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ABSTRACT

Integral equations in Computational Electromagnetics (CEM) are one branch of a diverse
field. There are many methods to solve for electromagnetic scattering and transmission, with
boundary integral equations being one of the most efficient. This is due to only needing to
discretize the object’s surface, leading to smaller, dense systems as opposed to the larger,
sparse systems encountered with Finite Element Method (FEM). Combining the boundary
integral method with FEM leads to the creatively named Finite Element Boundary Integral
(FEBI) method. It can use the more appropriate method as needed for a given region of
space. We turn our focus to boundary integral methods and their implementations.

The subfield of boundary integral equations comprises many subparts, including for-
mulations, representations, testing, singularity treatment, acceleration techniques, solvers,
preconditioning, and others. In this thesis, I will present several new and existing formulations
using the same formulation framework, demonstrate how to perform the integrals for analytic
and piecewise basis and testing functions, modify acceleration techniques for various integral
equations, and present supporting results.

The new formulations are well-conditioned, free from traditional breakdowns, and compa-
rable to state-of-the-art formulations. Most of the implementation of all the formulations

presented is shared to limit unintended comparisons.
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CHAPTER 1

INTRODUCTION
This thesis builds on decades of research in the field of CEM, a vast and varied field that
spans physics, mathematics, engineering, and computer science. This conflux of disciplines
makes for a fertile research environment where there is rarely a lack of topics to expand
upon. This thesis is razor-focused and aimed at developing new surface integral equation
formulations capable of solving problems over a broad band of frequencies. Background
on surface equivalence theorem, surface integral equations, direct methods, and current
formulations is necessary to fully appreciate this body of work. As an introduction, a brief

overview of the key concepts will be covered.

1.1 What is a Formulation?

In our context, a formulation is a boundary value problem that can be used to model
electromagnetic physics. A formulation can be separated into two parts: the differential
equation that governs the behavior of fields interior to a region and boundary conditions

relating fields between touching regions.

1.1.1 Differential Equations

Maxwell’s equations are the cornerstone of all electromagnetic formulations because they
are the differential equations that govern all electromagnetic phenomena. For the scenarios
that we are interested in, we can specialize Maxwell’s equations for homogeneous, source-free

regions with linear materials

VxE=-jsmH (1.1)

vV x H=2" (1.2)
Ui

V-E =0 (1.3)

V-H =0 (1.4)



with electric field E, magnetic field H, imaginary unit j = v/—1, wavenumber x = WA/ L€,
wave impedance 7 = \/g , permittivity €, permeability p. Other material constants used
throughout include relative permittivity €, and permeability u, defined with respect to the
permittivity and permeability of free space € = €,.€9, u = p-pp and the refractive index
n = /p-€.. These equations describe how the fields interact with each other and can be

combined to see that each field satisfies the vector Helmholtz differential equation

V xE=—jknH (1.5)
VxVXxE=-jimVxH (1.6)
VxVxE-= —jnn%E (1.7)

V(V-E) - V’E =x’E (1.8)
V’E + +’E =0 (1.9)

V x H :‘%E (1.10)
VXVXH:%VXE (1.11)
VXV xH z% (—jryH) (1.12)

V(V-H)-VH =+’H (1.13)
V*H + x’H =0 (1.14)

1.1.2 Boundary Conditions

The boundary conditions can be formed by examining a pill-box and Stokesian loop across
an interface separating two regions of different materials as is typically done [Balanis, 2012].
Boundary conditions for more complex junctions are easily developed as in [Y14-Oijala et al.,
2005]. Still, for simplicity, we restrict ourselves to a single object, dividing space into two
regions with a single interface. Once we denote values associated with each region with the

proper subscript p and equip the interface with two normal vectors that point into their



respective regions, we can write the boundary conditions as

ety - By + 60, - By =22 (1.17)
€o

pionfyy - H, + o, - H, :p:s (1.18)
0

with electric surface current and charge densities J, and ps along with fictitious magnetic

surface current and charge densities M, and p,,s as is typically done.

1.1.3 Surface Integral Formulations

Surface integral formulations reformulate Maxwell’s equations into an integrodifferential
equation, discretize the boundary, and introduce unknown surface sources responsible for
the scattered fields within each region. There are two classes of surface integral equations:
direct and indirect methods. For direct methods, the sources are directly related to physical
quantities. This means the boundary conditions can be imposed on the surface sources.
For indirect methods, the sources have no direct physical meaning but can still represent
the scattered field within each region. Because there is no physical meaning to the sources,
the boundary conditions are imposed on the measurement of the field or charge on the
boundary. This thesis will exclusively utilize the direct method, but equivalent indirect
method corollaries exist.

For all of the formulations, we decompose the fields into the incident and scattered
parts X; = X; + x; with x being any vector that satisfies the vector Helmholtz equation
V?2x + k?x = 0 and superscripts ¢, 7, and s denoting the total, incident, and scattered part.
The incident field is given due to a primary source. This incident field induces a reactionary
scattered field such that the boundary conditions on the total fields are satisfied at the
interface. In addition, the scattered field must also satisfy a radiating condition to generate a
practical and unique solution. The scattered field is written such that it is due to unknown

sources on the surface of the boundary. The integral equation used to represent the scattered



field on the surface is derived from Green’s vector identity and the vector Helmholtz equation.
We let x; be the scattered field, and G, be the Green’s function for the inhomogeneous

Helmholtz equation

exp (—jr,R)
Gp (I', I'/> = T}%p (119&)
V2G,, (r,r) + k. Gy (r,1') = =6 (R) (1.19Db)
with r as the observation point, r’ as the source point, R =r — 1/, and R = ||R||,. After

much manipulation, we can arrive at what is known as Green’s representation theorem

x5 =8,0 (N, x Vxx,)+VxS,o0(f,xx,)—VS,o(h, x)—-S,0(0,V-x,) (1.20)

S0 fp :/Gp (r,r') fp (r) dS’ (1.21a)

Spof, = / Gy (r,x')f, (r')dS". (1.21b)
is the Single-Layer potential for vectors and scalars. We identify four surface sources per
region i, x V x x/, i, xx,, i, -x,, and V- x;. The complete steps from Green’s identity to
(1.20) can be found in [Wilcox, 1956].

We can immediately substitute E and H in for x because they satisfy the vector Helmholtz

equation and arrive at
E’ =S,0 (i, x VXE)+VxS§,0(h,xE)—-VS,o(d, E)—S,0 (V- E)
(1.22a)
H} =S, 0 (ﬁp x V xH;) +VxS§,o0 (ﬁp X H;) - VS, o (ﬁp-H;) -§,0 (ﬁpV-Ht).
(1.22b)
Because we are using electromagnetic fields and have Maxwell’s equations, we can simplify
by using Gauss’ Laws
E} =S,0 (i, x VX E) +V x 8,0 (f, x E') = VS, 0 (d, E') (1.23a)

H =S,0 (i, x VxH)+VxS§,0(h,xH)-VS,o(n, H). (1.23b)



It is also possible to use Faraday’s and Ampere’s Laws to create two additional representations

by taking the curl of both sides and substituting for V x E and V x H

ES =V x S,0 (, x EL) + j%?’v X V xS, (i, x H) (1.24a)
P
1
H;:VXSpo(ﬁpXH;)—jl{nVXVXSpo(ﬁpXE;). (1.24b)
p°ip

We have three representation integrals for each field and will use them to develop several
formulations with different properties.

To introduce the formulation process, we will step through it for the Electric Field Inte-
gral Equation (EFIE), Magnetic Field Integral Equation (MFIE), Combined Field Integral
Equation (CFIE), Poggio-Miller-Chang-Harrington-Wu-Tsai (PMCHWT), and Miiller formu-
lations. The process for all direct method formulations is similar: use the surface equivalence
principle to break the problem into a homogeneous problem for each region, represent the
field in each region with an integral equation, enforce boundary conditions on the surface,

and solve for the unknowns.

1.1.4 EFIE
We focus on a single Perfect Electrical Conductor (PEC) object immersed in free space
with a plane wave incident upon it. For the incident electric and magnetic field plane wave,

we will utilize

E! (r) =E,exp (—jkK, - 1) (1.25a)

H! (r) =H,exp (—jK, - 1) (1.25b)

where Ej and H, = nill?c x E, are polarization vectors that are perpendicular to the propagation
direction & and each other. There is no incident field produced within the interior of the
object ES = Hj = 0.

We use the surface equivalence principle to break our problem into two problems. For the
first problem, we replace the PEC object with free space, prescribe a null field interior to the

object boundary, and place equivalent currents J, and M, on its surface. For the second



problem, we replace free space with PEC (such that everything is PEC), the field exterior to
the object boundary is the null field, and J, and M, are placed on its surface. This second
problem is already solved because no field is supported inside a PEC, so the interior fields are
also the null field, and consequently J, = M, = 0. We use the scattered field representation
integral (1.24a), add the incident field, and take —f, x fi,x on both sides
—f, x i, x B} = —A, x fi, x (E;—kaSpo(ﬁpr;)+;7TpVxVxSpo(ﬁpr;)>.
’ (1.26)
At this point, we can apply the boundary conditions (1.15) and (1.16), recall that E = Hj, =
M, = 0 because the PEC supports no fields interior to it and no magnetic currents on the

surface, and substitute

E! x fi;, =0 (1.27a)
n, x H =J, (1.27Db)
—N, x i, x B! :,n—lﬁlxﬁlexVxSloﬁleﬁ (1.27¢)
JR1
1
,CpOX:?VXVXSpOX (1.27d)
p
—fi; x i, x B} = — jrymi, x i x L0, (1.27e)

1.1.5 MFIE
We reuse some of the work done for the EFIE to formulate the MFIE. This time we use
(1.24b) to represent the scattered field. Following a similar procedure, we add the incident

field and take ﬁpx on either side

1
JEpTp

f, x H) =f, x (H;+V><Spo(ﬁp><H;)— VXVXSp0<f1pXE;)). (1.28)



We apply the boundary conditions (1.15) and (1.16), recall that E; = H, = M, = 0, and

substitute
E! x i, =0 (1.29a)
n, x H, =J, (1.29Db)
J,=h; x H{ + 0, x V xS o, x Hj (1.29¢)
Kpox =h, x VxS§,ox (1.29d)
A, x H =J, — K;0J,. (1.29¢)
1.1.6 CFIE

The EFIE and MFIE operators each have a null space, meaning there exist corresponding
sources J, that produce no scattered field that can be added to any solution. To eliminate

the null space, we add the two formulations together with a scaling factor for each equation

( ) —n; x n; x Ej (
o q —
1o N i

n, x Hj

The purpose of dividing the EFIE formulation by 7, is so that both integral equations and

oJ,.  (1.30)

s

3o

) —j/flnlfll X fll X ,Cl
T—-Ky

incident fields are of the same scale, which leads to a better-conditioned system. The purpose
of a is to give the ability to tune the formulation with different relative weights for each

formulation as desired.

1.1.7 PMCHWT
We enter the world of dielectrics with the PMCHWT formulation [Poggio and Miller,

1973]. We will make use of two representation integrals (1.24b) and (1.24a), add the incident



fields, and take fi, x fi,x on (1.24b) and —#i,, x fi,x on (1.24a) to either side

~ ~ ~ ~ i ~ n ~
—npxnpr;:—npxnpx <Ep+VxSpo(npr;)—l—.—pVXVxSpo(npr;))

Jhp
(1.31a)
NI NI ; R 1 N
f, x A, x H) =, x i, x <Hp+V><Spo(np><H;) —jﬁpanxVxSpo (npr;)).

(1.31Db)

We apply the boundary conditions (1.15) and (1.16), but this time, neither electric nor
magnetic currents are supported on the boundary J, = M, = 0. However, we can relate
the two traces that satisfy the boundary conditions to each other by creating two common

“source-like” functions J and M

n, x HY = -1, x H} (1.32a)
E| xfi, = - E, x 1, (1.32Db)
n, x H} n, x H} J
Pl =t T = (1.32¢)
E| x fi E} x i, M
P, —diag (ep, g—p) (1.32d)
To

where ¢, is + for one region and — for the other (e.g., ¢, = 3 — 2p for the two region case
and p € {1,2}) and P, contains the boundary condition relationship between the traces of
the fields on either side of the interface and a scaling parameter such that J and M are of

the same scale. We can use a scaling matrix, W, (along with Ep), to combine the equations



from each region

n, x (Z—-K,) (1.33a)

Zp = '
n, x (T -1K,) S, Xy, x L,
~ i ~ t
nprpxnp anHp
) ) Z =Z, t (1.33b)
n, x n, x H Ep X 1,
2 i x E' xf 2 B J
Zzpwp ! ' 7? = (Zzpwpzp (Ep) 1) B E (1.33¢)
p=1 n xn_ X H; p=1 M

The 0, x 7 operator can result in degenerate matrices if not correctly discretized. With
the right choice of W,, we can eliminate it, analytically, canceling out the operator, and
preconditioning the system
W, = diag (%, 770) : (1.34)

1.1.8 Miiller
The Miiller formulation [Miiller, 1969] is the final formulation covered in the introduction.

We employ the same representation integrals (1.24b) and (1.24a), add the incident fields, but

this time take fi,x on (1.24b) and —fi,x on (1.24a) to either side resulting in

| 1
f, x H) =i, x (H;+V><Spo(ﬁpr;)—jﬁn VXVXspo(ﬁprg)> (1.35a)
pip
G %V x 8,0 (A, x H;)> (1.35b)

~ t ~ i A t
—i, x E, = — 0, X (Ep—i—VXSpo(nprp)—i—]Hp

As before, we apply the boundary conditions (1.15) and (1.16), eliminate sources J, = M, = 0,

and relate the two boundary condition traces by creating two common “source-like” functions



J and M

fi, x Hf = — 1, x H} (1.362)
E! x i, = — E! x fi, (1.36b)
n, x H f, x H J
21 ! ! :22 ? ? = 3 (1.36C)
E| x i, E} x A, M
£
P —diag (¢ ,—p) . 1.36d
P, — ding ( * (1.364)

We use a scaling matrix, W, (along with P,), to combine the equations from each region

Z-K ™ h % L
Z = i P (1.37a)

—j/ipﬁpﬁp x L, 7-K,

n x H n x H
ol =z, " (1.37Db)
7 A~ t ~
Ep X 1, E" % n,
2 n x H 2 J
P 14 -1
> W, |’ - (Zzpwpzp (P,) ) N (1.37c)
p:l E;Xﬁp p:l M

For the Miiller formulation, we can make a second-kind formulation by using the linear factors

wp = dlag (Mrpa 67“10) : (138)

1.1.9 Need and Outline of this Thesis

Well-conditioned formulations free of low-frequency, dense-mesh, and topology break-
downs have recently been developed. These new well-conditioned surface integral equation
formulations apply to the same problems as current formulations, can be solved with a few
iterations across a broad band of frequencies, and are free from typical breakdowns. Like the
ones presented above, existing formulations suffer from one breakdown or another. For that
reason, I will present several new formulations and the necessary details needed to implement

the operators involved in these formulations on spheres and tessellated objects.

10



Much of what is covered will apply tried and true methods and techniques to new
formulations. Here is an incomplete list of existing tools and techniques that will be enlisted
to take the new formulations to market.

1. A surface equivalence framework to represent scattered fields with surface sources

2. Using a direct method formulation and enforcing boundary conditions to link surface

unknowns between regions

3. Spherical harmonics, Rao-Wilton-Glisson (RWG), and pulse basis functions to represent

unknowns and measure functions

4. Method of Moments to create the system of equations

5. Tterative solvers to find the solution for the unknown sources

6. Using MLFMA to accelerate the matrix-vector multiplications needed for an iterative

solver.

1.2 Organization

This thesis will be organized into three main sections. Chapter 2 will cover the new
formulations and discretization process. Chapter 3 will cover implementing these new
formulations with piecewise basis sets. Chapter 4 will cover the acceleration details needed
to implement the new formulations with MLFMA. Results will be presented throughout as

appropriate.

11



CHAPTER 2
FORMULATIONS

2.1 Introduction

A formulation serves as the foundation for a numerical method. The discretized system of
equations to be solved depends on the equations, first and foremost. Many main formulations
utilized today were introduced decades ago and have been under constant development.
In addition to the formulations introduced in Chapter 1, other formulations include the
single integral equation [Marx, 1984, Glisson, 1984] as well as various combinations of
surface equivalence theorems; see [Yla-Oijala and Taskinen, 2005], [Li et al., 2014], and
references therein for some varieties. The necessity of analyzing composite objects has driven
vast advances in the machinery and techniques necessary to compute scattering accurately.
The primary challenges include dense mesh breakdown [Cools et al., 2009b], low-frequency
breakdown [Vecchi, 1999, Qian and Chew, 2008], and topology breakdown [Cools et al.,
2009a]. These breakdowns find their cause in the formulation due to either catastrophic
cancellation, bad constraints, or improper scaling. When representing and measuring these
integral equations on tessellated representations, they manifest as ill-conditioned and poorly
convergent discrete systems. As a result, there has been a concerted effort to develop well-
conditioned formulations in both the electromagnetics and applied mathematics communities
for a while [Kress and Roach, 1978, Costabel and Stephan, 1988, Wilde, 1987, Costabel,
1991, Dely, 2020].

Indeed, early work recognizing these challenges and efforts toward amelioration date
back four decades [Wilton and Glisson, 1981, Wu et al., 1995, Burton and Kashyap, 1995,
Vecchi, 1999] with the introduction of loop-star and loop-tree decompositions. Developing
preconditioners, formulations, and appropriate basis sets to work around these breakdowns
numerically has been a topic of intense research over the past decade [Andriulli et al., 2008].
These methods rely on the representation integrals (1.24b) and (1.24a). More recently,

research has focused on alternative formulations which use (1.22a), (1.22b), and in general

12



(2.17) and (1.20). The two main classes of new formulations are the Decoupled Field Integral
Equation (DFIE) [Vico et al., 2018] and Decoupled Potential Integral Equation (DPIE)
[Chew, 2014, Liu et al., 2015, Vico et al., 2016, Li et al., 2017]. Other formulations and
techniques to overcome some of the bottlenecks of the classical integral equations have been
the reliance on Debye potentials [Epstein and Greengard, 2010, Fu et al., 2017], projectors
[Andriulli et al., 2008, Adrian et al., 2019], and Dirac formulations [Helsing et al., 2020].
The DPIE is a solution to the transmission problem posed in terms of potentials, whereas
the DFIE utilizes fields directly. It has been shown that the DFIE and DPIE are robust to
breakdowns associated with low frequency, mesh discretization, and topology [Vico et al.,
2018, Vico et al., 2016]. The DPIE, as is usually the case, was first developed to analyze
scattering from PECs [Chew, 2014, Liu et al., 2015, Vico et al., 2016]. A corrected Nystrém’s
method implementation was presented in [Vico et al., 2015], and a time domain potential
based integral equation solvers [Roth and Chew, 2018, Roth and Chew, 2020] currently
exist. As an aside, it can be shown that [Liu et al., 2015], while based on potential, is
akin to an Augmented Electric Field Integral Equation (A-EFIE) [Qian and Chew, 2009].
As expected, developing equations for analyzing scattering from dielectric objects is more
complicated. It has its genesis in [Vico et al., 2016, Li et al., 2017, Li et al., 2019]. It is
well-conditioned and not susceptible to non-uniqueness due to resonances (under assumptions
on constitutive parameters [Vico et al., 2018, Helsing et al., 2020]) nor breakdown due to
either low frequencies or topology. All these features were demonstrated using analytic basis
sets on spheres or Nystrom’s method on canonical geometries. The analysis using potentials
was first presented by [Vico et al., 2016], who then continued their work by developing the
DFIE formulation for dielectrics using an indirect method [Vico et al., 2018]. It has been
noted that the DFIE is non-unique for specific pairs of constitutive parameters when loss
is present. The formulations presented here are presumed to have the same problem; only
lossless materials are considered. The Dirac formulation has recently been introduced with

similar properties for a broader range of constitutive properties [Helsing et al., 2020]. Since

13



the publication of [Vico et al., 2016, Li et al., 2019, Vico et al., 2018], there has yet to be
transition to scattering analysis on tessellated geometries. The complexity of the operators is
deceptively daunting. In what follows, we present details necessary to implement all of the
operators used by the formulations in this chapter in Chapter 3 on spheres using spherical
harmonics basis functions and on tessellated surfaces using piecewise basis functions and
show that the properties demonstrated using analytic basis sets are preserved.

This chapter uses a general formulation process to describe each formulation presented
concisely. Several DFIE and DPIE formulations are developed for dielectric objects, and the
Local Calderén-Combined Field Integral Equation (LC-CFIE) formulation for PEC objects
is presented using a Calderén identity that was encountered while developing the DFIE and

DPIE.

2.2 Common Formulation Framework
It is not difficult to see from looking at Chapter 1 that there is a fairly general way of

writing all of these formulations

by =2 ((P)) ' %) (2.1a)

ZPXWXbX = (Z PXWXZX (PX)” 1) o xX (2.1b)

with x being a placeholder for a specific formulation, N, being the number of regions,
b} being a collection of incident functions, xX being a collection of source or “source-like”
unknown functions, Py enforcing boundary conditions (for dielectric formulations) and scaling
unknowns and measurements, WX being another scaling matrix, and ZX being the block
operator matrix. While this common formulation framework is not entirely general, it applies
to all the formulations discussed in this thesis. We can further incorporate the sum over p by

creating a stacked PX, (BX)O_lT, and bX and block WX and ZX

o—1T

PXWXbX = PXWXZX(PX)° ! o xX (2.2)

where xX is now the number of independent unknowns and A = ﬁofl,Aij = ﬁ[jl denotes the

element-wise inverse.

14



For the remainder of this thesis, we will concern ourselves with only the two region cases
with either a PEC or dielectric closed object immersed in free space. However, it is important
to note that our discussion is mainly extendable to composite and open objects.

We will recast the formulations from the introduction within this framework for complete-

ness. For EFIE, we have

PEFIE 1 (2.3a)

were _ L (2.3b)
o

ZEFIE — _ gimhy x iy x £ (2.3¢)

b — _ ) xf, x B (2.3d)

xEFE = (2.3e)

For MFIE, we have

PMFIE (2.4a)

WMFIE 1 (2.4b)

ZMFE T K, (2.4c)

bMFE —h x HY (2.4d)

MEIE =g (2.4e)

For CFIE, we scale and combined the EFIE and MFIE formulations

T
PEFIE
porFE — [ (2.5a)
BII/IFIE
W = diag (aWi™®, WhE) (2.5b)
ZCFTE _ Jiag (ZPF1E, ZMFIE) (2.5¢)
bEFIE
pOFE — | (2.5d)
bll\/[FIE
xOFIE =g (2.5¢)

15



For the PMCHWT, we have

PN = diag <€p» @> (2.6a)
Mo
1
W,MEWT = diag (—,'r;o) (2.6b)
Mo
ZPMCHWT _ —Jhphpth, X A, X L, By, X (T —K,) (2:60)
p - . .
i, x (Z-K,) SEh, Xy, x L,
beCHWT _ n, X E; X ﬁé (2.64)
ﬁp X ﬁp X H;
KPMCHWT _ ‘f _ (2.6¢)
M
For Miiller, we have
rPMiiller —dia, g_p 9.7
p - g 5])7 ( ° a)
Mo
W = diag (jirp, €rp) (2.7b)
I-K PR X L
Miiller __ P p D P
Z, = o K (2.7¢)
—Jhpnph, X L, -K,
) n x H
bll\/Iuller — P P (27d)
E; X ﬁp
) J
XMuller — ] (27@)
M
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2.3 Operators
Before presenting additional formulations, all of the operators used will be defined. In

total, fifteen different integral operators are defined as follows:

T T
S0l = / ) | X as (2.82)
x x (')
Dyox=—V-§,0 (i) (2.8b)
Nyox=—1,-VV-§,0 (f,z) (2.8¢)
Dyox=h, -VS,ox (2.8d)
Klox=—-VxS&,o0 (i, xx) (2.8¢)
TP ox =h, x S, 0 (fi, x x) (2.8f)
Ty ox =i, - S, 0 (i, x x) (2.8g)
JWox =V-S§,0 (h, x x) (2.8h)
Epox:%%VxVxSpox (2.81)
Kpox =i, x V xS§,0x (2.8j)
MPox =f, -V xS,0x (2.8k)
PP oz =i, x VS, 0z (2.81)
O ox =h, x A, x V x S,0 (f,z) (2.8m)
QY 0w =h, x S, o (f,r) (2.8n)
QZ(,?’) ox =h,-S,o (A,z). (2.80)

We define the Single Layer Potential operator (2.8a) as accepting either a scalar or vector-
valued function, denote adjoint operators with a prime, and introduce the shorthand for

t o A~
operators O, = n, x i, X 0.
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2.4 DFIE
The DFIE formulations represent and enforce boundary conditions on fields on either side
of an interface as was done for the PMCHWT and Miiller formulations. There are two forms

of the DFIE, one for E and one for H that are very closely related to each other.

2.4.1 E-Decoupled Field Integral Equation (E-DFIE)

For the E-DFIE, we employ the representation integral (1.22a), add the incident fields,
and take N, X N, Xx VX, fi,x, -, V- on either side of the equation. But before that, we
chose to add an extra n,x to the first equation and unknown such that the representation

integral reads

E°= —S,0(f,xh,xn,xVxE)+VxS§,0 (i, xE) (2.9)
— VS, 0 (i, -E) —S,0(a,V-E).
This is not strictly required but is done so that Galerkin testing with the piecewise RWG

basis functions can easily be used with both vector unknowns being represented and measured

with RWG functions as will be done in Section 3.3.

i, x A, x VxE =i xn,xVx(E-S8,0(f,xh,xnh,xVxE) (2.10a)
+V x 8,0 (A, x E") = VS, 0 (f, -
f,x E, =A, x (E'=S,0 (A, xf, xh,xV xE
+V xS0 (i, x EY) = VS, 0 (i, -E') =S, 0 (0,V-E}))
n,-E =n - (E'-S,0(f,x 0, x0,xVxE) (2.10c)
+V xS0 (i, x EY) = VS, 0 (1, -E') =S, 0 (0,V-E}))
V-E =V-(E'-8,0 (0, xn,xh,xVxE) (2.10d)
+V xS,0 (A, x EY) = VS,0 (4, -E') —=S,0 (0, V-E}))
We apply the boundary conditions (1.15), (1.16), (1.17), and create a fourth boundary
condition on V - E; (such that it is continuous across the boundary). As for PMCHWT

and Miiller, there are no currents or charges supported on the boundary J, = M, = 0 and
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ps == pms = 0 but we can create four “source-like” functions, a, b, 7, and & to use

1
n, x N, x VxEl =—, xfi, x Vx E}

Hr1 Hr2
n, x Bl = —1n, x E!
1 1= 2 2
~ t ~ t
€7~1n1 * El = — €r2n2 * E2
t t
v * El —v M EQ
N, x i, x VxE] N, x i, x V x E} a
~ t A~ t 1.
PEDFIE n; x El _PEDFIE Ny X E2 _ b
—1 t 2 t N
n, - E; i, - By v
V- E V- E} o

We can define the matrices, operators, and vectors for this formulation as

1
BEDFIE — dlag ( , _jmogp’ —jffogperpu ].>
D
1 1
WEDFIE _ 4 s Epyy —
AL 188 \ Hrps €rps €rp’ Hrp
T—K! -k 0 3
D PP P
@ (2) (2)
ZEDFIE _ Jv 1=K : >
P 3 3 3
7" M) T+D, QY
j;f4) 0 —K*S, I-D,
f, xn, xVxE)
i x E!
EDFIE P P
bp = .
i, B
V-E,

o

XEDFIE: (a l_) ,7

(2.11a)

(2.11b)
(2.11c)

(2.11d)

(2.11e)

(2.12a)

(2.12b)

(2.12¢)

(2.12d)

(2.12€)

The linear factors of HEDFIE are chosen such that the E-DFIE formulation results in a

second-kind integral equation.
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2.4.2 E-Reduced Decoupled Field Integral Equation (E-RDFIE)

Rather than using (1.22a), we could explicitly enforce Gauss’s law (1.3) by using (1.23a).
A second-kind integral equation can be made by removing the fourth row and column of the
E-DFIE.

By reusing many of the same definitions from the E-DFIE, we can jump straight to

1
EII)E:RDFIE — diag ( ,—jKoEp, _jﬁogperp> (2.13a)
rp
1
WERDFIE _ g g (Mrp’ €rp, 6_) (2.13b)
Tp
1-K} —k.L, 0
ZEROFIE _ | 22) g K, PP (2.13c)
7 MY T+,
f, x A, x VxE
pERDFIE _ i, x E (2.13d)
n, E,
T
ERDFIE _ (5 b 7) (2.13e)

2.4.3 H-Decoupled Field Integral Equation (H-DFIE)
For the H-DFIE, we employ the same tactics as with the E-DFIE, and because of duality,
we can replace E with H, pu with €, and € with p and arrive at the formulation. Boundary

conditions are expressed as

n, xn, x VxH n, x i, x V x H a
N t A t I
n, xH n, x H b
1 1 2 2
PHDFIE _ pHDFIE _ (2.14a)
A t ~ t _
o, - Hj i, - H g
V- Hj V- H) o
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and the remaining matrices, operators, and vectors are

1
EI}JIDFIE = diag (_7 —JKoEp; —JKoEplhrp, 1) (2.14b)
rp
WHDFIE —dia i i
“p = d1ag { €rp, frp, —, (2.14c¢)
rp €rp
_ Kkt 2t (1)
I-K, ko L, 0 >
._7(2) T—K 7)(2) (2)
ZHDFIE _ | =F vt " (2.14d)
P
79 M9 14D oW
P
VAR 0 —k2S, I-D,
f, x i, x VxH
f, x H
pHDFIE _ P (2.14e)
n, -H)
v.H
T
xHDFIE _ (5 b o 5) (2.14f)
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2.4.4 H-Reduced Decoupled Field Integral Equation (H-RDFIE)
Similarly, we could enforce Gauss’s law (1.4) explicitly by using (1.23b). A second-kind

integral equation can be made by removing the fourth row and column of the H-DFIE.

1
BII;IRDFIE = diag (E_, —jKoEp, _j,.iogpﬂrp) (2.15a)
Tp
1
w}l}—IRDFIE — diag (Erpa . ,u_) (2.15b)
p
I-K} —rk.L] 0
ZHRDFIE _ | 7)1 _ K, P2 (2.15¢)
n, xn, xVxH,
b;)—IRDFIE _ i, x H (2.15d)
n, - H,
T
HRDFIE _ (a B 7) (2.15e)

2.5 DPIE

All other formulations discussed thus far have used representations of fields, either E or
H, as a starting point. The novelty of the DPIE formulation is that it uses potentials.

It is well-known that fields can be represented with potentials. For the vector magnetic
and scalar electric potential A — ¢ decomposition and the vector electric and scalar magnetic

potential F — ¢ decomposition, we have

E=—-jwA-V¢ (2.16a)

H :lV x A (2.16b)
i

H=—juF - V¢ (2.16¢)

E——1VxF. (2.16d)
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Furthermore, under the Lorenz gauge,

v-A="4g (2.16e)
Jjw
/{/2

V-F=""y (2.16£)
jw

these potentials satisfy the Helmholtz equation

V2A + K*A =0 (2.16g)
V26 + K¢ =0 (2.16h)
V?F + k*F =0 (2.16i)
V2 + k% =0. (2.169)

We start diverging from the previous formulations by representing the potentials A and F
rather than the fields with (1.20). The scalar counterpart to Green’s Vector Representation
Theorem is derived from Green’s scalar identities. With = being any scalar that satisfies the

scalar Helmholtz equation V2z + x*x = 0, we have
5 =—-V-S,0 (f,z)) —S8y0 (i, V). (2.17)

We use Green’s Scalar Representation Theorem to represent ¢ and .

Explicitly, we have four representation equations

A’ =S,0(f,x VXA)+VxS,o0(h,xAl)—-VS,o(h, Al)—-S,0(8,V-Al)
(2.18a)

¢y =—V-S,o (0,¢d)) —S,o (0, Vo) (2.18b)

Fr=S,0(,x VxF,)+VxS,0(i,xF,)—-VS,0(h, F)—-S8,0(AV-F)
(2.18c)

s ==V -8y0 () —S,0 (0, Vi) (2.18d)

At this point, we can impose boundary conditions; however, the boundary conditions we

have available are on the fields, not potentials. Because there is a many-to-one relationship
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from potentials to fields, many options exist for deriving potential-based boundary conditions
from the field boundary conditions. One method in particular results in decoupling the vector
and scalar potentials [Li et al., 2019].

As for the DFIE, there are several variants to the DPIE, and a collection of them will be

covered in the following sections.

2.5.1 Incident Wave
The incident waves ¢} and A! decompose E| (1.25a) while ¢! and F decompose H}

(1.25b) and are in the form found in [Vico et al., 2015]:

¢, =— (r-Ey)exp(—jr, - T) (2.19a)
Al =— % (r - E,)exp (—jr, - 1) (2.19b)
Y1 =~ (r-Hy)exp (—jk, - 1) (2.19¢)
Fi—_ % (r-H,)exp (—jk, - 1) (2.19d)

Alternate decompositions, such as

¢ =dgexp (—jk, - T) (2.20a)

Al =Ajexp (—jkK, -T) (2.20b)

A, :j_'_w (Ey — jry o) (2.20¢)

Yl =thgexp (—jk, - 1) (2.20d)

F! =F,exp (—jK, - 1) (2.20e)
—1

Fy = (H, — jry ). (2.201)

with ¢ and 1y being arbitrary constants, have limitations at low frequencies but can be

useful for analysis with spherical harmonics as done in Section 3.2.4.2.

2.5.2 A — ¢-Decoupled Potential Integral Equation (A — ¢-DPIE)

We use boundary conditions derived from the boundary conditions on fields (1.15), (1.16),

(1.17), and (1.18) that decouples A from ¢. We create six “source-like” functions, a, b, 7, 7,
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a, and B to use

Hr1

A —¢pDPIE
Pr?

| P
i, xn; X VXAl =—n, xfi, x Vx A}

t

Hr2
N, x Al = —h, x A}
1 -1
€r1 €r2
1 1
VAl = VAl
Hr1€r1 Hr2€r2
b1 =0

€1y - V1 = — €00, - Vo

~ ~ t
n, xn, xVxAj
i, x Al
1 1
~ t
n; - Aj

t
V'A.l
o1
n; - Vo

A —¢DPIE
—pi=?

25

~ ~ t
n, X Ny, Xx V x Aj
f, x Al
2 2
. t
n, - A

t

V- Aj
o5

Ny - Voo

Qi Ql 2l logl] Q)

=

(2.21a)

(2.21D)

(2.21c)
(2.21d)

(2.21e)

(2.21f)

(2.21g)



We can define the matrices, operators, and vectors for this formulation as

1 1 —y T
Eﬁ_d)DPIE = diag ( y —jK0€p, _jﬁogperpa X ]'KL07 w) (2.22&)
p np Co Co
1 1
w;;&—(;SDPIE — diag (Mrp’ €rps — €rps 1, _> (2.22b)
ETp €rp
K¢ —R2LL 0 2 0 0
72 1-Kx, PP 2 0 0
30 MY D, 9P 0 0
ZI;A—qSDPIE _ P p p P (2.22¢)
T 0 -k, I-D, O 0
0 0 0 0 I-D, S,
0 0 0 0  -N, I+D,
i, x i, x Vx Al
n, x Al
pA—eDPIE _ My A? (2.22d)
VA
b
i, - Vol
T
KA—¢DPIE _ (a b 5 6 a B) ' (2.22¢)

The linear factors of YW, are chosen such that the DPIE formulation only has one operator

whose strong singularity is not canceled.

2.5.3 A — ¢-Reduced Decoupled Potential Integral Equation (A — ¢-RDPIE)
Alternate formulations are possible due to the Lorenz gauge, which relates two unknowns
to each other ¢ = &. We can immediately create several Reduced-Decoupled Potential

Integral Equation (R-DPIE) formulations with the six equations and five unknowns and show
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two as examples. The first is created by eliminating &

1 —J r
Eﬁ_quDPIE ' =diag ( s —JK0Ep; —JK0EpErp; ﬂ? 6”&) (2.232)
Hrp €0 co
1 1
wﬁ—(ﬁRDPIE ! _ diag (,urpa 6ror — 1, 6_) (2.23Db)
rp rp
Tk k2, 0 ol o
52
A 1ok, A HeP o
_ K7
ZACORDPIEL _ | 2 _ () 7 D, j_f;Qég) 0 (2.23¢)
0 0 0 I-D, S,
0 0 0 -N, I+ DZ/)
n,xn, xVxA)
n, x Al
pA—¢RDPIET _ A Al (2.23d)
b
n, Vo,
T
KA—¢RDPIE 1 _ (a b 5 a B) ‘ (2.23e)
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The second is create by eliminating &

) 1 , ) 1 epe,
PA-ORDPIE2 _ (iag ( = G R0Ep —FROEpErp —5r p) (2.24a)
p np Co
‘ 1 1
W, =diag | prp, €rp, ;, Erps % (2.24b)
K —r2LL 0 oy 0
VAR I
ZAORDPIE2 _ [ 2 pq6) D, ol 0 (2.24c)
T 0 -k, I-D, 0
0 0 0 %?f/\/p 1+D,
n, xfi, x VxA
n,x A,
A—$RDPIE 2 _ A Al (2.24d)
V-Al
f, - Vol
T
KA—¢RDPIE 2 _ (a b v & B) _ (2.24e)

Additional A — »-RDPIEs not shown here result from scaling and combining the fourth

and fifth rows of the A — ¢-DPIE after combining the fourth and fifth unknown functions.

2.5.4 F — 1)-Decoupled Potential Integral Equation (F — ¢-DPIE)
We can make use of the duality between the F — ¢)-DPIE and A — ¢-DPIE formulations

by replacing A with F, ¢ with ¢, u with ¢, and ¢ with x4 and arrive at the formulation.
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Boundary conditions are expressed as

F -y DPIE
PrY

~ ~ t
n, xn xVxF|

n, x F
n, - F
V-F
U
I’:ll ’ le

F—¢DPIE
= pF-v

N N t
n, x N, x VxFy
n, x F}

2 2
A t
n, - F,

t

V.- F;
V2

N,y - Vi

and the remaining matrices, operators, and vectors are

PEUDPIE _ i ( 1

w}lj—wDPIE = dlag (er;m Horp,

F—yDPIE __
Zp =

bgﬂpDPIE _

F—VDPIE _

p

i, x A, x Vx F}
n, x F)

f,-Fl

V-F,

Q|

(576@6

29

) —]/‘iofp: _]Kvogp,urpa ﬁ?

1 —jffo Eplhrp )

» €0 Co

Lo L)
T g
I—-KE —w2LL 0 o} 0 0
5D -k, PP o 0 0
H MY T+D, 9 0 0
A 0  —x2S, I-D, O 0
0 0 0 0 I-D, S,
0 0 0 0  -N, I+TD,

o] Q2 oo

™I

(2.25a)

(2.25b)

(2.25¢)

(2.25d)

(2.25¢)

(2.25¢)



2.5.5 F — ¢)-Reduced Decoupled Potential Integral Equation (F — ¢-RDPIE)

The same observation for the A — ¢»-RDPIE is applicable for the F — ¢-RDPIE, and

alternate formulations are possible due to the Lorenz gauge because ¢ = &. The first of the

two examples are created by eliminating &

F—yRDPIE 1
L

wllj —1yRDPIE 1

Zzl;‘—q/;RDPIE 1

b}l;‘ﬂ/JRDPIE 1_

XFwaDPIE 1 _

. 1 . .
= dlag ) _jﬂ(]gzn _]K(]gpMTpa C—’
0

€rp

= dlag <€Tp7 ,qua

0

0 0 I-D,

_jI{O Eplrp
Co

1 1
Y 17 >
Hrp  Hrp

Tk R, 0 ol o
RS
— jp(s) _Mz()s) I+D; ;_EQI(JS) 0

S

p
0 0 0  -N, I+D,
i, x i, x VxF
n, x Fl
f,-F)
¥
ﬁp-V@D;

30
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(2.26¢)

(2.26d)
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The second is create by eliminating &

B ) 1 ‘ ] 1 eyu,
Py VRPPIE2 — diag (—, —JKoEp, —JKoEphrps —5> o p) (2.27a)
rp p
‘ 1 1
wp = dlag €rpy Hrps H_rp7 Hrp, ,U_rp (227b)
2 (1)
7 — ]Cg —/ip,cz 0 Qp 0
i 1ok, A o
ZFURDPIER _ | 76 _ 0 7y D, ol 0 (2.27c)
T 0 -k, I-D, 0
0 0 0 %g"/\/p I+D,
i, x i, x VxF,
n, x F,
LF—¥RDPIE2 _ i - F (2.27d)
V-F,
i, - Vi
T
F—¥RDPIE 2 _ (a b 5 & B) _ (2.27e)

Again, combining the fourth and fifth rows of F — ¢-DPIE, we can create further F — -
RDPIEs formulations.

2.6 LC-CFIE

Thus far, the new formulations have been for dielectric objects. Indeed, my research goal
was to advance dielectric formulations, and a subtle observation led to a new preconditioned
formulation for PEC objects.

The system matrices that we have been working with are all Calderén type projectors.
Specifically, we can view the system matrices Z, of some of the dielectric formulations (Miiller
(2.7¢), DFIE (2.12¢) (2.14d), DPIE (2.22c) (2.25d)) as projecting the traces of total fields or
potentials on the surface to the incident traces on the surface. The complementary projector

T — Z, projects the traces of the total fields or potentials on the surface to the scattered
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traces on the surface. From the perspective of projectors, it is obvious that the result of

applying a projector and its complementary projector will be a block null operator matrix.
Z,0(I-2,)=0. (2.28)

Each entry in the operator matrix above will be the null operator, and Calderén type identities
can be derived. One of these Calderén identities that results from using any of the new ZX

in this chapter can be used to precondition the EFIE formulation
TP o (k2L,) = Kyo (T —K,) — PP o MP. (2.29)
With this identity, we can arrive at a Calderén preconditioned EFIE formulation
T o (—jrify x i, x EY) = 7P o (k2L 0 J,). (2.30)
This formulation can be combined with the MFIE to create a CFIE formulation.

( ) jl(z)o(—j/slﬁlxﬁleil) (
a

| . oJ.  (231)
0 i, x H

s

o 1> (2) o (kimLY)
70 T—K,
This formulation has a null space because the MFIE and this Calderon EFIE share a null

space. Fortunately, the stabilizing properties of j19(2) are local, and we can use a lossy ky

which not only shifts the null space but also improves high-frequency stability

TP ox =h, x S,0 (A x x) (2.32a)
o x _/G ror) x () S’ (2.32D)

N exp(—jR,|r —1'|)
G, (r,r) = yrm— . (2.32¢)

arriving at

j2)o 2 Lt
a 1) voolmmb)) g (2.32d)
T

— K °

TP o (—jrif; x 0y x EY)
<"° 1) i, x Hj - (
which is unique and stable across a broad range of frequencies with the proper choice of
i =k — jO.4H**K"* [Antoine et al., 2006] with H being the max mean curvature of the

object.
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Writing this in the common formulation framework results in

PYECIE = <1 1) (2.33a)

W, = <£ 1) (2.33b)

70

Z{_,C—CFIE :dlag <;71(2) o) (K%nlﬁii),z' — IC1> (233C)
LC-CFIE VA (—jrify x A, x EY)
i = ‘ (2.33d)
f, x Hi
XLC-CFIE _ 230

2.7 Conclusion
The several formulations presented in this chapter cover most used in CEM. The direct
method framework developed here is general and applicable to most formulations. The

following chapter will build on this framework by discretizing these formulations.
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CHAPTER 3
DISCRETIZATION

3.1 Introduction

The integral equations presented thus far are agnostic to the basis functions used to
discretize these systems. For the formulations in Chapter 1, only vector unknowns need to be
represented, but in formulations presented in Chapter 2, both vector and scalar unknowns are
needed. We introduce some additional notation for ease of presentation (and implementation).
Let the space of scalar basis functions be denoted using B;, for n € [1, N,|. Likewise, the
space of vector basis functions is denoted using B;, for n € [1, N,|. In the above, we note that
N, and N, are the number of scalar and vector basis functions. For the single, closed object
scatterer, the number of degrees of freedom will be the N, = n N, + n, N, where ng and n,,
are the numbers of scalar and vector unknown source functions respectively. It follows that
one can represent the collection of basis functions needed to represent all of the unknowns
using £, = diag (B°,...,B",... ), where “diag” here is used to mean a block-diagonal matrix
and a B°® for each of the n, scalar unknown functions and a B" for each of the n, vector
unknown functions.

The discretized system for all formulations in this thesis is constructed through a Galerkin

framework using inner products defined as
.0) = [ 4w Fw)ds (3.12)
g0) = [ 0) £ (r)as (3.1b)

with * indicating complex conjugate and g, f, g, and f denoting arbitrary scalar and vector
functions of r. For each region, we test (2.1b) over the limiting surface as r approaches the
interface from within €2, and add the systems together, resulting in a single system, coupled

through the boundary conditions, that can be written as

ZXy = b* (3.2a)
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where the elements of this system are defined as

NP
by = <B§, sz;;b;;> (3.2D)

p=1
Np
-1
Ly, = <B§7 (Z PXWXZX (PX) ) o J_Tig> . (3.2¢)
p=1

As the boundary conditions and scale factors manifest themselves as diagonal matrices, it is

trivial to show that
2
B = PYWX (FX, b)) (3.3a)
p=1
2

2 =Y PIW (B3 23 0 ) (B))”

p=1

1

(3.3b)

where for the two region case ﬂ; and E; are built with either N, or N, repeated elements
and Z;f is used to represent an individual region’s unknown source and “source-like” functions.
Effectively, with ng‘ we test and measure each region individually and with ﬂg and 2;;
we scale and combine inner-products and enforce boundary conditions and scaling for the
unknown source and “source-like” functions on their coefficients. As an aside for composite
objects, there is an added step of selecting elements and functions only related to the particular
region but conceptually the same.

All that is now required is to select the basis sets for B* and BY, which will be covered
in the remainder of this chapter. For analytic analysis on a sphere, we will use spherical

harmonics in Section 3.2. For numerical analysis on arbitrarily shaped tessellated objects, we

will use piecewise RWG functions in Section 3.3.

3.2 Analytic Analysis

The functions used to extract characteristics for all formulations will be vector and scalar
spherical harmonics basis and testing functions. These functions will represent the source
and “source-like” unknowns and test the integral equations on the surface of a spherical
scatterer with radius a. Because of the spherical harmonic expansion of Green’s function

and orthogonality properties of the spherical harmonics, we can compute all of the integrals
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analytically. This is as in [Li et al., 2019, Yuan and Shanker, 2005, Hsiao and Kleinman,
1997].

We will use spherical harmonic indices [ and m and understand that special care must
be taken when [ = 0 so that normalization terms do not introduce any division by 0. For

simplicity of presentation, we will ignore this detail and set a = 1 m.

3.2.1 Scalar Spherical Harmonics for B°
To construct a basis for the space of scalar functions on the surface of a sphere, we utilize

the orthonormalized spherical harmonics defined as

Y7 (§) = \/ QZA; ! 8 - :3 : P™ (cos ) exp (jmd) (3.42)

with P}" (cos ) denoting associated Legendre polynomials, [ > 0, and |m| < [.

With these basis functions, we can define B* as
B = (Yg XY Y%ﬁ) (3.4b)

with N}, being the highest order of harmonic examined and N, = (N, + 1)*. For the remainder
of this chapter, [ = Nj;, = 2 [max, R (k,a)| + 2 where R (k,a) takes the real component of x,a
and max, takes the max over the single exterior region for the PEC case or the two regions

for the dielectric case.

3.2.2 Vector Spherical Harmonics for B*
For the space of vector functions, we utilize orthonormalized vector spherical harmonics

defined with respect to the scalar spherical harmonics

Y[ (®) =YY" (0,9) (3.5a)
U (#) = -1 x ®" () = NZZT;) (3.5b)
B (7) = x U () = -2 zv(zﬁnf)f) (3.5¢)

The space of functions we want to represent is tangential to the surface. Because of this, we

only require ¥ and ® type functions to represent them. With these basis functions, we can
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define BY as

with N, = 2 (N, +1)%.

3.2.3 Zero-Mean Constraint
It is important to note that for some unknown functions, there are additional constraints.
For example, when representing v, = 1, - EZ on the surface of a closed region p, it must

satisfy a zero-mean constraint
/vp (r)dS = 0. (3.7)
When using spherical harmonics to represent these unknowns, this can be performed by

zeroing the coefficient associated with [ = m = 0.

3.2.4 Analytic Integration

Evaluation of all of the operators in the formulations in Chapter 2 can be performed
exactly with the spherical harmonic basis sets by exploiting their orthogonality properties.
Rather than stepping through each operator individually, the necessary tools will be given to
perform all of the integrals, and only a single operator will be shown in complete detail. At

the end of this section, all operators will be listed for completeness.

3.2.4.1 Additional Spherical Functions

Spherical Bessel functions are denoted using

/

i () a=1

e (= T (33)
h;l) (2) a=3
() a=4
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where the index « is used to denote the kind of spherical Bessel function.
Using spherical Bessel and harmonic functions, the scalar and vector spherical wave

functions that satisfy the wave equation are

oi) (k1) = b (wr) Y;(r; (41:)1) (3.9a)
Li) (k1) =V i) (k1) (3.9b)
M (1, 1) :%v X N@ (1, 1) = =1 x V (@ (i, 1) (3.90)
N© (1, 1) :%v « M (1, 1) (3.9d)

Note, in typical CEM spherical harmonic analysis, E and H are represented with Ml(fjl) and
Nl(;? only and Ll(fn) is not required because the fields do not radiate radially. However, that

is not the case for representing the vector potentials A and F [Stratton, 2015].

3.2.4.2 Plane Wave Expansion

For completeness, we include plane wave expansion in terms of spherical wave functions.

For & = 2, E, = % and ¢y = 1, we have ¢}, E!, and A’

¢1 (r) =exp (—jmz -r) Z Z Qi Ph (1,T) (3.10a)

=0 m=-1
00 l
E! (r) =% exp (—jriz -1) = Z Z bim Ml(iq) (K1,1) + Cim Nz(frf (K1,1) (3.10Db)
=0 m=-I
i -1 i
Al (r) =70 (E{ + Vi) (3.10¢)
00 l
- Z > i L) (51,7) + b M) (51, 7) + €1 N, (1, 1) (3.10d)
=0 m=-1
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Fork =z, H, = —y and vy = L, we have ¢!, H., and F!

. . 00 l
i(r) =%exp<—mz-r> = %Z 3" i by (1.1)

=0 m=—1

; 1. o
Hj (r) =y exp (—jk1Z - 1)

. 00 l
:nizz (K1, 1) + by N (1, 1)
=0 m=-—1

. 1, ‘
Fi(r) :j_w (H + Vi)

Z Z Qi Liy) (K1,1) + Cin M) (i1, 7) + by N§ (i1, 1)
wm

=0 m=-—I

Defining in this way allows the coefficients a;,,, by, and ¢, to be shared

(
1 [4ar(20+1) .
J . m=0
A, =
0 m # 0
\
+lm| Vl(l+1) Im| =1
blm =
0 Im| # 1
; (21+1)
—(l4+m (21+1 B
g~ - ml=
Cim — .
0 Im| # 1
\

3.2.4.3 Green’s Function Expansion

(3.10e)

(3.10f)

(3.10g)

(3.10h)

(3.101)

(3.11a)

(3.11b)

(3.11¢)

The final ingredients necessary for the analytic evaluation of the integrals in all of the

operators used in this thesis are the expansions of Green’s functions. The scalar and dyadic

Green’s function expansions are

G, (r, ——jmle [+1) Z gpl /{p, gol(m) (/{;,r’)

m=—1
l

Q (r,r') = —jmpz Z M( (Kp, T M(ﬁp) (m;,r’)

=0 m=—1

+ Nl(:Lp) (:‘ip, I') N(ﬂp)* (KJ;, I'/)

Ilm
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with

4 p=1

a, = (3.13a)
1 p=2
\
(
1 p=1

Bp = : (3.13b)
3 p=2

These expressions and the spherical harmonic and wave functions constitute the underpinnings

of our analytical analysis.

3.2.4.4 Candidate Inner Product Evaluation

As there are many different inner products to be evaluated, it is cumbersome to provide a
detailed prescription for each. Indeed, there are 17 unique operators for all of the formulations
presented in Chapters 1 and 2. As most of these follow the same template, we provide one
illustrative example while leaving the reader with the necessary tools to follow the same steps
for the others.

Our example is an operator that is less commonly encountered, P,§2). For illustration, we
will focus on a single region and omit the scaling matrices, as these are diagonal and do not

add to the integral. Specifically,
PO, = (B}, PP oB}) = (B}, x VSoB;) (3.14)

where k € [1, N,] and n € [1, N,] are the testing and basis indices for this matrix.

Substituting (3.12a) in leads to

Py = / By (x) - fi, x V / G (r.x) B; () dS'ds (3.150)

0o !
= [ B8, %V [ =iy 3001 Dl ) A () B (10 S
=0

m=—I

(3.15b)

We use (3.4b) and (3.6¢) for analytic analysis. If we “unroll” the testing index & into

corresponding harmonic indices [ and m for ¥ when k < (N}, + 1)2 and for ® when k >
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(N, +1)%, and “unroll” basis index n into corresponding to harmonic indices I’ and m/, it
is easy to see that we can take advantage of the orthogonality of the spherical harmonics.
When [ # ' or m # m/, the system element is zero. This allows us to focus on a specific
harmonic specified by [ and m. We will use superscripts Y, ¥, and ® to denote the basis
and testing functions as in |}Z,Y to denote testing function ¥} and basis function Yj*. We

analyze the two cases when k selects a testing function from By,

@Y (W] i, x VS oY) (3.16a)
= [ @), x V[ w4 1) () o (s56) P @) dS'dS

(3.16b)

—ejrpl (141 /\Iﬂ” (#) x & - L% (k,,1)dS <Y¢,gp§f;)( ;)>* (3.16¢)

=0 (3.16d)

and Bg after skipping some shared steps

Y

PR, =(®[",h, x VSoY[") (3.16e)
— — e jrpl 1+ 1) / " (7) x £ - L (kv )dS<Y}”,S01m (Z)> (3.16f)
== piml 1+ D (BT () (YTt () (3.168)

3.2.4.5 All Operators
Below are all the operators used in Chapters 1 and 2 implemented with spherical harmonic

basis functions. All pairs of test and basis functions not shown are analytically 0. The
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vector-vector operators are

v v re . 9 m (ap) *
&m:}K%n_w%@“N k) ) (@ MUY (7))

® P ® P m m *
Kyl == Kyl = —eping (@ M) (np>><wl, ()
Lyl == Lol = =i (@7 NG (i) (W7 NG (k1) )

)<
L = I = i (WM ) <¢>¢7M”f’ 2
SO =, (B M () ) (@7 M (7))
S8 =iy (N () (N (1))
. <W,L;;;p> () <w,L§m> )
Kyl =eing (@1 MY () ) (1N (7))

K[ T = — ey (WP N () (7, MY (7))

[(1+1)

The vector-scalar operators are

Q[ ==z (@ M (1)) (Y7 NG (7))
o =—epjkpl (1 +1) <\Illm, Ll(gp) (Iip)> <Y§", gol(fn”) (FL;)>
Q[ == gy (@ NG () ) (Y1 NG (7))

P (v ) () (o L () )

p

The scalar-vector operators are

I =i (NG () (NG ()
P (vl ) (e ()

p

M}(})‘;{ —_ — Epjl-{, <Y?1,Nl(:1p) ( )> <¢lval(m) (K;)>

IO = = el (14 1) (Y7ol () ) (R L (7))
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(3.17¢)
(3.17d)
(3.17¢)

(3.17f)

(3.17g)

(3.17h)

(3.171)
(3.17j)

(3.17K)

(3.171)

(3.17m)

(3.17n)



The scalar-scalar operators are

D) |, == epirpl (14 1) <Y?”a L (va)> <Y?”, o) (/-e;i)>* (3.170)

QW[ ==y (Y7 NG () ) (Y7 NG (5)) (3.17p)
2D ) o7 )

Syl = = gl (1+ 1) (Yol (1) ) (Y (s3) ) (3.17q)

DY = — epiml (L 1) (VP o) (s,) ) (Y7 L (ﬁ;;)>* (3.171)

N ==l (4 1) (YTLLEY () (YISLEY () ) (3.175)

For completeness, additional vector-vector operators defined in Chapter 1 are provided

here
i, x LY % =<, jr, <<1>;71,M§§f) (np)> <<I>;”,M§§f) (K;;)> (3.17t)
n, x LA; — &pJkp <\Il}”, (Iip)> <\IJ}”, mp) (/f;)> (3.17u)
B, x K[ =i (WP NG () ) (@7 MY (7)) (3.17v)
i, x K| =j2 (@7, MU () (@7 N (7)) (3.17w)

3.2.5 Results

With these basis sets, we can analyze the eigenvalues and condition numbers of band-
limited versions of the operators, and compute Radar Cross Section (RCS) scattering from
spheres.We do this by isolating the block of operators associated with a given harmonic
specified by [ and m. Because of the orthogonality of the basis functions, the system matrix
becomes block diagonal with block size (2N, + Ng) x (2N, + Ny). The eigenvalues of the
entire system comprise the 2N, + N, eigenvalues of each block. Likewise, the singular values
of the entire system comprise the 2N, + N, singular values of each block. Computing each
block’s eigenvalues and singular values is significantly more efficient, and separating the
eigenvalues by harmonic enables additional insight into the system’s behavior. Also, the

system is not dependent on harmonic index m.
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For this analysis, the first harmonic is excluded where | = m = 0 and the highest
harmonic is for [ = N,. The finite-dimensional expansion of the operator, in effect, creates a
band-limited version. If the operator is compact, then this series converges, and the condition
number represents the system for which N;, — oo. As is well known, the EFIE and PMCHWT
integral equations have hyper-singular operators, so the operator’s actual condition number
is unbounded.

The eigenvalues are from the generalized eigenvalue problem, Av = ABv with Ay, = Z},
and By, = (Fy, FX) (or equivalently the regular eigenvalue problem B~ Av = \v). Condition
numbers are computed from the matrix B~ A.

Rather than present results for each formulation, for dielectric formulations E-DFIE,
A — ¢-DPIE will be shown with PMCHWT and Miiller as a reference, and for the PEC
formulations LC-CFIE will be compared with EFIE and MFIE. For these comparisons, we
will show the following:

1. the condition number over frequency

2. the eigenvalue spectrum for several fixed orders [ as frequency varies

3. the eigenvalue spectrum for all orders [ < N, for a specific frequency

3.2.5.1 Dielectric Formulations

For the first case, we examine a low contrast scenario p,.2 = 1 and €, = 1.5 in Figure 3.1.
We see in Figure 3.1a that the condition number stays constant at low frequencies for Miiller,
DFIE, and DPIE but increases for PMCHWT. At high frequencies, all formulations grow
at roughly the same rate. Next, we focus on the harmonics | € [1,3,5] and m = 0, as
representatives of the whole system. We see in Figure 3.1b and 3.1c that at low frequency,
the eigenvalues collect away from zero and are bounded at high frequency for Miiller, DFIE,
DPIE but collect at zero and infinity for PMCHWT. If the frequency is held constant at
10 MHz, 100 MHz, and 1 GHz, we notice that as frequency increases, we consider additional
harmonics as designed. From Figures 3.1d and 3.1e, we can justify extrapolating the findings

from examining [ = 1, 3,5 and see that the eigenvalues even for higher [ are bounded and do
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Figure 3.1 Condition numbers and eigenvalues for different band-limited, dielectric integral
equations using analytic basis sets for a dielectric sphere with p,.o = 1 and €, = 1.5. Real
and imaginary parts of eigenvalues on the x- and y-axes, respectively.
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not collect at zero for Miiller, DFIE, DPIE and collect closer and closer to zero and infinity
as frequency goes down for PMCHWT.

For the second case, we examine the dual scenario where p,o = 1.5 and €. = 1 in
Figure 3.2. This is equivalent to examining the first case with the dual formulations, H-DFIE
and F — ¢-DPIE. As evidenced by Figures 3.2, there is little noticeable difference between
the first two scenarios.

For the third scenario, we consider a case where n? = n3 with p,» = 1/1.5 and €, = 1.5
in Figure 3.3. This scenario is unique because the DPIE formulations are second-kind only
under this condition. We see in Figure 3.3a that the condition number is much more flat
for all formulations In Figure 3.3b and 3.3c, the eigenvalues seem to follow some additional
structure but otherwise follow the same behavior as the first two cases. From Figures 3.3d
and 3.3e, we again notice minimal distinction between the Miiller, E-DFIE, and A — ¢-DPIE
formulations and similar takeaways for the PMCHWT formulation.

For the fourth and final case, we consider a high contrast scenario with . = 1 and
€90 = 20 in Figure 3.4. We see in Figure 3.4a that the condition number is worse for all
formulations. We also observe several “near-resonances” where the condition number spikes
but not to infinity. Figure 3.4b and 3.4c show that the eigenvalues are still bounded but
appear to be near and around zero. For certain frequencies, an eigenvalue will get relatively
close to the origin, which will cause what we call a “near-resonance”. From Figures 3.4d and
3.4e, we notice little significant difference between the three well-conditioned formulations

and no new takeaways for the PMCHW'T formulation.

3.2.5.2 PEC Formulations
Before we examine the analytic results for the LC-CFIE formulation, we briefly describe
the well-studied Calderén formulation [Andriulli et al., 2008] using the common framework.

We will preface the existing Calderén formulation with x to differentiate between the two
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formulations.

PrLC-CFIE _ <1 1) (3.18a)

Zl*LC-CFIE — diag <ﬁ1 x L1 0 (K%mﬁl % El),I — }Cl) (3.18¢)

pLC-CFIE _ 0y x Lo (jm]?wl x1) (3.18d)
n, x Hj

XHLC-CFIE _ (3.18e)

We examine the results in Figure 3.5 where we show the standard EFIE, MFIE, and
CFIE behavior for reference and the related LC-CFIE and x LC-CFIE formulations. What
is immediately noticeable from Figure 3.5a is that neither the EFIE, MFIE, nor CFIE
formulation are well-conditioned at either low or high frequencies. In contrast, in Figure 3.5b,
we see excellent conditioning for x LC-CFIE and excellent low-frequency and comparable
high-frequency conditioning from the LC-CFIE. From Figure 3.5¢c, we observe that the EFIE
and CFIE are unbounded and how the MFIE and CFIE do not collect at the origin at low
frequencies. That is not to say that the MFIE does not have resonances. The CFIE has no
resonances as all the eigenvalues are away from the origin. In contrast, both the LC-CFIE and
* LC-CFIE are bounded, do not collect at the origin, and are far from the origin. The main
difference between the two Calderén formulations is that the new LC-CFIE formulation has a
“bubble” that grows with harmonic index [. This is directly responsible for the difference in
high-frequency behavior from the starred counterpart. Finally, in Figures 3.5e and 3.5f, we see
eigenvalues always clustering away from zero for the LC-CFIEand x LC-CFIE formulations
but not so with the EFIE, MFIE, or CFIE formulation, and for the LC-CFIE formulation, the
“bubble” manifests itself at higher frequencies and is the cause of the increased conditioning

compared to » LC-CFIE.
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3.3 Piecewise Analysis

For analysis on non-spherical objects, we can utilize a triangular mesh with Ny flat-
triangles, N, edges, and N, nodes to approximate the true surface as is typically done.
Piecewise basis and testing functions will not have the helpful analytic integration properties
of the spherical harmonics. However, they will enable the analysis of arbitrarily shaped

objects, which is necessary for practical utility.

3.3.1 RWG functions for B*

RWG functions are a heavily utilized set of basis functions for representing vector functions
in CEM. They are excellent for demonstrating how to implement the formulations presented
in Chapter 1 and 2. These functions are defined for each edge with a domain of the two
connected triangles as

In + +
oo (r) reTl;
£, (r) = (3.19a)
0 otherwise

where

i(r—pfe) rETri
ot (1) = . (3.190)

0 otherwise
In the above equations, [, is the length of edge n., Ai is the area associated with triangle
T*, and pi is the node of the triangle Tnie opposite the edge n. [Rao et al., 1982]. With

Ne?

these basis functions, we can define BY as

ﬁ”=(f1 U fNe) (3.20)

with N, = N..

3.3.2 Pulse functions for B°
Pulse functions are the simplest basis functions to represent scalar functions over a

triangular mesh. These functions are constant over each face of the mesh

I refT,

Pny (r) = (3.21)

0 otherwise
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where T}, is the ny triangle.

With these basis functions, we can define B as

B’ = (p1 oo Doy e pr) (3.22)
with NS = Nf.

3.3.3 Hat functions for B°

While hat functions have been implemented for these new formulations, they are unneces-
sary for the primary purpose of this chapter. Rather than showing two sets of results, one
with pulse functions and one with hat functions, pulse functions are used for the remainder
of this thesis. This section serves as a reminder of how additional basis sets can be used to
construct BY and B® without any change to the underlying formulation.

The second most straightforward scalar functions on a triangular mesh are hat functions
(pyramidal functions). These functions are associated with each node and linearly decrease
from 1 at the node to 0 at the edges, forming a ring around the node. We can define these

functions fairly simply by reusing RWG functions

i g i
l—u, -f, rel,

D, = (3.23)

n

0 otherwise

where each node has N, triangles connected to it with index ¢ € [1, N,,,]. Each triangle
T! has an edge that does not include node n,. Those edges have unit normal vectors ﬁ;n
perpendicular to them pointing out of the triangle and an RWG function f;n oriented such

that Tf;n is its positive triangle.

With these basis functions, we can define B as

Esz(hl I hNn> (3.24)

with Ny = N,,.
These functions typically result in fewer unknowns for B* than the pulse functions because

N,, < Ny for closed objects. However, more quadrature points will be needed for each integral
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because the domain of support covers more than one triangle. If we count the number of
integrals, each triangle is integrated over once for pulse functions but three times for hat

functions.

3.3.4 Zero-Mean Constraint

In order to effect the zero-mean constraint for a closed tessellated object through the
basis function coefficients, we use a Lagrange multiplier as in [Dault and Shanker, 2015]. This
adds a row and column to the matrix for each Lagrange multiplier while not significantly
modifying the convergence properties of the formulation as confirmed experimentally.

As an alternative, a rank-1 update will avoid the matrix with the added cost of an

additional matrix solution as done in [Hawkins et al., 2022].

3.3.5 Numeric Integration

The key challenge of working with piecewise tessellations is evaluating these operators
when the £ testing domain is close to or shared with the n basis domain. While several
operators are familiar, some are not. We have taken a straightforward approach to evaluating
these integrals—singularity subtraction. There are other methods of evaluating these integrals
[Tihon and Craeye, 2018]. However, they are not necessary to demonstrate the crux of this
chapter—the demonstration of how to implement the new formulations for discrete piecewise
tessellations and their properties. To that end, we note that even though there are several
unfamiliar operators, the singular integrals necessary are the same as those encountered in
the EFIE and MFIE; all other singular integrals can be evaluated via a combination of four
base singular integrals. These singular integrals, along with an example of the complete
treatment of one of the operators, are presented in the next section. Standard quadrature
techniques are applicable for numeric integration when the basis and testing domains are

sufficiently separated and not discussed here.
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Figure 3.6 Vector and point definitions for singular integration over a testing triangle.

3.3.5.1 Singular Integrals

We subtract the first two terms from the Taylor series expansion of the exponential
function. As will be evident, the singular integrals needed are identical to the ones needed
for the EFIE and MFIE and can be found in [Wilton et al., 1984, Hodges and Rahmat-
Samii, 1997]. Tt follows that, if necessary, one can use better rules [Fink et al., 2008, Botha,
2013, Tihon and Craeye, 2018] if so desired. We use Figure 3.6 to set the stage for definitions,
and it is here purely for completeness. The definitions here follow those in [Wilton et al.,
1984].

It is well known that the following integrals can be evaluated analytically as r’ approaches

a testing triangle.

Tyn — / %ds (3.250)
Tojn = / }%ds (3.25b)
Ty = / %ds (3.25¢)
Toys = / %ds (3.25d)
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where the integrals are defined according to Figure 3.6. Similar integrals can be defined and
evaluated as r approaches a source triangle with the only difference being that R points away
from the triangle, so the integrals involving R have an extra factor of —1. Singular integrals
over the source domain will be denoted with a prime.

We used a seven-point Gauss-Legendre rule for the integrals over a triangle to effect
the integration. For the hypersingular integral N,,, we treat it as in [Terai, 1980] and use a
fourteen-point Gauss-Legendre rule for the line integral.

As an aside, two issues naturally crop up when surfaces are modeled using higher-order
geometric representations: (a) evaluation of singular integrals and (b) cost of a higher-order
quadrature rule. The integrals in (3.25) have been dealt with in the community using either
a mapping of the contour to a flat patch, which allows the use of singularity subtraction or
singularity cancellation techniques. Amelioration of the costs associated with the evaluation of
these integrals for higher order geometries has been dealt with in [Alsnayyan et al., 2020, Dault
and Shanker, 2015] by integrating with a wideband Fast Multipole Method (FMM), which
uses a combination of an adaptive quadrature rule and singularity cancellation around a
small neighborhood of the singularity.

The techniques used below rely on the fact that we use a flat tessellation and are specialized

in using RWG and pulse functions for basis and testing functions.

3.3.5.2 Candidate Inner Product Evaluation
To illustrate a general approach, consider the evaluation of IP’](DQ) as defined in (3.14).
kn
The integration is over the testing domain T,j[ and the basis domain T,,. To simplify the

presentation, only consider T} (the other follows trivially). Given that n, is constant over

T,, manipulation of the integral results in

P, :/T+ £ (r) B, x V| Gy (v, 1) p (1) d5'dS (3.26a)
k n
:/ pn (r') 0, - VG, (r,r') x £, (r)dSds’. (3.26b)
n T
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As is usually done for singularity subtraction, we use a Taylor series expansion for G, or
V G, depending on the integral. We then decompose the integral into two parts: one with a
removable singularity and another non-singular integral that can be evaluated numerically. As
mentioned earlier, we subtract the first two terms of the expansions to construct the singular
part (although the second terms are not singular), and the rest of the series is captured in

the non-singular part

1 1
1 1 1 1 .
yp ( ]/ip) (G i (E — jnp)) (3.27Db)
Slngular Non-;ggular
1 R <’R
1 R xR 1 R R
_ 1 1 27d
47r( I 2R)+(VG 47T<R3 2R (327d)
Singllar Non—sivngular

We only discuss the singular portion of the integral denoted below using superscript S as in

5. For (3.26), this can be written as

2 N 1
()lkn s np'(T+Rs><fk()ds+_/T+§ka()dS>dS (3.28)

It follows that to evaluate this integral we need to evaluate [ £ xf, (r)dS and [ 3 xf, (r)dS.
In this example, the integral over the source domain can be evaluated numerically.

From (3.25), one can derive the following analytic integrals:

R
Tnjp = / EdS = To/p + dZys (3.29a)
R I N
Tnjuxt = | 5 X £, (r)dS=+—"+ AT (d+ p*) X Inyp (3.29b)
Tk
f (r l
Te/n _/ ’f]; )dS = :I:é (Zo/n — P Tyr) (3.29¢)
Ty = / —5dS = Tpps + ATy (3.29d)
l +
Tryposs = R3 r)dS =+—— DA% (d+ p™) X Inyps. (3.29¢)
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The integral Z¢, /r is not necessary for this example but is for the other operators in the
following section.

We finally arrive at

S —1 K2
P = 1 B, (IR/RSXf + ?”IR/RXf) ds’. (3.30)
3.3.5.3 All Operators

The process for addressing the rest of the singular integrals is similar. Again, the integrals
are defined according to Figure 3.6 where the integration is over a testing triangle, and it is
important to remember if integrating over the source domain to add an extra factor of —1
for singular integrals involving R. Singular integrals over the source domain will be denoted
with a prime.

Note, the singular integrals are either due to G, or V G,, are over either testing or source
domains, and can all be formed as combinations of (3.25). Just as the normal over each
triangle is constant due to the flat-tessellation, fi - R and fi’ - R are also constant over the
testing and source domains respectively. In addition, V, - f and V’, - f are constant.

Below, the expressions we use to treat the singular integrals are cataloged. This catalog
is one of several equivalent sets of expressions that can be used for singularity subtraction.

The singular integrals for the vector-vector operators are

-1 2
K;"in - Kg‘; ~r (i, x £7,) - (IR/R3xf + EPIR/Rxf> s’ (3.31a)
S t1S 1 .
Loplyn = — ]Lp\,m = I /T; f, - (Ié/R — Jkp /T,f f’ndS’) (3.31b)
1
- ?Vs S PAVARS i ( {/R — jlipA;L‘—) s
P
o~ [ a0y (5% (T, [ a5 1
Iy ‘;m e /T,j (A, x f}) (np X ( ¢/n — Jkp - LdsS’ | ) dS (3.31c)
S 1 A ! 5227 /
Kp‘k.n :E /,1;+ (np X fk) . R/RBXf + 7IR/R><f ds (331(1)
k
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The singular integrals for the vector-scalar operators are

—1

Q(l |kn 4ﬂ-
—1

P(2 |kn 47T
@(2 |kn 47T

/4)2
/ ﬁ; . (IR/R3><f + EPIR’/RXf) dS/

/€2
ﬁp . <IR/R3><f + ?pIR/RXf) ds’

[ -, (L/R — jky / fde> ds'.

The singular integrals for the scalar-vector operators are

1
P ‘kn CAr

——/ ﬁp-ﬁ; X (Iﬁ/R—jmp/ f;dS’) dS
T T

_1 ) K2
1 2
’k:n A ﬁ;' ( R/pSxf T QPIE/RXf) ds.

The singular integrals for the scalar-scalar operators are

p|kn

(3)
Q |kn
p’kn

p|kn

_1 /4;2
- / (4, R) (Il/Rs + ?”L/R> ds’

= / i, -0 (L, — jrpAl) dS
1

= Tip — jr,ATdS
A7 /Tk /R JhpAy

s _ 1 . i
:E - (1’1;7 . R) Il/RB + 7191-1/55 ds.

(3.31e)

(3.31f)

(3.31g)

(3.31h)
(3.31i)

(3.31j)

(3.31k)
(3.311)

(3.31m)

(3.31n)

As stated earlier in this chapter, the N, operator is hyper-singular and is dealt with as in

[Terai, 1980] rather than with si

ngularity subtraction.

For completeness, additional vector-vector operators defined in Chapter 1 are provided

here

D Lp‘kn :E \/le_ (fk: X ﬁp) . (( f{/R —j/{p/T+ f;dsl)

1 2
—H—Zv’ £ (I;/R3+ ST ))ds
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Figure 3.7 RCS of the dielectric sphere with o = 1 and €, = 1.5.

The integrals fT; f,.dS and fTJ f! dS’ are not singular and can be evaluated analytically
or numerically.

Piecewise geometric descriptions come with the challenge of accurately describing the
scattering physics from objects with singular features, e.g., cones, tips, edges, These are
well-known challenges (and the formulations from Chapter 2 are not immune to these as they
arise from the geometry as opposed to the formulation), and one could use singular basis
functions [Graglia et al., 2013] or adaptive basis functions [Nair and Shanker, 2011, Dault
and Shanker, 2015] to overcome some of the bottlenecks partially.

Utilizing hat instead of pulse functions changes the expressions above but not in a way
that requires additional singular integrals and is relatively straightforward due to how hat

functions defined in (3.23) are related to RWG functions.

3.3.6 Results

We begin the piecewise analysis by considering the scattering from the dielectric sphere
with radius 1 m. The sphere is meshed into 1280 patches and 1920 edges with an average edge
length at 100 MHz of about A1/19.9 with \; being the wavelength in the exterior region. In
Figures 3.7, we examine RCS data at three different frequencies, specifically at 100 MHz, 1 Hz,
and 1 pHz due to an incident wave with an arrival vector of & = Z, polarized along E, = X,
and measured at points along 6 € [—m, 7] and ¢ = 0. In Figure 3.7a, we see that there is
good agreement among all formulations, including the analytic formulation at 100 MHz. In

Figure 3.7b, we see that the E-DFIE, Miiller, and PMCHWT formulations have already
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Figure 3.8 Results from the dielectric sphere discretized with RWG and pulse basis sets with
o =1 and €9 = 1.5.

diverged from the analytic solution at 1 Hz whereas the A — ¢-DPIE and Mie agree very
well with each other. Finally, in Figure 3.7c, we see that the DPIE still matches the analytic
solution while the E-DFIE and Miiller solutions are off the chart at 1 uHz.

For this next experiment, we used the same piecewise discretized sphere and collected data
from 1pHz to 100 MHz. For this demonstration, we use the Transpose-Free Quasi-Minimal
Residual (TFQMR), but we have verified that other iterative solvers show similar behavior. A
relative tolerance of 10712 is used for two reasons. First, low-frequency convergence, especially
to —500 dB m?, necessitated the need for a smaller than typical tolerance and a relative as

opposed to absolute tolerance
||residual|] < tol x ||[RHS]|. (3.32)

Second, as we examine convergence across frequencies, we wanted to keep the relative tolerance
constant so that the iteration count comparison would be fair. The TFQMR solver is stopped
after 500 iterations unless it stops due to a TFQMR related breakdown or the tolerance has

been met. For TFQMR, there are two matrix-vector multiplications (matvecs) per iteration.
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Figure 3.9 The dielectric National Aeronautics and Space Administration (NASA) Almond
using piecewise basis sets with p,0 = 1 and €, = 1.5.

From Figure 3.8a, it is apparent that the matvec and iteration count remains low as the
frequency goes toward 0 Hz. It is also evident that PMCHWT requires significantly more
iterations than the threshold except at 11Hz, where the iterative solver does converge within
the tolerance but not to the correct solution. There is a moderate increase for the E-DFIE
and A — ¢-DPIE as one tends to higher frequencies. This trend mirrors that seen in the
Miiller system [Li et al., 2019]. We note that methods to mollify the behavior of Miiller
systems have been addressed by using intermediate Buffa-Christianssen basis sets [Yan et al.,
2010}, but investigating these phenomena lies outside the main goals of this thesis and can
be investigated in the future.

We turn our attention to the convergence of the iterative solver. In Figure 3.8b, we see
that the E-DFIE, A — ¢-DPIE, and Miiller formulations converge very quickly in a few
iterations to a solution within the relative tolerance specified. The E-DFIE and Miiller
formulation are well-conditioned but do not recover the RCS at a low enough frequency. In
other words, even though the solver finds a solution within a few iterations, it is not helpful
in the low-frequency regime.

The results of Figure 3.8 demonstrate fast convergence for the E-DFIE and A — ¢-DPIE
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3.3.6.1 Dielectric Almond

Next, we analyze scattering from a dielectric NASA almond, as seen in Figure 3.9a. The
NASA almond meshes into 896 patches and 1344 edges. The average edge length at 90 MHz
is about *1/28.5.

In Figure 3.9b, the RCS is shown at 90 MHz with an incident wave arriving from & = Zz,
polarization E; = ¥, and measured at points along € [—7, 7] and ¢ = 7. We see that there
is excellent agreement among the E-DFIE, A — ¢-DPIE, and Miiller formulations at 90 MHz.

Next, the number of TFQMR iterations needed to converge to an error of 10712 is shown
in Figure 3.9c. The data shown in this figure is for a range of frequencies from 9kHz to
90 MHz. Again, at the lower frequencies, only A — ¢-DPIE is the only formulation that is
accurate. The number of iterations is relatively constant for the E-DFIE, A — ¢-DPIE, and
Miiller.

Overall, as is evident from Figure 3.9, the favorable properties of the E-DFIE and

A — ¢-DPIE hold for non-canonical geometries.

3.4 Conclusion

Discretization with spherical harmonics enables analysis that provides insight into the
formulations, even more than what is presented here. With piecewise basis functions, we can
use these formulations to analyze arbitrary shapes and model actual use cases.

Implementing both discretizations provides a very practical advantage because they can
be used to cross-validate each other. A simple change of basis from piecewise functions to
spherical harmonics of a particular order can help identify implementation issues and give
valuable insight into discretization limitations.

At this point in the thesis, a framework for formulations was presented in Chapter 2,
and all of the formulations are implementable using the framework and integrals provided in
this chapter. In addition, indirect formulations and formulations that are developed under
different frameworks but involve the same operators are implementable with what is covered

above.
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CHAPTER 4
ACCELERATION

4.1 Introduction

As noted earlier, the formulations introduced in Chapter 2 involve more operators than
encountered in the classical formulations and result in large systems. As shown in Chapter 3,
it is possible to implement these formulations using piecewise basis sets and construct a dense
system of equations to solve for the unknown coefficients of (3.3b). However, an increased
system size typically translates to a significant increase in solve time even if the system is
well-conditioned due to the necessity of evaluating each entry in the system. Fortunately,
this burden can be alleviated by using the MLFMA for computing far interactions, which
constitute most of the system. The advantages are realized by reconstructing the potential or
fields before they (or their derivatives or traces) are measured. While it is well understood, we
briefly overview the MLFMA to introduce the vocabulary necessary to discuss modifications

to evaluate the new operators.

4.2 MLFMA Background

The derivation of FMM and its multilevel variant MLFMA are well known [Coifman et al.,
1993, Song and Chew, 1995, Song et al., 1997, Sarvas, 2003, Vikram et al., 2009, Hughey
et al., 2018]. Without any loss of generality, we will present the MLEMA through the 2-level
description and drop the region index p from the notation. FMM starts with the integral

representation of the Green’s function

G(X+d)~ _<i:)2

where the translation operator T is given by

/52 exp (—jk -d) T (K, X) d*&, (4.1)

[e.9]

T(k,X) =Y (—)" 20+ 1)h? (kX) P, (,@ : X) , (4.2)

n=0
with & = kk. Here, S? denotes the unit &-sphere, parameterized by (0, ¢) € [0, 7] x [0, 27].

We note that & = & (0, ¢), and use these notations interchangeably. As in any MLFMA
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scheme, the computational domain is embedded into a bounding box that is used to construct
a uniform oct-tree, the smallest of whose boxes we refer to as leaf boxes. As usual, one designs
operators to map from sources in the leaf boxes to observers in other leaf boxes, provided the

boxes satisfy an interaction criterion.

4.3 Implementation Details

As is evident from how all of the formulations in this thesis are constructed, the repre-
sentation equations relate the scattered potential or field to traces and traces of derivatives
acting on the total potential or field collectively referred to as x in (2.1b). Likewise, one
measures traces or traces of derivatives acting on the scattered potential or field. Within an
MLFMA scheme, all these operators can be evaluated spectrally before and after translation.
This implies that one can send scattered potentials or fields up and down the tree and then
evaluate the necessary derivatives (and their traces) just before testing.

Consider a source box s whose domain is denoted by €2 and centroid by r¢. The potential
or field radiated by these sources is observed in an observation box with domain €2, and
centroid rg. Assume that in the source box, there exist Nj functions and N; RWG basis
functions. Each representation integral is evaluated using a quadrature rule. Each pulse
basis function is evaluated at N, g quadrature points located at r/, 5i with quadrature weights
wy,i- Each RWG basis function is evaluated at N quadrature points located at r;, ; with
quadrature weights w,,; and unit normal @], ; (which changes based on which triangle T of
the RWG function the quadrature point resides on).

Several formulations are presented in this thesis, each with slightly different representation
integrals. The following presents the most general representation integrals (1.20) and (2.17).
We will utilize placeholders x and z to denote any vector and scalar that satisfies the vector
and scalar Helmholtz equation, respectively. In that way, the following prescription will cover
all of the DFIE and DPIE formulations. For clarity, the coefficients in y will be split into
coefficients oy, ;, B, @n,, bn,, Yoy, and o, as needed for the formulations and for simplicity

P and W will be omitted without any loss in generality. Then Charge-to-Multipole (C2M)

65



expansions are as follows

fo(r,5) =exp(—jk - (x5 — 1)) (4.30)
nz:iwwfs(w ) (4.3b)
f(f“ 0,0, = By ) Py (T
i;“’”ﬂfm(nw ) (4.30)

(]’VYnf - ﬁnfanf> pnf (r;’bfi>
N: Ny
) waifs (v k)
ne=1 i=1
( ’nelane jnbne) X f’ne’i (r’/llei) :
Multipole-to-Local (M2L) transformations from {2, multipoles to local expansion €2, are

unchanged
ZT k.1 —1°)V° (K) (4.4a)
ZT K, 15— 1) VX (K). (4.4D)

As an aside for the multilevel case, Multipole-to-Multipole (M2M) and Local-to-Local (L2L)
expansions and M2L translations on all levels are unchanged.

For Local-to-Observer (L20) measurements, dipole and monopole observations are located
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at r € box (2, can be evaluated using requisite inner products with

g (x, ) (;7{;”; exp (—jr - (r —15) (4.50)
o) = [ () UE () R (45b)
Vot (e) = [ g, (r.k) US () % (450)
XPF (1) = / 0, (6, ) U (1) R (4.5d)

Vv x xFF (r) :/52 —jk X go (r, k) U* (k) d*R (4.5¢)
VT (1) = [ g, ) U () R (451)

Here, superscript F'F' denotes the far-field scattered quantity. Minor modifications are
necessary to use this for the reduced formulations, for example, setting o = 0 for the Reduced-
Decoupled Field Integral Equation (R-DFIE) and utilizing o = ;—ia for R-DPIE. For the
classical formulations, utilize their respective representation integrals to develop the proper
C2M operator.

We note the following: (a) only changes to an existing MLFMA implementation to
accommodate the new formulations are at the leaf levels in the C2M and L20 operators. (b)
For the DPIE, we chose to have a four-tree configuration to represent the three Cartesian
components of A* and ¢* or F* and ¢*° and a three-tree configuration for the DFIE to
represent the Cartesian components of E* or H®. We chose to send the Cartesian (rather than
0 — ¢) components primarily to enable simpler future integration with wideband MLFMA
[Vikram et al., 2009]. Furthermore, (c¢) because we take all derivatives spectrally, we must

carefully account for the overall spectral content to design integration rules.

4.4 Results

The main results of this chapter are twofold: the efficacy of DFIE and DPIE for analysis
of electrically large objects and the effectiveness of the MLFMA. To that end, we will show
several RCS plots for a variety of objects and timings of the MLFMA accelerated (i.e. far-field)

portion of the matrix-vector multiplications.
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Figure 4.1 RCS plots from MLFMA accelerated solutions for a 1 m radius, dielectric sphere
with g, =1 and €9 = 1.5.

Like before, rather than showing results for each form of the DFIE and DPIE, we choose
to focus on the E-DFIE and A — ¢-DPIE as representatives. The main reference point will

be the three-tree MLFMA accelerated Miuller formulation.

4.4.1 Accuracy
We first examine the accuracy of the MLFMA by comparing the RCS to the Mie series
RCS. After that, we show agreement between the different formulations of arbitrarily shaped

objects.

4.4.1.1 Spheres

We begin by considering the scattering from different refinements of a dielectric sphere
with a radius of 1m. We present three RCS measurements due to an incident plane wave
arriving from & = Z, polarized along E;, = %X, and measured at points along 6 € [—m, 7] and
¢ = 0. These are compared against the Mie series solution.

The first result is the RCS of a sphere meshed into 20,480 patches and 30,720 edges with
an average edge length of about *1/26.6 with an incident plane wave at 300 MHz. A three-level
MLFMA tree is used for this result. Figure 4.1a shows excellent agreement between the
formulations with almost no noticeable disagreement at any 6.

The second result is the RCS of a sphere meshed into 103,680 patches and 155,520 edges
with an average edge length of about A1/35.7 with an incident wave at 500 MHz. A four-level

MLFMA tree is used for this result. We see in Figure 4.1b excellent agreement between all of
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Figure 4.2 The dielectric NASA almond with p,2 =1 and €, = 1.5.

the formulations with only slight disagreement with the DPIE formulation for certain RCS
valleys.

The third result is the RCS of a sphere meshed into 184,320 patches and 276,480 edges
with an average edge length of about A1/23.8 with an incident wave at 1 GHz. A five-level
MLFMA tree is used for this result. We see in Figure 4.1c excellent agreement between all of
the formulations except the DPIE formulation, which still captures the general shape but
misses the peaks of some side lobes by up to 5dBm? for || > 7/s.

In Figure 4.1, we have shown that the accuracy is not impacted by the MLFMA acceleration

and have identified that the RCS from the A — ¢-DPIE starts to deviate at higher frequencies.

4.4.1.2 Arbitrary Objects

Next, we analyze scattering from a dielectric NASA almond, as seen in Figure 4.2a. The
NASA almond is meshed into 72,576 patches and 108,864 edges with an average edge length
of about *1/25.6 with an incident 900 MHz plane wave with & = Z, polarization E, = §,
and measured at points along ¢ € [—m, 7] and ¢ = 5. A five-level MLFMA tree is used
for this result. Figure 4.2b shows excellent agreement between the formulations with slight
disagreement with the DPIE formulation for certain RCS valleys.

Finally, we analyze scattering from a dielectric arrowhead, as seen in Figure 4.3a. This is

a challenging geometry in that it has sharp tips and edges. The arrowhead is meshed into
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23,024 patches and 34,536 edges with an average edge length of about *1/15.6 with an incident
300 MHz plane wave directed along & = Z, polarization E, = ¥, and measured at points
along 0 € [—m, 7] and ¢ = 5. A five-level MLFMA tree is used for this result.

We see in Figure 4.3b excellent agreement between all of the formulations with almost no
noticeable disagreement at any 6.

The results from the analysis of the sphere in Figure 4.1, almond in Figure 4.2, and arrow
in Figure 4.3 are for geometries that result in systems that are much larger than those from
Chapter 3. The results presented in this chapter would be too large to fit in memory on the
machines we were utilizing if solved without MLFMA acceleration. In addition, they were
solved significantly faster than some of the smaller problems from Chapter 3. The following

section will explore a timing study for our implementation.

4.4.2 Timing

For the timing study, we use a 1m x 1m X 1m cube with a variety of meshes discretized
with different edge lengths. The frequency is chosen for each mesh so that the edge lengths
are approximately *1/15. Only the outer region’s discretized system (F, Z, o F)y is timed
for the various formulations because all other matrices involved are sparse. The number of

unknowns NN for a given mesh depends on the formulation: 2N, 2N, 4+ 2Ny, and 2N,, + 4N,
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Figure 4.4 Timings for direct and MLFMA accelerated matvecs.

for the Miiller, DFIE, and DPIE formulations respectively. As is seen in Figure 4.4, the direct
matrix vector computation scales with O (N?) and we confirm that the MLFMA accelerated
computation scales with O (N log N). The cost of MLFMA can start paying dividends for
relatively small meshes because the cross-over point occurs on the order of thousands of
unknowns. However, the exact cross-over point of around 3 x 10* unknowns is not meaningful.
It is somewhat of an upper bound because many standard MLFMA optimizations have
been omitted in our implementation. The grand takeaway is that the additional operators
and basis function types of the DFIE and DPIE formulations do not change the scaling
properties nor significantly increase the matvec computation time compared to standard

MLFMA accelerated formulations.

4.5 Conclusion

This chapter presents how to accelerate both the DFIE and DPIE with MLFMA. As
is observed in canonical and non-canonical geometries, the discrete piecewise systems are
accurate, and MLFMA successfully accelerates the formulations with only minor modifications

to existing implementations.
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CHAPTER 5

CONCLUSION
To briefly summarize, in this thesis, a generalized formulation process for the direct method
is developed and applied to both classic and several new formulations in Chapter 2, details
required for discretizing the operators involved in all formulations with spherical harmonics
and piecewise basis functions with results detailing the characteristics of each formulation
were provided in Chapter 3. The necessary modifications needed to implement all of the
formulations with MLFMA with RCS and timing results are given in Chapter 4.

This thesis pushes the state-of-the-art forward by (1) generalizing the direct method
formulation process and utilizing it to present old and new formulations, (2) explicitly
describing how to implement all of the formulations with analytic basis sets, enabling
eigenvalue and condition number analysis in a unified manner, (3) developing the required
integrals for implementing all operators used in many formulations on piecewise basis and

testing functions, and (4) demonstrating how to accelerate these formulations using a common

MLFMA framework.

5.1 Future Work

Some areas of further development include but are not limited to

e additional excitations such as point sources

e impedance boundary conditions

e extending the framework to support multiply connected and open geometries

e more advanced singularity treatment for the piecewise basis sets

e alternate basis functions and non-Galerkin testing such that the testing functions lie in
the dual space of the range of each operator

e higher order piecewise basis functions

e hybrid Multilevel Accelerated Cartesian Expansion (MLACE)-MLFMA acceleration for
wide-band performance

e FEBI with DFIE and DPIE formulations

72



Much of this work can be accomplished abstractly, as was done in this thesis, such that
comparisons to existing formulations and methods are always apples-to-apples and share as
much logic and implementation as possible. Future novel formulations will also benefit from

this and can be more quickly matured with less effort.
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