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ABSTRACT

Chapter 1: Robust inference in short linear panels with fixed effects with endogenous covari-
ates in a spatial setting
In this chapter, I propose a simple way to obtain robust standard errors in linear panels in a spatial
context with endogenous covariates where the number of time periods is small relative to the cross
sectional dimension. The method is based on applying a Spatial HAC to an average of moment con-
ditions across time to obtain a covariance estimator that is robust to both spatial and serial correlation
(HACSC). I also present a control function approach (CF) alternative to estimate the parameters
and extend the HACSC estimator to this case, where the standard errors require an adjustment to
account for the sampling variability induced by the first stage estimation. In addition, I derive the
Fixed Effects-Random Effects equivalence under a Correlated Random Effects framework in the
presence of a spatial lag of the dependent variable to obtain a fully-robust Hausman-type test using
the HACSC estimator. I run a Monte Carlo experiment and show that the HACSC estimator is
robust to strong patterns of serial and spatial correlation. Furthermore, I also find that whenever
the CF assumptions hold, the CF approach is more efficient than Two-Stage Least Squares. Finally,
I estimate the effect of school district spending on the performance of fourth-grade students in
Michigan, allowing for spillovers across districts. I find that the expenditure from neighboring
districts has a positive and non-negligible impact on test passing rates.

Chapter 2: Estimation of models with spatial panels and missing observations in the
covariates
Missing data problems are more serious en spatial models with spillover effects as the efficiency
loss induced by using estimators that only use the complete cases is larger. In this paper I present
a GMM estimator that uses the information on both the complete and incomplete observations for
models with spatial spillover effects and missing data on the potentially endogenous variables to
obtain potential efficiency gains. I also derive the Fixed Effects and Random Effects equivalence for
spatial panels with missing data and I also develop an alternative GMM estimator in this Correlated

Random Effects framework. The Monte-Carlo simulations show significant efficiency gains of the



GMM estimator compared to estimators that only use the complete cases.

Chapter 3: Estimation of models with multiple fixed effects and endogenous variables: a
correlated random effects approach
The inclusion of multiple individual heterogeneities and time effects, more commonly referred as
“fixed effects,” is a common practice in panel data. A common approach to deal with these is to
estimate the model using the fixed effects estimator by applying the within transformation, which
has the disadvantage of removing all the variables that are constant across one of the dimensions
of the data set. An alternative method to estimate the model is the correlated random effects
approach using the Mundlak device, which restricts the dependence between the heterogeneities
and the covariates in a particular way. In this paper, I show that the fixed effects estimates can
be recovered using the Mundlak approach in models with three sets of heterogeneities and in the
presence of endogenous variables. Furthermore, I prove that this equivalence can be obtained using

two different sets of covariates.
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CHAPTER 1

ROBUST INFERENCE IN SHORT LINEAR PANELS WITH FIXED EFFECTS WITH
ENDOGENOUS COVARIATES IN A SPATIAL SETTING

1.1 Introduction

The assumption of independent data is widespread in empirical economics since it simplifies
many of the estimation methods. However, in many fields such as international trade, urban
economics, public policy or even network analysis, this assumption might not hold since the
outcome variable of an individual might be affected by other observations’ actions, which leads
to (spatially) dependent data. Furthermore, many of the tools used to develop the asymptotic
theory behind popular econometric methods such as the Central Limit Theorem and Law of Large
Numbers often rely on independent and identically distributed (i.i.d.) data. This facilitates both the
estimation and inference, but if this assumption is violated, then the latter becomes more difficult
even if the parameters are estimated consistently.

Additionally, the increasing availability of data sets over time has increased the popularity
of panel methods in recent years as they allow to incorporate time effects and to estimate richer
models. Nevertheless, they also introduce complications because the presence of unobserved
heterogeneity could generate inconsistency problems both in the parameters and standard errors
if it is not properly handled. When combining both spatially dependent observations and panel
data, inference becomes more challenging since the error term can be both serially and spatially
correlated.

To address the spatial correlation, the literature in the field has usually resorted to assume
and model a particular structure of the error term, as it was common to do with time series data.
However, since the seminal work of White (1980), the common practice nowadays in the latter is
to use standard errors that are robust to general forms of heteroskedasticity and autocorrelation
(HAC). This procedure has been extended to the spatial framework (SHAC) by Conley (1999) and
Kelejian and Prucha (2007) in a cross sectional setting. However, to the best of my knowledge and

surprisingly enough, this has not been extended to the panel case where the time dimension is fixed



and the number of units of observation goes to infinity, even in the linear case.! Admittedly, there
are many cases in which the time dimension is also large, however there are also instances where
the number of observations across time is considerably smaller compared to the cross sectional
dimension.

This generates issues because ignoring the serial correlation could still generate biased standard
errors, even if the associated covariance matrix is robust to spatial correlation. Indeed, some of the
estimators that have been proposed in the literature and that have been implemented in software
packages only make the standard errors robust to one of these dimensions. For example, Stata is
a very popular statistical analysis package and one of the few routines for panel data in a spatial
context corrects the standard errors for spatial correlation, but assumes serial independence of
the error terms. The main purpose of this paper is to propose a simple way to obtain robust
standard errors in a linear panel that are robust to heteroskedasticity and both to spatial and serial
correlation (HACSC), without imposing any structure on the time dimension and using a Fixed
Effects framework with endogenous covariates. 1 also extend this procedure to the case of the
control function approach, where the computation of standard errors is more difficult due to the
presence of a generated regressor.

HAC estimators have been extensively used in the time series literature since they avoid having
to model the error term structurally, which can lead to inconsistency issues if that process is
misspecified. Newey and West (1987) were the first to extend White’s estimator to allow for general
forms of heteroskedasticity and autocorrelation. In the panel case, Arellano (1987) introduced
the panel clustered standard errors, which are robust to heteroskedasticity and autocorrelation but
require that the observations between clusters to be uncorrelated.

In spatial panels, multiple authors have made important contributions to the field, extending
many of the methods developed in the time series literature. For example, Driscoll and Kraay
(1998) presented how to deal with spatially dependent panel data in a GMM context by averaging

the moment conditions in the cross section dimension index, N. Their approach relies on holding

I'Perhaps one of the reasons is that econometricians assume that it is obvious what to do, but many methods make
strong assumptions in the time dimension like serial independence.



fixed N and letting time dimension 7" — oo. Vogelsang (2012) develops asymptotic theory for
linear spatial panels with fixed effects in a fixed-b framework by averaging HAC estimators and by
computing the HAC for averages as in Driscoll and Kraay (1998). In this case, the asymptotics
rely again in 7 — oo and allowing N to remain fixed or to grow. In a similar context Kim and Sun
(2013) proposed a bivariate kernel HACSC estimator, which requires that both the cross section
and time dimensions to go to infinity. Bester et al. (2011) suggested a cluster covariance matrix
that is applicable when the data is dependent in the context of time series, spatial and panel data.
More recently, Miiller and Watson (2022a) introduced a new methodology to construct confidence
intervals based on population principal components with the property that the resulting interval will
have a coverage probability of 95% for a set of spatial patterns in a cross sectional setting. Miiller
and Watson (2022b) extended this framework to spatial panels to cover estimation techniques like
difference-in-difference setups.

At the cross sectional level, Conley (1999) was the first to develop a Spatial HAC (SHAC)
estimator in a GMM context. His approach is based on the assumption that the data generating
process is spatially stationary. When working with dependent data and allowing N — oo, it
is common to assume some sort of weak dependence mechanism, analogous to the time series
literature, so that the influence of one observation on other units diminishes as the distance between
them increases. In this case, Conley assumes that the data is spatially a—mixing. Bester et al.
(2016) provide a fixed-b analysis of Conley’s SHAC estimator.

Kelejian and Prucha (2007) relax the spatial stationarity assumption and model the spatial
dependence in terms of a weighting matrix, arguing that having a different number of neighbors,
as it is common in empirical work, violates the assumption. In this respect, the notion of assigning
weights to different units based on their distance to a particular point has been used in many
fields. For example, in urban economics, McMillen (1996) used locally weighted regressions to
estimate the value of land in Chicago, where each observation is given a specific weight based
on its distance to the central business district. In the same spirit, in the geography literature the

geographically weighted regression uses a very similar concept to model the idea that there might



be spatial variability for models involving geo-referenced data (Wheeler & Tiefelsdorf, 2005). It is
important to note that their Kelejian and Prucha’s SHAC estimator is based on consistent estimates
of the error terms, but they do not provide any parameter estimation framework.

Kim and Sun (2011) generalize this estimator to allow general linear and nonlinear models using
moment conditions. Conley and Molinari (2007) performed a Monte Carlo study in which they
compared the performance of multiple covariance estimators with dependent data in the context
of locations measured with error and they concluded that non parametric estimators work better
compared to parametric ones such as GMM and maximum likelihood estimators. In this paper,
I follow Driskoll and Kraay’s approach, but instead of averaging the moment conditions over
the cross sectional dimension, I average the moment conditions over time and construct a GMM
estimator and then apply Kelejian and Prucha’s SHAC over the corresponding residuals. By doing
this, I avoid imposing any assumptions over the serial correlation and hence, construct a covariance
estimator that is robust to both serial and spatial correlation.

Beyond testing the statistical significance of the effect of a covariate on the response variable,
robust inference is also important when trying to choose the correct specification of a model.
More specifically, the correlated random effects (CRE) approach has been very popular in recent
years because it is a simple way to test between Random Effects (RE) and Fixed Effects (FE)
specifications and it allows to include time constant variables as noted by Joshi and Wooldridge
(2019). Furthermore, we can obtain the FE coefficients of the time varying variables by including
the time average of these on the right hand side of the equation in a Pooled OLS or RE regression, a
result attributed to Mundlak (1978). Debarsy (2012) was the first to extend the Mundlak approach
to the spatial setting. More recently, Li and Yang (2020) showed that when the model includes a
structurally modeled error term (which involves maximum likelihood estimation), the equivalence
holds conditional on the parameter associated with the error term, however, the equivalence breaks
unconditionally, i.e., when this parameter has to be estimated jointly with the rest of parameters. In
this paper, I show that the result holds in a specific setting; namely, if the model does not include a

structurally modeled error term.



One of the additional advantages of not imposing a particular spatial structure on the error term
is that some estimation methods become readily available such as Two Stage Least Squares (2SLS)
or a Control Function (CF) approach (Blundell & Powell, 2003) whenever the researcher suspects
an endogenous variable is in the model. In fact, adding a spatial lag of the response variable as
a covariate yields the spatial autoregressive model (SAR), a very popular model in this literature.
However, Kelejian and Prucha (1998) showed that this term induces an endogeneity problem, which
is why the researcher has to resort to an Instrumental Variable (IV) procedure. In terms of the
estimation of parameters, both 2SLS and the CF approach require the availability of instruments,
however one important difference is that the latter imposes additional assumptions and is therefore
less robust than 2SLS. On the other hand, if the assumptions hold, the CF allows to deal with the
endogeneity in a more parsimonious way if multiple functions? of the endogenous variable appear
on the right hand side of the equation and is probably more efficient (Wooldridge, 2010). Note
that this parsimony is relevant in the spatial case since it is common to include spillover effects in
the models and therefore, the likelihood of having multiple functions of a variable increases in this
context.

In a spatial setup, Basile (2009) and Basile et al. (2014) extended the CF to additive non-
parametric models. In terms of inference, Basile et al. (2014) recommends to use bootstrap to
obtain confidence intervals, a practice that is common even in the i.i.d. case. However, as pointed
out by Kunsch (1989), the independence assumption plays a critical role on the validity of the
bootstrap, so besides the computational cost, in a spatial context this is not a trivial procedure due
to the dependence between observations. Intuitively, if we just randomly sample the data in a time
series setting at each bootstrap repetition, the serial correlation structure would be lost and a similar
issue occurs in the spatial case. This is why different bootstrap methods have been proposed in
the time series literature (see Politis and White (2004) for a brief overview), nevertheless their

extension to the spatial case is not straightforward due to the absence of a natural ordering of the

2A well known result in the literature is that 2SLS and the CF give the same numerical coefficients if only one
function of the endogenous variable is in the model. This carries over to the spatial case under the settings outlined at
the beginning of the paragraph.



observations. Given this, it might be desirable to obtain a closed-form formula for the covariance
matrix when the empirical researcher is working with parametric linear models with panel data in a
spatial context. This paper tries to fill this hole in the literature by adjusting the HACSC estimator
to the CF setting. This adjustment is necessary because in addition to deal with the spatial and
serial correlation, it is necessary to take into account the sampling error induced by the first stage
estimation.

The rest of the paper is organized a follows. Section 1.2 discusses the model and the assumptions
used to obtain the estimator of the covariance matrix. Section 1.3 presents the HACSC estimator
and its asymptotic properties. Section 1.4 derives the FE and RE equivalence using the correlated
random effects approach in a spatial context. Section 1.5 presents an additional application of the
HACSC estimator under a Feasible GLS context. Section 1.6 presents the control function approach
and a discussion of the additional assumptions imposed in this context. Section 1.7 contains a set of
Monte Carlo experiments and Section 1.8 shows an empirical application of the HACSC estimator

using data from the Michigan education system. Section 1.9 concludes.
1.2 Model

1.2.1 Estimation of the parameters

Consider the following model?:

Vit = X1ieB1 + X212 + WiX1y1 + WiXoryr + AWy + ¢+ uyy

=xi B+ Wi Xpy + AW,y + ¢ + uyy, i=1..N,t=1...T (1.1)

where y;; is the dependent variable, xy;; is a 1 X (k| + 1), vector of explanatory exogenous variables
(including an intercept), x2;; 1s a (1 X k7) vector of endogenous variables. The sense in which x;;
is exogenous will be clarified below. W; is the i-th row of the N X N time invariant weighting
matrix W, whose diagonal elements are zero, X|; and Xy, are the N X k; and N X k> matrices of

exogenous and endogenous covariates, respectively, for all observations at time ¢, y, is the vector

3The model includes a spatial lag of the dependent variable on the right hand side for the sake of generality and
because this is a widely spread practice in the spatial literature. Nevertheless, it is important to emphasize that its
inclusion precludes the interpretation of (1.1) as a conditional mean function and also complicates the interpretation
of the coeflicients. As such, in some sections of the paper this variable will be omitted.



of dependent variables at time ¢, ¢; is the individual heterogeneity and u;; is the idiosyncratic error.
Hence B, v and A are the parameters of interest and they are of dimension (k + 1) X 1, k X 1 and
1 x 1 respectively. Throughout the rest of the paper, I assume that N — oo while T remains fixed.

We assume that there exist a set of instruments zy;; for xp;; of dimension [ > k; (so that W;Z,;
are the instruments for W;Xy;). As previously shown by Kelejian and Prucha (1998), the inclusion
of a spatial lag of the dependent variable on the right hand side also induces an endogeneity issue
for which we also need instruments. Kelejian et al. (2004) and Lee (2003) determined that the
optimal set of instruments for this variable is a sequence of the form W/ X, for j = 1...s, s € N (in
this case, we would only include higher power spatial lags of Xy;). If we let wi e le Xrsr =1,2,
and Joiy = WiZo, Air = (x1ie X2ir wWiur woir Wiy)and 6 = (8] B, vy; v, ), thenthe

model can be written more compactly as:
Yir = At + ¢i + Ui (1.2)

Since we are not assuming a particular structure for the error term, we can estimate the
parameters of (1.2) with the Fixed Effects 2SLS estimator. To do so, we can apply the within
transformation to all the variables, so let ¥;; = y;; — y;, where y; = %ZL vir and similarly for
the independent variables and the instruments. Then we can use Pooled 2SLS to the transformed
model

Vir = Ajr0 + iy (1.3)

using the instruments Z;; = (X1;; Wi Z2ir 32,-, v'f/%l.l v'{/i.[ . v'f/il.l). Note that all the individual

unobserved effects have been removed. To obtain consistent parameters, we need the following

orthogonality condition:
E(Ziiy) = Blgi(Z1,0)] =0, t=1...T (1.4)
which is implied by the stronger strict exogeneity condition:

E(ui|Z) = E(uyt|Z,W) =0



where Z is the NT X [(s + 1)k + 2] + 1] matrix of exogenous variables for all cross sectional
units and all time periods. We note that in this spatial setting, this condition is stronger than in the
non-spatial case because here we are conditioning the expected value of u;; with respect to all other
units and not only i’s independent variables (see Wooldridge (2010), pp. 301 for more details).
The g;,(Zj;, 6) function is of dimension (s + 1)k; + 2/ + 1 = r, hence for each i, there are T X r
moment conditions. Under this framework, we could use many more moment conditions because
our strict exogeneity assumption implies orthogonality conditions for each pair of time periods and
cross sectional units [i.e. E(Zitz'jjs), i,j=1...Nandt,s =1...T], however we will only use the
conditions implied by the FE estimator. Using a similar idea as Driscoll and Kraay (1998), for each

observation i we can average these moment conditions over time*, so let:
1
9i(Z,0) = = > g(Zis, 0) (1.5)
T
=1
From this, one can construct a GMM estimator, which will be defined as follows:

Q (1.6)

N N
. 1 1
6=min |~ > gi(Z.0 = 670
%?é‘[zv - 81(Z,0) N L 8i(Z,0)

where Q is a r X r positive definite, symmetric, weighting matrix. Admittedly, as noted above we
could estimate # by running Pooled 2SLS on (1.3), however, the GMM framework allows for more
generality. For instance, averaging the moment conditions over time for each observation can be
done in other setups different than fixed effects. Furthermore, this averaging might not be the most

efficient approach, but obtaining the optimal GMM in a two-step procedure might provide some

efficiency gains with respect to Pooled 2SLS.

1.2.2 Assumptions

The consistency and normality of this estimator can be obtained from a Uniform Law of Large
Numbers (ULLN) and Central Limit Theorem (CLT) derived by Nazgul and Prucha (2009) for non-
stationary random fields in a possibly uneven lattice. Before stating their assumptions, we need

some definitions. Let D ¢ R?, d > 1 be an uneven lattice and let p(i, j) = maxX<x<q |jx — ix| and

“Note however that Driscoll and Kraay’s case is based on having N fixed ant T — oo and they average across i for
all 7.



li| = maxj<x<q |ix|, where iy denotes the k-th component of 7, be a metric and norm, respectively,
of R?. The minimum distance between two subsets E, F of D is defined as p(E, F) = inf[p(i, j) :
i € Eand j € F] and let |E| denote the cardinality of a subset E € D. Other definitions used
throughout this section can be found in the Appendix.

We now state the assumptions required to obtain the consistency and asymptotic normality of
6. We note that the N subscript in the random fields and scalars of the assumptions are to explicitly
indicate that the ULLN and CLT can accommodate for triangular arrays, which are common in the
spatial literature and particularly in Cliff-Ord type models. However, for notation simplicity, it will

be suppressed in many sections for the remainder of the paper.

Assumption 1
The lattice D c R?, d > 1 is infinite countable and there exists a distance pg such that p(i, j) >

po Vi, j € D. Without loss of generality, suppose that pg > 1.

Assumption 1 provides the necessary structure to the lattice. Note that the existence of the
distance is essential in order to obtain non parametric estimators of the covariance matrix and it is
analogous to the time difference between observations in the time series literature. Furthermore, it
is possible that the distance observed by the researcher, between two observations i and j, p*(i, j),
i1s measured with error. Note that the existence and availability of this distance measure is not trivial,
even in the leading case of a geographical region. As shown in Figure 1.1, there are instances in
which using the linear distance between many pairs of points in that territory would not represent
the real burden to arrive from one location to another (e.g. driving), while there are other cases in

which this measure would be appropriate (e.g. pollution).
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Figure 1.1 Points in an irregular geographic region.

Now we state conditions related to the the g;(-) functions and Z; y, where Z; y represents an
a-mixing random field such that i € D. At this point, it is important to note that since we are
working with panel data and time averages for estimation purposes, the random field considered in

the assumptions is the one constructed with the time averages for each observation.

Assumption 2 (Uniform L; integrability)

There is an array of positive real constants {c¢; x} such that

lim sup sup E [|Zin/cinl’1 (|Zin/cinl > k)] =0

k—co N jeDy

Where 1(-) denotes an indicator function. Note that Assumption 2 allows for the possibility
of asymptotic unbounded second moments, however for the remainder of the paper we will focus
on the case of bounded moments, in which case we can set ¢; y = 1 Vi. The next assumption put
some restrictions on the a coefficients of the random field.

Assumption 3 (¢-mixing)
Let Q N = Q\Xi.n Jein|L(1Zin Jein|>k) denote the upper tail quantile function of
|Zi n/cin|L(|Zin/cin| > k) and recall that @,y (u) is the inverse function of @ (m) as in the

definition specified in the Appendix. The a-mixing coefficients satisfy:

1. hm sup sup fo amv(u) [Q( (u)] du =
k—oo N jeDy

10



m4=1ay 5 (m) < oo for k +h < 4.

1

N
A

3. @1,00(m) =0, (m™P~%) for some & > 0.

Under Assumptions 2 and 3.2 with k = & = 1 and letting {Dy} be a sequence of finite subsets
of D that satisfies Assumption 1 such that |[Dy| — oo as N — oo, a direct application of Theorem
3 in Nazgul and Prucha (2009) leads to the conclusion that

1 p
Dl Z Zin —E(Zin) > 0
ieD

Note that one could relax Assumption 2 to L; uniform integrability for the theorem to hold,
nevertheless, the below CLT requires L, uniform integrability. In order to apply this pointwise
WLLN to the g;(-,0) functions, we assume that these satisfy the regularity conditions specified
in Assumption A.1 presented in the Appendix. Given the fact that any measurable function of an

@-mixing process is @-mixing, the g;(Z; n, 8) also satisfy a pointwise WLLN, i.e.

1

DAl Z 8i(Zin,6) — Elgi(Zin, 0)] 5 0 (1.7)

ieD

With this Weak Law of Large Numbers, in order for the above GMM estimator to be consistent,
we need an Uniform LLN for which we need the additional regularity conditions on the g;(-, )
functions stated in Assumption A.2. Under these assumptions, we have the following proposition,

which is a special case of Theorem 2 in Nazgul and Prucha (2009).

Proposition 1. Let {D y} be a sequence of finite subsets of D that satisfies Assumption I such that
|IDn| — c0as N — coand let Qn(6) = ﬁ Yieny 8i(Zin, 0). Suppose (©,v) is a compact metric
space and consider a sequence of real valued functions {g;(Z; n,0) : i € Dy, N € N} satisfying
Assumption 2 and that for all 0 in O, these functions satisfy the WLLN in (1.7). Then

sup |Qw(0) —E[Qn(0)]] 5 0
0e®

11



With these tools at hand, define the following functions:

= <

= i(Z;,0 = i(Z;,0
N;g() N;g()

On(0) = Q

Q(6o) = E[gi(Zin,00)]" Qo E[gi(Zin,60)]

And suppose that Q KN Qo, where Q is a positive definite matrix. Recalling that E[g;(Z;, 0)] =
0 only when 8 = 6, the true population value, the following proposition summarize the conditions

under which the GMM estimator will be consistent:

Proposition 2. Suppose that all the conditions of Proposition 1 hold. Additionally, assume that (i)
gi(Z:,-) are continuous for all 6 € O, (ii) Q KN Qo, an r X r positive definite matrix and (iii) 0 is
the only vector for which the moment condition in (1.4) holds. Then Q () converges uniformly to

Q(6p) and § LR 0o, the unique minimizer of Q(0).

Note that since % Zi]\i 1 8&i(Z;, 0) satisfies the ULLN of Proposition 1 and o5 Q, the proof
of this proposition follows from Theorem 4.1.1 in Amemiya (1985). To obtain the asymptotic
distribution of §, we assume the following condition, which guaranties that the sum is not dominated

by any term.

Assumption 4

If we define 62 = Var(S,) and S, = Y,;cp v Zi.n. Then the following condition is satisfied:
liminf |[Dy|™'52 > 0
n—0oo
Under this assumption, Theorem 1 in Nazgul and Prucha (2009) ensures the asymptotic nor-

mality of the random variables Z;.

Proposition 3. Let {Dy} be a sequence of finite subsets of D that satisfies Assumption 1 such that
|IDy| = o0 as N — oo and let {Z; : i € Dy,n € N} be a sequence of zero mean real-valued
random variables that satisfy Assumption 2. Furthermore, assume that the random field is a-mixing
satisfying Assumption 5. Then,

F1s, 5 N, 1)

12



Once again, the previous proposition applies directly to the underlying random fields, however,
we need a result to for the g;(Z; n,0) functions. Assuming that the latter satisfy the standard

regularity conditions of Assumption A.3, the first order conditions for the GMM estimator are

1 & 1 &
— ) Vgi(Zi, 0 — i(Z:,0
[NZ; 081(Z:.0) N;m )

Taking a mean value expansion of the last term around 6 yields the following expression:

Q =0 (1.8)

gi(é) = gi(60) + Vygi(0) (é — 6p) + remainder (1.9

for 6 between 4 and 6 element-wise and where I suppressed the dependence of g; on Z; for notation

.

N
1
\/_N Z gi(Ho)] + remainder (1.10)
i=1

simplicity. Replacing (1.9) in (1.8) yields:

N ’ N
VNG - 6p) = - {[%Zvegi(é) Q %Zvegi(,é)
i=1 i=1

Q

| &
N Z Vogi(6)
P

Noting again that the Vyg;(6) preserve the mixing conditions, then

N
= Vogi(B) L E[Vagi(60))
i=1

by the WLLN above. Since g;(6) is continuously differentiable, by Slutzky’s Theorem, the first

term of (1.10) converges in probability to

’ -1
{[E(Vogi(60)]’ Qo [E(Vegi(60)]}
Furthermore, by the CLT,

N
T D80 = 0p(1)
i=1

Therefore, taking the probability limit of (1.10), we obtain
A , -1
VN (6~ 60) = ~ {E [Vogi(60)] QE [Vogi(60)1}

E [Vogi(60)]" Q0 +0p(1) (1.11)

|
\/_ﬁ Z gi(6o)
=1

4 N0, C’0)
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where
C’ = {E [V4gi(80)]" QE [Vsgi(60)] }_1 E [Vegi(60)] Qo
and

2 =E[gi(00)8i(00)'] = Var[gi(6o)] (1.12)

Note that for the cases considered in this paper, C is just a matrix of data, so we do not need to
estimate it. On the other hand, we need an estimator of the variance of the moment conditions, which
we present in the next section. From an empirical implementation point of view, it is important
to note that this GMM framework includes the simple estimators mentioned at the beginning of
the section as special cases. For example, in the case of A;; containing only exogenous variables,
then the GMM reduces to the same solution as estimating (1.3) with Pooled OLS. If A;; has some
endogenous variables like in the model (1.1), and assuming that we have a set of instruments Z;,
then the Fixed Effects 2SLS can be obtained from the GMM estimator by setting Q = 7’7, where
Z is the stacked NT X r matrix of instruments. Furthermore, we would need that the well known
matrices of these estimators are of full column rank and to converge in probability to non-singular
finite matrices.

Another empirical consideration is the specification of the weighting matrix W since in the
model, the dependence of the outcome variable on other observations is generated by this matrix.
In practice, there exist different ways to specify W. For example, one could assign weights as the
inverse of the distance between two observations and set to zero the weights after a threshold or use
a k-neighbors scheme. When dealing with geographic units, one could assign an equal weight for
all the units j that share a border with unit i (rook type) or if they share an edge or a vertex (queen
type) like in Figure XX, or even assign an equal weight to all other units in the sample (see LeSage

and Pace (2009) for a discussion on weighting matrices).
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Rook type weighting scheme Queen type weighting scheme

1 2 3 4 5 1 2 3 4 5
6 7 8 9 10 6 7 8 9 10
11 12 14 15 11 12 14 15
16 17 18 19 20 16 17 18 19 20
21 22 23 24 25 21 22 23 24 25

Figure 1.2 Rook and queen type weighting schemes. On the rook type scheme, if W is row
normalized, only units 8, 12, 14 and 18 will receive a weight of Al, in row 13. Analogously, if a
queen type scheme is used, units 7, 8, 9, 12, 14, 17, 18 and 19 will have a weight of % in row 13 of
w.

Nonetheless, some of these specifications might violate the assumptions stated in this section.
In particular, recall that we are working with an @-mixing random field, which implies that the
dependence between the observations decays as they are farther apart. In this respect, it is clear that
assigning an equal weight to all other observations violates this assumption. In a similar fashion, a
k-neighbors pattern might not satisfy the a-mixing condition in cases where there are isolated units
(e.g. a unit located alone in an island). Note that these restrictions to W also apply in cases where
the distance measure is of economic nature or derived from a network perspective (e.g. degree of
centrality).
1.3 The HACSC estimator

To obtain robust standard errors, recall that because for each observation we took the time
average of their corresponding moment conditions, essentially we are working with a cross sectional
problem. The idea is therefore to apply Kelejian and Prucha’s (2007) estimator of the covariance
matrix in this context, for which we need consistent estimates of the error terms. Analogous to the
time series literature, their estimator requires a kernel function K (-), which will provide weights to
the covariance terms entering the sums. In principle, only the covariance of observations that are
close relative to some distance measure will receive a positive weight, while observations that are

far away will receive a weight of zero. In other words, this function will operationalize the weak
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dependence assumption between observations to the error terms. Note however that this kernel will
provide weights at the cross sectional dimension and not across time. To fix ideas, the researcher
will need to choose a distance p; such that p, — oo as N — oo that will play the role of the
truncation lag in a time series context. The next assumption imposes additional restrictions on the

kernel function.

Assumption 5

The kernel K : R — [—1, 1], satisfies the following conditions:
1. K(0)=1
2. K(x) = K(—x)
3. K(x) =0forx > 1
4. |K(x) — 1| < cglx|**, |x] < 1 forsome agx > 1 and 0 < cg < oco.

As pointed out by Kelejian and Prucha (2007), Assumption 5 is satisfied by many kernels
such as the rectangular kernel, Bartlett, the triangular kernel, among others. The next assumption

imposes some structure for the error terms.

Assumption 6

The N X 1 vector of errors is generated as follows:

u=Re (1.13)

where the € is a N X 1 vector of i.i.d. random variables with mean 0, variance of 1 and E[|g|?] < o0
for ¢ > 4 and the R is a N X N non-singular unknown matrix whose row and column sums are

uniformly bounded.

In light of Assumption 6, recall that although theoretically we are working with a cross sectional

problem because we took the time average of the moment conditions, the underlying structure of
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the data is a panel. In this sense, (1.13) can also be seen as an average, so for each i, we have:
Uil

uip=| (1.14)

where it t-th row of u; is:

t
Uir = Z Ri,s‘gs
s=1

and R; is the i-th row of Ry, a matrix with similar properties than R defined above, at time s.
This implies that in each time period, the disturbances will depend on other unit’s disturbances,
past own values of disturbances, and past values of other unit’s disturbances. In other words,
this structure allows for both spatial correlation and serial correlation, “spatial serial” correlation
and heteroskedasticity. Nevertheless, the uniform boundedness condition for R guaranties that the
correlation between units is restricted at the cross sectional dimension, analogous to the time series
case. Given the distance pp, we can denote with v; the number of pseudo-neighbors for i:

N

vi= ) 1p*G, ) < ps]

j=1

and let v = max; v;. In words, v; denotes the number of units j that are at a distance less than p,

from unit i. The following assumption is related to v.
Assumption 7

The random variable v satisfies the following conditions:

1. E(V?) = 0p (N?7), where 7 < (%) Z—j and q is defined in Assumption 6.

2. Zj-v:l lojlp(i, j)* < cs, foras > 1 and 0 < cg < oo and oy; is the (i, j)-th element of X

(defined below).

Assumption 7 plays a role in terms of limiting the degree of correlation between units, as well

as ensuring that the estimator of the covariance matrix is consistent given the fact that we are using
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residuals instead of errors to estimate it. Assumptions 6 and 9 provide an identification condition

and bound the measurement error of the distance, respectively.

Assumption 8
The matrix of exogenous variables, Z, has full column rank and its elements are uniformly bounded

in absolute value by the finite constant O < ¢z < 0. For a fixed and finite 7', the matrices:
1. th (NT)'Z'Z = Q2.

2. lim (NT)_IZ,RR’Z = QOzRRZ.

N—oo

3. plim(NT)'Z'Z = Q2.

N—o

are finite and non-singular. Furthermore, the matrix plim(NT)~!Z’A = Q74 has full column rank
N—>oo

2k. Similarly, the diagonal elements of W are zero and all of its elements are uniformly bounded

by a finite constant 0 < cy < oo.
Assumption 9
The distance measure used by the empirical researcher p*(-, -) is potentially measured with error,
ie.
p (i, j)=p(,j)+e; =0
where ¢;; = e; denotes the measurement errors which are bounded in absolute value by the finite

constant 0 < ¢, < co. Furthermore, {¢;;} is independent of {g;}.

We need an additional assumption to account for the fact that we are using residuals instead of
the actual error terms. This condition is provided in Assumption A.4 and should be satisfied by
most NZ-consistent estimators. An extensive discussion of this and the previous assumptions is
provided by Kelejian and Prucha (2007).

Note that given equations (1.4) and (1.5) and the matrix X specified in (1.12), we have the
following:

E[gi(60)gi(60)'] = E | Zlii;ii;Z;) (1.15)
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Because all the analysis is conditional on Z and W and by applying the Law of Iterated Expectations,
from (1.15) and Assumption 6 we get that E(uu’) = RR’ = X, where u is the N X 1 vector of stacked
error terms. In practical terms and recalling that g;(-, -) was defined as an average over time, we can
estimate (1.15) by replacing the error terms by their residual counterparts and the expected value
by an average applying the WLLN. Therefore, for the proposed estimator 2, its (r, s)-th element
can be obtained as follows:

c _LYyYY P (i)
rs_ﬁzzzzznr ]lsuttquK[ p; ] (1.16)

i=1 j=1 t=1 I=1

where Z;; . is the value of the covariate r for observation i at time ¢, while its population counterpart
is given by the following expression:
| My T
s = _ZZZZZU;’ JjLITt,j1 (1.17)
NT i=1 j=1 t=1 [=1

The following proposition establishes the consistency of 3.

Proposition 4. Consider the model in (1.1) and Assumptions 5-9 and 4. Suppose that the (r, s)-th

elements of T and ¥ are given by (1.17) and (1.16) respectively. Then 3 LA

Given the fact that we have assumed that 7 is fixed from the beginning, the proof of this
proposition is virtually the same as in Kelejian and Prucha (2007). Note that we can re-write (1.16)

as follows:

1 N T T
irs = ﬁ {Z Z Z Zit,rzil,sﬁitﬁix -K [O]
N N T T ) o p*(i,j)
F YN Zana ;unuﬂK[ > ]} (1.18)

i=1 i#j =1 I=1

The first term of (1.18) makes it clear that there are no restrictions imposed on the serial correlation
for a particular observation, as the terms are not being down-weighted.
1.4 Correlated Random Effects

A direct application of the HACSC proposed in the previous section is related to the Correlated

Random Effects (CRE) context. One of the most popular method applied in a panel setting is the

19



fixed effects estimator since it allows the unobserved heterogeneity c; to be arbitrarily correlated
with the explanatory variables in the model. On the other side of the spectrum, the random effects
approach imposes no correlation between ¢; and the independent variables. A typical task that the
empirical researcher must face is to choose between these two specifications, for which the literature
has suggested multiple approaches. One of these is the CRE framework, which imposes restrictions
on the distribution of the individual heterogeneity conditional on the regressors (Wooldridge, 2010).

One option is to follow Mundlak (1978) suggestion, which assumes that ¢; can be modeled
as a linear function of the averages of the time varying independent variables. More specifically,

consider the following model:
Vi =XpB+ci+uy, i=1...N,t=1...T (1.19)
Assuming that the x;’s are time varying, Mundlak considered the following specification:
ci=n+X0+e; (1.20)
where e; is uncorrelated with X; by assumption. Replacing (1.20) in (1.19) yields:
Vie =XpB+Xi0+ei+uy, i=1...N,t=1...T (1.21)

Mundlak (1978) showed that estimating 8 in (1.21) by pooled OLS (POLS) or random effects yields
the same S than estimating (1.19) by fixed effects. In addition, we can perform a Hausman-type
test using this equation by testing 6 = O to determine the suitability of one estimator versus the
other one. It turns out that this FE-RE equivalence carries over the spatial setting under a particular
setting, namely a model such as in equation (1.1), i.e. no autoregressive process of the error
term u (Li and Yang (2020) showed that the equivalence breaks if we try to model structurally).
Furthermore, this result carries over to the case of endogenous variables, which is a common issue
in empirical work.

More concretely, consider the model in (1.1) and using the same notation, the Fixed Effects
Two Stage Least Squares (FE2SLS) coeflicients can be obtained by running Pooled 2SLS on the

following equation:

Vir = X101 + X182 + Wiiry1 + Wairy2 + pWid; (1.22)
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3

using the instrumental variables (%2; 32 Wfl.l Wi, ...w{,),s € N. Then, it can be shown that

running Pooled 2SLS on:
Yie = n¥i = (X1ie = 1%1)B1 + (x2ir — 1%2:) B2 + (Wiie —nw1i) y1 + (Wair — W2i)y2
+pWi(ye —ny) + (1 —p)xy01 + (1 —17)Z2:602 + (1 —m)wiidy
+(1-m 322+ (1 —U)EW{,-Q (1.23)
=
using [V’s:
[(z2ir = 1Z20) (32 =n32) (Wi, —nW7) ... (Wi, —miv})

(1-m3u (1=mWiZy (1=mwi;...(1-nw}]

1/2 .
] / is assumed

yields the same (81 B> y1 ¥2 p)asin(3.1) and wherep =1 — [0',3/(0'3 +To?)

to be known. The following proposition summarizes this result.

Proposition 5. Suppose T' = (B2 B2 71 §2 P) is the coefficient vector obtained by running
Pooled 2SLS to equation (1.23). Then T = Urpasrs, the coefficient vector obtained by running

Pooled 2SLS to equation (3.1).

The proof of this proposition can be found in the Appendix. Note that we have included the
time averages of the instruments in (1.23), but this might introduce some distortions in the sense
that the dimension of the z’s might be larger than the original dimension of the x;’s. In practice, this
will impact the degrees of freedom employed to perform the hypothesis testing to choose between
FE and RE. Although when the cross sectional dimension is large this might not matter, in small
samples this could have a significant impact in the statistical significance of the coefficients.

It is important to note that this FE-RE equivalence is an algebraic result, and as it turns out, one
can obtain the FE coefficients of (8 y p) in (1.23) by replacing the average of the instruments by

the time averages of the predicted values of a regression of the endogenous variables on all of the
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exogenous variables, i.e.
Yir =n¥i = (X1ir = n%1)B1 + Roie = 1%20)Ba + (Wiie = 91yt + (Wair = nw2i)y2
+pWi(9: —ny) + (1 = X161 + (1 = )Xpi6y + (1 = n)wiidy
+ (1 =n)waidy + (1 - W,y (1.24)

This will “correct” the degrees of freedom issue mentioned above, at the expense of making the
asymptotic theory harder since we have to take into account that we are using the predicted values
instead of the original instrument averages. Proposition 6 summarizes this result and is proved in

the Appendix.

Proposition 6. Suppose I' = (81 B> Vi > p) is the coefficient vector obtained by running
Pooled OLS to equation (1.24), where the ~ represent the linear projections of the endogenous
variables on the exogenous covariates. Then I = Tpgasrs, the coefficient vector obtained by

running Pooled 2SLS to equation (3.1).

Once the researcher estimates the coefficients of (1.23) or (1.24), the next natural step is to test
the hypothesis 2 = (§ A4 ¢) = 0 [here { denotes either ({5 . .. ) in (1.23) or £} in (1.24)] to decide
between FE and RE specifications. Even if model (1.1) does not have an explicit functional form
for the error term, the u;; could still be serially or spatially correlated, therefore, we can use the
HACSC estimator proposed in section 1.3 to conduct a fully robust Hausman-type test in a simple
way. Specifically, one would need to get the Wald statistic as ‘W = (RE)’(RER’)"!(RE), where
R includes the set of restrictions on the coefficients, = is the full set of coeflicients estimated and

3 is the estimated HACSC robust covariance matrix.

1.5 Feasible GLS
As previously stated and analogous to the time series literature, it is common practice in

empirical work to assume a particular structure of the error term in a spatial context. In particular,
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consider the following model:

yl = Xl‘ﬁ + Vt (1.25)
v =pWv,+ &

Er=C+ Uy

where y; is a N X 1 vector, X; is a N X k matrix of covariates, ¢ denotes the vector of individual
heterogeneity and u; is a vector of idiosyncratic errors at time ¢. In this model, X; may contain
spatial lags of the independent variables. In what follows, the conditioning on both X; and W of
all the analysis is implicit. By stacking the equations by time period, the model can be rewritten as

follows:

y=XB+v (1.26)
v=Ir®@pW)v+e

e=(e;®1Iy)c+u

where e; represents a T X 1 vector of ones. At this point, the researcher needs to make an assumption
about the orthogonality condition between the independent variables and the composite error term
and more specifically, the vector c. A typical choice is to assume that all the explanatory variables
X are exogenous with respect to both vectors ¢ and u, with each element of these being i.i.d.
with zero mean and finite variances o> and o> respectively, and both vectors being independent
from each other. Note that this working assumption is stronger than the one required to obtain the
consistency of the fixed effects estimator described in previous sections (as in the rest of the paper,
I assume that 7 is fixed and N — o0).

Given these assumptions, from (1.25) we can write E(v,v;) as follows:
E(vyy) = (07 + o) (Iy = pW) ™ (Iy = pW) ™! (1.27)

Or using the stacked version of (1.26) instead, then we can write E(gg’) = Q. in the following
way:

Q, =2(Jr @ Iy) + Iy (1.28)
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where Jr = e;e;. Therefore it follows that,
E(w') = [Ir @ (Iy = pW) '] [07(Jr @ Iy) + o1z ] [Ir @ (Iy = pW) '] (1.29)

Note that the middle of this matrix has a classic random effects structure. In order to compute
this covariance matrix, it is assumed that the matrix (Iy — pW) is invertible and that |p| < 1 just
as in the previous sections. Following the time series case and to facilitate the computation of the
middle of (1.29), note that

Q. = 0200+ 070 (1.30)

where Q¢ = (IT - JTT) ® Iy, 01 = JTT ® Iy and 012 = Uuz + T(TCZ. Noting that Q¢ and Q; are
idempotent, symmetric, Qo+ Q1 = Iyr and that QoQ = Onr, it follows that Q;l =0, 200+ oy 20,
and Qj =o0,'Qo+ o '01. In short, if the researcher is willing to impose that the covariates are
orthogonal to the individual heterogeneity vector ¢ and the error term in (1.26) follows a spatial
AR(1) process, then the matrix E(vv’) will have a particular form that depends only on three
parameters.

Knowing this, one can obtain an estimator that is potentially more efficient than the FE estimator.
More specifically, the researcher can exploit the structure of the error term in (1.26) to remove the

spatial correlation by performing a spatial Cochrane-Orcutt type transformation. Let

yVi=y-(Ir®pW)y
X' =X-Ir® pW)X

vi=v—(I7r® pW)v
Therefore, the transformed model is
y =X"B+v* (1.31)

Note that v* = & so that (1.31) contains a classical composite error term. Given the structure of

1
&, we can perform a second transformation by multiplying (1.31) by Q. to obtain

y=XB+8& (1.32)



1

2

where y = Q,_?y* and similarly for the rest of the terms. Note that

E(&8) =Q, 2E(sa )Q,2
= (0,'Q0+07'01)(02Q0 + 77Q1) (0, ' Qo + 071 01)
= Qo+ 01

=Inr (1.33)

Hence (1.32) can be estimated by Pooled OLS to obtain a GLS-type estimator to obtain efficiency
gains, denoted by Bgrs. If all the relevant matrices are well behaved as N — oo and non-singular,

Kapoor et al. (2007) showed that
(NT)? (BgLs — B) 5 N(0,%) as N — oo (1.34)

where ¥ = (02M%, + 02My, )_1 and Mi hm WX*’QJ-X* for j = 0, 1. The previous analysis

requires knowledge of o, o2 and p and therefore it is not feasible. Kapoor et al. (2007) proposed

generalized moments estimators of these parameters and they showed that if ﬁFG s 1s the Pooled

OLS estimator of (1.32) using any consistent estimators ACZ 6' and p instead of o uz and p, then
(NT)? (Bors — Brovs) 2> 0and ¥ — @ 5 0 (1.35)

. Al
where ¥ = (%X QolX *) , provided that the working assumptions used to derive (1.34) hold.

Note that the hats over the components of ¥ denote the dependence of the terms on &>

, 072 and p.

The validity of the previous covariance matrix ¥ rests on the working assumptions that the
error term v follows a spatial AR(1) and the conditions imposed on each element of ¢ and u hold.
However, from an empirical perspective it is always possible that the structure of . does not have
the RE form due to the presence of heteroskedasticity or serial correlation on u; for example. It
is important to stress out that even if €, does not have the same structure as in (1.28), ,éFGLS
remains consistent, provided that the strict exogeneity condition (more formally this would mean
that E[X ® ¢] =0 and E[X ® u]| = 0) and the corresponding rank condition continue to hold.

Nevertheless, if the researcher is unsure about the assumptions related to the vectors of individual

heterogeneity c or the idiosyncratic errors # made in this section, it is wise to make robust inference.
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In these instances, the HACSC estimator presented in this paper can be useful to achieve this purpose.

More specifically, consider the residuals

<

& =Y—XePrers, t=1...T.

where BrgLs is obtained by estimating (1.32). In this context, the (r, s)-th element of the middle

of the robust covariance matrix is

¢ _Liiiix e VA OY)) L6
rs = NT « : it,r Ajls€itEjl o8 (1.36)

<

N T T e
V= (%)Y X XK [p (”J)] xx)" (1.37)

where X, is the 1 X k vector of covariates at time ¢ for observation i. Note that the computation of y
requires the use of the transformed variables and not the original ones, which is consistent with the
estimating equation (1.32). Asin the previous sections, the kernel function K () will provide weights
so that the (possible) spatial correlation decreases for observations that are far apart according to
the distance measure p(-, -). Naturally, ¥ will be valid whether the RE structure of Q, holds or not
and will be robust to arbitrary serial and spatial correlation, as well as heteroskedasticity.
Throughout this section we have assumed that all the elements of the explanatory variables are
uncorrelated with the error term u. If some elements of X are endogenous (i.e. E[x’ u;;] # 0) and the
researcher has available instruments Z, then the extension to an IV procedure is straightforward as
discussed in Mutl and Pfaffermayr (2010) and B. Baltagi and Liu (2011). The estimation approach
would be to apply Pooled 2SLS to the estimating equation 1.32 using instruments Z, where the
denotes the same transformations made earlier in the section. In this instance, the computation of
the covariance matrix using the HACSC estimator would look like (1.16), but the researcher would

need to use the transformed variables as in this section instead.

1.6 Alternative estimation: a Control Function approach
It is well known that Instrumental Variables estimation procedures such as 2SLS deliver con-

sistent estimates of the parameters at the expense of losing precision when compared to OLS as
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pointed out by Cameron and Trivedi (2005). In such instances, if the researcher is willing to impose
additional assumptions, she can resort to the control function approach (Blundell & Powell, 2003),
which can deliver estimates that are (potentially) more efficient as it will be shown in simulations.

To this end, consider the following estimating equation:
Vit = f( X1, Xo1, W) + ¢ + uj (1.38)

where f(-) is a known function, E(X{,u;;) = 0 and E(X] u;;) # 0. In practice, f(-) will almost
certainly contain linear functions of Xy;, X, as well as spatial spillovers from these variables, but it
can also include nonlinear terms of the endogenous variables such as interactions with Xy;, squared
functions and so on. Now, to analyze the CF approach, consider equation (1.39), which is a special
case of (1.38) and is very similar to (1.1) but without the spatial lag of the dependent variable
on the right hand side®, which will allow us to interpret it as a conditional mean function and for

simplicity we will assume that there’s only one element in xy;;:

Yir = X1itB1 + X2t B2 + Wi X1y1 + WiXoryo + ¢ + ujy

:X,'t,B+W[Xt)/+C,‘+Mit, i=1...N,t=1...T (1.39)

where the definitions are the same as in Section 1. By applying the within transformation, we
obtain the estimating equation:

Vir = X+ WiXpy + iy (1.40)

As with the 2SLS case and using obvious notation, this approach also requires the availability of
a set of instruments Z;; = (X1;; Wiir Zoir 3211)- The first two assumptions of the Control Function
(CF) approach are the same as with 2SLS, namely: ]E(Zl.’tiij,) =0fori,j=1...Nandr=1...T
and the identification condition rank[E(Z’A)] = 2k — 1. The first stage of the estimation involves
the reduced form of the endogenous variable on the instruments and obtaining the disturbances V,;;,
i.e.

Voir = X1 — Zislr (1.41)

>Tt is certainly possible to use the control function approach with the spatial lag of the dependent variable as a
covariate.
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where E(Zl.’t\'/'it) = 0. Given that E(Zt.’tiii,) = 0, note that X»;; and w,;; are endogenous if and only if
ii;; is correlated with ¥,;; and W;i,,. At this point we state the additional assumption required by

the CF approach:
E(l;i[tlza X29 W) = E(ultlza \"'2’ W) = E(l;iitWZ, W) = /11"}21'1‘ + /lZVViVZt (142)

This equation has two strong implicit restrictions. First, the second equality would hold under
independence of Z and (i, v,, W) and second, we are assuming a linear conditional expectation of

ii;; on the parameters. Given this, we can write
lir = H1V2ir + po WiV, + € (1.43)
Replacing (1.43) in (1.40) yields:
Jir = %+ WiXey + v + paWivo + & (1.44)

Stacking again all the explanatory variables into a matrix A and the coefficients into a vector 6
yields:

Vie = din6 + €t (1.45)

The error term in (1.45) is uncorrelated with the rest of variables in the equation (including
Xpir and Wo;;), so the parameters can be consistently estimated using Pooled OLS by replacing the
disturbances with the computed residuals from the first stage. Therefore, the estimating equation
for the main model becomes:

Vi = 5,-,9+é'l-, (1.46)

where the " denotes that we are using generated regressors. Two important observations from
equation (1.44) is that by including both ¥5;; and W;i/y,, the parameters obtained from this estimation
will be numerically the same as 2SLS.® Second, if i = 0, then it would be enough to include only
Voi n the estimating equation to get consistent estimates of # and in this scenario, they would be

different than 2SLS. Furthermore, it is precisely by excluding W;i,, from the estimation that the

®In this sense, we do not get any efficiency gains compared to 2SLS by including both terms.
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CF would probably be more efficient than 2SLS in this case, as it would be using information from
this restriction.

The CF has some additional advantages over 2SLS. One, the inclusion of the generated regres-
sors in (1.44) allows the researcher to perform a Hausman-type test to determine if the suspected
variables are endogenous that can be made robust to heteroskedasticity, spatial and serial correlation
using the estimator proposed below. Second, the CF can handle nonlinear functions of the endoge-
nous variables in a parsimonious way: for example in model (1.39), x,;; could contain interactions
with other exogenous variables or even squared terms, in which case the CF only requires to include
only Vy;; in the final estimating equation, whereas 2SLS would need a reduced form equation for
each additional function of the endogenous variable. If such nonlinear functions of the endogenous
variable are indeed present in the main model, the CF can be made more flexible by including
terms such as 1'3'%” (but again, this is not necessary as the inclusion of V»;; already “controls” for this
endogeneity), at the cost of having to adapt the standard errors to account for these new generated
regressors.

From this point onward, one has to decide how to deal with the error term. One option is to
impose some structure to it and apply a Feasible GLS procedure in order to obtain further efficiency
gains. Note that this is possible because in (1.42) we have conditioned on the whole set of exogenous
variables and the weighting matrix. However, this would not be possible if we slightly modify the
model. So far we have assumed that the model also contains spatial spillovers of the endogenous
variable X;;;, but suppose that for some theoretical reason, the model does not include W X5,. In

this case we could relax (1.42) to
E(iif| Zis, x2i) = BE(iij| Zi, V2ir) = Bl |V2ir) = privoir (1.47)

Note that we are now conditioning only on the own control function. In this instance one could still
estimate the transformed model by Pooled OLS, however it would preclude to apply a Feasible GLS
procedure because the strict spatial exogeneity assumption would be violated since it will involve

the weighting matrix W and the error terms of other observations.
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Alternatively, the researcher can treat the error term non-parametrically and apply the HACSC
estimator proposed in this paper to obtain robust standard errors. Nevertheless, in this case there’s an
additional layer of complication on top of the spatio-temporal correlation and the heteroskedasticity:
by including V,;; in the estimating equation, we now have a generated regressor and therefore, the
covariance matrix of the parameters needs to be adjusted to take into account the sampling error
induced by the first stage estimation (i.e. we are getting estimates of ). Although Basile et al.
(2014) recommends to perform a bootstrap to obtain the standard errors in a CF setup, sampling
with spatially dependent data is not a trivial matter so having a formula is useful in practice.

In this setup, the fully robust covariance matrix is
B'MB™! (1.48)

where
B =B (2N %] ddn).
M = Var [E} 57 G) (&1 +Vu0) = G - rue()6] = Var [SY 2 my].
G=E[ZV 2T (zuv) 2]
() = (o 2V ST 25) [ B 2T 2|
The derivation of (1.48) can be found in the Appendix. To estimate it, we can replace the
population quantities by their sample analogues so that
B =y 5 5T
i = (Zinh) (i +9:0) = G - £ ().

With these quantities calculated, the (r, s)-th element of M can be estimated as

sl v es s p* (i, J)
M= Y Y Y gk [0

Note that (1.48) also has a sandwich type form, very similar to the HACSC estimator presented

earlier. Similarly, the kernel function is also used to operationalize the weak spatial dependence
assumption, however in this case the terms it multiplies (m;, instead of Z/ii;) have a different

structure to take into account the first stage sampling error.
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1.7 Simulations

1.7.1 Design

To test the performance of the HACSC estimator and the CF version of it, I performed a Monte
Carlo study. In this experiment, the units of observation live in a squared regular grid of 20 X 20 and
the distance between two adjacent individuals is normalized to one. To evaluate the performance

of the estimator, consider the following data generating process:

Vit = Bo + X101 + X2itB2 + X1iX2it 83 + Ci + Uiy
X1it = 00 + 01210t + Vit

ci=(I-pW)'C

Uit = @Vir + €t

e = (1 _PW)_lat

aip =Ya;—1 +&;r

E(x1ieuir) # 0, E(xoi¢;i) # 0, E(z150¢i) # 0

where [Bo B1 B2 B3] =12 0.7 0.6 0.3]" and &, and C are independent and identically
distributed random variables following normal distributions and are independent from each other.
Z1i 1s an instrument for x1;; and xy;; is exogenous with respect to the error term u;; and they follow
a normal and gamma distributions respectively. Note that there is an interaction term between the
endogenous and exogenous variable, for which we have a readily available instrument, z;X1;;.

In this setup, the error term u;; satisfy the CF assumption given that it depends linearly on
the error term from the reduced-form equation, v;;. The error terms e and a follow a spatial and
temporal AR(1) process respectively. The strength of the spatial correlation is governed by the
parameter p, while the persistence of the serial correlation is moderated by ¢. Note also that the
individual heterogeneity also follows a Spatial AR(1) model, however, since I am going to apply
the within transformation for the estimation, its DGP does will not affect the results.

For the weighting matrix W, I used a rook-type weighting scheme so that each observation will

have between two and four pseudo-neighbors and each of those will have an equal weight. W is
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row-normalized to ensure that (1 — pW) is invertible. I estimated the model using both FE 2SLS and
the CF approach with N = 400 and T = 5 using 1,000 replications. I am interested in comparing
the estimates of the coefficients by the two methods to see if there are some efficiency gains by
using the CF approach. Furthermore, I also want to evaluate the performance of four different
estimators of the covariance matrix: the HACSC proposed in this paper, a SHAC assuming no
serial correlation, the cluster robust and the “regular” ones without any adjustment. In the case of
the CF approach, I will compare the standard errors presented in Section 1.6 that account for the
first stage and a HACSC that ignores the two-step procedure.

I conducted a simulation for every combination of p = [0, 0.3, 0.7] and ¥ = [0, 0.3, 0.7].
I used the Bartlett Kernel to perform the analysis, contrary to Kelejian and Prucha (2007), who
used the Parzen Kernel. An important parameter in this experiment is the threshold distance p;, at
which the Kernel will assign a zero weight for units that are apart by more than p,. Following the
recommendation of the authors mentioned above, I set p, = N %, i.e. the integer part of N JUN:
each iteration, I draw a new set of covariates and keep it fixed across the iterations of the p and

parameters.

1.7.2 Results

This section describes the results of the simulations using two metrics for the estimated co-
efficients: the mean and the corresponding standard deviation across the 1,000 replications for
different values of p and . Table 1.1 presents the outcomes of this experiment and it shows that
both estimators provided unbiased estimates of the parameters in the sense that the average of the
estimated coefficients is centered around the true values for any combination of p and . This is
expected since in this exercise the CF assumption is true.

However, when analyzing the standard deviations, the CF consistently shows a lower value than
2SLS (e.g. 0.049 against 0.084 for g3 when p = ¢ = 0.3). Figure 1.3 exemplifies this finding:
note that the distribution of the estimated parameters is tighter around the true value for the CF
estimates compared to 2SLS’. Therefore, whenever the CF assumption holds, this estimator seems

to be more efficient, which can be explained by the fact that we are using additional information
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when performing the estimation. Interestingly, these efficiency gains are more evident for 8; and
B3, the coefficients associated with the endogenous variables, whereas for the coefficient of the
exogenous covariate 3, the differences between the standard deviations of both estimators are more

modest across all pairs of p and ¥.

Table 1.1 Average estimated coefficients and standard deviation across the 1000 replications using
a rook type weighting matrix, N=400 and T=5.

B B2 B3
CF 2SLS CF 2SLS CF 2SLS

p ¥
0o 0704 0698 0606 0.604 0298  0.300
7(0.196)  (0.294) (0.269) (0.283) (0.049) (0.089)
00 03 069 0692 0595 0593 0300 0301
' "~ (0.188) (0.269) (0.254) (0.272) (0.047) (0.080)
07 0703 0705 0600 0601 0300  0.299
" (0.18)  (0.266) (0.250) (0.265) (0.045) (0.079)
0o 069 0683 0589 0584 0303 0305
7 (0.207) (0.301) (0.275) (0.299) (0.052) (0.090)
03 03 0706 0718 0603 0608 0299 0294
' "~ (0.191) (0.281) (0.276) (0.294) (0.049) (0.084)
07 0704 0697 0599 0595 0299  0.301
" (0.189) (0.288) (0.254) (0.282) (0.048) (0.085)
0o 0695 0698 0573 0575 0302 0301
' (0.236) (0.330) (0.352) (0.371) (0.057) (0.095)
07 03 0.691 0.693 0.580 0.581 0.303 0.301
: "~ (0.231) (0.334) (0.335) (0.360) (0.054) (0.095)
07 0704 0693 0603 0600 0300 0303

0.221) (0.309) (0.317) (0.336) (0.054) (0.089)

To analyze the performance of the HACSC estimator, I use two metrics: first the average of
the variance’ estimated for each coefficient for each pair of p and y across the 1,000 replications
and I compare it with the “true value”, which is computed as the variance of the set of estimated
coefficients for each pair of p and ¢ across the 1,000 replications. Tables D.1-D.3 present this

comparison and the first thing to note in the case of the CF is that both estimated variances, with

7T used the estimated variances instead of the standard errors because the nonlinearity of the square root function
could affect the results.
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and without the first stage correction, are very close to the true value so at first glance, using this
metric the correction does not seem to make an impact.

For the 2SLS estimator, the differences are more substantial. The HACSC estimator is consis-
tently closer to the true value across all pairs of rho and psi compared to the SHAC that imposes
no serial correlation and the non-robust one. In general, the variance estimated with the HACSC
is on average larger compared to the one computed with these two alternatives. Admittedly, in
this case the cluster-robust variances are also very close to the true value. Overall these results
suggest making the standard errors robust to spatial correlation at the expense of imposing no
serial correlation can result in unreliable inference. Furthermore, as shown in Figure E.1, using the

HACSC estimator will provided standard errors that are, on average, properly centered around the

true value.
B1 CF B CF Bs CF
— True
ofo 0.5 1fo 1f5 0?0 of5 1:0 1f5 ofo of2 of4 ofe
B1 25LS B 2SLS Bs 25LS
ofo ofs er 1f5 0?0 ofs 1:0 1f5 ofo ofz of4 ofe

Figure 1.3 Distribution of coefficients estimated by 2SLS and the Control Function approach for
p = 0.3 and ¥ = 0.7 using a rook type weighting matrix.

As a second method to analyze the HACSC in this setup, I tested the null hypothesis Hy :
B3 = 0.3 at a 5% of significance using a t-test over the 1,000 replications using the standard errors

computed with the different estimators and I obtained the rejection probabilities. Using this metric,
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an estimator is performs better if the rejection probability is closer to 5%. Table 1.2 presents the
results of this exercise.®

For the case of the CF approach, the rejection probabilities using the adjustment are slightly
closer to 5% compared to the estimator that ignores the first stage so in this sense, the adjustment
seems important to obtain more reliable inference if the researcher uses the CF approach. On the
other hand, if we use 2SLS to estimate the coeflicients, the HACSC estimator rejection probabilities
are closer to the 5% compared to the SHAC and non-robust standard errors, which are over rejecting
the null hypothesis. Using this metric, the cluster-robust standard errors seem to perform just as
well as the HACSC estimator. Overall, the results suggest that the HACSC estimator, both in the

case of 2SLS and the CF approach with the correction, provide more reliable inference compared

to the existing SHAC.

Table 1.2 Rejection probabilities for the null hypothesis Hy : 53 = 0.3 at a 5% of significance
using a t-test over the 1,000 replications with a rook type weighting matrix, N = 400, T=5.

o " CF CF_nol HACSC SHAC Cluster Non-Robust

0.0 0.050 0.060 0.067 0.088  0.058 0.082
0.0 0.3 0.046 0.060 0.054 0.072  0.046 0.068
0.7 0.045 0.061 0.050 0.075  0.043 0.072
0.0 0.045 0.061 0.068 0.096  0.058 0.091
0.3 0.3 0.050 0.064 0.047 0.074  0.040 0.067
0.7 0.051 0.062 0.068 0.085 0.058 0.080
0.0 0.050 0.072 0.057 0.077  0.048 0.066
0.7 0.3 0.041 0.057 0.066 0.095  0.065 0.090
0.7 0.044 0.060 0.056 0.076  0.041 0.073
CF is the HACSC estimator using the first stage correction and CF_nol refers to

the HACSC estimator ignoring the first stage estimation using a CF approach.

1.8 Empirical application
To test the performance of the HACSC estimator with real world data, I revisit the problem
of analyzing the effect of spending on the educational outcome of fourth graders in Michigan

studied by Papke and Wooldridge (2008) using district level data from 1993 to 2001°. In short,

8Tables D.4 and D.5 show the results for Hy : 8; = 0.7 and Hy : 8> = 0.6 respectively.
91 want to thank Dr. Papke and Dr. Wooldridge for kindly sharing their data set.
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Michigan changed the way schools were funded in 1994, going from a property-tax based system
to a statewide system, which was possible trough an increase in the sales tax and lottery profits .

To measure the effect of spending on the academic achievement of students, the authors used
as the dependent variable the fraction of fourth-graders that passed the math test (math4;;) of the
Michigan Education Assessment Program (MEAP) given that the definition of this subject and the
way it is evaluated has remained relatively constant over time. On the other hand, in addition to
the current level of spending on a student, the authors also allow for the possibility that the level
spending on the previous three years to play a role in the test scores. This is indeed a sensible
choice given that one could argue that the previous years of education lay the foundations in the
learning process of students.

The model also includes the proportion of students eligible for the free and reduced-price lunch
program (lunch;;), the district enrollment (enroll;;) and time dummies. More details about the full

model can be found in Papke (2005). Borrowing their notation, the estimated model is:
math4;; = 6, + B log(avgrexp;,) + S2lunch;; + 83 log(enroll;;) + ¢;1 + uy (1.49)

where avgrexp;, denotes the simple average of real spending from the current and previous three
years. It is important to note that in addition to the linear probability model (LPM), Papke and
Wooldridge (2008) also estimate the model with other nonlinear estimators but because they find
that the LPM is a good approximation to the nonlinear estimates and since this paper focuses on
linear models, we will compare the results only with their LPM results.

In order to replicate their results and use the HACSC estimator, we need a distance measure
between the school districts. As mentioned in previous sections, this is not a trivial matter when
we are working with geographical units but in this case, we will work with the geographic distance

between the centroids of each district.!?

However, there have been changes in the school districts
since 2001, which is why I could only use 98.6% of the original sample used by Papke and
Wooldridge (2008). The main reason for this is that some districts have merged with others and

in these cases, I used the data point of the district that absorbed the one disappearing. Table 1.3

10 Roughly speaking, a centroid can be interpreted as the center of mass of a geometry.
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compares the summary statistics from the original and new data sets and the t-tests show that there

are no statistically significant differences between them.

Table 1.3 Sample means (standard deviations) of the original and new data sets and corresponding
t-tests (p-values).

1995 2001

Original New  t-test Original New  t-test
Pass rate on fourth-grade 0.62 0.62  -0.30 0.76 0.76  -0.43
math test (0.13)  (0.13) (0.76) (0.13)  (0.12) (0.67)
Real expenditure 6329 6317  0.20 7161 7147  0.25
per pupil (2001$) (986) (978) (0.85)  (933) (916) (0.80)
Real foundation 5962 5959  0.05 6348 6347  0.03
grant (2001$) (1031) (1035) (0.96) (689) (692) (0.98)
Fraction of eligible for 0.28 0.28 0.27 0.31 030 0.34
free and reduced lunch (0.15) (0.15) (0.79) (©.17) (0.17) (0.73)
Enrollment 3076 3099 -0.04 3078 3103  -0.05

(8156) (8210) (0.97) (7293) (7341) (0.96)
Number of observations 501 494 - 501 494 -

As a first step, I assume that all the explanatory variables are exogenous with respect to the

error term u;; and apply the fixed effects estimator, sometimes referred to as "two-way fixed effects"

because of the inclusion of the year dummies. Table 1.4 shows the estimates using the new data set

and the ones reported by Papke and Wooldridge (2008). The coefficient associated with the average

real expenditure is virtually the same, whereas the ones of lunch and the enrollment are negative

with the new estimates. Nevertheless, the magnitudes of the latter are small and none of them are

statistically significant in the original estimation either.

Table 1.4 Estimates assuming that all the explanatory variables are exogenous.

Original results New results Standard errors for new results with different bandwidth values
Coeflicient Coefficient pp=1 pp=100 pp=200 pp=300 pPp=400 pp=500 pP,=600

log(avgrexp) (8(3)31) (833?) 0.070  0.072 0.067 0.066 0.066 0.063 0.058
-0.042 0.029

lunch 0.073) (0.064) 0.064 0.077 0.079 0.072 0.061 0.060 0.061
0.002 -0.02

log(enroll) (0.049) (0.048) 0.048 0.045 0.033 0.028 0.026 0.023 0.022

Observations 501 493 - -
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Table 1.4 also shows the standard errors computed with the HACSC estimator using different
bandwidth values. As expected and because the minimum distance between any two school
districts in the data set is 1.05 kilometers, when the bandwidth is 1 kilometer the HACSC estimator
is effectively treating the observations as if they have no effect on their neighbors (i.e. no spatial
correlation) and consequently the standard errors are very similar to the ones computed using an
estimator that is robust to heteroskedasticity and serial correlation. Interestingly, as the bandwidth
increases, the standard error for each coefficients behaves differently: for the average spending,
it first increases and then decreases, for enrollment it decreases monotonically whereas for lunch,
there is not an evident pattern. Note that this exercise shows that even if the covariance matrix
is robust to heteroskedasticity, spatial and serial correlation, this does not mean that the standard
errors will be necessarily larger.

One of the issues with the estimates previously discussed is that the spending from a school
district might be endogenous, mainly due to the fact that a school district might adjust its current
spending if they suspect that the (bad) performance of a cohort throughout the year will be reflected
on the pass rates of the MEAP test (Papke & Wooldridge, 2008). Fortunately, the change in the
way that school districts brought with it a natural instrument: in the 1993/1994 school year, each
district started to receive a per-student “foundation grant” based on the initial funding in 1994 that
sought to increase the spending per student to a baseline level and had the effect of reducing the
differences in spending between the districts across the state of Michigan by the year of 2001 (see
Figure 1.4). The details of why this is a suitable instrument are discussed in Papke and Wooldridge
(2008), but in broad terms, the identification assumption is that the idiosyncratic error term has a
smooth relationship with both the dependent variable and the initial funding. On the other hand,
the foundation grant depended on the initial funding in a non-smooth way [see Table 1 in Papke
and Wooldridge (2008) to see this].

As aresult of this concern, Papke and Wooldridge (2008) augmented the model by also including
the real spending from 1994 with interactions with the time dummies, along with the time averages

of lunch and enrollment, using as instruments the foundation grant interacted with the year binary
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Figure 1.4 Average real expenditure per student across the Michigan school districts in 1995 and
2001.

variables. The new estimated model using instrumental variables is then

math4;; = 6, + B log(avgrexp;,) + B2lunch;; + 53 log(enroll;) (1.50)

+ Bas log(rexpppi,1994) + &1lunch; + &log(enrolly) + vy .

Note that because we have a single endogenous variable, in this case using Two Stage Least
Squares (2SLS) would be numerically the same as estimating the model with the control function
approach, and because of this, I used the latter. Table 1.5 shows the estimates from this model and
once again, the coefficients obtained using the new sample are very similar to the ones computed
using the original data set. In particular, the coefficient of the spending is considerable larger
than the OLS estimate, which can be explained in the context of the local average treatment effect
literature or by the fact that district authorities can decide to increase spending whenever they think

the cohort might underperform Papke and Wooldridge (2008).
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Table 1.5 Estimates assuming that the spending variable is endogenous.

Original results New results Standard errors for new results with different bandwidth values
Coefficient Coefficient pp=1 pp=100 pp=200 pp=300 pp=400 =500 pP;,=600
0.555 0.546

log(avgrexp) (0.208) 0211) 0.221 0.265 0.292 0.253 0.221 0.202 0.187
-0.062 0.008

lunch 0.075) (0.067) 0.066 0.077 0.083 0.079 0.07 0.068 0.067
0.046 0.023

log(enroll) (0.067) (0.066) 0.069 0.075 0.079 0.071 0.065 0.058 0.054
-0.421 -0.476

\% 0.232) (0.236) 0.250 0.349 0411 0.383 0.365 0.357 0.353

Observations 501 493 - - - - - - -

Contrary to the case where all the independent variables were treated as exogenous, the standard
errors computed using the HACSC estimator when the bandwidth parameter is set to 1 kilometer are
somewhat different to the ones computed using an estimator that is only robust to serial correlation
and heteroskedasticity, which is expected because the latter does not take into account the first stage
estimation. Once again this results show that the standard errors can be larger or smaller depending
on the value selected for the bandwidth.

So far I have assumed that there is only spatial correlation in the error term. However in this
scenario there could be spatial spillovers from neighboring units that could be affecting the student
performance on the math test. Figure 1.4 not only shows that the average real expenditure per
student increased between 1995 and 2001 in all the school districts, but it also shows the spatial
distribution of it. Note that there are districts where the surrounding neighbors have a very similar
level of spending, for example, in 1995 the Detroit region shows multiple school districts with
higher levels of expenditure compared to the rest of the state. Similarly, in Figure 1.5 the Upper
Peninsula shows several neighboring school districts with higher passing rates than the rest of the

region.
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Figure 1.5 Average real expenditure per student across the Michigan school districts in 1995 and
2001.

Multiple reasons could be behind this pattern. For instance, it could be the case that parents
with students that are underperforming identify school districts that are increasing spending and
throughout the year, move to one of these districts in order to increase help their children to improve
their grades. From the labor side, school districts might need to increase the expenditure in teachers’
salaries to avoid losing them to other school districts within a reasonable commuting distance. All
in all, it seems important to control for spillover effects of expenditure from neighbors, so I augment
the models previously estimated with this additional variable!! and Table 1.6 shows the estimates
of this regression assuming that all the independent variables are exogenous with respect to the
error term. Note that the coefficient on the average expenditure has decreased significantly so that
an increase of approximately 10% in spending will now lead to an increase in the pass rate of
about 2.8%. On the other hand, if neighboring school districts of unit i increase their expenditure
around 10%, the pass rate in i is expected to improve around 3.2%, a larger effect than the own
spending. To address the endogeneity issue, I also augmented the model 1.50 with the spending

spillover variable using the control function approach!? and the results are shown in Table 1.7.

! For this estimation, I used a rook type weighting matrix
12 Tused W - log(found) to instrument for W - log(avgrexp)
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Table 1.6 OLS with extension

Coeflicient Standard errors with different bandwidth values
(st. error)  pp=1  pp=100 pp=200 pPp=300 pp=400 =500 p,=600
log(avgrexp) (ggié) 0.076  0.077 0.071 0.067 0.065 0.061 0.056
0.030
lunch (0.063) 0.063 0.077 0.082 0.076 0.066 0.064 0.064
-0.008
log(enroll) (0.047) 0.047 0.044 0.035 0.03 0.028 0.025 0.024
0.324
W-log(avgrexp) (0.090) 0.088 0.076 0.071 0.057 0.049 0.047 0.047

Number of districts 493 - - - - - _ R

Once again, in this case the effect of the own expenditure is larger than in the exogenous case, but
it is smaller compared to the original estimate. The spillover effect is significantly reduced to a
marginal increase of around 0.7% in the pass rates due to an increase in the spending in surrounding
school districts and moreover, the coefficient is not statistically significant.

Overall, the difference in the magnitude of the coefficients obtained for the spending in neigh-
boring units make it difficult to interpret the effect of this variable. However in both cases it
was positive, which supports the hypothesis that parents may move to school districts where the
spending per student is higher. Of course, one cannot rule out the possibility that larger spending
by neighboring school districts can attract better teachers to the area that are willing to commute,
however, more detailed data may be needed to separate these effects.

Regarding the standard errors, most of the results show a pattern: if the bandwidth parameter
is too small, they seem to be smaller relative to the ones computed with larger values, but at
some point they become smaller again. This phenomenon has been documented in the time series
literature: for example, Miiller (2014) argues that when the bandwidth is too small, the estimate of
the covariance matrix is downward biased. In the same line, Kiefer and Vogelsang (2005) show
that for an AR(1) process, if the bandwidth is too small the estimator of is biased, whereas if every
observation is given a weight of one in the estimation of the covariance matrix, then the estimates

are going to tend to zero because the in-sample residuals have an average of zero, which is precisely
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what is being observed in this example as the bandwidth increases beyond some point.

Table 1.7 IV extension

Coefficient Standard errors for new results with different bandwidth values
(st. error)  pp=1 pp=100 pp=200 pp=300 pp=400 pPp=500 ;=600
0.408

log(avgrexp) 0.231) 0.234  0.317 0.361 0.310 0.262 0.234 0.219

lunch 0.016 0.066 0.078 0.087 0.082 0.074 0.072 0.071

unc (0.067) . . . . . . .
-0.001

log(enroll) (0.067) 0.068  0.08 0.088 0.079 0.069 0.062 0.058
0.071

W -log(avgrexp) (0.057) 0.056  0.076 0.083 0.077 0.07 0.067 0.065
0.249 0.260 0.379 0.435 0.385 0.346 0.328 0.318

v (0.254) . . . . . . .

Number of districts 493 - - - - - _ _

1.9 Conclusion

In this paper, I present a simple way to obtain standard errors that are robust to heteroskedasticity
and both serial and spatial correlation in short panels with fixed effects and endogenous covariates.
This is important because to the best of my knowledge, the current SHAC estimators do not explicitly
allow for serial correlation in this context (admittedly the literature does not ignore this issue when
T — o0). The estimator relies on averaging the moment conditions for a single individual across
time, which allows to treat the estimation like a cross sectional problem without imposing any
restrictions on the serial correlation of the residuals. This will help empirical researchers to obtain
more reliable standard errors in different fields such as urban economics or international trade.

The proposed HACSC estimator can be directly applied in a Correlated Random Effects frame-
work to obtain a fully robust Hausman-type test, which can help empirical researchers to choose
between Fixed Effects and Random Effects specifications. In this paper I also showed that the
Mundlak equivalence also holds in a particular spatial setting, which will allows to obtain the
Fixed Effects coeflicients of the time varying covariates in a Random Effects context. Similarly,
the HACSC estimator can be used in a RE estimation procedure, whenever the researcher suspects

that the structure imposed of the spatial error term might be misspecified.
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I also presented a control function approach and the required assumptions to estimate the
parameters of the model. Although even in the i.i.d. case it is a standard practice to use bootstrap to
obtain the standard errors with this approach, in a spatial setting this is not a trivial procedure given
the dependence between observations. For this reason, I also extended the HACSC estimator to
this setup, which requires an adjustment of the covariance matrix to take into account the sampling
error of the first stage estimation.

The Monte-Carlo experiment performed showed that the HACSC estimator works well in the
presence of strong or moderate serial and spatial correlation compared to other methods used
by the literature in terms of obtaining unbiased standard errors. As expected, the estimator also
shows higher variance than such estimators, especially in settings with low spatial and/or serial
correlation. The simulations also showed that if the CF assumptions hold, we can obtain efficiency
gains compared to 2SLS.

An avenue for future research is to extend the Monte Carlo experiments in different directions.
First, it would be interesting to use different weighting schemes for the weighting matrix W based
on distance or a k-neighbor scheme in an irregular lattice, as well as different kernel functions.
Analogous to the time series literature, the threshold for the distance bandwidth most certainly plays
an important role on the finite sample behavior of the estimator, so implementing a data driven
procedure to choose it is also a possibility to explore, particularly when the spatial correlation is

strong.
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CHAPTER 2

ESTIMATION OF MODELS WITH SPATIAL PANELS AND
MISSING OBSERVATIONS IN THE COVARIATES

2.1 Introduction

Over the last years, the amount and type of data available for economic research has experienced
an important increase. Many fields in economics have benefited from this, including areas that focus
on spatial related issues such as development, trade, geography and urban economics. Unfortunately,
a common issue that empirical researchers have to deal with is missing data, a problem that can
arise in multiple ways and which often leads to the need of different methods, one of which is the
use of the “complete cases” only, in other words, observations where either the response variable
or one of the covariates is missing are dropped from the analysis.

The consequences of this will depend on the assumptions and the process that generates the
missing data, but regardless of these, discarding observations results in a loss of information. This
problem is more serious in a spatial context, where it is common to include spillover effects from
“neighboring” units (i.e. spatial lags) in the model. For example, if we are working with county
level data and the nature of the dependence between the units is a function of the geographical
distance between them, the researcher might include the effects of surrounding counties as an
additional explanatory variable using a weighting matrix W. However, in this setup if a unit 7 is
a “neighbor” of / counties and i has a missing data point and the researcher is using the complete
cases only, she might need to drop not only observation i, but all of its / neighbors as well, therefore,
the loss of information in the spatial case is potentially more severe.

Furthermore, if we have a panel data set, the problem will be aggravated because the missing
data could affect both dimensions. This is in fact a common problem in empirical work because
the reason of the missing data could be that the units of observation (e.g. countries) have different
lengths of their time series (i.e. unbalanced panel). Given this, a method to impute data in this
case would be useful for empirical work so that the efficiency loss induced by the missing data is

mitigated with respect to using only the complete cases. This work tries to fill this necessity by
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proposing a new GMM estimation procedure.

The problem of missing data has been a known issue in economic research for a long time.
One of the approaches that empirical researchers use to deal with it, is dropping the incomplete
cases, which induces an efficiency loss as mentioned previously. In this respect, Kelejian and
Prucha (2010) present conditions in a spatial setting under which the missing data can be ignored
asymptotically based on the proportion of the sample sizes related to the complete and incomplete
observations. They also describe the case where the missing data cannot be ignored and will make
inference more difficult.

In practice, there are alternatives other than just using the complete cases: for example, one
might try to complete the sample first and then estimate the model using this “complete” data set.
One of the methods documented in the spatial literature was introduced by Lesage and Pace (2004),
who used the Expectation-Maximization algorithm to predict the value of the dependent variable
that are missing in the context of real estate housing prices.

In the spatial context, one could also generate the spatial lags using the available data only,
in which case the researcher has two options. First, a common practice is to replace the missing
data with zeros (Kelejian & Prucha, 2010), nevertheless this technique does not seem sensible as
having missing data is very a different problem and replacing these data points with zeroes will
almost certainly lead to biased estimates. The second approach involves constructing the spatial
lags using only the available “neighbors”, but doing this could generate a misspecification of the
weighting matrix and thus probably yield inconsistent estimates, as pointed out by Wang and Lee
(2013). More concretely, if a unit i has four “neighbors”, each of which has the same weight and the
weighting matrix W is row-normalized then in theory each pseudo-neighbor should have a weight

1
of e

However, if the data for one of the pseudo-neighbors is missing, then one would assign a
weight of % to each available unit, thus mispecifying W.

In non spatial settings, the literature has proposed multiple ways to deal with missing data.
For instance, Dagenais (1973) proposed a generalized least squares estimator in which the missing

variables are approximated using observed covariates. In a similar spirit and in the context of
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linear models, Gourieroux and Monfort (1981) present a maximum likelihood procedure in which
the missing variables are explained by the observed ones. More recently, Dardanoni et al. (2011)
suggest a framework with an augmented model to reduce the bias induced by replacing the missing
observations with imputed values.

Abrevaya and Donald (2017) introduced a GMM framework in linear models in which they
exploit moment conditions on the missing observations on the regressors to obtain an estimator that
the claim to be more efficient than other estimators previously mentioned such as Dagenais’. Rai
(2021) considered the panel data case of their estimator and find that it is more efficient than the fixed
effects and correlated random effects using the Mundlak device that use only the complete cases.
Rai (2023) extended their approach to the case of missing dependent variables and endogenous
explanatory covariates, which is useful in cases where the researcher needs to combine data sets
from different sources.

Going back to a spatial context, Wang and Lee (2013) also suggest three estimation procedures
in the context a missing dependent variable only in the cross sectional case. They propose a GMM
estimator based on linear moment conditions, a nonlinear least squares and a two stage least squares
with imputation and compare the asymptotic properties of the three estimators. Wang and Lee
(2013) extend the previous estimators to the case of spatial autoregressive panels using a random
effects framework as a baseline and then generalize it by presenting the spatial Mundlak approach.
Note that their work also focuses on the cases of a missing dependent variable only.

It is important to note that in the non spatial case, the Mundlak approach falls within the
correlated random effects context, a middle ground between the random effects (RE) and fixed
effects (FE) estimators. In the first case, the researcher must assume that there is no correlation
between the explanatory variables in the model and the individual heterogeneity, whereas in the
second case, this assumption is relaxed and allows these terms to be correlated. In this respect,
Mundlak (1978) argues that the RE version is a misspecification of the FE model as it does not take
into account the correlation between the heterogeneity and the regressors. To solve this problem,

he proposed an auxiliary equation where the heterogeneity is modeled as a function of the time
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averages of the independent variables. By doing this, he shows that if we add these time averages
to the main equation and estimate the model by RE, we will obtain the same numerical coefficients
as if we estimate the model by FE. This equivalence carries over to the unbalanced panel case if we
only use the complete cases, as shown by Wooldridge (2019) and byJoshi and Wooldridge (2019)
for the case with endogenous covariates.

Debarsy (2012) was the first to extend the Mundlak approach to a spatial setting if the researcher
working with a Spatial Durbin Model! (SDM). Nevertheless, this work does not show the afore-
mentioned equivalence between the RE and FE specifications. In 2020, Li and Yang demonstrated
that when the error term is modeled structurally?, a very common practice in the spatial literature,
then the equivalence holds conditional on the value of the parameter(s) associated with the error
term, otherwise the FE and RE will yield different estimates generally. In addition, Wu-Chaves
(2024) shows that when the error term is not modeled structurally, the equivalence holds if the
model is estimated by ordinary least squares (OLS) or two-stage least squares (2SLS). One of the
limitations of the work just described is that they focus on the case where the data is complete. In
this paper, I will show that in the case of an unbalanced spatial panel, the the CRE equivalence also
holds if the researcher uses the complete cases only to estimate the model.

In this chapter, I extend the work of Abrevaya and Donald (2017) and Rai (2021) to the case
of spatial panels with spillover effects. The rest of the paper is organized as follows. Section
2.2 presents the model. Sections 2.3 and 2.4 state the assumptions and show the construction of
GMM estimator, respectively. Section 2.5 shows the equivalence between FE and RE. Section 2.6
provides Monte-Carlo evidence related to the performance of the GMM estimator. Section 2.7

illustrates an empirical application of the estimator and Section 2.8 concludes.

'A SDM includes both a spatial lag of the dependent and independent variables on the right hand side of the
equation.
ZNote that by modeling the error term usually involves MLE or a GMM estimation.
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2.2 Model

Consider the following model:

Vit = X1ie1 + X2i B2 + WiX1y1 + WiXoryo + ¢ + uj

=xpB+wipy+ci+uy, i=1...N,t=1...T. 2.1)

where y;; is the response variable, x;; isa 1 X (kj + 1) set of exogenous variables that includes an
intercept, x;; is a 1 X ky vector of endogenous covariates (with k; + ky = k), wiy = (Wi woir) =
(W; X1, W;Xy;) with W; being the i-th row of an exogenous, non random, time invariant N X N
weighting matrix, Xy, and Xy, are the N X k1 and N X k, matrices of exogenous and endogenous
covariates, respectively, for all observations at time #, c; is the individual heterogeneity and u;; is
the idiosyncratic error term. In this type of model, the terms W; X1, and W;X»; are known as spatial
lags and they capture the effect of neighboring units on unit i’s outcome®. (8 ) are the parameters
of interest and they are of dimension (k + 1) x 1 and k x 1 respectively*.

In this paper, I will treat the error term in a non parametric way so that it might be serially and
spatially correlated, but I do not impose any particular structure on it. The sense in which xy;; is
exogenous is that it is uncorrelated with the error term u;; (i.e. E(x’ll.tuit) = 0). Analogously the
endogeneity of xp;, arises from the fact that E(x’zl.tu,-,) # 0. I also assume that the asymptotics refer
to the case where N — oo while T remains fixed.

Since x»;; is endogenous, we need a set of external instruments z;; of dimension / X 1 (I > k)
that satisfy the usual requirements of relevance and exogeneity with respect to the error term u;;,
that is E(z},,u;;) = 0. Naturally, 32;; = W;Zy, can be used as the instrument for W; X,. For ease of

notation, let a;; = (x1;; X2ir Wiir Wair), and zj; = (X1 Z2ir Wiir 32ir). Under these assumptions,

31t is common to also include a spatial lag of the outcome variable, however by doing so the interpretation of the
model as a conditional mean function is lost. For this reason, I am omitting this term in the paper.

“From a modeling perspective, it is not necessary to include all k variables in the spatial lag so the dimension of
v could me smaller
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the set of first stage equations is:

Xlit = X111 + 22012 + W1 13 + 32414 + T
X2jr = X1i721 + 2217022 + W23 + 32124 + 120t
Wlir = X1;7031 + 2247032 + W1t 133 + 3211734 + 1331

Wit = X1 741 + 221742 + W1t 143 + 32i1 a4 + Tai (2.2)

where 71, w2, 73 and 7 j4 are vectors of dimensions (ki +1) X (k1 +1), [ X ky, k1 X ki and [ X ki
respectively for j = 1,2, 3,4. Of course, the relevant equations of (2.2) are the second and fourth
lines as (x1;; wi;) act as their own instruments. Given this, (2.1) and (2.2) can be written more

compactly as:

Vit = a6 + c; + uy; (2.3)

Ajr = T + 71z 2.4)

where 6 = (8 ). By definition, E(z/,7;;) = 0 and because the instruments are relevant, it follows
that 7° # 0. Note that other than the exogeneity with respect to z;;, no other assumptions have been
imposed on the error terms in (2.3) and (2.4). Furthermore, y;; can be expressed in terms of z;; as
follows:

Yie = 2u0B + ¢i +ui +riff = 20 + ¢i + vy (2.5)
The parameters of this model can be consistently estimated by applying Fixed Effects Two Stage
Least Squares (FE2SLS) or equivalently by applying Pooled 2SLS (P2SLS) to

Vie = din6 + iijs (2.6)

using the instruments Z;; and where y;; = y;; — Vi, i = % Zthl vir and similar definitions apply to
the other variables, provided that the corresponding rank conditions of the relevant matrices hold
and

E(Z};iti) =0 (2.7)
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The latter is implied by the following condition:
E(u#Z,C) =0 (2.8)

which is a strict exogeneity assumption and where Z is the entire matrix of exogenous variables
and C is the whole vector of individual heterogeneities. Note that (2.8) is a stronger condition than
the classical strict exogeneity assumption because in this case the idiosyncratic error term at time ¢
is not only uncorrelated with the exogenous variables at any time period, but it is also uncorrelated
with the covariates of other units due to the nature of the spatial panel data set and in particular to
the presence of the spatial lags. It is also important to emphasize that in this setup, the individual
heterogeneity c; is allowed to be arbitrarily correlated with the elements of z;; or the endogenous

covariates.

2.3 Missing data mechanism

Before formalizing the missing data scheme, consider the consequences of missing observations
in a model with spatial spillovers compared to a situation without such effects. As previously
mentioned, a typical strategy when empirical researchers have missing data is to estimate the
parameters use only the observations that have a full set of observed variables and discard the units
that are incomplete. If we have a sample of 49 individuals living in a regular grid as shown in
Figure 2.1 and there are no spillover effects and the researcher has no data on unit 25, then the
loss of information is relatively small (around 2% of the sample). On the other hand, if the model
contains spillover effects from neighboring units and we are using a queen type weighting scheme?,
then if unit 25 is missing and the researcher decides to use only the complete observations, then she
would have to disregard unit 25’s neighbors too (shown in gray in Figure 2.1) and end up losing

almost 20% of the original sample.

SUnder this weighting mechanism, a neighbor is an unit that shares an edge or a vertex.
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1 2 3 4 5 6 7

8 9 10 11 12 13 14

15 116 | 17 | 18 [ 19 | 20 | 21

22 | 23 | 24 26 | 27 | 28

29 | 30 | 31 | 32 | 33 | 34 | 35

36 | 37 38 | 39 | 40 | 41 | 42

43 44 45 46 a7 48 49

Figure 2.1 Regular grid with unit 25 missing and its neighbors shown in gray.

The previous example shows that missing observations can result in a severe decrease in
efficiency when estimating the parameters in a model with spillover effects. To formalize the

missing mechanism, let

1 if xy;; is observed for unit i at time ¢
Sit = (2.9)

0 otherwise

and let S; be the N X N diagonal matrix with diagonal elements s;;. Note that s;; is indicating that
the researcher observes either the full set of endogenous variables or none at all. Furthermore, I am
also assuming that the response variable and the exogenous variables z;; are always fully observed
for all individuals in all time periods. A common practice in empirical work is to ignore the missing
data from neighbors in the spatial lag, so implicitly the missing neighbors are being assigned a
weight of 0 (Kelejian & Prucha, 2010). This being the case, WS, X; would be enough to select units
with available self-information but with possibly incomplete data on their the spatial lag. However,
to select only the complete cases in the spatial lag, a new variable needs to be defined. To this end,
for each i and its J neighbors, let

Sii (2.10)

Sit = Sit -

-

J=1
so that §; = 1 only when the full set of endogenous variables are observed for unit i and its

corresponding neighbors. Then define S, as the diagonal matrix with diagonal elements §;; so
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that WS, X, will select only the fully complete cases. As previously mentioned, the researcher can
consistently estimate the parameters using FE2SLS with the complete cases if (2.8) holds, at the

expense of losing efficiency. More concretely, the estimator can be defined as follows:
-1 -
~  ee) e ~  esf e ~  ee) e
i=1 t=1 i=1 t=1 i=1 t=1
-1
Ty ) S S sz (33 sz N
i=1 1=1 i=1 1=1 i=1 1=1

where V;; = y; — ¥; and where y; = Ti Zq Sigyig and T; = Zg §iq- The rest of the variables are

OcFE2SLS =

similarly defined. Note that 7; is a random variable as it is a function of the selection®. In words,
for each unit i the time average is computed using only the periods where the observation as a full
set of observed variables.

To develop an alternative estimator, consider again the within transformation of the variables
similar to the one in (2.11), that is, the averages are computed using only the complete cases.

Furthermore, define:
T
: 1 -
X2it = X2it — Z(l — 8it)Xir (2.12)
T-T;
=1
that is, Xo;; 1s a within transformation where the average is computed using the incomplete cases
only and similar definitions apply to other variables. Regarding this transformation, it is important
to point out that it may be possible that only one time period for a particular unit / is missing, in
which case the within transformation (2.12) will remove that observation as the “average” is taken
over a single time period. In such cases, these units are uninformative and are essentially removed
from the estimation and therefore will not help to provide efficiency gains. Note that by applying
the within transformation from (2.11) to the main model, the term ¢; disappears. The resulting

estimating equations are

Vir = i + iy (2.13)

djr = ZitT + iy (2.14)

SNote that I am implicitly assuming that Pr(7; = 0) = 0 for all i so that ¢ pgasps is well defined.
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And by replacing (2.14) in (2.13), we obtain an expression of y;; in terms of the always observed

variables:

Vir = (Zumm + 1) 0 + iy

= 54m0 + Vi (2.15)

where V;; = ii;; + #;0. In order to obtain efficiency gains and still get a consistent estimator using

fixed effects, consider the following assumption:

Assumption 1
1) B(3iZjiin) =0 i) B(8qZ},#u) =0 ii) B[(1 = 8i) g, vie] =0

Part /) of Assumption 1 imposes that 6 is the same in both the complete and incomplete cases
and it is also necessary for the complete cases estimator. The second and third points of Assumption
1 are the basis of the potential efficiency gains that can be achieved with the proposed estimator.
Specifically, ii) states that 7 is the same in both the observed and unobserved samples, whereas
iii) (along with i) amounts to say that the model and the imputation method are the same for the
complete and incomplete observations. Similarly to the non-missing units case, the conditions in

1 are implied by the following zero conditional mean assumptions:

Assumption 2
i) B(ui|Z2,S8,C) =0 and ii) E(r4|Z,S,C) =0

These are strict exogeneity conditions analogous to the non spatial case. Note that these are
weaker than a missing at random (MAR) mechanism, in which the missingness is allowed to depend
on the always observed data (Little & Rubin, 2019). More formally and borrowing notation from Rai
(2023), in this context the data would be considered MAR if s;; L (y;;, X1, W1ir)|Z or equivalently
sit L (uit, r1is, 3i) | Z, where ry;; and r3;, are the errors related to xy;; and wy;; respectively in the
first stage. A sense in which Assumption 2 is weaker than MAR is that in the former, the condition
would still hold if the selection is a function of Z, provided that E(r;|Z) = 0. Both of these
assumptions are weaker than the missing completely at random (MCAR) mechanism, where the

probability of missing is independent of the rest of the variables, i.e. si; L (Vir, X1irs Wit Zit)-
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2.4 GMM estimation
Using equations (2.13), (2.14), (2.15) and Assumption 1, we can create a vector of moment

conditions to perform GMM estimation. Let’

§ieZl it $ieZl,(Fir — diin0) g1i1(6, )
g6, m) = | 5,2, @F, |=| SuZj, ® (di—Zum) | = |86, 1) (2.16)
(1- 51‘1)2';,"71'1 (1- Eit)Z.;,().’iz — Ziym) g3ir (6, )

Since I am assuming that Assumption 2 holds, it follows that E[g(6°, 7°)] = 0, where (6°, 7°)
is the vector of true population parameters. Note that g1;;(-) and go;(-) use the complete cases,
while the g3;,(-) moment condition uses the incomplete cases. Furthermore g;,(-) provides [2(k, +
) + 1][2k + 3] moment conditions, while there are 2(2k + 1)(k, + [ + 1) parameters to estimate,
which leaves 2(2/ + k» — k1) + 1 overidentifying restrictions. Once again it is important to note
that the potential efficiency gains from the proposed estimator come from imposing that the 7 is
the same among the observed and unobserved units and that the model and imputation method are
the same among those same groups.

In order to obtain an efficient GMM estimator, we need to construct an optimal weighting

matrix. let:
Vit Vio 0
V=E[g(6.m)g(6.70)1=E|V/, Vs 0 (2.17)
0 0 Vi
where,
Vit = Sy, 2,2 Vig = $uZlyliin 2, ® Fy
Voo =842, @ ¥ 2 ® Fiy Vaz = (1 —584)2, ® ‘.)iztz';tz.if (2.18)
In this setup, the sample GMM objective function is:
2(0,7)Qg(0,7) (2.19)

"Formally g;;(-) is also a function of the (§, d, %, S), but for notation simplicity I suppress these.
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where g(6,7m) = ﬁ % 3 gir(8, ), Q is a square, non-random, symmetric and positive semi-
definite matrix of ordcla_rl [ztkl +1) + 1][2k + 3] and Q is a consistent estimator of Q. To obtain Q,
we can replace the expectations with sample averages in (2.21) and (2.17) and we can get consistent
estimates of i;;, 7;; and v;; by applying GMM to to g1;;(-), only g2;,(+) and g3;;(-) only, respectively.
It is noteworthy to point out that restricting 7 to be different across g,;(-) and g3;(-) make these
moment functions redundant in the estimation of 6, as pointed out by Ahn and Schmidt (1995) and
Rai (2023).

The proposed estimator in this paper minimizes (2.19) with respect to (6, 7) using Q = V!
and will be denoted as (6, ). Before stating the asymptotic normality result, we need to present

the other component of the covariance matrix for the GMM estimator. First, let

D11 0
D=E[Vg(’. )| =E| 0 Dxn (2.20)
D31 D3

where Vg (6°, 7°) denotes the matrix of derivatives of g (8, 7) with respect to [8’, vec(rr)’]” evaluated

at the true population parameters and where

Dy = —(8uZ}, %) Dy = =35 (Z,Zit @ €1, ..., 2 Zit @ €2p+1)

D31 = (1 = 5% zum°  Dy=—(1-5)8" ® 2,24 (2.21)

In this case e; denotes a row vector of zeros of dimension [2k + 1] with the j-th element being
equal to one. In order to get identification, I assume that rank(D) = 2(2k + 1) (ky + [+ 1) and is of
dimension [2(ky +1) + 1](2k + 1) X 2(2k + 1)(ky + [ + 1) so that is has full column rank.

Now given the spatial panel structure being considered in this paper, we need to impose some
regularity conditions and assumptions on the variables of the model. In particular I will assume
that the conditions specified in Nazgul and Prucha (2009) for non-stationary random fields are
satisfied, however, in this paper I am going only to focus only on those that are more relevant for

the empirical researcher.
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Assumption 3
The lattice where the units are located is infinitely countable and there is a distance measure
po(-,-) and a distance py > 0 available to the researcher such that p(i, j) > pg for any two pair of

observations i and ;.

Assumption 4

The random field is a-mixing satisfying the properties outlined by Nazgul and Prucha (2009).

In practical terms, this means that the degree of dependence between the observations decays as
the distance between them increases®. From a modeling perspective, this implies that the weights
specified in W, the weighting matrix capturing the spillover effects, for any two observations i and
J have to decrease as p(i, j) — oo. Note that this assumption also applies to the selection random
variables s;; so that the missingness of one unit will not affect the availability of observations that

are at a large distance from it. The following assumption is related to the error terms.

Assumption 5

At each time period, the N X 1 vectors of errors are generated as:
u=Fe r=Mpn (2.22)

where the € and 7 are a N X 1 vectors of i.i.d. random variables with mean 0O, variance of 1,
independent of each other and E(|¢|?) < oo and E(|5|?) < oo for ¢ > 4 and the F; and M, are N X N

non-singular unknown matrices whose row and column sums are uniformly bounded.

This assumption allows for many structures of spatial correlation between the error terms
without imposing any restrictions on the time dimension. Assumption 6 states that all the relevant

matrices are well behaved.

Assumption 6
The matrix of exogenous variables, 7, has full column rank and its elements are uniformly bounded

in absolute value by the finite constant O < ¢z < 0. For a fixed and finite 7', the matrices:

8Recall that we are working with N — oo and fixed 7' asymptotics so there is not need to impose a weak dependence
restriction on the time dimension.
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1. lim (NT) '#'7 = Q...
2. lim (NT)"'#RR’; = QRg..

3. plim(NT) '#7 = Q...

N—oo

are finite and non-singular®. Furthermore, the matrix plim(NT)~'#d = Q., has full column rank
N—

2k +1. Similarly, the diagonal elements of W are zero and all of its elements are uniformly bounded

by a finite constant 0 < cy < oo.

Having state these conditions, the asymptotic normality is summarized in the following propo-

sition.
Proposition 1. Under Assumptions 2-6,
n , , ’ -1
VNT [(9/, vec(r)) - (90 ,vec(ﬂo)') ] 4N [0, (D’V‘ID) ]

Furthermore,

_ A A Al _, A A d
NTg(0,#)'C 18(9, r) — X§(21+k2—k1)+1

This result follows directly from the Uniform Law of Large Numbers and the Central Limit
Theorem derived by Nazgul and Prucha (2009) and therefore I omit the proof. This chi-square
statistic is useful to determine if the overidentification restrictions (i.e. the moment conditions
in Assumption 1 evaluated at the true population parameters) hold. More specifically, this test
can help to determine if the mechanism that generated the missing observations is responsible
for the violation of Assumption 1, however, it might not be useful in determining if the model is
misspeficied (Rai, 2023).

2.5 Correlated Random Effects

2.5.1 The Mundlak Device
When working panel data, researchers usually have to decide between two main estimators,

Random Effects (RE) and Fixed Effects (FE). The former provides efficiency gains over the second,

Formally these conditions should also hold for the variables with incomplete observations.
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while the later is more robust to violations of one of the main assumptions of the RE estimator,
namely that the exogenous variables are uncorrelated with the individual heterogeneity, since the
FE approach leaves this relationship unrestricted. Mundlak (1978) proposed a middle ground
between these by restricting the relationship with a particular functional form, which falls under
the Correlated Random Effects (CRE) approach. Consider the following standard linear model
without spatial effects:

Vit = XiB+ ¢i + Ui (2.23)
Mundlak’s approach is to to model the individual effects c¢; as a linear function of the time averages
of the covariates:

ci = X0+ hi (224)
where 4; is uncorrelated with x;. By replacing (2.24) in (2.23) we obtain:
Yit = Xitﬁ + X;0 + h,’ +Uu;; = x,-,ﬁ +X;0 + 1 (225)

It turns out that if (2.25) is estimated either by POLS or RE, the estimated coefficient of g will be
numerically the same as if the FE estimator is used in (2.23), a result attributed to Mundlak (1978).
This equivalence has been extended to other contexts: Joshi and Wooldridge (2019) proved it for
the case of unbalanced panels, Wooldridge (2019) showed it for models with unbalanced panels
and endogenous variables. In the spatial context, Debarsy (2012) was the first to introduce the
Mundlak device, while Li and Yang (2020) discuss some conditions under which the equivalence
holds. Wang and Lee (2013) discuss how to implement the Mundlak device on spatial panels with
missing data on the dependent variable, however they do not show the equivalence. In this paper, I
show the equivalence holds for models with missing observations on the endogenous covariates in

a spatial panel. To this end, consider again the model (2.1):

Vit = X1ie1 + X2i B2 + WiX1y1 + WiXoryo + ¢ + ujy (2.1)

=a0+ci+uy,i=1...N,t=1...T.

where the same definitions and conditions described earlier still apply, including the availability of

a set of instruments (zp;; 32i;). Consider also the same selection variables and in particular, the
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complete cases selection variable §;; as defined in (2.10). In this context, the Mundlak approach
involves modeling the heterogeneity as a function of all the time averages of all the exogenous

variables z;; = (X1 22ir Wiir 32ir) in (2.1):
ci =Zi0 +1; (2.26)
and multiply the equation by the complete cases selection variable to obtain:
Sityir = 8ir@ir0 + 5i1Z;0 + Silliy (2.27)

where ii;; = u;; + 17;. Then we can recover the FE estimates of 6 by applying Pooled 2SLS to (2.27)

using the instruments §;;(z2;; 32i;).This result is summarized in the following proposition:

Proposition 2. Suppose 0 is the estimated coefficient of 6 by applying Pooled 2SLS to equation
(2.27). Then 6 = OcrgasLs, the coefficient defined in (2.11).

The proof of Proposition 2 can be found in the Appendix. One of the advantages of the Mundlak
device over the FE estimator is that it allows to estimate the effects of variables that do not show
variation over time. Note however that as with the FE estimator, this approach is using only using
the complete cases so the researcher can obtain efficiency gains with a GMM estimator that uses the

information contained in the incomplete cases. The following subsection describes this procedure.

2.5.2 A GMM approach to CRE with missing data
Instead of applying the within transformation to recover the FE estimates of 6, in this section
we construct moment conditions using the Mundlak approach, for which I will use equations (2.3),

(2.4) and (2.5). As a first step, we model ¢; in (2.3) as:

ci = X2i01 + 22102 + w2603 + 30,04 + 1

= Ziéi +n; (2.28)

where the bar over the variables denotes the time average taken over the observations only where

Sir = 1. Here we impose the following condition:
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Assumption 7
E(ni|Z,8) =0

Plugging (2.28) into (2.3) yields:
Yie = aig0 + 20 + iy (2.29)

where ii;; = u;; + 1;. Since the main model has been augmented with these additional set of
variables, the first stage equations need to be adjusted to include these exogenous variables. In

particular, letting Z = (z;; Z;) we now have:

~0 = ~0 =~
Qi = ZitT) + 2Ty +Fig

= £ 70 + 7y (2.30)

where E(Z'7;;) = 0 holds by definition. Finally we replace (2.30) in (2.29) to obtain a reduced form

of y;; on the always observed variables Z:
Vit = 210 + 2 (796 + ) + ¥
= Zith1 + Zip2 + Vit
= G + Vi (2.31)

2/~

where ¥;; = ii;; + 7;;6. Note that as a consequence of Assumption 7 and E(Z'7;) = 0, E(Z},;,) = 0.
If we let 6 = (¢’ ), from here we can construct the vector of moment conditions as follows:

8uZ i 52}, (yie — ainf — Zi0) g1i1(6, %)
gu(0.7) = | 5,2, 0F, |=| 5uz, ® (an — i) | = |gue(6,7) (2.32)
(1- 51‘:)2,;,\7[: (1- §it)5;,(yit = Zirit) g3it(9v» )

From this point the estimation proceeds as in the previous section, but now we have

1%

E|[g(0,7)§(0,7)] and D =E|[Vg(d, 7] (2.33)

Once again, the efficiency gains from this estimator come from the second and third moment
conditions of (2.32) by imposing the same coefficients on both the complete and incomplete

sub-populations.
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2.6 Simulations

2.6.1 Data generating process

To analyze the performance of the proposed GMM estimator in this paper, I ran a Monte-
Carlo study where I compared it to the complete cases (CC) estimator, the dummy variable method
(DVM) and the estimator that used the data set without any missing observations. Note that although
the DVM has been shown to deliver biased results (Jones, 1996), in some simulation studies its
performance has been somewhat acceptable, like in Rai (2023). To this end, the benchmark data

generating process is as follows:
Yir = o+ X111 + WiX1:B2 + x2i83 + WiXoufBa + ¢i + Uiy (2.34)

where (x1;; xp;;) are scalars and the latter is potentially missing and it is endogenous so that it
is correlated with the idiosyncratic error term u;. I also generate the variable z;;; that will serve
to instrument for x,;;. Naturally W;Z,; will serve as an instrument for W;X5;. The individual
heterogeneity is correlated with (xy; z2i). The observations live in a regular square grid and
the weighting matrix that captures the spillover effects follows a rook type scheme. The variables
X1it» 22it» Ui follow a standard normal distribution and are independent of each other. The population
parameter values are Sy = 2,81 = 1.5,8>, = 0.7,83 = 1.2 and B4 = 0.4. The sample size was
N =900, T =5 and the number of Monte-Carlo repetitions was 1000 for each scenario described
below.

To incorporate the missing data, I used three different mechanisms. In the first one, the data
is missing completely at random (MCAR) for which the selection variable followed a binomial
distribution with parameter p = 0.85. Under this scheme, the average proportion of observations
across the 1000 simulated data sets with a complete “own” set of data was 85% as expected.
However, the percentage of units with a complete information set (i.e. both the “own’ and neighbors
information is non-missing) dropped down to 53%. In the second design, the data is missing at
random (MAR) so that the selection variable is allowed to depend on the always observed variables.
In this instance, I allowed the missingness to depend on xy;; and designed it so that around 85% of

the observations had their own x,;; available. In this case the average proportion across the 1000
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repetitions of complete cases was around 51%. As an extension of the first design, the data is
again MCAR but the error term follows a spatial autoregressive process of order one (SAR) with a
parameter p = 0.4 and I repeated this design with a smaller sample size where N =400 and T = 5
for a total of 2000 observations. Finally, in the third experiment I allow the data to be MAR again

but in this case the missingness also depends on the individual heterogeneity.

2.6.2 Results

The simulations showed that the proposed GMM behaves well in finite samples and consistently
across the different designs. For example, Table 2.1 shows the average bias, standard deviation
and root mean squared error for 83 and B4, the coefficients associated with the endogenous and
potentially missing variables xj;; and W; Xy, for the case when the data is MCAR across the 1000
repetitions. The proposed GMM has an average bias just as small as the estimator that uses the

complete data, showing that it is indeed a consistent estimator.

Table 2.1 Average bias, standard deviation and root mean squared error for 83 and 4 across the
1000 repetitions when the data is MCAR.

B3 Ba
Bias S.D. RMSE Bias S.D. RMSE
Whole data 0.0004 0.0247 0.0247 0.0010 0.0480 0.0480

Complete cases  -0.0016 0.0364 0.0364 0.0013 0.0713 0.0713
Proposed GMM  0.0004 0.0308 0.0308 0.0008 0.0604 0.0603
Dummy variable 0.9800 0.1304 0.9886 0.3211 0.1865 0.3713

More importantly, the standard deviation of the estimated coeflicients for the proposed GMM
is smaller than the estimator that uses the complete cases only, showing that it provides some
efficiency gains relative to it. As expected, it is not as efficient as the estimator that uses the whole
data set as this one uses the full set of available information, whereas the proposed estimator might
lose some information (e.g. cases where there is only one incomplete time period and therefore
the unit becomes uninformative). This is illustrated in Figure 2.2, where the estimator that uses the
whole data set has tighter distributions around the true population values, followed by the proposed

GMM estimator and finally, the complete cases estimator, which has more disperse distributions.
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The simulations also show that the DVM estimator is inconsistent as the average bias for the
parameters associated with the endogenous variables is substantial, although this appears to be
limited to these covariates as the 81 and 3, coefficients seem to be well behaved.

The simulations show a very small loss in efficiency when the data is MAR compared to the
MCAR case. Similarly, this loss is also small when the data is MCAR but the error term follows
a SAR(1) process, as in the latter the standard deviations are slightly larger relative to the the
first two scenarios. Nevertheless, the proposed GMM estimator shows again to be more efficient
than the complete cases estimator. Of course, if the researcher is confident that the error terms
follows a SAR(1), she might be able to exploit efficiency gains using alternative estimators that
use this information such as maximum likelihood, at the risk of misspecifying the structure of data
generating process. As expected, when the sample size is smaller the distribution of the coefficients
show a greater dispersion, but the proposed GMM estimator continues to show to be well behaved
under this scenario with a small bias and a standard deviation that is smaller than the complete cases
estimator. Finally, when the missingness is also allowed to depend on the individual heterogeneity,
there are no substantial differences in the results: the proposed GMM seems to be consistent and
the root mean squared error is between the estimator that uses the whole data set and the complete
cases one. This result is somewhat expected as the within transformation removes the individual

heterogeneity from the estimating equations.
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Figure 2.2 Distribution of estimated coefficients across the 1,000 Monte-Carlo repetitions when
the data is MCAR.

2.7 Empirical Application

I this section, I revisit the problem of analyzing the impact of different variables on crime in
the state of North Carolina at the county level between 1981 and 1987. This problem was studied
by Cornwell and Trumbull (1994) and by B. Baltagi (2006), where they modeled the crime rate as
a function of a set of covariates that included deterrent variables and returns to legal opportunities.
However, as pointed out by B. Baltagi (2006), most of the fixed effects estimates presented by
Cornwell and Trumbull (1994) turned out to be statistically insignificant, therefore, in this paper I
present a simplified version of the model that focuses on the deterrent variables.

The original data set used in their estimation contained 90 counties'” and seven time periods for
a total of 630 observations. Note that their data has no missing observations and therefore, for the

purpose of this illustration, the missing variables will be generated artificially so that around 5%

10North Carolina has a total of 100 counties, nevertheless their data only contained information for 90.
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of the observations has one of their variables missing. To this end, consider the following model:

crime;; = fo + [arrest;; + Soconviction;; + 53 prison;,

+ Bapolice;, + Bsavgsent;, + Bedens;; + ¢; + u;; (2.35)

where crime is the crime rate (crimes committed per person), arrest is the “probability” of arrest
(number of arrests per crimes), conviction is the proportion of convictions to arrests, prison is the
ratio of sentences that results in jail time to the total number of convictions, police is the police
per capita, avgsent is the average sentence in days and dens is the the number of people living in
the county per square mile. Cornwell and Trumbull (1994) argued that both the arrest and police
variables are endogenous, for which they proposed two external instrumental variables (IV): the
tax revenue per capita is correlated with the police covariate as we would expect that higher tax
revenues are correlated with larger police forces. On the other hand, the ratio of crimes that involve
face to face contact to those that do not (denoted by mix) is the IV for arrests, the rationale being
that when a crime is committed in person, identification of the perpetrator is facilitated.

Columns 1 and 2 of Table 2.2!! show the results of estimating the model 2.35 using the complete
data set by FE2SLS and using the proposed GMM (PGMM) estimator respectively!?. The first
thing to note is that all the coefficients are similar in magnitude and most of them have the expected
sign. Indeed, deterrent variables such as arrests, conviction and prison have a negative effect on the
crime rate. On the other hand, police and density have a positive impact on the dependent variable,
which is expected as the latter increases the likelihood of offenders finding victims. On the other
hand, as pointed out by B. Baltagi (2006), there might be simultaneity involved in the relationship
between the crime rate, arrests and police. Note however that none of the estimates is statistically
significant.

From a spatial perspective, one could argue that criminal activity in some areas might affect

the surrounding counties. For example, if the people living in the big cities of North Carolina are

ITAll the specifications include time dummies.

12 Admittedly the results from the missing data case are going to depend on which observations are missing, therefore
I estimated the model 200 times and at each iteration, a different set of observations was missing. The table shows the
average estimated coefficients across the 200 repetitions and the “standard errors” presented for the PGMM columns
are the sample standard deviation of the computed coefficients across the iterations.
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more affluent and are more densely populated than those in rural areas, it could be expected that the
former have larger crime rates or arrests. Figures 2.3a and 2.3b show these variables plotted over the
counties at the beginning and end of the period of analysis. They reflect that indeed counties with
high (low) proportion of arrests are neighbors to other counties with higher (lower) “probabilities”
of arrest. To capture this, I augment model 2.35 by including the spatial lag of the variable arrest.
The results of this are shown in columns 3 and 4 of Table 2.2.

Table 2.2 Results from the estimation (standard errors in parenthesis)

FE2SLS PGMM FE2SLS PGMM
-0.0202 -0.0182 -0.0224 -0.0175

Arrest (0.0128) (0.0169) (0.0242) (0.0162)
poli 37286  4.1822  4.0688  3.9161
olce (1.7727)  (2.145) (4.0708) (2.6127)
Comviction 00019 00023 -0.0206  -0.0021
(0.0009) (0.0013) (0.0169) (0.0015)

pricon 20.0012  -0.0023 -0.0020 -0.0018
50 (0.0045) (0.0049) (0.0021) (0.0054)

Sentence 00002 00004 -0.0012  0.0004
(0.0002) (0.0002) (0.0072) (0.0003)

Densit 0.0039  0.0011  0.0002  0.0006
ensity (0.0049) (0.0027) (0.0004) (0.0028)
W x Arrest ] 0.0046  -0.0151

(0.0063) (0.0533)

After adding the additional covariate, none of the estimates from the estimates for the other
variables changes significantly and they remain statistically insignificant at the usual confidence
levels. The sign of the coefficient for the spatial lag of arrests is positive for the case of the FE2SLS
estimator but negative for the PGMM. One could argue that the expected sign of this variable
would be positive because if the number of arrests in counties that are neighbors of i increases,

the criminals might move their activities i. However the empirical evidence does not support this
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theory, as both estimators find a statistically insignificant coefficient, which coincides with the

findings of Cornwell and Trumbull (1994).
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Figure 2.3 Maps of the “probability” of arrest (a) and crime rates (b) at the beginning and end of
the period of study.

2.8 Conclusion

Missing data is a more serious problem in spatial models with spillover effects because the
loss of information is greater if the researcher decides to use only the complete cases. This paper
presented a simple way to exploit the information of incomplete observations in spatial panel data
models with potentially missing endogenous explanatory variables. The estimator is presented in
a GMM framework that imposes restrictions on the coefficients in the complete and incomplete
subsamples to obtain a more efficient estimator relative to the fixed effects estimator that only uses
the complete cases.

An alternative to the FE estimator in panel data is the correlated random effects approach, which
restricts the relationship between the unobserved heterogeneity and the explanatory variables. In

particular, by using Mundlak’s device the researcher can recover the same numerical FE coefficients
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for the time varying variables and also estimate the effects of time invariant covariates. In this
paper, I show that this equivalence carries over to the missing data with endogenous independent
variables. In addition to this equivalence, I also present a potentially more efficient GMM estimator
that exploits the incomplete cases information using the the additional restrictions of the Mundlak
approach.

The simulations show that the proposed GMM estimator behaves well in finite samples with
an average bias very close to the estimator that uses the whole set of non missing data but more
importantly, it consistently had a smaller standard deviation across the Monte-Carlo study compared
to the estimator that uses only the complete cases, which shows that the GMM indeed provides

some efficiency gains.
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CHAPTER 3

ESTIMATION OF MODELS WITH MULTIPLE FIXED EFFECTS AND ENDOGENOUS
VARIABLES: A CORRELATED RANDOM EFFECTS APPROACH

3.1 Introduction

Gravity type models have been widely used in a variety of economic fields to analyze the
flows of goods or services between multiple regions or entities. The international trade literature
has had a long tradition of using this type of model to quantify the relationship between bilateral
trade flows and other variables such as trade costs and economic integration agreements (Baier
et al., 2014), although its use to estimate these relationships can be documented back to 1885
(Kabir et al., 2017). Studies in this area that use the gravity equation include Flach and Unger
(2022), Anderson and Van Wincoop (2003) and B. H. Baltagi et al. (2003), but the list of papers is
extensive. Furthermore, gravity type models have also been used to explain migration flows (Beine
et al., 2015) and international financial assets outflows (Okawa & Van Wincoop, 2012). Kabir et al.
(2017) provides an excellent overview of other areas where the gravity equation has been applied.
However, for the remainder of the paper I will focus on the international trade case.

The main idea behind gravity models is that the bilateral economic relationship between two
entities is proportional with their economic size (e.g. a country’s GDP is often used in the trade
literature (Matyas, 1997)) and negatively correlated with their economic or geographical distance.
Intuitively this idea is appealing and is analogous to Newton’s Universal Gravity Law, however, it
was recognized that the inclusion of covariates such as policy variables (e.g. border taxes) lacked
theoretical justification (Anderson, 1979). However, Anderson (1979) made a seminal contribution
in this direction by presenting a commodities model that are differentiated by the country of origin
and deriving a gravity equation from it. Other papers that also presented theoretical foundations for
these models include Krugman (1980) Bergstrand (1985), Eaton and Kortum (2002) and Chaney
(2018).

Gravity type models are at least double indexed: in the cross sectional case, one index corre-

sponds to the originating country and the other to the destination country. If time series data is
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available, then one of the indices identifies the time dimension instead of the originating country
and if the researcher is using panel data, then a third index can be added to the model to identify each
of the components previously mentioned. More details about the formulation of a gravity model
can be found in Matyas (1997). Although more details will be provided later in the paper, each
of these dimensions will have a corresponding term (unobserved heterogeneities, latent variables
or “fixed effects”) in the model that captures their corresponding effect on the response variable.
Depending on the assumptions imposed on these terms, the estimation approach can vary between
a random effects (RE) procedure or a fixed effects (FE) estimator (Matyas, 1997). An excellent
overview of both the RE and FE with multi-dimensional panels can be found in Matyas (2017,
Chapters 1 and 2).

As previously mentioned, one of the main differences between the FE and RE estimators is
the restriction related to the relationships between the explanatory variables and the unobserved
heterogeneities that is imposed to achieve consistency. In particular, the FE allows for arbitrary
correlation between the latent variables and the covariates, while the RE assumes zero correlation
among the dependent variables and each of the fixed effects. However, the literature has proposed
a middle ground between these approaches, the correlated random effects (CRE). For instance,
in the one way panel case, Mundlak (1978) suggested to model the individual heterogeneity as a
linear function of the time averages of the right hand side variables, use this auxiliary equation
in the main model and estimate the parameters with Pooled Ordinary Least Squares (POLS). By
following these steps, he showed that the researcher can obtain same numerical estimates of the
FE estimator for the time varying covariates. It is important to note that this result is an algebraic
equivalence that does not depend on the statistical properties of the estimators nor the conditions
assumed to obtain a consistent estimator laid out earlier.

This equivalence between the Mundlak device and the FE estimator has been extended to other
contexts. For example, Wooldridge (2021) showed it for the case of a two-way panel, Debarsy
(2012) was the first to propose it for spatial panels, Joshi and Wooldridge (2019) demonstrated it

for the case of unbalanced panels and Yang (2022) proved it for models with multiple fixed effects.
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It is important to note that Yang (2022) does not allow for correlation between the covariates and
the idiosyncratic error term. In this paper, I extend the result by relaxing this assumption and
show that the FE estimates and be recovered using two different sets of variables to model the
fixed effects. The rest of the paper is organized as follows. Section 3.2 presents the model and
its assumptions. Section 3.3 shows how to consistently estimate the model, while Section 3.4

introduces the equivalence between the FE and the CRE approach and Section 3.5 concludes.

3.2 Model
To motivate the use of a FE or RE approach, consider the following linear model with additive

heterogeneities, which is common to see in gravity-type models:

Yije = X1ijtB1 + X212 + @i + Pj + Ve + Ui

:X,'jtﬁ+€ij,, i=1...Ny,j= 1,...Np,t=1...T (3.1

where y;; is the dependent variable, x;;, is a vector of K explanatory variables, including a constant.
I decompose the error term e;;; into four components: «; is the individual specific heterogeneity
along one of the dimensions of the data (e.g. exporter “fixed effect”), ¢; is the heterogeneity along
the other dimension (e.g. importer “fixed effect”), y; is the time specific effect and u;;; is the
idiosyncratic error term. I divide x;;; in two subsets: x1;;; are K| exogenous variables in the sense
that E(x’ll.].lu,-j,) = 0 and xy;;; are K, endogenous variables so that E(x’zl.jtuijt) # 0. In light of
the endogenous x;;;, to obtain consistent estimates of 5, we could construct Hausman-Taylor type
instrumental variables, however I will assume that we have L (with L > K>5) external instrumental
variables available and denoted by z;j; that satisfy the usual relevance [E(Z’Zi X2 i) # 0] and
exogeneity [E(ZIZij (uijr) = 0] conditions and let the set of exogenous variables be z;;; = (x1;: 22ij1)-

In this paper, I do not consider formal asymptotic analysis, nor do I focus on whether the
individual heterogeneities and time effects are parameters to be estimated or should be treated as
random variables since the equivalence derived below using the Mundlak approach is an algebraic

result. However, at least one of the indices should go to infinity to obtain a consistent estimator

of B, conditional on not treating the heterogeneities or time effects associated with that index as
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parameters to be estimated to avoid the incidental parameters problem. Matyas (2017) has a nice
review of asymptotic properties of fixed effects and random effects estimators for the different cases
that can arise in empirical work.

Throughout the paper I assume that the data is ordered such that the i index is the slowest to
change, then j and 7 is the fastest. I also assume that all the relevant matrices have full column rank

and are therefore invertible. I also maintain the following exogeneity assumption:

E (uijelzi11, 2112, « - - ZNyNoT» @is §75Ve) =0 (3.2)

This is an extension to the three dimensional panel of the strict exogeneity assumption found
in the one way panel data literature. Note that the equivalence that will be presented in Section
3.4 does not depend on any of the assumptions stated so far, it is an algebraic equivalence that is

unrelated to the statistical properties of the estimators presented in the next section.

3.3 Estimation

The estimation approach of the parameters in equation (3.1) will depend on the variables of
interest and the assumptions the researcher is willing to make. If we assume that the exogenous
variables z»;j; are uncorrelated to all the individual heterogeneities (a;, ¢ and ;) and the following

conditions are met:
1. The heterogeneities are pairwise uncorrelated.
2. E(a;) =E(¢;) = E(y:) = 0.

Furthermore, if we assume

glifi=1
E(aay) =

0 otherwise

oy if j=j’
B(¢sdy) = 1

0 otherwise

0'y2 ifr=r
E(yryr) =

0 otherwise
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then the structure of the covariance matrix is given by

E(ejjieysjy) =E [(@i+ @)+ v +uije)(ar + ¢ +yr +upjr) |

=02 ifi=i,j+j,t+¢t
:o'q% ifi+i',j=jt+¢
=0 ifi#i,j#j,t="t
=0, +0, ifi=i',j=j,t#1
=0, +0, ifi=i',j#j,t="1
=0, +0, ifizd,j=jt="1
:0'3+0'£+0'§+0'3 ifi=i,j=j,t=¢

Which translates into the following matrix:
Q=E(ee') = o5 (In, ® Inyr) + 05 (Iy, @ Iy, ® J7) + 0 (Jwyn, ® Ir) + 0 Iy vyt (3.3)

where ® represents the kronecker product and I and J denote an identity matrix and a square
matrix of ones, respectively, of size given by their subscript. We can transform the data to obtain
an efficient estimator that exploits this information. Indeed, the RE estimator presented in Matyas
(2017) can be obtained by applying Pooled Two Stage Least Squares (P2SLS) to the following
equation:

Q2y=QIXB+Q %e (3.4)

using the instruments Q_%@, where the absence of subscripts indicate that the data has been stacked.
Denote the estimated coeflicient from this estimation as ,@ rE2sLs. A few observations are in order.
First, the assumptions stated above related to the second moments of the individual heterogeneities
are not necessary to get a consistent estimator of the parameters. These conditions only determine
the specific structure of the matrix € which in turn is used to perform the GLS-type transformation
of the data to get efficiency gains, but the consistency of the estimator hinges on other assumptions.

One the other hand, the second moment conditions are important to get a particular structure of
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the covariance matrix, but if these do not hold, inference can be misleading. For this reason,
researchers should use a robust covariance matrix to obtain the associated standard errors.
Sometimes imposing a zero correlation between the exogenous variables and the heterogeneities
might be an unrealistic restriction. In these instances, a FE approach is also available and it has
the advantage of leaving the relationship between the exogenous variables and the heterogeneities
unrestricted. One way to obtain the FE2SLS estimator is to include dummy variables to account for
the different heterogeneities (see Wooldridge (2021) for a description of the Two-Way Fixed Effects
estimator). Alternatively, we can apply a transformation to the data to end up with an estimating
equation that does not contain the “fixed effects”. To this end, we define the following notation.

Let

Ny T
Vi = NZTZZW and y.;. = 1TZ:Zym (3.5)

be the unit specific averages over the remaining dimensions for variable y. Also define

N1 N

=g NZZZW (3.6)

be the cross sectional average for each 7. Let

N N,
yo. = N1N2T Z Z Z Vije 3.7)
be the overall average. Note that
Ni N, T
1 1 1
y.. = — Vi.. = — Vi == .. 3.8
y Nliy Nziy, TZyr (3.8)
Finally, transform and denote the original data as follows:
j}ijt = yijt — )_)l - yj - y--t + Zy (39)

and other variables can be constructed similarly. This transformation gives rise to the within
estimator and it will remove the heterogeneity and time effects. It was first introduced by Matyas
(1997) and its extension to a model with endogenous variables is straightforward. Indeed, the FE

estimator of 3, denoted as Brras.s can be obtained by applying P2SLS to:
Vije = XijeB + €ijr = XijuB + liij (3.10)
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using the instruments Z;;;. A few comments are in order related to the within estimator. First,
this is not the only transformation that removes the individual heterogeneities from the estimating
equation. As pointed out by Balazsi et al. (2018), the following operation would also remove the
heterogeneities and time effects in equation (3.1):

Yijt = Yijr — Vijo — Yor t Yo (3.11)
The transformation needed to remove the “fixed effects” will vary depending on the structure of the
heterogeneities.

A second and perhaps more important point related to this operation is that some of the
coeflicients might not be identifiable as the associated variables will also be removed after the
operation. In particular, variables that are either time or individual invariant (in either dimension)
will be also removed by the transformation. From an empirical point of view, this is not a trivial
issue: for example, in the trade literature and gravity models it is common to include the GDP
of the exporter or importer region or some policy variables as covariates, which will be invariant
from at least one of the cross sectional dimensions and thus eliminated. This problem and the
efficiency gains give more appeal to the RE estimator over the FE, at the cost of imposing additional
assumptions. It is essential to stress out that the equivalence presented in the next section is an

algebraic result and is not related to other statistical properties of the estimators such as consistency.

3.4 Correlated Random Effects

As noted in the previous section, the FE and RE rely on opposing assumptions related to the
relationship between the exogenous variables and the individual and time effects. On the one hand,
the RE estimator assumes that there is no correlation between the exogenous and these unobserved
effects, while the FE places no restrictions in this sense. As a result, the usual bias-variance
trade-off arises between both estimators from the imposition and plausibility of this condition. In
one-way panels, the literature has proposed a middle ground in which the dependence between
the unobserved heterogeneity and the covariates is not zero but is restricted in a specific way. In
particular, Mundlak (1978) proposed to model the individual heterogeneity as linear function of the

time average of the covariates. Chamberlain (1982) provided a more flexible approach in which the
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heteretogeneity is linearly projected into the space of the whole history of explanatory variables.
One of the drawbacks of the latter is that the number of coefficients to be estimated grows linearly
as the sample size grows, which can be a greater issue in higher dimensional panels.

An interesting fact about the Mundlak device is that he showed that by adding the time averages
to the estimating equation, one can recover the same FE estimates if the equation is estimated by
RE or POLS. This result has been extended to the two-way panel: Wooldridge (2021) proves that
the two-way FE estimates can be recovered by applying POLS to the main equation and adding the
time and cross sectional averages as regressors, while B. H. Baltagi (2023) demonstrates that the
GLS-type transformation and POLS are equivalent in this sense. In addition, Yang (2022) extends
this equivalence to three-way panels and presents conditions under which a weighted variable
addition test is equivalent to the Hausman specification test. More concretely, the linear projection

of the individual and time effects in the three-way panel using the Mundlak approach is given by:

L(|z1115 21125 - - - ZNyNST) = 201
L(¢;1z111, 21125 - - - ZN\NoT) = Z.7-62

L(ytlz111» 21125 - - - 2N NoT) = 2403 (3.12)

where L(-) denotes the linear projection operator. One aspect that these papers have in common
is that they show the result for the case in which the explanatory variables are exogenous with
respect to the idiosyncratic error term. In this paper, I show that the equivalence carries over when
there are endogenous variables on the right hand side of the equation, which can be useful as this
situation often arises in empirical work. Once again it is important to stress out that this is an
algebraic result that is unrelated to the consistency of the estimators. To fix ideas, it is useful to

first re-write in scalar form the RE transformation from (3.4), which yields the following:

_1 - ~ _ ~ _ ~ _ ~
oI 2yij = Fije = Vijt — N1 i — 0235, — 040 + G4 (3.13)
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where,

o
01 = 2, 2
NoyT o + oy,
o
02 = 2, 2
N1T0'¢ + 0y,
o
0 = 2, 2
NoToy + oy,
2
o
64 “

 NoTo3+NiTo} + NiN2oh + o
and where we can transform the rest of the variables in a similar way. Therefore, the RE2SLS

estimator can be once again obtained by applying Pooled 2SLS to
Vijr = XijB + €ijt (3.14)

using instrumental variables Z»;;;. Note that the Pooled 2SLS estimator is a special case of (3.14)
by setting g, =0 for s = 1,2,3,4. To obtain the CRE 2SLS estimator using the Mundlak device,

we can apply P2SLS to the following equation:
iji = XijiB + X1ije70 + 22116 (3.15)

using instruments Zy;j;, where Xi;j; = (X1 Xi.;. X1.¢) and Zoijr = (2o 220 Z2.¢). TWO
observations are in order related to (3.15). First note that X1;.. = (1 — 81)%y,.., fl.j. =(1- éz)il.j.,
*1.t = (1 = 63)%;., and similarly for Z», so that the averages of the transformed variables do not
depend on parameters that are associated with the other dimensions’ averages. Second, note that
we only need to include the averages of the exogenous variables X};;; and Zy;j, and not the ones
from the endogenous variables X»; jt- By doing so, the § recovered from this estimation, denoted as

,@ wm, Will be numerically the same as B rE2sLs- This result in summarized in Proposition 1.
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Proposition 1. Suppose that all the relevant matrices have full column rank. Let Brgasrs be
the coefficient obtained by estimating equation 3.10 by Pooled 2SLS and ,éMl be the coefficient

computed from applying Pooled 2SLS to equation (3.15). Then Brgasis = BMI'

The proof of this proposition can be found in the Appendix. This result is useful because it
allows the researcher to perform a Hausman-type test using a variable addition test. Specifically,
the researcher can analyze the significance of the coefficients associated with the averages to decide
between a FE or RE specifications. A discussion of this procedure can be found in Joshi and
Wooldridge (2019). As Matyas (2017) notes, there can be many causes of endogeneity in three-
way panels, which might require at least as many instruments for each of these sources. In order
to obtain the CRE equivalence, the researcher has to include all their averages in the estimating
equation, which can consume an important number of degrees of freedom and can be costly in
finite samples when conducting inference. Fortunately, we can recover the FE estimates by adding
a different set of variables. If we let £5;;; denote first stage predicted values for the endogenous

variables, then applying Pooled 2SLS to

Vijr = X1ij:B1 + X2i:B2 + X151 + X211 702

= RjB+ Xijum (3.16)

using the instruments (Z2;;; Z2i;;) Will also yield the same 3 as FE2SLS. Proposition 2 formally

states the equivalence.

Proposition 2. Suppose that all the relevant matrices have full column rank. Let ﬁAFEZSLS be
the coefficient obtained by estimating equation 3.10 by Pooled 2SLS and ,éMz be the coefficient

computed from applying Pooled 2SLS to equation (3.16). Then Breasis = ,éMz.

As noted previously, the advantage of using this set of variables instead of the instruments is
that it allows to preserve the degrees of freedom if we have more than one instrument for each
endogenous covariate. An important feature of the CRE approach using the Mundlak device is that

it allows to estimate the effect of variables that are constant across one of the dimensions of the
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panel, something that cannot be done using the within estimator as its transformation wipes out
any variable of this nature. In fact, Wooldridge (2021) proves in the two-way panel that adding
additional variables that only vary across one of the dimensions will not change the FE estimates,
a result that most likely carries over to the three-way panel. This result makes intuitive sense as the
within estimator is supposed to remove these variables but it also shows that adding the averages
(either from the exogenous variables or from the predicted values as in Proposition 2) is enough to

control for the the individual and time effects.

3.5 Conclusion

In this paper, I establish the algebraic equivalence between FE2SLS and RE2SLS in three-way
panels with additive unobserved heterogeneities in the presence of endogenous variables using the
Mundlak device. Namely, by including either the averages of the exogenous variables or the means
of the predicted values explanatory covariates across all the different dimensions, is enough to
control for the unobserved heterogeneities and to recover the FE2SLS estimates. The first approach
has the disadvantage that if there are multiple instruments available, the degrees of freedom could
be reduced considerably, an issue that is more severe in finite samples. The use of Mundlak’s device
also allows to relax the no correlation between the covariates and the unobserved heterogeneities,
which allows the researcher to obtain more robust estimates of the coefficients.

Furthermore, this result also offers the researchers a flexible and easy to implement solution
to choose between a FE and RE specification. In particular, Yang (2022) shows that a modified
variable addition test associated with the averages is equivalent to the Hausman-type test, with the
additional advantage that the former can be made robust to heteroskedasticity and serial correlation.
One of the limitations of the result shown in this paper is that the algebraic equivalence is likely
to break with other structures of heterogeneities. For example, Yang (2022) argues that if the
cross sectional heterogeneities are time varying, then the result no longer holds in the case of
exogeneous variables, a result that most like carries over in the presence of endogenous covariates.
However, future research might could extend the result to more general models of unobserved

heterogeneities.
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APPENDIX A

ADDITIONAL ASSUMPTIONS AND DEFINITIONS FOR
CHAPTER 1

Assumption 1

The functions g;(-, #) satisfy these conditions:
1. g;(+,0) are Borel measurable on Z, the o--algebra generated by Z, for all 8 € ©.
2. supy supyep, B[18i(Zin, 0)|**"] < eo V6 € O for some 17 > 0.

Assumption 2

The g(-, -) satisfy the following conditions:

1. For some p > 1:

lim sup

n—o0 |DN| Z E[dll?Nﬂ(di > k) —0ask >

ieDyn

where d; y = sup |gin(Zin, 0)].
0e®
2. gi(Zin,0) are Ly stochastically equicontinuous.

Assumption 3

The true parameter 6 and the g;(-, -) satisfy these conditions:
1. 6y € int(0).
2. gi(Z;,-) is continuously differentiable on the interior of ©.

3. |Vygi(Z;,0)| < co, where V4 denotes the gradient of g;(Z;, #) with respect to the parameter

vector 6.

4. Vogi(Z;,0)is Borel measurable, E[Vyg;(Z;, 0)] exists and rank {E[Vyg;(A;, 0)]} = P, where
P = dim(eo).

5. E[|gi(Z:,60)|**€] < oo for some € > 0.

87



Assumption 4

There exist finite dimensional vectors m; and A such that 7; — u; = m;A and

N

1 1

~ 2 NIzl = 0p(1) and NEIAll = 0(1)
i=1

Definitions

a-mixing for random fields

Let Dy be asubset of D. For U € Dy andV C Dy, let 0,(U) = o(X;y : i € U), ay(U,V) =
(0, (U),0,(V)). Then the @-mixing coefficients for the random field {X; y : i € Dy, N € N} is

defined as follows:
i n(r) =sup(a, (U, V), Ul <k, |V| < 1,p(U,V) >27)

for k,1,r,n € N. Define also
@k, (r) = sup a1 n(r)
Upper tail quantile function
Let X be a random variable. Then the upper quantile function Qy : (0,1) — [0, o) is defined as:

Ox(u) =inf{t: P(X >t) < u}

“Inverse'' function of mixing coefficients

For the non-increasing sequence of the mixing coefficients {@; 1}, _,, set @;,1(0) = 1 and define its

“inverse” function ajny (1) : (0,1) — N U {0} as:
Qiny (1) = max{m >0 : @ (m) > u}

Stochastic equicontinuity

The array of random functions {f; y(Z; n,0) : i € Dy,n > 1} is:

1. Lo stochastically equicontinuous on @ iff for every & > 0,

Z P|sup sup |fin(Zin.0) - fin(Zin,0)| >&| — 0asd — 0.
St |reooess)

lim sup
N—oo |DN| i
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2. L, stochastically equicontinuous, p > 0, on © iff

D Elsup sup |fin(Zin.0) - fin(Zin.0)|"| > 0as 6 — 0.
eDn 0’€® 6eB(6,0)

lim sup
N—oo |DN| i

3. a.s. stochastically equicontinuous on O iff

lim sup Z sup sup |fin(Zin,O) — fin(Zin,0)| = Oas. asd — 0.
N—w |DN| 45t oc06en@.0)
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APPENDIX B

PROOFS FOR CHAPTER 1
Proof of Proposition 5
For notation simplicity, we will assume that W;y; is included in x;, x;; = [x1;; X2i¢], Where the
xp are ky + 1 endogenous variables and z;; = [x1;; 2Z2ir W%it .. .wiit], where 7z, is a vector of Ly
instruments for x, with L, > k;, and similarly for the spatial variables (note however that W;y;, is

not in W;X;). Therefore, the problem is to apply Pooled 2SLS to the following equation:
yie = niyi = (X = 0i%) B+ Wi(X; = iX)y + (1 = 1:)Zi6 + (1 = )W, Z2a
= (xi — %) B+ (wis = o))y + (1 = 1) %6 + (1 = 17,) 3id

using IV’s: [(zir —=nZ) (3 —n3) (1-mzn (1-m)3il.
We first orthogonalize the IV’s, i.e., we run z; —nz; = (1 —n)Zie; + (1 — 6;) 3;€; and obtain the
residuals r;; and 3;; — 773,- =(1-nzies+ (1 - 9[)3,‘64 and get the residuals s;;. To do so, we use

the Frish-Waugh-Lovell theorem sequentially.

1.a) z; —nZz; on (1 —n)Zz;. The coefficient will be:

-1 r

N
M=

(1-n)*Z;Zu
1 I

T
- n)ZZ’l,-ZW

1 =1

'Mz‘ rEMz‘
M- 1

1=

(1-n)2), 21 (1 —U)ZZZZ,'; - ZT(l —n)nZQZi]
=1 i=1

Il
—_
~

Il
—
—_

= _1 _> N
T(1-n)Zz Z r- ’7)25’11'511']
] i=1

1
M= |

Li=1

~
I

.MZ‘

Il
—_

(1-m)%Z,z1 Z(l - 77)25'1,515] =1z

L i | i=1

Therefor the residuals will be v;; = z;; — Z;.

1.b) Run (1 —7)3; on (1 —1)Z;. In this case the coefficient and the residuals will depend only on

the i index, call the latter f;.

90



1.c) Run v; on f; to get ;. The coeflicient will be:

1=1r

Li=1 t=1

= szl/ﬁ Zf,'/Z(Zit—Zi)] =0,
] | i=1 =1

L i=1 t=1

where we used the fact that the sum of deviations from the mean add up to zero for all i in

the second term. This implies that €| = I and therefore, r;; = z;; — Z;.

Using very similar steps, it can be shown that if we run 3;; — n3; = (1 — n)Zies + (1 — 6;)3;€s,
then e3 = 07 and ¢4 = I, and therefore the residuals of this regression will be s;; = 3;; — 3. Since
we have orthogonalized the instrumental variables with respect to (1 —7)z; and (1 —1)3;, we now

have to apply Pooled 2SLS to the following equation:

Vi = nyi = (Xir = nX) + (Wi —qw;)y
using IV’s [(ziy — Zi) (3i — 31)]. We now define the following notation: Z; = zi; — Z;,
3ie = Bie = Bis Zir = 2 Bl e = yie — 1¥is Fr = [ = %) (wie — W), $ir = yir — §: and
Xir = [(xir = %))  (wiy = w;)]. Thenthe I = (8 ) from the previous problem can be obtained as:

lgeizzed (pze]

i=1 t=1 i=1 t=1

3 ) (Z S ) (Z 5 y) 1)

i=1 t=1 =1 t=1

The first term of the square bracket term can be rewritten as follows (the third term of that

inverse matrix can also be written in a similar way):
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) =) ||
L0t = Zit 31‘1]
i=1 =1 i=1 =1 | (Wi —nw;)’

_ (xir = mX;) Zis (xir — 77321'),31‘1 (B.2)

i=1 =1 [ (Wi = qwi)"Zir (Wir — Uwi)’?),/-t

We focus on the (1,1) term, but the following algebraic manipulation holds for the rest of the terms

in the matrix and for the second term in (B.1):

Z Z(-xtt sz) Zir = Z Z ltth Z 7]X Z Zit
i=1 =1 i=1
_ 7 . -7 _
= Z intZit - Z nx; Z(Zit - Zi)
i=1 t=1 i=1 =1
_ 7 e
=D D i
i=1 t=1
= Z Zx;tZit - Zfll (zit — Zi)
i=1 t=1 i=1 =1

= Z Z(xit - fi)/Z'it
i=1 t=1

where in the second and fourth lines we used the fact that the sum of deviations from the mean over

t add up to zero for all observations. Therefore, (B.2) can be rewritten as:

(xie —=mx%) 2 (xip — %)’ 31t (xie = X)) Zie - (xi — %) Szt
» >y

(Wir =qwi)’ % (Wir — W)’ 3 i=1 (Wie =Wi) Zie (Wir — Wl)
= X Zit
i=1 =1
Similarly,
2;t)~)it = 2;;)711
i=1 =1 i=1 1=1
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Therefore,

I'os1s =

|
—
I
LR
-
Il
LR
=1
Hatl
>
IS
&
St
S —

=I'reasts

Proof of Proposition 6

For notation simplicity and without loss of generality, I will omit W;y; in the proof. This term
can be treated as an additional endogenous variable included in x5;; with its respective instruments
[w%it e w{it]. Let x;; = (x1;+ X2ir), Where x1;; is a 1 X k; vector of exogenous variables and xy;; is
a 1 x ky vector of endogenous covariates.

Similarly, X, = (X1,  X20), zie = (xir 22i0)» 27 = (X Z2), Z = (Xiy Z2) and
Zi =X\ Z»), 3oir = WiZoit, 30i = WiZo.

Finally denote £;; = (x1;; %2i1), Xi = (X1, X2:), X = (X; Xa), where the hats denote the linear
projections of x on (x; z) and their spatial lags.

In a spatial setting, (8 7)rEe2sLs can be obtained by applying Pooled 2SLS to
Yir = Vi = (x1ir = X10)B1 + (x2ir — X20) B2 + Wi (X1, = X1)y1 + Wi(Xor — Xo)ya + (uir — u;)
using IV’s: [(z2ir — Z2i) Wi(Zoy — Z5)]
We want to show that applying Pooled 2SLS to:
Vit = 03i = (x1i = 6%1:) B1 + (x2ir — 0%2:) B2 + Wi( X1, = 0X1)y1 + Wi (Xor — 6X2) 72

+ (1 =0)x1;01 + (1 = 0)x202 + (1 —OW: X141 + (1 — OW;i X012 + uy
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using IV’s: [(z0i — 022:) Wi(Zos — 0Z5) (1 -6)72; (1 — 8)W,Z,] yields the same (8 ).

In order to proof the result, I will follow these steps:

1. Orthogonalize with respect to [(1 — 6)xX;; (1 — 6)wy;]| the instrumental variables and

[(x1ir — 0%1;)  (Wiir — OW11)]
2. Orthogonalize with respect to [(1 — 6)Zy (1 — 6)32] in the first stage equation.

3. Show that we get the same predicted values using the orthogonalized variables and the

original ones.
4. Use the Frisch-Waugh-Lovell (WFL) theorem to show the equivalence.
So the model is:
Yie = 05 = (x1;0 = 0X13)B1 + (X2 — O%2:) B2 + (Wi — OWi1)y1 + (Wair — OWin)y2

+ (1 =0)x1;01 + (1 = 0)x02+ (1 = O)wjd1 + (1 = O)wppds + u;

using IV’s: [(z2ir — 0Z2) (32ir —032) (1 -0z (1 -6)32i].
Step 1
a. 22 — 02y on (1 - 0)xy;, (1 -0)wy;
The residuals will be: zo;; — 0Z2; — (1 — @)x1;171 — (1 — O)w1f2 = 1

Applying the FWL theorem: for (1 — 6)x; on (1 — 8)w;, the coefficient will be:

,N _1
- Z T(1 - e)zw’liwu]

:N -1
= | (-0 m

The residuals will be (1 — 0)xy; — (1 — 0)wy;fi; = s;.

N
>ra- e)zw'll.xh-]
i=1

N
2 (1= 0w,
i=1
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Now we regress z2;; — 0Z2; on (1 — 8)w;. The coefficient will be:

T IrN o1
Z(l - Q)ZW/UWU] [Z Z(l — 0)*W); (z2ir — 9521')]

=

[\)

1l
1=

L i=1 t=1 =1 t=1

__1,N

T
T(1-6)*Ww| W Z(l - 0)*W; Z(Zzn - 9225)]
1 = =1

-

1

L1

.MZ'

T(1 - 0)*Ww), Wi Z(l — )W) AT X (22 — 9521‘)}]

1

L1

-1
(1- Q)ZWE,-WU] [Z(l - 0)*W), 20
i=1

.MZ'

I
—_

| 7
The residuals will be zo;; — 67Z2; — (1 — @)W1z = gir.

Finally, we run g;; on s;. The coefficient will be:

Using similar steps, 77, will be:

N -
M2 = [Z ; ﬂ [Z(l — 0)s7 (221 — X1if15)

i=1

where (i} is the coeflicient of regressing z2;; — 0Z2; on (1 = 6)xy; and s are the residuals of

regressing (1 — 6)wy; on (1 — 6)xy;

. (B2ir — 032:) on (1 = )%y, (1 — 0)Wwy;.

The residuals will be (3a;r — 032:) — (1 — 0)%1;113 — (1 — O)Ww1ifia = my,.

95



C. (1 - 9)221' on (1 - 9))21,', (1 - Q)Wi.

The residuals are: (1 —0)z; — (1 — 6)1js — (1 — 8)wy;j¢ = v;, which only depend on the i

subscript.

Applying the FWL theorem, regressing (1 — 6)x; on (1 — 8)wy; yields fi;, the same as in

step la. The residuals will be only a function of the i subscript, say f;.

Finally, run f; on s; and the coefficient will be:

Z Ts's Z Ts. f; Z Ts's;
i=1 i=1 i=1

The same coefficient as above. Following similar steps, it can be shown that

k1 ok
ZTsi S;
i=1

-1

=15 =1

-1
[Z si(1 = 6)(Z2i — wiifl2)

i=1

Ne =12 =

[Z 57 (1 = 0)(Z2 — X1if13)

i=1

where (i is defined in step la.
covi= (1 =0)Z — (1 = 0)xys — (1 = O)wiife = (1 = 0)Z; — (1 = O)x ;11 — (1 = )wiip

d. (1-6)zp on (1-0)xy, (1-60)wy;
The coeflicients will only depend in i, denote them by r;. If (1 — 0)Zzp; = (1 — 6)x;777 + (1 —
#)w1,1sg, it can be shown using similar arguments than in the previous step that 7j; = 7j3 and
fig = Na.

e. xi; — 0%y on (1 - 0)xy;, (1 - O)wy;

We can apply the FWL theorem to get the coefficients:
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i. First if we regress x;; — 6x1; on (1 — 6)x;. The coefficient is:

-1
Z Z(l - e>2xl,xll] [Z D (1= 0%, (xii - em]
1-1r
= Zm -0 F || D= 0F, D (- em]

| 7

= ZT(I — )%, %1 Z(l - 0)x),T (Xt — 99?11')]

=1y,

where I, denotes an identity matrix of size k1. Therefore, the residuals will be x1;; —X1;.
ii. Now regress (1 —68)wy; on (1 — 6)xy;.
The coefficients and residuals will only depend on i. Denote the later by d;.

iii. Finally regress x1;; — X1; on d;. The coeflicient will be:

1-1r

ZZd;di sz,{(xlit_)zli)

T T | )

= ZZdl’.di Zd,’.Z(XM—fli) = 0,
T T 1157 r )

where we used the fact that >, (x1; — X1;) = 0. Therefore x1;; — 0%1; = (1 — 0)x1; Ik, + (1 -

0)w1;0x, and the residuals will be x1;; — Xy;.

. Wit — Gwll on (1 - 9))?]1 and (1 - Q)Wll'

Applying the FWL theorem in a similar way than the previous step, we get the following

relationship:

wiir — 0wy = (1 = 0)%1;0k, + (1 — 6) w1, and the residuals will be wy;; — wy;.
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Therefore, after orthogonalizing, we can apply Pooled 2SLS to:

Vit = 09 = (x1i — X1:) B1 + (X211 — 0X2;) B2 + (W1ir — Wit)y1 + (Wair — 0Wi2) 2

+ (1 =0)x200 + (1 —O)windo +uy;

using IV’s: [l;; my vi ril.
Step 2

In this step we orthogonalize with respect to v; and 7; in the first stage equation. Note that these
are the residuals from the previous step associated with (1 — 8)Z»; and (1 — 6)3; respectively, the

instrumental variables.
a. lit = Vl[] + 7‘1[2 +&;.

1. I;; on v;. The coeflicient will be:
ozl e
s ) [Z Dy z]

- Z v;v,-] ) [Z v;z}}

| i i

Note that [;; = z0;; — 0Z0; — (1 — 8)X1;/1 — (1 — @) w72, therefore

-1 . - A

l; = T Z [ZZit - 022 — (1 - 9)7711'771 - (1 - G)Wliﬂz]
=(1-0)z — (1 = 0)xn — (1 = O)wiin
=(1-=0)(z2 — X111 — W1if2) = v;

Therefore, 77; = I; since 1j; = 1j5 and 7}, = 7j¢. The residuals are z;; — Z2;.

ii. r; on v;. In this case, both the coefficient and the residuals are going to depend only on

i, call them #h;.
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iii. Regress z2;; — Zo; on h;. The coefficient is:

] . _
3 = Z Z hihi Z Z h;(z2ir — Z2i)
| t ] | 7 ]
- Z Z hihi Z h; Z(Zzn -22)| =0
| t ] | 7

Because the sum of deviations from the mean add up to zero. Therefore [;; = v;I;+r;0;+¢&

and the residuals will be z7;; — Z2;.
b. My = Vit +rimy+ &

1. mj;onr;

The coeflicient will be, after some algebra, 7, = [Zi r;ri] B [Zi rlfn'ai]. Noting that

m; = %Z [(32ir = 6321) = (1 = O)% 153 — (1 — O)w ;74 ]

= (1 - 6)(3o — ¥1:193 — W1i1ha)
= (1= 6)(3o — F1157 — Wiiis) =1
We conclude that 7, = I; and the residuals are 3,;; — 321‘-

ii. v; onr;. The coefficient will be denoted by 77| = [Zi r;rl-] ! [Z,- rlfvi] , and the residuals

will depend on i, call them fzi.
il 3oir — 321’ on Ei-
Using again the fact that ), 32 — 321‘ = 0, we conclude that 71 = 0;, which implies
that 7, = m, = I; and therefore, the residuals will be 3,;; — 32,-.
In the original first stage we have:
X2i = O%2i = (X150 — O%1) b1 + (Wi — OW11) 2 + (321 — 032 b3 + (Wair — OWi2) Pa
+ (1= 0)x101+ (1 = O)Wwiip2 + (1 = 0)Z2ip3 + (1 — 0) 32ipa + Fs

After orthogonalizing with respect to [(1 — 0)%;; (1 —0)wy; (1 —80)zy (1 —0)3], to get
D = (¢ P2 P3 P4), we have to regress

Xair = 0%2; on [ (X2 — %ir) (X1 = %11) (Wi = w12) (32i — 32)]-
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We note that if z;; = [x1;; Wiir 220 32iz], then the coefficient of xp;; — 8Xp;; on zi; — Z; 1S
= »Z > (@i = ) (i - 2 »Z D i = 2 (eai = 9)?21')]
| | N
P NEEEOLCEEN] I DIWCESALEDY {Z(zi, - z»'} 9%4
T T | N i U
DI NI I DIPNCREIETED Y {Z(zn - z-)’} fzi]
| it : L 4 !

 PIDNCECE I DIPYCEEINCE fz»]

Where we used the fact that the terms in curly brackets are zero. Therefore, ®@ can also be obtained

-1

by regressing (xa;r — ¥2ir) on [(x2ir — %2ir) (X1i0 = ¥11) (Wiir —W11) (32ir — 3201

Step 3

In this step we show that x,;; — 6X2; = x2;; — 0X2;, where

Xoir — 0% = (X150 — O%1,) b1 + (Wiis — OW 1) b2 + (220 — 0720) D3 + (32ir — 032:) P4

+(1=60)xp1+ (1= 0)Wwip2 + (1 = 0)Z2:03 + (1 — 6)30ip4

Xoir — 0% = (X1i — X11) 1 + (Wi — W1) b2 + (220 — Z2i) b3 + (32ir — 321) ba

+ (1= 0)x1:p1 + (1 = O)Wwip2+ (1 — 0)Z2:53 + (1 — 0) 30

First we note that é j = <§ j for j = 1,2,3,4 because in the second equation the respective
explanatory variables are orthogonalized with respect to the terms related to the time averages of the
independent variables. Given this fact and after some algebra, we have that Xszi = xzmzi
ifg;+p;=pjforj=1,2,34.

To show that the previous equality holds, we start with Xz;_&zi. Since z;; = [x1ir Wiir 22ir 32it)
as above, we have
Zie — % = | (e = %) Wi —wii) (22ie —220) (B2 —32)]. A = (B, Py py p,) and § =
((5’1 <§’2 ¢7’3 &;)’, therefore, xzmzl- = (zir — Z))d + (1 — 0)Z;p. Greene (2007) shows that given
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$, one can get p as:

Z Z(l - 0)*z z,] [Z Z(l —6)Z) {2 — 632 — (zir — z,-)é}]

Z (1 - 9)2z’2,] [Z ((1 - 0)z, Z(XQ,', — 0%3) — (1-6)Z, {Z(zi, - zi)} é)]
= >Z(1 - e)zz;zi] [Z(l - e)zz;m]

where we used the fact that }},(z;; — Z;) = 0 on the second line.

™
Il

We turn now to xp;; — 0xp;. With similar definitions as above, given b, we get p as:

1-1r

p= Z Z(l - 9>2z al |2, Z(l = 0)7 { (vair = 6%21) — (2 = ezmﬁ}]
Z Z(l - 0)%7z; —Z(l - 0)7, {Z(le-, — 6%y) — Z(Zit ~ HZf)rﬁ}]
- Z T(1- e)zz’z, I Z T(1- 9)22,‘)?zi]
- Z T(1 - 9)25’2, »Z(l ~0)7:(T7 - Tezi)él
Z T(1-6)z z,‘ Z T(1- e)zz’zl]

=p-Dhuynd=p-

~ A ~ /\— -
Therefore, p = p + ¢ and hence xy;; — 0X2; = Xx2i; — 0X2;.

In a similar way and using obvious notation, it can be shown that

—_—

Woir — 0w = woir — Owo;.
Step 4

Given the previous step, the problem becomes:

Yir = 0¥ = (X1 = X1)B1 + (x2i — 0%2;) B2 + (W1ir = Wi1) Y1 + (Wair — OWi2)y2

+ (1 =0)x200 + (1 — O)Winds + uj;
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using IV’s: [(z2 — Z20) (32 —320) (1 =60z (1 —6)32]. At this point however, it is
important to note that although we have orthogonalized with respect to (1 — 8)[x}; wy;], we still
have to include in the first stage equation to obtain the predicted values of the endogenous variables.

Given this, the second stage equation is:

Vit — 0% = (x1;0 — X11) 1 + (R2ir — 0X2) B2 + (Wiir — Wir)y1 + (Wair — OWi2)y2
+ (1 = 0)X2:02 + (1 — O)Winds

where the ~ denote the first stage projections on the instrumental variables. To obtain (8 7y), we

orthogonalize with respect to (1 — 8)X»; and (1 — 8)w;».
a. (x1 —X1;) on (1 — 0)xy; and (1 — 6)w;».

i. (x1; —%1;) on (1 — 0)X»;. The coefficient will be:

-1
[Z Z(l - 9)23%'2,0%21'] [Z(l — 0)x5, Z(xm —X17) | = O,
it i i
where we used that the sums of deviations from the mean are zero for all i and the

residuals will be x1;; — X1;.

ii. (1-6)wip on (1—6)xy. In this case the coefficients and the residuals will depend only

on i, call them ;.

iii. xy; — Xj; on #;. By a similar argument to point i just above, the coefficient is 0, and

S0, X1 — X1; 1s orthogonal to both variables.

b . (Wiir—w1;) on (1 =6)Xo; and (1 —60)w;». Using a similar argument as in a) above, w;; — W1;

is orthogonal to both variables.
c. (%25 — 0x2) on (1 — 0)Xo; and (1 — O)wi».

i. (1 —@)wy; on (1 —6)xy. The coefficient and residuals depend only on i, call them ;.

ii. (£2i; — 6X2;) on (1 — )Xy By arguments very similar to previous steps, one can show

that the coefficient is I, and the residuals will be (%2;; — X2i).
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iii. (Xp;; — Xp;) on ;. By analogous arguments as above, the coefficient of this regression

will be O, .
Therefore, the residuals of this regression will be (£2;; — X2;)

d. Wair — Wi on (1 — )Xy and (1 — 0)w». Using similar ideas as in c) above, the residuals of

this regression are Wo;; — Wio.
Therefore, to find (87 B2 7y1 7Y2), we run
Yie — 09 = (x1ir — X17)B1 + (R2ir — X2) B2 + (Wiie = Wi)y1 + (Wair — Win)y2

If we collect all the covariates of this regression into a vector X;; — X; (where the xy;; and wy;; are

their own projections), then:
B v = Z Z()@'z = %) (Rir = %)
L it |

= Z Z()?it - )?i),()eit - )?l)

= Z Z()?it - )?i),()eit - )?l)

L i

Z Z(fit — %) (i = 9?1’)]
Z Z(fz‘t —X1) it — Z {Z(fn - fi)} 9)71']

i

Z Z(fir — %) (i = yi)]

| i

where we use again the fact that the term in curly brackets in the second line is zero. Therefore,
(B ) can be obtained by regressing
Yit = yi on [(xm —x1) (%2 = X2)  (Wrie —=w1i)  (wair — Wzi)],

which is exactly the same problem that the Fixed Effects 2SLS estimator solves.

103



APPENDIX C

DERIVATION OF THE COVARIANCE MATRIX FOR THE
CONTROL FUNCTION APPROACH

Consider the estimating equation in (1.46):
Vi = i + &y

where we can write d;; = Z;sy + V;;. Because every element in d;; is exogenous with respect to the

error term é€;;, we can write:

N A IR
6= WZZd;tdit WZZCZ;)}J
1 MI —1*1 N T
- NT Z Z iy diy NT Z Z d;, (b + ejr)
'lNTmﬁ—l’lNT/ "
- WZZ%% WZZ%(“”Q“‘%Q i + éir)
\/—A lNTﬁ/.A -1 _lNT.A./ ) . )
— VNT(§-0) = WZZ%% L(NT) 222% (an—an)6+i

Part 2 Part 1

Note that because i/ KN ¥, the first matrix on the right hand side will converge in probability to

(ZN a’ c’i,,) B. Consider now Part 1:

T

N N T
(NT)™2 ) D i = (NT)™2 37 5 (Gl e

i t

N T
= (NT)2 20 Gith + 2 — Zuth)
t

i

1 N T 1 N T ,
SEOWICRRAS - DWN CALH AT

N T
- (1)} ZZ(W) Gt VTG ) 5= 9 3

N——. — i t
O,(1)
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Because O, (1) - 0,(1) = 0,(1), Part 1 converges to [(NT)_% SN SI(zaw) € |. Now consider
Part 2:

N T N T
(NT)2 3" & (i = )0 = (NT)2 " " (Gih) Létis = b 10
i i t
[ | N T
= (NT)™2 )" 3" Gath) Léiie = Zih + Zaty = 2f 10
i t

N T
_ NT_% ..i"/ie_ ..i"/..i o 9
(NT) ZZ(zmvt () 20 (F — 0)

Part 2.1 Part 2.2

Starting with Part 2.1:
SN ST
(NT)™2 Z Z(Ziﬂf/)/vi:@ =(NT)™? Z Z(Zizl// + Zll — Zih) virf
l | N
=(NT)™2 Z Z(Zzzlﬂ) Vit + [Zzt(lﬁ ‘ﬁ)] Vit

N T
Z Z(Z”‘[’) VUG] + VNT(§ - Ll’) — Z Z AT

]
O, (1)

= (NT)"2

DE(Z,¥ir)=0
So in the last line we have O, (1) - 0, (1) = 0, (1) and therefore the last term will vanish as N — oo

and only (N T)_% va ST (zip)'vi:0 will remain. Using similar algebra, it can be shown that part

2.2 will converge to

N T
= D S ) 5 NT (W )0

i t
T lyN T
Note that b-v= ( Zzl,zﬁ) (ZZz;tv,-t)
i t i t
1 N T - . N T
— VNT({ - w)—(ﬁzza,zﬁ) <NT>—ZZZz;tvit}
i t i t
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Putting everything together we have

| M -1 SN
NT Z Z 5,‘,&;] {(NT)_§ Z Z C'Ai;t [(dit — )0 + éit]}
i t i t

N T
=B~ {(NT)—% 2. D) e+ i = 2 - ww]} +op(1)

=B {(NT)‘%

N T N T
Z PRI v,-,e)}] - 2. 2, w5 VNT G - we} +op(1)

-1

where VNT ()~ ) = (7 £ 57 2) - [(NT) 4 £ 57 200
Let

G=E

N T
Z Z (firlﬁ)/fiz]

i1
and

| M -1
ri(¥) = (WZZZ:,ZU)

1

N T
WRDIDY z;,v,-t]
]
Then we can write
SN
VNT (6 - 6) = B! {(NT)‘f D G @i+ 940) - G - r,-zw)e} +0p(1)
i1
And therefore, by the Central Limit Theorem,
VNT(G-6) < N{0,B7'MB"}

where M = Var [ 3 37 (Zuth)' (éir + ¥i10) — G - 1 (9)0] = Var [TV ] my].

B can be estimated with

To estimate M, let
i = (Ziﬂﬁ),(é‘it + \A’zté) -G- fit(‘ﬁ)é
where,
é;, are the residuals from the second stage.
V;, are the residuals from the first stage (note that v;; is a vector).

G = 2= SN STzl 2
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g R oo V7! _1 IR
i) = (3 2V B g) | (VTR BN BT 8],

With these quantities defined, the (7, s)-th element of M can be estimated as

PO IR ok ok o PSSR P (Y
rs—ﬁ;;zzzmit,rmjl,x [ ob ]

where once again the kernel function K (-) is operationalizing the weak spatial dependence assump-

tion.
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APPENDIX D

TABLES FOR CHAPTER 1

Additional Simulation Results

Table D.1 Average of the estimated variance of 81 over the 1,000 replications using a rook type
weighting matrix, N = 400, T=5.

CF CF_nol Truevalue | HACSC SHAC Cluster Non-Robust True value
oY CF 2SLS
0.0 0.041 0.037 0.0386 0.082 0.068 0.086 0.069 0.0866
0.0 0.3 0.037 0.034 0.0352 0.076 0.062 0.078 0.063 0.0726
0.7 0.035 0.032 0.0323 0.071 0.058 0.073 0.059 0.0706
0.0 0.043 0.039 0.0428 0.087 0.071  0.089 0.072 0.0906
03 03 0.040 0.036 0.0364 0.079 0.065 0.082 0.066 0.079
0.7 0.037 0.033 0.0359 0.074 0.061 0.076 0.062 0.0829
0.0 0.062 0.055 0.0558 0.111 0.091 0.115 0.092 0.1092
0.7 03 0.057 0.051 0.0535 0.103 0.085 0.106 0.085 0.1118
0.7 0.054 0.048 0.0488 0.096 0.079  0.099 0.080 0.0954

“True value computed as the variance of 8 across the 1,000 replications.
All the numbers were multiplied by 100 for readability.

Table D.2 Average of the estimated variance of S, over the 1,000 replications using a rook type
weighting matrix, N = 400, T=5.

CF CF_nol Truevalue | HACSC SHAC Cluster Non-Robust True value
oY CF 2SLS
0.0 0.069 0.066 0.0724 0.080  0.066 0.083 0.067 0.0803
0.0 0.3 0.063 0.060 0.0644 0.074  0.061 0.076 0.061 0.0738
0.7 0.060 0.057 0.0623 0.069 0.056 0.071 0.057 0.0704
0.0 0.074 0.071 0.0756 0.086  0.070 0.089 0.071 0.0894
0.3 0.3 0.068 0.065 0.0761 0.078 0.065 0.081 0.065 0.0862
0.7 0.063 0.060 0.0646 0.073 0.061  0.076 0.061 0.0793
0.0 0.119 0.114 0.1237 0.131 0.108 0.136 0.109 0.1376
0.7 0.3 0.108 0.104 0.1125 0.120  0.099 0.125 0.100 0.1297
0.7 0.101 0.097 0.1004 0.113 0.093 0.116 0.094 0.113

*True value computed as the variance of 3, across the 1,000 replications.
All the numbers were multiplied by 100 for readability.
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Table D.3 Average of the estimated variance of 83 over the 1,000 replications using a rook type
weighting matrix, N = 400, T=5.

CF CF_nol Truevalue | HACSC SHAC Cluster Non-Robust True value
oY CF 2SLS
0.0 0.275 0.242 0.24 0.742  0.615 0.772 0.620 0.79
0.0 0.3 0252 0.220 0.22 0.680  0.558 0.700 0.563 0.64
0.7 0.239 0.206 0.21 0.631 0.522 0.654 0.526 0.63
0.0 0291 0.252 0.27 0.769 0.636  0.796 0.640 0.81
03 03 0271 0.232 0.24 0.705 0.581 0.730 0.587 0.71
0.7 0.254 0.215 0.23 0.660 0.545 0.681 0.549 0.72
0.0 0377 0314 0.33 0917 0.758  0.949 0.763 0.90
0.7 0.3 0.350 0.290 0.29 0.860 0.709 0.884 0.712 0.91
0.7 0329 0.270 0.29 0.794  0.657 0.824 0.662 0.79

“True value computed as the variance of 83 across the 1,000 replications.
All the numbers were multiplied by 100 for readability.
CF_nol refers to the HACSC estimator ignoring the first stage estimation using a CF approach.

Table D.4 Rejection probabilities for the null hypothesis Hy : 81 = 0.7 at a 5% of significance
using a t-test over the 1,000 replications with a rook type weighting matrix, N = 400, T=5.

o " CF CF_nol HACSC SHAC Cluster Non-Robust

0.0 0.050 0.062 0.068  0.088 0.055 0.081
0.0 03 0.047 0.057 0.056 0.072 0.052 0.076
0.7 0.043 0.054 0.053 0.068 0.046 0.068
0.0 0.054 0.066 0.068  0.089 0.058 0.088
0.3 03 0.048 0.062 0.057 0.073 0.042 0.072
0.7 0.045 0.067 0.059  0.083  0.060 0.083
0.0 0.049 0.067 0.065 0.079 0.057 0.079
0.7 0.3 0.047 0.062 0.071  0.093  0.064 0.095
0.7 0.051 0.064 0.050 0.070  0.040 0.070
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Table D.5 Rejection probabilities for the null hypothesis Hy : 8> = 0.6 at a 5% of significance
using a t-test over the 1,000 replications with a rook type weighting matrix, N = 400, T=5.

o " CF CF_nol HACSC SHAC Cluster Non-Robust

0.0 0.076  0.067 0.069  0.096 0.061 0.093
0.0 03 0.078 0.064 0.077  0.101  0.066 0.102
0.7 0.079 0.072 0.079  0.104 0.074 0.105
0.0 0.082 0.072 0.089  0.108 0.076 0.105
0.3 03 0.082 0.075 0.079  0.106  0.076 0.104
0.7 0.081 0.069 0.089  0.119 0.078 0.108
0.0 0.071 0.068 0.075  0.099 0.073 0.099
0.7 03 0.077 0.066 0.092 0.111 0.080 0.110
0.7 0.069 0.064 0.063  0.080 0.053 0.077
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APPENDIX E

FIGURES FOR CHAPTER 1

Control Function with correction HACSC Clustered

— True

0.005 0.010 0.015 0.020 0.005 0.010 0.015 0.020 0.005 0.010 0.015 0.020
CF ignoring first stage SHAC Regular

0.005 0.010 0.015 0.020 0.005 0.010 0.015 0.020 0.005 0.010 0.015 0.020

Figure E.1 Distribution of the computed variances of 83 obtained for the case with e following a
spatial AR(1) process (p = 0.7), and a following an AR(1) (¢ = 0.3), N =400, T = 5.
*True value computed as the variance of 83 across the 1,000 replications.
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APPENDIX F

PROOFS FOR CHAPTER 2
Proof of Proposition 2

The problem is to apply P2SLS to
SitYir = Sir@ir0 + 5120

using the instruments z;; = (x1;; z2ir Wiir 32ir) When §;; = 1 and where a;; = (X151 X2i Wiir Wair)
and 7; = (X1; Zoi Wi 32,-). Note that the averages are taken for the cases where §;; = 1.

The first step is to orthogonalize the instrumental variables with respect to zZ;. I start by
regressing zo;; on Zp;. The associated coeflicient will be:
T -1

N N T
~ =1 = ~ =/
| i=1 t=1 =1 t=1
[ N

And therefore the residuals from this regression will be z2;; — Zo; = Z2ir. Now we regress each of
the remaining elements of Zy;, i.e. X1, wy; and 32,- on Z»;. Note that each set of residuals of these
regressions will depend only on the i index, so denote them respectively by £, f*' and fl.‘o’2 and
stack them into a vector f;. Now we regress Z;; on f; and the associated coefficient will be:

N T [ T
Z Z Sif! f; Z Z Sit f Zoit
N

1-1

| i=1 t=1 L i=1 t=1

R

T
DU s f £ Suzain| =00
j ] i=1 t=1

i=1

M1~

~
l
—_

where in the last line I used the fact that the sum of deviations from the mean is equal to zero
when §;; = 1. Therefore, after this orthogonalization of z,;; with respect to Z;, the residuals are Z;;.

Following very similar steps, it can be shown that after orthogonalizing the remaining elements of

112



zi with respect to Z;, the set of residuals will be Zj; = (¥1; Z2ir Wii 32i). The problem then
becomes to apply Pooled 2SLS to

Sityit = Sitair0

using the instruments Z;;. The associated coefficient will be

[ -1
~ _ ~ ] e ~  ssf e ~ oo
0= Z Z Sit@;Zit (Z Z SitZi;Zit) SitZ;rAit

=1 t=1 =1 t=1 =1 t=1
-1
~ ) e ~ e e ~ o
Z Z Sit Qi Zit Z Z SitZ; it SitZiYit
i=1 =1 i=1 t=1 i=1 =1

Now focusing on the first element of the square bracket matrix and noting that the following
algebraic manipulation holds for the remaining of the terms in the above expression that do not

contain demeaned variables, we have:

~ ] e ~ s -/ ~ -
DU Saajia =Y > Sudhzu = Y@ > Fulzi - %)
i=1 t=1 i=1 t=1 i=1 t=1
_ ~ /e Poa—
= Z Sitd; Zit — Z Z SitQ; it
=1 1=1 i=1 1=1

i

~  es) e
= Z SitQ ;1 Zit
=1 t=1

4
where at the end of the first line I used again the fact that the sum of deviations from the mean for
the cases for which §;; = 0. Therefore we have:
[ -1
~ ) e ~  esf) e ~ o
Z Z SitQ; Lt Z Z SitZ;<it St Ait
i=1 t=1 i=1 t=1 j
-1
~ ] e ~ esf e ~ o

Z Z SitQ it Z Z SitZi kit SitZ; Vit
i=1 1=1 i=1 1=1 '

-1

~  ee) e ~ es) e ~  e) e

Z Z Sitd;; Zit Z Z SitZ;;Zit SitZj Ait

i=1 1=1 i=1 1=1 i=1 1=1
-1

~  esf e ~  aef e
Z SitA 3t Z Z SitZ;Zit

i=1 t=1 i=1 t=1 i=1 t=1

St}
Il

- -1

YN A
itZ; Vit | = OcFE2SLS

el
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APPENDIX G

TABLES FOR CHAPTER 2

Table G.1 Average bias, standard deviation and root mean squared error for 81 and 8, across the
1000 repetitions when the data is MCAR.

Bi B
Bias S.D. RMSE Bias S.D. RMSE
Whole data 0.0002 0.0167 0.0167 -0.0021 0.0325 0.0326

Complete cases  0.0005 0.0251 0.0251 -0.0023 0.0510 0.0510
Proposed GMM  0.0009 0.0213 0.0213 -0.0025 0.0422 0.0422
Dummy variable 0.0014 0.0346 0.0346 -0.0012 0.0669 0.0669

Table G.2 Average bias, standard deviation and root mean squared error for 81 and 8, across the
1000 repetitions when the data is MAR.

Bi B2
Bias S.D. RMSE Bias S.D. RMSE
Whole data 0.0001 0.0164 0.0164 -0.0012 0.0321 0.0321

Complete cases  0.0010 0.0260 0.0260 -0.0020 0.0654 0.0654
Proposed GMM  0.0007 0.0214 0.0214 -0.0019 0.0520 0.0520
Dummy variable 0.0001 0.0395 0.0395 -0.0032 0.0894 0.0894

Table G.3 Average bias, standard deviation and root mean squared error for 53 and 54 across the
1000 repetitions when the data is MAR.

B3 Ba
Bias S.D. RMSE Bias S.D. RMSE
Whole data -0.0009 0.0244 0.0244 0.0004 0.0496 0.0496

Complete cases  -0.0010 0.0396 0.0396 0.0014 0.0772 0.0771
Proposed GMM  -0.0000 0.0318 0.0318 0.0028 0.0630 0.0630
Dummy variable 1.1034 0.1455 1.1130 0.3698 0.2049 0.4227
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Table G.4 Average bias, standard deviation and root mean squared error for 81 and 8, across the
1000 repetitions when the data is MCAR and the error term follows a SAR(1) and N = 900.

Bi B2
Bias S.D. RMSE Bias S.D. RMSE
Whole data 0.0001 0.0182 0.0182 0.0000 0.0382 0.0382

Complete cases  -0.0000 0.0278 0.0278 -0.0008 0.0560 0.0560
Proposed GMM  0.0000 0.0225 0.0225 -0.0013 0.0467 0.0467
Dummy variable 0.0001 0.0375 0.0375 -0.0008 0.0760 0.0759

Table G.5 Average bias, standard deviation and root mean squared error for 53 and 54 across the
1000 repetitions when the data is MCAR and the error term follows a SAR(1) and N = 900.

B3 Ba
Bias S.D. RMSE Bias S.D. RMSE
Whole data -0.0012 0.0260 0.0260 -0.0006 0.0565 0.0565

Complete cases  -0.0018 0.0402 0.0402 -0.0006 0.0821 0.0821
Proposed GMM  -0.0002 0.0330 0.0330 0.0013 0.0674 0.0674
Dummy variable 0.9796 0.1366 0.9891 0.3237 0.1942 0.3774

Table G.6 Average bias, standard deviation and root mean squared error for 51 and 3, across the
1000 repetitions when the data is MCAR and the error term follows a SAR(1) and N = 400.

B b2
Bias S.D. RMSE Bias S.D. RMSE
Whole data 0.0001 0.0278 0.0278 0.0006 0.0582 0.0582

Complete cases  0.0007 0.0417 0.0417 -0.0005 0.0838 0.0838
Proposed GMM  0.0009 0.0342 0.0342 0.0007 0.0713 0.0713
Dummy variable 0.0006 0.0538 0.0537 0.0030 0.1123 0.1123

Table G.7 Average bias, standard deviation and root mean squared error for 53 and 54 across the
1000 repetitions when the data is MCAR and the error term follows a SAR(1) and N = 400.

B3 Ba
Bias S.D. RMSE Bias S.D. RMSE
Whole data -0.0037 0.0387 0.0389 -0.0036 0.0820 0.0820

Complete cases  -0.0037 0.0598 0.0599 -0.0062 0.1267 0.1268
Proposed GMM  -0.0009 0.0485 0.0484 -0.0043 0.1035 0.1035
Dummy variable 0.9430 0.1944 0.9628 0.3006 0.2817 0.4118
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Table G.8 Average bias, standard deviation and root mean squared error for 81 and 5, across the
1000 repetitions when the missingness depends on x| and c;.

Bi B2
Bias S.D. RMSE Bias S.D. RMSE
Whole data -0.0005 0.0252 0.0252 0.0025 0.0479 0.0479

Complete cases  -0.0013 0.0367 0.0367 0.0059 0.0801 0.0803
Proposed GMM  -0.0012 0.0303 0.0303 0.0030 0.0656 0.0656
Dummy variable -0.0005 0.0526 0.0526 -0.0044 0.1105 0.1106

Table G.9 Average bias, standard deviation and root mean squared error for 53 and 54 across the
1000 repetitions when the missingness depends on x| and c;.

B3 Ba
Bias S.D. RMSE Bias S.D. RMSE
Whole data -0.0005 0.0338 0.0338 0.0032 0.0691 0.0691

Complete cases  -0.0020 0.0506 0.0507 0.0066 0.1035 0.1037
Proposed GMM  -0.0006 0.0409 0.0409 0.0059 0.0862 0.0864
Dummy variable 1.0765 0.2408 1.1031 0.3505 0.2845 0.4514
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APPENDIX H

FIGURES FOR CHAPTER 2
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Figure H.1 Distribution of estimated coeflicients across the 1000 Monte-Carlo repetitions when
the data is MAR.
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Figure H.2 Distribution of estimated coefficients across the 1000 Monte-Carlo repetitions when
the data is MCAR and the error term follows a SAR(1) process with N = 900.
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Figure H.3 Distribution of estimated coefficients across the 1000 Monte-Carlo repetitions when
the data is MCAR and the error term follows a SAR(1) process with N = 400.
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APPENDIX I

PROOFS FOR CHAPTER 3
Proof of Proposition 1
Because x;;; = (x1;;; X2;) where x;;; is endogenous with, we need to add the instrumental
variables. The CRE IV estimator in this is is to apply Pooled Two-Stage Least Squares (P2SLS) to
the following equation:
Vije = XijiB + X1 + 2.

using the IV’s Z5;;; where y;j; = yij; — 01¥;.. — ézy.j. —03y.,—04¥... and similarly for each variable.

First note that ¥1.. = (1—-61)%y;., X1.;. = (1=02)%1.., X1 = (1-03)%1., and Xy... = (1-04)%;....
As a first step, we orthogonalize the exogenous and instrumental variables (%1;; Z2i;;) with respect

to Zijr = (X1 X1 X1.r 22 20.j. 20.1)-

a. Xy;oon (1 Z 1), where the 1 represent the constant term. Applying the Frish-Waugh-Lovell
(FWL) theorem, to obtain the correct residuals, this is equivalent to regress Xy;;; — X1... on
Zi j+ — Z... (l.e. no constant term). The coeflicient associated with this regression will have

the typical form of (X’X)~'(X’y). Consider the first matrix, which will have the following

structure:
-1
D) 3 (%1 — *1..) (X1 — X1.2) )P Y (X — X1) (X — %)
i jot ijt
PIDIDNCTHAES TN CITHES SHN D IDIDNESHAS I { SRS T
i jot ijt

Each term off the diagonal that has a cross product of different indices (e.g. X;.. and X;.;.)

can be treated as follows:

Z Z Z(ili.. — %) G - %) =T - Z(il,-.. — %) Z(ﬁl.j. ~%..)=0
iyt i j

Therefore, each pair of these regressors is orthogonal to each other in sample. For those pairs

of independent variables that have a common index (e.g. regressing xi; jt %1;.. and Zp;..), using
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the fact that each variable as been centered around their overall mean and applying the FWL
theorem, it can be shown that after partialling out the variable that is not associated with the
dependent variable (in this case Zj;..), we will recover the same coefficient as if we ran X; jt

on Xy;.. directly.

Now I show that the coeflicients associated with each element of x; of this regression is equal
to an identity matrix of size k| and O for the elements of z,. For example, the parameter

vector associated with X1;.. — X... is:

- 1
L= Z Z Z(fli-- - %1..) (X1 —flm)] [Z Z Z(fli-- - X1..) (F1ije —flm)]
| it ij ot
r 1
=|Ny-T- Z(ili.. — %) (R —xl...)] [Z(ili.. — %) Z Z(xli,, —xl.,.)}
| i 71

11

- _Z(i”" — 5. (R — %) _Z(ili.. - X"”)/NLZT Z]: Z()z],-j, — %)

= Z(flin—fl---)/(;liu—fl---) Z(a?u..—il...)’(fu..—fl...) = Iy,

L i 1 L

>

iﬂz

Therefore each explanatory variable associated with the averages of x| will have a coefficient
vector equal to an identity matrix. On the other hand, it can be shown that the coefficients
associated with with the Z, variables are 0 using the fact that we will obtain sums of vectors

that are deviated from their overall mean.

b. Zyje on (1 Zj;). Using very similar arguments as in the previous step, the coefficients
associated with the 7, variables will be identity matrices of size [ and the ones associated

with X; will be 0. Given this, after partialling out Z;;; the associated residuals with be:
Xlijr = X1ijr — X1j — X1.j. — X1 + 2X1...
22ijt = 22ijt — 220 — 22.j- — 224 +220...
The problem has become now to apply P2SLS to
Vije = Xije
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using IV’s Z;j; = 22ijr — Z2i- — 22.j- — Z2.¢ + 2Z2.... From this, note that
5 ~) e ) e Y
Psis = (Z 22 ) (Z 2.2 ) (Z »3 )
N gt ij ot it
~) e ) e Y
(Z 22 z) (Z 22 wﬂ) (Z 22 Ziﬂy"ﬂ)
AN i 1 it ]

1-1

Note that

PIDIPRATEDIDIDIETEDIPIPILE TR IR IR SR
iy 1 iy 1 iy 1
- Z Z Z 025; (22ijt = Z2i = Z2.j- = 220 + 222.2)
i 1
- Z Z Z 53)E_I,Z(Z2ij, - 22i — 22 — 224t 275...)
i 1
- Z Z Z 543?.'..(221'1': — 20— 20.j. = 224 +222..)
i1
Focusing on the last term of the first line from the previous expression,
Z Z Z O\%, (Ziji— % — 2 — Za+ 7))
i j 1
= Z élxl,'.. Z Z(lez - Zi — ZJ —Z.+ Z)
i J o1
=Y 015 (NaTZ:. = NaTZi. = NoTZ.. = NoTZ... + NoTZ..)
i
=Y E DY =Gy —Za+ 2
i jo1
DIPIPRE
= X;.Zijt
i j ot

where we used the fact that the terms in parenthesis in the third line add up to zero. Using similar

arguments for the rest of the expression, we can easily show that } 3’ > &/ Lije = PIDIPIL# Lt
i jt i jt
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And applying the same logic to the rest of the terms of Sy57 s, it follows that

BasLs

~) e
PIPIPIRAT
L\t

~/ T

XijeZijt
Nt

YRR

XijiZijt
AN

BV

-xl'lelJf
Nt

Proof of Proposition 2

Y2
PIDIPILT
i j ot

Y 2
DIDIPILIEL
i J t

Y2
PIDIPILTT
i J t

Y 2
PINET
i J t

) o~
PIRIDIIET
i j 1 ]
! o~
ZijrYijt
it |
) e
PIPIDIET
it |
) ee
LijeYijt
it |

= BFE2SLS

For notation simplicity, I will prove the case of P2SLS, however similar ideas can be applied

for a GLS type transformation. We want to show that applying P2SLS to

Yijt = X1ijtB1 + X212 + X131 Y1 + X2ijrY2 = Xiji S + XijiY

using IV’s (z2;j: Zijs) and where X;;; = (X;.. X.;. X.,) (and similarly for other variables) yields the

same 3 as ﬁFEQSLS. To show the result, I follow these steps:

1. Orthogonalize with respect to X;;; the IV’s and the exogenous variables (x1;;; 22ijr)-

2. Orthogonalize with respect to Zy;;; in the first stage equation.

3. Tuse the FWL theorem to show the equivalence.

Step 1

a. Regress zp;j; on X1;;; = (1 X1;. X1.j. X1.,) Equivalently, applying the FWL and to obtain

the correct residuals, we can regress zo;j; — Z2... on [(X1;.. —¥1...) (¥1.;. —X1...) (X1, —X1...)].

The residuals from this regression will be

2iji = 20 = (X1 = X1 = (X1 = X1.0m2 = (X1 — X1..)n3 = myj
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First note that the regressors are orthogonal in sample. For example:

Z Z Z(xl,-.. — %) (B — %) = Z(xli.. —xl...)’Z(xl.j. —%.)=0
T 1 i 7

since we are subtracting the overall mean to both sums of vectors. Therefore, we can find

each 7 by regressing the dependent variable on each regressor individually and therefore:
. -1

N = ZZZ(EU.. - x1..) (X1 —fl...)] [ZZZ(%], —)?1...)/(12,']7 —Zz...)]
|t i j ot
h -1

iy = ZZZ(}EL]'. —)fl...)/()fl.j. —)?1‘..)] lZZZ()ﬁl —)?1...)’(Z2,'jt—22...)]
|yt it
. -1

3 = Z Z Z()El..t —x1..) (X1 — Xl..,)] [Z Z Z(fl..t - )fl...)/(ZQ,'_/t - Zz...)]
Y iyt

Note that each of the coefficients can be rewritten, for example:

-1
fy = Z(fliu_f1~~~),(f1i--_f1m)} [Z(il,—..—il...)’(zzl-..—zz...)]

b. Zoij; on Xy = (1 Xy X1 X1.p X1..), where Z2;; = (Z2i. Z2.j. Z2.4 Z2..). Similarly to
the previous case, we can regress (Z2;j; — Z2...) on [(X1;.. —X1...) (¥1.;. — X1...) (X1.. —X1..)].
Because the regressors are orthogonal in sample, we can again obtain the coefficients by

running individual regressions.

a) Consider the regression of Z;.. — Z»... on Xy;.. — X1.... The coefficient will be

_ -1
fa = Z Z Z(xli.. — %) (R —xl...)] [Z Z Z(xli.. — 1) (Zoy — Zz...)]
7T 1 iy 1

- 1
= Z(fli.. —)fl...)/()fli.. —)El...)] [Z()ZU.. —)fl...)/(le'.. - 22)] =1

Similarly, we can show that the coefficients of Z.;. — Z»... on Xi.;. — X... (fj5)) and

Z2.4 — Z2... On X1.; — X1... (7]5)) will be equal to (73,)) and (7j3)) respectively.
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b) Consider now the cases of “cross terms”, i.e. averages in one dimension on variables
averaged over a different dimension. For example, if we regress 2o.;. —22... on Xy;.. — X1...,

the coefficient, say £ will be:

b = ZZZ(XIZ ) (X = _1---) ZZZ(M D (2. = 22.)
-1

= sz(xl,-..—xl...)’()zu..—xl..‘) Z()?u..—Xl..-)’Z(Zzi..—Zz..-) =0
|7 i 7

since the sum of deviations from the overall mean add up to 0. Similarly, we can show

that all the coefficients from the “cross terms” are 0. Therefore, the residuals from this

stage will be

Vi = 221 — Z2.. — (X15.. — X1...)T4
Vi =22 = 22— ()21._/. - X1..)7s5

Vi =200 — 22 — (X140 — X1..) 76
. X1jtj — X1... on X1;j; — X1.... The residuals from this regression will be
lijt = xl,-jt — )21()?11'.. — fl,..)él — ()El.j, - fl...)éz - (f]..t — fl,..)8A3

Note that

& = ZZZ(X“ ) (Fri.. — X1...) ZZZ(XU D (x1ijr — X1...)
= |N,-T- Z(xl,-.. — %) (Fii — %1 Z(xli.. — %) Z Z(xl,-jt — %)
i i ; 71
11
Z(iu - X1.. )—ZZ(XW X1.. )]

i

= Z(fli-- —x1..) (X1 — X1..)
- .
= Z(xli-- _ilm),(xli-- - Xi...) Z(fli.. —x1..) (X1;.- —)31...)] =1,

[ i I

and similarly we can show that £, and &3 are also identity matrices. Therefore, [;;; =

X1ijr — X1j.. — X1.j. — X1.., + 2X1... = X1;j;. After this orthogonalization, the problem becomes
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to apply P2SLS to
Vijt = X131 + X2ij: B2 + X211V
using IV’s (m;j; vi vj v;).
Step 2
Now I partial out v;,v;,v; in the first stage equation, which are the residuals associated with
22i.» 22-j.» 22+ TESpectively. Note that based on their definitions and because 77| = 74, 172 = )5 and

113 = fle and following a procedure similar to Step 1.a, it can be shown that v;, v;, v, are orthogonal

to each other in sample.

1. m;j; on (1 Vi Vj Vt). If we let mij; = V,‘ﬁl + Vjﬁz + Vtﬁ3, then

wo|mge] [2pge

_ ’ ’ -

) i

Note that m;.. = (Zp;.. — Z2...) — (¥1.. — X1...) and because 7| = 74, it follows that 77; = I; and
analogous arguments apply to 77, and 7j3. Therefore, the residuals from this regression are

Z2ijs, where the definition of Z;;; is similar to Xy;;;. Originally the first stage was
X2ijt = X1ijtP1 + 22ij1 P2 + X1ij1P1 + 22151 P2

Since we have partialled out Xy;;; and Xy;;;, to get ¢; and ¢>, we regress xz;j; on Zjj; =

[%1ij: Z2ije]. To get ¢ = [¢1 2], we have

- 1-1r
~ _ o/ . o/
-5y ] (£35S0

Li j ¢t i L it

wl e ./ " — — — —
Z Z Z Zl'jtZijt Z Z Z Zl'jlx2ijt - Z Z Z 22ijt (x2i~~ —X2.j. —X2.¢ t 2x2~~)
7T T | Ty 1
_ Y vl ..
[sysan] [S5smm
L i Jj ¢t ) L it

where I used the fact that the sums of deviations from the mean equal to O in the second line.

Therefore ¢3 can also be obtained by regressing %»;;; on Z;j;.
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Step 3

Now the problem becomes to apply P2SLS to
Yijt = X1ij:B1 + X212 + X2ij102

using IV’s [Z2/i; Z2ij:]. The second stage of the problem is to apply POLS to
Yije = X111 + X2ijea + X2ij162

To get 3, I orthogonalize with respect to x»; it

1. )'C'lijt on )zzij,, where iZijt = (1 )221'.. )?2.]'. )22..,).
Using the fact that the explanatory variables are averages over different dimensions and
because the sum of time deviations for Xy;;, it can be shown that the vector of coeflicients is

equal to 0.

2. %2;j; on X2 jir» or equivalently £2;;; — X5... on ijit — X».... Using arguments similar to step 1.c,
it can be shown that the associated coefficient in this regression will be I, and the residuals

will be

XAZijt = )’521‘]'[ = Xj.. — X2.j. — Xo.p + 2X)...

Therefore, to find 3, we run POLS on y;;; = ¥1;;:51 +)'E2,~j,,32. Letting )'?ij, = (¥14js )'22,7,),

-1
3 — &/ a.‘ &/ ..
B = XijiXijt XijiYijt
[ it

Using a similar argument as in step 2 for xo;;;, it can be shown that
3 = & ﬁ- . 2/ .,
B= XjjeXijt XijtYijt
L i J t ] L i j ot ]
&7 & &7 . )
XijiXijt X; i Viji | = BFE2SLS
L i j ] L i j ot ]

-1
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