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ABSTRACT
This thesis aims to construct Big Bang models and to investigate their properties. Under the
warped product spacetime ansatz, we classify all the physical Big Bang models that are spatially
homogeneous and analyze their asymptotes. Furthermore, we prove that the Big Bang models with
a positive blowup time r, > 0 are dynamically unstable under non-homogeneous perturbations in
Chapter 3.

In addition, we also prove the stability of specially relativistic fluids on a fixed Big Bang
spacetime in Chapter 4. This work implies that Euler equations are not sufficient to generate
shocks. One needs the feedback from fluids to metrics, together forming Einstein-Euler equations,
to generate shocks.

Finally, we prove the global existence of the membrane equation on R'? x T! for sufficiently
small, compactly supported initial data in Chapter 5. This is a work independent of the previous
ones. We use the standard vector field method to show that the energy remains small throughout

the time, estabilishing the global existence for the equation.
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CHAPTER 1
CONSTRUCT BIG BANG MODELS

1.1 Classical Big Bang models

After Einstein proposed his General Relativity theory, people started to use the Einstein field
equations to model the evolution of our universe. In cosmology, it is assumed that there exists a
family of fundamental observers with timelike geodesics (timelines) which span a four-dimensional

spacetime V with a Lorentzian metric g satisfying the Einstein field equations
o1
Rlc—ESg+Ag:T. (1.1)

These fundamental observers have timelines orthogonal to space sections. In other words, the

spacetime V = R X M and the metric g decomposes to
g=-di*+Pg.

Here M is a Riemannian manifold with the metric *’g modeling our universe at a fixed time. In
the cosmology scale, it is reasonable to assume the homogeneity and isotropy on M. Although
there are also homogeneous non-isotropic models, such as Bianchi cosmologies, we only focus on
the homogeneous isotropic models in this section. Intuitively, isotropy means that at each point in
M, every direction looks the same for the observer. Homogeneity means that for every two points

in M, there is an isometry of M that takes one point to the other. This section basically follows [4].

1.1.1 Riemannian manifolds with constant curvature
Mathematically, We interpret isotropy and homogeneity as follows. Recall that the definition

of the sectional curvature of a Riemannian manifold M is

R(X,Y,X,Y)
g(X’ X)g(Y’ Y) _g(X’ Y)2

K(P) =

where X, Y are two tangent vectors spanning the two sub-plane P. This quantity characterizes the
geometry for each "direction" P. For a fixed point in M, isotropy means that the sectional curvature

K (P) is independent of the choice of P. On the other hand, homogeneity means that the sectional



curvature K is furthermore independent of the choice of the point in M. In other words, K is
constant throughout the whole manifold M. Indeed, Schiir proved that isotropy and the Bianchi
identity imply the constancy of K on a Riemannian manifold whose dimension is greater than 2.
It is well-known in geometry that a Riemannian manifold with constant curvature K is locally
isometric to a sphere of radius \/LE (when K > 0), the Euclidean space (when K = 0), or a hyperbolic
space with pseudo-radius L' (when K < 0). In our context, the Riemannaian manifold M is

VK

3-dimensional with the metric (¥g of the form

1
By —
where
dr? 20302 4 wi2 2
Ve = o2 +r°(dO” +sin“(0)d¢~), € =sgn(K),

or more conveniently,
v, = da? + sin® (@) (d6? + sin®(0)d¢?), e=1
yo = dr* + r2(d6* + sin®(0)d¢?), e€=0
y_ = dy?* + sinh?(y) (d6? + sin®(0)d¢?), e =-1.

Note that in our context, the curvature K is constant over M but potentially depends on the time ¢.
Therefore, the analysis shows that, under the assumptions homogeneity and isotropy of the universe

M, the metric has the following form
8= —dt* + R(t)zya

where R is a function of f and € = 1, 0, or —1. From now on, we will assume our universe is
M = S3, R3, or H? supporting y,, yo, y— respectively. These spacetimes are called Robertson-

Walker spacetimes.



1.1.2 Friedman equations
Consider the Einstein field equations for a Robertson-Walker spacetime with the perfect fluid

as the source energy momentum tensor

T=(p+p)®E&+pg,

where p is the fluid pressure, p is the fluid density, and ¢ is the fluid velocity. Under the isotropy
and homogeneity conditions, we may assume p = p(f), p = p(t), and & = d;. Inserting this energy

momentum tensor back to (1.1), one finds that the Einstein field equations are reduced to:

_ 2R € R2+A
P="R "R R
3(R?
_( +E)_A.
R2

These equations are called the Friedmann equations. They describe the evolution of the radius of

our universe.

1.1.3 Big Bang

Assuming A = 0, the Friedmann equations can be rearranged to the following form.

R2_1 €
R2 37 R2
R_ 1(+1)
R 2\PT3P)

Assuming 3p + p > 0 and assuming the current universe is expanding, General Relativity suggests

that R < 0, so R is decreasing. This is surprising: denoting the current time by #(, then less than

R(tp) ._ 1
R(t) *~ H(to)

time units ago, we have R(0) = 0 (see Figure 1.1). This is one motivation for the Big
Bang conjecture. Note that H, the Hubble constant, is a function of time. We provide more details

for the evolution of the universe in the next section.

1.1.4 Friedmann-Lemaitre models

Assume A = 0. The above Friedmann equations imply

, 3R
p=-—7(p+p).



slope = I'R(to)

(to,R(to))

R(to) 0 t,
I;{(to) (Big Bang) (current)

to'

Figure 1.1 Big Bang conjecture for classical models.

Now we impose the equation of state

pP=7p

where 0 < 4/y < 1 denotes the sound speed. The models with the equation of state p = yp and
A = 0 are usually called Friedmann-Lemaitte models. Cosmologists believe that the early universe
is dominated by radiation with p = % o, while the later universe is described by dust with p = 0.

Using this equation of state, one derives the relation between p and R:
0" R3+Y) —

where M > 0 is a constant. This suggests different asymptotes of p as R — 0 for the dust and

radiation cases.

* For the dust case, y =0, s0 p ~ %.

* For the radiation case, y = %, SO p ~ %.



For the early universe, R is close to 0. The above asymptotes imply that the density of radiation is
greater than the density of dust. This explains why cosmologists believe that the radiation is a good

model for the early universe. With this observation, one can simplify the Friedmann equation to

2= M po3(iay) _
3

€.

The evolution of the radius of our universe depends on the choice of €.
* Hyperbolic case, e = —1. R will increase forever for this case.

* Euclidean case, € = 0. R keeps increasing with a slower rate compared with the previous

case.

» Elliptic case, € = 1. R increases initially and decreases later because R < 0 if p > 0.

1.1.5 Einstein static universe
Historically, it was originally believed that € = 1 and R(¢) = Ry is independent of ¢ for a

Robertson-Walker cosmological model. In other words, the metric reads
8= —dr* + (RO)27+-

The Friedman equations reduce to

1
p=- + A
(Ro)?
3
p= - A
(Ro)?

Since the pressure cannot be negative, Einstein introduced the cosmological constant A > 0 to save
this. After a few years, Einstein accepted those cosmological models with R changing with time
and abandoned the introduction of the cosmological constant A. The red-shift phenomenon can be
explained if the universe is expanding. Later however, cosmologists reintroduced the cosmological

term in a time-dependent form due to the observation that the universe’s expansion is accelerating.



1.1.6 De Sitter and anti de Sitter spacetimes

Consider the vacuum Einstein field equations
.1
Ric — 5Sg+Ag =0

with a cosmological constant A. Using a Robertson-Walker spacetime model, one derives a system

of evolution equations for the radius R:

R-=R=0
A

R?>-=R*=-
3 €

We have three cases based on the sign of e.

* € =0. In this case, A > 0 for non-trivial solutions. The first equation gives
R = Ae' + Be™

where k = \/§ . From the second equation, AB = 0. Therefore, the spacetime metric is of

the form
—di* + X1 (dx? + dy* + dZ?)
with k&’ = +k. The spatial metric is Euclidean up to a time-dependent factor.

* € = 1. Inthis case, A > 0 for non-trivial solutions. When R is time symmetric, the spacetime

metric reduces to

2, cosh?(kt)

8de siter = —dt = (da2-+sh€(a)(d92-+sh€(9)d¢2)y

2
the de Sitter spacetime where k = \/§ The spatial metric is S up to a cos};{# time-

dependent factor. The de Sitter spacetime is conformal to the slice -7 < ¢’ < & of the

Einstein static universe via the change of variable 1’ = 2 tan™! (k).



* ¢ = —1. In this case, A may be positive, negative, or zero. When A = -3 and R is

time-symmetric, the spacetime metric becomes
—d? + cos? (1) (d)(z + sinh®(y) (d6? + sin2(9)d¢2)).
The standard anti de Sitter spacetime is an extension of the above spacetime
—cosh?(y)di? + dy? + sinh?(x) (d6? + sin®(6) d¢?)

with0 < y < co. The anti de Sitter spacetime is conformal to the Einstein cylinder0 < o < 7

. . _ _1
via the change of variable a = 2 tan™" (e¥) — 7.

1.2 Warped product Big Bang models
It is difficult to deal with the Einstein field equations (1.1) directly. In order to simplify the

equations, one usually put the spherical symmetry assumption on the spacetime metric:
g =g +r*(do* +sin’(0)de?)

where g is a metric on a (1+1)-Lorentzian manifold Q, r is a function on Q, and 0, ¢ are coordinates
on the two sphere S2. Christodoulou and Dafermos are able to make progress using this ansatz
([5], [9]). Based on this, An and Wong proposed warped product spacetimes in [2] as the following
definition. The reason why we put the warped function r as the time function is because we want
to use this spacetime to model the Big Bang. Recall that in classical models, the radius R is an
increasing function of time from the Big Bang to the current time. In section 1.2.2, we see that this

is a generalization of the Friedmann-Lemaitre-Robertson-Walker spacetime.
Definition 1.2.1. A warped product spacetime is a spacetime Q X, F with the metric
g=g+ r’h,

where (Q, g) is a simply-connected, 2-dimensional Lorentzian manifold, and (F,h) is an n-
dimensional Riemannian manifold. Here r : Q — (0, o) is a positive function on Q. We further

assume that r serves as a time function for the spacetime satisfying

(dr,dr), <0.



Since Q is simply-connected and dr is timelike, by setting s = const along the integral curves
for Vr, one can assume g = —adr? + Bds”> where @ = a(r, s), B = B(r, s) are functions on Q. Note
that we have the freedom to choose where to set s = 0, but this point does not matter throughout

our analysis. This means that our spacetime metric is
g= —adr? +ﬁds2 +rh.
1.2.1 Homogeneous solutions

If we put the homogeneity assumption on warped product spacetimes, the Einstein-Euler

equations reduce to

el glhl 2A 2 1
ar(r + rl - —r”“) = 2P0 - (1.2)
a nn-1) n(n+1) n rnyﬁ¥
2
ar(a,ﬁ)HTy = m L plen(ity) | a,3+Ty_ (1.3)

with p - P"(1+7) . ,6’1+T7 = po, S is the scalar curvature of h, and n is the dimension of the fiber &

(refer to [2]). We are assuming the unknowns a and S are positive functions of r defined on (r., ro]
where 0 < r, < ry,

0 < a(rg) <o, 0<pB(rg) < oo,

and r. is the first singularity; that is,

r. = inf{r > 0| There exist solutions «, 8 which are continuous over (r, rg]

and differentiable over (r,rg)}.
r« 1s well defined by the Peano Existence Theorem. We also assume

O<y<l1
po>0

n>?2.

In a future paper, we will establish the mathematical definition for Big Bang singularites and classify

all physically meaningful cosmological models with explicit asymptotes toward the Big Bang time.



In particular, the Big Bang time may be zero (r. = 0) or nonzero (r. > 0). We investigate the
nonhomogeneous instability of the Big Bang for . > 0 in Chapter 3. This is also the main topic

this thesis intends to focus on.

1.2.2 Recovering the FLRW spacetime -, = 0
In a future paper, we do the asymptote analysis for 7, = O case. In this section, we only emphasize
that a special case for r. = O recovers the Friedmann-Lemaitre-Robertson-Walker spacetime. Recall

that our warped product spacetime has the metric
g = —adr® + Bds® + r*h.

Setting Vadr = dt, B = C%r2 h = Cz(dy2 +dz%), R = Cr, we recover the Friedmann-Lemaitre-

Robertson-Walker spacetime for A =0, € = 0:
g = —di> + R*(ds® + dy* + dZ°).

Notice that when

M
C3(1+y)p3(1+y)°

_27C?

@=L+ r*7, p=CY% p=

where C1*37 = 2(1 + )%, M = p - R¥*Y) R = Cr, one can verify that e, 8, p defined above
satisfy the equations (1.2), (1.3) , the reduced Einstein field equations for homogeneous solutions.
In other words, the warped product spacetimes can be regarded as an extension of the classical

cosmological models.

1.2.3 Classification of singularities - .. > 0 case
Our goal is to classify all the possibilities when r,. > 0 (Proposition 1.2.1). We begin with an

observation.

Lemma 1.2.1. Suppose there exists a pair of solution (a, B) to the equations (1.2) and (1.3) having

a singularity atr = r, > 0. Then




Remark. Actually in this case, we would have

lim ((r)B(r)) =0,

as we will see later.

Proof. Firstly, we claim that
n—1 n—1
lim su = liminf .
r_)r:p a(r r—rf a(r)

This is because (1.2) implies that the quantity in the parenthesis on the left hand side

! + S[h] rn—l _ 2A rn+1
a nn-1) nn+1)
is monotonic, and hence it has a limit (may be infinity) when r — r*. Since both - M _n=1 and

n(n-1)

2A

nn Jrl)r”’“1 have a finite limit as »r — r}, the above claim follows. Here we use the assumption

n>2.

Secondly, we show that
n—1

# 0.

lim
r—rt a(r)

Suppose it is zero. Since we can rewrite (1.2) as

=1 2ypo SV 2A
6r(a):_ - 1+_y_ nr" +7}"n
nr Vﬁ 2
2 g 2A
= YPo T e L B (1.4)
nrve - () n n

Ity
where o = (aﬁ) 2", and o cannot go to infinity as r — r} by (1.3) (because o (rg) is finite), we

find that the first term on the right hand side of (1.4) will go to negative infinity as r — r} (because

both o~ and ’Zl have a limit). This is impossible if we require
n—1
lim =0
r—ri a(r)

n—1 . .
and % > 0 for r. < r < ro, a contradiction.

10



Lastly, we show that it is impossible to have

n—1

0 < lim

< 0.
r—ri a(r)

This will require the following lemma.

Lemma 1.2.2. Suppose the solution («, ) has a singularity at r = r, > 0. It is impossible that
lim,_,,+ o(r) =0 but 0 < lim,_,,+ a(r) < oo, where

1+y

o= ()T
as in the proof of Lemma 1.2.1.

We would postpone the proof of Lemma 1.2.2 . O

This lemma implies that % will stay away from O when r is close to r, > 0. It gives a hint to

do the following change of variable

_ a
T_rn—l
Ly
o =(ap)>

The two equations (1.2) and (1.3) become

Ly
o7 = _TZ( _ 27p0 . r%n—%—%n—% . T2 S[h] n-2 2A n)
T = _

- —r (1.5)
n o n n
Sty
= zypo . r%n_%_%n_% . T 8 + ﬁrn_z . T2 —_ Z_Arn . TZ
n o n n
2 +
0,0 = —(1 +Y)"po P2 -T3Ty, (1.6)
n
which imply
. [h]
O, (t90) = (a- 2y + (1 +y)?) - PO, n-g=3n-% F+a a(S—r”_2 - %r”) N aRTes
n n n

for any real number a € R. In order to eliminate the first term on the right hand side, we calculate

(1+9)? 5 olh (1+)?
T % (L+y)2/sth o 2A T
Or = r"t - —r"r-
o 2y n n o

11



(1+y)?

2 2y
- (1;/7) Gl (T o )

where we denote (%r”‘2 - 2TAr”) by G(r). This implies

Lemma 1.2.3. Suppose there exists a pair of solution (a, B) to the equations (1.2) and (1.3) having

a singularity atr = r, > 0 and 7, o are defined as above. If T satisfies
T(r) <M, r.<r<ry

for some constant M < oo, then the following limit

(149)?
2y
0 < lim < 00
r—rt o

1

exists.

Note that this lemma proves Lemma 1.2.2 and the remark after Lemma 1.2.1. The above lemma

suggests doing the following change of variable

(1+y)?
T %
g

and then we have the new system of equations

(1+y)?

2 5 y(3+y) (3+y)
aro- = m . rb . (T y )(1+7>2 . O-Ell"'y;/z (17)
n (oa
2 y(B+y) yB+y)
L o O e =7
n
(147)2 5 (1+y)?
1+ 2 Ty Y 2y T 2y
=, (== BT
2 2y 2y
U
Y

where b = % - % - %n — % If we try to separate o and n7, we find
1y — 2 y(3+y)
ar(0'<1+7)2) _ -y ) (1+v)po b 77(”7)2

(1+1y)2 n

12



- 2 2 3+
l-y (+9’p0 4, (n—(,g)Z)—Ty

- (1+7y)2 . n
-2 2y (+y)? e
O-(n 0?) = — . G(r) - om?
n ) (1+y)?> 2y ).
2 1-
_ 2y ) (1+7y) G(r)'(o__(lwy)z)]zfyy.
(1+y)? 2y

This means if we do another change of variable

-y
u = o (+n?

%
v=n (l+*/)2,

the two evolution equations become

1- -
=LV Ly
n

2

8 v =—G(r) um.

Since the initial data of u is going to be zero in our application and it is the only difficulty
to extend the differential equation over r = r,, we could consider the following better evolution

equations instead.

oru

1 - 5
_ 0 =%po P (1.9)
n

v =-G(r) - |u] ™. (1.10)

This does not change what (u, v) is because u(r,) = 0 and the right hand side of (1.9) is positive.
By the Peano existence theorem, for € small enough, there exists a solution (u, v) solving (1.9) and

(1.10) on [r. — €, r« + €], with initial data u(r.) = 0, v(r.) > 0, where we are assuming r; > 0.

13



Lemma 1.24. Letr. > 0, A > 0, and v, > 0 be given. There exists an € = €(r., A,v.) > r. SO

that there exists a solution (u(r),v(r)) to the system of equations (1.9) and (1.10) with the initial

data
u(ry) =0
v(ry) = vs
and the bounds
O<u(r)<A

1
2v v(r) v

forr.— € < r < r.+ €. Notice that with these initial data, lim,_,,+ a(r) = 0, so that corresponds

to a singularity of a.
Proposition 1.2.1. Let r. > 0. We have the following.

1. If there exists a solution (a, ) to the equations (1.2) and (1.3), having a singularity at

r=r.>0, then

n—1

lim =
r—ry a(r)

lim ((r) - B(1)) =0.

2. Conversely, given any A > 0 and v, > 0, there exists an ro = ro(r«, A, v.) > 1. so that there

exists a solution (a, B) (on (r., ro]) to the system of equations (1.2) and (1.3) with
1-y
lim+ (a(r)ﬁ(r)) 20+ =

. 1
lim = (@) = v

which implies lim,_,,+ a(r) = 0, and with the bounds

< (@(NB(r) ™™ < A

1 v

0
lv* <" — (@)™ < 2v..
2 a B

14



Remark. The relation between (u,v) and the original unknowns («, 8) is

1-y
u = (ap)2
1 v
— n-1__ T+
v=r - (aB)™,

or

Since lim,_,,+ u = 0 and 0 < lim,_,,+ v < oo, we have

2y
ax(r—ry)

B (r—r)mr

-

where the implicit constant depends on 0 <y < 1, po,n, G(r.), and r, > 0.

15



CHAPTER 2

TECHNIQUES FOR SHOCKS

This chapter aims to introduce the dynamics of compressible fluids (Section 2.1 and 2.2) and the

techniques to deal with shocks (Section 2.3 and 2.4).

2.1 Newtonian fluids

This section aims to derive the conservation laws for classical Newtonian fluids. We will
basically follow Chapter 1 of Toro’s book [26]. We use p : R x R®> — R as the fluid mass density,
v : RxR? — R? as the fluid velocity, p : R x R? — R as the fluid pressure, ¢ as the specific
internal energy, s as the specific entropy.

Let U(t) c R3 (called control volume in the Physics context) be a family of open, bounded,

connected regions, bounded by the smooth boundary AU (¢) moving with the fluid. For any quantity
Y(r) = W (t,x)dx

with ¢ : R X R} — R, we have the material derivative is

d¥
— = / o (t, x)dx + Y(t,x)(v-n)dS
dt U(r) au(1)

where v : R x R?® — R? is the fluid velocity, the velocity of the boundary U, and 7 is the outward
normal vector on dU. Intuitively, the second surface integral says that if the boundary tends to
expand (v - n > 0), ¥ should contribute to ¥ at the points dU is expanding. Applying Divergence

theorem to this surface integral, we derive

av

— = o (t,x)dx +/ div(yv)dx.
dt U(t)

U()
One can take (¢, x) to be the density p, the momentum pv, or the energy E to derive the following

conservation laws:
(0p) +div(pv) =0 2.1)

O(pvy) +div(pviv) + (0ip) =0, 1<i<3 (2.2)

16



(0E) +div(Ev) +div(pv) =0 (2.3)

where p is the pressure coming from the stress tensor, £ = % p|v|>+ pe, and e is the specific internal
energy. The first equation (2.2) comes from the conservation of mass. For (2.2), we are assuming
that the stress tensor is diagonal and a multiple of the identity matrix I € M343(R). Therefore, the
source term for the rate of change of the momentum, coming from the stress tensor acting on the

boundary U, is

- /a (phnds = - /U (Vp)dr.

which appears as the last term (d;p) in (2.2). In (2.3), we are assuming the stress tensor is p/ again
and moreover there is no net heat flowing across the boundary. The stress energy will provide the

source term for the rate of change of energy:

_'/aU(p])n -vdS = —[]div(pv)dx.

The term (pI)n - v comes from the fact that power = force - velocity. This explains the last term
div(pv) in (2.3). These three conservation laws combined with equation of state give the following

observation:
Observation 1. In the isentropic case, the conservation law of energy (2.3) is redundant.

Proof. To simplify the notation, we assume the fluid is in R rather than R3, but the result still holds

in R3. The first two conservation laws now become
(0:p) + Ox(pv) =0
3i(pv) + 8:(pv?) + (8:p) = 0.
Using the Leibniz rule, we can convert them to the following equations

(0ip) + 0x(pv) =0 2.4)

(Ov) +v(0yv) + %(&Cp) =0. (2.5)

17



On the other hand, the isentropic condition means ds = 0 along the fluid line (the d; + v, direction),

where s denotes the specific entropy. This implies that

1 1
O:Tds:de+pd(—) = de - — pdp 2.6)
P p

from the first law of Thermodynamics. Here e denotes the specific internal energy, p is the pressure,
and % is the specific volume. In order to show that the energy conservation law is redundant, we

calculate
1, 1 3
(OE) + 0 (Ev) + 0y(pv) = (9,(5,0\1 +pe) + 6x(§pv +pve) + 0y (pv)
_ 15 1,
= pat(iv ) + p(0re) +pv6x(§v ) + pv(de) + 0y (pv)
= pv(0; +vdy)v + p(0; + vdy)e + 0 (pv)
1
= pv(==(@p)) + 2@+ vap + 01 (pv)
p p

= E(Bt +voy)p + p(dyv) =0,
0

where we make use of the definition of E, (2.4), (2.5), and (2.6).

O

Indeed, the isentropic condition and the energy conservation law are equivalent by the same

computation. A natural question arises:
What if the entropy is no longer constant in time?

Historically ([8]), when Riemann considered one dimensional fluids, he discovered that even starting
from smooth initial data, shocks can appear in finite time. Before the formation of shocks, the
solution is smooth, and therefore the energy conservation law is equivalent to the adiabatic condition
Riemann was considering. However, after the shock formation, the two are no longer equivalent to
each other. Thus, if one wants to continue the solution after the shock formation, one must choose

between energy equations and the adiabatic condition. Riemann made the wrong choice before the
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concept of entropy was introduced. After Clausius introduced the concept of entropy, it is clear
that one should let the entropy increase across the shock boundary while maintaining the energy
conservation law. The correct jump condition across the shock boundary is the Rankine—Hugoniot

conditions.

Example 2.1.1. (RH condition) This example follows Section 3.4 in Evans’ book [10]. Consider

the partial differential equation
Ou+ 0 (F(u)) =0 in[0,00) XR. 2.7)
Let C be a regular curve cutting through [0, o0) X R described by
C={(t,x(r)) |t = 0}.
Set the left part of [0, 00) X R to be Q; and the right part to be Q,. In other words,
[0,00) X R=Q;UCUQ,.

The formulation for weak solutions to (2.7) is as follows. Given a test function v € C!([0, ) X R),

we should have

— /Ooo /R (u(@t\/) +F(u)((9xv))dxdt - /Rgvdx =0, (2.8)

where g(x) = u(0,x) for all x € R. Chossing the test function v to be compactly supported in ;

and Q, respectively, we conclude that
Ou+ 0 (F(u) =0 inCy

and

ou+0(F(u) =0 inQ,.

Chossing the test function v that does not vanish on C, (2.8) gives

_ //Q | (u(ﬁtV)+F(u)(0xV))dxdt— //g r (u(atv)+F(u)(6xv))dxdt— /R gvdx = 0,
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Using the divergence theorem, we have

- /(ulvﬁt + F(u)viny)ds + /(urvﬁ, + F(u,)vity)ds = 0,
c c

where i is the normal vector on C pointing from Q; to Q,, ds = +/(dt)? + (dx)?, u; denotes the
limit of u from the left of C, and u, denotes the limit of u from the right of C. This implies that the

velocity of C
(1,x(1))
is parallel to
(ur = up, F(ur) = F(uy)).

In other words, the velocity of C is the jump of F (u) divided by the jump of u:

This is called Rankine-Hugoniot condition.

2.2 Relativisitic fluids

Our goal in this section is to explain the connection between relativsitc fluids and Newtonian
fluids. This section basically follows Chapter 4 of [21]. We use R!-3 as the Minkowski spacetime,
p : R — R as the fluid proper mass density, & as the fluid velocity, a (4, 0)-tensor on the
Minkowski spacetime R!3 with (¢, &y = —c?, p : R® — R as the fluid pressure, € as the internal
energy density (different from the specific internal energy e = f) from the previous section), s as
the specific entropy, c as the light speed, i = pc? + € as the energy density. The energy momentum

tensor for a perfect fluid in this section is

T=*

+p
s—&®&E+pn,
C

where 7 = —d(x°)? + d(x")? + d(x?)? + d(x*)? with x¥ = cr. We write & = £, as

1
&= ——(c,v) (2.9)

1= 2
62
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where v = (v!,v%,v3). The idea is that when |v| < ¢, the relativistic conservation law for
fluids should reduce to Newtonian conservation law. The results in this section for the Minkowski
spacetime can be generalized to a general curved spacetime.

The conservation laws for relativistic fluids are
div(pé) = Va(p&?) =0 (2.10)
div(T) = V,T% = 0. (2.11)

Using (2.9), one can show that the first conservation law (2.10) reduces to (2.1) when |v| < ¢. The

second conservation law actually implies (2.2) and (2.3) as we show below. Expanding (2.11) gives

1 H+D H+D
S (Ver)e+ == (Vad)+ —— Vel +11- Vp
& direction &+ direction

where I1 = C%(f ® &) +n is the orthogonal projection to the spatial hyperplane. The first two terms
are in the ¢ direction, and the latter two terms are orthogonal to the & direction. Therefore, we

arrive at

(Vep) + (u+p)(Val®) =0 (2.12)
E2Py.e+11-Yp=0. 2.13)
C
The first equation (2.12) gives
Vee - HTpVé:p =0, (2.14)

where we use 1 = pc? + € and V, &9 = —%Vgp from (2.10). This equation (2.14) is precisely the
isentropic condition along the fluid velocity &: one can rewrite (2.14) as

€

“Jermifl)=o

e(
¢ P

which implies Vgs = 0 by the first law of Thermodynamics, identifying g as the specific internal
energy and /l) as the specific volume. The second equation (2.13) can be reduced to (2.3) using

u=pc’+eand |v| < c.
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2.3 Total variation: John’s technique

This section aims to prove Proposition 2.3.1. This is a more transparent version of John’s
technique (refer to [15]). In John’s original paper, he incorporated a lot of ingredients to the
bootstrap mechanism. The equation considered there does not have source terms. We will describe
the crucial technique for shock formation in a simpler setting, and our equation involves a source

term.

2.3.1 Main equation

The main equation (analogous to (2.1), (2.2), (2.3)) for this section is
O + 0 (A(u)) = F(u)

where u : R Xx R — R? is the unknown, and A : R? — R? and F : R? — R? are functions with u

as the input. We assume the equation satisfies the following assumption.

Assumption 1. The main equation can be reduced to the evolution equations for Riemann invari-

ants:
(0; + 110x)vi = Fy
(0; + 120,)vo = Fa,

where Span™{u,us} = Span™{vi,v2}, and 1\ # Ao, F\, F» are scalar functions of vi and v».

When Fy =0 = F», vi and v, are the classical Riemann invariants.

Remark. We provide a special case where the above assumption is satisfied. When the derivative

dA can be decomposed to
dA = PDP!

with D a diagonal matrix, and P~ satisfying that (P~"); = (P™Y)21 are functions of u,, and

(P~ 15, (P~Y)9o are constants, one can show that the assumption holds.

Since A1 # Az, we can use the characteristics to foliate the spacetime R X R, assuming the

solutions vy, v, exist in a certain spacetime region, and therefore the functions A, 4, of vy, v5 can
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be regarded as functions of (¢, x). Regarding {0} X R as the initial slice, we define the coordinates

for characteristics as follows.

{(z, Xi(t;2)) | 1 > 0}

is the characteristic curve for (9; + 4;0,) passing through the point (0, z), where i = 1,2 and z € R.
In other words, X; is x-coordinate of the characteristic curve, and we are using ¢ as the parameter
of the curve emanating from (0, z).

The crucial property is as follows. Using the characteristic viewpoints, we actually have a linear
control (not quadratic!) on the fotal variation of the Riemann invariants v{, v. More specifically,

on the one hand, the evolution equations for Riemann invariants implies

(0 + 210,) (0xv1) = (OxF1) — (0xA1) (Oxv1).

0Xy

On the other hand, the definition of X; gives an evolution equation for -+

0z

(6,+/116x)(aX1) _ d (3X1) 0 (djil) 0 (éXl)’

—)=—(== = A = (8:A)[—
9z )~ dr\ oz o211 = ()| o

where % = (0, + A1 0y) denotes the directional derivative along the characteristic. Combining these

two, we see that we have an evolution for the integrand of the total variation.
@+ 100 (@n) - 1) = @) - L.

It is important that the (d,14;) terms cancel. The term —(dxA1)(9,v1) is expected to be the source

for shock formation since it gives a term like —(D,, 4)(d,v1)? and the equation becomes a Riccati

equation with finite blowup time if the sign is correct. What John found is that, despite this blowup

tendancy, one can still get a control on the total variation, as we explain in the following important

calculation. For ¢t > 0,

0X

ZR
/ |0v1|dx :/ —‘dz
(I'r) zer (Iy) 9z

axvl .
ZR t ZR (9X
:/ |6xv1|dz+/ / ‘(axFl)-—I)dzdz
L () 0 JzL (Q,) 9z
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ZR
< / |0xv1|dz + // |D,, F1||0xvi| + |Dy, F1]|0xv2|dxdt. (2.15)
zL (Ty) (€)

This means that, if we have control on the initial total variation of vy, vo, and if |D,, Fi|, |D,,Fi|

are pointwise uniformly bounded, we will have a closed feedback for the total variation of v; and

v2, and then we can do the Gronwall’s inequality and run the bootstrap mechanism accordingly.

Total variation for v, on the slice t=const

Gronwall regm/ //f /
Z, A z Z,

non-homogeneous data

Figure 2.1 The strategy to control the total variation.

Z Z;
non-homogeneous data

Figure 2.2 The picture for I, ;.

Here we are using the notations (assuming A; < A7)

ZL < ZR
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[ ={(t,x) | Xa(t;z20) <x < X1(t;2R)}
Q ={(r,x) |0 <7 <1, X5(7;21) <x < Xi(7;28)}

We are also assuming the solutions exhibit homogeneous behavior outside the wave propagation

cone so that we only have to focus on the region ;.
Assumption 2. The solution (vy,Vv3), or equivalently (uy,u;), satisfies
(Oxv1) = 0= (dv2)
on (Ry XxR) — Q.
Proposition 2.3.1. Assumption 1 and 2 imply the control of total variation (2.15).

Remark. If our equation allows homogeneous solutions, then Assumption 2 holds if the initial

perturbation is 0 outside a compact subset 'y, according to the finite speed of propagation property.

2.4 Piontwise blowup: Riccati equation
This section aims to establish Proposition 2.4.1. Continuing from the Assumption 1, we see a

Riccati type structure for the evolution of dsvy:
(0r + 210x) (0xv1) + (0:A1) (0xv1) = (OcF1)
(0 + A10,) (0xv1) + (Dy, 21) (0xv1)? + (D1, 1) (8:v1) (8xv2) = (Dy F1)(0,v1) + (Do, F1) (9yv2).
Using the integral factor method for ordinary differential equations, we derive
(8 +1180) (¢ - 0uv1) = =T (Dy 1) (e - 8ev1)* + e/ (D1, F1) (8ev2), (2.16)

where

t
f = (sz/ll)(axv2) - (DvlFI)dt
0 (x1)
is the integral over the curve (¢, X (¢; z)) and thus depends on the initial position z € R. Regarding

the weighted derivative as a new variable y = e/ - 9,v{, one can see that there is a chance for y to
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blow up at finite time if the sign of —(D,, ) is correct, based on the finite blowup time property

for a Riccati equation. This induces the following assumption.

Assumption 3. Fix z € R and let X, denote the characteristic for (0; + 110y) issuing from

(t,x) = (0, z). We assume there exist constants c, C, €, which may depend on z, so that along X,
e (D, A1) >2c>0
ec<el<C
® |0vy| <€
e |D,,Fi| <C.

Remark. In Chapter 3, the lower bounds for (D, A1) and e~/ (the coefficient for (e/ - d,v1)?) are
stronger. We also have to worry about whether the shock happens before the Big Bang blowup time

there.
Remark. We only require |0sv2| < € along X1, not necessarily globally in space.

Therefore, if Assumption 3 holds, the weighted derivative e/ - 9,v1, with sufficiently large initial

data d,v1(0, z), follows a Riccati equation (2.16) similar to

SY

Y 2
= >
dt_y’

which blows up at finite time. Since e/ has a positive lower bound, d,v; also goes to infinity and

thus concludes the shock formation.

Proposition 2.4.1. Assumption 1, 2, 3 imply the shock formation within finite time.
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CHAPTER 3
INSTABILITY OF THE BIG BANG

3.1 Introduction
Starting with the homogeneous solutions to Einstein-Euler equations derived from Chapter
1, we prove the instability of the ., > 0 Big Bang models under non-homogeneous, compactly

supported perturbations. For notations, see 3.3.4.

Theorem 3.1.1. Fix a background homogeneous fluid over (r.,ro] having the Big Bang sin-
gularity at r = r, > 0. The asymptote of (p&) will determine rp;q € (r.,rg). We re-
gard v, rmiq,ro as parameters (defined in Section 3.3.4). Fix rey € (Fa, Fmig) which is not
a parameter. There exist LB = LB(r.y, parameters), €,0 = €40(LB,7cy, parameters),

€0 = €(LB, €0, cur, parameters) so that for every compactly supported data, specified on

{r = ro}, satisfying

e E(rg) = fr |[Ogvi| + |0svalds < €9 (small total variation)
L]
° fr |05 Ina| + |05 In B|ds < €, (small metric total variation)
0
® |0,va(ro, s)| < €40 fors € [-1,0]  (small opponent)

* dvi(ro,—3) > LB,

0sv1 goes to infinity along the (1) characteristic before r = r.,; (meaning somewhere in |1z, ro] ).

Moreover

lim . LB(I”CM;) =0.

Feut =T«
We construct a sequence of initial data that satisfies the above constraint in Section 3.6. Section
3.3.4 includes all the notations.
During the time roy; < 1 < 1o, it is guaranteed that the total variations E(r), /Fr |0y Ina| +

|0 In B|ds remain small. Note that this control is valid only up to ry;.
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Proof. The proof is in Section 3.5.3. O

Remark. The theorem says that, for a family of background solutions that satisfy certain condition
involving C», we can find a sequence of initial data that goes to background in W'* so that shock
forms before r = r.. In other words, this family of background solutions (modelling the Big Bang)

are unstable.

Remark. We can of course arrange things so that €y = €,0. The reason we introduce another
notation €, (Where a for auxiliary) is to keep track of their contribution throughout the bootstrap

framework.

r

L’ (Initial slice) I,

s

Time =r goes backward

rcu[ T

(Big Bang time) r, |

Figure 3.1 The picture for the big bang model considered in this work.

3.2 Main Equations

3.2.1 Geometry

As in [2], we consider warped product spacetimes defined as follows.

Definition 3.2.1. A warped product spacetime is a spacetime Q X, F with the metric

g=g+rh,
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where Q is a simply-connected, 2-dimensional Lorentzian manifold with the metric g and F is an
n-dimensional Riemannian manifold with the metric h. Here r : Q — (0, ) is a positive function

on Q. We further assume that r serves as the time function for the spacetime satisfying
(dr,dr), <0.

Notice that in this paper, we assume all the dynamics for the warped product spacetime are
exhibited in Q, and we regard F' as a fixed fiber. Since Q is assumed to be simply-connected, we

are able to assume the metric g has the following form
g = —adr’® + Bds®,

where a, 8 are positive functions on Q. The reason is as follows. By the simply-connectedness,
we can construct the integral curves along Vr. We define another function s on Q by setting these
integral curves to be s = const. Thus, 9, is timelike since (Vr, Vr), = (dr,dr), < 0. 9 is spacelike

since Q is Lorentzian. 0, is orthogonal to d; since Vr is orthogonal to r = const slice.

3.2.2 [Einstein-Euler equations

We consider the Einstein-Euler equations in this paper:
5 1 2
Ricl® =T — Ztr(1)g + ZAg,
n n

where T = (p + p)é ® & + pg is the energy momentum tensor for a perfect fluid. Here p, p, &
represent the pressure, density, and fluid velocity of the fluid respectively. We further impose the

equation of state

pP=7p

for ultrarelativistic fluids. Here O < 4/y < 1 1is the sound speed. Since the fluid veloctiy has unit

length (£, &) = —1, we use 6 to parametrize & = &0, + £°0;:

Vaé" =1 + 62
VBEs =0,
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where 6 € R is a scalar indicating how much the fluid velocity deviates from the time direction
0y. In summary, we have four unknowns in this paper: two metric components «, 8 and two fluid

variables 6, p.

3.2.3 Reduced Einstein Field Equations
After expanding the definition of Ricci curvature, we get the following reduced Einstein field

equations
0,(\/,5- r”pﬁ . m) + 8s(\/§-r”p# . 9) =0
OB - 6) + . (Va p™NT ) =0

n-1 (ZA S[h])

r

(6, Ina) = (2(1 +7)6? +2y) : %(pa) +

@ np) = (201476 +2) - ~(pa) - = 4o S[h])

with the constraint
(OsIna) =-2(1+vy) - f(pa) . ﬁ V1 + 62,
n Va

The main unknowns are 6, p, a, 8 (and become vy, v2, @, B later). The first two equations form a
hyperbolic system and describe the evolution of the fluid variables 6 and p. The third and the fourth
equations describe the evolution of the metric components @ and S8. The last constraint equation is
a condition for initial data and is compatible with the third equation. Once the initial data satisfies

the constraint, the constraint holds forever.

Lemma 3.2.1. The Einstein field equations are equivalent to the reduced Einstein field equations

for smooth solutions.
Proof. Assume the solution (6, p, a, ) satisfies the Einstein field equations. We have
1. Conservation of energy momentum tensor, V¢T,;, = 0.

2. Einstein equation restricted on Q, Ricl8! - Vi =Ty - %(trgT) + %Ag.
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3. Einstein equation restricted on F, Ricl"l — (rAgr +(n—-1){dr, dr>g)h =TF— %(trgT)(rzh) +
ZA(rh).

Here Ty, Tr denote the restriction of the energy momentum tensor 7" on the base Q and the fiber F,
respectively. Expanding the conservation law gives the first two reduced Einstein field equations.
Applying tr, to the restrction on Q (simplified by using (2) on the d; ® d; direction) and expanding
the restriction on F give the third and the fourth reduced Einstein field equations. Applying the
striction on Q to the d, ® d; direction gives the constraint equation for In .

Conversely, assume the solution (6, p, @, B) satisfies the reduced Einstein field equations. De-
note the tensor Ricl8 — T + %tr(T) g- %Ag by Einstein. From the above argument, we know that
the third and the fourth reduced Einstein equations imply (Einstein)p = 0, where (Einstein)p is

the Einstein tensor restricted on F. To prove (Einstein)g = 0, we observe that
* The constraint reduced Einstein equation implies (Einstein)o(0,, d;5) = 0.

* The term (Einstein)g(0,,d,) involves (0%a) and (0?B). Therefore, we can start from
the reduced Einstein equations for (dy;Ina) and (9, In ), take one more derivative, and
algebraically prove that (Einstein)g(0,, ) = 0 holds. During the process, we also need the

first two reduced Einstein equations.
* The way to prove (Einstein)o(ds, ds) = 0 is similar.

Indeed, since both the reduced Einstein equations (with a compatible constraint equation) and
the Einstein equations are locally well-posed, they should be equivalent if one implies the other

under enough regularity conditions. O

3.2.4 Riemann invariants
If we perform a matrix diagonalization on the hyperbolic system, the first two equations in the
reduced Einstein field equations, we are able to get the following evolution equations for Riemann

invariants v; and v, (refer to [15]). Notice that they are two evolution equations for two quantities
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vy and v; along two different directions (9, + 410 and 0, + 4,0, directions).

1 1 1
. i) =——=1 1+6?2 | | =F
(0 +/118)(2Wn(\/ +0 +0)+2(1+)/) np+2(1+y) na) |
Vi
(0r+/1285)(L1n(\/1+92+6’)— ! Inp — ! lncy):Fz.
2y 2(1+7y) 2(1+7y)

V2

Here the eigenvalues, or the speeds of propagation, are

N (1-y)oV1+02+yy . Vo (1=y)oV1T+62 -y
'TVB T 1+(-per  TPT B 1+(-per

and the source terms are

1 0% r
F:(—— _)._
1 2+1+7 n(,Daf)

r n nr

n-1 2 sl (1-7V1+62+yy 1
+(— “’(‘Ar__)'(_ 4y (1+ (1 -y)6?) _2(1+7))

1 1
bounded between— T Ny

n V1+62(\fy0 - V1+6?)

2r 1+ (1—7)62

o1 ) NG (1-y)OV1+60% —fy 1
(S e ) (R

1

|H

bounded between

+

2(1+y) ~ 4y
n V1+602(\y0+V1+6?)
2r 1+ (1-1y)62 '
For convenience, we record these Riemann invariants as a definition.
Definition 3.2.2. We use
vllen(\/1+92+9)+ : Inp + Ina
2y 2(1+vy) 2(1+vy)
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vz:Lln(\/1+92+0)— ! Inp !

2y 2T+ P T 214y 0@

to denote the Riemann invariants. They encode the information about the fluid variables 6 and p.

The In « term is only for convenience and does not play a big role.

Notice that for homogeneous fluids, 8 = 0, which implies 1 = \/Ti “y/y and A3 = —‘/Ti Ay

The metric components a, S for the homogeneous fluids have the asymptotes (refer to Section 1.2)
2y 2
ax(r-r)™, Bx(r-r)™

as r — r}f. Therefore, since 0 < y < 1, the speeds A, A2 go to infinity when r approaches r.

(Figure 3.2).

L. ..

Fimia

r, -
sound cone fluid velocity

0=0

Figure 3.2 The speeds of propagation go to infinity close to r, for homogeneous fluids.

3.3 Strategy
The fluid density p and the metric components «, S for the background homogeneous fluid

exhibit singular behavior as r — r}:

iy
1

2y 2 _
ax(r—ro)=r, Bx((r—-r)lr, p=(r-ry) .

Thus, after initial nonhomogeneous perturbation, we may expect these variables exhibit a similar,

if not worse, singular behavior. The main difficulty is how to control quantities when the time r is

33



close to r.. The solution is that we avoid this issue by setting an r,; with
Fo < Feur < T0.

The main philosophy is that, the equations may have unbounded coefficients in the time interval
(r«,ro], but for each fix ro,; € (r.,rg), the equations are expected to have large but bounded
coefficients in [r.,,ro]. Our hope is to argue that the solution exists in whi during the time
[7cur, o] but the derivative blows up pointwise before r.,; (meaning at some time in [r,;, ro]) for
sufficiently large initial spatial derivative > LB, where LB is a lower bound depending on r.,;. We

next claim that

lim LB(rew) =0

Feut—Tx

to establish the instability and conclude our main theorem. Note that this r.,; trick only makes
sense when we aim to prove the instability: it is enough to construct a sequence of initial data that
form shocks in (r., o], where we label the sequence by r.,, and the above LB — 0 fact implies
the instability for small initial non-homogeneous perturbation.

It turns out the above hope is true, and we actually use the total variation to claim the solu-
tion exists in Wh! during [r..,ro]. Heuristically, we are trying to argue that ||d,v1|| Li({r=r}) t
[10svall ({r=r}) Temains small during [7cur> o], while d5v| goes to infinity pointwise somewhere in
[7cut> ro]. Itis a basic fact in analysis that a function can go to infinity at one point while remaining
small L' norm, and it is the main idea in John’s work [15]. Our proof thus consists of two parts:
total variation (for vy, v;) control and pointwise derivative (dsv1, dsv2) control. We describe the
strategy for each part separately. Recall that our unknowns are v{, v (Riemann invariants, involving

fluid variables) and «, S (metric components).

3.3.1 Total variation

Our total variation is defined as

E(r) = /F (18,711 + [8yval) ds

r
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for r. < r < ro (Figure 3.7). The idea is to use the trick in John’s work [15] to argue that, if
the initial total variation is small, it remains small up to r = r,;. The idea of John’s trick is to
consider the evolution of the integrand of the total variation (Figure 3.3). It turns out that we can

use Gronwall’s inequality to argue that, if the initial perturbation has small total variation less than

€0, it remains small in [r,;, ro]. Note that €y depends on 7.

non-homogeneous data

BENARRY

Total variation for v, on the slice r=const
HF HF

cut T

Figure 3.3 John’s trick to control the total variation.

3.3.2 Pointwise d;v behavior
In order to get the control on the pointwise behavior of d;v;, a natural way is to take a spatial

derivative on (0, + 1195)v| = F}. This yields
(6}’ + /1165)(83\)1) + (as/ll)(asvl) = (asFl)

Note that 1; = 41(0,a,8) = A1(vi,v2,a,B) and F; = F1(6,p,a) = Fi(vy,vy, @). It is worth
noting that the source terms F; and F> do not depend on 8. One can expect that (ds4;) will
generate (dv1), (dsv2), (0sa), and (9s8). Thus, this can be regarded as a complicated Riccati
equation since it involves (d,v;)? term (refer to Lemma 3.5.1). This Riccati structure is the main
mechanism to generate shocks in John’s work [15], but his equations differ from our system by
the following features: his Riccati equation does not have linear terms, and his coefficents are all

bounded. Fortunately, our goal is also different from his. John proved the shock formation for all
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C?-small data, while our goal is to prove shock formation for some sequence of initial data that
converges to 0 in W1,
Going back to our evolution for (d;v1), there are several difficulties from (d;4;) (and also from

(05F1)):
* how to deal with linear (d;v;) term,
* how to deal with linear (d;v;) term, and
* how to deal with (9,83) term.

Our solution for the first issue is to use the integral factor method as in the ordinary differential
equation context (refer to Lemma 3.5.1). The way to deal with (d;v;) term is to use a bootstrap
argument to claim it remains small in a certain region (refer to Lemma 3.5.9). The way to resolve
the (dyB) issue is our main contribution (refer to Lemma 3.5.2), and we describe our method as
follows.

Recall that /, 8 are our metric components. The reason why we only identify the issue for (J;f3)
but not for (d;) is because the feature of Einstein field equations under symmetry assumption
naturally lacks an equation (constraint equation in our context) for one metric component. One can
see this in our reduced Einstein field equations, where we have an equation for (d; In @) but not
for (0, In B). This is a difficulty in our argument since we only have control for quantities without
derivative, so if there is no equation for (d; In ), there will be no control on (d; In B3).

Our innovative way is to use the divergence structure of the hyperbolic system to control

/ /l](as hlﬂ)dl”.
(1)

Note that this is the term that (J, In 8) appears in the integral factor (refer to Lemma 3.5.1). Recall

that our first equation in the reduced Einstein field equations is

6,(\/,5-;’”/)#-m)+as(\/a-r”p%-9) =0.

A B

36



If we denote the first parenthesis to be A and the second parenthesis to be B, we have the following

calculation.

" (arA) + /11 (asA) " _(asB) + /11 (asA)
1 dr = 2 dr,

[lnA —II‘IA(Y‘())](/II) = /

o (A1) 0 (41)
where [-](4,) and /r ; (/mdr denote the corresponding computation along the characteristic generated
from (0, + A10y). Note that (;A) involves the term we aim to estimate since A includes /3, while
(0sB) does not include S. It turns out the integral on the above right hand side can be simplified
to ) A1(9s In B) plus the integral of a function of (d; In @) and (d;v;) (but no (dsv1)). We have
an equation for (dsIna), and we can actually integrate the (0d,v,) term. As a remark, one can
alternatively apply John’s trick to control ) |0sv2|dr although we did not choose this way. We
can also estimate [In A —In A(rp)](4,) using the total variation and 8, integral curves. For more
details, refer to Lemma 3.5.2.

After estimating the integral factor and other error terms, we have a precise behavior (up to
a constant) of the integral factor. More specifically, we know how the integral factor depends on

r € (7, 7eu) (refer to Proposition 3.5.1). We thus aruge that lim,_,_,,+ LB(7¢) = 0 and prove our

main theorem in Section 3.5.3.

3.3.3 Method of characteristics

Our proof is based on the method of characteristics. We define the notation for characteristics
and relevant regions in this section.

Let X, (r; z) be the function so that s = X (r; z) is the characteristic tangent to (9, + 419;) and
starting from the point (r,s) = (rg,z). Similarly X»(r;z) is the function so that s = X,(r;z) is
the characteristic tangent to (9, + A,9;) and starting from the point (r, s) = (rg, z). Therefore, for
example, the integral notation /r : " fdr in the previous section means /r : f(r,Xi(r;z))dr. We
may denote the characteristic s = X;(r; z) itself by X; or (4;) interchangeably.

Since we will estimate quantities along different characteristics, for a given point P in the
spacetime O, we define P; to be the point on the initial slice that is connected to P by the

characteristic X;. Similarly we define P, to be the point on the initial slice that is connected to P
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by the characteristic X, (see Figure 3.4). We also define Py to be the point on the initial slice that
is connected to P by the vertical straight line tangent to 0, (see Figure 3.5).
In addition to the curves capturing the evolution of the unknowns, we define another notation

for total variation control. Given a point P in the spacetime Q, we define P to be the point on the

For any quantity ¢, we denote ¢ (P) by .

. non-homogeneous data

same time slice as P but lying in the background homogeneous fluid (HF) region (see Figure 3.6).
P P
I

s 0
HFJ HF
rCLIt T

Figure 3.4 Characteristics along (8, + 110s), (0, + A20).

. non-homogeneous data

L., :

rcut T

Figure 3.5 The grey vertical line is the integral curve for 0,.
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non-homogeneous data

HF HF

rcu[ T

Figure 3.6 The green horizontal line denotes a constant time slice.

3.3.4 Notation

We give the definition and physical meaning of all the variables we will use in this paper.

e (r,s) = (time, space) are independent variables.

o ro is the initial time for the perturbation.
o ry > 0 is the blowup time for background homogeneous metric. See Figure 3.1.
o rmia € (s, ro) is to capture the asymptote for (4&). See Figure 3.10.

o Feur € (ry, rmiq) 1s the auxiliary time introduced in this paper.
* (0, p, @, B) are the main unknowns, which are functions of r and s.

o (0, p) are fluid variables, where 6 is the angle between ¢ and 0, (measuring how &
deviates from 0,), and p > 0 is the density of the fluid.

o (a,B) are metric components, where @ > 0 and 8 > 0.

o On the background homogeneous fluid, these unknowns satisfy

lim &(r) =0, lim B(r) =0

r—ri
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lim (

r—ri

) =

=0 over (r.,ro]

mol Qo

lim §(r) = co.

r—ri

0 < 4/y < 1lis a parameter representing the sound speed.
£ is the fluid velocity satisfying (£, &), = —1.
g = —adr? + Bds? is the metric for the 2-dimensional Lorentzian manifold Q.

parameters = parameters(background profile, 7,4, ro, v, 1, A, S [h]) where background pro-

file includes r., u., 7., which are determined by a Big Bang background solution.

We can also regard (v, v2, @, 8) as our main unknowns, where

I I
vi=——1In|V1+62+6| + — In(pa),
24y 2(1+y)

1 1
v)y=——1In|V1+6%+6] - ———— In(pa)
2y 2(1+7y)
are Riemann invariatnts.

For A4, A2, F}, F>, refer to Section 3.2.4.

s = X1(r; z) denotes the characteristic starting from (r, s) = (ro, z) along the A; direction.
Similarly, s = X,(r;y) denotes the characteristic starting from (r, s) = (rg, y) along the A,

direction. See Figure 3.4 and Figure 3.9.

€, €, control the size of total variation over |7y, ro].

€0, €4,0 control the size of total variation on the initial slice.

M generally means a constant that depends on r.,;. Usually M = M (r,,, parameters).

C generally means a constant that does not depend on r.,;. Usually C = C(parameters).
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E(r) denotes the total variation on the {r = r} time slice and is defined by

E(r) = / 9oyt + [3yv2ds.
r=r)

For a P in the spacetime, define Py, P, in Figure 3.4, Py in Figure 3.5, Pin Figure 3.6.

g denotes g (P).

I, and Q, are defined in Figure 3.7. z1, z11, Zr, ZrR are defined in Figure 3.8. Q, .. 1is

defined in Lemma 3.5.9.

01, 02 depend on parameters, including r, and r,,;4
I (D=9 T
1+vy 2(1+v) T

1 1 -
5y = (-7 >0,

1+y (2.2)(1+7y)

) term in the integral factor. See Proposition 3.5.1.

01 = >0

1

r—rs

serving as exponents of the (

3.4 Control of total variations

Proposition 3.4.1. Fix r.,; € (r«,ro] and fix 0 < € < 1. There exists an
€y = €o(reur, €, parameters)
so that the total variation always satisfies
E(r) = / |0sv1| + |0svalds < €  forr € [Feur, 1ol
r,
as long as the initial data satisfies the Initial Data Assumption 1. Moreover,
0] < 2+/ye

|In(pa) —In(pd)| < (1+7y)e

sup|Ine —Ind| +sup|InB —1Inpf| < e.
In particular, |6, p, | Ina|, and | 1n B| stay finite over the region [rcy:, ro].
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We postpone the proof to the end of Section 4.

The reason we choose E to denote the total variation is that we are going to bound L*-norm of
several quantities by this total variation E and run a bootstrap argument. This is similar to the role
of energy in the wave equation context where we try to build L*-L? estimates. In the following

lemma, we explain how we bound the L*-norm of our unknowns.

Lemma 3.4.1. We estimate 6, V1 + 62, In(pa) — In(8&), and In(a) — In(&) by the total variation
E(r). For In(B) — In(B), we use sup E where sup denotes supq. and ;. is defined in the Figure

3.7. We use § to dentoe q(P).

r non-homogeneous data

L. .

s [}

HF HF

rCII[ T

Figure 3.7 The picture for I'; and €,

Proof. For 6, we have (since 8(P) = 0)

0] = 16(P) — 6(P)|

< / |0s0|ds
I,

< / VYV +0%(|05v1] + |05v2|)ds
r,
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< y-sup\/1+92/ (10sv1| + |9sv2l)ds
r,
<Ay -supV1+62-E(r)

where T', denotes {r = r} slice inside of the sound cone as in Figure 3.7 and sup denotes supy, .

Here r is the time coordinate of P. Note that
supV1+62 < 1+supld] <1++fy-supV1+62-E.
For In(pa) — In(p&), we have

| In(pa) = In(3&)| = | In(pa) (P) - In(pa) (P)]

S/ |05 In(pa)|ds

r,

< <1+y>/ (18v1] + 135v2])ds
r,

< (1+9)E(r).

For In @ — In &, we have

|Ine —Iné| =|Ina(P) — Ina(P)]|

< / |05 In ar|ds
r,

2
:/r, (1;)/)-r(pa)~%-|9| 1+ 62ds

< M - rsup(pa) - sup @ -sup |@] sup V1 + 62 - W(r)
: Ve

H*

2(1 Vi - —
m 1. (ﬁ&) —_ . e(1+7)E . eln\/ﬁ_]n\/ﬁ . eln\/a_ln\/a . Sup |0| Sup 1 + 92 . W(r‘)
n o

&
<C, e IE. eln‘/ﬁ_ln\/g . eln Va-Inva sup |0 sup V1 + 6% - W(r)

where W(r) = [. 1ds denotes the width for {r = r}, we use the above In(pa) — In(pd) estimate
T,

#
for <, and

Cy = Co(parameters).
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Notice that the sup |6 on the right hand side is the key to make sure the right hand side is small.

ForIng — lnﬁo, we have

|InB —Inf| =|InB(P) - InB(P)|

< / |0, In B|ds
I,

s/ |8sln,8|ds+// 16,0, In B|drds
r, Q,

0

< / |05 In B|ds
Ty,

4(1+7y) 2(1+7y) 2
+//Q, D 011601 - r(pa) + (T2 624 2) oy (oo

Slhl

+ a(dsIn a)(%Ar — )drds

nr

< / 10, In B|ds

L 0

4(1+
(1+y) ~(sup|6]) - (ro—r) - \ysupV1 +62-supE
n

+

[ 10561ds

. Sup (r(p)&) . eln(pa)—ln(;‘}&))

r(pa)

# (22 (sup0)” 4 2) - rutro =) (14 ) sup(pa) - sup B

J18:(pa)lds
2(1+
+supa - 2d+y) - rosup(pa) - sup@ -sup 6| sup V1 + 62
. Va
(05 In@)

2 sthl
- sup (—Ar - —) -(ro—r)supW
n nr

< / |05 In B|ds
(initial slice)
+ Mﬁ - sup 16| sup V1+62. supE - esuplln(pa)—ln(ﬁ&ﬂ
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+ Mﬁ(l + (sup |9|)2) . %P In(p2)—In(Ad)| | sup E

+ C,B . esup|lna—lna| . esup|ln(pa)—ln(pa/)| . esup|ln\/B—ln \/E| . esup|ln\/(;—ln\/5|

-sup || sup V1 + 6% - sup W
#
where for < we rewrite d;(pa) as (pa)(ds In(pa)) and apply the above estimate to argue

sup '/F |0s(In(pa))|ds < (1+7y)supE.

r<r’'<rg J I,/

In addition, we use sup W to denote sup,.,..,. W(r’). In the last inequality, we have that

'<rg
Mg = Mg(rcu, parameters)

goes to infinity at the rate r;
cut

—— aS ey — i and
*

Cp = Cg(parameters).

We also decompose sup(pa) to sup(p¢&) - %P 1pa)=nH| and absorb sup(pd) to Mg or Cg

constants.

Lemma 3.4.2. We derive a more explicit form of W(r). In particular,
sup W = sup W(r¢,s, parameters)
goes to infinity as reys — rs.
Proof. Let
zr = inf{z € R | initial perturbation(ry, z) # 0}
Zg = sup{z € R | initial perturbation(rg, z) # 0}.
We have

W =Xo(r;zr) — X1(r;z1)
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:/r/lz(r,Xz(r;zR))dr—/r/ll(r,Xl(r;zL))dr

¥ ro

:/m%w—wm-/m’%(mm

:2\/?/roﬁdr.
R/

N

Therefore,
sup W = sup W(r¢us, parameters)

goes to infinity as r.,; — ..

O

We introduce the backbone of our total variation control: John’s trick [15]. This trick is to
use the evolution of the integrand of total variation and the Gronwall’s inequality to get a control
on the total variation. The main philosophy is that, although the evolution of (dsv;) is a Riccati
equation which does not give a good control, the evolution of (d;v3) - 68_)? (the integrand of the total

variation) gives a linear equation and allows one to apply the Gronwall’s inequality.

Lemma 3.4.3. (John’s trick) We have

/last|dSS/
r, r

Proof. Based on the evolution equations for dyv; and dyv, (using dsv, as an example):

|0sv2lds + // |D,, F>||05vi| + | Dy, F2||05va| + | Do F2||0sa|drds.
Q,

o

(0, + /lzas)VZ =5
(0, + A205) (05v2) = (OF2) — (0542) (05v2)

and the evolution for the Jacobian

0
or Xz)

0z
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we find that the evolution equation for the integrand is

aXz) 5X2

(0r + 20, )(5 vy - = (0,F>) - e

Note that the (9;1,) terms cancel, which indicates that there is no quadratic feedback if we consider
the integrand of the total variation (9sv5)- 63—)22. This is one of the key observations in John’s paper and
also one of the essential steps in this paper. Define z; = inf{z € R | initial perturbation(rg, z) # 0}
and zg = sup{z € R | initial perturbation(rg, z) # 0} as before. For each r € [r.y,ro], define
zrL € R on the initial slice so that X (r, z;) = X»(r, zz1) and similarly zgg € R on the initial slice

so that X, (r, zg) = X1 (r, zrg) (see Figure 3.8). We have (recall Figure 3.7)

X Zr X
/ 10,vy|ds = / 0yva] - 2 dz = / ) 2)dz
Zrr (I,) < Zrr (I,)
Zr X
L o e [
ZiL (Ty) Zrr (L)
ZR
:/ 16, v2|ds+// |0, F|drds
ZL (Iy) ()

< / |0 v2|ds+// |Dy, F2||0sv1| + | Dy, F2||0gva| + | Do F2||Osa|drds.
ZL (Ty)

axz
6z

drdz

Notice that

ZR ZR
/ |8svz|ds:/ |0sva|ds
ZiL (T,y) ZL (1,)

since d;v, = 0 outside the interval [z, zg] on the initial slice. Thus, although the definition of z; .
depends on r, the term involving z;; can be reduced to the one with z;, and thus the result does

not depend on r. The only dependence on r is through the spacetime integral over €.

Proof of Proposition 3.4.1. We use a bootstrap argument.
Bootstrap Assumption.

E <€ over|r,ry]
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non-homogeneous data
ZLL ZL ZR ZRR
r —

rcut T

Figure 3.8 Definitions of z7, z71., Zr, ZRR-

supV1+62<2
sup|Ine —Ind|+sup|InB—Inf| < ¢,
€< g
withr € (r«,ro], 0 < € < 1, sup = supg, .
The a in ¢, refers to auxiliary. The last assumption implies that we are trying to use the
smallness of E to improve the estimate for sup | In@ — In&| and sup | In 8 — In 3].

Step 1. Gronwall’s inequality

Looking at the inequality from Lemma 3.4.3
[ 1owalds < [ towalds+ [[[ Do llaw 1+ 1D Rl + Do Fall0alards
T, Iy, Q,
we aim to estimate the right hand side in terms of E and apply the Gronwall’s inequality. For

D, F>, we have

DuFr= (3= 12=) Zipo) - (14

n—1 2 Sth] (1=7)0V1+62 -y I
(- +“(2Ar‘7))'D9(_ () | Ve
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n V1+6%(\y0 + V1 +6?)
T e 1+ (1 —)02

)-W\/1+92.

2r

Therefore,
o o o rO
// |Dy, F2||0svi|drds < (M . 8P In(pa)=n(pd)| 4 o, psup|ina=Ind| C) / E(r)dr
Q, -

< (M ceIHVSwE o exp(Cw eI SWE | g3, g3€a. (Vy-2-supE)

sup |6

ro
-2-supW)+C)-/ E(r)dr
ro
< (M : e<1+7>f+M+c)/ E(r)dr
r

ro
SM1/ E(r)dr.

In the first < we decompose (pa) to (&) - P ~n(pd) and absorb (S&) to M. In the second <

we apply Lemma 3.4.1 and use the bootstrap assumption to estimate V1 + 62 by 2. Here we have
M = M(rcys, parameters), M = My(rey;, parameters)

blow up when r,; — r} and

C = C(parameters)

remains bounded since 0 < y < 1. Similarly,

ro
// Dy, Fl|8sva)drds < M / E(r)dr
Q, r
For |D, F5||0sa|, we have

// Do Fl|dscr|drds
Q,

2 slhl 1-y)6V1 +62 - 1
< // —N\F — ‘ - d-7 2\/7+ - a|0s Ina|drds
(blue region) ' 7 nr 4\/7(1 +(1-y)6 ) 2(1+7y)

<C- esupllna—lné’x|(2(1 + 7) - esup|ln(pa)—1n(p°&)| . esup|lnx/ﬁ—ln\/,§| . esuplln\/g—ln\/m
N n
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- sup 1+92) // |0|drds
Q,

ro
S C . exp(ezfa . e(1+7)5 . Sup W) ./ E(r)dr
r

ro
< M2~/ E(r)dr.

In the second <, we use the constraint equation from our reduced Einstein field equations. Notice
that the terms (5¢&) - # can be absorbed to the constant C due to their asymptotes. In the third <,
a

we incorporate the bootstrap assumption and replace |6| by E(r) up to a constant. Here
My = M>(reys, parameters)
goes to infinity as r.,; — ., and
C = C(parameters)
remains bounded. Together, we have
ro ro
E(V)SE(F())+2M1/ Edr+2M2/ Edr.
r r

By Gronwall’s inequality, we have

E S E(r()) . e(2M|+2M2)(r0—r) S E(r()) . €(2M1+2M2)(r0—r*).

Step 2. Improved estimate

In order to close the bootstrap argument, we have to show that our bootstrap assumptions are
improved. For the total variation E, we can choose the initial data (where M3, M4 are determined

below)

€ . 1 1
< .
E(ro) < 200 2M2M) (ro—r) R { 1+10M3° 1+ 10M4}’

which implies the improved estimate

r<S ) { 1 1 }< €
— - min , < —.
- 1+10M3 1+10M4 20
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Since ) < e <1and 0 <y < 1, we have
supV1+62<1+|6]
<1++y -supV1+6%-E

51+W-2-%

€

<1+ <
< 10 =

0| W

Finally, for sup | In@ — In&| and sup | In 8 — In 3|, we have
lIne —Ing| < C, - eVE . 1% . g2 . (sup 6] - sup m) -sup W
< Cy-eM) e (Vy-4-supE)-supW
< Mz-supE
€ €q

<—<
~ 200 — 200

with
M3 = M5(rey;, parameters)
going to infinity as r.,, — r}, and
|InB—Inf| < / |3, In B|ds

Iy,

+ Mpg - (Wsup 1+925upE) sup V1 +62-supE - el!1*7)¢

sup |6]

+ Mﬁ(l + sup |9|2) eI L qup E

+Cﬁ-e(1+7)5-625“-(\/?-sup 1+02-supE) ~supV1+6%-supW

sup |6]

< / |0s InBlds + My - sup E

Try
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s/|@mmm+£—

% 200
</|mwm+%
S
~Jr, g 200
€, €, €,

<L L=
200 200 ~ 100

provided that the initial perturbation /1" |05 In B|ds is sufficiently small. Here
o

My = My(rey;, parameters)

e +
goes to infinity as o,y — ;.

Initial data Assumption 1.

€ . 1 1
< .
E(ro) < 20e (2M+2M2) (ro—r) min {1 +10M3° 1 + 10M4}

€a

|05 In B|ds
/(;'nilial slice) 200

where My comes from |D,, F>||0sv1| in Step 1, M comes from |D,F,||0sa| in Step 1, M3 comes

IA

in Step 2, and My comes from | In 8 — In 3| in Step 2.

from |Ina —In&

Remark. From the computation, we see that

M3 = 4C, - ™ - \fy[ sup W)

[reur-rol
My =4Mpg -y - eHY) 4 Mﬁ(l +4y) ety +4Cg - We“y . ( sup W).
[rcuter]

Note that supy,. W will go to infinity as rey; — ri; this is the reason why we emphasize that

uts10]

M3, My depend on rcy;.
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3.5 Riccati equation for derivatives

In this section, we derive the pointwise behavior of the derivative (dyv) when the total variation
is small. This is reduced to deriving the pointwise behavior of the integral factor e/ as this involves
the integral of derivatives along (1) characteristic and is hard to control. The main difficulty is to
control the integral of (d;83) term.

We begin with performing the integral factor method as in the ordinary differential equation

context to absorb the linear terms of (d;v). The result is a Riccati equation for (dsv1).

Lemma 3.5.1. For 0,v1, the derivative of the first Riemann invariant, we have
(0r + 1105) (e’ - 3yv1) = =(e7)(Dy, 1) (el - dv1)? + e/ (D, F1)(95v2) + € (Do F1) (050)

where

= [ DA (B2) — (Dad))(50) — (D) (6,8) + (Do, Fy)dr
o (A1)

with dr < 0.
Proof. Starting from the evolution equation for the first Riemann invariant
(0, + 1105)v1 = Fy,
we take spatial derivative on both sides and get
(0 + 2105)(05v1) = —(0541)(95v1) + (O5F1)
(8; + 2105) (Bsv1) = —(Dy, 1) (B5v1)?
+( = (DA (@v2) = (Dadn) (850) = (DpA1) (0,) + (D1 F1) ) (Dv1)
+ (D0, F1)(9sv2) + (Do F1)(950)

(0 + 2105) () - dv1) = =(e7)(Dy, A1) (e - 85v1)? + e/ (D, F1) (85v2) + &/ (Do F1) (850).
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Note that the quadratic term (e - 9v1)? is the main driving force to generate a shock. We are
hoping that the coefficient D, A has a fixed sign and e~/ is nondegenerate. It turns out D, A; > 0
(refer to Lemma 3.5.7) and e~/ is nondegenerate (refer to Proposition 3.5.1) provided that the total

variation is small. Regarding all the other terms as error terms, we prove our main theorem in

Section 3.5.3.

Definition 3.5.1. Our error term has different definitions in different contexts. For the terms inside
of the integral factor e~ or e/, an error term is defined to be a constant term independent of rcy;.

For example,
C, Me

can be regarded as error terms. Although M = M (r ., parameters) goes to infinity as rey — ry,
€ can depend on r.y;, so M€ can be independent of r¢,;. In the Riccati equation context, an error

term is defined to be a small term that goes to 0 when € — 0. For example,
Me

can be regarded as an error term. Notice that € can depend on r.,;. Recall that € is the notation

for the upper bound of total variation.

It turns out that in the integral factor —f, only (Dga1)(9,8) and (D, F1) contribute non-error

terms coming from the background homogeneous fluid.

3.5.1 Pointwise behavior of the integral factor — f
In this section, we try to analyze each term in the integral factor —f. We begin with the most

difficult term.

Lemma 3.5.2. We separate the background influence (with r¢,;) and error terms (without r.,;) for

the term

/ (D) (,B)dr

0 (A1)
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in the integral factor —f. It turns out the background influence is

l—y 1 [T
_ . — o o d
Ty n‘[ r(pa)dr +

iy A = (B0 (o)

Proof. From the divergence structure of the first equation in the reduced Einstein field equations

8,(\/3-1’”,0%-\/1+92)+8s(\/5-r”pﬁ~9) =0

A B

and letting the first parenthesis be A, the second parenthesis be B, we have
[In(A)=In(Aro)]|
1

/r (0 + 105)A
= — dr
o (1)

_ /r _(8SB)+/ll(asA)dr
0 () A

’ 1 Va6 1 Vo 8
- (> ma)- 2. dyInp) - Y& .
/ro(/l]) (2(‘na) VB \/1+92+1+7( ") B N1+62
N
0,0) - YL .
+(00) VB \/1+92)
+/11-(%(6sln,8)+117(<9slnp)+(8sln\/1+62))dr
| 1 Va 0
- S 0(8np) — = - (B na) - XX
AU R RO
+(—L-ﬁ. 6,1 )+ @ —av)—(alna))
[+y VB Vige 1+y "N XMW
(05 Inp)
v V78
+(_Tﬁ.\/7+/11- 1+92)(asv1+(9svz)dr

r 1
=/r 343, Inp)

0 (41)

Va 1 1 v 0
+Tﬁ'1+<1—y>92'((’5+1+y)'m
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-y 6 1
: - —— 7)) na)
2 Vi+62 l+y \

~ |-

a V1+62
-2y — L (Bo)dr.
VB Y Te (e (Guva)dr

Notice that the first term % - A1(0s In B) in the integrand is precisely the —(DgA1)(0,6) term in —f.

In order to derive the background influence, we have a closer look at [In(A) — In(A(rg))] I First
1

we expand the definition of In(A).

In(A) = In (ifg M (pa) ™ -1 +92).

a T+y

* Since the evolution equation we have for v/8 is only along 9, direction, we estimate In ( \/'IE )

a l+y
along this direction:

[ln( /i —1In m |
aTvr a/(l’o)ﬁ &

- 1n(6:/£)(f>) -1n(a‘/£)(Po) +ln(ﬁ)(Po) —ln(cﬁ)(ﬂ)

:/rarln( \/E)dr+(ln\/,E(Po)—ln\/E(P1))

K “ 2 initial perturbation for In VB
+(In(@™)(P1) = In(a ™) (Py) ).
2 initial perturbation for ln((yﬁ)

Note that

i ()= (-0 Lo - (5 55) 5

o™ I+y 2 14y r
(1 1 ) (ZA S[h])
— —_— _,/‘_—
2 14y n nr

1- s
= (1 Y _ (1-=7)- 92) . ﬁ(ﬁ&) . ¢N(pa)=In(pd)
+y n

(1 1 ) n—1 (1 1 ) (2/\ s[h])
—|(=+—" +|z+ | —r———|.
2 14y r 2 1+vy n nr
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Therefore, the contribution from the background to In ( ‘/? ) is
a™r
-y 1 [T -y 1 / "o
- 5&)dr = — gt 5¢&)dr. 3.1
i n[;mer e L (3.1)

The remaining terms are bounded by

/ LY T ey PG |4 (1 y) g2 () - Moo
» l1+y n n

+2- +2-q-e

n-—1 lna—ln&(zA S[h])

r n nr

< Me+Me*+C+C,

where we use Proposition 3.4.1 to estimate |e™(P®)-In(A®) _ 1| < ¢|In(pa) — In(3d&)| and
Ina — In &, and we use the fact that ¢ is bounded over the entire time interval [r., ro] (recall

that lim,_,, & = 0). Here
M = M(r¢y, parameters)
goes to infinity as r.,; — r; and
C = C(parameters)
remains bounded (recall that r. > 0). Since € is allowed to depend on r,;, these terms can

be regarded as error terms.

* Next, we consider the In ((pa/) '+7) term. Since we have control on the total variation of v

and v,, we write this term as

In(pa) =

T+ T+ In(p&) + /Fr(ﬁsvl — Ogvp)ds.

Therefore, we have

In(pd) - In(4(ro)é(ro))  (3.2)

1 - =
n(pa) a0 1+y 1+y

ey 1+ymw0wwmnﬂ

+/ (Ogvi — Osv2)ds —/ (Ogvi — O5v2)ds.
r, r,
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Notice that the last two integrals are bounded by 2e€ (since E < € by Proposition 3.4.1) and

hence can be taken as error terms.

» We consider the In(7"V1 + 62) term. Since we know that V1 + §2 < 2 (by Proposition 3.4.1),

we have

(| ("VT+62) =t (rg 1+ 63)|| < 2n11nr1+ 2000 70] < €

1

where

C = C(parameters).

We still have to control the two error terms on the right hand side of the equation for [In A —

nA(o)l| |

¢ The first error term is

/ro
,

Va 1 (( L, v 0
VB 1+(1-7)¢? 2 1+y Vi+e?
-y 6 1
2 A1+e2 1ty

where € comes from the 6 in (J; In @) equation (refer to reduced Einstein field equations)

\/;)(as In a)‘dr < Me

Vo
and M comes from VB’ Here

M = M(reyr, parameters)

goes to infinity when r,,; — r.

¢ The second error term is

\ro

T e '~
— — 2y ———————— - (dyvr)dr.
/rouo VB \ L+ (1-7y)6? ’

One can apply John’s trick to this term, but here we choose to use a more precise method

to control this term. Since the integrand is similar to the evolution equation of 6 along 4;
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direction, we argue that a major part of this is actually integrable along A; direction. From

the evolution of Riemann invariants (refer to Section 3.2.4), we have

((9r+/1183)(%1n(\/1 +92+9)) = (/11 —ﬂz)(asV2)+ (F] +F2)

(vit+v2)
2
% . T‘iwz (85v2) = (6, +/1165)(%1n (V1 +92+9)) — (F\ + Fy)
(41-42)
Vo , -\~ VI ) 1
N oy — Y g y,) = (1 - : Oy +2105)0
B e @ =-1- =) e )
N
+(1—m)(Fl+Fz)

:(8r+/118)(—%1n Vi+62+6)+ —ln(1+02))

()

+ (1 - \/I/T-—QGZ)(FI + F>)

Integrating both sides along A; direction, we have
R
r 1-
a Vizer
[Ny ] < 0@+ 0(ep)

ro
+/ |F1 +F2|dr
ro (A1)

<C.

Note that |#| remains small so the Q terms have no problem. There is no (pa) termin F; + F>

so this term is also bounded. Here

C = C(parameters).
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Lemma 3.5.3. We separate the background influence and error terms for

-
/ (DvlFl)dr
7o (A1)

in the integral factor — f. It turns out the background influence is

1 1 [
(ﬂ - y) . —/ r(p&)dr.
2 nJ,

Proof. By the definition of F, we have

Dy Fi = (D pa)F1)(Dy, (pa)) + (Do F1)(Dy,6)

= (—1+L)-%(pa)-(1+y)+(DgF1).\/7«/1+92

2 14y
_ ( _ “TV N y) . 2(5&) MWD 4 (poFy) T+ 62
Therefore, the contribution of the background to the fr (:(/11) (D, Fy)dr term is
(”Ty - y) : %/rror(ﬁ&)dr. (3.3)

Notice that the error terms are

[ t55) o

< Me+C,

eIn(pa)-In(pd) _ 1‘ +|DgF| - V71 + 02dr

where we use Proposition 3.4.1 to control |e(P®)~n(Ad) _ 1| < ¢| In(pa) —In(5&)| and use the fact
that |[DgF| - V1 + 62 is bounded by a fraction of @, of which the numerator and the denominator

having the same degree. Here
M = M (rcys, parameters)
goes to infinity as r.,; — r} and

C = C(parameters).
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Lemma 3.5.4. We prove that the term

/ (DL @)dr

0 (A1)

in the integral factor —f can be regarded as an error term.

Proof. Recall that we have the evolution for Riemann invariants
(0, + 1105)v1 = F1
(0 + A205)vo = .
Adding these two equations, we get
(0r + 1105)(vi +v2) = (F1 + F2) + (41 — 42)(05v2)

(A1 = 22)(Osv2) = (0 + 1105) (Vi +v2) = (F1 + F>)

ve 2y
VB T+(1-7)&

On the other hand, from the definition of A (refer to Section 3.2.4),

- (8yv2) = (8, +/11(9S)(%ln (V1+62+ 9)) — (F + F).

_(sz/ll)(asVZ) = _(DH/ll) : W VI + 92(85"2)

:_ﬁ. 1_7/ . \/1 920
VB V1+02(V1+92+\/79)2W + OO
Doy
1 -
S Yo WY ),

VB (V1 + 62+ 76)

Putting these two equations together, we find that

_l—y V1+62-/y6 1
—(Dy,21)(05v2) = — 7 -erWG-(6r+/1165)(W1n(\/1+92+9))

1—y VI+6%2-4/y6
+ .
2 N1+602++y6

(F1 + F>)
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1 - V1 +62 -6 1
-—X. Ve () +110,)0
2y VI+62+y0 V1+6?
l—y V1+6%-/y0
+ .
2 N1+62++y6
(-2 m(-————)
+\/7 V1i+62+1

(F1 + F)

1 -
== (8, + 1,8

2y
1+\/_ 0

+1—\/_ n(l+ V1 + 62 +1)

_2\/7 a 0 2
—71 ((\/TGZ+1) + 2 1+6’2+1)+1)}

(F1 + F)

- 1=y VI+62— 70
=2 (3, +20,8,)0(0 :
2yy )00+ = VI+ 62+ 76

1=y VI+6%— 70
+ .
2 N1+602+y6

(Fl +F2).

where Q denotes the function inside of the big parenthesis. Since Q(0) = 0 and |#| remains small,

we conclude that

1-y
[ @] <[5 S0P
1—vy V1+92—\/_9(F1+F2)

+(ro—ry) - - sup
2 V1 +6%+ 6
<C
where we use the fact that |F| + F;| remains bounded since there is no (pa) term. Here

C = C(parameters).

O

Lemma 3.5.5. We show that the —(D A1) (0;a) term in the integral factor — f can be regarded as

an erorr term (without r oy ).
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Proof. Notice that

1 va =peVi+eP+
—(Dody)(6sa) = 5 T,B : 1+ (1-9)8 (s Ina)
1 o (1-y)0VI+602+4y 2(1+7) VB
A 5 A .r(pa).ﬁ.gm
:(1+y).r(pa).(l—y)0V1+92+\/7.9m

1+(1-y)62

_ 4/ 2
(d+7) r(B§) - PG (1= )6Vi+6 +W-9\/1+92.
n 1+(1-1y)62

Therefore, we have

r ro

/ —(Da/ll)(ﬁsa)dr) < / |Da/11||85a|dr < Me,
ro r

where M comes from (/&) and € comes from |6|. Here

M = M(reyr, parameters)

. . +
goes to infinity as rq; — 3.

For later convenience, we compute the asymptote for the background (p¢&).
Lemma 3.5.6. (Asymptote for (6&).) There are constants
Fmid = Fmid (P Yo A ST > 1y Couia = Conia (ro, Fmias 74, v, A, S)
so that
(Pd)L < (P&) < (Pd)r, 1 € (re,10]

where

1
0o (I_Y)IEV—V*) "I re (l"*, rmid]
(Bd)L =

ﬁa re (rmidarO]
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1.1
(I—V)yér—r*) ' (r*)’ r € (re il

(pd)r =

Chmids r € [Fmid, 1ol

with 224 < (1.1), rpig — 1« < Land ro > rpiq.
Remark. Note that r,,;y does not depend on ro nor rey;.

Proof. We have

Iy
U=+ O((r — 1))
1 — fy Lty (”‘*‘1)(1*7)_1
2 I — 2
T=— Mo oer (r=ra) +O((r —r.)7).
Here the notation is
Ly
o /’L 2y
P= mim =
e C
_ 2y
&=rlrTy,
Therefore, we have
Ly
oo /l Y _q1_(+)(d+y)
(pa/) = . rn 1 2
T
Lty (n+1) (1+y)
u - Pl
= o 124._;/ (n+l)2(l—7)_] 5
n Hs T (r_r*)'l'O((l"—l’*))
14y (n+1)(1+y)
1 n u - At
T 1—~ I mhiyp '
r—r. 11—y < 7
e oer, +0(r—ry)
Since
Ly (n+1) (14y)
Ly (n+1) (1+y) n—1-0y)
n—1-D+y) Zy 7
llm l’l 2)/ - r 2 _ lu* : r*
rort B -y N [E NI
Wy oor, 2 +0(r—r) [T

there is a time
h
rmid = rmid(r*ayyA’S[ ]) > Vs
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so that

n _ 1 < (p8) < n _ (1.1)
A-NG-r0) Ubrn - P> 0 Ne-r) n

for r, < r < rpiq and r';“—”’ < (1.1). If rg > rp;q, then since (p&) does not have a singularity over
[Fmia, rol, there exists Cnia = Ciia (ro, Fmids s, ¥» A, SU) so that

1
Cmid

< (ﬁ&) < Cmid

for ripig < r < ryp. O

Proposition 3.5.1. (Net influence on — f from the background.) There exists a constnat

C3 = Cs(parameters)

so that
1 o 1
e 2 () o 7€ lrews rmid] (3:4)
r—ry Cs
e_f Z C_’ re (rmidarO] (3'5)
3
el <G5, e [rewrol. (3.6)
In addition,
el (ro) =1

from the definition of —f (refer to Lemma 3.5.1).

Proof. Putting (3.1), (3.2), (3.3) together, we see that the net influence from the background solution

is

L=y 1 [T 1
- 7-—/ r(p&)dr +
I+y nJ, 1+

A2 7o

(1n(56) = 3o + (52 =) [ (g
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From Lemma 3.5.6, we have
(Bd)L < (&) < (Bd)R.

Therefore, we get the estimate for the background influence to — f

_ A2 ro
B 21 3) ' %/ r(p&)rdr + ﬁ(ln@&h ~ In(p(ro)&(r0)))

< (background influence to — f)

(1-y)° 1/"’ : .
< - -
20+y) 1l r(,ooz)La’r+1

Here we discuss two cases. For r € (r., rmidl,

(11)(1 —’)/) Tmid mid (1 _7)2 "0
A Seblet/h Sl 4 dr —
2(1+y)r. J, r— Ty 2n(1+7y)

iy (In(pd)r — In(B(ro)d(ro))r)-

(FOCmid)dr

Ymid

1 n
i +7’(ln ((l-l)r*(l - ) (r - r*)) ~In (Cmid))
< (background influence to — f)

-y fmid - p, dr— (1-y)?* [ 1
T QYR (l+y)), r-r 2n(1+7y) Jrig Cmia

" 1 iy(ln (r*(l —(17)12:— r*)) ~In (Cnlu-d))’

where we use the definition of (4&); and (p&)g in Lemma 3.5.6 and estimate r in the integrand.

dr

Applying exp to them, we have

1 _(.DA=y) Tmid 1 1 (1-y)

I \m 2t . _ Ty ~ @)
( )Hy ) - — < (background influence to e f) < (—) e
r—rs C r—rs

for r € (r, rmia]. We know that
L (D)1= rwd
1+y 2(1+7y) Ty
1 d-v
I+y (22)(1+7y)
since 4 < (1.1) by Lemma 3.5.6. Here

T

01 = >0

C = C(parameters).
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By Lemma 3.5.2, Lemma 3.5.3, Lemma 3.5.4, Lemma 3.5.5, we have

1 oo 1 _f I\
( ) —<e S( ) - C3, re[rcutarmid]
r—r. Cs r—r,
for some
Cs = C3(parameters).
We can rearrange C3 so that
ef < C3’ re (r*, rmid]
since C3 can depend on r,,;4. For r € (1,4, 7], we have

—C < (background influence to —f) < C

and therefore

after possibly making Cs larger.

3.5.2 Pointwise behavior of the other terms

Lemma 3.5.7. We compute the (D, A;) term.

Proof.
Va 1-y V&
(Dy, A1) = (Dga1)(D,,6) = ~= - AV1+62 > c(_)
" " VB \/1+92(\/1+92+\/79)2 \/g L
since |6, |Ina — Iné&|, | In 8 — In B| remain small. Furthermore, since % ~ ﬁ, we have

= 1€ (T Tmid]

\/E C, r € (Fmid> o).
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Lemma 3.5.8. We show that (D, F))(0sa) can be regarded as an error term, meaning its upper

bound contains €. Notice that here we are regarding F as F| (v, v2, @).

Proof. Notice that

2 Slhl (1-7)6V1+62+fy 1
a(DaFl):Q’(—Ar——).(_ - _ )
mooom Ay(1+(1-7)62)  2(1+7)
bounded between— 2(1_1+y) + #7
((9311'1(1) = —2(1 +’y) . z(pa) . ﬁ . 0V1 +02.
e
Therefore, thanks to the 6 inside of (J; In @), we conclude that
|(DoF1)(05a)| < Ce
where C = C(parameters). .

Lemma 3.5.9. We show that |0sv>| is pointwise small over €, .,,, as long as the initial data
SUPse(z, 20] |05V2(r0, )| and € (total variation upper bound) are sufficienly small. Here we apply

John’s trick again. €, -, is defined to be
Q”cut,ZM = {(r’Xl(r;Z)) | Fewr SV <rg, 2, <2< ZM}.

See Figure 3.12.

Proof.

Step 1. The evolution equation for (d,v») is
(ar + /lZGS)(as\Q) = _(av/lZ) (asVZ) + (avFZ)
= ~(Dy,22) (072)% + ( = (D1, 1) (Bv1) = (Dada) (Bs0)

~ (DpA2) (0,) + (D1, F) ) (84v2)
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+(Dy, F2)(05v1) + (Do F2)(05).
Using the integral factor method, we get
(0 + 205) (e - yv2) = e - (D), F2) (d,11) + € - (Do F2) (8500),
where

- = / = (Dy,42)(85v2) = (Dy,42)(05v1) — (Dad2) (05@) — (Dpd2) (0sp) + (D, F2)dr.
70 (A2)
Note that here we incoporate the quadratic term (Jsv2)? into the integral factor. By the fundamental

theorem of Calculus along (4,),

r

e - (0,v2)(P) — (;v2) (P,) = / e (D, F2)(0,v1) + e - (Do F>) (05a)dr.
7o (A2)

Step 2. (John’s trick) Fix z € [zrr,zm). Let y = y(r) € [zL, zpm] be the function so that
Xo(r;2) = Xa(r; y(r))

where r < r¢ satisfies X»(r,z) < Xi(r,zym) so that (r, X2(r;z)) € ., .z, (see Figure 3.12).

Taking derivative with respect to r on both sides, we get

b=+ 25D
S 0z dr
dar 1 0X, VB 1+(1-y)8* X,
dy_/lz—/ll 3Z B \/5 2\/7 3Z'

This calculation aims to use (r, y) coordinate to foliate the spacetime region ,_ .,,, as one can
see the drdy in the following computation (see Figure 3.9). Fix P € Q,_ .,, and let P> = (rg, 2).

We have
ro
/ e 1Dy, Fal|sv1|dr
r o (X2(+2))

2L f dr
5/ e - Dy, Fal|0yv1] - —-dy
M (Xa(12) Y
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M 1+(1-9)6* 60X
:/ ef2'|Dv1F2||asV1|'ﬁ' +( 7) 8 1dy
L (Xa(2) Va 24y 9z
1+ (1-7v)6?
< sup (ef2 . E|DVIF2| . #)
Q’cuthM \/a 2W
i 0X
/ gl 2Lay
AL (Xa(52) 2
1+ (1-7y)6?
< sup (ef2 YBip, LU0 )
Qcht,ZM \/E 2\/7
M 0X
(/ |Osv1lds + // |0sF1] - —ldrdy)
L (Ty) Qoo 0z
1+ (1-7v)6?
= sup (ef2 . E|DVIF2| . M)
Q’cut,ZM \/a 2\/7
M
(/ |Osvilds + // I&;Flldrds).
ZL (Ffo) Qrcrzy

Notice that we can make the initial data fz iR @ )|st1 |ds small, and make
0

non-homogeneous data
Zy z oz y z, Zy 2o
r

Ll P

Figure 3.9 John’s trick to foliate the spacetime by (7, y).

I

|0sF1|drds < // |Dy, Fi||0svi| + | Dy, F1]|0sva| + |Do F1||0sa|drds
Q

Tcut-ZM Tcut »ZM
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be bounded by M e where M = M (r.,;, parameters). Thus we conclude that

ro
/ e’ - |D, F>||0vildr < sup (e?) - Me.
P (Xa(2)

Qrcur,zM

Step 3. Note that

ro
/ el2. |D o F>||0sa|dr < sup (ef2 - a|D o F>||0s lna/|) ~(ro=r)
ro (A2)

< sup(e’?) - Ce

where C = C(parameters) where € comes from the |6| inside of (ds Ina).

Step 4.
Bootstrap Assumption.
10sv2| < €
with0 < ¢, < 1.
With this assumption, we have
|2l < Me, + Me+ Me+ M + M < 5M

where M = M (7 cus, parameters). From the integral equation for e/2 - (9,v2), we have

r

el - |0sva] < |(85v2)(P2)] +/

70 _
e (Dy, Fy)|dsv1|dr + / e . Dy F||saldr
70 (A7) r (A2)

< |(0sv2)(P2)| + e5M . M6+€5M . Ce,
or
10,v2(P)| < €™M [(8,v2)(P2)| + €' . Me + '™ . Ce.

Thus, if we choose the € (total variation upper bound) small enough compared with €, and choose

the initial data sup;/ 1 1(85v2) (7o, s)| small enough, both depending on r,;, we can make

L.IM
1

M| (8sv2) (P2)| + ' . Me + ' . Ce < EE“'
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Therefore, we are able to improve the estimate for |d;v2| and therefore close the bootstrap argument.

O

3.5.3 Proof of the Main Theorem

Proof of Theorem 3.1.1. Going back to the Riccati equation derived in Lemma 3.5.1
(8y + 1105) (e - 8yv1) = =(e™ ) (Dy, A1) (e - dv1)* + &/ (D, F1)(95v2) + €/ (Do F1) (05),
we have that, based on Proposition 3.5.1, Lemma 3.5.7, Lemma 3.5.8, and Lemma 3.5.9,

- (6}’ + /llas)(ef : avvl)

C3(r—]r*)51 ) C(rl_r*) ) (ef ’ asVl)z - ef(Mea) - ef(CE), r € [Feur> Tmid]
CL3 : % ) (ef : asvl)2 - ef(Mfa) - €f(C6), re (rmid, rO]'

We apply the change of variables

e y= (ef - dsv1) and

s t=ro—r,—(8, +1,0;) = 4,
and let

1 . 1 — €0 .
G T = oo 7€ (e Tmidl

a(t) =

G- & = co, r € (Tmia>70]
for 0 <t < ro — reu (see Figure 3.10). The above inequality simplifies to

d

d_)t) > a(t) - y* — e/ (Me,) — e/ (Ce).
Rearranging €,, € to be even smaller so that

e/ (Me,) + e/ (Ce) < C3(Me,) + C3(Ce) < %a(t)yz,

we have

QL

s
t

2
7 ~a(t) - y-.

| =
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Notice that the condition
1 2
C3Me, + C3Ce < 5 a(t) -y
always holds since both a(#) and y are increasing as ¢ increases (since r,,;; — . < 1). Thus we have

Y1 ro=T 1 Tmid o
—dy > —-a(t)dt > —d
/yo Sy /0 ! at) / s

L1« ( 1 1 )
Yo y B 251 (r_r*)(Sl (rmid_r*)(Sl .

The above right hand side serving as a lower bound is a bit awkward since it is negative when

r € (rmia, ro]. One should however focus on r € [r¢us, rmia]. Therefore, if the initial data satisfies

1 < co ( 1 1 )
yo 401 (rcut - r*)61 (rmid - r*)(Sl ,

y must go to infinity at some r € [r¢y;, o). In other words, our lower bound

LB(rcy, parameters)

for y¢ to generate a shock can be

1 _ Co ( 1 1 )
LB 461 \(rew —r2)%  (rmia —ro)% /)

Note that
lim LB=0.
Feut T«
Since e/ y—y, = 1, LB is a lower bound for both yo = (e - 6Svl)|r:r0 and (85v1)|r:r0.

3.6 Initial data

3.6.1 Summary table for initial data
In this section, we use the following tables to summarize all the initial data assumption from

previous chapters.
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(rmm_r*i's‘ i e-f (DVJH)
a(t)

r. Feut Fmia ry

Figure 3.10 Lower bound a(t).

Where Target Requirement

L € . 1 1
Proposition3.4.1 E <e E|, < 300 OV (g7 -mln{m, m}

Assumption 1 ) |05 In Blds < 58

./(initial slice

O<e<e <1

Where Main term Error term

Lemma 3.5.2 —% . %frro r(pa)dr Me+Me* +2C

InVB(Po) — InVB(Py)

In(@™)(Py) - In(a™ ) (Pp)

&5 In(pd) ~ 15 In(5é) (ro) 2¢

Lemma 3.5.3 (HTy -y)- %/rror(p"c"x)dr Me+C
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Where Target Requirement

Lemma 3.5.9 |9sva| |0sv2]| < €M |(05v2)(P2)| + '™ - Me +e'M . Ce < %ea

Section 3.5.3 CoMe, + CpCe < (VO_C,% - (yo)?

Note that the smallness of E (r(), the total variation of vy, v, will automatically imply the smallness
of ||(ds Ina(rp))|| .1 by the 6 in the constraint equation for (J; In @) (refer to the reduced Einstein
field equations) and the fact that the width W(rg) = zz — zz of the initial perturbation is finite.
Therefore, as long as the E(rg) is small enough, the term |1n(aﬁ)(P1) - ln(aﬁ)(P0)| will be
small.

Therefore, in the later section, we try to pose the following conditions on the initial slice for

s € zr, zr]:

v1(ro), va(ro) are perturbed but have a small total variation (small E(rg)).

0sv1(ro, s) has a large positive value for some s € (21, zp)-

Osv2(ro, s) is small for all s € [zr, zm].

(0sa(rp)) is perturbed based on the constraint equation. In other words, ||(dsIna(rg))|| 1

will be small since E (rg) is small.

 We do not perturb S for simplicity. In other words, B(ro, s) = B(ro, s) for all s € [zz, zu].

3.6.2 Construction of initial data
In this section, we try to construct a sequence of initial data that satisfies the above conditions
and works for shock formation. Firstly, we rewrite the constraint equation for (d; In @) in terms of

Riemann invariants v, v,. The original constraint is

S

(8sIna) = —2(1 +7v) - %(pa/) LN

B
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Based on the definition of vy, v, we have that

0 = %(eﬁ(vﬁvz) _ e—\ﬁ(VHVz))

V1 +62 = %(eﬁ(vﬁvz) + e—\ﬁ(vlﬂ)z))

(pa) = () (vi—v2)

Therefore, after replacement, we have
(OsIna) =

—2(1+7)- r. et (vi—v2) | ﬁ . (eW(V1+V2) _ e—W(V1+V2)) . 1(6\/7(V1+V2) + e—W(V1+V2)),
n Va 2

N =

or equivalently,
(o) =
C(14y) % L) | B %(eW(Vlﬂiz) B e—W(V1+Vz)) . (ew(vmz) +e—w(v1+vZ))_
This means that, if we impose the restriction of the perturbation of initial data that
* vi(rg) +va(rp) is an odd function
* vi(rg) — v2(ro) is an even function
* [ is an even function

with respect to s, we will get the right hand side of the above equation become an odd function and

therefore it satisfies that

[ @vmas =o.

which means we are allowed to solve for @ along the initial slice.

In conclusion, our steps for choosing the initial data are as follows.
o Fix reyr € (rs,10).
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* Fix yg > LB that depends on r;.

* Choose sufficiently small €, €, that may depend on r.,; and yq so that they satisfy all the

requirements in the above tables. Then derive €y, €,0.
« Construct the initial data for v{, v,, 8 accordingly. For simplicity, we let 8(ro) = 3(ro).
* Construct the initial data for @ based on the above constraint equation.

As an example about how to construct the initial data for v, v, verifying the above restriction, we
let z; = —1, zpy = 0, zg = 1, take a compactly supported smooth function P : [-1,0] — R of s

(where P for Profile) so that

d

— = LB

ds s:—%
d Rd
—P < LB, / —P‘ds <€, |Pll~ < e€o,
ds || ;. \ds

d €0
“p OH <2
Hds * LB

and construct functions y (49 y(even) of g 5o that
x4 (s)=P(s) Vse[-1,0], x"(=s)=-x"""(s) Vse[-1,1]

X(even)(s) =P(s) Vse[-1,0], X(even)(_s) :X(even)(s) Vs € [-1,1].

The construction implies that, on the initial slice, y(°® and y(¢"¢") have a large positive derivative

ats = —% while maintaining small total variations throughout the slice (see Figure 3.11). Next, let
Vi = V) + %(X(odd) +X(even))

(odd)

_ X(even))

R 1
= + -
V2 =V2 ) (X

B=B.
Notice that the definition of v| and v, implies that dyvif, ,_( 1) = 4
-8)=(ro,—3

implies that

> LB
(r.9)=(ro.~

Yo = ef 051
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In addition, for dv,, we have
O0sva(ro,s) =0 Vs e [-1,0],

which verifies the requirement for boostrap to guarantee the smallness of |05v,| on the left of the
initial slice (refer to Lemma 3.5.9). By finite speed of propagation property, we know that |95
remains pointwise small on the left of the interesting region, but we do not know what happens to

|0sv2| on the right part (see Figure 3.12).

Finally, observing that on the initial slice v{+v, = x°? is an odd function compactly supported
ins e [-1,1] and vi — vy = (V| — V1) + x(¢"" is an even function which is equal to (v, — 1) at

s = —1, 1, we see that it verifies the restriction of the initial perturbation stated above.

(odd)

Figure 3.11 Construction of y(°%) and y(€vem.
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|8.v,| small

HF

T Feutr Zm

Figure 3.12 We apply Lemma 3.5.9 on the blue region €2
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CHAPTER 4

STABILITY OF RELATIVISTIC FLUIDS ON FIXED BIG BANG SPACETIMES
This chapter aims to prove the stability of specially relativistic fluids on a fixed Big Bang spacetime,
the metric of which derived from Section 1.2. In other words, we consider only Euler equations

instead of Einstein-Euler equations.

4.1 The model problem and its homogeneous solutions

Our model problem is the relativistic Euler equations on a fixed warped product manifold B X, F,

where B is a 1+1 Lorentzian manifold endowed with the metric
g= —adr® +,8als2

and F is an n-dimensional Riemannian manifold representing the symmetry and regarded as a fiber.
The fluid variables (0, p) describing the underlying fluid are the primary variables of interest. In

this paper, we analyze the following main equations

a,(\/ﬁ-r”pﬁxh+92)+as(\/a-r"p%9) -0 4.1
a,(@~p%9)+as(va~p%V1+92) - 0. 4.2)

We proceed to establish the equivalence of Euler equations and our main equations. In the work
by Wong and An [2], they computed the curvature of the warped product spacetime B X, F' and

derived the Euler equations

in the fluid context, with the ultra-relativistic assumption p = yp as the equation of state. Here
0 < 4/y < 1is a parameter representing sound speed, p is the fluid pressure, p > 0 is the fluid

density, and ¢ is a unit timelike vector field defined on B representing the fluid velocity and therefore
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satisfies the normalization condition —a(£7)? + B(£%)? = —1. Since the metric components «, 3

are fixed, we parametrize & by the scalar unknown 6 € R satisfying
Vag =V1+62, e =6.

We regard (6, p) as fluid variables and they are the main unknown functions of (r, s) in this paper.
Expanding the definition of divergence div, and exterior derivative d, we have an equivalent system

as our main equations.

Remark. It is interesting noting that, the fixed fiber F does not play any role in our main equations.
Its scalar curvature SU however is involved in Einstein-Euler equations as considered in Chapter

3.

In a future work, we are able to classify all physical, spatially homogeneous solutions with a
big bang singularity that solve the above Euler equations. It turns out in the fluid (0 < y < 1)
and positive blowup time (r,. > 0) case, we have the following asymptotic behavior for the metric

components
Assumption 4. We assume that the metric components «, 3 satisfy
a(r),B(r) >0 Vre (r.,ro]

lim a(r) =0, lim+ﬁ(r) =0

rorf
lim 0, InB(r) = oo,
r—orf
where r, > 0 is the big bang blowup time. Geometrically, we are assuming 0, is a Killing vector

field and the geometry has a certain asymptotic behavior when approcahing the big bang.

In order to better understand the Euler equations, we impose the spatial homogenity on the
unknowns (6, p) and analyze the equations. Assuming both 6 and p are independent of s, the
equations reduce to a coupled system of ordinary differential equations and read, after integraing

with respect to r,

\/E-r”p#\/l+92:C1
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\/E.pﬁgzcz_

If 6 is nonzero initially (6(rg) # 0), we have C, # 0 and thus

6 = 2 -p I+y
VB
Solving the inequality V1 + 62 > 6, we have
C 1 1=y
_ . 2 p 1+y

G . rit
and thus conclude that p remains bounded above for r € (r,,rg] since r, > 0and 0 < y < 1.
This further implies that 8 blows up at least in a rate ﬁ This rate plays an essential role in the

remaining paper.

Remark. These homogeneous solutions with 8 # 0 have no general relativisitc counterpart. In
[28], it was observed that the spatially homogeneous Einstein-Euler system forces & to be parallel
to 0, (or 8 = 0). This extra rigidity is a feature of Einstein’s equations when large number of

symmetries are present, and is what enables the full classification performed in a future paper.

4.2 Dynamical Stability of homogeneous 6 # 0 solutions

In this section, we will establish the stability of homogeneous 6 # 0 solutions with large enough
0(rp). Specifically, given any metric components «, 3 satisfying the Assumption 4 and given any
ro > r., there exists a lower bound (depending on @, 3, ro) for 6(rg) so that the homogeneous
solutions with 6(rg) greater than the lower bound are stable. In particular, shocks do not form

before the big bang.

4.2.1 Evolution equations
We begin by transforming our main equations (4.1) and (4.2) to evolution equations. Our
equations form a hyperbolic system on the (1 + 1)-dimensional Lorentzian manifold B; therefore,

the method of characteristics is applicable. As indicated in [15], one derives the following equations
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after performing a standard diagonalization process

(6r+/116s)(%1n (V1+62+0) +%lnf)

Vi

i{(_%.%@—?)(@Mﬂﬁ)—@(@olnr}} (4.3)

F

(6,+/126S)(%1n (V1+62+6) —%mf)

18
:%{(_Z' 1 92+¥)(eolnﬂ)+¥(eolnr)}. (4.4)
T Ve "
F,

i va V146246 va  —\yV1+62+0 1 1
— 1+ [ S A — = X .\ — = — = —
Here f = p™, A4 B iy’ A R We use e ﬁa, and e \/Eas

to denote an orthonormal frame on B. This system of equations describe the evolution of the two
Riemann invariants vy, v, in two different directions (9, + 119y), (9, + A20;). Since the coefficients
in Ly, L, involve the unknown 6, one may ask whether this system satisfies the analogous genuinely
nonlinear condition defined in [15]. The answer is no. Indeed, as &6 — oo, the derivative of the

eigenvalues vanishes hence breaking the genuinely nonlinear requirement.

4.2.2 Strategy

Our strategy divides the time interval (., o] into two subintervals (7., riql, [Fmid> ro] and per-
forms two different tasks in each interval. r,,;; is a parameter depending on the metric components
@, 3 that will be chosen later but is expected to be close to r.. In the first subinterval (r., ryq], we
argue that the largeness of 6(r,,;4) enables a bootstrap argument and thus stabilizes the equation
and prevents shock formation. In the second subinterval [r,,;4, ro], we apply the standard Cauchy
stability to find the appropriate lower bound for 6(r() to ensure the largeness of 0(r;4).

In order to execute our strategy, we have to estimate two quantities: the spatial derivative of

Riemann invariants (as indicated in [15]), and 6 (related to the heuristic above about how to break
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the genuinely nonlinear condition). For convenience, we denote the spatial derivative of Riemann

invariantsbya:el(%ln(\ll+92+9)+ﬁ1nf) andb:el( In (V1 +62+0) ——lnf)

4.2.3 Evolution equation for spatial derivatives ¢ and b
We start by taking a spatial derivative e; on both Riemann invariant equations and get the

evolution equations for the spatial derivatives a and b

_ 1—y 1 1 1-vy
_ar|X1a_( )2 \/5'1+02(a+b)a+1-(1+ Vo )2.1+02(a+b)(6,ln/3)
n 1 1 1
_77. G Trgp @t @)+ 5 a@np)
(1+\/1+92)
l—y 1 1 -y
-, b= . b)b + — - . b)(0,1
x (1- 22y Ve Tglatbb+g (1- 2222 Tyg2 @06 nf)
n 1 1 1
_77. S T @t )@ nr) + 5 b6, Inp)
(-3
where —8,|X = —(0, + 410;) is the first characteristic direction and —d, |X —(0, + 120;) is the

second characteristic direction. Observe that these two equations are coupled mainly through the

term ﬁ(a + b). If we assume the uniform bound for Tlgz(lal + |b|) and use the fact that the

1

coeflicients (1t )2 and (o )2 are both in the range from (1"'\/7)2 to (1—\/7)2’ we can regard
Vi+62 Vi+62

these two evolutions as linear ordinary differential equations along two characteristics and derive
an upper bound for them separately. This is the idea we will apply in the first subinterval (7., ,iq].

A crucial ingredient of this idea is that we have to ensure the largeness of 6 to make decay fast

1+ 92
enough and close the bootstrap argument.
4.2.4 Evolution equation for 6

Based on the previous paragraph, we have to investigate how 6 evolves in order to close the

bootstrap argument. After adding equation (3), (4), (5), we get

0 1 Vl 62 1
) (0 InB) —ny - (9, Inr) = 2+fy - i T+

- ba.
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Notice that here we recover the homogeneous non-physical solution asymptote if b = O:

1

0~ — asr—rr

VB

since r is assumed to be bounded and away from O (because r. > 0). Therefore, if we can argue

that the last term on the right hand side (the term involving —‘1;”02 -y/a) can be regarded as an error

term, we can ensure that the behavior of 6 is similar to \/LF at least when being close to the blowup

time.

4.2.5 Bootstrap argument for (r., 4]
In this section, we present our bootstrap assumption and try to incorporate this assumption into

the evolution equations we previously have derived. Our bootstrap assumption is

1+62(|a| + |b|) <M. 4.5)

We begin with deriving a uniform bound for the spatial derivatives of Riemann invariants |a| and

1],

Lemma 4.2.1. (Estimate for |a| and |b|) Assume the bootstrap assumption 4.5 holds with the

constant M. Then we have

1- "'mi .
lal+]b| < et M B N NB(mia)
VB

1 1- , 1 '
( sup |a|+ sup |b|+§'—yz'Mln(M)"'”V'—z-Mln(rm’d))
I=Fmid F=I'mid (1 — \/7) :8 (1 _ \/?) —r

forany r € (ry, rmial, where ry,;q is a parameter that will be chosen in the next Lemma.

Proof. As mentioned in Section 3.3, we try to incorporate the bootstrap assumption 4.5 to the
evolution equations for a and b and try to integrate the equations along the characteristics. Since
the computation for @ and b are mostly the same, we only perform the calculation for a here. From

the evolution equation of a, we have

(11_—72 M(8,1np)

-V

-y

(1-v9)°

<

I
|- 0], V@ Mlal+ 5 -
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+ﬂ . ;2 -M(@rlnr)+%- |a|(3rln,3)

2 (1-v7)
We integrate the inequality along X; direction, where X is the characteristic generated by the

vector field 0, + 110,

1
lal < sup Ja|+ - ——— -
rerma 4 (1= )

LN
T

t 1— 1
. /0 ((1__%)2.@.M+§<ar1nﬁ>)|a<rm,-d—t,xl<r)>|dr-

where ¢ = r,,;4 — r. By Gronwall’s inequality, we have the following estimate for |a|

= [ e Bia)

VB

(op oo b (B2 L b (2)),

A similar process along the other characteristic X, generated by the vector field 9, + 1,9 gives the

la] < e

analogous estimate for b and therefore the result.

Lemma 4.2.2. (Estimate for 0.) Assume the bootstrap assumption 4.5 holds with M. There exists

Fmid > T SO that 0 is increasing over (ry, rmiq| (meaning —(?r|X1 6 > 0) and satisfies

o1 s vy . OUmid) (IB(rmid))l_Ty ' (V_*)”V | 2VYRM [ adr

1+00rma)® P mid

B(rmia)
B

as long as 0(rmia) > 1. Here ranges in [1,00) and R = (supge[l’w) ““92),

0

Proof. Similarly to the previous lemma, we replace those terms in Section 3.4 involving T192 -b by

M based on the bootstrap assumption 4.5

V1 + 6?2

0 1—vy
—6,) In > (0, InB) —ny-(0,Inr) —2+4fy - | sup - My«
X (V1+92y) 2 \ (ee[l,oo) )

provided that 6 is always greater than 1. In order to preserve this § > 1 condition, we are

restricted to a region that is close to r,.. Notice that since «, 8 satisfy the Assumption 4 (meaning
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lim, _,,+(d, InB) = co, Y is bounded) and r. > 0 (meaning (, Inr) is bounded), there exists an

rmia SO that restricted to the time interval (r., 7,4, 6 keeps increasing, assuming 6 begins with a

B(rmid)
B

ranges in [1, ). This range will be used in the subsequent proposition. Returning to the inequality,

value greater than 1. In addition, we will make sure that r,,;4 is close enough to r, so that

we have

0
ln( 5
X W1+ 02

Integrating this inequality along X, we arrive at

-0, )21;y-(6,1n,8)—ny-(6,lnr)—2\/?-R-M\/a.

0  _ _ 00mia) (ﬁ(rmid))lTy . (r_*)”y o~ 2VTRM [ \adr
VIi+62  \T+00rma)? B Fmid

In order to isolate the desired quantity 6, we make use of the fact that & > 1 and get a lower bound

for 9:

o 5 VT mia) (BUwa)) (Yt [

T+ 00m? P rmid

With all the ingredients in this section, we now present the crucial argument in this paper.

Proposition 4.2.1. Fix a pair of metric components («, 3) satisfying Assumption 4 with positive

blowup time r,. > 0, and fix any bootstrap constant M > 0. Then there exist

Y'mid = rmid(M,')’) > T, 9511;' = QS’lle(M’ Vs Vs rmid) =1

(where LB is for Lower Bound) so that as long as the initial data of the solution to the main

equations (4.1), (4.2) satisfy

. LB
e inf,—, ., 60 >0
e sup,_, . la|+sup,_, |b| <M

we have that
1

1+62

(|a|+|b|) <M

always holds. In particular, when r € (r., riiq], since 6 remains finite, shock will not form.
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Proof. Assume the bootstrap condition (4.5) holds with constant M. By Lemma 4.2.1 and Lemma

4.2.2, we have
1+ 62 (|a| + |b|) < gy M N Vx-
(SUPypy (] + 151+ § - 72 - MIn(2) 4y - sy - M (P2
1+277 . (%)ﬁ Cx - (r:;d)f'z . o~ TRM [ Nadr
where x = % ranges in [1, co) from Lemma 4.2.2. Since

Vx + +/x In(x)
X

. . . oLB
is a bounded function for x € [1, o), we know that when 0%.3 ' 18 large enough, the term mid

in the denominator is large, so the right hand side of the above inequality will be strictly less than
M, which closes the bootstrap argument. The only remaining unproven thing is that 8 < oo for
r € (rs, rmiq]. This can be done using the evolution equation for 6 from Section 3.4

V1 + 6?2 1

0  1+62

0

V1 +62

Since the bootstrap assumption 4.5 holds, we have an upper bound

—(')rln( ):1;7-(6rlnﬂ)—nyv(6rlnr)—2\/?‘ bva.

0

V1 + 62

with R defined in Lemma 4.2.2. Since the right hand side is finite (but not bounded) for r €

—0,ln( )S 1;)/-(é‘,lnﬁ)—ny-(6,1nr)+2\/?RM\/E

(s, Ymia], 0 remains finite, and therefore
la] + |b] < M(1 +6%)

implies the boundedness of the spatial derivatives. O

4.2.6 Bootstrap argument for [r,,;4, o]
In this section, we apply the standard Cauchy stability for hyperbolic system in the time interval

[Fmid>ro]. Specifically, we have
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Proposition 4.2.2. Given any ro > rpiq > rs, any 6%” ', = 1, any homogeneous background solution

LB
Gmid’

(Bhomos Prhomo) satisfying the Euler equations (4.1), (4.2), with 0pomo (Fmia) > and any width

Wo > 0 of initial perturbation defined by

Wo = {8(r0) # Bromo(ro) .
there exists e > 0 so that as long as
lla(ro)llz= + 16(ro)ll L~ < €0,
we have ||a(rmia) |l g« |b(rmia)|l;~ are finite and
O(rmia) > H,ffd.
Proof. We will use a bootstrap argument here. Our bootstrap assumption is
la(r)llze + 16|~ < €

N0 |z < 110homo ()|l + 1

for r € [rmia, ro] and for some 0 < € < 1 that will be chosen later. Using the evolution equations

for a, b derived in Section 3.3, we have

1 - 1 1 1- 1
|~ alga s —2— Va0 lal 4 g — L (] + DD (@ )
1+ 755 1+ 755
ny 1 1 1
HF g el @ ) + el g
Vi+62

< Ci-(2e) - la(P)llp= + Cr - Na(r)ll e + [16(r) | )

where Ci = C1(SUP,e(r,,.y.r0] V¥ SUPser,aro] (Or I B), SUD, [, 1 (d,InT)). Integrating this in-

equality along X, we have

al < a0l +361 [ (Nl + 160 s ),
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and therefore

la)lze < ol +3¢1 [ (la) e + 1501 Jar.

We can derive the analogous inequality for b, which together with the above inequality leads to
ro
(la(r) e+ 1) ) < (e + b0l ) +6C1 [ (lale + 160l )
According to the Gronwall’s inequality, we arrive at an L™ control of the derivatives

(Na@llze + 16z ) < (alo)llzs + 1B o)l e
<€ e6Cl("O_rmid)'
This means that if we choose the upper bound ¢ of the initial perturbation to be sufficiently small

depending on € and C;, we can ensure (|la(r)|| - + ||b(r)|l;~) < %e, an improved estimate for a

and b. For 6, we have

10(F) = Bromo (1)) < / 10,61ds
tr=r)

= / V1 +62|(05v1) + (05v2)|ds
{r=r)

< / V1 +62(|0gv1] + |05v2|)ds
fr=r)

<N+ Oono) + 12 VB [l +b1)ds

< \/ 1+ (Ohomo(r) +1)* - VB(r)e - W(r)

where W(r) is the width of {a # 0} U {b # 0} and is uniformly bounded during r € [r;q, 70] by
finite speed of propagation (due to the uniform bounds of eigenvalues |1;], |12| < %). We proceed
to ensure the largeness of 6(r,,;4). If we choose € so that

1
SUPre[rymia.ro] \/1 + (Qhom(’(r) + 1)2 “NB(r) - W(r)

€ :min{l,

N =
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we can improve the estimate for 6 and thus close the bootstrap argument. In order to ensure the

largeness of 8, we do the same computation

2
|9(rmid) - Hhomo(rmid)| < \/1 + (Hhomo(rmid) + 1) ’ Vlg(rmid)e ' W(rmid)
but this time we choose € to be even smaller so that

1
|9(rmid) - Qhomo(rmid)l < E(Hhomo (rmid) - ei?d)’

whic implies that 6(r,,q) > 0L8 o

mid*
Lemma 4.2.3. The solution (0, p) satisfying the conditions both in Proposition 4.2.1 and Propo-
sition 4.2.2 exists in W,
Proof. By the finite speed of propagation, we have

1+y

[In p(r) = 1In Promo (7)| S'/{ )

1
<~ Bl + ol ) - W)

which is finite (but not bounded) in both r € (r,, riq] and r € [ri4, ro] cases. 0, |al, |b| are also

05 (vi — v2)lds

bounded as shown in the previous propositions in both cases. O

4.2.7 Main Theorem

Our main theorem in this paper is

Theorem 4.2.1. Fix a pair of metric components («, B) satisfying Assumption 4 with positive
blowup time r,. > 0 and ro > r., and fix any constant M > 0. Then there exists 953 so that the
homogeneous solutions with 6y, (rg) > 983 are stable. More specifically, there exists €y > 0 so

that as long as

lla(ro)ll= + b (ro)llL~ < €o,

shock will not form and the solution exists in W' before the blowup time r = r.,.
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Proof. By Proposition 4.2.1, there exist r,,;; and Gﬁlf ', so that the homogeneous solutions with
Ohomo (rmia) > 058 are stable. Since the homogeneous solutions satisfy a system of ordinary

differential equations, there exists a corresponding HéB so that the homogeneous solutions with

Ohomo(ro) > 083 implies pomo (Fmia) > 055 ';» and by Proposition 4.2.2 (for [r;4,70]) and Propo-
sition 4.2.1 (for (r., rpiq]), they are stable. The W claim is from Lemma 4.2.3. O

Remark. This theorem states that the homogeneous 6 # 0 solutions are dynamically stable as long
as the angle 6 between the fluid velocity and time direction —0, is sufficiently large. Intuitively, as
long as the homogeneous fluid drives away from time direction far enough, the blowup rate of 0
beats the mechanism for shock formation, thus preventing the occurrence of shock. Notice that the
largeness of 6 is essential in our proof when we improve the bootstrap estimate in r € (1., r'miq]
region. We introduced the parameter r;q to ensure the monotonicity of the fluid variable 6 and
the metric component B in the (r.,rmiq] region, relying on the asymptotic behavior described in

Assumption 4.
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CHAPTER 5

STABILITY OF MEMBRANE EQUATIONS
This chapter aims to prove the global existence of membrane equations for sufficiently small initial
data. This is a separate work from previous chapters.

Membrane equation is a historically interesting problem. In Euclidean space, it describes a
membrane minimizing the area with a given boundary, while in Lorentzian spacetime, it represents
the world sheet of an extended object without external force (see [12]). This paper aims to prove
the global existence of the Lorentzian-type membrane equation

mifaju
0; : =0 5.1
\/1 +m 0, udpu

for sufficiently small initial data, where (x0, x!, x%,x3) = (1, x',x2,0) represents the coordinate for
R'2 x T! and m¥ is the component of the Minkowski metric (including T! as a periodic space
variable)

m = —dt* + d(x")? + d(x*)? + do°.

Previously in Lindblad’s work [20], he proved the global existence for small initial data on clas-
sical Minkowski spacetime R'", where he used the vector field method, proposed by Klainerman
[18], to achieve the global existence of membrane equation with space dimension greater than 1 for
compactly supported initial data. We record the main ideas in his proof and address the difference

between his strategy and ours.

The vector field method is to use the appropriately chosen weighted vector fields to gain the

decay of derivatives. The general strategy of this method is
1. applying prior inequalities involving

a) the energy of weighted vector fields (acting on the unknown u),
b) the pointwise bound of the derivatives of u, and

¢) the nonhomogeneous term from the differential equation being considered, and
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2. running the bootstrap argument to argue the boundedness of the energy, and thus the bound-

edness of the derivatives of u.

According to the well-known criterion for the global existence of quasilinear wave equation, it is
sufficient to have the boundedness of |Ju| + |0%u| to ensure the global existence (where d may be
0y, 01, 02, or dy in our case). To close the bootstrap argument, one has to bound the nonhomogeneous
term by energy with an appropriate decay so that the integrand becomes integrable. In Lindblad’s
argument, he uses three different inequalities: two energy estimates and one L*-L' estimate. He
also makes use of the null structure of the Lorentzian membrane equation to close the bootstrap
argument.

In order to apply the estimates mentioned above, Lindblad commutes the membrane equation
with A’ and derive an equation for (JA’u, in which the right hand side consists of terms falling into
three catogories: terms that are multilinear in u, of divergence form, and of null form. Here A’

may be the composition of
('),, 8x1 5 eees 6xn

S =10+ inél-
i=1

Among these vector fields, the dilation field S is an obstacle for generalizing the strategy to our
case R1? x T! since there is no naturally analogous dilation field on T!. In order to resolve this

issue, we observe where Lindblad uses this dilation field. The L*-L! estimate
lw(t,x)| <C(1 +1+ |x])~"=D/2

> /OIHAIF(S, WA +s+IDEDE| ds+c(figel.

[I|1<n—1

requires the dilation field to work. Another place involving S is when he takes advantage of the
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null structure of the membrane equation, the estimate

106, )] < C(1+1+ )7 (10g1IAY] +Agl10y])

also requires the dilation field to be one of the vector fields A. Based on these two observations,

we can not directly apply the same argument to R!"> x T! case. Instead, we only use
O, 09, L' =18; +x'0,, 1<i<2

to form a Lie algebra and apply the vector field method. Notice that Q;; can be expressed in
terms of L' when ¢ # 0. In addition, we foliate the spacetime region lying inside the future light
cone (¢t > |x|) with the hyperbolic curves (> — |x|> = const). This was introduced by LeFloch
and Ma in [19] where they established the global well-posedness of nonlinear wave equations and
Klein-Gordon equations on R'*3. This foliation helps us capture the decay along the ¢ — x = const

direction and enables us to close the bootstrap argument.

Another related work is Ifrim and Stingo’s paper (see [14]). In their work, they proved the
global existence for a coupled Klein-Gordon equation on R"? with small data. In their paper, they
dyadically decomposed the spacetime region {(t, X) | It —|x|| St+|x], ¢ > O} and used the constant-
time-slice energy to bound the weighted spacetime energy. The relation between their equation
and our membrane equation is that, by expanding our solution in Fourier series with respect to 6:

u=y . u,e and plugging this into our main equation (5.1) (see Lemma 5.1.2)
(1 +m®8,udpu)m” ,0;u = m™*m’' 84 udud;d;u,
we would arrive at

2
2
U xttn — n7uy + Z ( — O, Oslip, + Z OjUp, 0jltn, — (N1N2) Uy, Up,
ni+ny+n3i=n j=1
2
X (Dt,xun_z - (n3) un3)

2 2
= > ((9,un,8,un28,2un3 =2 Oyt Oyt Oy0tty + Y Ditt, Djttn, 00ty

ni+ny+n3=n Jj=1 i,j=1
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2

+ zatunl (n2)un2 (n3)6tun3 - 2 Z aju(nz)unz (n3)aiun3
j=1

+ (n]nzng)umunzun3

This can be regarded as a strongly coupled system of Klein-Gordan and wave equations on R!-2.

In this paper, we are going to show the global existence of (5.1), which is recorded in Theorem
5.5.2. In section 2, we begin with the setup for the geometry of the spacetime and computation of
geometric quantities that are involved with the energy. In section 3, we prove the global Sobolev
inequality, which plays an essential role in this paper to derive the desired decay. This proof is
parallel to the proof in [28]. Section 4 works for all the derivative estimates we need later, using the
global Sobolev inequality and the exploit of the null structure in the Lorentzian membrane equation.
We treat 97u specially because our energy only involves d;u but no 92u. Section 5 establishes the
comparability of the two versions of energy introduced in Section 2. Section 6 shows the energy

estimate using the divergence theorem and the bootstrap mechanism.

5.1 Geometry and Energy
We will use the coordinate (¢, x! X2, ) to represent the points in our spacetime throughout this
paper. In order to adapt the hyperboloidal foliation method, we parametrize the spacetime region

lying inside the future null cone, {(t,xl, x2, 9)||x| < t}, with (7, p, ¢, 0):

t = 7 cosh(p)

x! = 7 sinh(p) cos ¢

x% = tsinh(p) sin ¢,

where 7 € [2,0),p € [0,00),¢ € [0,27),6 € [0,27). The following Lorentz boost vector fields

would be used in this paper.

L' =10, +x'8, = (cos $)0, — (coth p sin ¢)dy

L? = 13 + x>0, = (sin $)0, + (coth p cos ¢)d.
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Notice that the latter expression only works for p > 0, but L', L? are well-defined even when p = 0.

We introduce a basic computation for the inverse matrix.

Lemma 5.1.1. Let g;; = m;; + ;ud;u, then

ij _ i ik jl
g’/ =m STE (m m ﬁkuﬁlu) .

Proof. Let M, G be the matrix representations of m;;, g;; respectively, and let v be the column

vector representing 0;u. Then we have G = M + w! and, by the Sherman-Morrison formula,

MwITMm

Gl=M- _
1 +vIMy

which gives g'/. O

This metric g plays a role since our main equation can be rewritten using g with a much simpler

structure than (5.1).

Lemma 5.1.2. The equation (5.1) is equivalent to

where g;; = m;j + 0;ud;u.
Proof. From the definition of [],, we have
Leu = gija,-aju - gijFl.’;.aku.
To calculate the second term on the right hand side, we calculate Fl.kj first.

1
ij - ngl(aigzj + ;i1 — d18ij)
1
= 58" (B1(Oudju) + 0;(Bud) = 0/(6udju))
_ ki
=g 01”((9,’6]%),
which implies

Ogu = g7 (8:0;u) (1 — g dudyu).
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Observe that

1
1+ m0,udpu

gij(?,-(?ju =|m - (m"kmﬂakualu)) 0i0ju

— m"j(al-@ju) - mikmjlakualu(6i61~u)

1 4+ mo,udpu
is equivalent to (5.1) and

1

1+ maba uabu (mikmﬂ&kualaiuaju)

gijﬁiuaju = mijaiuaj~u -

is never 1, where o = mijaiuﬁju. m]
Remark. Lemma 5.1.2 implies that u could be regarded as a wave map. See [27] for more details.

Using the Minkowski metric m;; and the dynamic metric g;;, we can define the corresponding

tensors

i

. . 1
Q’j[u;m] = m’kaku(?ju - Ea[u;m]éj

i i 1 i
Q' [us g1 = g™ dpudju - S0 [us 816},

and currents

NI [u;m] = Q' [u; m) X7 &,

M (us gl = Q' [u; g]1X7 3,
where

olu;m] = mijaiuaju

olu; gl = gijaiuﬁj~u.
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To apply the divergence theorem, we note that the divergence of the current (¥)J is given by
divg (M07) = Dgu(Vju) X7 + V¥ ju¥; X7 - %VkquuViXi. (5.2)
If we plug 9, into X, the above expression simplifies to
div, (“’01) = Ogu(Vyu) + (VuV ;u)l — %(vkuvku)r;ft.
Since are going to apply the divergence theorem on
{(t,x",x%,0)|r0 < T <71},

which is bounded by . = {(¢,x!, x%, 0)|/t2 — |x|? = 7} with T equals 7y and 7 respectively, we

define our energy to be

Eclu;m]? =2 / () J[u; m], 8 ymdSm
z

Enlus gl =2 / (9 [ g]. i),
o

Eu;m] = Z E-[L"8)u;m]

[y1l+lyal<s

e lusgl = ), &L ug]

lyil+ly2l<s
where 7 is the future-directed normal vector of I'; with respect to g. In section 5, we are going to
establish the comparability of the energies with respect to m and with respect to g. In other words,
we will be able to ensure the smallness of derivative of u and thus smallness of g;; — m;;.

Observe that we can complete the square for the integrand in &, [u;m]:

(9 JTu;m], o)
= (Q'(8:) 8, cosh(p)d; + sinh(p) cos ¢pd,1 + sinh(p) sin ¢d,2)

1
= (—V’uV,u + 50’) cosh(p) + (V!uV,u) sinh(p) cos ¢ + (V>uV,u) sinh(p) sin ¢
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= % ((Vtu)2 + (Vlu)2 + (V2M)2 + (V@M)z)) COSh(p)
+ (VquV,u) sinh(p) cos ¢ + (VouV,u) sinh(p) sin ¢

2
1 inh 1 inh
== cosh(p)Vlu+—Sln () cos pViu| + = cosh(p)Vgu+—Sln (p) sin pV,u
2 \/cos

2 \/cosh(p) cosh(p)

1 1 1

+5 Vou)? + = cosh(p) (Vou)?

ZCOSh(p)( ) 2COS (0)(Vou)

! 1 12, 1 1 o, 11 , 1 )
~2 Lul™+ 5 ————|L7u|" + 5 Oiu|* + = cosh(p)|Bgu|*,
277 cosn(p) = U 2 cosnp) E U 2 cosnpy 11+ 5 cosh(p) 9eul

where the V above denotes the connection with respect to the Minkowski metric m;;.

5.2 Sobolev inequality

The following theorem is mostly following the analogous one in [28].

Theorem 5.2.1. (L®-L? estimate.) Let | € R. Then
(@080 St 2coshp) Y [ (coshp)![L79) fPdvols,
yil+lyal<2 ¥ =
Proof. We discuss two cases separately.
Case l: p < % In this case, we are going to apply the standard Sobolev inequality with the metric

hy (on X;), where

hi = dp® + sinh(p)?d¢?* + do*

hy =72 (dp2 + sinh(p)2d¢2) + d6>.
By the Sobolev inequality, we have

|f(T’p’ ¢a 9)|2 SJ Z / |V7f|}211dv01h1
ly|<2 YN{p<2}

< |IL"10)” f2dvol,,
Z LTﬂ{p<2} 0 1

[y1l+y2]<2

=772 Z / L anglzdvolhT
yil+yal<2 ¥ Ee0p<2}

~ v~ 2 cosh(p)~1™! Z / cosh(p)![LY'8)* f*dvoly.
yil+lyal<2 ¥ E0te<2)
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where the reasons are as follows. The second < is because

1
|Vf|%1 = (0,f)* + m(a¢f)2 + (0o f)*

<|L'fP+I|L*f1> +100f
and

VYV f1;, = (h)* ()Y £(8;,8;)VV f (k. )

S D, ILarsr

~Y

[yil+y2]<2

The =~ is because we are focusing on a compact region (of (p, ¢, 8)).

Case 2: p > %. In this case, we are going to use the metric /g instead, where
ho = dp* + d¢* + d6*.
By the Sobolev inequality,

£ (7, p, ¢, 6) cosh(p)"/? sinh(p) /|

2
<> / )VV (fcosh(p)l/zsinh(p)l/z)‘ dvoly,
|'}/|§2 ZTﬂ{p>1} ho

~ Z / cosh(p)’ |V7’f|%lo dvoly,

Y / cosh(p)! [LY18)* f| dvolp,
[yi [+l <2 ¢ 0 P> 1)

=772 Z / cosh(p)l|L716g2f|2dvozh,,
yi[+yal<2 ¥ 200> 1

where the reasons are as follows. The = is because we exclude an open neighborhood of p = 0,

and thus sinh(p) and cosh(p) are comparable. The second < is because

IV f17, = (0o 1) + (86.f)* + (86.1)°

< LVFPP+ L2 f* + |00 f)?
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and

IVV£1;, = (ho)™ (ho) (80, f)(0x0.f)
< D IarfR.

[y1l+]y2]<2

5.3 Estimate for derivatives

Lemma 5.3.1. We calculate the following three terms in this lemma.

m8,udpu = A -1

y 1
ml]aiaju = —maﬁ,u + B

mikmjlﬁkualuaiﬁj-u.

Proof. Using the identity d; = 1 L7 — x%@, fori = 1,2, we have

t

2 2
1 . !

m 8,udpu = —(8u)® + Z (—L’u - )ia,u) + (Ogu)?
i=1 ! !

2 2 -
1 1, . 1xt .
= (Ou)*+ —|Lu> -2 —Z(L'udu) + (8gu)?
oG 00"+ 2 Il =2 3 35 L) + (B
=A-1,

2 . .
.. 1 . l 1 . t
m'l &,0;u = —8,0,u + Z (;L’ - ’%a,) (;L’u - )%ﬁ,u) + Bygu

i

= —0,0u+ Z ( LiLiu - ——L O — ——8,L’u + )i’iata,u
1xl . 1 xi i 1 xtx
_ ;t_leu p - ——6‘,u) + 0gOgu
= ! 9,0 2 IUL’ L’(? 6L’ a
~cosh(p)? ' [u+2(t2 ot ,u——— Ty tu)
i=1
+(9969M
1
= 0,0u+ B
cosh(p)? it

102



and
ik, jl _
m'""m’ 0rudjud;o;u =

2 . .
1 . ! 1 . !
atuatu(atazu) - 22 aﬂ/l (;Llu — x?@;l/l) (;Llatu — x?@[aﬂ/l)

| . 1. X | x/
i, _ T i O P Zri_ Zyd, 2
+Z( L'u Gtu)(tLu tﬁtu) ((tL t@;)(tLu t@,u))

i,j=1

xl

2 .
1 1 i
— 20,udgud, dgu +2 Z (?L’u - ?@u) B (;L’@gu - ’%a,agu)
i=1

+ aguaguagagu

2 (1. xt 1 . x/
+ Z (?L’u - 7(9,u) (;LJM - 7(9;14)
| . 1x/ Xl ;
([_2(L le/t) - ;T(L 8,u) - 7;((9;1411/!)

J
———L — —(0; 0 +——L] ———8
17 u ( ij — ) U 77 u 1 2 tU

1xt xix xi1 xtx/ )
201 . 2 xi
— 20,udpu (8, 0pu) +2 ; > Liudgu(L'0pu) =2 Z; ——L'udyu(3dyu)

2[x[?
2 O,uagu(é?,agu) + 6911(9914(09691/!)

2 .
1x* ;
-2 El ;76,u69u(L’69u) +
1=

1 1x 1 xix/
8 2 —0 Ll ___Ll Lj (92
T i 2 Z u E . u ) (320)

+C,
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where

A = A(t,x, O, Lu, gu)
B = B(t,x,0u, Lu, LLu, LO;u)

C = C(I,X, O, Lu, LLu, Lo;u, Ldgu, 0;0pu, 09891/!).

Remark. By the notation above, we could simplify the equation g/ 0;0ju =0, or

.. 1 . .
Uo0:u = K 0, udyud; 1),
" i 1+m“b6auﬁbu(m m” Oudiud;o;u)

to the following identity

—8 B
cosh(p)2 " )

1xi 1 xix/
= (0%u 24 —OuL'u + ———L’uL/u +C.
( ) h( )4_| tU | COSh(p)ZZ t Z
The point is that, since our energy does not involve second derivative with respect to time, we need

the main equation to help control Gtzu. Therefore, we solve for afu.-

AB —
tu = cosh(,o)2 ¢ . (5.3)

212 1 2|UM|2 + |Ogu|? + cosh(p)? lJ | tlz Xt’ xt’ LiuLiu

We begin with estimating pointwise upper bound for derivative with at most one 9;.

Lemma 5.3.2. We have

1
|LY10,6u| < ;STSS[u;m]
IL"'0)*L'u| < & [u;m]

1

L)/la)’Za < SSS :
| b doul S tcosh(p) © Lusm]

for|yi|+|y2l +3 <s+landi=1,2.
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Proof. Using the global Sobolev inequality Theorem 5.2.1, we have

1 1 o
L0 0u)? < — ILY102 L 8 6,u|*dvol
o ~ 12 cosh(p) g o
/<2 Y E P

2
1 1 ’ “ 1 ’ 4
S5 2 /( OL7 O + | s LTl
T i=1

72 cosh(p) cosh(p)

ly]|+ly5I<s
1 2

IA

1
582 [u; m]?,

where we use [L', 0;] = —0;, [L', 0;] = —0;;0, and 0; = %Li - x%(?,,

; 1 ’ y' : 2
L0 Liu|* < — / |L"18)2LY 07 Liu|*dvol
0 T2 |7’|*;7§|<2 s, cosh(p) 0 0
s <

1 oy,
< — L7180 ul*dvol
Z Z s, T2 cosh(,o)| pul"dvo

and

1 Y 2
|L716;'289u|2 S / cosh(p)|L71692L716g269u| dvol
72 cosh(p) |y;|;y§|sz ol

1 )

=—— cosh 0gL710,*u|"dvol

2 cosh(p)? § /2 (0)|0g L7186, ul
lyil+lyyl<s © =7

1 <s

< . 2.
~ 12cosh(p)? Lum]

Now we proceed to estimating the pointwise upper bound for second derivative with respect to

time. This requires the following bootstrap assumption, which we will assume from now on.
Bootstrap Assumption. Our bootstrap assumption is

EXu;m] < e (5.4)
for Tt € [11,12], where 2 < 1| < 1y are arbitrary, and 0 < € < 1 and s will be chosen later.
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Lemma 5.3.3. If U,u = 0 and u satisfies the bootstrap assumption 5.4, then

|L”&L”@L”6?u|§

COSh(p)st[u; m
-

for |y| +4 < s+ 1 and € sufficiently small, where |y| = |y1| + |y2| + |y3| + |yal.

Proof. From Remark 2, we have a pointwise estimate for 6t2u:

|AB - C|

212 1 2|Llu|2 + |Ogu|? + cosh(p)? lj | tlz Xt’ Xt’ LiuLiu
|

AB
< cosh(p)zll—

|07 u] = cosh(p)2

4 2
P

< cosh(p)?|AB - C|

when € is sufficiently small, where the first < is because of the bootstrap assumption 5.4. Using
Lemma 5.3.2, we find that

1
AB-C < ——&>[u;m],
TCOSh(p) Lz m]

which gives the result when |y| = 0. To deal with the case |y| > 0, we observe that

L6} 0%l Scosh(p)? | |L719)*(AB-O)|
[y |+ly”’ 1<yl

Lo 1
’ 1+22 1 tzlLlu|2+|(99bt|2+cosh(p)2 Lxf Xfo Liu

i,j=1 271

Since |y|+4 < s+1 and AB — C involves at most the second order derivatives, we get the pointwise

estimates
Y 1
L"8*(AB - C)| < ————&[u;m],
L’yl 872 1
11492 i2 2 2 Lxixd g
+ Xy FILul + 8pul? + cosh(p)? X7 | A 5% LiuLiu
1
< 585 [wm]
T
when |y”| > 0. This implies that
cosh(p)

IL"0)*07u| < ——=E= [u; m].
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To do induction on |y|, we observe that

LY O,L"8,L70) u = L"" L L9} 0fu + LY 6,L"[8,, L"*]8)"u
+ L0y, L”L”]ﬁg“atu.
Since [9;, L”?] and [d,, LY2L??] are linear combinations of 9; and 9; = %Li - XT"at, and they decrease

the order of the derivatives, the result follows by induction hypothesis with the aid of Lemma

5.3.2. m|

Remark. The operator L' preserves the decays % and xT' which means that

v (3] = j0Lns i)

t

and
i x/ i
L= r) S 1L+ 111
It also preserves cosh(p)? by the following way:
L (cosh(p)z) < cosh(p)?.
Proposition 5.3.1. Let s > 5. If Ugu = 0 and u satisfies the bootstrap assumption 5.4, then

1
é | ([Dg,L“'agz]u) (6,L(”6§2u) ldvol < 7_—28§s[u;m]4

or any |a| = |a1| + |az| < s, where the implicit constant depends only on s.
y la| = lai] + |az] here the implici depends only
Proof. We decompose the bracket first.
(L1052, Oglu = [LV35%, m" 8;0;1u + [LV 357, (g — m'7)3;0;]u.
The first term on the right hand side vanishes since
(LK, m" 3;0,] = [t0y +x*0,, -0} + 07 + 33 + 07 = 0.

The second term on the right hand side is

La'l [0%) _1
1 +md,udpu

k.l
) m'“m’" O udud;oju
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-1 ik jl a
— ! Ok udud;0; (L 9,*
(l+m“b(9au(9bu)m m? Oududid;( o)

The first term is of the form

N 372

‘ (1 + m“_ba uﬁbu) L7y (mm ! Oudud;dju).

By Lemma 5.3.1, the last part becomes

1 2 1x! 1 x' x/
v3QYalf—— 2, = i Ixxl )
L 60 ((COSh(p)4 |atu| * COSh(p)2 Z atML u+ Z L uL )(at ”) +C).

If the %u absorbs the highest order of derivatives, the integral (neglecting the C term for the

moment) would be bounded by

/;8“ u;m |Us(974a2 ‘l@,L‘”'@“zuldS
s_12 cosh(p)?

1 ] 1
< —SSS ;m]? / ———|L%39)*%u|?dS / L4 0y ul>dS
<ot \/ 5 coshipyt 00O 5 coshiey *H %0t
4

1
< =& [usm]*,
T

where we use (5.3) to replace 97u and Lemma 5.3.2 at the last step.

If the 6%u does not involve the highest order of derivatives, the integral (again, neglecting the C

term), according to Lemma 5.3.3, is bounded by

2
1 4 / 1 ’ ! . h
/z 7 cosh(p)? (|L7369746tu| * Z ;|L73854Ltu|) COST(p)‘STSS[M;M]zlatLalagzuldS
‘ i=1

2
1 1 Ly 1y
= =& [u;m)? / L3 0|+ Yy =|LY30)*Liu|||6,LY 0%ul|dS
2% Ll s, cosh(p) (| o0t ;Tl oIt

1 <sr,,. 2 3 Y. 2 )7 2
< —287 [u; m] J/X cosh (o) (|L738 O +Z—|Usa “Liul2| dS

i=1
O L9y uld
\//z oy L

< —28<s[u m]*.
-
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Considering the C term, the integral is bounded by

2
1 , ’ 1 ’ 4 ,
585 [uym)? ('Lysa”a,ul £ —|L73674L’”|) |0: L% 92 uldS
) T ) 2] 0 0

/z, 72 cosh(p) o

1 < % 1 @
+ | =& Tu;m]? (eosh(p)|LV3)*dgu|) | —=10,L"0"*u|| dS
/z, 72 ( 0 ) vcosh(p) t i

1 4
S ﬁé’fs[u;m] :

where we use the Holder inequality again as above.

Remark. In the above proof, the term

-1
L?’laﬁ
0 ( 1+ mab(')au(')bu)

is bounded by a constant depending only on s when € is sufficiently small.

Proposition 5.3.2. Let s > 5. If Ugyu = 0 and u satisfies the bootstrap assumption 5.4, then
, , 1
/ |V’ijvFl.Jt|dvol < —28§s[u;m]4
s, T

and

: 1 ‘
/ VAoV v |dvol < —28? [u;m]*,
P T
where v = L*3,°u, 0 < |a| < s, and V is the connection with respect to g.
Proof.
i J _ ik L7
VvV vl = g 0kvd;v 58 (0ig1r + 0181 — 01gir)

1 . .
= Eg’kg-’lakvﬁjv(ﬁi(aluatu) + 0, (Budu) — 3y (Sudu))

= g""gf’akva,-v(a,-a,u)a,u

Using Lemma 5.1.1, we could decompose the above expression into four terms:
mikmjlakvajv(ﬁi(?,u)(?lu
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I l. |
(_ 1+ me8,udpu Pmkqapuaqu) m?! 0vd;v(8;0u)

. 1 ~
" (_1 + mabaauabumf’m”aruasu) OO

1
14+ mo,udpu

mI"m'S 8,udsu| 0xvd;v(8;0,u)oyu.

1 i k
(l + mabaauabum o qa,,uaqu) (

The last three terms have the desired estimate from the following naive estimates:
|
0ul < =85 [usm],
T

where du denotes d;u, O1u, dru, or dyu.

For the first term, we have the following expansion:
mikmjlﬁkvalv(aiatu)ﬁju =

2 . .
1 . x/ 1 . x/
(0,v)2(8%u) By — Z; O,y (;LJV - 78;\/) (62u) (;qu - T@,u)
J:

2 . .
1 . ! 1 . !
- Z (—L'v - i@,v) oy (—L‘(Gtu) - )iafu) Oiu
P t t t t

o (L o) (v - Za) (Lo - 2ot (Lriu- o
+Z ; v—T,v ; V_Ttv ; ([l/t)—7 U ; M—T U

i,j=1
— Ovgv(07u)dgu — Bpvd,v(pdyuu) dyu

) , .
1 . X 1, x'
+ Zl (;L’v - 7&\/) Opv (;Ll(aru) - 7@2”) Ogu

2 . .
1 . J 1 . J
+ E Ogv |=-L’v — x—a,v (0gOu) | -L'u — x—atu + DgvOyv (0yO;u) Ogu
‘a t t t t

= (2u)| ———(8,v)*6u
( t )(COSh(p)4( t ) t
2 . .
1 S 1 x/ 1 : 1x/ 1 ,
+ Z (——Za,vavLju + —x——za,vL]vé?,u + —x——z(a,v)zLJu)
T\t t t cosh(p) t t cosh(p)
2 1xi 1 2 xi . . . 2 1 Xi .Xj i i
+ ) —— L'vovou ——L'vL'vLlu+ ———L'vL’'vou
; t t cosh(p)? s i; 31 I_JZ;I 2t !



2 2
1 l . l l
— 0;vO0pvOgu — Z ;)%L’vagvagu + Z )%)%atvagvﬁgu)
i=1 i=1

2 .
| . 1xt .
Z t—levatv(Llatu)atu + Z ;7(6;\/)2(14[0;”)61‘1/!
i=1

1 . i 1 . J 1 . 1 . J
(—L’v - iétv) (—Lfv - x—@,v) (—(L’(?,u)) (—L]u - x—@;u)
t t t t t t t

2
i=1
2
+ )
ij=1

xl

2
1, 1 .
— Dgv,v(9gdyut) dyu + Z (—L’v - —8tv) gV (—L’(a,u)) gt
P t t t
2 1. X/ 1. X/
+ Z Ogv (—L]v - —(9,\/) (Og0Oyu) (—L]u - —ﬁtu) + OgvOyv (0yO;u) Ogu,
=) t t t t
where we combine the terms in the parenthesis after 9°u due to its extraordinary decay. Using
Lemma 5.3.2, Lemma 5.3.3, and the Holder inequality, we have proved the first inequality.
Similarly,
. 1 ..
viver, = ooy 8" (0181 + igi; — 0;8ir)

1 ..
= Eg”gkl&v[‘)kv(61-(6]-u6,u) +0;(Oudju) — (?j(ﬁiuﬁ,u))

= gV g" o v(9;0,u)du.
It could be decomposed into the following terms:

m"]‘mklﬁlvakv((?iatu)aju

! / / l
(—1 n mabaauabumzpmlqapuaqu) m* 8y v (8;0,u)0u
g 1 '
" (_ 1+ m“baau(?bumkrm“aruasu) O (i) by

1
1+ m0,udpu

1 o
( m’pm”(?pu@qu) (

1 + mabaauabu mkrmlsaruasu) 8[‘)8[(‘/(81'8[1/!)0]‘14.

As above, the last three terms have the desired decay. To deal with the first term, observe that

2 . .
1 . x! 1 . x!
m* ooy = —(9v)* + ; (;L’v - 7(9,1/) (;L’v - 7&\/) + (9gv)?
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1
= ——(8tv)2+—(|L v+ L) - 22——L VO + (9gv)?

cosh(p)?
and
1 i
m'l (:0,u)du = —(92u)dyu + Z ( Li(8u) - —02 ) ( iy — ’ia,u)
P t t
+ (agatu)agu
2 .
Ixt
_ 2 i i i
_ m(a ) Oy + Z —(L'8u)L'u - 2 ——(L'0u)dyu
- Z (Bzu)L’u + (8pByu) Dy
Using Lemma 5.3.2, Lemma 5.3.3, and the Holder inequality, we obtain the desired decay. O

5.4 Energy Comparability
In this section, we aim to show the comparability of the two types of energy. The main reference

s [1].

Proposition 5.4.1. If u satisfies the bootstrap assumption 5.4, then E=°[u;m| and E=*[u; g| are

comparable for2 < 1) <7 < 1.

From now on, we would always assume the bootstrap assumption 5.4. In order to prove this
result, we need some geometric computations. In this section, we denote the matrix associated to the
metric g;; by G, the matrix associated to the metric m;; by M, and the vector [v0;+v101+v20:+v30p]
by
Vo
V1

V2

V3

We begin by deriving the explicit expression for normal vectors on X, with respect to m and g.
Lemma 5.4.1. For each surface X, the normal vectors with respect to m and g are

[ﬁm] = M_lw



where

[ cosh(p) -
sinh(p) cos ¢

sinh(p) sin ¢ .

0

Remark. w/M~1w = —1.

Proof. From

7 sinh(p)
7 cosh(p) cos ¢
7 cosh(p) sin ¢
0

and
0
—7 sinh(p) sin ¢
7 sinh(p) cos ¢
0

we could check that [8,]7 G [7ig] = 0 and [8,]" G [#,] = 0. Furthermore, [7ig]7 G[iis] = —1 implies

that [7i,] is the desired (past-pointing) normal vector. O

Note that the bootstrap assumption 5.4 ensures the negativity of w G~!w. Intuitively, when the
€ in the bootstrap assumption 5.4 is sufficiently small, w” G~'w will be close to w” M~'w = —1, as
proved in the following lemma. From the definition of (X)J, we have
—V’thv - %(Vkkav)-
[(3’)J[v;g]] _ \ARAVAY
VZyV,v

VOVVZ‘V
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With the aid of Lemma 5.4.1, we are able to compute the product:

- T 1 —
—-w W

1 1
5(vav,v — VIV v = V2uVap — VO Vgv) (= cosh(p))

V-wlG-lw

+ (V'vV,v)(sinh(p) cos ¢) + (V2vV,v)(sinh(p) sin ¢)),
where the connection V is with respect to g.

Lemma 5.4.2. Let v = L*'0,?u, where |a| < s. Then

5r . -
<( )J[V7 gl ng)g

and

(O Jvim], B

are comparable provided that the € in the bootstrap assumption 5.4 is sufficiently small.
Proof. We are going to show that
1. wI'G~'w and w' M~'w are comparable.
2. The two versions, with respect to g and m, of
%(V’vvtv — VIV iv — V2uVay — VO Vyv) (= cosh(p))
+ (VvV,v)(sinh(p) cos ¢) + (V2vV,v) (sinh(p) sin ¢)
are comparable.

For the first claim, observe that

1

ik jl
- m"“m’* (Orudju)wiw ;
1 4+ mo,udpu /

|wTG_1w - wTM_1w| =
1

< &5 [usm]*(cosh(p)?)
T

< &5 [u;m]?.
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Using the fact that w/ M~'w = —1, we establish the first claim. For the second claim, by using
Lemma 5.1.1, it is sufficient to show that the following terms (approximately the difference of the

two versions) are relatively small compared to the m version:

1
(E(mtkm”lakualuapvatv - m”‘m"lakua,ua,,valv - mzkmplﬁkualuapvazv)

x (= cosh(p)))
+ (mlkmplakualuﬁpvc?,v) (sinh(p) cos ¢)

+ (mkaplﬁkualuﬁpvatv) (sinh(p) sin @),

which is bounded by

cosh(p)

S8 [ m P (18,2 + 1010 + |02y + 1 gvI?)
.

up to a constant. On the other hand, the m version is

1
5(—|0tVI2 —|01v[* = 182v]* — |8gv[*) (= cosh(p))
+ (01vdyv)(sinh(p) cos @) + (G2vI;v)(sinh(p) sin ¢)

cosh(p) ([8,v]> +101v]* + |02v]* +8gvI*)

N —

=

1 . .
-3 sinh(p) (10,v12(cos? ) + 9rvI? + [,y (sin’ @) + |27 )

s 1
4 cosh(p)

(18:v]* + 181 v[* + [820]* + [Bgv ).
Therefore, as long as E=*[u; m] is small enough, the second claim holds. m]
Remark. In the above proof, we use a rough estimate

|

0u| S =& [u;m],

T
where 0 may be 0y, 01, 03, or 0y. This is a rough version of Lemma 5.3.2.
Lemma 5.4.3. The two versions of volume form,
dvol(s. )
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and

dvol (s .m),

are comparable provided that the € in the bootstrap assumption 5.4 is sufficiently small.

Proof. We will denote the column vector
5[1/[
61 u

62 u

Ogu
by v, as in the proof of Lemma 5.1.1. Observe that

det G = det (I + v M)M)

= (1+ v Mv)det(M)

and
T ab 1 <s
v Mv| = |m® 0udpul < =& [u;m],
T
we have the desired result provided that E5*[u; m] is sufficiently small. O
Proof of Proposition 5.1. It follows from Lemma 5.4.2 and Lemma 5.4.3. m|

5.5 Global Existence
We now prove the energy estimate that is essential to our paper. We argue that the integrand in
the divergence theorem can be estimated by an integrable function of 7 over [2, c0), and thus prove

the claim.

Theorem 5.5.1. We have the energy inequality

max EX°[u;g] < | &5 [us g] + max E[u; g]?
TIST<T) TISTED

forany n > 1 > 2.
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Proof. Letv = L*'9;?u with |a| < s. We have

1 1
565 [vigl? = S&x [vigl?

- /2 ()], 7ig)edSg — / (O], 7ig)edS,
™ T

1

7 1
- div (0 ]) ——4S.dr
‘L /ZT § \Y _<VT’ VT)g ¢

%
T po

Té 1
§/ —Zst[u;m]4dT
T
7

. : 1 .
Ogv(Vev) + (Vv V0T - z(vkvvkv)r;t dSgdt

for every 71 < 75 < 5. The first < follows from the fact that

(Vr, V1), = gi-/H[TajT
1
1 +m2d,udpu

. 2
- _1- ( ! ) ((a,u)2 (Cosh(p) - M)

— mijaiTajT — ( ) mikmjlakualuaiTajT

1 +md,udpu cosh(p)

C(2x] |x]? 2x/ Lxtx)
+Z;((9tu)(Lju) (7—1‘—27 +Z t—z? L'ul’u
]:

~ —1

provided that € is small enough, the second < follows from Proposition 4.1 and Proposition 4.2,

and the last < follows from Proposition 5.1. This implies that

max & [u;g]* < 8§S[u;g]2+ max E[u;g]*),
TIST<T) TISTST)

which gives the desired result. O

It is clear that in the above proof, the implicit constants for < do not depend on 7, thanks to the

integrability of le Therefore, we have the following corollary. There exists a constant C, > 0 so
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that the energy inequality

max EX*[u;m] < C; (SZSS[u;m] + max & [u;m]?
2571 251

holds for every 7, > 2.

Theorem 5.5.2. There exists an €y > 0 so that the equation (5.1)

m’jaju
0; =0
\/1 + mklakualu

has a global solution in R x T' provided that

&> [u;m] < e.
Proof. 1t is sufficient to show that there exists an € so that
E=[u;m] < 2Cse
for 7 > 2 since if this is true, Lemma 5.3.2 and Lemma 5.3.3 imply that
|00u| + |0u| < E=*[u;m] < 2C;se,

where 0 may be d;, d1, 0, or 0y, and therefore the solution can be continued according to the standard

local well-posedness results. To show the boundedness of 855 [u; m], it is sufficient to show that

max EX'[u;m] < 4Cse
2<1<™)

implies

max E>*[u;m] < 2Ce€.
2<7t<m)

If the € is chosen to be small enough so that € = 4C¢ satisfies the small requirement in all the

previous lemmas and propositions, we have (by Corollary 5.5)

max E=[u;m] < Cs(eo + (4Cse0)?)
TISTST)

< CS(EO + EO)

provided that
1
43¢c3

Therefore we close the boostrap argument. O

2
€ <
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CHAPTER 6

CONCLUSIONS
I will summarize my progress and compare our results with others in this chapter. My work is
restricted to warped product spacetimes.

In Section 1.2, we consider the homogeneous Einstein-Fluid equations with the equation of
state p = yp where 4/y is the sound speed within 3 ranges : y = 0 (dustcase), 0 < y < 1 (fluid case),
and y = 1 (stiff-fluid case). In each case, we classify all the physical solutions that have a Big Bang
singularity and derive the asymptotes of the unknowns close to the singularity r = r,. In the fluid
case, r, may be positive (r, > 0) or zero (r. = 0, such as the Friedmann-Lemaitre-Robertson-Walker
spacetime).

In Chapter 3, we investigate the stability of those r,. > 0 homogeneous solutions under nonho-
mogeneous, compactly supported perturbations on the initial slice {r = ro}. We proved that there
exists a sequence of initial perturbations that goes to 0 in W' so that each perturbation generates
a shock before the Big Bang r = r,. In other words, these r. > 0 homogeneous solutions are
unstable.

In Chapter 4, we consider Euler’s equations in a special relativity setting. That is, we do not
consider the full Einstein-Fluid equations; instead, we only focus on half of the system, dropping
the feedback from fluid variables to the metric. We assume the metric is a fixed function of time,
and consider the dynamic evolution of fluid variables. Surprisingly, these r.. > 0 models are stable
under this special relativity setting. This means that the mechanism for generating shocks not
only relies on the structure of the fluid equations (specially relativistic fluids), but also involves the
evolution of metric components (Einstein-Fluid equations).

In Chapter 5, we investigate the stability of the membrane equation, an equation for the vanishing
mean curvature. We consider the space R'? x T! involving a compact factor T' and apply the
standard vector field method with the modification for T!. It turns out the extra compact factor
does not hurt the integrability of the coefficients and thus the energy remains small throughout the

time, estabilishing the global existence.
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Regarding the stability of the Big Bang, in [24], Rodnianski and Speck proved the stability of
Friedmann-Lemaitre-Robertson-Walker spacetimes with certain topology, governed by Einstein-
scalar field equations. In [11], Fournodavlos, Rodnianski, and Speck proved the stability of Kasner
solutions, governed by Einstein-vaccum or Einstein-scalar field equations. In both papers, they do
not consider Einstein-Fluie equations.

For the shock formation trend, Riemann introduced the concept of Riemann invariants in [23].
He considered an isentropic fluid with the plane symmetry and used the Riemann invariants to prove
that shocks can form from smooth initial data. In [15], John proposed a more general condition,
genuinely nonlinear condition, as a sufficient condition for shocks to form for a one-dimensional
hyperbolic system without source terms. He used the total variations of the unknowns to control
the solution and used the Riccati structure to prove the existence of shocks, which is introduced
in our Chapter 2. The first clear picture about specailly relativistic fluids was established in [6]
by Christodoulou. He provided sharp sufficient conditions to generate shocks for 3-dimensional
relativistic fluids and geometric information of the boundary of maximally extended classical
solutions. In [22], Rendall and Stahl proved the existence of shocks for a large class of solutions

governed by Einstein-Fluid equations under plane symmetry.
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