength. Figure 5.4

demonstrates random sampling for elastic moduli.

5.2.4.2 Randomization

The randomization process is similar to the process illustrated in Chapter 4 on Section 4.3.3 at

page 56. However, in this case randomization was done with 𝑛𝑚𝑎𝑡 = 40.

5.2.4.3 Material Model

The material model used in this investigation was MAT 297, an Enhanced Continuum Damage

Mechanics (ECDM) model for composite materials [126, 127] implemented for shell elements in
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Figure 5.4 Random sampling for elastic moduli for (a) uniaxial tension (b) uniaxial compression.

LS-DYNA [125], a commercially available FE packagewidely used in crashworthiness simulations.

The ECDM uses the Hashin failure criterion but employs two different damage evolution laws in the

pre-and post-failure regions. It should be mentioned that although MAT 297 was used, the method

presented here can be applied to other material models and other finite element codes.

In the post-peak region, a damaged composite material may still retain a portion of its load-

carrying ability. This is commonly considered by a residual strength (RES1T) in the composite

material models for crashworthiness simulations [126]. It represents the ratio of the residual tensile

strength of the damaged material to its initial strength. Another parameter is 𝜖𝑚𝑎𝑥 , the value of the

equivalent strain at element deletion. These parameters are important in modeling the post-failure

response. However, they are difficult to determine in experiments. In the current study, these two

parameters are determined by model optimization. Details are given in section 5.3.

5.2.4.4 FE Models

All simulations were performed with LS-DYNA explicit solver. In explicit FE analysis, the

time step is controlled by the size of the smallest element, and therefore, a uniform element size

is preferred. The probabilistic FE models had a uniform element size of 1.5 mm. FE models for

uniaxial tension, 3-pt bending, and 4-pt bending are illustrated in Figure 4.6 at page 57. This size

is tolerable in the current crashworthiness FE simulations. The effect of element size has been

examined in section 4.4.4 at page 66.
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5.3 Optimization of Model Parameter Through Machine Learning

In this study, the model optimization is demonstrated for a case with three parameters: the

mixture weight fraction (𝑝), the strain at element deletion (𝜖𝑚𝑎𝑥), and the residual tensile strength

(𝑅𝐸𝑆1𝑇). These are the hyperparameters in ML, i.e., 𝐻 = [𝑝, 𝜖𝑚𝑎𝑥 , 𝑅𝐸𝑆1𝑇].

In the post-peak region, a damaged composite material may still retain a portion of its load

carrying. This is commonly considered a residual strength in the composite material models for

crashworthiness simulations [125, 126]. 𝑅𝐸𝑆1𝑇 represents the ratio of the residual tensile strength

to the initial strength. 𝜖𝑚𝑎𝑥 is the value of equivalent strain at element deletion. Both parameters

are difficult to measure and hence are usually determined by trial and error.

1.
Generate
random

Hyperparameter

Start

2.
Run FE
Model as
objective
function

Repeat

3.
Develop
surrogate
function

4.
Random-
search for
Errors

5.
CV of SF with

OF

Optimum hyperparameter
Probabilistic FE

Machine learning

CV⩽1

CV>1
𝑛𝑖𝑡𝑒𝑟

Figure 5.5 Flowchart for PFE model optimization with Machine learing.

The goal of the optimization is to find a set of optimum hyperparameter values that would result

in the lowest error between the average of the experiments and probabilistic FE simulations for the

3-pt bending experiment. Figure 5.5 presents an overview of this process. There are five steps:

(1) generating random hyperparameters; (2) performing probabilistic simulation and obtaining the

objective function (OF) for the run; (3) establishing the surrogate functions (SFs); (4) grid-searching

for hyperparameters; and (5) cross-validation. Steps 1-2 are the same as the regular probabilistic

simulations. These two steps will repeat until a predetermined number of probabilistic simulations
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Figure 5.6 Two sets of probabilistic simulations with similar MAE values.

have been completed. Steps 3-5 will use the ML process to analyze the results. The details of Step

1 can be found in Section 3. Steps 2-5 will be explained below.

5.3.1 Objective Function

The Objective Function (OF) is defined as an error function that will be minimized. A common

way to determine the error between experiment and simulation is to use the mean absolute error

(MAE). MAE is a good measure for comparison between models, but it can be very ambiguous

when optimizing hyperparameters. Being an absolute value, MAE does not provide information

about whether the model is overpredicting or underpredicting, and it becomes very difficult to con-

verge MAE to zero. For example, in Figure 5.6, the two simulations had similar MAE values, but

the results were very different.

Instead of MAE, the simulation and experimental results may be compared in multiple cate-

gories. For example, the 3-pt bending force-displacement curve can be divided into several seg-

ments, and the error can be evaluated in each segment. In the current work, the OF was evaluated

for the following three categories: mean peak force error (MPFE), mean post-failure force error

(MPFFE), and the mean residual force error (MRFE), i.e., OF=[MPFE, MPFFE, MRFE]. Figure

5.7 illustrates the mean simulation response of the 3-pt bending test with a random set of hyper-

parameters and the location and ranges where these three errors are evaluated. Figure 5.8a-5.8c

presents the distributions of MPFE, MPFFE, and MRFE obtained by probabilistic simulations.
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Figure 5.7 The three types of errors and their locations with various 𝐻 = [𝑝, 𝜖𝑚𝑎𝑥 , 𝑅𝐸𝑆1𝑇].

5.3.2 Surrogate Function

The large amount of information generated in probabilistic simulations is analyzed with the aid

of a surrogate function (SF). In the current work, SF is established using artificial neural network

(ANN), one of the machine learning algorithms. A simple ANN consists of inputs, a single hidden

layer, and an output. The hidden layer works like a perceptron which receives inputs, multiplies

them by weight, and then passes them into an activation function to produce an output. Further

details about ANN are provided in section 2.6 on chapter 2 at page 18.

In the current work, ANN was developed using Tensorflow and Keras library in Python. ANN

with three hidden layers and a unit activation functionwas used. The three hyperparameters [𝑝, 𝜖𝑚𝑎𝑥 ,

𝑅𝐸𝑆1𝑇] are the input variables. The three errors [PFE, MPPFE, MRFE] are the outputs. As ANN

can only have one output, the analysis was performed with three inputs for each output, and three

SFs were established.
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Figure 5.8 The three types of errors. (a) MPFE (b) MPFFE and (c) MRFE obtained from proba-
bilistic simulations with various 𝐻 = [𝑝, 𝜖𝑚𝑎𝑥 , 𝑅𝐸𝑆1𝑇].
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Table 5.4 Example of Inputs and Outputs with Surrogate Function.

𝑝 𝜖𝑚𝑎𝑥 𝑅𝐸𝑆1𝑇 𝑀𝑃𝐹𝐸 𝑀𝑅𝐹𝐸 𝑀𝑃𝐹𝐹𝐸 𝑅𝑀𝑆𝐸
0.29 0.28 0.38 4.9 0.14 3.78 3.57
0.3 0.28 0.38 -0.69 -2.97 -5.48 3.62
0.27 0.29 0.34 6.36 -3.21 -4.52 4.87
0.32 0.29 0.39 -4.11 3.82 -7.75 5.52
0.32 0.28 0.4 -6.58 2.82 -7.94 6.17
0.27 0.31 0.35 7.43 7.96 -2.51 6.45
0.29 0.26 0.4 6.35 -2.9 9.46 6.79

5.3.3 Estimation of Optimum Parameter

With SFs, the errors of simulations to experimental results corresponding to any set of hyper-

parameter values can be evaluated more quickly. In Step 4, a search for a set of errors is performed

with a random set of hyperparameters at a large sample volume covering its entire range. Further-

more, the root mean squared error (RMSE) can be evaluated by these errors as follows:

𝑅𝑀𝑆𝐸 =

√
𝑀𝑃𝐹𝐸2 + 𝑀𝑃𝐹𝐹𝐸2 + 𝑀𝑅𝐹𝐸2

3
(5.13)

The grid search will determine the optimum set of hyperparameter values corresponding to a min-

imum RMSE and a 5% error range around the optimum values. Table 5.4 presents several sets of

hyperparameters with relatively low RMSE computed by a random search for error with the SFs.

5.3.4 Cross Validation

Based on the results of Grid Search, a second cycle optimization will be performed. Starting at

Step 1, the hyperparameters will be generated randomly within the bound of the 5% range of the

optimum established in Grid Search. In Step 2, probabilistic simulations will be run, and OFwill be

obtained. In Step 3, new SFs will be established. In Step 4, a new optimum set of hyperparameter

values will be determined. This process will end when the RMSE meets the targeted value.

5.4 Results and Discussions

Following theML optimization algorithm discussed above, the optimum set of hyperparameters

was determined as 𝐻 = [𝑝, 𝜖𝑚𝑎𝑥 , 𝑅𝐸𝑆1𝑇] = [0.28, 0.2, 0.46]. This set of parameters was examined

in probabilistic simulations for tension, compression, 3-pt bending, and 4-pt bending cases. For

each case, the simulations were performed with the optimum 𝐻 values for 20 iterations following
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Figure 5.9 (a) Uniaxial tension and (b) Uniaxial compression. The mean tress-strain curves and
their scatter at 95% confidence level obtained by experiment, and by probabilistic simulations with
H = [0.28, 0.2, 0.46] with 20 randomization iterations.

the randomization procedure in Chapter 4 on Section 4.3.3 at page 56.

Figure 5.9a presents the case of uniaxial tension. The FE model was developed with 𝑛𝑚𝑎𝑡 = 40

randomization. The stress-strain curves obtained in experiments and probabilistic FE simulations

are compared. The results are shown by the mean curve and their scatters corresponding to a 95%

confidence level. Simulation results agreed well with the experimental stress-strain curve.

Figure 5.9b presents the results of uniaxial compression. The same as in Figure 5.9a, the stress-

strain mean curves and their scatters corresponding to 95% confidence level obtained by experiment

and simulations are compared. The experimental curve shows a sudden failure, whereas the curve

generated by simulations exhibits a more gradual failure process. The simulations were performed

with a residual compressive strength 𝑅𝐸𝑆1𝐶 = 0.4. This value is a legacy value used in crashwor-

thiness simulations of braided composites [127]. It seems to be too high for the SMC material.

Figure 5.10a, and 5.10b compare the force-displacement curves obtained by experiment average

and by probabilistic simulations with 𝐻 = [0.28, 0.2, 0.46] for 3-pt bending and 4-pt bending,

respectively. For 3-pt bending, it is not surprising that the simulations agreed very well with the

average experimental curve since the 𝐻 values were determined in this case. For 4-pt bending, the

average curve generated by simulation agreed well with the experimental average up to the peak

load but was higher in the post-peak region. As for the case of compression, the high 𝑅𝐸𝑆1𝐶 value
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(a)

(b)

Figure 5.10 The mean force-displacement curves and their scatter at 95% confidence level obtained
by experiment average and by probabilistic simulations with H = [0.28, 0.2, 0.46] with 20 random-
ization iterations. (a) 3-pt bending. (b) 4-pt bending.

85



could be the cause of more gradual post-peak responses in simulations. In future work, 𝑅𝐸𝑆1𝐶

will be added to the set of hyperparameters in model parameter optimization.

5.5 Summary

This work investigated the probabilistic simulations of SMC structures. The scatter of the ten-

sile and compression strengths and moduli were considered. To account for the size effect on the

strength, a General Strength Distribution Model (GSDM) was employed. To determine the mixture

weight fraction of the bimodal Weibull models and some difficult-to-measure parameters in the

damage mechanics-based composite material model, an optimization procedure for probabilistic

FE models using an artificial neural network (ANN)-based machine learning (ML) algorithm has

been developed. This procedure allows one to obtain a set of optimum parameters that can produce

satisfactory simulation results for different load cases. In the current work, the optimization was

performed using a 3-pt bending case for three hyperparameters, and the results were examined for

uniaxial tension, uniaxial compression, and 3-pt and 4-pt bending cases. Simulations with this ap-

proach yielded low errors for all 4 cases, and the results reached a steady state within 20 iterations.
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CHAPTER 6

OPTIMIZATION OF PFE MODEL WITH RANDOM SEARCH

This chapter presents a Random Search (RS) based optimization technique to estimate the hyper-

parameters for Probabilistic Finite Element (PFE) model that was developed in Chapter 5. The

optimum set of parameters was subsequently cross-examined in probabilistic simulations of ten-

sion, compression, and 4-pt bending experiments. Later, this model was validated with open hole

tension and disk bending with a fixed boundary and with simply supported boundary conditions.

6.1 Model Description

Probabilistic FE model used in this chapter is identical to the model described in Chapter 5,

Section 5.2 at page 70. Briefly, the model used in this chapter is based on General Strength Distri-

bution Model (GSDM) as described by Equation 5.10 at page 74. This GSDM was implemented

in MAT 297 with 𝑛𝑚𝑎𝑡 = 40 to perform PFE simulations which is described in Section 5.2.4.3 at

page 77.

6.2 Model Optimization

A few parameters in the GSDM and MAT 297 are difficult to assess. These parameters can be

estimated by optimization techniques. In the model optimization process, they are called hyperpa-

rameters. The goal of model optimization is to search for an optimal set of hyperparameters that

leads to the least error in the objective function.

Commonly used methods for model optimization include Bayesian [130], Random Search (RS)

[86, 131], Multivariate Regression [129], MC [132, 133], etc. Model optimization is an iterative

process and tends to be computationally expensive. In our previous attempt, machine learning-

based multivariate regression was used for model optimization [129]. Although it was compu-

tationally inexpensive, it was deemed to be rather complicated for a general-purpose regression.

Additionally, machine learning has its own hyperparameters, which can utterly affect the optimiza-

tion. MC is another commonly used technique. It is effective when the number of random variables

is low. However, the results may converge to a local minima instead of global minima, as all itera-
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Run FE Model or
objective function

Repeat
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Optimum hyperparameter

𝑛𝑖𝑡𝑒𝑟

Figure 6.1 Graphical representation of probabilistic FE model optimization algorithm using Ran-
dom Search.

tions are dependent [88, 134]. In this work, RS is used. RS is the simplest approach and extremely

easy to implement for general purposes. Additionally, it reliably converges to the global minima as

all iterations are independent. Although RS is computationally expensive, this cost is acceptable as

the optimization has to be done only once for any specific material model.

6.2.1 Optimization Flow-Chart

Figure 6.1 presents the flowchart of an RS-based model optimization procedure. There are

three steps: (i) generating random hyperparameters; (ii) performing probabilistic FE simulation

and obtaining the objective function (OF) for the run; (iii) finding the least error and corresponding

hyperparameters. These steps are explained below:

i. Generate Random Hyperparameters: Hyperparameters (𝐻) are defined as arbitrary pa-

rameters in themodel. These parameters are typically determined through an iterative process

because they cannot be determined from experimental results. In this work, we have three

hyperparameters. One is the mixture weight fraction (𝑝) in GSDM (Equation 5.10). The
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other two are MAT 297 parameters: the strain at element deletion (𝜖𝑚𝑎𝑥) and the residual

tensile strength (𝑅𝐸𝑆1𝑇). Therefore, 𝐻 can be described as:

𝐻 = [𝑝, 𝜖𝑚𝑎𝑥 , 𝑅𝐸𝑆1𝑇] (6.1)

These three hyperparameters are random independent variables ranging from 0-1 with two

decimal precisions. A pseudo-random number generator was used for this purpose.

ii. Objective Function (OF): Objective Function (OF) is an error function that will be mini-

mized through optimization. It performs probabilistic FE simulation to determine the error

between simulation and experiment. In model optimization, OF is often chosen as the dif-

ference between the responses for a particular load case generated by FE simulations and

by experiment. In this work, OF is defined as a Mean Absolute Error (𝑀𝐴𝐸) determined

by comparing the mean force-displacement curve from probabilistic simulations and exper-

iments. For each set of H, a predetermined number of probabilistic simulation runs (𝑛𝑖𝑡𝑒𝑟)

are performed to obtain MAE. It then goes back to step (𝑖) for the next set of 𝐻. This pro-

cess repeats until the entire spectrum for H is covered, and the MAE as a function of H is

established

𝑀𝐴𝐸 = 𝑂𝐹 (𝐻) (6.2)

iii. Estimate Optimum Hyperparameter: This step determines the lowest value of the OF and

the corresponding H, the optimum hyperparameter 𝐻𝑜𝑝𝑡 .

𝐻𝑜𝑝𝑡 = 𝑎𝑟𝑔𝑚𝑖𝑛(𝑀𝐴𝐸) (6.3)

The optimization procedure is driven by Python and shell script.

6.3 Optimization strategy

The model optimization may be performed with a selected load case or multiple load cases. In

this work, three strategies were examined. These strategies use the same optimization procedure

as depicted in Figure 6.1 but with different load cases or load case combinations. They are labeled

as Opt1-3. The model developed in Chapter 4 is served as the baseline, labeled as Base. Table 6.1

provides a summary of these model optimization strategies.
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Table 6.1 Summary of model optimization plans and optimized hyperparameters (𝐻𝑜𝑝𝑡).

ID Load Case(s) in OF 𝐻𝑜𝑝𝑡 𝑀𝐴𝐸
𝑝 𝜖𝑚𝑎𝑥 𝑅𝐸𝑆1𝑇

Base Baseline, no optimization 0.33 0.4 0.1 -
Opt1 3-pt bending 0.28 0.2 0.46 9.71
Opt2 4-pt bending 0.31 0.37 0.19 10.81
Opt3 3-pt 4-pt bending 0.29 0.23 0.37 13.90

Figure 6.2 Trimodal Weibull Strength distribution used in Base optimization strategy.

6.3.1 Base

It is identical to the model described in Chapter 4 but with 𝑛𝑚𝑎𝑡 = 40. This model considered the

randomness in tensile strength by a trimodal Weibull distribution of tensile, 3-pt, and 4-pt strength

as shown in Figure 6.2. The contribution of the strengths from these three cases was assumed

to be equal, i.e., 𝑝=0.33. The model parameters 𝜖𝑚𝑎𝑥 , 𝑅𝐸𝑆1𝑇 were assumed based on previous

experience without optimization. Furthermore, the compressive strength was kept constant at 300

MPa so that the compressive failure was suppressed. Nonetheless, this model performed fairly well

for standardized tests, including uniaxial tension and 3-pt and 4-pt bending, as shown in Chapter 4.
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(a)

(b)

Figure 6.3 Opt1 optimization strategy (a) 3-pt bending force-displacement responses with various
H (b) The mean absolute error (MAE) versus random H.
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6.3.2 Opt1

Model optimization was performed upon a 3-pt bending load case. The optimization follows

the procedure described in section 6.2.1. It takes a random set of 𝐻 and runs 3-pt bending proba-

bilistic simulations for 𝑛𝑖𝑡𝑒𝑟 = 20. The mean force-displacement curve from these 20 iterations is

determined, and the 𝑀𝐴𝐸 for this 𝐻 set is computed. The process repeats for the next random set

of 𝐻. This process is repeated 300 times to obtain sufficient resolution for the spectrum of H.

Figure 6.3a shows the mean force-displacement curves of 3-pt bending simulations with dif-

ferent 𝐻. Each dotted line represents a mean curve generated from 20 probabilistic simulations

with a specific set of H, and the solid black line represents the mean experimental response. As

shown, some mean curves significantly underpredicted/overpredicted the entire force-displacement

response. A few simulations predicted the peak load properly but not at the post-failure region.

Figure 6.3b demonstrates the MAE as a function of H. It should be noted that 𝑝, 𝜖𝑚𝑎𝑥 , 𝑅𝐸𝑆1𝑇

are varied simultaneously, i.e., it would be a 4D plot but is represented in a 2D plot. The relation

between H and MAE is not obvious from this 2D plot, and the optimum parameters cannot be

estimated graphically. Therefore, 𝐻𝑜𝑝𝑡 was determined from the array of hyperparameters and

their corresponding MAE using Equation 6.2. 𝐻𝑜𝑝𝑡 from Opt1 optimization are shown in Table

6.1.

𝐻𝑜𝑝𝑡 from Opt1 optimization plan can be used to plot the GSDM described by Equation 5.10

and 5.11 at page 74. As mentioned in section 5.2.2.3, GSDM is a 3D vector of tensile strength,

compressive strength, and probability. To make visualization easier, the strength vector is repre-

sented by a 2D plot with two 𝑌 axes, as shown in Figure 6.4. Each discretized strength in this plot

has two 𝑌 values, i.e., 𝑌1 = compressive strength, which is denoted by dots, and 𝑌2 = probability,

which is denoted by bars.

6.3.3 Opt2

The optimization was performed upon 4-pt bending, i.e., 𝐻𝑜𝑝𝑡 was determined in such a way

that would lead to the lowest mean absolute error in 4-pt bending simulation. Hence, the error is

denoted as 𝑀𝐴𝐸4𝑝𝑡 . 𝐻𝑜𝑝𝑡 from Opt2 are shown in Table 6.1. Strength distribution from Opt2 is
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Figure 6.4 Bimodal Weibull distributions with 𝑝 = 0.28 obtained from model optimization Opt1.

shown in Figure 6.5a.

6.3.4 Opt3

This was a combination of Opt1 and Opt2. 𝐻𝑜𝑝𝑡 was determined in such a way that would

lead to the least mean absolute error in 3-pt bending as well as 4-pt bending simulation. 3-pt and

4-pt bending simulation was run 𝑛𝑖𝑡𝑒𝑟 = 20 times for the same random set of Hyperparameter to

determine error as defined by 6.4. This process was repeated 300 times as described in section

6.2.1.

𝑀𝐴𝐸 =
1
2
(𝑀𝐴𝐸3𝑝𝑡 + 𝑀𝐴𝐸4𝑝𝑡) (6.4)

6.4 Iterations and Computation Time

Probabilistic FE simulations are independent iterations. As a result, iterations can be performed

simultaneously. The computation time almost linearly reduces with the number of parallelization.

In other words, the number of available CPU cores and threads would be the only limiting factor

regarding the computation time [135–137].

Model optimization can be computationally expensive as the number of iterations is usually
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(a)

(b)

Figure 6.5 Bimodal Weibull distributions with p obtained by model optimization: (a) Opt2, 𝑝 =
0.31. (b) Opt3, 𝑝 = 0.29.
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Table 6.2 Summary of computation time requirement for different analysis.

Analysis type Total number
of iterations

Number of
threads

Time for each
iteration [min]

Total time
[min]

Optimization Opt1 and Opt2 6000 100 20-40 1200-2400
Opt3 12000 100 20-40 2400-4800

Probabilistic
Simulation

Ten, Comp 20 20 10-15 10-15
3-pt, 4-pt 20 20 20-40 20-40
Hole, Disk1, Disk2 20 20 40-120 40-120

high. In the current study, an optimization usually takes 6000-12000 iterations. On the other hand,

the subsequent probabilistic FE simulations with an optimizedmodel do not take significant compu-

tation time as it requires rather limited iterations. In the current study, all probabilistic simulations

were performed with 20 iterations.

Table 6.2 is a summary of the computation time in various analyses in this work. All computa-

tions were performed using a High-Performance Computing (HPC) system with 112 Virtual CPUs

or threads (2 x Intel® Xeon® Platinum 8180, 56 cores) and 768GB of RAM. The load cases listed

in the last row will be discussed in section 6.5.

6.5 Results and Discussions

The optimal sets of 𝐻 obtained from the three optimized models were examined with proba-

bilistic simulations for seven different load cases. These load cases are summarized in Table 6.3.

The first four are standard mechanical tests, including uniaxial tension, compression, 3-pt bending,

and 4-pt bending. They serve the purpose of model verification. The next three tests are specially

designed validation tests representing several common structural loading scenarios. They serve the

purpose of model validation. For comparison, probabilistic simulations were also performed with

the baseline model.

For each test, probabilistic FE models with corresponding 𝐻𝑜𝑝𝑡 values were randomized with

𝑛𝑚𝑎𝑡 = 40 following the procedure discussed in chapter 4 on Section 4.3.3 at page 56. This process

was repeated 20 times, i.e., 𝑛𝑖𝑡𝑒𝑟 = 20. Each iteration is run with a new randomization. Finally, the

responses from 20 iterations were averaged into the arithmetic mean. An element size of 1.5 mm

was used in all FE models.

95



Table 6.3 Seven test cases examined in probabilistic simulations with optimized parameters.

ID Description Standard
Ten Uniaxial tension ASTM D3039 [107]
Comp Uniaxial compression In-house
3-pt 3-point bending ASTM D790-03 [108]
4-pt 4-point bending ASTM D7264 [109]
Hole Open hole tension ASTM D5766 [138]
Disk1 Disk bending with fixed boundary In-house
Disk2 Disk bending with simply supported boundary In-house

6.5.1 Model Verification

Figure 6.6 through 6.8 compares themean simulation responseswith the experimental responses

for the four verification tests. The mean experimental response is shown in a solid black line. The

area in gray represents the 95% confidence level for the experimental results.

To quantitatively measure how well a model performed for different tests, the error for different

quantities such as the peak load/stress, the area under the curve, and the strain at peak load/stress

have been calculated by the following equation:

𝐸𝑟𝑟𝑜𝑟 =
𝑀𝑒𝑎𝑛𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛𝑣𝑎𝑙𝑢𝑒 − 𝑀𝑒𝑎𝑛𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙𝑣𝑎𝑙𝑢𝑒

𝑀𝑒𝑎𝑛𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙𝑣𝑎𝑙𝑢𝑒
𝑥100 (6.5)

The following errors were computed for the Base and Opt1-3 models: the Peak Force or Stress

Error (PFSE), Strain/Displacement Error (SDE) at the peak force/stress, and the Area Under the

Curve Error (AUCE). These values are summarized in Table 6.4.

Table 6.4 Error (%) for Peak Force/Stress Error (PFSE), Strain/Displacement Error (SDE) at the
peak force/stress, and the Area Under the Curve Error (AUCE).

ID Base Opt1 Opt2 Opt3
PFSE SDE AUCE PFSE SDE AUCE PFSE SDE AUCE PFSE SDE AUCE

Ten 16.7 1.2 5.4 7.6 0.74 9 4.2 7.2 8.3 1.4 11.5 5.9
Comp 31.2 71.3 276.8 7.8 6.4 31.6 15.4 7.8 132.6 6.9 6.4 50.4
3-pt 5.8 7.5 10.1 2.5 0.9 1.4 3.7 0.9 0.1 1.3 3.9 3.7
4-pt 2.6 13.3 5.8 6.9 2.2 20.9 1.6 4.3 1.9 7.1 4.3 6.5

Figure 6.6a presents the case of uniaxial tension. In the tensile experiments, the strain was

measured using a laser extensometer. In simulations, a virtual extensometer of the same gage length

was defined on each specimen to determine the strain. As shown, the prediction with Opt3 was most
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Figure 6.6 The experimental mean response curves, their 95% confidence band, and the mean re-
sponse curves generated by probabilistic simulations with Base, and Opt1-3 for (a) uniaxial tension,
(b) uniaxial compression.
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Figure 6.7 The experimental mean response curves, their 95% confidence band, and the mean re-
sponse curves generated by probabilistic simulations with Base and Opt1-3 for 3-pt bending.

accurate in terms of the peak stress and the strain at peak stress. Opt1 and Opt2 overpredicted the

peak stress by 5% and 3%, respectively. The baseline model overpredicted the peak stress by 10%.

In general, all simulation results agreed fairly well with the experimental stress-strain curve. This

shows that the uniaxial tension is not sensitive to the variation of the three hyperparameters.

Figure 6.6b presents the results for uniaxial compression. As seen, simulations varied dras-

tically with the H values obtained with different optimization strategies. The experimental curve

shows a sudden failure, whereas the curve generated by simulations exhibits a gradual failure pro-

cess. As mentioned above, to suppress the compressive failure, the baseline model was assigned

a compressive strength higher than the value measured in the experiment. This resulted in a com-

puted peak stress 31% higher than the experiment value. Additionally, the baseline model was not

optimized for element erosion criteria (𝜖𝑚𝑎𝑥), which resulted in a 276% larger area under the curve.

Opt2 overpredicted this area by 133%. This may be due to the relatively high 𝜖𝑚𝑎𝑥 value of 0.37.

Opt1 and Opt3 had a 𝜖𝑚𝑎𝑥 value at 0.2 and 0.23, respectively. These resulted in a smaller error for

the area under the curve. Overall, Opt1 and Opt3 predicted the compression failure better than the
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Figure 6.8 The experimental mean response curves, their 95% confidence band, and the mean re-
sponse curves generated by probabilistic simulations with Base and Opt1-3 for 4-pt bending.

two other simulations.

Figure 6.7 compares the force-displacement curves for 3-pt bending between the simulations

and experiments. It is not surprising that all simulations agreed well with the experiment since both

the trimodal and bimodal Weibull strength models considered the 3-pt flexural strength. Further-

more, Opt1 and Opt3 were optimized with a 3-pt bending test and hence resulted in the lowest error

for the area under the curve, i.e., 1.4% and 3.7%, respectively. The baseline model and Opt2 were

not optimized for 3-pt bending and hence a slightly larger error.

Figure 6.8 compare the force-displacement curves for 4-pt bending. As shown, all simulations

except Opt1 matched the experiment mean force displacement. Opt1 overpredicted the area under

the curve by 21% as it was only optimized for the 3-pt bending case. Opt2 and Opt3 had the least

error (1.9% and 6.5% respectively) as they were optimized for or with a 4-pt bending case. The

baseline model, though not optimized for any cases, resulted in only a 5.8% error for the area under

the curve.

Figure 6.9 compares the errors of Base and Opt1-3 models for the four verification cases in the
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Figure 6.9 Comparison of errors of four different models for four verification load cases.

form of cumulated error. For example, the first column is the Peak Force or Stress Error (PFSE)

of the baseline model from all four cases, where the error for each case is represented by a specific

color block. For Base, the errors were large for compression but relatively small for other load cases.

This is due to the fact that the compression failure strength was set high in the baseline model.

The errors were reduced significantly with optimized models. Furthermore, a model performed

better for the load case it was optimized for but was less reliable for other cases. For example, Opt1

performed best for 3-pt bending but not so well for 4-pt bending. It was vice versa for Opt2. Opt3

exhibited moderate error in all cases.

6.5.2 Model Validation

6.5.2.1 Open Hole Tension (Hole)

The open hole tensile strength is one of the limiting factors in composite structural design.

The open hole strength is often used to examine the capability of failure prediction for composite

100



Laser Tag

25 150 25

50

𝜙12.5 ± 0.25

SpecimenMetal tab

3.25

Figure 6.10 Schematic diagram for open-hole tension test.

structures. [139–142]. This load case is selected as one of the validation cases in the current work.

Figure 6.10 shows the schematic of the open-hole specimen. The setup of the open-hole tension

experiment follows the guideline of ASTM D5766 [138]. It is shown in Figure A.27 at page 148.

The specimens had a nominal hole diameter of 12.5±0.25 mm and a width of 50 mm. Aluminum

end tabs were placed on the two ends of the specimen to prevent damage under the grips.

The experiment was performedwith a servo-hydraulic testing frame under displacement-controlled

mode. A laser extensometer with a gauge length of 25 mm was used to measure the displacement

of the specimen. The laser tag positions are shown in Figure 6.10. Eight specimens were tested,

and their mean force-displacement curve is shown by the black line in Figure 6.11. The grey area

represents the 95% confidence band in experiment results. The results exhibited large variations

from the mean response. This could be due to the scatter in the hole diameter, the imperfections

near the hole, in addition to the randomness in properties.

Probabilistic FE simulations were performed for the open-hole tension case. Simulations were

run with FE models with a hole diameter of 12.5 mm, and the variation of the hole diameter was

neglected. A virtual extensometer of the same gage length as in experiments was defined on each

specimen to determine the displacement. Simulations were performed for 𝑛𝑖𝑡𝑒𝑟 = 20 with the

Base and Opt1-3 models. Figure 6.11a compares the mean force-displacement curves with the

experimental results. As shown, the baseline and Opt2 predicted peak stress and post-peak response

within the 95% band but at the lower side. The prediction by Opt1 was at the higher end. Opt3
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Figure 6.11 (a) The comparison of simulation results of different optimization plans with experi-
ment results (b) The comparison of the mean response and its 95% confidence band of Opt3 with
experiment results. The inserts show the major strain field from the experiment (DIC) and simula-
tions.
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Figure 6.12 Typical Y stress, Y damage parameter distributions at the front surface under tensile
load for open hole specimen at different displacements, obtained with Opt3.

yielded the best prediction.

Figure 6.11b examines the simulations by Opt3. The red shaded area represents the 95% con-

fidence band of the simulations. The scatter in simulations is significantly lower than the experi-

mental scatter. This may be attributed to the constant hole diameter used in the FE model.

In the open-hole tension experiment, Digital Image Correlation (DIC) was used to measure the

strain field evolution. The inserts in Figure 6.11b compare the major strain fields obtained from

DIC and Opt3 at displacement d=0.3 mm, 0.8 mm (the peak load), and 1.2 mm (near rupture). The

major strain distributions in simulations resembled DIC measurement closely at these instants.

Figure 6.12 presents the typical y-stress and y-damage parameter distributions at the front sur-

face of the open hole specimen during simulations. The damage parameter ranges from 0-1, repre-

senting no damage to total damage. As shown in Figure 6.12, at d=0.3 mm, there was no damage.

At d=0.6 mm, a few elements in the damage field changed their color from dark blue to light blue,

corresponding to damage =0.2. At d=0.8 mm (the peak load), some elements near the edge of the

hole had reached damage =1, and the stress field had been redistributed. At d=1.2 mm, the ele-

ments across the center line had severely deformed, and the stress reduced to nearly zero for the

entire specimen, indicating the specimen had ruptured.
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Figure 6.13 Schematic diagram for disk bending test with fixed boundary (Disk1).

6.5.2.2 Disk Bending with Fixed Boundary (Disk1)

The lateral bending of a disk creates a biaxial stress field in the specimen. In this work, disk

bending was tested under two boundary conditions: fixed and simply supported.

For fixed boundary, the specimen was sandwiched between a pair of steel frames with a circular

opening of 75 mm diameter. The specimen and the steel frames were secured together with eight

bolts. The force was applied to the specimen by a hemispherical nose of 50 mm diameter made

of aluminum. Figure 6.13 presents a schematic diagram of the experimental setup. In the side

view, the grey area represents the specimen, the hatched lines represent the fixed boundary, and the

white area represents the hemispherical nose for loading. The experiment was performed with an

electromechanical MTS machine. The load and displacement data were measured from the load

cell and machine displacement.

Figure 6.14 presents the photos of the experiment. The side view shows the experimental setup

with the specimen sandwiched between the fixture plates. The bottom-front view shows a failed

specimen before being removed from the fixture. Four specimens were tested with this configura-

tion.
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Figure 6.14 Experiment setup for disk bending with a fixed boundary (Disk1).

Probabilistic FE simulations were performed with 𝑛𝑖𝑡𝑒𝑟 = 20 using Base and Opt1-3 models.

The mean force-displacement curves from these simulations are compared with the experimental

curve in Figure 6.15a. The difference between the baseline and optimized models was drastic in

this load case. The baseline underpredicted the peak load. In the post-peak region, the predicted re-

sponse was below the experimental 95% confidence band. The predictions of the optimized models

were acceptable for the peak load and pos-peak region till the displacement reached 12 mm. The

differences between Opt1-3 were relatively small. Opt1 and Opt3 matched the experimental peak

load slightly better than Opt2.

Figure 6.15b compares simulations with Opt3 and experiment results. The red shaded area

represents the 95% confidence band of the simulations. With 𝑛𝑖𝑡𝑒𝑟 = 20, the scatter in simulations in

the post-peak region was much greater than the experiment, particularly after 12 mm displacement.

This error may be attributed to the limitation of the shell element. In the experiment, the area of
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Figure 6.15 Disk bending with a fixed boundary. The mean force-displacement curves were ob-
tained by experiment and by probabilistic simulations. (a) Comparison of simulations with different
models and experimental results. (b) Comparison of the mean and its 95% confidence level by Opt3
with experiment results. Inserts compare the failure modes.
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Figure 6.16 Disk bending with fixed boundary. Typical major stress, damage distributions at the
bottom surface of the disk at different displacements in a simulation with Opt3. d=6 and d=17
correspond to the peak load and near final rupture, respectively.

the specimen under the loading nose broke apart, and yet the specimen still carried some load. This

scenario is very difficult to simulate with shell elements.

The inserts in Figure 6.15b compare the failure patterns in the simulation and in the experiment.

The insert for simulation shows the major strain distribution. To reveal the failure, the elements with

a strain exceeding 5%were shown inwhite. The failure patterns in simulations had some similarities

to that observed in experiments.

Figure 6.16 presents the typical major stress and damage distributions at the lower surface ob-

tained with Opt3. At d=3 mm, the damage started to appear, which corresponds to a small bend

in the slope of the load-displacement curve in Figure 13b. In the experiment, however, this bend

happened earlier, roughly at d = 2 mm. At d=6 mm, the peak load, an array of elements failed at

the disk center, forming a cross-liked pattern. The major stress field revealed that the stress in these

elements had reduced to nearly zero. At d=11 mm, the damage spread to a larger area, and finally,

at d=17 mm, most of the elements failed.
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Figure 6.17 Schematic diagram for disk bending with a simply supported boundary (Disk2).

6.5.2.3 Disk Bending with Simply Supported Boundary (Disk2)

For disk bending with a simply supported boundary, a disk-shaped specimen of 100 mm diam-

eter was supported at three points by supporting wedges with a 5 mm diameter round top. Three

wedges were placed 120º angle apart and 40 mm away from the center of the specimen. The force

was applied to the specimen using the same hemispherical nose with the same testing frame as in

the fixed boundary experiment. Figure 6.17 shows the schematic diagram of this setup. The ex-

periment setup is shown in Figure A.28 at page 148. Eight specimens were tested, and their mean

force-displacement curve, along with the 95% confidence band, are presented in Figure 6.18.

Probabilistic simulationswere performed as in the previous cases. Themean force-displacement

curves from simulations are presented in Figure 6.18a. The difference between simulations from

Base and Opt1-3 models was less drastic as compared with the previous test. However, Base re-

sulted in the largest error among the four models, i.e., 6.7% for the peak force and 16% for the

area under the curve. The force-displacement curve exhibited a bend at d=4 mm, an indication of

damage initiation, which was not shown on the mean experimental curve. On the other hand, all

optimized models performed well in this test. Overall, Opt3 yielded the most reliable results with

moderate errors for the peak force and area under the curve.

108



(a)

(b)

Figure 6.18 Disk bending with a simply supported boundary. The mean force-displacement curve
and 95% confidence band by experiment and by probabilistic simulations. (a) Compares the experi-
ment results with simulations of different optimization models. (b) Compares the mean and its 95%
confidence band of Opt3 with experimental results. Inserts shows the failure modes in experiment
and simulation.
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Figure 6.19 Disk bending with a simply supported boundary. The typical major stress, damage
distributions at the bottom surface at different displacements predicted by Opt3.

Figure 6.18b compares the results of Opt3 with the experiment. The red shaded area represents

the 95% confidence band of Opt3. Opt3 yielded only a 4% error for the peak force and a 9% error

for the area under the curve. As in the fixed boundary case, Opt3 exhibited a larger uncertainty at a

larger displacement range. Finally, the inserts in Figure 6.18b show that the predicted failure mode

was similar to that seen in the experiment.

Figure 6.19 presents the typical major stress and damage distributions at the lower surface ob-

tained in simulations with Opt3 at different displacements. At d=5 mm, there were a few damaged

elements, and a few elements had major stress above 240MPa. The areas over the bottom supports

had very low stress, whereas the areas between the supports carried stress ranging from 60-120MPa.

At the peak load (d=11 mm), the damage started to appear at the disk center and along three

radially extending lines between the supports. However, most of the elements still carried stress

at the 120-200MPa range. With increasing the displacement to d=15 mm, the damage became

focused, and the stress was reduced in more elements. At d=18 mm displacement, most elements

between the supports reached the maximum damage.
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Figure 6.20 Comparison of errors of Base and Opt1-3 models for three validation load cases.

6.5.3 Model Validation Summary

Table 6.5 summarizes the errors for Base and Opt1-3 models for all three validation cases.

Figure 6.20 compares these errors in the form of a bar chart.

Table 6.5 Error (%) for the Peak Force/Stress Error (PFSE), Strain/Displacement Error (SDE) at
the peak force/stress, and the Area Under the Curve Error (AUCE).

ID Base Opt1 Opt2 Opt3
PFSE SDE AUCE PFSE SDE AUCE PFSE SDE AUCE PFSE SDE AUCE

Hole 15.1 15.9 16.5 8.6 17.8 22.4 10.2 6.9 11.9 1.2 7.9 10.5
Disk1 21.4 0.3 48.6 9.8 0.7 5.9 0.3 8.6 18.1 3.6 1.6 11.8
Disk2 6.7 11.1 15.9 8.1 15 3.1 0.6 8.2 17.1 4.6 13 9.1

Figure 6.20 clearly shows that optimized models outperformed the baseline model in every

validation case and in every category of errors. Among the optimized models, Opt3 had the lowest

cumulative errors. In summary, the optimization significantly improved the model prediction. The

model optimized for multiple cases performed better than models optimized with one load case.
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6.6 Summary

This work investigated the probabilistic simulations of SMC structures. The scatter of the tensile

and compression strengths and elastic moduli have been considered. The size effect on the strength

was modeled with a General Strength Distribution Model (GSDM). It is a mixture of the uniaxial

strength and flexural strengthWeibullmodels from tension and compression. Subsequently, the PFE

model was optimized with a random search procedure to estimate hyperparameters from GSDM

andMAT 297. The optimization was performed through correlating simulations with experimental

results, i.e., (Opt1) optimized for the 3-pt bending case, (Opt2) for the 4-pt bending case, and (Opt3)

for both 3-pt and 4-pt cases.

The performances of the optimized models were verified and validated in probabilistic FE sim-

ulation for seven mechanical characterization tests. The results showed that the probabilistic FE

simulations with the randomization technique and the GSDM were successful in predicting a va-

riety of structural responses of the SMC material. Furthermore, the optimization reduced errors

in every category and provided much better predictions in every validation. Among the optimized

models, Opt3 resulted in the lowest cumulative errors.

In conclusion, the optimization significantly improved the model prediction. The model opti-

mized for multiple cases performed better than the model optimized with one load case.
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CHAPTER 7

SUMMARY AND CONCLUSION

7.1 Summary

In this research, a Probabilistic Finite Element (PFE) simulation algorithm has been devel-

oped to analyze Sheet Molding Compound (SMC). The stochastic nature of the material has been

characterized using multimodal Weibull strength distribution models. The proposed algorithm is

designed to be compatible with any finite element software and can be utilized in structural analysis

for automobile crash simulation. The key findings of this study are as follows:

7.1.1 Mechanical Characteristics of SMC

SMCcompositesmanufactured from threemolding processes, i.e., standard plaques, flow plaques,

and knit plaques, have been characterized with standardized mechanical tests. Their key character-

istics can be listed below:

• Standard plaques demonstrated in-plane isotropic mechanical properties. In contrast, flow

plaques and knit plaques were orthotropic.

• All plaques exhibited substantial uncertainty in strength. Standard deviation for strength

raged from 5-10% in all characterization tests.

• SMC specimens showed notable size effect on strength, i.e., its strength largely depended

on stress distribution. For example, SMC’s strength was 90% higher in 3-point bending and

50% higher in 4-point bending compared to the strength obtained in uniaxial tension.

• SMC failed abruptly in the uniaxial tension and uniaxial compression test. In comparison, it

failed progressively during the 3-point, 4-point bending test.

7.1.2 PFE Model With Random Tensile Strength

The stochastic nature of SMC and the size effect in strength has been modeled with an Extended

Strength Distribution Model (ESDM). The ESDM is built upon a trimodal tensile strength distribu-

tion that covers a broader distribution than unimodal Weibull models. In addition, a randomization

technique was developed to incorporate the statistical strength distribution in FE models. The pro-

113



posed method was tested in PFE simulations of tensile and flexural experiments. This strategy ob-

tained desired results with as few as ten iterations, indicating outstanding computational efficiency

over existing PFE simulation techniques.

7.1.3 Optimization of PFE Model With Machine Learning

The General Strength Distribution Model (GSDM) has been introduced as a means of assimi-

lating the uncertainty of tensile and compression strengths in SMC materials. GSDM is based on

two bimodal Weibull distributions that are correlated by Weibull survival probability. One distri-

bution was developed for tension, and the other for compression, with each derived from unimodal

Weibull models of corresponding uniaxial and flexural strength.

In addition, an optimization procedure has been developed for probabilistic FE models using

an artificial neural network (ANN)-based algorithm. The goal of model optimization was to esti-

mate parameters for GSDM and damage mechanics, rather than relying on manual guesswork. The

validation results indicated that PFE simulation with GSDM and optimization could accurately

assimilate experimental results.

7.1.4 Optimization of PFE Model With Random Search

An optimization scheme based on random search (RS) has been investigated to minimize error

and improve efficiency in PFE simulations. Optimization was performed using randomization from

GSDM for three different cases of PFE simulations. The performance of the optimized models was

verified and validated through simulation of seven mechanical characterization tests. The results

showed that model optimization led to a reduction in error for every test compared to the non-

optimized model. Additionally, it was found that optimization was more reliable when multiple

cases were optimized simultaneously.

7.2 Conclusion

Sheet Molding Compound (SMC) is a Discontinuous Fiber Reinforced Polymeric (DFRP) com-

posite material with remarkable potential in the automotive industry. SMC is known for its out-

standing strength-to-weight ratio and remarkable cost-effectiveness. Additionally, SMC has ex-
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cellent resistance to corrosion, impact, and thermal expansion, making it ideal for use in harsh

environments. Using SMC in automobiles can reduce weight, improve fuel efficiency, and reduce

emissions.

Nonetheless, SMC’s mechanical characteristics have always been challenging to predict in sim-

ulation. One of the crucial challenges is size effect on strength. Weibull’s statistical strength theory

well explains this phenomenon. However, it is not administered in the FE model for structural

analysis. Therefore, this research has been dedicated to incorporating well-known size effects in

FE analysis. In conclusion, the following remarks can be made:

• Uncertainty of strength and size effect in SMC can be described by multimodal strength

distribution. In this regard, two models have been developed, i.e., ESDM and GSDM.

• ESDM is the simplest form among the models developed in this work. Additionally, it is very

efficient computationally as fewer iterations are involved and requires no optimization. This

model works well when a crash simulation does not involve compression failure. However, its

prediction could be unreliable as the accuracy is inconsistent for various test cases. Overall,

ESDM can be helpful when a computation cost is prioritized over accuracy.

• GSDM model outperforms ESDM in terms of accuracy when appropriately optimized. Fur-

thermore, PFE simulations with GSDM are more reliable and consistent despite increased

computation costs. In the case of optimization, random search is the easiest to implement

and faultless. Generally, GSDM would be preferred over ESDM for automobile crash simu-

lation.

7.3 Future Work Opportunity

Despite success in various verification and validation tests, the PFE simulation algorithm is

not entirely settled. Several opportunities exist for model improvement, extension and adaptation

to serve as a general-purpose crashworthiness model for discontinuous continuous fiber-reinforced

polymeric (DFRP) composites.
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7.3.1 Model Improvement

• Optimize some other hyperparameters that are not addressed in this investigation, i.e. residual

compressive strength, randomness in fiber angle etc.

• Incorporate trimodal Weibull distribution in general strength distribution model.

• Furthermore, improve the algorithm to balance between accuracy and computation cost.

7.3.2 Model Extension

The model described in the research is based on in-plane isotropic SMC materials. It can be

extended to anisotropic SMC materials. The following works are required:

• Develop a GSDM for each orthogonal direction of anisotropic SMC materials.

• Develop techniques to control the degree of anisotropy in the strength distribution models so

that they can serve all SMC materials.

• Estimate hyperparameters and perform validation with mechanical characterization tests.

• Develop techniques to incorporate isotropic and anisotropic models in a given structure as

real-life SMC materials contain both.

• Implement, test, optimize and validate this algorithm in other finite element software pack-

ages.

7.3.3 Adaptation to Other DFRP Composites

Currently, the model is established for SMC. However, it may be applicable for various types of

DFRP composites, which are unpredictable through deterministic simulations, have similar anisotropic

characteristics; demonstrate similar stochastic nature; have extensive size effect on strength.
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APPENDIX A

SUPPLEMENTARY EXPERIMENTAL RESULTS

Uniaxial Tension

Figure A.1 Sampling plan for uniaxial tension test from standard SMC plaques. Red marked labels
are specimens for tension tests.

Table A.1 Dimensions of standard plaque specimens for tension tests (mm).

ID TT11 TT12 TT13 TT14 TL11 TL12 TL13 TL14
Width 20.02 20.05 20.05 19.92 19.92 20.02 20.01 20.07
Thickness 3.061 3.112 3.333 3.28 2.901 2.989 3.242 3.278
Gage length 46.47 44.20 45.85 44.17 47.392 46.351 49.633 45.678

Table A.2 Dimensions of flow plaque specimens in transverse direction for tension tests (mm).

ID TT15 TT16 TT17 TT18 TT19 TT20 TL13 TL14
Width 3.348 3.559 3.115 3.308 2.665 2.826 20.01 20.07
Thickness 15.71 15.55 15.14 15.45 15.06 15.15 3.242 3.278
Gage length 42.03 40.96 42.77 40.17 39.75 44.65 49.633 45.678
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Table A.3 Dimensions of flow plaque specimens in longitudinal direction for tension tests.

ID TL15 TL16 TL17 TL18 TL19 TL20 TL21 TL22 TL23 TL24 TL25 TL26
b 3.111 3.127 3.317 3.324 3.419 3.428 2.798 2.853 2.943 2.973 3.023 3.035
d 15.39 15.71 15.69 13.99 14.88 15.83 17.44 13.81 15.1 14.27 15.27 13.16
L 62.41 62.40 63.91 64.31 62.76 64.24 64.12 64.45 59.91 65.38 68.31 62.45

b= width of specimen; d= thickness/depth of specimen; L= gage length of specimen.

Table A.4 Dimensions of knit plaque specimens for tension test.

ID TL01 TL02 TL04 TL05
Width 19.71 19.61 22.45 20.51
Thickness 3.142 3.254 3.438 3.414
Gage length 41.97 44.09 47.38 40.99

0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5

D
is

p
la

c
e
m

e
n
t 

fr
o
m

 L
a
s
e
r 

e
x
te

n
s
o
m

e
te

r 
(m

m
)

Machine Displacement (mm)

TT1 TT2 TT3

TT4 TT12 TT13

TT14

Figure A.2 Calibration curve for machine displacement during tension test of SMC standard
plaques.
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Figure A.3 SMC tensile test results of flow plaques longitudinal direction.
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Figure A.4 SMC tensile test results of flow plaques transverse direction.
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Figure A.5 SMC tensile test results of knit plaques.
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Figure A.7 Tensile failure mode for (left) Standard Plaques (right) Knit plaques.
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Figure A.8 Tensile strain field measured by DIC. (a) Standard Plaques (b) Knit plaques.
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Uniaxial Compression

Figure A.10 Compression test specimens from standard plaques.

Table A.5 Dimensions of compression specimens from standard plaques and knit plaques (mm).

Standard Plaque Knit Plaque
ID C1 C2 C3 C4 C5 C6 C32 C33 C34
Width 25.69 25.03 23.56 25.02 24.5 23.91 15.77 15.71 14.88
Thickness 3.404 3.256 3.248 3.144 3.291 3.195 3.267 3.119 3.206
Gage Length 11.97 19.83 19.34 19.30 22.73 21.78 20.72 21.04 24.83

Table A.6 Dimensions of specimens from flow plaques in transverse direction for compression test.

ID C12 C13 C14 C20 C21 C22 C29 C30 C31
Thickness 3.441 3.522 3.299 2.991 3.186 3.238 2.482 2.637 2.716
Width 15.7 15.93 15.15 13.73 13.42 13.18 17.18 17.28 17.37
Gage Length 21.78 27.84 26.20 15.70 14.33 12.59 12.93 15.02 16.47

Table A.7 Dimensions of specimens from flow plaques in transverse direction for compression test.

ID C15 C16 C17 C18 C19 C23 C24 C25 C26 C27 C28
d 3.236 3.407 3.338 3.516 3.403 3.034 2.848 3.165 2.988 3.181 2.923
b 15.43 14.24 14.36 15.04 15.04 16.15 15.74 14.36 14.01 14.91 14.88
L 23.919 19.914 14.895 15.903 14.168 16.063 14.088 13.63 14.227 14.498 17.133
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Figure A.11 Calibration curve of machine displacement for compression tests of SMC standard
plaques.
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Figure A.12 Compression test results of flow plaques.
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Figure A.13 Compression test results of knit plaques.
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Figure A.14 Compression test results of glass fibers SMC plaques.
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3-Pt Bending

Table A.8 Dimensions of specimens from standard and knit plaques for 3-pt bending tests.

Standard Plaque Knit Plaque
ID Thickness Width Span ID Thickness Width Span
B1 3.394 12.68 52 B01 3.474 11.67 52
B2 3.241 11.58 52 B02 3.483 10.71 52
B3 3.181 13.38 52 B03 3.493 12.73 52
B4 3.251 11.29 52 B04 3.549 11.2 52
B6 3.383 13.05 52 B05 3.524 13.72 52
B7 3.143 11.89 52 B06 3.548 14.56 52
B8 3.124 12.55 52 - - - -

Table A.9 Dimensions of flow specimen for 3-pt bending tests (longitudinal direction).

ID B18 B19 B20 B21 B22 B23 B27 B28 B29 B30 B31 B32
d 3.266 3.203 3.386 3.367 3.354 3.394 2.986 2.799 3.126 2.851 3.092 3.028
b 15.54 15.18 14.66 15.02 15.39 15.47 13.6 13.82 14.61 14.4 15.38 15.46
L 52 52 52 52 52 52 52 52 52 52 52 52

b= width of specimen; d= thickness/depth of specimen; L= span of test fixture.

Table A.10 Dimensions of flow specimen for 3-pt bending tests (Transverse direction).

ID B15 B16 B17 B24 B25 B26 B33 B34 B35
d 3.31 3.419 3.54 3.026 3.25 3.271 2.554 2.702 2.808
b 13.93 13.92 13.87 15.75 15.69 15.63 13.98 13.98 14.05
L 52 52 52 52 52 52 52 52 52
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Figure A.15 3-pt bending test results of Flow Plaques.
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Figure A.16 3-pt bending test results of Knit Plaques.
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Figure A.17 3-pt bending test results of glass fibers SMC plaques.
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Figure A.18 Failure mode during 3-pt bending tests for (left) Standard plaques (right) Knit plaques.
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4-pt Bending
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Figure A.19 4-pt bending test calibration curve.
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In-Plane Shear

Figure A.20 Sampling from standard plaques and specimen dimension for shear test.

Table A.11 The dimensions of V-Notched specimens from standard plaques.

ID S1 S2 S3 S4 S14 S15
Thickness, h 2.722 2.853 2.976 2.972 2.941 2.947
Width, d1 30.77 32.42 32.25 31.84 32.28 31.22

Table A.12 The dimensions of V-Notched specimens from standard plaques.

ID S16 S17 S18
Thickness, h 3.176 3.33 3.369
Width, d1 29.08 29.94 34.41

Table A.13 The dimensions of V-Notched specimens from standard plaques.

ID S19 S20 S21 S22 S23 S24
Thickness, h 3.65 3.587 3.437 3.437 3.148 3.128
Width, d1 31.56 28.63 30.54 30.62 30.63 30.69
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Figure A.21 Correlation between DIC strain and machine displacement during shear test.

Figure A.22 Failure mode of SMC standard plaques during in-plane shear test.
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Figure A.23 Shear stress-strain graphs for flow plaques.
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Figure A.24 Shear stress-strain graphs for knit Plaques.
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Summary of Mechanical Properties

Table A.14 Mechanical properties of SMC Flow Plaques in longitudinal direction.

Tensile Compressive Flexure Shear
Strength (MPa) 159.2 ± 28.0 184.9 ± 15.3 297.7 ± 70.5 106.8 ± 8.5
Modulus (GPa) 18.7 ± 2.3 14.6 ± 2.9 13.3 ± 1.8 5.1 ± 0.5
Strain at peak load 0.014 ± 0.002 0.018 ± 0.005 0.028 ± 0.003 0.033 ± 0.004

Table A.15 Mechanical properties of SMC flow plaques in transverse direction.

Tension Compressive Flexure
Strength (MPa) 87.4 ± 8.0 137.1 ± 29.6 176.7 ± 33.4
Modulus (GPa) 11.6 ± 1.7 11.1 ± 3.0 9.5 ± 1.1
Strain at peak load 0.011 ± .001 0.0174 ± 0.004 0.027 ± 0.006

Table A.16 Mechanical properties of SMC knit plaques.

Tension Compressive Flexure Shear
Strength (MPa) 16.1 ± 4.5 69.3 ± 8.5 68.7 ± 23.2 30.3 ± 0.9
Modulus (GPa) 7.3 ± 0.9 7.4 ± 1.0 7.9 ± 0.5 3.8 ± 1.0
Strain at peak load 0.0035 ± 0.002 0.012 ± 0.001 0.011 ± 0.004 0.010 ± 0.003

Table A.17 Comparison of mechanical properties of three types of SMC plaques.

Ratio to Standard
Properties Standard Flow Trans Flow Knit Flow Trans Flow Knit
Tensile Strength (MPa) 151.1 159.1 87.4 16.1 1.05 0.58 0.11
Compressive Strength (MPa) 182.0 184.9 137.1 69.3 1.02 0.75 0.38
Shear Strength (MPa) 105.5 106.8 - 30.3 1.01 - 0.29
Flexural Strength (MPa) 253.9 297.7 176.9 68.7 1.17 0.70 0.27
Tensile Modulus (GPa) 14.7 18.7 11.6 7.3 1.27 0.79 0.50
Compressive Modulus (GPa) 13.4 14.6 11.1 7.4 1.09 0.83 0.55
Shear Modulus (GPa) 4.1 5.1 - 3.8 1.24 - 0.91
Flexural Modulus (GPa) 11.3 13.3 9.5 7.9 1.18 0.84 0.70

147



Model Validation

Figure A.27 Experiment setup for open hole tension test.

Fixture

Specimen

Nose

Figure A.28 Experiment setup for disk bending with simply supported boundary.
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APPENDIX B

PYTHON SCRIPTS

Python Script for Bimodal Weibull Strength Distribution

This following python script generates 𝑛𝑚𝑎𝑡 = 40 material cart based on bimodal Weibull dis-

tribution as described in in Chapter 5, Section 5.2 at page 70. In this script 𝐻 = [0.28, 0.29, 0.2]

was used.

”””

@author : Sak ib I q b a l

comment : s t r e n g t h s f o l l o w Bimodal We i bu l l d i s t r i b u t i o n .

P=p∗P( X_T)+(1−p )∗P( X_3P )

”””

import numpy as np

import ma t p l o t l i b . p y p l o t a s p l t

import pandas as pd

# ######################################################

###### hype rpa rame t e r s f o r m a t e r i a l models ############

# ######################################################

n = 40 # number o f segment o f d i s t r i b u t i o n ( N_mat )

p , EPSMAX, r e s 1 t = 0 . 2 8 , 0 . 2 9 , 0 . 2

# ######################

# Exper imen t r e s u l t s ##

# ######################

# T e n s i l e s t r e n g t h ( same f o r d i r e c t i o n 1 or 2 )
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X1T=[106 , 113 , 120 , 127 , 129 , 132 , 135 , 139 , 140 , 141 ,

150 , 151 , 153 , 160]

#3 p t F l e xu r e s t r e n g t h ( same f o r d i r e c t i o n 1 or 2 )

X3F=[185 , 224 , 235 , 250 , 250 , 251 , 253 , 256 , 257 , 281 ,

289 , 298 , 304 , 346]

# Compress i ve s t r e n g t h ( same f o r d i r e c t i o n 1 or 2 )

X1C=[173 , 170 , 153 , 147 , 201 , 189 , 156 , 157 , 150 , 156 ,

176 , 154 , 191 , 164 , 176 , 199 , 193 , 188 , 231 , 224 ,

232 , 212 , 191 , 196]

## Compress i ve s t r e n g t h du r i ng 3 p t f l e x u r e can ’ t be d e t e rm in ed

from expe r imen t i t w i l l be d e t e rm ined from we i b u l l

model o f s i z e e f f e c t

# Tens i on E l a s t i c modulus ( same f o r d i r e c t i o n 1 or 2 )

E1T = [ 8 . 4 8 , 8 . 9 0 , 9 . 1 3 , 9 . 6 1 , 9 . 6 2 , 9 . 6 4 , 9 . 9 7 , 1 0 . 1 7 , 1 0 . 2 7 , 1 0 . 4 8 ,

1 0 . 7 5 , 1 0 . 8 0 , 1 1 . 0 5 , 1 3 . 1 4 ]

# Compress ion ( same f o r d i r e c t i o n 1 or 2 )

E1C=[ 7 . 04 , 13 . 943 , 10 . 617 , 9 . 837 , 8 . 546 , 12 . 135 , 12 . 176 ,

10 . 647 , 12 . 535 , 9 . 374 , 13 . 445 , 11 . 031 , 11 . 195 , 12 . 735 ,

10 . 703 , 8 . 868 , 13 . 662 , 13 . 899 , 11 . 239 , 12 .01 , 12 .98 ,

13 .31 , 1 3 . 9 8 ]

# ################################################################

# umat47v − New ECDM I n p u t Order − Sak ib I q b a l 08−24−2021 #

# ################################################################

150



#### a i s an ar ray f o r t h e m a t e r i a l c a r t #####

#### a ar ray doesn ’ t i n c l u d e t e x t s . t e x t s w i l l be added when

w r i t i n g o u t p u t

a=np . z e r o s ( ( 1 0 , 8 ) , d t ype= f l o a t ) ## m a t e r i a l parame te r a r ray

# f i b e r a n g l e s w i l l be d e t e rm in ed from ∗PART_COMPOSITE

# F i r s t two l i n e s o f m a t e r i a l c a r t has t o be i n t e g e r . They w i l l be

a s s i g n e d l a s t s e c t i o n

a [ 2 , 0 ]=3 #AOPT

a [ 3 , 0 ]=1 #V1

a [ 3 , 1 ]=0 #V2

a [ 3 , 2 ]=0 #V3

a [ 4 , 4 ] = 4 . 2 4 #G12

a [ 4 , 5 ] = 2 . 0 3 #G23

a [ 4 , 6 ] = 2 . 0 3 #G13

a [ 4 , 7 ]=1 #SOFT

a [ 5 , 4 ] =0 . 1 07 #XS

a [ 5 , 5 ]= a [ 5 , 6 ]= a [ 5 , 7 ] = 0 . 3 3 # pr

a [ 6 , 0 ]= a [ 6 , 1 ]= a [ 6 , 2 ]= a [ 6 , 3 ]= a [ 6 , 4 ] = 0 . 0 3 #E1TPK , E1TCPK ,

E2TPK , E2CPK , ESPK

a [6 , 5 ]= a [6 , 6 ]=40 #pm1t , pm1c

a [ 7 , 4 ] =0 . 0 22 #RESS

a [ 7 , 5 ]= a [ 7 , 6 ]= a [7 , 7 ]=40 #pm2t , pm2c , pms

#RES1T and RES1T w i l l be d e t e rm in ed l a t e r , as a p e r c e n t a g e o f
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u l t i m a t e s t r e n g t h

a [ 8 , 1 ]=2 #EROD

a [ 8 , 2 ]= a [ 8 , 3 ]= a [ 8 , 4 ]= a [ 8 , 5 ]=EPSMAX #EPSMAX, e1de l e , e2de l e , e 4 d e l e

a [8 , 6 ]=60 #K

a [8 , 7 ]=15 #G

# ############################################################

# We ibu l l model f o r T e n s i l e , c ompr e s s i v e s t r e n g t h & modulus #

# ############################################################

### We ibu l l model parame te r deve lopmen t

def we i b u l l ( x ) :

x= sor t ed ( x )

sn=np . a r ange ( l en ( x ) )+1

S=1−( sn − 0 . 3 ) / ( l en ( sn ) + 0 . 4 )

va r =np . p o l y f i t ( np . l og ( x ) , np . l og ( −1∗np . l og ( S ) ) , 1 )

m=va r [ 0 ]

x0=np . e ∗∗( −1∗ va r [ 1 ] / v a r [ 0 ] )

re turn m, x0

# Determine We ibu l l model pa rame t e r s m, x0 from m a t e r i a l

p r o p e r t i e s #

# t h e s e parame te r w i l l be w r i t t e n t o m and x0 l i s t #

# Parameter are w r i t t e n i n o rde r i . e . X1T , X3F , X1C , X3FC

m=[ ]

x0 = [ ]

m. append ( we i b u l l (X1T ) [ 0 ] ) ; x0 . append ( we i b u l l (X1T ) [ 1 ] )
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m. append ( we i b u l l (X3F ) [ 0 ] ) ; x0 . append ( we i b u l l (X3F ) [ 1 ] )

m. append ( we i b u l l (X1C ) [ 0 ] ) ; x0 . append ( we i b u l l (X1C ) [ 1 ] )

# Determine compr e s s i v e s t r e n g t h f o r 3 p t f l e x u r e t e s t

# e q u a t i o n 0 .5∗w∗ l ∗ t / (m+1)^2

t h r e e p t v e = 0 . 5 ∗ 1 2 . 5 ∗ 4 8 ∗ 3 . 2 4 / (m[2 ]+1 )∗∗2

# e q u a t i o n w∗ l ∗ t

compres s ionn_ve =20∗3.305∗100

X1C=np . a r r a y (X1C)

X3FC=X1C∗( compres s ionn_ve / t h r e e p t v e ) ∗ ∗ ( 1 /m[ 2 ] )

m. append ( we i b u l l (X3FC ) [ 0 ] ) ; x0 . append ( we i b u l l (X3FC ) [ 1 ] )

# t e s n i o n modulus o f e l a s t i c i t y w e i b u l l model

m. append ( we i b u l l ( E1T ) [ 0 ] )

x0 . append ( we i b u l l ( E1T ) [ 1 ] )

# compre s s i on modulus o f e l a s t i c i t y w e i b u l l model

m. append ( we i b u l l (E1C ) [ 0 ] )

x0 . append ( we i b u l l (E1C ) [ 1 ] )

# Develop b imodal d i s t r i b u t i o n from We ibu l l model

d i s t r i b u t i o n p a r ame t e r s #

# f u n c t i o n t o d e t e r m i n e s t r e n g t h s from bimodal w e i b u l l d i s t r i b u t i o n

def bimoda l (m, x0 ) :

xlow=x0 [0 ]∗ ( −1∗ np . l og ( 0 . 9 6 ) ) ∗ ∗ ( 1 /m[ 0 ] )

xm=x0 [1 ]∗ ( −1∗ np . l og ( 0 . 0 1 ) ) ∗ ∗ ( 1 /m[ 1 ] )

X=np . l i n s p a c e ( xlow , xm+1 , n+1)

S=p∗np . e ∗∗( −1∗(X/ x0 [ 0 ] ) ∗ ∗m[ 0 ] ) +
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(1 −p )∗ np . e ∗∗( −1∗(X/ x0 [ 1 ] ) ∗ ∗m[ 1 ] )

x = (X[ : −1 ]+X [ 1 : ] ) / 2

x=np . round ( x )

re turn x , S

s t ren_mod = [ ]

# s t r e n g t h / modulus d i s t r i b u t i o n

f o r i in range ( 2 ) :

s t r en_mod . append ( b imoda l (m[2∗ i : 2∗ i +2 ] , x0 [2∗ i : 2∗ i + 2 ] ) [ 0 ] )

S=bimoda l (m[ 0 : 2 ] , x0 [ 0 : 2 ] ) [ 1 ]

# E l a s t i c modulus f o l l o w s unimodal We i bu l l d i s t r i b u t i o n

# Determine e l a s t i c modulus d i s t r i b u t i o n from We ibu l l pa ramte r s

# modulus random d i s t r i b u t i o n

s t r en_mod . append ( np . random . we i b u l l (m[ 4 ] , n )∗ x0 [ 4 ] )

s t r en_mod . append ( np . random . we i b u l l (m[ 5 ] , n )∗ x0 [ 5 ] )

s t r en_mod=np . a r r a y ( s t r en_mod )

## de t e rm i n e p r o b a b i l i t y from S ( w e i b u l l s u r v i v a l p r o b a b i l i t y )

P = −1∗np . d i f f ( S )

# #############################################################

# Determine r e s i d u a l s t r e n g t h f o r t e n s i l e , compre s s i on F a i l u r e #

# #############################################################

## r e s i d u a l c ompr e s s i v e s t r e n g t h would be 40% o f u l t i m a t e s t r e n g t h
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RES1T=np . round ( s t r en_mod [ 0 ] ∗ r e s 1 t / 1000 , 3 )

RES1C=np . round ( s t r en_mod [ 1 ] ∗ 0 . 0 0 0 5 , 3 )

# ###########################################################

# Determine damage parame te r from s t r e n g t h & e l a s t i c modulus #

# ###########################################################

# i t i s h y p o t h e s i z e d t h a t n o l i n e a r i t y s t a r t e d a t 30% o f u l t i m a t e

s t r e n g t h #

### Ec ( e l a s t i c modulus a t u l t i m a t e s t r e s s ) i s 40% o f e l a s t i c

modulus ( t h i s i s de t e rm ined from expe r imen t ) #

# Damage parame t e r s f o r t e n s i o n and compre s s i on are de t e rm in ed

he r e . Damage p a r ame t e r s f o r s h e a r #

# and o t h e r pa rame t e r s w i l l be i n Ladeveze . t x t f i l e #

#damage parame te r d e t e r m i n a t i o n

def damage (X, E ) :

y10 =0.3∗X/ ( 1000∗ ( 2∗E ) ∗ ∗ 0 . 5 )

Ec =0.4∗E

d=1−Ec / E

y1c=X/ (1000∗(1 − d )∗ (2∗ Ec ) ∗ ∗ 0 . 5 )

re turn np . round_ ( y10 , 3 ) , np . round_ ( y1c , 3 )

y10 , y1c=damage ( s t r en_mod [ 0 ] , s t r en_mod [ 2 ] )

y10c , y1cc=damage ( s t r en_mod [ 1 ] , s t r en_mod [ 3 ] )

# ########################################################

# Wr i t e o u t p u t #

# ########################################################

b=pd . DataFrame ( [

155



[ ’ $$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ ’ ] ,

[ ’ $###### umat47v −NewECDMInputOrder− S ak i b _ I q b a l ######$ ’ ] ,

[ ’ $$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ ’ ] ,

[ ’ ∗MAT_USER_DEFINED_MATERIAL_MODELS ’ ] ] )

c=pd . DataFrame ( [ ’ ∗END’ ] )

f o r i in range ( n ) :

a [ 4 , 0 ]= a [ 4 , 2 ]= np . round_ ( s t r en_mod [ 2 , i ] , 1 )

a [ 4 , 1 ]= a [ 4 , 3 ]= np . round_ ( s t r en_mod [ 3 , i ] , 1 )

a [ 5 , 0 ]= a [ 5 , 2 ]= np . round_ ( s t r en_mod [ 0 , i ] / 1 0 0 0 , 3 )

a [ 5 , 1 ]= a [ 5 , 3 ]= np . round_ ( s t r en_mod [ 1 , i ] / 1 0 0 0 , 3 )

a [ 7 , 0 ]= a [ 7 , 2 ]=RES1T [ i ] #RES1T , RES2T

a [ 7 , 1 ]= a [ 7 , 3 ]=RES1C[ i ]

a [ 9 , 0 ]= a [ 9 , 4 ]= y10 [ i ]

a [ 9 , 1 ]= a [ 9 , 5 ]= y1c [ i ]

a [ 9 , 2 ]= a [ 9 , 6 ]= y10c [ i ]

a [ 9 , 3 ]= a [ 9 , 7 ]= y1cc [ i ]

# conver a m a t r i x t o da ta f rame

mat=pd . DataFrame ( a , d t ype= ’ o b j e c t ’ )

# w r i t e down f i r s t two rows o f m a t e r i a l c a r t

mat . i l o c [0 ,0 ]=50201+ i # m a t e r i a l ID

mat . i l o c [ 0 , 1 ] = 1 . 7 2 e−6 # ro

mat . i l o c [ 0 , 2 ]=47 #MT

mat . i l o c [ 0 , 3 ]=48 #LMC

mat . i l o c [ 0 , 4 ]=70 #NHV

mat . i l o c [ 0 , 5 ]=1 #IORTHO

mat . i l o c [ 0 , 6 ]=39 #IBULK
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mat . i l o c [ 0 , 7 ]=40 #IG

mat . i l o c [ 1 , 0 ]=1 #IVECT

mat . i l o c [ 1 , 1 ]=0 # IFAIL

mat [ 2 ] [ 1 ] = mat [ 3 ] [ 1 ] = mat [ 4 ] [ 1 ] = mat [ 5 ] [ 1 ] = mat [ 6 ] [ 1 ] = mat [ 7 ] [ 1 ] = 0

# o u t p u t t o c s v f i l e

b . t o _ c s v ( ’mat /ECDM%s . k ’%( i +1 ) , i ndex=Fa l s e , h e ade r = F a l s e )

# append mat a r ray t o CSV f i l e

mat . t o _ c s v ( ’mat /ECDM%s . k ’%( i +1 ) , mode= ’ a ’ , i ndex=Fa l s e ,

h e ade r = F a l s e )

# append CSV f i l e

c . t o _ c s v ( ’mat /ECDM%s . k ’%( i +1 ) , mode= ’ a ’ , i ndex=Fa l s e ,

h e ade r = F a l s e )

### w r i t e h ype rpa rame t e r s t o a f i l e

c=np . z e r o s ( ( 2 , n ) )

c [ 0 ]= P ; c [ 1 , 0 ]= n

np . s a v e t x t ( ’mat / p a r ame t e r ’ , c , d e l i m i t e r = ’ , ’ , fmt= ’%1.4 f ’ )

Python Script for Randomization

The following python script creates material.k file that contains material cart distribution as-

signed to various *PART_COMPOSITE. Randomizationwas donewith 𝑛𝑚𝑎𝑡 = 40, *PART_COMPOSITE

= 50. Each *PART_COMPOSITE was configured with 8 integration point. In addition to material

cart number, material angle 𝛽 was randomly varied between -90° to 90°.

import random

import pandas as pd

from math import c e i l
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a=50 #number o f p a r t s

b=8 #number o f i n t e g r a t i o n p o i n t

d=round ( 3 . 2 5 / b , 3 ) # t h i c k n e s s o f each i n t e g r a t i o n p o i n t

r = c e i l ( a / 8 )+1 # s i z e o f ∗SET_PART_LIST ar ray

# #######################################################

#### P , n ( N_mat ) are w r i t t e n by m o d i f i e d w e i b u l l . py ####

######### Read parame te r . t x t f o r P , n ( N_mat ) ##########

# #######################################################

x = pd . r e ad_c sv ( ’mat / p a r ame t e r ’ , h e ade r =None ) . v a l u e s

n = i n t ( x [ 1 , 0 ] )

P = ( ( x [ 0 ] ) ∗ a∗b ∗ 1 . 0 4 ) . round ( ) . a s t y p e ( i n t )

# c r e a t e random l i s t o f m a t e r i a l models

p = [ ]

f o r i in range ( n ) :

p . append ( [50201+ i ]∗P [ i ] )

p=sum ( p , [ ] )

random . s h u f f l e ( p )

f i l e n ame= ’ m a t e r i a l . k ’

## Crea t e m a t e r i a l . k f i l e w i t h t h i s i n t r o d u c t i o n

g=pd . DataFrame (

[ [ ’ $$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ ’ ] ,

[ ’ $$ ####RandomAssingmentofMATmodelin∗PART_COMPOSITE#####$$ ’ ] ,

[ ’ $$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ ’ ] ] )
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g . t o _ c s v ( f i l ename , i ndex=Fa l s e , h e ade r = F a l s e )

## f i s t h e da ta f rame f o r d e f i n a t i o n o f ∗PART_COMPOSITE

f =pd . DataFrame ( columns=range ( 8 ) , i ndex=range ( b / / 2 + 1 ) )

f o r i in range ( a ) :

f . i l o c [0 ,0 ]=100+ i

f . i l o c [ 0 , 1 ]=16

f . i l o c [ 0 , 2 ]=1

e=pd . DataFrame ( [ [ ’ ∗PART_COMPOSITE ’ ] , [ ’ P a r t ␣%s ’%(100+ i ) ] ] )

f o r j in range ( b / / 2 ) :

f . i l o c [ j +1 ,0]= p [ i ∗b+ j ∗2]

f . i l o c [ j +1 ,4]= p [ i ∗b+ j ∗2+1]

f . i l o c [ j +1 ,1]= f . i l o c [ j +1 ,5]= d

f . i l o c [ j +1 ,2]= random . r a nd r a ng e ( −90 ,91 ,15 )

f . i l o c [ j +1 ,6]= random . r a nd r a ng e ( −90 ,91 ,15 )

e . t o _ c s v ( f i l ename , mode= ’ a ’ , i ndex=Fa l s e , h e ade r = F a l s e )

f . t o _ c s v ( f i l e name , mode= ’ a ’ , i ndex=Fa l s e , h e ade r = F a l s e )

# ###############################################

# ############# Crea t e s e t _ p a r t _ l i s t ############

# ###############################################

f =pd . DataFrame ( columns=range ( 8 ) , i ndex=range ( r ) )

e=pd . DataFrame ( [ ’ ∗SET_PART_LIST ’ ] )

f . i l o c [ 0 , 0 ]=1

f . i l o c [ 0 , 5 ]= ”MECH”
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f o r i in range ( 1 , r ) :

f o r j in range ( 8 ) :

f . i l o c [ i , j ]=100+8∗( i −1)+ j

i f 100+8∗( i −1)+ j ==100+a −1:

break

e . t o _ c s v ( f i l ename , mode= ’ a ’ , i ndex=Fa l s e , h e ade r = F a l s e )

f . t o _ c s v ( f i l e name , mode= ’ a ’ , i ndex=Fa l s e , h e ade r = F a l s e )

# ###############################################

######### add ∗INCLUDE m a t e r i a l c a r t f i l e ######

# ########### i n t o m a t e r i a l . k f i l e ##############

a = pd . DataFrame ( [ ’ ∗INCLUDE ’ ] )

f o r i in range ( n ) :

b = ’mat /ECDM%s . k ’%( i +1)

a = a . append ( [ b ] , i g n o r e _ i n d e x =True )

a . t o _ c s v ( f i l ename , mode= ’ a ’ , i ndex=Fa l s e , h e ade r = F a l s e )
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