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ABSTRACT

Tensor representations of data have great promise, since as the size of data grows both in terms of
dimensionality and modes, it becomes increasingly advantageous to employ methods that exploit
structure to explain, store, and compute in an efficient manner. Tensors and their decompositions
crucially admit the possibility of using multi-linear relationships between the modes to exploit for
such purposes. Additionally multi-modal views of data are natural in many practical contexts; e.g.
physical phenomenon may have several spatial modes and a temporal mode, in natural language
processing data may derive from triplets of words that form subject-verb-object semantics, in neural
networks both processing data and storing weights between layers have been fruitfully imagined
using tensors.

Finding or using decompositions of tensors is a fundament of this work, and indeed any work
which seeks to analyze and produce algorithms which make efficient use of tensor representations
of data since these factorizations can radically lower the total number of parameters required to
store and perform operations on the tensor. In this dissertation we consider two related problems
involving tensor representations of data.

First, we consider the problem of recovering a low-rank Tucker approximation to a large tensor
based on structured, yet randomized, measurements. We will describe a framework for a class of
measurement ensembles that can offer excellent memory and accuracy trade-offs in comparison to
alternatives. Furthermore, these ensembles can easily be applied in a single pass over the tensor,
and in a linear manner making them suitable for streaming scenarios. That is, we will propose a
compressive sensing framework, and study uses of it which can produce low-rank factorizations
from these measurements where we show that the total number of measurements required scales
according to the number of parameters in the factorization, rather than the full, uncompressed tensor.
We analyze two recovery approaches along with the necessary specializations of the measurement
framework.

Unlike prior works related to algorithms for low-rank tensor approximation from such com-

pressive measurements, we present a unified analysis that permits several different choices for



structured measurement ensembles, and show how to prove error guarantees comparing the error
of our recovery algorithm’s approximation of the input tensor to the best possible low-rank Tucker
approximation error achievable for the tensor by any possible algorithm.

We include empirical and practical studies that verify our theoretical findings and explore
various trade-offs of parameters of interest. We discuss the development of the methods, and how
theoretical and practical critiques of our earlier work informed and enabled improvements in the
sequel.

Next, we consider the related problem of tensor completion, where the goal is to exactly
complete a low-rank CP tensor. Our method leverages existing matrix completion techniques and
an adaptive sampling scheme along with a noise robust version of Jennrich’s Algorithm to complete
a tensor using a sample budget which scales, up to a log factor, with the number of parameters
in the factorization. Empirical studies, such as performance in the presence of additive noise on

simulated data, as well as several practical applications of the method are included and discussed.
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CHAPTER 1
INTRODUCTION

1.1 Introduction

The need for efficient methods to acquire, store, reconstruct, and analyze large-scale data is
common now in many settings and disciplines. Furthermore, data may often be multi-modal thus
making tensor representations natural and useful in both their storage and analysis. The contexts
for this sort of data are numerous and extremely varied, from signal processing tasks, imaging,
machine learning, and many other data science applications [37, 12, 59, 42, 9].

Tensors are the natural extension of vectors and matrices, allowing for an arbitrary number of
modes, instead of only one or two. Despite seemingly straightforward extensions of the matrix
concept, many of the standard linear algebra and computational results that are tried and true in the
matrix case simply do not cleanly translate beyond two modes. Nevertheless, tensors of interest
rarely have unconstrained, unrelated entries. In practical settings, the tensor data may have some
implicit low-rank structure that can be exploited for efficient computation and storage, or simply be
well approximated by a tensor that does have this structure. Examples of decompositions include
Tucker, CANDECOMP/PARAFAC (CP), and tensor train [37].

Since tensor data can be large both in the number of modes and the dimensions within each mode,
and arrive in a streaming fashion, efficient methods that deal with these facets are critical for the
computation of such factorizations as well as recovery of the data from compressed measurements
or using sampling strategies.

In this work, we will describe and analyze a framework and methods which relate to this
framework that can reduce overall memory requirements, theoretically accommodate many types
of measurement schemes for collecting linear measurements of large tensors, apply to several
low-rank decompositions, while also remaining robust to non-exact low-rankness, and provide
computationally tractable and provable recovery. The framework also applies to the streaming
setting, such as when the tensor data is being received sequentially over time in a slice by slice,

or even entrywise manner. Efficiency in terms of storage for linear measurements are valuable in



streaming algorithms for tensor reconstruction in the big data setting (see, e.g., [60]) since it can
be impractical or impossible to have access to the entire, full tensor that one wishes to measure and

later reconstruct.

1.2 Motivating Examples
The following examples provide context and some indication as to how measurements of tensors

and their recovery are of theoretical and practical value.

1.2.1 Example, Technical

For example, suppose we wish to aggregate tensor data over time using the additive rule

Xt = Xt—l + AXt, X() =0

based on updates AX;. After some number of updates, we wish to reconstruct an estimate of
Xr = Zthl AX, € R"* X for some T > 0, where T can be large. Storing every intermediate
tensor X; in uncompressed form is inefficient. Instead we can store small linear sketches of
the intermediate tensors using a linear measurement operator £ : R™M>Xd — RMIXXMa’ with
H?;l me < ]_[?=1 ne. This operator can be used to iteratively update the comparatively smaller
sketch

L(X)) = L(Xi-1) + L(AX)

over the updates t = 0, ..., 7. So long as the final sketch £(X7) can then be used to approximately
recover X7 using a recovery algorithm, of sufficient accuracy, then we can achieve storage savings
so long as the number of entries in the measurements are smaller than the number of entries in the
original signal. Ideally the recovery algorithm itself would also be efficient in terms of memory and
computational complexity, so that the cost of recovering X7 from £ (Xr) does not unduly outweigh
the efficiencies in terms of storage of dealing with only the measurements after the operator has
acted on the signal.

Naturally, in this situation £ itself must be stored or newly re-calculated each time it is to
operate on a tensor. This is a storage requirement beyond the measurements themselves, £ (X;-1)

and L(AX;). Perhaps this operator can be used many times on different streams, yet even so, it is



truly only memory conserving if the cost of storing £ is less than the savings accrued by not storing
the tensor X;, and instead using the measurements, when such is even possible. Indeed, in the
classic compressive sensing scenario where one has say a large sensing matrix acting on a sparse
vector, one needs to store the measurement operator (or generate it anew each time it is needed)
and without a low memory approach or a specially designed measurement operator, the storage of
the matrix would exceed any savings gained by the compression of the data. So, by developing our
framework, we will by turns describe how to construct a class of operators £ and pair them with
recovery procedures so that for signals of a given type we can with confidence recover them to a

desired level of accuracy.

1.2.2 Example, Hypothetical and Possibly Non-benign

Consider the following hypothetical application. Suppose there is a weapon which seeks to
replace the role of the landmine in warfare (victim operated mines violate important international
treaties and can be indiscriminate, and thus a potentially great evil, even outside of when they have
served their initial intended military purpose). Suppose these new weapons have cameras and each
device has a limited amount of computational resources, bandwidth, and storage. A well designed
measurement operator £ could enable each device to perform clustering and object recognition on
segments of video data. Video data is easily conceived of as a tensor as collected by the devices’
cameras. Since the data can be significantly reduced in size while still retaining enough information
to perform the needed tasks, this operation can be performed on the device’s limited hardware.

However, the machine alone should likely never be able to make the determination that a given
segment of video represents a valid target. Once a segment of video data has been identified as
significant, these reduced size measurements can be transmitted, and the scene reconstructed so
that a human operator can view the scene and make a determination. In this way, one human could
potentially supervise many weapons at once, and the system would not be onerous with constant,

high volumes of data needing constant transmission back to nodes for computing and storage.



1.2.3 Example, Hypothetical and Benign

Consider another hypothetical. Suppose a firm has designed a method that can reliably identify
after some training and tuning, sections of a T'V-broadcast which are live sports, and sections of the
broadcast which are commercial breaks. Moreover, this procedure relies only on pairwise distance
information taken from the streaming video and audio of the broadcast, and the categorization can
be accomplished, for appropriately measured (and compressed) data on an inexpensive computer in
milliseconds. Given this situation, a large chain of sports bars would be able to deploy the method
and accompanying hardware at each of their establishments, across many broadcasts, many sports
and many regions, to locally identify whenever an incoming TV broadcast is on commercial break;
and automate switching their patron-facing viewscreens to display some other chosen video — for
example, the sports bar chain might sell (their own) ads; or play a muted version of the source
TV-broadcast. The compressed data can be retained, and recovery performed for quality assurance

and possible tuning.

1.3 Organization and Contribution

The rest of this work is organized in the following way. First, in Section 1.4.1, we will lay
out definitions, fix notation as well as state some fundamental results in numerical linear algebra
and high dimensional probability that will be useful throughout this work. The final Section 1.5
of Chapter 1 will describe the measurement framework as well as outline its development and
relationship to other research on these topics.

Chapter 2 will concern what was our first specialization of the framework and how we interfaced
it with prior work that concerned a recovery procedure known as Tensor Iterative Hard Thresholding
(TTIHT) via a concept known as Tensor Restrictive Isometry Property (TRIP). We will state the
main results involving TRIP and TIHT in Section 2.1 and describe the theoretical and practical
advantages of this specialization as well as limitations in the context of our empirical findings. The
numerical experiments as well as the proofs of the main theoretical contents of this chapter as well
as the numerical findings first appeared in our work [23]. In that work I was principally responsible

for the numerical experiments, comparisons, observations and discussion regarding the memory



footprint, whereas Micahel Perlmutter and Elizaveta Rebrova produced most of the proof for the
main results. Since a critique of the main ideas of the work are germane to the development of the
sequel, technical proofs for this chapter are put in the Appendix to that chapter, 2.4. The desire
to address these critiques of the main findings as described and discussed in Chapter 2 led us to
consider a new specialization of the framework, what we coin the Leave-One-Out alternative, for
reasons that will be made evident in Chapter 3.

Chapter 3 describes the Leave-One-Out variations of the framework and the paired recovery
algorithm. In Section 3.2 we conduct a first of its kind analysis of the method and state and prove
recovery guarantees that demonstrate the method has an overall sub-linear dependence on the total
size of the tensor data. We also provide experiments on simulated data as well as video data to
show how different choices and parameters in the problem contribute to trade-offs of interest. The
results of this chapter first appear in our work [24]. In that work I was responsible for both most
of the proof writing and numerical experiments. Technical proofs adapted from other research is
included in that chapter’s Appendix, since these involved important but minor specializations to
our task and may distract from the main findings.

Finally, in Chapter 4 we present a novel method for completing tensors that relies on a (mildly)
adaptive sampling procedure and prove that in the noiseless setting this method can exactly complete
a low-rank tensor. Sampling can be viewed as a very particular type of measurement operator, and
though this sampling procedure does not strictly fit into the framework we describe in Section 1.5, its
design is very much in the same spirit. We conclude that chapter again with a number of numerical
experiments that demonstrate the main findings as well show empirically that the method can
succeed in the presence of noise, as well as a number of applications of the method on real world
data-sets. The initial results of this chapter appeared in our work [25], the main result, its proof
and the empirical findings were primarily my contribution.

We will need to set notation and define common terms and some base results in order to deal

with the subject matter.



1.4 Preliminaries

1.4.1 Tensor and Measurement Preliminaries
Definition 1.1. A d-mode or order-d tensor (or d-th order) is a d dimensional array of complex

values, written as

X c Cn1Xn2X-~~Xnd

A d-mode tensor’s entries are indexed by a vector i € [n;] X [n2] X --- X [ng] where (X); = xj =

Example 1.1 (1 and 2 mode tensors). (i) A 1-mode tensor, x € C" is a vector with entries
x; € C,i € [n]. We will denote 1-mode tensors, vectors, with bolded lowercase letters.
(ii) A 2-mode tensor, A € C">" is a matrix with entries a;,;, € C for i € [n;],i2 € [n2]. We
denote 2-mode tensors (matrices) with capital letters.
We introduce some terminology that will be useful when describing tensors
Definition 1.2 (Fiber). Fibers are 1-dimensional subsets of a d-mode tensor. They are formed by
fixing d — 1 of the dimensions and then ranging over all indices in the remaining dimension. So
for any k € [d], and X € C"*"*"d then a k-mode fiber would be a vector x € C"* where indices

I1y-««sik=151k+1s- - -,1q are fixed Using Matlab notation

(X)il SN S TN 7 S BUR iq = Xil seensl k=155l ket 15 sld

So for example, given a matrix X € C""2 then X;. = x;. € C" is a mode-2 fiber (i.e. row). A
mode-1 fiber, x. ; is a column of the matrix.

See Figure 1.1 for a schematic depiction of these terms.
Definition 1.3 (Slice). A matrix formed by varing 2 indices and fixing all other indices of a tensor.

That is, suppose j, k € [d] where j # k then
X = Xil ..... l'j,l,:,l'jﬂ ..... ik—la:,ikﬂ,w,id € anxnk

Definition 1.4 (Sub-tensor). A k-mode sub-tensor of a d-mode tensor (k < d) is denoted by a

vector of length d — k of indices and a set of k distinct indices from the set [d]. That is given



(a) Fiber (b) Slice

Figure 1.1 A schematic of X € R¥* tensor where the fiber X, » . is highlighted in (a) and a frontal
slice X. . 1 is highlighted in b.

distinct ji, ..., jx € [d] and vectori € (X),.. i [n;] of length d — k, we have a k-mode sub-tensor
where

N X XN :
les.-‘,jk,i e C Tk

Using this sub-tensor notation then an entry of a mode-k fiber is a sub-tensor X ; where j € [ny]
andi € [ng] X...[ng-1] X [nk41] X -+ - X [ng4]. There are [ ], n, different mode-k fibers, one for
each possible i.

An entry of a slice then is denoted X i € C">"". There are [] ;4,4 n; slices of dimension
ne X ng.

Next we will discuss reshaping operators - these all involve different possible ways of changing
the dimensions and number of modes of tensors so that they have the same number of entries but
are different shapes.

Definition 1.5 (Vectorization). For X € C"**"_vec(X) = x where X € Cllii 7 Entries are
typically ordered lexicographically by their indices, i.e. the first index sorts all values before

the second and so on. However, usually the particular order that entries are moved to between
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Figure 1.2 A schematic of X € R™*®* tensor where the mode-1 fibers x.; ; are arranged as the
columns of the corresponding flattening. The intensity of the color corresponds to the lexiographic
order of the fibers.

reshapings does not matter, so long as it is consistent across the operations.

Definition 1.6 (Mode-k Unfolding). Also known as flattening or matricization. For X € C">*"*"4
the k-mode flattening is a matrix X(y) € cmexl#cn  We have effectively made the k-th dimension
into the rows of the matrix, and the columns are then the different mode-k fibers, i.e. the columns
are the fibers X ;. When it will not cause any confusion from context, we may omit the decoration
(k) and simply write the flattening as X.

Definition 1.7 (Reshaping). We can reshape a d-mode tensor into any other f-mode tensor with a

reshaping operation R : C"XXd — CMXXMf provided

—
)

j= =1

k-mode flattening and vectorization are in this view two particular reshaping operations.
What is the underlying vector space we can use to study tensors? To answer that, we consider
the following norm, inner-product, and operations on tensors:
Definition 1.8 (2-norm of a Tensor). For X € C"* " then given any k € [d]| we have
2 2 2 2
X113 = 1 X 17 = lIx13 = ) il

iel

where I = [n1] X -+ X [ng]



Definition 1.9 (Inner-product). For compatible tensors X, Y € C"**"d then
(X, Y)y= > xi¥; = (x,y)
iel
that is, the inner-product of the vectorization of the tensors. Note that this is equivalent to
(X(ky» Y(x))us = Trace(X(x)(Y(x))*), Yk € [d], the Hilbert-Schmidt inner product for matrices

Addition and scalar multiplication work component-wise, i.e.
(X +Y)i=xi+yi
(aX)i = axj, Ya € C

1.4.2 Modewise and Matrix Products

The modewise product will feature prominently in our introduction to the measurement frame-
work Section 1.5, as well as Chapters 2 and 3. We state it here as well as some basic algebraic
identities related to it. Certain matrix products will also quickly become useful when describing
tensors and their decompositions.
Definition 1.10 (Modewise Product). The k-mode product of X € C"*>" and U € C"<*"* for

k € [d] is a tensor in C"1> " XMk-1XMiXNer1 X XNd element-wise defined as

Nk

(X Xk Uiy iy dironia = D Kt il (1.D)

.....

ir=1

This is usefully identified with the following vectorized expression

(X X, U);, . =UXi\,. it 1 ikstsmid

corlk—1oislkt15msld

In other words, the k-mode product applies the matrix U to all the mode-k fibers of the tensor
X. For example, suppose X € C>*¥2 and U € C*S. Then X x; U € C*3*2 where each of the
mode-1 fibers is now the product of UX. ; ¢, for some j € [3],¢ € [2].

In the 2-mode tensor case, i.e., matrices, the usual matrix-matrix multiplication can be under-

stood in terms of 1-mode tensor product.



This also easily establishes that we can identify a mode-wise product with the matrix-matrix

multiplication of the matrix with the corresponding k-mode flattening of the tensor.

AB=A b |by|...|b, |
:[AblAbz...Abn]
=BX A

Note, modewise products are bilinear. We note some other useful properties.

Lemma 1.1 (Properties of k-mode products). Let X,Y € C"-"d « B € C, Uy, Vy, € C"*,

V€ € [d]. Then
1 (CZX +ﬂy) X Uj = CZ(X X Uj) +ﬁ(y X Uj)
2. that is, k-mode product is bilinear.

3. If j # ( then
(X X; Uj)xe Ve = (XX Vp) X U

4. IfW € TP then (X x; Uj) x; W = X x; (WU;) € Crxni-ixpxnguix...na

Proof. l. Forany iy € ny,...,ij_1 €nj_1,ij4+1 € Nj41,...,1q € ng wWe have

[(aX +BY) x; U] = U@X + BY )iy iy o enda

i1,,..,ij-1,1,ij+1,...,l

= QUX;, iy cipareia ¥ BUYh iy i i

=(Xx; U+BY x;U)

2. Similar to 1.
3. Consider the element-wise definition (1.1)

ng np
(XX Up) Xe Vo)iy.pijotvodiivatsia = Z Z Xiyig.igUpi, Vaiy

ig=li,=1

np  Ng
:§ E Xitsin,..ia®p.ipVq.ig

ip=1is=1

= ((X Xf Vf) X] U}h)il ..... p,ij+|,...,q,ig+|,...,id

10



4. Using the same identity as in 3, the proof is similar
[
Note that the run-time complexity is the same regardless of the order one applies the k- or
Jj-mode products.
Definition 1.11 (Kronecker Product). The Kronecker product of two matrices A x C™*™ and

B € C"2*™2 {g a matrix

al,lB al,zB e al,nlB
az,lB az,zB e az,n]B
A®B = . (1.2)
_aml,lB am 2B ... aml,nlB_

where A ® B € C™im2xmim
Definition 1.12 (Khatri-Rao Product). The Khatri-Rao product of two matrices is the matrix that
results from computing the Kronecker product of their matching columns. That is, for A € R™1*"

and B € R their Khatri-Rao product is the matrix A © B € R™1"2*" defined by

AOB = ai®b; aa®b, ... a,®b,|-

We also use a so-called row-wise Khatri-Rao product (sometimes called the face-splitting
product) of A € R™™ and B € R, denoted by A - B € R™"™"_and defined by (A - B)T :=
AT o BT.

Lemma 1.2. Let X € C"la U, € C™*"¢ then

1. (X %; Uj) ;) = UpXj) € Crixtleeine

(J
T
2. (XX Ui XUy -+ Xy Ud)[j] = Uj(\’[j] (Ud®Ud®---®Uj+1 QU1 ®"'®U1)
Proof. This result follows from the definition of reshaping operators, which we detail below,
assuming a column-major convention, and by using the elementwise definition in (1.1). [

In order for the identity seen in Lemma 1.2 to hold, we need specify our precise matricization

convention. In our convention, the entry at location (iy,...,iz) in X € C"*"*"d ig located in the

11



matrix as entry (i,, j) where
d
j=1+ ) (k=i
k=1
k#p

where
k—1

Jk:l_[nm

m=1

m#p
set J; = 1 if the index of the product above is empty. These conventions can become cumbersome
to state, however they are made clear and more natural by an example.

Example 1.2 (3-mode). A similar example appears in [37]: Consider a tensor X € R3>*4*2 the

frontal slices are as follows

1 4 7 10 13 16 19 22
X.1=12 5 8 11|, X.2=]|14 17 20 23
36 9 12 15 18 21 24

The three different unfoldings are then as follows. Consider p = 1,

1 47 10 13 16 19 22
Xny=[2 5 8 11 14 17 20 23
369 12 15 18 21 24

Note
1-1 2—-1 3-1
=[] =tn=]]m=105]]=nm=4
m=1 m=1 m=1
m#1 m#1 m#1

Now to see how to locate a particular entry, note that X3, = 20, so in our unfolding (X(,)) . ;)
we can simply copy the index that corresponds to the p-th mode, i.e. the first here, i = 2. To find
the column, compute j = 1 + Zi:l (r—DJk =1+ - DI+ (3-1)J3=1+2)(1)+(1)(4) =T7.

k#p
So our entry with value 20 is in location (2, 7).

12



Consider p = 2,
1 2 3 13 14 15

4 5 6 16 17 18
7 8 9 19 20 21

10 11 12 22 23 24
Again, to locate our entry,X 32 = 20, we return the index on the p-th mode as our row, i = 3, and

repeat the same calculation for j:

Note
1-1 2-1 3-1
Jl=l_l(nm)=1,fz=l_lnm=1,J3 =Ny =3
m=1 m=1 m=1
m#2 m#2 m#2
This time we leave out the J, factor: j =1+ Zi;i(ik -DJr=1+(1)(1)+(1)(3) =5. So our
k#n

entry with value 20 is located in (3, 5).

Consider p = 3, X3

1 2 3 4 5 6 7 8
13 14 15 16 17 18 19 20

Again, to locate our entry,X; 32 = 20, we return the index on the p-th mode as our row, i = 1, and

repeat the same calculation for j:

Note
1-1 2-1 3-1
Ji= n(nm) =1,/ = l—lnm =3,/3 1_[ =ny =12
m=1 m=1 m=1
m#3 m#3 m#3

1+ 3¢ (ix = 1) = 1+1(1) +2(3) = 8. So our
k#n

This time we leave out the J3 factor: j

entry with value 20 is located in (2, 8).

1.4.3 Decomposition and Low Rank Approximation

Our next set of definitions concerns ways of factorizing tensors. In the exact case, these describe
how we can compute or represent the tensor as a product and sum of appropriately constrained
sub-tensors of various types. This is useful for many reasons, such as interpreting the data, storing

it, or performing computations more efficiently. Approximation will also be our concern. That

13



is, for situations where exact factorization is not required (or even possible) we wish to find and
understand methods that can be used to find approximate tensors that do admit a certain factorization
and understand the trade-offs such has how efficiently it is to compute or how accurately we can
expect it to resemble the original tensor. To motivate why decompositions are of interest, and
provide an example for why there is a need for tensor specific decompositions, we include an
example of the storage benefit achieved by applying a standard linear algebra startegy. By tensor
specific, we mean doing something other than reshaping tensors into familiar objects (vectors and
matrices) and reusing the concepts from basic linear algebra.

Suppose we have ¢ tensors of size C""* > X, . .. , Xy We will compress, or reduce the
dimension, by performing Principal Component Analysis (PCA) on the vectorized tensors. Our
goal then in this case is to solve the minimization problem. Assuming the vectorized tensors have

been centered, this amounts to

q
min Ix; — 007x;||»
QeRMe=1 "xm 57
0" o=I
where vec(X;) = x; € Cliim . We can use the Singular Value Decomposition (SVD) of the

following data matrix

'

As is well known, and typical for computing projections using PCA, this amounts to storing

X2 | ... | Xg ] = UsV* € CrMMiem

and using the truncated SVD of the data matrix. Once we have the (top) singular vectors, we can

tensorize their outer product using the inverse of our vectorizing reshaping operation. That is

m
Xj = Z 7k Tk
k=1
where 7 are the tensors obtained from taking the relevant indices from the sum of outer product
of the singular vectors in U and V, scaled by the singular vectors.

What does this achieve in terms of storage? The space required for our original collection of

tensors Xj, ..., X, € C""™*" is O(q szl ny). After PCA, we need keep m basis tensors of the
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same dimension C"*"d and our coordinates or principal scores will also need to be stored and
there are mq of these. So the space is O(mqg +m Hi: | k) which may be unsatisfactory because
the dependence on Hi:l ny is unchanged. Additionally, there’s no obvious interpretable structure
to the basis tensors 7 that relates to the fact the original data was multi-modal. This motivates us
then to look to another approach for decomposing (and therefore saving on storage among other
things) tensors.

Definition 1.13 (Rank one Tensor). Given d-vectors x; € C" for j € [d], the outer-product

d
— . nyX--Xngqg
X = lej eC
j:

has entries given the product of corresponding entries of the vectors, i.e.

d
Xiyig = (QIXJ') = (Xl)i1 (XZ)iz cee (Xd)id
j=

[15e000ld

any d-mode tensor where it is possible to write it as such an outer product of d vectors is a rank
one tensor.

Note that storing a rank one tensor can be accomplished by storing only the vector components,
rather than all entries, and computing the entries (as required) using the factors. This definition in

the 2-mode case is the familiar rank one matrix case, foru € C",v € CN
A=uov=uv"

then matrix A € C"™ is a rank one matrix.
Definition 1.14 (CP decomposition). We say X € C"**"d jg a CP rank-r tensor if it can be written

as the sum of minimally r rank one tensors. That is
r d r
Xzz(oa;@) =Y a0 0
=1 V=l =1
for vectors a,(f) € R™ for k € [d] and ¢ € [r]. For convenience, define factor matrices AK) e R

by A = al(cl) . al((’)] for k € [d] so that the entries of the tensor are given by

r d
k
Kiia = 2| | ALE
=1 k=1
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At times it will be convenient to require the CP decomposition’s component vectors to be
normalized to have norm of one, and then weight correspondingly each rank one term with a scalar.

That is,

" (d
= ( “faj'[))
=1 V=l

where Hay)Hz =1forall j € [d],f € [r]. ande; € C

Here we also include a Lemma which relates how modewise products interact with rank-1
components.
Lemma 1.3. Suppose we have a rank one tensor X € C">>""4 with components X; € C" for all
J € [d], and suppose Uy € C"*"« for some k € [d] then

d k-1 d
[Ox)xun=(gn)ounol5x)

Proof. Note that the k-mode fibers the tensor (O;‘?:l X j) are scalar multiples of the same vector, Xy

That is, the k-mode fiber indexed by (£, . . . , €x—1, Ck+15 - - - » €a) 18

d-1

H(Xj)fj X

Jj#k
but (]_[j.l 2 (X j)gj) is a scalar. So the identity follows now from noting the definition of the mode-k
product. (Each column of the unfolding is a scalar multiple of the same vector, scalar commutes
with matrix-vector multiplication) [
As a remark, many of the correspondences and equivalences with rank in the matrix case do
not extend to tensors. For example, the rank of a matrix is always equal to the dimension of the
space spanned by its columns, and also the dimension of the space spanned by its rows. However,

consider the following three mode tensor:

1 0 00

0 1 0 0
X:,:,l = ’ X:,:,Z =

00 10

00 01
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Naturally, the four mode-1 fibers span a four dimensional space, however the eight different
mode-2 fibers span a two dimensional space. In general there is no simple correspondence between
the dimensions of the spaces spanned by the different sets of fibers for a tensor.

There are other complications that arise with notions of rank in the case of higher order tensors.
In the case of matrices, a rank 3 matrix has a unique, optimal rank 2 approximation, which can be
obtained from truncating its SVD. In the case of tensors, it is entirely possible for a rank 3 tensor to

be approximated arbitrarily close by a rank 2 tensor, as this simple example below demonstrates:

0 1 10
X 1 — ’ XZ,:,ZZ
10 00
Now consider
el 1 1 € -1 0 00
ﬂ:,:,l = 5 ﬂ:,:,Z = 5 B:,:,l = 5 B:,:,Z =
1 € € €2 0 0 00

Both A and B have rank one, so their sum has at most rank two, but we can let A + B get within
any distance of X by sending € — 0; so in this instance, there is no best rank 2 approximation of
the rank 3 tensor X. Indeed, even if there is no issue between so called border rank of a tensor and
its exact rank, unlike the case of a matrix, there is not necessarily any straightforward relationship
between the best » — 1 approximation to that tensor and its exact rank » decomposition in the same

way as the SVD and the truncated SVD are related in the case of matrices.

1.4.3.1 The Tucker Decomposition and Low-Rank Approximation

Next, we define the Tucker decomposition of tensors, which decomposes a tensor into a core
tensor that is multiplied using the modewise product by a factor matrix along each of its modes.
Definition 1.15 (Tucker decomposition). Let X € R™* %" We say that X has a Tucker decom-
position of rank r = (ry, ..., ry) if there exists G € R4 and U; € R"/*"/ with orthonormal
columns for all j € [d], so that

X=GXxX U xXUyX3---XqU; = Z Qi-ul.(ll)oug)O---ougj), (1.3)
ic{(i1,....ia) | ijelr;] Vje[d]}
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.....

X = [[G,Uy,...,Uyll = G %1 Uy X2 Uy X3 --- Xg Ug when referring to the rank-r Tucker
decomposition of a given rank-r tensor X.
There is an equivalent formulation to equation (1.3) using unfoldings of X and of G in terms of

matrix-matrix products:
Xij) =UiGj (Ua®- - @Up ® U ®---@ Uy)' (1.4)

From this definition several important observations can be made. First, we see that every tensor
must admit a Tucker decomposition, since setting the core tensor equal to the full tensor and the
factors equal to the appropriately sized identity matrices would ensure the decomposition matched
the full tensor exactly, and the rank would in that case be the same as the length of the modes,
r = (ny,...,ng). Naturally when considering efficient ways to store and perform computations
with tensors, we will be interested in the cases where the rank along at least one or more modes is
less than the original tensor’s side length. And just as in the case of the CP decomposition, what
the minimal Tucker rank is and what its relationship is to the exact decomposition is by no means
straightforward generically. Second, we can see that the decomposition has no chance of being

unique; consider any non-singular matrix Y, and observe:

T
X[j] =UjG[j] (Ud®-"®Uj+1®Uj_1®"'®U1)
:UjYY_lG[j] (Ud®"'®Uj+1®Uj_1®"'®U1)T

= (UjY)(Y_lG[j]) (Ud @ --QUjy1®U;-1®---® U1)T

and for this same reason, it is often natural to insist that the factor matrices, U; have orthornormal
columns, given a Tucker decomposition. We can always arrive at this convention by means of
non-singular transformations in each of the modes, e.g. perform a QR decomposition and have R
act on the core.

There is a specific type of Tucker decomposition that will be of interest, and that is the Higher

Order SVD (HOSVD). In addition to the convention of having the columns of the factor matrices
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form an orthonormal basis, in the case of the HOSVD, we impose an additional constraint that
all the (d — 1)-mode sub-tensors of the core formed by fixing an index along the same mode are
orthogonal.

Definition 1.16. [Higher Order Singular Value Decomposition (HOSVD)]. The Tucker decomposi-

tionoftensor X = [[G, Uy, ..., Uy]] isaHOSVD withrank r, when foreveryi, = (3,:,...,a,...,:),
ip=0,5...,b,...,:),a,be[r;],a# b, je [d] wehave that
(Gi.» Gi,) =0 (1.5)

and Uy have orthornomal columns for all £ € [d].

See [15] for a thorough description of this particular type of Tucker decomposition, and many of
its useful properties. Because of its straightforward way to compute and often good approximation
qualities, the HOSVD is frequently used as an initialization for finding Tucker decompositions.

A HOSVD of a tensor can be computed using Algorithm 1.1.

Algorithm 1.1 Higher Order SVD

input

X e Cn|><~~><nd

r = (ry,r,...,rg) the rank of the HOSVD

output:)? =[G, Ui,...,Uq]]

fori € [d] do
# SVDs of flattened tensor
Compute SVD of mode-j unfolding X(;) = O ;% jVj’f
Uj « Qﬁ.’)[:,: ril

end

# Compute Core

G — X X9, Us e Croxra

Note that for each unfolding, the full SVD has form

AV = U by vH
S—— S~——
npXnjon XTI jen e T e neX T s nk

the r;-truncated SVD has form

AV~ v = VH
e—— N Y—
njXrj rixXrj riX[] jax nk
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This problem then is repeated for each of the d different modes. This is potentially a bottleneck
computationally and so can likely benefit from fast approximations to the SVD, e.g. see [48].

In order to further improve the decomposition, we can take an alternating least squares approach,
successively solving for U; while holding other modes constant and iterate on this processes. This

is called Higher Order Orthogonal Iteration (HOOI), Algorithm 1.2, see [16]

Algorithm 1.2 Higher Order Orthogonal Iteration
input
X E C}’L]X"'Xnd
r= (rl,rz,...,rd)
M the maximum number of iterations
output: X =[G, Ui,...,Uq]|
(6©,0”,... U] — HOSVD(X,r) fori € [M] do
for j € [d] do
# Update each factor matrix

1k () N .
Compute (X Xkt (U]E’_l)) ) = Qﬁ.’)zj(.l) (V(’))
Uj — Q}i)[:,: ril
end

end
# Compute Core

G — X Xyiyj (U]EM))*

k

J

We also observe that there is a natural correspondence between CP and Tucker decompositions.
Given a CP decomposition, one can form a Tucker decomposition by arranging the weights of the
CP decomposition along the diagonal of the core tensor and placing the component vectors as the
columns of the factor matrices, while setting all off diagonal entries in the core equal to zero. The
following small result formalizes this correspondence.

Lemma 1.4. If X € C""*-"d hqs Tucker rank (r1, . ..,rq) then it has CP rank of at most H?:] rj

Proof. The tensor has an exact Tucker decomposition, so

Note that we can express any tensor in the standard basis; here the standard basis for tensors is a

tensor with only one non-zero entry.
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So for example for some ¢ € [r1] X --- X [ry4] the associated standard basis element is
d
O e
J=1
where e;; is the usual standard basis vector in C'7. Denote I = [r] X --- X [rg4]. Thus

C= ng(oeg)

ter Jj=1

Now use this expression in the Tucker decomposition of X

d
X = §><U]

A =1
d
= > Gr (O Uje[J)
ter V=
d
= Gr O (U])l’,
ter /=1

where we have used Lemma 1.3, and denoted the £;-th column of U; as (U j)gj. We therefore
have the sum of rank one tensors. There are H;.J:I r; possible values for £ and so we have a CP
decomposition of that rank. This provides an upper bound on CP rank, since the decomposition
may not be optimal. [

On the other hand, given a Tucker decomposition of rank-r, one can instead regard this as a
rank ]_[l.d:1 r; CP tensor, where each entry of the core is a weight to a rank-one tensor formed by the
outer product of the respective columns of the factor matrices and then these are all summed up.

There is generically though no reason that these correspondences would be minimal in those
respective decompositions. That is, given a minimal exact rank-r CP decomposition, it does not
follow that the Tucker decomposition used in Lemma 1.4 would be a minimal in terms of rank for
the Tucker decomposition of that particular tensor.

Given an arbitrary tensor X € R"1**" of unknown Tucker rank it is often of interest to compute

a good rank-r approximation of X. In fact, an optimal Tucker rank-r minimizer [[X]|¥" € R™>"¥"a
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satisfying

= inf X -[G.Ur....Udll; (1.6)
2 GeR'1 X er,
UjEanxrj

¢ - maemge

always exists (see, e.g., Theorems 10.3 and Theorem 10.8 in [22]). However, computing such an
[[XT)" (which is not unique) is generally a challenging task that is accomplished only approximately
via iterative techniques (see, e.g., [37]). As a result, in such situations one usually seeks to instead
compute a quasi-optimal rank-r tensor X.

Definition 1.17. The tensor X of rank r is quasi-optimal approximation of X if it satisfies

||X—X||Zscg inf ||X - [[G,Ui,...,Udllll5, (1.7)

eerX---er’
Ujeaner

where C € R* is a positive constant independent of X.
The following lemma demonstrates that one can recover a quasi-optimal rank-r approximation
of an arbitrary tensor X € R">>"< by simply computing the left singular vectors of X|;; for all
J € [d]. Itis a variant of [22, Theorem 10.3]. We prove here for the sake of completeness.
Lemma 1.5. Let X € R"*X"_ denote the i"-largest singular value of X(1 by oi (X{), and define
A= ZZHI or (X[j])zforallj € [d]andr € [iij := min {n;, [1;4 nx}]. Fixr € [f]x---x[7i4]
and suppose that [[X]|" satisfies (1.6). Then,
d 2
A, < dHX — x|l
=1

2

J

Proof. Let P; € R"/*" be a rank r; orthogonal projection matrix satisfying ||X (1 — PiX j]”]z: =

Ay j < ||X[j] - Y||12V for all rank at most r; matrices Y.! Noting that Y = ([[X]](r)pt) . will be a rank
J

at most r; matrix by (1.4), we then have that

A,y <

Xi - ([T

2 2
= - r J € .
=[x vie

[/]
Summing over the d values of j above now finishes the proof. 0
Note, in order to simplify notation, we will often assume thatn; =nand r; = r for all j € [d].

That is our tensors will have equal side lengths and the rank will likewise be the same in every mode

!The Eckart-Young Theorem guarantees that we can compute such a P; from the left singular values of X ;.
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in the Tucker case, thus suppressing the need for additional level of sub-scripting. This will be done
when modifying the proofs and results to deal with non-equal side lengths is straightforward; a bit
of simplicity is achieved without too much damage to generality. Furthermore, we will principally

be concerned with real valued tensors, rather than complex valued tensors.

1.4.4 Randomized Numerical Linear Algebra Preliminaries

Concepts from randomized numerical linear algebra will feature prominently in our analysis of
the embedding properties of different measurement operators.
Definition 1.18 ((e, d, p)-Johnson-Lindenstrauss (JL) property). Let ¢ > 0, 6 € (0,1), and
p € N. A random matrix Q € R™*" has the (€, d, p)-Johnson-Lindenstrauss (JL) property? for an

arbitrary set S C R” with cardinality at most p if it satisfies
(1-e) x| < 19x]13 < (1 +e€)|x]3 forallx e S (1.8)

with probability at least 1 — 6.
Definition 1.19 (Set difference). Let S c C", then the set difference of S denoted § — § is
{X—ylx,y € 5} eC”

For all random matrix distributions discussed in this work, only an upper-bound on the cardinal-
ity of the set S appearing in Definition 1.8 is required in order to ensure with high probability that
a given realization satisfies (1.8). No other property of the set S to be embedded will be required
to define, generate, or apply . Such random matrices are referred to as data oblivious, or simply
oblivious. The following variant of the famous Johnson-Lindenstrauss Lemma [32] demonstrates
the existence of random matrices with the oblivious JL property. First though we can formally
define a sub-Gaussian random variable and the sub-Gaussian norm, along with the related definition
of Sub-exponential random variables.

Definition 1.20 (Sub-exponential Random Variable). We say that X € R is sub-exponential random

ZFormally, a distribution over m X n matrices has the JL property if a matrix selected from this distribution satisfies
(1.8) with probability at least 1 — ¢. For brevity, here and in the next similar cases, the term “random matrix" will refer
to a distribution over matrices.
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variable if 38, k > 0 such that
P[|X|>t] <Be™,Vt>0

We can understand this as saying that the random variable decays exponentially.
Definition 1.21 (Sub-Gaussian Random Variable). We say that X € R is sub-Gaussian random

variable if 38, k > 0 such that
PIX| 2 1] < Be™, Vt >0

There are many equivalences for a random variable being sub-Gaussian, see for example
Proposition 2.5.2 in [63].

Definition 1.22 (Sub-Gaussian norm). The sub-Gaussian norm of X, denoted || X||,, is the quantity
= i 242 < }
1Xlly, = inf {Elexp(X?/1?) < 2]

There are many equivalences for a random variable being sub-Gaussian, most of which crucially

are bounds which are related to the definition of the sub-Gaussian norm, see for example Proposition
2.5.2in [63].
Theorem 1.1 (Sub-Gaussian random matrices have the JL property). Let S C R" be an arbitrary
finite subset of R". Let 6,€ € (0, 1). Finally, let Q € R™" be a matrix with independent, mean
zero, variance m~", sub-Gaussian entries all with sub-Gaussian norm less than or equal to ¢ € R™.
Then

(1= ollxll5 < l1x]3 < (1 +e)Ixli3

will hold simultaneously for all x € S with probability at least 1 — 6, provided that

c. (ISl

where C < 8c(16¢ + 1) is an absolute constant that only depends on the bound to the sub-Gaussian

norm c.
Proof. See, e.g., Lemma 9.35 in [18]. O

Next, we define a similar property for an infinite, yet rank constrained, set.
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1.4.4.1 Oblivious Subspace Embedding (OSE) Results

In this section we will define the Oblivious Subspace Embedding property, and describe how
to construct them from any random matrix distribution with the JL property.
Definition 1.23. [(e, 6, 7)-OSE property] Let e > 0, 6 € (0, 1), and r € N. Fix an arbitrary rank
r matrix A € R™V_ A random matrix Q € R"™*" has the (e, §, r)-Oblivious Subspace Embedding

(OSE) property for (the column space of) A if it satisfies
(1-€)||Ax|j3 < [|QAX|]3 < (1 +¢€) ||Ax||3 for all x € RV (1.10)

with probability at least 1 — 6.
Note that if Q € R is an orthonormal basis for the column space of a rank  matrix A € R™,
then the images of A and Q coincide, i.e. {Qy |Vy e R"} = {AX | vx € RV } Furthermore, since

Q has orthonormal columns so that ||Qy||, = ||y||, holds, (1.10) is equivalent to
(1-€) llyll; < 120yl5 < (1+€) [lyll; forally e R’ (1.11)

holding in this case. Below we will use the equivalence of (1.10) and (1.11) often by regularly
constructing matrices satisfying (1.10) by instead constructing matrices satisfying (1.11).

The next result shows that random matrices with the JL property also have the OSE property. It
is a standard result in the compressive sensing and randomized numerical linear algebra literature
(see, e.g., [5, Lemma 5.1] or [57, Lemma 10]) that can be proven using an e-cover of the appropriate
column space.

Lemma 1.6 (Subspace embeddings from finite embeddings via a cover). Fix € € (0,1). Let
L', C R be the r-dimensional subspace of R" spanned by an orthonormal basis Y, and define
Sy = {m |x e L\ {0}}. Furthermore, let C C S’ be a minimal ({g)-cover of S, c L.

Then if Q € C™" satisfies (1.8) with S < C and € « 5, it will also satisfy
(1-e)llx]l5 < lx]5 < (1+e)llx|l5 Vx € L}, (1.12)

Proof. See, e.g., Lemma 3 in [28] for this version. We discuss covering numbers in Section 1.4.4.3.

]
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Using Lemma 1.6 one can now easily prove the following corollary of Theorem 1.1 which
demonstrates the existence of random matrices with the OSE property.
Corollary 1.1. A random matrix Q@ € R™" with mean zero, variance m™", independent sub-
Gaussian entries has the (e, 6,r)-OSE property for an arbitrary rank r matrix A € R™N provided

that

c\ C
mZCéln(—) >~ 1In

where C’ > 0 is an absolute constant, and C > 0 is an absolute constant that only depends on the

sub-Gaussian norms of Q’s entries.

Proof. As is done in Lemma 1.6, suppose S is a minimal (%)—cover of the r dimensional unit

sphere in the column span of A. The cardinaltiy of this cover is bounded by (%)r. Apply Theorem

1.1 to the finite set S. 0
The next Theorem and definition concern another important class of random, but highly struc-

tured, matrices that are known to satisfy the JL-embedding property.

Theorem 1.2. Let U € C™" be a unitary matrix with entries bounded by max; je|,] |U,~, j| < % Let

R € C"™" be a matrix obtained by selecting m-rows from the n X n identity matrix i.i.d. uniformly

at random and let D € R™" be a diagonal matrix with i.i.d =1 Radamacher random values on its

[n
—RUD
m

diagonal. Then

will be an e-JL map of any given S C R" into C" with probability at least 1 — 6 — p-in’n provided
that
K? 4|8
m > c— log M log* n
€2 o

where ¢ € R* is an absolute constant.

Note that D can be applied in O(n) time to a vector in x € R”, since it involves reading the
length of the vector and changing signs of some entries. The matrix R can be applied to a vector
of length n, UDx in O(n)-time since it involves scanning the length of the vector and discarding

values. Applying U then, since generically it should require at least reading in the inputs should be
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at least O(n). Therefore the overall complexity is governed principally by U. If the unitary matrix
U admits a fast matrix-vector, like for example using the Fast Fourier Transform (FFT) to effect a
Discrete Fourier Transform, then U can be applied to Dx in O (nlog n)-time.

In practice, the log* n factor in the bound of m is often ignored with no change in performance.

The failure probability bound 6 + n~ In" {5 a result of union bounding over two events — \/%RF
failing to have the yet undefined RIP property (see Definition 2.1) with probability at most n™ In’ 4
the details of that can be found in Theorem 12.32 in [18]., and the probability of at most ¢ that
\/%RF D fails to be an %-JL map; details of which can be found in Theorem 3.1 in [38]. Here, since
we generally concern ourselves with n > 1, the failure probability can be made suitably small. We
refer to this class of matrices as Subsampled Orthogonal Random Signs (SORS) matrices. The
most frequently used type being as follows.

Definition 1.24 (Subsampled Scrambled Fourier Transform (SSFT)). Let F be a unitary discrete

Fourier transform matrix

If we take U = F and R and D be the matrices described in Theorem 1.2 then \/ZRFD is a JL map
where
max |F[ k| = L
okt n

i

so K = 1. The Fast Fourier Transform (FFT) can be used to apply F to any vector X € R” in
O(nlogn).

This is the proto-typical Fast JL. Matrix, though other choices for U are naturally possible. We
also refer to it simply as RF'D when context makes it clear.

Finally, the following lemma demonstrates that matrices satisfying (1.10) for A also approx-
imately preserve the Frobenius norm of A. We present its proof here as an illustration of basic
notation and techniques, and will use this result later in Chapter 3.

Lemma 1.7. Suppose Q € R"™" satisfies (1.10) for a rank r matrix A € R™N. Then,

IAlI% - 1QAII:] < e lAII%.
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Proof. Lete; € RY denote the standard basis vector where the i-th entry is 1, and all others are zero
(i.e., €; is the i-th column of the N X N identity matrix /). Similarly let b; denote the i-th column

of any given matrix B, and set A := QA. By (1.10), we conclude that for all i € [N] we have
IlAe;]l3 - QA€ I3] < €| Aei]l5 .

To establish the desired result, we represent the squared Frobenius norm of a matrix as the sum of

the squared £,-norms of its columns. Doing so, we see that

N
2 =112
(12sl - 112:13)

i=1

N
2 2
<€) llAel; = elAl}.

i=1

N N

< O a3 = a3 = > A3 - 1(QA)el3|

i:l l=1

lAl1% - QA% =

]
We will now define a property of random matrices related to fast approximate matrix multipli-

cation.

1.4.4.2 The Approximate Matrix Multiplication (AMM) Property

First proposed in [57, Lemma 6] (see also, e.g., [46] for other variants), the approximate matrix
multiplication property will be crucial to our analysis of embedding properties of measurement
operators.
Definition 1.25 ((¢, 5)-AMM property). Let € > 0 and § € (0,1). A random matrix Q € R"*"
satisfies the (€, §)-Approximate Matrix Multiplication property for two arbitrary matrices A € RP*"
and B € R™ if

|AQTQB — AB||r < €||Allr||BllF (1.13)

holds with probability at least 1 — 9.

The following lemma can be used to construct random matrices with the AMM property from
random matrices with the JL property. A slightly generalized version is proven in Appendix 3.5 for
the sake of completeness.

Lemma 1.8 (The JL property provides the AMM property). Let A € RP*" and B € R™4. There

exists a finite set S C R" with cardinality |S| < 2(p + q)? (determined entirely by A and B) such
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that the following holds: If a random matrix Q € R™" has the (e/2,6,2(p + q)?)-JL property for

S, then Q will also have the (€, )-AMM property for A and B.

Proof. Combine Lemma 3.12 with Remark 3.5. [
Using Lemma 1.8 one can now prove the following corollary of Theorem 1.1 which demonstrates

the existence of random matrices with the AMM property for any two fixed matrices.

Corollary 1.2. Fix A € R and B € R™4. A random matrix Q € R™" with mean zero, variance

m~', independent sub-Gaussian entries will have the (e, 8)-Approximate Matrix Multiplication

property for A and B provided that

2
ngln(M),
€

)

where C > 0 is an absolute constant that only depends on the sub-Gaussian norms/parameters of
Q’s entries.

Proof. Apply Theorem 1.1 to the finite set S guaranteed by Lemma 1.8. [

1.4.4.3 Covering Numbers

We state some results concerning covering numbers, which are useful for showing e-JL maps
apply to more general infinite sets, and are a main ingredient to several of the results referred to
above, such as Lemma 1.6. We begin then with these definitions and then show how to obtain
covering number bounds for subsets, which is a main ingredient in net arguments used for embedding
infinite sets.
Definition 1.26 (5-cover). Let X be a normed metric space over the complex numbers and T € CV.
A 6-cover of T with respect to norm || - ||x is a subset of § C T such that Vx € T, Jy € S with

||x —y||x < 6 where

T c| )Bx(y,s)

yeS§

Note that By (y, §) is the open ball with center y € CV and radius § with respect to the norm
|| - ||x. Usually it will be clear from context the space and norm, and so we’ll simplify notation and

write instead B(y, )
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Definition 1.27 (5-covering Number). The §-covering number of T € CV, denoted C?(T) with
respect to || - ||x is the smallest integer such that there exists a d-cover S C T where |S| = Cg( (T).
If no such integer exists we say that Cgf (T) =0

Definition 1.28 (5-packing). Let T € CV. A §-packing of T with respect to norm || - ||y is a subset

of § C T such that Vx,y € S, x # y with ||x — y||x = ¢ then
Bx(x,6/2) N Bx(y,6/2) =0

Definition 1.29 (§-packing Number). The §-packing number of T C C¥, denoted P5(T) with
respect to || - ||x is the largest integer such that there exists a d-packing S C T where |S| = Pg‘ (T).
If no such integer exists we say that Pg( (T) =

Lemma 1.9. Let T € CN and 6 € (0, ). Then
PX(T) < CX(T) < PX(T)

Proof. Let Prs C T be a maximal 26-packing of 7 and Cs € T be a minimal ¢-cover of 7. Each
point X € P»s is closest to a different pointy € Cs. To see this, suppose to the contrary that for
X[, X2, € Pys, X # X there was some point y € Cs such that x;,x; € B(y,d) this implies that
y € Bx(x1,6) N Bx(x2,d) which is a contradiction.

So, since each point in Ps can be identified with at least one point in Cs. We thus define an
injection f : Pps — Cs where f(X) =y, x € B(y, ). Since f is an injection, we have that the
cardinality of Cs must be equal to or larger than P,s, which is equivalent to the left hand side of
the desired inequality.

Next, suppose Ps is a maximal o-packing of 7. Now suppose for eventual contradiction
that there exists a point y € T,y ¢ Ps such that ||x —y|| > 8§, Vx € Ps. This implies that
Bx(x,6/2)NBx(y,6/2) =. Thus PsU{y} is a §-packing of T. This contradicts that Ps is maximal.
So, for all points y € T, there is X € Ps such that ||x —y|| < &, which is to say P; is a d-covering of
T, and therefore the cardinality of P; is equal to or larger than the 6-covering number for 7. This

is the right hand side of the desired inequality. 0
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Lemma 1.10. Let T C RY and 6 € (0, ). Furthermore let B denote the unit ball Bx (0, 1) in RY

with respect to some norm || - ||x. Then
WY vol (1) . 2\N Vol (T + (3) B)
- <C;(T)<P;(T) < |-
(5) Vol (B) ~ 5 (D = P5(T) < 5 Vol (B)

holds, where Vol(T) = /T 1dV, the Lebesgue measure of T in RY.

Note that addition of sets is syntactical sugar for set difference of certain sets, i.e. 7T + S =
T—-(-S)={t+s|VteT,seS}
Proof. Suppose Cs is a minimal 6 cover of 7. By definition then of d-cover

T C U B(y, )

yeCs

So, using sub-additivity of measurable sets, translation invariance, and scaling we have
Vol(T) < Vol (Uyecé B(y, 6)) < CXVol (B(y, §)) = CX6¥Vol (B(0, 1))

Rearranging terms, we obtain the left hand side of the desired inequality

N
(1) Vol (T) < CXT)

5] Vol (B)

Now suppose P;s is a maximal ¢-packing of 7'. It follows that

U B(y,8/2) c T+ B(0,5/2)
YEPs

Since the balls that make up the 6-packing of 7" are disjoint, we have that their measure is additive.

Again, using translation invariance and scaling, this implies

N
0
Vol U B(y, 5/2)) = P?(T) (5) Vol (B(0,1)) < Vol(T + B(0,6/2))
YEPs
Which after rearranging terms matches the right hand side of the desired inequality [

N N
Corollary 1.3. ((1—3) < Cé‘ (B) < (1 + %) for all norms || - ||x on RN

Proof. We can apply lemma 1.10 where 7 = B(0, 1). So,

() Yoresy =G0 ()
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yields the first half of the corollary. Next, note that using 7' = B(0, 1) we see that

B(0,1)+B (0, g) CBHB (0, (1 + g))

Note that by scaling, we have the following for the volume calculation

N
va (8 0. (145))) = (1+3] vorso. 1)

Putting this into the previous lemma, we see

2\" (. s\ v , 2\"
C?(T)g — 1+ — M: 14+ =
0 2 YoB) o
Which completes the second inequality 0

Note that if we add the assumption in the corollary that § € (0, 1) then we can bound (1 + %) <

(% + %) = %, for a more concise, though less tight bound.

Corollary 1.4. If S € Bx(0,1) c R" then
N\
CX(T) < (1 + —)
0
Proof. By observing

Vol (S +B (0, g)) < Vol

_— 0
Bx(0,1)+ B (0, 5))
and applying the same reasoning as Corollary 1.3, we achieve the result. [

1.5 Modewise Measurements Framework

For Chapters 2 and 3, we will be investigating specializations of the following measurement
framework for tensor recovery. The overall measurement process we will consider is a collection of
one or more measurement procedures that interleaves reshaping of the tensor (see Definition 1.7)
with modewise measurements using modewise products with linear maps that are applied to some
number of (reshaped) modes (see Definition 1.10). Naturally, it is formally possible to layer as
many rounds of reshaping and measurement as one wishes, however we will be concerned with
measurement procedures that have at most two stages of reshaping and linear transforms applied

the fibers of the reshaped tensor.
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Ri(X) A Ri(X) A} B,

X ¥ 3
| M
— I
Ry |
(a) First Stage, Reshaping (b) First Stage, Measuring
B R(By) By Ry(B1) B,
S ! |
R, L :
| 2
(c) Second Stage, Reshaping (d) Second Stage, Measuring

Figure 1.3 Schematic of a two-stage measurement procedure. The first reshaping R; takes a
three mode tensor and reshapes it into a two mode tensor. The modewise measurements then in the
measurement phase of the first stage corresponds to left and right multiplication by the measurement
maps A; and Ag to form intermediary tensor B;. The second stage depicts a vectorization reshaping
operation R; and a final measurement phase where the matrix B; is applied to the remaining mode
to form the final set of measurements, B5.

For example, a generic two-stage modewise linear operator £ : RM>X X — RMIX=XMa’ could
take the form

L(X) =R, (Rl(X) X1 Ap--- XJAJ) X1 By Xg By, (1.14)

where R| is areshaping operator which rearranges elements of R”1X"*"d tensor into an R"1>" %"

After this reshaping, using modewise product (Definition 1.10), A; € R%%; is applied to the

resphaped tensor for j € [d]. This is followed by an additional reshaping via R, into an R™ PXexm

’
d’

’

iforj € [d’]. See Figure 1.3

tensor, and final set of j-mode products using the matrices B; € R"/*"

for a schematic depiction of a two-stage operator of this type.
Clearly, any g-stage modewise operators can be defined in this way. This view of measure-
ment operators was first analyzed in [28, 30]. Immediately, we can see multi-staged modewise

compression operators where several modes are compressed can offer a computational advantages
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over standard vector-based approaches, provided the measurements are sufficiently sized to retain
information about the data. By vector-based approaches, what we mean is the direct application of
classic compressive sensing results which have been applied to vectors; whereby one simply takes
the tensor data and as a first step, rearranges its elements into a vector. This approach fits the frame-
work, where R| is a vectorization operator as in Definition1.5. Thatis,d = 1,A; = A € e IVEY is
a Johnson-Lindenstrauss map for example, and all remaining operators R», By, etc. are the identity
(see, e.g., [49]).

If instead R, is a reshaping operation that combines even a few, but not all modes, then the
resulting modewise linear transforms can be formed using significantly fewer random variables
(effectively, independent random bits), and stored using less memory by avoiding the use of a
single, comparatively large m X ]_[j.l n; measurement matrix as in the vectorized-first approach.
Indeed as we will discuss in Chapter 2, simply forming or storing such a measurement matrix
can be impractical, whereas one can achieve accurate recovery by instead using several, smaller,
modewise maps.

In addition to the storage aspect of the map themselves, modewise linear operators of this kind
are also straightforward to parallelize and offer the possibility of choosing different maps at a more

granular level to better respect the multi-modal structure of the given tensor data.
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CHAPTER 2

TENSOR RESTRICTED ISOMETRY PROPERTY AND TENSOR ITERATIVE HARD
THRESHOLDING FOR RECOVERY

We are now equipped to describe how we applied the measurement framework described in Sec-
tion 1.5 with a recovery procedure in order to produce a method that provably can yield reliable and
accurate results for the tensor recovery problem. The concept that will be of central importance to
this endeavor is the Tensor Restricted Isometry Property (TRIP). To explain where this term comes
from and why it is associated with recovery of an object from measurements, we will recall the
term from which it originates, namely the Restricted Isometry Property (RIP). Classically RIP is
nothing more than norm preserving Johnson-Lindenstrauss property applied to the set of sparse
vectors. That is, we have the definition,

Definition 2.1. [RIP(e, S) property] We say that a linear map A, defined on a normed vector space

with norm || - ||, has the RIP(e, S) property if for all elements s € S
(I=e)lsI” < 1AW < A +e)s] (2.1)

As we mentioned, classically in compressive sensing, the set under consideration are the s-sparse

vectors; and so S = K, where
Ky={xeC"||x[lp < s} = U span {ej}].es
SC[N]|S|<s

though we emphasize the definition here admits any subset from a normed vector space. Famously
however in the case of K;, {;-minimization by basis pursuit was shown to be able to recover the
original signal vector (exactly or approximately depending on the situation) from a small number
of measurements, when the measurement operator satisfies this approximate geometry preserving
property and moreover that common distributions of random matrices provably had RIP with high
probability, e.g. see Chapter 4 of [18]. There are other well known methods for the recovery part
of the measure and recover compressive sensing problem, such as orthogonal matching pursuit
and iterative hard thresholding (IHT). Extending these results to low rank matrices was a natural

direction for this idea, and was the subject of celebrated research in the field of compressive
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sensing, see [14] for an overview. In this chapter however we shall be concerned with the extension

of low-rank recovery to higher-order tensors.

2.1 Two-Stage Modewise Measurements and Tensor Restricted Isometry Property

Prior research, such as [21, 20], has extended the Tensor IHT method (TIHT) to low-rank CP
and Tucker tensors. TIHT is an iterative method that consists alternating updates where the first
sub-step applies the adjoint of the measurement operator to the residual of the last iterate and a
second sub-step that thresholds that update back to the relevant constraint set; the set of low-rank
tensors. That is, we take a gradient step first, and then project back onto the proper constraint set
for our problem. This is very recognizable as a direct extension of IHT to the case of higher-order
tensors. That is, we have the update rule

Y =X+ pui L(L(X) - LX),

(2.2)

X = H (YY)
where j denotes the iteration, £ and L* denote the measurement operator and its adjoint, X 0is
the initialization (randomly generated for example), the symbol H; is the thresholding operator,
that takes the tensor and finds a Tucker decomposition of the specified rank that approximates the
iterate Y/, and finally u j 1s a step-size parameter. The optimality of the thresholding operation is
something we will have cause to comment on later in this chapter.

The following theorem is one of the main results of [56]. It implies accurate reconstruction
of a tensor X is possible via TIHT when the measurement operator satisfies the yet to be defined
TRIP(6, 3r) property for a sufficiently small 6 and a sufficient number of iterations, with a reasonable
initialization since the update rule is contractive.

Theorem 2.1 ([56], Theorem 1). Let X € R"**"d [et 0 < a < 1, and let L : RM*-*"d — R™
satisfy TRIP(6, 3r) with § < a/4 for some a € (0, 1). Assume thaty = L(X) + e, where e € R" is
an arbitrary noise vector, and let X/ and Y/ be defined as in (2.2). Assume that

612

171+ VI +0)|| L2z

Y7 = X < L+ EIY = Xl where £, = 23)

36



Then
X7 = Xl < /|| X° - X2 +

where by = 2N 1 + 6 + \J4&, +2E2]| L]|2—2.

The assumption (2.3) in the Theorem 2.1 is about the quality of the thresholding operation

— el
1—a 2,

in (2.2). This assumption is unfortunately stronger than the quasi-optimality guarantee which
say truncated Higher Order SVD computed via Algorithm 1.1 is able to satisfy, as shown in
Lemma 1.5. However, the Lemma is an upper-bound, and in practice we have observed that the
truncated HOSVD procedure does produce estimates that are very good in some cases; though
naturally in real world situations it would be impossible to assess quantitatively that without finding
an optimal HOSVD - which is difficult. Some other choice for thresholding operation, to include
refinements using iterations of HOOI or some other method can likewise be employed in practice
to shore up one’s confidence that the requirement is met. Practically speaking, it is to some degree
a matter of how much computational effort is reasonable to budget for the task.

We note that in [56], the authors show it is possible to draw maps from random distributions
which will satisfy the desired TRIP property with high probability. Unfortunately, these maps
require first vectorizing the input tensor into a n?-dimensional vector and then multiplying by an
m x n matrix as we have mentioned earlier. Such a map requires m-times more memory than the
original tensor and thus can be unsuitable in the big data scenario; and indeed as we shall discuss
in our experiments, we were able to recover large tensors at better accuracy using a modewise
approach where a vectorized approach failed given the same constraints on memory.

With Theorem 2.1 in mind, we will now can move to specify the class of measurement operators
L we wish to use in this chapter. Two additional preliminaries await. First, the elaboration now on
the RIP definition alluded to, so that it includes higher order tensors with a low-rank decomposition.
Definition 2.2. [TRIP(4, r) property] We say that a linear map A has the TRIP(6, r) property if

for all X with HOSVD rank at most r we have

(1= IXI3 < AX)]E < (1+8)1X]13 (2.4)
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Our second remaining piece is to establish how the HOSVD of a tensor is related to the HOSVD
of its reshaping. Let k be an integer which divides d, the number of modes, and let d’ = d/«.

Consider the reshaping operator

that combines « sized sets of consecutive modes of a tensor into one mode, (see Definition 1.7).
For example if the tensor has four modes, and « = 2 then the reshaping will pair the first and
second modes together and the third and fourth together and thus reshape the four mode tensor into
a matrix of size njny X n3ng. Any procedure to group the modes would be valid; so there is no
loss in generality for assuming consecutive modes being grouped. Formally, R; is defined to be

the unique linear operator such that on rank-one tensors it acts as

d Ki

d . d .
R Ox(’)) =0 x| = Ox?,

=1\ o= tn(i-1)
recall ® denotes the Kronecker product, see Definition 1.11. We observe that if a tensor X
has a Tucker decomposition (see (1.3)), then its reshaping X = Ri(X) is the d’-mode tensor

X e (X)lil R"™ with HOSVD rank at most I’ := (¥, ..., r¥) given by

S U &
X=Y .Y G(n....ja) Ou?, (2.5)
de‘l nZ:l =1

where the new component vectors 1015.?
()
ki

are obtained by taking Kronecker product of the appro-
priate u,’, and where g e RF X" isa reshaped version of G from (1.3).

Since each of the {u,(:i) }21: , Was an orthonormal basis for the space spanned by U;, it follows that
{ﬁ;f) };.:;1 is an orthonormal basis for the space span ({ﬁ;?};.::l). That is, the Kronecker product of
orthonormal vectors is itself an orthonormal vector in its respective vector space.

Let A; be an m X n* matrix for i € [d’], denote A : R XX _ R™X-X" 4 be the linear map

which acts modewise on d’-mode tensors by way of the modewise products:

ﬂ(y) =J/><1A1 Xy ... Xg Agr. (2.6)
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Let X be a d-mode tensor with HOSVD decomposition given by (1.16). By Lemma 1.1 and

(2.5), we have that

ﬂ(RmX)):ﬂ()%)—Z ZGQI,...,M YA oo AT @)

Ja=l 1=
Next, we define the second stage of reshaping and modewise operations, similar to what was

discussed in the example in Section 1.5. Let R, denote the reshaping operation:
Ry : (RQR" — R, (2.8)

that is the reshaping operation which vectorizes the tensor. Next, Let B be a m,q X m? linear
map. Denote

Aona(X) = B - Ry (A(R1(X))), (2.9

The main theoretical result that the chapter relies on is to show that A,y satisfies the TRIP
property. This relies on showing how A; satisfies a restricted isometry property on the set S 2, to
be defined below, and how the gestalt of the measurement operator inherits its properties from its
component parts.

We will require two more definitions.

Definition 2.3. [The set S 2] Consider a set of vectors in R™,
Sp = {u|a=eu? u? sty (2.10)

and let S, = {||X+y”2 |X y € S;s.t. (X, y) = } Denote S1, = S1 U S2, and observe that S;, C
sm-L
Definition 2.4 (Nearly orthogonal tensors Bg , ¢.r). Let Bg 0 be the set of d-mode tensors in
X € R™*" that may be written in Tucker form (1.15) such that

(a) ||u,({?||2 < R for all i and k;,

(b) [(uy”, (‘>>| < pforall k; # kI,

(c) the core tensor G satisfies |Gl = 1,

(d) G has orthogonal subtensors in the sense that (1.5) holds forall 1 <i < d,
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(e) lIX]l2 = 6.
Theorem 2.2. Let r > 2 and letr = (r,r,...,r) € R4, Suppose that A and Apng are defined
as in (2.6) and (2.9). Let d’ = d/« and assume that A; satisfies the RIP (e, S12) property for all
i=1,...,d, where § = 12d'r%e < 1. Assume that Az satisfies the RIP(6/3,Bl+€,e,1_5/3’rf),

property where ¥’ = (r,...,r*) € RY. Then, Arnq will satisfy the TRIP(S,r) property, i.e.,
(1= OIIX|3 < [ Aza(X)]5 < (1+6)[1X]13

for all X with HOSVD rank at most r.
The proof of this result depends on several intermediary results, so we delay its presentation to
Section 2.4 of this chapter. We instead in this section wish to focus on the following corollary, and
a discussion with critiques based on empirical findings and several observations we made in the
course of its investigation.
Corollary 2.1. Assume the operator L, is defined in one of the following ways:
(a) L =vecoAoR, where A is defined as per (2.6), and the matrices A; satisfy the RIP(e, Sl’z),
and 6 = 4d'(3r)%e < a/4.
(b) L = Aspg defined as in (2.9), its component matrices A; satisfy RIP(G, S 1,2) property,
6 = 12d"?(3r)%, and Afinai satisfies the RIP(6/3, Bliee,1-5/3,x) Property.
Consider the recovery problem from the noisy measurements' y = L(X) + e, where e € R™ is an
arbitrary noise vector. Let 0 < a < 1, and let X J, and Y7 be defined as in (2.2), and assume that
(2.3) holds. Then,
X7+ = Xy < a/[|X° = X[l +

where by = 2V1 + 6 + \4&, + 2E2|| All2—2.

Corollary 2.1 encapsulates the theoretical basis for why we can expect a two stage modewise

— e
l—a 2,

measurement operator like Ay,;, where the constituent measurement maps satisfy the RIP prop-
erties, will yield a contractive iterative method in the presence of some noise. A particular choice
of measurement map, such as i.i.d sub-Guassian matrices then produces row bounds - provided we

can bound the size of covers of sets Sy, and Bg , ¢r. The intermediary results that describe these
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details for how the properties of the various parts of the measurement operator relate are found
below in Section 2.4.

Remark 2.1. As we have alluded to, one of the important advantages of our method over a
vectorization-based approach is that the maps A and Aynq require less memory to store than
those considered in [56]. In particular, A requires d’mn* entries to be stored in order to sketch

d

a dimension of m¢ and Aopq requires d’'mn* + m“ myyq in order to sketch a dimension of myyq.

41 entries to reach a dimension of m. To make

By contrast, the map considered in [56] requires n
this more concrete, we consider the case where d = 4, n = 40, x = 2, the final target dimension is
10, 000, and our maps are dense matrices with Gaussian entries. In this case, Aopg, with interme-
diate dimensions of m = my = 250 would require 40> x 250 x 2 +250% x 10,000 = 625, 800, 000
random entries, with a storage cost of about 2.5 gigabytes assuming 32-bit floating point arithmetic
and the SI meaning of the prefix giga as 10° bytes. The vectorization based approach requires
40* x 10,000 = 25,600,000, 000 random entries at a storage cost of about 102.4 gigabytes. In
Section 2.2, we will show that under these settings tensor recovery experiments using A»pg have

an identical recovery rate reliability in both the Gaussian case and SORS case when compared to

those that use vectorization-based compression, despite the 40 times smaller memory requirement.

2.2 Experiments

In this section, we show empirically that TIHT can be used with modewise measurement maps
as defined in (2.2) to successfully reconstruct low-rank tensors. In our experiments we will consider
randomly generated four-mode tensors in R for n = 40 and n = 96. In the case where n = 40,
we will utilize both modewise Gaussian and RF D measurements, see Definition 1.24. In the case
where n = 96 we will only consider RFD measurements, since generating and storing the dense
Gaussian matrices takes up too much memory.

We compare our two-step modewise approach to a vectorization based method like was de-
scribed in [56]. We consider the percentage of successfully recovered tensors from batches of 100
randomly generated low-rank tensors, as well as the average number of iterations used for recovery

on the successful runs. In the case where n = 40, we consider the algorithm to have successfully
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Figure 2.1 Fraction of successfully recovered random tensors out of a random sample of 100 tensors
in R40x40x40x40 with various intermediate dimensions. A run is considered successful if relative
error is below 1% in at most 1000 iterations.

recovered the tensor if the relative error falls below 1% in at most 1000 iterations. Similarly, in
the case where n = 96, we consider the algorithm to have successfully recovered the tensor if the
relative error falls below 5% in at most 1000 iterations. Compression, defined here as the ratio
of the total number of entries in the measurements over total number of entries in the true tensor,
ranges from about 0.04% to 0.4% depending on the choice for final sketching dimension. In all
instances, we initialize the algorithm using a randomly generated low-rank tensor.

In our experiments, we apply the map from (2.9) with x = 2. That is, we reshape a four-mode
tensor whose modes are all of length n into a n> x n> matrix, perform modewise measurements
reducing each of the two reshaped modes to m, the choice for intermediate dimension, and then in
the second stage, vectorize that result and compress it further to m»pnq, the final target dimension.
In our experiments, we consider a variety of intermediate dimensions to demonstrate the stability
of advantage of the modewise measurements over the vectorized ones. In our experiments, for

fair comparison, we will set the final embedding of our two-step process moyg equal to the final
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Figure 2.2 Average number of iterations until convergence among the successful runs out of a
random sample of 100 tensors in R40*40x40x40 with various intermediate dimensions. A run is
considered successful if relative error is below 1% in at most 1000 iterations.

embedding dimension of the vectorized method mgy,. For a unified presentation, we will refer to
the final dimension as m in either case - modewise or vectorized.

As noted in Remark 2.1, our proposed two-step method offers significant storage savings as
compared to the vectorized based approach when looking at the size of the measurement maps
involved. For example, when we use Gaussian measurements with mo = 10,000 and n = 40, the
vectorized computations had to be carried out using four NVIDIA v100 GPUs in parallel, whereas
the two-step method easily fits on memory of one GPU. In the case where n = 96, generating,
storing and applying Gaussian random matrices is impractical. For instance in the scenario we
consider in Figure 2.3, where n = 96 and m = 65, 536, we would need more than 22.25 terabytes
to store the Gaussian map required for the vectorized approach. A two-step approach would require
about 4.4 terabytes to store the measurement matrices.

We also note that we may apply RF D measurements more quickly to larger tensors than Gaussian

measurements since the FFT enables RF D measurement matrices to be applied efficiently to the
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Figure 2.3 Top row shows recovery reliability and convergence speed for trials consisting of 100
samples of random tensors in R?0*90X9x% at various ranks. A run is successful if relative error
reaches below 5% within 1000 iterations. Final target dimensions are m = 32,768 and 65, 636, for

two-step method intermediate dimensions are 2048 and 4096 respectively. Bottom row is average
relative error over 100 samples after 500 iterations.

tensor and without the need to explicitly form all the measurement maps. In particular, we need
only store the sign changes which form the diagonal of matrix D, and store the choice of which
rows are sampled from F to form matrix RF (see Definition 1.24). For this reason, the same
size of problem requires about 67 megabytes storage in two-step method and 340 megabytes for
the vectorized approach when using RF D and an appropriately implemented FFT. It is for these
reasons we restricted ourselves to RF D measurements for the n = 96 case for both the vectorized
and two-step approach.

As shown in Figures 2.1 and 2.2 the two-step approach, when compared to the vectorized ap-
proach with the same choice of final sketching dimension, shows reliable recovery, and comparable
convergence rate with both Gaussian and RF D measurements. Indeed, for some choices of in-
termediate and final sketching dimensions, modewise measurements empirically recover low-rank

tensors more reliably than vectorized measurements (see Figure 2.1, bottom row). We show that
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these advantages do not result in the need for a substantially increased number of iterations in
order to achieve our convergence criteria. Across all considered scenarios, the average number of
iterations to meet the convergence criteria can be bounded by two to eight times the number needed
in the corresponding vectorized approach, depending on the choice m for intermediate sketching
dimension. Interestingly, for some ranges of the intermediate and final target dimension mg, and
in the case of RFD measurements in the rank (5,5,5,5) instance, fewer iterations are needed
(see Figure 2.2, bottom right). Thus, modewise measurements are an effective, memory-efficient
method of dimension reduction, and the choice of intermediate sketching dimension allows us to
further balance trade-offs in terms of convergence speed and overall memory requirements, given
a particular size and rank.

In Figure 2.3, we investigate the performance of the algorithms as rank of the tensor increases.
A larger tensor, with n = 96 enables us to consider a wider range of r’s that are reasonably
considered to be low-rank. We maintain the vectorized to two-step comparison, and also consider
two different final sketching dimensions, my = 32,768 and 65, 536. Due to the larger problem size
and ranks, we scaled the convergence criteria to be 5% relative error in at most 1000 iterations for the
comparison of recovery reliability and convergence speed. We observed in terms of performance of
the algorithms a phase change as rank of the tensor increases for a fixed final sketching dimension.
In particular, for my = 32,768 the performance of vectorized and two-step approach empirically
degrade significantly at » = 6 and 7 respectively for this convergence criteria. When doubling
the sketching dimension to my = 65,536 we see empirically that phase change that the drop in
performance occurs at » = 8. The bottom row of Figure 2.3 shows the shift in terms of average
relative error for a fixed number of iterations. For the larger ranks and smaller sketching dimensions
we observe that stagnation at non-global optima appears more likely and the runtimes required for
acceptable recovery can become impractical. Both vectorized and two-step approaches have this
feature, however for a fixed final sketching dimension, for some ranks near the threshold the two-step

method performs incrementally better.
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2.3 Discussion

As we have outlined in the previous section both theoretically and empirically, in terms of
performance and economizing storage, using a two-stage measurement operator versus a one-stage
vectorized only operator has significant advantages. There are a few shortcomings we wish to
note however that came about as we developed the method. To understand the first one, consider
the Corollary 2.2, which states that if the modewise transforms applied are assumed to be random
matrices with i.i.d. sub-Gaussian entries with at least as many as (2.11) and (2.12) rows for the first
and second stage respectively, then Ay, will have desired TRIP(6, r) with high probability. That
is, this is a result which shows that a certain class of random matrix will likely satisfy the TRIP,
and thus will be useful in yielding measurements, should its sketching dimension size satisfy the
following bounds.
Corollary 2.2. Let r > 2 and letr = (r,r,...,r) € RL Suppose that A and Arng are defined
as in (2.6) and (2.9), and that all of the A; € R™" have i.i.d. %—subgaussian entries for all

i=1,...,d, where d = d/«k, and suppose that O < 1,6 < 1. Let

d*1 d*> (2d
m > C6_2r2dmax{n—n(l<),—21n (—)}, (2.11)
K K Kn
and let Azpg € R™2aXM he g ﬁ—sub—gaussian matrix with i.i.d. entries with
d K K 2 K
d. d d d o 2
mana > €6 ma [ i (41 )+ S (10r) + S (2}
K K K K n

Then, Ay,q satisfies the TRIP(6,r) property, i.e.,
(1=8)IXI3 < IA2a (XI5 < (1+6)IX]I5,

for all X with HOSVD rank at most r with probability at least 1 — 1.

Observe that if k = 1, then (2.11) implies that m > n, so the sketching dimension needs to be
bigger than the original side length to ensure the error guarantee, and thus not accomplishing any
compression. In other words, the theory we have stated here is silent about the case where we com-
press using modewise products without first combining at least some of the modes. Furthermore,

numerical investigations lent empirical evidence that this may not merely have been an artifact
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of the analysis, or a lack of tightness is the row bounds for this particular class of measurement
operator. This was a disappointing state of affairs because it is quite natural to wish to apply no re-
shaping initially, and instead compress along all modes using modewise products before employing
subsequent stages of reshaping and modewise linear transforms. Moreover, the necessity of having
k be at least two means that there may not be any natural or intuitive way to first reshape a tensor
with say a prime number of modes; in that case some modes would have to be grouped and treated
differently than others; which makes the choice of the operator data dependent in a way we should
like to avoid.

The next two observations stem from the use of TIHT as a recovery procedure in the overall
method. In the first sub-step of TIHT (2.2), we must calculate and form the intermediary tensor
Y/ which has the same dimensions as our original signal X. Furthermore, Y/ is emphatically
not in a factorized form, nor would we expect it to be exactly low rank. This iterate is a full,
un-factored, tensor that we have to store and operate on in practical terms that is the same size as
the uncompressed data X. In turn, in the next sub-step we then must find a factorization which
approximates Y/. Naturally that factorization will be a significantly smaller object to store in
memory in the low rank case.

Secondly, As was alluded too early in the Section 2.1, in Theorem 2.1, there is a reliance on an
assumption about the quality of fit for the thresholding operator that exceeds the guarantees that we
are aware of for the usual procedure to find the HOSVD. Furthermore calculating an HOSVD itself
can qualify as computationally intensive; and refining a factorization could itself involve many
iterations of say Algorithm 1.2 within an already iterative step of TIHT.

So the use of TIHT as the recovery procedure, and its reliance on the TRIP property introduces
several significant downsides. It means we need to have working memory on the order of the
size of the uncompressed, unfactorized data to perform the sub-step which is contraindicating the
expressed goal of a low-memory (at all stages) method for tensor recovery. Ideally we would have
some means to go from the compressed measurements £ (X) directly to core G and factors U; of

the estimate without needing at any point in the procedure to form the entire, uncompressed tensor;
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and thus remain low-memory throughout the entire process. Next, TIHT relies on an assumption
about the thresholding operator H,; and practically any effort taken to shore up that assumption
may involve significantly more computational effort at each TIHT update, such as HOOI iterations.
Lastly, all known methods to prove TRIP for two-stage measurement operators that use the often
studied types of random modewise maps requires an initial reshaping; which may not be desirable
or intuitive.

The desire to address these problems is what led us to investigate the Leave-One-Out alternative

and its accompanying simple recovery procedure and is the subject of our next chapter.

2.4 Proof of Theorem 2.2

The goal of this section is to outline the proof of Theorem 2.2, which crucially builds on a
similar type guarantee for the first stage compression operator and a lemma which shows how the
output of the first stage of compression will likely belong in the set of nearly orthonogonal tensors
as in Definition 2.4, and provides a covering number bound for this set. Once we have these, it is
easy to fashion two-stage operators from standard types of random matrices, such as sub-Gaussian
random matrices or RF'D matrices, as was done e.g. Lemma 1.6. For a detailed proof of these
results, see Section 5 and Appendices A and B of our work [23].
Theorem 2.3. Suppose that A is defined as per (2.6) and that each of the A; have RIP (e, S 1,2)
property. Let r > 2, let § = 4d'r%e and assume that 6 < 1. Then A o R satisfies the TRIP(S, )
property, i.e.,

(1=8)IX]3 < IARI(X)II5 < (1+8)I1XI13 (2.13)

for all X with HOSVD rank less thanrx = (r,r,...,r).
So the goal is now to first prove this result about the first stage compression operator. To do so,

it will be convenient to write A as a composition of maps
AY)=Asy(...(A1(Y))), where A;(Y) =Y x; A;for1 <i<d'. (2.14)

We note that by (2.5), we may still write the reshaped d’-mode tensor X as a sum of r¢ orthogonal

tensors; that is by Lemma 1.4 we can write X as a sum of ¢ rank one orthogonal tensors, and

48



the reshaping operator R is linear. This action of a linear operator in a vector space working on
orthogonal sums plays nicely with an approximation property; as we now state in Lemma 2.1
Lemma 2.1. Let V be an inner product space and let L be a linear operator on V. Let U C V

be a subspace of V spanned by an orthonormal system {vy,...,vk} € V. Suppose that
(1=olvil3 < ILvill3 < (1+o)|Ivil3 foralll <i<K. (2.15)
and also that
(A=-olvitv;|3 < LVvixv)I3 < (L+o)lvi£v,l5 foralll <i,j<K. (2.16)
Then we have

(1-Ke)||wli < [|Lw|? < (1 +Ke)||wl|j3 forall w € U.

Proof. Claim:

[{(Lvi, Lvj)| < e foralli=#j.

To prove the claim, leti # j. Then,

AL, Lyjy = | Lvi+vpI5 = 1LV =I5

< (L+e)llvi+v,li5 = (1= e)llvi = v,l3
= (L+ ) (Ivill3 + 1,115+ 2vi, v;)) = (1 = ) (Ivill 3 + 1V,115 = 2¢vi, v;))
= 4(vi, v;) + 2e(|Ivi13 + [Iv2113)
= 4e,

where the last inequality follows from the fact that ||V1||% = ||V2||§ = 1 and (v;,v;) = 0. Thus,

(Lvi, Lv;) < €. The reverse inequality is similar.

We now proceed to the Lemma itself, and argue by induction on K. When K = 1, the result is

immediate from (2.15) and the fact that £ is linear. Now assume the result is true for K — 1. An

arbitrary element of U/ may be written as



where ¢y, ..., cg are scalars. We will write w = wg_| + cx Vg, wWhere

K-1

Wg_1 = Z CiV;.

i=1

By construction, we have

ILWI5 = | LWk-1]l5 + llck LV I3 + 2cx(LWk—1, LVk).
We may use the inequality 2ab < a® + b? along with the claim earlier to see
K-1

2cg(Lwg_1, Lvg) = Z 2cicx{Lvi, Lvg)

i=1

IA
m
&
=
Ay

i=1
Kl (2.17)
<e Z(c% + clz)
i=1
K-1
< (K - l)ec%( +€ Z cl-z.
i=1
By the inductive assumption,
K-1
1Lwk-1l13 < (1+ (K = De)llwgall} = (1+ (K = 1)e) Y cf.
Thus,
K-1 K-1
||.£W||% <(1+(K-1)e) Z cl-2 +(1+ e)c%( + (K - l)ec%( +€ Z c%
i=1 i=1
X (2.18)
=(1+Ke) Y ¢} = (1+Ke)|wl3.
i=1
The reverse inequality is similar. [

The next lemma checks that, if A; the matrix satisfies RIP(e, S;,) property for some 1 < d’
then the operator A; as in (2.14) will satisfy the conditions of Lemma 2.1 for the system of rank
one component tensors that are produced by our reshaping procedure.

Lemma 2.2. Let {Vy,...,Vg} € R™>" be an orthonormal system of rank one tensors of the

form Vi = O;{:'l V’,; where ||Vl]'<|| =1foralll <i <d. Let 1 <i < d, suppose A; has the
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RIP(€/2,S12) property and assume that each Vl].( is an element of the set S| defined in Definition
2.3. Then the conditions (2.15) and (2.16) are satisfied for (the vectorizations of) these {(V,-}{i , and
L = A; defined via A;(X) = X X; A;.

The next lemma gives a formula for the tensor Y, obtained by applying sequentially the first ¢
of the maps A;. It shows that all intermediary tensors Y; can be written as an orthogonal linear

. . ’_ . . .
combination of 744"~ rank-one tensors of unit norm. Moreover, for each of the terms in this sum,

(t+1
J+1

Lemma 2.3. Let Y, = X and Y, = A( Y1) = Vi1 X A forall t = 1,...,d". Then, for each

the (¢ + 1)-st component vector is u ) as defined in (2.5) and therefore is an element of the set S.

1 <t <d -1, wemay write

rk X : . 4’ )
_ () o (i)
U= B D Gisnin | (O ) O[O,

Jar=1 Jer1=1

, (2.19)

where ||V§.i)1 | = 1 for all valid index subsets.

+1seees Ja |
We are now ready to prove Theorem 2.3.
Proof of Theorem 2.3. By Lemma 1.4, we can write Y = X as an orthogonal linear combination

of ¥ norm one terms of the form
Ou]’ lélerK9

where each of the vectors 1015.’,), 1 < j; < r*, are obtained as the vectorization of a rank-one x-mode
1

tensor. Therefore, since A; satisfies RIP(e, S12), Lemma 2.2 allows us to apply Lemma 2.1 to see
IAX) 2 < (1+2r%€)[|X]l2. (2.20)

Next observe that by Lemma 2.3

(d’—t) sums of r* terms each .
remains a set of orthonormal vectors

—_—

< < L) ()
T T P I ]
t J'U,Z::l jg;l e a) i=1 St d =1 7'

and note that there are (') terms appearing in the sum in (2.19). Therefore, Lemmas 2.1 and
2.2 allow us to see that

Wil < (14270 e) %15 2.21)
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forl <t <d -1. Since Yy = ﬂ()o( ), combining (2.20) and (2.21) for each of the compositions

implies that the overall first stage compression operator A defined in (2.6) satisfies
o d’_l o
1A < [ ] (1424 e) 1112
1=0

To complete the upper bound set @ := 2r?e and note that 2a < 1. Recall &’ = ‘;l. Then, since r > 2

d -1 d -1
1_[ (1 + 2r’<(d/_’)e) = 1_[(1 +ar™)
t=0 t=0
d -1 d -1
—l+a Z oI CUZ r—(l‘1+lz)K +. .+ a,d'r—(l+...+(d’—1))l<
=0 11,1,=0:

1<ty

d' -1 d'—1 2 d -1 d
1+a2r't’<+ aZr"K +... 4+ aZr"K
=0

<
=0 =0
(o] (] 2 (o] d/
< 1+a22“+(a22‘t) +...+(a22_’)
t=0 t=0 t=0
<1420+ (2a)*+...+a)?
<1+42d«a
=1+4d'r

which completes the proof of the upper bound. The proof of the lower bound is nearly identical. []

Now that we have proved Theorem 2.3, and have now the first stage compression operator,
A(R1(+)) has a TRIP so long as the constituent linear maps themselves have a RIP, we can use this
show that the second stage compression operator also as a TRIP. Unfortunately, we cannot simply
inductively apply the same reasoning, since crucially the first stage depended on using that the
sum of orthogonal (rank-1) components and a linear operator were compatible with the embedding
properties. After the first stage, these sums of rank-1 tensors will almost certainly no longer be
exactly orthogonal. Nevertheless, we see that they will be nearly orthogonal, and should we have
a covering number for this set, then it will be possible to find a second stage compression operator
which is able to satisfy the RIP for this set. This is what motivates the use of Definition 2.4, and,
along with a covering number argument for this set of nearly orthogonal tensors, is the main content

of the following Lemma.
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Lemma 2.4. Let X be a unit norm d-mode tensor with HOSVD rank at mostr = (r,...,r). Let A
be defined as in (2.6), assume that the matrices A; have the RIP (€, S12) property forall1 <i < d’,
and that § = 12d'r% < 1. Then, the d’-mode tensor ﬂ(z\o’) € R™<X" js an element of the set

Bliee-s/3,¢ (as per Definition 2.4). Additionally, let ZéaM = {ﬁ

X € Bl+e,e,l—6/3,r’} and

suppose that m > ré'. Then,

dmr* [k 2

((1 +e)+ erd) (1+ e)dzmrk'(

9(d/K+ 1))rd+r’<md//<
t

Il (.s,) < (

holds for allt >0, and 1 > 6 > 0.
Where Ct”'||2 (@G,M) refers to the covering number, see Definition 1.27. The proof then of

Theorem 2.2 follows from applying the RIP assumption of A,.. after using Theorem 2.3 for

AR (X)).
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CHAPTER 3

LEAVE ONE OUT MEASUREMENTS FOR RECOVERY
Our investigation of two-stage measurement operators that satisfy the TRIP was motivated by our
desire to employ a result regarding TIHT that could, with important qualifications, solve the tensor
recovery problem by using a memory efficient £ : R"1**"d — R™/final measurement operator. In
Section 2.3 we noted three significant drawbacks to this overall approach

1. the method was not low-memory at all stages since a sub-step of TIHT involves forming and

operating on a tensor the size of the uncompressed original signal

2. the method relies on an effectively unverifiable assumption about the thresholding operator

that is also computationally expensive to shore up

3. the apparent necessity of an initial reshaping in order to achieve useful compression

The desire to address these issues led us to a useful specialization to the modewise measurement
framework, which we refer to as the leave-one-out alternative.

We are not the first to propose the idea. Most notably, in the work of Hendrikx and De Lathauwer
[26], they describe an algorithm that recovers a tensor from linear combinations of its entries where
the measurement operations themselves are constrained to be Kronecker-structured; this will serve
as a particular example which fits very naturally into our framework once we properly situate it.
In that work they give necessary and sufficient conditions for perfect recovery of exactly low-rank
tensors. They describe some relevant heuristics and provide empirical results for the performance
of the recovery when the tensor or its measurements are subject to white noise. Additionally they
demonstrate how to adapt their method to two other tensor formats, namely CP and tensor train.

Furthermore, In the work of Tropp and Udell et al [60], a comparable recovery procedure
as [26] was described (in that work, Algorithm 4.1, Tucker Sketch) however the measurement
ensembles analyzed were in some sense, less structured. Measurements used to estimate factors
of a tensor in this work were conceived as operating on the unfoldings of the tensor, not strictly
modewise as is possible in the Kronecker-structured case of [26]. This too we can situate into our

framework from Section 1.5. In the work [60] the authors detail approximation error expectations
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of the recovered tensor in terms quasi-optimality, and notably do not require the signal to be exactly
low-rank, both things we find desirable in a theory on recovery. On the other hand, the error
guarantees in that work are in expectation and are stated using the assumption that all the entries of
the measurement matrices are sampled from independent Gaussian random variables; which from a
practical view point can be undesirable as these measurement matrices will take up as much storage
in a way that scales data tensor itself. The authors do empirically investigate the performance of
a more structured and constrained measurement map, specifically when the sketching matrices are
constructed by using Khatri-Rao products of Gaussian matrices. In those experiments they show
that these structured measurements deliver nearly as good approximations at the benefit of using
potentially significantly less space, since it is possible in this scenario to store only the parts and
construct the ensemble as it is needed during sketching.

Our contribution in this chapter is to unify and add to these works. Using the overall same
strategy as [60], our error analysis is applied to the more structured Kronecker and Khatri-Rao
measurement ensembles which are then used in a Canonical Recovery Algorithm 3.1 to recover the
factorized form of a tensor. These types of measurement ensembles operate on the tensor in subtly
different modewise manner that we will situate in terms of the framework introduced in Section 1.5.
In a similar fashion as to the type of measurement operator that was the subject of Chapter 2, this
has significant practical advantages since neither the entire signal tensor nor the entire measurement
operator need to be kept in working memory in order to obtain measurements or importantly, to
recover the factors of the original signal tensor. The improvement compared to [26] then is that the
error analysis presented in this chapter applies in the non-exact low-rank case, and quantifies more
specifically how the error depends on the relevant parameters of the problem, such as rank truncation.
Additionally, besides applying the analysis to these more structured measurement ensembles that
was not present in those early works, we remove from it the needed assumption that the entries
of the sketching matrices are drawn from Gaussian distribution independently, and instead rely on
a Johnson-Lindenstrauss property (see Definition 1.18) in order to state probabilistic bounds on

errors of recovered tensors. The advantage to this is that there are several well known distributions

55



of random matrices which are known to satisfy this property, and it becomes a straightforward
exercise then to reinterpret measurement requirements for different choices of sketching matrices.
Having these options enables a user to select structured measurement schemes which can take

advantage of fast matrix-vector multiplies for example, see Definition 1.24.

3.1 Kronecker Products, Khatri-Rao Products, and Leave-One-Out Modewise Measure-
ment Notation and Examples

We now will describe and provide some notation and terminology for the type of measurement
operators studied throughout this chapter. The general concept we are able to specialize to several
cases is the following:

Definition 3.1 (Leave-one-out Measurements). Given a d-mode tensor X with side-lengths n,
leave-one-out measurements are the result of reducing all but one mode using linear operations on

the unfolding of the tensor. That is,
T
Bj=Q X G.1)

are leave-one-out measurements whenever Q(; ;) € R™" and full-rank, Q_; € R \where
m’ < nél,

Any measurement process that can be equivalently described as left multiplication of an unfolded
tensor by a full-rank square matrix and right multiplied by some other linear operator that reduces
all other modes is a leave-one measurement process. We will consider three specific cases for
how to construct the overall measurement operator £2_; in Definition 3.1: Kronecker structured,
Khatri-Rao structured and unstructured measurement operators, and then situate this within the

framework introduced in Section 1.5.

3.1.1 Kronecker Structured Measurements

Kronecker structured leave-one-out measurements are constructed by taking the Kronecker
product (see Definition 1.11) of d — 1 component matrices to fashion £_;, in addition to one square,
full-rank measurement matrix €2(; ;) to be applied to the mode-; which is uncompressed. Note this
matrix could simply be the identity matrix. We will require leave-one-out measurements of type

in the Definition 3.1 for each mode (i.e. Vj € [d]) in order to recover all factors. Collectively, the

56



matrices needed to define this ensemble will form a set {Q(,-, j)} where Q(; ;) € R™" when

i,jeld]
J # i, and where Q; ;) € R for all i € [d].

So far our measurements then are
d
By =X X Qi (3.2)
i=1

. . . d . . . .
forall j € [d] using the matrices {Q( i) }izl. Crucially, we can identify this tensor of measurements
8B, with a flattened version which makes it clear that Kronecker structured modewise measurements

do define leave-one-out measurements conforming to Definition 3.1, see Lemma 1.2.
T T
Bj=Q p X = Qi p X1 (L) ® Q2 @ -+ Qjj-1) @ Q(jjan) ® - ®Q(ja)" (3.3)

See Algorithm 3.2 for an outline of the sketching procedure. Note, (3.2) makes it clear we have
here a one-stage modewise measurement process which has no initial reshaping; but instead leaves
one mode uncompressed. As mentioned, we will require a collection of such measurements -
one measurement tensor in one mode will be used only to recover a single factor matrix in the
Tucker decomposition of our estimate. We refer to a collection of measurements from different
measurement operators as a measurement ensemble.

Since it will be relevant in our analysis, we observe that conceptually, the Kronecker products
of matrices can be rewritten in terms of matrix products of auxiliary matrices. This will be useful
if we wish to examine via, e.g., (1.4), how several modewise products change the properties of
the resulting factor matrices U; in the Tucker decomposition of a given tensor. As an illustration,
consider the case of a three mode tensor X € R">*"2*"3_ Let x € R™"" denote the vectorization
of X, and further suppose that Q; € R™/ *1j for j = 1,2, 3 are three measurement matrices used to
produce modewise measurements of X given by X X; Q1 X Q, X3 Q3. Allowing for an additional
reshaping, we can identify these three modewise operations equivalently with a single matrix-vector
product using a variant of (1.4). That is, one can see that vec (X x| Q] X Qs X3 Q3) = Qx where

Q=Q3® Q) ®Q € RMmmsxmmns [ et [, denote the n X n identity matrix. The mixed-product
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property of the Kronecker product can now be used to further show that in fact Q = Q3Q,Q;, where

Q1 = I, ® I, ® Q) € RMmmmxmmm,

Gy = I, ® Q ® I, € RMmansmmn;

O3 = Q3 ® I, ® Iy, € RIMImmsXmimans,
Hence, vec (X X1 Q1 X Q» X3 Q3) = Q38,Q vec(X). This example can be easily be extended to
any number of modes.

3.1.2 Khatri-Rao Structured Measurements
Leave-one-out measurement ensembles which are Khatri-Rao products of smaller maps are

also possible and have been considered before in works such [60]. That is,

T
B; = Q) X[j1€;

T
_ T T T T T
= Q¢ p X)) (9( ji) @) @+ i) @Ry - © Qu,d))
T
T
=9, X1 (90,1) Q) oy R - 'QU"’)) G

where €; ;) is a full-rank square matrix, and Q; ;) € R"™*" for j # i. Note that in this case we can
consider Q_; € R g sketching sub-tensors of size n?~! to size m (as opposed to m?~! as was
done previously with Kronecker structured measurement maps). See Algorithm 3.3 for an outline
of the sketching procedure. Note, to situate this measurement process within the framework, unlike
the Kronecker structured measurements, there is no simple equivalence of each component map to
a single modewise product along a mode - instead we conceive of the measurement matrix acting
on sub-tensors of d — 1 modes - i.e. the subtensors that occupy the rows of a mode-; unfolding.
That is, there is a reshaping into a mode-; flattening initially, and a single “modewise” (matrix)
product of that reshaped tensor with the measurement operator. Fundamentally, measurements
structured this way combine d — 1 modes initially with a reshaping; however the full measurement
matrix itself need not be fully pre-computed because of its Khatri-Rao structure. One can, at the

time of sketching, take the Kronecker product of the columns of the component matrices; trading

compute for storage.
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3.1.3 Unstructured Measurements

In [50], a type of leave-one-out measurements are described and analyzed, however in that work
their measurement ensembles are not structured as was described in the previous two sections,
but instead are dense matrices where Q_; € R™n“™" has entries all drawn independently from a

Gaussian distribution and this matrix is right multiplied by an unfolding of the tensor:
T
Bj = QX

where again Q; ;) is some square, full-rank matrix.
As an important observation, the storage requirements for the sketching matrix itself in this

d—

case is large, comparable in size to the data itself since the long dimension is n¢~!, which can be

das

undesirable (though an improvement on the fully vectorized approach which must need have n
its long dimension). Furthermore, the error analysis in [50] conducted on this type of measurement
when the unstructured matrix €2_; has i.i.d. Gaussian entries relies on expectation bounds known
for Gaussian matrices and their pseudo-inverses. Comparable bounds for other distributions, or
for matrices constructed using Kronecker or Khatri-Rhao products are not covered in the analysis.
Note, Kronecker or Khatri-Rao structured measurements alleviate to a large degree the storage
problem associated with Q_; € R when compared to in the unstructured case since the entire
sketching matrix does not need to be maintained in memory, but rather just constituent components
Q) € R™" can be stored, and the action of the Kronecker or Khatri-Rao product on the tensor
can computed as part of the sketching phase. This does incur additional operations in the sketching

phase, and in our runtime analysis and numerical experiments we detail the trade-off between space

and run-time for these various choices of measurement operators.

3.1.4 Core Measurements

Regardless of which type leave-one-measurements are used for each of the modes and recovering
the factors, in order to recover the core factor using only a single access to the data X, we will
require an additional set of measurements. These are in all cases discussed in this chapter,

modewise, and can compress all modes; i.e. the operator is a single stage, no initial reshaping
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modewise measurement operator.

d
B =X X @; (3.5)
j=1

using the matrices {<I> j}jzl' See Algorithm 3.4 for an outline of the sketching procedure for the
core.

All together then, these d + 1 measurement tensors, d of the leave-one-out type (Definition 3.1)
and one of the type in (3.5) will be used to recover the parts of the original full tensor. Figure 3.1
is a schematic rendition of the overall measurement procedure in the three mode case (d = 3).

Note that the n¢ entries of the original tensor X are compressed into dnm?~! + m? entries of the
d + 1 total different measurement tensors; one leave-one-out measurement for each of the d modes
as well as the one measurement tensor for use in estimating the core. Recovery naturally will require
the storage of the measurement operators themselves in some fashion along with the measurement
tensors. As dense matrices, the measurement ensemble collectively uses d((d — 1)mn +n?) +dm.n
total entries. However the number of random variables required to generate these matrices may be
significantly fewer depending on the method employed. For example, when using RF' D matrices
and an FFT algorithm, the number of random bits required to construct an ensemble is linear in
n. Additionally, some choices of measurement matrices allow for near-linear time matrix-vector
multiplication.

As we detail later, applying the measurement operators, i.e. the sketching phase, is asymptot-
ically the most computationally intensive part of the overall measure and recovery procedure, and
thus in settings where it is useful to economize the computational effort to obtain measurements
these matrices have significant advantages. Whichever choice for type of measurements are used,
however, the efficiency in terms of the run-time of the recovery algorithm is largely dependent on

the ratios m/n and m. /n.
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(a) Leave-one-measurements from Algorithm 3.2 (b) Core measurements from Algorithm 3.4

Figure 3.1 Schematic for the two types of measurement tensors used in recovery Algorithm 3.9 for
a three mode tensor. Measurement tensors B; of the type shown in (a) for i = 1 will be used to
estimate the factors of the Tucker decomposition, and the measurement tensor B, in (b) will be
used to estimate the core of the Tucker decomposition.

3.1.5 The Canonical One-Pass Recovery Algorithm

We can now state Algorithm 3.1 as the canonical algorithm for one-pass recovery the ten-
sor using leave-one-out measurements. The algorithm outputs an estimate in factored form
X1 = [[H,Q1,...,04]], and we say one-pass to emphasize that after measuring the tensor X,
no additional access to the data is required to obtain the estimate X;. The inputs to the algorithm
are leave-one-out measurements B; for each of the modes of any type, as well as measurements B,
for use in recovering the core, some of the related measurement operators Q; ;), ®;, and a target
rank r parameter. Algorithm 3.1 consists of two loops. The first loop recovers the factor matrices
Q; in the Tucker factorization. The second loop depends on the output of the first loop and computes
the core H of the Tucker factorization. Importantly, at no point does a full, uncompressed tensor
or size X ever need to be formed. The procedure goes directly from measurements to factors.

Note that within the pseudo-code for Algorithm 3.1 the “unfold” function in the body of
Algorithm 3.1 takes a tensor and flattens it into the given shape by arranging the specified mode’s

fibers as the columns, e.g. H « unfold(B., m. x m?~!, mode = 1) is equivalent to H « (B
using the notation of Section 1.4.1, the matrix that is obtained by flattening the d-mode tensor B,

along mode-1. The “fold” function is the inverse of “unfold”, and takes a matrix that is an unfolding
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along the specified mode of a tensor and reshapes it into a tensor with the specified and compatible

dimensions, e.g. B « fold(H,r Xm, X - -- X m., mode = 1) takes the matrix H with dimensions

| U S—g
d-1
r x m9~! and reshapes it into a d mode tensor where the first mode is of length r and the remaining

d — 1 modes are of length m..

In the scenario where it is possible to access the original tensor X twice (we refer to this as the
two-pass scenario), we can compute the optimal core G given our estimated factor matrices Q; to
obtain an estimate X> = [[G, Q1. - .., Qq]]. See Algorithm 3.10 and Algorithm 3.12 in Section 3.6

for the detailed formulation of the two-pass recovery procedure.

Remark 3.1. Note, for a tensor with an exact Tucker decomposition X = [[G, Uy, ..., Uy]] of rank
(r,...,r) the total degrees of freedom in the decomposition is a lower bound on any lossless
————

d

compression scheme in the absence of any other kind of information about the factorization. For
example, the leave-one-out measurements B; used to recover a factor matrix U; in Algorithm 3.1
which has nr — w degrees of freedom, it is necessary in the exact case that the product U;
and G (QdUd ® - ®QUj1®Q; Ui 1®---® QlUl) have column rank at least  and thus
m“=! > r. Similarly we see that m. > r is a lower bound for the measurements required to recover
the r? entries of the core. In other words, to recover the rank (r,...,r) core tensor, our sketch
along each mode must have dimension at least .

With the measurement operators described and the canonical algorithm outlined, we can now
state a representative main result. The full unabridged results are found in Section 3.2.5.
Theorem 3.1 (A Summary Main Result). Let X be a d-mode tensor of side lengthn, € € (0,1),6 €
(0, %), and r € [n] := {1,...,n}. Denote an optimal rankr = (r,...,r) € R? (d > 2) Tucker

approximation of X by [[X]| ¥ '

There exists a one-pass recovery algorithm (see Algorithm 3.1)
that outputs a Tucker factorization Xi = [[H,Q1,...,Qull of X from leave-one-out linear mea-

surements that will satisfy

IX = Xills < (14 €9 S - e

with probability at least 1 — 6. The total number of linear measurements the algorithm will use is

(3.6)

2
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Algorithm 3.1 One Pass HOSVD Recovery from Leave-One-Out Measurements
input
B; € R for i e [d] leave-one-out measurements
Q) € R™" fori € [d] full-rank sensing matrix for uncompressed mode
B, a d mode tensor of measurements with side lengths m
®; € R™>" for i € [d] measurement matrices for core measurements
r = (r,r,...,r) the rank of the HOSVD
output : X = [[H,Q1,...04]l
# Factor matrix recovery
fori € [d] do
# Solve nxn linear system
Solve Q(i,i)Fi = B; for F;
# Compute SVD and keep the r leading singular vectors
U,2, VI « SVD(F))
Qi< U,
end
# Core recovery
for i € [d] do
# unfold measurements, mode-i fibers are columns, size m, X r(i‘l)mf_l_(i_l)
H « unfold(B., m; X r(i_l)mf_l_(i_l), mode = i)
# Undo the mode-i measurement operator and factor’s action by finding
least square solution to m. Xr over-determined linear system
Solve ®;Q;Hew = H for Hy,,,,
# reshape the flattened partially solved core into a tensor
B « fold(Hpew, ¥ X1+ X1 Xme X -+ X m., mode = i)
—_——

————
i d—i
# Each iteration m, — r in ith mode
end
H — B.

d-1
czﬂ In (%)] (Crﬁlz In (%)) , where C > 0 is an

€

bounded above by m’(r,d, e, n,6) = [nd +
absolute constant. Furthermore, the recovery algorithm (Algorithm 3.1) runs in time o(n?) for

large n > r.

d

Remark 3.2. More generally and more exactly, the number of measurements is always ndm? ! +m?

where m and m, are as in Theorem 3.9 for Kronecker structured measurements, or drin+m¢ where
m and m, are as in Theorem 3.11 in the case of Khatri-Rao structured measurements.
Proof. Combine Theorem 3.9 (or Theorem 3.11) with Theorem 3.10 and Lemma 1.5. O

Although our bound almost certainly not tight, overall we demonstrate the procedure has errors
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that depend on the number of degrees of freedom of the sketched tensor, not its full size; as is
typical in similar compressive sensing scenarios. Furthermore, in our numerical experiments we
demonstrate some of the main trade-offs involved when choosing between Kronecker or Khatri-Rao

constructed sketches in terms of approximation error and performance.

3.1.6 Projection Cost Preserving (PCP) Sketches

The following definition and related results are needed to conduct our probabilistic error analysis
of the various leave-one-out measurements and Algorithm 3.1. We will rely heavily on some
definitions in randomized numerical linear algebra and compressive sensing that were introduced
in Chapter 1.
Definition 3.2 (A (e, ¢, r)-Projection Cost Preserving (PCP) sketch). Let €,¢ > 0, and r € N.
A matrix X € R™™ is a (e, ¢, r)-PCP sketch of X € R if for all orthogonal projection matrices

P € R™" with rank at most r,
5 5112
(1-e) X - PX|l;z < | X - PX||; +c < (1+e) IX - PX|} (3.7)

holds.

Note the above property first appeared in this form in [13, Definition 1] (see also, however, [17,
Definition 13] for the statement of an equivalent property in a different form that appeared earlier).
The next lemma can be used to construct random matrices that are PCP sketches of a given matrix
X with high probability. Before the lemma can be stated, however, we will need one additional
definition.

Definition 3.3 (Head-Tail Split). For any A € R™*", we can split A into his leading r-term and its
tail (n — r)-term Singular Value Decomposition (SVD) components. That is, consider the SVD
of A = UXVT. For any r < rank(A), let U, € R™ and V, € R™ denote the first » columns of
U € R™™ and V € R™", respectively. We then define A, := U,Uf' A = AV, V! to be A’s best rank
r approximation with respect to || - || . Furthermore, we denote the tail term by A\, := A — A,.
We will now detail how matrices with the OSE and AMM (recall Definitions 1.23 and 1.25)

properties interacting with matrices derived from X € R™¥ will yield PCP sketches of X with
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high probability. Variants of the following result are proven in [11, 53]. We include the proof in
Section 3.5.2 for the sake of completeness.
Theorem 3.2 (Projection-Cost-Preservation via the AMM and OSE properties). Let X € RPN of
rank 7 < min{n, N} have the full SVD X = UXV”, and let V,» € RN denote the first v’ columns of
V e RVN forall v’ € [N). Fixr € [n] and consider the head-tail split X = X, + X\ IfQ € RN
satisfies

1. subspace embedding property (1.10) with € « % for A « xT,

2. approximate multiplication property (1.13) with € «— for A «— X\, and B <

Vin{r.7}»
3. JL property (1.8) with € « ¢ for S < {the n columns ofX\Tr}, and
4. approximate multiplication property (1.13) with € «— 6—\6/;f0r A — X\, and B — X\Tr,
then X := XQT is an (€,0, r)-PCP sketch of X.
Proof. See Section 3.5.2. [
The following lemma can be used to construct PCP sketches from random matrices with the JL
property.
Lemma 3.1 (The JL property provides PCP sketches). Let X € R™ have rank # < min{n, N}.
Fix r € [n]. There exist finite sets S1,S2 C RN (determined entirely by X) with cardinalities
1S1] < (%l)mm{r’f} and |S>| < 161 + n such that the following holds: If a random matrix
Q € R™N has both the (%, %, (%)r)—JL property for S| and the (#, %, 16n° + n)—JL property
for S,, then XQT will be an (e, 0, r)-PCP sketch of X with probability at least 1 — 6.
Proof. To ensure property 1 of Theorem 3.2 we can appeal to Lemma 1.6 to see that Q being
an (€/6)-JL-embedding of a minimal (ﬁ)—cover of the at most min{r, 7}-dimensional unit ball
in the column space of X! will suffice. Letting S; be this aforementioned (5)-cover, we can
further see that |S;| < (141/€)™™"7} by the proof of Corollary 1.1. Hence, if Q € R™¥ has
the (g %, ( iel)r)—JL property for Sy, then property 1 of Theorem 3.2 will be satisfied with with

probability at least 1 — 3.

Applying Lemma 1.8 one can see that there exist sets §5,S87 C RN with 1S5 < 2(n +
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min{r, 7})?> < 8n® and IS7] < 2(n + n)? = 8n? such that an (e¢/6+/r)-JL-embedding of S,V 8%
will satisfy both properties 2 and 4 of Theorem 3.2. Hence, since r > 1, we can see that an
(€/6+/r)-JL-embedding of S, := §, U SJ U S will satisfy Theorem 3.2 properties 2 — 4, where §
is defined as per property 3. Noting that |S3| < [S5] + [ST| +[S] < 16n* + n, we can now see that
Q will satisfy all of Theorem 3.2’s properties 2 — 4 with probability at least 1 — g if it has the
(6%/;, %, 16n° + n)—JL property for S».

Concluding, the prior two paragraphs in combination with the union bound imply that all
of Theorem 3.2’s properties 1 — 4 will hold with probability at least 1 — ¢ if € has both the
(g, %, (%l)r)—JL property for S and the (6%/;, g, 16n° + n)—JL property for S>. An application of
Theorem 3.2 now finishes the proof. [

Using Lemma 3.1 one can now prove the following corollary of Theorem 1.1 which demonstrates
the existence of a PCP sketch for any fixed matrix X.

Corollary 3.1. Fix X € R™N and r € [n]. Let Q € R™N be a random matrix with mean zero,

variance %, independent sub-Gaussian entries. Then, XQT will be an (e, 0, r)-PCP sketch of X

with probability at least 1 — 6 provided that

C C
m > Cémax{ln (6—;),ln (%n)},

where C1, Co > 0 are absolute constants, and C > 0 is an absolute constant that only depends on
the sub-Gaussian norms (see Definition 1.22) of Q’s entries.
Proof. Apply Theorem 1.1 to the finite set §1 guaranteed by Lemma 3.1 with € «— ¢ and § « g.

Similarly, apply Theorem 1.1 to the finite set S> guaranteed by Lemma 3.1 with € « 6L\/; and
0 «— g. The result now follows by Lemma 3.1. 0

We finish here by noting that Corollary 3.1 is just one example of a PCP sketching result that
one can prove with relative ease using Lemma 3.1. Indeed, Lemma 3.1 can be combined with other

standard results concerning more structured matrices with the JL property (see, e.g., [38, 30, 3, 27])

to produce similar theorems where Q has a fast matrix-vector multiply.
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3.2 Proofs of Our Main Results on Leave-One-Measurements and Recovery

The objective is to show that we can retrieve an accurate low rank Tucker approximation of a
tensor X via Algorithm 3.1 from valid sets of leave-one-out and core measurements as described
in Section 3.1. We will denote the approximation of X output by Algorithm 3.1 as X here to
emphasize that a single pass over the original data tensor X suffices in order to compute the
linear input measurements required by Algorithm 3.1. Hence, Algorithm 3.1 in this setting is an
example of a streaming algorithm which doesn’t need to store a copy the original uncompressed
tensor X in memory in order to successfully approximate it. Nonetheless, we wish to show that
this algorithm still produces a quasi-optimal approximation of X in the sense of (1.7) with high
probability when given such highly compressed linear input measurements. Particular choices for
measurement ensembles will make explicit the dependence on other parameters of the problem
(these choices define specializations of Algorithm 3.1, and are summarized as Algorithm 3.9 and
3.11 in Section 3.6).

More specifically, in this section we will show that with high probability for a given d-mode

tensor X, error tolerance € > 0, and chosen rank truncation parameter r, that

1X = Xill < (1 +¢€9) (3.8)

will hold whenever Algorithm 3.1 is provided with sufficiently informative input measurements.
Here the A, ; are defined as per Lemma 1.5, and “sufficiently informative" means that (i) the
leave-one-out measurements used to form X are of sufficient size to satisfy several PCP properties,
and that (i7) the core measurements used to form X are of sufficient size to ensure the accurate
solution of least squares problems computed as part of Algorithm 3.1. Finally, we note that one
can see from (3.8) together with Lemma 1.5 that Algorithm 3.1 will perfectly recover exactly low
Tucker-rank tensors if the rank parameter r is made sufficiently large.

In order to prove that (3.8) holds, we will need to also consider a weaker variant of Algorithm
3.1 which permits a second pass of the data tensor X. These weaker algorithms will first compute

estimates of the factors of the tensor Q; as Algorithm 3.1 does, but thereafter will be allowed to use
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those factors to operate on the original tensor X in order to approximate its core (see Algorithms
3.10 and 3.12). We denote the estimate of the tensor that results from this procedure as X, to
emphasize that it requires a second accesses to the original data during core recovery. Note that
such two-pass algorithms are of less practical value in the big data and compressive sensing settings
since it is often not possible to directly access the data tensor again after the initial compressed
measurements have been taken in these scenarios. Nevertheless, this two-pass estimate will be
extremely useful when proving (3.8). In particular, our proof will result from the following triangle

inequality:

IX = Xill, = [|X = X1 + Xo = Xallh < |[X = Xallr + | X1 = Xzl (3.9)

Term I Term II

Bounding Term I in (3.9) will be the subject of Section 3.2.1. As we shall see, bounding Term
I is straightforward if we have that leave-one-out measurements imply various PCP properties; and
so the main work of Sections 3.2.2 and 3.2.3 will be to demonstrate how, for the structured choices
of measurement operators considered herein, we can ensure that the PCP property is satisfied.
Bounding Term II, on the other hand, will require us to apply a bound on the error incurred by
solving sketched least square problems on a carefully partitioned re-expression of the Term II error.
That argument is the subject of Section 3.2.4. Finally, we combine our analysis of these two error
terms along with particular choices for measurement operators to state the full versions of our main

results in Section 3.2.5.

3.2.1 Bounding ||X — X>||,
In the two pass scenario, we first compute estimates for the factor matrices, Q; (see Algorithm
3.5), using leave-one-out measurements B; for each i € [d]. Then, using these factor matrices, we

wish to solve

argn}lj{n IX = [[H,01,02,....04llll,-

One can see that the solution will be
G:=Xx%x Q] %205 x40}
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(see, e.g., [16]). Let

Xy =G X1 Q1%202 - %Xq Qu (3.10)

denote the estimate obtained from a two-pass recovery procedure (i.e., Algorithm 3.10 or 3.12).

Additionally, we note the following fact about modewise products (see, e.g., [67, Lemma 1]):
XX, AX; B=X X; (BA)
As aresult, if we are permitted a second pass over X to compute the core we have that

Xo=G X1 Q1%X202--X4 Q4
=(X><1Q1T><2Qg"'><dQZ) X1 Q1 X202+ XqQq
= X X1 0107 X2 -+ X4 QaQ}

Using this expression we can now bound the two pass error term || X — Xz||,.

Theorem 3.3 (Error bound for Two-Pass ||X — X3]|,). Suppose X[ i =X j]sz e R gre

(e,0,7)-PCP sketches of X|j) for each j € [d]. If Q; € R™" for r < m are factor matrices

obtained from Algorithm 3.5, then

X = Xally = [|X = X x1 0107 %2 -+ X4 QuQ)|, < 3.11)
Proof. Since the Qin.T are orthogonal projectors, we have by [62, Theorem 5.1] that
2 2
% = X x1 0107 %2+ xa 0u0f [ < ) % = X x; 0,07 (3.12)
j=1

From Algorithm 3.5 (recalling that Q" . B; = X| j]Qf i = X [j1)» we have that the Q;’s are the best

-1
(J:J)
rank-r approximations for their respective sketched problems, since
Q; = arg min |[X[;) - Q0" X,
rank(Q)=r
QTQ=Ir

by the Eckart—Young Theorem.
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Now suppose that each U; € R™ forms an optimal rank r approximation to X|;} in the sense
that
Uj = arg min [|X};; = UU" X[

rank(U)=r
vtu=I,

By the hypothesis that X is a (e, 0, r)-PCP sketch of X[}, we have that

2 2
(-0 x =% 0,05, = (1 -0 iy - 0,0fxun],
_ e
< HXU] - QJ'QJT'XJ'HF
_ - 2
S HXU] - UJUITX[j]))F
2
< (1 + 6) HX[]'] - UjUJrX[j]HF = (1 + E)Ar’j,

where we have used the definition of (€, 0, r)-PCP sketches in the first and third inequalities. After
arearrangement of terms, substituting the above into (3.12) now yields the inequality in (3.11). [

We have now established in Theorem 3.3 that we have a quasi-optimal error bound for Term I in
(3.9) whenever our leave-one-out measurement matrices Q7 ; yield (e, 0, 7)-PCP sketches of all d
unfoldings X;. Next, we will demonstrate how to ensure that Kronecker structured and Khatri-Rao

structured leave-one-out measurement matrices provide PCP sketches.

3.2.2 PCP Sketches via Kronecker-Structured Leave-one-out Measurement Matrices

In this section we study when Kronecker-structured measurement matrices will provide the PCP
property. To begin we will show that the JL. and OSE properties are inherited under matrix direct
sums and compositions. These are useful facts because our overall leave-one-out matrices can be
constructed using these operations. In particular, we will follow the example in the last paragraph

of Section 3.1.1 and consider a matrix Q_; € R xn?! defined as

d d-1
Q=R =]]% forQ erm™ (3.13)
o
where
Qr =10 ® L8 Qi @y ®---®1, € R "t (3.14)
| —— ' | —
d-1-i’ -1



for
i ifi’ <j
ij(i") =
+1 it >

Here, I, denotes an n X n identity matrix.

The next three lemmas will be used to help show that Q_; as defined in (3.13) inherits both the
JL and OSE properties from its component €2; matrices. Having established this, we can then use,
e.g., Lemma 3.1 to prove PCP sketching results for such Kronecker-structured €2_;.
Lemma 3.2. Suppose that Q1 € R™N and Q, € R™*N2 gre two random matrices. Denote their
matrix direct sum by Q = Q; & Q, € RUm*m)XNi+N2) - Tpep

1. IfQy and Q; are (€,61, p) and (€, 62, p)-JLs respectively, then Q is an (€, 81 + 02, p)-JL.

2. If Qq and Q; are (€,01,r) and (€, 62, r)-OSEs respectively, then Q is an (€, + 6, 1)-OSE.
Proof. Part 1.: Consider a set S ¢ RVM*M2 with cardinality p. Let z € S. Group the first N

coordinates of z into x € RV and the last N, coordinates of z into y € RV2. Observe that

2
j02l = |7 ¥ = nei + syl < (140 (I + Iy12) = (1 + €) el
0 Qf|y

will hold whenever both ||Q1X||% < (1+ e)||x||% and ||sz||§ < (1+ e)llyll% hold. The (1 — €)-
distortion lower bound is similar. As a result, we can use the union bound to see that Q will have
the (€,01 + 02, p)-JL property.

Part 2.: Suppose X € R™WN1+M2) hag rank r. Let X; and X, denote the sub-matrices of X
containing the first N and last N> columns of X, respectively. Note that both X; and X, have at

most rank . Furthermore, note also that

2

Q. xT
Tyl <a+e (XT3 + X2 ylli) = (1+6)|XTy];.

lox"y; = 1

2X2
will hold for any arbitrary vector y € R" whenever both ||QlX1Ty||% < (1+ e)||X1Ty||% and
||QZX2Ty||% < (1+ e)||X2Ty||% hold. The (1 — €)-distortion lower bound is similar. As a result,

we can see that Q will be an (€, 01 + 92, r)-OSE by the union bound. O
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Note that there is no requirement that €1 and €2, need to be independent in Lemma 3.2. This
is crucial for the next lemma, which will involve many copies of the same measurement matrix.
Lemma 3.3 (Direct Sums Inherit the OSE and JL Properties). For some i’ € [d — 1], let Q; be
defined as in (3.14) and set Q := Q; () € R™".

1. If Q has the (E, W, r)-OSE property, then Q; will have the (€, 8, r)-OSE property.

2. If Q has the (e, W, p)—JL property, then Q; will have the (e, 8, p)-JL, property.

Proof. First consider the rearrangement of Q; in (3.14) defined as follows

Q=0,0,®  -1,0,8,® ---®1,® Q.

i'—1 d—1-i"
Note that the Kronecker product of two identity matrices is itself an identity matrix. Thus, we can

rewrite this as simply

Q=1,01,8 - 01,,,® -1, Q=

0
Q
0
-1 d-1-i"
0

T o o b

D o o o

That is, we have a block diagonal matrix with m = m?~'n4="~1 copies of Q along its diagonal.

Thus, if Q has either the (e, 6/m, r)-OSE or the (€, d/m, p)-JL property, repeated applications of
Lemma 3.2 will then establish the desired OSE or JL properity for Q.
Now consider & as in (3.14). There exist unitary (permutation) matrices L and R which

interchange rows and columns such that

LOR=L|1,01,® - ®1,8,8,®---®1,® Q|R

i’-1 d-1-1

ZL(Imi’—lnd‘l-i/®Q)R:In®1n®"'®ln® QR1,1,9 - -® I,

d-1-i’ i’-1

=la1-v® Q® [ /1 = Q.
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Noting that both the OSE and JL properties are invariant to unitary transformations of a given
random matrix, one can now see that Q = LQR will indeed have the same desired OSE or JL
property as was established for Q. [

Lemma 3.3 allows us to infer JL. and OSE properties of the Q, matrices in (3.14) from the
properties of the smaller random matrices Q; € R™" appearing in (3.13). The next lemma will
allow us to then use these inferred properties of the Q;; matrices to derive OSE and JL properties
for Q_; from (3.13) in terms of the properties of its component ; € R"™*".

Lemma 3.4 (A Composition Lemma for the OSE and JL Properties). Let € € (0, 1) and Q; €

R dlszLIdt

fori’ € [d-1].

- .~ d=1_
1. If Qp is an (2(;_1), %,r)—OSEfor alli’ € [d - 1], then Q = .]—[1 Q, is an (€,06,r)-OSE.
i'=

. d-1_
2. IfQ is an (2(d Ty d o4 ) -JL for alli’ € [d — 1], then Q = ./1:[1 Qs is an (€,0, p)-JL.

Proof. Part 1.: Let YT ¢ R ™" be an arbitrary matrix of rank at most ». Denote ¥y =
(Qr...Q) YT € R for € [d — 1]. Note that each Yy has rank at most . Fix
some z € R". Suppose for the moment that (1.10) holds for each i’ € [d — 1] with Q = Q;,
A =Yy_;, and X = z, we have that
0¥ = 2ues (S 1) Y7
= W T
< (1 . ﬁ) 1P|

€ ~ ~ 2
= (1 + m) ||Qd_2Yd_3Z||2

d-1 )
<(1+5qp) Il

1 2
< (=) el

<(1+o)|rf.

where we have used the general bound (1 + k/n)" < X < (1 —k)~! for k € [0, 1) in the second to
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last inequality. Similarly, for a lower bound one can see that

d-1
~ 2 € 2
Jorafy = (1= 575 ) 7l

> (1-e) |72 .

Union bounding over the failure probability that (1.10) holds for each i’ € [d — 1] as supposed
above now yields the desired result.
Part 2.: An essentially identical arguments also applies to obtain the desired JL property
result. [
We now have all the necessary results to show how the component maps €2; of a Kronecker
structured measurement ensemble as per (3.13) can guarantee a Kronecker sketch with the projection
cost preserving property.
Theorem 3.4 (Kronecker Products of JL. matrices yield PCP Sketchs). Let € € (0,1), X € R
have rankr € [n], and Q_; € R g defined as in (3.13) and (3.14). Furthermore, suppose
that the Q; € R™" in (3.13) have both the

.
1. (12(5_1), 2(d—16)nd’2’ (%1) )—JLproperty, and the

2. (12«/’(51 D’ 3= 1)nd 5, 16n? +n) -JL property

foralli’ € [d—1]. Then, XQTJ. will be an (€, 0, r)-PCP sketch of X with probability at least 1 — .
Proof. By Lemma 3.1 we know that XQ7 ; will be an (e, 0, r)-PCP sketch of X with probability at

6{’ 2 b
In fact, by Lemma 3.4 we can further see that it suffices to have the Q. from (3.13) and (3.14) have

least 1 — ¢ if Q_; has both the (g, g, (%) ) -JL property and the ( 16n? + n) -JL property.

both the

1. (12(d 0> 2(d5 1) (141) ) -JL property, and the

2. (12\/'(01 0 2(d Ty 16n? +n) -JL property

for all i’ € [d — 1]. Finally, looking now at Lemma 3.3 for each i’ € [d — 1] we can see that the
assumed properties of the ; € R"*" in (3.13) will guarantee both of these sufficient conditions. [
The following corollary of Theorem 3.4 guarantees a Kronecker sketch with the projection cost

preserving property when the component matrices €; in (3.13) are sub-Gaussian random matrices.

74



Corollary 3.2 (Kronecker Products of sub-Gaussian Matrices Yield PCP Sketches). Suppose X is
a real valued d-mode tensor with side-lengths all equal to n. Let € € (0,1),6 € (0,1),r € [n],
jeldl IfQ_; = ®:-j:l Q; e R ! defined as in (3.13) with random matrices Q; € R™"

1£]
having i.i.d centered variance m~Y, sub-Gaussian entries such that

Cir(d-12 . (n?(d-1)\ Ca(d-1)>? 141\ n42(d - 1)
m > max In , In
€2 ) €2 € o
for absolute constants Cy,Cy > 0 then the sketched unfolding X[ i1 = X j]Qij e R s an
(€,0,7)-PCP sketch of X[ ) with probability at least 1 — 6.
Proof. To obtain the first quantity maximized over we apply Theorem 1.1 with € « m

0 «— and |S| « 16n? + n. Similarly, for the second quantity maximized over we apply

6
2(d—1)nd-2°

P
Theorem 1.1 with € « ﬁ, 0 «— and |S| « (%) . The result now follows from

é
2(d—1)nd-2>
Theorem 3.4. [
Remark 3.3. Note that Theorem 3.4 is quite general, requiring only that the random matrices €2;
in (3.13) should be drawn from some distribution having a couple JL properties. As a result of
this generality, its Corollary 3.2 concerning sub-Gaussian component matrices turns out to be
sub-optimal by (at least a) factor of d in that setting. To obtain a slightly sharper result in d for sub-

Gaussian €2; we recommend replacing our implicit use of Lemma 3.3 in the proof of Corollary 3.2

(via Theorem 3.4) with [33, Lemma 14] instead.

3.2.3 PCP Sketches via Khatri-Rao Structured Leave-one-out Measurement Matrices
In this section we study how to ensure that Khatri-Rao structured leave-one-out measurement
matrices will provide the PCP property. To start we will first show that random Khatri-Rao

structured measurement maps, denoted in this section by

1
Q_j = EQI'QZ'---Qj—l 'Qj+1 « Qu whereQ,- e R™"YVj ¢ [d] \{]},

will have the JL property whenever all their component matrices €; have i.i.d. sub-Gaussian entries.
Having established this, we can then use, e.g., Lemma 3.1 to prove PCP sketching results for such

Khatri-Rao Structured €_;.

75



Theorem 3.5. Let € > 0,0 < 6 < e, and Q_; = LQ1 - Q)+ ... Q1+ Qjy1 » Qg where all the

Q; e R™" fori € [d] \ {j} have i.i.d. mean zero, variance one, sub-Gaussian entries. Then Q._;

is an (€, 9, k)-JL whenever
K e
m > C% ! max {6_2 log 5 ¢! (log 5) }

for a constant C € R™ that depends only on the sub-Gaussian norm of the i.i.d. Q;-entries.

The proof of Theorem 3.5 largely follows the argument proposed in Section 2 of [1] concerning
the so-called p-moment JL property of Khatri-Rao structured measurements. We note that Kro-
necker products of sub-Gaussian vectors are not sub-Gaussian in general, so the general idea is to
use Markov’s inequality for higher moments of the norm of €_;y with a fixed y € R" to obtain
the desired result. To proceed with the argument, we will need the following two concentration
results. Before stating the concentration results, we recall a standard definition that the p-th root of
the (absolute) moment of a random variable is referred to as the L?-norm of the random variable,

and for random variable X is denoted
Xl L» = (EIX|P)'P (3.15)

this is of course because the expectation of a random variable in a probability space is by definition
the Lebesgue integral of the function from the probability space to the reals, and so all the theorems
about Lebesgue integration and metric spaces apply to random variables. Now onto our needed
concentration results:

Lemma 3.5. [Lemma 19 in [33]] Let Y be a d — 1 mode tensors with side lengths of size n,
p=>1,and Q;(i,:) € R" for j € [d - 1], i € [m] be independent random vectors each satisfying
the Khintchine inequality ||(Qj (i, :),y)”Lp < Cp |lyll, for any vector'y € R" where C,, a constant

depending only on p. Then

Q1) ® Qi) ® -+ @ Qa1 ), vee(I) I < Cy Y .-
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Lemma 3.6. [Corollary2in [41]]Ifp > 2and Z, Z,, . . ., Z, are i.i.d symmetric random variables

m p(m 1/s
Zzi <C  sup £ (—) 1ZI s ¢ -
i1 Lr se[max{2,2},p] SAP

Here C > 0 is an absolute constant.

then we have

In particular, we will utilize the following corollary of Lemma 3.6.

Corollary 3.3. If under conditions of Lemma 3.6, in addition, we know that | Z||;s < (Cs)?~!, then

1 & d-1
—ZZi < C ' max {2‘1_1 B,%}.
m \ m m

Proof. The proof of this corollary loosely follows the argument presented in [1]. Since ||Z]||;s <

Lr

(Cs)¥1, Z; ~ Z, the expression over which we are taking the supremum in Lemma 3.6 is a function

whose derivative with respect to s is non-decreasing. That is, the derivative

m 1/s m 1/2 m
P (—) s = psd_4 (—) ((d —2)s —log —)
SA\p V4 P

9
os

has at most a single root in the interval of interest at s = %. Noting the sign change at this
root, we conclude that the maximum value must occur at the endpoints of the interval, and cannot
occur at the critical point that is interior to the interval. Evaluating the function of interest at s = 2
we obtain 2d‘2\/m_ ; we will further upper-bound this by 2d‘1\/m_p in order to simplify analysis
for the right endpoint. Additionally, since we are interested only in an upper bound, we need not
evaluate the possible endpoint s = %, since if 2 < }%, we are increasing the interval over which we
are maximizing by instead considering s = 2.

We will now bound the expression at the right endpoint when s = p > 2. Clearly (1/p)!/? < 1
thus

1/p
(%) pd—l Sml/ppd—l‘

If the function value at the right endpoint actually dominates 2¢~'y/mp (i.e., our upper bound of
the function value at the left endpoint), we will have that m'/? p4=1 > 2971\ /mp must hold. We

will now use this assumption to remove the dependence on m in our current upper bound for the
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function value at the right endpoint after noting that doing so will still yield a valid upper bound
whenever the functions value at the right endpoint fails to already be bounded by 24~ \/mp.

Proceeding as planned, our assumption yields that

d-1
ml/2-1p < (g) p—1/2'

Rearranging of terms, we get that

=1, . . 2d=2 .
The factor pr-2 is less than one. A tedious calculation reveals that (%) »=2 is decreasing for all

p > 2, and therefore m'/? bounded by lim,_,, (%)Z;IT_22 = ¢!, maximizing over our two upper

bounds and then averaging over m, we obtain the desired inequality. [
Now we are ready to give a formal proof of Theorem 3.5.

Proof of Theorem 3.5: Note that the result is unchanged for any choice of mode to leave out, so

we will shorten the notation and work with Q := _; within this proof. Let K be the sub-Gaussian

norm of an entry in the Q;’s, as in Definition 1.22. We aim to bound the probability that

1 d-
‘— ||Qx||% - ||X||§ > e||x||% for a fixed x € R™"
m

Without loss of generality, assume ||x||> = 1. Furthermore, note that

m

1 2 L, _ 1 SN2
— x|} - 1= — Z [(Q(, ), %) - 1]. (3.16)

i=1

Now, since the entries of each ; are i.i.d. mean zero and variance one sub-Gaussian random

variables, they satisfy Khintchine’s inequality (see, e.g., [63]) in the form

||(Qj(i, :),y)”Lp < CK+/pllyll, forany fixedy € R".

By Lemma 3.5, this implies that the rows of € satisfy a generalized Khintchine’s inequality in the

form
Q) ) I = Q1 (1) ® Qo(i,1) ® ... ® Q1 (5,), Xl ps < (C'p) T Ixll,  (B.17)
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where C’ is a new constant that only depends on K.
To bound the L?-norm of the sum in (3.16) we will now bound the L?”-norm of each summand.

Using the centering Lemma 3.13 and continuing to estimate for one term we see that

(@, ), x)* - 1]

Lp <2 ||<Q(l’ :)9X>2||Lp =2 ||<Q(l’ :)’ X>||izp
=2 {10 ) ® Qi) ® ... ® Qu-1(i ). Xl

(31 144 144
< 2((C2p) T2 IxI3 < (C"p)* IIxllE = (C7p) .

We would now like to apply Corollary 3.3 to help bound the L”-norm of the sum in (3.16). However,

we need to symmetrize our random variables first. Toward that end, define

Zi=pi (@G, 07 - 1), (3.18)
where p; are i.i.d. Rademacher random variables. Note that ||Z]|zr = || ((Q(,:),x)*> = 1) [|r <
(C”p)d_l-

Appealing now to Corollary 3.3 we have that,
1 & d-1
—Zz < (€)% max {261—‘,/3,%} (3.19)
m | m  m

for any p > 2. The upper bound in [43, Lemma 6.3] then further implies that

i < 2(C”)*" max {2‘1_1\/? (pe)® 1} .
— - m m

Employing Markov’s inequality, we finally have that
)4
> e }

1 m
E} = P{ —
m i=1
max {(%)p/z’ LD }

Z (@, ), %) - 1]

<2

LP Lp

> ke ). 0 - 1]|

1 m
P{_
ml=l

Z [(Q(i, ), x)% - 1]

nyp(d-1)
< (C™) ~

~ d-1
Taking p = log(k/8) and m > C% ! maxe {6_2 log %, e! (log %) } the last expression is upper

bounded by 6/k. Hence, Q is an (€, ¢, k)-JL by the union bound over k vectors. O
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Remark 3.4. In order to employ Lemmas 3.5 and 3.6, it is necessary that the rows ; (i, :) have
independent and identical distributions and that these rows satisfy Khintchine’s inequality. Assum-
ing that the matrices €; all have i.i.d sub-Gaussian entries as we have done in Theorem 3.5 implies
both these necessary properties of the rows. However, we note that more general (though perhaps
less natural) assumptions will also suffice. For example, the distributions of the i.i.d sub-Gaussian
entries of the ; may also vary by column.

We can now use Theorem 3.5 to derive row bounds that guarantee that our Khatri-Rao structured
sub-Gaussian measurement matrices will provide PCP sketches with high probability.
Theorem 3.6. Let € > 0,0 < § < e2, and X be a d mode tensor with side-lengths equal to n.
Furthermore, suppose that Q_; := %Ql Qe Qi Qe .. - Qy where the Q; € R™" for
i €[d]\{j} are as in Theorem 3.5 with

r ryd-1
141 141
(T) -1 (T) I 17n? r(l 17n?

€ 0g—5/2

> Cd—l —21 , , -
me b omaxge e 752 2 B e

d-1
) (3.20)

for a positive constant C € R*. Then, X[j] = X[j]QZJ. will be an (€, 0, r)-PCP sketch of X ;) with

probability at least 1 — 6.

Proof. By Lemma 3.1 we know that it suffices for the measurement matrix Q_; to have both the

(3, 5 (%)r)—JL property and (6%/;, %, 16n° + n) -JL property. Combining these two required JL

properties with Theorem 3.5 yields (3.20) after combining and simplifying constants. [
We can now see that both Kronecker and Khatri-Rao structured measurements can satisfy the

PCP property required by Theorem 3.3. This demonstrates that such memory-efficient measure-

ments may be used to bound the first term in (3.9) as desired. Given this partial success, we will

now turn our attention to the second term in (3.9).

3.24 Bounding ||X| — X>||,

Next, we show how to bound Term II in (3.9). Recall that X] is the output of Algorithm 3.1,
and that X> is the tensor recovered by the two-pass algorithm consisting of the first “Factor matrix
recovery” phase of Algorithm 3.1 followed by the second pass core recovery procedure discussed

in Section 3.2.1. That is, X := [[H, Q1, ..., Q4] is the single-pass estimate of the tensor X output

80



by Algorithm 3.1, and

T T
Xo=GX101%X2 - Xg0a=XX1 0107 X2+ Xq QaQy>
where G is the core estimate from the two-pass algorithm, and where the Q; € R™ have r
orthonormal columns.

To begin, we note that the one-pass core H computed by Algorithm 3.1 can be recovered from

its input measurements by
H =B x1 (©101)" X3 -+ X (9404)°
= (X X1 @) X2+ Xg Pg) X1 (@101)" X2+ Xg (©404)". (3.21)
In addition, we note that the norm of the difference between the two estimates is the same as the

norm of the difference of their cores since factor matrices have orthonormal columns.

Lemma 3.7. In the notation outlined above,

X1 = &Xalla = IH = Gl -

Proof.
X1 = Xally = |H X1 Q1 X2+ Xa Qa — G X1 Q1 X2+ -+ Xa Qulln
=l(H - G) x1 Q1 %2 -+ Xa Qall
=(Q1®---®Qq)vec (H - G)ll»
=H -Gl
since (Q1 ® - - - ® Q4) has orthonormal columns. O

In order to simplify the presentation of our culminating results we next state a definition for an
Affine-Embedding property. In Lemma 3.8 below we then describe how this property relates to the
OSE and AMM properties.

Definition 3.4 ((¢,r, N)-AE property). Let € > 0, and r € N, Fix Q € R an arbitrary matrix
with orthonormal columns and an arbitrary matrix B € R™N A matrix ® € R™" is an (e,r,N)-

Affine Embedding (AE) for given matrices Q and B if it satisfies

(@) ®B|, < (1+¢€) |IBllr. (3.22)
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With this definition in hand, we are now able to prove the main theorem of this section. It will

allow us to relate Term II of (3.9) with Term I.

Theorem3.7. Let X; = [[G, O1, . . ., Q4]] denote the two-pass tensor estimate, and X, = [[H, Q1, . ..

denote the single-pass tensor estimate for a d-mode tensor X. Furthermore, let € € (0, 1), and ®; €

R™*" bea (e/d, r,n' "' r?7)-AE for the matrices Q; and (Xp;) — (X2)1]) ®3._:11 I, ®;.1:i+1 (cI)ij)T @

foreachi € [d]. Then,
X1 = Xally < €€ [|X = Xall, . (3.23)

Proof. By Lemma 3.7 it is enough to estimate the difference between the cores G and H. He have
that

321
H-G E (X X1 @) Xg - Xg @) X1 (@101)T X -+ Xg (©04)" —

= ((X = X2) X @ X3 -+ Xg D) X1 (®101) X2 -+ Xg (PgQ4)"
+ (Xa X1 @y Xg -+ Xg Py) X1 (P101)7 X5 -+ Xy (PyQy)" -
= (X = Xp) X1 (©101)®) X3+ Xg (PaQa)'
+G X1 (@10) @101+ X (©4Q0) ®uQu - G

= (X = Xp) X1 (@101)T®) x5 -+ X4 (PgQ4) Dy

Now consider the following related mode-i unfolding for i € [d], where (®;0 j)T ®; for j <iis

replaced with an n X n identity matrix 7,

i—1 d
X = (X - X1) R I R) (©,0))" @;. (3.24)
j=1 Jj=i+l
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Each ®; is an (e/d, r, n'~"'r?)-AE, where Q « Q; and B « X/, fori=1,2,...,d. Thus,

d
19 = Gll> = || (@101)" @1 (X111 — (X)) (X) (@,0))
J=2 F

€ !

< (1+5) 1),
e\,

< (1+5) I,

<efllX - Xl

where we have used Definition 3.4 d-times together with the bound (1 + L—f,)d < ef. O

3.2.5 Putting it All Together with Row Bounds

In the previous subsections we have demonstrated that we can bound both error terms in (3.9)
when the leave-one-out and core measurements satisfy certain embedding properties. In particular,
we have shown how the Johnson-Lindenstrauss property (Definition 1.18) can be used to obtain both
the Oblivious Subspace Embedding (Definition 1.23) and an Approximate Matrix Multiplication
properties (Definition 1.25). These two properties are then used with compositions and direct sums
to show how a tensor unfolding will satisfy a Projection Cost Preserving property (Definition 3.2),
which was the essential ingredient in bounding the error term ||X — X;]|,. Next, we introduced
Affine-Embeddings (Definition 3.4), which are the crucial ingredient needed for bounding the error
term || X; — X3||,. In this section we will show how JL and OSE properties imply the AE property.
All together then, these will enable us to verify the requirements of Theorem 3.8 in a straightforward
manner once we have specified the type of leave-one-out measurements, and the particular type of
sensing matrices.
Theorem 3.8 (Error bound for one-pass). Let X| = [[H, Q1, . .., Qall denote the single-pass tensor
estimate for a d-mode tensor X with side length n obtained from Algorithm 3.1 using leave-one-out

linear measurements B; fori € [d], and core measurements B,.. Let € > 0 and 6 € (0,1/2). Then,
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1X1 = Xl < (1+¢€9)

will hold whenever
1. Q ;) € R™" are full-rank matrices for all i € [d],
-1
2. Q(i’i)
3. ®; e R"*"jsan (e/d,r,n' " 'r)-AE for the matrices Q; and X! as in (3.24) for all i € [d].

Bi = X[; QZ]. e R gre (€,0,7)-PCP sketches of X for each i € [d], and

Proof. Recalling (3.9) we have that

|X1 = X[ = [|X1 =X + X2 = Xal, < ||X = Xallh + [|X1 = Xall, - (3.26)

Term I Term II

We know from Theorem 3.3 that

IX - Xoll, < (3.27)

whenever X| j]ij e R are (€,0,r)-PCP sketches of X[, for each j € [d]. Furthermore,

Theorem 3.7 together with our third assumption implies that
X1 = Xl < e |IX = Xall, - (3.28)

Using (3.27) and (3.28) in (3.9) now yields the desired result. ]
We now have need for the lemma that links the AE property to the JL and OSE properties, and

thus provides the necessary machinery to fully account for row bounds that guarantee with high

probability that the recovered tensor satisfies the stated bound in Theorem 3.8.

Lemma 3.8. Let B € R™Y and suppose that Q € R™", n > r, has orthonormal columns. If

® € R™" is an (%, d, r)-OSEfor Q, and has the (ﬁ, 6)-AMMpr0pertyfor 0" and (1 - Q0OT)B,

then ® will be an (€, r, N)-AE for the matrices Q and B with probability at least 1 — 20.

Proof. Denote Y := (®Q)'®B and Y’ := Q' B, the solutions to the sketched and un-skechted linear

least square problems given by minimizing ||®B — ®QY||r and ||B — QY ||, respectively, with

respect to Y. Whenever ®@ is a (1/2, 6, r)-OSE for Q we know that ®Q will be full-rank. It follows
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that (®Q)"®(B — Q) = 0 will then also hold because (®Q)" = [(®Q)” (ch)]‘1 (®O)'. Asa
consequence,
0'd"0Q(Y -1') = 0'd' 0O (Y - V') + (00)" ®(B - QY)
="' ®(QY - QY + B - QY)
= 0T®o"®(B - QY').
When the approximate matrix multiplication property also holds we will now have that
[(@Q)’ @Y - 1)) = o' @' @(B - 0V)[|, = [|0"®"@(1 - 00")B|,
_€ _Jorf —_ 007
< 5= 10'l, - 00", 329
€ € ,
=5 1-00D8|l, = F1B-0Vl,.

Furthermore, whenever @ is a (%, 0, r)—OSE for the column space of Q, all the eigenvalues
of QT®T®Q — I will be within the interval [—~1/2,1/2]. Thus, we can bound its operator norm
||QT<I>T<I>Q -1 || < 1/2. We may now combine this operator norm bound with (3.29) and see that

[¥ Y[, = [ -Y) - (20)" @0 (¥ - Y') + (2Q)" @Q(Y - Y|
< (@)’ @0 (¥ - v)|| +[|[(2Q)" @0 - 1] (7 - )],
< [a - 00" 8|, +[|[(@Q) @0 - 1|7 - ¥,

€ | . ,
< Sl - 00Nl + 4117 ¥,

Rearranging the inequality above while noting the invariance of the Frobenius norm to multiplication

by a matrix with orthogonal columns, we learn that

I =¥ = e -y, < el - 0" B]..
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To finish, we may now apply the triangle inequality to see that

1P <7 =Y+ 1Yl

<ell(1-00"B| . +||Q"B|,
<e|-00D| Bl +|C"| 1Bl

= (1 +e)IBllF.

In addition, we note that taking a union bound over the two necessary OSE and AMM conditions
establishes the stated probability guarantee. O

We are now prepared to state how a particular choice of distribution used to generate our
measurement matrices as well as the leave-one-out measurement type (Kronecker or Khatri-Rao)
can satisfy the error bound (3.25) with high probability. Note that below Algorithms 3.9 and 3.11
refer to the specialization of Algorithm 3.1 to the type of leave-one-out measurement (Kronecker
or Khatri-Rao, respectively).
Theorem 3.9 (Error bound for one-pass Kronecker-structured sub-Gaussian measurements). Sup-
pose X is a d-mode tensor with side length n. Let € > 0, § € (0, %), r € [n]. Furthermore,
let

1. Q. ;) € R™" be arbitrary full-rank matrices,

2. Q. j) € R™" fori # j be random matrices with mutually independent, mean zero, variance

m~Y, sub-Gaussian entries with

Cir(d-1)? . (n?d?\ Cy(d-1)? 141\ n?242
In , In ,and

m = max
€2 ) €? € )

3. ®; € R™*" be random matrices with mutially independent, mean zero, variance m=', sub-

Gaussian entries with

me = max {C3 In ((94)rd) ’ Cyrd? n (d(,, " nd‘l)z)} |

5 5 (3.30)

€2
Then X, = [[H,Q1,...,04]] the output of Algorithm 3.9 (i.e., Algorithm 3.1 specialized to
Kronecker sub-Gaussian measurements B; and B.), will satisfy (3.25) with probability at least

1 -36.
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Proof. We verify that the requirements of Theorem 3.8 are satisfied. Note that:
1. Q) € R™" are full-rank matrices by assumption.
2. We have from Corollary 3.2 where § « 2 that X} ;;Q” ;s a (€,0,r)-PCP sketch of X[ for
all j € [d] with probability at least 1 — 6 when Q; ;) € R"™*" are independent sub-Gaussian

random matrices with

Cir(d-1?*  (n%d*\ Ci(d-1)? 141\" n42q?
m > max In , In .
€2 0 €? € )
3. A substitution of € « 1, § « £ into Corollary 1.1 yields,
94)"d
me > Cj3 ln(( 6) ) 3.31)
in order to ensure ®; is (%, %, r)-OSE. Using Corollary 1.2, where € « ﬁ, 0 « % and
noting that the matrices Q; and Xl.’ as in (3.24) have are » X n and n X ni=lpd=i respectively,
we have that when
Cyrd®  (2d(r+n'"")?
me > =2 ln( (r+n”) ) (3.32)
€ 0

then ®; has the ( 5 di/;, %)—AMM property for each i € [d]. Lemma 3.8 now shows how the
OSE and AMM properties ensure that ®; has the desired AE property for each i € [d] with
probability at least 1 — 26/d. The union bound now implies that the third requirement of
Theorem 3.8 will hold with probability at least 1 — 24.

Taking a maximum over (3.31) and (3.32) after simplifying and adjusting constants then yields
(3.30). A final union bound over the failure probabilities for requirements of €; ;) and ®; now
yields the result. O

The following runtime analysis demonstrates that instances of Algorithm 3.1 can indeed recover
low-rank approximations of d-mode tensors of side length n in o(n?)-time. As a result, one can
see that Algorithm 3.1 is effectively a sub-linear time recovery algorithm for a large class of low
Tucker-rank tensors.

d—

Theorem 3.10. Suppose that m < n < m*~! and that m > Cm,. for some absolute constant C > 0.

Then, Algorithm 3.9, when given the B; and B. measurements as input, runs in O(dn’>m®=") —time
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1 d

¢ measurement tensor entries, and at most d(d — 1)mn +

and requires the storage of dnm®™' +m
n? + dmn total measurement matrix entries.

Proof. Inside the factor matrix recovery loop of Algorithm 3.5, called by Algorithm 3.9, the
two main sub-tasks are to solve the linear system €; 5 F; = B; and to compute a truncated SVD,
F; = UXVT. Solving the linear system can be accomplished using Q R-factorization via Householder
orthogonalization. Doing so requires %n3 floating point operations to compute the factorization
of Q;;, and 2n2m4-! operations to form O B; and n?md-1 operations to solve RF; = 0T B; via
back substitution. The complexity of computing the SVD is O(nm?~! min(n, m¢~')). Therefore

the factor recovery loop has overall complexity

O(dn*m?™")

if we assume that n < m9-1.

Next we consider the core recovery loop. for the first iteration of the loop of Algorithm 3.8, we
must form ®;Q; at a cost of O(m.nr). Next we solve a linear system ®QH = B at a cost of
OQ2m.r* - %r3 +3mdr). The first iteration dominates the complexity, since subsequent solves use
a smaller right hand side formed from solutions from the previous iterations. Furthermore, if we

assume m. = Q(m), we have a core recovery loop with complexity
O(dm®r).

Thus overall the recovery algorithm has O (dn*m“~") complexity. In the situation where Qi =1y
then the computation of the SVDs in the factor recovery step dominates the run-time of the
algorithm. Clearly the size of the measurement tensors are nm?~! per factor and m? for the core,
which yields the space complexity of the measurements. [

One of the advantages of the structure of the argument in Theorem 3.8 is that once it is
known how to ensure a given random matrix will satisfy the JL property, we can (with the help
of Lemma 3.8) account for how to assemble related measurement operators that satisfy the error
bound (3.25) in a straightforward way. For example, using Theorem 3.1 in [38] along with bounds

appearing in that work on the sketching dimension, we have that a sub-sampled and scrambled
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Fourier matrix is a (€, ¢, p)-JL of vectors in R” provided that
C P 4
m > = log (3) log™ n.

Using such existing results one can easily update Theorem 3.9 to instead use sub-sampled and
scrambled Fourier measurement matrices €(; ;) and @; instead of matrices with independent sub-
Gaussian entries.

Furthermore, it need not be the case that the distribution is the same for each component map
€2(; j) or @;. It is important only that each map satisfies the JL primitive for arbitrary sets. We are
free to choose a measurement map for a particular mode to suit some other purpose. For example,
in the case that the side lengths of the tensor are unequal, we may prefer to choose a map that admits
a fast matrix-vector multiply in order to economize run-time for the modes which are long, and on
smaller modes, choose maps which have better trade-offs for quality of approximation in terms of
m (e.g., we may prefer dense sub-Gaussian random matrices for these modes).

On the other hand, a measurement ensemble which does not rely on the Kronecker product of
components, like that in Theorem 3.5 does not admit this sort of reasoning. Mixing measurement
maps of different kinds in that case has no clear advantage, and indeed, may even serve to undermine
the advantages. Nonetheless,

Theorem 3.8 can still be used to provide Khatri-Rao structured leave-one-out measurement re-
sults. Verifying the requirements of Theorem 3.8 for Khatri-Rao measurements using Theorem 3.6
yields the following result.

Theorem 3.11 (Error bound for one-pass Khatri-Rao structured sub-Gaussian measurements).
Suppose X is a d-mode tensor with side length n, Let € > 0, § € (0, %), r € [n]. Furthermore, let
1. Q) € R be full-rank matrices of any kind,

2. Qg j) € R™" fori # j be random matrices with mutually independent, mean zero, variance
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™Y sub-Gaussian entries with

(lTl)rzd (%)rzd -

m > 4l max{.s_2 In 5 , e '|In ,
r 34n%d\ r 34n2d\\ !
—1n , —[In ,
€2 0 € )

and

3. ®; € R"™*" be random matrices with mutually independent, mean zero, variance m™,

sub-Gaussian entries with

9

me 2 max {03 In ((946)’51) Cyrd’ In (d(r + nd—l)Z)} |

€? 5

Then X| = [[H,Q1,...,Qu4]l the output of Algorithm 3.11 (i.e., Algorithm 3.1 specialized to
Khatri-Rao sub-Gaussian leave-one-out measurements B; and Kronecker measurements B.) will
satisfy (3.25) with probability at least 1 — 3.

Proof. The proof is again based on verifying the requirements of Theorem 3.8.

1. The first requirement is satisfied by assumption.

2. The row requirement for the €; ;) follows from an application of Theorem 3.6 with 6 < d/d.
As aresult of doing so, we learn that the second requirement will be satisfied with probability
at least 1 — ¢ after a union bound.

3. The third requirement is satisfied identically to the argument in the proof of Theorem 3.9.

The proof now concludes identically to the proof of Theorem 3.9. [

Comparing the Theorem 3.10, we note, e.g., that Theorem 3.11 will require the storage of

d

dmn + m¢ measurement tensor entries (where the 7 here is from the second condition of Theo-

d

rem 3.11). Comparing this to the dnm“=! + m¢

measurements from Theorem 3.10 (where m here
is as in Theorem 3.9) one can see that there are parameter regimes where Khatri-Rao structured

measurements will lead to a smaller overall measurement budget.

3.3 Experiments
In this section we present numerical results that support our theoretical contributions and

address practical trade-offs involved in the different choices for measurement type. Unless otherwise
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specified, the tensors in the experiments are random three-mode cubic tensors, with side length
n = 300 and rank r = 10. We use the following procedure (same as in [60]) to generate low-
rank tensors; the core’s entries are uniformly and independently drawn from [0, 1] and the factors
are formed by first sampling a standard normal distribution for each entry and then normalized
and made orthogonal using Q R-factorization. The data points in the plots are the mean of 100
independent trials. The parameter m refers to the sketching dimension for maps Q; ;) € R"*" used
in recovering factor Q;. For the left-out mode we remove the need to solve the full n X n linear
system by setting Q; ;) to be the n X n identity matrix. The parameter m, refers to the sketching
dimension for ®; € R™<*" which are used in recovering the core H.

In experiments with noise, the additive Gaussian noise tensor N is scaled according to the
desired signal to noise ratio and added to the true, (low-rank) tensor Xy. That is, X = Xy + N is the
observed, noisy tensor.

Signal to noise ratio (SNR) is calculated as 101log,, (||X||> /||Xo — X]|,). Relative error is

calculated as (||X — X||2)/|1Xoll, where X is the full estimated tensor.

3.3.1 Recovering Low-Rank Tensors

In this first simple experiment, we fix the signal to noise ratio at 30 decibels (dB) and vary the
sketching dimension m to show the dependence on the accuracy of our estimate on the number
of measurements. For each m we set m, = 2m. Rank truncation is fixed at » = 10, which
matches the rank of the true, noiseless tensor Xy, see Figure 3.2. For the plot (b) in the figure,
we have the maximum principal angle among the three estimated factors and true factors (Q;, U;)
in degrees, see [35]. Note, there is no straightforward way to plot the relative error which is
due to the factor estimates vs. the core estimate, because the decomposition will in general not
be unique. However, since principal angle is invariant to non-singular transformations, plot (b)
provides empirical evidence that the factor estimates alone are improving with sketching dimension.
‘We note that for these low-rank tensors with noise, we are able to fit at or below the level of noise
(relative error of 0.001) easily - evidently finding good rank 10 approximations to the (full-rank)

noisy tensor X.
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Noisy Recovery of Low Rank Tensors, SNR =30 dB

Relative Error Max Subspace Principal Angle
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Figure 3.2 Error plots for different sketching dimensions and a fixed SNR of 30 dB and a fixed rank
truncation of 10. Plot (a) compares relative errors for both one-pass and two-pass recovery. Plot (b)
shows the maximum principal angle among all estimated sub-spaces and the true factor matrices.

This perhaps surprising result motivated us to try the method on a class of tensors in which we
could be more certain about what quality of rank 10 approximation is achievable. In our second
set of experiments, we examine performance on super-diagonal tensors with tail decay. Since we
are truncating to rank 10, this tail can be thought of as structured, deterministic noise. These are
tensors where all values are zero except for those on the diagonal, and where all values on the
diagonal for indices larger than r = 10, we have some decay in their magnitude. In particular we

have two types, exponential tail decay in plot (a), where

1 i=j=kel[r+1]
Xijk =410710") = j=k e [r+2,n] (3.33)
0 otherwise

and polynomial tail decay in plot (b),

1 i=j=kel[r+1]
Xijk =G —-r)y! i=j=ke[r+2,n] (3.34)
0 otherwise.
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These highly constrained tensors are clearly not low-rank, however it is reasonable to suppose
that a recovery algorithm for a given rank truncation would output an estimate that is close to the
leading r terms of the diagonal. The residual in that case will simply be the norm of the tail-sum

n XZ

i=r+1 <;;» Which we have included as the red horizontal line in Figure 3.3.

Recovery of Super-diagonal Tensors with Tail-decay

Exponential Decay Polynomial Decay
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Figure 3.3 Error plots for different sketching dimensions in the noiseless setting with a fixed rank
truncation of 10. Plot (a) compares relative errors for both one-pass and two-pass recovery for
super-diagonal tensors where the diagonal entries have exponential decay of type (3.33), and plot
(b) super-diagonal tensors with polynomial decay of the type (3.34).

3.3.2 Allocating Core and Factor Measurements

One question raised by our error analysis is how to weigh the error contribution between the
tasks of estimating the factor matrices and estimating the core. In other words, for a given total
measurement budget, how should we allocate between the two tasks if we wish to decrease overall
relative error? In the following experiment (see Figure 3.4) we find the relative error under various
noise levels for pairs of sketching dimensions (m,m.). We compare pairs (13, 12) and (11, 36)
and (8,48). These choices of sketching dimensions were chosen since they have nearly equal
overall compression ratios of 0.57%, 0.58%, 0.62% respectively, however they vary considerably
on whether they emphasize measurements to be used in estimating the factors or the core of the

tensor. Note that the two-pass error, which relies only on the factor matrix estimates is naturally
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best when the factor sketches are larger, i.e. the m = 13 case. However the relative error of
the recovered tensor in the one-pass setting is more than ten times better when more of the total
measurement budget is allocated to estimate the core as shown in Figure 3.4. This shows that in
some situations it is preferable to allocate more resources to obtain measurements for the core than
the factors, up to some threshold. For example in Figure 3.4, the rank of the true signal is 10, and
going below this dimension for the factor sketches does correspond with no longer improving on

the accuracy in terms of the trade-off between m and m,.

Balancing Measurements for Factor and Core Recovery

10 Two-pass for (m, m.) One-pass for (m, m.)
—+— (8,48) 101 " —+— (8,48)
_ 107! (11,36) | e, (11,36)
X= e (13,12 = e (13,12
;L_; 1072 ( ) ;L_; 10-1 o, ( )
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Figure 3.4 Relative error plots at different signal to noise ratios for two-pass and one-pass recovery
of noisy low-rank tensors. Ordered pairs indicates the choice for sketching dimensions (m, m.).

3.3.3 Error Bounds Apply to sub-Gaussian Measurement Matrices

In this next experiment we demonstrate, in a similar manner as done in Figure 1 in [60], that
recovery performance of Algorithm 3.11 does not vary greatly for different choices of types of sub-
Gaussian measurement matrices. What is different from that earlier work is that the measurement
ensembles are all Kronecker structured. Plotted in Figure 3.5 are relative errors for Gaussian
(g), sparse uniform from [—1,0, 1] with weights %, %,% (sp0), sub-sampled randomized Fourier
transforms as in [64] (rfd) and a mixed measurement ensemble that uses Gaussian-RFD-sparse

measurements where we vary by mode which measurement type is used, which is a scenario that is
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practically and theoretically not well suited for the Khatri-Rao structured measurement operators
used in [60].

Comparing Measurement Types

Two-pass One-pass
107!
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(a) (b)

Figure 3.5 Relative errors for one-pass, two-pass for Kronecker measurement ensembles made
up of different kinds of sub-Gaussian random matrices. The legend g, sp0, rfd, mix correspond
to Gaussian, sparse, sub-sampled random Fourier transform, and a mixture of all three for the

measurement ensembles.

3.3.4 Comparison to Khatri-Rao Structured Measurements

Accuracy and Runtime Tradeoffs for Kronecker or Khatri-Rao Measurement Structure
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Figure 3.6 Relative error comparison for Khatri-Rao and Kronecker-structured measurements.
Right hand figure shows the average time for sketching and recovery phases of the algorithm.

This set of experiments demonstrates that the sketching phase will dominate the run-time of
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Algorithm 3.1 regardless of the choice of leave-one-out type, however the Kronecker-structured
measurements are able to generate more measurements for a fixed number of operations as compared
to Khatri-Rao structured measurements, see Figure 3.6. This means that it is possible to achieve
similar or better performance using strictly modewise measurements and in less overall time as
problems grow in size with respect to total number of tensor elements; i.e. both number of modes
and length of those modes. In Figure 3.6 for the Kronecker-structured measurements we sketch to
m = 25, for the Khatri-Rao ensemble we sketch pairs of modes to 225. We see that the Kronecker
measurements perform incrementally better in terms of relative error but at less than half the overall
run-time. Sketching times are about five times faster for the Kronecker-structured measurements
as compared to the Khatri-Rao. Note that this does trade speed for space - the total number of
entries in the leave one out measurements is nearly three times larger for the Kronecker-structured
measurements versus the Khatri-Rao, i.e. sketches B; as per (3.2) and (3.4) have sizes 300 X 252,

and 300 x 225 respectively.

3.3.5 Application to Video Summary Task

As a practical demonstration, we consider the same video summary task first described in [47]
and again in [60]. In this demonstration, the video is taken with a camera in a fixed position. The
video is a nature scene and a person walks in front of the camera at two different time points in
the second half of the video. The first 100 and the last 193 frames are removed since they include
setup that results in small shifts of the camera. The entire video has been converted to grayscale.
This yields a three mode tensor of dimensions 2200 x 1080 x 1980 which has a size of about 41
GB when stored as an array of doubles. We wish to identify the parts of the scene that include the
person walking and distinguish them from the relatively static scene elsewhere. As discussed in
[60], there is a third salient time varying feature in this particular video, which is the light intensity
of the scene, since at around frame 940 the scene darkens. Furthermore there are changes in the
light intensity as the camera automatically adjusts after the person walks in and out of frame. For
this reason, we cluster the frames using three centers, rather than two.

In all cases, we use k-means to cluster the frames, however we assign features to frames in four
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different ways:
1. Using the sketch B; € R2200x20° 4qin (3.2) that leaves out the time dimension, then clustering
using k-means on the rows of the unfolding of the sketch along the first, temporal mode.
2. Unfolding the temporal mode of the reconstructed tensor using a one-pass set of measure-
ments, i.e. (X1)p € R#Z2002138400 (recall that X denotes the output of Algorithm 3.1).
3. Unfolding the reconstructed tensor using a two-pass scenario, (X2)(] € R2200x2138400 (pecal]
that X, denotes the output of Algorithm 3.10).
4. Estimated temporal factor matrix U; € R?29%20 (see in Algorithm 3.1).
As we can see in Figures 3.7a, 3.7b, the sketch alone shows reliable clustering of the main temporal
changes in the video, which verifies the observation in [60] about using the measurements as
an effective feature set for clustering, although in that case the measurements were Khatri-Rao
structured whereas ours are Kronecker-structured. The unfoldings of the reconstructed tensor also
reliably distinguishes the main parts of the scene. The reconstruction is useful at least to get clusted
interpretability. Although certainly natural to wish to cluster on the temporal factor, this method
appears inferior to any of the preceding.

As an added advantage of using the modewise, Kronecker structured measurements, we can in
principle select measurement maps for different modes. Gaussian measurement maps theoretically
have some advantages over other types in terms of accuracy for a fixed number of measurements,
whereas applying RFD or other Fourier-like transforms to modes that have longer fibers would net
a better payoff in terms of overall run-time because of the faster matrix-vector multiply permitted
by these structured matrices. In this demonstration, we use Gaussian matrices along the spatial
modes, and RF' D matrices for the temporal mode.

In the earlier work [47], the authors describe a variant of Tucker-Alternating Least Squares (aka
Higher Order Orthogonal Iteration, multi-pass scenario) that employed TensorSketch to produce
the necessary measurements used to reconstruct the same video tensor data we have used here. In
the subsequent work [60], those authors again perform the same task, but use a single-pass approach

which fits the framework we have described as Algorithm 3.1, where the measurement matrices
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are Khatri-Rao structured, and the €; have entries drawn from standard Gaussian distribution.
Furthermore, analysis of the type afforded by Theorem 3.11 may also explain the discrepancy
between the sketching dimensions seen in [47] and [60]. Naturally there are several differences
between the approaches, but the CountSketch matrices used in TensorSketch operators as shown in
[33] have a O (}5) dependency in order to ensure the OSE property, whereas the other ensembles,
such as dense Gaussians, enjoy an O (log %) dependence for this parameter.

As was discussed in [60], the video is not especially low-rank in practice - in particular along
the spatial dimensions in terms of relative error of the reconstruction. However the clusters appear

distinct enough that assigning clusters with this summary type of information is still possible.

3.4 Discussion

In this chapter we have described a measurement system that specializes the framework dis-
cussed in Section 1.5 and a simple recovery procedure that addresses the three main issues we
noted about the two-stage measurement operators needed to ensure a TRIP, which was the key
to make use of existing theory with regards to TIHT that was the subject of Chapter 2. That is,
the leave-one-out alternative discussed in this chapter does not require working memory on the
order of the size of the uncompressed signal, because it computes factors of the estimate directly
from measurements. Furthermore, the recovery procedure is non-iterative, and provably recovers
the tensor in the exact arithmetic, no noise, no rank truncation scenario, and has no reliance on
unverifiable assumptions about the quality of the fit of a thresholding operator as TIHT had. On
the third issue, whereby TRIP required an initial reshaping in order to achieve useful compression
- the leave-one-out alternative trades this constraint for another; namely that one of the modes goes
uncompressed. Direct comparison of which of these constraints is preferable is perhaps best left to
a given application than any objective criteria that is data agnostic. It is worth mentioning however,
that the need for the measurements to be independent, based on empirical evidence from synthetic
data, is to a large extent motivated by the analysis. That is, practically speaking, one can reuse
measurement maps to produce the different measurement tensors, or even share measurements that

were used to estimate factors, and use them to estimate the core without any change in accuracy.
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Figure 3.7 (a) Cluster assignments for the 2200 frames in the video. Top run corresponds to using
the measurements for the first mode only B, middle rows use one and two pass approximations
of the tensor, and the last row uses the factor matrix U; for the temporal mode only. We use
Gaussian sketching matrices for both spatial modes and the real part of RFD for the temporal
mode. Sketching parameters are m = 20, m. = 40 and rank truncation of » = 10 in all modes. (b)
Three reference frames at 0, 1000 and 1496.

The dependencies introduced however make the analysis of such a procedure considerably more
complicated. A practitioner could economize on both the storage of the linear transformations, and
number of measurements by reusing maps and “recycling” measurements.

Also, in this chapter we have shown how several variations can be unified under the leave-
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Figure 3.8 The 1456th frame of the grey-scale video is shown for the original, the one-pass, and
two-pass reconstructions using sketching dimension of m = 300, m, = 601 and r = 50 for each
mode. Although the reconstructions for this choice of sketching dimension and rank truncation are
not particularly accurate for this video, nevertheless the reconstructions provide enough information
to perform the summary task of clustering the frames into the major temporal changes that occur
during the scene.

one-out concept, and the results made useful to analyze all of them. We have used empirical
tests on simulated data to highlight important trade-offs in terms of what type of measurements
were selected and how sensing matrices were structured. Finally, we demonstrated a simple,
but representative application whereby clustering or segmenting video data is handled using the
measurements. Recall the example from section 1.2.2 as to for why both the segmenting using the

measurements, and the recovered tensor could be of practical value.

3.5 Technical Proofs
Herein we provide proofs for some technical lemmas needed to prove our main theorems,
including a Lemma that we first stated in Chapter 1 regarding the AMM property. The second

sub-section then addresses the proof of Theorem 3.2.

3.5.1 Proof of Lemma 1.8

Our proof of Lemma 1.8 will utilize several intermediate lemmas. Our first lemma concerning
the approximate preservation of inner products is a slight generalization of [2, Corollary 2].
Lemma 3.9 (The JL property implies angle preservation). Let S ¢ C" with cardinality at most p

and € € (0, 1). If a random matrix Q € C™" has the (€/4,5,4p>)-JL property for

/ X y X y X .y X .y
S = { + , - , + , -1 X,y € S} ,
Ixll2 llyll2 lIxll2 Ayl [z lyll2” [z llyll |
then
[(Qx, Qy) - (x,¥)| < elx|l2[lyll> Vx,y €S (3.35)
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will be satisfied with probability at least 1 — 6.

Proof. Note that if either x = 0 or y = 0, then (3.35) automatically holds because 0 < 0. Thus,

suppose without loss of generality that x, y # 0. Considering the normalizations u = @, V= ﬁ,

one can see that the polarization identity implies that

3
NP . .
(Qu,Qv) - vl = |7 3" (I1Qu+ Qv - lu+i'vI3)
=0
& e
2 _
< Zgz(ﬂullzﬂwﬂz) = e

will hold whenever (1.8) holds with S «— " and € «— €/4. The result now follows by renormalizing.

]
Remark 3.5. Note that if S ¢ R” it suffices for a random matrix Q € R”*" to have the (¢/2, 5, 2p?)-
JL property for a smaller set $” € R” in Lemma 3.9. This can be seen by using the real version of
the polarization identity instead of the complex version.

The next lemma constructs a set S to utilize in Lemma 3.9 based on two matrices with normalized
columns. The end result is an entrywise approximate matrix multiplication property for the two
column-normalized matrices in question.

Lemma 3.10 (The JL property allows approximate matrix multiplies for unitary matrices). Let
V € C™P and U € C™4 have unit *-normalized columns. Suppose that Q € C™" satisfies (3.35)

from Lemma 3.9 where S = {ujluj = U[:,j]} U {Vj|Vj = V[:,j]}. Then
|(V*Q* QU - V*U) ;| <€ foralll <k <p and 1<j<gq.

Proof. Note that |S| = p + ¢. Thus, |S’| < 4(p + ¢)? in Lemma 3.9. Furthermore,

QV=Qvi Qv ... Qv, |, andQU =|Qu; Qu, ... Qu,|-

Hence, ((QV)" QU ) k= (Qu;, Qv ). Therefore, given Lemma 3.9, for all choices of k, j we have

(V*Q'QU = V' U), 4| = (Quj, Qvi) = (u,vi)| < ellvillallugllz = e
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The next lemma constructs a new set S to utilize in Lemma 3.9 by selecting a well chosen subset
of the singular vectors of both A and B. This set will ultimately determine how the finite set S
promised by Lemma 1.8 depends on A and B. As we shall see, it’s proven by applying Lemma 3.10
to two unitary matrices provided by the SVDs of A and B.
Lemma 3.11 (The JL property implies the AMM property for arbitrary matrices). Let A € CP*"
and B € C"™9 have SVDs given by A = UZ\V* and B = UX,V;, and suppose that Q € C™"

satisfies the conditions of Lemma 3.10 for U and V. Then,
|AQ"QB — AB||r < €llAllrlIBllF

Proof. We will expand the quantity of interest according the SVD of A and B. Doing so we see

that

IAQ*QB — AB||r = U1 V*Q* QU — Uy Z\V UV ||k
= |U\Z) (V*Q*QU - V*U) %V ||r

=121 (V'Q'QU - V'U) X|lr

P 4
= J Z Z (Z0)ix IV QU - V*UIL; (22)7
k=1 j=1
P 4
< Z Z ox(A)%€?0j(B)?
k=1 j=1

P q

- ed D oA > oi(B)?
k=1 =1

= €|l AllFIIBl -

O

Lemmas 3.9, 3.10, and 3.11 now collectively prove the following generalized version of
Lemma 1.8.

Lemma 3.12 (The JL property provides the AMM property). Let A € CP*" and B € C"™4. There

exists a finite set S € C" with cardinality |S| < 4(p + q)? (determined entirely by A and B) such
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that the following holds: If a random matrix Q € C™" has the (e/4,6,4(p + q)?)-JL property for
S, then Q will also have the (€, )-AMM property for A and B.
We will make use of this simple centering result with regards to L” norms of random variables.

Lemma 3.13. Suppose X a real random variable, and let p > 1, Then,
I1X —E[X]llr < 2[X|lp
Proof. Let u = E[X]. By Jensen’s inequality, ||u||;» = |u| < E[|X]|] = ||X]||;1 Observe,

1X = ullpr < IXMLe + llulizp
< 1 Xlle + 11X 21

< 21Xz

Where we have used Minkowski’s inequality in the first line, and Jensen’s inequality in the third. [

3.5.2 Proof of Theorem 3.2

A similar proof appears in support of [53, Theorem 2], which was itself simplified from earlier
work [11]. We reproduce the proof here for completeness, and to clarify details. We begin by
restating Theorem 3.2 for ease of reference.
Theorem 3.12 (Restatement of Theorem 3.2). Let X € R™N of rank ¥ < min{n, N} have the full
SVD X = UZVT, and let V,» € RN*" denote the first ¥’ columns of V.€ RN for all ' € [N]. Fix
r € [n] and consider the head-tail split X = X, + X\,. If Q € R™N satisfies

1. subspace embedding property (1.10) with € « % for A « X7,

2. approximate multiplication property (1.13) with € « for A «— X\, and B <

Vmin{r.7}»
3. JL property (1.8) with € « ¢ for § « {the n columns ofX\Tr}, and
4. approximate multiplication property (1.13) with € «— 6—\6/;f0r A — X\, and B «— X\Tr,
then X = XQT is an (e,0,r)-PCP sketch of X.
Proof. Let Q € R™ be a an arbitrary matrix with orthonormal columns so that QQ7 € R™" is an

orthogonal projection matrix. It suffices to show that
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Iz = 00X - i - 00" xQ|[f| < €1 - 00Nx]f; (3.36)

Writing X in terms of its head-tail split, (3.36) becomes

Iz - 00" (X, + X[ - [l - 00" (X, + X ) QT[] < el|r - 00N, 33D

where X, has the thin SVD representation X, = UrZrVrT with U, and V, containing the first r
columns of U and V from the full SVD of X, respectively.!
Letting P := (I — QQT), and using that tr{AAT} = ||A||%~, one may expand the left hand side of

(3.37). Noting that X\rX,T =0and P = PT while doing so, we can now see that

2 2
iz - 00" (X, + %)}~ 1 - 00X, + %) =
‘tr (P(X,X,T + X, X7 )P) " (P(X,QTQXrT +x,07QxT + X, Q"Qx! + X, Q" Qx! )P)‘.

Regrouping terms in the last expression while noting the invariance of trace to transposition, one

can we can now further see that

o (POGXT + X, XT)P) - e (P(X,QTQXT + X,.07QXT, + X, 97X + X, 97X )P
= |w (POGXT - x,97Qx])P) + 21 (P(X, QT QX])P) + tr (P(X\, X], - X\, QT QX] )P

< ‘tr (P(erf _x,Q"ax’ )P)| + 2‘tr (P(X\,QTQXf )P)) + ‘tr (P(X\,X\Tr - x,Q7Qx7 )P)‘.
Looking back at (3.37) in the light of this last computation, one can now see that it suffices to
prove that
‘tr (P(X,XrT _x,QToxT )P)‘ + 2‘& (P(X\,QTQXZ )P)‘ + ‘tr (P(X\,X\Tr - x,Q7QxT )P))
< €||PX|% (3.38)
holds to establish the desired result. Going forward we will therefore aim to prove (3.38) by proving

each of the following three bounds:

@ | (P(XXT - x,QTQx")P)| < £|PX|F,

TIfr > NweletV, = V.
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(b) |r (P(X\,QTQXT)P)| < £||PX||}, and

(c)
Proving (a) — (c) will establish (3.38), thereby completing the proof.

tr (P(X\,X\Tr - X, Q"x! )P)’ < £|Px|32.

Proof of Bound (a): Using again that tr{AAT} = tr{ATA} = ||A||% and that P = PT we have

o (POX,XT -~ x,070xD)P)| = IXT P ~ X! P

Applying Lemma 1.7 in the light of assumption 1, we now have that

IA

e (Pexext —x. 27 0x!yp)| < SR = V!

IA

€ 2 €
SIxTPIG = Suexi

as desired.

Proof of Bound (b): Using the invariance of trace to both transposition and permutations, as

well as that PT = P = P2, we can see that

‘tr (P(X\rQTQXrT )P)‘ - ‘tr (P(X,QTQX\Tr)P)‘ )tr (PX QTQX\TV)

Recalling the full SVD X = UXV7’, we note that if 7 := rank(X) < min{n, N} we can remove the
last n — 7 columns of U, the last N — 7 columns of V, and the last n — 7 rows and N — 7 columns of
Y to form the thin SVD X = UEVT with U € R, E£ € R and V € RV¥. Having done so we

note that ¥ will be invertable and that UU” X, = X, so that we may write

‘tr (P(X\,QTQX,T )P)‘ . PXrQTQX\Tr))
tr

00" X, QT QX7 )‘

P
PUSVIVE 10 X QTQX\Tr)

= |ir((POE )(vz g7 x QTQX\T)))

(
(
=
(
(

. (PX)( 0" x,Q"ex’ ))|
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Recall now that (A, B)p := tr(ABT) is an inner product on matrices with ||A||r = {/tr(AAT).

Hence, we may apply the Cauchy—Schwarz inequality to our last expression to see that

(tr (P(X\,QTQXrT )P)‘ - ‘tr ((PX) (Vi—l UTXrQTQX\Tr)))

< IPX || HVi_lUTX,QTQX\TrHF

= |PX||r||E710T x, QT QXT
\r

P

Expanding X, in terms of its thin SVD representation X, = U,X,V! we now have that

r (P(X\,QTQXrT)P)‘ < IPX || Hi-IUTX,QTQX{r”F

= |PX||F Hi‘IUTU,Z,VrTQTQX\Tr

F

olox!

T
= 1Pl V2 :

in{r,7} F

= 1PX || ¢ | X\ Q" QVimingry | - -

Finally, we may now use that X\erin{r,f} = X(IN—Ver)Vmin{r,;} =X (Vmin{r,f} - Vmin{r’f}) =0
to see that
‘tr (P(X\,QTQX,T )P)‘ < 1P| X0 QT Woingrt |

= IPXIIF || X\ Q" QVimingr.7y — X\rvmin{rf}”F

< ||PX||F 1%l [[Viningr-3 | |

€
6+/min{r, 7}
where we have utilized assumption 2 in the last inequality. We are now finished after using that
||Vmin{,,;}||F = y/min{r, 7}, and noting that ||X\,||F < ||PX]||F holds for all rank n — r or greater

orthogonal projections P by the definition of X;.

Proof of Bound (c): Again using the invariance of trace to permutations as well as P = P? =
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I — Q0T we have that
‘tr (P(X\r - x,Q"ex! )P)) ‘tr (P(X\r X\,QTQX\Tr))(

(- e@x-xsracp)

< [or (X, X7,

T T
T -x,Qrex]

\r

‘tr (QQ (X, X7 X\,QTQX\Tr))‘

<[l - ot
F

e [xxl - xeroxi ],

where we have again utilized Cauchy—Schwarz in the last inequality. Utilizing assumption 3, the
first term just above can be bounded by ¢ ||X ||2 = gllX\erV using an argument analogous to the

proof of Lemma 1.7. Doing so we see that

o (PO, X, - X, @Tx])P)| < “lx 13+ oo [t - x,Q"oxt|

_ g||x\,||F + \/7HX\rX\Tr - x,erex)| .

Finally, we may now employ assumption 4 to bound the second term just above. Doing so we

obtain that
€
o (P, X, - X\, @TXT)P)| < ClXy 7+ Vr 7 xt - X, Q"X |
€
< SIXlE +Vr \/—”X\r”F
€
= 31X 13-

To conclude we note again that ||X\r|| r < |IPX||F holds for all rank n — r or greater orthogonal

projections P by the definition of X;. [

3.6 Algorithm Variants

There are four tasks relevant in Algorithm 3.1 where by making difference choices for these
tasks, we get variants of the algorithm. Two of the tasks are related to the measurement process:
sketching the tensor in order to produce leave-one-out measurements, and also sketching the tensor
without leaving out a mode in order to produce measurements useful in computing the core. The

second two tasks are then recovering the factor matrices, and recovering the core.
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Note, if we permit a second pass on the tensor X after estimating factor matrices Q;, then core
measurements are not necessary, and the optimal core given these factor matrices can be found by
computing

G=Xx10"x00 x;00

See section 4.2 in [37]. This then is the computation used in two-pass versions of the algorithm;
it requires first to compute the factor matrices from measurements, and then apply these factors
modewise to the original tensor; no separate measurement tensor for the core is required. Crucially
however, this relies on a second access to the data; for which we are computing a HOSVD.

In this section then, we break apart Algorithm 3.1 into these tasks, and show how combining
different choices for these tasks produces the variants of the algorithm considered.

Within the pseudo-code, “unfold” refers to the operation of taking a tensor and flattening it into
a matrix of the size listed by arranging the specified mode’s fibers as the columns. The operation
“fold” is the inverse of this, taking a matrix as viewed as an unfolding along the specified mode and
reshaping it into a tensor of the given dimensions.

Algorithm 3.2 takes measurement matrices (e.g. sub-Gaussian random matrices) and the data
tensor X and produces a set of leave-one-out measurements which can be viewed as tensors or as
flattened matrices. That is, it is practical to apply the measurement matrices along the modes and
obtain a tensor of measurements with d — 1 modes each of length m and one mode of length n, see
Figure 3.1 for a schematic depiction. The measurement process takes slices of the tensor and maps
them to (smaller) slices with (mostly) shorter edge lengths. Or we can conceive of the measurements
as a matrix by unfolding the measurement tensor along the mode that is uncompressed and thus

! one such matrix for each mode i € [d]. It is Kronecker

obtaining a matrix of size n x m9-
structured because of the correspondence of modewise products of tensors with matrices to matrix
products of unfoldings of a tensor with matrices, see for example (1.4).

Alternatively, we can use Algorithm 3.3 which also produces a set of leave-one-out measure-

ments of the tensor X which can be viewed as a matrix. It is Khatri-Rao structured because the

measurement matrix applied to the unfolding is formed using Khatri-Rao products. Note, unlike
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Algorithm 3.2 Leave-One-Out Kronecker Sketching
input
Q(; j) where rank(Q; ;) =nand Q; ;) e R™" fori,j € [d],i # j
X a d mode tensor with side lengths n
output : B; fori € [d]
for i € [d] do
B — X X1 Q1) X2 Qi) X3 -+ Xq Qi)

# Now unfold the measurement tensor so the mode-i fibers are columns,
d-1

size nXm
B; < unfold(8B;, n x ma=1 mode = i)
end

Algorithm 3.2, there is not necessarily any natural way to view the measurements B; as tensors of
d modes - the sketching process in this case takes slices of the tensor and maps them to vectors and

we gather these into matrices B; of size n X m for each i € [d].

Algorithm 3.3 Leave-One-Out Khatri-Rao Sketching
input
Q(; j) where rank(Q(; ;) = nand Q(; jy € R™" fori,j € [d],i # j
X a d mode tensor with side lengths n
output : B; fori € [d]
for i € [d] do
‘ B; — QinXpi (Qiy Qi) - Qijet * it = Qi)
end

In order to estimate the core, we wish another, independent set of measurements. These are
obtained in the manner as Algorithm 3.2, only now we are permitted to compress all the modes,

producing a tensor of d modes all with side length equal to m,.

Algorithm 3.4 Core Sketching

input

®; € R"*" | € [d]

X a d mode tensor with side lengths n
output : 5.

BC <—X><1(I)1 Xy @y X3 -+ X7 Dy

Next, we describe the procedure which takes as input (a) leave-one-out measurements of X
(from Algorithm 3.2 or 3.3), (b) the full-rank sensing matrices applied to the uncompressed modes

of X, and (c¢) our desired target rank vector of r, and then outputs a factor matrix Q; for each mode.
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In the case of exact arithmetic, no rank truncation, and no noise, this exactly recovers the factors

(see (3.11)).

Algorithm 3.5 Recover HOSVD Factors from Leave-One-Out Measurements
input
B; € R fori e [d] measurements that leave mode i uncompressed
Q) € R™" fori € [d]
r = (r,...,r) desired rank for HOSVD
output: Q1,...,Q4 € R™
# Factor matrix recovery
for i € [d] do
# Solve nxXn linear system
Solve Q; F; = B; for F;
# Compute SVD and keep the top r singular vectors
U,2, VT «— SVD(F))
Q; « U:,:r
end

Lastly, we consider the task of obtaining the core of the HOSVD of the data tensor. The two
ways described in section 3.2 are to either compute the core using a second access to the data tensor
- in which case this is a matter of applying the transpose of the factor matrices from Algorithm 3.5

to the data tensor. This is detailed in Algorithm 3.10.

Algorithm 3.6 Compute HOSVD Core with Second Access
input

01,...,04 € R™ computed factor matrices

X a d mode tensor with side lengths 7.

output : G a d mode tensor with side lengths r

G=Xx101x0% %400

In the scenario in which a second access to the tensor is not desired, instead we obtain the
core of the HOSVD by solving a linear system involving the measurement operators and the factor
matrices, see (3.21). This is equivalent to solving the linear system a mode at a time as detailed in
Algorithm 3.7, a method of practical value because it does not require as much working memory.

A third possibility is to “re-use” leave-one-out measurements to compute the core. Theoretically
this involves new dependencies on the errors introduced by estimating the factors and errors

introduced by recovering the core that are not addressed in any of our main results. Practically
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Algorithm 3.7 Recover HOSVD Core from Measurements

input

B, a d mode tensor with side lengths m,

¢i c Rmcxn

01,...,04 € R™ computed factor matrices

output : H

for i € [d] do

# unfold measurements, mode-i fibers are columns, size m. Xr

H « unfold(B,, m, x r=Dmd™170D ‘mode = i)

# Undo the mode-i measurement operator and factor’s action by finding
least square solution to m. Xr over-determined linear system

Solve ®;0;Hew = H for H,,,,

# reshape the flattened partially solved core into a tensor

B, « fold(Hpew, ¥ X1+ X ¥ Xme X+ -+ X m., mode = i)
| U SN ,
i d—i
# Each iteration m, — r in ith mode
end

(i=1)jyd=1-G=D)

however, it would be desirable to avoid having to produce the core measurement tensor, and

empirically on synthetic data the overall error is not effected.

Algorithm 3.8 Recover HOSVD Core from Recycled Leave One Out Measurements

input

B; for a fixed j.

Q;; foreachi € [d]

01,...,04 € R™ computed factor matrices

output : H

for i € [d] do

# unfold measurements, mode-i fibers are columns, size m xr@Dm

H « unfold(8B;, m x ri=Dmd=1=0=1) ‘mode = i)

# Undo the mode-i measurement operator and factor’s action by finding
least square solution to m Xr over-determined linear system

Solve Q(; ) QiHnew = H for Hyey

# reshape the flattened partially solved core into a tensor

B «— fold(Hpew, 7 X7+« X1 XM X - -+ X m, mode = 1)
—_—
i d—i
# Each iteration m — r in ith mode or n — n when i =j
end

d—1-(i-1)

We are now able to state the variants of the general algorithm.
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Algorithm 3.9 Recover HOSVD Kronecker One Pass

# Obtain measurements for factors with Alg. 3.2
By, By, ..., B; « Leave-One-Out Kronecker Sketchmg({Q(l J)}
# Obtain measurement for core with Alg. 3.4

B, « Core Sketching({®; };¢[47 > X)

# Estimate factor matrices using Alg. 3.5
01,07,...,04 < Recover HOSVD Factors from
Leave-One-Out Measurements ({Q(i’i)}ie[d] ABitiera)» (rs--.7))
# Estimate core using Alg. 3.8

‘H < Recover HOSVD Core from Measurements({®; };c(4) » Bc)
output : X = [[H,01,...04]|

Y

i,jeld

Algorithm 3.10 Recover HOSVD Kronecker Two Pass

# Obtain measurements for factors with Alg. 3.2
By, By, ..., B; « Leave-One-Out Kronecker Sketchmg({Q(l J)}
# Estimate factor matrices using Alg. 3.5

01,07,...,04 < Recover HOSVD Factors from
Leave-One-Out Measurements({Q(l-,i)}l.e[d] ABitiera)» (ry-..,1))
# Compute core using Alg. 3.6

‘H « Compute HOSVD Core with Second Access({Q;}c(q) > X)
output : X = [[H,Q1,...04]]

Y

i,jeld

Algorithm 3.11 Recover HOSVD Khatri-Rao One Pass

# Obtain measurements for factors with Alg. 3.3

By, By, ..., B; « Leave-One-Out Khatri-Rao Sketchmg({Q(, J)}

# Obtain measurements for core with Alg. 3.4

B, « Core Sketching({®;}¢[41 > X)

# Estimate factor matrices using Alg. 3.5

01,07,...,04 <« Recover HOSVD Factors from Leave-One-Out Measurements
({Q(i,i)}ie[d] ABitiera)» (rs- 1))

# Estimate core using Alg. 3.8

‘H < Recover HOSVD Core from Measurements({®; };c(4) » Bc)

output : X = [[H,Q1,...04]

12 X)

i,jeld
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Algorithm 3.12 Recover HOSVD Khatri-Rao Two Pass

# Obtain measurements for factors with Alg. 3.3

Bi1,Bs, ..., B; <« Leave-One-Out Khatri-Rao Sketching({Q(i, J')}i,j e[d] X)

# Estimate factor matrices using Alg. 3.5

01,07,...,0;4 < Recover HOSVD Factors from Leave-One-Out Measurements
({Q(i,i)}ie[d] ABitiera» (rs-..1))

# Compute core using Alg. 3.6

‘H « Compute HOSVD Core with Second Access({Q;}c(q) > X)

output : X = [[H, 01, ...04]
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CHAPTER 4

TENSOR SANDWICH: TENSOR COMPLETION FOR LOW CP-RANK TENSORS VIA
ADAPTIVE RANDOM SAMPLING

In the proceeding chapters we have described two schemes for the tensor recovery problem. We
now will address a method for a different, though related, tensor problem. In tensor completion
we consider the problem of how we might complete (or impute, or predict) a tensor from which
some entries are missing or unavailable. That is, for a tensor X € R we have some set,
QcC [m]x...... [n4] of indices which correspond to entries which are sampled, or revealed.
Entries with indices outside of the revealed set are then not available and some or all of these
missing entries we desire to fill in, and do so in a way which minimizes error from the true tensor.

Naturally, if the entries are unrelated to each other, the problem is hopeless, however in the
case where the tensor has additional structure such as a low-rank decomposition, then we can use
that fact to develop methods which are able to accurately compute (or estimate in the inexact case)
given only a small sample of some of the entries. The commonalities with the recovery problem
are immediate - the sampling operator can fruitfully be envisioned as linear measurements of the
original tensor and from those measurements we wish to recover the tensor, or a good estimate for
it. It is often the case that we wish to limit or minimize how many entries are revealed. However,
we will quickly leave behind the requirement that this operator act in a modewise manner or with
interleaved reshapings as was done in the previous chapters. One reason to not insist on an operator
conforming to such a scheme is that we will want to discuss sampling schemes which are adaptive,
in the sense that after observing some entries, we will use some computation and information
gleaned from these entries to update where next we would like to sample in order to best complete
the tensor. In this case the set Q is constructed in stages. The degree to which a sampling scheme
adapts or not, and the reasonableness of having different levels of control over the sampling pattern

is something we shall discuss.

114



4.1 Adaptive Tensor Sandwich for Completing Three Mode Tensors

The subject of this chapter, and our proposed method for addressing the tensor completion
problem resulted from combining matrix completion techniques (see, e.g., [8, 40, 10]) for a small
number of slices (see Definition 1.3) with a modified noise robust version of Jennrich’s algorithm
(see, e.g., [51, Section 3]); an algorithm which originally was used to prove (constructively) the
uniqueness of the CP decomposition when rank is less than or equal to the smallest side length of
the tensor.

In the simplest case as we shall see, this leads to a sampling strategy that more densely samples
two slices (the bread), and then more sparsely samples additional entries throughout the tensor
(the filling) for final completion, hence “Tensor Sandwich”. To begin, we will consider three
mode tensors with some mild assumptions on the factor matrices of the CP decomposition (see
Definition 1.14). Our algorithm then completes an n X n X n tensor with CP-rank r with high
probability while using at most O (nr log? r) adaptively chosen samples.

Empirical experiments further verify that the approach works well in practice, including in the
presence of additive noise, see Section 4.3. We will then include details for how the method can be
employed for tensors of more than three modes and how sampling can be modified to be essentially
non-adaptive, for the cases in which a practitioner may not have the level of control needed to
conform to the adaptive strategy, see Section 4.5.

Before beginning our description of our proposed adaptive method, we make two important
observations. First, there is a simple information theoretic lower bound on any completion method,
adaptive or otherwise. For example, a d mode CP-rank r tensor, absent any other constraint, has
rd(n — 1) + r degrees of freedom, and so no sampling scheme which uses fewer entries than this
can guarantee an exact completion. Furthermore, any method which employs randomness should
then require more samples, and though we do not have a proof that our method is strictly optimal
in this regard, it is by comparison to other known methods, better, and does have scaling up to log
factors in the relevant parameters of the problem.

Second, there is not a priori any guarantee that a particular revealed entry in a tensor will be
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especially informative. For example, consider the rank one tensor 7 = O?Zl e; where e is the
standard basis vector with a one in position one. All but one of this tensors’ n? entries are zero,
which is to say, a sampling technique would have to reveal this singular non-zero entry in order
to complete the tensor and - any random sampling pattern would need on the order the number of
entries of the tensor revealed to succeed in such a case. Fortunately such “worst” case tensors can

be excluded with some natural and useful assumptions.

4.1.1 Statement and Outline of Main Result

To proceed with defining the class of tensors for which the method will have a high chance of
completing, we will need two additional definitions, motivated by the proceeding discussion of the
completion problem.

Definition 4.1 (Coherence). The coherence of an r-dimensional subspace U C R” is defined
n 2
p(U) := —max [|Pye;l5,
r i€[n]

where Py is the orthogonal projection onto U, and where e; € R” fori € [n] denotes the i standard
basis vector.

From this definition we can see a subspace will have low coherence or be incoherent if, in terms
of magnitude and support, its entries are (roughly) equal and spread out among all possible indices.
In such a case, it will happen that revealing an entry has a high likelihood of being informative -
the concentration of mass will not be constrained to some relatively small support of the total index
set, so the chance that a sampling scheme “misses” informative entries is lower.

We will also need the following definition concerning an elaboration on rank of a matrix.
Definition 4.2 (Kruskal rank). The Kruskal rank of a matrix is the maximum integer r such that
any r columns of the matrix are linearly independent.

We observe immediately that Kruskal rank is always bounded by the rank of the matrix. As a
simple yet illuminating example, consider the identity matrix in R”*", which has rank and Kruskal
rank both equal to n. Now append a column to this which consists of e;. Clearly the rank of the

resulting matrix remains r, but the Kruskal rank is now one, since it is possible to find a subset of
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two columns among the n + 1 columns which are linearly dependent.

The class of tensors for which the proposed approach will be guaranteed to succeed will need to
satisfy the following assumptions. For positive integers n, r, s with r, s < n and any g € [1,n/r],
we define T(n, r, uo, s) to be the class of all tensors 7 = ./, a; o b; o ¢; € R™" for which:

(a) the factor matrices A, B both have full column rank,
(b) the column space of A has coherence bounded above by g, and
(c) for some s € [n], every s X r submatrix of C has Kruskal rank > 2.

We are now able to state our main result of this section.

Theorem 4.1. There exists an adaptive random sampling strategy and an associated reconstruction
algorithm (see Algorithm 4.2) such that for any 6 > 0, after observing at most Cysuonr log?(r2/6)
entries of a tensor T € T(n,r, uo, s), the algorithm completes T~ with probability at least 1 — s6.
Here Cy > 0 is absolute constant that is independent of all other quantities.

The proof of our sandwich sampling algorithm involves three stages. First, without loss of
generality, we pick s mode-3 slices and then use a matrix completion algorithm that with high
probability recovers these slices and observes at most C’uonr log?(r?/6) entries in each slice.
Second, if this n X n X s sub-tensor is correctly completed, we can then use a deterministic variant
of Jennrich’s Algorithm! on the completed sub-tensor to learn the factor matrices A and B. Third,
once we know the factor matrices A and B, we can deterministically find r sample locations in each
of the n mode-3 slices whose values allow a censored least squares problem to solve for the third
factor matrix C. This three-stage procedure uses at most C|suonr log?(r?/68) samples to complete
the s initial mode-3 slices in order to learn A and B, and then nr additional samples to learn C
thereafter, for a total of at most C{suonr log?(r2/8) + nr < Cisponrlog®(r?/8) samples. See
Figure 4.1 for a schematic illustration of the overall sampling strategy where fibers are sampled
through the middle of the sandwich for simplicity.

We note that assumptions (a) and (c) are the necessary assumptions for the Jennrich’s step

to work with any n X n X s sub-tensor. Furthermore, if the columns of the factor matrices are

I'As discussed in [36] the work of [44] is perhaps a more accurate attribution of the method, however we use the
traditional name of Jennrich’s Algorithm in this work.

117



drawn from any continuous distribution, assumption (c) for s = 2 holds with probability 1. Finally,
something akin to assumption (b) is always required in completion problems, as we have discussed

in Section 4.1.

Figure 4.1 A schematic depiction of the sampling strategy where s = 2 slices have been sampled
relatively densely in order to compute A and B, and where additional fibers where then sampled
elsewhere to use in computing C.

4.1.2 Related Work

Many prior works on low-rank tensor completion use non-adaptive and uniform sampling
[29, 4, 65, 66, 55, 52, 45, 34]. While some of those works [4, 34, 52] can handle CP-ranks up
to roughly n*/? instead of n, all of them require at least O(n>/?) samples, even when the rank is

3/2—€

r = O(1). Furthermore, [4] shows that completing an n X n X n rank-r tensor from n uniformly
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random samples is NP-hard by way of showing it is equivalent to the problem of refuting a 3-SAT

3/2-¢ (lauses.

formula with n variables and n

In [39], the authors propose a recursive method for completing CP-rank r < n tensors using
adaptive sampling which, for order-3 tensors, requires O(,u(z)an/ 2log? r) samples. Our algorithm
requires a number of samples which has a more favorable dependence on the coherence o and
rank r. Furthermore, our result only requires coherence assumptions about A, instead of about
A and B. These improvements come at the expense of requiring the mild additional assumptions
(a) and (c) in our Theorem 4.1 related to Jennrich’s algorithm, however. Additionally, the method
of [39], outside the exact case does not output a CP factorization of the tensor, but rather a more
complicated and recursive decomposition.

The first step in our tensor completion algorithm involves using an adaptive sampling scheme
to complete s mode-3 slices of the tensor. Our tensor completion algorithm and results are based
on the adaptive matrix completion algorithm and results in [40] which, with high probability, uses
O (ponr log? r) samples to complete a rank r matrix. However, our algorithm can be adapted to
use other adaptive matrix completion results such as, e.g., [10] with relative ease.

In the censored least squares phase of our algorithm, we can sample entire fibers of the tensor
as done in Figure 4.1. We note that doing so is similar in spirit to the fiber sampling approach of
Sgrensen and De Lathauwer [58]. However, their work focuses on determining algebraic constraints

on the factor matrices of a low rank tensor which, when satisfied, allow the tensor to be completed

from the sampled fibers. As such, our results cannot be directly compared with [58].

4.2 Proof of Tensor Sandwich Exact Recovery for Tensors in T(n, 7, ug, s)

In this section we follow our three stage proof outline from Section 4.1.1

4.2.1 Completing s Mode-3 Slices of 7
We start by picking any subset of indices S C [n] with |S| = s elements. For each k € S, the

mode-3 slice 7-. ; € R™" satisfies

.
Tk = Z (¢;,ex)ab!
P
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and so, col-span(7..x) C col-span(A). By assumption, col-span(A) has coherence bounded by
to. Thus, the assumptions required by Theorem 1 in [40] hold. Therefore, for each slice T: . x
k € S, with probability at least 1 — 9, the adaptive sampling procedure in Algorithm 1 uses at most
Cluonr log?(r2/6) samples for some absolute constant C { > 0, and completes 7. k.

By taking a simple union bound over each of the s slices k € S, we have that with probability at
least 1—s0, this strategy will successfully complete all of the s slices 7:. x for k € § and use fewer than
C/sponr log?(r?/6) samples. Let Q; = {(i, j, k)| (i, j) sampled according to [40] for slice k € S},

the set of locations of 7 sampled to complete these s slices.

4.2.2 Learning Mode-1 and 2 Factor Matrices via Modified Jennrich’s Algorithm / Simul-
taneous Diagonlization

Let u, v be random vectors uniformly drawn from the unit sphere S°~!'. Denote the sub-vector
of ¢ with entries indexed in S by ¢; = (¢;)s, and construct two auxiliary matrices 7, T}, using the
completed slices by adding up the linear combinations of the completed slices, weighted by the

random vectors u, v. In terms of the components, we have:
r

T, = )Y (¢, uab!

u - C;, u)a;b;
i=1

.
T, = Z (&, v)ab!
i=1

Denote the r X r matrix D, which has along its diagonal entries the values (¢;, u), and similarly

D, Notice the following identity with the product 7,,(7,)"

T
T,.(T,)" = AD,B" (ADVBT)

= AD,D;'AT

(Ei,ll)
€,v)

Where the matrix D, D} is a diagonal matrix with (i, /)-entry equal to . Clearly the matrix
T,(T,)" is diagonalizable, and so by computing the eigen-decomposition of T},(7,)" we recover the
columns of A and the eigenvlaues along the diagonal of D, D;!. We can order the eigenvectors in

descending order by magnitude of their corresponding eigenvalue. Note it is here that we employ
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assumption (c): Since Cg (i.e., the rows of C indexed by §) has k-rank at least 2, the ratios % lvlg for
each i will almost surely be distinct from one another, and thus the ordering of the eigenvalues is
unique.
Let P be the permutation matrix that interchanges the columns of A so that instead of being in
D, D;" order, they are in D, order (ordered greatest to least in terms of the magnitude of (¢;, u)).
Now notice that
A'T, = A"APD,B"

=PD,B" 4.1)

= (BD,P)T.
This means that the re-scaled columns of B that are in D, order are now in D, D I order after we
apply the inverse A" to 7. That is, we have found the matching components of A and B up to a
re-scaling of their outer product! This was achieved by learning the columns of A from 7, (T;)" and
then, crucially, the matching columns of B from A'T,. The scaling due to D, will be resolved in the

final step of the algorithm, where we solve for the missing third factor (i.e., B, C and BD,C(D™")

are both valid pairs of factors for any diagonal matrix D).

4.2.3 Learning the mode-3 factor matrix
After obtaining A and a re-scaled B in order to find the remaining components, C, we will need
Q,, a second set of revealed locations of the entries of 7. We will also need the solutions to n

instances of the following censored least squares problem related to those revealed values

(A © B)k,c=tg, 4.2)
where k € [n],e = (Cr.)T, t = vec(T.x)T and Ky = {i +n(j — 1)|(i, j, k) € Q}. In (4.2), the
term tg, denotes the vector of length |K| which includes only the entries of t which have indices
appearing in the set K. Similarly (A © B)g, is the matrix where we restrict rows of (A © B) to
only those which have indices appearing in the set.

Note (A © B) is full rank because A and B are assumed to be full rank (see, e.g., [31]). This

implies the uncensored system is consistent with a unique solution. The difficulty in the censored
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case is that unobserved values in a particular column of the right hand side of (4.2) could force the
discarding of rows of the matrix (A © B) that cause the system to become under-determined.

That is, we must ensure that (A © B)g, has full column rank for each k. If we do not vary
our sampling procedure from frontal slice to frontal slice, then this corresponds to sampling tubes
of the original tensor of the form 7; ;. and K; = K for all k € [n]. In order to arrange the
sampling to accomplish this, consider a QR with column-pivoting factorization of (A © B), see
algorithm 5.4.1 in [19]). This produces factors and a permutation matrix C">*"*" ¢ R guch

that (A © B)TC">**na = QR, where

I

and R; € R™ is upper-triangular and non-singular. But this means that the first » columns of

nyX---Xng

CmX-Xnd gelect a set of columns of (A ® B)T which are linearly independent, so for each C.p ,

p € [r] we have that there exists some ¢ € [n?] such that e, = Cff},x'"x "d the corresponding
column of the identity in R Let i = g modn,j = L%J. Define then €, all the tuples of
the form (i, j,:). That is, we can read off from C">*"*"d which r fibers of length n to sample in
order to ensure (4.2) is consistent for each k € [n]. We have specified at most nr new sample
locations, and thus Q = € U €, the set of all samples employed to complete the tensor 7 is at
most |Q| + Q| < Cisuonr log?(r2/8) + nr < Cysuonr log?(r2/6).

Remark 4.1. Note, C"**"d jg not unique, and indeed we could use different selections corre-
sponding to other valid permutations from frontal slice to frontal slice to vary the sampling pattern
when finding C. Additionally, including more rows of (A ® B) beyond the first r as specified by

CrmeXnd may be numerically advantageous when computing C.

4.3 Experiments

In this section, we show that tensors sampled according to our overall strategy and completed
using Algorithm (4.2) support our theoretical findings. In particular we demonstrate that once
sample complexity bounds are satisfied, we can achieve very precise levels of relative error by

sampling what is overall a small percentage of the total tensor’s entries. For example, in the rank 20
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Algorithm 4.1 Consistency Preserving Fiber Sampler

input

v > 1, over-sample parameter

r rank parameter

A, B € R™" estimates for factor matrices

output : €, set of sample locations

Compute QR with column-pivoting, QR = (A ® B)T ¢m>>nd
for p € [yr] do

g — nonzero(C)""

i< g modn

Je 2]

Include (i, j, k) in Q; for all k € [n]
end

Algorithm 4.2 Tensor Sandwich
input : S C [n] slices to complete
output : 7', completed tensor

# Slice Complete Phase

for k € Sdo
Use, e.g., [10], or algorithm 1 in [40] to complete ... Algorithm 1 in [40] uses at most

Cponr log?(r?/6) adaptively chosen samples.
end
# Jennrich Complete Phase
Generate random vectors u, v € S571:
Ty — Yges Tk
T, — YiesviTuxk
Compute eigen-decomposition AAA~! = T,,(T,)"
B «— A°lT,
# Censored Least Squares Phase
Q, « fiber sampler(A, B,r,y)
CT « censored least squares ((A © B), Tr_j x s.t. (i, j, k) € Q)
7 « [[A,B,C]|

case in Figure 4.2, the median relative error is 0.000168 having sampled % ~ 1.1% of the total

entries. Our experiments also verify the linear dependence on rank in the sample complexity bound.
Furthermore, in our simulated data and real world data we show empirical evidence the method
performs useful completion even in the presence of noise. Additionally we make comparisons to

other tensor completion methods.
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4.3.1 Simulated Data

In this section, we show that Tensor Sandwich, as well as its extension to higher orders (see
Section 4.5), which we refer to as Tensor Deli in the figures, can complete tensors of simulated data
using both adaptive and non-adaptive sampling. Once sample complexity bounds are satisfied, we
can achieve precise levels of relative error for completing a tensor by looking at what is overall
a small fraction of its total entries. We also demonstrate empirically our method works for four
mode tensors. In prior works such as [39], results of this kind are given only for two mode
tensors; in [45] tensors of three modes. Furthermore we show how using Tensor Sandwich/Deli to
initialize a masked-alternating least squares scheme with even a few iterations provides significant
improvement in accuracy. We compare our adaptive results to [39] and [45], and show that Tensor
Deli can perform well in terms of accuracy and sample complexity while also providing a factorized
tensor.

In all cases with the simulated data, the tensor is generated by drawing factor matrices of shape
R™ with i.i.d standard Gaussian entries and then normalizing the columns. For simulated data,
for each mode d, the side-lengths n are the same, and thus the tensor has n? total entries. We then
have the option to weight the components using decaying weights described by the parameter «,

i.e.
(1
=), (7) a;’o-oa) (43)
=1

In each experiment, the median of the errors is taken over ten independent trials. In each Tensor
Deli experiment, after selecting frontal slices to complete, within these slices we sample using a
budget of m = y(n?) samples (adaptively or non-adaptively), where y € [0, 1] is the proportion of
the total #n? entries of the slice available for sampling in the matrix completion step. Slices are then
completed using the semi-definite programming formulation of the nuclear norm minimization and
solved via Douglas-Rachford splitting, see [54]. In this step, convergence is declared once the
primal residual, dual residual and duality gap are below 1073 for each of the s selected slices, or
after 10,000 iterations per slice, whichever comes first. We note that the accuracy of this matrix

completion step influences numerically what is achievable in terms of overall accuracy for the
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completed tensor, and that the error for completing these slices is compounded in the subsequent
steps (even in the absence of noise). This explains the apparent “leveling off” of the relative error
even as sample complexity or signal-to-noise ratios increase. The number of fibers to sample,

and which are used to estimate the remaining d — 2 factor matrices is given by ér, where ¢ is an
oversampling factor of size at least one.

In Figure 4.2, we see a phase transition of our method. For a given rank, prior to a threshold,
the error is dominated by the inability to accurately complete the s slices. Once sufficient samples
are obtained within these slices, completion reliably succeeds and accuracy approaches the limiting
numerical accuracy inherited from the initial slice completion step. We empirically see in Figure
4.2 the linear relationship of the sample complexity on the rank of the tensor - it takes approximately

twice as many samples to reach this phase transition in terms of relative error when we compare
the rank 5 case with the rank 10 case. In this figure, d = 3, n = 200, «

=2,5=2,0 =4, the
parameter y is varied within in the interval (0, 1) and is driving the overall sample complexity.

lo-1 Relative Error by Sample Complexity
L 1
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_ LN e N rank 10
= | — 1 LY "\
JE 1072y % «- rank 15
- \ LS --e- rank 20
[w] I:I \\\ l\‘-'-.
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Lll.: 10—3 ] 1Il. \N\“\‘ ‘.\\ ,’.\
'1,. 'II \\ \\\ ,ra ‘\.\
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\x __.-"‘-n-.._
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Figure 4.2 Median relative error (log-scaled) of completed tensors of varying rank as sample
complexity increases without noise.
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In Figure 4.3 we repeat a similar experiment, but for d = 4, n = 100, @ = 2 and for three different
ranks r = 5, 10, 15. These tensors are 12.5 times larger in terms of total number of entries than in
the three mode case studied in Figure 4.2. Our method is able to reach relative errors at or lower
than 1% using less than a tenth of one percent of the total entries. In plot (a) of Figure 4.3, we show
the median relative error for Tensor Deli and the relative error after ten iteration of masked-ALS
is performed on the result, i.e. the second set of experiments depend on the first in that ALS is
initialized using the Tensor Deli estimates of the CP factorization, and using the same revealed
entries, see [61]. As is well documented now, ALS can be quite sensitive to initialization and
prone to “swamps” where accuracy stagnates over a large number of iterations. This figure shows
however that Tensor Deli can provide high quality initialization, and with only a small number
of iterations we can improve the accuracy of the estimate of the completed tensor by an order of
magnitude without even needing to reveal more entries. Empirically we have observed ALS alone
is unable to achieve comparable relative errors at this sample complexity for any observed amount
of iterations, see Figure 4.5.

In plot (b) of Figure 4.3 we show the errors for adaptive vs non-adaptive strategy for each rank. In
the non-adaptive case, the s-slices are sampled more heavily, but in a uniform fashion. Furthermore,
no Q R-factorization is performed on the first two estimated factor matrices, and instead entries are
sampled uniformly throughout the rest of the tensor for the purposes of estimating the remaining
factors. Not surprisingly, in the case of random low-rank tensors, the density of the sampling in
the slices is driving the accuracy, and adapting the sampling pattern appears to have little effect -
the slices themselves are already highly incoherent, so there is little to gain by adapting. As we
discuss in the next section, on real world data with more structure, adaptive patterns do have a more
measurable effect.

In Figure 4.4, we add mean-zero i.i.d. Gaussian noise to each entry in our tensor and perform
the same completion strategy on the noisy tensor as described earlier in this section, d = 3, n = 200,
a =2,s =2,0 =4. For each trial, the noise tensor N is scaled to the appropriate signal-to-noise

ratio, i.e. SNR = 10log,, H The sample complexity proportions are fixed with respect to slice
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Figure 4.3 Median relative error (log-scaled) of completed four mode tensors of varying rank as
sample complexity increases without noise. Each value is the median of ten trials, s = 2,y €
[0.1,0.8],6 = 8. In plot (a) we compare the relative errors of Tensor Deli before and after ten
iterations of masked-ALS. In plot (b) we show error for both adaptive and non-adaptive sampling
schemes.

completion versus fibers sampled to estimate C but do scale linearly according to rank in order to
facilitate comparison. In all cases the total number of sampled entries is between 0.27% and 1.10%
of the total number of entries, depending on rank.

As alluded to earlier, we observed during these experiments that using masked alternating least
squares alone to complete our synthetic tensors (using either the Tensor Sandwich sample pattern,
or an equivalent proportion of uniformly drawn samples) achieved at best relative errors of about
6%. However, the estimate of the tensor as output by Algorithm 4.2, and its sample pattern can be
used as an initialization to an iterative scheme like alternating least squares to further improve the
accuracy of the completed tensor. In Figure 4.5, we show three sets of related experiments: the
relative error at various ranks achieved by alternating least squares alone (AS), Tensor Sandwich
alone (TS), or alternating least squares initialized by Tensor Sandwich (TS + ALS). In each trial, 100
iterations of alternating least squares are used, weights for components are set to decay according
to (4.3), and each of the three variations for completing the tensor are used on the same data. We
notice that at this level of sample complexity, for either a sample mask chosen uniformly at random
or according to the adaptive scheme described in this work, ALS alone is limited. Combined with
Tensor Sandwich, however, we can see roughly an order of magnitude improvement in relative error

by performing a hundred iterations of ALS on the TS estimate. This shows Tensor Sandwich can
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Relative Error by SNR
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Figure 4.4 Median relative error (log-scaled) of completed tensors of varying rank for different
levels of white Gaussian noise. Sample complexity is less than 1.1% for all trials, scaled linearly
by rank.

be useful as an initialization strategy for other completion methods, either to save on run time by
decreasing the total number of iterations needed, or to improve the accuracy of the final estimate.
Here d =3, n =200, « =2, s = 2,6 = 4. In all cases the total number of sampled entries is
between 0.27% and 1.10% of the total number of entries, with linear scaling depending on rank to
facilitate comparison.

In next pair of experiments, we compare one of the existing (non-adaptive) completion methods
discussed in Subsection 4.1.2 to Tensor Sandwich. We use the same overall sample budget for
Tensor Sandwich but instead use the Algorithm in [51] which we refer to as Tensor Complete
(TC). The range of total values sampled is the same as in Figure 4.2. Implementation details make
direct comparisons difficult. However, the empirical findings summarized in Figure 4.6 suggest
that Tensor Sandwich can produce better estimates for high rank tensors than Tensor Complete can
when sample budgets are limited.

In Figure 4.7 we show a comparison of one of the few adaptive methods we identified in the
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ALS and TS Comparison
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Figure 4.5 Median relative error (log-scaled) of completed tensors of varying rank for different
levels of white Gaussian noise. Sample complexity is less than 1.1% for all trials, scaled linearly
by rank. Tensors are completed using 100 iterations of alternating least squares (ALS), or Tensor
Sandwich (TS), or 100 iterations of ALS initialized by Tensor Sandwich (TS+ALS).

area, proposed in [39] (denoted KS in the figure) and adaptive Tensor Sandwich for d = 3, n = 40,
a = 1 with ten iterations of post-ALS and for three different ranks r = 4, 6, 8. In plot (a) we have
along the horizontal axis the two respective parameters for each of the methods that drives their
overall sample complexity. For KS, the sample complexity is largely driven by the proportion of
entries the method is able to sample in a given fiber to test whether that fiber should be added to
the basis. For Tensor Deli, this is vy, the proportion of entries in a single face the method is able to
sample when completing that slice. In the figure we note Tensor Deli exhibits a phase transition for
each rank where after this threshold of a certain size for v the method achieves much better relative
error. That this threshold changes in an approximately linear fashion with respect to rank supports
out theoretical conclusions. Plot (b) in Figure 4.7 changes the horizontal axis to total percent of
the tensor sampled, and we can now plainly observe that, for a smaller overall sample budget by a
factor of least four, Tensor Deli is able to complete the data more accurately than KS. It is also the

case that Tensor Deli outputs an estimate that is truly a CP-tensor of the chosen rank truncation,
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TC and TS Comparison
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Figure 4.6 Median relative error (log-scaled) of completed tensors of varying rank for different
total number of entries revealed. Tensors are completed using Tensor Sandwich (TS), or Tensor
Complete as described in [51] without noise.

whereas KS in general will not output a tensor that has a CP-decomposition of the selected rank,
but instead a more complicated recursive decomposition. CP fitting can be conducted on the KS
estimate, for example using iterations of ALS, but this in general will reduce the accuracy of the

estimate.
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KS and Tensor Deli Comparison
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Figure 4.7 Median relative error (log-scaled) of completed three mode tensors of varying rank
without noise for our proposed Tensor Deli with adaptive sampling method, and the adaptive
algorithm proposed in [39]. Each value is the median of ten trials, for Tensor Deli s = 2,y €
[0.2,0.8],6 = 8, for KS the proportion of entries that can be sampled for a fiber range from
[0,2,0.8]. In plot (a) we show the relative error by the face or fiber sampling parameter for each

of the methods.
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4.3.2 Applications

We also apply Tensor Sandwich on data-sets in following application areas: chemo-metrics, and
hyper-spectral imaging. The chemo-metrics data-set is as used in [7]. It is florescence measured
from known analytes and the data is intended for calibration purposes. There are a total of 405
fluorophores of six different types. For each sample an Excitation Emission Matrix (EEM) was
measured - i.e. fluorescence intensity was collected for different set levels of excitation wavelength
and emission wavelength. The EEM of an unknown sample can be used for its identification and
studying other properties of interest for a given analyte. In this data-set there are a 136 emission
wavelengths and 19 excitation wavelengths. In the original tensor, there are five replicates per
sample, however in our experiment we discarded all but the first set of replicates and so formed
then a three mode tensor of size 405 x 136 X 19. We compare the completed tensor for five different
choices of rank, r = 11,13,15,17,19. We set s = 4, and thus complete four frontal slices. We
fix frontal slices where the third mode is at indices 5,9, 13, 17 across all experiments in order to
facilitate better comparison. In Figure 4.8, we show the recovered tensor for a representative frontal
slice at each of the different ranks. Below this in the same figure, we have fixed a representative
lateral slice, which corresponds to a completed EEM for a particular sample of an analyte at the
different ranks. In all cases, the total number of entries revealed is between 10 and 11% of the
tensor’s entries, we performed adaptive sampling and ten iterations of ALS on the resulting CP
estimate, sampling parameters y and ¢ are 0.5 and 10 respectively.

Furthermore, in Figure 4.9 we show evidence that indeed, in practical applications unlike the
simulated data, there is quite clearly a benefit to sample adaptively in terms of the trade off between
accuracy and sample complexity. In this Figure, for a fixed rank of 15 and a fixed sample complexity
using four slices and the sampling parameters of 0.5 and 10 for y and ¢, using the same lateral
slice as before in Figure 4.8, we show the completed EEM and corresponding relative error for this
slice using the adaptive Tensor Deli (Algorithm 4.3), the adaptive Tensor Deli with ten iterations of
ALS, and non-adaptive Tensor Deli. In this case, the additional ALS iterations show only modest

improvement to the overall estimates, however the adaptive scheme’s accuracy has a much larger
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effect. This is likely do to the fact the data’s coherence and other parameters related to the problem

are far from ideal, especially when compared to the simulated case from earlier.

Original, X, - o

4
2
1
0

Sample Number
w o
& s 8 3
s 5 s 3

=]
S

5]
S

Emission

Rank=11 Rank 13 Rank 15 Rank 17 Rank 19
Original, X149, -, 0.084

F 400
+350
300
F250
+200
- 150
- 100
- 50

Lo

Excitation

Emission

Figure 4.8 Slices of a completed tensor for fluorence data. The top row shows the original frontal
slice X.. 9 and the same slice completed at ranks 11, 13,15, 17, 19 with the corresponding relative
error. The bottom row shows a lateral slice Xj49.., which corresponds then to the EEM for the
single analyte number 149 in the dataset.

The next application is hyperspectral imaging data. The datais as found in [6]. The hyperspectral

sensor data was acquired in June 1992 and consists of aerial images of an approximately two mile
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Figure 4.9 Lateral slice corresponding to the EEM for analyte number 149 in the fluorence data is
compared with the corresponding slice completed from adaptive, adaptive with extra iterations of
ALS, and non-adaptive Tensor Deli. Relative error for the slice is listed for each method. Rank is
fixed at 15 for each, sample complexity is fixed at about 10% of entries using sampling parameters
of 0.5 and 10 for y and ¢ respectively.

by to mile Purdue University Agronomy farm and was originally intended for soils research.
The data consists of 200 images at different wave lengths that are 145 by 145 pixels each. We

thus form a three mode, 145 x 145 x 200 data tensor. We complete the tensor using s = 9,
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where we have fixed these frontal slices at indices 20, 40, 60, 80, 100, 120, 140, 160, 180 across all
experiments to facilitate comparison. Shown in Figure 4.10, we have completed the tensor for ranks
r = 20, 30, 40, 50, 60, 80 and displayed a fixed, representative frontal slice at index 48. The first
row consists of data completed using Tensor Deli with adaptive sampling, with parameters y = 0.7
and ¢ = 10 for a total sample budget that is about 4.5% of the total entries. The second row then
performs ten iterations of masked-ALS using the initialization of the top row and the same revealed
entries. The last row consists of ten iterations masked-ALS, which is initialized using the SVD of
the flattenings, e.g. see [61].

Empirically, we observe the hyperspectral image dataset is imperfectly approximated by a low-
rank CP decomposition to begin with. In Figure 4.10, we see Tensor Deli alone performs in terms of
global relative error certainly no better than masked-ALS alone on this data. However, it provides
a superior initialization to ALS, as we can see in the second row. Moreover, we observe there is
a qualitative difference in the completed slices and their errors. In the ALS alone case, the error
appears achieved by a sort of local averaging of intensity of the pixels whereas Tensor Deli does
capture contrasts and local features more distinctly, and the errors are largest on rows and columns
it “misses” or imperfectly completes. This can be seen by looking at a heat map of the error slice
by slice. Looking at the middle row, we can see there is a distinct advantage of combining these

two types of methods to achieve the best sort of completion for this dataset.

4.4 Discussion

We have presented an adaptive sampling approach for low CP-rank tensor completion which
completes a CP-rank r tensor of size n X n X n using O(nr log? r) samples with high probability.
Our method significantly improves on the tensor completion result in [39] while only making a
mild additional assumption on the third factor matrix. We also provided numerical experiments to
demonstrate that a version of our tensor completion method is robust to noise empirically, works
as a high quality initialization to ALS, and can run efficiently on tensors of more than three modes,
in the regime of hundreds of millions of entries.

A non-adaptive version of our tensor completion algorithm is also possible, as suggested in
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Original Rank=20 ank30 Rank=40 Rank=50 Rank=60

Deli + ALS Deli

ALS

0.218 0.216 0.216 0.215 0.216 0.211

Figure 4.10 Slices of a completed tensor for hyperspectral data. The first column shows the
original frontal slice X..4s and the same slice completed at ranks 20, 30, 40, 50, 60, 80 with the
corresponding relative error below for three different methods. The top row is adaptive Tensor Deli
with sampling parameters y = 0.7, 6 = 10, the middle row shows the slice after ten iterations of
ALS using the Deli initialization and the last row shows SVD initialized masked-ALS.

Section 4.5. Second, it is possible to extend our tensor completion method to higher-order tensors,
as we outline. We show the result for the case where factor matrices do not have zero values, as
this illuminates very clearly what system of equations must be consistent to ensure exact recovery
of the factor matrix, however it is possible to remove this assumption, and instead deal with the

case of zeroes in the factor matrices using (a few) more samples.

4.5 Extending to Higher Order Tensors

The purpose of this section is to include details on how the proposed method can be extended
to tensors of more than three modes. Within this proof we also see how the method can be made
non-adaptive; by increasing the sample complexity to meet the necessary bounds for the matrix

completion and censored least square solves with high probability.
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Algorithm 4.3 Adaptive Tensor Deli for Order-d Tensors with No Zeros in AG) . A@D
input : S C [n3] slices to complete

output : T, completed tensor

# Slice Complete Phase

for k € S do

,,,,,,,,,, 1. Algorithm 1 in [40] uses at most
Cipo max(ny, np)r log?(r2/6) adaptively chosen samples.
end
# Jennrich Complete Phase
Generate random vectors u, v € S571;
Ty — 2kesurT k...
T, « Ykes VT k1.0
Compute eigen-decomposition AVA (AW = T,,(T,)*
AQ (A(l))_lTu
# Censored Least Squares Phase to learn modes 3 through d
for k=3,4,...,ddo
Q) _1 « fiber sampler(A(l), A@ r, v)
(4(3))T « censored least squares ((A(I)QA(Z)),‘7,71,i2,1,'_,,1,ik,1,”_,1 s.t. (i1,ip,1,..., 1,0, 1,...,1) €
Q1)
A% — AWM with columns normalized to unit length
end
a « censored least squares ((A(D © A?) ... © AD) vec(F) s.t. (i) € Uf;ll Qi-1)
T — [[a,AD, ..., A@]]
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Theorem 4.2. Suppose that the factor matrices satisfy the following assumptions for CP rank-r
tensor T~ € RM>Xmxxnd

e rank(A(M) = rank(A®) = r

o u(AM) < g

e every s X r submatrix of A®) has Kruskal rank > 2

o fork=3,...,d, A® has no entries which are 0.

Then, with probability at least 1 — s6, Algorithm 3 completes T and uses at most

d
s (C,uonr logz(rz/é)) +r Z N
k=3

samples, n = max(ny, ny)
Proof. We can prove this result by completing well chosen 3-mode sub-tensors. Consider first the
3-mode sub-tensor 7, ;, ;i fori; C [n;], i the index vector of all ones of length d — 3, [1]973. By
our assumptions and Theorem 4.1, using the corresponding set of entries as previously described
in the proof of Theorem 4.1 only where modes beyond three are fixed at index 1, we can define
sets Q; C [n1] X [n2] X [sk], the set of indices needed to complete the s selected (frontal) slices
for matrix completion, where s; € S, S C [n3] and used to find factor matrices AM and A® and
Q, C [n1] X [n2] X [n3] X [1] X --- x [1] where (i1,i2,i3,1,...,1) s.t. (i1,ip) are selected from
the QR decomposition of (A) @ A®)T | i3 ranges over all [n3] are the set of fibers needed we can
complete the 3-mode sub-tensor and obtain factor matrices A®). That is, using the same procedure

as the three mode case, we have solved the system of equations for {AS}}Z:I,

r

p

(1) 4(2) 4(3) 4) (d)y _ (1) 4,2 73)
Z(Ail,fAiz,é’Aig,K)(Al,f T Al,t’) - Z Ail,t’Aiz,fAi3,€
=1 £=1

= Jiyini3, 11,01

Where AQ)& = A@KAY? Ceee Aidg, i.e. the scaled version of A®, importantly, because the
13, 13, 5 5
factor matrices are assumed to be entirely non-zero, AE‘? and so on will all be non-zero, and so

we are guaranteed a non-zero and thus informative value for A in all the r selected equations.
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We remark, here suggests immediately how we can relax the last assumption concerning the factor
matrices for modes 4 and higher. Should the factor matrices in fact have zeroes, we can with high
probability get » informative equations by sampling more.

We can now permute the indices, and solve a similar looking system for the similarly defined
AW, (i1,12) same as before, iy € [n4] and so indices (iy, iz, 1,i4,1,...,1) € Q3 correspond to r

mode-4 fibers of the tensor. We have the system

r

p

(1) 42 44 (3) A4 (d)y _ (1) 42 74
Z(Ail,fAiz,t’Au,t’)(Al,{’ ' A1,€ T Al,t’) - Z Ail,t’Aiz,é’Au,f
=1 =1

= Tiin Vgl 1

We repeat this procedure for all remaining factor matrices. A final solve to rectify the scaling
indeterminacy and obtain the weights of the rank-1 components as the vector & € R, i.e. solve the

censored least squares

(A(l) 0AP 0 AV o...0 A)q = vec(7)a

Q= Ui;} Q. To show then the sample complexity bound, we need to bound |Q2|. We have r
fibers in d — 2 modes indexed by (iy,i,1,...,ik,..., 1), foreach k = 3,4,...,d, i} € [ni] and
these indices are in Q;_;. Le. (d — 2)r fibers of length n; for a total of r 21923 n; revealed indices
from fiber sampling once we have union bounded over all the sets €. This is in addition (but again
potentially intersecting) with the revealed entries used to completed the s slices, the elements of

set 1. A final union bound yields the desired sample complexity and failure probability.
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