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ABSTRACT
In this work we study the inhomogeneous porous medium equation (PME). In particular, we
introduce a deterministic particle method that approximates the PME in chapter 2 and how the PME
is used to model tumor growth and study the incompressible limit in chapter 3.

Particle methods aim to discretize a PDE into a system of ODEs for particles. In the absence of
diffusion, particle methods can approximate solutions while maintaining the Wasserstein gradient
flow structure. Diffusion smooths things out so that particles do not remain particles. This issue can
be dealt with via regularization of the diffusion term. Much has been developed for convex and
semi-convex energies. We would like to extend this particle method (blob method) to an energy with
more general convexity (w-convexity) containing nonlinear porous medium diffusion (m = 2). We
connect this pde to chemotaxis via a Keller-Segel model for the Newtonian kernel and the Bessel
kernel. Then, we perform numerical simulations.

The porous medium equation can be used to model tumor growth. We study the incompressible
limit of an inhomogeneous porous medium equation (PME) with a cell division term that directly
depends on space, time, and the pressure. The incompressible limit connects the PME to a
Hele-Shaw free boundary problem (FBP). This relation is known as the complementarity condition.
We first achieve convergence to the limiting problem along with uniqueness. Then, we gain enough
compactness using L> bound of the pressure gradient and L> AB-estimate to get the complementarity
condition. To finish the connection to the FBP, the velocity law to the boundary of the tumor is

found. In particular, a novel inhomogeneous velocity of the free boundary is obtained.
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CHAPTER 1
INTRODUCTION

1.1 Approximating Inhomogeneous Porous Medium with Aggregation via
Gradient Flow Methods

We study the weighted porous medium equation,

2
(WPME) =V - (gv (“—2)) £V (UV(V 4+ V) +V - (u(VW % ),
a
—_— Drift Aggregation
Diffusion

by using Wasserstein gradient flow theory. The main focus is to show that solutions to the regularized

PDE,

(1.1) opu=V- (M (Vé“e * ({E:ﬂ)) + (Ve x V) + u(Vie* Lex W ) + uVVi |,

converge to solutions of (WPME), where { is a mollifier (see precise description in Assumption
2.1.1). Equivalently, we show that the gradient flow of the regularized energy functional converges
to the gradient flow of the unregularized energy functional. This gives a convergence result for a
deterministic particle method. Sometimes this particle method, developed by [9], is called blob
method as the regularization involves convolving a mollifier (blob function) with the gradient flow.
The particle method involves discretizing the initial data po = ¢(0) as a finite sum of Dirac masses.
Moreover, p in (1.1) is a finite sum of Dirac masses so that we obtain a system of ODEs for the
particles. That is, the particle locations evolve based on this system of ODEs (written explicitly in
Theorem 2.2.2). The gradient flow structure is preserved in the limit. As € — 0, the gradient flows
of (1.1) converge to gradient flows of (WPME). If there was no drift nor aggregation (V = 0 = W),
then the target or weight a(x) is the steady-state of (WPME).

In 2000, [22] study convergence results of the solutions to the regularized version of y; = Au?/2.
Due to assumptions made of the initial data, these result do not guarantee convergence of the particle

method. In [9], they establish convergence of the deterministic particle method for

O =Ap" + V- (uVV) + V- (u(VW = 1)), m > 1,



where the coinciding energy functional is semi-convex. In [14], they improve on the results by

considering the inhomogeneous PDE instead of the homogeneous. In particular, they studied

du=V- (gv (5)2) V- (uVV),

where the weight (or inhomogeneity) a = a(x) is nice.

We will generalize this particle method from [14] by adding an aggregation term and more
importantly generalizing the convexity property of the energy so that w-convexity is sufficient rather
than semi-convexity (or A-convexity).

To preserve the gradient flow structure, we will show that the gradient flow of the regularized
energy converges to the gradient flow of the unregularized energy. To get the I'-convergence of
gradient flows, we use Serfaty’s sufficient conditions. The two main conditions that we require are

1. I'-convergence of the energies

2. I'-convergence (lower semi-continuity) of the local slopes.

Furthermore, an another important necessity is getting an H! bound on the mollified gradient flow
of the regularized energy. The key idea for the H'! bound is to use the flow interchange method.
Suppose that we have two energy functionals and their respective gradient flows. Differentiating
for a fixed time of the first energy at the gradient flow of the second is the same as differentiating
for a fixed time the second energy at the gradient flow of the first. This allows us to deal with the
“easier” energy functional. The PDE of interest has applications to chemotaxis as the Keller-Segel
model and crowd-motion models. Two common kernels for the aggregation in this application are
the Newtonian and Bessel kernel, in which, both satisfy the assumptions to get w-convexity of the

aggregation energy. Numerical simulations follow.

1.2 Incompressible Limit of Inhomogeneous Porous Medium Equations

The focus of our work is the inhomogeneous porous medium equation with reaction,

m—1
1.2 Oy, =V - \Y D(x,t, pm), h = — .

In particular, we view (1.2) as a model for tumor growth and study the incompressible limit (m — oo).

The cells tend to avoid over-crowding and move away from the congested regions. The density u,,



represents the cell population, in which, the pressure p,, is generated from. The cell division rate is
controlled by @, where ® depends on the pressure, space, and time. Given that the cells are less
willing to divide in packed areas, the division rate will decrease as the pressure increases and will be
zero once the pressure is high enough. We call this pressure the homeostatic pressure.

In terms of what laws to use, we can rewrite the PME so that we explicitly see the for the velocity

we use Darcy’s law and for the pressure we use the power law,

Oty =V - (Upv) + —2=D(x, 1, pp),

a(x,t)

(PME)
Vom m

Um

m—1
V=G Pm = 50 (m) :

From the power law, we see that taking the incompressible limit (m — o0), the stiffness of the
pressure increases. The incompressible limit relates the PME and a Hele-Shaw free boundary
problem (FBP). This link is called the complementarity condition and is one of the goals achieved
here along with the inhomogeneous velocity law of the free boundary. The flow or velocity in both
models (PME and FBP) are induced by Darcy’s law. Now the free boundary velocity does not
only depend on the pressure gradient but on a(x, t) as well. The novelty being an inhomogeneous
velocity law. The function b(x, r) represents the max packing density of cells. That is, b is the
largest the density can become. The ratio of the viscosity of the fluid and the permeability of the
medium is represented by a(x, 7). In other words, a(x,t) describes the ease in which a fluid can
move through the medium.

We go back to 1981 where [4] established continuous dependence on ¢ of solutions of
O = Ap(u) (filtration equation). They achieved the first incompressible limit result by letting
m — oo for ¢(u) = u™. Caffarelli and Friedman in 1987 ([7]) studied the incompressible limit
of d;u = Au™ TVP on R?. They showed that the IVP coincides with motionless or stationary
FBP. Gil and Quirds in 2001 ([19]) worked on the IVP on an open Q C R? with boundary data
depending on space. With boundary data idendically equal to zero and large enough Q, they got
the same results as Caffarelli and Friedman. In particular, a motionless or stationary boundary.
With nontrivial boundary data, they get a nonstationary FBP. In more recent work, [23] includes

the growth term u®(p). This results in a nonstationary free boundary in R?. Also they showed



that the complementarity condition is equivalent to L? strong convergence of the pressure gradient.
They used a L AB-estimate (Aronson, Bénilan) to get the result. In 2021, [17] included nutrient
concentration in the growth term. They established a new way to get L? strong compactness for
pressure gradient. They achieved a L> AB-estimate and a L* bound on the pressure gradient to gain
enough compactness. In [21], they included a term that can be either a source or sink term. They
prove the complementarity condition by connecting it to a obstacle problem, in which they show is
true. In all of the above prior work, they consider a = b = 1. We generalize this so that a, b are nice

functions that depend not only on space but on time as well.



CHAPTER 2

APPROXIMATING INHOMOGENEOUS POROUS MEDIUM WITH AGGREGATION
VIA GRADIENT FLOW METHODS

2.1 Notation and Assumptions

2.1.1 Definition of Energy Functionals

We study
a_ (u?
(WPME) Bu=V- (EV (—2)) V- (uV(V + V) +V - (u(TW * )
a
—_— Drift Aggregation
Diffusion

by using the Wasserstein gradient flow, u : [0,7] — P2(R?), of the energy
F i Pr(RY) = RU {+oo},  F(p) = E(w) +V (1) + Valu) + W(p)

where we have diffusion (&), potential (or drift V), confining potential (‘V%), and interaction (or

aggregation W) energies

_ [ () _
&(u) = /R e VG = /R V) du),

0, supp(u) C Q 1
Valy) = W) =5 / W () du(),
+00, otherwise R

respectively. Note du = p(x) dx and V, W: RY — R. Here, Q C R? is nonempty, open, and convex.
A probability measure u € P (R?) lies in the domain of an energy ¥, denoted D (F), if F (i) < oo.

The second moment of a probability measure u is

M (u) = /R P du).

We are interested in the space P> (R%) = P(RY) N D(M>), probability measures with finite second
moment, with the 2-Wasserstein distance W, (see Remark 2.3.4). The space (#» (RY), W>) is a
metric space and in particular a geodesic space [24]. We will use the flow interchange method (see

Remark 2.5.3) to prove a H'! bound, in which, we define the heat entropy

S(ﬂ)=/ plog p dx.
R4



We assume that the weight a € C!'(R¢) and there exists a constant C > 0 such that 1/C < a(x) < C
for all x € R?. For the well-posedness of the gradient flows of & (and therefore ¥), a(x) is
log-concave on Q. In particular, the functional & is convex and its local slope is a strong upper
gradient. Note thatif Q = R4 then a(x) would be a constant. For & to be well-defined, we insist that
|l L2(rey < C. This correlates well with Assumption 2.1.3. As in [9, Corollary 5.5], for particles
to remain particles, regularization is used.

To illustrate why regularization is the solution [9] proposes to solve their issue, let us look at the

continuity equation
a[:u =V. (/”tv) )

Ho(x) = p(x,0).

If we define the velocity as v = (uV (£)) + VV + VW x y, then the continuity equation is the same
as (WPME) barring the confinement variable. If v is nice (that is, there is no diffusion term), then
the particle method works without any regularization required. However, including diffusion makes
v not nice. To make v nice or to give v stronger regularity, we can regularize.

In particular, we regularize the energies by convolving a mollifier with u. That is,

Fek (1) = Ec(u) + Ve () + Vie(u) + We ()

where

(G n()? .
Eely) = /R Rt L ANE /R V() e ()

Ve = [ Ve due) Wl =5 [ W o) dle s o).

The corresponding regularized PDE is

ou=V- (/1 (Vée * (&:ﬂ)) + (Ve x V) + u(Vie* Lo+ Wk ) + uVvy |

The particle method starts by approximating the initial data g as a finite sum of Dirac masses. We

have a system of ODEs for the particles, where the particle locations evolve in time based on the



regularized version of the velocity, say ve. So, we get the gradient flow, i (7), of the regularized
energy. Taking e — 0 gives the gradient flow of unregularized energy, which corresponds to the

original PDE.

2.1.2 Assumptions

There are various assumptions necessary of the functions a, V, W and the mollifier ..
Assumption 2.1.1 (Mollifier). We assume that the mollifier satisfies the following:

(2.1) ¢ € C*(RY) is even, nonnegative, NNl (ray = 1,D%¢ € L*(RY),

(2.2) £(x) < Crlx| ™9, |VE(x)] < Cglx| ™7, for C; >0, g > d+1, ¢’ > d.

Assumption 2.1.2 (Target function). Let Q € R? be nonempty, open, and convex. The weight
a € C'(RY) is log-concave on Q and there exists a constant C > 0 such that 1/C < a(x) < C for all
x € RZ

We will consider V and W satisfying assumptions 4.1 and 4.2 from [13] so that the aggregation

and drift functionals are w-convex.

Assumption 2.1.3 (Aggregation/Interaction). There exists a constant C > 0 (not necessarily the
same constant) such that
1. Forall u € P>(R?) with ||ullr < Cp, W™ = pu(x) < C.
2. Forall u,v € P»(RY) with ||u||rr < Cp , we have [|[VW = 12,y < C.
3. Forall ||ul[z» < C,, the kernel W is continuously differentiable and there exists a continuous,
nondecreasing, concave function ¢ : [0, 00) — [0, c0) satisfying ¢ (0) = 0,y (x) > x, and
01 % = oo so that
[VW s u(x) = VW * u(3)|> < CPy(Jx = yI?).
4. Forall ||ullre, VI, lollr < Cp,

VW s i = VW 5 v|[ 12,y < CWa(u, v).

5. W is lower semi-continuous.



6. 1 < p < +oo.

Assumption 2.1.4 (Drift Potential). There exists a constant C > 0 (not necessarily the same
constant) such that
1. v>-C.
2. Forall u € D(V), we have ||[VV|| 2,y < C.
3. The kernel V is continuously differentiable and there exists a continuous, nondecreasing,
concave function ¢ : [0, 00) — [0, o0) satisfying ¥ (0) = 0, (x) > x, and /01 % = 00 SO
that

IVV(x) = VV()[* < Coy(lx - yP).

Assumption 2.1.5 (Confining Potential). Let Q C R? is nonempty, open, and convex. The confining
potential Vi (x) > 0, for k € N is convex and twice differentiable with D>V, € L®(R?). Furthermore,

Vi = 0on Q and limy_, (infyep Vi (x)) = 400 for all B cc Q€.

Remark 2.1.6. Assumption 2.1.5 implies that V; € L'(u) and VV} € L?(u) for u € P>(R?) by
taking the L™ norm. In particular, we get well-posedness of the gradient flow and the correct

limiting dynamics as k — oo.

Assumption 2.1.7 (Additional Assumptions). For any u € P5(R?) with ||u||; » rd) < C, we require
that either

1. 3R > O such that, [|[VW = ul|2(ga\p,) < Cr and ||[VV || 2ga\gg) < Cr-

2. |D*W s pll 2 (gay < Cllgll2gay and [|D?V| 12gay < C.

1

d .
m.ﬁf |B, gives us

Remark 2.1.8. Given Assumption 2.1.3, for any R > 0, choosing v =
||[VW /.l”LZ(fd|BR) < Cg. We have that item 1 in Assumption 2.1.7 gives [[VW * [ ;2gay < C
after we fix R. Regarding item 2, recall that ||u||;2(gey < C. Thus we have a bound of C after
combining constants. Analogous arguments are made for the assumptions on V.

We can get the same bound if we convolve VW x u (or VV) with . by the same method as

Remark 2.4.10 or by using Young’s convolution inequality. These additional assumptions are used

in Proposition 2.5.10.



We give examples that satisfy the assumptions required for the aggregation kernel.
2.1.3 Newtonian Potential
There are multiple examples where w-convex energies have the Newtonian potential,

7 log([x]), d =2
N(x) =

|X|2—d

To-aa@a 4 *2
as their kernel. It is only interesting when d > 2 as when d = 1 the Newtonian potential is convex
and many energies (see example 2.19 of [13]) are w-convex with 4, = 0 (i.e. convex). For any extra

assumptions added for W, we would like the Newtonian potential to satisfy them as well.
2.1.4 Kernels of Aggregation
There are two generalization of the Newtonian potential. The first is the Riesz potential

Rp.q(x) = Caplx|P4

with 2 < 8 < d and d > 3. See that the Newtonian and the Riesz kernels are equivalent when 8 = 2

([8]). The Bessel kernel is given by

0 1 ~1x[2
B, 4(x) = — e @ Y gt
a,d( ) /0 (47Tl)d/2

with @ > 0. The Newtonian and the Bessel kernels are equivalent when a = 0 ([8]). Both of Riesz

and Bessel kernels satisfy the assumptions for w-convexity.

2.2 Main Results

Theorem 2.2.1 (Convergence of gradient flows as k — oo, € = €(k) — 0). Suppose Assumptions
2.1.3,2.1.4, 2.1.5, 2.1.7 hold. Fix T > 0 and ;1(0) € D(F) N D(S) N P»(RY). For € > 0 and
k € N, let pe; € AC?([0,T]; P2(RY)) be a gradient flow of Fe s with the initial data u(0). Then as

k — oo, there exists a sequence € = €(k) — 0 so that

Jim Wi (e (0, 1(0)) = 0, wniformily for t € [0,

where ;1 € AC%([0,T]; P2(RY)) is the unique gradient flow of F with initial condition 11(0).



Before we give the result for convergence with particle initial data, we need to briefly discuss
Osgood’s criterion and the discretization of the PDE. The well-posedness of w-convexity functionals
were inspired by the Osgood’s criterion of well-posedness of ODEs in Euclidean space. Furthermore,

w being an Osgood modulus of convexity (see [13]) ensures the ODE
FF(x) = Lw(F (%)),
Fo(x) =x,

is well-posed locally in time. We will review some properties of the ODE. The solutions to the ODE
is
X dy
w(y)
where ¢ : (0, 00) — R. If 1., < 0, then F;(x) is a solution for all # > 0. If 1, > 0, then F;(x) is a

F() = 67 (6(0) +140).  6(x) = /1

solution for 0 < ¢ < (¢(+00) —¢(x)) /A, The function F,(x) and its spatial inverse F, ! (x) = F_,(x)
are continuous and strictly increasing in x. If 4., < 0, then F;(x) is nonincreasing in t. If 1, > 0,
then F;(x) is nondecreasing in #. We also know that ¢’ (x) = 1/w(x) and (¢~ (x))" = w(¢~!(x)) > 0.
In the particle method 4, is a function of €, denoted A, . To this end F;(x) is also a function of €,
denoted F; «(x) = ¢~ (p(x) +tA00).

After mollifying the gradient flow, the regularized PDE is

ohpu=V- (,U (V§e * (&;ﬂ)) +U(VLex V) + (Ve x Lex W ) + uVVi |

Given that the gradient flow of 7, solves the above PDE in the weak sense, we can discretize the

problem by letting

N N N
M(t) = Z 5Xi([)ml’ /-10 — Z 6X(gml, Z ml — 1’
=1 i=1 i=1

where {X' (t)}f.\i , are the location of the particles. We then obtain a system of ODEs for the particle,
. N . . . . . N . . .
Xi(1) = = 3 fOX XD mI = VL V(X = VVi(XT) = ) mI Ve fex WX = XT)
j=1 j=1

with X'(0) = Xé where

o i J—
o = [ LA

10



Theorem 2.2.2 (Convergence with particle initial data). Suppose Assumptions 2.1.3, 2.1.4, 2.1.5,
2.1.7 hold. Let A, ¢ := /lz,". FixT > 0 and u(0) € D(F) N D(S) N P»(RY). Fork,N e N, e > 0,

andt € [0,T], consider the evolving empirical measure,
N N
Mgk(f) = Zfsxik(;)ml, m' >0, Zml =1,
i=1 |
where Xé i € C'([0,T];R?) solves,

Xék(t) = - Zyzl m/ /;Qd V{e(X;k - Z)(E(Xik - Z)le) dz — Ve * V(Xé’k) - Vvk(X;k)

=3 mIVEex Lex W(XT, - X))

X (0 =Xp..
Suppose that as € — 0 there exists N = N(€) — oo, such that, for all k € N, ,u]evk 0) = Zfil 6X$ m'

converge to u(0) with the rate,

Jim F,(W3(42, (0), 1(0))) =0.

Then as k — oo, there exists € = €(k) — 0and N = N(€) — oo, for which ,u]EVk (1) = Zf\il Oyi k(,)mi
satisfies

Jim Wi (' (1), () = 0, uniformly fort € [0,T],

where u € AC?([0,T]; P2(RY)) is the unique weak solution of (WPME) with initial condition

u(0).

Corollary 2.2.3 (Long time limit). Suppose Assumptions 2.1.3, 2.1.4, 2.1.5, 2.1.7 hold. Define the
empirical measure ,u[!k (1) = 2,1'11 Oyi k(t)mi. Assume V =W =0, Q is bounded, and /g adl?=1.

Then there exists k = k(t) — o0, € = €(k) — 0, and N = N(€) — oo so that
. N
tlggo Wi (#e,k(" 1),alg) = 0.

We can get the convergence results without diffusion on R? instead of on Q. That is, no

confinement is necessary.

11



Theorem 2.2.4 (Convergence of gradient flow of Drift and Aggregation on R¢). Suppose Assumptions
2.1.1, 2.1.3, 2.14, 2.1.7 hold. Define Ge = Ve+ Weand G =V +W. FixT > 0, u(0) €
D(G) N P2(RY). Fore > 0, let ue € AC*([0,T]; P2(RY)) be the gradient flow of G. with initial
data 11(0). Then as € — 0, uc(t) — u(t) narrowly for t € [0,T] where u € AC?>([0,T]; P2(RY))

is the unique gradient flow of G with initial condition u(0).

2.2.1 Remarks on Convergence Rate
There are two interesting examples from [13, Example 2.17] worth discussing when it pertains

to Theorem 2.2.2.

Remark 2.2.5 (Convergence when w(x) = x). For w(x) = x, F;(x) = xexp(Ay.t). Given the
approximation via an empirical measure sz (uIEV . (0),1(0)) < 6¢ ~ 1/N, ([14, Lemma A.4]), we
want to analyze

]}Lrl;lo F—2t,e(6e) =0.
Using the semi-convexity of &, A, ~ —1/ €d*? ase — 0,

Je

0 F2e(0¢) =0eexp(—2tdye) = —————~.
2(00) = 0 XP(-21ue) = oot

Thus, we get the same convergence as [14] as € — 0,

1 -1
N(e. k) =0 (exp (Ed+2)) )
Remark 2.2.6 (Convergence for log-Lipschitz modulus of convexity). Some explicit examples are
mention later with the Newtonian potential and Bessel kernel for the aggregation energy. Both are

w-convex where w is log-Lipschitz. In particular, F;(x) = x®P(-*dw.c) Given the approximation via

an empirical measure W22 (“Zk (0), u(0)) < d¢ ~ 1/N¢ ([14, Lemma A.4]), we want to analyze
khm F—2t,e(66) = 0.

Using the semi-convexity of E¢, Ay ~ —1/ €2 ase — 0,

log(6.) )

0 « Fo1,e(de) = exp (W

12



This requires that as € — 0,

log(é.)
exp(2t/ed+?)

Equivalently, as € — 0,
1/log(Ne)
exp(—2t/€+2)

Thus, we get what we expect based on the previous convergence result that as € — 0,

1 -1
log(N(e. k) * (exp (6d+2)) '
Neither of the previous convergence rates are desirable as in some numerical simulations in [14],

N ~ e 191 'We cannot show this in particular, but do improve on the qualitative rates above.

Remark 2.2.7 (Improved Qualitative Convergence Rate). Given the approximation via an empirical

measure sz(u’!k(O), u(0)) < 8¢ ~ 1/Ne ([14, Lemma A.4]), we want to analyze
lim Foyc(6c) = 0.

In particular, we want to have some convergence rate for N (€) to achieve the above limit. Given that

w is nondecreasing and positive, we use a discrete approximation so that,

b dy _—(1-¢6) < 1
o 2ot B

__(1_66) 1 _(1_66) C 1
ST wlo gwoc,-)*E”

—(1-6,) 1
+ E,,
n w(de)

for a fixed n, where E,, is the error. We use the fact that we know the explicit form of F;(x), ¢! and

w are nondecreasing, and that the semi-convexity of &, with 4, ¢ ~ —1/ €2,

F—2t,e(5e) = ¢_1(¢(6e) - 2t/1a),e)
= ¢~ ($(5¢) +2t/€?)
% ¢ 2t
_ -1 4y
=9 (/1 oM ed+2)
<! (—(1 —6) 1 VE 4 2t )

n w(6¢) ed+2

13



If [' 2 = oo (see [13, Definition 2.15]), then ¢(0) = —co. Given that ¢~ (6(0)) = 0,

w(y)
poo(=60) 2
e—0 a)(de) €d+2 B

Note that since n does not depend on € and is fixed, we can ignore it as it is a constant. Taking

log exp,
—(1-6¢)
. exP( w(oe) )
log hn(l)— = —0o.
e ()
It follows that,
—(1-6¢)
eXP( w(G0) )

Thus as e — 0,

or with full generality,

As e — 0, for w(x) = x,

exp(1 - N(e, k) =o (exp (6;—12)) )

1-N(e k) | -1
=P (uoguv(e, k))|) - ¢ (‘”‘p (W)) '

and for w(x) = x| log(x)],

2.3 Background

2.3.1 Preliminaries
We discuss numerous definitions and lemmas used throughout the chapter. The first allows us to

move the mollifier from the measure to the integrand.

Lemma 2.3.1 (mollifier exchange, [9] Lemma 2.2). Let f : R? — R be Lipschitz continuous with
constant Ly > 0, and let o and v be finite, signed Borel measures on R4 Thereis p = p(q,d) >0

so that

‘/{e*(fV)dU—/({e*V)fdff

<€e'Ly (/(42 # [v]) dlor| + Clor| (RY) v (RY)

14



forall e > 0.

Narrow convergence is one of the main notions of convergence in this chapter.

Definition 2.3.2 (narrow convergence). A sequence i, in P (R?) is said to narrowly converge to

u € P(RY) if f fdu, — f f du for all bounded and continuous functions f.

Lemma 2.3.3 (narrow convergence and mollifiers). Suppose (¢ is a mollifier satisfying Assumption
2.1.1 and let yi¢ be a sequence in P(RY) converging narrowly to u € P(R?). Then ¢ * pe narrowly
converges to |L.

Another main notion of convergence used here is via distance. In particular, the 2-Wasserstein

metric. This relates to optimal transport.

Remark 2.3.4 (optimal transport and Wasserstein metric). For u, v € P(R?), the set of transport

plans from y to v is given by

T(u,v) ={y € PRI xR)| myy = p, myy = v}

1

where 7!, 72 : R x R? — R? are projections of RY x R onto the first and second copy of R,

respectively. For p > 1, the p-Wasserstein distance between u, v € £, (RY) is given by

1/p
W, (i) = ( / = yI? dy(x, y)
R4 xR4

with y € Ty(u, v) where I'g(u, v) is the set of optimal transport plans. The pth moment is defined

as M, (u) = fRd |x|” du and thus define the space
Pp(RY) = {1 € P(RY)| My () < oo}

Remark 2.3.5 (geodesics and generalized geodesics). Given uo, 11 € P>(R9), a geodesic connecting

Uo to u; are curves of the form
po = (1 - )" +an)py

for @ € [0, 1],y € To(uo, t1). Given o, p1, o € P2(RY), a generalized geodesic from u» to u3
with base yu is given by

ui_ﬁ =((1- a)Jr2 + CL’7T3)#’)/

15



for @ € [0,1] and y € P(R? x RY x R?) such that n;’zy € I'p(uy, puz) and 71;’37 € I'p(uy, u3). For
short hand, sometimes u, will be used for the generalized geodesic.

Often times we require a curve to be absolutely continuous.

Definition 2.3.6 (absolutely continuous). We say u(#) is absolutely continuous on [0, 7], and write

u € AC?

loc

((0,7); P2(RY)), if there exists f € LY ((0,T)) so that,

Wa(u(r), u(s)) < / £(r) dr

forallf,s € (0,T) with s < ¢.

The minimal f to satisfy this is the metric derivative of u.

Definition 2.3.7 (metric derivative). Given u € AC2 ((0,T); P»(R?)), the limit

loc

Wo(u (1), u(s))
|t = s

|w'](2) = lim

exists for a.e. t € (0,7) and is called the metric derivative of u.
A main point of this work is to generalize results of [14] to w-convex functionals. Here we

provide a definition as well as recall other notions of convexity and how they relate.

Definition 2.3.8 (w-convexity). Given an energy E : P»(R?) — R U {+0}, a curve p, € P>(R?),
and a distance function d : P»(R?) x P»(RY) — [0, c0), we say that E is w-convex along p, W.r.t.

d if for some w : [0, +00) — [0, +o0) and A, € R,

E(pa) <(1 = @)E(uo) + E(u1)

_ %’ ((1 - a)w (azd(ﬂo,ﬂl)z) taw ((1 - O‘)Zd(”o’”l)z)) '

where the modulus of convexity w(x) is continuous, nondecreasing, and vanishes only at x = 0. If
Uq 1s a geodesic, then d = W,. If u, is a generalized geodesic from u; to u3 with base u, then

d = W, where

172
Wa, (t2, u3) = (/ |n? — 7| d?’) .
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Remark 2.3.9 (Discussion of notions of convexity). In [13, Definition 2.4], convexity, semi-
convexity, and w-convexity are discussed. It is sometimes easier to compare the different notions
of convexity using the negative part of A, A~ = max{0, —1}. It is clear that when A = 0, convex
and semi-convexity are equivalent. If 4 > 0, then semi-convexity implies convexity. Conversely, if
A < 0, then convexity implies semi-convexity. We have similar implications for w-convexity and
semi-convexity (and therefore convexity). Semi-convexity and w-convexity are equivalent when we
have the identity map, w(x) = x. Semi-convexity implies w-convexity when w(x) > xand A, > A™.

The first requirement is used so that
(1= a)d®(uo, 1) = (1 = @)a’d’ (uo, 1) + (1 — @)?d* (po, 1)
< (1 - a)w(?d*(po, 1)) + aw((1 = @)*d* (uo. 1))
Requiring A, > A~ gives
Sl - a)d (o) < 52 (1= (@ (a0, 1)) +aw((1 - 02 (o, ).

Using the same reasoning, we get the converse. That is, if w(x) < x and A, < A7, then w-convexity
implies semi-convexity.
It can be quite difficult to check if an energy functional is w-convex by the definition. Here we

have an criterion for w-convexity using the above the tangent line property.

Proposition 2.3.10 (above the tangent line property and w-convexity, [13] Proposition 2.7). Suppose
that for all generalized geodesic u, from ug to uy with base v such that uo, uy € D(E), E(uy) is
differentiable for a € [0, 1], %E(,ua) e L'([0,1]), and
d Aw )
E(u1) = E(no) = ——E(Ha)la=0 2 (W, (1o, 1))
a 2
Then E is w-convex along generalized geodesics. Furthermore, if E merely satisfies these assumptions

in the specific case that v = ug or v = uy, then E is w-convex along geodesics.

Definition 2.3.11 (local slope). Given E : P>(R%) — (—o0, 00], for any u € D(E), the local slope

is

L (E(u) —E(v))+
|OE| () _11131:,31) Wa (i)
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where A, = max{4, 0} is the positive part of 1.
Many methods in this chapter take advantage of gradient flow. Moreover, the preservation of the

gradient flow structure in the limit.

Definition 2.3.12 (gradient flow). Suppose E : (—oo, 0] is proper, lower semi-continuous, and
w-convex along generalized geodesics. A curve u(t) € AC%([0,T]; P>(RY)) is a gradient flow of

E in the Wasserstein metric if u(7) is a weak solution of the continuity equation

() +V - (v()u(r)) =0

in the sense of distributions and v(¢) = —V%’_ for £L'-ae. t > 0.

We state the characterization of the gradient flow, in which, are multiples results of [1].

Theorem 2.3.13 (well-posedness and characterization of gradient flow). Suppose E : (—c0, 0] is
proper, lower semi-continuous, and w-convex along generalized geodesics and (0) € D(E). Then
there exists u(t) an unique gradient flow of E such that as t — 0%, Wy (u(t), u(0)) — 0. Moreover,
u(t) € AC%([0,T]; P2(RY)) is a gradient flow of E if and only if u(t) satisfies one the following
equivalent conditions:

1. Curve of Maximal Slope: Forall) < s <'t,

: / W) dr+ 5 / OEP(u(r) dr < E(u(s)) — E(u(0)).

2. Evolution Variational Inequality: For all v € P»(R?) and for L'-a.e. t > 0,

1d A
57 W2 (), v) + Sro(W3(u(n),v) < E(v) = E(u(1).
We will show that curves of maximal curves coincide with gradient flows of w-convex energies

in Theorem 2.3.23. The EVI condition comes from [13]. Note that the 1. is also referred to as the

Energy Dissipation Inequality (EDI).

2.3.2 Sufficient Conditions via Serfaty’s Theorem
Serfaty in [25], establishes a framework for convergence of gradient flows. We provide the

definition of this type of convergence and adjust the framework of Serfaty for w-convex functionals.

18



Definition 2.3.14 (I'-convergence of energies). We say that G, : P»(RY) — R U {+co} I'-converges
t0 G : Po(RY) — R U {+oo} if

1. For any p. € P(R9) converging narrowly to u € P (R9),

(2.3) liggf Ge(pe) 2 G(1).

2. For any u € P,(R?), there exists p. € P(R?) converging narrowly to u such that

(2.4) limsup Ge (1) < G(u).

e—0

The reason why Theorem 2.2.1 as uniform convergence in W; and not W5 is because of the

compactness of absolutely continuous curves.

Lemma 2.3.15 (compactness of absolutely continuous curves, [14] Lemma 2.15). Fix T > 0.
Suppose we have a sequence {p¢}eso € AC%([0,T]; P2(R?)) and
T
sup [ WP dr < 0, sup Maue(0) < oo
e>0 J0 e>0

Then there exists u € AC*([0, T]; P>(R?)) such that, along a subsequence € — 0,

Wi (ue(t), u(t)) — O uniformly int € [0,T], and
t t
liminf/ |l 2 (r) dr > / |12 (r) dr
e—0 0 0
foreveryt € [0,T].

Proof. We use Proposition 2.5.9 with the hypothesis of this lemma to get existence of aC = C(T) > 0,
so that for all r € [0,T] and € > 0, u(¢) belongs to the set {u : M>(u) < C}. This set is narrowly
sequentially compact [1, Remark 5.1.5, Lemma 5.1.7] and uniformly integrable 1st moments [1,
equation 5.1.20]. So it is relatively compact in the 1-Wasserstein metric [1, Proposition 7.1.5]. Thus

pointwise in time, {u(?) }e>0 is relatively compact with respect to the 1-Wasserstein metric. By
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Holder’s inequality, forall 0 < s <t < T,

sup Wi (ue(s), ne(1)) < sup Wa(ue(s), pe(r))

e>0 e>0

t
<sup [ 1wl dr
S

e>0

t 1/2
< t—s(sup/ |/.t’6|2(r)dr) )
e>0 Js

The equicontinuity with respect to the 1-Wasserstein metric means we can apply Arzeld-Ascoli
so that there exits u : [0,7] — P>(R%), such that, up to a subsequence, W;(ue(t), u(t)) — 0
uniformly in ¢ € [0, T].

The hypothesis ensures {|u’|(r)}e>o is bounded in L?([0,T]). Therefore, up to another
subsequence, it is weakly convergent to some v(r) € L?([0,7]). Forall 0 < s < ¢t < T, using
lower semi-continuity of 2-Wasserstein metric with respect to narrow convergence (and therefore

1-Wasserstein convergence),

Wa (), (1) < liminf Wa(sec(s), pe(r)) < lim inf / KLI(r) dr = / v(r) dr.

This gives us u € AC%([0,T]; P>(R¢)). By [1, Theorem 1.1.2], we have |u’|(r) < v(r) for a.e.
r € [0,T]. We finish by acknowledging that the L>([0, T]) norm is lower semi-continuous with

respect to weak convergence. O]

Due to the fact that a(x) is log-concave on Q instead of R¢, we require a weaker framework of
Serfaty’s result. Once we show that w-convex functionals are regular in Theorem 2.3.23, then we

obtain the following.

Theorem 2.3.16 (Weak Serfaty Framework for w-convex functionals, [14] Proposition 2.16). Let
F,Fe : P2(RY) — R be functionals that are proper, lower semi-continuous, w-convex along
generalized geodesics, and bounded from below uniformly in € and suppose ¥, I'-converges to F as
€ — 0. Fix T > 0. Suppose that for all € > 0 there exists u. € AC%([0,T]; P»(R?)) and for almost

all r € [0,T] there exists ne(r) € L*>(ue(r)) such that

3 [ wePerdres [ ] e ductr) dr < Toue0) = 7o)
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forall0 <t < T. Suppose there exists u(0) € D(F) N P2(R?) such that sup,.y Ma(uc(0)) < oo

andas € — 0

pe(0) — p(0) narrowly,  Fe(ue(0)) — F (u(0)).
Then, there exists 1 € AC*([0,T]; P2(RY)) so that up to a subsequence
liII(l) Wi(ue(t), u(t)) =0, uniformly forr € [0,T].
e—

Furthermore, we have

1 ! 1 !
; /0 W) dr + 5 /0 lim inf /R e de(r) dr < F(u(0) - F (1)
forall0 <t <T.

Proof. As the initial data is well prepared, we may assume

sup Fe(ue(0)) < oo.

e>0

With the assumption that 7, is bounded from below uniformly in €, then

1o 1 [
3 [ ares [ ] P ductr) an
0 0 JR4

is bounded from above uniformly in €. It follows that, sup_. /Ot |u2)?(r) dr < co. We may apply

Lemma 2.3.15 so that,

%/Oz|ll’|2(r) dr+%1iggf/0t/Rd Ine(r)? due(r) dr < liminf(Fe (1e(0)) = Fe(pe(1))).

We use Fatou’s Lemma to control the second term on the left-hand side. For the right-hand side, use
use ['-convergence of the energy functional and narrow convergence of the density to obtain the

result. O]

If the log-concavity of a(x) were not required for the well-posedness of the gradient flows of 7
or if we did not have to restrict the log-concavity of a(x) to Q, then we could use the stronger result

that would resemble [25, Theorem 2] much more. In fact, we can use this version to prove Theorem

2.2.4.
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Theorem 2.3.17 (Serfaty’s Sufficient Conditions for w-convex functionals). Let G, : SDQ(Rd ) —
RU {+c0} and G : P>(R?) — R U {+o0} be proper, lower semi-continuous that are w-convex along
generalized geodesics. Let |0G.| and |0G| be strong upper gradients of G. and G, respectively.
For all € > 0, let ue € AC*([0,T];P>(R?)) be a gradient flow of Ge and that there exists

i [0,T] = P2(RY) such that, pe(t) — u(t) narrowly fort € [0,T] and

@) u(0) € D(G),  1im Ge(1e(0)) = G(4(0).

Assume that (2.3) holds and for almost every t € [0,T],

(2.6) liminf/ |22 (s) a’sZ/ 11| (s) ds,
-0 Jo 0
2.7) lim inf [0Ge|* (ue(1)) 2 10G I (u(1)).

Then u € AC?([0,T]; Po(R?)) and u is a gradient flow of G with initial data 11(0).

Proof. Based on [25, Theorem 2], it suffices to show that the local slopes of w-convex energies
are strong upper gradients (Theorem 2.3.18) and that w-convex energies are regular (Theorem

2.3.23). ]

We wish to prove the I" -convergence of the gradient flows of w-convex energies using Serfaty’s
results [25, Theorem 2]. We must first show this holds for w-convex energies instead of the usually

semi-convex energies. The first thing to check is that local slopes are strong upper gradients.

Theorem 2.3.18 (Local slopes are strong upper gradients). Let E be w-convex along geodesics.

Then |0E| is a strong upper gradient of E.

Proof. Define the global slope /g (1) = sup,, % By definition of local slope, |[0E|(u) <

I (u). By the HWI inequality (see Proposition 2.5 of [14]),

B E(u) — E(v) Qw(sz(,u,v)) ’
laEl('u)_iliE Wa(u, v) 2 Wa(u,v)
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Using that equality,

E(w-EW) A, @W3(y) 1, oW )\

I =su + — —
E =S\ Gy T2 Wau) 2 Wa(uv)

(“)* (W2, )
2 e Wa(uv)
2 w(Wi(u,v)

= |9E| () + 22 su
2 en Wa(u,v)

< [OE[(u) +

If 1, > 0, then we get that the local slope is identical to the global slope. As the global slope is a
strong upper gradient ([1, Theorem 1.2.5]), we get that the local slope is a strong upper gradient.

Thus, we only need to consider when A, < 0. For u, v € Pz(Rd),

W3 (1, v) < Ma(p) + Ma(v) < .

wW3 ()

Since sup,,,,,, WGy 1S finite, then we can apply [1, Theorem 1.2.5]. We get that the local slope

is a strong upper gradient as in [1, Corollary 2.4.10]. [

The next thing we must check is that curves of maximal slope coincide with gradient flows of
w-convex energies. It suffices to show that w-convex energies are regular. In particular, we must
show the subdifferential of an w-convex energy is closed. We first characterize the subdifferential

for w-convex energies similarly to semi-convex energies.

Theorem 2.3.19 (subdifferential characterization of w-convex functionals). Suppose E : P,(RY) —
(—o00, +00] that is proper, lower semi-continuous, and w-convex along geodesics. Let u € D(E)

and & 1 R — R4 with & € L*(u). Then & € OE (u) if and only if for all v € P»(R?)

A

E(v) - E(u) 2 / Rd(f(X),y —x)dy(x,y) + jw(Wf(ﬂ, v)), VyeTlo(u,v).

Rdx
Proof. The w-convexity characterization implies the definition ([1, Defintion 10.1.1]) as
w(sz(u,v)) = o(Wa(u,v)) as v — u in P»(RY). The converse mostly follows from ([1, B

in Section 10.1.1]). Conversely, suppose o, 11 € P2(RY), y € To(uo, p1), po = (m172)ay for
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t € [0, 1]. By the definition of subdifferential at g for & € dE (up) and y; € T'o(uo, ptr)

E(u) — E(po) 2 /(6()6), Y = X) dyi(x,y) + 0(W; (1o, 1))
= [ ety = 10 dy () + oW o)
=1 [ (€. =) dy(xy) + ol
where the first equality is a result of change of variables. Now we divide by t and compute the lim inf

E(u,)-E
hm%lf (p4r) : (10) S
—

/ (ECO.y - x) dy(x.y).

By the definition of w-convexity,

E(u) < (1= DE(uo) + 1B+ 1) = 52 (1= 0P W (o, ) + 1e0((1 = 12 W3 s )

Rearranging and dividing by ¢ we get a bound for the difference quotient

Aw
2

EG LG gy p -

((% ~ D (W3 (0. ) + (1 - f)szz(#o,m))) .

We take the lim inf

E(u;) — E(uo)
t

. Aw
lim inf < E(m) = E(no) = S 0(W3 (o, 1))

t—0

and get the right-hand side by using that w is continuous, w(0) = 0, and w(x) = o(y/x) as x — 0.

Rearranging and using the lower bound for the difference quotient gives the result. 0

Definition 2.3.20 (weak convergence of varying measure). Let u, be a sequence in P (R?) be
narrowly converging to y in P (R¢) and let v, € L' (u,; R™). We say that v, weakly converges to

v € L'(u; R™) if for all € C=(RY),

tim [ 26w, dn0) = [ w0 duo

The main goal to show Theorem 2.3.21 is to take the liminf as n — oo of the inequality in the
characterization of the subdifferential of an w-convex energy. We have no issue with the energy term

as E is lower semi-continuous and no issue with the w-convexity term as it is continuous. The main

24



issue is with the integral term, which has nothing to do with E being w-convex. Thus, Theorem
2.3.21 follows from the standard result [1, Lemma 10.1.3] and noting that it is not restrictive to use

a transport map as it can be adjusted so that no map is necessary (see [1, Remark 10.3.3]).

Theorem 2.3.21 (closure of subdifferential, [1] Lemma 10.1.3). Let E be proper, lower semi-

continuous, and w-convex functional. Let p,, converge to u € D(E) in P>(R?) and let & € OE (uy,)
satisfying
sup [ €GO dy () < o,
n

and converge to & weakly (with varying measure). Then & € OE (u).

Definition 2.3.22 (regular functional). A functional E : P5(R?) — (—c0, 00| is proper, lower semi-

continuous, and D(|0E|) € P>(RY). We say that E is regular if whenever the strong differentials

&n € OE(pn), @n = E(uy) satisfy

pn = pin P2 (RY), @, — @, sup, €l 12, ma) <

&, — & weakly (of varying measure),
then & € OE(u) and ¢ = E(u).

Theorem 2.3.23 (w-convex functionals are regular). Suppose E : P>(R?) — (—co, +00] that is

proper, lower semi-continuous, and D(|0E|) C P2(R?). Then E is regular.

Proof. By Theorem 2.3.21, we have ¢ € 0E(u). As E is lower semi-continuous, it suffices to show

limsup E (un) < E(p),

n—oo

which is equivalent to
liminf(E(u) — E(uy,)) = 0.

By Theorem 2.3.19,

Aw

EG)~EGu) > [ (6005 = dyxi) + oW 0). V5o € T ).

RIx
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As in Theorem 2.3.21, having u, converge to i in P5(R?) (with respect to W»), the right-hand side

goes to zero. Thus,
liminf(E(u) — E(un)) 2 0,
n—oo

and moreover by lower semi-continuity lim, . E (u,) = E(u). ]

2.4 Energy Properties

2.4.1 Lower semi-continuity of Energies
The first step in showing that the gradient flows of the energy functionals are well-posed is to

show they are lower semi-continuous.

Proposition 2.4.1 (lower semi-continuity). Let € > 0 and V, W satisfy Assumptions 2.1.3 and 2.1.4,

respectively. Then V., ‘W, are lower semi-continuous with respect to narrow convergence in P (R%).

Proof. By Lemma 5.1.7 of [1], V and W are lower semi-continuous with respect to narrow

convergence. By definition V. (u,) = V(e * u,) and We(u,) = W (L * p,). Thus we have,
lim inf Ve(pn) 2 Ve(u),  lim inf We(un) 2 We(p).
This completes the proof. 0
The following proposition is standard and follows from [1] and [14].

Proposition 2.4.2 (Lower semi-continuity of &, E., V, Vi, Vo, W). Suppose Assumptions 2.1.3,
2.1.4, 2.1.5 hold. The for all € > 0, the functionals &, E¢, V, Vi, Vo, W are lower semi-continuous

with respect to narrow convergence.

2.4.2 Directional derivatives of Energies
The derivatives for the regularized drift and aggregation functionals follow from the first parts

of the proofs of Proposition 4.6 and 4.7 in [13].

Proposition 2.4.3 (Directional Derivatives for Ve, We). Suppose Assumptions 2.1.3 and 2.1.4

holds. Fix € > 0, po, 1 € P2(R?) satisfying ||\pill;2 < Cfori=1,2, andy € T(uo, t11) such that
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e = ((1 = 01)711 + 0/712)#7 satisfying ||uqll2 < C for all @ € [0,1]. Then Ve(ug), We(ue) are

continuously differentiable and

d

Vet = [T VIO 1 = 30) d.

d

W lamo = [ (Ve LW x pio(v0). 31 = o) .

Proof. As the calculations are similar, we elect to only show the one for the regularized drift energy.
By Proposition 2.4.9, /. * V is continuously differentiable. Define n, = (1 — a)n! + an? where

n!, n? are projections on the first and second axis, respectively. Then,

d |
%/{E*Vdﬂa:}ll_l%z(/{e*voﬂa+hd')’_/§e*vo77ad7)

= /(V({e * V) o, y1 = yo) dy.

Thus,

d

e Veltollomo = [ (T V)01 = 30) d

This finishes the proof. U

Corollary 2.4.4 (Directional Derivatives for V, Vi, W). There are analogous derivatives for

V., Vi, W,

d
T Vilko)loro = [ (TG0t = 30 dy

d
=V (aallomo = [ (TVO01 = 30) d.

d
E(W(,ua/”azo = /(VW * 1o(yo), Y1 — yo) dy.

Proof. As the calculations are similar, we elect to only show the one for the drift energy. By
Assumption 2.1.4, V is continuously differentiable. Define m, = (1 — @)n! + an?® where 7!, 7% are

projections on the first and second axis, respectively. Then,

d .1
%/Vd:ua:%%E(/V°”a+hd7_/voﬂad7)

:/(VVOM,M—)’0> dy.
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Thus,

%(V(,Ua')la':() = /(VV(YO)»)’I —yo) dy.

This completes the proof. ]

We restate a result from [14].

Proposition 2.4.5 (Directional Derivatives of &, [14] Proposition 3.4). Suppose Assumptions 2.1.1,
2.1.2 hold. Fix € > 0, vi,v2,v3 € Po(R?) and y € P>(R? x R x RY) with ﬂ;’y = v;. Consider the

curve, po = ((1 - ) + 0/7r3)#7f0ra € [0,1]. Then,

e (k)lono = / gf*”(’” / (VEu(x = y2), y3 = y2) dy(y1. y2,v3) db.

Proof. Letx € R¢ and a € [0, 1]. By the dominated convergence theorem,

1
Clylg}) E(é“e % o (X) = Le ¥ po(x)) = /(er(x = y2),¥3 = ¥2) dy(y1,¥2, ¥3),

as ||VZellz=|y3 — ya| € L'(y) and M (y) < M(y)'/? < co. Again by dominated convergence

theorem,

1

lim — —(Ee(pta) — Ec(1o))

‘/ lim o (Ze * Ha (¥) = Le * f10(x)) (G * o) + Le % po(x)) dlx

a— aa( )
/ de* Ho(x) /(Vge(x ¥2),y3 = y2) dy(y1,y2,y3) dx.
a(x)

This finishes the proof. =

2.4.3 Convexity of Energies
The second step in showing that the gradient flows of the energy functionals are well-posed is to
show they are convex. We start with the main purpose of [13]. Namely, the conditions in which an

energy functional is w-convex. We restate Proposition 4.6 and 4.7 in [13] as one result.
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Proposition 2.4.6. Let g, i1y € P2 (R?) satisfying ||uill ;2 < Cfori=1,2, andy € T'(uo, py) such

that po = (1 — @) + an?)yy satisfying || ll;2 < C for all a € [0, 1]. Then for w(x) = y/xy(x),

d )
V(40) = V(1) + ==V (ta)la=o < 2Cw (I =112, ,))

W (o) =W (pr) + AW () oo
a

<200 (I - yl%,))

Proof. We only show the proof of the drift as they are similar. Define 7, = (1 — a)x! + an?
where !, 72 are projections on the first and second axis, respectively. As we know the directional

derivative,

d 1
V(1) =V (o) + =V (oo + // /0 (VV((1 - ax+ay) - VV(x).y - x) da dy.

So we only need to control the final term by the correct bound. By Holder’s inequality, item 3. of

Assumption 2.1.4, and Jensen’s inequality for concave ¥ (x),

// [VVorg =VV(X)| |x =yl dy(x,y) < [[VV o mtq = V120 llx = yll 12

< 2C|x = ¥ll 2y I (170 = 7010y
< 2C|x = ¥ll 2y (e = 7ol 1)

— 2
= 2C]x = ¥ll 20 (¥ (@2llm1 = moll2, )

<2C0 (v =12, -

Thus we have the result. O]

By Propositions 2.3.10, 2.4.6, we achieve the w-convexity of the drift and aggregation.

Proposition 2.4.7 (w-convexity of V, ‘W, [13] Theorem 4.3). Let W,V satisfy Assumptions 2.1.3
and 2.1.4, respectively. ThenV, W are w-convex along generalized geodesics, with w(x) = \/xy¥ (x),
A, = 4C.

Lemma 2.4.8. Let 7, : RY — R? be the translation mapping Ty(x) =x—-yandv € P> (RY) with

WilLr < Cp. Then, Tyyv € P> (RY) and ltyavilLr < C).
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Proof. Given that 7/ I(R?) = RY, we have the following

Tv(RY) = v(r; (RY) = v(RY) = L.

So,
/ x| dryuv(x) = / x| dv(x) = / x| dv(x) < oo.
R4 75 (R9) R4
Moreover,
Il = I sy = [, WO s < €.
Thus we obtain the result. O

We use this lemma in a couple parts of the next proposition. Namely, that

[ 19w =P v = [ 19W w0 dravi) < €2
We now show that the mollified versions of V and W satisfy Assumptions 2.1.3 and 2.1.4.

Proposition 2.4.9. If W,V satisfies Assumptions 2.1.3 and 2.1.4, respectively. Then
1. forall u € Pr(RY) with||ullr < Cp, ({e W)™ % pu(x) < Cand e+ V > -C
2. forall u,v € Pr(RY) with ||ullzr < Cp, we have ||{e+ VW x ull12(,) < C and with vy € D(V),
we have ||{e * VV| 2,y < C
3. for all ||ullr < Cp, e * W x u and { * V are continuously differentiable and there

exists a continuous, nondecreasing, concave function ¥ : [0,00) — [0, ) satisfying

w(0) =0,¥(x) > x, and /01 w‘f’;) = oo so that

e % VW s pu(x) = Le # VW 5 u(y)1* < CHy(Ix — y1?),

Ze % VV(x) = L * VV (D) > < CRyr(Jx — y|?)
4. forall |ulle, VliLe, llpllLe < Cp,

1o n VW s o= Lo VW % vl 12y < CWa(p,v)
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5. e * W is lower semi-continuous

Proof. We will only show the case for W as the case for V is similar when we choose V := W s .

1. As W™ % u is bounded above by C,
Lex W™ s u(x) = /Rd Le(x = y) (W™ = u(y)) dy < C.
As (£ * W)™ = max{0, ¢, * W} and
~LexWap < lexmax{0,-W}spu=0cxW xp

we get the result.

2. By Jensen’s inequality and Assumption 2.1.3,
[ e wwsupaven = [ ‘ JRLATEESr o] v
< [ [ 19w entc-pPeo) v dvia
[ [ 1ot - P ave) o ay
< (0)%

3. By Jensen’s inequality and Assumption 2.1.3,
2

|Ze ¥ VW 5 p(x) = L * VW = p(y)* = ’/(VW*,U(X—Z) — VW pu(y - 2))4e(2) dz
S/I(VW*ﬂ(x—Z)—VW*ﬂ(y—z))lzée(Z) dz
< CPy(lx -y
4. By Jensen’s inequality and Assumption 2.1.3,
/|§E*VW*/J—§6*VW*V|2dp(x)
=/‘/(VW*ﬂ(x—y)—VW*V(x—y))ée(y) a’yzdp(X)
< [ [ 90 entx=3) = TW v - PE) dy dpto)
= [ 190 = IW v 3P o) 20) dy

< (CWalp,v))*.
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5. As W is lower semi-continuous Ve > 0 36 > 0 such that W(xg) < W(x) + € for all x € Bs(xo).

So we can translate by y so that,

Lo Wi(xg) = / W(xo - y)Ze(y)dy
< / W(x = 92 ()dy + € / L (y)dy

=ClexW(x) +e.

Therefore, ¢ * W is lower semi-continuous.

Thus we have the results. ]

Remark 2.4.10. We can generalize this further having the same statement hold with another
mollifier £, convolved against it by using the previous proposition and the proof along with it.
Now from Proposition 2.4.9, we obtained the conditions required to have V,, ‘W, are w-convex

via the directional derivatives (Proposition 2.4.3) and the above the tangent line property (Proposition

2.3.10).

Proposition 2.4.11 (w-convexity of V., W,). Let W,V satisfy Assumptions 2.1.3 and 2.1.4,
respectively. Then Ve, W are w-convex along generalized geodesics, with w(x) = yxy(x),
A, =4C.

The next propositions follow from [1] and [14].

Proposition 2.4.12 (Convexity properties of 8). If Assumption 2.1.2 holds, then E+Vq convex along

generalized geodesics. If Assumption 2.1.5 holds, then V}, is convex along generalize geodesics.

Proposition 2.4.13 (Semi-convexity of &, [14] Proposition 3.6). Suppose Assumptions 2.1.1, 2.1.2

hold. For all € > 0, E¢ is Ac-convex along generalized geodesics, where,

Ae = =€ 2|1 /al| = || D¢ 1.
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Proof. Let u, be a generalized geodesic with base 1 € P»(RY) connect u, i3 € P2 (RY). As the

mapping x — x? is convex, then the tangent inequality gives us,

* 2 « 2
Ec(3) - Ec(1) = / Eexpz(0))* /(ez )

a(x) a(x)
/ Je * pa(x) ) Cow 13(x) = Lo * pa(x)) dx
a(x)
/ e / Le(x = y3) = Le(x — y2) dy(y1, y2, y3) dx.
a(x)

By Proposition 2.4.5 and Taylor’s theorem,

Ee(hs) ~ Eclk) ~ (o)l

/ Le z(p;z)(x) / Ce(x = y3) = Le(x = y2) = (VZe(x = y2), ¥3 — y2) dy(¥1, Y2, ¥3) dx

Le (X)
> 310 [ D [y -y dy (o) ds
1
> —EII1/alleIIDZKEIILsz,y(ﬂz,Ms)-
The result follows from the above the tangent line property, Proposition 2.3.10. [

With the previous results above for the lower semi-continuity and convexity, the gradient flows
of the energy functionals are well-posed. Now we move on to derivatives of the energies to obtain

their subdifferentials.

2.4.4 Subdifferential of Energies
We use the directional derivatives to characterize the minimal elements of the subdifferentials of

the energies.

Proposition 2.4.14 (Subdifferential of V., W,). Suppose Assumption 2.1.3 holds. If u € D(W,),
then V(e % Le x W) s« u € 0OWe(w). If u € D(W), then VW x u € W (u). Suppose Assumption
2.1.4 holds. If u € D(Ve), then V({c % V) € V(). If u € D(V), then VV € 0V (u). Suppose
Assumption 2.1.5 holds. If u € D(Vy), then VVi € 0V (u).

Proof. As all cases are similar, we will elect to only write down the case for W,. Fix € > 0, uo, u1 €

P, (RY) satisfying ||u;]|;2» < C fori=1,2,and y € T'(ug, 1) such that o, = (1 — a)x! + an®)yy
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satisfying ||uq || < C for all @ € [0, 1]. Given that ‘W, is w-convex, it satisfies the above the tangent
line property,

d Aw
We(u1) = We(uo) - %(WE(/Ja)lazo 2 TW(WQZ(,UO, M1)).

As we calculated the directional derivatives (Proposition 2.4.3),

We(p1) — We(po) 2 /(V(é“e * Le* W) * p1o(y0), y1 — yo) dy + %ww(sz(ﬂo,ul))-

The results follow from the the characterization of the subdifferential of w-convex energies

(Proposition 2.3.19). ]

Proposition 2.4.15 (Subdifferential of &, [14] Proposition 3.7 (i)). Suppose Assumptions 2.1.1 and
2.1.2 hold. Forall € > 0, and u € D(&E,), we have

fex 1
ot

6E¢ 0Ee

\Y € 0E(u), where — =, =
0 ou

Proof. Fix u,v € P>(R?) and y € To(u, v). Let py = ((1 — @) + an?)yy be a geodesic from u

to v. By Proposition 2.4.13, &, is semi-convex along i, and by Proposition 2.3.10,

Ee() = Bel) ~ - Eca)lumo = SWE (w0,

L)y,

Applying Proposition 2.4.5 with ¥ = (n', &
€ Ae
&)~ &) > [ Sk “(x) [ 9e=v33 = 32 dOn.va.va) de+ W)
€ Ae
- [ “(") JTc= 3= 2 dylony) des SWE )

[ e (e

6E. Ae
= / <Vﬁ(y1),yz —y1> dy(y1,y2) dX+7W22(ﬂ,V)

Ae
) Y2 — y1> dy(y1,y2) dx + 7W22(u,v)

This completes the proof. ]

Remark 2.4.16 (Minimal Selection and Chain rule). As long as the energy functional is regular,
then by [1, Lemma 10.1.5] the local slope is equivalent to the L? norm of the minimal element of
the subdifferential. Therefore, w-convex energies satisfy [1, Lemma 10.1.5]. Similarly, w-convex

energies satisfy the chain rule (E of section 10.1.2 in [1]).

34



We mention to minimality of the regularized subdifferential as in [14, Proposition 3.8].

Proposition 2.4.17 (Minimal subdifferential of F¢ ). Suppose Assumptions 2.1.3 and 2.1.4 hold.

Fore >0and k e N,u € DF ¢,

0Fe
f:’" VL S N VAV s Lk Wk i+ VY
u a

0 Fex(u) =V

Proof. For ease, let

Le

N AV AV R Lk Wk g+ V.
a

&=V

By Propositions 2.4.14, 2.4.15 and additivity of the subdifferential, we have & € 0F¢x(w). By [1,
Lemma 10.1.5], it suffices to show that ||€];2(,) < [0Fcx|(p). Fix ¢ € C!'(RY) so that Viy € L?(u).
Define u, = (id + aViy)zu, where id is the identity mapping. By definition of the 2-Wasserstein
distance,

Wa(pta, 1) < (id +aVy) —idll 2y = @llVP |l L2

By definition of local slope,

(Fek (1) = Fer(fa))+

0Fcxl(4) = lim sup

a—0 Wa(u, pa)
s 1 y (Fex (1) = Fex (a))+
2 1m Su .
IVl 2y a0 @

Choosing V¢ = —¢ and applying the directional derivatives Propositions 2.4.3, 2.4.5, we get that

0k Fes DIV 2y = VW12, - Division by [[Pw2,, | = I€I2, , gives us the result. [

The minimal subdifferential of ¥ is standard as seen in [1, Theorems 10.4.9-10.4.13].

Proposition 2.4.18 (Minimal subdifferential of ). Suppose Assumptions 2.1.2, 2.1.3, 2.1.4, 2.1.5
hold. Given u € D(F), we have |0F |(u) < oo if and only if (u/a)* € Wlloi(Q) and there exists
& e L*(p) so that,

a
Eu=3V

\2
> ( ) + uVV + u(VW = u)

a

on Q. In particular, ¢ is the minimal selection of 0F . That is, & = 0°F (u).
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Proposition 2.4.19 (Long time behavior, [1] Corollary 4.0.6). Suppose Assumption 2.1.2 holds,
V =W =0, and Q bounded. Let ug € D(F) and let u(t) be the gradient flow of u of ¥ with initial

data pg. Then we have,

lim Wy | u(t) g 0
im ), ———| =
t—00 2|H /glza d_Ed

2.5 An H'-type Bound
A key tool in the convergence of the gradient flows proof Proposition 2.6.6 is the H! bound of
{e * e by being an important hypothesis in the ["'-convergence (or lower semi-continuity) of the local

slopes, Proposition 2.6.4. In pursuit of the H! bound of ¢, * u,, we first start with the L? bound.

Lemma 2.5.1 (L? bound of convolved gradient flow). Suppose Assumptions 2.1.3, 2.1.4, 2.1.7 hold.

Forall T > 0 and € > 0, suppose that u. € AC*([0,T]; P»(RY)) is a gradient flow of Fe . Then

e * ell2a 0y < 2lall o) (Fes(pe(0)) +2C)

Let pur ¢ be the piecewise constant interpolation in the minimizing movement scheme of Fc. Then we

get the same bound,

1Ze * br.ell72 ey < 2lall o ray (Fer (1e(0)) +2C) .

Proof. Forall T > 0 and € > 0, suppose that . € AC?([0,T]; P(RY)) is a gradient flow of F .

Recall that
Ee(te) + Wepe) + Ve(ue) < Fer(pe) < Fer(1e(0)).
By definition,
Eclue) = mng el g
and by Assumption 2.1.3,
Ve(ue) = —C.

As We(ue) = W(Le * ue) and ‘W is lower semi-continuous, then we have

limi(glf‘We(,ue) > W(u).
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Moreover, sup .o We(te) = W (p). With Assumption 2.1.3,
1

—————|Ie * el pay — 2C < Fer(1e(0)).
2all o (ra) L2RD

Let u. ¢ be the piecewise constant interpolation in the minimizing movement scheme of ¢ ;. We
get similar bounds for every term except for the interaction term. However, we can use the fact that

‘W is lower semi-continuous and Assumption 2.1.3 so that

sup We(pire) > hmlnfw (Ure) = We(pe) = W(Le * pe) =2 -C.

>0

Moreover, we get the result as stated. O

2.5.1 H' bound on convolved gradient flow (formal/heuristic)
We first give a formal or heuristic argument of the H' bound. After the formal argument, we

state some necessary definitions and lemmas to make the rigorous argument of the H! bound.

Proposition 2.5.2 (H'! bound on ¢, * ). Let V, W satisfy Assumptions 2.1.3, 2.1.4, and Assumption
2.1.7. Forall T > 0 and € > 0, suppose that u. € AC*([0,T]; P»(R?)) is a gradient flow of Fey.
Then,
T
/O IVZe * pe(s)|7 2@y 45 < C(S(e(0) + Ma(1e(0) + Fe e (1e(0) + 1)

where C = C(a,T,V, Vi, W).
Proof. We start by differentiating formally along gradient flow of p.

d d
’ (/ uflogusdx) 5 (/ #elog#edx—/Rdﬂedx)

- / Bupic log e dx
Rd

0
:/ V. (,uSV—ﬁ) log e dx
R4 Oue

0
:—/ Vue -V ﬁdx
R4 Opte

V V gf*#f V
d_ HMe - ge* a - /le'V{e*V_Vﬂe'V(e*ge*W*,ue
R

— VuVVy dx

:ZI+Iv+[W+IVk
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where we use that u, formally satisfies the continuity equation and integration by parts

. Moving the
gradient off . and using the fact that . is even,
_/ (Le * Vue)V ({e /JG) dx
R4
Viexue Va
= _/ (Ve * ue) (u - _2(§6 * Ne)) dx
R4 a a
_ —(VZe * /16)2 Ve pe Va
_Adde'l' RdW(ge*ﬂe)S_/de
< / —(V{e */16)2 dx+(5/ (VZe */16)2 (Le *,ue) dx
R4 a R4 a R4 46 613/2
Y 2 1 || Va |
<(@0-1) de+— a4 sup/ |Ze * ue(0)]? dx
a 46 |||a3/? Lo(rey €0 /R

where Cauchy’s inequality with 6 > 0 is used at the first inequality. For Iy,

Iy, :/ UeAVy dx
R4

< ID*Vil| .
Now we bound Iy, Iy using item 1 of Assumption 2.1.7. Moving the gradient on p. to V by

integration by parts and again using Cauchy’s inequality with a ¢,

Iy = / (VE. * VW) e dx
Rd

_/ (V§5 *,ue)VV dx

Ve * pel 12
/ 1/2 |VV| dx

\% 2 1
R4 a 46 R4

2 allye
< 5/ Ve * el dx + | ”L (R9)
R4 a 46 R4

2 Cllal|; o (rd
scs/ Vee eped® ), Clalliogn
R4 a 46

|VV|? dx
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Using similar techniques with the intent of using item 1 of Assumption 2.1.7,
Iy = /Rd(V{e # e x VW ok pe)pte dx
== [ (Ve (e IW ) d
T /Rd (Vee 2 1) 1124, W 4 ) i

al/2

(Ve = /16)2 d (Le* VW % #6)2
— dax + a
R4 a R4 45
(Veexpa? o, Cllallimgo
R4 a 46

<0 dx

<0

Thus combining the results above with 6 = 1/6 gives

d v 2
L /yelog,uedx < [ Wlerbel 4oy o1 F(ueo))
dt R4 R4 2a

where C is the combination of constants. For ease we define

S(ue(t)) = / e log e d.
Rd

Integrating in time for ¢ € [0,T] for T > 0

t \ 2
Sue(0) = Stueo) < - [ [ D s 1 (14 7e(ue(0)
0 R4 a
Given that we have the bound (from [9, Proposition 3.8])
SO 2 =20 = Ma(v),
rearranging gives us

' . )2
2.8) / Ve K™ e ds < My(ue(t)) + (2002 + S(e(0)) + 1€ (1 + Fo(ue(0)))
0 R4 261

We will briefly pause here and see what happens when we apply Assumption 2.1.7 item 2 to Iy, Iy.

Alternatively, moving the gradient from the mollifier to VV,

Iy = / (Le * ne)AV dx
R4

< N1Ze * pell 2(rey ID*V Il 12 ga)

<C.
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In a similar manner,

IW:/Rd({E*§E*AW*/~‘E)ﬂ6 dx
:/Rd(ge*,ue)({e*AW*,ue) dx

< [1de * pellp2mayllde = D*W » Hell 2 (ray

<C.

We instead choose 6 = 1/2 , we get (2.8) with a different constant. What is left to show is that the
second moment at y¢(¢) is uniformly bounded. We get this from Proposition 2.5.9. Therefore for

any ¢t € [0, T], we have an bound

t % 10.)2
/ <V42_m dx ds < (1+Te") (Ma(1e(0)) + Fe(1e(0))
0 Jrd a

+(2m)12 + S(ue(0)) +1C (1 + Fepe(0))) .

We can take 7 as T and take the sup in € to get a uniform bound in €. U

2.5.2 H' bound on convolved gradient flow (rigorous)

Remark 2.5.3 (flow interchange method). What makes the argument formal is the differentiation of
the entropy, S, along the gradient flow of the diffusion energy . Say that we have two energy
functionals E, E; with gradient flows 1, u, respectively. The flow interchange method says that
the derivative with respect to time of £ along w5 at f = 0 is equivalent to the derivative with respect
to time of E; along u att = 0 as long as the gradient flow are equivalent at t = 0. We use the flow
interchange method in discrete time via minimizing movement scheme (see [14, Definition A.1]) to

make the argument rigorous by avoiding differentiating S(u) in time.

Definition 2.5.4 (Minimizing movement scheme). Suppose that G is proper, lower semi-continuous,

and w-convex along generalized geodesics. Define the proximal operator J, by

) 1
Ju = argmmvepz(Rd)ZW%(,u, v)+G(v),
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and define the minimizing movement scheme J7 u by

Jlu=JrodJro---oJr .

n times
Remark 2.5.5 (Minimizing movement scheme). Given u € P, (R9), let J7 < denote the nth step of

the minimizing movement scheme of ¥ ; with time step 7 and initial data JQ,G,u = .

Definition 2.5.6 (Heat flow semigroup). Given u € P>(R%) and h > 0, we will let S,u denote the
strongly continuous gradient flow of S with the initial data u at time 4. Moreover, Sy, is the heat
flow semigroup operator.

Note that in the following proofs, we use that for u € P>(R?), £ * S, (1) = Sp(Le * p) as in [14].

Lemma 2.5.7 (derivatives along the heat semigroup). Suppose Assumptions 2.1.3, 2.1.4, 2.1.5,

2.1.7 hold. Let u € P>(R?). We have,

W2 1) = We( Syl o)

lim sup / (Lex VW = J7 1, Vi T ) dreé,
h—0* h Rd
Ve(J? — V(Sp(J2
hm Sup E( T,e/’l) 6( h( T,El’t)) — / <VV, V{E % J;_l EIu) d,[:d,
h—0* h Rd ’
Vi (J2? - Vi (Sp(J!
lim sup k( T,e/'l) k( h( T,e/“l)) _ _/ AVk d.];_l m
h—0* h Rd ’
Ee Jge —&Ec(S ‘I;le 1
lim sup Szt - Olze) —/ ~(ALe # T ) (Lo w T2 opp) ALY,
h—0+ Rd A
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Proof. Using the fact that W, {, are both even functions combined with the definition of convolution,

(WE(J:!,E/'[) - (We(Sh(J?,e/J))

—on [ wrco s anti- o [ oWt st dsizn)
— o [ G W) e T !
=5 [ G W UL G v Sy g0 L
= o [ G W L) T = (s W 5 T2 ) (G S ) AL
b [ oW 0 G S ) £
<5 [ (G WU G xSy g0) L
- / (e = W T2 o) (£ 5 T2 ok) = (G # Sy ) AL
b5 [ Cex S (G W s I k) = (G W S, ) L1

=J1+J/

where we add and subtract a term in the third equality. As S (J7 u) satisfies the heat equation

classically, then by the fundamental theorem of calculus

h
== [ sgogs [ AS Gt g0 draLt

To get J; to look similar to Jy, we use that both ¢ * W, (. are even functions,
1
b2= 5 [ G UL (e W (s =S4 g)) L1

1

= o [ G WS (e et = Sy ) AL
1

=57 e* *oplJr el e *Jr el —Ohlbe * I M
o [ Con W S0 (G b= SulGe L en) L

h
== / (‘:e*W*Sh(Jf,ell))% / AS (e * 2 ) dt d L.
0

From here we want to say that either item 1 or item 2 of Assumption 2.1.7 is enough to justify

passing the limit in A. Let us recall that S;(u) = K; = u where K, is the heat kernel. Therefore by
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Young’s convolution inequality,

ISl L ray < 1Kl L1 ey 1l o (ray = el p Ry < C-

Let us first start by using item 1. By integration by parts, Holder’s inequality, and Jensen’s inequality

1 h
ns [Goevwarag; /0 VSi(Le* J2opt) di dL

1

IA

1/2
n 1 h n
1Ze VW + J7 cpall 12(re) ( / - /0 VSi(Le % J7 )| dt dl:d)

IA

1/2
1Ze * VW 5 T2 pall 2 gy ( / - /O IAS: (Ze 5 T2 dOIS: (Ze # T2 go)] dt cu:d)

IA

12
1 h
e+ W 2 enlzeCone | [ 5 [ |st<4e*J¢,fm|drde)
0

IA

12
1 h
||§E * VW = Jg,e/l”LZ(Rd)C‘r,n,e / Z/ |§6 * J-rrl,elul dt d-Ed)

0

IA
= N~ N= N~ N

12
e = VW = J:-l,e/l”LZ(Rd)C‘r,n,e / | e = J:-l,glu| de)

IA
:.Q
s
m

where contractivity of the semigroup was used, [|AS;({e * J7 (p)|| Lo (rdy < Cr e for all ¢, and item
1 of Assumption 2.1.7. The calculation for J; is similar. Since we have a bound independent of 4,
we may pass the limit.

Now let us try to get a bound of again J1, J> independent of £ by using item 2 of Assumption
2.1.7. We use integration by parts twice, Holder’s inequality, and contractivity of the heat semigroup

so that

1 h
s [lerawsat sy [15e sl dr s
0

< <lLe = D*W % J7 ull 2 grayll e * T2 el 2 may

<

=N =

CT,n,e”J;l,g,u”Lz(Rd) ”éve * qu-l,g,u”Lz(Rd)

which is finite and independent of 4. The calculation for J; is similar. Since we have a bound
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independent of /&, we may pass the limit. Taking lim sup gives

W(J" 1) = We(Sp(J",
tim sup eVret) = WelSilTzett)) / (Lo s W o 2 )AL+ J7 o) di d L
h—0*

) / (e VW % I i, Ve x T2ty d L.

We can justify getting the same result for V, by using the same techniques used for W,. The results

of Vi, E¢ carry over from [14, Lemma 4.4]. OJ
The next lemma is one small piece in the H! bound proof.

Lemma 2.5.8 (Mollified nth step of minimizing movement scheme, [14] Lemma 4.5). For

Jn_ e D(8),

! :
- /R LA T ) (Lo Ty ) ALY 2 CallVEe T cptll gy = Cillde * T2 et gy

We seek the control the second moment of ¢ x so that it is independent of € by controlling the
second moment along a curve at any time by the second moment along the same curve at the initial

time.

Proposition 2.5.9 (M, bound for AC? curves, [14] Proposition A.3). Suppose
u € AC*([0,T]; P2(RY)). Then forall t € [0,T],

T
Mo (u() < (1+1e") (Mz(,u(())) +/0 /P (r) dr) :
Proof. Tt suffices to show for any p € P,(R9),
T
W3 (u(1),p) < (1+1e) (sz(M(O),P) +/0 IW|(r) dr)

for all ¢ € [0, T] by taking p = §p. Define H(u) = —%sz(,u,p). By [1, Proposition 9.3.12] H is
(=1)-convex and lower semi-continuous and by [1, Definition 1.2.1, Corollary 2.4.10] the local

slope |0H | () is a strong upper gradient for H. Thus,

|H (u(2)) = H (u(0)) S/O |OH|(u(s))|1'| (5) ds.
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Using the definition of local slope and triangle inequality,

W2(v, p) = W2(u,
0 () = fim sup 5 (v, p) = W3 (i, p)

vou 2Wa(p, v)

= lim sup (W2(v, p) = Wa(u, p))(Wa(v, p) + Wa(u, p))
vou 2Wo (u, v)

< limsup Y2 ) W2(v. p) + Wa(ut p)

- VU 2W2(#, v)

= Wa(u, p).

Combining the previous two estimates,

SWA (1), ) = SWA((0), ) < [H((1) ~ H(u(0))

IA

/0 Wa(u(s). p) |4 (s) ds

IA

1! |
3 [ Waww.prdses [P as
0 0
Applying Growall’s inequality gives us the result. O

Proposition 2.5.10 (H' bound on convolved gradient flow). Let V, W satisfy Assumptions 2.1.3,
2.1.4, and Assumption 2.1.7. For all T > 0 and € > 0, suppose that pc € AC*([0,T]; P(RY)) is a

gradient flow of Fe k. Then,

T
/0 IVZe * :uE(S)”LZ(Rd) (S(ﬂe(o)) + M (e (0)) + Fe, k(1e(0)) + 1)
where C = C(a,T,V, Vi, W).

Proof. By definition of minimizing movement scheme for any p € D(F¢x).,

1
Fer (Tek) = Fer(Sh(T2e)) < 3 (WR(SW(et) S ) = W3 (et T2 1))

By the EVI condition in Theorem 2.3.13, we get

. Ferx (J7ept) = Fer (Sn(J7 /1)) 1 dt
lim sup —————= S WS ). T ) o
h—0*

S 1) = SV )

T
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Using the derivatives along the heat semigroup from Lemma 2.5.7,

. Te,k(‘]‘rr'l,e/“l) - ﬁ,k(sh(‘];"l,eﬂ))
lim sup W
h—0*

(Lex VW s J7 u,Viex J7 ) L +/ (VV, Ve J7 ) dLd - / AV dJ7
R4 R4 R4

1
- /R (AL T o) (L gt d L

Bounding the difference quotient of the heat entropy from below,

/ (e VW o T2 gt Ve T2 ) AL+ [ (OV.VE 02 ) dL1
, , 3 ,

1
- [ Ve [ e s @ s aL”

Choose 7 = T'/n and let i, () be the piecewise constant interpolation of the minimizing movement

scheme J? . Therefore,

S(,u‘r,e (O)) - S(/JT,E(T))

T
-1
> [0 A e et a5+ TV G e (5)) d £
T T
e [ e IW ). Ve ke dstds = [ [ Vi) as.
0 R4 0 R4
The last term can easily be bounded from below by T ||AVy || ~. By Lemma 2.5.8,
/Rd 7A(§6 * pre(8)) (e * pre(s)) dL? > CallV e * pr, e(s)”Lz(Rd) CollZe * /JT,E(S)”iz(Rd)
It follows by Lemma 2.5.1 that
T _1 ., T ,
[ [ 28w o) G a5 4L ds > Co [Vt )y
R:
= CoT (Fex (1e(0)) +2C).

From here we want to say that either item 1 or item 2 of Assumption 2.1.7 is enough to get a

lower bound on the other terms. If we have item 1 of Assumption 2.1.7, then we can use Cauchy
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inequality,

T T
-C
[ [V T et s ds > 5 [T 192 ey ds = LTIV iz

-C, T ,
2 ) [) Ve * ﬂr,e(s)”iz(Rd) ds — c,1C

and

T T
—-C
(Ce * VW 5 fr e (8), Ve # pre(8)) dLY ds > —2 [ IVZe % pre($))1 ma, ds
0 Jrd 2 Jo LA (R)

T
_c / 1o % VW 5 pre.c(5)ll2gmey ds
0

>~
2

T
|19 190 ey s = i,

Notice that last inequality is because of Lemma 2.5.1 allows us to apply Assumption 2.1.7 (and

2.4.10). To use item 2 instead, we first use integration by parts and then Young’s inequality,

T T
-1
(VV, V(e prre())) dL ds = — | e # prec ()17 2ay d5 = TIAV [l 12ge)
0 Jrd 2 Jo (R)

> TLC (Fep(1e(0)) +20) ~ TC

and
! d -1 rr 2
[ W s aec9). ¥ ) d L ds = 5 [t a5y
T

_ / 1e % AW # e e () 2(ga d
0

> Tk (e (0) +20) - TC.

In either case,
—-c [T 5
S(ure(0)) = S(ure(T)) 2 - /0 Ve * pr e ()72 54y d5 = C(Fek (ue(0)) + 1)

where C = C(a,T). Using u.(t) — pe(t) narrowly for all # > 0 ([14, Theorem A.2]), then for
f € L*(R%) and s € [0,T], we have that V7, * ur(s) — Ve * pe(s) weakly in L?(R) and

s € [0,T]. Thatis as n — oo,
/Rd IVl pre(s) = '/Rd(véve * f)ire(s) — 4d(vge * fpe(s) = ./Rd FVe* pe(s).
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By lower semi-continuity of L?(R¢) norm with respect to weak convergence and Fatou’s lemma,

taking n — oo

T
lim sup S (1 (0) ~ St (1)) 2 5 /0 192 % pe(5) 22 g, ds = Csup Fep1e(0)) + 1)

n—o0 e>0

On the left-hand side we use the initial data from the minimizing movement scheme S(u;(0)) =
S(ue(0)) for all T > 0, the lower semi-continuity of the entropy with respect to narrow conver-
gence limsup, _,, —S(ur.e(T)) < =S(ue(T)), a Carleman-type bound (from [9, Proposition 3.8])

~S(ue(T)) < (2m)Y? + M>(ue(T)), and Proposition 2.5.9
lim sup S (ptr.e(0)) = S(r.e(T)) < S(e(0)) + (27)"/ + (1 + Te") (Ma (e (0)) + Fe ke (11(0))).

Thus,
c T
5 / Ve * pe(3) 13250y 45 = C(Fer (1e(0)) + 1) < S(e(0)) + (2m)'/2
0

+ (1+Te) (My(ue(0)) + Fer (e (0))).

The results follow. O]

2.6 Convergence of Gradient Flow

2.6.1 T'-convergence of the energies

We establish one of the key hypotheses of Serfaty’s Theorem 2.3.16.

Proposition 2.6.1 (I"-convergence of energies). Suppose Assumptions 2.1.3, 2.1.4 holds. Fix k € N.

Then Fex I'-converges to ¥y as € — 0.

Proof. As ue — pnarrowly as € — 0, then ¢ * ue — p narrowly as € — 0 by Lemma 2.3.3. Since

V is lower semi-continuous with respect to narrow convergence,
lim Elg% Ve(ue) = lim Eigl;(v(é * fe) = V().
Similarly, we get that
lim inf We(ue) = lim inf W(Le * pe) 2 W(n),

lim inf0 Ee(ue) =lim infOS({e * ) > E(w).
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It remains to show that

lim sup Ec(u) < E(u)

e—0

for E =V, W as the case for & is documented in [14, Theorem 5.1]. Let us look at when E = W.
The inequality is trivially true for W (u) = oo, so we can assume it is finite. We might as well

assume that there exists a C > 0 such that

(W(,u)=/W*,udy§C.

Thus,

/ée*W*ﬂdﬂS/ W u(x— y) du(x) Ce(y) dy < C

where the C may of changed. Then,

wf(ms/ Lew W p(x — y) du(x) Ze(y) dy < C

Therefore we can take the lim sup as € — 0 and interchange the lim sup and the integral to get the

result. Similarly, it holds for when E = V. O

2.6.2 LSC of the local slope of the energies
Lemma 2.6.2 (Upgraded convergence). Suppose Assumptions 2.1.1, 2.1.2, 2.1.3, 2.1.4, 2.1.5 hold.
Fix k € N. Consider any sequence i in P(RY) and uy, € P(R?) such that pe narrowly converges

to uy and

sup ﬁ,k(ﬂe), hlgl)l(r)lf IV e = ﬂel|L2(Rd)

e>0

are all finite. Then, iy € L*(RY) and there exists a subsequence (denoted yi.) along which we have,

sup [[{e * /JSHHI(R") <
e>0

and (¢ * j1e converges to y in leoc(Rd).
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Proof. By Proposition 2.6.6 and (2.3),

Fi(u) < sup Fex(pe) < co.
e>0
Using the ideas of the proof of Lemma 2.5.1, we get that y; € L?(R?). Combining the results of
Lemma 2.5.1 and lim infe_,0 [|V{e * pel|2(ra) < 00, then up to a subsequence we have
sup || Ze * ﬂe”Hl(Rd) < ®.

e>0

By Rellich-Kondrachov, up to another subsequence, (. * . converges in L? (R%). By Lemma

loc
2.3.3, {¢ * pue narrowly converges to u;. Uniqueness of limits gives us the convergence result in

L2

loc

(RY). O

We require the weak limit of the subdifferentials to achieve to I'-convergence (lower semi-

continuity) of the local slopes.

Lemma 2.6.3 (Weak limit of subdifferentials, [14] Lemma 5.5). Suppose Assumptions 2.1.1, 2.1.2,
2.1.3,2.1.4, 2.1.5 hold. Fix k € N. Consider any sequence . in P(RY) and py € P(R?) such that

Ue narrowly converges to uy and

sup Fe x (Ue), lilgn_j(glf IV e = ﬂe”LZ(Rd)

e>0

are all finite. For all € > 0 and f € C(RY), define,

2
Lc(f) :/Rdfvge* (fea/vte) due, L(f) =—/Rd '%V (5) dx+/Rdf,UiV (é) dx.

There exists a subsequence, denoted by €, such that for any f € C=°(RY), we have

lim Lo(f) = L(f).

Furthermore, L is a bounded linear operator on L* ().

Here we establish another key hypothesis of Serfaty’s Theorem.
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Proposition 2.6.4 (lower semi-continuity of local slopes). Suppose Assumptions 2.1.3, 2.1.4 hold.

Fix k € N. Let e € P»(RY) such that

2
due

.. .. Le * Ue
sup Fex(ue)s  liminf [VZe # pellp2ggay,  liminf [ Vg » [ 2H<
e—0 e—0 a

e>0
are all finite. Suppose 3 p € P(R?) such that u. converges to uy. Then ,u% e WHH(RY) and

Ini € L?(ux) where

ac ((He\?
MkHk = EV (7) + i (VW o ) + g V(V + Vi)

and

2
due > / Ine)? du.

e—0

liminf/ ‘V{e . (%) V(L Lok W) % e + V(L% V) + VY,

Proof. We may choose a subsequence, denoted p., so that
lim |0F¢ k| (pe) = liminf |0Fe k] (pte)-
e—0 e—0

By [1, Theorem 5.4.4(i1)] (or [9, Proposition B.2(i1)]), it is now sufficient to show there exists

nx € L?(u) satisfying the hypothesis above and up to another subsequence,

lim [ f (V(E « ({f Z“f

e—0

)+V(§6*§E*W)*#E+V(§6*V)+Vvk) dﬂesznk dpik

forall f € C° (R?). Given the continuity of VV, VVj,

e—0

lim / FY(L * V) dyte = lim / VV(Cer (fue)) dx = / £V duy
Rd e—0 Rd Rd

lim [ fVV du. = / FVVi dus.
€—0 Jrd R4

By using L¢(f), L(f) from Lemma 2.6.3 as well as the lemma itself, we may apply the Riesz

Representation Theorem on L2 (), so that there exists 7jx € L?(u) such that

. Je * He _ 'ui f 2 1 _ ~
lim Ve = due = — —V|=]| dx+ fupgVy—) dx = Sk dug.
€—0 JRrd a R4 2 a R4 a R4

By rearranging we get,
2
—/ &V (i) dx:/ f (ﬁk,uka—a,u%V(l/a)) dx.
R4 2 a R4 A
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We find that ,ui e WHI(R?) and its weak derivative is

2
\ (7") = fiepra — apzV(1/a).

By the chain rule for W'!(R¢) functions, we obtain

=55 (2)

We have to check the aggregation portion and verify that n; is L?(uy). First, we check that
N =k +VV + VW % uy + VVi is L?(uy). We get this easily by Assumption 2.1.3, 2.1.4 and 2.1.5.

Namely, that [VW * ui|l;2¢,) < C, IV 12 < C, and ||[VV||;2

< C. Second, we require

(kx) (kx)

that for f € C2°(RY),

/ F(Lew Cox VW # 1) dite — / FOVW * 10 dia

as € — 0. Let us look at the difference and write

‘ / Pl Con VW * ) due - / FOVW % 1) du

< I fllzs

/(ge # Lex VW o pre) pre — (VW s g ) i dx

Thus it is sufficient to look at

‘/({e*ge*vw*ﬂe)dﬂe_/(vw*ﬂk)d/lk

<

/(VW*{e*/JE) d(e*,ue_/(vw*,uk)dge*,ue

+

/(VW*uk) dée*,ue—/(VW*ﬂk) dpk

= Ji1+ /5.

We have J, — 0 as € — 0 as ¢ * i, converges narrowly to y; along with f € C(R?) and VW #

is continuous. For Ji, we apply Assumption 2.1.3 (item 4),

J1 < CWa((Le * /16)]lsupp(f)’ ,Uk]lsupp(f)) — 0

as e * ue — uyi narrowly and supp( f) is compact (namely bounded). This gives us the result. Note
that due to the minimality of the subdifferential of ¥, ; and ¥} and properties of convergence of

varying measure ([9, Proposition B.2(ii)]), we get the lower semi-continuity of the local slopes. [
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2.6.3 Convergence as ¢ limit

One would expect that gradient flows of F¢  to convergence to gradient flows of 7. Unfortunately,
due to the triviality of having a(x) be log-concave on all of R?, we lack the regularity to define some
notion of gradient flows of ¥. However, we are able to identify to limit and have it “almost” satisfy

the conditions of gradient flow of 7.

Definition 2.6.5 (“almost” curves of maximal slope of 7). A curve ux € AC>([0,T]; P»(RY)) is

an “almost” curve of maximal slope of ¥y if it satisfies,

3 [ WP g [ P ductr) dr < 7o) = 7 0)

forall t € [0,T]. Here ,ui (1) € WHL(RY) and g (1) € L*(ux (1)) satisfies

ac ((He\?
NkMk = EV (7) + i (VW o i) + i VIV + Vi)

for almost every ¢t € [0, T].
It is worth noting that if a(x) was log-concave on all R¢, then /Rd |7k (r)|? duy (r) would be a
strong upper gradient of F; so that an almost curve of maximal slope would actually be a curve of

maximal slope.

Proposition 2.6.6 (Convergence as € — 0). Suppose Assumptions 2.1.3, 2.1.4, 2.1.5, 2.1.7 hold. Fix
T >0and k € N. Fore > 0, let e € AC2([0,T]; P2(R?)) be a gradient flow of ey satisfying,

sup S(pex (0)) < 0o,  sup Ma(ue(0)) < oo.

e>0 e>0
Suppose there exists px(0) € D(F) N Po(R?) that is an “almost” curve of maximal slope of Fy. in

the sense of Definition 2.6.5, and a subsequence E,(lk), depending on k, such that

lim Wi (p_w (1), i (2)) =0
n—->o0o n o
uniformly for t € [0,T].

Proof. By Theorem 2.3.13, i, is a curve of maximal slope of F¢ i so thatforall 0 <t <7,

1 [ 1 [
3 [ POy dre 3 [ IOTuP (e (r) dr < Tek ek (O) = Te e 0.
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We check the hypotheses of the weak Serfaty framework, Theorem 2.3.16, to apply the Theorem.
Proposition 2.6.1 gives us the required I'-convergence. Proposition 2.4.17 gives an explicit
characterization of the local slope, |0F¢ k| and therefore, an explicit characterization of . x(r) €
L?(pex(r)). The hypotheses of this proposition ensure the initial data is well prepared. We may now
apply Theorem 2.3.16. There exists ux € AC>([0, T]; P»(R?)) and a subsequence E,Ek), depending

on k, so that
lim Wi (o (1), i (2)) =0
n—oo n o

and for all 7 € [0, T],

1 [ |
; /0 420 dr + 5 /0 lim inf /]R o I ditgo () dr < i (0) = T (1),

To conclude we must show the uy is an “almost” curve of maximal slope (Definition 2.6.5). To do
so, we seek to apply Proposition 2.6.4. As the right-hand side above is finite, then the left-hand side

is finite for almost every r € [0, T]. In particular, for almost every r € [0, T],

lim inf/ |776<k>(r)|2 du_w (r) dr < co.
n—oo Rd n n o
Given that

supF ), (K 0 (0)) < oo,
neN " "o

and the hypotheses that the heat entropy and second moment is finite at the initial data we apply the

H' bound (Proposition 2.5.10) so that,

T
.. 2
imint [ IV = s g sy <o

Fatou’s lemma gives the integrand must be finite for almost every r € [0, T]. As the energy decreases

along its gradient flow in time,

sup F_o) , (o (1)) < o0,
neN " "o

Now we may apply Proposition 2.6.4 and obtain the result. [
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2.7 Convergence of the Confining Limit

Now after taking the limit in €, we take the limit in k.

Proposition 2.7.1 (I'-convergence of confining energy, [14] Theorem 6.1). Suppose Assumptions
2.1.3, 2.1.4, 2.1.5, 2.1.7 hold. Then Vi, Fr I'-converge to Vg, F respectively as k — oo. In

particular, limy e Vi (1) = Va(u) for any u € Pr(RY).

Proof. Notice that the I"'-convergence of F; to ¥ follows from the I"-convergence of V; to V. We
may assume that liminfz_,c Vi (ux) < oo, so up to a subsequence, sup;cyy Vi (1r) < co. To show
(2.3), it suffices to show that supp u C Q, since Vy (uz) is nonnegative and Vo (i) would be zero.
By contradiction, suppose that supp u ¢ Q, so that there exists x € Q  and an open ball B containg
x so that B cc Q' and u(B) > 0. By equivalent definitions of weak convergence of sequence
measures (Portmanteau Theorem), u; — u narrowly implies liminfy_o ux(B) > u(B) > 0. So
up to another subsequence, we may assume that there exists § > 0 so that u(B) > ¢ for all k € N.

By Assumption 2.1.5,

liminf/ Vi duy > liminf/Vk duy
R k—co Jp

k—o00

> lim inf (inf Vk(x)) Ui (B)
k—oo \x€eB

> 6 liminf | inf
=0 1krrl)1£ ()lcrelB Vi (x))

= 00,

a contradiction. To show the I — lim sup convergence, we use Assumption 2.1.5, so that

lim sup Vi (u) = limsup/ Vi du < /Vg du = Vo(u).

k—o0 k—o0

This ends the proof. [

We take the limit in the confining variable so that the “almost” gradient flows of ¥} converge to

the gradient flows of F.
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Proposition 2.7.2 (Convergence as k — o0). Suppose Assumptions 2.1.3, 2.1.4, 2.1.5, 2.1.7 hold.
FixT > 0. Fork € N, let uy € AC*([0,T]; P2(R?)) be an “almost” curve of maximal slope of
F%, in the sense of Definition 2.6.5, and suppose there exists u(0) € D(F) N Pr(R?) such that

supgeny M2 (i (0)) < oo and as k — oo

i (0) = p(0) narrowly,  Fi(px(0)) = F(u(0)).

Then,
Jlim W (ur(t), u(t)) = 0, uniformly fort € [0,T],

where ;1 € AC%([0,T]; P2(RY)) is the unique gradient flow of F with initial condition 11(0).

Proof. Given that the proof here is similar to the proof of [14, Proposition 6.2], we will only
provided the necessary updates. Recall that Proposition 2.7.1 gives us I'-convergence of F; to . So

we can apply Theorem 2.3.16. There exists 4 € ACZ([0,T]; P>(R%)) so that up to a subsequence,
klim Wi (ug(t), u(t)) = 0, uniformly for ¢ € [0, T],
holds and for all ¢ € [0,T],
1 [ 1 [
3 [ WwPeydre s [imint [ P dur) dr < F0) - 7 ato)
0 0 koo Jprd

By definition of “almost” curve of maximal slope, Fi (ux (£)) < Fix(ur(0)) forall k € N, ¢t € [0,T].

As the initial data is well prepared,

sup  Fr(pk (1)) < sup Fi (i (0)) < co.
te[0,T],keN keN

As we have W convergence of the density, then the density converges narrowly for all € [0, T].
By I'-convergence,
sup F(u(r)) < liminf 7 (ui (1)) < sup  Fp(ui (1)) < oo.
1€[0,7] k—0o 1€[0,T],keN

It suffices to show that for almost every ¢ € [0, T], we have

2.9) @M/MWWW@;/WW@@
—00 Rd Rd
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for u and 7 satisfying on €,

nu = by e Wh(Q).

()’
2 a

)2

((—) ) + (VW % u) + uVv, (
a

Since that 7 (u(0)) — F (u(t)) is finite, then the left-hand side above is finite and up to a subsequence

in k, we may assume supyey |17k (1) | 12(y, (1)) < ©0- Given that we can bound the drift and the

aggregation from below (say by 2C), then
|t (D)1 2(ra 0
LR _ Sup/ | (0)]
keN JR4

keN 2||all;~

g sup E(uk (1)) < sup Fr(ur (1)) +2C < oo,
a keN keN

Moreover, as sup,cior) F (1(f)) < oo, supp pu(t) Q. By Assumptions 2.1.3, 2.1.4, we have

VV, VW %y € LZ(,uk). Therefore,

w [ (5] v

= sup e = VV = VW s |l 1100

< sup Ik = VV = VW s gl 12

< sp (Il 20+ I9W # ikl + 1V 2 )

< 00,

By [1, Theorem 5.4.4(ii)] (or [9, Proposition B.2(ii)]), to get the lower semi-continuity of the n, as

in (2.9), it suffices to show weak convergence with varying measure,
. a ((He\?
tim [ F SV ()] + e (9W ) + iV (v Vi)
a

k—oo Jpd (2
:/Qf(gv((;—‘)z)+y(vw*ﬂ)+uvv)

for all f € C°(R?) where we recall that u = 0 a.e. on Q°.
By Assumptions 2.1.3,2.1.4, we have V, Wx ;. € C1(R?). Moreover, fVV, fVWxu; € Cp,(RY).

By narrow convergence,

liminf/ fVVd,uk:/fVVdp, lilfninf FVW % g dyk:/fVW*pdy
Rd Q Q

k—o00 —00 R4

for a.e t € [0, T]. Thus is suffices to show for all f € C=(RY),
2 2
im [ £(%v (&) F vV, :/f gy (ﬁ) .
k—oo Jpa ™ \2 a o \2 a
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What remains is to first show it is true for f € C;°(€2) then generalized to f € C° (R?). We define

0= 55 ) < [ 555 v

show that it is bounded, and apply the Riesz Representation Theorem. To extend the results to

the operator

f € C=(RY), a cut off function is used. This is exactly the same as [14, Proposition 6.2]. [

2.8 Proofs of Main Results
Proof of Theorem 2.2.1. Let u € AC?([0,T]; P>(R?)) be the unique gradient flow of # with the

initial condition ¢ (0). By Proposition 2.6.1, for all £k € N,

lim i (4(0)) = Fi(u(0)):

By Proposition 2.6.6, there exists an “almost” curve of maximal slope ux € AC%([0,T]; P>(R%))

and a subsequence {e](.k) };‘;1, depending on k, such that

jlim Wi(p w0 (2), k(1)) =0
—00 T

uniformly for ¢ € [0, T]. In particular, for each k € N, there exists €, > 0 so that limy_,, €; = 0 and

Wi (e (1), 1 (1) < 7

for all t € [0, T]. By Proposition 2.7.1,

Jim 7% (1(0)) = F (u(0)).
So by Proposition 2.7.2,
Jim Wi (ue (), u(1)) =0,
uniformly forz € [0,T]. Fix § > 0. Choose K5 > 0 such that, forall k > K5, W (ux (¢), u(t)) < 6/2

for all t € [0,T]. Then, for all kK > max{2/6, K5},

Wi (e .k (1), u(1)) < Wiup(0), u(2)) + Wi (pe i (1), i (1)) < 5 +

NS

forallt € [0,T]. [
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Proof of Theorem 2.2.2. Let ue x(t) be the gradient flow of ¢ ; with initial data (0). By Theorem

22.1,ask > o0, e = €(k) — 0,

]}ergo Wi(uer(t), u(2)) =0

uniformly for # € [0, T], where (¢) is the gradient flow of 7 with initial data 1(0). Recall that 7¢ x is
lower semi-continuous and w-convex along generalized geodesics with A, . = —€™972||D?¢ /a1~ +
8C. Note that 1, ¢ is nonpositive for sufficiently small e. The empirical measure, ,ui\f . (1) as defined
in the hypothesis, is the unique gradient flow of ¥, ; with initial data ,ui\{ ,(0). By Theorem 2.2.1, it

suffices to show that as k — oo, e = €(k) = 0, N = N(€) — oo,

Jlim W, (1Y (D), per (1) =0
uniformly for ¢ € [0,T]. As both ¢ (?), ulev , (1) are both gradient flows of the w-convex energy

functional ¢, we may apply [13, Theorem 3.11(iii)]. That is, given that u. 4 (#) has initial data
u(0),

W2(Y, (8), 1en (D)) < Foar e W2(Y, (0), 1(0))).

By hypothesis as k — oo,

Wi (1 (0, 1 (1)) < Wal (1), tese(0)) < [P (W3 (a2, (0), 1(0))) = 0
uniformly in ¢ € [0, T]. [
Proof of Corollary 2.2.3. By Proposition 2.4.19,

tlgilo Wi (u(1),alg) < tllg)lo Wy (u(1),alg) = 0.
The result follows from Theorem 2.2.2. [

Proof of Theorem 2.2.4. We would like to use Theorem 2.3.17 to conclude the results. By Lemma
2.3.15, up to a subsequence, we get that u. — u narrowly (as convergence in distance implies
convergence narrowly) and the I"-convergence of the metric derivatives. By Proposition 2.6.1, the
I"-convergence of the energy holds and lim¢_,0 G<(u(0)) = G(u(0)). Finally, by Proposition 2.6.4,
the I"-convergence (or lower semi-continuity) of the local slopes hold. Now we may apply Theorem

2.3.17 and gain the results immediately. [
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2.9 Applications

2.9.1 Keller-Segel Chemotaxis Model

Next we look at the general Keller-Segel Model for chemotaxis in [3],

ou=V-(d(u,v)Vu — ¢ (u,v)Vv) + f(u,v)
T0v = dAv + g(u,v) — h(u,v)v.

We have u represents the cell density on Q@ ¢ R, v represents the concentration of the chemical signal,
¢ represents the diffusivity of the cells, and ¢ represents the chemotactic sensitivity. Chemotaxis is
when cells movements are affected by chemicals in their environment. In this model the aggregation
term and the diffusion term compete. When aggregation wins, it can be studied in mathematics as
blow-up in finite time; however, this is not realistic from a biological viewpoint. Moreover with a
more general diffusion, the system has solutions based on the inequalities that involve the diffusion

exponent and the dimension ([5], [15]). Here we choose
o(u,v) =y (u,v) =gu,v)=u, d=1, v=f(u,v)=0, h(u,v)=az=>0.

Most choices above are relatively common as seen in table 1 of [3]. With that we obtain that

v = B,.q * u ([8]) where B, 4 is the Bessel kernel

0 1
Bpa(¥) = [ ——
) /0 e

Notice that By, = =N (see [3]), where we get the original PDE that we are considering with a(x)

X2,
v dt.

removed (or a(x) = 1). Note that for potential future work choosing 7 = 1 implies that we get the
heat kernel for @ = 0 and the integrand of the Bessel kernel for @ > 0. The Newtonian potential
satisfies Assumption 2.1.3 by [13, Proposition 4.4], however, we need to show that it satisfies the

additional assumptions.

Remark 2.9.1 (The Newtonian potential satisfies Assumption 2.1.7). As ||u|| pgay < C for p = 1,2,
by interpolation it is true for all p € [1,2]. Using Young’s convolution inequality, as long as

IVW|Lr (ra\g) < Cr for some p € [1,2], then we get item 1. For the Newtonian potential, we
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only have this for d > 3 (see Lemma A.0.4). However, the Newtonian potential does satisfy item 2

for all d (see [13] equation 61).

2.9.2 Bessel Kernel
Naturally, we will now show that the Bessel kernel satisfies Assumption 2.1.3 and Assumption

2.1.7.

Proposition 2.9.2. The Bessel kernel, =8B, 4, with d > 3 satisfies Assumption 2.1.3. Furthermore,

it satisfies Assumption 2.1.7 item 1 for d > 3 and item 2 for all d.

Proof. Given that most of the assumptions involve a norm or modulus, it suffices to show B, 4

satisfies the above assumptions (barring the lower semi-continuity). Furthermore @ = 0 is already

shown as By 4 = =N, so we will assume @ > 0. We first start with the items of Assumption 2.1.3.

1. Since we have the chain of inequalities B;’ 4= B;’ 4t B:;’ 4= Baad <Boa <-N <N, we
get|B, ,xul < INTxul <C.

2. It is sufficient to show that |V8B, ;s * | < C as v is a probability measure. By computation

or [8, Lemma 2.4], |VB,.4(x)| < Calx|'"?gq (Jx|) where g, (|x|) is a positive radial function

exponentially decreasing from 1 to 0 as |x| — co. Thus, 3c such that |[VB, 4| < c on RY\B,

where By is the unit ball centered at the origin. By computation, [|V8B, 4llz»,) < ¢ for

p < % (see Lemma A.0.4). Using Holder’s inequality,

VB # 1l < 1VBaall ot ) 12l oty + €llpall o gery < e

3. This results from Proposition 2.1 of [10].

4. Using the ideas of [13, Proposition 4.4], it suffices to show that ||[D2B, 4 * ul| 2Ry <

Cllull g2 (ray-

Define v = B, 4 * u so that v satisfies —Av + @v = u. By interchanging derivatives via
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integration by parts twice (or see [20, Theorem 9.9, Corollary 9.10]),

ID*]* = [ (Av)?
Br Br

= [ (av-p)?
Br

SZ/ azv2+2/ ;12.
Br Br

Using Young’s convolution inequality,

IA

QZHBQ,d * :u”iZ(BR) ”Ba,d”il(BR)az”:u”iZ(BR)

1 2 2
S ;a ”MHLZ(BR)
=l g,

Taking R — oo and square roots we get || D?By.q * il r2(ray < 2|l 2Ry

5. Define g(x,1) = (4ﬂ_t)1d/ze—|x|2/(4f)’ f(x,t) = e *g(x,1). Then,

F(x) := ./0 f(x,t) dt = =By q(x).

As g is lower semi-continuous in x, Ve > 0 36 > 0 such that g(xo,t) < g(x,t) + € for all
x € Bs(xp). So, f(x0,1) < f(x,1) +€e * holds. So, F(xy) < F(x) + €/a holds for @ > 0.
Thus, F(x) = =8B, 4(x) is lower semi-continuous in x.
Now we address the items in Assumption 2.1.7.
(i) As with the Newtonian potential, using Young convolution inequality and L” bounds (Lemma
A.0.4) gives the result.
(i1) This is proven in item 4 of this proof.

All of the items are complete and this finishes the proof. 0
Corollary 2.9.3. The Bessel kernel, =8B, 4, is convex for d = 1.

Proof. Taking g(x,t), f(x,t), F(x) in item 5 of the previous proof. We have that g(x, ¢) is convex

in x and so therefore F(x) = =8B, 1(x) is convex in x by linearity of the integral. [
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2.10 Numerical Simulations

We now implement the particle method discussed earlier. Here we have simulations in dimension
d = 1. We explore different targets, aggregation kernels, and initial conditions. We also calculate the
L' error for the convergence rate in N for a fixed final time. We start with some of the basic details.

We define the domain Q = [—1, 1] where we define a confining potential
Eax+1)? ifx < -1,
Vi) =9&(x - 12 ifx> 1,

0 otherwise.

The confinement strength is controlled by the value of k € N. Most simulation we set k = 100,
which is a medium strength confinement. Medium strength confinement is preferred here because
the strong the confinement, the lower the convergence rate in N is (see [14]). We choose to use the
Gaussian mollifier £ (x) = exp(—x?/2€?)/ V27e? where we define € = 4/NY9_ The relationship
between € and N is better than the expected qualitative results previously mentioned. From Theorem
2.2.2, we define the empirical measure

N N

ygk(t) = Zéxi’k(,)mi, m' >0, Zmi =1.

i=1 i=1
Moreover, we define the approximate initial condition as ,ug ,(0) = Zfi 1 0 Xé,emi' The particles are
uniformly spread out in the domain Q and the mass m' is computed from the initial condition 1(0).
In most cases, we choose the initial condition as the Barenblatt profile ¥, (x) = % (34/ 3 f;—';)Jr
with 7 = 0.0625. This corresponds to a more general profile in [9]. The function is chosen because
the Barenblatt profile is a solution to the homogeneous (non-weighted) PME. We typically stick
with three weights: uniform a(x) = 1/2, log-cave a(x) = 2/x/(1 + |x|?), and piecewise a(x) = 2/3
for x € [-0.75,-0.25) U [0.25,0.75) and a(x) = 1/3 otherwise. To visualize ,u]zk and compute L'

errors of u, we use J¢ * ,uZEV . instead.

2.10.1 Demonstrating the Particle Method
In most simulations, we choose N = 100. We start by demonstrating the particle method

in the case when we only have diffusion (V = W = 0) in Figure 2.1. We have three different
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weights: uniform a(x) = 1/2, log-cave a(x) = 2/x/(1 + |x|?), and piecewise a(x) = 2/3 for
g (x) g p

x € [-0.75,-0.25) U [0.25,0.75) and a(x) = 1/3 otherwise. This echos the simulations in [14].

-1.0 -0.5 0.0 0.5 10 -1.0 -0.5 0.0 05 10 -1.0 05 0.0 0.5 10

(a) Uniform weight (b) Log-concave weight (c) Piecewise weight

Figure 2.1 Density of diffusion energy with different targets evolves in time.
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00 00 R‘ 00 %
-Lo -05 00 05
location

10 -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 05 10
focation location
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®
®

time
o o
> Y
> Y

o
~
~

Figure 2.2 Particles location evolution in time of Figure 2.1.

In Figure 2.3, we look at the diffusion (with uniform weight) and aggregation energies. Here the
attractive Newtonian potential is used for the kernel of the aggregation. Thus, the aggression wants
to bring the particles together while the diffusion wants to spread the particles out. In Figure 2.3a
and 2.4a, the coefficients for both the aggregation and diffusion is one. We see that the diffusion wins
and particles separate. In Figure 2.3b and 2.4b, the coefficient for the aggregation is increased while
keeping the coeflicient for the diffusion one. Very quickly the particles come together, however, the
diffusion is strong enough to keep the the particles from moving to the origin. The particles are
located between —0.25 and 0.25. In Figure 2.3c and 2.4c, The aggregation strength falls between
the previous two cases and the diffusion is dramatically decreased. As expected, we see the particles

come together and meet at the origin.
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Figure 2.4 Particles location evolution in time of Figure 2.3.

In the previous figures, the initial data considered is the Barenblatt profile. An obvious question
rises that would another initial data be sufficient to get convergence to the steady-state solution.
We would still expect convergence with another initial data. Indeed, Figure 2.5 shows this. Figure
2.5a, a cosine function is used as the initial condition. In particular, (cos(10x) + 2)/(hC) where
C = 2(sin(10)/10 + 2) is the normalization term and 4 = |Q|/N. In Figure 2.5b, the piecewise
function pg = 2/3 for x € [-0.75,-0.25) U [0.25,0.75) and po = 1/3 otherwise, is the initial
condition. The particle evolution in time in Figure 2.6 is different than the previous figures.
The particles are still spreading out, however, there is a noticeable partitioning of the particles
corresponding to the number of peaks of the initial data. This is most likely because the particles

initially near the peaks have more mass than the surrounding particles.
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Figure 2.6 Particles location evolution in time of Figure 2.5.

We can also use different initial data when the energy in consideration is the sum of the diffusion,

aggregation, and drift. We see the evolution of the density of the energy in Figure 2.7.
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T T T T T T T T T T
-1.0 —-0.5 0.0 0.5 1.0 -1.0 —0.5 0.0 0.5 1.0
X X

(a) Cosine initial data (b) Piecewise initial data

Figure 2.7 Density of all energies (diffusion, aggregation, drift) with different initial data evolution
in time.

2.10.2 Convergence rate in N

In Figure 2.8, we examine the L' error of the density (for N between 10 and 113) and the density
at N = 226. In this case, we are only focusing on the diffusion energy with different weights. We
get the expected results that the convergence rate is faster for the smoother weights (uniform, and

log-concave) and slower for the discontinuous weight (piecewise).

- —— Errors —— Errors —— Errors
Slope = -2.43 Slope = -2.40 Slope = -0.78
o o X

N

1072 1072 \

10! 102 10! 102 10! 102
Number of Particles Number of Particles Number of Particles

Erro)
Error
Erro)

L
L
L

—_

(a) Uniform weight (b) Log-concave weight (c) Piecewise weight

Figure 2.8 L' errors of the density of the diffusion energy for three different targets demonstrating
convergence rate in N.

Now we do the same experiment now including the aggregation and drift energies in Figure 2.9.

The addition of the energies slightly slowed down the convergence rate in each scenario.
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(a) Uniform weight (b) Log-concave weight (c) Piecewise weight

Figure 2.9 L! errors of the density of the diffusion, aggregation, and drift energies for different
targets demonstrating convergence rate in V.

In Figure 2.10, we see if changing the initial data degrades the convergence rate in N. Indeed,
we see a convergence rate below quadratic with the change of initial data, compared to quadratic
convergence with the Barenblatt profile initial condition and more than quadratic convergence with

only the diffusion energy.

—— Errors —=— Errors

.\ Slope = -1.78 slope = -1.56

1072 4

T T T T
10t 102 10! 10?
Number of Particles Number of Particles

(a) Cosine initial data (b) Piecewise initial data

Figure 2.10 L' errors of the density of the diffusion, aggregation, and drift energies for different
initial data demonstrating convergence rate in N.

2.10.3 Computational Complexity

Based on the ODE (velocity law) of Theorem 2.2.2, we would expect that for a general mollifier
the computation complexity for the drift is O(N), the diffusion is O(N?), and the aggregation is
O(N?). However, using properties of a specific mollifier, we can do better. Recall that we use a

Gaussian mollifier in these numerical simulations. Using the Fourier transform, one can show that
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the convolution of two Gaussians is Gaussian. Namely, ¢, := {¢ * {¢ is Gaussian. In particular, the
mean of the new Gaussian is the sum of the means of the Gaussians and the variance of the new
Gaussian is the sum of the variances of the Gaussians.

Thus, we can reduce the aggregation to O (N?),
A N . . 1 . .
Xy == [ Vel =X = 2 dr = Tk VXL ) = TR (XL
J=1
N . '
= > mIVee s W(XL, - X ).
j=1

This in turn reduces the computation complexity of the ODE from O(N?) to O(N?). This can be
seen in Figure 2.11a. In specific scenarios, we can reduce the complexity ever further. If a(z) is a

scalar (such as the uniform weight), then we can reduce the diffusion to O(N),

N
Xé,k (1) =- E m]EV‘Pe(X;k - Xé,k) = Ve V(Xé,k) - VVi (Xé,k)
—

J
N . . .
= > miVe s WXL, - X)),
=1

Thus, having the diffusion energy with the uniform weight and the drift (with no aggregation, W = 0),

we have a O(N) complexity of the ODE. We can observe this in Figure 2.11b.

1 1
10y —— ope 1073 — opE
O(N?) o(n?)

10° 4

10724
1014

1072 4
103 4

1073 H

ODE Calculation Time
ODE Calculation Time

T T T T T T
10! 10? 103 10! 102 10?
Number of Particles Number of Particles

(a) The complexity of the ODE of the diffusion, (b) The complexity of the ODE of the diffusion
aggregation, and drift. (with the uniform weight) and drift.

Figure 2.11 The computational complexity of the ODE (velocity law).
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CHAPTER 3
INCOMPRESSIBLE LIMIT OF INHOMOGENEOUS POROUS MEDIUM EQUATIONS

3.1 Introduction
The focus of our work is the m — oo limit (called the incompressible limit or stiff pressure limit)

of the inhomogeneous porous medium equation with reaction,

3.1) Oyt =V - [~V | + —2—®(x, 1, p) on R x (0, 0),
a(x,t) a(x,t)

where the pressure p,, is given in terms of the density u,, by the power law,

m U m—1
Pm = ‘( “ ) , m > 2.
m-—1

b(x,t)
It is sometimes useful to rewrite (3.1) as

b m m m
3.2) Byttyy =V - (—V (”—) ) + o (x 1, p).
a b a

The coefficients, a and b, which are assumed to be bounded from above and strictly away from zero,
represent heterogeneity in the underlying medium and in the cellular packing density, respectively
[26]. It is also assumed that the growth term @ is strictly decreasing in p and that there exists
pu > 0 with ®(x, ¢, pyr) = 0, which corresponds to a ceiling on the maximum pressure that the
medium can support.

The aim of our work is to study the limit m — oo of (3.1). In our first result we establish that the
density and pressure converge to the pair (4, Pe), Which is the (unique) weak solution of

b .
Ol =V - (—Vpoo) + u—d)(x, t, Do)
(3.3) a a

Poo(X,1) € Poo(Ueo(x, 1), b(x,t)) almost everywhere ,

where we use the notation P, (u, b) for the Hele-Shaw graph: for any u, b € [0, c0),

0, 0<u<hb,
Po(u,b) =

[0,00), u=0b.
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In our next two main results we provide more detail on the behavior of the limiting density and

pressure. The heuristics for this can be seen by examining the equation that the pressure satisfies,

Vol
B4)  Gypy— VPl

m b
= (m - 1)P_ (me - Vlog (_) +Apy + @ (x,t, pp) — ad, log(b)) )

a a
which is obtained by multiplying (3.2) by 7' (”7'”)"1_2 and performing standard manipulations. For

some calculations, it is easier to evaluate the normalized density v,, = ”7’", which solves

1 b
(3.5) OV + v 0 log(b) = — (Vvﬁ - Vlog (—) +Avy + v, O (x, t,pm)) .
a a
It is natural to guess that, in the m — oo limit of (3.4), the limit of the term on the right-hand side of

(3.4) should be zero:

o0 b
(3.6) % (Vpoo - Vlog (5) + Apoo + O(x,t, poo) — ao; log(b)) =0.

This is the so-called complementarity condition. In Theorem 3.3.3, we prove that (#c, pos) does
indeed satisfy (3.6) in the sense of distributions. This means that, for each time 7, there are two
regions of interest: the region where p., is zero, and the region where p., is positive (and therefore
the term in the parentheses of (3.6) is identically zero). Thus, it is natural to attempt to characterize
the evolution of the boundary between these two regions.

Examining (3.4) suggests that, on this boundary, the limit as m — oo of the left-hand side of

(3.4) should be identically zero:
Oipo :lval
IVPool a

The left-hand side of the previous line is exactly the normal velocity of the zero level set of p.
Thus, the guess is that this normal velocity is exactly %. It turns out that this guess is correct,
in the absence of an external density; this follows from Proposition 3.3.4, our third main result, in

which we characterize the normal velocity of d{x : p(x,t) = 0} in the sense of comparison with

barriers [21].

3.2 Notation and Assumptions
Throughout, we use the notation Q7 = R? x (0,7) and Q = R? x (0, o0). We will also use the

notation u; and u_ to denote the positive and negative part of u, respectively. Throughout, we use C
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to denote any positive constant that is independent of m but may depend on d and the constants A,
A, and pjs in Assumption 3.2.1. Note that the constant C will only depend on d in the AB-estimate,

Proposition 3.7.3.

Assumption 3.2.1. Suppose that a,b € C3(R? x (0,00)) and there exists A > 0 such that
1/A < a,b < Aforall (x,t) € Q7. Suppose @ € C*(R? x (0, 0) x [0, py]) satisfies 9,® < —1

and ©(x, 1, py) = 0, for some py; > 0and A > 0.

Example 1 (Example of ®@). One choice of @ is where the pressure is separate from the space and
time such as ®(x, t, p) = g(p)h(x,t). Here g is decreasing, g(pys) = 0, and £ is a positive function
that is bounded. A standard choice, as in [23, Fig 1], is to choose a linear function g(p) = C(py —p),

where C > 0.

Assumption 3.2.2 (Initial Data). For some u° € L'(R?), suppose that the initial data u?, satisfies,

0 m ul) m=1
u,, >0, o1 (7’") < Pwm>
(3.7)

lluf, = u®|l 11 (gay — 0 as m — oo, 10cub L1y < Coi=1,....d,
and supp(u) c Qg for Qo ¢ R? compact. There exists a constant C > 0 such that
(3.8) IVl 2 gy + 1Ap | 2 ey + 18Pl gy < C.

Assumptions 3.2.1 and 3.2.2 are similar to standard assumptions in the literature, such as in

[12, 16, 17, 21, 23].

Assumption 3.2.3 (Construction of Supersolution). Suppose that either,
1. a(x,t) =a(|x|,t), b(x,t) = b(|x|, ) (a, b are radial in space),

_1
2. For all ¢ € [0, T], there exists R(¢) > 0, such that if [x| > R, then we can find an 0 < € < i}

°[a

We make precise our notion of weak solution, as in [26, Definition 5.4].

such that

€
< —.
x|
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Definition 3.2.4 (Notion of weak solution to (3.1)). A non-negative u € L'(Qr) is a weak solution
of (3.1) with initial data u® € L' (RY) if
1. (4)" € L*(0,T; H'(RY))

2. for p = 2o (%)m_l, u satisfies

[ wae-29(5)" vestownpe=- [ wwiwo.
Or a \b a Rd

for any ¢ € C'(Qy) that vanishes for r = T..
Existence can be achieved by approximating the weak solution with smooth functions that solve

the PME with strictly positive initial data such as in [26, Theorem 5.14] or [26, Section 9.3].

Definition 3.2.5 (Solution to liming problem). Let 7T > 0. We say
(iteo; Peo) € C([0,T); L' (RY)) x L'([0,T); L'(R)) n L*((0,T); H' (RY))

is a weak subsolution (resp. supersolution) of (3.3) if for all test functions £ € C(R¢ x [0,T)) we

have

[ et 29 (2] v - Batrpar < [ i000e0) e 2),
or a b a Rd

and if peo(x,1) € Peo(Ueo(x,1),b(x,1)) and 0 < us(x,1) < b(x,t) hold almost everywhere in Q7.

We say (uo, Poo) 1s @ weak solution of (3.3) if it is both a weak subsolution and a weak supersolution.

3.3 Main Results
Theorem 3.3.1 (Convergence to limiting problem). Suppose Assumptions 3.2.1 and 3.2.2 hold and
fixT > 0. Then, up to a subsequence, the density u,, and the pressure p,, solution pair of (3.1)

converge strongly in L' (Q7) as m — o0 10 e, Peo respectively, which satisfy

Usos P oo € BV(QT)’

Uo € C*([0,00); HH(RY)) N C([0, o0); L' (RY)) Vs < % Peo € L?(0,T; H'(RY)),

and solve (3.3).
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Theorem 3.3.2 (Uniqueness of solutions to (3.3)). Suppose Assumptions 3.2.1, 3.2.2, and 3.2.3

hold. Let T > 0. Then, there exists a unique pair
(tteo, Pos) € C([0,T); L'(RY) x L1((0,T); L' (R?) 0 L2((0,T): H' (R))

such that u(-,t) is compactly supported for each 0 < t < T, which solves (3.3) in the sense of

Definition 3.2.5.

Theorem 3.3.3 (Complementarity condition). Suppose Assumptions 3.2.1, 3.2.2, and 3.2.3 hold.
Then (3.6) holds in the sense of distributions. More precisely, for any ¢ € C'(Qy) that vanishes for
t=T,

- b
0 :// P2y Vieg (—) _ |Vpoo|2£ CVpe -V (5) Deo
QT a a a a

+ // P v (x,1, pes) = peol 8 log(h).
or a

Let D be a ball in R<. For a time interval [t1,12] C [0, ), consider a function (that represent
the pressure) ¢ € C.(D X [t1,12]) such that the initial density u;(x) satisfies u1(x) = b(x,#) in
{Z(t1) > 0}. Forall x ¢ {£(#;) > 0}, we define #(x) as the last time that {(x,7) = 0 (with#(x) =1,

is {(x, t; = 0)) and define the external density

ug (x,1) = uy(x) exp (/t1 CD(x,as(,xg’“S)c,S)) s

for all t < #(x). We assume that the external density satisfies,

ug (x,1) < b(x,1) in {£ = 0}.
The external density solves d,u = 2®(x,1,{) in {{ = 0}. The density in D X (¢, 13) is defined by

ug(x,1) = b(x, 1) xe>0) (%) +ug (x,0) (1 = x(z>0(x))
b(x,1),in { > 0}

uf(x, t),in {£ = 0}.
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Proposition 3.3.4 (Velocity Law). The external density, ut, is the limit of the density from
outside the saturated region {x : pw(x,t) > 0}. The normal velocity, V., of the free boundary

0{x : poo(x,t) > O} satisfies in a viscosity sense

ul |VPool
- =2V, = =

3.4 Estimates
This section is devoted to estimates for solutions of (3.1); these estimates will allow us to take

the incompressible limit and obtain our first main result, Theorem 3.3.1.

Remark 3.4.1. We often manipulate the equation pointwise and/or differentiate the equation. These
manipulations are justified by approximating the solution by the solution with initial data u?, + €
(that solution is uniformly positive and thus smooth), establishing the desired estimate, and then

taking the limit e — 0. See, for example, [26, Section 9.3].

3.4.1 L™ bound and compact support
We begin by using the comparison principle for (3.1) to establish that the solutions (u,, p,;) of
(3.1) are uniformly bounded and have a (uniformly) finite speed of propagation. For the latter, we

construct appropriate supersolutions to (3.1); our construction is similar to [12, Lemma 3.1].

Lemma 3.4.2 (L® bounds and compact support). Suppose that Assumptions 3.2.1, 3.2.2, and 3.2.3

hold and let (u,,, p,,) solve (3.1). Then, there exits a constant C > 0 such that,

0<pm<pm O0=<uy(xt) <Cb(x,t), 0<v,<C aeQr,
supp(um(-,1)) C Be; ae 0<t<T.

0o \m—1
Proof. By assumption on the initial data and the comparison principle, 0 < p,, < —%5 ("7'") <

pum a.e. in Qr. By definition of the density,

U m-—1
OS7S TPM

-1,

)1/(m—1)

as m — oo, Thus, u,, < Cb a.e. in Q7. Moreover, v,, < C a.e. in Q7. Now, let Z(x, 1) be as in

Lemma B.0.2 (if Assumption 3.2.3(i) holds) or as in Lemma B.0.3 (if Assumption 3.2.3(ii) holds).
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In either case, let the constant @ be chosen large enough, depending on the initial data, to ensure
Z(x,0) > u% (x) on R?. The comparison principle for (3.1) thus ensures u,,(x, ) < Z(x, ) for all

t > 0. By construction, Z(x, t) is compactly supported in x; therefore, so are u,, and p,,. [
Now that we have compact support and L bounds, we immediately get L' bounds.

Corollary 3.4.3 (L' bounds for u,,, p,n). Suppose Assumptions 3.2.1 and 3.2.2 hold and let (1, pm)

solve (3.1). There exists a constant C > 0 such that fort € [0,T] and m > 2,

it Ol 21 gty + 1m (Dl 1zt + 1P (D)1 gy < C.

3.4.2 Derivative bounds

In the next two lemmas, we establish integral bounds for the time and spatial derivatives of the
pressure and density. The techniques are similar to those of [23]; however, more care has to be
taken, especially in the proof of the time derivative bounds, due to the coefficients’ dependence on

space and time.

Lemma 3.4.4 (L' and L? bound for Vp,,). Suppose Assumptions 3.2.1 and 3.2.2 hold, and let
(U, pm) solve (3.1). There exists a constant C > 0 such that for m > 3,
IVpmllLior + IVPmllL20p) < C-

Proof. First we point out the identity,

|me|2 +PmApm =V - (puVpn) = A(Pi)-

Rearranging the equation for the pressure (3.4), and using this identity, yields,

m-—1
V. 2= —— A(p%) -

19 -1 b
4%Pm +m Pm | P(x,t, pr) —adlog(b) + Vp,, - Viog|—|]|.
m-2 m-2 a

We integrate over Q7 and note that, since p,, is compactly supported in x, the integral of the

Laplacian term vanishes upon integrating by parts. Thus we find,

|0:al| L m—1 m—1

/ |me|2 < t—zf/ pm+—zcﬂ DPmt ZC// pmlvpml

Or m = Or m = Or m-— Or
m—1 C m-1_\° , 1 )
< C+ m+ C + = Vpouls,
2oz ) e (e [ e o
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where we’ve also used Young’s inequality. Therefore,

IVpmllz20r) < Cllpmllior) + Cllpmll20p)-

According to Lemma 3.4.2, we have p,, € L'(Q7) N L*(Qr). The L? bound follows. Using
the compact support of p,, (Lemma 3.4.2) along with Holder’s inequality yields the L' bound as

well. ]

Corollary 3.4.5. Suppose that Assumptions 3.2.1, and 3.2.2 hold. For T > 0, there exists a constant

C > 0 such that for m > 3,
IVViallizior + 1IVvinllz2 o < C.

Proof. By Lemma 3.4.2,
IVViul = vin|Vpm| < CIVppul.
Integrate in Q7 and apply Lemma 3.4.4 to get the result. [

Using the previous corollary, we establish the L' bound for Vu,,.

Lemma 3.4.6 (L' bound for Vu,,). Suppose Assumptions 3.2.1 and 3.2.2 hold and let (up, p,)

solve (3.1). ForT > 0, there exists a constant C > 0 such that for m > 3,

||6xium||L1(QT) + ||axiVm“Ll(QT) <C.

Proof. Let A = min,¢(o,p,,] 10, P(x,1, p)| > 0. We differentiate (3.5) with respect to x;, multiply by

sgn(Oy, V) = sgn(0y, pm) = sgn(0y,vir) and using Kato’s inequality,

0110y, vin| + vinOy; 0, 10g(b)sgn(0y,vin) + |0y, vin|0; log(b)

b
< sgn(0x,vim) 0y, (1/a) (Vvﬁ - Vlog (5) + AV + v, @(x, 1, pm)
+ (1/a)(sgn(0y,vin) Vv, - 0x,V1og(b/a) + V|0y,viy| - Viog(b/a) + AlOx,viy| + [0, Vi |P(x, t, pm)

m

+ Vm(q)xfsgn(axivm) + q)plaxipmb)-
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Integrating in space, using integration by parts, and rearranging,

d
—/ |axivm|sc/ vm+c/ |Vv2|+c/ |axivm|—z/ 130 Pl
dl Rd Rd Rd Rd Rd a

By Gr onwall’s inequality and Corollary 3.4.5,

1%
”8xivm”L1(Rd) +/l-/-/Q 7m|axipm| < etc(”axty%”Ll(Rd) + C”Vm”Ll(QT)
T

+ClIVviu L)

<C.
Notice that each term on the left-hand side is bounded by this constant. Then,

A
||aXIVm||LI(Rd) S C, —ﬂ Vm'&xlpml S C.
lall= Lo,

Using the fact that

Oy um = bOx, vy + up 0y, log(b),
we achieve the L! bound for the density. 0

We continue with L! bounds for 8,u,,, o, Pm-

Lemma 3.4.7 (L' bounds for d,u,,, 0;pm). Suppose Assumptions 3.2.1 and 3.2.2 hold and let

(U, pm) solve (3.1). For T > O, there exists a constant C > 0 such that for m > 3,
|0umll L1y + 10vmllLior) + 10PmllL10r) < C-
Proof. Let A = minj¢(o,p,,] |0,®P(x, 2, p)| > 0. We rearrange (3.5) so that
b_ .. b
bowy, +viboilog(b) =V - [=Vvi | + v —D(x,1, pm).
a a

We differentiate with respect to ¢, multiply by sgn(d;v,,) = sgn(d;p,) = sgn(d;vr) and using Kato’s
inequality,
0r(b|0vi|) + |0;vin|bO; 10g(b) + v, 0,00, 10g(b)sgn(0yvyy,) + v b0, 0, log(b)sgn(0,v,,) <
<10,V (b/a) Vvl + V- ((B/a)V|0rvip]) +10rvm|(b]a)D(x, 1, pim)

+ V0 (b]a)®(x,t, pp)sgn(0;vm) + Vi (b/a)®isgn(0;vim) + v (b/a)®p|0;pml.
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Integrating in space, using integration by parts, and rearranging,

d b
— b|0vy,| < C/ vm+C/ |Vv%|+C/ b|0v | —/1/ Vin—|0ipml.
dt R4 R4 R4 R4 R4 a

By Gr onwall’s inequality and Corollary 3.4.5,

b
”batvm ”Ll(Rd) +4 /L Evm |atpm| < €[C(C||(9,v21 ”Ll(Rd) + C”Vm ”LI(QT)
T
+ClIVvillzion)
<C.
Notice that each term on the left-hand side is bounded by this constant. Then,
lowallo < €. [ valapal<c.
Or
Bounding the pressure by using the estimates above,

owalon < [ miiavals [ avlap)
QTQ{VmS%} QTQ{VmZ%}

1 m-2
< — cC+C
m(z)

IA

C,
m—2
where we use the fact that m (%) < 2forall m > 2 and A is absorbed into the constant. Using
the fact that

atum = b@,vm + umat log(b),

we achieve the L! bound for the density. 0

3.5 Proof of Convergence to Limiting Problem
Before we establish uniqueness of the limit in a bounded region, we let u., be any subsequential
limit of the density with the same initial condition when establishing the regularity and initial data

of us below.

Lemma 3.5.1. Suppose Assumptions 3.2.1 and 3.2.2 hold. Let u. be any subsequential limit
of the density with the same initial condition. The sequence {u,} is relatively compact in

C*([0,T); HY(R?)) for s € (0,1/2). Furthermore, u € C*([0, ); H"'(R?)) for s € (0,1/2).

79



Proof. Suppose Assumptions 3.2.1 and 3.2.2 hold. From Lemma 3.4.2, u,, € L*(0,T; L' (R%)) N
L*®(0,T; L*(R%)) and by interpolation have u,, € L*(0,T;L*>(R?)). Taking the test function

¢ € H} and using (3.2),

u u
/ Oty = — —ngo-me+/ O (x, 1, pm)—
R4 Rd A R4 a

b

<zl Vel llVemOllzga) +
LDO

—| lell2@allum (D)l z2ra)-
a LDO

Thus,

||atum”iz(0,T;H‘l(Rd)) S ||V¢||iZ(Rd)||me||iZ(QT) + C”umllzoo(o’T;LZ(Rd))||90||22(Rd)-

Since H~!(R?) is compactly embedded in L?(R?), by Lions-Aubin (for reference see [16, Proposition
1.2.5]) we have that {u,,} is relatively compact in C*([0,T); H~'(R%)) for s € (0,1/2). By

compactness, the result on u, follows. O]

3.5.1 Time Continuity
Lemma 3.5.2. Suppose Assumptions 3.2.1 and 3.2.2 hold. Let u, be any subsequential limit of the
density with the same initial condition. Then the limiting density is continuous in time. In particular,

Uso € C([0, 0); L1(RY)).

Proof. For times 0 < f1 < t, < T, given that u. solves the limiting PDE and using integration by

parts,
& b Uoo
/ o (12) — te(11)] = / / V- (29p0) + ot o)
R4 f R4 a a
5]
= / / u—ood)(x, t, Poo)
f R4 a4
< C(tp—11).
Thus, ue € C([0, 0); L1(RY)). ]
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3.5.2 Initial Condition
Lemma 3.5.3. Suppose Assumptions 3.2.1 and 3.2.2 hold. Let u., be any subsequential limit of the
density with the same initial condition. Then the limiting density at t = 0 coincides with the the

limiting initial condition in L'. That is, ue(0) = u® in L' (R?)

Proof. Fortime 0 < ¢t < T, given that u,, is a solution to the PME,

! b m\™ m
/ um(t) - / u?n = / / V. (_V (u_) ) + u_q)(x» Z, pm)
R4 R4 0 R4 a b a
Letting m — oo,
0 ! b Uoo
U (t) — u, = VA|-Vpo|+—D(x,1, po).
R4 R4 0 R4 a a

Using integration by parts and letting t — 0,

/Rduoo(O)—/RduO:O.

Thus, e (0) = u® in L' (RY). O

3.5.3 Proof of convergence to limiting problem
Proof of Theorem 3.3.1. From previous estimates Lemmas 3.4.2, 3.4.4, 3.4.7, we have that u,,, p,,

are bounded in W1 (Q7). By Rellich-Kondrachov, u,,, p,, converge (up to a subsequence) strongly

in L'(Qr).

Integrating (3.2) against a test function ¢ € C'(Qy) that vanishes forr = T,

// Um O + (u_m)m V. éw + u—mCD(x, t,pm) = —/ u%w(x, 0).
or b a a R

AS u,,, pm converges strongly in L' (Qr), we obtain that
b Uoo ) ,
Ol =V - | = Vpo | + —D(x,1, poo) In D'(Q).
a a

Using the definition of p,, and rearranging

1/(m-1) 1/(m-1)

u m-—1 u m-—1 _

- ( Pm) = mpm = ( ) P:Z/(m 1)-
m b

m
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Up to a subsequence, we can pass to the limit a.e. so that uspe/b = p Or equivalently,

U
1——) o=0
( b )P

This gets us po € Poo(teo, b). We also obtain almost everywhere in Q7 that 0 < ue, < 5,0 < p <

Py, and U, poo € BV(Qr) forall T > 0. O]

3.6 Uniqueness of the Limit

To establish uniqueness of solutions to (3.3), we follow the Hilbert’s duality method, which was
used for the homogeneous version of (3.3) in [23].

For the remainder of this section, let us fix two non-negative densities u1, u, with corresponding
pressures pi, pa, solving (3.3). Let Q be a bounded domain containing the supports of both solutions
for all time 7 € [0,7] and Q7 = Q X (0,T). For ease of notation, we will abbreviate ®(x, ¢, p) as
@(p).

First we shall prove that the densities must agree. To this end, we use the definition of weak

solution to find,

(3.9) 0= /Q (1 —u2)0y + (p1 — p2)V - (ng) + %(ulfb(m) —uy®(p2)).

We shall denote Z := u; — up + p1 — p2 and define
— - o -d
Wt g PITP2 (L (p1) = ®(p2).

A= ,
Z Z P1— P2

We define A = 0 when u; = u, (even when p; = p») and similarly set B = 0 when p; = p; (even

when u; = uy), which yields the bounds,
(3.10) 0<A<l1, 0<B<l1l, 0C<xv.

With this in hand, we see that (3.9) may be rewritten as,

4

P .

3.11) 0:// Z(AéW+BV-(évw)+A®(p1)£—CB
Qr a a
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If, given any smooth G, we could find ¢ solving the dual problem,

Ady + BV - (gw) + AD(p))L - CBL = AG inQy,
Y=0 indQx0,7), w(-T)=0 inQ,

then, by taking ¢ as the test function in (3.11), we would obtain

0:/ (ur —uz + p1 — p2)AG =/ (u1 —u2)G.
Qr Qr

From this we have uniqueness for the density, as the smooth function G in the previous line is
arbitrary.

However, since we may not be able to solve the dual problem due to the degeneracy of the
coefficients A, B, C, we proceed by an approximation argument. Let {A,}, {B,}, {Cy}, {®1.,} be

sequences of smooth bounded functions such that
A = Aull2@) < K/n, 1/n<A, <1,
|B = Bulli2q;) < K/n, 1/n<B, <1,

IC = Culli2@py < K/n, 0<Cyp <K, [0,Callpig, <K

1P(p1) = Piallizy) < K/n, [Pl <K, [[VOialli29) < K
where K is a positive constant. Fix a smooth function G. Standard theory for parabolic PDEs yields

that there exists a unique solution ¢, to the regularized dual problem

Bn b '»[/n Bn an — 1
(RDP) (%wn + A—nV . (EVl//n) + q)l’n7 — C”A_,,7 =G 1n QT,

Uu=0 indQx(0,T), vn(~-T)=0 inQ.

We shall establish some estimates on the solution ¢,

Lemma 3.6.1. There are constants k; = k;(a, b, T, G, |Q|) fori = 1,2, 3 such that

lWnllL=@r) < k1, sup V(D2 < k2
0<t<T

B,\'"? b C,
(A—n) (V' (EW’") ‘7*”")

83

< K3.

L2(Qr)




Proof. We will follow the proof of [23, Lemma 3.1], which the first bound is obtained in the same

mW@manszmm4u)Mmqwmykmuwv-@v%)—%%“
b 2 /T/ﬂ lyy )&
[ ansvunbs [ [ 209 (2v,) - 2,
B T b\1 2 d Cu\l » Cn >
——/t /Qaz (5 §|V¢’n| —[ /Qat (7) Elﬂn_/g(ﬂwn) (1)
T 2
+/ / (éw CI)1’”)'an+éq)”’lwnlz+oI>1,nCn (dj_))
. Jala a a a a

T
+/ /(EVG'V;I/n+QG¢/n).
t Q\a a

Bounding the right-hand side,
2 T
< K(1+t+/ / |w/,1|2),
r JQ

/Q|wn(r>|2+/tT/gj—Z

where K is independent of n but contains various constants. From here, we use Gronwall’s inequality

2

v. (évwn) _ Gy,
a a

to get the second bound. The third bound is obtained when using the equation above and the second

bound. O]

With these estimates in hand, we proceed with the uniqueness proof. Combining (3.11) and

(RDP),
B b n B,
// (w1 —u2)G = (uy — uz) (@lﬁn +—=V- (—Vlﬁn) + (I)l,nl//_ - Cn_ﬁ)
Qr A, a a A, a
b
-7 (Aa,w,, + BV - (—V;I/n) + A(I)(pl)ﬂ — CBﬂ)
a a a
=1'-2-P+1
where

= //Q 235 (A= A) (V - (gwn) - %w)
2= //Q Z(B - By) (V - (gwn) - %w)
L= [[ A @) - e,

1;‘:// ZB(E—Q)%.
Qr a a
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Our goal is to show that I! — 0 asn — 0 fori = 1,2,3,4. Now we bound the integrals above by
using Holder’s inequality, bounds of the coefficients (namely (A,/B,)"/2, (B,/A,)"/? < n'/?), and

the convergence of the coefficients,

B
|MSK[7 "
Qr An

UﬂsK/mlB—&l
Qr

< K”(An/Bn)l/z(B - Bn)”LZ(QT)

K
= 12

1ﬂ<ﬂ; =l 1) — @1l

SK/ 1 — || @(p1) — ]
Qr

K

V. (QVWIZ) - ﬁlpn <
a a

V. (éVl//n) - Q'J/n
a a

< K|@(p1) = Pralli2 o)

K
S_a
n

|mSK/ G = Cllun
Qr

< K||Cn = Cll12(0y)

<

= | >

9

where K = K(a, b, T, G, |Qr]|).
For uniqueness of the pressure, using uniqueness of the density (u; = u») and defining

Y = p1— po,

0= / (uy —u2) 0y + (p1 — p2)V - (b lﬁ)+%(u1q’(m)—u2q>(1)2))

.// —|V(p1 - p2)|* + // PLEP2 (1h0(p1) - 1 ®(p2)).

Recalling that @ strictly decreasing in p implies sgn(p| — p2) = —sgn(®(p) — ®(p2)), the density
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is non-negative, and a, b are strictly positive,

b
0£[7-4Wm—pﬁ?
Qr a

5ﬂ'ﬂ@rmn@@o—¢@m
Qr a

< 0.

Given that the pressures have the same initial condition, we achieve the uniqueness of the pressure.

Now that we have uniqueness for the limiting solution, we get a comparison principle.

Corollary 3.6.2 (Comparison principle). Suppose Assumptions 3.2.1, 3.2.2, and 3.2.3 hold. Let
(Uoo, Poo) be the limit solution of (3.1) in Q7. Let (uy, p1) be a weak solution of (3.1) in Q X [t1, 12].

If poo < prondQ X |[t,12] and us < uy whent =ty, then p < p1 and us < uy in Q X [t1,1].

3.7 Complementarity Condition

By Lemma 3.4.2, let Q be a compact domain containing the support of p,, for almost every time
t € [0,T] and Q7 = Q% (0,7). As shown in [23], the complementarity condition is equivalent
to strong L? convergence of the pressure gradient. We use ideas in [18]. In particular, an L3
AB-estimate is obtained to get space compactness, instead of the classical L® AB-estimate. The L3
bound of the pressure gradient gives enough compactness needed to pass the limit. Indeed, to get

the L> AB-estimate we first require the L3 bound for the pressure gradient.

3.7.1 L°bound for Vp,,
Proposition 3.7.1 (L3 bound for Vp,,). Suppose Assumptions 3.2.1, 3.2.2, and 3.2.3 hold. For

T > 0 and m > 4, there exists C > 0, independent of m, such that

// Pm(App, + @ (x, t’pm))z <C(T,a,b,pu,®)
Qr

and

/ Vpul® < C(T. a, b, pu, @),
Qr
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Proof. By integration by parts, Young’s inequality, and Lemma 3.4.4,

/ |me|3 = _2f/ pmApmlvpml
Qr Qr
< [[ piiapnP+ [[ 190
QT QT
SPM// pmlApm|2+C-
Qr

It is sufficient to show that the right hand-side is bounded. By triangle inequality, it is enough to
show that //QT Pm(Apy + ®(x, 1, pm))? is controlled. Multiplying the pressure equation (3.4) by

—(Apm + ®(x,t, pp)), and integrating in space and time,

T 2
d V m m
/ /Mﬂm_n// P (Apwm + ®(x, 1, pu))?
o dt Jo 2 Qr d

v, 2
+11+12+13+14=—// [VPul D(x,t, pm)
Qr

a

where
L= —(m-1) // Pn(Bpm + B, 1, pu)) By log ()
Qr

b

L= (m - 1) ﬂ p_m(Apm + CI)(x, f, pm)) (me - Vlog (_))

Qr a a
13 = _f/' a[pm(D(-x’t5 pm)

Qr

Vpml?

14:// Apml pnl .
Qr a

Integrating by parts,

AlVp, |2 1 1
Iy = // Pm (—' Pl +|me|2A(—)+2V (—)~V|me|2)
Qr a a a

=141+ Iap + 143.
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Using integration by parts

Iy = // P P ,pm)2+2/ —meVApm
Qr

i,j

=2 [ LS kw2 [ Priapoa [ 2oy,

LJ

- 2//9T PlpmVpm -V (—)
= 2//QT L D (0 pm)* - // 2Apml* - 21 —2//QT PmAPuVpm -V (é)

iJ

Thus combining the /4 terms,

=——// P A p? + //QT”'" ;< 2 p m)z——// pmApmme~V(1)

1
+I +=143.
342 34,3

So,
T 2
d [ 1Voml”
|5 [ s [ B ap, ot p)?
0o dt Qr
+[1+12+I——// |A ml2 [/ Zp_m(aj m)2
Qr i
Voml? 1 1 2 1
—// m<I>(x, t,pm)——14,z——14,3+—// pmApmme-V(—)-
Qr a 3 3 3 Qr a
Lemmas 3.4.2 and 3.4.4 imply

Vo, |? 1
‘// Von] <I><x,r,pm>——14,zs(n?nm+C||A(1/a>||meM) / IVpul? < C.
QT a 3 a QT

Young’s inequality and Lemma 3.4.4 imply,

2 \v/ 2
—// PPV pm -V ( )<—// Pmiap m|2+C// Privp m|2' 4l
3 Qr Qr Qr
<—// LA pl? +C.
Qr

pm ;pm Va
Iy, ——4[/ E 3 Pm)—————

i,j

Calculating we have,
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and
IVaI2

—143_3//9Tp"’2<a] m>2+c// Lo 1gp,, 2
//mme(ame)%c

LJ

Combining like terms,

T 2
d \%
/ _/l pml 1)// —(Apm+(D(x,t’pm))2
0 dt Qr
+11+12+I3—// “2Apml* + // (02pm)* < C.
Qr l]

Now using Young’s inequality in each of —I; and —/,, then adding, and finally using Assumption

3.2.1 and Lemma 3.4.4 yields,

AR //Q P (A + Bt 1, p))
+(m—1)C //Q a1, Tog(b) + (m — 1)C //Q P19 p IV log(b/a)

<2l // P (Apy + ®(x. 1, pu))? + (m — 1)C.
Qr

Thus,

T 2
d [ |Vpul
— I3+ 15 < -1)C,
I A et S EICEE

Sl //Q P (A puy + ® (5, 1, p)? - //QT”’"mme //QT”’”Zw,mV

Using the fact that ®(x, 7, p) > 0 yields,

s (e 3)//QT DI (A puy + (5, 1, pu))? + //QT”’"(A W //Q P AP

(m 3)”//9 M (Apm +D(x, 1, pm))>.

Define ¥ (x, ¢, p,y) = fo "®(x,t,q) dq. Then, 0, ¥ = ©(x,t, py)0;pm + fopm ®,(x,1,q) dq. Given

where

Is =

that
Pm
/ ®,(x.1,q) dg < D, zpav,
0
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then

T
d
- / 4 / w_C.
o dt Jo
Therefore,

/OT%/Q |V1;m|2 _/Q(T)lp(x,T,pm) —3) ‘//QT " (Ap + B £, p))? < (m = 1)C.

Moreover by using previous bounds and Assumption 3.2.2,

(m 3)

//Q P (A + ®(rat, pu))* < (m — 1)C.

Therefore we get,

//QT P A+ ®(x, 1, pm))? < C,

which implies that

ﬂ pm(APm + D(x, ¢, pm))2 <C.
Qr

This finishes the proof. [

Remark 3.7.2. Integrals I;, I; are new relative to [17, Theorem 3.2]. They do interfere with
achieving the L* bound by introducing an m on the right hand-side. This prevents us from bounding
the second derivative (Hessian) of the pressure by a constant independent of m. One may be able
to achieve the L* bound in this setting by rearranging the diffusion portion as (3.13). Thus, we
settle for the L bound, which is sufficient. The most interesting terms are I3 and /. Both appear in
[17, Theorem 3.2] where ® only depends on the pressure and a = 1. Due to our generalization of
these terms, bounding each becomes a little more difficult due to having more sub-integrals (such as

141, 142, 14 3), however; the strategy is similar.

3.7.2 L? Aronson-Bénilan Estimate
Proposition 3.7.3 (L3 AB-Estimate). Suppose Assumptions 3.2.1, 3.2.2, and 3.2.3 hold. For T > 0

and m > max{2,5 - %}, there exists C > 0, independent of m, such that

/ (Apm +®(x 1, pu))> < C(T . b, pus, @, |2 ])
Qr
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and

/ |Apm| < C(T, a, b,PM, (I)’ |QT|)
Qr

Proof. For sake of simplicity, we drop the subscript m and denote ®(x, ¢, p) as @. Define w = Ap+®.

Taking the time derivative of w,
(3.12) 3,w =A0,p+q),+q)patp.
Given that we know (3.4), we compute

Adyp = A ('V”|2) +(m—1)A (3 (Vp Vlog (9))) +(m—1)A (Bw)
a a a a

— (m = 1)A (pd; log(b))

=D+ (I’I’l - 1)(D2 + D3 +D4).

For ease, we will denote a = w and B = d;log(b). Computing D,
1 ) ’ 1 » . (1
D, =—=A|Vp|"+2V|Vp|=-V|=|+|Vp|°A|-
a a a
= D1’1 + D1,2 + D1,3.

Using Young’s inequality (with € = 1/4),

V Va
DIZ—_4Z( P

>——Z( A

and so

IVaI

01,1+Dl,zz—2<a,p)2+ ~Vp- VAp——Z( p)* —4——IVpl’
2, 2 |V61|2 2
_—(AP) +— V -VAp —4———|Vp|
2 Val?
:—(w—q>)2+—vp-Vw—q>x, ®,Vp - 4| a' IVp[2.
ad a
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Going back to Dy,

Dy =ApB+pAB+2Vp -V

=(w-®)B+pAB+2Vp - VL.
Now computing D>,

Dy =A(pVp - @)
=ApVp-a+pVAp - -a+ pVpA (a)+2VpApa
+2pApV (@) +2|Vp|*V (@)
=3ApVp - @ +2pApV (@) + pVAp - a + pVpA (@) + 2|Vp|*V ()
=3(w—-D)Vp-a+2(w—-D)pV (a)
+(Vw - @, — D, Vp)pa + pVpA (a) + 21Vp|*V (a)

=Dy1+D2r+Dy3+Drs+Dys.
Multiplying (3.12) by —(w)_,
%a,(w)% = —Ow(w)_ = =Adp(w)_ — @, (w)_ — ®,8;p(w)_.
Focusing on the last term,

IVp|?

a

-D,0,p(w)- =-D,(w)-

—(m-1) (QPS(W)_V]) Viog(bh/a) - ¢p§(w)% _ CI)pp(w)_ﬁ) .
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Updating —Ad;p(w)-_,

D1 1(9)- = D120w)- € ()} = ()20~ - () @7+ V- T (w)?

2
+ = (Vp(w) D, +®,|Vp2(w)_ )+4| al

VplPm)-,
~Dra(w)- = =(0)-1¥pPa 7).

D21 ()~ = 3((w)2 + ®(w))Vp -,

~D22(w)- = 202 +B(w))pY ().

~Da3(w)- = 3V pa + (@4 (w)+ @, Vp(w) )pa,

~D24(w)- = ~pVpA (@) (w)-.

=Das(w)- = =2|VpI*V (@) (w)-,

-D3(w)- = A (2 (w)_) o).

—D4(w)- = (W)2+@(w)-)B — (W)_pAB —2(w)_Vp - VB.

Integrating in space and time,

2
/ dt/ﬂ<ll+12+l3+l4+15+16
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where

! (/ 2 02, (0 q)z)
2=//QT Lop. V<w)2+(m—1>// 1)) (w)- +<m—1)//QTV(W)2 o
13—//QT (——A( ) 'V“'z)w P - <m—1>// 2V (a) [Vp ().
I =3(m - 1) //Q e

Is = //Q T Vp(w) 2@,

+(m—1) //Q Vp(w)- (30a - pA (@) — 2VB).
_ _ 2
//Q @)t //Q 202+ @0 (@) + @4, ()pa
s (m—1) //Q (0)% + D(w))B — (w)-pAB
+(m—1) //QT cp,,g(w)E +®,p(w)_p

We start with the most interesting integral Io = I> | + I22 + I 3. Using integration by parts for each

integral,

Iy = —//QT B 02+ 9p - ¥ (1 /) )2
ha==om=1 [ ¥ (Ew)von-
=m0y [ V(5] 902+ Zwn.
il //Q 2) (w2 - 2219wy P
e
i bl o oo

Iz = 2m) .//g (w)%Vp -a+ (w)%pV ().
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Combining the sub-integrals above,

— 3 2

+ (m2— D) //QT pA (é) (w)z — (w)%Vp ‘o - (w)%pV ().

(3—m) (w)?  (w)?
J = 5 f/gT p + p D,
Jr = (m—2)”//S;TVp-V(é) (W)%_Q/-/QT(W)%VP‘Q’
-1 1 -1
J3 = (m2 ) //QT pA (5) (w)? - % //QT(W)%pV ().
Combing /; and Ji,
(B-m) 1 w)? (B-m) 2 (w)?
’1”1—( 2 ‘3)/QT o +( 2 ‘z)/QTT‘D
1 (W)= 5
2l o @
B-m) 1 (w)?
< ( 2 B 3) //g;T a
By Young’s inequality with € and Proposition 3.7.1,

_ 3 _
= (<m_2)+ (m2 1))6/9T%+((m_2)+ (m2 1))C/ervp|3

(3m —5)e w)>  (Bm-5)
< > /QTa+ > C.

Define

This type of bound is similar to what we will do for /3 and /4. By previous L® bounds,

J3 < (m2_1)C//QT (M;)E

This type of bound is similar to what we will do for /. By Young’s inequality with € and Proposition
3.7.1,

3
I; < me/ (w)- +mC/ IVp|?
Qr a Qr
3
< me/ (w)- +mC.
Qr

a
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Again using Young’s inequality with € and Proposition 3.7.1,

Iy < 3(m - 1)6//QT (Vz)i +(m - 1)C/QT Vpl?
< 3(m—1)e//Q (VZ)E el

Using Cauchy’s inequality,

2
I5s < m/ (W)= +mC// IVp|?
QT a QT

2
< m/ (w)- +mC.
Qr a

Using various L bounds,

2
Is < mC/ ()= +mC/ (w)- +mC.
Qr d Qr 4a

Collecting the bounds,

/OT%/Q(M;)zS(@—Zm) d+(3m Se . )//QT(W)3
+mC/QT(a)%+mC/QT (M;)_+mC.

Rearranging, choosing € = 1/10, using Assumption 3.2.2 and Holder’s inequality,

((m 5), ) e )} _ e [ O I -, . Q(w;))%

a

<mc(//QT< >3)2/3 C(//gﬂ)i)“ﬂmc

/ W) _ ¢
Qr a
/ [z <c

This gives us the first bound. For the second, using integration by parts

Given the hypothesis on m,

Moreover,

/ (Ap+®) <C.
Qr
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So,

-//QT |Ap+CI>|:/QT(Ap+d>)+2/QT(w)_
SC+C(//QT(W)E)1/3

<C.

As @ is bounded,

L= [ apsals | o

This completes the proof. ]

Remark 3.7.4. Compared to [17, Theorem 3.1], we have approximately double the number of terms
because a, b are non-constant functions of space and time. The integrals /3, 14 are completely new
and /s, I are mostly new. Integrals /s, I do not present an issue, however; integrals /3, I4 require us
to have an L> bound on the gradient of the pressure. The term I is similar to one in [17, Theorem
3.1], but is more extensive. Though a similar strategy is used here, we require more. In particular,

as a # 1, we require L? bound on the gradient of the pressure for I, as well.

3.7.3 Complementarity Condition
Proposition 3.7.5 (Strong convergence of the pressure gradient). Suppose Assumptions 3.2.1, 3.2.2,

and 3.2.3 hold. ForT > 0, Vp,, — Vpe strongly in L*>(Qr).

Proof. We first start by showing spatial compactness of the pressure gradient. For € > 0, define the
continuous function,

—e€, fors < —e€,

Y(s)=1s, for —e<s<e,

e, fors>e.
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Using integration by parts for m,n > 1,

./Q Vo — Vpn|2¢I(pm — pn) dx dt = - //Q (Apm — Ap)Y(Pm — pn) dx dt.
T T

Defining the domain,

Qre={(x,1) €Qr : [pn(x,1) = pa(x,1)] < €},

// IVDm — Vpnlz < Ce.
QT,E

Thus we can use H older’s inequality so that

/ IVPm — Vpul :/] |me—Vpn|+// IVPm — Vp,l
Qr Q7 ¢ QF .

|1/2

and using Proposition 3.7.3,

< Ce'l? + Clipmll 1201197 ¢

As p,, has compact support, Lemma 3.4.2, p,, is Cauchy and there exists N (€) large enough such

that for m,n > N(e€),

/ IVpm — Vpal < Ce'/? 4 Ce.
Qr

This implies that Vp,, is Cauchy in L'(Qr) and thus, up to a subsequence, we have almost
everywhere convergence. By Proposition 3.7.1, we have, possibly up to a subsequence, Vp,, weakly
converges to Vpo, in L3(Qr). So, the pressure gradient is compact in space for any L4(Q7) for
1 <qg<3.

Now we move on to time compactness. Let ¢, = o ¢¢(x/a), with @ > 0 be a nonnegative,
smooth mollifier where ./Rd ¢ = 1. We will comput the time shift of Vp,, with 4 > 0. In particular,

we add and subtract Vp,, * ¢, at time ¢ + & and ¢ and use the triangle inequality,

T—h T—h
/0 IVom (2 +h) = Vpu (D)1 dt 5/0 IVom (2 +h) = Vpu(t+h) * ¢allL1(q) dt

T-h
+ /0 (Tt + 1) = V(1)) * ballusien d

T-h
N /0 1V pun() * b — Vo (D)ll 1y dr.
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Let us focus on controlling the middle term first. Using integration by parts in space and Young’s

convolution inequality,

T-h
/0 (Tt + ) = Vpu (D) * bl rcen d
dt

T—h h
=[] ownter )50, a5
0 0 LI(Q)
T-h ph
< / / / |0, pm (t+5) % V| dx ds dt
0 0 Ja

T-h ph
< ||V¢a||L1(Rd)/ / /I@,pm(x,t+s)| dx ds dt
0 0o Ja
By Lemma 3.4.7,

T-h ph
||V¢a||Ll(Rd)/ / /I@tpm(x,t+s)| dx ds dt
0 0o Jo

T-h t+h
= ||V¢a||L1(Rd)/O / /Qlﬁtpm(x, s)| dx ds dt
t

T-h min(s,7—h)
= IV dallp ey / / / 0,0 5)| dx di ds
0 m Q

ax(0,s—h)

<c

T«
Now we deal with the first (and third) term. By Fréchet-Kolmogorov Theorem, the space shifts of

the pressure gradient converge as well. In particular, there exists a funtion w : R — Ry, such that

/ [ 1P+ k) = Va0 < w1k

with w(|k|]) — O as |k| — 0. So,
T—h
/0 19 P (0) * b — Vo) l11(c0 d
T-h

< / / '/ (V) (Vpm(x —ay,t) — Vpu(x,1))| dy dx dt
0 Q |JRA

< / 6(») / V(5 = v ) = Vpm(x,0)| dx dt dy
Rd Qr

< /R p(w(aly) dy.

Combining the estimates,

T-h
h
[ 1t =Tl dr < Bl [ otatalyl d.
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1/2

Choosing @ = |h|'/< and taking @ — 0,

T-h
‘/0 ||me(t+h)—vpm(t)||y(g) dt — 0.

This gives us time compactness by Aubin-Lions lemma. Thus, Vp,, — Vp, strongly in L4(Qr)

for 1 < ¢ < 3 and in particular for g = 2. [

Proof of Theorem 3.3.3. By Proposition 3.7.5, Vp,, — Vp in L?(Qr). Integrating the PDE that

the pressure satisfies (3.4) and rearranging gives us,

2
;// (6,pm— Vol )g:// Pmé (me-VlOg(é)+Apm)
-1 or a or a a

* //QT ng (D(x, 7, pm) — adylog(b)) .

Integrating by parts,

//T |me|24‘m1_1/ P (x,0)£ (x,0)

b
/ L9, Vlog(;)—/g |me|2§+me-V(§)pm

//QT L@t pn) = Pt 0g(b).

Taking the limit as m — oo gives the result. [l

3.8 Velocity Law

Notice that
b b
qy. (—Vp) = Vlog (—) Vp+Ap.
b a a
Thus, the complementarity condition in (3.6) can be rewritten as

b b

We will use this representation in the upcoming proposition.
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3.8.1 Comparison with barriers

Let D be a ball in R?. For a time interval [t1,12] C [0, ), consider a function (that represent
the pressure) ¢ € C.(D X [t1,12]) such that the initial density u;(x) satisfies u1(x) = b(x,#) in
{Z(t1) > 0}. Forall x ¢ {£(#;) > 0}, we define #(x) as the last time that {(x,7) = 0 (with#(x) =1,

is {(x, t; = 0)) and define the external density

uf(x,t) = uy(x) exp (/t1 (D(x;ls(;fjg))c’s)) ds

for all ¢ < #(x). We assume that the external density satisfies,

uf(x, t) < b(x,t)in {Z = 0}.
The external density solves d,u = 2 ®(x, 1, (). The density in D X (¢, 7) is defined by

ug(x,1) = b(x, 1) x>0y () + uf (6, ) (1 = xz504(x))
b(x,1),in {£ > 0}
u?(x, t),in {£ = 0}.

Proposition 3.8.1. Suppose that (u;, ) are such that
1. .eC'{c>0)NC2 ({¢>0))andT = 0{¢ > 0} is C? in space and C' in time.

loc

2. { satisfies

Yo(x,1,0) - dib,in {¢ > 0}

|

<

—_
[SSEEESSIS

<

~
S~

IA

V<l on 0{¢ > 0},

a

IA

u
(1—74)"5

where Vy denotes the normal velocity of 0{{ > 0}. Then (u;, {) is a weak subsolution of the

limiting problem
b ug : .
Oy < V- |=V|+—=®(x,t,{) in D X (t1,12),{ € Pos(uz,b) ae. in D X (11,12)
, p P ¢

where the PDE holds in the sense that for every smooth, compactly supported test function

YD X(t, 1) > Rwithy (-, 1) =0and ¥y (-,t) =00n dD X [t1, 1], we have

b
/ ugOy — =V -V + %¢(x, LOY 2 —/ ur ()Y (x, 11).
Dx[t1,t2] a a D
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Proof. Letus denote S(1) = {£(-,t) > 0} ={u(-,t) =b(-,t)} and I'(z) = S(¢) N D. We also have

v as the outward normal of the boundary of either I'(¢) or dD with respect to S(#). Using integration

[ reewue- [ ve
D a NOKZ

:/ v.(ﬁvg)w_/ byve vas
(1) a as(r) @

z—/ é@(x,t,{)t//+ lﬁ@zb+/ éIVéllﬁ,
N S() r

(n 4 (n 4

by parts,

where it is used that £ = 0 and V¢ = |V{|v on I'(¢). Using the definition of u,,

/Mgatl//:/ b(?,l//+/ ;O
D S(1) D\S(t)

By product rule and differentiating moving regions,

/bath abw)— [ wob
S(1)

S(1) S(1)
d

- £ b¢—/ byVe— [ wérb.
dr Js (1) S(1)

Similarly,

/ ;o = 0, (up ) — / Yo, (uf
D\S(7) D\S() D\S(7) ‘

o N N NI
= — u; Y — —Veu;  — Wo(uy).
dt Jp\say ¢ D\S(1) St D\S(1) e

d
/ugatlﬁ:_/“ﬂﬁ_ (b—uf)wvg—/ lﬁatb—/ lﬁ@;(uf)
D dr Jp () S(1) D\S(1) ’
d b
> &= [ Zwaw- [ wab- [ vaub.
dr Jp r() @ S(1) D\S(1) ‘

Using the estimates above and recalling that the external density solves diu = 2®(x, 1, ),

b d b
[weow- [ Zvevu= L [uw- [ Zowron- [ v
D D a tJp S(r) a D\S(7)

E

d b “
= E/ M{l// —/ —CI)(x, t, g)l// - _q)(xa ta f)‘/’
D S(r) @ D\S(r) 4
— i/ _/ %q)( t )
Cdt Duglﬁ D a oW
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Integrating in time from ¢ to ¢, we obtain the result

a

b u
/ ugoy — =Vg -V + —gq)(x, tL,OY > —/ u ()Y (x, ).
Dx[t1,t2] a D
Thus the proof is complete. ]

Proposition 3.8.2. Suppose that (u;, {) are such that
1. £ eC'{c>0)NC? ({¢>0})andT = 0{¢ > 0} is C? in space and C' in time.

loc

2. ( satisfies

\%

V. (gvg) b(x,1,¢) - b, in {£ > O}

(1 - 74) Ve 2 Y ona{¢ > 0,
where V; denotes the normal velocity of 0{{ > 0}. Then (u;, ) is a weak supersolution of

the limiting problem
b uz . .
Oug 2V - | =V +—=®(x,t,{) in D X (t1,12),{ € Po(uz,b) ae. in D X (11,12)
a a

where the PDE holds in the sense that for every smooth, compactly supported test function

YD X(t, 1) = Rwithy (-, 1) =0and ¥ (-,t) =00n dD X [t1, 1], we have

b
/ usony — =Vg -V + %Cb(x, t,OY < —/ up(x)y(x, ).
DX[I‘l,lz] a a D

By Proposition 3.8.1 and the comparison principle for weak solutions of the limiting problem

Corollary 3.6.2, we get the following corollary.

Corollary 3.8.3. Let (us, {) be a sub-solution as Proposition 3.8.1. If
1. us(-, 1) € ue(-,11) in D,
2. L £ pooondD X [ty,12],

then u; < uw in D X [t1,12].

In the viscosity sense or comparison with barriers, we have the motion law

ul VP ool
1- 2|V, < =
( b) a

In a similar manner, we have the analogous corollary.
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Corollary 3.8.4. Let (uz,{) be a super-solution as Proposition 3.8.2. If
I us(-,t1) > ueo(+, t1) in D,
2. { =2 peoondD X [t1,12],
then u; > ue in D X [t1,12].
In the viscosity sense or comparison with barriers, we have the motion law

ul VDol
-2V, > =

Thus, we have achieved the velocity law in the viscosity sense. Moreover, we have proven the

following proposition.

Proposition 3.8.5 (Velocity Law). The external density, ut, is the limit of the density from

outside the saturated region {x : pw(x,t) > 0}. The normal velocity, Vs, of the free boundary

0{x : peo(x,t) > 0} satisfies in a viscosity sense

E
- — Vo = .
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APPENDIX A
MOLLIFIER AND AGGREGATION KERNELS

Extra Details About the Mollifier

We first discuss some extra details about the mollifier.

Remark A.0.1. Notice the L' (R¢) norm of the positive mollifier /. is one by change of variables,

/ée(y)dy / dy /{(z)dz-l

Remark A.0.2 (the first moment of ¢ is finite). First we split the integral where we focus inside the

unit ball and outside the unit ball,

Mi(0) = / VIEG) dy = / VIO + / YIEG) = Ty + .
(R4) B R4\ B,
Inside the unit ball we have

i< | 4(y)dy <l
B

Outside the unit ball we can use polar coordinates along with [{[|(y) < C|y|™ forg > d +1,

Jo < Cg/ ly|'74 dy
R4\B,

=Cra / ri4 dr
1

-1
—Cryj—
éV’dd—q+1

where using the power rule is justified as d — ¢ < —1. Note that as r — oo, then r¢=%*! — 0 as

d-—qg+1<0.

Lemma A.0.3. If[{| < C;|x|™? for g > d + p, then M,({) < oco. In particular,
My (Le# ) <277 (Mp (1) + €" M, ()
is finite.
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Proof. The first statement follows from generalizing the M| () calculation, namely,

C; / ly[P™4 dy = Cyq / a4 gy
R4\B, 1

-1
AT rq

< 00

where the integration is justified as 0 > d + p — q. Let us focus on the second statement. We can

rewrite
My(ex ) = [[ 2l =31 dy dute.
Recall that [x — y|? < 2P~1(|x|” + |y|?) and u, £, are probability measures. As M, (L) = €M, ()

by change of variables, then we get

Mp(§e * p1) < 2r~1 (Mp(/'l) + epMp({)) .

Thus as long € is finite then so is M, ({c * p). ]

Bounds for Newtonian and Bessel Kernels
We now move on to some aggregation kernels. In particular, bounds for the Newtonian and

Bessel kernels.

Lemma A.0.4 (L? norm of the Newtonian and Bessel Kernels). Let R > 0. Ford > 3, N €
L?(RU\BgR) for p > % and N € LP(BgR) for p < ﬁ. Similarly for d > 3, VN € L?(R?\Bg) for
p > % and VN € LP(Bg) for p < %. Fora >0, ||Ba.allLi(sg) < é Furthermore, VB, 4 has

the same LP-ness as VN for d > 3.

Proof. Let 0 < € < R. Let AR be an annulus with inner radius € and outer radius R. Thus, as
€ — 0, AR — Bp and as R — oo, AR — R?\B, (this is written as R?\ Bg in the statement). The
first gives us information locally while the second gives us information away from the origin. For

d > 3, computing via polar coordinates,

R R
”N”lIiP(Alg) = ngad/E rd=1pC=dp gy = CSda/d/S pd=4 =P gy
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Away from the origin, we require d — 1+ (2 —d)p < —1. So, p > ﬁ. Locally, we require
d—1+(2-d)p>-1.So,p<%5. Ford >3,
R d-1+(1-d)
p _ P —1+(1-
||VN||LP(A§) = Cddad/E r P dr.
Away from the origin, we require d — 1 + (1 —d)p < —-1. So, p > %. Locally, we require

d-1+(1-d)p>-1.So,p < L.

Define g(x,1) = g=bme M/, f(x,1) = g (x,1). Then,

Bya(x) = /0 Fn)

Given that g is the heat kernel and its L' (R¢) norm is one, then

< 1
1Badll1 ey < / et gr = L
0

(0

By lemma 2.4 of [8], |[VB,.4(x)| < Calx|'"%g.(|x]) where g, (|x|) is a positive radial function
exponentially decreasing from 1 to 0 as |x| — co. Moreover, |V8B, 4(x)| < Cq|x|'~¢. Therefore,

|VB,.4(x)| is proportional to |[VN (x)|. Thus, VB, 4 has the same L”-ness as VN ford > 3. [
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APPENDIX B
CONSTRUCTION OF SUPERSOLUTION AND HEURISTICS

Construction of Supersolution
Here we will briefly talk about the construction of the barrier used for lemma 3.4.2. More details

can be seen in [12, Lemmas 8.1 - 8.3].

Lemma B.0.1 ([12] Lemma 8.1). Assume a, b are radial in space. Then,

¥
o(|x], 1) ::é/o ZE:’grdr

solves V - (ngo) = 1 in R? where there exists constants k; > 0 fori = 1,2,3 such that ki |x|* <

o(Ix],1) < kolx|? and |V(|x],1)| < K3lx].

Lemma B.0.2 (Supersolutions to pressure equation for radial assumption, [12] Lemma 8.2). Let

a, b be radial in space and define ¢ as above. Define
Z(x,t) =a|R() —e(x[,0)l,, R(@) =aexp((C2+|[(1/a)lL~Cia)at),
for constants C1,Cy > 0 and a > ||®b/a||p~ + ||0;b||L~. Then, Z is a supersolution for (3.4).

Proof. Note that we are only interested in the region {R(t) > ¢(|x|,?)} by the definition of Z. We

can rewrite (3.4) as

Voul? m b b
a,pmzl Pl +(m—1Em (V-(—me)+—<b(x,t,pm)—(9tb .
a b a a

By the previous lemma and the hypothesis of this lemma,

b b b
V. (—vz) +=0(0,1,0) = 3b = ~a + ~P(x,1,0) = &b

a
< 0.
Thus, it is left to show that
2V 2
oz > Vel
a
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By the bounds in Lemma B.0.1,

2 2

K K

2 21,12 3 3

IVol™ < k31x]” < =] < =R(1),
K1 K1

and

10i| < kalgl < kaR(2),

for some constant k4. So for some constants Cy, C, > 0,

a?|Ve|?

&Z - > ad,R — (aCy + ||(1/a)]||L~*C1)R = 0.

This ends the proof. O

Lemma B.0.3 (Supersolutions to pressure equation for fast enough decay assumption, [12] Lemma

8.3). Suppose Assumption 3.2.3 holds. Define
Z(x,1) = |R(1) —e(lx|,0)],,  R(@) =aexp(C2+ ||(1/a)|lL=Cre)t) ,

for constants C1,Cy > 0 and a > ||DPb/a||r~ + ||0;b||L~. Then, Z is a supersolution for (3.4).

Moreover, Z is bounded in L™ (Q7) and is compactly supported for an fixed time.

Proof. We construct a positive subsolution of V - (SVM) = 1 in RY. We start with the construction

inside a ball centered at the origin Bg. Let us examine the unique solution of
v. (§V¢) — 1 inBgx[0,T],
¢(x,t) =1 on dBg.
By standard estimate for uniformly elliptic PDEs ([20]), there is a constant C = C(a, b, R, d) such

that

sup |p(x,1)| < C.
(x,t)eBgrX%[0,T]

As ¢(x,t) +2C is positive and solves the same PDE with constant boundary data, we may assume
that ¢(x,7) > 0 on Bg x [0, T]. Now we focus on the regularity in time. By estimates in [20], there

is a constant C = C(a, b, R, d) such that

d d
sup > |ap(x )+ sup Y |6(x0] < C.

(x,0)eBrX%[0,T] i=1 (x,1)€BRx[0,T] i,j=1
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Differentiating the elliptic equation in time,

v. (at (g) V¢) LV (ZV@QS) -0 inBgx [0,T],

Op(x,t) =0 on 0Bg.

As V. (8, (g) V¢) is smooth in space and bounded By X [0, T'], again by uniformly elliptic estimates

in [20], there is a constant C = C(a, b, R, d) such that
|0;¢(x,1)| < C.
For |x| > R we have by Assumption 3.2.3,
b b b 2d 1
V- [=Vix]?| =2d=+2V =] x> == -2 > —.
a a a A2 A2
Define w(x) = 1 + C(|x|> = R%(¢)). From the regularity of ¢, we can choose C > A? large enough

so that for if x € 0Bg, then

ow 0
%(x) > M(x)

Thus if we define
¢(x,t) for |x| <R,
o(x,1) =
w(x) for|x| > R,
then we have that ¢ is a viscosity solution of V - (%Vu) > 1. It follows that d;¢ is bounded as
|0;¢| < C when |x| < R and d;w = 0 for |x| > R. The results on Z are achieved in the same way as

in the case when a, b are radial in space. U

Complementarity Condition Heuristics
We first examine the heuristics of the complementarity condition. We will find the equation for
the pressure using density equation (3.1). From there, we will see the complementarity condition.

Given the definition of p,,,

b b?

— —=Vpu,+(m-1)p,—.

Upy \ M2 (Vum ume) U \"2 Vu,, Vb
) = m( ) b b



Similarly,

b b?

b

um) (&um umﬁtb) R m(um)m—z Ot b

6¢pm—m(b ) —8tpm+(m—1)pmb.

We multiply (3.1) by % (%)m_2 to achieve,

O+ On = Dpn ™ = 5 (S0)" (7 (“2) - Wpy ) + (= 12 (A + Bt ).

Focusing on the first term on the right-hand side,

()7 (52 ) - 0 ) ST

b a b b a a?
me Vb Pm Vpm - Va
(me+(m—1)pm )—( 1yPm Yon_Va
a a
Vo,ul? v Vb V
:| pml +(m_1)pm pm(%__a)
a

As an aside, we could write VTI’ - % = Vlog (g) if desired. Therefore, the equation for the pressure

18

Vpml*
O+ (m~ Dpyi Tog(p) = 11221

+ (m 1)— (me Vlog(b)+Apm+CD(x,t,pm)).

Formally, letting m — oo we find the complementarity condition

P (Vpoo - Vlog (é) + Apoo + ®(x, 1, po) — ad; log(b)) =0 in {po(x,t)>0}.
a a

Furthermore, we get the Hele-Shaw free boundary problem,

—Ape = Vpe - Vog (3) +D(x,1, poo) —adilog(b) in{x: p(x,t) > 0},
(FBP)

V= Gpe _ 1Vpel ond{x : peo(x,1) > 0}.

For some calculations it is easier to evaluate the normalized density v, = %*. Similar to the

calculation above, we have the equation for the normalized density

1 b
OV +vi0;log(b) = — (Vv% - Vlog (—) + AV + v, ®(x, 1, pp) | -
a a
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In particular, see that

P 6’”’"_”_’"6’_[9
A A
Ol
- ’Z — v, log(b).

Dividing (3.2) by b,

1 b m
Orvm + vy log(b) = 2V - (EV"%) + %CD(x, t,Pm)

AV 1 _ (b
=2, Cy (—) -Vl + v—mCD(x, t,Pm)
a b \a a
Avip 1

b
= — 4+ —VV% . VlOg (—) + v—m(D(X, t, pm)
a a a a

Velocity Law Heuristics

We now move on to the heuristics of the velocity law. The heuristics here is similar to the
heuristics in [21]. Denote u!_, u£ as the internal and external density of Q(¢) = {x : peo(x,1) > 0},

respectively. Starting with (3.2) (after formally taking m — o0),

o0 d
U _ d
Rd 4 dt R4

i L L)
= — Uso T+ Uco
dt \Jou) RA\Q(1)
= / a,uﬁo +/ ('Mtfo +/ V(ui0 - ufo)
Q1) RI\Q(7) aQ(t)
b 00
:/ v. (—Vpoo) + ”—q>+/ V(ul, - uE)
Q1) a Rd a4 Q(1)
b 0
:/ —me-v+V(b—ufo)+/ M—CI).
aQ(r) a4 Rd a

This suggests that in the presence of the mushy region (where 0 < u., < b) the normal boundary

Ueo

velocity of 0Q(t) satisfies (1 — uL /b)V = —(1/a)Vpw - v since b > 0. When the external density

vanishes on the boundary, then we get the velocity law as expected.
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