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ABSTRACT

A permutation statistic st is said to be shuffle-compatible if the distribution of st over the set of
shuffles of two disjoint permutations 7 and o~ depends only on st st o, and the lengths of 7 and
o . Shuffle-compatibility is implicit in Stanley’s early work on P-partitions, and was first explicitly
studied by Gessel and Zhuang, who developed an algebraic framework for shuffle-compatibility
centered around their notion of the shuffle algebra of a shuffle-compatible statistic. One of the places
where shuffles are useful is in describing the product in the algebra of quasisymmetric functions.
Recently Adin, Gessel, Reiner, and Roichman defined an algebra of cyclic quasisymmetric functions
where a cyclic version of shuffling comes into play.

This dissertation focuses on the study of cyclic shuffle-compatibility. We began by showing
a result called the “lifting lemma,” which allows one (under certain nice conditions) to prove
that a cyclic statistic is cyclic shuffle-compatible from the shuffle-compatibility of a related linear
statistic. This lifting lemma can be used to prove the cyclic shuffle-compatibility of all four
statistics cDes, cdes, cPk, and cpk. We then developed an algebraic framework for cyclic shuffle-
compatibility centered around the notion of cyclic shuffle algebra of a cyclic shuffle-compatible
statistic. Using this theory, we provide explicit descriptions for the cyclic shuffle algebras of
various cyclic permutation statistics, which in turn gives algebraic proofs for their cyclic shuffle-
compatibility. In particular, we developed the theory of enriched toric [5]-partitions, which

provides a characterization of the cyclic shuffle algebra of cPk.
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CHAPTER 1

INTRODUCTION
Denote by N and PP the set of nonnegative integers and positive integers respectively. For m,n € N,

define [m,n] = {m,m +1,...,n} and, as an abbreviation, we write [n] = [1,n] when m = 1.

1.1 Linear Permutations, Statistics, and Shuffles

A linear permutation of a finite set A C P is an arrangement 7 = w73 . .. m, of elements in A
where each element is used exactly once. In this case, n is called the length of 7, and we write it
as #m = |n| = n. The hash symbol and absolute value sign will also be used for the cardinality of a
set. We let

L(A) = {n | m is a linear permutation of A}.

For example,

L({1,4,6}) = {146, 164,416,461,614,641}.

In particular, let S,, be the symmetric group on [n] viewed as linear permutations of [n]. We
will often drop the descriptor “linear” if it is clear from context that we are referring to linear
permutations, but it will be useful later to distinguish from cyclic permutations.

A (linear) permutation statistic is a function whose domain is the set of all linear permutations.
There are several classical permutation statistics that we mainly concern with: the descent set Des,
the descent number des, the peak set Pk, the peak number pk and the major index maj.

For a linear permutation 7 = w7, . .. m,, a descent of & is a position i such that mr; > ;1. The

descent set Des is defined by

Desm ={i|iisadescentof 7} C [n —1].

The descent number of  is des w := | Des «r|. A peak of n is a position i such that 7,1 < 71; > 7;41.

The peak set Pk is defined by

Pkr={i|iisapeakof 7} C [2,n - 1].



The peak number is pk n := | Pk |. The major index

majmr = Z i

ieDes

is the sum of its descents.
We will often need to evaluate a statistic st on a set of permutations II. So we define the
distribution of st over I to be

stIT = {{stx | & € I1}}.

Note that this is a set with multiplicity since st may evaluate to the same thing on various members
of II. We will sometimes use exponents to denote multiplicities where, as usual, no exponent

means multiplicity 1. For example,
des &3 = {{0,1%,2}}

meaning that among the six permutations in &3, only 123 has no descents, only 321 has two
descents and the other four all have one descent.

If 1 € L(A) and o € L(B) where A N B = () then these permutations have shuffle set
nwo ={r e L(AWB) | n,o are subwords of 7}

where a subwords of a permutation 7 is a subsequence of (not necessarily consecutive) elements
of . For instance,

64 L1125 = {6425, 6245, 6254, 2564, 2645,2654}.

All of the statistics defined above have a remarkable property related to shuffles, called “shuffle-
compatibility”. A permutation statistic st is shuffle-compatible if for all quadruples =, 7', o, o’

with str = stz’, sto = sto”’, || = |7’|, and |o7| = |o”’| we have
st(r W o) = st(x’ W o),

that is, the distribution of st on a set of shuffles depends only on the values of st on the permutations

being shuflled and their lengths.



Shuffle-compatibility dates back to the early work of Stanley, as the shuffle-compatibility of the
descent set, descent number, and major index are implicit consequences of the theory of P-partitions
[Sta72]. Likewise, Stembridge’s work on enriched P-partitions implies that the peak set and
peak number are shuffle-compatible. Gessel and Zhuang coined the term “shuffle-compatibility”
and initiated the study of shuffle-compatibility per se in 2018; in [GZ18], they developed an
algebraic framework for shuffle-compatibility centered around the notion of the shuffle algebra
of a shuffle-compatible permutation statistic, which is well-defined if and only if the statistic is
shuffle-compatible and whose multiplication encodes the distribution of the statistic over sets of
shuffles.

Gessel’s [Ges84] quasisymmetric functions serve as natural generating functions for P-partitions.
And for a special family of statistics called “descent statistics”, Gessel and Zhuang used quasisym-
metric functions to characterize shuffle algebras and prove shuffle-compatibility results.

Given two linear permutation statistics st; and sty, we say that st; is a refinement of st; if for
all permutations 7 and o of the same length, st;[7] = st;[o] implies st [7] = sty[o]; when this
is true, we also say that sty is a coarsening of st;. A permutation statistic st is a descent statistic if
Desn = Deso and |7| = |o-| implies str = sto. Alternatively, a descent statistic is a coarsening
of descent set. Note that Des itself, des, Pk, and pk are all descent statistics.

One of Gessel and Zhuang’s main results is a necessary and sufficient condition for shuffle-
compatibility of descent statistics which implies that the shuffle algebra of any shuffle-compatible

descent statistic is isomorphic to a quotient algebra of the algebra of quasisymmetric functions.

1.2 Cyclic Permutations, Cyclic Statistics, and Cyclic Shuffles

Recently Adin, Gessel, Reiner, and Roichman [AGRR21] introduced a cyclic version of qua-
sisymmetric functions with a corresponding cyclic shuffle operation. For a linear permutation
T =mn; ..., we define the corresponding cyclic permutation [r] to be the set of rotations of 7,
that is,

(7] ={miny... 70, Mo... Wy, ..., ApMy...TMu_1}.



For example,

[2856] = {2856, 8562, 5628, 6285}

Let [S,] denote the set of cyclic permutations on [n]. The length of a cyclic permutation [r]
refers to the length of 7, which makes sense because all linear permutation representatives of [r]

have the same length. We let
C(A) ={[n] | [r] is a cyclic permutation of A}.
For instance,
C({2,3,5,8}) = {[2358], [2385], [2538], [2583], [2835], [2853]}.

A cyclic permutation statistic is any function cst whose domain is cyclic permutations. We can
lift the linear permutation statistics we have introduced to the cyclic realm as follows.

The cyclic descent set cDes of a linear permutation r is defined by
cDes = {i | m; > m;+1 where the subscripts are taken modulo n} C [n].
Also define the cyclic descent number
cdes 7 := | cDes 7|.
This leads to the cyclic descent set of a cyclic permutation
cDes[n] = {{cDeso | o € [n]}},

which is a multiset. The multiplicity comes into play since cDes may have the same value on

different representatives o in []. Now we can define the cyclic descent number
cdes[r] := cdes .

This is well-defined since all elements of [7] have the same number of cyclic descents. For example

if 7 = 3728, then we have cDes 7 = {2,4} and cdes 7 = 2 which extend to cyclic permutations as

cDes[3728] = {{cDes 3728, cDes 7283, cDes 2837, cDes 8372} } = {{ {1, 3}>, {2,4}* }},



and cdes[3728] = 2. Similarly, if we define the cyclic peak set cPk of a linear permutation 7 by
cPknr = {i | mj—1 < m; > m;;1 where the subscripts are taken modulo n} C [n],

and the cyclic peak number

cpkm = | cPkn|.
Then the cyclic counterpart of Pk, the cyclic peak set cPk of a cyclic permutation is defined as
cPk[n] = {{cPko | o € [x]}},

and the cyclic peak number

cpk[n] :=cpk .

Remark 1.2.1. By definition, cDes|[x] carries the information for all representatives in [7]. More-
over, cDes 7 together with || will be sufficient to determine cDes[x]. In fact, cDes[x] is simply

collecting all cyclic shifts of cDes 7 in [n] where n = |r|, namely,
cDes[n] ={{i+cDesn | i€ [n]}}.

Here i +cDes 7 is the set defined by (2.1.1). Similarly, cPk[x] can be entirely determined by cPk 7

and ||

On the other hand, finding a suitable cyclic analogue of the major index statistic is challenging;
we will address this in Section 4.4.3.

Given two cyclic permutation statistics cst; and csty, we say that cst; is a refinement of cst; if for
all cyclic permutations [7] and [0 ] of the same length, cst| [7] = cst;[o] implies csty [7] = cstr[o7];
when this is true, we also say that cst; is a coarsening of cst;. A cyclic permutations statistic cst
is a cyclic descent statistic if cst is a coarensing of cDes. Alternatively, cst is a cyclic permutation
statistic if cDes[7] = cDes[o] and || = |o| implies cst[n] = cst[o]. We note that all four of our
cyclic statistics are cyclic descent statistics.

The definitions for shuffies follow the same pattern already established. Given [7] € C(A) and

[o] € C(B) where A N B = 0, we define their cyclic shuffle set to be

[#] W [o] ={[r] | T=n"w o’ where n’ € [x] and ¢’ € [o]}.



To illustrate,
[14] wi[23] = {[1234], [1243], [1324], [1342], [1423], [1432]}. (1.2.1)

We call a cyclic permutation statistic cst cyclic shuffle-compatible if for all quadruples [x], [7],

[o], [0”] with cst[x] = cst[n’], cst[o] = cst[o”’], |x| = |7’|, and |o7| = |o’| we have
cst([7] W [o]) = est([#'] W [o7]).

The first results in cyclic shuffie-compatibility were implicit in the work of Adin et al. [AGRR21],
which introduced toric [ﬁ] -partitions (a toric poset analogue of P-partitions) and cyclic quasisym-
metric functions (which are natural generating functions for toric [13]—partitions). In particular,
Adin et al. established a multiplication formula for fundamental cyclic quasisymmetric functions
which implies that the cyclic descent set cDes is cyclic shuffle-compatible, and they also proved
the formula

Z 4T = (1 = )l i (k + |7T||;|C_dfiS7T - 1)(k + |0'||;|Cilelsa -1 kot
[rlelx]wlo] k=0

which implies that the cyclic descent number cdes is cyclic shuffle-compatible.

1.3 Outline

This dissertation is devoted to the study of cyclic shuffle-compatibility, featuring on its correla-
tions with cyclic permutations and cyclic quasisymmetric functions. In the next chapter, we recall
some basic concepts such as quasisymmetric functions and cyclic quasisymmetric functions, with
several concrete examples provided.

In Chapter 3 we study cyclic shuffle-compatibility through purely combinatorial means. In
particular, we show how one can lift shuffle-compatibility results for linear permutations to cyclic
ones. We then apply this result to cyclic descents and cyclic peaks. This chapter contains materials
from Domagalski, Liang, Minnich, Sagan, Schmidt, and Sietsema [DLM*21].

In chapter 4, we define the cyclic shuffle algebra of a cyclic shuffle-compatible statistic, and

develop an algebraic framework for cyclic shuffle-compatibility in which the role of quasisymmetric



functions is replaced by the cyclic quasisymmetric functions recently introduced by Adin, Gessel,
Reiner, and Roichman. We use our theory to provide explicit descriptions for the cyclic shuffle
algebras of various cyclic permutation statistics, which in turn gives algebraic proofs for their cyclic
shuffle-compatibility. This chapter contains materials from Liang, Sagan, and Zhuang [LSZ23].
Chapter 5 develops the theory of enriched toric [5] -partitions. Whereas Stembridge’s enriched
P-partitions give rises to the peak algebra which is a subring of the ring of quasisymmetric functions
QSym, our enriched toric [5] -partitions will generate the cyclic peak algebra which is a subring of
cyclic quasisymmetric functions cQSym. In the same manner as the peak set of linear permutations

appears when considering enriched P-partitions, the cyclic peak set of cyclic permutations plays an

important role in our theory. The associated order polynomial is discussed based on this framework.



CHAPTER 2

PRELIMINARIES
In this chapter, we provide the necessary background for this dissertation. In Section 2.1, we
review the relations between sets and compositions which will be useful to index bases of (cyclic)
quasisymmetric functions in later sections. In Section 2.2 and Section 2.3, we provide a terse

introduction of quasisymmetric functions and cyclic quasisymmetric functions respectively.

2.1 Sets and Compositions
For n € P, let 21! denote the set of all subsets of [n], and 2([)”] be the set of all nonempty subsets
of [n]. A composition of n is a tuple of positive integers that sum to n. Denote by Comp,, the set

of all compositions of n and write a F n for « € Comp,,.

Definition 2.1.1 (Cyclic shift of a set). Define a cyclic shift of a subset E C [n] in [n] to be a set
of the form

i+E={i+e(modn)|eecE} C[n]. (2.1.1)

For example if E = {2,4,5} C [6],then 3+ E = {1,2,5}. Note that sometimes we will use E +1 as
well for the same concept. While using a negative shift, the reader should be careful to distinguish
between E —i and the set difference E — {i} = E \ {i}. We usually use [S] to denote the equivalence

class of S under cyclic shifts.

Definition 2.1.2 (Cyclic shift of acomposition). A cyclic shift of acompositiona = (a1, @z, ..., &)

is a composition of the form

(ak""aam’al""’ak—l)

for some k € [m].

Definition 2.1.3 (Cyclic composition). A cyclic composition of n is then the equivalence class of

a composition of n under cyclic shift.

For example,

[2,1,3] ={(2,1,3),(1,3,2),(3,2,1)}



and

[1,2,1,2] ={(1,2,1,2),(2,1,2,1)}

are both cyclic compositions. By convention, we will also allow the empty set & to be a cyclic
composition. Furthermore, we adopt the notations from [AGRR21] and denote by 02([)"] (respec-
tively, cComp,,) the set of equivalence classes of elements of 25"] (respectively, Comp, ) under
cyclic shifts. In another word, cComp,, is the set of cyclic compositions of n.

Now we recall two natural bijections which will play important roles when indexing two
particular bases of (cyclic) quasisymmetric functions.

[n—1

The first natural bijection is between 2["~!l and Comp,,. The map O : 2011 Comp,, is

defined by
D(E) :=(ey —ep,e2—€1,...,6x — €}—1,€Cks] — €k) (2.1.2)
for any given E = {e] < ep < --- < ex} C [n— 1] with ¢g = 0 and e;4+; = n, where the inverse
map is
O o) ={a,a1+a2,...,a1+ar+- - +ay}

for any @ = (a1,...,ar+1) F n. For example, n = 6 and E = {3,5}, then ®(E) = (3,2,1) and

®1(3,2,1) ={3,5} =E.

[n]

Another bijection is between ¢2,

and cComp,,, for the sake of which we need to consider the

map ¥ : 2([)”] — Comp,, defined by
W(E):=(ex—eq,...,ep —ex_1,€1 — e +n) (2.1.3)

where £ = {e] < ep < --- < er} C [n]. Notice that if E’ is a cyclic shift of E in [n], then ¢ (E”)
is also a cyclic shift of ¢ (E). Therefore  induces a map ¥ : c2([)"] — cComp,,. Moreover, it is

straightforward to check that the induced map W is bijective.

Definition 2.1.4 (Non-Escher). Let us call S a non-Escher! subset of [n] if S is the cyclic descent

set of some linear permutation of length .

'We borrow the term “non-Escher” from [AGRR21] and other recent works on cyclic descent extensions. As
explained there, this term is a reference to M. C. Escher’s painting “Ascending and Descending”.



When n = 0 or n = 1, only the empty set is non-Escher, and when n > 2, all subsets of [n] are

non-Escher except for the empty set and [n] itself. We associate to each non-Escher subset S C [n]

a composition cComp S defined by

(s2=S1,...,8 —s8j_1,n—s;j+s1), ifn>2,
cComp § = (1), ifn=1,
0, ifn=0.

It is easy to see that if " is a cyclic shift of S, then cComp S’ is a cyclic shift of cComp S. So we

can let cComp[S] be the cyclic composition defined by
cComp|[S] = [cComp S].

We say that a cyclic composition is non-Escher if it is an image of this induced map cComp, and
one can check that cComp is a bijection from equivalence classes of non-Escher subsets of [#n]

under cyclic shift to non-Escher cyclic compositions of .

Definition 2.1.5 (Cyclic descent composition). If S is the cyclic descent set of a linear permutation
7, then we call cComp[S] the cyclic descent composition of the cyclic permutation [7]. We denote

the cyclic descent composition of 7] simply as cComp|[x].

For example, take 7 = 179624. Then x has cyclic descent set S = {3,4, 6}, so the cyclic descent

composition of [7] is cComp[S] = [1, 2, 3], which we also denote by cComp|[7].

2.2 Quasisymmetric Functions QSym
Definition 2.2.1 (Quasisymmetric function). A quasisymmetric function is a formal power series
f € Q[[x1,x2,...]] such that for any sequence of positive integers a = (ai,as,...,ds), and two

increasing sequences i; < ip < --- < igand j; < j» < --- < j, of positive integers,

[ ?1' lazlea:]f = [x;fllx;f;...xjj]f,

a..az

where [x7'x2 ... dixa2
i1 Vi

x;*] f denotes the coefficient of monomial Xp X .x;* in the expression of f.
N s

10



Let QSym,, be the set of all quasisymmetric functions which are homogeneous of degree n, and
QSym = @,50QSym,. Two bases of QSym are particularly important to our work: monomial

quasisymmetric functions M and fundamental quasisymmetric functions Fp.

Definition 2.2.2 (Monomial quasisymmetric functions). Given acompositiona = (@1, a2, ..., as) F
n, the associated monomial quasisymmetric function indexed by « is
M, = Z xﬁ'xgz .. .xzs.
i1 <in<---<i
It is clear that {M,} 4, form a basis of QSym,. From the natural bijection @ : 2["~11 — Comp,
defined by (2.1.2), we can also index the monomial quasisymmetric functions by subsets £ C [n—1],
and define M, g := Mo ().

The fundamental quasisymmetric functions form another important basis of QSym.

Definition 2.2.3 (Fundamental quasisymmetric function). The fundamental quasisymmetric func-
tion indexed by E C [n— 1] is

Fn,E = E Xi Xig oo« Xy o

1< <iy

ir<igs1ifk € E
Similarly, we can define Fy, := Fg-1(,) indexed by compositions.
The relation between monomial and fundamental quasisymmetric functions is simple:
Fog= ) Myy. 2.2.1)
L2E
By the principle of inclusion and exclusion, M, g can be expressed as a linear combination of the
F, 1, from which we can tell that {F}, 1 } ; c[»—1] spans QSym,,. By checking the cardinality of both

sets {Fy,1}rc[n-1] and {M,, £} pcn-1], it follows that {F, 1 }1.c[n—1] is indeed a basis of QSym,,.

Example 2.2.4. Consider E = {1, 3}, by definition we have

11<i2<i3<iy 11<ir<i3<iy 11<ir<i4

11



There are only two choices for a set L satisfying that E € L C [3]: {1,3} or {1,2,3}. Since
®({1,3}) = (1,2,1),®({1,2,3}) = (1, 1,1, 1), we get
My 13 =My = Z XX Xis, Maq123y = M = Z Xiy XipXiz Xy -
11<i7<i3 11<iy<i3<iy4
The calculation above verifies that Fy 13y = My 13y + Ma 103y = 2 May.
L2(1,3}
2.3 Cyclic Quasisymmetric Functions cQSym

In this subsection, we recall from [AGRR21] the theory of cyclic quasisymmetric functions.

Definition 2.3.1 (Cyclic quasisymmetric functions). A cyclic quasisymmetric function is a formal
power series f € Q[ [x1,x2, .. .]] suchthat for any sequence of positive integers a = (ay, as, . . ., ),
a cyclic shift (a’l, a’z, ...,ay) of a, and two increasing sequences i} < i < --- < igand j; < jp <
.-+ < jg of positive integers,

’ ’ ’

. a
[xZ'foZ...xi“]f = [x;)x;; .. x0T S

. a’ al al .
namely the coefficients of x;''x{* ... x{* and x;lx7...x*in f are equal.
s s

Denote by cQSym,, the set of all cyclic quasisymmetric functions which are homogeneous of degree

n, and cQSym = @,¢ cQSym,,.

Remark 2.3.2. It is clear that there exists a strict inclusion relation Sym C cQSym C QSym,

where Sym = @,>0S,, is the algebra of symmetric functions.

We have the following cyclic analogues of the concepts of monomial (fundamental) quasisym-

metric functions.

Definition 2.3.3 (Monomial cyclic quasisymmetric function).
Given a composition @ = (ay,as,...,as) F n, the associated monomial cyclic quasisymmetric

function indexed by « is

S
cyc
Ma - Z M(a/i,a”.l ..... a/i_l)’

i=1

12



Table 2.1 Monomial cyclic quasisymmetric functions indexed by compositions of 4

’ akF4 ‘ Mg
(4) M) = My
(1,3) or (3,1) M)+ M3z = Mag1y + My 3y
(2,2) 2M22) = 2My g3y
(I,1,2) or (1,2,1) or 2,1,1) | M(1,12) + M(12,1) + M(2,1,1) = Ma 12y + My 113y + My 23
(1,1,1,1) AM 11,11 = 4My 123

where the indices are interpreted modulo s, meaning @; = a@;4,. In other words, Mf,yc sums over
all monomial quasisymmetric functions indexed by cyclic shifts of . Therefore it is clear that

Mg = M) if @ and @’ only differ by a cyclic shift.

We can also index the monomial cyclic quasisymmetric function by sets. For a nonempty
E C [n], define M;yg = M;BE%) via the map ¢ : 2([)n] — Comp,, defined by (2.1.3), and set

M = 0. Similarly it can be shown that M. = M, if E’ is a cyclic shift of E.
n,0 nE n,E
The following result gives the expression of monomial cyclic quasisymmetric functions in terms

of monimial quasisymmetric functions.

Lemma 2.3.4 (|[AGRR21] Lemma 2.5, monomial to cyclic monomial). For any subset E C [n]

My = > Mo (s-onin-1) (2.3.1)
ecE

where the set E — e is defined as (2.1.1). O

Example 2.3.5. Table 2.1 computes all monomial cyclic quasisymmetric function indexed by

compositions of 4, in terms of monomial quasisymmetric functions.

For the natural desire of establishing a similar relation as the one between monomial and

fundamental quasisymmetric functions given by (2.2.1) in our cyclic situation, define

Definition 2.3.6 (Fundamental cyclic quasisymmetric function). The fundamental cyclic quasisym-

metric function indexed by E C [n] is

Frp= ) M. (23.2)
L2OE

13



Example 2.3.7. Consider n = 4 and E = {1, 3}. By definition
cye cyc
Fyas = Z M
L2(1,3}
@ cyc cyc cyc cyc
= MGt M0 MG Y M 05

(@) cyc cyc cyc cyc
= Moyt Mgt Mo+ MG

(iii)
= 2Moo) +2 (M2 + Maoy) + M) +4M

- 2.2
= 2 Z X X,

11<ip

2 2 2
+2 Z (x,-,x,-le.3 + X, X, Xi +xl-lx,~2x,~3)
11<ir<Ii3

+4 Z Xi XiyXizXiy -

11<i2<i3<iy
Equality (7) follows from the fact that the choices for L 2 {1,3}in [4] are {1, 3}, {1, 2,3}, {1, 3,4}
and {1, 2, 3,4}. Equality (i) is obtained by changing indices under the map ¢ defined by (2.1.3),

equality (ii7) is from Table 2.1.

The following transition from fundamental to cyclic fundamental quasisymmetric functions

should come without surprise.

Lemma 2.3.8 (([AGRR21, Proposition 2.15], fundamental to cyclic fundamental). For any subset

E C [n],
F;yg = Z Fu(E-pn[n-1]>
i€[n]
with set E — i defined by (2.1.1). m|
Remark 2.3.9.

1. It follows directly from Lemma 2.3.8 that F.7 = F.";, if E’ is a cyclic shift of E.

2. Clearly the set {M;ybf  E € 02([)"]} spans ¢cQSym,, and is linearly independent, as each

monomial of degree n appears in szg for exactly one E € c2([)”]. Hence {M;yg - E € c2([)"]}

14



is a basis of cQSym,,. Applying the principle of inclusion and exclusion on (2.3.2) we have

cyc _ L\E| -cyc
Mn,E - Z(_1)| ' |Fn,L’
LOE

which implies that {F, : E ¢ c2([)”]} also spans cQSym,; together with the fact that the

n,E

dimension of vector space cQSym,, is #c2([)"] AFY E e 02([)"]} is also a basis of cQSym,,.

nE
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CHAPTER 3

CYCLIC SHUFFLE-COMPATIBILITY: COMBINATORIALLY
In this chapter we will provide a general method for proving cyclic shuffle-compatibility results as

corollaries of linear ones. We note that in this chapter we will be using the set

E+i={e+i|ecE}, (3.0.1)

which is different from the set £ + i defined in equation (2.1.1).

3.1 The Lifting Lemma
Definition 3.1.1 (Standardization). Suppose A, B ¢ P with |A| = |B| =nand 7 = mymp... 71, €

L(A). The standardization of 7 to B is

stdpm = f(71) f(72) ... f(ma) € L(B)

where f : A — B is the unique order-preserving bijection between A and B. If B = [n] then we

write just std 7 for stdy,) 7 and call this the standardization of r.

For example, if A = {1,4,5,8} and B = {2, 3, 6,9}, then stdg(5481) = 6392. Standardization for
cyclic permutations is defined in the analogous manner.
We first prove a result about cyclic descent statistics which is a cyclic analogue of one in the

linear case [BJS20].

Lemma 3.1.2. Let cst be a cyclic descent statistic. For any four cyclic permutations [x], [7’], [o],
[0’] such that

std[z] = std[x’] and std[o] = std[o”]

we have

est([7] w [o]) = est([#'] wi [o7]).

Proof. Since cstis a cyclic descent statistic, its values only depends on the relative order of adjacent

elements. So it suffices to prove the case when



where m = || = |n’| and n = |o"| = |0”’|. For simplicity, let A = [m] and B = w
We claim that it suffices to find, for any 7 and o as in the previous paragraph, a cst-preserving
bijection
[7] W [o] — stda[x] W stdg[o].

From this map and the hypothesis of the lemma we have
cst([7] W [o]) = cest(stda [x] Wi stdg[o]) = cst(stds[n'] Wi stdg[o]) = est([#'] wi [o]).

We will show the existence of this bijection by induction on the size of the set of what we will
call out-of-order pairs
O={(G,j)enxol|i>j}.
If #O = O then [n] € C(A) and [o] € C(B). It follows that [x7] = std4[7] and [o] = stdg[o] so
the identity map will do.
For the induction step, let #0 > 0. Then there must be a pair (i,i —1) € O. Letx” = (i — 1,i)x
and o” = (i — 1,i)o where (i — 1,7) is the transposition which exchanges i — 1 and i. We will be

done if we can construct a cst preserving bijection
T;: [l w[o] = [#"]w [o”].

This is because 7”7/, 0" have fewer out-of-order pairs and so, by induction, there is a cst-preserving
bijection [n”] W [o”] — stda[n”] W stdg[o”] which, when composed with 7;, will finish the
construction.

Define T; by
[(i —1,i)t] ifi— 1,i are not cyclically adjacent in [7],
[7] else.

We must first check that 7; is well defined in that 7;[t] € [#”] W [o”]. This is true if i — 1 and
i are not cyclically adjacent since i — 1 and i have been swapped in all three cyclic permutations

involved. If they are adjacent then the relative order of the elements of [7] corresponding to [r]

17



and [n”] are the same, and similarly for [o"] and [0”]. So leaving [7] fixed again gives a shuffle
in the range.

Finally, we need to verify that 7; is cst preserving. Since cst is a cyclic descent statistic, it
suffices to show that 7; is cDes preserving. Certainly this is true of [7] is fixed. And if it is not,
then i — 1,7 are not cyclically adjacent in [7]. But switching i — 1 and i could only change a cyclic
descent into a cyclic ascent or vice-versa if these two elements were adjacent. So in this case

cDes[(i — 1,i)7] = cDes[7] and we are done. O

Example 3.1.3. As an example of the map 7;, consider the shuffle set in (1.2.1). Here we can take

i =4since 4 € 14 and 3 € 23. For [7] = [1342] we have 3 and 4 cyclically adjacent so
T4[1342] = [1342] € [13] w [24]
as desired. On the other hand, in [1324] the 3 and 4 are not cyclically adjacent so
T4[1324] = [1423].
Note that [1423] € [13] L [24] and
cDes[1423] = {{ {1,2}, {2,3}, {3,4}, {1,4} }} =cDes[1324].

We can use the previous lemma to drastically cut down on the number of cases which need
to be checked to obtain cyclic shuffle-compatibility. In particular, the component permutations in
the shuffles to be considered can be on consecutive intervals of integers. And one can keep one

component of the shuffle constant while the other varies.
Corollary 3.1.4. Suppose that cst is cyclic descent statistic. The following are equivalent.
(a) The cyclic statistic cst is cyclic shuffle-compatible.

(b) If cst([r]) = cst([n']) where [n], [n'] € C[m] and [o] € C([n] +m) for some m,n € N
then

est([x] W [o]) = est([2'] w [o]).

18



(c) If cst([o]) = cst([o’]) where [o], [0’] € C([n] + m) and [r] € C[m] for some m,n € N
then

cst([n] w [o]) = cst([x] W [o']).

Proof. We will prove the equivalence of (a) and (b) since the equivalence of (a) and (c) is similar.
Clearly (a) implies (b). For the converse, let &, 7', o, 0’ be any four permutations satisfying the
hypothesis of the cyclic shuffle-compatible definition and let m = || = ||, n = |o| = |0”].

Alsolet A = [m], B = [n] +m, A’ = [m] +n, and B’ = [n]. Then, using Lemma 3.1.2 and (b)

alternately
cst([x] wi [o]) = cst(stda 7] Wi stdg[o])
= cst(std[#'] Wi stdg[o])
= cst(stdy [7'] W stdg [o])
= cst(stda/ [7'] Wi stdg [o])
= cst([7'] w [o'])
which is what we wished to prove. O

In order to prove the Lifting Lemma, we will need to define two functions.

Definition 3.1.5 (Splitting map). For i € [n] we construct the splitting map S; : C[n] — L[n] as

follows. If 7] € C[n] then let S;[x] be the unique linear permutation in [7r] which starts with i.

For example,

S3[45132] = 32451.

Definition 3.1.6 (Maximum removal map). Define the maximum removal map M : C[n] —

L[n — 1] by first applying S, to [7] and then removing the initial n.

To i1llustrate

M[45132] = 1324.
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Note that M is a bijection. We similarly define M : C([n] + m) — L([n — 1] + m) using m + n in
place of n, as in

M[67354] = 3546.

Finally, we say that y is between x and z in [] if this is true of any linear permutation in [7]

where x occurs to the left of z. If [7] € C[m], i € [m], and [o"] € C([n] + m) define
[7] Wi [o] ={[7] € [7x] w [o] | only elements of o are between m + n and i in [7]}.
For example,
[12] Wi [34] = {[1234], [1243], [1324], [1423], [1342], [1432]}

with

[12] Wy [34] = {[1234], [1243], [1324]}

and

[12] wip [34] = {[1423], [1342], [1432]}.

Clearly 7] L [o] is the disjoint union of the 7] W; [o] fori € [m].

Lemma 3.1.7 (Lifting Lemma). Let cst be a cyclic descent statistic and st be a shuffle-compatible

linear descent statistic such that the following conditions hold.

(a) For any 7], [T'] of the same length

st(M[7]) =st(M[7']) implies cst[r] = cst[7’].

(b) Givenany [r], [n'] € C[m] suchthatcst|rn] = cst[n’], there exists a bijection f : [m] — [m]

such that for all i and j = f (i)

st(S;[x]) = st(S; [x']).

Then cst is cyclic shuffle-compatible.
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Proof. By Corollary 3.1.4, it suffices to show that if [ ], [n’] are as givenin (b)and o € C (M)
then cst([7] W [o]) = cst([n’] W [o7]). The remarks preceding the lemma show that this reduces
to proving
cst([7] wy [o]) = est([x] W [o]) (3.1.1)
foralli € [m] and j = f(i).
It follows that st(S;[7]) = st(S;[n’]) by (b). So, since st is shuffle compatible, we have

st(Si[7] W o’) =st(S;[n'] L o’) where o’ = M[o]. Thus there is an st-preserving bijection

This gives rise to a map

o [n]wy [o] 5 Sl we S 8 we’ ™S (7] w; (o]
Since this is a bijection, to show (3.1.1) it suffices to prove that 6’ is cst-preserving. So take
[7] € [7] Wi [o] and [7'] = 8’[7]. Then M[7’] = 6 o M[7]. Since 0 is st preserving, we have
st M[1'] = st M[7]. But then hypothesis (a) implies that cst[7] = cst[7’] which is what we wished

to prove. o

3.2 Applications
The hypotheses in the Lifting Lemma may seem strange at first glance, yet they can be quite
easy to verify, making it a useful tool. We will see four instances of this by proving the cyclic

shuffle-compatibility of cyclic statistics cDes, cdes, cPk and cpk using its aid.
Theorem 3.2.1. The cyclic statistic cDes is cyclic shuffle-compatible.

Proof. We will verify the hypotheses of Lemma 3.1.7 using st = Des. For (a), suppose that
|7| = |7'| = n and

Des(M|[t]) = Des(M|[7']). (3.2.1)

Let us assume that 7, 7" were chosen from their cyclic equivalence class so that 7; = max 7 and

similarly for 7’. Then M[7] = 7713 ...7,. And by the choice of 7| we see that

Dest={1} v (DesM|[7] +1). (3.2.2)
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Since the same statement holds with 7’ in place of 7 and (3.2.1) holds, we have Dest = Des 7’.
But Des 7 is one set in the multiset cDes|[7], and the others are gotten by adding each i € [n] to all
elements of Des 7 modulo n. The same being true of cDes[7’] shows that cDes[7] = cDes[7’] as
desired.

For (b), we are given [x], [n'] € C[m] with cDes[r] = cDes[n’] and must construct the

necessary bijection. From this assumption, we can choose 7 and 7’ such that
cDesm =cDesn’ = A. (3.2.3)

for some set A. Define f : [m] — [m] by f(my) = ) forall k € [m]. Leti = my and j = ;. To
show that Des(S;[r]) = Des(S;[n’]) there are two cases depending on whether k — 1 € A or not,
where k — 1 is taken modulo m.

If k=1 ¢ A then my,m are not the second elements in cyclic descents of their respective

permutations. From this and equation (3.2.3) it follows that
Des(S;[n]) = A —k +1 =Des(S;[7']).

If kK — 1 € A then the same equalities hold with A replaced by A” which is A with k — 1 removed.

The completes the proof of (b) and of the theorem. O
Theorem 3.2.2. The cyclic statistic cdes is cyclic shuffle-compatible.

Proof. We proceed as in the previous proof with st = des. For (a) we assume des(M|[7]) =
des(M[7’]). But from equation (3.2.2) we see that dest = des(M[7]) — 1 and the same is true
for 7. Combining this with our initial assumption gives des 7 = des 7’. But 7, 7/ begin with their
largest element so that

cdes[t] = dest = dest’ = cdes[7’]

which is what we wished to show.
To prove (b), we are given cdes[n] = cdes[n’]. As in the preceding paragraph, choose 7, 7’ to
begin with their largest elements so that cdes[n] = des 7 and similarly for 7’. Since des 7 = des

there is a bijection 6 : Des 1 — Des n’. Extend this map to 6 : [m] — [m] by using any bijection
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between the complements of Des r and Des n’. The proof that 6 has the desired property is now

similar to that for Des and so is left to the reader. |
Theorem 3.2.3. The cyclic statistic cPk is cyclic shuffle-compatible.

Proof. This proof parallels the one for cDes, so we will only mention the highlights. For (a) one
sees that Pk 7 = Pk M [7] + 1 since 71 = max 7 is not a peak in 7 and is removed in M [7]. But this
still implies that Pk 7 = Pk 7’ and the rest of this part of the demonstration goes through.

For (b), the map 6 is constructed in exactly the same way using A = cPkn = cPkn’. The
only difference with the remaining part of the proof is that there are two subcases when k — 1 ¢ A
depending on whether k —2 € A or not. If kK — 2 € A then one loses the peak which was at m;_» in
Si[7]. On the other hand, the peak set stays the same modulo rotation if k —2 ¢ A. But since the

analogous statements hold for 7/, the manipulations in these subcases are as before. O

The proof of the next result is based on the proof of Theorem 3.2.3 in much the same way that

the demonstrations of Theorems 3.2.1 and 3.2.2 are related. So the details are left to the reader.
Theorem 3.2.4. The cyclic statistic cpk is cyclic shuffle-compatible. |

Lest it appear that cyclic shuffle-compatibility follows exactly the same lines as the linear case,

let us point out a place where they differ.

Definition 3.2.5. A birun of m is a maximal monotone factor (subsequence of consecutive elements).

Let bru 7t be the number of biruns of 7.

For example, bru 125346 = 3 because of the biruns 125, 53, and 346. It is easy to see [GZ18] that
the birun statistic is not linearly shuffle-compatible. A cyclic birun of [r] is defined in the obvious
manner and denoted cbru[r]. Returning to our example, cbru[125346] = 4 because of the biruns

above and 61.

Theorem 3.2.6. The cyclic statistic cbru is cyclic shuffle-compatible.
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Proof. Clearly cyclic biruns always begin at a cyclic peak and end at a cyclic valley, or vice-versa.

So cbru[x] = 2 cpk[n] and the result follows from Theorem 3.2.4. O

24



CHAPTER 4

CYCLIC SHUFFLE-COMPATIBILITY: ALGEBRAICALLY
In Section 4.1, we review Gessel and Zhuang’s definition of the shuffle algebra of a shuffle-
compatible permutation statistic, and then we define the cyclic shuffle algebra of a cyclic shuffle-
compatible statistic. We prove several general results about cyclic shuffle-compatibility via cyclic
shuffle algebras, including a result (Theorem 4.1.13) allowing one to construct cyclic shuffle algebras
from linear ones.

In Section 4.2, we review the role of quasisymmetric functions in the theory of (linear) shuffle-
compatibility, and then we develop an analogous theory concerning cyclic quasisymmetric functions
and cyclic shuffle-compatibility. We use Theorem 4.1.13 to construct the non-Escher subalgebra
cQSym™ of cyclic quasisymmetric functions from the algebra QSym of quasisymmetric functions,
which gives another proof that cDes is cyclic shuffle-compatible and shows that the cyclic shuffle
algebra of cDes is isomorphic to cQSym~. We then give a necessary and sufficient condition
for cyclic shuffle-compatibility of cyclic descent statistics which implies that the cyclic shuffle
algebra of any cyclic shuffle-compatible cyclic descent statistic is isomorphic to a quotient algebra
of cQSym™.

In Section 4.3, we use the theory developed in Section 4.2 to give explicit descriptions of the
cyclic shuffle algebras of the statistics cPk, cpk cdes, and (cpk, cdes) which in turn yields algebraic
proofs for their cyclic shuffle-compatibility.

In Section 4.4, we define a family of multiset-valued cyclic statistics induced from linear
statistics, and investigate cyclic shuffle-compatibility for some of these statistics. This approach
yields a definition of a cyclic major index which is different from the one proposed earlier by Ji
and Zhang [JZ22]; unfortunately, neither of these cyclic major index statistics are cyclic shuffle-

compatible.

4.1 Cyclic Shuffle Algebras
At the heart of Gessel and Zhuang’s algebraic framework for shuffle-compatibility is the notion

of a shuffle algebra. In this section, we review the definition of the shuffle algebra of a shuffle-
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compatible (linear) permutation statistic, define a cyclic analogue of shuffle algebras for cyclic
shuffle-compatible statistics, and prove several general results about cyclic shuffle-compatibility
through cyclic shuffle algebras, including one that can be used to construct cyclic shuffle algebras

from shuflle algebras of linear permutation statistics.

4.1.1 Definitions
Definition 4.1.1 (st-equivalent). Let st be a linear permutation statistic. We say that & and o are

st-equivalent if str = sto and |7| = |o|.

In this way, every permutation statistic induces an equivalence relation on permutations, and we
write the st-equivalence class of 7 as mg. Let Ay denote the Q-vector space consisting of formal
linear combinations of st-equivalence classes of permutations.

If st is shuffle-compatible, then we can turn Ay into a Q-algebra by endowing it with the

multiplication

TtstOst = } Tst

TeETo

for any disjoint representatives m € my and o € o; this multiplication is well-defined (i.e., the
choice of m and o does not matter) precisely when st is shuffle compatible. The Q-algebra Ay is
called the (linear) shuffle algebra of st. Observe that Ay is graded by length, that is, 7y belongs to
the nth homogeneous component of Ay if  has length n.

Our definition of cyclic shuffle algebras will be analogous to that of linear ones.

Definition 4.1.2 (cst-equivalent). Let cst be a cyclic permutation statistic. Then the cyclic per-
mutations [7] and [o] are called cst-equivalent if cst[n] = cst[o] and || = |o|, and we use the

notation 7]y to denote the cst-equivalence class of the cyclic permutation [r].

cyc

We associate to cst a Q-vector space A3

by taking as a basis the set of all cst-equivalence classes

of permutations, and then we give this vector space a multiplication by defining

[7]est[o]est = Z [7]est

[7]e[~]w[o]
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for any disjoint 7 and o with [r] € [7]c and [0] € [07]cs; this multiplication is well-defined if

cyc
cst

and only if cst is cyclic shuffle-compatible. The resulting Q-algebra A7 is called the cyclic shuffle

algebra of cst, and is also graded by length.

4.1.2 Two General Results on Cyclic Shuffle Algebras
We now give two general results on cyclic shuffle algebras, which are analogous to Theorems
3.2 and 3.3 of [GZ18] on linear shuffle algebras. We provide proofs for completeness, although

they follow in essentially the same way as the proofs of the corresponding results in [GZ18].

Theorem 4.1.3. Suppose that csty is cyclic shuffle-compatible and is a refinement of csty. Let A be

a Q-algebra with basis {v,} indexed by csty-equivalence classes «, and suppose that there exists

cye

o, —> A such that for every csti-equivalence class B, we have

a Q-algebra homomorphism ¢: A

¢ (B) = vo where a is the csty-equivalence class containing 3. Then cst; is cyclic shuffle-compatible

cyc

and the map vo — « extends by linearity to an isomorphism from A to A .

Proof. It suffices to show that for any disjoint 7 and o, we have
v [~] csty 4 [o] csty = 4 [7] csty *
[rle[x]wlo]

To that end, we have

v[ﬂ']cslzv[a']cstz = ¢( [ﬂ]cstl )¢( [O-]Cstl)

= ¢([m]est, [o]est;)

= ¢( Z [T]cstl)
[7] [o]

€[]

- V[T]cstz’
[rle[r]w[o]

which completes the proof. O

We say that csty and cst; are equivalent if cst; is a simultaneously a refinement and a coarsening
of csty, that is, if for all cyclic permutations [7] and [o] of the same length, cst;[x] = cst;[o]

implies csty [7] = csta[ o] and vice versa.
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Theorem 4.1.4. Let cst; and csty be equivalent statistics. If csty is shuffle-compatible with cyclic

cyc
csty

shuffle algebra A, then csty is also cyclic shuffle-compatible with cyclic shuffle algebra A

csty’

cyc

isomorphic 1o A .

Proof. Because equivalent statistics have the same equivalence classes on cyclic permutations, we

know that ﬂzsy:i and ﬂgz; have the same basis elements. Since cst; and cst, are equivalent, we have

[l lols = [Tla [0l = >, [Tla= D, [l

[]e[x]wi[o] [z]e[x ][]

which proves the result. O

4.1.3 Symmetries and Cyclic Shuffle Algebras

Many permutation statistics—both linear and cyclic—are related via various symmetries,
such as reversal, complementation, and reverse-complementation. For a linear permutation
m=mmn---1, € S, we define the reversal n" of m by n" = n,m,_1---m, the complement
¢ of m to be the permutation obtained by (simultaneously) replacing the ith smallest letter in
m with the ith largest letter in & for all 1 < i < n, and the reverse-complement n"¢ of n by
a’¢ = (n")¢ = (n)". For example, given 7 = 318269, we have 7 = 962813, n¢ = 692831, and
"¢ =138296.

More generally, let f be an involution on linear permutations which preserves the length, i.e.,

| f ()| = || for all 7. We shall write 7/ in place of f(r). For a set IT of permutations, let
I/ ={n/ :nell},

so f induces an involution on sets of permutations as well. In particular, this lets us define [r]/

for a cyclic permutation [7]. Going further, if C is a set of cyclic permutations, then
¢/ ={[n)) :[n] eC}.
Following Gessel and Zhuang [GZ18],

Definition 4.1.5 (Shuffle-compatibility-preserving). We say that f is shuffle-compatibility-preserving
if for any pair of disjoint permutations 7 and o, there exist disjoint permutations & and ¢~ with the

same relative order as 7 and o, respectively, such that (7o) = #/ W6/ and (RwE), = 7/ o,
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This definition implies that 7/ and o/ are disjoint, and similarly with #/ and &/

Definition 4.1.6 ( f-equivalent). Two linear permutation statistics st; and st, are called f-equivalent
if sty o f is equivalent to st,—that is, st; nf = sty o/ if and only if st, © = st 0. In other words, st;

and sty are f-equivalent if and only if (n/)g, = (g,)/ for all 7.

It is easy to see that, if st; 7/ = sty 7 for all 7, then st; and st, are f-equivalent (although this is not

a necessary condition).

Example 4.1.7. For example, the peak set Pk is c-equivalent to the valley set Val defined in the
following way. We call i € {2,3,...,n— 1} avalley of 1 € S, if 7,1 > 7; < w41, and we let
Val 7 be the set of valleys of 7. We also define val  to be the number of valleys of r; then, pk and

val are c-equivalent as well.

Despite its name, f-equivalence is not an equivalence relation (although it is symmetric).
However, it turns out that if the statistics involved are shuffle-compatible, then f-equivalences
induce isomorphisms on the corresponding shuftle algebras. This idea is expressed in the following

theorem of Gessel and Zhuang.

Theorem 4.1.8 (|GZ18] Theorem 3.5). Let f be shuffle-compatibility-preserving, and suppose that
sty and st are f-equivalent (linear) permutation statistics. If sty is shuffle-compatible with shuffle
algebra Ag,, then sty is also shuffle-compatible, and the linear map defined by ny, +— 7r£2 is a

Q-algebra isomorphism between their shuffle algebras Ay, and Ag,.

Gessel and Zhuang proved that reversal, complementation, and reverse-complementation are all
shuffle-compatibility-preserving. Thus, they were able to use Theorem 4.1.8 to prove a collection
of shuffle-compatibility results for statistics that are r-, c-, or rc-equivalent to another statistic
whose shuffle-compatibility had already been established. For example, it follows from the shuffle-
compatibility of the peak set Pk that the valley set Val is shuffle-compatible with shuffle algebra
Aval 1somorphic to Ap.

Moving onto the cyclic setting, we call f rotation-preserving if [x]/ = [z/] for all x.
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Lemma 4.1.9. If f is shuffle-compatibility-preserving and rotation-preserving, then for any pair of
disjoint permutations n and o, there exist disjoint permutations t and & with the same relative order

as m and o, respectively, for which ([zr]w [c])! = [#/]w[6/] and ([#]w [6]) = [#/]w[o]].

Proof. Let [t] € [xn] W [o], so that T € 7 1 o for some @7 € [x] and & € [o], and thus
v/ e (= w &)/, Since f is shuffle-compatibility-preserving, we have that v/ € 7/ L1 &/ where
7 and & are disjoint permutations with the same relative order as 7 and &, respectively. Since
7 is a rotation of 7 and 7 has the same relative order as 7, it follows that 7 is a rotation of a
permutation 7 with the same relative order as 7, and similarly & is a rotation of a permutation
& with the same relative order as . Clearly, # and & are disjoint because 7 and & are disjoint.
Because f is rotation-preserving, 7 € [#] and & € [] imply 7/ € [#/] and & € [6/]. Therefore,
o/ e 7l W&/ implies [t]/ = [/] € [#/] w [6/].

We have shown that ([7] W [o7])/ is a subset of [#/] L [6-/], but since these two sets have the
same cardinality, they are in fact equal. We omit the proof of ([#] Wi [6])/ = [#/] W [o/] asitis

similar. O
Lemma4.1.10. Reversal, complementation, and reverse-complementation are all rotation-preserving.

Proof. Letm = mymy---m, be a (linear) permutation. We have

(7] ={mimy- mp, umy - Tpy ..., 2Ty}
=A{p - O My - M Ty T - T2
= [~"],

so reversal is rotation-preserving. Moreover, it is clear that taking the complement of the per-
mutation m;y1 - - -,y - - - ; (obtained by rotating the last n — i letters of m to the front) yields
the same result as first taking the complement of 7 and then rotating the last n — i letters of 7¢
to the front, so complementation is rotation-preserving. Lastly, since we have established that

Cc

[7€] = [x]€ for all permutations 7, we can replace m by " to obtain [n"¢] = [#"] = [x]"¢, so

reverse-complementation is rotation-preserving as well. O
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In analogy with f-equivalence of linear permutation statistics, let us call two cyclic permutation
statistics cst; and csty f-equivalent if cst; of is equivalent to cstp, or equivalently, if [/ lest; =

([n]cstz)f . The following is a cyclic version of Theorem 4.1.8.

Theorem 4.1.11. Let f be shuffle-compatibility-preserving and rotation-preserving, and let cst;
and csty be f-equivalent cyclic permutation statistics. If csty is cyclic shuffle-compatible, then cst;

is cyclic shuffle-compatible with ﬂcst isomorphic to A=

CStl

Proof. Let [n] and [7] be cyclic permutations in the same csty-equivalence class, and similarly

with [o] and [&], such that 7 and o are disjoint and 7 and & are disjoint. We know from

A
A )

Lemma 4.1.9 that there exist permutations 7, &, 7, and &—having the same relative order as 7, o,
#, and &, respectively—satisfying ([7] w [o])/ = [#/1 w [6/], ([#] w [6]) = [#/] w [o/],
([Alw [a])/ = [#/]w [67], and ([7] W [&]) = [#/]w [57].

Because 7 and 7 have the same relative order as 7 and 7, respectively, we have
[ﬁ]cstz = [ﬂ]cstz = [ﬁ']cstz = [ﬁ]cstz-
Then, because cst; and cst; are f-equivalent, we have
[ﬁf]cstl = ([ﬁ-]cstz)f = ([ﬁ]cstz)f = [ﬁf]cstp

so [#/] and [#/] are cst;-equivalent. The same reasoning shows that [¢/] and [&/] are also
csty-equivalent.

By cyclic shuffle-compatibility of cst;, we have the multiset equality

{{estlr] : [7] € (A Tw [67]}) = {{estu[7] : [7] € [# 1w [67]}),

which—by f-equivalence of cst; and cst,—is equivalent to

{{esult/]: [7] € [#Tw [67]}} = {{esle/] : [7] € [F/Tw [&/] ),

which is in turn equivalent to

{{esulr] : [7) e [#Tw [67]}) = {{estlr] : [7)) € [#/Tw [&7]})
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because f is rotation-preserving. Since ([7] W [o’])! = [#/] w [6/] and ([#] w [5]) =

Af

[#/] W [67], we have

{{esto[7] : [7] € [r]l W [o] }} = {{esta7] 2 [7] € [7] W [T] }},

which shows that cst; is cyclic shuffle-compatible.

cyc
csty

cyc
csty®

Define the linear map 1: A, — A

It remains to prove that A csty csty

is isomorphic to A

by [7]est, [7Tf ]est,- Observe that

[7] csty = Z [7] csty

[]€[x]wo] [r]e[#]w[o]

because cst; is cyclic shuffle-compatible, and thus we have

Arelole) =4 D) [Tloss)
[r]elr]wlo]

=A ( [7] csty )

Vs o
[r]e[#]wlo]

= Z [Tf] cstg
[(#]w[o

[t]e ]

= Z [T] csty
[7]/ e[#]w]o]

= Z [7] csty

[t]e[rflw[of]
= [ﬂf]cstl [O'f]cstl

= ﬂ([”]cstz)/l([o']cstz)'

. . . cyc cyc
Hence, A is a Q-algebra isomorphism from A, to A . o

Corollary 4.1.12. Suppose that the cyclic permutation statistics cst; and csty are r-equivalent,

c-equivalent, or rc-equivalent. If csty is cyclic shuffle-compatible, then csty is cyclic shuffle-

cyc
csty

cyc
csty®

compatible with cyclic shuffle algebra A isomorphic to ‘A

4.1.4 Constructing Cyclic Shuffle Algebras from Linear Ones
The following theorem—one of the main results of this paper—allows us to construct cyclic

shuffle algebras from shuffle algebras of shuffie-compatible (linear) permutation statistics.
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Theorem 4.1.13. Let cst be a cyclic permutation statistic and let st be a shuffle-compatible (linear)

permutation statistic. Given a cyclic permutation [r], let

Suppose that vy = v(s| whenever [r] and [o] are cst-equivalent, and that {v (|} (ranging over
all cst-equivalence classes) is linearly independent. Then cst is cyclic shuffle-compatible and the
map W - ﬂzztc — Ag given by

Yest([7]est) = V(r]

cyc

extends linearly to a Q-algebra isomorphism from A 3,

to the span of {v{x|}, a subalgebra of Ag.

Proof. Since v[; = v[,] Whenever [n] and [o] are cst-equivalent, we know that ¢ is a well-

cyc

oF. (We do not yet know whether A_Y; is an algebra; here we are only

defined linear map on A cst

cyc

considering A, as a vector space.) Furthermore, because {v,]} is linearly independent, the linear

cyc

map Yy s a vector space isomorphism from A

to a subspace of Ag.
To show that cst is cyclic shuffle-compatible, we show that
[m]est[o]est = Z [7]est
[]€[~]w[o]
is a well-defined multiplication in A%, . Let [7'], [7”] € [n]cq and let [07], [0”] € [0]cst, Where

n’ and o’ are disjoint and so are 7" and o”. Then

wcst( Z [7] cst) = Vir]
[rlel~’]wlo’] [rlelr']wo’]

and similarly



Since [7’] and [7”] are cst-equivalent and similarly with [o”’] and [o”], we have
wcst( Z [T]cst) =VxVie'] = Vx’]V[e"] = lﬁcst( Z [T]cst)
[r]elr’Jwlo’] [r]e[n”]w[o"]

and thus

Z [T]est = Z [T]est

[r]eln’]wlo”] [t]elx"]wlo"]

cyc
cst

due to injectivity of .. We have shown that the multiplication of the cyclic shuffle algebra A
is well-defined, and therefore cst is shuffle-compatible.

Finally, we have
Ves([7les[o)ext) = w( >, [r]cst)
[r]e[x]w[o]

= Vir]V[o]
= Yese([m]es)Wese ([0 ]est)s

cyc

SO Yy is a Q-algebra isomorphism from A

to the span of {v(.}. O

4.2 Shuffle-compatibility and Quasisymmetric Functions
The focus of this section is the relationship between cyclic shuffle-compatibility and cyclic

quasisymmetric functions.

4.2.1 Backgrounds
First we recall that in the linear case, the product of two quasisymmetric functions is again
quasisymmetric. The multiplication rule for the fundamental basis is given by the following

theorem, which can be proved using P-partitions; see [Sta24, Exercise 7.93].

Theorem 4.2.1. Let m and n be non-negative integers, and let A C [m — 1] and B C [n—1]. Then

Fm,AFn,B = Z Fm+n,DeST

Tenllo

where 1 is any permutation of length m with descent set A and o is any permutation (disjoint from

1) of length n with descent set B.
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It follows directly from this theorem that the descent set shuffle algebra Apes is isomorphic to
QSym,; this is of [GZ18, Corollary 4.2].

Recall the definition of non-Escher sets from Definition 2.1.4. Let cQSym™ denote the span
of {F;y[cs]} over all n > 0 and all equivalence classes [S] of non-Escher subsets S C [n]. The
following theorem, proven by Adin et al. [AGRR21, Theorem 3.22], gives a multiplication rule for

the fundamental cyclic quasisymmetric functions in cQSym™~, which also implies that the cyclic

descent set cDes is cyclic shuffle-compatible and has cyclic shuffie algebra isomorphic to cQSym™.

Theorem 4.2.2. Let m and n be non-negative integers, and let A C [m] and B C [n] be non-Escher

subsets. Then

cyc cyc cyc
Fm,[A]Fn,[B] - Z Fm+n,cDes[T] (4.2.1)

[]e[x]w[o]

where [r] is any cyclic permutation of length m with cyclic descent set [A] and [o] is any cyclic
permutation (with o disjoint from ) of length n with cyclic descent set | B].

-

Adin et al. proved Theorem 4.2.2 using toric [ D ]-partitions; we now supply an alternative proof

using Theorem 4.1.13.

Proof. We know that the descent set Des is shuffle-compatible and its shuffle algebra Apes
is isomorphic to the algebra of quasisymmetric functions, QSym, through the isomorphism

®Des(TDes) = Fix|,Des(x)- Then, using the notation of Theorem 4.1.13, we have

¢Des(V[ﬂ]) = ¢Des( Z ﬁDes) = Z Fn,(cDes7r+i)ﬂ[n—1] = F;’};(]:)es[ﬂ]

re(n] i€[n]
where n = |r|. If [x] and [o7] are cDes-equivalent, then both ¢pes(V(x]) and ¢pes(v(s]) are equal to

F:y[(;] where n = || = |o| and [S] = cDes|[x] = cDes[o], so Vir] = V[o]- The linear independence

of the F°. can be established by showing that the monomial cyclic quasisymmetric functions
n.[S]

. . . cyc
are linearly independent and expressing each F

8]
functions; see [AGRR21, Section 2] for details. Theorem 4.1.13 implies that cDes is cyclic shuffle-

in terms of monomial cyclic quasisymmetric

compatible and that ﬂgly)ces is isomorphic to cQSym™ via the isomorphism [7]cpes H F ﬁry'cheg[”],

from which the multiplication rule (4.2.1) follows. ]
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As a direct consequence of Theorem 4.2.2, we have that cQSym™ is a graded Q-subalgebra of

QSym. Adin et al. also show that the span of

Cyc peyc pcyc cyc
{FO,(/) ’Fl,(/) ’F1,{1}} U {Fn’[s]}nZZ,(/)iSQ[n]a

denoted cQSym, is a graded Q-subalgebra of QSym, although this result is less relevant to cyclic

shuffle-compatibility. Thus we have the subalgebra relations
cQSym™ C cQSym € QSym,

and cQSym™ is called the non-Escher subalgebra of cQSym.
Before moving on, let us explicitly state the cyclic shuffle-compatibility of cDes as a corollary

of the preceding theorem.

Corollary 4.2.3 (Cyclic shuffle-compatibility of cDes). The cyclic descent set cDes is cyclic
shuffle-compatible, and the linear map on A%y defined by [r]epes — Fo | is a Q-algebra

cDes ||,cDes[ 7

isomorphism from &le]yjces to cQSym™.

4.2.2 A General Cyclic Shuffle-compatibility Criterion for Cyclic Descent Statistics
The theorem below is [GZ18, Theorem 4.3], which provides a necessary and sufficient condition
for shuffle-compatibility of descent statistics in terms of quasisymmetric functions, and implies that

the shuffle algebra of any shuffle-compatible descent statistic is a quotient algebra of QSym.

Theorem 4.2.4. A descent statistic st is shuffle-compatible if and only if there exists a Q-algebra
homomorphism ¢y : QSym — A, where A is a Q-algebra with basis {u, } indexed by st-equivalence
classes a of compositions, such that ¢p(Fr) = u, whenever L € a. In this case, the linear map on
Ag defined by

st > Ug,

where Comp r € «, is a Q-algebra isomorphism from Ag to A.

We now prove our main result of this section: a cyclic analogue of Theorem 4.2.4.
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Theorem 4.2.5. A cyclic descent statistic cst is cyclic shuffle-compatible if and only if there exists a

Q-algebra homomorphism ¢.s: cQSym~ — A, where A is a Q-algebra with basis {v, } indexed by

cyc

[ L]) = v, whenever

cst-equivalence classes a of non-Escher cyclic compositions, such that ¢eg(F

[L] € a. In this case, the linear map on A, defined by

cst
[7(] cst > Va,

Y to A.

where cComp|n] € a, is a Q-algebra isomorphism from A,

cyc
cst be

Proof. Suppose that the cyclic descent statistic cst is cyclic shuffle-compatible. Let A = A
the cyclic shuffle algebra of cst, and let v, = [7] s for any [7] satisfying cComp|[r] € a, so that

_ a

a

where c;y is the number of cyclic permutations with cyclic descent composition in « that are
obtained as a cyclic shuffle of two disjoint cyclic permutations, one with cyclic descent composition
in B and the other with cyclic descent composition in y. Observe that Cz,y = 2[L]ea ci ¢ for any
choice of [J] € Band [K] € y, where cﬁ « 1s the number of cyclic permutations with cyclic descent
composition [L] that are obtained as a cyclic shuffle of two disjoint cyclic permutations, one with
cyclic descent composition [J] and the other with cyclic descent composition [K].

Define the linear map ¢ : cQSym™ — A by ¢eg(F [CZ?) = v, for [L] € @. Then any [J] € B
and [K] € vy satisfy

L
Bea FEEFS) = b 3 ek FEXS)
[L]

= ¢cst(FE3]]C)¢CSt(F[C[}:]:),
SO ¢yt 1 a Q-algebra homomorphism, thus completing one direction of the proof.
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The converse follows from Theorem 4.1.3, where we take cst; to be cDes (which is cyclic

shuffie-compatible by Corollary 4.2.3) and cst; to be cst. O

cye

cst S lSOﬂ’lOl"pth toa

Corollary 4.2.6. If cst is a cyclic shuffle-compatible descent statistic, then ‘A

quotient algebra of cQSym™.

To conclude this section, we state a special case of Theorem 4.2.5 in which the homomor-
phism ¢ is given in terms of the homomorphism ¢ of a related (linear) descent statistic; c.f.
Theorem 4.1.13. We will use this theorem to prove cyclic shuffle-compatibility results for cyclic

analogues of shuffle-compatible descent statistics.

Theorem 4.2.7. Let cst be a cyclic descent statistic and let st be a shuffle-compatible (linear)
descent statistic, so that there exists a Q-algebra homomorphism ¢g: QSym — A satisfying the
conditions in Theorem 4.2.4. Define the Q-algebra homomorphism ¢.o: cQSym™~ — A by
¢cst(F;’}g~:) = Z Gst(Fr,s+i)-
i€[n]

Suppose that ¢eg(F s

. s) = ¢Cst(F:’yTC) whenever cComp[S]| and cComp|[T] are cst-equivalent cyclic

compositions—so that we can write ¢cst(F;ySc) = v, whenever cComp[S] € a—and suppose that

cyc

{va} is linearly independent. Then cst is cyclic shuffle-compatible and the linear map on A,

defined by
[7]ese > Vas

cye
cst

where cComp|[r] € a, is a Q-algebra isomorphism from A to the span of {v,}, a subalgebra of

A.

4.3 Characterizations of Cyclic Shuffle Algebras

Our next goal is to use the theory developed in the previous section to give explicit descriptions
of cyclic shuffle algebras. First, we will characterize the cyclic shuffle algebras of cPk, (cpk, cdes),
cpk, and cdes. This yields new proofs for the cyclic shuffle-compatibility of the statistics cPk, cpk,

and cdes, as well as the first proof for (cpk, cdes).
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4.3.1 The Cyclic Descent Number and Cyclic Peak Number
When we characterize the (cpk,cdes) cyclic shuffle algebra, we shall need to determine all
values that the (cpk, cdes) statistic can take, which we can do with the help of two lemmas. The

first of these lemmas is Proposition 2.5 of [GZ18], so we omit its proof.
Lemma 4.3.1. Letn > 1.
@ Ifre S, then) <pkn < |(n—-1)/2] andpkn < desm <n—-pknr—1.

(b) If j and k are integers satisfying 0 < j < |(n—1)/2] and j < k < n—j — 1, then there

exists 1 € S, withpkn = j and desm = k.

Lemma 4.3.2. Let n > 2. If n € S, and m is greater than the largest letter of m, then
cpk[mm] = pkx + 1 and cdes[nrm] = desw + 1, where mm is the permutation in S,, obtained by

appending the letter m to m.

Proof. Every peak of r is a cyclic peak of wm, and every cyclic peak of 7m is either m or a peak

of 7. The same relationship is true for descents of 7 and cyclic descents of 7m. O
Corollary 4.3.3. Letn > 2.
(@) Ifme S, then 1 < cpkn < |n/2]| and cpkn < cdesm < n —cpk.

(b) If j and k are integers satisfying 1 < j < |n/2] and j < k < n— j, then there exists m € S,

with cpkn = j and cdes m = k.

Proof. Fix m € &,,. Let m be the largest letter of x, let 7 be the unique representative of [7] which
ends with m, and let 7’ be the permutation of length n — 1 obtained from 7 upon removing its last

letter m. Applying Lemma 4.3.2, we obtain

cpk 7 = cpk[7] = pkna’ + 1 and cdes 7 = cdes[7] =desn’ + 1.

Then part (a) follows from these equations and Lemma 4.3.1 (a).
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To prove part (b), let j and k be integers in the specified ranges. By Lemma 4.3.1 (b), we
know there exists a permutation 7’ € S, with pkn’ = j — 1 anddesn’ = k — 1. Let m € P be
greater than the largest letter of 7’; then it follows from Lemma 4.3.2 that 7m is a permutation in

S, satisfying cpk w = j and cdes m = k. O

4.3.2 The Cyclic Shuffle Algebra of cPk

We will construct the cyclic shuffle algebra ﬂzﬁ from the linear shuffle algebra Apg. The latter
is known to be isomorphic to a subalgebra IT of QSym—introduced by Stembridge [Ste97]—called
the algebra of peaks, which is spanned by the peak quasisymmetric functions K, s where n ranges
over all non-negative integers and S over all possible peak sets of permutations in S,,. We won’t
need the precise definition of K, s here, only that the isomorphism from Apy to I1 sends 7py to
K|z pcr. We state this fact in the following theorem, which appears as Theorem 4.7 of [GZ18].

(For a detailed description of the algebra of peaks, see Section 5.1.)

Theorem 4.3.4 (Shuffle-compatibility of Pk). The peak set Pk is shuffle-compatible, and the linear

map on Apy defined by wpx — K|z pkr is a Q-algebra isomorphism from Apy to I1.

The analogue of Stembridge’s quasisymmetric peak functions in the cyclic setting are the cyclic
peak quasisymmetric functions K’:ysc which will be discussed in Section 5.2.4. Here, we shall define
the cyclic peak functions K¢ in terms of the K, 5. For brevity, let us say that S is a cyclic peak set
of [n] if S is the cyclic peak set of some permutation of length n. Then, if S is a cyclic peak set of

[n], let
K5 = Z Ko (s+in{1.ny = Z Ko pxr
i€[n] reln]

where 7 is any permutation in &, with cyclic peak set S. We can also write K\, == K "¢ since
n,[S] n,S

the K;yg are invariant under cyclic shift.

The following theorem gives a multiplication rule for the K},

o [S]° which implies that cPk is cyclic

shuffle-compatible. This provides another proof different from the bijective one in Theorem 3.2.3.
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Theorem 4.3.5. Let m and n be non-negative integers, let A be a cyclic peak set of [m], and let B
be a cyclic peak set of [n]. Then
cyc cyc cyc
Km,[A]Kn,[B] - Z Km+n,cPk[T] (4.3.1)
[r]elxlwlo]
where [r] is any cyclic permutation of length m with cyclic peak set [A] and [o] is any cyclic

permutation (with o disjoint from ) of length n with cyclic peak set | B].

Proof. First, we take ¢px: QSym — II to be the composition of the map F; — mpx with the
map mpk > K|z pkr from Theorem 4.3.4 where 7 is any permutation with Pk 7 = Pk L; then ¢py
satisfies the conditions in Theorem 4.2.4.

Let S be a non-Escher subset of [n], and let [ P] be the cyclic peak set of any cyclic permutation
[7] of length n with cyclic descent set [S]. Note that the sets S + i where i ranges from 1 to n are
precisely the descent sets of the n linear permutations in [7]. Hence, we have

pepk(F,) = Z Ppi(Fus4i) = Z Ppk (Fupesz) = Z Kupke = K-
ie[n] we[n) we[n)

Clearly, ¢.px (F,iysC ) depends only on the cPk-equivalence class of the cyclic composition cComp[S],

and we know that the K;y[c p) are linearly independent. Applying Theorem 4.2.7, we conclude that

cPk is cyclic shuffle-compatible and that ﬂ;y,i is isomorphic to A via the isomorphism [7]cpx —
K |Cﬂy|ccpk[n] , from which the multiplication rule (4.3.1) follows. O

Corollary 4.3.6 (Cyclic shuffie-compatibility of cPk). The cyclic peak set cPk is cyclic shuffle-

cyc

compatible, and the linear map on ﬂzl{f( defined by [r]cpx — K il P[] is a Q-algebra isomorphism

cyc
from A 3, 1o A

4.3.3 The Cyclic Shuffle Algebra of (cpk, cdes)

cyc

(epk.cdes) from the

We will now use Theorem 4.2.7 to construct the cyclic shuffle algebra A
linear shuffle algebra Ak des). We begin by recalling the following result about Ak des), Which is

Theorem 5.9 of Gessel and Zhuang [GZ18]. Below, we will use the notation Q[ [#x]] to denote the
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Q-algebra of formal power series in ¢t where the multiplication is given by the Hadamard product *,

defined by
( Z ant") * (Z bnt”) = Z a,b,t".
n=0 n=0 n=0

Theorem 4.3.7 (Shuffle-compatibility of (pk, des)).
(a) The pair (pk, des) is shuffle-compatible.

(b) Let

(pkdes) Ly + KT (14 yr)yni=k=1(1 4 )21
l/tn,j,k (1 - t)n+1 .

Then the linear map on A pk qes) defined by

(pk,des) .
u|7T|,pk7T,des7r’ lf |7T| >1,

T (pk,des) =

1/(1=0), if |x[=0,

is a Q-algebra isomorphism from Ak des) 10 the span of

1 } (pk,des)
— e s, :
{1 -t U ik o2 feln=1)21.
j<k<n—j-1,

a subalgebra of Q[[t+]][x, y].

(pk,des)

We note that, in the definition of Uy ik

, all products should be interpreted as ordinary

multiplication; the Hadamard product in ¢ is only used when multiplying elements in the span of

(pk,des)

the ik

. The same is true in Theorems 4.3.8, 4.3.9, and 4.3.10 presented later in this section.
Theorem 4.3.8 (Cyclic shuffie-compatibility of (cpk, cdes)).

(a) The pair (cpk, cdes) is cyclic shuffle-compatible.
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(b) Let

(pk.des)

(cpk,cdes) . (pk.des)
=ju .
n,j.k

. (pk.des) o (pk,des)
njk nj—1.k + (k= j)u

t U, 1 k-1 njk—1 T (=J—=ku
=[Jy+)(L+yt)(1+y+1+yt)

+ (k=)L +y0) +(n=j=k)(y+0)t(1+y)°]
O+ Ay A )P

(1 _ t)”"'l
Then the linear map on ﬂfcy;k’c des) defined by
(cpk,cdes) .
v|7T|,Cpk[7T],CdeS[7T]’ lf |7T| 2 1,
[77] (cpk,cdes)
1/(1_t)’ l.flﬂ'l:(),
is a Q-algebra homomorphism from ﬂg;k cdes) 1© the span of
I t(l+y) (cpk,cdes)
{:, - t)2x U{Vn,j,k Y2, 1<j<|n/2), j<k<n—j»

a subalgebra of Q[ [t*]][x, y].

(c) Foralln > 2, the nth homogeneous component of ﬂ?cy;k,c des) has dimension I_n2 / 4J.

Proof. We shall apply Theorem 4.2.7 using st = (pk,des). In doing so, we take @ pk des) to be

the composition of the map F +— 7 (pk ges) With the map from Theorem 4.3.7 (b), where r is any

permutation with pkr = pk L and des r = des L.

Let 7 be a permutation of length n > 2 with cyclic descent set S, and let j = cpk[n] and

k = cdes[x] (which only depend on S and not the specific choice of 7). Let us consider the n linear

permutations in 7], whose descent sets are given by S+ where i ranges from 1 to n. Among these

n permutations, the following hold:

» Exactly j of these permutations have cpk[x] — 1 peaks and cdes[x] descents, which are those

that have a cyclic peak in the first position.

» Exactly j of these permutations have cpk[x] — 1 peaks and cdes[x] — 1 descents, which are

those that have a cyclic peak in the last position.
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» Exactly k — j of these permutations have cpk[r] peaks and cdes[n] — 1 descents, which are

those that have a cyclic descent in the last position which is not a cyclic peak.
* The remaining n — j — k permutations have cpk[n] peaks and cdes|[x] descents.

Therefore, we have

¢(cpk cdes)( n.S ) Z ¢(pk des) (Fn S+z)

i€[n]
. k,d . k,d k,d . k,d
= ]ufj_ﬁ? J”if)j_i? L+ (k= ])u(p es) +(n—j- k)uffﬁkes)
(cpk,cdes)
T Un,jk :

Forn =0and n = 1, we have

1

¢(cpk,cdes)(F(():?(lz)C) = Tf and ¢(cpk cdes)(

o t(1+y)
1 10) =

a-n"
Clearly, ¢ cpk,cdes) (F;ysc) depends only on the (cpk, cdes)-equivalence class of cComp|[S].

To prove linear independence, let us order monomials in the variables ¢ and y lexicographically
by the exponent of ¢ followed by the exponent of y, that is, ry? > ¢¢y? if and only if either a > c,
orif a = c and b > d. Since Corollary 4.3.3 implies j > 1, it is readily verified that the least
monomial in (1 — t)”“v(cpk’Cdes) /x™ is t/ y*=J: thus

n,j,k
{ (1 - t)n+1 v(cpk,cdes)

x" m.j.k }151'5Ln/2J
j<k<n-j

is linearly independent for each n > 2, and this in turn implies that
1 t(1+y) (cpk,cdes)
{—1 = I)Qx} | Joirkesey, .,

1<j<|n/2]
Jj<k<n-—j

is linearly independent. Corollary 4.3.3 ensures that we have the correct limits on j and k, so we
can use Theorem 4.2.7 to conclude that parts (a) and (b) hold.
From Corollary 4.3.3, we know that for n > 2, the number of (cpk, cdes)-equivalence classes

of cyclic permutations of length n is

Ln/2] Ln/2]
Din=p=j+)=) (n=2j+1),
j=1 j=1
and it is straightforward to show that this is equal to |_n2 /4J. Thus, part (c) follows. O
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4.3.4 The Cyclic Shuffle Algebras of cpk and cdes

Next, we use our characterization of the cyclic shuffle algebra A’ along with Theo-

(cpk cdes)

rem 4.1.3 to characterize ﬂ y and A

which also provides an alternative proof for the cyclic
cdes’

shuffle-compatibility of cpk and cdes.

In the theorems below, we use the notation Q[x]" to denote the algebra of functions N — Q[x]
in the non-negative integer variable p. For example, the map p — (’z’)x + p>—which we write
simply as (5)x + p? for brevity—is an element of Q[x]"'. Moreover, in Theorem 4.3.9 below, ((7))

is the number of k-element multisubsets of [n].
Theorem 4.3.9 (Cyclic shuffle-compatibility of cpk).
(a) The cyclic peak number cpk is cyclic shuffle-compatible.

(b) The linear map on ﬂg}yﬂc{ defined by

[77']cpk'_>
(cpk[a] (1 +1)% +2(|x| = 2 epk[a])r) (4r)PKI7I (1 4 p)lrl-2epklnl-1

(1= p)lie A
1/(1-1), if | =

is a Q-algebra isomorphism from ﬂsyi to the span of

{ 1 tx }U{(](l+t)2+2(n—2])t)(4t)](l+t)” 2j-1 o

1_[’ EAW) _ #\n+l >2,
(1-1) (1-1) 1< 7<lns2)

b

a subalgebra of Q[[t=]][x].
(c) Foralln > 2, the nth homogeneous component of ﬂzglc( has dimension |n/2].

Proof. Let ¢: ﬂfz;k cdes) — Q[[#*]][x] be the composition of the map from Theorem 4.3.8 (b)

and the y = 1 evaluation map. Since

(cpkcdes) (.](1 +t)2+2(n_2])t)(4t)](1 +t)n 2i-1 X"
n] k y=1 (1 _ t)n+l

forall n > 1, we see that ¢ is precisely the map in part (b) of this theorem. Note that v(Cpk edes) ly=1

depends only on 7 and j, so the v(Cp k.edes)| | correspond to cpk-equivalence classes. Furthermore,
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it is straightforward to verify that the vflC?l;’Cdes)l y=1 are linearly independent, so we may apply

Theorem 4.1.3 to complete the proof. O
Theorem 4.3.10 (Cyclic shuffle-compatibility of cdes).

(a) The cyclic descent number cdes is cyclic shuffle-compatible.

(b) The linear map on ?(C des defined by
Cdes[ﬂ]thes[”] + (|n| - C?es[ﬂ])thes[”]+1x|ﬂ|’ if 1l > 1.
[ﬂ']cdes = (1 - t)|ﬂ|+
1/(1-1), if |n| =0

. . . cye
is a Q-algebra isomorphism from A

1 tx LJ ktk + (n — k)tktt
PR X 5
1—1"(1-1)2 (1 —r)n+l n>2,
<n

a subalgebra of Q[ [t=]][x].

to the span of

(c) The linear map on ﬂzgzs defined by

(p + || — cdes[n] —
[7]cdes = | =1
L, if |n| =

1
)le’rl, if |z = 1,

is a Q-algebra isomorphism from A . de to the span of

p+n—k-1}
{1 px}U{( n—1 )px }n>2 ~ ’
a subalgebra of Q[x]".

(d) Forall n > 2, the nth homogeneous component of ﬂczes has dimension n — 1.

Proof. The proofs for parts (a), (b), and (d) follow in the same way as in for Theorem 4.3.9, except

that we evaluate at y = 0 as opposed to y = 1. Part (c) follows from part (b) and the identity

kik+ (n-k)if! S (p+n-k-1
(n-k) :Z p+n s
(1—=r)ym! n-1

p=0
which was established in [AGRR21, Lemma 5.8]. O
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4.4 Cyclic Permutation Statistics Induced by Linear Permutation Statistics

Recall that the cyclic permutation statistics cDes and cPk are defined by

cDes[n] = {{cDesw: 7€ [n]}} and cPk[n] :={{cPkx:7 € [n]}}.

In other words, cDes|[n] is simply the distribution of the linear permutation statistic cDes over all
linear permutations in [7], and similarly with cPk[x]. In fact, any linear permutation statistic st
induces a multiset-valued cyclic permutation statistic (which we also denote st by a slight abuse of
notation) if we let

st[x] == {{stzw: 7€ [n]}}.

In this section, we study these multiset-valued cyclic statistics induced from various linear permu-

tation statistics.

4.4.1 The Cyclic Statistics Des, des, Pk, and pk
To begin, we note that the cyclic statistics induced from the linear statistics Des, des, Pk, and

pk are equivalent to cDes, cdes, cPk, and cpk, respectively.
Lemma 4.4.1. The cyclic permutation statistics Des and cDes are equivalent.

Proof. Let 1 € S,,. For any & € [x], we have Des7 = cDesw\{n} if n € cDes7 and Des 7 =
cDes 7 otherwise. Therefore, we can obtain Des[7] from cDes[x] by removing every n from the
cyclic descent sets in cDes[ ], and we can obtain cDes[ 7] from Des|[x] by adding n to each descent

set in Des[x] with one fewer element than the others. O
Lemma 4.4.2. The cyclic permutation statistics des and cdes are equivalent.

Proof. Letn € S,,. Forany 7 € [n], we have des 7 = cdes|[n]—1ifn € cDes 7 and des 7 = cdes| 7]
otherwise. The unique permutation in [7] beginning with its largest letter does not have n as a
cyclic descent, so we can determine cdes|[x] from the multiset des[x] by taking the largest value

in des|[n].
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Conversely, among the n rotations of m, there are exactly cdes[n] permutations with a cyclic
descent in the last position; this implies that des[ 7] is the multiset with cdes[ 7] copies of cdes[x] —1

and n — cdes| ] copies of cdes[n], so we can determine des|[nx] from cdes[x] as well. O
Lemma 4.4.3. The cyclic permutation statistics Pk and cPk are equivalent.

Proof. Letnm € S,. Forany 7 € [x], we have Pk 7 = cPk7\{1} if 1 € cPk &, Pk 7 = cPk7\{n} if
n € cPk 7, and Pk © = cPk 7 otherwise. (Note that cPk 7 cannot simultaneously contain 1 and n.)
Hence, we can obtain Pk[x] from cPk[r] by removing every 1 and n from the cyclic peak sets in
cPk|[x].

Conversely, suppose that we are given Pk[x] and wish to recover cPk[x]. Leti € [n] be
arbitrary. Notice that, among all n representatives of [x], the index of x; spans the entire range
{1,2,...,n}. Ifiis a cyclic peak of 7 in particular, this means that the index of 7; will be a peak of
all n representatives of [7r] except for the linear permutation beginning with 7; and the one ending
with 77;; hence, if one adds up pk 7 over all 7 € [x], then each of these 7; will contribute n — 2 to the
summation. It follows that the sum of the sizes of all peak sets in Pk[n] is equal to (n — 2) cpk|[n];
in other words, we can determine cpk[x] from Pk[x]. It remains to show that we can recover

cPk[n] from cpk[x] and Pk[x]. To do so, we divide into two cases:

* Case I: Suppose that there exists a peak set Pk 7 in Pk[x] with cpk[n] elements. Then
Pk 7 = cPk T, and we can recover the entire multiset cPk[x] by taking all n cyclic shifts of

Pk .

* Case 2: Suppose instead that all peak sets in Pk[x] have cpk[x] — 1 elements. Then,
every linear permutation in [xr] has either 1 or n as a cyclic peak. In general, among the n
representatives of [r], there are exactly 2 cpk[ ] of them with a cyclic peak at one end. This
means that 2 cpk[7] = n, and since cyclic peak sets cannot contain two consecutive indices,
it follows that every cyclic peak set in cPk[x] is of the form {1,3,...,n—1} or {2,4,...,n}.

More precisely, we must have

cPKk[r] = {{{L.3,...,n—1}"* {2,4,... ,n}"/*}}.
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Since cPk[n] can be recovered from Pk[x] in both cases, we are done. O
Lemma 4.4.4. The cyclic permutation statistics pk and cpk are equivalent.

Proof. Let m € S,. As shown in the proof of Lemma 4.4.3, the sum of the sizes of all peak sets
in Pk[n] is equal to (n — 2) cpk[n], but this is the same as the sum of all elements of the multiset
pk[z]. Thus, cpk[x] can be determined from pk[x].

For the converse, we use the observation (also used in the proof of Lemma 4.4.3) that among the
n representatives of a cyclic permutation [r], there are exactly 2 cpk[n] of them with a cyclic peak
at one end. This implies that the multiset pk[7] has 2 cpk[x] copies of cpk[n] — 1 and n — 2 cpk[x]

copies of cpk[x]. Hence, cpk[x] completely determines pk|[x]. O

Since cDes, cdes, cPk, and cpk are cyclic shuffle-compatible, it follows from these equivalences

and Theorem 4.1.4 that the cyclic statistics Des, des, Pk, and pk are as well.

Theorem 4.4.5 (Cyclic shuffle-compatibility of Des, des, Pk, and pk). The cyclic statistics Des,

des, Pk, and pk are cyclic shuffle-compatible, and we have the Q-algebra isomorphisms

CYC o gCYC CYC o 7Oy CYC o 7Oy CYC o 7CYC
‘ﬂDes - ﬂcDes’ ﬂdes - ﬂcdes’ ﬂPk - ﬂcPk’ and ﬂpk - ﬂcpk'

4.4.2 Symmetries Revisited

Let f be a length-preserving involution on permutations that is both shuffle-compatibility-
preserving and rotation-preserving. In Section 4.1.3, we proved that if the cyclic permutation
statistics cst; and csty are f-equivalent and if cst; is cyclic shuffle-compatible, then cst; is also
cyclic shuffle-compatible with cyclic shuffle algebra isomorphic to that of cst;. We now show that
f-equivalence of two linear permutation statistics induces f-equivalence of their induced cyclic

statistics.

Lemma 4.4.6. Let f be rotation-preserving. If sty and sty are f-equivalent linear permutation

statistics, then their induced cyclic permutation statistics sty and sty are f-equivalent.
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Proof. Since st; and sty are f-equivalent linear permutation statistics, we have st; nf =st ot if
and only if sty 7 = st; . Suppose that sty[7] = sto[o"]. Then, there is a bijective correspondence
g: [r] — [o] satisfying sty © = sty g(77) for all @ € [x], so st; 7/ = st; g(7)/ for all 7@ € [x].
Because f is rotation-preserving, the permutations 7/ and g(77)/ over all 7 € [n] are precisely the
rotations of 7/ and o/, respectively. Thus, we have st; [7/] = st;[c/]. The converse follows from
similar reasoning, so we have st;[7/] = st;[o/] if and only if st;[7] = st[o-]—in other words,

the cyclic permutation statistics st; and st are f-equivalent. m|

Theorem 4.4.7. Let f be shuffle-compatibility-preserving and rotation-preserving, and let st

and sty be f-equivalent linear permutation statistics. If the induced cyclic statistic sty is cyclic

cye

shuffle-compatible, then the induced cyclic statistic st is also cyclic shuffle-compatible and Ag

cyc

is isomorphic to A .

Proof. This is an immediate consequence of Theorem 4.1.11 and Lemma 4.4.6. O

Corollary 4.4.8. Suppose that the linear permutation statistics st; and sty are r-equivalent, c-
equivalent, or rc-equivalent. If the induced cyclic statistic st is cyclic shuffle-compatible, then the

induced cyclic statistic sty is also cyclic shuffle-compatible and its cyclic shuffle algebra &z(;}; ©is

cyc

isomorphic to Ag .

Given € S, recall that the valley set Val statistic is defined by
Valr ={i€ [n]:m_-1 > < 7wt }s
and let us also define the cyclic valley set cVal by
cValr := {i € [n] : m;_1 > n; < m;41 where i is considered modulo n }.

As a sample application of Corollary 4.4.8, observe that Val is c-equivalent to Pk (as linear
permutation statistics) and similarly with cVal and cPk. Combining this with Lemma 4.4.3, we

immediately obtain the following.
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Theorem 4.4.9 (Cyclic shuffle-compatibility of Val and cVal). The cyclic statistics Val and cVal

are cyclic shuffle-compatible, and we have the Q-algebra isomorphisms

cye o cye o cye o cyc
ﬂVa] - ﬂPk - ‘Sz{cPk - ﬂcVal'

4.4.3 Cyclic Major Index

A natural question to ask is whether there is a nice cyclic analogue of the major index. This
question was raised in [AGRR21]. One first needs to explain what one means by “nice."

If re S, and o € S, then

m+n
|7r|_|_|<7|:( )
m

From Stanley’s theory of P-partitions [Sta72], one gets the g-analogue

- - |m+n
majT _  majr+maj o
Z q q m (4.4.1)
Ternllo
where [mr:”] is a g-binomial coefficient. Note that (4.4.1) implies that maj is shuffle-compatible.

It can be shown that

] W o] = <m+n—1>(’”+”‘2),

m—1
so one could ask that the cyclic major index give a g-analogue of this identity, similar to (4.4.1), or
at least for the cyclic major index to be cyclic shuffle-compatible.

Stanley also refined Equation (4.4.1) as follows. Let
nulyo={rtenwo: :dest=k}.

If desm =i and deso = j, then

n—i+j

; 442
k—i (+42)

: : : A |m—J+i
Z qmaJT _ qmajn+maja+(k i) (k j)[ e

TeEn o

in particular, this implies that (des, maj) is shuffle-compatible, and so we would like a cmaj statistic
for which cmaj and (cdes, cmaj) are both cyclic shuffle-compatible.

In [AGRR21], Adin et al. computed the cardinality of
[7] Wi [o] = {[7] € [x] W [o] : cdes[7] = k }
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which inspired Ji and Zhang [JZ22] to define a cmaj statistic which gives a g-analogue of this
count. They proved a generating function formula analogous to (4.4.2), but unfortunately, the
formula does not simplify into single product, and one could hope for a different cyclic major index
whose generating function would do so. Furthermore, their formula does not actually show that
their (cdes, cmaj) is cyclic shuffle-compatible; in fact, neither of their cmaj and (cdes, cmaj) are
cyclic shuffle-compatible.

Each of the cyclic statistics cDes, cdes, cPk, and cpk is (or is equivalent to) a multiset-valued
cyclic statistic induced by a corresponding linear permutation statistic, so a natural alternative
definition for a cyclic major index would be to define cmaj first on linear permutations and then
consider the multiset-valued statistic induced by the linear cmaj. To that end, given a linear

permutation 7, let

cmaj = Z k.

kecDes

Unfortunately, the induced statistics cmaj and (cdes,cmaj) are not cyclic shuffle-compatible.
As a counterexample, take 7 = 14769108253, o0 = 13547691082, and p = 11. Then
cdes[n] = cdes[o] = 5 and cmaj[x] = cmaj[o] = {{20,25% 30% 35}}, but cmaj([7] W [p]) #
cmaj([o] w [p]). For instance, the multiset {{22, 26,27, 28,29, 30, 31, 32,33, 34,35}} is an ele-
ment of cmaj([7] W [p]) but not cmaj([o] W [p]).

Another option is to consider the cyclic statistic induced by the usual major index maj, as
opposed to cmaj. Even if cmaj and (cdes, cmaj) are not cyclic shuffle-compatible, it’s conceivable
that maj and (des, maj) are. It turns out that maj is equivalent to cmaj and similarly with (des, maj)

and (cdes, cmaj), so by Theorem 4.1.4, neither maj nor (des, maj) are cyclic shuffle-compatible.
Lemma 4.4.10. The cyclic permutation statistics (des, maj) and (cdes, cmaj) are equivalent.

Proof. Fix acyclic permutation [] = {m = (0, 7 ..., (W} of length n where, for eachi € [n],

71 is obtained from () by rotating its last element to the front of the permutation and i is taken
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modulo n. We claim that, for all i € [n],

_ cmaj ') + cdes[n] —n, ifn e cDesa®,
cmaj 7D = (4.4.3)

cmaj 79 + cdes[n], if n ¢ cDes 7.

To prove (4.4.3), first assume that n € cDes 7(), and let k = cdes[r]. Then
cDes ) = {ji1<jp<---<jrx=n}

whereas

(i+1) _

cDes {1<ji+l<p+l<---<jrg+1}

So

cmaj 7 — cmaj 7Y = n — k,

which is equivalent to the first case of (4.4.3). The second case is proven using a similar computation.

Observe that Equation (4.4.3) is equivalent to
cmaj 7Y = maj 7 + cdes[x], (4.4.4)

which allows us to determine cmaj[x] from maj|[n] and cdes[x]. Moreover, cdes[n] can be
determined from des[7] by Lemma4.4.2, so (cdes, cmaj) [ 7] can be determined from (des, maj) [x].

Conversely, we can use (4.4.4) to determine maj[ 7] from cmaj[x] and cdes[n], and des[n] can
be determined from cdes[x] by Lemma 4.4.2; altogether, this means that we can also determine

(des, maj) [] from (cdes, cmaj)[r]. O
Lemma 4.4.11. The cyclic permutation statistics maj and cmaj are equivalent.

Proof. Let 1 € S,. We first claim that cdes[n] can be determined either from maj[x] or from
cmaj[x]. Fix i € cDesx. Among all n representatives of [r], the index of 7; spans the entire
range {1,2,...,n}. Hence, if one adds up majw over all # € [x], then m; will contribute

1424+ +(n—-1) = (g) to the summation. Similarly, in taking the sum of all cmaj 7, each 7; will

n+l

contribute 1 +2+---+n = ("}

). Thus, the sum of all elements of the multiset maj[n] is equal
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to (5) cdes[x] and the sum of all elements of cmaj[7] is equal to (”;1) cdes[n], and it follows that

cdes[n] can be determined from maj[x] or cmaj[x].

Now we are ready to prove the equivalence between maj and cmaj. For one direction, maj|[ ]
completely determines cdes[n] and hence determines des[x] by Lemma 4.4.2. Furthermore,
maj[x] and des[r] together determine (cdes,cmaj)[7] by Lemma 4.4.10, so cmaj[x] can be
determined from maj[r]. One can similarly prove the other direction using the above claim and

Lemma 4.4.10. O

Definition 4.4.12 (Comajor index). The comajor index comaj, defined by

comaj = Z (n—k)

keDes

for r € S,, is a classical variation of the major index statistic.

Because the linear permutation statistics maj and comaj are rc-equivalent and the induced cyclic
statistic maj is not cyclic shuffle-compatible, it follows from Corollary 4.4.8 that the induced cyclic

statistic comaj is not cyclic shuffle-compatible either.

Definition 4.4.13 (Cyclic comajor index). Define the cyclic comajor index ccomaj by

ccomaj 7 = Z (n—k)

kecDes

form e G,.

It follows similarly that the induced cyclic statistics ccomaj, (des, comaj), and (cdes, ccomaj) are
not cyclic shuffle-compatible either.
Perhaps surprisingly, adding just a little bit of structure to our cmaj statistic gives a statistic

which is equivalent to cDes. As in the proof of Lemma 4.4.10, given 7 € S,,, let us write
(7] = {m =2, 2®, . 2"}

where 7(*1 is obtained from 7 by rotating its last element to the front of the permutation and i

is taken modulo 7.
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Definition 4.4.14 (Ordered cyclic major index). Define the ordered cyclic major index of [r] to be
the cyclic word

2)

ocmaj[r] := [cmaj ﬂ(l),cmaj nt ,...,CMAJ n(")],

i.e., the equivalence class of the sequence (cmaj 7!, cmaj 7, . .., cmaj 7)) under cyclic shift.

Theorem 4.4.15. The cyclic permutation statistics cDes and ocmaj are equivalent.

Proof. Let us assume throughout this proof that n > 2, as the cases n = 0 and n = 1 are trivial.
To see that cDes is a refinement of ocmaj, suppose cDes[n] = cDes[o ] where 7 and o have the
same length n. So, we can write [o] = {c(V,0®, ..., 0™} where cDes ') = cDes o¥) for all
i € [n]. It follows that

cmaj ") = Z k= Z k = cmajo?)

kecDes (i) kecDes o (1)
for all i, so ocmaj[x] = ocmaj[o].
For the converse, it is sufficient to show that the cyclic descent composition cComp|[n] can be

reconstructed from ocmaj[x]. First, recall Equation (4.4.3):

cmaj x4 cdes[n] —n, ifn € cDes x®,

cmaj 7 =

cmaj 7' + cdes[n], ifn ¢ cDes ).
Since n > 2, we have 1 < cdes[n] < n — 1, and together with the above equation, we have that
n € cDes 7)) if and only if cmaj 7 > cmaj 7(*!. A similar argument shows that we can never
have cmaj 7 = cmaj 7(+D).
Now, suppose we are given ocmaj[x] = [m1, ma, ..., m,] where m; = cmaj 7. Let s and  be

two consecutive cyclic descents of ocmaj[r], i.e.,
Mg > Moy < Mgyp < - < My > Myy

where subscripts are considered modulo » as usual. From the previous paragraph, it follows that
n is in both cDes 7*) and cDes 7", and that the penultimate descent in cDes 79 becomes the

descent n € cDes 7"} with n never being a descent for any of the intermediate cyclic descent sets.
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So t — s (modulo n) is a part of the cyclic composition cComp|[r]. Therefore, all the parts of
cComp|r] can be determined, and their order will be the same as that induced by the consecutive
cyclic descents in ocmaj[r]. Thus we have reconstructed cComp|[n] from ocmaj[r], completing

the proof. O

Corollary 4.4.16 (Cyclic shuffle-compatibility of ocmaj). The ordered cyclic major index ocmaj is

cyc
ocmaj

cyc

is isomorphic to A ;..

cyclic shuffle-compatible, and its cyclic shuffle algebra ‘A

Of course, one could wonder if the unordered multiset of cmaj values is also equivalent to cDes
for cyclic permutations, but this is not the case. Indeed, if the cyclic permutation statistics cmaj
and cDes were equivalent, then the cyclic shuffle-compatibility of cDes would imply that cmaj is

cyclic shuffle-compatible as well, which we know to be false.

4.4.4 Other Descent Statistics
To conclude this section, let us consider the cyclic permutation statistics induced by the following

linear descent statistics:

The valley number val, which we defined earlier to be the number of valleys of a permutation.

* The double descent set Ddes and the double descent number ddes. Wecalli € {2,3,...,n—1}
a double descent of m € S, if m;_1 > n; > n;41. Then Ddes 7 is the set of double descents of

nr, and ddes 7 the number of double descents of .

* The left peak set Lpk and the left peak number Ipk. We call i € [n — 1] a left peak of 1 € S,
if i isapeak of m, orifi = 1 and 7y > mp. Then Lpk r is the set of left peaks of &, and lpk 7

the number of left peaks of x.

* The right peak set Rpk and the right peak number rpk. We calli € {2,3,...,n} aright peak
of m € S, if i is a peak of &, or if i = n and n,_; < m,. Then Rpk r is the set of right peaks

of m, and rpk 7 the number of right peaks of 7.
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* The exterior peak set Epk and the exterior peak number epk. We call i € [n] an exterior
peak of m € S, if i is a left peak or right peak of 7. Then Epk x is the set of exterior peaks

of m, and epk 7 the number of exterior peaks of .

* The number of biruns bru and the number of up-down runs udr. Recall that s birun of r is a
maximal consecutive monotone subsequence of 7; an up-down run of r is a birun of x, or
the first letter 7y of m if ®; > m. Then bruns and udr 7 are the number of biruns and the

number of up-down runs, respectively, of 7.

For example, take 7 = 713942658. Then we have valr = 3, Ddes7 = {5}, ddes7 = 1, Lpkn =
{1,4,7}, Ipkn = 3, Rpkn = {4,7,9}, rpkn = 3, Epkn = {1,4,7,9}, epkn = 4, brunm = 6, and
udrm =7.

Aside from Ddes, ddes, and bru, all of the above statistics (as linear permutation statistics)
are shuffle-compatible. Also, because these are all descent statistics, each of the induced cyclic
statistics are cyclic descent statistics. Indeed, if we are given cDes[x] and the length of 7, then we
can determine Des[x] by Lemma 4.4.1, and we can then use the descent sets in Des[x] to obtain
the multiset st[s] for any descent statistic st.

Let us begin by examining the double descent statistics Ddes and ddes. Since neither Ddes
nor ddes are shuffle-compatible as linear permutation statistics, it is perhaps unsurprising that their
induced cyclic statistics are not cyclic shuffle-compatible. As a counterexample, let 7 = 1234,
o = 1324, and p = 5. Then both Ddes[n] = Ddes[o] and ddes[n] = ddes[c], but we have
Ddes([n] w [p]) # Ddes([o] w [p]) and ddes([x] W [p]) # ddes([o] wi [p]). For instance,
{{0°}} appears three times in Ddes([7] L [p]) but only twice in Ddes([o"] LU [p]), and accordingly
{{0°}} appears three times in ddes([7] LU [p]) but only twice in ddes([o] LU [p]).

While the linear statistic bru is not shuffle-compatible, in Theorem 3.2.6 we defined the cyclic
statistic cbru which gives the number of cyclic biruns—maximal consecutive monotone cyclic

subsequences—is cyclic shuffle-compatible as it is precisely twice the number of cyclic peaks.

Theorem 4.4.17 (Cyclic shuffle-compatibility of cbru and (cbru, cdes)). The cyclic statistics cbru
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and (cbru, cdes) are cyclic shuffle-compatible, and we have the Q-algebra isomorphisms

cye o gCye cyc ~ gy
ﬂcbru - ﬂcpk and ﬂ(cbru,cdes) - ﬂ(cpk,cdes)'

Because des and cdes are equivalent as cyclic permutation statistics and similarly with pk and
cpk, one might expect the cyclic statistics bru and cbru to be equivalent as well, but this is not the
case because bru is not actually cyclic shuffle-compatible. For instance, consider 7 = 25673489,
o = 24567389, and p = 1. Then bru[z] = bru[c], but the multiset {{5%, 6%, 7}} appears four times
in bru([z] W [p]) but only twice in bru([c] L [p]). One can also use the same permutations 7,
o, and p to show that (bru, des) is not cyclic shuffle-compatible.

Even though the linear statistics Lpk and Epk are shuffle-compatible, their induced cyclic

statistics are not cyclic shuffle-compatible. As a counterexample, take

7=116371412102968, o =13,
n'=1372953104812611, and o’ =1.
Then we have Lpk[n] = Lpk[n’], Lpk|[o] = Lpk[o”], Epk[n] = Epk[n’], and Epk[o] = Epk[o”],
yet Lpk([n] w [o]) # Lpk([#’] W [¢”']) and Epk([x] wi [o7]) # Epk([x’] W [0”]) as the multiset
{{{1,5,8,11},{2,6,9,12},{3,7,10},{1,4,8,11},{2,5,9, 12}, {1, 3,6, 10},
{1,4,7,11},{2,5,8,12}, {3,6,9},{1,4,7,10}, {2,5,8, 11}, {1,3,6,9, 12}, {1,4,7, 10} }}
belongs to Lpk([z] L [o7]) but not Lpk([7’] i [o”]), and the multiset
{{{1,4,7,10}, {1,4,8,11},{2,5,8,11},{2,5,8,12},{2,5,9, 12},
{2,6,9,12},{3,6,9,13},{3,7,10,13},{1,3,6,9, 12},
{1,3,6,10,13},{1,4,7,10,13}, {1,4,7,11,13},{1,5,8, 11, 13} }}
belongs to Epk([z] W [o7]) but not Epk([7’] w [o”]).
The left peak number Ipk, number of up-down runs udr, and the pairs (Ipk, des) and (udr, des)

are also shuffle-compatible linear statistics whose induced cyclic statistics are not cyclic shuffle-

compatible. For example, take 7 = 87516439, o = 53187649, and p = 2. Then (Ipk, des)[x] =
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(Ipk, des)[o] and (udr, des) [n] = (udr, des)[o] (and thus lpk[n] = Ipk[o ] and udr[7] = udr[o]).

However:
* {{(3,5)%(3,6)"}} is in (Ipk, des) ([x] W [p]) but not (Ipk, des) ([o"] W [p]),
« {{(6,5)3,(6,6)3,(7,5)3}} is in (udr, des)([x] LW [p]) but not (udr, des)([c] L [p]),

* {{3%}}is in Ipk([] W [p]) but not Ipk([o7] LW [p]),
o and {{6%,7°}} is in udr([7] W [p]) but not udr([c] Wi [p]).

Observe that Rpk is r-equivalent to Lpk and rpk is r-equivalent to Ipk. Hence, by Corollary 4.4.8,
neither Rpk nor rpk are cyclic shuffle-compatible. One can also define “left”, “right”, and “exterior”
versions of the valley set and valley number; by similar symmetry arguments, none of these are
cyclic shuffle-compatible either.

In contrast, the exterior peak number epk and the pair (epk, des) are cyclic shuffle-compatible
because they are equivalent to cpk and (cpk, cdes), respectively. To prove these equivalences, we
will also need to consider the cyclic valley number statistic cval: we say that i € [n] is a cyclic
valleyof m € S, if m;_y > n; < m;31 with the indices considered modulo 7, and cval[x] is defined to
be the number of cyclic valleys of any permutation in [r]. Equivalently, cval[x] is the cardinality

of the cyclic valley set cVal[r] defined in Section 4.4.2.
Lemma 4.4.18. The cyclic permutation statistics val and cval are equivalent.

Proof. We have val[r]| = pk[n€] for all 7—that is, val and pk are c-equivalent—and similarly with

cval and cpk. By Lemma 4.4.4, pk and cpk are equivalent, so the same is true of val and cval. O
Lemma 4.4.19. For any cyclic permutation ], we have cval|x] = cpk[nr].

Proof. Each cyclic birun starts with a cyclic peak and ends with a cyclic valley or vice-versa. So

2 cpk[nm] = cbru[x] = 2cval[n]. O

Lemma 4.4.20. The cyclic permutation statistics epk and cpk are equivalent.
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Proof. For any linear permutation &, we have epk 7 = val 7 + 1 [GZ18, Lemma 2.1 (e)], so epk and
val are equivalent as linear permutation statistics and thus as cyclic permutation statistics. (We can
obtain val[x] from epk[n] by subtracting 1 from each element in the multiset, and epk[nx] from
val[r] by adding 1 to each element.) Moreover, val is equivalent to cval (Lemma 4.4.18) which is

in turn equivalent to cpk (Lemma 4.4.19); hence, epk is equivalent to cpk. O

Theorem 4.4.21 (Cyclic shuffie-compatibility of val, cval, epk, (val,des), (cval,cdes), and
(epk,des)). The cyclic statistics val, cval, epk, (val,des), (cval,cdes), and (epk, des) are cyclic

shuffle-compatible, and we have the Q-algebra isomorphisms

CYC o gYC ~ 7gCYC ~ ZCYC cyc ~ qCyc ~ qCyC¢ ~ qCyc
ﬂval - ﬂcval - ﬂepk - ﬂcpk and ﬂ(val,des) - ﬂ(cval,cdes) - ﬂ(epk,des) - ﬂ(cpk,cdes)'

Proof. The cyclic shuffle-compatibility of val, cval, and epk, and the corresponding isomorphismes,
follow from the cyclic shuffle-compatibility of cpk and the equivalences between these four statistics.
Furthermore, (val,des) is equivalent to (cpk,cdes) because val is equivalent to cpk and des
is equivalent to cdes, and similarly (cval,cdes) and (epk, des) are equivalent to (cpk, cdes) as
well. Because (cpk, cdes) is cyclic shuffle-compatible, the results for (val, des), (cval, cdes), and

(epk, des) follow. O

Finally, we provide counterexamples showing that neither (Pk, Val) nor (pk, val) are cyclic
shuffle-compatible. Let 7 = 214, o = 536, i’ = 123, and ¢’ = 546. Then (Pk, Val)[n] =
(Pk, Val)[n’] and (Pk, Val)[o] = (Pk, Val)[o”], which imply (pk, val)[x] = (pk, val)[n’] and

(pk, val)[o] = (pk, val)[o”] as well. However,

{{(0,0), (0,{5}), ({2}, 0), ({3}, {2}), ({4}, {3}), ({5}, {4}) }}

is an element of (Pk, Val)([x] LU [o7]) but not (Pk, Val)([#’] i [o’]), and

{{(0,0),(0,1),(1,0), (1,1)° }}

is an element of (pk, val)([7] i [o]) but not (pk, val)([7’] w [o”]).
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CHAPTER 5

-

ENRICHED TORIC [D]-PARTITIONS
In section 5.1 we introduce enriched 5—partitions in terms of directed acyclic graphs (DAGs), and
review the weight enumerators of enriched 13—partitions from Stembridge. Section 5.2 will focus
on defining enriched toric [5]—partitions and developing some of their properties. In particular,
the weight enumerators corresponding to different cyclic peak sets generate a subring of cQSym
and we call it the algebra of cyclic peaks. We also compute the order polynomial of enriched toric
[5]—partitions. In section 5.3, we further discuss the implication on cyclic shuffle-compatibility

from the order polynomial in previous section. In this chapter, we will use < with no subscript to

denote the ordinary total order on Z, the set of integers.

5.1 Enriched Partitions on Posets

In [Ste97], Stembridge defined enriched P-partitions for a poset P. In contrast to having P with
the ordinary order < as the range for ordinary P-partitions, enriched P-partitions are obtained by
imposing another total order on the range, P’, which is the set of nonzero integers with an unusual
order. We review the basic theory from Stembridge and naturally extend enriched P-partitions to

enriched 5—partitions where D is a directed acyclic graph which is not necessarily transitive.

5.1.1 DAGs and Posets
A directed acyclic graph (DAG) is a digraph with no directed cycles. Suppose D is a DAG with
vertex set [n]. A DAG D is transitive if i — jand j — k impliesi — k for i, j, k € [n]. If Pisa

= on the vertex set [n], defined so that for

transitive DAG, it will naturally induce a partial order <j

two vertices i and j, one has i <z j if and only if i — j in P; in that case, we also use P to denote
this poset.

In general, we can associate a partial order with any DAG D. For this purpose, define the
transitive closure P of D as the directed graph obtained from D by adding in i — k if one has
bothi — jand j — k in D. Such P is unique. Moreover, it is straightforward to verify that the

transitive closure P is both acyclic and transitive. This implies that Pis actually a transitive DAG,
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hence has a partial order structure. We will maintain the use — for the relation between vertices in

a general DAG D, while using the partial order <z on a poset P.

Definition 5.1.1 (Total linear order). A poset P is a total linear order if it is a complete DAG, i.e.,

there is a directed edge between every pair of vertices in P.

There is a bijection between the set of total linear orders P on the vertex set [#] and S,,. For a
total linear order P on [n], there exists a unique directed path 71y — 71, — -+ — 71, in P, hence
P can be identified with the permutation 7 = mymy ..., € S,. Conversely, given a permutation
T =mnay... 7, € S,, we can construct a DAG P by putting arrows 1; — nrj forall 1 <i < j<n
on the vertex set [n], and it is easy to check that the resulting DAG Pis actually a total linear order.
In this case, we usually use a permutation 7 to denote the corresponding total linear order P.

For two DAGs 51 and 52 on the same vertex set [n], we say 52 extends D 1 if D 1 is a
subgraph of 52, written as 51 C 52. If, furthermore, 52 is a total linear order corresponding to
the permutation m € S,,, we also say that n linearly extends D;. Denote by L(ﬁ) the set of all

permutations € S, which linearly extend D.

Example 5.1.2. Here are several DAGs on the vertex set [4] = {1, 2, 3,4}.

W

] <—3 ] —3 1

4 2 4 2
D, = 2431 D, = 2413 D;

Note that 131 is the total linear order with permutation 2431, 132 is the total linear order for 2413.
Both 131 and 52 extend 53, hence 2431 and 2413 linearly extend 53. Moreover, 51 and 52 are

the only total linear orders which extend Ds, therefore £(53) = {2431,2413}.

62



5.1.2 Enriched ﬁ-partition

Now we are in a good position to define enriched 5—partitions for a DAG D. Stembridge originally
defined the enriched P-partitions when P is a poset. This definition can be easily extended to the
cases when D is simply a DAG, as the definition does not rely on the transitivity of P.

Stembridge defines P’ to be the set of nonzero integers, totally ordered as
-1<1<-2<2<-3<3<---.

Definition 5.1.3 (Enriched 5—partition). Let D be a DAG on [n]. An enriched ﬁ—partition is a

function f : [n] — P’ such that foralli — j in D,
@ f@) = f(),
(b) f(i) = f(j) > Oimpliesi < j,
(¢) f(i)=f(j) <Oimpliesi > j.
Denote by 8(5) the set of all enriched B—partitions f-

Remark 5.1.4.

1. In this definition we are using two order structures on the domain [r]: the order — induced
by DAG D and the ordinary total order < on integers in (b) and (c). Both of them will
impose restrictions on the possible choices for f. As for the range P, we also use two order
structures: the total order < defined by Stembridge in (a) and the usual order < on the integers

in (b) and (¢).

2. If D = nis a total linear order, the structure of the set of enriched m-partitions is quite simple:
Em={f:In] =P flm)=---= flm),
f(mi) = f(7iv1) > 0= i ¢ Des(r), 5.1.1)
f(m) = f(7is1) <0 =i € Des(n) }.
The following fundamental lemma is a straightforward analogue of Stembridge [Ste97, Lemma

2.1].
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Lemma 5.1.5 (Fundamental lemma of enriched 5—partitions). For any DAG D with vertex set [n],

one has a decomposition of 8(13) as the following disjoint union:

&(D) = |_| E(n).

neL(D)

Proof. Given an enriched 5—partition f. First we arrange the elements of [n] in a weakly increasing
order of f-values with respect to the total order < on the range. Then if some elements in [n]
have the same f-value —k (respectively, +k) for some positive integer k, we arrange them in a
decreasing (respectively, increasing) order with respect to the usual order < on the domain. The
resulting permutation 7 is unique with f € &(x), and « linearly extends D. On the other hand, for
e £(5), every enriched m-partition is also an enriched 5—partiti0n. Therefore the conclusion

follows. o

Example 5.1.6. Returning to Example 5.1.2, L(ﬁ3) = {2431,2413}, hence by Lemma 5.1.5,
E(D3) = £(2431) W E(2413).

5.1.3 Weight Enumerators
Suppose D is a DAG on [n]. Define the weight enumerator for enriched ﬁ—partitions to be the

formal power series

Ap = Z HX|f<i>|»

f'€8(5) i€[n]

where 8(5) is the set of enriched 13-partitions. By the Fundamental Lemma 5.1.5, one has

pp= > A (5.1.2)

neL(D)
Itis clear from equation (5.1.1) that A is a homogeneous quasisymmetric function. More generally,

A=

5 1s a homogeneous quasisymmetric function in QSym.

It also follows from equation (5.1.1) that the weight enumerator A, depends only on the descent
set Des . A less obvious but important observation, that A, depends only on the peak set Pk r,

will follow directly from the following proposition, proved by Stembridge in [Ste97].
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Proposition 5.1.7 ([Ste97, Proposition 2.2]). As a quasisymmetric function, A, has the following

expansion in terms of monomial quasisymmetric functions:

A= > 2EMM, (5.1.3)
EC[n-1]:
Pk CEU(E+1)
where the set E + 1 is defined by (2.1.1). |

As a counterpart, the weight enumerator A, also has an expansion in terms of another basis:

the fundamental quasisymmetric functions.

Proposition 5.1.8 ([Ste97, Proposition 3.5]). As a quasi-symmetric function, A, has the following
expansion in terms of fundamental quasisymmetric functions:
A, = opkm+l Z Fup.
Dc[n-1]: PkrcDA(D+1)

Here A denotes symmetric difference, that is, DAE = (D UE) \ (D NE).
Definition 5.1.9 (Peak set). A subset S C [n] is a peak set in [n] if Pkt = S for some 7 € S,,.

For any peak set S in [n], from the above proposition we can define an associated quasisymmetric
function by

Kn,S = An,

where 7 is any permutation with peak set S. It follows that A, = K, px, and one can rewrite

equation (5.1.2) as

Af): Z Kn,Pkn-
neL(D)

Let I1,, denote the space of quasisymmetric functions spanned by K,, s, taken over all peak sets
in [n], and set IT = &,>0I1,. In [Ste97] Stembridge referred to Il as the algebra of peaks, and

proved that II is a graded subring of QSym.
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5.1.4 Order Polynomial

Given a DAG D, we can define the order polynomial of enriched ﬁ—partitions, Q(ﬁ, m), by
Q(D,m) = Az (1™),

where A5 (1™) means that we set x| = - -+ = x,,, = 1, and x4 = 0 for k > m. In fact, 9(5, m) counts
the number of enriched 5-partitions with absolute value at most m.

Stembridge computed the corresponding generating function as follows:

Theorem 5.1.10 ([Ste97, Theorem 4.1]). For a given n© € S,,, one has

m L(10\"™ 4
;9(””"” -a(m) (<1+t>z

It is not hard to see that Q(ﬁ, t) is indeed a polynomial in ¢. If D has vertex set V and V| =n,

1+pk
) (5.1.4)

then
n
Q(ﬁ, m) = Z Ck (IZ),
k=1
where ¢, denotes the number of f € &(D) such that {| f(x)|: x € V} = [k]. For any fixed , (?)
is a polynomial in m of degree k. Since c¢; and n are constants, it follows that the summation is
also a polynomial in m. This verifies that ( [13], t) is a polynomial.

Clearly, one can get a formula for Q(m,m) by taking the coefficient of " on both sides of
equation (5.1.4). Here we provide a combinatorial explanation for this formula of Q(x,m). We
define the (7, m)-marking for a permutation 7 and a positive integer m, and show that each (r, m)-
marking corresponds to exactly 22PX™*! enriched 7-partitions with absolute value at most 7.

Suppose 7 € S,,, m € P. One can naturally extend 7 = 7y ... 7, to 7’ = momy ... 7,741 Where
my = M1 = 00. Let Ry be the longest decreasing initial factor of 7”. Now let 7 denote 7’ with R;
deleted, and let R, be the longest increasing initial factor of 7. Continue in this way, alternating
between decreasing and increasing factors to get a factorization of 7’. We call the factors runs and
the corresponding indices run indices. We denote by /; the set of run indices corresponding to a
factor set R;. Note that any extension 7" will start with a decreasing run and end with an increasing

run, which implies that the number of runs is always even.
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Take
1 23 4 5 6

T =

1 43256

as an example. The corresponding natural extension

0123456 7
o 1 4 3 25 6 o

has four runs

Ry =o0l, Ry =4, R3 =32, Ry = 5600,
where the decreasing runs are in bold, and the corresponding set of run indices are
I ={0,1}, ILb={2}, I3 =1{3,4}, 14 ={5,6,7}.
Suppose that the permutation 7’ has r runs. We have the following observations:

1. The parity of i indicates the type of the run R;. If i is even, then R; is increasing. If i is odd,

then R; is decreasing.
2. The total number of runs r is closely related to the peak number pk 7:

r=2pkmr+2.

We now decorate permutations with bars and marks. Bars can be inserted between adjacent
columns in the two-line notation (including the space before the first column and the space after the
last), whereas a column of 7 with index i € [n] can be marked if and only if i,i + 1 € I; for some
J; in other words, if i and i + 1 are in the same run index set. There can be multiple bars between
two adjacent columns and we count them with multiplicity, while each column can be marked at

most once. We will denote by M, the set of indices of the columns that can be marked,
Mz ={ie[n]| i,i+1 €I for some j}.

We note that for a given 7, the cardinality of the complement of the set M in [n] is 2pkx + 1.

Equivalently, one has |M,| =n—2pkx — 1.
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1 23 45 6 1 2(3 456
1 43 2 5 6 1 4/3 25 6

Figure 5.1 Two examples of (7, 5)-markings

Definition 5.1.11 ((7, m)-marking). Suppose that 7 is a linear permutation and m is a positive
integer. A (7, m)-marking is a marking of 7 using b bars and d marked columns, satisfying that

b+d=m-1-pkn.

Example 5.1.12. If we set 7 = 143256 as before, and take m = 5, then a (7, 5)-marking has b bars
and d marked columns, such that b + d = 3. Two (x, 5)-markings are provided in Figure 5.1.12.

Both have two bars and one marked column, where the marked column is in blue.

Proposition 5.1.13. For a given n € &, one has
m—1-pkn
+1 n—2pkr—1
Q(rr, m) = 2Pk " : 515
(7, m) ;; ((k m—1-pkr—k -1

where ((”Zl)) denotes the number of multisets on [n + 1] with cardinality k.

Proof. 1Tt is clear by definition that the number of possible choices for (7, m)-markings is
5 ((n+ 1)) (n—2pkzr - 1) B ’"‘lz‘i’k”((m 1)) ( n-2pkn—1 )
prdaiTh i \\ D d 4 k m—1-pkr—k)
Therefore, it suffices to construct a 22PX™*1_to-one map from the set of enriched 7-partitions with
absolute value at most m to the set of all (7, m)-markings.
Given an enriched m-partition f with absolute value at most m, we can inductively associate to
it a unique (m, m)-marking as follows: We first determine, for each k € M, whether column &

gets marked. Suppose k € I; for some i € [r]. We mark column & if and only if 64 + y; = 1 where
Or =90 (iisevenand f(m;) < 0), vi ;=06 (i isodd and f(7y) > 0).
Here the Kronecker function on a statement R is defined by

1 if R is true,
0(R) =

0 if R is false.
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As for the placement of bars, we start by putting |f(7r1)| — 1 bars before the first column.
Inductively, suppose that k € I; for some k € [2,n], i € [r] and we have already constructed the
markings and bars on and before the (k — 1)st column. Then the number of marks and bars strictly

before the kth column is constructed to be

|f ()| = [i/2] = Ox. (5.1.6)

Finally we add bars after the last column so that the total number of marks and bars is m —pk 7 — 1.
In this manner, we can inductively define a unique (7, m)-marking for f.

We must verify that the constructed marking is indeed a (7, m)-marking. Firstly we will verify
that (5.1.6) is a weakly increasing function of k, and strictly increasing from the kth to the (k + 1)st

term if column k is marked. In other words, if k € I; and k + 1 € I}, it suffices to show that

|f (i)l = Ti/21 = 6k < |f (ia)] = 17 /2] = S

for all £, and that
|f (i)l = [i/2] = 6k < |f (mee)| = [J /2] = Okt

if column & is marked. Notice that
6k +yi) -0(k e My) =1
if column & is marked and O otherwise. Hence it suffices to show that
|f (i)l = Ti/2] = 6k + (6k +yi) - 6(k € Mz) < |f(mia)| = [J/2] = Or1. (5.1.7)
By the definition of enriched P-partitions, we have

|f (i)l < |f (mes) |- (5.1.8)

Let us consider the following cases:
(a) If j =1, it follows that k € M,. Hence inequality (5.1.7) simplifies to
lf (il +ve < 1f ()| = kst
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If i is even, then y; = 0 and m; < my41. By inequality (5.1.8), one only needs to consider
whether the inequality holds when 641 = 1, which implies f(7x+1) < 0. It follows from
the definition of enriched P-partitions that f(7x) < f(mg+1), namely | f ()| < |f(g41)| OF
f(mr) = f(mrs1) < 0, but the second possibility contradicts 7y < mg+1. This proves (5.1.7)

in this case. The proof is similar when i is odd.
(b) If j =i+ 1, then k ¢ M. Inequality (5.1.7) reduces to

|f ()l = Ti/21 = 6k < |f (me)| = T+ 1) /2] = 61

If i is even, then ;> g1, [i/2]+ 1 =[(i+1)/2] and j is odd, hence 6;+; = 0. Therefore

one only needs to prove
|f ()l = 6k < [ f (meen)| = 1.

The inequality clearly holds when ¢; = 1, so it suffices to consider the case when d; = 0.
In this case, f(mx) > 0, hence by the definition of enriched P-partitions, or equivalently
|f (me1)| = | f ()| + 1, proves (5.1.7). The case when i is odd is similar and left to the

reader.

Secondly, one also needs to check that it is possible to add bars (possibly 0) after the last column
so that the total number of marks and bars is m — pk 7 — 1. In other words, the number of bars we
add after the nth column is nonnegative. Notice that [%‘l — 1 counts the number of peaks before
the k-th column. Since n € I, this implies that [5] = pkzx + 1. By (5.1.6) the total number of
bars and marked columns before the nth column is | f(7,)| — pk 7 — 1 — §,,. Together with the fact
that the nth column is marked if and only if 6,, + v, = 1 and n € M, the total number of bars that

should be added after the nth column is

m_pkﬂ-_l_(lf(ﬂ'n)l_pkﬂ_1_5n)_(5n+7n)'6(n€Mn)

=m - |f(7rn)| +0d, — (6n +')’n) : 6(” € M;T)
Hence the nonnegativity condition becomes

m — |f(7rn)| +5n - (5n+7n)'5(n € Mﬂ') > 0,
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or equivalently,

m - |f(7Tn)| 2 (6n + '}/n) : 6(” € Mﬂ') - 6}1- (519)

By assumption f has absolute value at most m, hence m — | f(m,)| > 0. Therefore, one only
needs to check that the inequality holds when (6, +v,) - 6(n € M) — 6, = 1, namely 6, + y, = 1,
o(n e My) =1and 6, =0, or equivalently, n € I; where i is odd, f(m,) > 0 and n € M. This is
a contradiction since n + 1 must be in a run where the index is even by definition, which implies
that n and n + 1 cannot be in the same run index set, hence n ¢ M,. This completes the proof of
inequality (5.1.9). It therefore follows that the marking we constructed is indeed a (7, m)-marking.

Now we need to show that for a given (7, m)-marking, there are 22pk7+1 {ifferent associated
functions. From the above construction we notice that for each k € M, f(my) is uniquely
determined. More precisely, whether column k gets marked determines 6 and yj as k determines
the parity of i, hence the sign of f(xy) is determined by the definitions of §; and y,. Suppose
k € I;. The number of marks and bars strictly before the kth column determines the value
| f(m)| — [i/2] — Ok, therefore it determines f(my) as well. The only ambiguity is about f ()
for k ¢ M;. As the number of marks and bars strictly before the kth column fixes the value
L = |f(mr)| = [i/2] — 6k, there are two possible choices of the value f(m;) for each k ¢ Mj:
if 7 is even, then either f(m;) = —(L + [i/2] + 1) or f(mx) = L + [i/2]; if i is odd, then either
f(m) = L+Ti/2] or f(rx) = —(L + [i/2]). It follows that there are 2>PX™*! different functions

corresponding to a given (7, m)-marking. O

Example 5.1.14. Consider the permutation 7 = 143256, and an example of enriched m-partitions

f is defined as follows:
f=1, f(4)==-2, f3) =-4, f(2)=-4, f(5)=-5, f(6) =5.

The corresponding marking is the first one in the Figure 5.1.12.

5.2 Enriched Partitions for Toric DAGs
In this section, we review the toric DAGs and toric posets as cyclic analogues of DAGs and

posets. Then we define enriched toric [5]-partitions and develop some of their properties. The

71



concept of toric poset was originally defined and studied by Develin, Macauley and Reiner in
[DMR16]. Here we follow the presentation from Adin, Gessel, Reiner and Roichman [AGRR21].

Just like a linear permutation has a corresponding cyclic permutation as the equivalence class
under the equivalence of rotation, for a DAG, we will define an equivalence relation and consider
the equivalence class to be the corresponding toric DAG. It turns out that if 7 is a linear extension

of the DAG D, then [7] is a toric extension of the corresponding toric DAG [13].

5.2.1 Toric DAGs and Toric Posets

A DAG D on [n] has iy € [n] as a source (respectively, sink) if D does not contain Jj — i
(respectively, ip — j) for any j € [n]. Suppose ip is a source or a sink in D, we say D’ is
obtained from D by a flip at i if D’ is obtained by reversing all arrows containing ip. We define
the equivalence relation = on DAGs as follows: D’ = D if and only if D’ is obtained from D by a
sequence of flips. A toric DAG is the equivalence class [5] of a DAG D.

In particular, if D =nx=mn,...n,is a total linear order, the next proposition claims that the

corresponding toric DAG [5] can be identified with the cyclic permutation [r].

Proposition 5.2.1 ((DMR16, Proposition 4.2]). If D = n is a total linear order with 1 = ... Ty,

-

then there is a bijection between toric DAG | D] and cyclic permutation [r]. O

Example 5.2.2. The total linear order D; = 2431 from Example 5.1.2 has a corresponding toric

DAG [D]:
1 3 |l —3 ]<—3 ]<—3
2 4 2 4 2 4 2 4
Dy = 2431 D = 1243 DY = 3124 D" = 4312

They can be obtained by a sequence of flips:

ﬁ flip at 1 l—)», flip at 3 l_j” flip at 4 ﬁ”’ flipat2 D—>

1 1 1 1 1

Therefore it is easy to see that [5 1] can be identified with [2431] = {2431, 1243,3124,4312 }.
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As transitivity turns a DAG into a poset, we now introduce the definition of toric transitivity for
a DAG, which will turn the corresponding toric DAG into a toric poset.
A DAG D with vertex set [n] is toric transitive if the existence of a directed path i} — i, —

- — i and i} — iy implies the existence of i; — i} in Dforalll <a<b <k.

Definition 5.2.3 (Toric poset). A toric DAG [5] is a toric poset if D’ is toric transitive for some

D e [13], or equivalently from [AGRR21, Proposition 3.10] , for all representatives D'

In this paper, we adopt the definition of toric posets from [AGRR21], which is not quite the same
as it was originally defined in [DMR16], but they are essentially equivalent by [DMR16, Theorem
1.4].

Definition 5.2.4 (Total cyclic order). A toric poset is a total cyclic order if one (or equivalently, all,

according to Proposition 5.2.1) representative is a total linear order.

In this case, we usually use the corresponding cyclic permutation [x] to denote the total cyclic
order [13].

For two toric DAGs [51], [52] on the same vertex set [n], we say [132] extends [131] if there
exist 13; € [5,~] for i = 1,2 such that 5’2 extends 5’1 If, furthermore, [132] is a total cyclic order
corresponding to the cyclic permutation [r], we also say that [x] torically extends [Di]. Let

Lor( [13]) denote the set of cyclic permutations [7] which torically extend [13].

Example 5.2.5. In Example 5.1.2, both [131] = [2431] and [132] = [2413] torically extend [133].
Moreover, they are the only total cyclic orders that torically extend [53], namely Ltor([53]) =
{[2431], [2413]}.

In fact, Figure 5.2 lists all representatives of [53], and it is straightforward to check that every

total linear order linearly extending some DAG in [53] is in either [2431] or [2413].

-

5.2.2 Enriched Toric [ D]-Partition

Definition 5.2.6 (Enriched toric [ D]-partition). An enriched toric [ D]-partition is a function f :

[n] — P’ which is an enriched 5’-partition for at least one DAG D’ in [5]. Let &©r( [5]) denote
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Figure 5.2 All representatives of [Ds]
the set of all enriched toric [13] -partitions.

It [13] = [n] is a total cyclic order, the set of enriched toric [x]-partitions is the union of the
set of enriched n’-partitions for all representatives i’ of [7]:
E°([x]) = U (). (5.2.1)
n'e(n]
As in the linear case, we have the following fundamental lemma for the decomposition of

enriched toric [5]—partitions. The proof is analogous to [AGRR21, Lemma 3.15].

Lemma 5.2.7 (Fundamental lemma of enriched toric [5] -partitions). For a DAG 13 the set of all
enriched toric [5]—partitions is a disjoint union of the set of enriched toric [r]-partitions of all

toric extensions [r] of [5]:

gx(py= || &b,

[r]eLr([D])

Proof. By the definition of &' ([D]), one has

g™ (D)= [ ) &D).

D’e[D]
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In particular when [5] = [x] is a total cyclic order, it follows from Proposition 5.2.1 that,

&(lx) = | &@).

n'e(n]

Hence,

g (D))= | J &)

D’e[D]

2 U e

D’e[D] n’eL(D")

(i) U U &)

[r]eLwor([D]) 7 €lx]

L) &daD.

[rleLvr([D])

To justify these steps, first note that equality (i) follows from Lemma 5.1.5.

As for equality (i), it suffices to show that 7’ € .l:(lj’) for some D’ € [5] ifand only if 7’ € [7]
for some [n] € L°([D ]) For the forward direction, if 7’ € L(D’) for some D’ € [5], then [n’]
torically extends [D’] = [D]. While for the reverse implication, given n’ € [n] € L°([D ]) pick
D" € [5] and 7”7 € [x] with 7" linearly extending D”, then [7”] = [#'] = [x]. It follows that
there exists a sequence of flips which takes 7" to n’. Now applying the same sequence of flips to
D” will result in some D’. One then has D’ € [15”] = [13] and n’ € L(ﬁ’) as desired.

The assertion of disjointness follows directly from the fact that every function f : [n] — P’ has
a unique linear permutation m € S, such that f is also an enriched m-partition, hence an enriched
toric [r]-partition. Such a linear permutation 7 can be similarly constructed as in the proof of

Lemma 5.1.5, so the details are omitted. This completes the proof. O

5.2.3 Weight Enumerator
Definition 5.2.8 (Weight enumerator). For a given toric poset [5] with vertex set [n], we define

the weight enumerator for enriched toric [5] -partitions by the formal power series

A = > T o

fegtor([D]) i€lnl
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Namely, for integer k > 0 we assign the weight x; to both f-values k and —k.

As a direct consequence of the Fundamental Lemma 5.2.7, one has

cyc _ cyc
A% = z; AR (5.2.2)

[x]eLr([D])

for cyclic permutations [7r]. It follows from the formula (5.2.1)

. . CycC
Therefore, it suffices to discuss A 7yT

[7]

that Am can be expressed in terms of the weight enumerators {A;} as

cye _
A= > A (5.2.3)
Te(n]

Ccyc
Moreover, A 7yr

[x] has the following expression.

Proposition 5.2.9. For any given cyclic permutation ] of length n, we have

cyc _ |E| § gcyC
A= Y My (5.2.4)
EC[n]:
cPk(n)CEU(E+1)

with E + 1 defined by (2.1.1). The sum is independent of the choice of representative r of [r].

Proof. The independence of the choice of representatives is a result of the following two observa-

tions:
(a) If E and E’ only differ by a cyclic shift, one has |E| = |E’| and M;y C=M

E T nE

(b) For two representatives 7 and 7’ of [r],
{EC[n]:cPk(nr) CEU(E+1)}={E"C [n]:cPk(x’) CE U(E +1)}+1,
for some i € [n], namely, the two sets only differ by a cyclic shift.

Now fix a representative m of [7]. We rewrite both sides of equation (5.2.4) as follows:

@ (ii)
RHS= > 2PN My popy = YL 2FMapM,p (52.5)
FC[n]: feF Ec[n-1]
cPk(m)CFU(F+1)
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where ag = #Ag, with
Ap={(F,f): feF C[n]with cPk(r) CFU(F+1), E=(F-f)n[n-1]}.

Here equality (7) is a result of applying equation (2.3.1) to move from cyclic monomial to monomial
quasisymmetric functions, while equality (ii) is obtained by calculating the coefficient of M, .
It is noted that in equality (ii), for each pair (F, f) € Ag, we have n € F — f. As a result,
E=(F-f)n[n—-1]=(F - f) \ {n}. Therefore their cardinalities satisfy |F| = |E| + 1.

Las 2 > A

T€(n]
(@’ Z Z |E|+1
= 2 Mn,E
T€[n] EC[n-1]: (526)
Pk(T)CEU(E+1)
= Z B2 M, g
EC[n-1]

where B = #Bg with

Bp={ie[n]:(cPkr—i)n[2n—-1]CEU(E+1)).

Equality (7)” follows from equation (5.2.3). Equality (ii)’ is obtained by applying equation (5.1.3)
to express the weight enumerator A, in terms of monomial quasisymmetric functions.

Equality (ii7)’ follows from the observation

{{Pk(t):te[n]}}={{(cPkn-i)N[2,n—1] :i € [n] }}.

By comparing equations (5.2.5) and (5.2.6), it suffices to prove that ag = B¢ for every E C
[n — 1], or equivalently, to construct a bijection between A and Bg.

Set O : Ap — Bpg as 0g(F, f) = f. To prove that this map is well-defined, it suffices to
show that for each (F, f) € Ag, we have f € Bg. It follows from the definition of Ag that
F — f = E U {n}. Applying the operation on both sides of the inclusion cPk(7) C F U (F + 1), we
get

Pk(m)— fC(F=f)U(F—f+1)=EU(E+1)U{l,n}.
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Hence (cPkn — f)N[2,n—1] CEU(E+1)and f € Bg.

Conversely, define og : B — Ag by oe(f) = ((E+ f) U{f}, f). One can similarly check
that this map is well-defined.

It is straightforward to verify that 6 and o g are inverse to each other, hence we get a bijection

between Ag and Bg. This finishes the proof. O

Remark 5.2.10. As a direct corollary of the above proposition, A(Eny] is a homogeneous cyclic

quasi-symmetric function of degree n, and that Aciyr ¢

] depends only on cPk[x], or equivalently (by

Remark 1.2.1) on cPk r for any representative 7.

Example 5.2.11. Let 7 = 1243 so that [7] = {1243,3124,4312,2431} and cPk(7) = {3}; 7 =
1324, [r] = {1324,4132,2413,3241} and cPk(nr) = {2, 4}.
To use Proposition 5.2.9 for calculation, we first need all possible choices of E C [4] satisfying

{3} =cPk7t C E U (E + 1), which are
{1,2,3,4},{1,2,3},{1,2,4},{1,3,4},{2,3,4}, {1,2}, {1,3},{2, 3}, {2, 4}, {3,4}, {2}, {3},

with corresponding monomial cyclic quasisymmetric functions

cyc _ agCyc
M(1,1,1,1) - M4,{1,2,3,4}’

cyc _ cyc _ cyc _ cyc _ cyc
M(z,l,l) - M4,{1,2,3} - M4,{1,2,4} - M4,{1,3,4} N M4,{2,3,4}’

cyc  _ agcyc _ cyc _ cyc
M(3,1) - M4,{1,2} - M4,{2,3} - M4,{3,4}’

cyc  _ agcyc _ agCye
M(2,2) - M4,{1,3} - M4,{2,4}’

M = MY = Mo

4 T TA2y T TTAsY

Applying equation (5.2.4), we have

cyc _ A4 q4CyC 3 sCYC 2 a1 gCYC 2 a4 gCYC cyc
A[T] =2 M(1,1,1,1) +4.2 M(z,l,l) +3.2 M(3,1) +2-2 M(z,z) +2- 2M(4) .
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Similarly for 7, all possible choices of E C [4] satisfying {2,4} = cPkx C E U (E + 1) are as

follows:
{17 2, 37 4}7 {15 27 3}9 {17 2’ 4}’ {1$ 3’ 4}’ {2’ 37 4}’ {17 3}9 {1’4}’ {2’ 3}’ {2’ 4}’
hence by equation (5.2.4),

cyc _ AdqgCyC 33 sCYC 22 4CYC 22 gCYC
A[n] =2 M(1,1,1,1) +4-2 M(z,l,l) +2-2 M(S,l) +2-2 M(2,2)’

It follows from the calculation above that

cyc cyc _ 4 4 gCyC 35 4CyC 2 2 gCYC 2 a1 gCYC cyc
A[T] +A[n] =22 M(l,l,l,l) +8:2 M(2,1,1) +5-2 M(3’1) +4.2 M(z,z) +2- 2M(4) .

5.2.4 Algebra of Cyclic Peaks
Recall from Section 4.3.2 that § is a cyclic peak set in [n] if there exists some 7 € S, with
cPkr = §. It follows from Proposition 5.2.9 that, for any cyclic peak set S in [n], we can define an

associated cyclic quasisymmetric function by

cyc . _ cyc
K¢ := A[n],

eye _ goye

for any permutation 7 with cPkn = §. One can observe that A
[7] n,cPk

and rewrite equa-
tion (5.2.2) as
cyc _ cyc
A[ﬁ] - Z R Kn,CPkﬂ'
[x]eLe([D])

Moreover, it follows from formula (5.2.1) that K¢

g can be expressed in terms of the quasisymmetric

functions {K,, 7} as

cye _
KPS = > Knpis

re(n]

where cPkm = §.

Let A, denote the vector space of cyclic quasisymmetric functions spanned by szg where S
ranges over cyclic peak sets in [n], and set A = ®,>0A,. We will show that A is an algebra by
proving that the product of K,Clyf] and KZYTC is a linear combination of K;yg ’s. We call A the algebra

of cyclic peaks.
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Lemma 5.2.12. The K;ySC are linearly independent, where S are, up to cyclic shift, distinct cyclic

peak sets.

Proof. For this proof, we totally order the subsets of [n — 1], first by cardinality, then by the

lexicographic order. We therefore have
D<{l}<{2}<---<{n-1}<{1,2} <{1,3}<---<{l,n—-1} <{2,3} < {2,4} <---.
One can similarly order the compositions of n as
m<(lL,n-1H<2n-2)<---<(1,,n=-2)<(1,2,n=-3)<---<(l,n=2,1)---.

Noting that K;ysc = K;ysc if the sets S and S’ only differ by a cyclic shift, we will always assume
the index set S to be the least among all its cyclic shifts. It is not hard to see that /(S) is also the
least composition among all its cyclic shifts, where y is defined by equation (2.1.3).

We now show that the matrix of {KZYSC } with respect to the basis {Mflylf} has full rank. Then

the linear independence of {K‘”;

s} will follow immediately from the fact that the monomial cyclic

quasi-symmetric functions form a basis of cQSym.

Let us fix n and suppose {S] <152 < ... <1S,,} is the set of all distinct cyclic peak sets in [n].
Given a K¢, suppose |S| = k and S = {1 =51 <53 <... < s} forsome n > 2 and k > 1. Here
all indices are taken modulo k unless otherwise noted. To each K;yc we associate a corresponding

monomial quasi-symmetric function by F(K¢) = M";, .., where

nS’ = nf(S)’

f(S):{Sl,Sz—l,...,Sk—l}.

Since S is a cyclic peak set, elements in f(S) are distinct. So f(S) is a set and f is well-defined.

If one denotes ¥ (S) by (a1, as, ..., ax), then

lﬁ(f(S)) = (a’1 -1,a,..., a1, + 1).

Also notice that the assumption of S being the least among its cyclic shifts (in particular, a; =
min{a;}" ) ensures that f(S) is also the least among all its cyclic shifts. It follows that f is

injective.
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Claim: Consider the matrix of {KZYSC } with respect to the basis {M;yg }. The square submatrix with
columns restricted to {Mflyj'f( 5} is upper triangular with nonzero diagonal entries. In particular, it

is invertible.

Let A; ; denote the coeflicient of M;};f( s, in the expression of K¢ in terms of monomial cyclic
> J I
quasi-symmetric functions and set A = (A, ;) to be the m x m matrix that we need to consider. To
prove that A is an upper triangular matrix, it suffices to show that A; ; = 0if i > j, or equivalently,
cyc . . cyc - ] )
the term Mn’ 1(S)) does not appear in the expression of K . if §; <8;.
Suppose towards a contradiction that A; ; # O for some i > j. It then follows from Proposi-

tion 5.2.9 that there exists some E C [n] such that

S;CEU(E+1) and M;y;(s.):Mflyg.
) J s

Since S; is a cyclic peak set, e and e + 1 cannot be in S; at the same time. It then follows from
the assumption S; € E U (E + 1) that |[E| > [S;|. The condition i > j implies S; > S;, hence
1Si| > 1S;| = 1f(S;)| = |E|. Therefore, we only need to consider the cases when S; and S; have the
same cardinality.

Suppose

(S = (a,az,...,ar), ¥(S;)=B1,B2....B), W(E)= (BB ...B)-

Then ¥ (E) = (B7, 55, - - -, B,) is a cyclic shift of

w(f(Sj)) = (ﬁl - 1’ﬁ2’ oo ’Bk—l’ﬁk + 1)

Assume
(ﬁ/an:].H’ . "ﬂ;_l) = (:81 - 17:82, .- -’ﬁk—l’ﬁk + 1)7

for some g € [k]. Since S; C E U (E + 1), |S;| = |E|, and S; does not have cyclically consecutive
elements, each a € S; corresponds to a unique @’ € E where a’ equals either a or a — 1 (considered

modulo n). A crucial observation therefore follows:
(@, ++ay)—(B.+---+B,)| <1 forr,s e [k]. (5.2.7)
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In particular,
a) < aq S,B:]+1:(,81—1)+1:,81,

where the first inequality comes from the fact that S; is the least among its cyclic shifts, and the
second one follows from (5.2.7) by taking r = s = g. Note that S; <1.S; implies ¢(S;) < ¢(S;), so

B1 < a;. Thus, necessarily,
/
o) =y :ﬁq+1:ﬂ1.

It then follows from the inequality (5.2.7) that for any r € [k — 1],

Qg+t agy S Byt P+ 1=+ + Bl + 014k,

where 614,k = 1 if 1 + 7 = k and O otherwise.
If g4y = B14r forevery r € [k —2], then ¢ (S;) is a cyclic shift of (S ;), which contradicts our
assumption S; > ;. Now assume that t € [k — 2] is the smallest index such that a,; # S14;. Then

necessarily ay.; < f14, and

(a’q’ .. -’a’q+t) < (ﬂl’ .. "ﬂ1+t)'

Combined with the inequality (a1, ..., a14) < (@, ..., @g4), as (a1, ..., ) is the least among

all its cyclic shifts, one has

(a/l’ L ~9a/1+l) <] (Bla .. "ﬁ1+l)‘

This implies that ¢ (S;) <¢/(S;), which is a contradiction to the assumption S; > S ;. Moreover, it is
not hard to see that A;; # 0 as S; € f(S;) U (f(S;) + 1), therefore the diagonal entries are nonzero.

This proves the claim, hence the lemma. O

Define the union of digraphs D + E to be the digraph with vertices V(ﬁ) U V(E ) and arcs

A(ﬁ) U A(E ). The next result follows easily from the definition.

Proposition 5.2.13. If D and E are two DAGs on disjoint subsets of P, then

A = AT AT (5.2.8)
[DWE] (D] T[]
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The proposition above yields a combinatorial proof that A is an algebra.
Proposition 5.2.14. A is a graded subring of cQSym.

Proof. As a subspace of cQSym, A naturally inherits the addition and multiplication operations
from cQSym.

To show that A is closed under multiplication, take K;ylj e A, and Kfly; € A,, where U and
T are cyclic peak sets in [m] and [n] respectively, namely, there exist 7 € S, and 7 € S, such
that cPkr = U, cPkt = T. For the purpose of constructing two corresponding disjoint DAGs, we

’ ’

standardize T = 1j12...7, € S, to {m+ 1,m+2,...,m + n}, that is, construct 7/ = TlTé N 4

where 7/ = 7; + m fori € [n]. As a consequence of equation (5.2.8), we have

cyc CYC _ ACYC ACYC _ scCyC _ cye
Kn,U ) Kn,T - A[7r] ' A[T’] - A[ﬂ'L—ﬂT'] - Z Kn,cPko" (5.2.9)

gelLO([rlH1'])

This completes the proof. O

It follows from the Proposition 5.2.14 that the theory of enriched toric [5] -partitions can be used to
supply an alternative proof for the cyclic shuffle-compatibility of cPk, aside from the Theorem 3.2.3
in combinatorial means and Theorem 4.3.5 using cyclic shuffle algebras.

In terms of another basis of cQSym, the fundamental cyclic quasisymmetric functions, K;ysc

has the following expansion.
Proposition 5.2.15. For any cyclic peak set S in [n], we have

=S| greye _ cyc
2 Kn,S - Fn,E’
EC|n]:
SCEA(E+1)

where A denotes symmetric difference.

Proof. Since F’?g = YFoE Mfly; the coefficient of M;y; on the right-hand side of the above
expansionis [{E C F :S C EA(E +1)}].

To count this set, we need the following observations. For each k € S C EA(E + 1), exactly
one of k — 1 and k is in E. It follows from E C F that at least one of kK — 1 and k is in F'. So one

has the following two cases:
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(1) If both k, k — 1 € F, then E must contain exactly one of k or k — 1.
(2) If only one of k, k — 1 € F, then E must contain this element.

Note that the restrictions above only involve two adjacent numbers.

Also notice that if k € F but neither k£ nor k + 1 is in S, then k is free to be in £ or not. Denote

S1={k €S |bothk,k—1arein F},
S, ={keS|keE k-1¢F},

Sy={keS|k¢Ek—-1€F}.

Then we have a set partition S = §; U S U S3. Therefore if we denote s; = #S; fori € {1,2,3}, we
have |S| = s + 52 + s3.
Denote now

T ={k € F | noneof k, k + 1 isin S}.

By the definition of a peak set, numbers in S are not adjacent. Hence we have the following partition
of F into disjoint sets:

F=SU(S;-1)US,U(S3—-1)UT.
It follows that |F| = 251 + s, + 53 + ¢ with t = |T|. Hence, the number of choices for E is

2514 — SiHFI=2s1-52=53 _ o|F|=(s1+s2+s53) _ o|FI-IS|

So we have

eye _ |FI-IS| ygeve

>oEy= ) A
EC(n]: FCln]:
SCEA(E+1) SCFU(F+1)

By equation (5.2.4), this quantity is 275K

n,S

5.2.5 Order Polynomials
Definition 5.2.16 (Order polynomial). Define the order polynomial of enriched toric [5] -partitions,
Q¥ ([D],m), by

QY([D],m) = AYC (1™).
([D],m) [D]( )
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The following result is the toric analogue of formula (5.1.4).

Proposition 5.2.17. Given n € S,, then

4 cpkzr1 n—1 o)
chyc . m)e™ ((1+tt)2) (I—J_r;) (Cpk7r+(1_mt)2). (52.10)

This right side of the equation does not depend on the choice of representative n, as they all have

the same cyclic peak number.

Proof. By the definition of order polynomial,

ZQCYC 1, m)e™ ZACY°(1m)z
= Z Z A (1M)"

m te(n)

Z ZAT(lm)t”’

Te[x] m

I

M

M
©Q
bl
S
5

1(1+1t n+l 4¢ 1+pk T
Z 5(1—t) ((1+t)2) ’

Te[n]
where the last equality is obtained by applying (5.1.4).
Observe that each representative of [x] will either start with a cyclic peak, end with a cyclic
peak, or none of the two ends are cyclic peaks, which will yield peak number cpk — 1, cpk 7 — 1
or cpk 7 respectively. The number of those representatives with a cyclic peak at one end is 2 cpk 7.

It follows that

ZQCYC([n],m)thZCP“(“’)"H( 4 )Cpk”

~ 2 -1t (1+1)2
N n—2cpkm (1+¢ nt 4¢ Trepkrn
2 1—1¢ (1+1)2
4\ 4\ ok g 2
=|— — n .
(1+1)? 1—1 PR a2
This completes the proof. O
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We note that by taking the coeflicient of " on both sides of equation (5.2.10), one can get an
expression for the order polynomial of enriched toric [13]—partiti0ns Q%Y¢([x],m) in an algebraic
manner. It would be desirable to derive Q°([x], m) combinatorially.

We now give a totally combinatorial derivation of the order polynomial Q%¢([x], m) by using

the Proposition 5.1.13, which is also proved in a combinatorial way.

Corollary 5.2.18. For a given [n] € [S,], one has

= n+l1 n—2cpkmr—1
Qcye , — — 2 cpk ) - 22 epka+l - -
([x].m) = (n = 2cpkm) kz(]) ¢ Nln—t—epkn—s

m—cpk
+1\\ [(n—2cpknr+1
+ cpkr - 22PE " .
SN (] iy

This right side of the equation does not depend on the choice of representative n, as they all have

the same cyclic peak number.

Proof. Notice that any representative i’ of [r] satisfies pk 7’ = cpk[n] — 1 if #’ starts or ends with
a cyclic peak. Otherwise, pk 7’ = cpk[r]. Among the n representatives of [r], there are 2 cpk|r]
of them with a peak element at one end. Therefore, applying equation (5.2.3) we have

Q¥ ([xl,m) = AT (1M = ) A1) = > Q(x,m),
TE(M

] €[]

and by the previous observation and the Proposition 5.1.13, one has

m—1-pkt
Z Q(r,m) = Z p2pk7+l Z ((n;(r 1)) (mn_—12_pl;1;—_1k)

Te(n] Te[n) k=0

m—1-cpk|[n]
(0 n2cpk[a]+1 n+1 n—2cpk[r] -1
= (1= zepklal) -2 2, (( k ))(m—l—cpk[n]—k

—1—(cpk[n]-1)
+ 2Cpk[ﬂ'] . 22(cpk[7r]—1)_'_1 m i b n+1 n-— 2(Cpk[7‘r] — ]) -1
Py k m—1-(cpk[n] - 1) -k

m—1-cpkn
1 n—2cpkmr—1
— —2cpk .220pk7r+1 n+
(n=2cpk) 2 ((k m—1—-cpkn—k

m—cpk
+ ek - 22k ((n+l)) (n—20pk7r+1)
= k m —cpkm —k

The conclusion follows immediately. O
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We note that the generating function of order polynomials in Proposition 5.2.17 can also be

deduced from the corollary above. More precisely,

( 1+ t)n—Z cpkn—-1

chyc([ﬂ],m)tm = (n —2cpk ) - 22cPk7+l T cpkr+1
1+1¢ n—2cpk r+1
+cpk7r‘220pk”( (1)_t)n+l cpk
4t \PKT (] g\ 2t
= _*r —2cpkn) - ——— +cpk
((1+r>2) (l—r) ((” PR Ty TP ")

A P e\ . 2nt
‘((1+r>2) (I_—r) (Cp “(1—02)'

5.3 Shuffle-compatibility Revisited
In this section, we will use the order polynomials for both peaks and cyclic peaks to provide

another characterization of the shuffle algebra Ak and the cyclic shuffle algebra ﬂzgli. First recall

from [GZ18]:

Theorem 5.3.1 ([GZ18, Theorem 4.8 (b)]). The linear map on Ay defined by

22pk7r+1tpk7r+l (1 + z‘)|7'r|—2pk7r—l
(1- t)|”|+1

X i | > 1
Tipk

1

- if |n| =0,

is a Q-algebra isomorphism from Apy to the span of

1 22j+1tj+1(1+t)n—2j—1 ;
{1—t}U{ (-nm

a subalgebra of Q|[t+]][x], where multiplication of formal power series in t is by Hadamard

}nzl,OSjsl_"T’lJ

product. O
Now we give another characterization of Apx which follows from our Proposition 5.1.13.

Theorem 5.3.2. The linear map on Ay defined by

—1-pk
- 22pkm+1 m—1-pk ((|7r| + 1)) ( || —2pknm -1 ) |
pk X
£ ko) \m—1-pkr—-«k
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is a Q-algebra isomorphism from Apy to the span of

ml {22,-+1 ’"lef ((nzl)) (mn_—lzf; ! k)xn}

k=0 n>1,0<;<[ 25|

a subalgebra of Q[x]N, the algebra of functions N — Q|[x] in the non-negative integer value m.

Proof. Define a map «,, : QSym — Q[x] by
km(Fr) = Kpi(r)(1")x",

linearly extended to all of QSym. The following equation, [Ste97, Equation (3.1)],

Kpkr - Kpk o = Z Kpx 7,

TeETUo
implies that «,, is a Q-algebra homomorphism. The map that takes F7, to the function 67 : m +—

Km(Fr) is therefore a homomorphism from QSym to Q[x]Y. It follows from Proposition 5.1.13

m—1-pk(L)
1\\ [ n-2pk(L) -1
Fr) = 92pk(L)+1 n+ n
i (F1) ;) k) \m=1-pk(r) -k

that

Moreover, from Theorem 5.1.10 one has

izZpk(L)ﬂ m_liplk(m n+ 1\ ((n=2pk(L) =1, 1 (L1+1 w1
m=0 k=0 k m—1-pk(L) -k~ 2\1-1 (1+1)2 ;

which is the generating function of #; and only depends on n and pk L. They are clearly lin-
early independent for L with distinct peak numbers. The result then follows immediately from

Theorem 4.2.4. O
The following theorem append to Theorem 4.3.9 in a different flavor.

Theorem 5.3.3. Let
p—J .
cpk _ a4 n+1 I’l—2]+1 n
W"’f'_”Z(( AVENEIIN

k=0
S (N n-2j-1 )\,
SN ([ s i

k=0
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Then the linear map on &Z((C;Iy)lc( defined by

cpk .
Winlepk(x) O 17l 2 L

1, if 7| =0

[7] cpk

is a Q-algebra isomorphism from ﬂzglc( to the span of

TEDAVE (s M
1<j<(n/2]

a subalgebra of Q[x]".
Proof. It follows from Theorem 4.3.9 (b) and the identity
cpk[n] |7r|~1
cpk 4t 1+t 2 |7r| 1\
Zwlfflcpk [x] ((1+t)2) (1—r epklr]+ 3 |

_ (cpk[n] (1 + 1) +2(|7| = 2 cpk[x])z) (41) PRIl (1 4 £)lrl=-2 epkln]-1

|7|
(1 _ t)|n|+1 X

where the first equality follows from Proposition 5.2.17 and Corollary 5.2.18. O

For convenience, we always assume the label set to be [n]. However, the definitions of (toric)
DAGs and (toric) posets can be extended to any finite subsets of P as the set of labels, with all

consequent conclusions continuing to hold.
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