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ABSTRACT
Constitutive modeling of engineering materials is a prerequisite to making predictions about systems
of which those materials are components. Often the analyst is faced with a new material or a
traditional material in a state (strain, strain rate, temperature, etc.) for which there is no accepted
constitutive model. In such cases the analyst must construct a constitutive model suitable to the
purpose in an ad hoc manner, a task often dependent on individual experience or serendipity.

Here, we firstly explore a naive genetic programming approach to constructing constitutive
equations suitable for engineering analysis, but the results of its direct application are disappointing.
Next, a number of approaches are employed to address the problem in its components resulting
in significantly better equations with respect to criteria regularly applied to assessing the utility of
constitutive models. We refer to this collection of approaches as "guided evolution".

For instance, one of those approached is to generate the basis functions of subsets of model
parameters, making it easier to formulate the nonlinear behavior for engineering materials. This
consideration of the separate effects of each variable or set of variables facilitates selection of
experiments to identify subsets of parameters and to ascribe physical meaning to the corresponding
terms. Further, by using such basis functions, we can generate hierarchical models with varying
conformity to experimental data, complexity, and condition number. This and other forms of guided
evolution constitute the bulk of this dissertation and are a major portion of the research reported in
this dissertation.

It is conventional to try to find a vector of parameters in the process of model calibration that
yields an adequate fit with the calibration data and to use that for model predictions. A measure
of merit for constitutive models is that though there be a unique parameter vector that best fits
the data. If this condition is not satisfied there may be substantial variance for the models that
can be fit equally well by a multitude of parameter vectors and uncertainty quantification becomes
impossible. The contribution of non-uniqueness of calibrated parameter vectors to meaningful
prediction is illustrated on two different problems. Addressing this issue is another significant

portion of the research reported in this dissertation.



A mathematical formulation involving condition number of a Hessian matrix is proposed so as
to incorporate this parameterization issue in the production of candidate constitutive models. Multi-
objective optimization is employed to generate constitutive models with good fitness, complexity,
and condition number. The evaluation of one of these, the condition number, is computationally
prohibitive when incorporated into the problem in a conventional manner. We developed an
approach to alleviate this issue and generate models at great efficiency. This appears to be a new,

and efficient approach to multi-objective optimization through genetic programming.
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CHAPTER 1

INTRODUCTION

Material constitutive equations are ubiquitous in physics and engineering calculations. In the
macroscopic world there are a small number of conservation equations, such as those of mass,
energy, and momentum, and a large number of constitutive equations which describe the response
of materials to loads of one sort or another (such as pressure change in response to volume change or
heat flux in response to temperature gradient). It is through the combination of these conservation
principles and material constitutive models that the governing equations describing phenomena
of interest are obtained.! For instance, the Navier Stokes equation is obtained by combining
conservation of mass and of linear momentum with two constitutive equations: Newton’s “law of
viscosity" and another constitutive equation relating pressure, temperature, and density, such as the
ideal gas law [4].

Constitutive models play an important role in understanding the properties and performance
of materials. Use of computer methods for developing mathematical models from experimental
data has attracted many researchers due to its wide applicability. Langley [5] is an early attempt to
develop a computer program to rediscover physical laws, such as the ideal gas law, Kepler’s third
law, Coulomb’s law, Ohm’s law or Galileo’s law. Bongard and Lipson [6] used GP to discover a
set of differential equations from time series data for a nonlinear dynamic system. Schmidt and
Lipson [7] distilled models for various dynamic systems, including an air-track oscillator and a

double pendulum. Stalzer and Ju [8] rediscovered the Maxwell equations from experimental data.

1.1 Motivation

Often an engineer encounters problems for which the relevant materials are less well known
and the necessary constitutive models are not available. Sometimes there is a wealth of candidate
constitutive models, but little clarity as to which ones makes sense for the material at hand. But

very often, there are complex models at hand, yet not enough data on the specific material of interest

!Other physics principles serve as constraints on constitutive models. For instance objectivity is the requirement
that the form of a constitutive equation be independent of the frame of reference of the observer [1], [2] and the second
law of thermodynamics places constraints on the positivity of dissipation [3].



to parameterize such a model. What is the engineering analyst to do?

In general in such situations, the analyst must make ad hoc improvisations. The purpose of
the research reported here is to provide some approaches for systematic generation/selection of
constitutive equations using available data. This set of approaches should be useful both to the
neophyte modeller as well as to one well versed on the specific material properties to be modelled.

Given the recent revolutionary advances in machine learning (ML) it is natural to look at ML
for facilitating material model development and the flavor of machine learning that would appear
most suitable is genetic programming (GP). GP is the application of evolutionary methods to both
mathematical operators and parameters to produce equations consistent with available data [9]. To
be useful the evolutionary process must be guided so that the resulting equations themselves are
useful for the purpose: facilitating prediction, validation, perturbation, and uncertainty quantification.

This process is discussed extensively below.
1.2 Background

1.2.1 Constitutive modelling

Constitutive models - sometimes referred to as equations of state - refer to the equations that
describe the physical properties and responses of a given material under different mechanical and
environmental conditions to given loads [10].2

One of the major purposes of constitutive models is to enable predictions of some responses
of a system of which that material is a component. The more complex the material response, the
more extensive are the experiments necessary for its characterization. Some common classes of
constitutive responses are elastic, viscoelastic, plastic, viscoplastic, and elastic-plastic. An elastic
response is one where the stress resulting from a strain is a function of just that strain and is
independent of the strain path employed to get to the current state. A linearly elastic response is one
where there is a linear relationship between strain and stress. Viscoelastic materials have properties

of both liquids and solids and manifest such phenomena as creep and relaxation [12, 13]. For such

ZEquivalently, Rubin defines “A constitutive equation is an equation that characterizes the response of a given
material to deformations, deformation rates, thermal, electrical, magnetic or mechanobiological loads." [11]



materials, the stress will relax to zero over time after a closed strain cycle. Another popular class
of material has elastic-plastic responses. For such materials, the stress depends on the strain path
but not the strain rate; there is no creep or stress relaxation. Among the properties found with
such materials are yield, strain hardening, and permanent set [14]. The stress after a closed strain
cycle will in general not be zero. Elastic-plastic-hardening materials involve a tangent stiffness
that increases as the strain moves further into the plastic regime. Such behaviors are described by
hardening models [15], with different models needed for different materials, such as shape memory
alloys [16, 17, 18, 19, 20], bone tissue [21, 22, 23, 24, 25], and soft clays [26, 27, 28].

To put this in perspective, consider the use of a finite element analysis (FEA) code to solve a
problem of solid mechanics. FEA code is used to solve the relevant conservation equations while
a user specifies the constitutive equations, boundary conditions, initial conditions, etc [29, 30].
For very common materials, the code may provide a selection of constitutive equations and a user
has only to specify model parameters. For instance, for the case of a linearly elastic, isotropic
solid, a user might specify Young’s modulus and a Poisson ratio. For materials without common
constitutive models, the user has to provide both the model and its parameters. The accuracy and
reliability of the numerical predictions depends on the selection of underlying constitutive models
and how well they can capture a material’s response. Well calibrated and validated constitutive
models have been used successfully in a huge variety of problems, including modelling of brain
development, brain injury and brain surgery [31]; drug and oxygen transportation [32]; and turbine
design [33]. Constitutive models are also very important to the design and analysis of composites
[34, 35, 36, 37]. In order to obtain an optimal design, accurate modeling of the behavior of
component materials is essential to the design integrity and quality of the mechanical component
[38, 39, 40].

The most fundamental distinction among constitutive models is whether the material at hand has
been studied enough and is understood sufficiently for constitutive models to have been developed
for it that can be used with confidence. For those materials for which there are no reliable

constitutive models available, the analyst must do his best to construct a model on the basis of



available experimental data, guided by some knowledge of the material and an understanding of
the constraints of continuum mechanics and of the requirements of computational mechanics.

Empirical models are generally obtained by fitting closed-form expressions or differential
equations to experimental data. The underlying experiments may be restricted to some narrow set
of loading and boundary conditions, so the utility of the resulting models is similarly restricted.
Of course, if experimental data are richer, much more general models can be derived. However,
these empirical models are quite useful in several ways. Being empirical, these models reflect the
response of the materials that were measured; they will, however, not have validity much beyond
the regimes in which the calibration tests were performed. Even though there sometimes is a lack
of theoretical consistency, they can provide bases on which to build more sophisticated and more
logically consistent models. Moreover, due to their simplicity, they can provide practical solutions
in engineering analysis.

Whether a constitutive model is a good model is evaluated in terms of its utility and its
consistency with known properties and material constraints. We assert that assessment of utility

involves the following criteria:

C1 The model must be sufficiently simple that the analyst can associate the component expressions
with features of the material response and it further must be in qualitative agreement with

what is known about the material.

C2 The form of the model should have predictable mathematical properties — for instance there
should be no complex singularities not easily reconcilable with material data, and those

properties should be consistent with engineering intuition.

C3 It should be possible to parameterize a model in some systematic manner. It is of further merit
that the model can be uniquely parameterized. For instance, where there is a sparsity of data
one would expect that a model with a large number of parameters would have an abundance
of plausible parameter sets - making uncertainty quantification impossible. Another aspect

of parameterization is that it is desirable, if possible, to devise experiments so that subsets



of the material parameters can be determined independently from the rest, thus reducing the

difficulty and uncertainty of determining the remaining parameters.

C4 If two models fit the experimental data approximately equally well, the model with fewer
parameters is preferable. This is referred to as parsimony and is related to the Akaike
information criterion [41] and to the Bayesian information criterion [42]. One way to look
at this criterion is that it should be possible to parameterize a model on a subset of the data
and still have an abundance of data remaining for validation. This is a soft condition: for
example, a model employing 8 parameters is generally seen preferable to one using twelve,
but a model using 8 parameters might be seen as approximately as useful as one employing

only 7 if it is better with respect to other criteria.

C5 If the material is a member of a larger set of similar materials from which one would expect
similar qualitative behavior, one hopes to develop a model form that applies to multiple

materials of that larger set.

C6 Implementation of the material model in numerical calculations (such as finite element
analysis) should be computationally tractable. For instance, a constitutive model that
causes the resulting system of equations to be ill-conditioned is undesirable. Similarly,
a constitutive model that requires a very large number of internal calculations would impede

that computational process.

1.2.2 Genetic Programming

1.2.2.1 Genetic Algorithms and Genetic Programming

Genetic Algorithm (GA) and Genetic Programming are two types of evolutionary algorithms,
which use the mechanisms inspired by natural evolution, including selection, reproduction, mutation
and crossover. The algorithm starts with an initial population of solutions, then evolves with genetic

operators such as selection, mutation and crossover to generate the next generation. This process is



repeated until a stopping criteria is met. The process of GA and GP can be summarized in Figure

Initial Population
le
¢‘

[ Fitness Evaluation ]

Stopping Criteria

N
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o
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b

Figure 1.1 The general process of Genetic Algorighm and Genetic Programming.

The concept of the Genetic Algorithm (GA) was first proposed by John Holland [43] in the
1960s. Basically, a GA is a simple computational implementation of key aspects of Darwin’s
theory of evolution, variation, selection and inheritance. In a GA, each solution to a problem is
represented by a fixed length data structure called a genome, and a population of such genomes,
individually differing in some way, are evolved until a best solution to a problem is found.

Genetic Programming (GP) was proposed by Koza [9, 44] as an extension of GA ideas, applied to
arbitrary structures, among them algorithmic and program structures. Based on the same Darwinian
principles of variation, selection and inheritance, GP ‘breeds’ program or algorithm structures

through continuous improvement of an initially random population of individuals. Improvements



are made possible by stochastic variation of programs and selection according to pre-specified
criteria for judging the quality of a solution [45].

A major distinction between a GA and GP is the representation, a fixed-length genome of
numbers in the case of GA, a variable-length structure (For example, tree) in GP that can be
interpreted as a computer program or mathematical expression. A classical representation of
individuals in GA and GP is shown in Figure 1.2 and 1.3. Naturally, GP has a much larger search

space [46] due to the combinatorics of its elements.

Figure 1.2 A representation of individual in Genetic Algorithm.

N\

O OB
OO O

Figure 1.3 A representation of ((5 — );‘) + (3 = exp(x))) in Genetic Programming.

One can think of a genetic algorithm as producing optimal numeral solutions while a genetic

program results in an optimal structure, such as an equation or program.

1.2.2.2 GP and Constitutive Modeling

Various techniques such as artificial neural network (ANN) methods, regression analysis and
genetic programming (GP) have been used for the development of constitutive models in engineering
[47, 48, 49, 50]. Current technological developments in ANNs have made it possible to generate

accurate and reliable models in the engineering field [51]. Such networks can be trained based on



experimental data demonstrating modeling capability similar to that of humans. However, ANN
modeling techniques also have drawbacks: the performance of an ANN is largely dependent on
the network structure and the parameter settings, and, most importantly, ANNs cannot generate
an explicit mathematical expression to describe the functional relationship between given inputs
and outputs resulting in black box models. Unlike ANNs, GP produces an explicit mathematical
equation with all the parameters generated automatically during the evolution.

Numerous researchers have demonstrated the accuracy and reliability of GP methods in
developing engineering models. Schmidt and Lipson used GP to distill physical laws - Lagrangian
mechanics - from experimental data of oscillators on an air-track system and of a double pendulum
system [7]. Sastry et al. [52] used GP to generate a constitutive model from experimental data
of a common aluminum alloy AA7055, that is almost the same as one constructed by subject
matter experts [53]. Versino et al. [54] used GP to discover a constitutive model that describes the
deformation behavior of metallic copper. Slepoy et al. [55] used GP to generate a methodology
that can automatically discover force field functional forms for molecular dynamics. Azim et al
[56] used GP to develop a predictive model for the compressive arch capacity of a reinforced
concrete beam-column structure. In [57], GP was employed to establish a predictive model for the
hot deformation behavior of a nickel-based superalloy. Chaabene et al [58] trained a GP model to
develop a shear strength equation for steel fiber-reinforced concrete beams without stirrups. Nazari
et al [59] selected GP for the formulation of impact energy of laminated nanocomposites. Gandomi
et al [60] used GP to obtain constitutive relationships between the moment capacity and mechanical
and geometrical parameters. Majidifard et al [61] used GP to model the rutting depth of asphalt
mixtures. Feng et al [62] used GP to establish a constitutive model for rocks.

Model complexity is a very important issue in GP-based approaches. During the model selection
process, a model with lower complexity is considered superior because it is more likely to have
good prediction performance on unseen data. There are a number of approaches in the literature
for formulating model complexity measures. These approaches can be divided into two categories:

structural complexity measures [63, 64] and behavioral complexity measures [65]. Structural



complexity is related to the size of GP model and may be measured by the number of nodes in
the corresponding tree. Behavioral complexity is determined by computing the outputs over the
possible input space, and similar structures may result in radically different behaviors [66]. In this
research, we choose to use the number of nodes as the model complexity metric.

Over the years, a number of techniques have been proposed to improve the efficiency of
standard GP, such as GP combined with simulated annealing [67], GP integrated with a GA [68],
a hybridization of GP and orthogonal least squares [69], GP with statistical regression [70], neural
network - GP hybrids [71], GP-based fuzzy regression [72], multi-stage genetic programming [73],
improved multi-stage genetic programming — MSGP-LASSO [74], and evolutionary polynomial
regression [75, 76, 77, 78]. All of these methods are to improve the efficiency of the evolutionary

process, though our emphasis is instead to generate useful constitutive equations.

1.2.3 Condition Number

We use the condition number to represent uniqueness of the parameterization. A lower condition
number means the parameters can be determined uniquely. There have been some studies on using
condition number to help generate robust systems. Miranowicz et al. [79] used condition number to
find the optimal two-qubit protocals for quantum state tomography which is the most robust against
errors. Kim et al. [80] developed a condition number based algorithm to identify parameters of
battery management systems. More references on condition number of linear systems can be found
in [81, 82].

The condition number of a matrix A is defined with 2-norm [83]:

Omax (A)
Omin(A)

where omax(A) is the maximum singular value and oy (A) is the minimal singular value. The

condy(A) = (1.1)

L

condition numbers could also be calculated via other norms, e.g. condg(A) = ||A||F ||A‘ 7> With
the Frobenius norm ||A||12F = 5'1.2. However, for brevity, we apply condition number defined in

Equation 1.1 in this study.



Assume we have a constitutive model in the form of
oc=F(€¢€0,p) (1.2)
where p is a vector of material parameters p = {p1, p2, ..., pn}. The error is defined as:
N
e(p) = ) (0% = F (€ &, oa, )’ (13)

Parameterization is done by minimizing e with respect to p. We postulate that for any ¢, there

exists a ps such that:

e(ps) —e" <6 (1.4)
where:
e" =min(e) (1.5)
And we define:
p" = lim ps (1.6)

Assume that we have ps, then we can approximate e in the vicinity of ps by:

82
e(p) = e(ps) + Ipé(p ps)+ 3 (p p(s) Ipé(p ps) (1.7)
By setting 6( p) - =0, we get:
ae 02
_7¢ 1.

This can be used as an iterative schema to converge on p., and we can have:

de d%e "

_ n+l _ on 1.
0 ar | pr a ap ——pn(p ") (1.9)
d2e 626 de

pl— —|n 1.10

2
A necessary condition for convergence is that the Hessian matrix 8‘9 p

for how singular a matrix is the condition number or some monotonic function of the condition

number.

10



The Hessian matrix is:

Pe _Pe . e
ap;  9p1dp> Ip10pn
P e Pe ., O
dp20 2 Op20pn
H, = p20pi op; paop (1.11)
d%e d%e L. d%e
| 9pndp1 Opndp> ap3

The condition number of the above Hessian matrix is calculated using 1.1 with A being the Hessian

matrix.

1.3 Research Outline

The structure of this thesis is as follows. Chapter 2 contains a systematic approach to guide the
GP process to generate more suitable and useful models. It starts with a simple illustration of the
pitfalls of the direct application of GP to constitutive modelling; then the developed techniques and
approaches are outlined. The capabilities of the proposed approaches are demonstrated by their
application to different classes of materials.

Chapter 3 introduces another efficient approach to generate constitutive models. The basis
functions are generated first based on the data projection for each variable. It considers the separate
effects and the interactions of each variable to formulate the nonlinear material behavior. Also, by
using the basis functions, we can generate hierarchical models with varying fitness, complexity,
and condition number.

Chapter 4 investigates the issue of parameter uniqueness in constitutive models. In the first
part of Chapter 4, we investigate the non-uniqueness issue for models with multiple acceptable
vector of parameters. The second part of Chapter 4 seeks to generate models with better parameter
uniqueness. We pose this as one of multi-objective optimization problems. By using the developed
technique, we can generate constitutive models with good fitness, complexity and condition number
with great efficiency.

Chapter 5 consists of summary and conclusion.

11



CHAPTER 2

GUIDED EVOLUTION
As mentioned in Chapter 1, the purpose of this research is to provide some approaches for systematic
generation/selection of constitutive equations using available data, which can not be achieved by
the direct use of GP. That there are limitations to a direct application of GP is shown below -
in particular, naive application often yields unwieldy and/or nonsensical equations. However, the
approaches presented here make it possible to guide the GP process to generate more suitable and

more useful models.

2.1 Direct use of GP on engineering materials

The idea of using GP to generate constitutive models is straightforward and has been widely
applied. However, there are some very undesirable properties that can be generated in the equations.
For an illustration of the shortcomings of a direct use of GP for constitutive modeling, an example

involving frozen soil is reviewed here.

2.1.1 Test data
The test data is from [84], and is shown in Figure 2.1. In this data set, there are multiple strain

rates and temperatures.

2.1.2 Direct use of GP
Using genetic programming directly to derive a model yields a choice of equations, with a

typical one as shown here:

o(e,6T)=4.6758 (3.0 +T) (2.0 £)° — 885.07 (0.9519 T)® — 8.0057 (£2)>0¢
—965.43 (£% £)° —4.8007 T + 1392.6 £ log(e + &) — 885.07 log(£)® 2.1
+0.3965 £ T? (¢* + &) +2775.6

The curves of Equation 2.1 corresponding to the data are also shown shown in Figure 2.1.
We can see that Equation 2.1 is very complicated and impossible to interpret physically. Further,
the equation is hard to parameterize: terms like € make descent methods ill-conditioned and

there are no obvious methods to deduce subsets of the parameters independent of each other.

12



No measurements come to mind that would suggest experiments to directly determine any of the
parameters.

With that being said, it seems reasonable to search for models simpler than Equation 2.1, but
that fit the data at least as well. Since the direct use of GP generates some undesirable properties

we must develop an approach to guide GP to generate model forms with more desirable properties.

14 T T T
® 415/s, 263K
B 625/, 263K
12 A A 907 /s, 263K |
® 415/s, 258K
A m  625/s, 258K
ol 936/s, 258K | |
A ® 415/s, 253K
» B 625/s, 253K
—_ A A 915/s, 253K
CG 8 _ . . |
Ay A
=  =® .
~ 6l / [ ] < [ B
Q) ™
- ° 5 o . '. A
4+ / . ‘ |
/ - )
e ® o ®
2 (J E
° [
®
03 | 1 | | 1 |
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
£

Figure 2.1 Stress-Strain data for frozen soil [84] at different strain rates and temperatures. The
continuous plots are the results of direct application of GP to the whole data set. Each curve
corresponds to the test involving strain rate and temperature of the data of the corresponding color.

2.2 A More Systematic Approach

Constitutive equations for common engineering materials have been studied for decades and
generally there are so many postulated constitutive models that an engineering analyst (one making
numerical predictions) has an abundance of choice. On the other hand, many engineering
calculations must be made that involve materials for which there are no accepted constitutive
models and the engineering analyst must devise a model in an ad hoc manner. Very often analysts

are at a loss as to how even to begin developing an appropriate model.
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It would be a significant service to the engineering community if a framework could be developed

for quickly and systematically generating constitutive equations from modest amounts of data,

meeting most if not all of the criteria C1 through C6 above. Though direct use of GP does not

seem to serve this purpose, new methods are presented below for guiding GP to systematically

generate useful constitutive models from material data of the quality and sparsity generally found

in practice. The resulting models more consistently meet the specified criteria.

Among the techniques developed to work in concert with Genetic Programming to produce

useful engineering models are:

Ml

M2

M3

M4

M5

M6

Simplification through sensitivity analysis (SA).

Refinement of parameters via Genetic Algorithms (GA).

Introduction of intermediate functions in a manner akin to the method of ‘separation of
variables’ in solving differential equations. The method of intermediate functions is illustrated

in examples below and is discussed in detail in Appendix A 9.

Axis Distortion. In well-designed experimental studies, often tests are performed where only
one experimental parameter is changed at a time. Sometimes it appears that these results
would all fit on a master curve if one or more axes are stretched or compressed in some
manner. Often this is just a linear scaling, but sometimes it can be more complicated. The

natural constraints on distortion are continuity and monotonicity.

Seeding the initial GP population with plausible candidate expressions. Such expressions,
might be suggested by theory or they may just be known to be components of constitutive

equations of similar materials.

Culling out expressions having forms inconsistent with understanding of underlying physics

or leading to intractable computational burdens.

14



All of these concepts are illustrated below in the context of three very different types of materials.
Each of these techniques is described in detail as they are applied to the example materials below.

The overall approach is schematically illustrated in Figure 4.10.
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Data ! ¥y =p1 *hy(xz) + pz xhy(x3) + p3 * hg(xz) + -
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Figure 2.2 Schematic illustration the method of intermediate functions and the method of
sensitivity analysis and simplification.

2.3 Exploration on Different Material Classes
2.3.1 The Yield Stress Function

2.3.1.1 Test Data

An important component of modeling metals deformed beyond their elastic limits is the yield
function, expressing stress as a function of plastic strain, plastic strain rate, and temperature. One
example of experimental data for metal plasticity is that of [85] for titanium alloys, shown in Figure
2.3, depicting yield function o at different strains, strain rates and temperatures. The objective
of this section is to use GP to generate models that fit this data and, ideally, to satisfy the bulk of

conditions C1 through C5 of Chapter 1.2.1.
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2.3.1.2 Direct use of GP and two Refinement Approaches

The direct approach to using GP to generate an engineering equation is to take all the test data
as input into the GP. Mean Squared Error (MSE) is used while running GP. The default parameters
used in GP in this chapter are shown in Table 2.1. Such direct use of genetic programming produces

multiple models, of which the following is typical:
o(e,&T)=831.0271 - 108.0 7012 - 1277.0 T + 1611.0 £2°112 = 519.0  (2.2)

Here, T is the dimensionless quantity (7g — Tg) /T where Tg is the temperature of the experiment
in degrees Kelvin and T is the nominal room temperature (298 degrees Kelvin.)

The predictions of Equation 2.2 are shown in Figure 2.3. We can see Equation 2.2 does fit the
calibration data reasonably well. Also, Equation 2.2 has the advantages of being short and having

few parameters. On the negative side:

* It is inconsistent with some known properties of metal plasticity, in particular, it does not
show the coupling between dependence on temperature and dependence on strain rate that

the relevant material science would suggest. (Condition C1)

* Equation 2.2 is not very intuitive. It is hard for the analyst to comprehend the qualitative

mechanical behavior of a material represented by this equation. (Condition C2)

Table 2.1 Default parameters for GP.

Parameter Value
Population size 1000
Number of generations 150
Function set {+,—,%,/,log,exp}
Tournament size 40
Mutation probability 0.14
Crossover probability 0.84
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Let’s now employ a few of methods M1 through M6 mentioned above to improve on Equation

2.2.
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Figure 2.3 Stress-strain data for titanium alloys. The dashed curves correspond to direct
application of GP to the whole data set; the continuous curves correspond to the model resulting
from simplification and parametric refinement of the first model.

Method M1, sensitivity analysis [86, 87], is used to evaluate the importance of each term and
then to simplify the model by dropping the terms of least significance. Equation 2.2 can be written

in symbolic form as:
0 (8,8, T)=p1&”" —py TP — p3 T+ ps % — ps — 107 (2.3)

The importance of each term in Equation 2.3 is assessed by using the parameter values of Equation
2.2 but setting each coeflicient p; to zero, one at a time, and evaluating the resulting fitness. The
resulting sensitivities are reported in Table 2.2. One can observe that the contribution of the second
term, having coeflicient p», is much less significant than the contribution of the others.

Parameter refinement (M2) consists of maintaining the form of the constitutive equation, but

optimizing the model parameters to fit the experimental data. In this study, parameter refinement is
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done using a genetic algorithm (GA) for reasons of robustness. Plots of functions whose parameters
have been refined by use of a genetic algorithm are labeled by “GA".

The refined equation when p, = 0 becomes:
o(&,8,T) =850.5%% - 1619.4 T + 1452.9 913 — 376.8 (2.4)

The improved fit to the experimental data is also shown in Figure 2.3.
The two refinement methods presented so far in this section - sensitivity analysis to identify
expendable terms and genetic algorithms to refine the parameters of a model - are used throughout

the further development.

Table 2.2 Sensitivity analysis results. The first row of numbers are the initial fitness and the initial
values of the parameters; g1, g2, g3 are kept constant; smaller fitness values means a better fitting.

Fitness D1 J2) D3 P4 Ps q1 q2 q3

10.2 831 | 108 | 1277 | 1611 | 519 | 0.531 | 0.128 | 0.0112

252.9 0 | 108 | 1277 | 1611 | 519 | 0.531 | 0.128 | 0.0112

61.2 831 | 0 | 1277 | 1611 | 519 | 0.531 | 0.128 | 0.0112

176.7 831 | 108 0 1611 | 519 | 0.531 | 0.128 | 0.0112

1499 831 | 108 | 1277 0 519 | 0.531 | 0.128 | 0.0112

519.2954 | 831 | 108 | 1277 | 1611 | O | 0.531 | 0.128 | 0.0112

We have to address the issue of dimensionality in the sense that if one term in a summation has

units of say Force, all terms must have similar dimensions.

* If a term is a product of a constant and several parameters, we can in principle reconcile the
dimensions of the term by assigning the dimensions of the coefficient to make the product

have the correct dimensionality.
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* The problem becomes a little more difficult when we have functions such as log(€é) because
these arguments to these functions must be dimensionless. This can be addressed by

introducing a reference quantity, say € so that the term in the equation would be log(é/é).

The dimensionality issue would be most elegantly addressed by nondimensionalizing everything
and introducing dimensionless parameters using the Buckingham PI theorem, but that would be
beyond the scope of this study.

Given the uncertainties in the data, one might find the fit shown in Figure 2.3 to be adequate
and just stop there. However, it seems worthwhile to explore a model that does better with respect

to conditions C1 and C2, as we show next.

2.3.1.3 Intermediate Functions
Motivation Direct use of GP can generate equations that fit the test data. However, resulting
models often fail to make physical sense. The following approach helps to mitigate this problem.
We assume that o can be a product of three functions, fi(g), f2(€) and f3(T), where fi(¢) is a
function of € only, f>(&) is a function of & only, and f3(T) is a function of T only. This approach
might be thought of as analogous to the method of separation of variables in attempting to solve
partial differential equations and is discussed in more detail in Appendix ??.

The first step is to identify some point (€*, é*, T*) roughly in the center of the experimental

data. Functions along each axis going through that point are found as follows.

The function of strain To get fj(¢), test data is filtered to consider only data points with fixed
strain rate £* and temperature 7. From GP, we obtain the equation:

fi(e) =1100 %" + 1100 (2.5)
Then, a GA is used to refine the parameters in Equation 2.5, and the equation after refinement is:

fi(e) =1044.7 %% + 1110.7 (2.6)

The data on the indicated line and predictions of the model before and after parameter refinement

are shown in Figure 2.4.
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Figure 2.4 Stress-Strain data and predictions of expressions 2.5 and 2.6 for fi(&).

The function of strain rate To get f>(&), test data is filtered to consider only those data points at
strain £* and temperature 7. In this case, there are only three data points, and there first appears to

be a discontinuity around & = 0 but GP is very good at identifying this as a semi-log relationship:

(&) =3.9 log(&) + 1200 2.7)

The GA is used for parameter refinement and the result is:

£(8) = 17 log(&) + 1382 (2.8)

The fitting curves before and after the GA are shown in Figure 2.5. We see that GP followed by

GA refinement of the parameters provides very good agreement with this sparse data.
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Figure 2.5 Stress-Strain rate data and predictions of expressions 2.7 and 2.8 for f>(&).
The function of temperature For f3(7T'), GP yields an equation:
f3(T) = 1300 — 899.0 7001 (2.9)
After parameter refinement by GA, one obtains:
f3(T) = 1258 — 899.0 76! (2.10)

The fitting curves before and after the GA are shown in Figure 2.6, and again, we see that the model

with refined parameters agrees with the data well.
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Figure 2.6 Stress-Temperature data and predictions of expressions 2.9 and 2.10 for f3(7).

Use of intermediate functions for two-step GP So far, we have obtained three intermediate
functions fi(€), f2(¢) and f3(T). Genetic programming can now be used to find stress as a

function of fi (&), f2(£) and f3(T):
o(g,6T)=568%x107" fi(e) /(&) f3(T) +2.97 x 107'° (2.11)

Genetic programming yields multiple choices for expressions for o in terms of fi(g), f2(&),
and f3(T'), but Equation 2.11 ultimately involves significantly fewer parameters than the others.

Sensitivity analysis motivates dropping the constant term, leaving:
o(£,8,T) =5.68x 107" fi(e) fo(&) f(T)

=5.68 x 1077 (1044.7 £>7 + 1110.7)
(2.12)

(17 log(&) + 1382) (1258 — 899.0 70-61)

= 1100 (1 +0.94 £%7) (1 +0.0123 log(&)) (1 —0.715 7%

By using this method of intermediate functions (M3) we have obtained a constitutive model that

nicely identifies the dependence of stress on each of the test parameters. The analyst can look at
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this equation and obtain a reasonable understanding of the properties represented. Additionally, the
analyst can identify prescribed sets of experiments that would facilitate identification of parameter
values.

Equation 2.12 can be written in symbolic form as:

o(&,8,T) =ps (1+p1 &) (1+py log(é)) (1 - p3TP) (2.13)

Parameter refinement (M2) provides better parameters in Equation 2.13 and the optimized equation
is:
o(e,&T) =1052.8 (1 +1.03 &%) (1 +0.013 log(¢)) (1 - 0.89 707" (2.14)

The predictions of Equations 2.13 and 2.14 are shown in Figure 2.7. The constitutive equation

with optimized parameters are shown to conform to the data very well.
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Figure 2.7 Stress-Strain data for titanium alloys. The continuous plots correspond to the use of GP
with intermediate functions.
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2.3.1.4 Discussion

Using GP, Sensitivity Analysis(M1), GA for parameter refinement(M2), and intermediate
functions (M3), we have obtained a reasonably simple constitutive model that fits the data well.
Further, this model form provides a compact representation for material response with a very
intuitive partition of dependence on each of the three model inputs. Interestingly, Equation 2.14 is

almost identical in form to the famous Johnson-Cook model:
o(s,8,T) = (A + Bs") (1+cm _3) (1-1™) (2.15)
&0

Note that Equation 2.13 would be identical to the Johnson-Cook model were we to set p3
of Equation 2.13 to 1. Through this systematic approach of creating intermediate functions,
performing sensitivity analysis, and using a GA to refine parameters we have recovered a version

of a standard model in metal plasticity.

2.3.2 Bio-Material I: Tendon
The previous example in model creation involved metal plasticity. Let’s test these techniques

on a very different material: animal tendon.

2.3.2.1 Test data

The test data from [88] is shown in Figure 2.8. In this data set there are four different strain
rates, ranging from 0.6%/s to 24%/s. For bio-materials we expect some viscoelastic response, so
the variables on which we might expect stress to depend include €, &, and ¢. Stress rate (¢-) is not
provided directly, but can be deduced from the stress versus strain curves and knowledge of strain

rate.

2.3.2.2 Direct use of GP

Using GP directly, a fitting equation is found:

o(&,8,0) =309 & +308 &2 & +0.405 & & + 0.0458 (2.16)
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By sensitivity analysis we learn that the constant term can be dropped and when the parameters of

the remaining terms are further optimized by a GA the resulting model is:
(e, &,0)=231.68 +276.1?£+045e ¢ (2.17)

The fitting curves using Equation 2.16 and 2.17 are shown in Figure 2.8. Again we are in a
situation where GP provides a model that reproduces the data well, but the product terms € ¢ and
g2 & are not motivated by any physical argument, and we shall say that they are not necessarily
match the experimental data. We refer to such terms as non-physicall.

Let’s see if we can get more enlightening results when we try to use the method of intermediate

functions.
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Figure 2.8 Stress-Strain data for tendon. The dots are experimental data; the dashed lines
correspond to the direction application of GP; the continuous curves correspond to the direction
application of GP with SA and GA.

'We used the term "non-physical” to refer to terms that we did not expect to find in certain constitutive equations.
For instance, "The term d € is unexpected in this constitutive equation. Such a term does not seem to show up in
previous efforts in modeling such materials, and we do not see anything in the data that motivates this term." If our
efforts to guide evolution lead us to equations that have the same fidelity to data but do not involve this term, we are
inclined to avoid its use. For lack of better terminology, we refer to this term as "non-physical".
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2.3.2.3 Use of Intermediate Functions

The Function of Strain Here it is illustrated that one may use intermediate functions for some
experimental parameters and use other parameters directly. We assume that the o~ can be a function
of fi(e), f2(¢) and o. We could as easily employed fi(g), f>(£) and f3(d), but at the cost of
involving a few more parameters. To find fi(&), test data is filtered to consider only those data
points around the center of strain rate, denoted as £, and integrate over stress rate . From GP,

our equation for fj (&) is:

fi(e) =151 "1~ 0.00593 (2.18)

After sensitivity analysis, the constant term is dropped. The parameters are updated by GA and
the result is:

fi(e) =1545¢' 7 (2.19)

The fitting curves using Euqation 2.18 and 2.19 are shown in Figure 2.9.
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Figure 2.9 Stress-Strain data for tendon material and the predictions generated by Equation 2.18
and 2.19 for fi(e).
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The Function of Strain Rate To get f>(¢), test data is filtered to consider only those data points

at strain £* and integrate over stress rate ¢, with the result:
H(&)=4.03&+1.12 (2.20)

The fitting curve using Equation 2.20 is shown in Figure 2.10.
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Figure 2.10 Stress-Strain rate data for tendon material and the predictions generated by Equation
2.20 for f>(¢).

2.3.2.4 The results of two-step GP
So far, we have obtained intermediate functions fj(g) and f>(£). The next step is to find the
dependence of stress on fi (), f2(€) and . The new functions, fi(g), f>(€) and &, are evaluated

at each data point and used as three new inputs into the GP and the following equation is found:

o (&, &,¢) = 0.00558—0.00558 f>(£) —0.0732 fi (£)+0.355 f1 () £2(£)+0.00558 f (£) —0.0151
2.21)

Equation 2.21 can be rewritten in symbolic form:
o(g,€,0) =p1 0 —p2 2(€) — p3 f1(&) + pa f1(&) f2(€) + ps fi(e) o — ps (2.22)
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Successive sensitivity analysis shows that the term with p4 is the most significant one by
far. (This process involve successively creating sensitivity matrices, dropping one term at a time,
performing new sensitivity analysis using a new table.) All other terms are dropped, what remains
1s:

o (&,8) = pa fi(e) f2(&) (2.23)

GA is used to optimize the parameter in Equation 2.23 and the final result is:
o(&,8) =74 (296.36 & + 91.82) (2.24)

Note that our sensitivity/refinement process resulted in an equation for stress in which stress rate
does not play an role.

The predictions of Equation 2.24 is shown in Figure 2.11.
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Figure 2.11 Stress-Strain data for tendon. The dots are experimental data; the continuous plots
correspond to the use of GP with intermediate functions.
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2.3.2.5 Generality
A natural question when developing constitutive equations from calibration data is whether the
resulting equation (modulo parameters) applies to other similar materials (C5). To assess this, we

look to an entirely different set of tendon data.

Second Tendon Data Set The validation tendon data shown in Figure 2.12 is from a different

source [89], which involves four different strain rates.

Validity of Equation 2.23 for the New Data Set We first try the direct application of GP, and it

gives us:

o (e, &) = 0.7826 (6 — 5.0659) 7 — 9.2926 (2 £)° “+
(2.25)
3.1224 (0 — 2.2681)° +5.3909

Using the above model form (Equation 2.23) and GA to optimize the parameters for this new data

set, the resulting constitutive equation becomes:
o(&,8) = "9 (11.793 & + 140.032) (2.26)

The predictions of Equations 2.25 and 2.26 is shown along with the corresponding data in Figure
2.12. This argues for the generality of this constitutive model for tendon-like materials. Equation

2.26 1s an example of the category suggested by [90].
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Figure 2.12 Stress-Strain data for second tendon.

2.3.3 Second Bio-Material Class: The Common Carotid Artery

2.3.3.1 Test Data
The experiments of the above examples involve uni-axial loading conditions. Here we consider
the bi-axial stretch of the common carotid artery. The test data for intact arterial wall tissue is from

[91]. The stretch in circumferential and axial directions are denoted by 4g and A, respectively.

2.3.3.2 Direct use of GP

A typical equation from the direct use of GP is:

4.02
(g, A7) = 0.00011381 exp(a,) Ao+7438245 7 1

1
5.4925°6
/10

(2.27)

0.49481 exp(exp(1;)) —0.88807

As shown in Figure 2.13, there is good agreement between Equation 2.27 and the test data.
However, there are some very undesirable properties of the model which motivate us to use our

approaches to derive another model that better satisfies conditions C1 through C5 in Chapter 1.2.1.
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Figure 2.13 Circumferential stress-circumferential strain data for common carotid artery. The
continuous plots are models from direct application of GP.

2.3.3.3 Modelling the Circumferential Stress Using Intermediate Functions
We assume that the circumferential stress is a function of fj(1y) and f>(4,), where fj(1y) is

a function of stretch 1y and f>(1;) is a function of stretch 4,. Applying GP, SA and GA to find

f1(4p) yield:

f1(g) = 1.6618 x 1077 exp(12721) + 11.603 (A17)XP(10)™ " _ 4 g78 (2.28)

This is still an unappealing expression, involving terms whose qualitative meaning is hard to
interpret and which are unexpected in this sort of bio-mechanics. (There is not such an issue with
the equation for f>(1;).) To guide GP away from such terms, we employ a culling method in the
first generation and the subsequent evolutionary process in order to remove individuals with such
undesirable terms. While there is extensive literature on culling using fitness value as a criterion
[92, 93], we use it here in slightly different way: Terms that may have good fitness values but that

have unacceptable form are removed.
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Using culling along with GP and parameter refinement we obtain:

f1(Ag) = 13.18 exp(43¥) +0.0379 25°%° - 30.91 (2.29)

and

H(A;) =265.25 1, — 249.34 (2.30)

These are both much more acceptable expressions. Plots of Eqs. 2.28 and 2.29 are compared to
the data on which they are based in Figure 2.14. We see that both curves are in good agreement with
the data, even though Equation 2.29 is much simpler than the expression provided before culling

(Equation 2.28).
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Figure 2.14 Circumferential stress-circumferential strain data for common carotid artery and the
predictions of expressions 2.28 and 2.29 for f(4y).

Having reasonable expressions for intermediate functions fj(14) and f>(A;), GP is now used

to fit the circumferential stress data oy in terms of fj(1y) and f>(4;) to obtain Equation 2.31, a
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reasonably simple expression.

oo( g, A7) = 0.053 £1 (Ag) fo(1;) — 0.55 fi (1g) — 2.96 (2.31)

The comparison to data for three stretch ratios is shown in Figure 2.15 and agreement would
appear to be more than acceptable as will be seen in Table 2.5 in Chapter 2.3.5.5. The constant
term in Equation 2.31 appears because fi(1g) and f>(A;) is a function of stretch ratio instead of

strain.
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Figure 2.15 Circumferential stress - circumferential strain data for common carotid artery. The
continuous plots are models from GP using intermediate functions.

2.3.3.4 Fitting the Axial Stress

This is something of a consistency test to see if the model forms indicated by Egs. 2.29, 2.30
and 2.31 that were developed to model circumferential stress will do as well to fit the axial stress
data.

A genetic algorithm is used to parameterize these equations against their respective data to find

f1(Ag) = 1.20 exp(1,*+) - 5.84 (2.32)
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£(1,) =225.814, —222.22 (2.33)

0. (g, 1) = 0.123 f1(g) (1) — 0.95f1 (g) + 19.30 (2.34)

The fit of this model to axial stress data is shown in Figure 2.16.
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Figure 2.16 Axial stress - circumferential strain data for common carotid artery. The continuous

plots are models from GP using intermediate functions.

As will be seen in Table 2.5 in Chapter 2.3.5.5, this is a better than acceptable match between

the stress data and the constitutive model.

2.3.3.5 Model Validation

First we try the direct use of GP, and it gives us the following equations:

o, = 0.0383 (12)*2183% — 10.5883 49 +21.6129 4, A5 A}7 — 10.7174 (2.35)

op = 0.0244 (7.1525/12)e/lz +1.5330 % 10~ (642)7.622219_
(2.36)

3.1865 (447) 74193 10.9358

To test the generality of the above model form within this class of material, another data set

for carotid artery tissue [94] is used to fit parameters to the same equation forms (Egs. 2.29, 2.30
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and 2.31.) Using a GA to fit parameters, we obtain for this new data set the following model for

circumferential stress.

fa1(2g) = 10.79 exp(A32®) +66 ;7 - 26.24 (2.37)
fon(A,) = 240.41 A, — 168.58 (2.38)
ao(g, A2) = 0.001 f51 () for(1;) — 0.001 fa1 (1) + 0.147 (2.39)

and the following model for axial stress

f21(Ag) = 0.046 exp(15°%) +21.59 )7 - 1.99 (2.40)
fir(2,) = 81.83 1, — 113.82 (2.41)
(g, A2) = 0.074 1.1 (Ag) fo2(22) = 0.136 f+1 (1) + 51.46 (2.42)
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Figure 2.17 Experimental data and predictions using obtained GP models.

The fit of these models to the experimental data is shown in Figure 2.17. Again, we find very

good agreement between the model form and the data if we use the intermediate functions. That
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data taken from two different specimens are consistent with this model form and that the expected
specimen-to-specimen variability is absorbed in the parameters is supportive of the utility of the

model.

2.3.4 Frozen Soil A
All techniques employed in investigating Frozen Soil A were also employed in investigating

Frozen Soil B, so the exploration of guided GP on this soil are presented in Appendix B 10.

2.3.5 Frozen Soil B
In this section we consider a data set of frozen soil that has slightly more complex behavior

than Frozen Soil A.

2.3.5.1 Test data
The test data is from [84], this is the same data used to illustrate the limitations of direct use of

GP in Chapter 2.1, and is shown again as Figure 2.18 for convenience.
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Figure 2.18 Stress - Strain data of a frozen soil at different strain rates and temperature.
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2.3.5.2 Direct use of GP
Recall that by using GP directly, we obtain:
o(&,6,T)=4.6758 (3.0 +T) (2.0 £)° — 885.07 (0.9519 T)® — 8.0057 (£*)>°°¢
—965.43 (g% £)° —4.8007 T + 1392.6 £ log(e + &) — 885.07 log(¢)® (2.43)

+0.3965 £ T? (6* + €) + 2775.6
The stresses predicted by Equation 2.43 are shown in Figure 2.19. There is a good match
between this model and the test data, but the model has multiple deficiencies of the sort discussed
earlier in investigations of direct application of GP on other materials; a more suitable constitutive

model is required.
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Figure 2.19 Stress-Strain data for frozen soil [84] at different strain rates and temperatures. The
continuous plots are the results of direct application of GP to the whole data set. Each curve
corresponds to the test involving strain rate and temperature of the data of the corresponding color.

2.3.5.3 Partitioning the Problem
Since there is a peak value for each curve, and the strain at which peak strength occurs is

different for each &-T pair, it is natural to scale the vertical axis so that all the peak strengths have
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value 1.0 and to scale the horizontal axis so that those peaks all align.

Scaling the Stress to Normalize Peak Stress Here we use the intermediate function approach to
model the peak strength. We assume the peak strength is a function of f;(£) and f>(T). Using GP

followed by parameter resolution (GA) for each of them results in the following functions:

f1(&) =0.00844 & +1.73 (2.44)

£(T) = 108.97 - 0.394 T (2.45)

The intermediate functions fi and f> are used as new inputs into GP:

op(8,T) = 1.0 fi(¢) + 1.15 fo(T) — 8.14
(2.46)

=0.00844 ¢ - 04531 T +118.9

Predictions from this equation are compared with data in Figure 2.20.
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Figure 2.20 Peak strength - Strain rate data for Soil. The dots are test data; the continuous plot
correspond to a model from GP.
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Scaling the strain to align peak strengths (strain shift) By construction, the strain at peak

strength can depend only on rate, using the GP results in:

ep(€) =1.88x 1072 & - 1.39 x 107 (2.47)

Strains predicted by the above equation and the corresponding data are presented in Figure 2.21.

Agreement is quite acceptable.
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Figure 2.21 Strain at peak strength - Strain rate data for Soil. The dots are test data; the continuous
plot correspond to a model from GP.

Modelling of the normalized stress After the expressions for peak strength and strain at peak
strength have been obtained, they are used to scale the test data vertically so that the peak stresses

are all 1.0 and horizontally so that the peaks align. The normalized stress is defined by:

(o8 (oA
= = 2.48
TN = o T 0.00844 £ — 045317 + 118.9 (2.48)
The shifted strain is defined as:
gg = — © (2.49)

ep  1.88x105¢—139x10-
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Figure 2.22 Shifted stress - shifted strain generated by using peak strength and the strain at peak
strength.

The shifted data is shown in Figure 2.22. One sees that the shifted data appears to be nicely
clustered showing that though each data point corresponds to a specific strain, strain rate, and
temperature, the primary dependence is on strain.

When genetic programming is applied to this data, some fairly complex and non-physical
expressions are obtained, in contrast to the simpler forms that an experienced analyst might expect.

The following is typical of such complex expressions:

on(es,T) = 0.161e5 — 0.00708 exp(es) — 0.00354esT — 4466.0/ (5 + 5.19)1:06s+492,
(2.50)

0.00571log(T) (&5 +9.4) (5 +5.19) — 0.183

The experienced analyst would expect instead expressions including terms such as shown in

Equation 2.51.

on(es) = prel exp(—qa &) (2.51)
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When the initial genetic pool is seeded with such expressions and culling is still in effect, GP

produces expressions such as Equation 2.52.

on(es,T) = 1.8477 £38! exp(-0.5855 &5) — 0.0042024 T — 0.0042024 £5 + 1.044  (2.52)

After sensitivity analysis and GA for parameter refinement:

on(es, T) = 1.96 €57 exp(~0.754 £5) — 0.006 T + 1.633 (2.53)

Note that this equation shows dependence on strain and temperature, but not on strain rate.
The normalized stresses predicted by Eq. 4.7 are shown in Figure 2.23 along with the shifted
data. Note that there is a curve for each of the temperatures of the experimental data. We shall later

refer to this as our high-fidelity model.
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Figure 2.23 Shifted stress - shifted strain data for Soil. The continuous plots are the model from
GP using seeding and culling (Equation 4.7).

Figure 2.23 shows only modest dependence of normalized stress on temperature, so it is
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reasonable also to employ GP to generate a temperature-independent model:

o (es) = 1.8319 £3927%% exp(-0.56308 £5) — 0.060854 (2.54)

The predictions of Equation 2.54 are shown in Figure 2.24, and the match to shifted data, though
not reflecting temperature dependence, is a realistic representation of the data as a whole. This is

our low-fidelity model.
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Figure 2.24 Shifted stress - shifted strain data for Soil. The continuous plots are the model from
GP using seeding and culling (Equation 2.54).

2.3.5.4 Combining Scaled Strain, Peak Stress and Normalized Stress Models
To obtain an overall model for the original test data, it is necessary to combine the models for
scaled strain (Eq. 2.47), peak stress (Eq. 2.46) , and normalized stress (Eq. 4.7). By using GA for

parameter refinement:

o(e,&,T) = (0.00978 & — 0.439 T + 114.2)
(2.55)

x (1.966 £27 exp(-0.626 £5) — 0.00626 T + 1.56)
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Predictions of the overall model and the original data are presented in Figure 2.25. This material
model employed our higher fidelity model for oy and one could argue that the conformity of
this material model with the original data is marginally better than that resulting from the direct
application of GP (Fig. 2.19).

One would expect that the material model using the lower-fidelity model for oy not to do quite

so well, and this is explored next.

Fitting using o (e, €,T) = oy (e, T)op(€,T)
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Figure 2.25 Plots of the predictions of the “high resolution" model and the experimental data of
the frozen soil.

By using GA to refine the parameters after combining Equations 2.46 and 2.54:

o(e,&T) = (0.0183 & — 1.15 T +300.93)
(2.56)

X (0.908 £29 exp(-0.598 &5) — 0.029)

The predictions of this lower fidelity material model are shown in Figure 2.26. Surprisingly, one
can see that this model conforms to the experimental data about as well as does that resulting from

the direct application of GP.
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Fitting using o(e,é,T) = ax(e)op(é,T)
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Figure 2.26 Fit of ”lower fidelity” model to the experimental data of the frozen soil.

2.3.5.5 Summary of the developed approaches

Table 2.3 - Table 2.6 represent a comparison for each case between the models from direct
application of GP , Simplification of the previous model , and the use of GP with intermediate
functions. The root mean squared relative error (RMSRE) [95, 96] is used to measure the prediction

error. RMSRE can be calculated as:

N 2
1 Ys,i — Yo,
RMSRE = | — E - - 2.57
N ( Yo,i ) ( .

i=1
where N is the number of data points, y, ; is the ith test data point, y;; is the ith prediction data point.
RMSRE can provide more meaningful comparison of errors, but it is sensitive to low observed
values. For this reason, test data points that are smaller than 5% of the maximum value is excluded
for error measurement. The results show that by using our approach we can generate a model with

comparable model complexity and fitness values, but it is physically reasonable. Additionally it is

conceptually simpler, neatly isolating each dependency.
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Table 2.3 Modeling summary for titanium alloys.

Titanium alloy

Direct Direct GP with
Description use of | model after | intermediate
GP simplification| functions
Equation number 2 4 14
Number of parameters 8 6 6
Formal complexity (nodes in 73 17 4
tree)

RMSRE 0.0118 0.0242 0.0233
Decompos'1t10'11 of Yes Yes Yes
parameterization?

Physically reasonable? No? No? Yes
Table 2.4 Modeling summary for tendon.
Tendon
Direct Direct GP with
Description use of | model after | intermediate

GP simplification| functions

Equation number 16 17 24
Number of parameters 4 3 3
Formal complexity (nodes in 71 19 12
tree)

RMSRE 0.0728 0.1046 0.0923
Decomposfmo.n of Yes Yes Yes
parameterization?

Physically reasonable? No3 No3 Yes

2This model does not manifest the coupling between dependence on temperature and dependence on strain rate

that the relevant material science would suggest

3The term e¢ is not something that one would expect in constitutive models for materials such as tendon [97, 90]
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Table 2.5 Modeling summary for artery.

Artery
GP with
Description Direct use of GP | intermediate

functions
Equation number 26 30
Number of parameters 6 8
Formal complexity (nodes in 26 75

tree)

RMSRE 0.0463 0.1173
Decompos‘ltlo‘n of No Yes
parameterization?

Physically reasonable? No# Yes
Table 2.6 Modeling summary for soil.
Soil
Direct GP with GP with
Description use of | intermediate | intermediate
GP functions functions
Equation number 2.43 2.55 2.56
Number of parameters 13 10 9
Formal complexity (nodes in 77 33 9
tree)

RMSRE 0.233 0.139 0.142
Decompos'1t10'11 of No Yes Yes
parameterization?

Physically reasonable? No3 Yes Yes

“Equations of this complexity are impossible to interpret physically.
>Terms (€2€)€ or log(¢€)€ in this equation make no physical sense.
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Table 2.7 shows the techniques explored in this research. For different material classes, different

approaches are needed to guide GP to generate constitutive models with desirable properties.

Table 2.7 Approaches used in different cases

Approaches Metal | Tendon | Artery | Soil 1 Soil 2
Sensitivity Analysis v v v v v
Genetic Algorithm v v v v v

Culling v v v
Seeding v v
Scaling 1 param. | 2 params

2.4 Conclusions

Generation of constitutive equations for engineering materials, which is often tedious and ad-
hoc even for subject matter experts, can be facilitated greatly through the systematic use of genetic
programming. Such utility is achieved through the use of several approaches - sensitivity analysis
and simplification, parameter refinement, intermediate functions, culling, seeding, and scaling - to
resolve the problem into manageable components and to guide genetic programming in resolving
those components. The effective use of these approaches does require some skill, but such skills
are largely similar to those in the toolboxes of subject matter experts who regularly face the need
to construct constitutive models in the process of engineering analysis.

Assessing the relative benefits from using these approaches is facilitated by consideration of
qualitative metrics provided as C1 through C6. Particularly interesting is how systematic use of the
approaches to be presented here can lead to equations that are simpler in form, are easier to relate
to physical properties, are more systematically parameterized, and can involve dramatically fewer

parameters.
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CHAPTER 3

HIERARCHICAL CONSTITUTIVE MODELS
In Chapter 2, we have devised a method for generating intermediate variables, and this approach has
been shown to significantly enhance the development of constitutive models. This method relies
on extracting cross-sectional data, which necessitates a substantial volume of data. Nevertheless,
a surplus of data is not always at our disposal. In this chapter, we will introduce an alternative
method for creating intermediate variables. This methods involve projecting the data, enabling
us to access a larger dataset for fitting intermediate variables. This approach also facilitates the

creation of hierarchical models with varying levels of fitness, complexity, and condition numbers.

3.1 Methodology
Gandomi et al [73] proposed a multi-stage genetic programming (MSGP) strategy to model
nonlinear systems. To take into account the individual effect of each variable, MSGP uses individual

variables and then include the interactions between them. Suppose we have variables:
X ={x1,x2,...x,} (3.1)
They assume the final model will be of the form:

FOX) = fi (v) + fo (xa) + -+ fo (xa) + find (X) = D" fr (50) + fimt (X) (3.2)
i=1

where x; is the variable and n is the number of variables, f;(x;) is the function obtained using only
one variable x;, and fin; (X) is the interactions between variables.

In this analysis, fj(x;) is obtained using the output and the first variable; f>(x,) is obtained
using the difference between output and prediction from the fj(x;). It can be seen that in each
step, the difference between the actual values and the prediction is formulated in terms of a new
variable. The last term fiy (X) is the error between actual values and the prediction from previous
individual terms.

In this chapter we explore another approach to generate intermediate variables, which is different

from the approach in the previous chapter. Similar to MSGP [73], each intermediate variable is

48



obtained using only one variable. However, the difference is that the intermediate variable is
obtained by using the projections of each variable. When all the intermediate variables are
generated, GP is used to generate the optimal model form between output and these intermediate

variables. Specifically, given n model inputs:

X = (x1,X2, ..., Xp) 3.3)

A projector x; = P;(X) allows us to choose only one variable x; by projecting the test data to one

sub-space. The intermediate variables f;(x;) will be obtained by minimizing the objective function:

1 N
RMSE = N;(y—ffuwc)))2 (3.4)

where N is the number of data points, y is the actual output. By doing this repeatedly, we can get
n intermediate variables fi(x), f2(x2), ..., fu(x,). Then GP is used to find the optimal function

between the actual output and those intermediate variables.

3.2 Experiments and Results

The test data is from [88] as shown in Figure 3.1. Among this data there are four different strain
rates, ranging from 0.6%/s to 24%/s. For biomaterials we expect some viscoelastic response, so
the variables on which we might expect stress to depend include €, &, and &. Stress rate (¢-) is not
provided directly, but can be deduced from the stress versus strain curves and knowledge of strain

rate.
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Figure 3.1 Stress-strain curves at four strain rates for one human tendon specimen.

In this case we have three variables €, &, o and we will generate three corresponding intermediate
variables f| (&), f2(&), f3(¢o) using the projections of the test data. By applying GP to the projection

data, we obtain the following equations:

f1=242¢-0.335 (3.5)
f,=111-0.392¢ (3.6)
f3=0.078 ¢ — 0.887 3.7

For simplicity, we choose the linear function and this has an advantage that each intermediate
variable has a simple physical interpretation. The intermediate variable in this step need to capture
only the general shape of the projection data, then they will be used as new inputs into GP and the
final model form in terms of these intermediate variables will be formulated. The predictions using

those intermediate variables are shown in Figure 3.2 - 3.4.
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When we use the intermediate variables fi, f>, f3 as inputs into GP, we can change GP
parameters, number of genes and the max depth of tree, to control the complexity of the generated
results. Here we choose depth to be 3, and the number of genes varies from 1 to 3. Since different
GP runs may generate the same model forms, we need to remove the duplicate models. In this

study, the procedure would be:

Run GP 10 times

Remove duplicate models from results

Perform parameter refinement using GA on the distinct models

Calculate the condition number

10 independent GP runs were performed, which generates 5, 9, and 10 unique model forms
when we changed the parameter number of genes from 1 to 3. Here we chose two distinct model

forms from GP to present in Table 3.1.
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Table 3.1 Distinct model forms with different number of genes in GP.

Num . ..
G;lzes g;gfh RMSE (M) Com(f}lfmy Ni‘{’;fé?‘(’g) Model Form
1 . 0.077 31 731 Equ. 3.8 (3.14)
0.077 31 7.98 Equ. 3.9 (3.15)
, . 0.064 43 8.61 Equ. 3.10 (3.16)
0.072 56 9.54 Equ. 3.1 (3.17)
. . 0.039 79 9.91 Equ. 3.12 (3.18)
0.043 52 10.04 Equ. 3.13 (3.19)

o =0.363 fi +0.121 f3+0.121 f; f2+0.109

o =0.363 f; —0.121 fo+0.121 f3+0.121 fi f2+0.237

o =118 fi +0.351 fi +0.351 fi f5 - 1.09 fi £**'0+0.105

o =0.289 fi +0.241 f3+0.0567 fi f7 +0.0162 7 +0.0212 f% f} +0.102

o =0.5646 fi +0.5317 f>+0.1109 f3 +0.0521 f; f5—

)
3.3288 £)' 2 4£0.0373 f2 f5+0.1659 f2 +2.8664

o =0.3417 fi +0.1326 f1 f3+3.6755 fi f2+0.0345 2 fy+

0.0889 fZ — 0.4560 fi f> e* %2 +0.1092
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Equ.3.8 - 3.13 shows the model forms in terms of the intermediate variables fi, f>, f3. After

the parameter refinement, we can get the final model forms in terms of the ¢, &, &:

o =7.55+0.025 +0.204 (21.8 £ — 0.758) (0.0709 ¢~ — 0.922)* — 0.229

o =8.19&+0.127 & +0.0186 & +0.136 (17.5 & — 0.631) (0.0977 & — 1.27)% — 0.24

o =25.7&-0458 (16.1 & — 0.278) (0.611 & — 0.859)+
0.387 (16.1 & — 0.278) (0.106 & — 1.35)—

2.14 (16.1 & — 0.278) (0.859 — 0.611 £)(1.86 — 0.611 &) — 0.307

o =7.84 £ +0.0181 & +0.0244 (0.0722 & — 0.986)+
0.0453 (32.4 & — 0.322) (0.0722 & — 0.986)%+

0.0167 (32.4 & — 0.322)? (0.0722 o — 0.986)% — 0.217

o =11.3506 & — 0.1491 & + 0.0114 o+
0.0720 (19.0151 & — 0.3630) (0.1124 & — 1.1386)+
0.2362 (19.0151 & — 0.3630)%—
3.3116 (1.1157 — 0.5087 6-)(0.5087 &-1.1157)? (19.0151 £-0.3630)

0.0424 (19.0151 & — 0.3630)2 (0.1124 & — 1.1386) + 3.1307

o =7.3827 £ +0.1623 (15.7054 & — 0.1918)%+
0.1793 (15.7054 £ — 0.1918) (0.1173 & — 0.9455)+
3.7639 (15.7054 & — 0.1918) (0.7426 & — 1.0252)%+
0.0403 (15.7054 £ — 0.1918)2 (0.1173 & — 0.9455)+

0.5278 >0°04-1:4852¢ (15 7054 £ — 0.1918) (0.7426 & — 1.0252) +0.0148
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The predictions from the Equ.s 3.14 - 3.19 are shown in Figure 3.5 - 3.7. From Table 3.1, it
can be seen that when we increase the number of genes, the complexity of the model will increase.
However, we will get a better fit with RMSE dropping from 0.077 to 0.039. The condition number

grows as well.
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Figure 3.5 Predictions of Equ. 3.14 and 3.15.
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3.3 Conclusion

In this chapter, another efficient strategy for generating the engineering constitutive models was
introduced. Unlike the standard application of GP, this approach considers the separate effects and
each variable and their interactions to formulate the nonlinear material behavior more precisely. The
capability of the approach was demonstrated by an application to generate the constitutive models
for a bio-material, tendon. By using the intermediate variables and the other GP parameters, we

can generate hierarchical models with varying RMSE, complexity and condition number.
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CHAPTER 4

PARAMETER UNIQUENESS

As discussed in Chapter 1, the effectiveness of constitutive models involves considering various
criteria, one of which is the model’s potential for unique parameterization. In cases where data
is scarce, a model with an extensive set of parameters can result in a multitude of plausible
parameter combinations, rendering uncertainty quantification challenging. Accurate estimation
of model parameters is a crucial undertaking for faithfully characterizing mechanical behaviors,
and the uncertainty in these parameters can significantly impact model predictions. Unfortunately,
accurately determining constitutive model parameters is often hindered by several factors, including
the limited availability of test data, data uncertainty, and the inherent challenge of ensuring
parameter uniqueness. Kintunde etal.[98,99] proposed a Bayesian analysis framework to investigate
the effect of model parameter uncertainty on the model prediction performance. Jiang et al.[100,
101, 102, 103] investigated the effects of the quantification of model parameter uncertainty on the
engineering reliability analysis.

In the ordinary process of estimating uncertainty in model predictions one usually looks to some
set of calibration experiments from which the model can be parameterized. Then the resulting
discrete sets of model parameters are used to approximate the joint probability distribution of
parameter vectors. That parameter uncertainty is propagated through the model to obtain predictive
uncertainty. A key observation here is that, usually, the modeler will attempt to find a unique "best"
vector of parameters to match each calibration experiment and this "best" parameter vector is used
to estimate parameter uncertainty.

In this chapter, we focus on parameter uniqueness for model calibration. We first show that
parameter ununiqueness contributes to uncertainty in model predictions. In the second section, we
use the condition number to represent the parameter ununiqueness. Then we propose an approach
to generate constitutive models with good fitness values, reasonable complexity and low condition

numbers.
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4.1 Parameter Uniqueness

In the work presented here, it is shown how for complex models - having more than a few
parameters - it can happen that each experiment can be fit equally well by a multitude of parameter
vectors. Itis also shown that when these large numbers of candidate parameter vectors are compiled
the resulting model predictions may manifest substantially more variance than would be the case
without consideration of the non-uniqueness issue.

The contribution of non-uniqueness to prediction uncertainty is illustrated on two very different
sorts of model. In the first case, Johnson-Cook models for a titanium alloy are parameterized to
match calibration experiments on three different alloy samples at different temperatures and strain
rates. The resulting ensemble of parameter vectors is used to predict peak stress in a different
experiment. In the second case, an epidemiological model is calibrated to history data and the
parameter vectors are used to calculate a quantity of interest and its uncertainty.

The focus of the research presented here is the role of one of the generally underappreciated
contributors of parameter uncertainty: non-uniqueness of the mapping from calibration data to
model parameters; for any specific calibration experiment there might be a multitude of parameter
vectors that cause the model to fit the experimental data equally well.

In what follows this problem is presented in a manner that explicitly addresses the issue of
non-uniqueness, so that it can be contrasted with intrinsic aleatoric uncertainty. !

The usual forward uncertainty quantification process is outlined in detail in [104] and is roughly

summarized as follows:

1. Begin with a model .Z that has been taken to be valid for this category of prediction. Note
that this is a qualitative statement asserting that the model, though it may have short comings,

is suitable to provide guidance for the decisions to be based on it.

2. A number Ng - sometimes a small number - of calibration tests are performed on multiple

specimens. It is assumed that those samples are representative of the true distribution of

!By intrinsic aleatoric uncertainty, we mean the sort of uncertainty associated with part-to-part variations among
test specimens.
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possible samples.

3. An equal number of inverse calculations are performed to find Ng vectors p* for k € (1, Ns)
model parameters, one for each calibration test. (Sometimes it takes more than one type of
test to calculate a full parameter vector, but for simplicity, we refer to just one calibration test

even though it might be a small set of calibration tests.)

4. A multi-variable probability density function (PDF) 2 (p) of model parameters is constructed
from the discrete set { pk } The probability distributions & (p) represents "parameter
uncertainty” and is generally regarded as representing the aleatoric uncertainty intrinsic

to the problem.

5. Monte-Carlo calculations are performed using model .# and PDF & to estimate the probability

distribution of the quantity of interest.

The focus of this section is Step 3. The process of parameterization of nonlinear models is
generally treated as an art. Usually, the relatively direct approach of minimizing the square error of
the calibration data with model predictions for that calibration experiment is used. If something is
known of the anticipated variance of different components of the calibration test, that information
can be incorporated as weights in the least squares minimization. It has been argued that if nothing is
known of the uncertainty of the different regimes of the calibration tests, then relative least-squares
error should be used [105], though this may be a problem when some of the calibration data is
bounded away from zero and some is not. In general, the practice is to use uniformly weighted least
squares minimization for parameterization and this appears to be the approach employed in each of
[85, 106, 107]. Regardless of weighting, if the model to be calibrated is nonlinear in its parameters,
then the least-squares minimization problem will also be nonlinear and this non-linearity can lead
to numerical problems.

An unspoken assumption in the parameterization calculation is that the inverse problem for
each calibration test has a unique - or nearly unique - solution. That is, if the "best" solution is one

that appears to minimize an /; norm or a max error locally then any other point in that region of
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parameter space will be associated with a distinctly larger error. However, if it happens that there
is no sharp minimum, then uniqueness becomes an issue. It may be that there is a finite subspace
of the parameter space where the error is approximately uniform and lower than the complement to
that subspace. The source of that "flatness" is generally that even without part-to-part variability
in the calibration data, the model form is only approximate and is incapable of fitting all the
calibration data with any parameter vector. The "best" parameter vector will generate some error
and sometimes there will be a whole lot of other parameter vectors that will generate almost exactly
the same error.

The body of this section explores two such problems.

4.1.1 Constitutive Modeling of Metal Alloy

Ti-6Al-4V is a particularly useful aerospace metal for which there is a substantial literature,
including some in which its creep or plasticity behavior is represented by the Johnson-Cook model
[108]. Among those papers are [85, 106, 107] and the data employed in the following were taken

from those three sources.

4.1.1.1 The Johnson-Cook Model
The Johnson-Cook model [108] is a commonly used strength model, which relates the stress (o)
to plastic strain(e). It is defined as a function of plastic strain(g), strain rate(€), and temperature

(T), as follows:

a:(A+Bs")(1+01n§)(1—T*m) (4.1)
0

where A, B,n,C, and m are material parameters: A is the yield stress under the reference
temperature and strain rate, B and n are strain hardening coefficient and exponential, respectively,
C describes strain rate hardening and m accounts for thermal softening effects; £g is the reference

strain rate; and the dimensionless quantity 7" is given by:

61



0 for T < Tref
* — T_Tref
T Tmelt _Tref for Tref S T S Tmelt

1 for T > Tielt

where T, 7 is the reference temperature and Tiyec is the melting temperature.

4.1.1.2 Calibration Using Genetic Algorithms

In the study reported here, data from three different research teams are each employed to find
parameter vectors p' (i € (1,2, 3)) that causes the Johnson-Cook model to reproduce the calibration
data from uniaxial extension tests of those papers. Figure 4.1, Figure 4.2 and Figure 4.3 show the
calibration data from each of the three sources, the fit using parameters proposed by those sources,
and fit using parameters found for this work using the genetic algorithm (GA) package in the
optimization toolbox of Matlab ®. The five components of each of those six parameter vectors are
shown in Table 4.1.

If we were to accept the Johnson-Cook model as valid for predicting stress response for this class
of materials, we would like to use the calibration data from these three samples to get some sense
of the intrinsic variability of the material. Unfortunately conventional Monte-Carlo simulation
would not be possible because the probability density functions of a five dimensional space cannot
reasonably be estimated on the basis of just 3 parameter vectors. On the other hand, we might use
these three parameter vectors to predict some scalar quantity of interest and estimate a PDF of that

one-dimensional space.
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Table 4.1 Parameters for Johnson-Cook model from literature for Ti-6Al-4V and from GA of this

study.
Calib. Data 1 Calib. Data 2 Calib. Data 3
Parameter | Ref. [85] GA Ref. [106] GA Ref. [107] GA

A 1104 830.208 1119 869.206 814 872.5219
B 1036 938.214 838.6 685.715 700 541.465
n 0.6349 0.482 0.4734 0.5371 0.69 0.5174

0.0139 | 0.00092 | 0.01921 0.1576 0.0218 | 6.73e -5

0.7794 | 0.9109 0.6437 0.3772 0.893 0.8043

1400
1200 10e-5/s, 296K
1000
© 10e-3/s, 588K
o
P
> 800
o
) / Test data
600 From Ref.[85]
----- From GA
400 + Test data
From Ref.[85]
----- From GA
200 1 L 1 L 1
0 0.05 0.1 0.15 0.2 0.25 0.3

Plastic Strain

Figure 4.1 Calibration data from research team 1 ([85]) and fits with parameter vectors of that
reference and from GA.
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Figure 4.2 Calibration data from research team 2 ([106]) and fits with parameter vectors of that
reference and from GA.
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1000 ‘
0.00067/s, 473K
900
800 0.05/s, 298K
S ‘
S 700 f
<
a
¢ 600
& Test data
500 From Ref.[107]
----- From GA
400 Test data
300 | From Ref.[107]
----- From GA
200 1 1 1 1 1 1

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

Plastic Strain

Figure 4.3 Calibration data from research team 3 ([107]) and fits with parameter vectors of that
reference and from GA.
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For the sake of discussion and illustration, we consider the problem of elastic plastic buckling
illustrated in Figure 4.4. The problem specifications are as follows: The length of the panel is
70 mm; and the radius of curvature is 80 mm; the thickness is 3 mm; and the boundary conditions
are taken as simply supported at the top and the bottom and with edges constrained to remain
straight. Calculations were performed with the ABAQUS ® software and the quantity of interest is
the peak load - this is representative of many problems of practical interest. The peak loads predicted
using parameters obtained by GA from each of the calibration tests are 119.699kN, 121.223kN,
and 123.576kN, respectively and those data values are fit with a Gaussian PDF in Figure 4.5. These
three data points suggest a mean value of peak load of 121 kN and standard deviation of 4kN. It is
useful to point out at this stage that using calibration tests from this large range of temperature/rate
regimes to predict the behavior in yet another regime is generally to be avoided, but this sort
of situation actually is occasionally encountered in practice. On the other hand such stretched

calibration would be expected to exaggerate predictive variation due to aleatoric uncertainty.

IFLLoading
47T7

v

Clamped

~ 80mm

Figure 4.4 Geometry of a curved panel under compression.
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Figure 4.5 PDF of peak loads from three samples.

4.1.1.3 Equivalence Class of Parameters

Say that we are dealing with a constitutive model requiring Np parameters. Parameterization
consists of minimizing the square error between model prediction and calibration data over that
Np-dimensional space. (Or minimization using some other metric.) In the effort reported here, for

each calibration set i :

« Parameter vectors are sought in a hypercube in Np space centered a parameter vector p?
from the literature. Using the Matlab GA routines in the Optimization tool box a parameter
vector ' p! that with the model "best" fits that calibration data is found. By best fit, we mean
the value that fitness function & (p, J;) (=least-square error) appears to achieve a minimum

at! pl. Here J; are all of the parameters of calibration test(s) i.
* A sequence of more parameter vectors are found as follows:

— For each n > 1, define ‘p" to minimize & (p, 7;) subject to d (p,’p’) > &y for all
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J < n where &) is an appropriately chosen positive integer and

d(p.q) = i s a; (4.2)
=1 max (|p;|. |q,1)

where p; and g, are the j th components of parameter vectors p and g, respectively.

— The process is stopped when & ('p”, (T)) is appreciably larger than F (‘p!, (T))

e Theset S = {i p”} is an equivalence class of parameter vectors, all of which cause the model

to fit the calibration data more or less equally well.

An obvious question at this point is how much agreement between model prediction and the
values of a calibration experiment is necessary for the corresponding parameter vectors to be
members of the equivalence class discussed above. There is no obvious answer, but for the purpose
of the exposition presented here it seems sufficient to accept parameter vectors that are as effective
at reproducing the calibration data as those chosen by the authors of the papers where the calibration

data was published.

4.1.1.4 Ramifications for Quantity of Interest

We consider all parameter sets consistent with the three calibration data sets and re-examine
the statistics of peak load in buckling based on the expanded sets of parameters. Histograms of
peak stress computed from each of S', $2, and S shown in Figure 4.6 are each scaled so that
its integral is exactly 1.0. Though the variance of the distribution of peak stress associated with
data set 3 is comparable to that indicated in Figure 4.5, this histogram is shifted dramatically
to the left of the distribution in Figure 4.5. The histograms associated with data sets 1 and 2
show standard deviations a couple of orders of magnitude larger than that indicated in Figure 4.5.
Quantitatively, the mean and standard deviation of peak load distribution associated with the three
nominal parameter vectors are 121.499KN and 1.9532kN, respectively. The mean and standard
deviation of peak load distribution associated with full set of 84 parameter vectors are 134.381kN
and 22.8425 kN, respectively. Though the means of the two distributions differ by only 10% or so,

the standard deviations differ by an order of mangnitude.
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Figure 4.6 Histogram plots of peak loads for three sets of parameter vectors.
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Figure 4.7 PDf of peak loads for three parameter sets.
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The distinction between the aleatoric uncertainty suggested by representing each calibration
experiment with a single parameter vector and the case when non-uniqueness is considered is
succinctly illustrated in Figure 4.7. The PDF of peak load associated with the 84 calculated
parameter vectors is constructed through a kernel density estimator method.

Though it is clear from the exploration presented here that there is substantially more parameter
uncertainty in using the Johnson-Cook model for capturing the creep-plasticity properties of Ti-6Al-
4V than traditional methods might suggest, it is not obvious what is the source of that uncertainty.
Is it because of some deficiencies in the model form, or might it have to do with complexity of the

physics involved?

4.1.2 Epidemiological Modeling

The flu pandemic of 1918 has had social and political effects still felt over a century later
[109]. Though decades later it became possible to isolate and study the virus itself, the data
available for investigation of the epidemiological nature of the flu are anecdotal medical reports,
vital records, and hospitalization rates [110]. In [110] an epidemiological model parameterized by
hospitalization rates in the Canton of Geneva, Switzerland was developed to explore the potential
efficacy of isolation or other strategies to reduce transmission rates. In that model, the individuals
can be classified as susceptible (5;), exposed (E;), clinically ill and infectious (/;), asymptomatic
and partially infectious (A;), hospitalized and reported (J;), recovered (R;), and death (D;). The

transmission process is modeled using the nonlinear differential equations as follows:
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Ei(1) = BiSi(r) (1i(2) + Ji (1) + qiAi(1)) /Ni(2) = (ki + ) Ei(1)
Si(r) = uNi(2) = BiSi(2) (I (1) + Ji (1) + q;Ai(2)) [ Ni(1) — uSi(2)
Ai(t) = ki (1= pj) E; — (y1: + p) Ai(2)
Ii(t) = kipi Ei(1) = (@i +y1; + p) Li(t)
Ji(t) = aili(1) = (ya2i + 6; + ) Ji(1)
Ri(1) = y1; (Ai(t) + i (1)) + y2:Ji(1) — pRi(1)
Di(1) = 6:Ji(1)
Ci(1) = ail;(1)
where the index i = 1,2 denotes the spring and fall waves of infection, respectively. The
parameter set can de defined as (8, y1, @, q, p, E(0),1(0)). The authors modeled two waves of
the 1918 influenza pandemic in Canton Geneva, but in this work we analyze only the spring wave,
meaning i = 1.The total population size is given by N;(7) = S; (1) +E; (1) +1;(t) +A;(t)+J; (1) + R; (¢).
@;1;(t) denotes the daily number of hospital notifications, which is our observed data. The observed
daily hospitalization from [110] is indicated by the open circles in the plot on the left side of Figure
4.8. cumulative hospitalizations are shown as open circles in the plot on the right side of Figure
4.8.
The above model is discussed here not so much out of an interest in epidemiology as a paradigm

of models having a plethora of parameters.
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Figure 4.8 Hospitalization notifications in the Spring wave of the 1918 influenza pandemic in
Geneva Canton. Daily rate is on the left and cumulative hospitalization is on the right.
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4.1.2.1 Parameterization

The authors of [110] used a least squares optimization technique to reproduce the cumulative
hospitalization rates over time to find a "best" parameter vector within a 7 dimensional box of
plausible parameter values: 0 < 8 <50,0<y; <1,0<a<2,0<¢g<1,0<p<1,0<E(0) <
300,0 < 1(0) < 300. Of the remaining parameters, J, k, and u are obtained from literature and
v2 =1(1/y; +1/a). Also, it transpires that multiple local minima exist and to avoid implausible
solutions, it is necessary to add the additional constraint that y, > 0.2. To estimate aleatoric
parameter uncertainty they employed a parametric bootstrap method to create different realizations
of the hospitalization history and then found the best fit parameters to reproduce each of those
histories. The hook on the left hand side of their prediction of daily hospitalization rates on the left
hand side of Figure 8 is presumably an artifact of choosing parameters to reproduce the cumulative
rather than the daily hospitalization.

In the study presented here, without looking into the aleatoric uncertainty in the hospitalization
data, we attempt to assess the parameter uncertainty due just to the non-uniqueness issue. For this
we again use the genetic algorithm tools in Matlab to find a nominally "best" parameter vector
to cause the model to reproduce the cumulative hospitalization rates and another forty parameter
vectors that cause the model to fit that hospitalization data approximately as well. Parameters and
parameter properties for both of these investigations are presented in Table 4.2. It is interesting
that the variance of the parameters found by GA and addressing only uncertainty due to non-
uniqueness without reference to uncertainty in the underlying hospitalization data is substantially
larger than that of [110] which focused exclusively on uncertainty intrinsic to the the calibration
(hospitalization) data. Future work might involve performing the same sort of strategy of [110] to
generate alternative cumulative hospitalization histories, calculate a cluster of parameter vectors
consistent with each, and then explore the combined uncertainty due to approximated aleatoric

uncertainty and non-uniqueness.
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Table 4.2 Parameters for epidemeological model from literatures and this study.

Spring wave™ | Spring wave**

Parameter Definition SOUICe| b iimate S.D. | Estimate S.D.
B Transmission rate (days‘l) LS 8.00 0.13 | 11.14 1.58
Y1 Recovery rate (days™') LS 0.34 0.01 | 0.67 0.137
a Diagnostic rate (days™') LS 0.51 0.04 | 1.30 0.295
q Relative infectiousness of LS 0.003 0.004 0.014 0019

the asymptomatic class
Proportion of clinical

Jol infections ([0.1]) LS 0.10 0.01 | 0.102 0.009
Recovery rate for

r2 hospitalized class (days™') 110 0.26 | 1.58 0.7

0 Mortality rate (days™') [111] | 0.01 0.002} 0.01 0.002
Rate of progression to

k infectious rate (days_l) [112] 1 0.53 0.53

p B1rth_alndnaturaldeathrate (113] | 1/460%365) 1/(60%365)
(days™")

E(0) ¥n1t'1a‘l number of exposed LS 207 7 277 24
individuals

1(0) ¥n1t.1a.1 number of infectious LS 132 4 73 16
individuals

Note: * Parameter properties of [8].  ** Properties of parameter sets found from GA.
4.1.2.2 Quantity of Interest

The reproductive number is a measure of the power of an infectious disease to attack a completely
susceptible population [110], and is expressed in terms of the model parameters as:

_ Biki 1 @;
R; = Pi +
ki + Y+ @i+ (y, +ai+p) (v, + 6+ 1)

w54 )

Here i = 1, corresponding to the Spring outbreak. Because we have forty parameter vectors we

have an equal number of values for the reproductive number, a normalized histogram of which is
shown in Figure 4.9. It can be seen from this figure that there exists a much, much higher variance
in the predicted reproductive number due to the non-uniqueness of parameters than the variance

calculated in [110] to accommodate true aleatoric uncertainty. Quantitatively, the mean and standard
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deviation of the PDF of reproductive number obtained via bootstrap in [110] to approximate the
effect of random reporting error are 1.4899 and 0.0226 , respectively. The corresponding mean
and standard deviation obtained by an exploration of non-uniqueness without consideration of the
reporting error are 1.3243 and 0.273 , respectively. Again we see a modest difference in the means

but an order of magnitude difference in the standard deviation.

30 T T
B From Ref.

25| B From GA
20+
15+
10+

5 -

0 1 . 1 .—.—

1 1.2 1.4 16 1.8 2.0 2.2

Reproductive Number

Figure 4.9 Reproductive number for different parameter sets from epidemiology modeling
calibration.

4.1.3 Discussion

4.1.3.1 The Non-Uniqueness Problem Can Be Insidious

The calculations discussed above focused directly on the inverse problem in order to explore
explicitly the potential role of non-uniqueness in parameter uncertainty. There are

of course other methods of parameterization where the role of non-uniqueness in parameter

uncertainty is much less obvious, though itis there nonetheless. Consider Bayesian parameterization,
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where the probability of parameter vector p is estimated by

P(p| T.0) ~ /@ P(G | p.T)P(p)dp

where P(p) is the probability of parameter vector p given array of calibration tests  and
corresponding calibration data @; P(@Q | p,J) is the likelihood of calibration results @ given
parameter vector p and tests I ; P(p) is the prior estimate for the probability distribution of vector
p, made without reference to the calibration data; and ® is the support for P(p) in parameter
space. Assuming that one has a reasonable estimate for the prior P(p), there still remains the
challenge of evaluating the integral in Equation 6, the difficulty of which grows geometrically
with the dimension of ®. The integral is generally approximated through a quadrature, such as
weighted Monte-Carlo, but each quadrature point requires at least one model evaluation and can
get prohibitively difficult at higher dimension so as the dimension of ® increases the quadrature
process becomes more and more sparse. (No matter how sparse the quadrature points, Equation 6
will always yield a probability distribution for p.)

Say that the quadrature set includes a parameter vector pX that jibes well with the calibration
data, then the likelihood function P (@ | p*, 7°) will be significant and p* will be counted in the
probability distribution for p. Say also that there exists a large but finite subspace & of ® of
points p including p* for which P(Q | p,F) > P (@] kT ). The quadrature process could
very well miss all of subspace except for p¥ and would miss the broadening that all those points
in & would have in estimating P(p). Because of the geometric difficulty of quadrature in large
dimensions, even doubling or quadrupling the number of quadrature points might not plate another
quadrature point in &, so searching for asymptotic convergence would be fruitless. In this manner,
the non-uniqueness issue remains in parameter uncertainty even when explicit inversion is not part

of the parameterization process.

4.1.3.2 Conclusions from this Section
In the two cases examined here it appears that the uncertainty associated with the non-uniqueness

issue proved to be substantially larger that associated with the part-to-part variance ordinarily
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thought of as aleatoric uncertainty. This suggests that there may be multiple categories of problem
for which it would be fairly easy to find parameter vectors, each consistent with distinct calibration
tests that together indicated little aleatoric uncertainty while indeed many, many different parameter
vectors could reproduce the calibration experiments equally well but provide substantially different
predictions of some other experiment.

Why have such issues not been more visible in the past? One reason might be the standard tools
used to fit parameters. For instance, if one uses the fmincon function of Matlab, the optimizer will
stop when it finds an acceptable answer and further iterations do not improve the result. Such tools
provide no indication or guidance that the parameter vector to which the optimizer converged is not
just one element of a subspace of parameter vectors that fit the calibration data equally well.

In order to have any confidence that a model’s predictive uncertainty is not being grossly
underestimated, it is necessary to explore parameter space a bit to see if each "best" parameter
vector is truly a unique best fit or is just one of many in a vein of equally suitable parameter vectors.
If there is such a vein, then that larger set of parameter vectors must be accommodated into the

predictive process.

4.2 Multi-objective optimization of fitness, complexity and condition number

In the last section, we have shown that parameter ununiqueness contributes to the uncertainty
in the model predictions. The specific goal to the work in this section is to generate constitutive
models with good fitness, complexity and condition number and to do so we pose the problem as
one of multi-objective optimization employing genetic programming. In the process we observe
that evaluation of one of the objectives (condition number) is computationally prohibitive when
incorporated into the optimization problem in a conventional manner. To obviate this difficulty
features special to genetic programming are exploited to achieve good results with respect to all
three objectives in a tractable manner. Specifically weighting the genetic pool (in what the authors
refer to as "deck stacking") so as to make for disproportionately large populations associated with
low condition number is introduced. Interesting synergies among the optimization elements are

discovered and discussed along the way.
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4.2.1 Background

4.2.1.1 Ciriteria

Our reference problem is finding constitutive models that are consistent with the experimental
data, not unreasonably long, and lend themselves to unique parameterization. Root mean square
error is used to represent fidelity to the data, number of nodes in representation of the equation is
used to represent complexity, and condition number of the associated Hessian matrix is used to
represent uniqueness of the parameterization (or its inverse.) All of these are discussed in detail
below.

One of the major purposes of constitutive models is to enable predictions of some responses of
a system of which that material is a component. The accuracy of the predictions are implied by the

fitness value, which usually can be represented by mean square error or root mean square error.

4.2.1.2 Genetic Programming and Multi-Objective Optimization

Genetic programming based symbolic regression seeks to generate both the structure of the
coefficients of the models in the evolutionary process. These models can provide good insight
on the data and have better interpretability than those generated by numerical regression methods,
such as ANN. What’s more, due to its population-based mechanism, genetic programming can
produce solutions with multiple tradeoffs in a single run, thus making it an ideal candidate form
multi-objective optimizations.

Genetic programming is a process of applying genetic operations to find the optimal equations
with the best fitness. It is based on Darwin’s Natural Selection theory that individuals with better
fitness values have a higher chance of surviving and being selected to generate offsprings. It has
been proven that GP provided with a proper function pool can find the optimal solutions within a
reasonable time for various tasks [114].

The single-objective GP is limited to the manner in which other design objectives are added
and there exist some conflicts. For the case of multi-objective optimization, the whole population
is evaluated based on its ability to meet multiple and conflicting objective functions. One common

technique is to transform multiple objectives into a single objective using a weighted-sum approach,
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and then apply the single-objective optimization. Another way is to optimize the multiple objectives
simultaneously and the Pareto front will represent a set of non-dominated solutions. These solutions
on the Pareto front dominates other candidates but they are equivalent to each other, and they
provide the trade-offs between different optimal solutions. This is an advantage over the weighted
sum approach as the weights are chosen beforehand when the trade-offs are not evident yet.
Genetic programming has been used a lot in multi-objective optimizations. [115] used genetic
programming for the topological design of compliant mechanisms considering multiple criteria
specification and parameter variations. In their approach, an unique fitness value was assigned to
each member based on each design objective, then the entire population was evaluated based on its
ability to meet multiple objective. [116] used genetic programming for multi-criteria optimization
of the energy storage and management systems for photovoltaic integrated low-energy buildings.
In their study, Pareto-optimal solutions were derived by using NSGA-II [117] to solve the multi-
optimizations. [118] used multi-objective GP in the feature extraction for image classification,
and the optimal solution was determined by a validation test with solutions on the Pareto front.
[119] used GP for multi-objective optimization of selected dissolution responses of pharmaceutical

formulations.
4.2.2 Methodology

4.2.2.1 GP Procedure

The evolutionary process starts with randomly generating an initial population composed of
preset functions and terminals. Typically, each individual is illustrated with a tree structure with
the internal points corresponding to the functions and the external points corresponding to the
terminals. In fact, the process of generating the initial population is a random search of the search
space [114]. Then the initial population will enter a loop consisting of evaluation and selection
until the termination criteria is met. Each individual is evaluated and assigned a fitness value based
on a fitness function such as MSE (Mean Squared Error) and RMSE (Root Mean Square Error).
New population is created based on applying genetic operations, such as reproduction, mutation,

and crossover. After having completed the generation of the next population, it will enter the loop
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again.

4.2.2.2 Approaches

It has been well established that GP has a tendency to generate solutions with growing length,
which has been termed as "bloat". Some analysis about this phenomenon can be found in [120, 121].
Here for exploration, we use a more traditional method, penalty functions, to fight bloat. Two
approaches will be used in this study, penalty function (P) and deck stacking (D). The penalty
function will be applied on one or a combination of: loss function (L), complexity (T) and
condition number (C). The deck stacking will be applied to the condition number.

Two loss functions are used: root mean square error (RMSE) and the correlation function. It has
been proven in [122] that correlation outperforms RMSE as a loss function in symbolic regression

tasks. RM SE can be calculated as:

N
1 2
RMSE = I ; (yi = 9i) 4.3)

where N is the number of data points, y; is the " test data point, §; is the i"" prediction data point.

The correlation function is defined as:
>N Gi—9) ()A’i - ?)
) N —\2 N [+ 7\
2im i =) x XL (.Vi - y)

The loss in the fitness function is replaced with 1 - R2. Then a simple linear regression step is

R

4.4)

applied to align the resulting relationship from GP by minimizing:

N
argmin %" (|y; = (a15i + o)) (4.5)

aoar =]

4.2.2.3 Deck Stacking with Duplication
It has been shown in [123] that elitism can greatly speed up the performance of genetic
algorithms and this technique has been widely adopted in [117, 124]. This elitism mechanism has
also been deployed in this study. By adding condition number as a penalty into the fitness function,

GP will optimize the condition number of the individuals. But in this case, it needs to calculate
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the condition number for every individual in each generation, which would be computationally
expensive. Instead of integrating the condition number directly with fitness function, condition
numbers are calculated only on a fraction of individuals, which is denoted by elite population.
Before the selection process for the next generation, the elite population is selected based on the
fitness, and this elite population will be evaluated again by calculating their condition number, and
half of these elite individuals with lower condition numbers will be retained. Next, these retained
best fit individuals will be duplicated and cloned into the next generation. Meanwhile, the regular
mutation and crossover operators will be applied to generate the next generation. The advantage of
deck stacking technique is that we only need to calculate the condition number of the elites. The
effort is much smaller compared with integrating the condition number as a penalty directly with
the fitness function.

The duplication operator was developed in [125]. Similar to the elitism technology, it clones the
parent to the next generation. But the difference between duplication and elitism is that duplication
involves multiple copies of the best-fitting individuals to the next generation, while elitism only
retains the best fitting individuals. Itis an easy and computationally efficient procedure. It has been
proven that by introducing more elite into the next generation, it will improve the convergence rate

and the quality of the solutions.

4.2.2.4 Fitness Function

Overall, the fitness function for GP without deck stacking technique can be represented as:
fitness = Loss + a * Complexity + 8 x log,,(ConditionNumber) (4.6)
The fitness function for GP with deck stacking is:
fitness = Loss + a x Complexity 4.7

By parameterized analysis, @ = 0.00005,8 = 0.001 in this study. The flowchart of the GP
implementation with deck stacking and correlation being the loss function is shown in Figure 4.10.
It should be noted that the step of linear regression is removed from the procedure with RMSE

being the loss function.
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Figure 4.10 Flowchart of Genetic Programming.

4.2.3 Experiments

4.2.3.1 Test data
The test data is from [88] as shown in Figure 4.11. Among this data there are four different

strain rates, ranging from 0.6%/s to 24%/s. For bio-materials we expect some viscoelastic response,
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so the variables on which we might expect stress to depend include ¢, &, and . Stress rate ()
is not provided directly, but can be deduced from the stress versus strain curves and knowledge of

strain rate.
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Figure 4.11 Stress-strain curves at four strain rates for one human tendon specimen.

We have four experiment cases as shown in Table 4.3. Case 1 is the direct use of GP, which
serves as the baseline for further comparisons. Then, using the same GP parameters, the effect
of different penalty functions and the proposed deck stacking technique are tested separately. By
using case 4, we aim to verify what is the effect of the proposed deck stacking technique in terms

of the computational cost. Table 4.4 defines all the default parameters used in the GP procedure.
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Table 4.3 Test Case Configurations.

Penalty Function (P) Stag(?r(il; )
Cuse Loy | Complety | Condten | Conditon
1 v
2 v v
3 v v v
4 v v v
Table 4.4 Default parameters for GP.
Parameter Value
Population size 1000
Number of generations 150
Function set {+,—,%,/,log,exp}
Tournament size 40
Mutation probability 0.14
Crossover probability 0.84

4.2.4 Results

The choice of an ideal constitutive model is complicated. We cover the three most common
properties, which are fitness, complexity and condition number. In some cases when engineers
only care about those three objectives, the optimal model form can be chosen from the Pareto front
based on the preferred trade-offs between objectives. However, there are some other factors, such
as undesirable terms, that play an important role in determining if a model is suitable. When we
take those factors into consideration, the optimal point will be slightly different with regards to the

Pareto Front. In many situations, it should be left to the engineers to determine the optimal model
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forms that indicates their desired preference between different objectives. Therefore, when GP is
finished, we are interested in how many solutions are acceptable. These acceptable solutions will
be the model candidates that engineers will choose from. To this end, a bounding box is predefined
so that a model form is acceptable only if its fitness, complexity and condition number are within
the bounds. By counting the number of acceptable solutions, we can investigate the searching
abilities of different techniques. The bounding box used in this study is [RMSE, Complexity,
Condition number] = [0.07, 15, 8]. In the predictions section, a model form is selected randomly
from the bounding box, and the good predictive performance validates that the choice of bounding
box parameters is acceptable. The illustration of selecting the acceptable solutions using bounding
box is shown in Figure 4.12. Notice that, to make it simpler for comparison, models from GP with
correlation being the loss function are evaluated using RMSE.

When GP is finished, there will be some equations that repeat themselves in model form but
differ in parameters. It is worth mentioning that these repetitive equations should be removed from
the candidate pool to make it easier for engineers to take decisions. However, this is beyond the

scope of this paper and it is open to further research.

A

Unacceptable solutions

Condition Number

—

Acceptable solutions «—

RMSE

Pareto Front solutions

Figure 4.12 Acceptable individuals within the bounding box.
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Table 4.5 Number of acceptable solutions and the computational cost for different cases.

Case Number of Acceptable Solutions | Computational Cost(mins)
RMSE Correlation RMSE Correlation
1 23 13 3.19 3.77
2 35 831 4.79 5.95
3 211 2664 52.03 93.46
4 175 1319 15.81 22.12

For each experiment case a total of 10 repeated independent runs were conducted. GP is
running in parallel with HPCC (128 cores) at Michigan State University. The overall number of
acceptable solutions and the average computational cost (in minutes) for one run are shown in
Table 4.5. In Table 4.5 it can be seen that, the number of acceptable solutions increases from 23 to
35 as we involve the penalty function of complexity, and it keeps increasing to 211 when we add
the penalty function of condition number. It demonstrates that by using penalty function on loss
function, complexity and condition number, the improvements in terms of the number of acceptable
solutions are really advantageous. However, the computational cost increase from 4.79 minutes to
52.03 minutes. On the other hand, the use of deck stacking obtains a comparable amount (211 vs.
175) of acceptable solutions. But there is a tremendous drop in the computational cost. The use
of deck stacking obtains a great improvement in terms of the efficiency of the acceptable solutions
when compared to the case 3.

When we replace the RMSE loss function with a correlation loss function, it is capable of
generating much more acceptable solutions for different cases (except the base case). For case
3, it increases from 211 to 2664, and from 175 to 1319 for case 4. For the computational cost,
it increases from 52.03 minutes to 93.46 minutes for case 3. For case 4, the computational cost

increases from 15.81 minutes to 22.12 minutes.
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Figure 4.13 2D projections of the acceptable individuals for different test cases with RMSE being
the loss function. Model form A1, By, C1, D are chosen randomly from case 1, case 2, case 3,
case 4, respectively.
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with RMSE being the loss function.
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Figure 4.16 2D projections of the Pareto Front for acceptable individuals for different test cases
with correlation being the loss function.

4.2.4.1 Model forms from GP

In this section, we will compare the model forms obtained through GP against the test data. The
predictive ability is compared by the fitting curves. For each experiment case, one model form is
randomly chosen from the acceptable solutions. As shown in Figure 4.13, solution Ay, By, C1, D
are chosen randomly from case 1, case 2, case 3, case 4 with RMSE being the loss function,
respectively. in Figure 4.15, solution A, B>, C», D, are chosen randomly from case 1, case 2, case
3, case 4 with correlation being the loss function.

Model forms generated by the GP for Ay, B, C1, D proposed the following equations:

Point A; (Case 1):
0c=0274e0-0549¢-0274e+40.2e (2.0 +£)+0.0186 (4.8)
Point B (Case 2):

o =56.3¢%log() — 15.410g(c) (€ —0.0158) (¢ — &) +0.101 4.9

89



Point C; (Case 3):
oc=744e+291&*5+9.97 € £ log(d) — 0.0559 (4.10)

Point D (Case 4):
0c=0363c0+285¢(2.0e+¢)—-0.0439 4.11)

The proposed formulations for Ay, By, C1, D1 with RMSE being the loss function are compared

with the test data in Figure 4.17:
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Figure 4.17 Model predictions using the generated model forms for Ay, By, Cy, D with RMSE
being the loss function.

Model forms generated by the GP for A, B,, C2, D, proposed the following equations:
Point A, (Case 1):

o =0.429 1% -0.863 ¢ & o log (&) — 0.469 (4.12)

Point B, (Case 2):
oc=212e(e+&)+0.42& 0 e®-0.00149 (4.13)

90



Point C, (Case 3):
0c=792e+273c0 (e¢+&)—1.84¢c& 0 —0.0403 (4.14)

Point D, (Case 4):
oc=0212e5 -0.128 82 ¢ +13.1 e log(c) (2.0 £ + &) +0.0407 (4.15)

The proposed formulations for A, By, C», D, are compared with the test data in Figure 4.18.
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Figure 4.18 Model predictions using the generated model forms for A,, By, Co, D, with
correlation being the loss function.

Overall, the comparisons presented in Figure 4.17 and Figure 4.18 show that there is relatively
good agreement between the predictions from the GP and the test data. The randomness in selecting

the model form from each case also validates that the selection of the bounding box is acceptable.

4.2.5 Discussions
In this study, we presented the effect of the penalty function and the proposed deck stacking

technique in generating engineering constitutive models with good fitness, complexity and condition
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number. We used four test cases to experimentally show the improvement of the deck stacking
compared to the penalty function on the condition number. For each experiment case, we count
the number of acceptable solutions and also evaluate the computational cost in the given default
parameters. Besides, we applied correlation as the loss function and compared its performance
against the traditional loss function of RMSE.

An important metric we are interested in is the complexity of the solutions. The complexity
is defined by the number of nodes in the tree representing the solution. The solutions with large
complexity will be difficult to understand, and will also lead to over-fitting issue. Therefore, we
would like to generate solutions with less complexity.

The experimental results in Table 4.5 clearly show the advantages by adding complexity or
condition number as penalty function into the fitness function. In experiment case 2, the use of
penalty function on complexity lead to improvements over the baseline in terms of the acceptable
solutions, which increase from 23 to 35. Case 3 shows the joint benefits of adding complexity
and condition number as a penalty function. In this case, we can achieve the most number of
acceptable solutions with good fitness, lower complexity and lower condition number. However,
a large computational effort is needed since the condition number for each individual in each
generation needed to be calculated. Case 4 introduced the deck stacking technique and the results is
much better than the use of complexity penalty function only. More importantly, it show significant
improvement in the efficiency. It generates comparable number of acceptable solutions as that in
case 3 but the computational cost for case 3 is about four times higher than that of case 4. This is
because during elitism in deck stacking, it only needs to calculated the condition number for elites,
and the computational burden added by the reproduction operator is ignorable. The explicit use of
the deck stacking technique is definitely important for problems where computational cost matters.

Overall, the use of a penalty function with complexity and condition number can consistently
generate better results than the direct use of GP. Also, it generates better results with less
computational effort with the use of deck stacking. This improvement of standard GP offers

scope for applications with many necessary evaluations of a computationally intensive function.
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Here we show the acceptable solutions and their Pareto front in 2D projections. Those 2D
projections are formed by projecting 3D plot onto the surfaces formed by fitness & complexity,
fitness & condition number, and complexity & condition number. Generally, a 2D Pareto front
produces a convex of concave shape, making it easier to visualize the trade-offs between objectives.
Figure 4.13 and Figure 4.14 shows the acceptable solutions and their Pareto front with RMSE being
the loss function. Figure 4.15 and Figure 4.16 shows the acceptable solutions and their Pareto
front with correlation being the loss function. The results show that the use of penalty function on
complexity and condition number are likely to generate models with less complexity and condition
number. This can be inferred from the median value of complexity and condition number. When
we replace the penalty function of condition number with the deck stacking, the results are likely to
be slight worse than penalty function with condition number (case 3), but is better than the penalty

function with complexity only (case 2).

4.2.6 Conclusions from this Section

In the present study the multi-objective optimization using the penalty function and deck stacking
in Genetic Programming is demonstrated in generating constitutive models with good fitness,
complexity and condition number. The results obtained suggest that by using penalty function on
RMSE, complexity, and condition number together, we can generate acceptable constitutive model
candidates, but at great cost. Then by using a combination of penalty function and deck stacking,
we can obtain comparable amount of acceptable constitutive model candidates, and at acceptable
cost. By using loss function of correlation, we can obtain more acceptable constitutive model

candidates.

4.3 Conclusions
Parameter uniqueness has been of much interest in model parameter calibration. The purpose of
the work here is to generate constitutive models that are more likely to be uniquely parameterized.
First we showed that for complex models itis possible that each experiment can be fit equally well
by a multitude of parameter vectors. When these parameters vectors are used in model predictions,

the uncertainty would be substantially more than would be the case without consideration of the
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non-uniqueness issue. This contribution of non-uniqueness to uncertainty in model predictions is
illustrated by Johnson-Cook model and an epidemiological model.

Then we used the condition number to represent the parameter uniqueness. Lower condition
number means the model is more likely to be uniquely parameterized. We posed this as a mullti-
objective optimization employing GP to generate models with good fitness, nice complexity
and lower condition number. However, the evaluation of condition number is computationally
prohibitive when incorporated into the optimization problem in a conventional manner. To prevent
this difficulty, we proposed a deck stacking technique and increased the efficiency as a result.

In the evaluation of model forms from the GP, we proposed a bounding box approach, which
helped us calculate the number of acceptable solutions. It has been shown that by using deck

stacking technique, we can generate constitutive model candidates at acceptable cost.
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CHAPTER 5
SUMMARY AND CONCLUSIONS

5.1 Summary

In this research, we studied the generation of constitutive models for engineering materials
using genetic programming. In Chapter 2, we demonstrated that the naive application of GP
often yielded equations with some very undesirable properties. We then developed a systematical
approach to generating useful constitutive models. The developed approach contains several
techniques, sensitivity analysis and simplification, parameter refinement, intermediate functions,
culling, seeding, and scaling, and they can help resolve the problem into manageable components,
thus guiding GP to generate models that makes physical sense. In order to demonstrate the capability
of the developed approach, it was applied to different problems, including metal plasticity, bio-
materials modeling and soil. In different problems, different technique were used. The systematic
use of the approaches generated equations that were simpler in form, were easier to relate to
physical properties, were more systematically parameterized, and could involve dramatically fewer
parameters.

In Chapter 3, we introduced an additional efficient method to generate basis functions, which
could be used as inputs into GP to generate the final formulation. The basis function was obtained
by using the projection of test data for each variable. The developed approach was applied to
a bio-material, tendon. The results showed that by using the basis functions, we can generate
hierarchical models with varying fitness, complexity and condition number.

In Chapter 4, we focused on the parameter uniqueness issue. We demonstrated that complex
models with a few parameters could be fit equally well by a multitude of parameter vectors. The
model predictions would manifest substantially more variance if we did not consider the non-
uniqueness issue. The contribution of non-uniqueness to prediction variance was illustrated on
two models, Johnson-Cook model and an epidemiological model. Then we aimed to generate
models with good condition number. We posed this as a multi-optimization problem regarding

fitness, complexity and condition number. In the process we observed that the evaluation of the
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condition number is computationally expensive when incorporated into the optimization problem
in a conventional manner. To obviate this difficulty, we came up with a deck stacking technique so

that we can generate desirable models with good efficiency.

5.2 Conclusions

In this research, we demonstrate that Genetic Programming can be used to facilitate and to some
extent automate the tools used by analysts to generate constitutive models. Many of these traditional
tools have natural implementation in GP, including: assuring that some traditional or intuitive
terms are included is achieved with seeding; precluding certain non-physical or computationally
intractable forms is achieved through automated culling in each generation; mapping to “master
plots’ is done using the standard tools or using some newly introduced tools as well. In order to
use GP for this purpose, it is necessary to map some of the qualitative criteria used by analysts to
assess and refine constitutive models into corresponding quantitative criteria.

In order not to create an abundance of artificial parameter uncertainty, it is essential to employ
models with unique parametrization. To do that we need to integrate the unique parametrization
into the GP and condition number appears to be a reasonable proxy for the issue of unique
parameterization. The computational costs of incorporating condition number in the evolutionary

process can be mitigated using a Deck Stacking technique.
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APPENDIX A: INTERMEDIATE VARIABLES
We assume the quantity of interest is a function of intermediate functions, each of which is a
function of one variable. These intermediate functions are obtained first, and then they are taken as
the new inputs into the GP. One may think of this as being analogous to the method of separation
of variables in the solution of partial differential equations.
The process for obtaining these intermediate functions is shown as follows. For convenience,

we refer to vectors of variables (&, &,T) as (x1, x2, x3)-
1. Choose vector (¢*,&",T") = (x7 , X5, X3) near the center of the calibration data.

2. For each yj, define the one-dimensional sub-space X; of the calibration data for which

Xj = )(;f for every j # k. If there are not enough data points, we have to use interpolation.

3. Define fi(xx) = o (xx) on Xj.

The diagram of our approach of involving intermediate functions is shown in Figure A.1.

- — A=)

y=f(fuf2)

1s ——f=f(x) —

Figure A.1 The use of intermediate functions.
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APPENDIX B: FROZEN SOIL A
In this section we use the above techniques on frozen soil — quite different from either metals or

biological materials. This is the material whose experimental data were shown in Figure B.1.

B.1 Test data
The test data is from [126], and is shown in Figure 2.19. In this data set, there are multiple

strain rates and temperatures. Data points where the strain did not reach 0.01 (1%) were dropped.

B.2 Direct use of GP
Using genetic programming directly to derive a model yields a choice of equations, with a

typical one as shown next:

. g . L 88 €= 10T :
o(e,6,T)=347In(s&¢) In ((8 -9.6) 70‘785) (%)

(B.1)
—109.0 In(T+1In(¢) —1.0e In (&) (T +9.95) —9.54) + 609.0

The fitting curve is shown in Figure 2.19. We can see that Equation B.1 is very complicated
and impossible to interpret physically. Further, the equation is hard to parameterize: terms like
€ make descent methods ill-conditioned and there are no obvious methods to deduce subsets of
the parameters independent of each other. No measurements come to mind that would suggest
experiments to directly determine any of the parameters. Finally, the match between the model
and the data is far from good. This might be a feature of the model or it might be a feature of the
data: all experimental data have some amount of error and one expects that some of this error will
manifest as inconsistencies among the data sets such as to make it impossible for any reasonable
model to fit all data. We might consider the poor fit of Equation B.1 to the data as suggestive
of substantial experimental error. With that being said, it seems reasonable to search for models
simpler than equ. B.1, but that fit the data at least as well. Since the direct use of GP generates
some undesirable properties we must develop an approach to guide GP to generate model forms

with more desirable properties.
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Figure B.1 Stress-Strain test data for soil A at different strain rates and temperatures. The
continuous plots are the results of direct application of GP to the whole data set. Each curve
corresponds to the test involving strain rate and temperature of the data of the corresponding color.

B.3 Partitioning the Problem

One important difference between this data set and the previous ones is that the stress is not
monotonically increasing, and in fact there exists a peak strength exhibited in each stress-strain
curve. This makes it difficult to use our intermediate functions approach directly, but it provides a
good opportunity to introduce another approach: axis distortion (M4). In this approach, we create
a function of € and T that scales the stresses of each experiment at constant values of € and T so

that the peak strength has a value of 1.0. This scaling function is itself an intermediate function.

Scaling of peak strength Peak strength is an important engineering quantity and is a natural
quantity by which to normalize the experimental data, even if we did not need to do so for our larger
modeling goal. As indicated earlier, peak strength is a function of both & and 7" and we go about

searching for that function by introducing yet two more intermediate functions. We assume peak
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strength to be a function of f;(£) and f>(T), where f](£) is a function of strain rate and f»(7) is a
function of temperature.
By using GP, SA, & GA in the manner discussed in previous problems, we obtain f;(&) and
fo(T) as:
f1=0.00419 & + 1.1187 (B.2)

f>=-0.514T +139.11 (B.3)

The fits of these two equations to their respective data are shown in Figures B.2 and B.3, respectively.
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Figure B.2 Peak strength - Strain rate data and the predictions of equation B.2.
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Figure B.3 Peak strength - Temperature data and the predictions of equation B.3.

As before, f1(£) and f>(T) are employed as two new variables in the GP modelling for the

stress data to find:
op(&,T) = 0.00821 f5(T) fi(£)* +0.818 f1(£) +0.818 f>(T) — 3.1 (B.4)
Equation B.4 is simplified using sensitivity analysis and parameter refinement to yield:
op(&,T)=1.214 f1(€) +0.955 fo(T) — 4.69 (B.5)

The fit to experimental peak strength is shown in Figure B.4 and agreement is well within the scatter

of the data.
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Figure B.4 Peak Strength-Strain rate data at different temperatures. The continuous plots are
predictions using Equation B.5.

Fitting of the normalized stress In the previous section, we obtained expressions for peak
strength in terms of strain rate and temperature. Here we normalize the data points of Figure 2.19
by those peak strengths and develop equations for the normalized data points. The peak-stress

normalized data are shown in Figure B.5.
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Figure B.5 Normalized Stress-Strain data at different strain rates and temperatures.

Here we use GP directly to fit the normalized data. One physical constraint is that when & = 0,
then o = 0, and this is imposed on GP by including a data point of (0, 0). Attempting a direct
application of GP to express normalized stress as a function of strain, strain rate and temperature,

and using Mean Squared Error as the fitness function, we obtain expressions such as the following:

on (e, T) =3.31 — 0.00624 exp(5.38 &) (T + 105.0) — 1.09 exp(=742.0 &) (B.6)

We see that strain rate does not participate in Equation B.6.

After sensitivity analysis and GA parameter refinement we obtain:

on(e,T) =3.62-0.01 exp(4.02) T — 1.01 exp(-864.5 &) (B.7)

The fitting curve using Equation B.7 is shown in Figure B.6.
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Figure B.6 Normalized Stress-Strain test data. The continuous curves are predictions using
Equation B.7.

From Figure B.6 we see that the model for normalized stress is reasonably good given the scatter
in the data. On the other hand, it does not appear that there is a strong temperature dependence in
this model. It is probably worthwhile to see if a model which is not dependent on temperature can
fit the data adequately.

When we employ GP again, but using Max Error instead of Mean Square Error for our fitness

function and still admitting both temperature and strain dependence, we obtain the following results:
on(e, T) =4.07 x 10° % —8.32 x 10° exp(-1.0 &) — 8.32x 10° £ + 8.32 x 10° (B.8)

Here we see that in this instance GP yields a temperature-independent model.

After refinement of parameters, the equation is:
on(e, T) = —178.5**1 —1.16 exp(-576.61 €) —24.5& +1.20 (B.9)

The fitting curve is shown in Figure B.7.
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Figure B.7 Normalized Stress-Strain test data. The continuous curves are predictions using

Equation B.9.

Equation B.9 shows that the normalized stress data can be fit reasonably well by an equation

which involves dependence only on strain. If we explicitly run the GP again, but specify dependence

on strain only we obtain:

on(e, T) =1299.0 £ + 1299.0 exp(—1.05 ) — 955.0 €272 +958.0 £%%377 — 1299.0

After the sensitivity analysis and parameter refinement, this becomes:
on(e,T) =21.5 (exp(~17.31 &) — 1) +96.79 67

The fitting curve using Equation B.11 is shown in Figure B.8.
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Figure B.8 Normalized Stress-Strain test data. The continuous curves are predictions using
Equation B.11.

One of the advantages of our approach is that we can build hierarchical models for fitting the
test data. We can obtain more complicated models with higher fitting accuracy, and we can also
obtain simpler models that can fit the test data with less accuracy. As we can see, Equation B.7 is

dependent on strain and temperature, but Equation B.11 depends only on strain.

B.4 Combining Peak Stress and Normalized Stress Models
Combining Equation B.5 for peak stress and Equation B.7 for normalized stress (with dependence
on strain and temperature), and also refining parameters one more time, we have:
o(g,&,T)=on(e,T)op(e,T)
= (8.84 —0.012 exp(16.86 &) T — 6.08 exp(—1016.1 ¢)) (B.12)
% (0.00081 & — 0.091 T +24.04)
Note how much simpler this expression is than Eq. B.1 where GP was applied directly to the data.
The constitutive model and the data are shown in Figure B.9 and agreement between the two is

seen to be at least as good as is that resulting from the direct application of GP (Eq. B.1).
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Figure B.9 Fit to test data using oy as a function of strain and temperature, (Eq. B.12).

Next by combining Equation B.5 for peak stress and Equation B.11 for normalized stress

(depending on strain but not temperature) and performing parameter refinement we have:

o(eg,&,T)=on(e)op(e,T)
- (22.5 (exp(=19.36 &) — 1) + 102.6 50-65) (B.13)

% (0.0036 € — 0.38 T + 100.29)

This model and the experimental data are compared in Figure B.10.
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Fitting using o(e,é,T) = ax(e)op(é,T)
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Figure B.10 Fit to test data using oy as a function of strain only, (Eq. B.13).

Note that our simpler constitutive models (Equation B.13) provides approximately as good
agreement with the data as the much more complex equation resulting from the direct application
of GP, and it has far fewer parameters and is much easier to parameterize. This argues for the utility
of the approaches presented up to here for generating tractable and useful engineering constitutive

models using genetic programming.
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