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ABSTRACT
The focus of this dissertation is on global existence of solutions of some chemotaxis systems with
logistic sources, subject to both homogeneous and nonlinear Neumann boundary conditions. It
is known that blow-up phenomena can be prevented for some chemotaxis models with quadratic
logistic sources under homogeneous Neumann boundary conditions. However, it is shown in this
research that quadratic logistic sources are not optimal for preventing blow-up phenomena in some
chemotaxis systems. Indeed, our first result demonstrates that Keller-Segel systems can avoid
blow-up solutions under nonlinear Neumann boundary conditions with quadratic logistic sources.
Moreover, the second result shows that blow-up solutions can be prevented in two spatial dimen-
sions with sub-logistic sources. Additionally, the third result shows that sub-logistic sources are
even sufficient to avoid blow-up solutions under nonlinear Neumann boundary conditions in two
spacial dimensions. Furthermore, we investigate some nonlinear nonlocal sources Keller systems
and the effect of sub-logistic sources under nonlinear Neumann boundary conditions and two-
species with two chemicals models in two spacial dimensions. Finally, we show that the presence
of logistic sources can prevent blow-up phenomenon in superlinear cross diffusion chemotaxis and
in superlinear signal production chemotaxis models. Mathematical tools utilized in the research
include variational methods, Moser-Alikakos iterations, regularity theory for elliptic and parabolic
equations in Sobolev spaces and in Orlicz spaces, some elemental inequalities in Sobolev spaces

and differential inequalities.
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CHAPTER 1

INTRODUCTION

My inspiration for this project stems from various papers and a book [50]. It is discovered that
cross-diffusion systems, such as Keller-Segel, play a significant role in predicting the formation of
aggregations, navigating an optimal path in a complex network, and even in physics, such as particle
interaction. Many mathematical tools of nonlinear parabolic equation theory can be adapted and
modified to tackle chemotaxis systems like Keller-Segel and its variations. As a result, this thesis
aims to investigate solutions, including global existence of certain chemotaxis systems using these
techniques.

The dissertation is structured as follows: Chapter 2 examines chemotaxis models with logistic
sources under nonlinear Neumann boundary conditions. In Chapter 3, we analyze a chemotaxis
model with sub-logistic sources in two spatial dimensions. In chapter 4, we investigate the global
existence issues of several chemotaxis systems including Keller-Segel system in the limiting pa-
rameter, two species with two chemicals systems, nonlocal sources chemotaxis systems in any
spacial dimensions n > 3. Furthermore, in two spacial dimensions the presence of sub-logistic
sources can prevent blow-up even for chemotaxis system under nonlinear Neumann boundary con-
ditions. Chapter 5 is devoted to investigating global existence issues in two chemotaxis models:
one featuring superlinear cross-diffusion rates and sub-logistic sources, and another incorporating
superlinear signal production with logistic sources. Finally, in appendix, we adopt and modify
Moser-Alikakos iteration method for general class of chemotaxis systems with general Neumann
boundary condition.

Each chapter is written as a self-contained unit, so readers can approach them independently
and do not necessarily need to read them in order. This structure allows readers to focus on specific
areas of interest and gain insights into particular aspects of chemotaxis models without having to

read the entire dissertation.



1.1 Some background of chemotaxis systems

The chemotaxis phenomenon, which refers to the movement of cells toward chemical signal,
has been intensively studied since 1880s. However until 1970s, the mathematical modelling for
chemotaxis was first introduced in [26]. To be more specific, the general form of the model is

described by the following PDEs:

up =V - (D(u,v)Vu — S(u,v)uVo) + f(u,v)
(1.1.1)

vy = dAv + g(u,v) — h(u,v)v

where u(x,t), v(x,t) are functions correspondingly describing the cell density population and
chemical signal concentration at a position x in an open smooth bounded domain 2 C R"™ and
a instant of time ¢. The functions D(u,v) and S(u,v) represent diffusivity of the cells and the
chemotactic sensitivity, respectively. The function f(u,v) describes cell growth and death while
the function g(u,v) and h(u,v) are kinetic functions that describe production and degradation of
chemical signal, respectively. A step toward the derivation of the model as well as many interest-
ing results can be found in [20]. Also, many developed techniques and results over decades to deal
with the chemotaxis systems has been summarized in [4]. Moreover, [18] presents an extensive
survey of various chemotaxis models, along with their corresponding biological background. Fur-
thermore, [17] offers a summary of key techniques and recent findings regarding global existence
and blow-up solutions, as well as a discussion of recent numerical studies and potential directions
for future research.

Since the 1970s, the mathematical perspective of this phenomenon has rapidly evolved, fueled by its
crucial applications and inherent mathematical elegance. Among the many areas of research in this
field, one of the most fascinating aspects of chemotaxis systems is the critical mass phenomenon.
Specifically, when S = D = 1, g(u,v) = u, h = 1,7 = 0,d = 1, and = R?, the simplicity
and elegance of this system have captured the attention of numerous researchers, intrigued by the
critical mass phenomenon it exhibits (see e.g. [12, 7, 42, 43, 52, 51, 45]...). Heuristically, the
analysis picture of this critical can be roughly understood by differentiating the second momentum

of the solution (see [19]). Specifically, the second equation of (1.1.1), the Poisson equation, gives



us an explicit formula for v in terms of w.

vlat) = =5 [ Inlle = yl)uty) dy

By substituting this into the evolution equation for u, we obtain:
1
:Au+2—V-(uVln|xl*u) (1.1.2)
T

We can calculate the dissipation of the second momentum explicitly by using integration by parts

d

|z|?u(z, t) dx—/ z|? (Au — V - (uVv)) dx
dt o

:/ A(|:B|2)udas~|—/ (2 - Vv)udx
R2 R2
_4m+2/ (x - Vo)udx

—4m——// (z,t)u(y,t) z-(z g)dxdy
R2 JR2 ‘ —?J‘
R2 ]R2 |J:—y|

—4m——
21’

where m = [p, u(x,t) dz. If the initial second momentum is finite we have

2 2u(z, t) do = / 2 2u(z, 0) dz + dm(1 — ).
R2 R2 87T

As a consequence, we find that solutions do not exist globally when m > 87. Indeed, we have a
rich literature concerning about this critical mass m = 87. For more details, interested readers are
referred to [19][Introduction].

In addition to the biological chemotaxis phenomena, the logistic term f(u) = au — pu? introduced
in the evolution equation for u plays a role in describing the growth of the population. Specifically,
the term au, with a € R, is the growth rate of population and the term —pu? models additional
overcrowding effects. In a two-dimensional space, the system (KS) possesses a unique classical so-
lution which is nonnegative and bounded in 2 x (0, o) ( see e.g. [47, 46]). In a higher-dimensional

space, the similar results can be found in [21] for the parabolic-elliptic model, and in [65] for the



parabolic-parabolic model with an additional largeness assumption of . In addition to the global
classical solutions, the existence global weak solutions results for any arbitrary ¢ > 0 were also
obtained in [21] for the parabolic-elliptic models and in [28] for the parabolic-parabolic models in
a three-dimensional system. Furthermore, a precise formula for a lower bound for 1 was found in

[69].

1.2 Problems and results

The main goal of this thesis is to investigate two crucial inquiries concerning the global bound-
edness of solutions in certain chemotaxis systems.

The first question revolves around the global existence of solutions under nonlinear Neumann
boundary conditions, such as g—z = |u[? for p > 1. In Chapter 2, we establish the global existence
of solutions when p is below a critical threshold. Specifically, Theorem 2.1.1 addresses parabolic-
elliptic chemotaxis systems, while Theorems 2.1.2 and 2.1.3 tackle fully parabolic chemotaxis sys-
tems in two and three spatial dimensions, respectively. These findings have been published in [33].
Additionally, in Chapter 4, we extend these results to general nonlinear boundary conditions in 2D
with sub-logistic sources [31].

The second question investigates the existence of a globally bounded solution for f(u) =
au — pu® with k € (1,2). Despite this question being open since 2002, progress has been made.
In [71], it was demonstrated that logistic sources are not optimal for preventing blow-up solutions.
Instead, sub-logistic sources of the form f(u) = au— % with 0 < p < 1 ensure global bound-
edness in 2D bounded domains. Chapter 3 extends this result to investigate sub-logistic sources
in preventing blow-up phenomena for nondegenerate Keller-Segel systems (Theorem 3.2.1) and
degenerate Keller-Segel systems (Theorem 3.2.2). This work is published in [30]. Furthermore,
Chapter 4 establishes in Theorem 4.3.1 that sub-logistic sources also ensure the global existence
of solutions in two-species chemotaxis models [32]. Chapter 5 demonstrates in Theorems 5.2.1
and 5.2.2 that sub-logistic sources prevent blow-up even in superlinear signal production chemo-

taxis systems. Finally, blow-up prevention by sub-logistic sources for chemotaxis systems with



superlinear cross-diffusion rates is provided in Theorems 5.1.1 and 5.1.2 in Chapter 5.

In addition to addressing these fundamental questions, the appendix includes detailed proofs
for the Moser iteration technique, along with important inequalities and fundamental results in
regularity theory. These proofs are crucial for obtaining L*>° bounds from L? bounds with p > 1
sufficiently large for solutions to various chemotaxis systems, with or without nonlinear boundary

conditions.



CHAPTER 2

CHEMOTAXIS WITH LOGISTIC SOURCES UNDER NONLINEAR NEUMANN
BOUNDARY CONDITION

We consider classical solutions to the chemotaxis system with logistic source f(u) := au — pu?
under nonlinear Neumann boundary conditions % = |u|? with p > 1 in a smooth convex bounded
domain €2 C R™ where n > 2. This chapter aims to show that if p < %, and p > 0, n = 2, or
 is sufficiently large when n > 3, then the parabolic-elliptic chemotaxis system admits a unique
positive global-in-time classical solution that is bounded in 2 x (0, 00). The similar result is also
true if p < 2, n =2,and > Oorp < £, n = 3, and 1 is sufficiently large for the parabolic-

parabolic chemotaxis system.
2.1 Introduction
We are concerned in this chapter with solutions to the chemotaxis model as follows:

uy = Au—xV - (uVv) +au — pu? € Q, t € (0, Tax),
(KS)

TU; = Av + au — v r €t e (0, Thw),
in a smooth, convex, bounded domain €2 C R” where «, 3, a, u > 0,7 > 0,and xy € R. The system
(KS) is complemented with the nonnegative initial conditions in C*™(£2), where v € (0, 1), not

identically zero:

u(z,0) = up(x), v(x,0) = vo(x), x €Q, (2.1.1)
and the nonlinear Neumann boundary conditions

o _ e, % =0, 2€0 teE (0 Th) (2.1.2)

where p > 1 and v is the outward normal vector.

The logistic term, au — pu?, introduced in the evolution equation for u plays a role in describing
the growth of the population. Specifically, the term au, with a € R, is the growth rate of popu-
lation and the term —pu? models additional overcrowding effects. It was investigated in [59] that

the quadratic degradation term —pu? can prevent blow-up solutions. In fact, it was proven that if



> ”7_2 xa, and 7 = 0, then the solutions exist globally and remain bounded at all time in a convex
bounded domain with smooth boundary 2 C R"”, where n > 2. This result was later improved in
[22, 25, 70] that u = ”T_Q x« can prevent blow-up when 7 = 0. In a two-dimensional space with
7 = 1, the system (KS) possesses a unique classical solution which is nonnegative and bounded in
2% (0,00) (seee.g. [46,47]). These results were later improved in [71, 72] by replacing the logis-
tic sources by sub-logistic ones such as au — p% for p € (0,1). In a higher-dimensional space
with 7 = 1, the similar results can be found in [65] for the parabolic-parabolic model with an addi-
tional largeness assumption of x. In addition to the global classical solutions, the existence global
weak solutions results for any arbitrary ;¢ > 0 were also obtained in [59] for the parabolic-elliptic
models and in [28] for the parabolic-parabolic models in a three-dimensional system. Furthermore,
interested readers are referred to [24, 27, 34, 35, 38, 57, 63, 74, 75] to study more about qualitative
and quantitative works of chemotaxis systems with logistic sources.

The problem becomes more interesting and challenging if the homogeneous Neumann bound-
ary condition is replaced by the nonlinear Neumann boundary condition. The method in this chapter
to obtain global boundedness results is first to establish a L! estimate, then for LP° for some py > 1,
and finally apply a Moser-type iteration to obtain for L>°. Although this approach has been widely
applied in treating global boundedness problems for reaction-diffusion equations ([1, 2, 13]), or for
chemotaxis systems ([65]), the main difficulties rely heavily on tedious integral estimations. Un-
like the homogeneous Neumann boundary conditions, it is not even straightforward to see whether
the total mass of the cell density function is globally bounded or not due to the nonlinear boundary
term. In fact, most of the technical challenges in this chapter are to deal with the nonlinear bound-
ary term. Fortunately, the Sobolev’s trace inequality enables us to solve a part of a problem:

Main Question: "What is the largest value p so that logistic damping still avoids blow-up?”

This types of question for nonlinear parabolic equations has been intensively studied in 1990s. To



be more precise, if we consider y = 0, our problem is similar to the following PDE:

;

U =AU —pU® 2€Q,te (0, Tha),
9w =yr r €0 tE (0, Tha), (NBC)

U(x,0) =Up(z) x e

\
where  is a smooth bounded domain in R", Q, P > 1, u > 0 and Uy € Wh*(Q) is a nonneg-
ative function. The study concerning the global existence was first investigated in [10], and then
improved in [49] for n > 2. Particularly, it was shown that P = % is critical for the blow up in

the following sense:
1. if P < % then all solutions of (NBC) exist globally and are globally bounded,

2. If P > % (or P = % and p is sufficiently small ) then there exist initial functions U

such that the corresponding solutions of (NBC) blow-up in L*°—norm.

In comparison to our problem, we have () = 2 and P = % is the critical power. Indeed, we also
obtain the similar critical power p = % as in Theorem 2.1.1. Notice that the local existence of
positive solution was not mentioned in [10, 49, 48], and it is not clear for us to define U¥ without
knowing U is nonnegative, so the presence of absolute sign in (2.1.2) is necessary to obtain local
positive solutions from nonnegative, not identically zero initial data.

Heuristically, the analysis diagram can be presented as follows. In case 7 = 0, by substituting

—Av = au — fv into the first equation of (KS), we obtain
uy = Au+ au — xVu - Vo + (x — p)u® — yuv.

If 11 is sufficiently large, then solutions might be bounded globally since the nonlinear term ( — ) u?
might dominate other terms including the nonlinear boundary term. In case 7 = 1, we cannot sub-
stitute Av = fv — au directly into the first equation of (KS); however, we still have some certain
controls of v by u from the second equation of (KS) thanks to Sobolev inequality. We expect that

this intuition should be true in lower spacial dimension and ”weaker” nonlinear boundary terms



since the critical Sobolev exponent decreases if the spacial dimension increases. Indeed, our analy-
sis does not work for n > 4 since we do not have enough rooms to control other positive nonlinear
terms by using the term (y — z)u?. One can also find similar ideas on sub-logistic source preventing
2D blow-up in [71].

We summarize the main results to answer a part of the main question. Let us begin with the fol-

lowing theorem for the parabolic-elliptic case.

Theorem 2.1.1. Let ) be a bounded, convex domain with smooth boundary in R™ where n > 2,
and T = 0. If p > "T_2xa, and1 < p < %oru: ”T_onzwithnz 3dand1 < p < 1+%then
the system (KS) with initial conditions (2.1.1) and boundary condition (2.1.2) possesses a unique

positive classical solution which remains bounded in ) x (0, 00).

Remark 2.1.1. It is an open question whether there exists a classical finite time blow-up solution

: 3
ifp >3

Remark 2.1.2. The proof of borderline boundedness in Theorem 2.1.1 when p = "T_Q x« is adopted
and modified from the arguments in [22, 25, 70]. However, applying Lemma 2.3.2 to overcome
challenges in boundary integral estimations was not possible. Instead, we had to derive an alter-
native and improved estimation to handle the boundary term, which necessitated the condition of

1
p<l1l+ ot
The next theorem is for the parabolic-parabolic system in a two-dimensional space:

Theorem 2.1.2. Let ) be a bounded, convex domain with smooth boundary, and T = 1, n = 2,
1 <p< g then the system (KS) with initial conditions (2.1.1) and boundary condition (2.1.2)

possesses a unique positive classical solution which remains bounded in Q x (0, c0).

Remark 2.1.3. This theorem is an improvement of the result in [73, chapter 12] since not only the
nonlinear boundary condition takes place but the smallness assumption of initial data also is no

longer necessary.

In three-dimensional space, we prove the following theorem for the parabolic-parabolic case.



Theorem 2.1.3. Let () be a bounded, convex domain with smooth boundary, and T = 1, n = 3,

1 <p< % then there exists o > 0 such that for every . > g, the system (KS) with initial
conditions (2.1.1) and boundary condition (2.1.2) possesses a unique positive classical solution

which remains bounded in € x (0, o).

Remark 2.1.4. Here we expect p = % may not be the threshold of global boundedness and blow-up

solutions, but rather the limitation of our analysis tools.

Remark 2.1.5. We leave the open question whether for every n > 4, there exists p, > 1 such that

if 1 < p < py solutions remain bounded in §) x (0, c0).

Remark 2.1.6. In case p = 1, one may adopt and modify the proof of Theorem 2.1.1, 2.1.2, and

2.1.3 to obtain similar results.

The chapter is organized as follows. The local well-possedness of solutions toward the system
(KS) including the short-time existence, positivity and uniqueness are established in Section 2.2. In
Section 2.3, we recall some basic inequalities and provide some essential estimates on the boundary
of the solutions, which will be needed in the sequel sections. Section 2.4 is devoted to establishing
the L log L, and L" bounds for solutions. In Section 2.5, we firstly establish an L> estimate from

an L" estimate for r sufficiently large and then prove the main theorems.

2.2 Local well-posedness

In this section, we prove the short-time existence, uniqueness and positivity of solutions to the
system (KS) under certain conditions of initial data. Although the proof just follows a basic fixed
point argument, however we cannot find any suitable reference for our system. For the sake of
completeness, here we will provide a proof, which is a modification of the proof of Theorem 1.1 in
[16]. Let us recall a useful result for the linear model. We consider the linear second order elliptic
equation of non-divergence form:

Lu:=u; — Z aijDijU + Z bZDzU +cu = f in Q. (221)

7:7‘7‘

10



Assume that there exists A > A > 0 such that
AEP <) a(x, )68 < AP, (at) € O, R, (2.2.2)
,J

where a, b, c € C7(Qr)(0 <y < 1) and

1 i .
5y {Z Ha]HCV(QT) + Z Hb HC’Y(QT) + HC’|0~/(QT)} <A, (2.2.3)
2Y) A

Theorem 2.2.1 ([37], p. 79, Theorem 4.31). Let the assumptions (2.2.2), (2.2.3) be in force, and
0N e CH(0 <y < 1) Let f € C(Qr), g € CHY(Qy) and ug € C*(Q) satisfying the first

order compatibility condition:
8u0

5 = g(x,0) on 0S. (2.2.4)

Then there exists a unique solution u € C?*7(Qy) to the problem (2.2.1) with the Neumann bound-
ary condition % = gon 0N x (0,T). Moreover, there exists a constant C' independent of g and ug

such that
1
[ull g2vapy < € (X 1l ev@agy T+ l9llcrin@py + HUOHCHv(Q)) ' (2.2.5)

where C'is dependent only on n,~v, A/, A, and ().

This estimate, together with Leray-Schauder fixed point argument is the main tools to prove

the following theorem.

Theorem 2.2.2. If nonnegative functions ug, vy are in C**7(Q) such that

Ouo

ov

= |ug|*t7 on 05, (2.2.6)

where v € (0,1). Then there exists T' > 0 such that problem (KS) admits a unique nonnegative
solution u,v in C**7(Qr). Moreover; if ug, vy are not identically zero in ) then u, v are strictly

positive in Qr.
Remark 2.2.1. The convexity assumption of domain §Q is not necessary in this theorem.

Remark 2.2.2. By substituting v = p — 1 into Theorem 2.2.2, we obtain local existence and

uniqueness of positive solutions in Theorem 2.1.1, 2.1.2, and 2.1.3.

11



Proof. From now to the end of this proof, we will use C' as a universal notation for constants
different from time to time. Firstly, the short-time existence of classical solution will be proved by
a fixed point argument. Let u € C+7 () be such that u(z,0) = ug(z) in Q. Then, the functions
ug and g(z,t) = |u(z,t)|'*" satisfy condition (2.2.4), and g € C**(Qr). We assume T’ < 1, and

consider the set of functions given by

Br(R) := {u € () such that [Juflprr

IA

R}.

Now we define the map

A: Br(R) — C™(Qg)
where Au := U is a solution of

Uy =AU —xV - (uVV)+au—pu®> z€Q,t€ (0, Thux),

(2.2.7)
TVi=AV +au— BV x e te (0, Tha),
under Neumann boundary condition:
ou 14ry ov
i = O, t Trnax ) 2.2.8

and initial data (U(x,0),V(2,0)) = (uo(x),vo(x)) in 2. We first prove that A sends bounded
sets into relative compact sets of C1*7(Q7). Indeed, the inequality (2.2.5) implies there exists
R' > 0 independent of T" such that || Au|| 24, q,) < R for all uin Br(R). As bounded sets in
C*(Qr) are relatively compact in C1*7(Qr). We claim that A is continuous. In fact, let u,, — u
in C1*7(Qr), we need to prove U,, := Au,, — U := Auin C**7(Q7). Now we can see that U, — U

satisfies

(Un_U)t:A(Un_U)+fna I'EQ, te (OaTmaX)a
(2.2.9)

TV, =V)i=AV, = V)+a(u, —u) —B(V,—=V) x€Q, te (0, Tmx)
where f,, .= —xV - (4, VV,, —uVV) +u,(a — pu,) —u(a — pu). One can verify that f,, satisfies
the assumptions of Theorem 2.2.1. Plus, the boundary condition

a(Un - U)
ov

= Jup " — u|t7, w =0, v €00t (0, Thy)  (2.2.10)
1%

12



We claim that V,, — V in C?*7(Qy) for 7 > 0. Indeed, when 7 > 0, we make use of (2.2.5)
and when 7 = 0, we apply Schauder type estimate for elliptic equation to obtain that V,, — V in
C?**(Qp). This leads to f,, — 0 in C7 (7)), combine with inequality (2.2.5) entail that U, — U
in C**7(Qr). In order to apply the Leray-Schauder fixed point theorem we just have to prove that

if T is sufficiently small, and R > 2(1+d(Q)'~7) [Jug|| 24~ (q)» then A(Br(R)) C Br(R). Indeed,

| Au(z, t)| < [Au(z,0)] +t | DeAul| oy < lluollcoy + TR
|Au(x,t) — Au(z, s)|

1ty

|t — 5|2

< || DA oy, It — 517 < RT,
and,

|D,Au(x,t) — Dy Au(y, s)| 1—2 (| 72 1o~y 2 9
|z —y] + |t — |3 < It = s/ 2 || Dz Aul| o) + o = 9757 + || Duo| o)

STRR 4+ d(Q) TR + A [ Do oy -

These above estimates imply that

v

||AU||cl+w(QT) < B + R'T + RT = + TR + d(Q)l—vT%R/.

Since R’ is independent of 7" for all 7" < 1, we can choose 7" sufficiently small as to have
/ iz 1-2 1o L2 IR
RT+RT =2 +T 2R +d(Q) TR < 7
This further implies that
[Aul|gr4v g,y < R forall u € Br(R).

Thus A has a fixed point in By(R). Now if u is a fixed point of A, u € C**(Qy) and it is a
solution of (KS).

Secondly, the nonnegativity of solutions will be proved by the truncation method: Letting
¢ = min {u,0}

and ¢ (t) := 3 [, #* dx, we see that ¢ is continuously differentiable with the derivative

== [[9ok+a [+ [ oprasex [ 090 vo—p [ ¢
S—/Q|V¢!2+a/9¢2+x/ﬂ¢v¢-Vv—u/Q¢3. (2.2.11)

13



We make use of Young’s inequality combined with the global boundedness of |Vv| in Q7 to obtain

X/Qqﬁw)-w < e/Q|V¢\2+C/Q¢2, (2.2.12)

for some C' > 0. We also have —p [, ¢* < C' [, ¢*, where C' = psup,  |u(z,t)|. This together
with (2.2.11), (2.2.12) implies that ¢/ (t) < C(t) forall 0 < ¢ < T'. By Gronwall’s inequality and
the initial condition ¥ (0) = 0, we imply that 1) = 0 or u > 0.

Thirdly, we will prove that if uy # 0 then w is strictly positive in {27 by a contradiction proof.
Suppose that there exists (o, t) € Q7 such that ming, u(x,t) = u(zo,ty) = 0. By the strong
parabolic maximum principle, we obtain (z, ty) € 92 x (0,T"). However, it is a contradiction due
to Hopf’s lemma:

U
%(Iﬁo,to) = ’U(Z’Q, to)’l—i_’y =0.

0>
Thus, u > 0 and by similar arguments we also have v > 0.
Finally, the uniqueness of classical solutions will be proved by a contradiction proof. Assuming

(u1,v; and (ug,vy) are two positive classical solutions of the system (KS). Let U := u; — us,

V' := v — vg, then (U, V') is a solution of the following system:

Ui =AU+ F, x€Q, t € (0, Thx),
(2.2.13)
TVi=AV +U - BV € Q, t € (0, Thax),
where F' := —xV(u1Vvy — uaVue) + f(u1) — f(u2), and the boundary condition
ou oV
% = |U1|1+7 — |uQ|1+’y, % = O, x € GQ, te (O,Tmax). (2214)
By mean value theorem, there exists z(z, t) between wu; (z,t) and us(x, t) such that
Ul(l', t) - U'Q(Ia t) = (ul(xa t) - UQ(ZL', t))f/(Z(lL', t))
Multiplying the first equation of (2.2.13) by U implies
1 d 2 2 1+ 1+
S Udr=— [ VU + [ U(ju " = Jus|*7) dS
2dt Jo Q 20
+ X/(u1Vv1 —uaVuy) - VU +/ U f'(2). (2.2.15)
Q Q
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We make use of the global boundedness property of u;, us in {7, thereafter apply Sobolev’s trace

theorem, and finally Young’s inequality to have

/ U(fug |57 = Jup| ) dS < c/ U2ds < e/ IVU|* + C(e)/ U2, (2.2.16)
o0 o0 Q Q
Since,
U1V'U1 — UQVUQ = val + UQV‘/,
we have

X/VU- (1 Vo — 13 Vy) < 0/ UIVU| + VUV
Q Q
< e/ |VU|2+C/U2+C/ IVV|2. (2.2.17)
Q Q Q

We also have [, U?f'(z) < C [,U? where C' = SUD,i1 (s s} <z<max furu) |/ (2)]- Multiplying

the second equation of (2.2.13) by V, and applying Young’s inequality, we obtain
d
— v2+/ |VV|? gC/UQ. (2.2.18)
dt Jo Q Q

From (2.2.15) to (2.2.18), we obtain

%{/ﬂuﬂ/ﬁv?}gc{/gvuév?}. (22.19)

The initial conditions and Gronwall’s inequality imply that U = V' = 0, and thus there is a unique

solution to the system (KS). [

2.3 Preliminaries
The next lemma giving an useful estimate will later be applied in Section 2.4. Interested readers

are referred to [56, 72] for more details about the proof.

Lemma 2.3.1. Let Q C R? be a bounded domain with smooth boundary, and let p > 1 and

1 <r < p. Then there exists C' > 0 such that for each ) > 0, one can pick C(n) > 0 such that
[ullZn @) < nlIVullaig) llulnfullzq) + C lullfq) + C0) (2.3.1)
holds for all u € W2(Q).
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The following lemma providing estimates on the boundary will be useful in Section 2.4.

Lemma 2.3.2. Ifr > 1,p € (1, %), and g € C1(Q), then for every € > 0, there exists a constant

C = C(e,Q,p,r) such that

/ |g|Pr2rt S(i/ |g|2r+1+€/ IVg'|? + C. (2.3.2)
o0 Q Q@

Proof. Let ¢ := |g|", we have ¢**"+ € W1(Q). Trace theorem, W (Q) — L(9Q), yields

p—1 p—1 _]_ p—1
P < o / p 4 (24 2 ) / S|V
o0 [9] Q

r

<c / P 4+ 3¢ / P |Vl (2.3.3)
Q Q
where ¢; = ¢;(n, ) > 0. By Young’s inequality, the following holds for all ¢ > 0
142t ) 94 2=1)
R R N R (234)
Q Q € Jao
We apply Young’s inequality again to obtain a further estimate
ore=t G 24 2e-l) 2+1
al ¢ +— [ el o7 o (2.3.5)
Q € Ja Q

where ¢, depending on €, p, 7, n, {2. We complete the proof of (2.3.2) by collecting (2.3.3),(2.3.4)
and (2.3.5) together. [

The following lemma is an essential estimate to obtain L? bounds from L In L bounds.
Lemma 2.3.3. Ifp € (1,1), n = 3, and (u,v) are in C* (2 x (0, Tyax)) and
/Q\W(.,t)\? <A (2.3.6)
holds for all t € (0, Tpu), then for every e > 0, there exists a constant C' = C/(€, ), p, A) such that
/m uP|Vol? < e/Q <u3 + | Vu|? + u?| Vo)? + \wwﬂz) +C. (2.3.7)

holds for all t € (0, Ty )-
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Proof. By trace theorem Wh1(Q) — L'(99),

/ yu|P|wy?gcl/|u|P|vu|2+cl/|u|p\V|W|2|+clp/ WPVl [ Vo2 (2.3.8)
o0 Q Q Q

where ¢; = ¢1(€2) > 0. Apply Young’s inequality yields

2—p
5 2-p
cl/ lulP| Vol < E/u2|Vv|2+—p ( p) ’ /IVU|2
Q 2 Ja 2 0

€Cy

< f/u2|vu|2+c2 (2.3.9)
2 Ja
Note that 2p < 3, we apply Young’s inequality to obtain
p 2 € 212 1 2p
a [ |ulP VIV << [ VIV + = [ w
Q 2 Ja 2¢ Jo

f/ \vyw2f+e/u3+cg (2.3.10)
2 Q Q

where c3 = c3(€, §2, p). By Young’s inequality,
clp/ [ulP~ V|| Vo]? < 2/ Q\Vv]2+04/ |Vu|3=» P\VU\Q

6-2p
< —/u2|Vv|2+e/ |Vu|2—i—c5/ |Vu|2=» (2.3.11)
2 Ja Q Q

where ¢4, c5 are positive and dependent on ¢, §2, p. Here, we use the condition 1 < p < 7 to obtain

—£ < £. By Young’s inequality,

05/ V|77 gn/ Vol % + cg (2.3.12)
Q Q

where cg = cg(n, €, p, ). In light of Gagliardo-Nirenberg inequality,

2-p
_ D
where ¢y := 22 A (L> )

2 ecy

IN

w
S

1908150y < cen IV gy 19007 sy + e 19017
< can AT ||V Vo] HL2 + canA. (2.3.13)
Hence
16 1 2115 3
[ 190l <0 (can At V190 g, + cana)
< 293 (canAT)s /‘VWU’ |+ 273 (can A) . (2.3.14)
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Choosing 7 such that 2°/3(cqyA1)3n = ¢, and plugging into (2.3.14), (2.3.12), and (2.3.11) re-

spectively, we obtain

clp/ luP~ V|| Vo) ge/ ]vyvm2\2+f/u2|wy2+e/ Vul? + ¢ (2.3.15)
Q Q 2 Q Q

where ¢; = cg + 2°/ S(CGNA)gn. We finally complete the proof of (2.3.7) by substituting (2.3.9),
(2.3.10) and (2.3.15) into (2.3.8). [

2.4 A priori estimates

Let us first give a priori estimate for the parabolic-elliptic system,

Lemma 24.1. If n > 0andp € (1,2), forall r € (1, (Xa{aup) then there exists

c=c(r, ||Uo||LT(Q)) > (0 such that
||u(-,t)||Lr(Q) <, Yt € (0, Thax)- (2.4.1)

Proof. Multiplying the first equation in the system (KS) by 2"~ yields

2r dt/ /

= / w1 [Au — xV(uVv) + f(u)]

Q
:_2’/" 1/|Vu |2 27“ 1/ QTAU+/f 2r 1 / u2r+p—1ds
2r 90
2r —1
=2 [t 2 [ a0
Q
—i—/m urtet dS+a/Qu27"—,u/Qu2r+1. (2.4.2)

Since v > 0, we have

d 2(2r —1
—/uz" < —L/ IVu"|? — [2rp — xa(2r — 1)] / u?
dt Jo r Q Q

+ 27“/ u? Pl ds + 27“@/ u®. (2.4.3)
o0 Q

By Lemma 2.3.2, we obtain

27°/ u? P dS < 27"6/ |Vu'|* + 27"6/ u? 4 . (2.4.4)
00 0 0

18



We make use of Young’s inequality to obtain

(2ra+1) / u? < e/ u? e, (2.4.5)
Q Q

Collecting (2.4.3), (2.4.4) and (2.4.5), we have

202r — 1
2 +/u2’“§ [2re——< I )]/|Vur\2
Q r Q

— [2rp — xa(2r — 1) — 2€] / u? ey (2.4.6)
Q

If - xa u) > 2r > 1, then selecting ¢ = mm{QT L 2 Xa(% 1)} and plugging into (2.4.6), we
deduce

d 2r 2r

T u” + [ v < e (2.4.7)

Q Q

This yields (2.4.1), hence the proof is complete. [

In the parabolic-parabolic case 7 = 1, the following lemma gives us a priori bounds for solution

of (KS) with initial data (2.1.1) and the boundary condition (2.1.2).

Lemma 2.4.2. If1 <p < % and (u,v) is a classical solution to (KS) with initial data (2.1.1) and
the boundary condition (2.1.2) without the convexity assumption of €}, and n > 2 then there exists

a positive constant C' such that
.A(< £)+ 1) In(u /WVU HE < c (2.4.8)
Sorallt € (0, L)
Proof. Let denote y(t) := [, (u( DIn(u(-,t) +1) + [, [Vo(-,1)]?, we have
y(t) = /Q [Au— XV - (Vo) + Fu)] In (u+ 1) + 1]

+2/VU-V(Av+au—6v)
0

— I+ L. (2.4.9)
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By integration by parts, /; can be rewritten as

[ vl

U
I = + /—Vu-Vv—l—a/ulnu—i—l +1
= [ [l 1)+ 1

—,u/u2 [ln(u—i—l)—i—l]—l—/ P [In(u+1)4+1] dS (2.4.10)
Q 00

By integration by parts, Cauchy-Schwarz inequality and elementary inequality In(u + 1) < u, we

have

X/ “ Vu-szx/V(u—ln(u+1))-Vv
0 e

u—+1
1
= —X/Q(u—ln(ujtl))Av < i/Q(AU)2+X2/Qu2. (2.4.11)

One can verify that there exists ¢; (i, a) > 0 satisfying

wlln(u+1)+1] < ﬁzf n(u+ 1)+ 1] + ¢,

hence,

a/gu[ln(u+1)+1] g%/guz[ln(u%—l)—i-l]—i-cl. (2.4.12)

In light of Sobolev’s trace theorem, W1 (Q) — L'(0N), there exists co(€2) > 0 such that

/mup[ln(u—l—l)—l—l] dSch/

uP [In (u+ 1) + 1] + pco / PVl [In (u + 1) + 1]

Q
ub
—|Vu| |l 1)+ 1. 24.13
+c2/9u+1| ul[In(u+ 1) + 1] ( )
By Young’s inequality, we have

[Vl
u+1

P2 / uPHVul[In(u+1) +1] < %1/ + pey / w2 (u+ 1) [In (u+ 1) + 1)7,
Q Q Q
(2.4.14)

and

uP L[ |Vu]* 5 [ u® 2
1 )+1] <= 1 1)+ 1]°. 2.4.15
o [ Sy < [ g [ Sy als)
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By the similar argument as in (2.4.12), there exists c3(p, €2, ) > 0 such that

cg/up [ln(u+1)+1]+pcz/u2p2(u+1) [In (u + 1) + 1]?

2p
+cg/9u“+1 ln(u+1)+17° < %/Quz[ln(u—{—l)+1]+03.
(2.4.16)
From (2.4.13) to (2.4.16), we obtain
1 [Vul* 2
Pl 1 1dS <= | ——+ = 1 1 1 . 2.4.17
[ ey snas<s [ LR [ Em@e )i @417)
Now, we handle /5 as follows:
I = —2/(Av)2 - 25/ |Voul* + 2a/ Vu - Vo. (2.4.18)
Q Q Q
By integration by part and Young’s inequality, we have
1
2a/ Vu-Vou < —/(Av)2 +2a2/u2. (2.4.19)
Q 2 Ja Q
One can verify that there exists ¢4(a, 3, x, 2) > 0 such that
(% + 202) / u? + 2ﬁ/(u +D)In(u+1) < %/ WCln(u+1)+1]+c  (2.4.20)
Q Q Q

Collecting (2.4.10), (2.4.12), (2.4.17) and from (2.4.18) to (2.4.20), we obtain

1 2
(£ +28y(t) < —= [Vl —ﬁ/ﬁ Mn(u+1)+14es <es, Ve (0, Tna), (2.4.21)
2 Jout1 4/,

where ¢5 = 2/ and ¢5 := ¢; + ¢3 + ¢4. This, together with the Gronwall’s inequality, yields

y(t) < y(0) + (1 - e < C
where C' := max {y(O), T }, and the proof of (2.4.8) is complete. ]

The following lemma gives an L?-bound in two-dimensional space for the parabolic-parabolic

system.
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Lemma243. [ft=1,n=21<p<s3 and (u,v) is a classical solution to (KS) with initial

data (2.1.1) and the boundary condition then there exists a positive constant C' such that

/u2(-,t)+/ Vo, t)* < C (2.4.22)
Q Q

SJorallt € (0, Tyax)-

Proof. Let denote

1 1
o(t) ::§/S2u2+Z/Q|VU|4,

we have

§(t) = / w A~ XV - (u V) + f(u)]

+ / VoV - V (Av + au — Bv)
Q

=J1 + Jo. (2.4.23)

By integration by parts, we obtain
Jp = —/ |Vl +x/ uVu-Vv—l—a/ u? —u/ u3+/ uPt ds. (2.4.24)

Q Q Q Q o9
By Young’s inequality, we have
1
X/uVu-VU+a/u2 < —/ |Vu|2—l—x2/u2|Vv|2. (2.4.25)
Q Q 2 Ja Q

In light of Sobolev’s trace theorem, W11 (Q) — L1(99), there exists ¢; := ¢;(£2) > 0 such that

/ up+1dS§cl/up+1+cl(p—|—1)/up|Vu|. (2.4.26)
o9 Q Q

Since 1 < p < %, we apply Young’s inequality to obtain

/ up+1d5<%/ /|Vu|2+cl(p+ 1)? /u2p+02
20 Q

<1 / IVl + / W+ e, (2.427)
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where co, c3 > 0 depending only on p, i, €2. To deal with J,, we make use of the following point-

wise identity
1
Vv - VAv = §A(|Vv|2) — | D*v]?
to obtain
1 2|2 21 12,2
Jo=—5 | [VIVu[*]" = [ Vo[ [D7]
2 Ja Q
+ a/ |Vo|*Vv - Vu
%
1 [ 9|Vu|?
- ﬁ/ (Vol* + —/ ﬂwvﬁ (2.4.28)
Q 2 o0 8V
Applying Lemma B.0.6 and the pointwise inequality (Av)? < 2|D?v|? to (2.4.28), we deduce
1
<=5 [1VIVePE =5 [ Vol
2 Ja Q
1
— 5/ |Vol?| Av|* + a/ |Vu*Vu - Va. (2.4.29)
0 Q

By integral by parts and Young’s inequality, we obtain

a/ Vu|*Vu - Vu = —a/ uV|Vo|* - Vo — a/ u|VoPAv
Q Q Q
1 1
< —/ |V|W|2|2+—/ |Vv|2|Av|2—|—2a2/u2|Vv|2 (2.4.30)
4 Ja 4 Ja Q
Collecting from (2.4.23) to (2.4.30) yields

1 1
¢’+4B¢§—Z/ |Vu|2—§/ ]V|Vv|2|2—g/u3+c4/u2|VU|2+c5/u2+03
Q 0 Q Q Q
(2.4.31)

where c3, ¢4, c5 are positive constants depending on «, 3, x, a. By Young’s inequality

c4/u2|VU|2 §c46/ |W|6+c—4/u3 (2.4.32)
Q Q \/E Q

By Gagliardo-Nirenberg inequality for n = 2 and (2.4.8), there exists cgny > 0 such that

/Q|Vv\6 < can (/Q|V|Vv|2|2> (/Q|W|2> ‘e (/Q|W|2)3

< cg </ |V|Vv|2|2> + cr, (2.4.33)
Q
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where cg, ¢; are positive constants depending on cey and sup,c 7,y Jo |VV|?. We make use of

(2.3.1) for n = 2 and (2.4.8) to obtain

/QUBSE(/QWUP) (/ﬂu|lnu|>+0(/gu)3+c(e)

< 086/ |Vul? + ¢y, (2.4.34)
Q
where cg := SUpc (o, Jo ul/Inu| and cg > 0 depending on ¢ and sup, (o7, Jou. In light of
Young’s inequality
2 M 3
c5/u < —/ + ¢10. (2.4.35)
Q 4 Jo

where ¢;9 > 0 depending on cs, p, |2]. Combining from (2.4.31) to (2.4.35), we have

1 1
¢ +4p¢ < (0408\/E - Z) / |Vul? + (04666 - Z) / IV IVo|?]2 + ¢, (2.4.36)
0 0

where ¢;; > 0 depending on e¢. Choosing ¢ sufficiently small and substituting into (2.4.36), we
obtain

¢ +4B8¢ < 1. (2.4.37)

This, together with Gronwall’s inequality yields ¢(¢) < C' := max {gb(O), %} forallt € (0, Thax),

and the proof of Lemma 2.4.3 is complete. [

The next lemma is the key step in the proof of the parabolic-parabolic system in three-dimensio-

nal space.

Lemma 2.4.4. Let (u,v) be a classical solution to (KS) in a convex bounded domain Q2 with smooth

boundary. If T =1, n =3, 1< p< % and | is sufficiently large, then there exists a positive

constant C such that
/ u? (-, 1) +/ Vu(-, 1) < C (2.4.38)
Q Q

SJorallt € (0, Tyax)-

Remark 2.4.1. When we look at the proof of Theorem 2.1.2 carefully, n = 2 is utilized to estimate

Jo u?*|Vv2. Forn = 3, in order to eliminate this term we borrow the idea as in [53, 69] by
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introducing an extra term fQ u|Vo

will introduce —ju?|Vv|%, and a sufficiently large parameter . will help the estimates.

Proof. Letcall (t) := [, u®+ [, |Vo|* + 5 [, u|Vv[?, we have

(1) =2 /Q w A — XV - (Vo) + f(uw)
+ 4/ Vo>’V - V (Av + au — Bv)
Q
—i—%/gqu-V(Aszau—Bv)
+ g /Q Vol [Au — xV - (uVv) + f(u)]

=Ky + Ky + K3+ Ky

By integration by parts, K; can be written as:

K1:—2/|Vu|2+2/ u”“dS—l—Zx/uVu-Vv
Q 20 Q

+2a/u2—2,u/u3.
Q Q

By Lemma 2.3.2, we obtain

2/ up+1d5’§261/u3+261/ (Vul? + 2¢;.
F'9) Q Q

By Young’s inequality, we have

2x/uVu-Vv§X61/ |Vu|2+1/u2|Vv|2.
Q Q €1 Ja

We also have

2a/u2§2a61/u3+02,
Q Q

where ¢, > 0 depending on ¢;. From (2.4.40) to (2.4.43), we obtain

K, < [(2+X)61—2]/ yvu|2+2[(a+1)el—u]/u3+i/u2|w?+c3,
Q Q (9]

€1

25

2, in the function ¢ for Theorem 2.1.2. Note that the term u;|Vv|*

(2.4.39)

(2.4.40)

(2.4.41)

(2.4.42)

(2.4.43)

(2.4.44)



where ¢35 = 2 + ¢5. We choose €; = 3 min {ﬁ, Z-%} and substitute into (2.4.44) to obtain

K, < —/ |Vu|2—ﬂ/u3+5/u2|w}|2+c3. (2.4.45)
Q Q €1 Ja
To deal with K, we use similar estimates to (2.4.28) and (2.4.29) in estimating J> in Lemma 2.4.3

to obtain
2
Ky + 45/ IVol* < 2(aey — 1)/ IVIVo?)? + (—O‘ + 3a2) /u2|Vv|2. (2.4.46)
Q Q €2 Q
By substituting e; = 5= into (2.4.46), we deduce
Ky + 45/ Vol < —/ IVIVol?|)? + 7a? / u?|Vo)? (2.4.47)
Q Q )
To deal with K3, we make use of the following identity
1 2 2,12
Vv - VAv = §A(]Vv] ) — |D%v|>.

Rewriting K3 as

1 2
ng——/Vu-V|Vv[2——/u|D2v|2
3 Ja 3 Ja

2 1 2
—l——a/qu-Vu—%/u\VvF%——/ OV (2.4.48)
3 Q 3 Q 3 a0 al/

We drop the last term due to Lemma B.0.6, neglect the second term and apply Cauchy-Schwartz
inequality

1
ab < ea® + —bQ,
4e

to the third and the forth terms with a sufficiently small € to obtain

2 1 2 1
Ko+ 20 [ uwop < —/ VIV + / ut + —/ V2. (2.4.49)
3 Ja 3 Ja 8 Ja 3Ja

By integration by parts, K, can be rewritten as:

1 1
K, = ——/V|Vv|2-Vu+—/ uP| Vol
3 Ja 3 Jon
X 2 a 2 M 2 2
+ V|Vul* - uVov + u| V| u’|Vol*. (2.4.50)
3 Ja 3 Ja 3 Ja
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By Cauchy-Schwarz inequality, we obtain

1 1 1
——/vwv\?.vug -/ \wwﬂ%—/ Vul2. (2.4.51)
3 Ja 6 Ja 3 Ja

In light of Lemma 2.3.3 and Lemma 2.4.2, the following inequality

1 1
—/ uP|Vol? < —/ IVul? + u?| Vol + |V‘VU|2‘2+UB+01 (2.4.52)
3 Joa 3 Ja

holds for all ¢ € (0, Thnax ), with some positive constant ¢;. By Young’s inequality, we obtain

1 2
K/V|Vv|2-uvug —/ \V|Vv|2}2+x—/u2|vu|2, (2.4.53)
3 Ja 6 Jao 3 Ja
and
1
g/u|vv|2 < —/u2|vv|2+c2, (2.4.54)
3 Ja 3 Ja

with some positive constant c;. Combining from (2.4.50) to (2.4.54), we obtain

2 2 2 1
Ky < —/ |Vul? + ‘V|Vv|2|2 + X —pte / w?|Vol? + = / u® + c3, (2.4.55)
3 Ja 3 9 3 Ja

with some positive constant c3. Collecting (2.4.45), (2.4.47), (2.4.49), and (2.4.55), we have

2 2 2
V' + 4ﬁ/ Vot + 25 / u|Vol* < (7042 + X4 w) / u?|Vol?
Q 3 Ja €1 3 Q

1 3 a? 9
+lz—u u+ — [ u+cs. (2.4.56)
3 0 8 Ja

This leads to
22
W+ 28y < <7a2 X w) / W Vo2
€1 3 [¢)
1 16 2
+ (— — ,u) / u® + ﬂ / u? + cs. (2.4.57)
3 Q 8 Q
By Young’s inequality, for every € > 0, there exists a positive constant cg = cg(€) such that:
16 2
165 +a° / u? < e/ ud + c. (2.4.58)
8 Q Q
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Therefore, we need to choose iy sufficiently large such that

,
To? + X + X2 <

1 3
% +e— o S 0
2(a+1)
\/ﬁo > SoFeval
Therefore, if i > po, where
1 2(a+1) X s X2 +2
= — 2.4.
140 max{g, 2T x ,3(2+X+7&+ 5 (2.4.59)
and then (2.4.56) yields
V' + 269 < c.

Applying Gronwall’s inequality, we see that

Y(t) < max {w<0>, 26—;} (2.4.60)

and thereby conclude the proof. [

Remark 2.4.2. 1 defined as in (2.4.56) is not sharp. We leave the open question to obtain an

optimal formula .

2.5 Global boundedness
In this section, we show that if w is uniformly bounded in time under ||-|| ;- q), then it is also

uniformly bounded in time under ||-|| ;-

Theorem 2.5.1. Letry > % and (u,v) be a classical solution of (KS) on Q2 x (0, Tyy.c) with maximal

existence time T, € (0, 00]. If

sup ||u<'>t)”LT0(Q) < o0,
t6(07Tmux)

then

sup ([ )l ey + 106 ) ey ) < 00
te(omiax)
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Proof. 1t is a direct consequence of Theorem C.2.1 for f(u) = au — pu® and g(u) = u? with

g€ (1,3). O

We are now ready to prove our main results. Let us begin with the proof of the parabolic-elliptic

system.

Proof of Theorem 2.1.1. Throughout this proof, unless specified otherwise, the notation C' repre-

sents constants that may vary from time to time. In case y > “=2y«, we obtain (XQ{CL)+ > 5. We

first apply Lemma 2.4.1 to have u € L ((0, Tiuay); L(S2)) for any g € <%, ﬁ) and thereby

conclude that u € L ((0, Tiax); L>°(£2)) thank to Theorem 2.5.1.

When p1 = 2xa, let w = u4, and apply trace embedding Theorem W'!(Q) — L'(09), we

/ W <O / w5 4 o (2 i) 1)) / W V|
89 Q n Q

4(p—1) 4(p—1)
§C/w2+ = +36’/wl+ = |Vw|
Q

have

Q
<C [ w4 S / IVl + C(e) / W (2.5.1)
Q 2 Q Q

where the last inequality comes from Young’s inequality for any arbitrary e > 0. By Lemma B.0.2,

/w2+8(pn—l) S C (/ |VU)|2)
Q Q

8(p—1
so =)
n

 nf(n+4p-1)+2)

C(n+4(p—1))(n2—-2n+4)’
pa _ n*+4(p—1)n—2n
2 m2-2n+4

we have

pa np(l—a) np
2 1

(/Qw:) +C (/Qw) 2.5.2)

where

. 1
<1, since p < 1+ —.
n

We make use of uniformly boundedness of fQ u and then apply Young’s inequality into (2.5.2) to

obtain:

/w”S(pn1> < %/ |Vw|* + C(e), (2.5.3)
Q 0
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for any € > 0. We apply Young’s inequality in (2.5.1) and then use (2.5.2) to have

/ Wt Se/ |Vw|* + C(e).
G) Q

(2.54)
This implies that
/ w2 Pl < e/ IVut|? + C(e). (2.5.5)
o9 Q
Substitute r = 7 and p = ”T_onz into (2.4.3), we have
Sk < —M/ |vu4|2+ﬁ/ Wb 1gs + 10 [ ys (2.5.6)
dt Jo n Q0 2 Joq 2 Ja
We apply Lemma B.0.2 and uniform boundedness of fQ u to obtain that
/US < e/ IVut|? + Ofe). (2.5.7)
Q Q
This, together with (2.5.5) and (2.5.6) with € sufficiently small implies that
d n n
_ 2 2 < (.
i Jo uz + /Q uz <
Thus, by Gronwall’s inequality we obtain that
sup / uz < oo. (2.5.8)
t€(0,Tinax) v/ Q
For any € € (0,1), we choose 2 <7 < § + Txa and substitute into (2.4.6) to obtain that

d , : 2(2r — 1

— [ u®* —l—/uz’ < |2re — L} / |Vu"|? +36/ u? T+ C. (2.5.9)

dt Jo 0 r Q Q

Setting 2 := u" and applying interpolation inequality, we have

/z”i < (/ z) ’ (/ z) (2.5.10)
Q Q Q

By Sobolev’s inequality and Poincare’s inequality, we obtain

(o) el )
sc/ﬂ|vz|2+o(/gz) ,
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where C' > ( independent of . This, together with (2.5.10) implies that

e (e () () ()]

This is equivalent to

fose([me) (L) ve(Le) () e

This, together with Lemma B.0.2 and (2.5.8) implies that

/u%Jrl §cl/ IVu" |2 + ¢y, (2.5.12)
Q Q

where ¢; := C'sup,cop..) (fo u%)%, and ¢; := C'sup,c g 1,...) {(fﬂ u)? ([, u%)%} Therefore,

there exists a positive constant c3 such that

d 202 — 1
d uzr+/uzr - {2T€+301€_L} / VU + cs. (2.5.13)
dt QO o) r Q

We now have to choose € and r > % such that

4(n—2
" emind L[ Hn=2g) n (2.5.14)
4 4 %—FQXLQ—i‘SCl 2

which is possible for any 7 satisfying

n_. " 4(n —2) 1
—<r<—|\— :
4 4 %+L+361

2xa

This, together with (2.5.13), (2.5.14) implies that there exists some 79 > 4 such that

d
— [ w4 [ U <cs.
dt Jg, /Q =

By Gronwall’s inequality, we have u € L™ ((0, Tiax); L0 (€2)). We finally complete the proof by

applying Theorem 2.5.1. ]

Next we prove the main theorems for the parabolic-parabolic system in two- and three-dimensio-

nal space.

Proof of Theorem 2.1.2 and Theorem 2.1.3. Theorem 2.1.2 and Theorem 2.1.3 are immediate con-

sequences of Lemma 2.4.3, Lemma 2.4.4 and Theorem 2.5.1. [
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CHAPTER 3

BLOW-UP PREVENTION BY SUB-LOGISTIC SOURCES IN 2D KELLER-SEGEL
SYSTEM

The focus of this chapter is on solutions to a two-dimensional Keller-Segel system with sub-logistic
sources. We show that the presence of sub-logistic terms is adequate to prevent blow-up phenomena
even in strongly degenerate Keller-Segel systems. Our proof relies on several techniques, including
parabolic regularity theory in Orlicz spaces, variational arguments, interpolation inequalities, and

the Moser iteration method.

3.1 Introduction
We consider the following nonlinear parabolic cross-diffusion partial differential equations

arises from chemotaxis models

ur =V - (DW)Vu) = V- (uS(v)Vv) + f(u)
(KS)

nw=Av—v+u

in a bounded domain  C R? with smooth boundary, where
0< D eC*]0,00)) andS e C*([0,00)) NW"((0,00)) such that S’ > 0, (3.1.1)

and f is a smooth function generalizing the sub-logistic and signal production source respectively,

U2

f(U)ZTU—Mm

, withr € R,y > 0,and p > 0, (3.1.2)
The system (KS) is complemented with nonnegative initial conditions in W1°°(Q) not identically

zero:
u(z,0) = ug(x), v(x,0) = vo(x), with x € R, (3.1.3)

and homogeneous Neumann boundary condition are imposed as follows:

ou Ov

—=—=0 € 00, t € (0, Thax), 3.14

aV ay Y x Y ( Y ) ( )
where v denotes the outward normal vector. In more general conditions for D and .S, as described

by (3.1.1) without the non-decreasing requirement of S, were studied in [61]. It was proven that
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the terms —pu? are sufficient in preventing blow-up solutions by using variational techniques and
parabolic regularity theory in Orlicz spaces. So, it is worth it to investigate whether the term
”—pu” for some k € (1,2) is sufficient to prevent blow-up solutions. This question has been
remained open since 2000s, however, previous studies found that the term ”—pu?” is not optimal
to prevent blow-up solutions. Indeed, it was proved in [71] that when D and S are constant func-

tions, sub-logistic sources f(u) = ru — where 0 < p < 1 are sufficient to avoid blow-up

n”(—+e
solutions. In this chapter, we apply parabolic regularity results in Orlicz spaces to obtain the sim-
ilar result that the term —pu? is not optimal in preventing blow-up solutions. Indeed, our results
indicate that solutions to the system (KS) under the conditions from (3.1.1) to (3.1.4) exist globally
when the terms —pu? are replaced by l—p“—) where 0 < p < 1, with an extra assumption that
inf;>0 D(s) > 0 or 0 < p < 1/2 without it. It was studied in [71] that when D and S are constant

functions weaker terms where 0 < p < 1 are sufficient to avoid blow-up solutions.

InP (u+e

The selling point of the chapter is the introduction of the energy functional

u(t) ;:/Quln’f<u+e)+/ﬂ|vv|2,

where the value of £ is determined later. To establish an appropriate differential inequality for v,
we perform a tedious analysis calculation, utilize interpolation inequalities in Sobolev spaces, and
employ Moser iteration arguments. Our approach is a combination of two previous ideas: the first,
proposed in [71, Lemma 3.2], offers a method to obtain a uniform bound for [|u In(u)|| ;1 q), while
the second, described in [61, Lemma 4.5], provides an additional argument for obtaining a uniform

bound for Hu In*(u) . It is important to note that using only one of these ideas is insufficient

(s

to obtain any Hu In*(u) bounds for solutions.

Iz
The chapter is organized as follows. Section 3.2 briefly contains our main results. The local well-
posedness of solutions and some interpolation inequalities are presented in Section 3.3. In Section

3.4, we establish a priori estimates including L lnk(L + ¢), and L? bounds for solutions. Finally,

the main theorems are proved in Section 3.5.
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3.2 Main theorems
In this section, we summarize two main theorems for the existence of global solutions to non-

degenerate and degenerate chemotaxis systems. Let us begin with the nondegenate case:

Theorem 3.2.1 (Nondegenerate). In addition to the conditions from (3.1.1) to (3.1.4), we assume
that p < 1, and infs>o D(s) > 0. The system (KS) possesses a global classical bounded solution

at all time.

Remark 3.2.1. Our theorem aligns with and strengthens the outcomes of [71, Theorem 1.1] by
allowing S and D to be arbitrary functions satisfying (3.1.1) rather than being restricted to constant

functions.
The degenerate case are presented as follows:

Theorem 3.2.2 (Degenerate). If p < 1/2, then the system (KS) with the conditions from (3.1.1) to

(3.1.4) admits a global classical bounded solution in 2 x (0, 00).

Remark 3.2.2. The theorem represents an advancement over the findings of [61, Theorem 1.4] as
it incorporates sub-logistic sources instead of logistic ones. However, it should be noted that our
result assumes the non-decreasing property of S, whereas [61, Theorem 1.4] does not require this

condition.

3.3 Preliminaries

The local existence and uniqueness of non-negative classical solutions to the system (KS) can
be established by adapting and adjusting the fixed point argument and standard parabolic regularity
theory. For further details, we refer the reader to [21, 58, 29]. For convenience, we adopt Lemma

4.1 from [61].
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Lemma 3.3.1. Let Q C R? be a bounded domain with smooth boundary, and suppose r € R and
i > 0 and that (3.1.1), (3.1.3), and (3.1.4) hold. Then there exist T,,,, € (0, 00| and functions

u € C”(Qx (0, Tar)) NC* (2 % (0, Thax)) and
(3.3.1)

v € Nynz O ([0 Toan); WH(Q)) 0 € (Q (0, To))
such that u > 0 and v > 0in Q x (0,00), that (u,v) solves (KS) classically in € x (0, Ty, ), and
that

if Tyae < 00, then lim sup {||u||LOO(Q) [l OO(Q)} 0. (3.3.2)

t—Tmax

3.4 A priori estimates

In this section, we assume that the system (KS) admits a classical solution (u, v) and a maximal
existence time 71, subject to conditions given by (3.1.1) to (3.1.4), as established in Lemma 3.3.1.
To prove our main theorems, we rely heavily on a bound of the form L In* (L + e) for solutions to
the system of equations in (KS). The proof utilizes standard variational arguments and fundamental
functional inequalities. It is worth noting that the logistic degradation terms in the first equation

of (KS), given by — , effectively handle the corresponding cross-diffusion contribution. To

u2
lnp (ute)?

precisely state this result, we present the following lemma:

Lemma3.4.1. Ifp <1<k <2—p, then

sup / wln® (u + e) + | Vo] < oo,
t€(0,Tnax) J Q

and

sup / /u In* P (u + e) + (Av)?* < oo,
€(0,Tnax—T)

where T = min {1, %}

Proof. We define

y(t) ::/uln u+e) /|Vv\2
0
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and differentiate y(-) to obtain

k-1
y'(t) = / (lnk (u+e)+ kuw) U + / Vv -V,
Q U+ e Q

=1+J (3.4.1)
Now we make use of the first equation of (KS) to deal with /

" (u 4+ e)
I= / (ln (u+e)+ k:u—) (V- (D()Vu —uS(v)Vv) + f(u))

+e
:—k:/D u—l—e)|vu|2_ k1) /D v)uIn*~ u+e)|vu|2
u+e (u+e)?
k-1 k-1
_k/eD( v)In (u+e>]Vu|2+k/S( v)uln (U+G)VU'V’U
Q (u+€)2 Q u+e
2 1, k—2 k—1
+k(k_1)/5(v)u In (U+G)VU-VU+I€/BS(U)UIH (u+e)Vu-Vv
A PEAE 0 @rep
k-1
+/ (lnk (u—l—e)%—kuw) f(u)
Q u—+e

=3I (3.4.2)

To estimate /4, I5, and I from above, we aim to bound them by using two terms fQ u? Inf~P (u+e),
and fQ(Av)Q. Achieving this requires a meticulous application of integral by parts and Young’s

inequality. Specifically, we handle I, in the following manner:

eS(v)uln™ " (u + )
14—747/ (u+e) Vu - Vv

—k/S )WV (u (3.4.3)

where

LsIn* (s 4 e)
=[] 70—~ <" +e).
o= [ <)

We utilize the integration by parts on equation (3.4.3), taking into account the condition S” > 0
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and applying Young’s inequality to obtain

L= —k/QS(v)qbl(u)Av—k/QS’(v)¢1(u)\Vv]2
<o [ mwla
<c [0 +a [ diw)
<e /Q (AV)? + ¢ /Q W2 022 + )

< e/(Av)2 + e/ w? In* P (u + €) + cs, (3.4.4)
Q Q

where ¢1 = £ [|S][ 1 (g 00)» € > 0, 2 > 0 depends on ¢, and the last inequality comes from the fact

that for any 0 > 0, there exist a positive constant c¢3 depending on ¢ such that
cou? In* 2y + ) < Su In*P(u+ e) + ¢ 2k -2 <k —p.

We apply a similar reasoning to handle /5 and /5. To be more specific, we have:

Is = k(k — 1) /ﬂ S@)U(JHH)(Q“ ) u. v

=k(k—1) /Q S(v)Va(u) - Vo, (3.4.5)

where

o= [ THLE) < [ s <)

By using the same procedure to (3.4.4), it follows that for any € > 0, there exist ¢4 > 0 depending

on € such that

I5 < e/(Av)2 + e/ W P (u 4 e) + ey (3.4.6)
Q Q
The term I can be handled as follows

k—1
I = k/ euS(v) In (u+€)Vu-Vv
Q (u+e)?

= —k/ S(v)Vs(u) - Vo, (3.4.7)
e
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where

I !
o3(l) == /o In" (s + e)ﬁ < i/o In" (s +e) <IIn" (1 +e)

As the right-hand side of (3.4.7) resembles that of (3.4.3), we employ the same reasoning to deduce

that for any € > 0, there exist c; > 0 depending on € such that
Is<e /Q(Av)? +e /Q u? In"P(u + e) + cs. (3.4.8)
To handle 77, we make use of the fact that for any € > 0, there exist ¢(e) > 0 such that
u™ In” (u + e) < euIn2(u + €) + c(e),

where a1, as, by, by are real numbers such that a; < as. This implies that for any € > 0, there exist

a positive constant c; depending on e such that

I (u+e
(lnk (u+e)+ k#) f(u) < ruln®(u +e)
+ rkIn* "t (u+ e) — pu® In* P (u + )
<(e—p) /Q w? In* P (u + €) + 7. (3.4.9)
Therefore, we obtain:
I; < (e — ) /Qu2 In* P (u + e) + c7. (3.4.10)

Since I; < 0 for: = 1, 2, 3, and combine with (3.4.2), (3.4.4), (3.4.6), (3.4.8) and (3.4.10), for any
e > 0, there exist a positive constant cg depending on € such that
I< 36/(AU>2 + (4e — p) / W In"P(u + e) + cs. (3.4.11)
Q Q

By integration by parts and elemental inequalities, it follows that for any € > 0, there exist cg > 0

depending on ¢ such that

JZI/VU-VUt
Q
:—/(AU)Q—/|VU|2—/UAU
Q Q Q
1 2 2, 1 2
<—= [ (Av)* = [ |Vu]"+= [ w
2 Ja Q 2 Ja

_%/(Avf—/ \Vv\2+€/u21nkp(u+€)+c9' (3.4.12)
Q Q Q

IN
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For any € > 0, there exist a positive constant c;( such that

/ulnk(u—i-e) < e/ u? In"P(u+ e) + e (3.4.13)
Q Q

By combining (3.4.1), (3.4.11), (3.4.12), and (3.4.13), we obtain that for any ¢ > 0, there exist

c11 > 0 depending on € such that

1 1
y'(t) +y(t) + 1 /Q(Av)2 - g/ﬁ 2InfP(u +e) < (3e — Z) /Q(Av)2
+ (6 — g) /Q w? In*P(u+e) + ey,
(3.4.14)

Choose ¢ sufficiently small, we have

y'(t)+yt) < e

Using Gronwall’s inequality with the previous equation, it follows that y(¢) < max {y(0), c11}.

Additionally, we also have:

i/ﬁ(ﬁv)2 + g/g 2" P(ute) < ey — /(1) (3.4.15)

By integrating the previous inequality from ¢ to ¢t + 7 and using the fact that y is bounded, we can

conclude the proof. O

Remark 3.4.1. The non-decreasing assumption of S allows us to obtain a uniform bound for

Hulnk (u+e) HLI(Q) without using a uniform bound ||ul| 1 o as in [61] and [71].
The logistic degradation term —% can ensure the boundedness of chemical density func-

tions, even in the presence of strongly degenerate diffusion terms. To state this result precisely, we

present the following lemma.
Lemma 3.4.2. If 1 +p < k, and

t+7
sup / / w? In"P(u+ e) < oo,
te(0,Thpax—7) Jt Q

where T = min {1, % } then v is globally bounded in time.
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Proof. This is a direct application of Proposition C.1.1 witha =k —p > 1. [l

We examine the nondegenerate diffusion mechanism and obtain bounds for v and Vv through

a standard testing procedure.

Lemma343. Ifp<1,q>2 5 >0, inf>0 D(s) > 0 and (u,v) is a classical solution to (KS)

in Q0 x (0, Ty) then there exists a positive constant C' such that
/uq(-,t) +/ Vo, 1) < C (3.4.16)
Q Q
Jorallt € (0, Tyax).

Proof. We define
1 1
ot ::—/uq—i——/ Vo4,
(t) > Q| |

§(t) = / WtV - (D(0) V) — ¥ - (S(0)uVo) + f(u)

and differentiate ¢ to obtain:

+ / |Vu?*2Vv - V (Av + u — )
Q
— T+ . (3.4.17)

By integration by parts, we have

2,9 q q uttt
le—cl/QD(v)|Vu2] —|—02/QS(U)U2VU2 -Vv+r/9uq—,u/9m

= Ju + Jig + Jiz + Jia, (3.4.18)

where positive constants ¢;, ¢, depends on ¢. Since inf(, ycax o) D(v(x,t)) > 0, we obtain

Ji < —c3/ IVu?|?, (3.4.19)
Q
for some ¢35 = ¢y infizecax o D(v(z,t)). For any € > 0, there exist a positive constant c4
depending on ¢ such that
q
Jiz < e/Qquz]Ma;HSHLOO(O,OO)/QMWP. (3.4.20)
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Choosing e sufficiently small implies that

g+1
J1 < —65/ |Vu2]2—|—06/uq|Vv|2—|—r/uq—u/ “ (3.4.21)
lnp u+e)’

where ¢; = ¢3/2 and cg = ¢4 ||| Lo (0,00) 1 treating /o, we make use of the following pointwise

identity
1
Vv VAvy = §A(]VU\2) — |D*v|?
to obtain

JQZ—C7/ |V|Vv|q|2—/ |Vv]2q_2|D2v|2
Q Q
+/ V|2V - Vu
Q

2
—/|Vv|2q+08/ aW”' Vo[22, (3.4.22)
Q oN

8\Vv|

where c7, cg are positive constants depending on ¢. The inequality < ¢|Vwl|? for some ¢ > 0

depending only on €2 implies that

v
Let g := |Vv|? and apply Trace Imbedding Theorem W11 (Q) — L'(99) together with Young’s

2
/ OVl Gopa2as < ¢ [ [vopaas.
o0 oN

inequality, we obtain the following

c/ g2d8§0/g|Vg|+C'/g2
o0 Q Q
<e/ |Vg|2+09/92, (3.4.23)
Q Q

for any € > 0 and ¢y > 0 depending on e. Therefore, we have
Vol ds < e/ VIVl + cg/ Vol (3.4.24)

o9 ) Q

Applying the pointwise inequality (Av)? < 2|D?v|? to (3.4.22) and choosing € = ¢;/2 yields
1
JQ S _CIO/ |V]Vv|q|2 — —/ |Vv]2q_2|Av|2
Q 2 Ja
+/ V|12V - Vu+011/ |V
Q Q

= Jo1 + Jao + Jog + Jou, (3.4.25)
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where c¢19 = ¢7/2 and ¢;; = ccgeg. By integration by parts and elemental inequalities, we obtain

that for any € > 0, there exist a positive constant ¢, depending on € such that

J23:/u\Vv]2q2V'u-Vv:—/ \Vv\quAu—c/u]Vv\q1V]Vv|q- v
Q Q Q [Vl
< e/(Av)2]Vv\2q2—|—e/ V|Vl
0 0
+ c1 / u?| Vo242 (3.4.26)
Q

where c is a positive constant depending on ¢ only. Choosing ¢ sufficiently small, we obtain
gy < = [ VIV +en [ Vo e [ (Top (3427)
Q Q Q

where 13 = ¢19/2. By Young inequality, for any € > 0, there exist ¢c;4 > 0 depending on € such

that:

Ce / u?|Vol* + 012/ w?| Vo272 < e/ |Vo?12 + 014/ u?tt, (3.4.28)
Q Q Q Q
Using the Gagliardo-Nirenberg inequality in Lemma B.0.2 for n = 2 and Lemma 3.4.1, we can

conclude that there exists a positive constant ¢y such that:

g+1
/|Vv|2q+2 chN/ |V|Vv|q|2/ Vol? + can (/ |w|2>
Q Q Q Q

< 015/ IVIVo]9|* + e, (3.4.29)
Q

where ¢15 = can SUpg [, |Vo[? and c16 = can (sup,q [, |Vv|2)q+1. The condition 0 < p < 1
enables us to choose k € (p,2 — p), particularly we select £ = 1 and apply Lemma 3.4.1 to obtain
the uniformly boundedness of [|uIn(u + €)|| .1 ). This together with Lemma B.0.9 imply that for

any € > 0, there exist a positive constant ¢ depending on e satisfying

g+1
/u‘”l§€/|Vug|2/uln(u+e)+c(/u) +c
Q 0 0 Q

< cire / IV |+ cps, (3.4.30)
Q

where c17 = sup,. [, uIn(u + e) and ¢35 > 0 depend on e. Combining (3.4.17), (3.4.21), and

from (3.4.27) to (3.4.30), and choosing ¢ sufficiently small, we obtain

"(t) < — V| Vo|9|? /v”l /‘1— /— . 3.4.31
P'(t) < 019/Q| [Vol?|" + e Q| o[* +r QU 1% anp(u+e)+021 ( )
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For any € > 0, there exist a positive constant ¢ depending on e such that

< — .
= In”(z + ¢) e

This implies that

/uq /mp e T (3.4.32)

where cyy = ¢|Q2]|. By applying Lemma B.0.2 and using the fact that || V|| £2(9) is uniformly
bounded, and combining with Young inequality we obtain that for any ¢ > 0, there exist a positive

constant co3 depending on € and |[Vv| ;2 (g such that

L1950 < con ([ 51900) T [ 9 o ([ 1908’
Q Q
<covsup [ 1900 ([ 9190) " wecn (sp [ 5087)
>0 JQ Q t>0 JO

< e/ IV |V0|? + c3. (3.4.33)
Q

By combining (3.4.31), (3.4.32), and (3.4.33), and selecting an appropriate value for ¢, we can find
a postive constant ¢4 depending on e such that ¢/(t) + ¢(t) < co4. The proof is completed by

applying Gronwall’s inequality. [

When the chemical concentration function v is bounded, the degeneracies in the diffusion mech-
anism are eliminated, thus enabling us to derive bounds for © and Vv. Specifically, we present the

following lemma.

Lemma3.4.4. Ifp <1/2,q> 2,5 >0, and (u,v) is a classical solution to (KS) in 2 x (0, Tpa)

then there exists a positive constant C' such that

/uq(-,t)—l—/ Vo(-, 1) < C (3.4.34)
Q Q

Sforallt € (0, Tax)-

Proof. Since 0 < p < 3, we can select a constant & € (1 + p,2 — p). By utilizing Lemma 3.4.1,

sup / /ulnk”u+e)
€(0,7—1)
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Then, applying Lemma 3.4.2, we deduce that v is globally bounded in time, implying that D(v) >

¢ > 0. Using the same argument as in the proof of Lemma 3.4.3, we can conclude the proof. [

It is possible to obtain an L*° bound for solutions of equation (KS) by using Lemma A.1 in [53],
provided that we have L% bounds for some ¢y > 2. However, for the sake of completeness, we
present a proof that uses the Moser iteration method [2, 1] to establish the iteration process from

L% to L*°. To this end, we rely on the following lemma:

Lemma 3.4.5. Let (u,v) be a classical solution of (KS) on (0, T,,4) and
U, = max{HuOHLm(Q), sup ||u(-,t)HLq(Q)} :
tE(Omiax)
Ifsupie 0.1 1U(-: ) | o) < 00 for some g > n, then there exists constants A, B > ( independent

of q such that
1
Usy < (AgP)2U,. (3.4.35)

Proof. The primary objective is to initially establish an inequality of the form:

d 2
2q+/2q<z4q</uQ), (3.4.36)
dt 0

where A and B are positive constants. We then proceed to apply the Moser iteration technique. It
is crucial to note that the dependence of all the constants on ¢ is tracked carefully. Multiplying the

first equation in the system (KS) by 4?7~! we obtain

o [
2th

= /ngq ! {V (D()Vu) =V - (S(v)uVv) + ru —

pu®
In”(u + e)

=1+ J+K. (3.4.37)

Since there exist C' > 0 such that [, u?(-,t) < C forall t € (0, Tiax), Lemma C.1.2 entails that v

is globally bounded, which further implies inf(, ¢)cox (0.7.) P (v(2,t)) := ¢1 > 0. Thus, we have

2g — 1
1= 2 /D(v>yvuqy2 <~
q Q

/WVQP (3.4.38)
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In treating J,

J = /Qu 7V - (S(v)uVw)

=X2q2_1 / S()Vu2? - Vo (3.4.39)

q Q

:quq—l / S)utVul - Vo (3.4.40)
Q

Lemma (C.1.2) asserts that v is in L> ((0,7); W>°(Q2)), which entails that

sup || Vol[5 . := ¢ < o0,
0<t<T

Apply Young inequality yields

2
s<e [+ P [l
Q 4 Q
2 1
e/ Vut? + M 11 e 0 €2 / w2, (3.4.41)
Q 4q? ’ Q
It follows from (3.4.37) and (3.4.41) that

d 2q -1
—/u2q+/u2q§2q A +e /|Vu‘1|2—2q,u/u2(ﬂrl
dt Jo Q ¢ Q 0

2 — 1
+ [%x 3 11| o 0.0y + 247 + 1} / 2, (3.4.42)
Q

Substitute ¢ = min {qq— u} into (3.4.42) we obtain

d
—/u2q+/u2q < —2/ |qu\2+03q2/u2q (3.4.43)
dt Jo Q Q Q

where c3 are independent of q. Apply Lemma B.0.3, and plug into (3.4.43) entails the following
inequality for all n € (0, 1)

2
dt/ 2q+/ 2q< ngn—Q /]V q’? C4q (/uq) 7 (3.4.44)

} into this yields

2
— [ w7+ / u?? < cyq" 2 </ uq> , (3.4.45)
Q Q Q
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where c; independent of ¢q. Apply Gronwall inequality yields

[y <mn e, [ )
Q Q

This entails
s D)l gy < max { (esa™2) 3 Uy, 19215 ol ey |
and further implies that
Uz < (Ag%)40,
where A = max {cs, |2|} and B = n + 2. The proof of (3.4.35) is complete. N

3.5 Proof of main theorems

This section focuses on proving our main theorems, starting with the non-degenerate case.

Proof of Theorem 3.2.1. From Lemma 3.4.1 and Lemma 3.4.3, for some fixed ¢y > 2

sup /uqo + | Vu** < C < 0. (3.5.1)
Q

te(omiax)
By using Lemma C.1.2, we can conclude that v belongs to L ((0, Tiax); W1(Q)). Furthermore,

Lemma 3.4.5 implies that the following inequality holds
Uperigy < (A(25g0)7) 2 M0 Ugry (3.5.2)

for all integers & > (. After taking the log of the above inequality, we can use Lemma B.0.10 for

the following sequence.

~ InA BkIn2 Blngg
- 2k:+1q0 2k+1qo 2k+1q0

ag

One can verify that

> In A(2 o)B
%ak = —( ¢ )

qo0
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Thus, we obtain

Upeirg, < At (20) 0 U, (3.5.3)

forall £ > 1. Send k — oo yields
U < At (2g0) 0 U,,. (3.5.4)
This implies that u € L ((0, Thax); L(£2)). O

The proof of Theorem 3.2.2 is similar to that of Theorem 3.2.1, with the additional requirement
of showing that the diffusion mechanism remains non-degenerate throughout the evolution of the

system.

Proof of Theorem 3.2.2. Byusing Lemma 3.4.2 and Lemma 3.4.4, it follows that for a fixed ¢y > 2,

we have

sup /uqo + | Vu** < C < 0. (3.5.5)
Q

t€(0,Tiax)
We can now repeat the same arguments from (3.5.2) to (3.5.4) to establish L* bounds for v and

. O]
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CHAPTER 4

NONLOCAL; TWO SPECIES WITH TWO CHEMICALS; AND NONLINEAR
BOUNDARY PROBLEMS

This chapter aims to extend the previous research on the global existence of solutions for chemo-
taxis systems by presenting four main results. The first result focuses on the global existence of
solutions for elliptic-parabolic chemotaxis systems with logistic sources in the limiting case. The
second result examines the global existence of solutions in two species with two chemical chemo-
taxis models. The third result is to investigate the global solutions of chemotaxis systems with
nonlocal sources. Finally, we show that the quadradic degradation is sufficiently strong to prevent
blow-up even for nonlinear Neumann boundary condition. These results contribute to our under-
standing of the global existence of solutions for chemotaxis systems and highlight important areas

of research within the field.
4.1 A priori estimate in the limiting cases

In this section, we investigate on the a priori estimate for the chemotaxis system with the logistic
source f(u) = ru — pu? in R” where n > 3.

u =V - (DW)Vu) =V - (uS(v)Vu) + f(u)
@.1.1)

v =Av+u—v

We also have the global boundedness property for the solution to the parabolic-elliptic system
when p = nT_2XO" n > 3and f(u) = au — pu?. Here we provide a shorter proof but similar to the

result in [23].

Theorem 4.1.1. If 1 = "=2xo and (u,v) is a classical solution of (4.1.1) on Q X (0, Tyay) with

maximal existence time T, € (0, 00|, then

sup ([l )l oy + 106 ) yreqey ) < 00
te(omiux)
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Proof. Multiplying the first equation in the system (4.1.1) by v*"~! yields

1 d 2r 2r—1
s o= o
_ / w1 A — YV (V) + f(u)
Q
- e ; 1 / Vu'|* — XQT — 1 / u?" Av + / u* L f ()
T Q 2T Q Q

2r — 1 2r —1
Sl / ]Vu”]Q + ! / UQT(Xau — xfv)
Q Q

72 or

+a/u2r—u/u2”1. 4.1.2)
Q Q

Since v > 0, we have

d 2(2r —1
— [ W< —L/ (Vu"|* — [2rpu — xa(2r — 1)] / TR 27“@/ u?. (4.1.3)
dt Q T Q Q Q

Plug p = "dea into the last term of (2.4.3), we have

4
— [2rp — xa(2r — 1)] / u? = ya (—r — 1) / u?
Q n Q

Now, we choose r = 7 to obtain

K u75+/u3§——4<n_2)/|Vu2|2+na+2/ug,

By applying GN inequality, then Young inequality and finally making use of sup, 7 fﬂ u < 00,

we obtain that for every arbitrary small € > 0, there exists ¢ = ¢(¢) > 0 such that

/ug ge/ IVui|? +c.
Q Q

Therefore, we choose € sufficiently small to obtain

d 3+/
— [ u u
dt Jo Q

w3

<ec

By Gronwall inequality, we have

w3

sup /u (x,t)dx <c
t€(0,Tmax) ¥ Q
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For every € > 0, there exists r such that y« (47" — 1) < €, we have

n

2(2r — 1
— [ v < —L/ |Vu”]2—|—e/u2’"“. (4.1.4)
dt Jo r Q Q

We apply GN-inequality to obtain
2 2r+1
/uwrl <C (/ \Vu’"\2> (/ ug) + (/ u)
Q Q Q Q
< C/ |Vu"|* + C, (4.1.5)
Q

where C'is independent of r. Thus from (4.1.4) and (4.1.5), we have

L W < (Ce_w)/wurﬁ
dt Q T Q

Now, we choose € such that

which is possible since the inequality

4 -1
Xa(—r—1><e<M
n Cr

holds when

n_. . _n 4(n—2)+1
—<r<——=-" .
4 4 \ Cnyxa

Therefore, there exists p > 7 such that

sup / uf < oo
t€(0,Tmax) / Q

which further implies u € L ((0, 00); L>(£2)). O

4.2 Nonlocal problems

In this section, we study some chemotaxis models involving nonlocal terms as the following

u = Au—V - (uVv) + f(u) 42

T =Av—0v+u

where f(u) = ru — pu ([, u?)? with positive parameters r, 11, p, g .
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Theorem 4.2.1. The problem (4.2.1) with parameters T =0, p > 3 and ¢ > 1 + 2;;_” possesses a

global classical solution (u,v).

Proof. Multiplying the first equation in the system (4.1.1) by u?~! yields

Lo Lo

_ /Q W~ [Au — YV (uV0) + f(u)]

4(p —1 P —1
M/ |Vu2|2—xp—/upAv+/up‘1f(U)
p Q p Q Q

4(p —1 P —1
—(p2 )/|Vu2|2+p—/up(u—v)
p Q p 0
q+1
—l—r/u”—u(/u”)
0 Q

d
4 [zt [t ann [
g+1
—i—pr/up—u(/u”) .
Q Q

Now we make use of Gigliardo-Neirenberg inequality to obtain

/up-i-l < CGN (/ |vu§|2) 2p (/ up)
Q Q Q

Since 2”—p < 1, we apply Young’s inequality to the first term of (4.2.4), to obtain

Since v > 0, we have

2p—n+2
2

2(2p—n+4)

w-v [ e [mereae([w) 7T+ canar,
Q Q Q

where ¢ > 0 will be determined later, ¢ = ¢(¢€) > 0, and

M = sup /u(x,t) dx < oo.
Q

te(0,T)

From (4.2.3) and (4.2.5), we imply

d
p up< <e——>/|Vu2|2—|—pr/Qup

2(2p—n+4)

B T q+1
+c (/ up) — i (/ up) +C’GNMP+1.
Q Q
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+ Can (/ U) .
Q

(4.2.2)

(4.2.3)

(4.2.4)

(4.2.5)
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Now we choose € < ;%1 and denote

)= [ o
Q
2(2p—n+4)

and g(s) :==prs+s 2 — pusi™ 4 Coy MPT. We have the following differential inequality

y'(t) < g(y(t)).

The condition

22p—n+4
q+1>—(p n+d)
2p—n
is equivalent to
>1 .
¢ +2p—n

Thus, the equation g(s) = 0 has a positive solution s, such that for all s > s, we have g(s) < 0.
Finally, we find that 3/(¢) < 0 when y(t) > s¢, and therefore maximum principle implies that y(¢)

is bounded globally. [

4.3 Two-species chemotaxis system with two chemicals with sub-logistic sources in 2d

This section aims to study the global existence and boundedness of solutions in a two-species
chemotaxis system with two chemicals and sub-logistic sources. The appearance of a sub-logistic
source in only one cell density equation effectively prevents the occurrence of blow-up solutions,

even in fully parabolic chemotaxis systems.

4.3.1 Introduction
We consider a model involving the interaction of two species through chemotaxis, where each
species emits a signal that influences the movement of the other species. Specifically, we study the

following PDE in a open bounded domain ) C R?

(
ur = Au—V - (uVv) + f(u)
T = Av — v+ w,
4.3.1)
wy = Aw —V - (wVz)

T =0z —z+u

\
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where 7 € {0,1},and f(u) = ru— %, withr € R, ¢ > 0, and p > 0, under the homogeneous

Neumann boundary condition

Oou Ov
% = % = 07 (:E,t) € 89 X (OaTmax)a (432)

where Thax € (0, 00] is the maximal existence time for classical solutions.

The effect of logistic sources or sub-logistic sources on blow-up prevention in two-species
chemotaxis models is quite limited, especially when the logistic sources appear only in the first
equation of the system (4.3.1). In [60], the authors study the global existence and long time behavior

of solutions to the following system

p

u = Au— V- (uVv) + riu — pu?

vy =Av — v+ w,

(4.33)
wy = Aw — V- (wVz) + row — pow?

0=Az—z+u,

\

with 1,75 € R and pq, o > 0. It was shown that if ;145 1s sufficiently large then all solutions to
(4.3.3) are global and bounded for any n > 1. For further studies on global existence and equilib-
rium solutions for two species with logistic sources appearing in two cell density equations, readers
can refer to [3, 55, 11]. In fact, the analysis framework to prove the global existence of solutions
to (4.3.3) for sufficiently large 141115 is similar to the one for one species [64]. However, there has
no result so far considering the presence of a logistic source in only one species. Our purpose is to
address that the appearance of the sub-logistic sources in one species can effectively eliminate the
occurrence of finite time or infinite time blow-up solutions in two dimensional domains. Precisely,

we have the following theorem:

Theorem 4.3.1. Assume that T € {0,1}, f(u) = ru — % where r, ;1 > 0, and p € [0,1) and
nonnegative initial data ug, wy € C%*(Q) for some o € (0,1) when T = 0 and ug, wy € C°(2) and

v, 20 € Wh°(Q) when 7 = 1. Then there exists a unique quadruple (u,v,w, z) of nonnegative
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functions

ue C?(Qx[0,00)) NC*" (2 x (0,00)),
veC* (Qx(0,00)),
we C?(Qx[0,00)) NC*' (Q % (0,00)) and

z€C* (% (0,00)),
which solve the system (4.3.1) in the classical pointwise sense in Q) x (0,00). Moreover,

sup {0, 0) e + 100, )l ey + 100 Dl ey + 120Dy b < 000 (43.4)

te(0,00)
In the following sections, we will briefly recall the local well-posedness results for solutions
to the system (4.3.1) in Section 4.3.2, and explore the mechanisms behind blow-up prevention by

sub-logistic sources in Section 4.3.3.

4.3.2 Local existence

The local existence of solutions to the system (4.3.1) under homogeneous Neumann boundary
conditions can be proved by adapting approaches that are well-established in the context chemotaxis
models with logistic sources. Firstly, we establish the local existence of solutions for parabolic-

elliptic chemotaxis models by adapting [59][Theorem 2.1].

Lemma 4.3.2. Suppose that = 0, o € (0, 1) and uy and wy are nonnegative functions in C%(Q).
Then there exist Ty, € (0, 00| and a unique quadruple (u,v,w, z) of nonnegative functions from
COUQX (0, Trae) ) NCEH QX (0, Ty ) ) sOlving (4.3.1) under boundary condition (4.3.2) classically

in Q X (0, Ty ). Moreover, if Ty < 00, then

timsup (1,8l o) + 100 1)) = o0 (43.5)

t_>TﬂZ(lX
Secondly, one can adapt and modify the proof of [64][Lemma 1.1] to obtain the local existence

of solutions for fully parabolic models.

Lemma 4.3.3. Suppose that T = 1, and (ug, vy, wo, 29) € C°(Q) x WH2(Q) x CO(Q) x Wh>(Q)

such that ug, v, wo, 2o are nonnegative. Then there exist T, € (0,00] and a unique quadruple
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(u,v,w, z) of nonnegative functions

u,w € CUQ x (0, Tpar)) N C*HQ X (0, Thay)) (4.3.6)

v,2 € C%Q % (0, Thax)) NCHHQ X (0, Thar)) X L2

loc

([07 Tmax); Wl’oo(Q))

solving (4.3.1) under boundary condition (4.3.2) classically in Q) x (0, T)uax). Moreover, if Ty, <

0o, then

lim sup (Hu('vt)”LOO(Q) + HU('?t)”WLOO(Q) + ”w('7t)||L°°(Q) + ||Z("t)Hle°°(Q)> =00. (43.7)

t—Tinax

4.3.3 Global boundedness with sub-logistic sources. Proof of Theorem 4.3.1

The subsequent lemma holds a central position in this section, serving as a cornerstone of our
work. A noteworthy innovation introduced herein is the functional described by (4.3.9), with the
specific values of the positive parameters A and B to be determined subsequently in the analysis.
It is notable that, within the context of inequality (4.3.24), we identify a unique choice for A that
depends on the parameter ¢, resulting in the nonpositivity of the first term on the right-hand side of

(4.3.24).

Lemma 4.3.4. Under the assumptions as in Theorem 4.3.1, there exists a positive constant C' such

that

/QU(»t) ln(U(~,t)+e)+/Qw(-,t) ln(w(-,t)—l—e)+7/ﬂ|Vv(-,t)| —l—T/Q|VZ(-,t)| < C, (4.3.8)
Sorallt € (0, Ty

Remark 4.3.1. Lemma 4.3.4 continues to hold in smooth bounded domains with arbitrary dimen-

sion.

Proof. We define

A B
y(t) ::/Sluln(u—i-e)—i-/g)wln(w—i-e)%—§/Q|VU|2+§/Q|VZ|2, (4.3.9)
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where A := 2¢, B := €+ ;- and ¢ := min { AR e (fo,wo + e\Q|)_1}, Differentiating y in time,

we obtain

) (Au-VH(uvu)+ru—~—Jff——)

/o) + o) = [ (ntut o)+ s

u+e
(A(mW+”y+E%é%Aw_V'WV@)
+TA/QVU-V(AU—U+U,)
+TB/QVZ'V(AZ—Z—{—U)

=1+ L+ I + 1. (4.3.10)

In case 7 = 1, we use integration by parts to obtain:
Vul? e|Vul? u eu
oo [T A (e Yo,
oute Jo(ute) a\ut+e (u+te)

u pu?

MW:A%Q;+@TW)“

we see that ¢(u) < u. When 7 = 0, by integration by parts and elementary inequality, we make

Let us define

use of the second equations to obtain that:

é(uie+@Hﬂ))V“VU—/V¢ :=—A¢wmv
- [oww-v < [ w
<5/w+_/

e/w —i—e/u In'?(u+e) +ec, (4.3.12)
Q Q

where the last inequality comes from the fact that for any § > 0, there exists C' > 0 depending on

¢ such that

u? < u*In'"P(u +e) + C(0), 0<p<l.
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We apply similar argument in case 7 = 1 to obtain

/g(uie * (u iue)2) Vu- Vv = —/¢(U)Av
/ /¢
/Q(Av) 46/

e/(Av)2+e/u2ln1_p(u+e)+c,
Q Q

One can verify that there exists ¢ > 0 depending on € such that

/Q(ln(que)Jruie) (ru—%) §(€—M)/Quzlnlp(u+e)+c_

From (4.3.11) to (4.3.14), we obtain that

[1§(26—u)/u2ln1p(u+e)+e/w2—|—c, forT =0,
0 0

and,

I §(26—u)/u In'P(u +e) + /(Av) ¢, forr=1.
Q Q

By similar arguments, one can also obtain that

\V4 2
I <— Nl e/w2+e/u21n1_p(u—l—e)+c, for 7 =0,
Q’LU‘I‘@ Q 9
and
Vwl|? 1
L < - [Vl +6/w2+—/(Az)2, forT = 1.
QUJ“—G Q 4e Q

By integration by parts and elementary inequalities, we have

I3 = —TA/(AU)Q—TA/ |VU|2—TA/wAU
Q Q

2
< (A——A)/(AU)Z—TA/ |Vv\2+e7'/w2,
4e Q Q Q
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(4.3.15)
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4.3.17)
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and

[4:—TB/<AZ)2—TB/ \Vz|2—TB/qu
0 Q Q
BQ
ST(E—B)/(AZ)Q—TB/ |Vz|2+7'—/u2
Q Q de Jo

< 7(e— B) / (Az)? — TB/ Vz)? + T€/ w? In'"P(u + e) + c. (4.3.20)
Q Q Q

One can verify that

/uln(u+e)+/wln(w+e)§e/u21n1p(u~|—e)+e/w2—|—c. (4.3.21)
0 Q Q Q

From (4.3.15) to (4.3.21), we have

V 2
Y+t < - [ +(4e—u)/“21nl_p(U+e)+36 w?
Qw+e Q Q
(g J@opar(er =) [@o7+e
4e Q de Q
2
< — m+(46_M)/u21n1—p(u+e)+36/w2, (4.3.22)
Qw-+e 0 Q

where the last inequality comes from the fact that ‘2—: +e—A=0and B=¢€¢+ i. The third term

can be controlled by Gagliardo—Nirenberg interpolation inequality

[Vuw]? ’
3e/w2§3CGNe/ /(w+e)+3CGNe(/(w+e))
Q QW+e Jo Q

2 2
< 3Cgne (/ wq + 6|Q|) / |Vw| + 3Cane (/ wo + 6|Q|> . (4.3.23)
Q QWwte Q

From (4.3.22) and (4.3.23), we have

[Vwl?
oWw+te

y'() +yt) < [BCGNE (/{2w0+e|9|) - 1]

+ (4e — p) /Qu2 In'P(u+e)+c (4.3.24)

Given the inequalities 3Cane ([, wo + €[Q2]) —1 < 0 and 46— p < 0, we can deduce from (4.3.24)

that ¥/ (¢) + y(¢) < c. Finally we make use of Gronwall’s inequality to complete the proof. O

We are now ready to prove the main theorem.
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Proof of Theorem 4.3.1. We employ the arguments from [54][Lemma 4.2] with some modifica-

tions, and leverage Lemma 4.3.4 to derive the following inequality for all ¢ € (0, Tinax)

[ Ol 2oy + T Dl 2y < C

Subsequently, we apply Moser-type iterations, akin to [55][Lemma 3.2] to establish the bounded-
ness of w and w in Q X (0, Ty ). Combining this with (4.3.5) when 7 = 0 and (4.3.7) when 7 = 1,
we conclude that 7},,,, = co. Employing elliptic regularity for 7 = 0, and parabolic regularity for
7 = 1, we have that sup,. (HU(-,t)HWLM(Q) + Hz(-,t)HWl,m(Q)> < oo. Consequently, we derive

(4.3.4), thereby completing the proof. [

4.4 Blow-up prevention by sub-logistic sources under vanishing Neumann boundary condi-
tion

This section investigates the global existence of solutions to Keller-Segel systems with sub-
logistic sources using the test function method. Prior work by [71] demonstrated that sub-logistic
sources f(u) = ru — u% with p € (0, 1) can prevent blow-up solutions for the 2D mini-
mal Keller-Segel chemotaxis model. Our study extends this result by showing that when p = 1,
sub-logistic sources can still prevent the occurrence of finite time blow-up solutions. Addition-

ally, we provide a concise proof for a result previously proven in [9] that the equi-integrability of

{fyuz(, t)}te(o Ty €80 aVoid blow-up.

4.4.1 Introduction
In this section, we consider the following chemotaxis model with sub-logistic sources in a

bounded domain with smooth boundary {2 C R"™, where n > 2:

uw = Au—V - (uVv) + f(u)

(4.4.1)
0=Av+u—w,
where f is a smooth function generalizing the sub-logistic source,
.
f(U) =ru— Mm, with r € R,/L > 0, andp > 0. (442)
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The system (4.4.1) is complemented with nonnegative initial conditions in W' (Q) not identically

Zero:
u(z,0) = up(x), v(z,0) = vo(x), with z € Q, (4.4.3)
and homogeneous Neumann boundary condition are imposed as follows:

ou  Ov
o =5 =0, @ €0t € (0, Tm). (4.4.4)

where v denotes the outward normal vector.

The logistic sources, f(u) := ru — pu?, was introduced and studied in [58] that if p > =2
then solutions exist globally and are bounded at all time in a convex open bounded domain 2 C R"
where n > 2. In order word, if 1 is sufficiently large, then the quadratic term —uu? ensures no
occurrence of blow-up solutions in two spacial dimensional domain. This leads to a natural ques-
tion that whether the term ”—pu?” is optimal to prevent blow-up solutions. However, it has been

2
—__Hu
InP (u+e) for

discovered in [71] that the answer is negative. To be specific, the “weaker” term
0 < p < 1 is sufficient to avoid blow-up solutions for both elliptic-parabolic and fully parabolic
minimal Keller-Segel chemotaxis models in a two spacial dimensional domain. Our main work
improve the previous finding by showing that p = 1 can prevent blow-up solutions of the system

4.4.1).

Our analysis relies on a test function method and Moser iteration technique. It is proved in

[9] that if the family of { o uz (-, t)} is equi-integrable, then solutions of (4.4.1) when

te(oy’Tmax)
f = 0 exist globally and remain bounded at all time. In this section, we give another shorter
proof in Proposition 4.4.1 for that result as well as indicate that the equi-integrability is not optimal

to prevent blow-up thank to de la Vallée-Poussin Theorem. Thereafter, we try to find a suitable

functional and establish a differential inequality to obtain a priori estimate for solutions of (4.4.1)

thank to the presence of the sub-logistic quadratic degradation term ~— uln(ﬁie)”. Indeed, the key
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milestone in this study is the choice of the following functional:

)= [ 1) InCnule ) ) (445)
Q
which enables us to control the integral [, ﬁ to establish a appropriate differential inequality.

One can also try to examine a functional

yr(t) = /Qu(-,t) In*(u(-,t) +e)

to find an appropriate k£, however, there is no suitable & satisfying the conditions that ;1 can be
arbitrary small. In order word, this method leads to the choice of £, but it does require the largeness
assumption for x. So the functional (4.4.5) enables us to overcome that obstacle to prove our main

theorem as follows:

Theorem 4.4.1. Let ;i > 0, and Q C R? be a bounded domain with smooth boundary. The system
(4.4.1) under the assumptions (4.4.2), (4.4.3), and (4.4.4) admits a global bounded solution in
Q2 x (0,00) .

Remark 4.4.1. Theorem 4.4.1 is a special case of [72][Remark 1.1(ii)]

4.4.2 Preliminaries

The local existence and uniqueness of non-negative classical solutions to the system (4.4.1) can
be established by adapting and adjusting the fixed point argument and standard parabolic regularity
theory. For further details, we refer the reader to [21, 29, 58]. For convenience, we adopt Lemma

4.1 from [61].

Lemma4.4.2. Let) C R", wheren > 2 be a bounded domain with smooth boundary, and suppose

r € R, u > 0, the conditions (4.4.3), and (2.1.2) hold. Then there exist T,,,. € (0, 00| and functions

ue C° (Q X [O,Tmax)) N C?! (Q X (O,Tmax)) and
(4.4.6)

v € Ny C° ([0, Thua); WH(Q)) N C>* (Q % (0, Thax))
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such that u > 0 and v > 0in Q2 x (0, 00), that (u,v) solves (4.4.1) classically in Q x (0, Ty, ), and
that if )4, < 00, then

tim sup { [ull o @+ 1llyse e} = 00 (44.7)

t— ﬂrlax

4.4.3 A priori estimates and proof of main theorem

In this section, (u,v) is a classical solutions as defined in Lemma 4.4.2 to the system (4.4.1)
with p = 1. Our aim is to establish a priori estimate for the solutions. While the method in [47] and
[71] relies on the L!-estimate of u and the absorption of — fQ |Vu% |? to obtain a L In L uniform
bound, we take advantage of the term — u% to obtain a weaker L InIn L uniform bound. This

result is a special case of [72][Remark 1.1(ii)]. Notice that we have adopted and modified the

argument of [72] for the global existence of solutions in case p = 1.

Lemma 4.4.3. There exists C' = C(ug, v, ||, ) > 0 such that

sup /Qu(-,t) In(In(u(-,t) +e)) < C. (4.4.8)

t€(07Tmax)

Proof. We define y(t) = [, uIn(In(u + ¢)) and differentiate y to obtain

y@%{éPMmW+ﬁn+@Hfﬁ&“+@}w
_ /Q {ln(ln(u +e)) +

:—Avbmmm+@y% - }Vu

] (Au—-v-(uvU)+ru—--—Jf——>

(u+e)ln(u+e) Mln(u +e)

(u+e)In(u+e)
# o (ln“r“““” T lto ﬁlme)) v 2
#  [mnts 0+ i) ()
— I+ J+ K (4.4.9)

62



By integration by parts, we have

(u+e)ln(u+e)

_ 1 eln(u+e) U ul?

a /Q {(u%—e)ln(u—l—e) T (U+€)21n2(u—|—e)} |v |

__/uln(u+e)+261n(u+e)—u
Q (u+ €)2In®(u + e)

1:—/Qv[1n(1n(u+e))+ ]-vu

|Vul? <0.

Similarly, we have

J:/qu (ln(ln(u+e))+ (u+e)1?il(u+e)) -Vu

B / w?(In(u +e) — 1) + 2euIn(u + )
(u+€)2In*(u + e)

/V¢ Vv—/¢ (u—v) /u¢()

_ [rsn(s o)~ )t eshn(ste) 1
0 < p(u) .—/0 (5+ )’ In(s + ) d S/O ln(s+e)d :

Vu - Vo

where

Thus, we obtain

u 1
< —_— .
J—/Q“/o s + o) ™

By L’Hospital lemma, we have

YL ds 1
lim Jo e L n(u+e) — 0.
u—yo0 % u=oo In(u +e) In(In(u +e)) + 4~ — = In(In(u + ¢))

Therefore, for any € > 0, there exist NV depending on e such that for v > N, we have

| In(In(u + e))
/0 In(s + €) ds < eu In(u+e)

This leads to

o Lt L e
/ /lns+e u<N lns—i-e usSN lns+e

Se/u oIn(In(u + e)) L
Q In(u + e)
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(4.4.12)

(4.4.13)

(4.4.14)

(4.4.15)
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where ¢ = N?|Q)|. From (4.4.13) and (4.4.16), we have

In(In(u + €))

One can verify that for any ¢ > 0, there exist C'(¢) > 0 such that

K:/Q {ln(ln(u+€))+ (u%)ﬁl(u%)} (T“_Mln@?—ieJ

<(e— ) [2”2% L (4.4.18)
and
y(t) < e/§2u2% +c. (4.4.19)

Collect (4.4.9), (4.4.10), (4.4.13), (4.4.17),(4.4.18), and (4.4.19), we have

V)4 0l0) < (o) [ wiinte el

e Te (4.4.20)

We choose € sufficiently small and apply Gronwall’s inequality to imply y(¢) < C forallt > 0. [
Let us recall de la Vallée-Poussin Theorem

Theorem 4.4.4 (de la Vallée-Poussin). The family {X,},., C L'(p) is equi-integrable if and only

if there exists a non-negative increasing convex function G(t) such that

lim %

t—oo T

=00 and sup/ G(X,) < 00.
a Jo

Thank to Theorem 4.4.4, the equi-integrability of { [, u2(-,t) < co} is equivalent to

t€(07,Tmax)

SUD; ¢ (0 Toar) Jo G (uz(-,t)) < oo for some non-negative increasing convex function such that

lim _G(s) =0

s—oo 8§

However, the convexity condition is not necessary, which means that the equi-integrable condition
can be relaxed. Indeed, following proposition gives us the L? bounds, where ¢ > 7 for solutions

without the convexity assumption.
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Proposition 4.4.1. Let 2 C R", where n > 2, be a bounded domain with smooth boundary, and
f € C%([0,00)) such that f(s) < c(s*> + 1) for all s > 0, where ¢ > 0. Assume that (u,v) is
a classical solution as in Lemma 4.4.2 of (4.4.1) on Q x (0,T,,..) with maximal existence time

Tax € (0,00]. If there exists a nonnegative increasing function G such that

.G 5
t—o0 S te(omiax) Q
then for any q > 5 we have

sup /uq(-,t) < 00.
Q

te (Omiax)

o) = [,

where ¢ > 7, and differentiate ¢ to obtain

Proof. We define

&(1) = /Q W AU =V - (V) + F(u)]

= —01/ |Vug|2+02/ugVug -Vv+c/uq+1+uq_1
Q Q Q

I+ 4K (4.4.21)

where ¢y, ¢y are positive depending only on q. We make use of integration by parts and the second

equation of (4.4.1) to obtain

J = CQ/ugVug -Vov = —03/quv
Q Q

= —c3 / w(v—u) <cs / u?™t, (4.4.22)
Q

Q

where cj3 is positive depending only on ¢. From (4.4.21), (4.4.22), together with Young inequality,

imply that there exists ¢y = c4(q) > 0, and ¢5 = ¢5(q, |€2|) > 0 such that

'(t)+ o(t) < —c1 /Q VUi |? + ¢4 /Q ul™ + cs. (4.4.23)

We make use of Lemma B.0.9 to obtain that there exist C' > 0 such that for any € > 0, there exists

ce = cg(€) > 0 such that

= g+1
c5/uq+1§6/|Vug|2</G(ug)) —I—C(/u) +06/u
0 0 Q Q "
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This, together with the uniform bounded condition of [, G(u? (-, ¢)) imply that

c4/uq+1 < C7€/ IV % + e, (4.4.24)
0 Q

where ¢7 is positive independent of € and cg = cg(€) > 0. From (4.4.21) to (4.4.24), we obtain that

§(1) + 6(t) < (cre — 1) /Q Vud? + co. (4.4.25)

where cg = c5 + cg. The proof is now completed by choosing € < % and applying Gronwall’s

inequality. ]
We are now ready to prove the main result.

Proof of Theorem 4.4.1. From Lemma 4.4.3, we obtain that there exists C'; > 0 such that

sup / G(u(-,t)) < Ch,
t€(0,Tinax) v/ Q
where G(s) := sIn(In(s + e)), satisfying all conditions of Proposition 4.4.1. Therefore, we can
apply Proposition 4.4.1 to deduce that for any ¢ > 1 there exists Co = Cy(q) > 0 such that
sup / ul(-,t) < Cs.

t€(0,Timax) 4 Q
This, together with the second equation and elliptic regularity theory imply that

sup [ Va0 < €

t€(0,Tmax) J Q

for some C3 = C3(q) > 0. By applying Moser iteration procedure as in [1], [2] and [53], we obtain

that
Sup Hu('7t)HL°°(Q) + HU<'775)”W11°°(Q) < 0.
t€(07Tmax)
This, combined with (4.4.7), implies that 7},,x = oo and uniform boundedness of (u, v). O
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4.5 Blow-up prevention by sub-logistic sources in 2d chemotaxis system under nonlinear
Neumann boundary conditions

This section deals with classical solutions to the chemotaxis system with sub-logistic sources,

2 . .. .
— mzf€++e)> where 7, p > 0 and p > 0 under nonlinear Neumann boundary condition in a smooth

ru
bounded domain Q C R2. It is shown that if p < 1 in fully parabolic systems and p < 1 in
parabolic- elliptic systems, then solutions exist globally and remain bounded in time. Our proof
relies on several techniques, including parabolic regularity in Sobolev spaces, variational argu-

ments, interpolation inequalities in Sobolev spaces, Trace Sobolev embedding theorem and Moser

iteration method.

4.5.1 Introduction
In this section, we consider the following chemotaxis model with sub-logistic sources in a

bounded domain with smooth boundary 2 C R%:

ut:Au—V-(qu)—i—m—%
(4.5.1)

vy = Av — v+ u,

where 7, ¢ > 0, ;» > 0. The system (4.5.1) is complemented with nonnegative initial conditions in

C?T(Q2), where v € (0, 1), not identically zero:
u(z,0) = up(x), v(x,0) = vo(x), with z € Q, (4.5.2)

and nonlinear Neumann boundary condition are imposed as follows:

ou ov
e g(u), 5 = 0, €09, t€ (0, Tna), (4.5.3)

where v is the outward normal vector and g is nonnegative in C' ([0, oc]).

The problem (4.5.1) with nonlinear boundary condition (4.5.3) introduced and studied in [33]
indicates that the quadratic degradation term can prevent blow-up in a smooth convex bounded
domain Q2 C R™ with n > 2 when g(s) = s? for ¢ > 1. To more specific, if ¢ € (1, %) then solu-

tions exist globally and remain bounded when o > "T_Q, with n > 2 and the borderline case when
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p="2andp € (1,1+ 1) with n > 3 for parabolic-elliptic chemotaxis system. Moreover, sim-

ilar result was also obtain for fully parabolic system when n = 2, 3. Especially, in two-dimensional

3
2

domain for any 4 > 0 and ¢ € (1 ), the system (4.5.1) with p = 0 possesses a unique positive
classical solution which remains bounded at all time. Therefore, it is natural to ask:

Main Question: "Can sub-logistic sources still avoid blow-up in a nonlinear Neumann bound-
ary condition? ”
In this section, our objective is to address this question by employing modified arguments from [33]
to handle the nonlinear term and drawing upon techniques from [71, 72] to handle the sub-logistic

sources. We summarize our findings as follows:

Theorem 4.5.1. Assume that (u,v) is a local classical solution of the system (4.5.1) under the

conditions (4.5.2), and (4.5.3) in ) x (0, Tp.a)- If g satisfies the following conditions:

/
W@Hf¥@+aza withp < 1,7 =1, (4.5.4)

lim

S§—00 \/g

or

i 19/(s)]In(s + ¢) In (In(s + ¢))

§—00 \/5

then T, = oo and (u,v) remains bounded at all time in the sense that

=0, withp=1,7=0, (4.5.5)

sup {HU(‘at)HLoo(Q) + HU(‘vt)“WLoo(Q)} < 00. (4.5.6)

te(0,00)
Remark 4.5.1. The main results in [33] is a special case of Theorem 4.5.1 when replacing p = 0,
and g(s) = |s|? for 1 < q < 3 by condition (4.5.4) for fully parabolic systems or (4.5.5) for

parabolic-elliptic systems.

Remark 4.5.2. Our analysis does not work when replacing condition (4.5.4) by a weaker one

! 1
l9'(5)] ln%(s +e) < o0.

lim sup

S—00 \/E

As a immediate consequence, we have the following result
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Corollary 4.5.2. Assume that p < 1, and (u,v) is a local classical solution of the system (4.5.1)

under the conditions (4.5.2), and (4.5.3) in Q x (0, T)uux)- If g satisfies

3
S2

-5 Is>0, 45.7
In*(s + e) forall's = ( )

gs) =% or  g(s)

foranyl < q < % and k > ’%1, then T,,,. = 0o and (u,v) remains bounded at all time in the sense

that

sup {”u('at)HLOO(Q) + ||U('7t)||W1a°°(Q)} < 00. (4.5.8)

te(0,00)
Remark 4.5.3. We leave the open question whether the logistic sources can still prevent blow-up

Jor g(u) = Sus for § sufficiently small.

Remark 4.5.4. One can also adopt and modify the proof of Lemma 4.5.3 to obtain the global

boundedness result for parabolic-elliptic case when
9(s) = 0—7—— forall s > 0,
for & > 0 sufficiently small.

The section is organized in three subsections. The key estimates, comprising L In L and L?
estimates, are provided in Subsection 4.5.2. Finally, we introduce the Moser iteration procedure
to obtain an L>° bound for the solution, and then apply it to prove the main results in Subsection

4.5.3. Let us introduce local wellposedness results, which was established in [33].

Proposition 4.5.1. If nonnegative functions g, vy are in C**7(Q) such that

Dol onon, (459)
14

where v € (0,1). Then there exists Ty, € (0,00] such that problem (4.5.1) admits a unique
nonnegative solution u, v in C’Qﬂ’lﬂm(@ X (0, Trax) ). Moreover, if ug, vy are not identically zero

in Q) then u, v are strictly positive in Q X (0, Tyax). If Tinax < 00, then

limsup [lu(-, £)[| oo ) + [[0( E)llyy1.00 () = 00 (4.5.10)

t—Tmax
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4.5.2 A priori estimates

In this section, we denote a := e and “’c¢” as a universal constant that can vary depending on
different parameters and may change over time. We also assume that (u,v) is a local classical
solution of the system (4.5.1) under the conditions (4.5.2), and (4.5.3) in 2 X (0, Tjax). Our aim
is to establish a priori estimate for the solutions. While the method in [47] and [71] relies on the
L'-estimate of u and the absorption of — [, [Vu? |? to obtain a ;, u In u, we take advantage of both

terms— |, |VU,2 |? and — o Orvoem) u+e) Let us begin with an estimate of [, v In(u + ¢) as follows:

Lemma 4.5.3. [f then there exists C > 0 such that for all t € (0, Ty, ), we have
/ u(-, 1) In(u(-,t) +e) + |Vo(-, 1) > < C. (4.5.11)
Q
Proof. Let call
1 2
y(t) := uln(u+e)+§|VU| ,
Q

we have

In”(u + €)

y’(t):/ﬂ<ln(u+e)+uj_e> (Au—v-(uvu)+m—“—“2>
+/QW.V(AU—U+u)

=14 J (4.5.12)
By integration by parts, / can be rewritten as:
2 2
- [ 1V —/ 6|Vu|2+/( -y Q)VU.W
Qute q (u+e) q\ut+e (u+t+e)

+/ﬂ <ln(u+e)+ uie) (ru—%) +/89 <ln(u+e)+ ui@) g(uw)dS.
(4.5.13)

Let denote
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we see that ¢(u) < wu. By integration by parts and elementary inequality, we have that for any

€ > 0 there exists ¢ > 0 depending on € such that

/Q(uiewie))w W—/W =—/¢<u>m
/ /¢
/Q<Av> 4E/u

< e/(Av)2 + 6/ w? In' P (u+ e) + (4.5.14)
0 0

where the last inequality comes from the fact that for any § > 0, there exists C' > 0 depending on

0 such that
u? < SuIn'P(u+e) + C(6), 0<p<l.
This also implies that for any € > 0, there exists ¢ > 0 depending on € such that
/ In(u+e) + — ru—M—uZ < (e— )/uQInl_”(u—l—e)—irc (4.5.15)
o u+e In(u+e)) — a . ' e
By trace Sobolev’s embedding theorem W11(Q) — L1(99), we have

/ (h““*e” uie) glu) dS < C/Q (1n<u+e> + uie) l9(w)|
1

o ) 9|Vl
+C In(u +e) + UL—i—e) |g' (w)||Vu. (4.5.16)

(&

u+e+(u+e)

S~
S N N

The conditions (4.5.4) implies that

lim Ig(f)l _o

s—00 g3

This, together with elementary inequalities deduces that for any € > 0, there exists ¢ > 0 depending

on € such that

C/Q (1n(u+e)+L) lg(w)] < E/QuQInlp(u—l—e)—I—c. (4.5.17)

+
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By similar argument, one can also verify that

¢ [ (32 e l@Ivdl < 2 | latwlval
<e er?/M

Qu-te Qu+t+e
[Vul?
QU"’G

+ e/ wIn'P(u+e)+ec,  (45.18)
Q
where ¢ > (0 depending on e. From the condition (4.5.4), we have

C’/Q (ln(u+e)~|—T) |9’ (w)]|Vul| SQC/ln(u+e)\g’(u)]\Vu]
<o [T & [ omtu ol

u+te
[Vl

SE/ _+e/u2ln1_p(u+e)+c, (4.5.19)
QU+€ Q

for any € > 0, and ¢ = ¢(€) > 0. Collecting from (4.5.16) to (4.5.19) and replacing € by ¢/3, we

have

2
/{m <ln(u +e) + " i e> g(u)ds < e/ﬂ |uV—1:|€ + e/Qu2 In'P(u+e) +ec, (4.5.20)

forany € > 0, and ¢ = ¢(¢) > 0. Combining (4.5.13), (4.5.14), (4.5.15), and (4.5.20), and choosing
e sufficiently small, we obtain

[Vul>  p

21,.1—p
[§—§ [ 5/9 0" (u+ ) + /Q(Av) 4.521)

By integration by parts and elemental inequalities, we obtain that for any € > 0, there exist ¢ > 0

depending on € such that

J = —/(AU)2—/ |VU|2—/UAU
Q Q Q
1 2 2, 1 2
<— [ (Av)* = [ |[Vu]"+= [ u
2 Ja Q 2 Jo

1

< -3 / (Av)? — / [Vol* + / u’In""Pu+e) +c. (4.5.22)
2 Q Q Q

For any € > 0, there exist a positive constant ¢ > 0 depending on e such that
/ uln(u +e) < e/ uw? In' P (u + e) + c. (4.5.23)
Q Q
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This, together with (4.5.12), (4.5.21), and (4.5.22), implies that
1 1
Y0+ y(t) < (c— 2) / Vul? — / Vo2 + (e — & / PP e) +e (4.524)
2" Ja 2 Jo 2" Ja
We choose ¢ sufficiently small and apply Gronwall’s inequality to complete the proof. [

The following lemma provides us an essential estimate on the boundary. The following lemma

provides us an essential estimate on the boundary.

Lemma 4.5.4. Assume that g satisfies the condition (4.5.5), then for any ¢ > 0, there exists a

positive constant C depending on € such that for any u € C*():

/89 [ln(ln(u ta)+ (u+a) ﬁq(u + a)] 9lu) < E/Q (u+ (JL)VI?(Z +a)

uw? In(In(u + a))
+54 e (4.5.25)

Proof. By trace Sobolev embedding theorem W11 (Q) — L'(99), we have

u u

/BQ {ln(ln(u +a)) + [+ a)in(u+ a)} g(u) < C/Q {ln(ln(u +a)) + CETITOEe g(u)

u /
wof [ln(ln(u )+ e a)} 1o/ ()||Vul
1 (u+a)ln(u+a) —uln(u+a) —u
+C/Q [(u+a) In(u + a) N (u + a)?In*(u + a) } Vullg(w)l
=1+ J+K. (4.5.26)
The condition (4.5.5) entails that for any € > 0
u? In(In(u + a))
I< E/Q n(u £ a) + c(e). (4.5.27)

By applying Young’s inequality and then using condition (4.5.5), we have

Jge/ﬂ( [Vl —|—c(e)/g(u—i—a)ln(u—{—a)ln(ln(u+a))\g’(u)|2

u+a)ln(u+ a)

Vul|? u? In(In(u + a))
= E/Q (u+a)ln(u+ a) + E/Q In(u + a) +cle). (4.5.28)

One can verify that

1
K< C/Q (u+a)ln(u+ a) [Vullg(wl.
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Applying Young’s inequality to the right, we obtain

[Vul? lg(w)l?
K= G/Q (u+ a)In(u+ a) +C(E)/Q (u+a)In(u+ a)

|Vul|? u? In(In(u + a))
= E/Q (u+a)ln(u+ a) + E/Q In(u + a) +cle), (4.5.29)

where the last inequality comes from a consequence of condition (4.5.5):

tim 5 =0
Collecting from (4.5.26) to (4.5.29), we obtain (4.5.25). O
Next, we derive a priori estimate for solutions of parabolic-elliptic systems.
Lemma 4.5.5. If 7 = 0 and p = 1 then there exists C > 0 such that for all t € (0, T,.), we have

/ u(-,t) In(In(u(-,t) + a)) < C. (4.5.30)

Proof. We define y(t) = [, uIn(In(u + a)) and differentiate y to obtain

(1) = /Q {ln(ln(u +a)) + (u+a) ;rbl(u + G)] Ut
_ /Q {ln(ln(u +a))+

= —/QV {ln(ln(u+a)) + (

(u+a)ln(u+&)} (Au—V-(uVU)—i—ru—uﬁ)

u+a)ln(u+ a)

].Vu

u

+/qu (ln(ln(u+a))+ (u+a)ln(u+a)) Vo 2
+/Q {ln(ln(u—l—a))—l— o ﬁl<u+a)} (ru—um(JL—+CL))

u
In(1
+/asz {n( n(u+a)) + (u—i—a)ln(u—}-a)] g(u)
=1+J+K+1L (4.5.31)
By integration by parts, we have
u

I:—/QV [ln(ln(u+a))+ }-Vu

(u+a)In(u + a)
_ _ 1 aln(u—i—a)_u 2
N /Q {(u%—a)ln(u—i—a) N (U+a)21n2(u+a)1 [Vul
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[Vul*

_/uln(u+a)+2aln(u+a)—u
Q (u + a)?1n*(u + a)

1 |Vul?
= 2 /Q (u+a)In(u+a) (4.5.32)

Similarly, we have

J:/QUV <ln(ln(u+a))+<u+a)ﬁl(u+&)) -Vu

_ / w?(In(u+ a) — 1) + 2auln(u + a)
Q (u+ a)?1n*(u + a)

/w( w—/¢ (u—v) < /u¢( ), (4.5.33)

_ ["s*(In(s+a) — 1)+ 2asIn(s + a) “ 1
0 < ¢(u) := /O (1 I 1 a) ds < /0 e ds. (4.5.34)

Vu- Vo

where

Thus, we obtain

v 1
J < / u/ —— ds. (4.5.35)
o Jo In(s+a)
By L’Hospital lemma, we have
Jo 1n(1+ y ds In(u + a)
lim =/ 274 _ |3 =0. 4.5.36
il % s In(u + a) In(In(u + a)) + 57 — 57 In(In(u + a)) ( )

Therefore, for any € > 0, there exist /N depending on ¢ such that for v > N, we have

/ I ds < ww. (4.5.37)
o In(s+a) In(u + a)
This leads to
/ / lns+a u<N lns+a u>N lns+a
ln (In(u + a))
_ 4.5.38
_e/Qu In(u + a) +c ( )

where ¢ = N?|Q2|. From (4.5.35) and (4.5.38), we have

In(In(u + a))
J < e/ﬂqﬁm +c. (4.5.39)
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One can verify that for any € > 0, there exist C'(¢) > 0 such that

K:/Q {ln(ln(u+a))+ (u+a)ﬁl(u+a)} (Tu_“ﬁ)

< (e—p) /Q uQW +efe). (4.5.40)

From (4.5.25), we have

|Vul|? u? In(In(u + a))
L< E/Q (0T a)In(a T a) + e/ﬂ n(u + a) + c(e). (4.5.41)

Furthermore, we have

In(In(u + a))

Collect (4.5.31), (4.5.32), (4.5.35), (4.5.39),(4.5.40), (4.5.41) and (4.5.42), we have

V)4 y(0) < (e =) [ Bz

i ey (4.5.43)

We choose € sufficiently small and apply Gronwall’s inequality to imply y(¢) < C forallt > 0. [
Consequently, an L?-estimate of u is derived as follows:

Lemma 4.5.6. If g satisfies (4.5.4) and inequality (4.5.11) holds then there exists C' > 0 such that
/uQ(-,t) +T/ [Av(-, t)]? < C, (4.5.44)
Q Q
Jorallt € (0, Tyax)-
Proof. Let call

s = [+ [ (o

we have

Q\
=
I
:3\
IS
N

2
Au—V-(qu)—H’u—L)

In”(u + e)
+ 7/ AvAv,
Q

76



=I+J (4.5.45)
By integration by parts, I can be rewritten as

3
]:—/ Vu2+/uVu-VU—|—r/u2— /u——i—/ ug(u) dS. (4.5.46)
Q| | 0 0 : oln’(u+e)  Jog (v

In case 7 = 0, we use the second equation of (4.5.1) to obtain

/UVU'VU:—/U2AU:/U2(U—’U) S/ug. (4.5.47)
Q Q Q Q

When 7 = 1, we use Young’s inequality to obtain

/uVu Vv = —/uQAv < e/(Av)3 +c/ u?, (4.5.48)
0 0 Q 0

where ¢ > 0 depending on . By trace Sobolev’s embedding Theorem Wh1(Q) — L1(0Q), we

obtain

/a ugu)ds < C / ulg(u)] + C / 19(w)|[Vu] + C / ulg ()| V.

When g satisfies condition (4.5.4), we apply Young’s inequality to the last two terms of the right

hand side to obtain

/ ug(u) dS < e/ |Vul? —i—e/ u® + ¢, (4.5.49)
o9 0 Q

where ¢ > 0 depending on e. We make use of the following inequality established in [30][Lemma

3.3] forany § > 0
/Qu?’S(5/9]Vu]2/QG(u)+C'</Qu)3+c(5) (/Qu)

uln(u + e), when 7 =1

where

G(u) =
uln(In(u + a)), when 7 = 0.

We apply Lemma 4.5.3 to obtain that

/u3 < e/ |Vul* + ¢, (4.5.50)
Q Q
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where ¢ > 0 depending on €. Collecting (4.5.46), (4.5.48), (4.5.49)and (4.5.50), we have

Ig(e—l)/ﬂ|Vu|2—i—€/Q(Av)3+c

forany e > 0, and ¢ > 0 depending on €. Since sup,¢ (g r,..) fQ |Vv|? < oo, the following inequality
( see [68]) holds

/(AU)S < c/ VAW +C.
Q Q
This leads to

I<(e— 1)/ |Vu|2+e/ IVAv|]? +c, (4.5.51)
Q Q

for any € > 0, and ¢ > 0 depending on €. By integration by parts, and Young’s inequality, we have

:—T/|VA1)]2—T/(AU —T/VAU Vu
< ——/ |VAU|2—T/ (Av)? /|vu|2 (4.5.52)

Collecting (4.5.51),(4.5.52), and using the following inequality

/u2 < e/ [Vul® + c(e),
Q Q

thereafter choosing ¢ sufficiently small, we obtain that
y'(t) +y(t) < C, (4.5.53)

for some positive constant C'. This, together with Gronwall’s inequality asserts that

y(t) < max {y(0),C} forall t € (0, Tinay)- O

4.5.3 Regularity and proof of main results

In this section, we show that if u is uniformly bounded in time under ||-||,-q, then it is also
uniformly bounded in time under ||-[[ . We consider the following equation, which is more
general than (4.5.1)

u = Au— V- (uVo) + f(u) (4.5.54)

vy = Av — v+ u,

where f is continuous such that f(s) < ¢ + cs® for all s > 0 with ¢ > 0.
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Theorem 4.5.7. Assume that
g(s) < s, s> 0, (4.5.55)

where a > 0. Let (u,v) be a classical solution of (4.5.54) under conditions (4.5.2) and (4.5.3) in
Q x (0, Tppax) with maximal existence time T, € (0, 00]. If
sup 1)l < 00,
te(o,ﬂnw()

then

sup ([ )l ey + 106 ) ey ) < 00
te(omiax)

Proof of Theorem 2.5.1. 1t is the immediate consequence of Theorem C.2.1 when n = 2, g(u) =

au? and flu) =ru— % < ru. O
We are now ready to prove the main theorem

Proof of Theorem 4.5.1. 1t is the immediate consequence of Lemma 4.5.3, 4.5.5, 4.5.6 and Theo-

rem 4.5.7. O
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CHAPTER 5

SUPERLINEAR CROSS-DIFFUSION ; SUPERLINEAR SIGNAL PRODUCTION
In this chapter, we investigate the global existence of solutions to some chemotaxis models with
superlinear cross diffusion rates and superlinear signal production. It is shown that the appreance of
the quadratic degradation terms can ensure to exclude blow-up phenomenon in those models. The
pivotal analysis tool is the regularity theory in Orlicz spaces for elliptic and parabolic equations,
which enables us to eliminate degeneracies of the diffusion terms. Subsequently, we can apply the
well-established framework in previous chapters to obtain the global existence and boundedness of

solutions.

5.1 Degenerate chemotaxis systems with superlinear growth in cross-diffusion rates and lo-
gistic sources

The objective is to investigate the global existence of solutions for degenerate chemotaxis sys-
tems with logistic sources in a two-dimensional domain. It is demonstrated that the inclusion of
logistic sources can exclude the occurrence of blow-up solutions, even in the presence of superlin-
ear growth in the cross-diffusion rate. Our proof relies on the application of elliptic and parabolic

regularity in Orlicz spaces and variational approach.

5.1.1 Introduction
We consider the following system arising from chemotaxis in a smooth bounded domain €2 C
R2:

w =V-(DW)V(u)—V-(Swuln®u+e)Vv)+ru— pu?
(5.1.1)

ny = Av—v+u,

where n € {0,1},r € R, u > 0, a« > 0, and
0< D eC*]0,00)) andS e C*[0,00)) NW"((0,00)) such that S’ > 0. (5.1.2)

The system (5.1.1) is complemented with nonnegative, initial conditions in W>°(Q) not identically

zero:
u(z,0) = up(x), v(z,0) = vo(x), with z € Q, (5.1.3)
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and homogeneous Neumann boundary condition are imposed as follows:

ou  Ov
@ = % = O, T e 89, te (OmiaX)7 (514)

where v denotes the outward normal vector.

Our main goal is to show that the quadratic logistic degradation term can effectively prevent blow-
up for both elliptic-parabolic and fully parabolic degenerate chemotaxis models with superlinear
growth in the cross-diffusion rate where a > 0. To be more precise, our main result reads as

follows:

Theorem 5.1.1. Suppose thatn = 0 and o € (0, 1) then the system (5.1.1) under the assumptions
(5.1.2), (5.1.3) and (5.1.4) admits a global classical solution (u,v) in
[C° (2% [0,00)) NC*' (2 x (0, oo))]2 such thatu > 0 and v > 0in Q x (0, 00). Furthermore,

this solution is bounded in the sense that

i‘ilg {||u('7t)||L°°(Q) + ||U('7t)||W1v°°(Q)} < 00. (5.1.5)

For fully parabolic cases, we have the following theorem:

1

Theorem 5.1.2. Suppose n = 1 and o € (0, 5) then the system (5.1.1) under the assumptions

(5.1.2), (5.1.3) and (5.1.4) admits a global classical solution (u,v) with
ue CO(Qx[0,00)) NC> (2 x (0,00)) and
v € Ng>2C° ([0, 00); WH(Q)) N CHL (Q x (0,00)) ,
such that uw > 0 and v > 0in Q x (0, 00). Furthermore, this solution is bounded in the sense that
sup { [ 1)y + 100 ey | < (5.1.6)
The proof of the main results can be summarized into three steps:

1. Derive an initial estimate for solutions:

sup /ulnk(u+e)+n|Vv|2 < 00, for some k > 1.
t€(0,Tmax) ¥ Q
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To accomplish this, we adapt and modify the argument presented in [30][Lemma 4.1] for the

proof of Lemma 5.1.7 and 5.1.10.

2. Address the degeneracy of the diffusion term: Eliminate the degeneracy of the diffusion
term by employing elliptic and parabolic regularity in Orlicz spaces. The proof of the elliptic

part is provided in Lemma 5.1.6, and we apply the parabolic part as established in [61].

3. Establish L” bounds for the solution: Lemma 5.1.8 and 5.1.11 establish L? bounds for the
solution for any p > 1. The primary challenge lies in incorporating the term [, u” In®(u +€)
into the diffusion term. Overcoming this difficulty involves the utilization of logarithmically

refined Gagliardo-Nirenberg interpolation inequalities, as established in [66].

This section is structured as follows. In Subsection 5.1.2, we revisit local existence results for
both elliptic-parabolic and fully parabolic models, along with key inequalities used in subsequent
sections. We also provide results on regularity in Orlicz spaces. Subsection 5.1.3 presents a priori
estimates, including L In" L and L” estimates for solutions of elliptic-parabolic models when n =
0, and includes the proof of Theorem 5.1.1. Subsection 5.1.4 follows a similar framework but

addresses the fully parabolic case when = 1 and includes the proof of Theorem 5.1.2.

5.1.2 Preliminaries

By employing fixed point arguments and applying standard theories of elliptic and parabolic
regularity, we can establish the local existence and uniqueness of non-negative classical solutions
to the system (5.1.1). Our initial step involves establishing the local existence of solutions for
parabolic-elliptic chemotaxis models, and we achieve this by adapting the method presented in

[59][Theorem 2.1].

Lemma5.1.3. Let ) = 0 and Q C R? be a bounded domain with smooth boundary and that (5.1.2),
(5.1.3), and (5.1.4) hold. Then there exist T,,,, € (0, 00| and functions (u,v) in
[CO(Q % [0, Thw)) NC* (2 x (O,Tmax)”2 such thatu > 0 and v > 0in Q x (0, 00), that (u,v)
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solves (5.1.1) classically in 2 x (0, Tp,4), and that

imeax < 00, then limsup {Hu(?t)HLOO(Q) + ||U<’7t)||W1»°°(Q)} = 0. (517)

t—Thax
The local existence of solutions for fully parabolic models can be attained by modifying and

adjusting the proof in [64][Lemma 1.1] or referring to [21, 29].

Lemma5.1.4. Letn) = 1 and Q C R? be a bounded domain with smooth boundary and that (5.1.2),
(5.1.3), and (5.1.4) hold. Then there exist T,,,, € (0, 00| and functions

u € C° ([0, Thar); CO(Q)) NC*' (Q % (0, Thar)) and
(5.1.8)

v E ﬂq>2 CO ([07 Tmax); Wl’q(Q)) N 02’1 (Q X (O, Tmax))
such that u > 0 and v > 0in Q0 x (0, 00), that (u,v) solves (5.1.1) classically in Q x (0, Tyq. ), and

that

if Tax < 00,  then limsup {HU(‘ﬂf)HLw(Q) + HU('at)HWLoo(Q)} = 00. (5.1.9)

t—Tinax
The following Lemma [56][Lemma A.1] provides a useful pointwise estimate for Green’s func-

tion of —A + 1.

Lemma 5.1.5. Suppose that Q) C R? is a bounded domain with smooth boundary, and let G denote
Green's function of —A + 1 in Q) subject to Neumann boundary conditions. Then there exist A >

diam(Q2) and K > 0 such that

A
|G (z,y)| < Klnﬁ forall x,y € Q withx # y. (5.1.10)
r—y

By the pointwise estimate for the Green’s function and Legendre transform, we can derive a
L*° bound for solutions of (5.1.1) when n = 0, and therefore eliminate the degeneracy of diffusion

term.

Lemma 5.1.6. Let Q C R? be a bounded domain with smooth boundary. Suppose that the non-

negative function f in L*(§)) satisfies
/fln(f—i—e)§M (5.1.11)
Q
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and w is a solutions of

—Avw+w=f z€
(5.1.12)

%:0, x € 01,

then we have
||w||L°°(Q) <,
where C = C(M) >0
Proof. By using the Green’s function G of —A + 1 in {2, Lemma 5.1.5 and the inequality that
ab<alna+ e, forall a,b > 0,
we deduce that
wia) = [ Gl sy
<K [P pw)dy
o lr—yl

<K [ fmfe)+ K [ F

AK 1
< KM + / dy
e Jolr—yl

AK

< KM + == diam(%). (5.1.13)
e

O

5.1.3 Elliptic-Parabolic system

Let us begin this section with an L In* L estimate for solutions of (5.1.1). The key approach
in the proof is grounded in the Lyapunov functional method. While a standard estimate in two-
dimensional domains is often considered when k£ = 1, we aim to enhance it by exploring the case
where £ > 1. The inspiration is drawn from the construction of a Lyapunov functional in an
unconventional manner, as introduced in [72]. This idea has been adapted and refined in [30] for

addressing two-dimensional chemotaxis models with a degenerate diffusion term, and in [32] for
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two-species with two chemicals, although the logistic source appears only in one of the two density

population equations.

Lemma 5.1.7. Under the assumptions in Theorem 5.1.1, for any k > 1, we have that

sup /Qu(-,t) In"(u(-,t) +¢) < oo. (5.1.14)

t€(0,Tax)

Proof. We define
I(t) := / wln®(u + )
Q

and differentiate /(-) to obtain

1 —lnk_l(u+e) . v)Vu — uS(v) In®(u + e)Vou U
I(t)—/{ln (u+e)+ ku - }(V (D(v)V S(v) In*(u+ e)Vv) + f(u))
:_k/D u+eu+€)|vu|2_ £ /D uiltn+eu+e)|vu|2
—k/ﬂ eD( )(;1 e§u+e)\Vu|2+[25(v)V¢(u)-Vv
I~ (u+e) 9
—l—/g{lnk(u—l—e)—i-k:uu—_'_e}(ru—,uu)
I~ (u+e)

< /QS(U)ng(u) - Vo + /Q {lnk (u+e)+ ku } (ru — pu?) (5.1.15)

u-+e

where

(1) = " ksIn*to (s 4 ¢) N E(k — Du? In"T72(s + ) N kes In*te—t ds
=/ 5
¢ s+e (s +e) (s +e)?

< el Inf 7N+ e), forall [ > 0, (5.1.16)

with ¢; = k% + k. By using integration by parts, taking into account the condition S’ > 0 and

applying elementary inequalities, we obtain that
[ swvot)- 7o =~ [ swotuan- [ s@owlve?
< Il e [ o0
< ISl ooy [ 0 k)

< %/u21nk(u+e)+c2, (5.1.17)
Q
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where co = C'(u, a, k) > 0 and the last inequality comes from the fact that £ + o« — 1 < k when

a < 1 and the inequality that for any § > 0, there exist A = ¢(d) > 0 such that
s In" (s +e) < 652 In" (s +¢€) + A, forall s > 0, (5.1.18)

where aq, as, by, bs are positive numbers such that a; < ay. To handle the last term of (5.1.15) , we

make use of again (5.1.18) to obtain

/Q (m’“ (u+e)+ klnk_l(—“*e)) (ru — pu®) < r/ uln®(u + e)

u-+e

Q
+r/k;lnk_1(u+e)—u/uzlnk(u+e)
Q Q
< —%/ 210k (u + €) + e, (5.1.19)
Q

where c3 = C'(u) > 0 .The inequality (5.1.18) also implies that there exists ¢4 = C'() > 0 such

that
/ulnk(u+e) < H/UQIHk(u—I—e)—i—CAL (5.1.20)
Q 4 Jo
Collecting (5.1.15), (5.1.17), (5.1.19), and (5.1.20) yields
I'(t)+I(t) <cs, (5.1.21)

where ¢5 = ¢, + c3 + ¢4. Finally, we apply Gronwall’s inequality to prove (5.1.14). ]

We will establish an LP estimate for the solution in the following lemma. When employing the
standard testing approach commonly used in chemotaxis, controlling the term fQ uP In®(u + e)
proves challenging using the diffusion term — [, [Vu?|? and the global boundedness of |, u. To
overcome this difficulty, the key idea is to utilize the bound |, u In*(u 4 €) instead of Jq, wand the

logarithmically refined Gagliardo-Nirenberg interpolation inequality in Lemma B.0.5.

Lemma 5.1.8. Under the assumptions in Theorem 5.1.1, for any p > 1, we have that

sup /up(x,t)dx < 00. (5.1.22)
Q

t€(0,Tnax)
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Proof. By integration by parts, we have
- / ul = / u’ v)Vu) — V- (S(v)uln®(u+ €)Vo) + ru — pu?)
p
——/ D) Vb2 + (p— 1) / (o) 0 (u + €)Vu - Vo
p 0 Q
T/up—u/um'l (5.1.23)
Q Q
From Lemma 5.1.7, there exist a constant M/ > 0 such that
/ u(-,t) In(u(-,t) +e) < M, forall t € (0, Thax) (5.1.24)
Q
This, together with Lemma 5.1.6 implies that
(- Dl ey < C, forall t € (0, Tnax) (5.1.25)

for some C' = C'(M) > 0. This implies that inf, 4y D(v(x,t) > 0 and therefore the degeneracy of

the diffusion term is now eliminated. It follows that

2(p—1 P P
_Hp—l) / D(v)|Vuz|* < —cl/ |Vuz|?, (5.1.26)
p Q 9)
where ¢; = 2= 1nfx Heax(o,r) D(v(x,t)). By integration by parts and the condition S > 0, we
have
(p—1) / S()u? In*(u + e)Vu - Vo = —Cz/ S(v)p(u)Av — C2/ S’ (v)d(u)|Vol|?
Q Q
< [ uo(w)
Q
< 3 / uP ™ In®(u + e). (5.1.27)
Q
where

l
o(1) = / " (s +e)ds < IPn*(l+¢),  foralll > 0. (5.1.28)
0

From Lemma 5.1.7, we obtain that sup,c o ,..) Jo uln(u + €) < oo. Now applying Lemma B.0.5
with
&1

2¢3 SUP,e (0 ) Jouln(u +e)

€ =
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yields

03/up+11na(u+e)§03e/|Vug|2-/uln(u+e)—|—603/u-/uln(u—|—e)+c4

Q Q Q Q 0

< Cl/qu’z’y2+c5 (5.1.29)
Q

where ¢y = C'(¢) > 0 and ¢; = C(¢) > 0. By Young’s inequality, we obtain that

1
p Q 2 Jq

where ¢g = C'(r, p, ) > 0. Collecting (5.1.23), (5.1.26), (5.1.27) and (5.1.30) yields

1d 1
——/up+—/up§c7, (5.1.31)
pdt Jo PJa

where ¢; = C'(¢, p, i, ) > 0. Finally, we apply Gronwall’s inequality to complete the proof. [
We are now ready to prove the main theorem.

Proof of Theorem 5.1.1. By using Lemma 5.1.8 for a fixed p > 2, it follows that

sup |[u(; )| oy < 00
t€(0,Tinax)

By elliptic regularity theory in Sobolev spaces, we obtain that

sup  [[v(+ ) |[r1ee(y < 00 (5.1.32)
te(Qﬂnax)

Applying Moser-Alikakos iteration (see e.g [53, 2, 1] ) yields

wp -0 < .
tE(O,Tmax)

This, together with Lemma 5.1.4 implies that 7},,x = oo, which finishes the proof. ]

5.1.4 Fully Parabolic system

We will follow the framework established in the previous section to prove Theorem 5.1.2. How-
ever, for the fully parabolic system, we cannot directly use the equation Av = u— v for estimations,
as done in Lemmas 5.1.7 and 5.1.8. Instead, we need to establish an intermediate estimate to con-

nect the two equations of (5.1.1). Let us commence this section with the following lemma.
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Lemma 5.1.9. For any p > 1, there exist positive constants Ay, Ao, As depending only on p such

that

ot LIVl A [VITop s [ (90 < g [ o [ vofr 65..3)

Proof. We make use of the following point-wise identity
Vu-VAv = =A(|Vv|*) — |D*0]?
to obtain

i LIVl [ 190 = 0 [ [91Vopp = [ jvufript

+/ |Vu|* 2V - Vu
Q

2
+c2/ a|gv| Vo[22, (5.1.34)
aQ v

., . . . . 2
where ¢, ¢y are positive constants depending only on p. The inequality a\g_ym < M|Vvl]?, (see

[41][Lemma 4.2]) for some M > 0 depending only on €2, implies that

2
CZ/ 8|§v| Vo248 < ;M |Vv]2”d5
o

Let g := |Vv|P and apply trace embedding theorem W1 (Q) — L'(09Q) together with Young’s

inequality, there exist positive constants C' and c3 such that

coM deSgC/g\VgH—C’/gQ
P Q Q

<5 [IVoP s [ (5.135)
Q Q

Therefore, we have

CQM/ V|2 dS < ﬁ/ |V|Vv|p|2+03/ Vo2, (5.1.36)
oN 2 Q Q

Applying the pointwise inequality (Av)? < 2|D?v|? to (5.1.34) yields

det / Vol + / Vo < -4 / V|V - / Vo3| A0

89



+/ |Vv]2p_2Vv-Vu+cg/ |V (5.1.37)
Q Q

By integration by parts and elemental inequalities, there exist constants ¢, = C'(p) > 0 and ¢5 =

C'(p) > 0in such a way that

/|Vv]2p—2Vv-Vu:—/u|VU|2p_2AU—C4/u|VU|p_1V|VU|p- Vv
Q Q Q [Vl
1
<5 [@opwep2 o 2 [vigepp
2 Jqo 4 Ja
+c5/u2\v@|2p2, (5.1.38)
Q

From (5.1.37) and (5.1.38), we finally prove (5.1.33).
O

The following lemma, akin to Lemma 5.1.7, provides a crucial a priori estimate for solu-
tions. However, the constant k is now bounded from above due to the structure of parabolic equa-
tions. In addition to the estimate for [, u In*(u 4 ), we also require a uniform bound in time for

[/ [, u® In"(u + €) to cooperate with Proposition C.1.1 in order to obtain uniform bounds for v.

Lemma 5.1.10. Under the assumptions in Theorem 5.1.2, for any k € (1,2 — 2a), we have that

t+1
sup / {uln® (u+e)+ Vo]’ +  sup / / u? In*(u + €) < oo, (5.1.39)
tE 0 T;nax t6(07mef—7—) Q

where T = min {1, %}

Proof. We define

y(t) ::/uln u+e) /|Vv|2
Q

and differentiate y(-) to obtain
In* (u+e)
/t—/lk—i——i—k—) +/V~V
y'(t) Q(n(u e) + ku e Uy g vV,
= I'(t) + J'(t). (5.1.40)

Where [ is given in Lemma 5.1.7. We now just reuse estimations from (5.1.15) to (5.1.19) for I’

except for (5.1.17). By using integration by parts, taking into account the condition S’ > 0 and
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applying elementary inequalities, we obtain that
[ s0vew - o= - [ swotwse- [ SewIve?
Q Q Q
< ISllmoy [ S

S| e
< 1/(Av)2 i H ||L (0,00) / ¢2(u)
2 Ja 2 0

2
1 c1 1S 700 0.00
< _/(Ay)hrM/u? 2072 (y 4 ¢)
2 Ja 2 Q

< 1/(Av)2—l—ﬁ/ 210" (u 4 e) + ¢, (5.1.41)
2 Ja 4 Ja

where ¢ is defined in (5.1.16), co = C(p) > 0 and the last inequality comes from the fact that

2k + 2a — 2 < k and the inequality (5.1.18). Collecting (5.1.15), (5.1.41) and (5.1.19), we have

/ 1 2 H 214k
I'(t) < §/Q(AU) — 5/9 In"(u + €) + ¢4, (5.1.42)

where ¢, = C'(1) > 0. By integration by parts and elemental inequalities, it follows that there exist

¢s = C(u) > 0 such that

J'(t) := / Vv -V,
0

:_/Q(Av)t/gywﬁ—/gum
S—%/Q(Av)z—/Q|Vv]2+%/ﬂu2

1
< ——/(AU)Q—/ |Vv|2+ﬁ/u21nk(u+e)+05. (5.1.43)
2 Q ) 4 Q

The inequality (5.1.18) implies that there exists cg = C'(1) > 0 such that

/ulnk(u—i—e) < g/qf In*(u + ) + c. (5.1.44)
0 Q

Collecting (5.1.40), (5.1.42), (5.1.43), and (5.1.44) we obtain

y’(t)+y(t)+ﬁ/u21n’“(u+e) < (5.1.45)
8 Ja

for some ¢; = C (7", k,p, ||S]] Loo((opo))) > 0. Applying Gronwall’s inequality to this leads to
y(t) < max {y(0), c;}. Additionally, we also have:
g/ w? In*(u+e) < ey — 9 (t). (5.1.46)
Q
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By integrating the previous inequality from ¢ to ¢ + 7 and using the fact that y is non-negative and

bounded, we can conclude the proof. [
Now, we can establish L? bounds for solutions in the following lemma, akin to Lemma 5.1.8.

Lemma 5.1.11. Under the assumption in Theorem 5.1.2, for any p > max {ﬁ, 1}, we have that

sup / {uP (-, t) + |Vo(-, 1)} do < oo, (5.1.47)

te 0 Tmax

ARaE AL
t)i=— [ v+ — V|,
ot) = [ w5 [ |9

Proof. We define

and differentiate ¢(-) to obtain:
6(6) = [ w7 9 (D()0) = V- (S()uln(u+€) V) + ru = ]
+ /Q Vu|*72Vv -V (Av +u — v)
= M, + M. (5.1.48)
By integration by parts, we have

M, = /D NVuz|? + (p—1) /S P In%(u + e)Vu - Vo

/ uP — / uPtL, (5.1.49)

From Lemma 5.1.10, we find that

sup / u? In"(u+e) < o0
t€(0,Tmax—7) J Q

for any £ € (1,2 — 2«). This, together with Proposition C.1.1 implies that

sup  [v(+ )| ooy < 00 (5.1.50)

te (Ovaax)

Therefore, it follows that inf(, yycox(0,7) D(v(z,t)) > 0 and

_M/D(v)wué’y? < —cl/ IVus|?, (5.1.51)
p Q 9)
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where ¢; = 27;%2 inf(, yeax(o,r) D(v(z,t)). Since p > max {1, %} we can fix

e (mn {2050 1150

and Lemma 5.1.10 allows us to choose

. Ay 1
€ = min ; , (5.1.52)
{ 2CGN SUP1e(0,Te) Jo VU272 SUP¢e (0, Tinax) Jou In*(u +e) }

where A is the constant defined in Lemma 5.1.9. By Young’s inequality, we obtain

2(]9——1)/5( )uz In® (u—l—e)Vu% - Vv

2
<9 [vaip+ X220 [ e v
Py

S /‘V 2|2 /‘VU|2p+2

+62/u”+11 el (u+e), (5.1.53)
Q

(p—1) /Q S(v)u? ™ In®(u) Ve - Vo =

where ¢y, = 8(;;%22. Combining (5.1.49), (5.1.51), and (5.1.53) yields

3 alp
M, < —ﬁ/ Vs |+ / V|72 + ¢, /uf"Jr1 5 (u+e) —|—T/ uP.  (5.1.54)
Q Q
From Lemma 5.1.9, we have
M2+A1/ vavmh/ Vo[ §A2/u2]VU\2p2+A3/ Vol (5.1.55)
Q Q Q Q
By elementary inequalities, we obtain that

1
<r+—)/up+A2/u2|Vv|2p_2+A3/ |Vl < E/ |Vo|?+2
P/ Ja Q Q 2 Ja

a(p+1)
+03/up+1 " (u+e)+ cy,
Q
(5.1.56)

where ¢ = C(e) > 0and ¢y = C(e) > 0. Collecting (5.1.48), (5.1.54), (5.1.55), and (5.1.56)

yields
o) + <__/ Vb Al/mwm +e/\w|2q+2
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a(p+1)
+c5/up+1 n" (u+e)+ ey, (5.1.57)
Q

where c; = ¢ + c3. Using the Gagliardo-Nirenberg interpolation inequality for n = 2 and the fact

that sup,c o 7,..) Jo |VV(-;1)[? dr < oo from Lemma 5.1.10, there exists a positive constant Coy

p+1
e/ |V 2P t? SeC’GN/ |V|Vv|p|2/ IVv|? + eCan (/ |Vv|2)
0 it Q 0

< cﬁe/ |VIVolP)? + ¢, (5.1.58)
Q

such that:

1
where c5 = Can SUP,c (o1 Jo [VO(- 1) and ¢; = eCan sup,cop (fo IVo(-,t)[?)"". The

condition % < k < 2 —2a when p > max {ﬁ, 1} enables us to apply Lemma B.0.5 to
obtain
14, 2ot 29 k ? k
05/up+ In~ » (u+e)§e/|Vu2| /uln (u+e)+e /u /uln (u+e)+cr
Q Q Q Q Q

< cge/ VU ? + ¢ (5.1.59)
Q

where cs = sup;c(o ;... Jo wln®(u + €)), and ¢y = ¢(€) > 0. From (5.1.57), (5.1.58), and (5.1.59),

we have

3 P
' (t) + o(t) < <086 - %) / |Vuz|? + (coe — Al)/ |V|Vv]p|2/ Vol + eio,
0 0 Q

where ¢19 = ¢4 + ¢9. From (5.1.52), we find that cge — % < 0, and cge — A; < 0. It follows that

@' (t) + ¢(t) < c10. The proof is finished by applying Gronwall’s inequality. O

Proof of Theorem 5.1.2. By using Lemma 5.1.11 for a fixed p > 2, it follows that

sup ||u('7t)||LP(Q) < 0.
tE(O,Tmax)

By Lemma C.1.2, we have that

sup  [[v(+ )| prree(y < 00 (5.1.60)
te(07’111nax)
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Now by applying Moser-Alikakos iteration procedure, we obtain
sup |[ul:, )| o) < 00 (5.1.61)
t€(0,Tmax)
This, together with (5.1.60) and Lemma 5.1.4 implies that 7;,,x = 0o, which completes the proof.
O

5.2 Chemotaxis system with superlinear signal production

This section focuses on studying blow-up prevention of sub-logistic sources for 2d Keller-Segel
chemotaxis systems with superlinear signal production. An application of a result on parabolic
gradient regularity for parabolic equations in Orlicz spaces shows that the presence of sub-logistic
sources are indeed sufficiently strong to ensure the global existence and boundedness of solutions.
Our proof also relies on several techniques, including parabolic regularity in Sobolev spaces, vari-

ational arguments, interpolation inequalities in Sobolev spaces and Moser iteration method.

5.2.1 Introduction
We consider the following chemotaxis model with sub-logistic sources and superlinear signal

production in a bounded domain with smooth boundary © C R%:

ur =V - (DW)Vu) =V - (uS(v)Vv) + f(u)
(5.2.1)
kv = Av — v + g(u),

where x € {0,1}, and
0< D eC*]0,00) andS e C*([0,00)) NW"((0,00)) such that S’ > 0, (5.2.2)

and the logistic source

2

u . K
f(U) =Tru— Mm, with r - R, 12 > 0, andp < [07 1-— 5) s (523)
and the superlinear signal production
g(u) =uln?(u+e), withq € [O, 1— g — p> . (5.2.4)
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The system (5.2.1) is complemented with nonnegative initial conditions in W1°°(Q) not identically

zero:
u(z,0) = up(x), kv(z,0) = kug(x), with z € Q, (5.2.5)

and homogeneous Neumann boundary condition are imposed as follows:

ou  Ov
=0 €00t (0, T, (5.2.6)

where v denotes the outward normal vector.
We aim to show that the presence of sub-logistic sources is sufficiently strong to avoid blow-up
solutions in a superlinear signal production chemotaxis system. Precisely, we have the following

theorems.

Theorem 5.2.1. Let k = 0 and the system (5.2.1) satisfy the assumptions from (5.2.2) to (5.2.6).

There exists a unique pair of nonnegative functions (u,v) with
ue CO(Qx[0,00)) NC* (2 x (0,00)) and
v € Ny=2C? ([0, 00); WH4(Q)) N C*! (Q x (0, oo)) )

solving the system (5.2.1) in the classical sense. Furthermore, this solution is bounded in the sense

that

igg {Hu('7t>||L°°(Q) + HU('vt>||W1v°°(Q)} < 00. (5.2.7)

The next theorem asserts the global existence and boundedness of solutions to the fully parabolic

system (5.2.1) when xk = 1.

Theorem 5.2.2. Let k = 1 and the system (5.2.1) satisfy the assumptions from (5.2.2) to (5.2.6).

There exists a unique pair of nonnegative functions (u,v) with

ue CO(Qx[0,00)) NC> (2 x (0,00)) and

v € Ny=2C° ([0, 00); WH(2)) N C*! (2 x (0,00)) ,
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solving the system (5.2.1) in the classical sense. Furthermore, this solution is bounded in the sense

that

sup {||u('7t)||L°°(Q) + HU('?t)HWLOO(Q)} < 0. (5.2.8)

The major difficulties to obtain a uniform bound for solutions of (5.2.1) come from the superlin-
ear signal production of the second equation. It is not clear that whether [|v(-, ¢)|| .1 g is uniformly

bounded in time. Indeed, by integrating the second equation

ilo=l )
— o= [ v— [ uln?(u+e),
dt Jo Q Q ( )

we see that the presence of [, u In?(u + €) has not known to be uniformly bounded in time. More-

over, the equi-integrability of the family { [, u(-,t)} is not sufficient to prevent blow-up

tE(OaTmax)
due to the superlinear signal production. In this section, we overcome these challenges by intro-

ducing the following functional:

y(t) = / u(eot) I (- ) + ),

where £ > 0 will be determined later. This functional, which has been used in [30], is the adaptation

and modification of a well-known functional called entropy,

y(t) = / u(e,t) In(u(- ) + ),

which has been used in various papers such as [8, 39, 44, 71, 33, 32].

The paper is structured in four sections. Section 2 establishes a local-wellposedness result for
solutions as well as recall some vital inequalities, which will be frequently used in sequel sections.
Section 3 includes a priori estimates for solutions to the parabolic-elliptic system when x = 0 and
the proof of Theorem 5.2.1. In Section 4, we establish a priori estimates for solutions to the fully

parabolic system when x = 1 and prove Theorem 5.2.2
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5.2.2 Preliminaries

The local existence and uniqueness of non-negative classical solutions to the system (5.2.1) can
be established by adapting and adjusting the fixed point argument and standard parabolic regularity
theory. For further details, we refer the reader to [21, 29, 58]. For convenience, we adopt Lemma

4.1 from [61].

Lemma 5.2.3. Let Q) C R", where n > 2 be a bounded domain with smooth boundary, and the
system (5.2.1) satisfy the conditions from (5.2.2) to (5.2.6). Then there exist Ty, € (0, 00| and

functions

u € C%(Qx [0, Thax)) NCH (2% (0, Tar)) and
(5.2.9)
v € Mgz C° ([0, Thua); WH(Q2)) N C* (Q % (0, Thrar))
such thatu > 0 and v > 0in Q x (0, 00), that (u, v) solves (5.2.1) classically in Q x (0, T}y ), and

that if Ty < 00, then

lim sup {Hu('at)”LOO(Q) + ||U("t)||W1700(Q)} = 00. (5.2.10)

t—Tmax

The following lemma is essential to obtain an L? In(L + €) estimate for the solution of (5.2.1)

when xk = 1.

Lemma 5.2.4. Let Q C R? be a bounded domain with smooth boundary, and k > % Then there

exists C' > 0 such that for each ¢ > 0, one can pick C(e) > 0 such that

/u3ln3/2(u—|—e) Se/|Vu|2ln(u—|—e)/ulnk(u—|—e)
Q Q Q
3
+e/ulnk(u+e)+c(/ulnl/Q(u—l—e)) . (5.2.11)
Q Q

holds for all u € C*(2).

Proof. We apply Lemma B.0.9 with G(s) := sIn""Y/?(s + ¢), to deduce that for any e > 0, there

exists ¢ = c(€) > 0 such that
3
/(ulnl/z(u+e)> §e/ ]V(ulnl/z(u—i—e))\Q/ulnk(u+e)
Q Q Q
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3
+c(/uln1/2(u+e)) . (5.2.12)
Q

Notice that

u
J S R O e s AL
< c/Q |Vul? In(u + e), (5.2.13)
Where the last inequality comes from
u 2 2
/Q (0t ot o) |Vu| < /Q |Vul|?In(u + €)
Finally, we make use of (5.2.12) and (5.2.13) to complete the proof. [

5.2.3 Parabolic-elliptic
In this section, we assume that (u, v) is a solution of the system (5.2.1) with x = 0, under the
conditions from (5.2.2) to (5.2.6). Let us begin with the following priori estimate, which will be

used to obtain L™ bounds for the solution.

Lemma 5.2.5. Forany k > 1, then

sup / uln® (u +e) < co. (5.2.14)
Q

te(O’Tmax)

Proof. We make use of the first equation and integration by parts to obtain

n* ! (u+e)

8 [umttaro= | (m (wte) + ku )<v-<D<v>w—u5<v>w>+f<u>>

u-+e
__k/D u+eu+€)|vu|2_ F-1) /D uiin+eu+6)|vu|2
B D(v) In" " (u + e) 2
k/Q S |74l /s )Vo(u) - ¥
+/Q(lnk (u+e)+ku%) f(u)
In*! (u+e)

< /QS(v)vgzs(u)-vU+/Q (mk (u+e) + ku )f(u) (5.2.15)

u-+e
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where

! sin*Y(s+e 2Inf2(s+e euln* (s +e
(b(l) :/0 {k% + k(k B 1) l(s +(e):_ ) Tk l(s +(€)j )} ds

< el Inf (1 4 e), (5.2.16)

with ¢; := k% + k. This, together with integration by parts, the condition S’ > 0 and elementary

inequalities, follows that
/ SW)Ve(u) - Vo = — / S(0)é(u)Av — / §/(0) () [V ?
Q Q Q
<150 g o0 / p(uyuln?(u + )

< / w? "t (0 e)
0

< g/ 21I0"P(u 4 e) + e, (5.2.17)
Q

where ¢ = ¢1 [|S]] oo jo,00y)> €3 = C(1s K, [[S ] 1o (0,00))) > 0 and the last inequality comes from

the fact that p < 1 — ¢ and for any € > 0, there exist ¢(¢) > 0 such that
u™ In” (u + e) < euIn2(u + €) + c(e),

where a4, as, by, by are real numbers such that a; < as. This also implies that there exists a positive

constant ¢, depending on p such that

In"~ (u + e)

<lnk(u—|—e)—|—k
u—+e

) f(u) +uln®(u+e) < (r+ Duln®(u+ e)
+rkIn" " (u 4 e) — pu? In* P (u + e)
< %/QUQ lnkfp(u +e)+c.  (52.18)
Integrating (5.2.18) both sides entails that

lnk(u—ke)—i—klnk_l(—UjLe) fu) + ulnk(u—i—e)gﬁ uw? 0P (u 4 e) + s,
Q Q 4 Jo

u+e
(5.2.19)
where ¢5 = ¢4|Q)|. Collecting (5.2.15), (5.2.17) and (5.2.19) yields
p Qulnk(u +e)+ /Qulnk(u +e) < ¢, (5.2.20)
where ¢4 = c3 + c5. This, together with Gronwall’s inequality completes the proof. [
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The next lemma provides L™ bounds for the solution of (5.2.1) for any m > 1.

Lemma 5.2.6. For any m > 1, then

sup /um < 00. (5.2.21)
Q

te(omiax)

Proof. Multiplying the first equation of (5.2.1) by u™~! and using integration by parts yields

2 [ = [ (9 0 Tu - u50)9) + fw)

_T/QD(U)|VUZL|2—|—mT_l/gz;S(U)VUm‘VU‘i‘/Qum1f(u)

(5.2.22)
Let f = uln?(u + e), we obtain
/ fIn(f+e)= / uln?(u+¢e)In (uln?(u +e) + €)
0 Q
< / wIn(u + ¢) In ((u + ¢) In(u + ¢))

Q

<(¢g+1) / wln®(u + e), (5.2.23)
Q

for any k£ > ¢ + 1. Now by applying Lemma 5.2.5 with a fixed £ > ¢ + 1, and Lemma 5.1.6 , we
find that v is uniformly bounded in time. Therefore, degeneracy of the diffusion terms is eliminated

since inf(, 1)cx (0,7 D (v(2,1)) := 1 > 0. Thus, we have

4: _1 m m
_(m—Q)/D< |Vu2 _62/|Vu2
m Q

Using integration by parts, the second equation of (5.2.1) and nonnegativity

(5.2.24)

4 1
where ¢y = M

of S” and v deduces that

-1 -1 -1
=2 | S)vum - Vo = —m— [ S(pumao - =2 | S )| Vol
m Q m Q
<——/S " (uln?(u+e€) —v)
< 03/ ™ In?(u 4+ e), (5.2.25)
Q
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where ¢3 = — (m71)||s7|q|fo<>([0m))' Applying Lemma 5.2.5 with k¥ = 1 and Lemma B.0.5 with
Co
€= — :
2¢3 SUPye (0 Tpn) Jouln(u+e)
yields
03/ u™ M In?(u + e) < 036/ IVu? |- /uln(u+e)+ (/ u) -/uln(u+e)+c4
0 Q 0

/|Vu2\ + cs, (5.2.26)

where ¢, = C(e) > Oand ¢5 = c4+Sup,c o 1) Jo wIn(u+e)-sup,c o (Jou)"- By elementary

inequalities, there exists a positive constant ¢ = C(r, m, p, i) such that

m/u +/ m=1r(y) /mpz(fi 5t (5.2.27)

Collecting (5.2.22), (5.2.25), (5.2.26), and (5.2.27) entails that

1d
mdt/u +m/u = en

where c; = ¢5 + cg. This, together with Gronwall’s inequality proves (5.2.21), which finishes the

proof. ]
We are now ready to prove Theorem 5.2.1.

Proof of Theorem 5.2.1. Tt follows from Lemma 5.2.6 that u € L ((0, Trax); L™(2)) for any m >
1. By standard elliptic regularity theory, we obtain that v € L™ ((0, Tiay); W1(2)). By applying
Moser-Alikakos iteration (see e.g [53, 2, 1] ), it follows that u € L ((0, Thax); L°(2)). Now
applying the extensibity of solutions (5.2.10) yields that 7;,,x = oo. Therefore, (5.2.7) is proved,
which finishes the proof. [

5.2.4 Fully parabolic
In this section, we consider a solution (u, v) of the system (5.2.1) with x = 1, under the condi-
tions from (5.2.2) to (5.2.6). Let us commence with the following priori estimate, similar to Lemma

5.2.55.

102



Lemma5.2.7. If p<1<k<2—p and2q+p < 1then

sup / (uln® (u+e) + |Vv|?) sup / /u In"?(u+e) < (5.2.28)

tE(O,Tmax) Q OTmax '7')

where T = min {1 Lax }

Proof. We define

y(t) ::/uln u+e) /|Vv\2
0

and differentiate y(-) to obtain

k-1
y'(t) = /Q <lnk (u+e)+ kuw) uy + Vo - Vuy (5.2.29)

u-+e

By integration by parts, the first term of (5.2.29) is expressed as in (5.2.15). We have

| swvot)-vo =~ [ swotuan- [ s@owlve?
< ISllmoney [ #I0

where the last inequality comes from the assumption S’ > 0 and ¢ is defined in (5.2.16). Recalling

the upper bound for ¢ as in (5.2.16), we have
P(1) < el Inf 11+ e).

This, together with Young’s inequality to this yields

S L= ([0,00 2
/QS(U)W(U).W < %L(m)%“”%/ggb (u)

< 1/(Av)2 + 02/u2 In**~2(u + ¢)
2 Jo 0

1
< - /(Av)2 B / w? In"P(u + €) + s, (5.2.30)
2 Ja 4 Ja

where ¢, = 208lexuwm) gng oy = C(pk,p) > 0. Collecting (5.2.15),(5.2.17),(5.2.19) and
(5.2.30) implies that

1

d
uln (u+e)+/ulnk(u+e)+3—u/u In*?(u+e) < —/( v)?+ ey, (5.2.31)
dt o 1/, 2
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where ¢y = C(p, 7, k, p, || < ((0,00))) > 0- By integration by parts and elementary inequalities,

the second term of (5.2.29) can be handled as follows:

/VU-Vvt:—/(Av)Q—/|Vv|2—/ulnq(u+e)Av
0 0 Q Q

1 1
<5 f[@op = [19ur e [wwirao
2 QO (o) 2 Q
1
S__/(AU)2_/WU|2+H/u21nk—l’(u+e)+c5, 2 < k—p. (5232)
2 QO [¢) 2 Q

where ¢5 = C'(u, k, p, q) > 0. From (5.2.31) and (5.2.32), we obtain that
/ H 21.k—p
vt +yt) +5 / w? In"P(u+e) < g, (5.2.33)
Q

where ¢ = ¢4 + ¢5. By applying Gronwall’s inequality, we deduce that y(¢) < max {y(0),cg}.

Additionally, we have

g/ 210" P(u+e) < g —y(t). (5.2.34)
Q

By integrating the previous inequality from ¢ to ¢ + 7 and using the fact that y is bounded, we can

conclude the proof. O

Thanks to Lemma 5.2.7 and C.1.1, we can now establish an L bound for v, which is subse-

quently used to eliminate the degeneracy of the diffusion term.
Lemma 5.2.8. If'1 + p+ 2q < k, and (u,v) is a solution of the system (5.2.1) such that
t+1
sup / /u2 In*"P(u+e) < o0
te(0,T—71) Jt Q
then v is globally bounded in time.

Proof. We let f := uwIn?(u + €) and L(s) := In*(s + ¢), where A > 1 will be determined later.

Notice that v In?(u + ¢) < (u + €)?, we have
L(f) = In*(uln?(u + €)) < 2 In’(u + e).
Now, we want

t+1
’r 5.2.35
sup / /Qf (f) < o0, (5.2.35)

te(0,7—7)
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which is indeed true when 2¢ + A < k — p, since

Now we fix where A\ := k£ — p — 2¢ > 1 and complete the proof by applying Proposition C.1.1
]

In contrast to the parabolic-elliptic scenario where x = 0, the direct derivation of L™ bounds
for u from the a priori estimate in Lemma 5.2.7 is not feasible. Instead, we rely on the assistance
of the subsequent lemma, which functions as an intermediate estimate facilitating the connection

between the two equations presented in (5.2.1).

Lemma 5.2.9. There exist positive constants Ay, Ay, Az such that

1d
Zd_/ |Vv|4—|—A1/ }V|Vv|2‘2+/ |Vv|4SAz/UQIHQQ(u+e)|VU|2+A3/ |Vol*
t Ja Q Q Q Q
(5.2.37)
Proof. We make use of the following point-wise identity
1
Vv VAv = §A(|Vv|2) — | D*v]?
to obtain
1d
——/ |Vv|4+/ |Vv|4:—cl/ |V|VU|2|2—/ |Vl D?v|?
4dt Jq Q Q 0
+/ Vo[>V - V(uln?(u + e))
Q
o 2
+cz/ M|VU|2, (5.2.38)
a0 81/

where ¢y, ¢, are positive constants. The inequality a|§_5|2 < M|Vvl|?, (see [41][Lemma 4.2]) for

some M > 0 depending only on €2, implies that

2
02/ o[Vl ]VU\QdSSCQM/ IVol* dS.
oo Ov B)

Let g := |Vv|? and apply trace embedding theorem W1(Q) — L'(09Q) together with Young’s

inequality, there exist positive constants C' and c3 such that

coM gzdSSC’/g\VgH—C/gz
o0 Q Q
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51/ |Vg|2—|—03/g, (5.2.39)

Therefore, we have

coM | |Vol*dS < — /|V|W|2\2+c3/|vu|4. (5.2.40)
o0

Applying the pointwise inequality (Av)? < 2|D?v]|? to (5.2.38) yields

4y 4 ! 22 1 2 2
< _ 2 _ =
13 [roetts [t <=3 [199epp - [ 1vopla

+/ |Vv|2Vv-V(ulnq(u+e))+03/|Vv|4 (5.2.41)
Q Q

By integration by parts and elemental inequalities, there exist constants ¢4 > 0 and ¢; > 0 in such

a way that
/ |Vo[*Vo - V(uln?(u+e)) = — / uwln?(u + e)|Vu[*Av — 04/ uln?(u + e)V|Vo|* - Vv
Q Q Q
1
< —/(AU>2|VU|2 + 2/ IVIVo?|? + 05/u2 In*(u + €)|Vu|?.
2 Jo 4 Jo Q
(5.2.42)
Combining (5.2.41) and (5.2.42) yields (5.2.37). O
One may employ Lemma B.0.5 to establish an L™ bound for u, where m € (2,3 — 2¢). How-
ever, in this context, an alternative methodology is adopted, relying on Lemma 5.2.4. This approach

involves initially deriving an L? In(L + ¢) bound and subsequently utilizing it to establish an L*

bound for w.

Lemma 5.2.10. If k > p + 2q + 1 such that

sup /ulnk(u—i—e) < 00,

t€(0,Tpax) J Q

then we have

sup / (v’ In(u + ) + |Vo|*) < oo.
0

t€(0, Tinax)
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Proof. We denote

1
y(t) = / @ Inu+te)+ / Vol?,
(9] 4 (9]

and differentiate y to obtain

2
y'(t) = / <2u In(u+e) + “ ) up + / |Vo|*Vo -V, i= T+ J. (5.2.43)
Q u+e Q

We use the first equation of (5.2.1), and integration by parts to estimate /

I:= /Q (2u1n(u+ e)+ ufg) (V- (D(v)Vu — uS(©) Vo + f(u)))
— —/QD(U) (2 In(u +e) + uQ—fe + QZZ—:_Q;)‘;)
+ /QuS(v) (2 In(u +e) +

2u u? + 2ue
u2
—i—/Q (2uln(u+e)—|— u—l—e) f(u)

u+e i (u+e)?
=LA I+ I (5.2.44)

)VU-VU

Lemma 5.2.8 implies that v is bounded at all time, which entails that inf(, ;)coxo,r) D(v(2, 1)) :=

a > 0. Therefore, /; is bounded by
I < —a/ In(u + €)|Vul>. (5.2.45)
Q

Now, I, can be controlled by using elementary inequalities

2u u? + 2ue
_l’_
ut+e (ute)?

I = /QuS(v) (21n(u +e) + ) Vu - Vv

<c /Quln(u + e)|Vul|| V|

< %/Q\vu|21n(u+e) +02/Qu2 In(u + e)|Vo|? (5.2.46)
where ¢1 = 5 ||| oo 0,00y and €2 = %. Using Young’s inequality with € > 0 yields

02/u2ln(u+e)|Vv|2 Se/ |VU|6+03/U3111§<U+€), (5.2.47)
Q Q Q

where c3 = C(e) > 0. By using elementary inequalities, one can find a positive constant ¢, =

C(p,r, p) such that

u? u?
]3+/Qu21n(u+e):/ﬂ(QUIH(U+6)+u+e) (ru_lnp([;—%—e))—'—/guﬂn(u—i_e)
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< ey (5.2.48)

Collecting from (5.2.45) to (5.2.48) yields

I+/u21n(u+e)+%/ |Vul? In(u + €) Se/ |VU|6+C3/U311’13/2(U+6)+C4. (5.2.49)
Q Q Q Q

From Lemma 5.2.9 and applying Young’s inequality, we have

4dt/ |Vv|4+A1/ VIVoP[? +/ Vot < 4, /u ln2q(u+e)|VU|2+A3/ Vot
<e/ |Vv|6+c5/ 10 (u + e) + c

<e/|V'U\ —|—c/ %2 (u + €) + c,
(5.2.50)

where ¢; = C'(¢) > 0, ¢g = C(e) > 0, and the last inequality comes from the fact that 2¢ < 1.

Collecting (5.2.49) and (5.2.50) yields

y’(t)+y(t)+A1/ \vywmﬁ%/ Vuf2 In(u + ) gze/ Vol?
Q Q Q

+c7/u31n3/2(u+6)—|—08 (5.2.51)
Q

where ¢; = ¢3 + ¢5 and cg = ¢4 + cg. From Lemma B.0.2, there exists a positive constant cg such

3
/yvv\ﬁgcg/ |V|vu|212./ IVv|? + ¢ (/|W|2> : (5.2.52)
Q Q Q Q

Lemma 5.2.7 asserts that [, |Vv|? is uniformly bounded in time, therefore from (5.2.52) we obtain

that

26/ Vol < eclo/ VIV + cu, (5.2.53)
Q Q

3
where c19 = 2€Co SUP;e(g 130 Jo IVv? and ¢ = ecy (supte(ojmax) o |Vv|2> . Now we fix € =

2‘3—110 and apply Lemma 5.2.4 with

«

Ae7 SUP; e (0 1) Jou In*(u + e)
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to deduce that
07/ W In*?(u+e) < 076/ |Vul? In(u +e) - / wln®(u + e)
0 Q Q

3
+ 075/ wln®(u + €) + ¢z (/ wln/?(u + e))
0 Q
< %/ IVaul? In(u + €) + 1, (5.2.54)
Q

where ¢jp = C(6) > 0 and

3
c13 = c70  sup / wIn®(u + e) + ¢z sup / ulnl/Q(u +e)| .
t€(0,Tmax) J Q2 t€(0,Tmax) v Q

Collecting (5.2.51), (5.2.53), and (5.2.54) yields
y'(t) +y(t) < e, (5.2.55)
where c14 = cg + c13. This, together with Gronwall’s inequality completes the proof. [

We are read to derive an L* bound for u by employing a standard testing procedure.

Lemma 5.2.11. If (u,v) is a solution of the system (5.2.1) such that

sup /u2 In(u + €) < oo,
te(0,T) JQ

then

sup / ut < oo.
te(0,T) Ja

Proof. Multiplying the first equation of (5.2.1) to u? and using integration by parts, we have

d u?

_ = 2 2 3 . 3
i )7 B/QD(v)u |Vul —i—S/QS(v)u Vu Vv+/9u f(u). (5.2.56)

From Lemma 5.2.8 entails that v is bounded at all time, we have inf(, ;ycqx(0,1) D(v(z,1)) :== ¢ >

0. Therefore, we obtain

—3/D(v)u2|Vu|2 < —301/u2|Vu|2. (5.2.57)
Q Q
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By using Holder’s inequality, we have

361/S(v)u3Vu-Vv§cl/ w?|Vul® + e / ut|Vol?. (5.2.58)
Q Q

Now we find that g(u) € L> ((0, Tha); L*(€2)) since

/992(u)=/ﬂu21n2q(u+e) S/Qu21n(u+e)§0

for all ¢ € (0, Tiax). Therefore, Lemma C.1.2 implies that v € L™ ((O Thnax); W ’\(Q)) for any
A € [1, 00), which means that sup, o ) [, |Vo|* < co. Now, we estimate the last term of the right

hand side of (5.2.58) by using Holder’s inequality and then Young’s inequality as follows

8/9 1/9
s fome () ()
4 Jo 4 0 0
8/9
< </ u9/2)
Q
< 02/U9/2 +c3
Q

5
i u

<= | ———— . 5.2.59

_2/anp(u+e)+c4 ( )

where ¢, = 21 SUP,c (0.7 Jo IV|'®, c5 > 0,and ¢4 = C(u, p) > 0 By applying Young’s inequality

again, one can verify that

/qu(u)+1/u4<—H/u—5+c (5.2.60)
O 1) = 2 oWP(ute) o

where ¢5 = C'(u, p) > 0. Collecting (5.2.59) and (5.2.60) yields

<
4dt/ /“ o

where ¢4 = ¢4 + ¢5. The proof'is finished by applying Gronwall’s inequality. [
Now we are in the position to prove Theorem 5.2.2.

Proof of Theorem 5.2.2. First, from the assumption 2¢g + p < k < 2 — p, we obtain

sup / /ulnk”u+e)
€(0,7—1)
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Furthermore, the condition 0 < g < 1/2 — p enables us to choose k£ € (1 + p+ 2¢,2 — p) and then
Lemma 5.2.8 implies that v is globally bounded in time. Thus, we have inf, ycaxo.r) D(v(z,t)) >

0. Now, we use Lemma 5.2.10 and Lemma 5.2.11 to obtain

sup / u' < 0.
te(0,7) J 9
This, together with [, g*(u) < [, u?, entails that g(u) € L™ ((0, Tmax); L*(€2)). Therefore, by
applying Lemma C.1.2, we deduce that v € L™ ((0, Tax); WH*°(2)). Finally, we can routinely
apply Moser-Alikakos iteration (see e.g [53, 2, 1]) to deduce that u € L™ ((0, T ); L°(2)). By

extensibility of solutions (5.2.10), it follows that 7},,x = oo. Therefore, we have

sup { [, Dl e @) + [0 )l | < 00
te(0,00)

which finishes the proof. [
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APPENDIX A

NOTATIONS
We introduce some notations used throughout this book.
2 is an open bounded set in R™ with smooth boundary.
Qr :=Q x(0,7).
v is the outward normal vector.
We follow some definitions of Holder continuous spaces given in [37]. For k € N, and v € (0, 1],

we define the following norms and seminorms:

|DED] (f(x,t) = f(y.s))]

[flrtr0r = Z Sup

s ehtwacar e —yllt+ 1t sz
D= S wp DU~ Sl
k+v,Qpr T 14y 5
i 814 2)mk_1 @O (@R [t —s| =
|f‘k+77QT = [f]k+'y,QT + <f>k+%QT s

Ifllcrn == > sup |DID!f(x,1)]

181+25<k (PE0T

Hf”CkJr"f(QT) = ||f”ck(QT) + [ flitr.00
Now we define the following functional spaces
CHQr) = {f: DP D] f is continuous in Q for | 5| 4+ 25 = k}
CH(Qr) = { f € Q)+ | fllowriay) < 0}

One can verify that C*(Q7) and C*+7(Q7) are Banach spaces. The smoothness condition of bound-
ary is necessary to guarantee the inclusion C*(Qr) C C°(Qr) for b > a > 0, since it is not true
in general domain 2. Moreover, C%({)7) is compactly embedding in C*(Q7) for any @ > 1 and

a > b >0 (see[15][Lemma 6.36] ).

Lemma A.0.1. Assume that v € (0,1], the functions f(x) = |z|” and g(z) = |z|'**7 belong to

C7(R) and C*T7(R) respectively.
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Proof. We have

2] < Jyl+ lo =yl < (g + o =y (A0.1)
where the last inequality comes from

a®+b° < (a+0b)°, s>1,a,b>0.
From (A.0.1), we have

[f (@) = )l =l =yl < |z =yl (A.0.2)
which implies that f is in C7(R). Now we show that ¢ is in C**7(R). Differentiating g, we obtain

(

(1+~)|x|7, x>0,

g(@) =40, z=0, (A.0.3)

—(14+)]z|", z < 0.

\

When zy = 0, one can verify that

l9'(x) = g'(y)| < (L+)|z —y|" (A.0.4)

When 2y > 0, we make use of the fact that f € C7(R) to have

lg'(x) =g (y)] < |z —y[". (A.0.5)

When zy < 0, we have
l9'(x) = g' ()] = A+ (=" + [y]") <20 +y)lz —yl”. (A.0.6)
From (A.0.4), (A.0.5), and (A.0.6), we conclude that g € C1*7(R). O

Lemma A.0.2. [fu € C**(Qp), and f € C*(R) with v € (0, 1], then f(u) € C**(Qy).
Proof. It is straightforward to verify that f(u) is in C*(Qr). For |3] = 1, we have
D7 (f(ulw, 1)) = fluly, ) | < D (f(u(z,1)) = f(u(z,s)))|
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+DF (f(u(x,5)) = fluly, s)) |

Since f € C*(R) and u € C**(Qr), we obtain

D7 (f(u(w, 1) = flulz, )| = | (ulz,8)) Diu(w, t) — f'(u(z, s)) Dfu(z, )]
< |f'(u(z, 1))[| D (u(@, t) — u(, ))|
+1f (@, 1) = f'(ule, )| Dfu(z, s)]

< Cift = s + Colu(z,t) — u(w, s)”

S Cllt - S|’Y/2 + Cg|t — S|7

< (Cy + CLTY2)|t — 5|2,
Similarly, we obtain
|1DF (f(ula, ) = fluly. )| < Clle =yl

From (A.0.7), (A.0.8), and (A.0.9), we have
D7 (f (u(z,t) = f(uly,s)))]

sup < 00.
(2,0)#(y,5)€Qr |z —ylI" + [t — s]/?
By similar arguments, we also have
wp  |DEUGE0) — fu )|

(z,)#(y,s)€Qr \t — s|(1+v)/2

Finally, (A.0.10) and (A.0.11) imply f(u) € C**(Qyp).

For any p € [1,00), we define L? spaces

LP(Q2) == {f is measurable in Q : || f|[ ) == (/ |fIP dx>
Q

and

L=(Q) = {f is measurable in Q @ || f|| o) := ess-sup,cq|f(2)] < oo} .

We define Sobolev spaces forany 1 < p < oo

WEr(@) = {f € L(Q) Dl oy < 50}

where « is a multi-index such that || < k, and D* f is a weak derivative of f.
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APPENDIX B

INEQUALITIES
We collect some useful inequalities frequently used through this thesis. Let us begin with Young’s

inequality:

Lemma B.0.1 (Young’s inequality). For any e > 0, p > 1, and a,b > 0, the following inequality
holds

s—1

s

(s€)T= b1, (B.0.1)

ab < ea’® +

Next, let us introduce an extended version of the Gagliardo-Nirenberg interpolation inequality,

which was established in [36][Lemma 2.3].

Lemma B.0.2 (Gagliardo-Nirenberg interpolation inequality ). Let €2 be a bounded and smooth
domain of R™ withn > 1. Letr > 1,0 < q < p < 00, s > 1. Then there exists a constant

Can > 0 such that

10y < Ca (IV 1

a 1—a
2 e IS + 11 e

1 1
T € [0,1).

1
q Y

SJorall f € LY(Q) withV f € (L"(2))", and a =
Consequently, the next lemma is derived as follows:

Lemma B.0.3. 12 be a bounded and smooth domain of R™ with n > 1, then there exists a positive

constant C depending only on ) such that for any f € W12(Q) the following inequality

/QF < Cn/Q VAP + ng (/Q |f|>2 (B.0.2)

holds for all n € (0, 1).

Proof. The Lemma follows from Lemma B.0.2 by choosing p = r = 2and ¢ = s = 1 and Young’s

inequality. ]
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The next lemma provides an essential inequality used to absorb nonlinear chemo-attractants
term into the diffusion term. It is a direct consequence of [66][Corollary 1.2], however for the

convenience, we provide the detail proof here.

Lemma B.0.4. If Q) C R? is a bounded domain with smooth boundary, then for each m > 0 and

v > 0 there exists C' = C(m, ) > 0 with the property that whenever ¢ € C*(Q) is positive in

/Qd)m“ln”(aﬂre) sc(/gwn”(we)) (/Qrw’?\?) +O(/Q¢)m (/Q¢1n’7(¢+e>).

(B.0.3)

Proof. By applying Sobolev’s inequality when n = 2, there exists a postive constant c; such that

[omimworo<a([|v(e 1n3<¢+e>)D2 fa (/Q¢1“”Al(¢+e))m+l

(B.0.4)

By using elementary inequalities, one can verify that
V(67 36+ )| < 20 InF 6+ ) [Vo .
where ¢y = C'(m,~y) > 0. This, together with Holder’s inequality leads to

o (/Q\v(qs’”fln%we))\fSCB/Q|V¢’?P-/Q¢1n’V<¢+e>, (B.0.5)

where c3 = c1co. By Holder’s inequality, we deduce that
. m—+1 m
c1 </ ¢ Inm+ (¢ + e)) <c </ gzﬁ) (/ oIn" (¢ + €)> : (B.0.6)
Q Q Q
Collecting (B.0.4), (B.0.5) and (B.0.6) implies (B.0.3), which finishes the proof. [
As a consequence, we have the following interpolation inequality with arbitry e parameters.

Lemma B.0.5. Assume that Q C R? is a bounded domain with smooth boundary and p > 0,

v > & > 0. Foreach € > 0, there exists C' = C(€,£,7y) > 0 such that

/¢m+11n (p+e) < (/qbln’yqﬂ—e) (/ |v¢2|2)+6</9¢)m </Q¢ln'y(¢+e))+0.

(B.0.7)
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Proof. Since v > & > 0, one can verify that for any 6 > 0, there exists ¢; = ¢(9,£,v) > 0 such

that for any a > 0 we have
a™ M nf(a+e) < da™ M " (a +e) + ¢ (B.0.8)
This entails that

/ ¢ In (¢ + ) < 5/ ¢ InY (¢ + €) + 1|9 (B.0.9)
Q Q

Now for any fixed €, we choose 0 = 5 where C' as in Lemma B.0.4, and apply (B.0.3) to have the

desire inequality (B.0.7). O
The following lemma provides estimates on the boundary (see Lemma 5.3 in [40]):

Lemma B.0.6. Assume that ) is a convex bounded domain, and that f € C?(Q) satisfies % =0

on 0X). Then
IV f|?

< .
ey <0 on OS2

The next lemma provides estimates on the boundary of nonconvex bounded domain

(see [41][Lemma 4.2]).

Lemma B.0.7. Assume that §) is bounded and let w € C*(Q) satisfy g—f = 0 on 0€). Then we have

|Vw|?

< 2k|Vuw|?, (B.0.10)
ov

where k = k() > 0 is an upper bound for the curvatures of .

Next let us derive an estimate for a particular boundary integral that enables us to cover possibly

non-convex domains.

Lemma B.0.8. Let Q) be a bounded domain with smooth boundary, let q € [1, 00). Then for any
0 > 0 there is Cy > 0 such that for any f € C?(Q) satisfying O — 0 on O and , the inequality

B

2(g—1) Ny <e 9|2 1 ofe 29
/89|Vf| V(VIP) v < /Q\vuw\ )Pt ()/Q\Vﬂ

holds.
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Proof. From Lemma B.0.7, it follows that

[ R <2 [ (9P (B0.11)
00 o9
By trace’s Sobolev embedding theorem W11 (Q) — L' (0€), we obtain
w [ s [viEe |9 (9P
o0 0 0
e [RQvamE+ete) [ s (B.0.12)
Q Q
The proof is complete. O

In [9], an interpolation inequality of Ehrling-type is utilized to show that the equi-integrability

of the family { [, u? (-, ) implies the uniform boundedness of solutions. Here we present

}te(O,Tmax)
an interpolation inequality that is similar to [9, Lemma 2.1] or [72][Lemma 3.4], and which will
be employed to obtain an L7 estimate with ¢ > 2 for the solutions of the system (5.2.1). To
prove this inequality, we adapt the argument used in the proof of inequality (22) in [6], with some

modifications. We include a complete proof of this interpolation inequality below for the reader’s

convenience.

Lemma B.0.9. Let Q C R", withn > 2 be a bounded domain with smooth boundary and q > %

Then one can find C' > 0 such that for each € > 0, there exists ¢ = c(€) > 0 such that

/Q|w|q+ISe/Q|w%|2 (LG<|w|¥>)Z+O(/ |w|) [l ®ony

holds for all w? € WY(Q), and [, G(|w|?) < oo where G is continuous, strictly increasing and
nonnegative in [0, 00) such that lim,_, ., G — 0,
Proof. We call
0 |s] < N
£(s) =19 2(|s| - N) N <|s|<2N (B.0.14)
|s] |s| > 2N.

One can verify that

/le w)| 7 < (2N)¢ /!w| (B.0.15)
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and,

M\ﬁ

/f < G /G lw|?) (B.0.16)

Notice that |V (£(w))? [2 < ¢|w|?~2|Vw]?, for some ¢ > 0, and combine with Lemma B.0.2, we

obtain

[ewr e [ wewye ([ s ) co( )"
SC(G%)Y/'VW'Q (/QG'“" ) +C</Q|wl)qﬂ- (B.0.17)
This leads to

Lt <e( [lewnr+ [ 1w - i)
() Lo () ([ s

(B.0.18)

2

We finally complete the proof by choosing N sufficiently large such that ¢ (GZ\/ %%) ) g <e Il

The following Lemma is useful in iteration procedure to obtain > bounds from L7 bounds for

some g > 1.

Lemma B.0.10. Suppose that the positive sequences (ay, by, ux)i>1 satisfy the following condi-

tions:
.

U1 < ay + brug,
Yo ap=a < oo,

(B.0.19)
H]Ocozl bk; =bHb< o0,

bkzlv

(
forall k € N, then sup,, u, < ab + bu;.

Proof. We have

Ug+1 < ap + bpug < ap + ap—10; + bpbr_1uk—1
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k-2 i k
< ap+ Z (1 H bp—j + uy H b;
=0 J=0 i=1
k
<b <Zai> + bu; < ab+ bu,.

i=1
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APPENDIX C
REGULARITY THEORY

C.1 Parabolic regularity
In order to obtain LP — L9 estimates for solutions to parabolic equations, we need some estimates
on the heat semigroup under Neumann boundary conditions. Interested readers are referred to

[62][Lemma 1.3] for more details about the proof.

Lemma C.1.1. Let (em)t>0 be the Neumann heat semigroup in (), and let \; > 0 denote the first
nonzero eigenvalue of —A in €} under Neumann boundary conditions. Then there exist constants

Ch, ..., Cy depending on ) only which have the following properties.
1. If1 <q<p<othen
Hemw”m(m < (1 + t_%(é_%)) e Mt |wl[ ooy forallt >0 (C.1.1)
holds for all w € L*(Q) satisfying [, w = 0.
2. If1 < q<p<oothen
[V 0y < Ca (145200 e |y foratit >0 (C12)
is true for each w € L(X).
3. If2 < p<oothen
HVemeLP(Q) < Cze Mt V[ o) forall t >0 (C.1.3)
is valid for all w € WhP(Q).
4. Let1 < q<p<oo. Then
HetAv : wHLP(Q) <, (1 + t_%_%(é_%)> e Mt |wl[ ooy forallt >0 (C.1.4)

holds for all w € (C$°(Q))". Consequently, for all t > 0 the operator e'>V- possesses a
unique determined extension to an operator from L(S)) into LP(S)), with norm controlled

according to (C.1.4).
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Consequently, we have the following lemma, which derives estimates on solutions of the parabo-

lic equations. For more details, see Lemma 2.1 in [14].

Lemma C.1.2. Let Q) C R"”, withn > 2 be open bounded with smooth boundary, p > 1 and ¢ > 1

satisfy )
qg < n"—_’;, when p < n,
q < oo, when p = n,
q = o0, when p > n.

\

Assuming that go € W(Q), f € C (2% [0,T)), and g € C (Q x [0,T)) NC*' (2 x (0,T)) N

C ([0,T); Wh(Q)) is a classical solution to the following system

(

ga=A0Ag—g+[f inQx(0T),

% =0 on 992 x (0,T), (C.1.5)

\

forsome T € (0,00]. If f € L= ((0,T); LP(2)), then g € L>= ((0,T); WhH(Q)).
Proof. We have

g(-,t) = @ Vg + /0 t eE=AD £ 5) ds. (C.1.6)
We apply V to both sides and make use of Lemma C.1.1 to obtain that

t
99Ol < IV + [ 9IS 1)

< cem it ||v90||L4(Q)

The conditions of p, ¢ imply that —5 — = 5

convergent. Therefore, we obtain
igg IVg( ) Laga) < clIVGollpagay + Ci‘ilo) £ GO ey (C.1.8)

which concludes the proof. [
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The following parabolic regularity result plays a important role in the strongly degenerate case
where inf;>9 D(s) = 0. Indeed, it was proved that equation (C.1.5) possesses a global bounded
solution under a suitable slow growth condition of f. Precisely, we have the following proposition,

which is a direct application of Corollary 1.3 in [61] with n = 2.

Proposition C.1.1. For eacha > 0, ¢ > n, K > 0and 7 > 0, there exist C(a,q, K,7) > 0 such
thatif T > 27, f € C°(Qx[0,T]), andV € C°(Q2x[0, T))NC%L(Qx (0, T))NC°([0, T); W4(Q))

are such that (C.1.5) is satisfied with

/HT/ IfPIn®(|f| +e) < K forallt € (0,T — 7). (C.1.9)
¢ Q

and

Vollwagq) < K,

then

|\V(z,t)| < Cla,q, K,7) forall (z,t) € Qx (0,T). (C.1.10)

C.2 Regularity for chemotaxis systems
In this chapter, we shall apply Moser-Akikos iteration procedure (see [2, 1]) to obtain L™
bounds from LP-bounds for some p > 1 for various chemotaxis models with homogenuous Neu-

mann boundary condition or general nonlinear Neumann boundary condition.

C.2.1 Introduction
We consider the following chemotaxis system in a open, bounded domain with smooth bound-

ary 2 C R", withn > 2

uy = Au — XV ’ (UV’U) + f(U) LS Q7 te (O7TmaX)7
(KS)

T =Av+u—v r€Q t€ (0, Thx),
where f € C([0,00)) such that f(u) < ¢(1+u?) with ¢, p > 0 under nonlinear Neumann boundary

condition:

u = g(u), % =0, x € 00t € (0, Thax), (C.2.1)
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where v is the outward normal vector and g(u) < cu? with ¢,q > 0. The system (KS) is com-
plemented with the nonnegative initial conditions in C?*7((2), where v € (0, 1), not identically
Zero:

u(z,0) = ug(x), v(z,0) = vo(z), x € (), (C2.2)

In this chapter, we assume that (u, v) is a classical solution of (KS) with initial condition (C.2.2)
under nonlinear boundary conditions (C.2.1) in € X (0, Tiax ), Where Thax € (0, 00] is the maximal

existence time.

Theorem C.2.1. If u € L ((0, Tyux), L™(S2)) for some 1o > max {%, @,n(q - 1)} then
u € L*®((0, Tha), L=(2)).

Remark C.2.1. One can also follow the argument as in [48] to prove the above theorem.

Remark C.2.2. The L>"-criterion for homogeneous Neumann boundary conditions has been stud-
ied in [5] for general chemotaxis systems and in [67] for the fully parabolic chemotaxis system,
both with and without a logistic source. However, Theorem C.2.1 not only addresses nonlinear
Neumann boundary conditions, but also employs a different analysis approach compared to [5,
67]. Instead of utilizing the semigroup estimate, the analysis in Theorem 2.5.1 relies on the LP-

regularity theory for parabolic equations.

C.2.2 Anreverse Holder’s inequality
We rely on the following reverse Holder’s inequality, which is the milestone in establishing

Moser-Akikos iteration procedure.

Lemma C.2.2. Let (u,v) be a classical solution of (KS) on (0, T,,.) and

U, := max {1, ol Lo (),  sup ||u(-,t)HLT(Q)} )

te (O,Tmax)

I supye .10 145 1) || (@) < 00 for some r > max {n, @, n(q — 1)}, then there exists con-

stant C' > 0 independent of r such that

. (n+2)k
3 1+ 4r—2nk

1
UQT S C2r—nk p2r U,,,

(C.2.3)
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where k = max {p — 1,2q — 2}.

Proof. Through out this proof, the notation ¢, unless being specified, represents a positive constant

independent of ¢, . Multiplying u* ! to the first equation of (KS), we obtain

ap [ = [ 8= V) + £

2 2r —1
= - /[Vu’"]de—l— L /u’"Vu”-Vv
r Q

/ () /mgw)u”—lds,

2 —1 2r —1
< — ! /qu | dx + TT /uVu -Vu
0

+c/ a1 +c/ 2= 1“’4—0/ w1t gs (C.2.4)
Q 0 o0

By Lemma C.1.2, we deduce that v € L ((0, Tyax), WH>(Q)). This, together with Holder’s

2r —1
L /uTVuT Vo < c/ u"|Vu'|
r Q Q
< e/ |vu7"|2+f/u2r. (C.2.5)
Q €Ja

We make use of Trace Sobolev’s Embedding Theorem and Young’s inequality to handle the bound-

inequality implies

ary integral as follows:

/ ur il gs < ¢ / uF il e / Va2 + / u?rta?, (€2.6)
Q Q Q ¢ Ja

for any € > 0. From (C.2.5) and (C.2.6), we have

d 2
— /u2r<2r ce— 2 /\V 12+ )/um’
dt Q
+c7“/ 2 — 1+c7"/ 2r+p1+cr/u2r+q1+ﬁ/u2r+2q2
Q Q Q € Ja

Substituting ce = ";—21 into this, and noticing that » > n > 2, we have

Il u2r+/u2r S _2/ |vur|2+cr3/u2r+cr/u2r+p—1
Q Q Q 0 Q
—l—cr/u2’”_1+cr/u2r+q_l+cr3/u27"+2‘1_2
Q 0 0
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< _2/ |VUT|2—|—CT3/U2T+I€+CT3,
Q Q

where the last inequality comes from

/u2r+l :/ u2'r+l+/ u2r+l S/U2T+k—|—|9‘
Q u<l u>1 Q

for any [ < k. We set w = u", and apply Lemma B.0.2 to obtain

/u2r+k_/w2+’j :_/wﬁ
Q Q Q
2o p(1—a) P
§c</|Vw|2> (/w) +c(/w) :
Q Q Q

k =55 2n(r + k)
*:2 —, — r+ — <1
b +r ¢ 1++ -1 (n+2)(2r+k)

Where > k> —rand

This implies that

@:M<1 whenr>@.
2 r(n+2) 2

This, together with (C.2.7) and Young’s inequality leads to

e p(1—a) P
/u27‘+k S c (/ |Vur|2) (/ UT) T+ (/ UT)
Q Q Q Q
2+(n+2)k 2+E
2 (nt2)r r
<ce/|Vu| + ce” ok (/u)
Q

2r—nk T
(L)
Q
for any € > 0. From (C.2.7) and (C.2.11), we obtain

(n+2)k

2 2+ 2r—nk
2 —I—/u% < (ce — 2)/ ]Vu’"|2+cr36_(27in)f: (/ u’")
0 Q 0
244
+ er® (/ ur) + CTS,
0

Substituting ce = 1 into this, we have

(n+2)r 2% +r(n+2)k
U,Qr + / U,QT < Cor—nk T3U 2r—nk +C,',,3U27"+k‘ +CT

r(n+2)k
2r—nk

(n+2) 2
< C;”L” nIngU Tt
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with some ¢ > 1 independent of r. This, together with Gronwall’s inequality implies that

(n+2)r oy Iint2)k
/u < max {c?r kS, u,
Q Q

which further entails (C.2.3) [

C.2.3 Proof of main results

Before proving our main theorem, we rely on the following lemma:

Lemma C.2.3. Let (u,v) be the classical solution to (KS) on Q2 x (0, T,,4) with maximal existence

time Tye € (0,00]. Ifu € L*®((0,Tyax); L"(R2)) for some r > max{}, ”(pz Y n(q — 1)}, then

u € L™ ((O Tmax) L2T<Q))

n(p—1)

Proof. If r > max{7, ,n(q¢ — 1)} > n, then Lemma C.2.2 asserts that

u € L™ ((0, Thax); L*(£2)). Now we just need to consider max{%, ”(p;) ,n(g—1)} <r <n.By

Lemma C.1.2 we see that v is in L ((0,7); W4(Q)) for ¢ < ™ if r < n and any ¢ < oo if

r = n. We denote

2nifp >3
A= (C.2.12)

L ifp =2,

ﬂ
|
—

and apply Holder’s inequality to deduce that

2(2r 27+)\
/u?f“|v1;|2 < (/ 2”“) (/ i “)) . (C.2.13)
Q

Since § < r < n, we find that
2(2r + ) n
< )
A n—r

2(2r+>\) <Q)> C]early, v 1s in L™ ((O,T) wh

2(2r+)\)

therefore v belongs to L™ ((O, T); Wh (Q)>

when 7 = n. That leads to sup,_,_r || Vo||” 2@x) < 00, which further entails that
L pY

2r
Py
/uQT\VUP <ec (/ u2r+’\> ) (C.2.14)
Q Q

Using the estimates (C.2.4), (C.2.6), and (C.2.14) we have

d 1
u2r+/u27‘ <2T( )/lvur’2+c/u27‘+1
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2 A 2r+)\ 9
Q
—l—C/ u2r+p71 +C/ u2r+q71 +C/ u2r+2q72,
Q Q Q

with some ¢ > 0 depending on ¢, r. Substituting ce = ’”;—21 into this yields
d
U2T+/U2T< 2/|VU |2+C/ 2r+1
dt
2r+/\
+c</u2’”“> —|—c/u’”+c/u2
Q Q

+c/ u?rr-l —I—c/ y?rta-l +c/ urt2a2, (C.2.15)
Q Q Q

with some ¢ > 0 depending on . Using GN inequality, then Young’s inequality with e > 0 and

noticing that U, < oo, we obtain

oy s 2(1—s) 2
(/ u2r+)\) S c (/ IVUTP) (/ ur) Ny (/ ur)
Q Q Q Q
< ety (/ |VUT|2> +c(e)CanUF
Q

E/Q IVu"|? + c(e), (C.2.16)

— 2n(r+N)
where s = m

el u2r+/u2r§ _/ |vu7‘|2+c/u2r—1+u2r
Q Q Q Q

+ u2r+1 + u?r-i—p—l 4 u27“+q—1 4 u27“+2q—2 + c,

—/ \Vu’”\z—l—/u%*k—l—c, (C.2.17)
Q 0

where k = max{p — 1,2¢ — 2} and the last inequality comes from (C.2.8). By using (C.2.11) and

€ (0,1). Substituting € = 1 into this, we have

noticing that r > %” and U, < oo, we obtain

/ < ce / IVu"|? + c(e). (C.2.18)
Q Q
From (C.2.17), (C.2.18), we choose ¢ sufficiently small to obtain

d

— | W+ / u? <, (C.2.19)



with some ¢ > 0. Applying Gronwall’s inequality to this, we obtain

sup [Ju(,D)llr ) < max { ol ey €} -
te(O;’Tmax)

The proof is complete. [

Proof of Theorem C.2.1. When ry > max {%, "“’2_1) ,n(q— 1)}, Lemma C.2.3 deduces that u €

L ((0, Thax), L*™(Q2)). Thus, we can assume that 7y > n. Since 79 > max {n, @, n(q — 1)},

Lemma C.2.2 implies that the following inequality

1+ (n+2)k

1 1 _\nra)k
. 2T —nk J 3\ 27 +1 27+2rg—2nk
Ussngy < T (@rg)8) T Uy 705

for all integers £ > 1. We take log of the above inequality to obtain

(n+2)k
h’l U2j+1r0 S aj =+ (1 =+ %%——27’1]{; hl U2j'r'07

where

InC 37In2  3lnrg
4= 20ty —nk  20tlpy - 20t1py’
(n+2)k
20+2py — 2nk’

b]:1+

One can verify that

o0 o0

Zaj::A<oo, and Hbj::B<oo.
j=1 j=1
Thus, we obtain
Upps1, < eUP (C.2.20)

T0

for all £ > 1. Sending k — oo yields
Us < e?US. (C.2.21)
This asserts that u € L ((0, Thax); L>(€2)), and thereafter Lemma C.1.2 yields that

v € L% ((0, Tnax); WH(€2)). 0
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