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ABSTRACT
This thesis consists of two main parts. The first part addresses period-index problems and symbol
length problems of the p®-torsion part of Brauer groups of henselian discretely valued fields with
residue fields of characteristic p > 0.

In Chapter 1, we provide an overview of the background, progress, and motivation behind
period-index problems of Brauer groups and, more generally, Kato’s groups. Chapter 2 recalls
some properties of Brauer groups, especially the p-torsion part. In Chapter 3, we survey Kato’s
unit group filtration and Kato’s Swan conductors, which are the main tools in this research area. We
investigate the symbol length problems of certain groups related to absolute logarithmic differential
forms over fields of characteristic p > 0. This symbol length problem plays an important role in
the period-index problems of Kato’s groups.

Chapter 4 presents a systematic investigation of period-index problems of the p-torsion part of
Brauer groups of henselian discretely valued fields with residue fields of characteristic p > 0. We
provide positive support for Chipchakov’s conjecture on this topic. Assuming a conjecture on the
symbol length, we offer a complete proof of Chipchakov’s conjecture on the Brauer p-dimension
of henselian discretely valued fields. We also generalize this idea to investigate the symbol length
problem of higher Kato’s groups, yielding results on the splitting dimension problems.

In Chapter 5, we use Kato’s Swan conductor to investigate the period-index problem of the
p-torsion part of Brauer groups of semiglobal fields. Semiglobal fields are intermediate entities
between local fields and global fields. Using patching methods, we reduce the period-index
problems to two types: period-index problems of henselian discretely valued fields and quotient
fields of a complete local ring of Krull dimension 2. To study the second type, we employ a
Gersten-type exact sequence of logarithmic de Rham cohomology with support, analogous to the
Artin-Mumford ramification sequence. Both sequences are derived from the Bloch-Ogus spectral
sequence. We compute the logarithmic de Rham cohomology with support and their connecting
morphisms in this context. Using these computations, we obtain partial results on the period-index

problem of semiglobal fields in characteristic p > 0.
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CHAPTER 1

INTRODUCTION

1.1 Motivation
Let k be a field. For any k-central simple algebra A, we denote by per(A) the order of its class
in the Brauer group Br(k) (called the period) and by ind(A) its index which is the gcd of all the

degrees of finite splitting fields. It is well-known that
per(A) | ind(A),

and these two integers have the same prime factors. Hence the period is bounded by the index and
the index is bounded above by a power of the period. We use notion of the Brauer dimension to

make this relationship precise. For a prime p, define the Brauer dimension at p as follows

ind(A) | per(A)? for any A € Br(k)[p"] and n € N;
Br.dim, (k) := min
d 00 otherwise.

Then define the Brauer dimension of k to be
Br.dim(k) = sup {Br.dimp(k)} )
P

In general, the Brauer dimension of a field can be finite or infinite. The period-index problem of a
field is to investigate the Brauer dimension of the field.

An important class of fields for the period-index problem is that of C,, fields. For any positive in-
teger m, we say a field k satisfies condition C,, if every homogeneous polynomial f € k[xy, - ,x,]
of degree d with d™ < n has a nontrivial zero in k" [27]. Here are some properties of C,, fields:

1. If a field is C,,, then any finite extension is also Cy,.

2. If a field is C,,, then any extension of transcendence degree n is C,4p-
3. If afield k is C,,, then k((z)) the field of Laurent series is C,,41.
4. The Brauer group of a C| field is 0. [37]

The examples of C,, fields include:

C)y fields These are precisely the algebraically closed fields.



(' fields (quasi-algebraically closed fields)
* Finite fields
* The maximal unramified extension of a complete discretely valued field with a perfect
residue field
* Complete discretely valued fields with algebraically closed residue fields.
C,, fields If V is a variety of dimension m over an algebraically closed field k, then the function
field k(V) is C,,.
Michael Artin [3] conjectured that Br.dim(k) < 1 for a C, field k. This conjecture has been

proved in many cases by several authors. This conjecture has a natural extension to all C,, fields.

Conjecture 1.1.1
Let k be a C,, field. Then Br.dim(k) < m — 1.

It’s important to note that the p-adic fields are not C>. Guy Terjanian [42] identified the p-adic
examples for all p that are not C;. However, the Brauer dimension of p-adic fields (local fields)
remains 1.

Many recent studies on the period-index problem have been inspired by this conjecture. The
advances in tackling the period-index problems were reviewed [31] by the author. We briefly
mention some of these here.

(1) For F alocal or global field, Br.dim(F) = 1 (Albert-Brauer-Hasse-Noether [17]).

(ii) For a C; field F, Br.dimy(F) = Br.dim3(F) < 1 (Artin [3]).

(ii1) For a finitely generated field F of transcendence degree 2 over an algebraically closed field,
Br.dim(F) =1 (de Jong [16], de Jong-Starr [40], and Lieblich [28]).

(iv) For afinitely generated field F’ of transcendence degree 1 over an [-adic field, Br.dim,, (F) = 2
for every prime p # [ (Saltman [36]).

(v) If F is a henselian discretely valued field with residue field k such that Br.dim,, (/) < d for
all finite extension //k and all primes p # char(k), then Br.dim,(F) < d + 1 for all primes
p # char(k). (Harbater, Hartmann and Krashen [19]).

By looking at these recent works, we notice that the Brauer p-dimension of a field F is understood



systematically when p is not equal to the residual characteristic of . The main difficulty in the case
that p coincides with the residual characteristic of F is caused by the wild ramification behavior as
we explain now.

Let K be a henselian discretely valued field with the residue field F such that char(F) = p > 0.
Recall that every central simple algebra A over K is split by a finite separable extension of K
with degree ind(A). We can understand the ramification behavior of a Brauer class through the
ramification behavior of its separable splitting fields. A finite field extension L of K is called
tame [43], if the residue field extension is separable and the ramification degree is invertible in the
residue field F.

Let [ be a prime different from p and w € Br(K)[/]. Then w is split by a separable extension L
of K with degree ["™ for some m € N. Since p 1 [, the ramification index and the residual degree
of L /K are both prime to p. Hence, the splitting field L of w is tame. When we work for the Brauer
dimension away from p, we only need to deal with the tame extensions. When a Brauer class is
split by a tame extension, we call it tamely ramified.

However, when we work with p-primary torsion Brauer classes over K, there are Brauer classes

not split by any tame extensions.

Example 1.1.2
Let K = F,((s))((2)) be the field of iterated Laurent series over F, in variables (s,t) with the
complete discrete valuation given by the uniformizer t. The residue field of K is F =F,((s)).
Consider the K-central division algebra [tip, 1) ={(s,t) | xP —x = til” yP=t, ylxy =x+1}.
It has the maximal order B = Ok {1,tx, y,txy). The residue division ring of B is, in fact, a purely
inseparable extension of F given by F[tx]. We can show there is no tame extension of K which
splits [tip, 1).
We will call these Brauer classes wildly ramified. Moreover, the wildly ramified Brauer classes
are general members in the p-torsion part of Brauer groups, since the tamely ramified Brauer
classes only form a subgroup of the p-torsion part of the Brauer group of F.

To investigate the Brauer p-dimension of a field K of residual characteristic p > 0, we need



to interpret the p-torsion part of the Brauer group of K. There are two cases: equal characteristic
case and mixed characteristic case. First, suppose that K is a field of characteristic p > 0. Then
the p-torsion part of Br(K) is related to the logarithmic differential form Q}< log" In fact, we have

the following
Br(K)[p] = HY (K. QF 1) = Q/(P(@Qh) +d(K)),

where P : Qk — Q}(/d(K), adlog(b) +— (a” — a)dlog(b), and d : K — Qk is the universal
derivation.
Second, if K is a henselian discretely valued field of characteristic 0 containing a primitive p-th

root of the unity, with the residue field F of characteristic p > 0, by the Bloch-Kato theorem [7],

we have the following
Br(K)[p] = Hg(K. ptp) = Hg(K, 1i3?) = K3 (K) [,

where u, is the group of p-th roots of the unity. This also holds for any field K of characteristic
0 containing the primitive p-th root of the unity, which is implied by the norm residue theorem
proved by Voevodsky [45].

Now, in both cases, we can write a p-torsion Brauer classes as a sum of symbols. In the equal
characteristic case, symbols are differential forms. In the mixed characteristic case, symbols are
elements in the second Milnor K-group. Therefore, it leads to understand symbol algebras and
associated symbol length problems. We will talk about them in Chapter 3.

To analyse the wild ramified Brauer classes over a henselian discretely valued field K, Kato
defined an increasing filtration {M;};,cy on Br(K)[p]. Let @ € Br(K)[p]. Then we can define
Kato’s Swan conductor sw(a) of a to be the minimal integer n such that « € M,. Kato also
described the consecutive quotients of this filtration. It is the fundamental tool to analyse the
p-torsion part of Brauer groups of henselian discretely valued fields. We will also review them in

Chapter 3.



1.2 Case: henselian discretely valued fields

Let us focus on henselian discretely valued fields first. Let K be a henselian discretely valued
field with the residue field F' of characteristic p > 0 and ¢ be a prime number. If ¢ # p, it is proved
that Br.dim,(K) < d + 1 if Br.dim,(F) < d for all finite extension E/F, by Harbater, Hartmann
and Krashen [19]. We hope that similar results also hold when g = p. However, for any n > 0,
there are examples of complete discretely valued field K with Br.dim, (K) > n and Br.dim,(F) =0
by Parimala and Suresh [2014].

In fact, there are bounds for the Brauer p-dimension of K in terms of the p-rank of F. If
the p-rank of F isn < oo, i.e. [F : FP] = p", the Brauer p-dimension of F' is no more than n
[11, Corollary 3.4]. Moreover, Chipchakov proved that Br.dim,(K) > n if [F : FP] = p" and

Br.dim,, (K) is infinite if and only if F'/F” is an infinite extension [13].

Conjecture 1.2.1 (1)

Let K be a henselian discretely valued field with residue field F of characteristic p > 0. Assume
that [F : FP] = p". Then

n < Brdim,(F) <n+1.

When n = 0, the residue field F is perfect. Then there is no purely inseparable extension over F
and no wildly ramified Brauer class over K. Therefore, the first nontrivial case of the conjecture is
n = 1. Kato used the filtration and generalized Swan conductor to give the first result on the wildly

ramified Brauer classes when F is complete. We state this elegant result in the following.

Theorem 1.2.2 (Proposition 4.2.1, [24, Section 4, Lemma 5])

Let K be a complete discretely valued field with the residue field F of characteristic p > 0. Suppose
that [F : FP] = p. Let w € Br(K)[p] and sw(w) > 0. Then the division algebra D which
represents w is a degree p division algebra whose residue algebra is a purely inseparable field

extension of degree p over F.

When the p-rank of the residue field is 1, it says that every wildly ramified Brauer class has

equal period and index. It is clear for p-torsion Brauer classes. For higher p®-torsion classes, it

e, Conjecture 5.4] [13, Conjecture 1.1]



follows from the induction. Kato’s proof can also be applied to the case of henselian discretely
valued fields, since the results on the filtration and Kato’s Swan conductor work in a similar way as
ones in the complete discretely valued field case.

Next, we want to investigate the period-index bound when the p-rank of the residue field is
greater than 1. We are going to state our main results in this direction. The proof generalizes Kato’s

ideas in the p-rank 1 case.

Theorem 1.2.3

Let K be a henselian discretely valued field with the residue field F of characteristic p > 0 and

[F: FP] = p", n € Nyg. Suppose that « € Br(K)[p] and p 1 sw(a) > 0. Then ind(«@) | per(a)”".
Notice that we have a restriction on the Swan conductors of Brauer classes. To remove this

restriction, however, we need estimates of the symbol length of two groups: Q} /Z }V and Ké” (F)/p.

The first group is the quotient of the absolute differential 1-forms modulo the closed differential

I-forms. The second group is the second Milnor K-group of F modulo by p. We propose the

following conjecture on the symbol length of both groups.

Conjecture 1.2.4 (Theorem 3.5.3, Conjecture 3.5.7)
Let F be a field of characteristic p > 0 and [F : FP] = p",n € N. Assume that F does not admit
any finite extension of degree prime to p. Then both of the symbol length of the group Q}F / Z}E and

Ké"’(F)/p are no more than n — 1.

For this conjecture, the known case is (p,n) = (2,2). While we discuss henselian discretely
valued fields in both equal characteristic and mixed characteristic separately, these two groups
appear differently in the two cases. In the equal characteristic case, we only need the symbol length
result for the first group. However, in the mixed characteristic case, we need the symbol length
results for both groups. These requirements follow from Kato’s description of the consecutive

quotients of the filtration of Brauer groups.



Proposition 1.2.5 ((p,n) = (2,2))

Let F be a field of characteristic p =2 and [F : FP]| = p. Then
len(Q/Z;) = len(KY (F)/p) = 1.

The conjecture regarding the symbol length problem implies the conjecture about the Brauer

p-dimensions.

Theorem 1.2.6 (Smaller Bounds for Wildly Ramified Brauer Classes)
Let K be a henselian discretely valued field with residue field F of characteristic p > 0 and
[F: FP] = p",n € N. Suppose that F does not admit any finite extension of degree prime to p.

Let @ € Br(K)[p] and sw(a) > 0. Then Conjecture 1.2.4 implies ind(«a) | per(a)”.

To approach the symbol length of Q} /ZL., we will give several possible methods including the

brutal force way and the Galois correspondence of purely inseparable extensions of height 1.

1.3 Case: semi-global fields

Next, we consider semi-global fields. A semi-global field is one-variable function field F' over
a complete discretely valued field K, i.e. the function field of a curve over K. Examples include
F =Q,(x), F = k((2))(x), and any finite extension of these. These fields can be thought of as
intermediate objects between global fields and local fields. A natural question to ask is what their

Brauer p-dimensions are. Here is a list of known results regarding this question,

semi-global fields F | Br.dim, (F)
Fp (1)) (x) 2
Qp(x) 2
Fp((1))(x) ?
Frac(W (F,)) (x) ?

where Frac(W ([F,)) is the fraction field of the Witt ring of F,,. For the field F = F,((1))(x), as a
C, field, we expect that Br.dim,(F) = 1. Indeed, we will demonstrate that there is a subgroup of

p-torsion Brauer classes over F' that satisfies this period-index bound.



Theorem 1.3.1 (Theorem 5.3.1)

Let X be a smooth projective curve over k((t)) where k is an algebraically closed fields of
characteristic p > 0. Suppose that there is a model X over k[ [t]] with good reduction. Suppose
that w € Br(X)|[p] satisfies swx(w) < p. Then per(w) = ind(w).

We have Br(X) < Br(F) by the purity of Brauer groups, where F is the function field of X.
We use Kato’s Swan conductor to define a X-Swan conductor for elements in Br(X) (Definition
5.3.4). The definition is based on the model X at the beginning. We do not know if the definition
depends on the choice of the model with good reduction.

We use the patching methods to reduce the period-index problem of the semi-global field to
two types of local period-index problems. The first type of period-index problem is addressed by
considering period-index problems of complete discretely valued with residual p-rank 1. The sec-
ond type of local period-index problem is analysed using a Gersten-type exact sequence (Theorem

5.1.4). We will discuss this Gersten-type exact sequence in detail in Chapter 5.

1.4 Period-index problems of higher Kato’s groups

Brauer groups are special cases of Kato’s groups. In the 1980s, Kato used differential forms to
define groups H™*!(F,Z/m(n)) for a field F and a prime number 2, even when m is not invertible
in F. These groups generalize many arithmetical cohomological groups. For example,

« H{(F,Z/m(0)) = H} (F,Z/m): the group classifying cyclic Z/m-extensions of F.

. Hgt(F, Z/m(1)) = Br(F)[m]: the m-torsion subgroup of the Brauer group of F.

These higher cohomology groups have already been investigated from various perspectives.

We could also discuss the period-index bounds for these groups.

Definition 1.4.1 ([21])
Let F be a field and p be a prime number. A field extension E | F is called a splitting field for a class
a € Hét(F, (Z/p)(i — 1)), if the image of ag of @ under the natural map Hét(F, Zz/p)i-1)) —
H.(E,(Z/p)(i - 1)) is trivial.

The index of a class a € Hét(F, (Z/p)(i — 1)), denoted by ind(«), is the greatest common

divisor of the degrees of splitting fields of a that are finite over F.



It is clear that the definitions of period-index for higher Kato’s groups are direct generalizations
of those for torsion parts of Brauer groups.

Since Kato’s filtration and Kato’s Swan conductor can be defined for these higher cohomology
groups, we also investigate the period-index bounds for these groups using a symbol length ap-
proach. More concretely, we prove that any wildly ramified element in Hgt(K ,(Z/p)(2)) is split
by a purely inseparable extension of degree p, when K is a henselian discretely valued field with a

residue field F of characteristic p > 0 and [F : FP] = p>.

Theorem 1.4.2 (Theorem 4.5.1, Theorem 4.5.2)

Let K be a henselian discretely valued field with the residue field F of characteristic p > O.
Suppose that [F : FP| = p? and F does not admit any finite extension of degree prime to p. Let
a € Hg’t(K, (Z/p)(2)) such that sw(a) > 0. Then Conjecture 3.5.7 implies that @« = w A %for

some w € Q}( and ¢ € K*.



CHAPTER 2

REVIEW OF BRAUER GROUPS

2.1 Basic properties of Brauer groups

A central simple algebra A (CSA) over a field K is a finite-dimensional associative K-algebra
A that is simple with center K.

Two central simple algebras A, A” are called Morita equivalent if there exist integers r, s € N
such that A @ M, (K) ~ A’ ® My(K) as K-algebras. By the Artin-Wedderburn theorem, a finite-
dimensional simple algebra A is isomorphic to the matrix algebra M, (D) for a K-central division
algebra D. Moreover, such a division algebra is uniquely determined by a central simple algebra.

The Brauer group of a field K is a torsion abelian group whose element are Morita equivalence
classes of central simple algebras over K. The addition in the Brauer group is given by the tensor
product of algebras.

As mentioned above, there is a unique central division algebra in each Brauer class. The degree
deg(A) of a central simple algebra A is the integer n such that dimg (A) = n?>. Then we define the
index ind(A) of a central simple algebra A to be the degree of the division algebra D associated to
A by the Artin-Wedderburn theorem. In particular, note that the index is well-defined for a Brauer
class. Also, for a Brauer class [ A] associated to a central simple algebra A, the period per(A) is its
order in the Brauer group Br(K).

It is well-known that the period divides the index of a central simple algebra, and these two
integers have the same prime factors. So the index divides a power of the period. The period-index
problem asks if one can bound the index in terms of the power of the period. Here are the relevant

definitions from the introduction.

Definition 2.1.1 (Brauer dimension [31])
e Let K be a field. For a prime p, the Brauer dimension at p, Br. dim,(K), is the smallest
integer d such that for any A € Br(K)[p"], ind(A) | per(A)?, and oo if no such number

exists.
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e The Brauer dimension of K is
Br.dim(K) = sup {Br.dimp(K)} .
p

The period-index problem asks if Br.dim(K) is finite, and the local period-index problem asks
if Br.dim,, (K) is finite for an arbitrary prime p.

The Brauer group can also be defined in terms of Galois (étale) cohomology. We have
Br(K) = H;(K,Gy,),

where G,,, denotes the sheaf of units in the structure sheaf.

In general, the Brauer group of a scheme is defined in terms of Azumaya algebras. An Azumaya
algebra is a generalization of central simple algebras to R-algebras where R may not be a field. For a
scheme X with structure sheaf Oy, an Azumaya algebra on X is a coherent sheaf A of Ox-algebras
that is étale locally isomorphic to the sheaf of matrices over the structure sheaf. The Brauer group
Br(X) is an abelian group of equivalence classes of Azumaya algebras, with the addition given by
the tensor product of algebras. Here two Azumaya algebras A, A’ are considered to be equivalent
when M, (A) = M(A’) as sheaves of Ox-algebras for matrices of size r X r and s X s respectively.

As in the case of a field, we define the cohomological Brauer group of a quasi-compact scheme
X to be the torsion subgroup of the étale cohomology group Hgt(X , Gy,). The cohomology group
Hgt(X , Gy,) s torsion for a regular scheme X, but it may not be torsion in general.

We recall several well-known facts about Brauer groups in the following.

Theorem 2.1.2 (O. Gabber)
The Brauer group of a scheme X is equal to the cohomological Brauer group for any scheme with

an ample line bundle.

For example, when X is quasi-projective over a field k, we have the coincidence of two Brauer

groups.

Theorem 2.1.3 (Purity in codimension 1 [44])

11



For a Noetherian, integral, regular scheme X with function field K,

H3(X,Gp) = (| Hi(OxxGn) in H (K, Gy).
xex(®

2.2 Structure of p-primary part of Brauer groups

In this section, we assume all the fields have positive characteristic p > 0. We focus on the
p-primary part of the Brauer groups. First, we recall the p-primary counterpart of the Merkurjev-
Suslin theorem [1982]. The Merkurjev-Suslin theorem states that Br(K)[n] is generated by cyclic
algebras of degree n when K contains a primitive n-th root of unity p,.

Firstly, we recall the Artin-Schreier-Witt theory of cyclic field extensions in positive character-
istic:
Theorem 2.2.1 ([37])
Let k be a field of characteristic p > 0. Denote by P : W,(k) — W, (k) the endmorphism of the
length-r Witt ring that maps (x1,- - - ,x,) € W,.(k) to (xf, oo, xP) = (x1,- -+ ,x,). Then there exists
a canonical isomorphism

W, (k) /P (W, (k)) = Hg (k, Z/p").
Then we have the following theorem about the p”-cyclic algebras (symbol algebras).

Proposition 2.2.2

Let K be a field of characteristic p > 0. For every w € Br(K)|[p"], we can write

w = Z lai, bi),
i
as a sum of p"-symbol algebras where a; € W,(K) and b; € K*. The p"-symbol algebra |a;, b;) is
defined by

x is a primitive element of the Artin-Schreier-Witt extension defined by

lai, bi) :={x,y|P(x1,...,x,) = a; and with a generator o of the Galois group such that, ).

ypn =b;, y_lxy = o (x).

The p”-symbol algebra has index = period = p’.

12



Example 2.2.3

Let a, b € K and consider the p-symbol algebra [a, b). By definition,
[a,b) == (x,y | x" —x=a,y? =b,y 'xy =x + 1).

This symbol algebra is the main object of our study, since we can reduce questions related to

p"-torsion Brauer classes to the p-symbol algebra by Theorem 2.2.7.

Next we relate the p-primary part of the Brauer group with the de Rham-Witt complex W,Qk

[22]. We can identify Br(K)[p"] with the cokernel of
F—1:W,Qp — W,Qr/dV" ™ (K), (2.2.1)

where F' is Frobenius morphism and / is the identity morphism.

Lemma 2.2.4 ([22])

Let K be a field of characteristic p > 0 and r € N*,
Br(K)[p'] = W,QL /((F ~DW,QL + dW,(K)) . 2.2.2)

Proof.

In fact, there exists an exact sequence of étale sheaves over the affine scheme X = Spec(K):
0—= W, Q) ,,, — W, Qk =W, Q) /dV'~'Ox —=0,
which induces the cohomology group sequence

W,k L W, Q4 [dV K 2 HY (KW, Q) — 0.

since H e}t(K , W,Q}() = 0 by the quasi-coherence of WrQ}(.
Also, there is another exact sequence of étale sheaves which relates the p”-torsion part of the

Brauer group with the logarithmic de Rham-Witt complex

r

p

Gm wQl ——0.

0 G X.,log
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It induces the long exact cohomology sequence

pr
0 He}:t(K’ WVQ}(,log) Hgt(K’ Gp) — Hgt(K, Gm),

where H ét(K , G;n) = 0 by Hilbert’s Theorem 90.
By using the relation d = F"~1dV"=1[22, (2.18)], itis easy to see that §, induces an isomorphism

between the cokernel of (2.2.1) and Br(K)[p"]. O

Now we use the structure of W,Q}( to describe p”-torsion part of the Brauer group of K. We

recall some facts about WVQ}( [2]. We use the notation [a], := (a,0,---,0) € W,(K).

Definition 2.2.5

MK c W,Qk denotes the subgroup generated by the elements [a],d| f], where a € K, f € K*.

Lemma 2.2.6 (Lemma 2.4, [2])
Let MK c Wer denote the subgroup generated by multiplicative elements [a],d[ f],. Then we
have

r—1 r—1
WQy = > VIML K+ aviK.
i=0 =0

Moreover,
r—1

aw.(K) = > aV'K < W,Qj.
i=0
It follows that

r—1
Br, (K) = W,QL / ((F ~ W, QL + dWr(K)) = > [vim! K] 2.2.3)
i=0
Then we relate the differential forms with symbol algebras by the following map

5,1 W,QL/((F = DW, QL + dW,(K)) — Br(K)[p']

a dlog([b],) — [a, D),

where a € W,(K), b € K%, and dlog([b],) = [b];'d[b],.

14



We denote the composite map Wer — Br(K)[p"] — Br(K) by 6, as well. We have a

commutative diagram

W,_iQL Y=w,Qk

o]

Br(K)

Using the isomorphism (2.2.3), it is easy to give a direct proof of the following theorem.

Theorem 2.2.7 ([25])

For a field K of positive characteristic p > 0 and m € N, we have an exact sequence:
0—Br(K)[p"] —= Br(K) [p"*'] ~~ Br(K)[p] —0, (2.24)

where R' : W,, Q1 — QL sends [a]ndlog([b]n) to a dlog(b).

The Brauer dimension at p for a field of characteristic p > 0 is effectively controlled by the
rank of the p-basis.
Definition 2.2.8 (p-basis and p-rank)
Let K be a field and [K : KP| = p", n > 0. A p-basis of K is a subset {x;} C K such that the
elements x* =[] x{',0 < e; < p form a basis of K over K?, and the p-rank of K is the number of
elements in the subset {x;}. Hence the p-rank of K is n.
Proposition 2.2.9 ([11, Corollary 3.4])

Let K be a field with [K : KP] = p". Then Br.dim,(K) < n.

Proof. For r € N and a p-basis {a;}_, of K, by Theorem 2.2.7 and induction, every p”-torsion
Brauer class can be written as a sum of n symbol algebras [c;,a;), where ¢; € W,(K) for i €

{1,---,n}. Then the proposition follows from the following lemma. O

Lemma 2.2.10 ([1, Ch. VII, Lemma 13])
Let K be a field of characteristic p > 0. If A, B are two symbol algebras of degree p™ and p"

respectively, then A ® B is Brauer equivalent to a symbol algebra of degree no more than p™*".

15



2.3 Brauer group of a complete discretely valued field

In this section, K denotes a complete discretely valued field with valuation ring Ok, residue
field F and maximal ideal mg = (7). The valuation of K is denoted by vg. Recall that a discrete
valuation is a map vg : K — Z U {oo} that satisfies:

(i) vk (a) = oo if and only if a = 0;

(ii) v (ab) = vk (a) + vk (b);

(iii) vg (a + b) = min(vg(a), vk (b)), with equality if vk (a) # vk (b).

The valuation ring Og = vl}l (Zs0) is a complete local ring of Krull dimension 1. For a
complete discretely valued field K, we can extend the complete valuation vg to central simple
division algebras over K and consider the residue division algebras. They are summarized in the
following proposition.

Proposition 2.3.1 (Proposition 1.3.1, [5])
Let D be a central division K-algebra.
(i) The functionw : D — Z U {0} defined by w(a) = vk (det(a)) is a discrete valuation on D.
(ii) The set B := {a € D | w(a) > 0} = {a | det(a) € Ok} is the unique maximal Og-order in
D.
(iii) B is a local domain with maximal ideal J := {a | w(a) > 0}, the residue ring A = B/J is a
division ring.
(iv) If m is an element of J such that w(r) takes the minimal positive value, then J = Bnt = B
Next we study the unique maximal order B in the above proposition. Let F” be the center of A.

Then we have the integers d, e, ¢/, f, n defined as follows:
d=w(n), J*=mgB, ¢ =[F' : F], f>=[A: F'], n* =[D : K]. (2.3.1)

Here n is the degree (index) of D, and also its degree.
Lemma 2.3.2 ([5, Lemma 1.3.7])
ed =n, and ee’ f* = n’.

Corollary 2.3.3
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[D:K]=1ifandonlyif [A: F] = 1.
Proof. This is immediate from the above lemma. O

In the latter part, we are interested in the case that the residue field F is quasi-algebraically
closed, i.e a C; field. Recall that a finite extension of a C; field is also C;. Hence, the central
division algebra A over F’ will be isomorphic to F’, since Br(F’) = 0. This implies f = 1.
Lemma 2.3.4

Suppose that the residue field F is Cy and [F : FP] = p. Thene = ¢’ =nand d = 1.

Proof.

We already have f = 1 and so it suffices to show ¢’ < n by Lemma 2.3.2. We will show that
any field extension F’ of F is simple. In this case, F’ = F[a] and we choose 8 € B such that
B =a € F’. Then we have ¢’ < [K(B) : K] < n, since ind(D) is n.

Now we prove that any finite field extension F” of F is simple. The field extension F C F’ can
be written as a chain of field extensions F c¢ E C F’ such that E is separable over F and F’ is
purely inseparable over E. It follows that [E : E”] = p by Lemma 2.3.5 below. Then the purely
inseparable extension F’/E is simple. Set F’ = E[a;] and «; is algebraic over F'. We can also
denote E = F[ay] by Theorem 2.3.6 below, since E/F is finite and separable. Finally, we get

F c F’ = Flay, ay] is simple by Theorem 2.3.6 again. O

Lemma 2.3.5 ([9, A.V.135, Corollary 3])
Let I/ k be a finite or separable field extension of fields of characteristic p, and let n be the p-rank

of k. Then the p-rank of l is also n.

Theorem 2.3.6 ([33, Theorem 5.1])
Letl = k[ay, - ,a,] be a finite extension of k, and assume that as, - - - , a, are separable over k

(but not necessarily ay). Then there exists ay € E such that | = k[y].
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CHAPTER 3

KATO’S GROUP AND SWAN CONDUCTOR

3.1 Kato’s group

In the 1980s, Kato used differential forms to define groups Hét(k, (Z)/m(j)) for a field k and
any positive integer m, especially when m is not invertible in k. These groups generalize many
well-known arithmetic cohomology groups. For example, we have H ét(k’ Z/m) = H 6;t(/’c, Z/m), the
group classifying cyclic Z/m-extensions of k with generators, and He?t(k, (Z/m)(1)) = Br(k)[m],
the m-torsion part of the Brauer group of k.

In fact, there is an explanation for Kato’s groups: Voevodsky’s étale motivic cohomology
groups H' ét(X ,A(J)) of a scheme X over a field k are defined for any abelian group A. They agree
with Kato’s groups when X = Spec(k) and A = Z/m for any m.

It is especially of interest to investigate Kato’s groups of a field k£ when k has residual charac-

teristic p > 0.

Definition 3.1.1

We say a field k has residual characteristic p > 0 if it satisfies one of the following conditions:
(i) k is of characteristic p > 0;
(ii) k is a discretely valued field with a residue field of characteristic p > O.

We will describe our approaches to Kato’s groups in both cases.

3.1.1 Case: characteristic p > 0
Let us start with the definition of Kato’s groups when k is of characteristic p > 0 and m =

p", reN. For j >0, let Qf{ :=Q/ _ be the group of absolute Kahler differential forms and Q/

k/Z k,log
be the subgroup of Q{( generated by logarithmic differential an A A i

. h fi
More generally, let W, Q{{’log be the analogous group of logarithmic de Rham-Witt differentials [22].

for fi,....f; € k*.

Then we have the following

H, (k, (Z/p") () = Hy! (k, W, Q) ). 3.1.1)

Since the étale p-cohomological dimension of k is at most 1 [17, Proposition 6.1.9],
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H (k,(Z/p")(j)) is zero except when i is j or j + 1. When i = j, Bloch, Gabber and Kato [7,

Corollary 2.8] showed that

HI (k,(Z/p")(j)) = HY(k, W,Q{Og) ~ W,Q{;’log = KY(k)/p", (3.1.2)

where K j” (k) is the Milnor K-group. When i = j + 1, one way to describe these groups is in terms

of Galois cohomology. First, we focus on the case r = 1. Let k; be a separable closure of k. Then

HL (k, (ZIp) () = He (k@ o) (3.1.3)

To give a more precise description of the case i = j + 1, we recall the original definition from
- o/ N
Kato [26]. We define a group homomorphism # : Q — Qi/ de( by

dbl db] dbl db]
P(g— N--- N —2) = P _ — A A —,
(a7 p) = (@ =g y

Then there is an exact sequence of groups

0 1 P / -1 1 /
00— H, (k, QkJOg) — Q{( — Qf{/dQ{< — H_ (k, Qi,log) —0.

Therefore, H ét(k’ Q{( o ) is isomorphic to the cokernel of P.
Jlog
In conclusion, we have the following full description of Hét(k, (Z/p)(j)) for a field k of

characteristic p > 0:

Qi,log ifi=j
Hy(k.(ZIp) () = { @/(P@))+dQ]™") ifi=j+1 (3.1.4)
0 otherwise.

Notice that these cohomology groups appear as subgroups or quotient groups of the group of the
absolute Kihler differential forms. Hence, we can express an element in these groups as a sum of
symbols. The symbols can be regarded as either equivalent classes of differential forms or elements

in the Milnor K-groups by Bloch-Kato-Gabber [7].

3.1.2 Case: characteristic 0
Now let k be a field of characteristic 0 and p be a prime number. Moreover, assume k contains

a primitive p-th root ¢ of unity. This assumption assures that we can use symbols to investigate
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Kato’s groups. Recall the norm residue isomorphism theorem (Bloch-Kato conjecture), which is

proved by Voevodsky [45].

Theorem 3.1.2 (Norm residue isomorphism theorem [45])

Let K be a field and p an integer invertible in K. Then

H"(K,(Z/p)(n)) = K, (K)/p.

The norm residue isomorphism is firstly proved by Bloch and Kato [7] in the case of complete
discretely valued fields. Then Murkerjev and Suslin [32] proved the case n = 2. Finally, Voevodsky
[45] used the motivic cohomology to finish the general proof.

Using the primitive p-th root ¢ of the unity , we can identify Z/p = (Z/p)(1) : 1 — (.

Therefore, for any i € N, we have

H. (k,(Z/p)(i - 1)) = H.(k, (Z/p) (D)) = KM (k)/p. (3.1.5)

Then we can describe the elements in Kato’s groups by symbols from Milnor K-groups again.

3.2 Kato’s Swan conductor

Let K be a complete discretely valued field with residue field F, and L be a finite Galois
extension of K. Classically, the Swan conductor of a character of Gal(L/K) is defined in the case
where the residue field of L is separable over F'. Kato [26] provided a natural definition of the Swan
conductor without requiring the residue field extension to be separable. More generally, he defined
Swan conductors for elements in Kato’s groups. The classical Swan conductor measures the wild
ramification of the extension, while Kato’s Swan conductor naturally extends this to measure the
wild ramification of Brauer classes and other elements in higher Kato’s groups.

As Kato’s Swan conductors measure the wild ramification behaviors, we will concentrate on

fields of residual characteristic p > 0 and Kato’s groups with coefficient in Z/p.

Notation 3.2.1 ([26])

Let K be a field. We define

Hj(K) = H{ (K, (Z/p)(q - 1)).
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When K is of characteristic p > 0, we have (Z/p)(q — 1) = Qfo_gl [-(q = 1)] in D’(Kg). Then it

follows that
1 -1
H}(K) = Hy (K, Q;’(’log).

(%) In the rest of this chapter, we denote by K a henselian discretely valued field with the

valuation v. Let Ok be the discrete valuation ring of K
Ok ={xeK|v(x) >0} (3.2.1)

with the maximal ideal m, and let ' = Og /m be the residue field.

Definition 3.2.2 (Unit group filtration)

Let Ug = (Ok)™ be the group of units in the ring Ok. For eachi € N, consider the subgroup
Uk ={xeUg|v(x-1)>i}fori>1. (3.2.2)

Then since Ux D U}( D UII< D -+, we have defined a decreasing filtration on Uk.

In the bounded derived category D”(Kg), we have an exact triangle

(Z/p)(1) Gm —2= Gy, (Z/p)(D[1] . (3.2.3)

Given a € K* = H°(K, G,,), we denote the image of  in Hét(K, (z/p)(1)) by {a}.

Then we have the product maps:
Hyi (K) x (K*)®" — H;i™ (K)

defined by (y,ar, - ,a,) — {x,a1, - ,a,} = xU{a1}U---U{a,}.
Definition 3.2.3 (Kato’s filtration [26, Proposition 6.3])
The increasing filtration {M%},>0 on Hg(K) is defined by:

YeM — {y1,1+7"0.} =0in HZH(L)

for any henselian discrete valuation field L over K such that Og € Oy and m; = Opmg.

To see this filtration is well-defined, we refer to Kato’s original paper [26, Proposition 1.8,

Lemma 2.2]. We have HZ (K) = |J MJ. Now we are ready to define Kato’s Swan conductors.
n>0
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Definition 3.2.4 (Kato’s Swan conductor [26, Definition 2.3])
Let y € HZ(K). We define Kato’s Swan conductor sw(y) € N to be the minimum integer n > 0
such that y € MY, i.e.

swr(y) = min{n e N | y € MP}.

As we mentioned earlier, the Kato’s Swan conductor measures the wild ramifications of elements
in Kato’s groups. We usually consider the Kato’s group HZ(K ) when the residue field F of K is of
characteristic p > 0.

Notice that the above definition of Kato’s filtration is independent of the characteristic of K.
The following proposition tells that there is no wild ramification if we look at the Kato’s groups

with torsion away from the residual characteristic.

Proposition 3.2.5 ([26, Corollary 2.5])
Let K be a henselian discretely valued field with the residue field F of characteristic p > 0 and
[ # p be a prime. Then qu(K) = M(l)for all g € N.

When the torsion of Kato’s group is understood from the context, we will simply denote the
filtration by {M,,}. In the next two sections, we will describe the consecutive quotients of this

filtration, based on the characteristic of K.

3.3 Equal characteristic case: char(K) =p > 0
Recall that K is a henselian discretely valued field with the discrete valuation v and the residue

field F of characteristic p > 0. We assume char(K) = p > 0 in this section. Then we have

qg—1
HI(K) = HL(K, (Z/p)(q - 1)) = HY (K, QL] ) = QK_I —>
E (Fr-DQL +dQl

where Fr is the Frobenius morphism. Kato generalized Brylinski’s filtration [10] on Witt vectors to
define an increasing filtration { M/} ;>0 on the p-primary Kato’s groups. For our purpose, we only
consider the p-torsion one HZ (K). For j > 0, M/ is the subgroup of HZ (K) generated by elements

of the form
dbl dbq—l
a— A -+ A

22



witha € K, by,...,bs—1 € KX, and v(a) > —j. Itis clear that
0OcM’cM' c---,

with U ;>0 M = Hg(K). Kato proved that the two filtrations {M;} and {M/} coincide, that is,
M =M ; for each j [26, Theorem 3.2]. Therefore, we will use M; in the following context for
convenience.

Let 7 € Ok be a uniformizer for v. For any j > 0, we define two homomorphisms depending
on whether j is relatively prime to p or p | j. In each case, a simple computation shows that the
homomorphim is well defined up to a choice of a uniformizer. First, consider the case when j is
relatively prime to p. We define
QI - MM,

F

_dBl qu—l a db1 dbq—l
a— N--- N — = —— A A

fora € Og and by, ...,b, 1 € Of.

(mOd Mj-l)&

Now we define the second homomorphism. Let Zl,q,_1 , Z;{_Z be the subgroup of closed forms in

Qj’;l, Q”F_Z respectively. For j > 0 and p | j, define a homomorphism
1, ,q-1 2,42
Qp/Zp ©Qp T/ Zy — MM

as follows: On the first summand, it is defined as

db db,_ db db,_
i Ny Nt LN e B/ NSPN ql(mode_l),
bl bq—l e bl q-1
and for the second summand it is defined as
db db,_ drn db db,_
i Ry NSO Nt N LN Ry RN qz(mode_l),
b bq_z o by bq—Z
where a € Og and by, ..., b, 1 € OF.

The homomorphisms are well defined (although they depend on the choice of uniformizer 7).

We recall Cartier’s theorem in this context. It says that, for a field k of characteristic p > 0, g € N,
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the subgroups ZZ of closed forms in QZ is generated by the exact forms together with the forms of
the form a”(db/b1) A --- A (dby/b,) [23, Lemma 1.5.1].

To describe the subgroup M, we need to describe tame extensions of K [43]. We fix a discrete
valuation v as above. An extension field of K is called fame with respect to v if it is a union of
finite extensions of K for which the extension of residue fields is separable and the ramification
degree is invertible in the residue field F. Let Kime be the maximal tamely ramified extension of

K (with respect to v) in a separable closure of K. Define the tame (or tamely ramified) subgroup of

H{(K,(Z/p)(q - 1)) by
Hie (K. (Z/p)/p(q = 1) = ker(HE (K, (Z/p) (g = 1) = HE(Kumes (Z/p)/p(q = ).

There is residue homomorphism on the tamely ramified subgroup

8 HL (K, (Z/p)(g - 1)) — HE'(F,(Z/p) (g - 2)),

characterized by the property that

d db db,_ db db,_
0@ NN ANy G0N 2
T b bg-2 by by—2
wherea € Ok, by,...,by2 € O;é. Note that this description of elements of the tamely ramified sub-

group follows from the theorem below. Then we define the unramified subgroup Hy.(K, (Z/p)(q —

1)) to be the kernel of the residue homomorphism 0,,.

Theorem 3.3.1 (Equal characteristic case: char(K) = p > 0 [26, 43])
Let K be a henselian discretely valued field of characteristic p > O with the residue field F and
q be a positive integer. Then the p-torsion Kato’s group Hg(K) = Hgt(K, (Zz/p)(q — 1)) has an
increasing filtration {M,} ;>0 described as above, with isomorphisms (depending on the choice of
a uniformizer)

Qi if j>0andp 1 J,

Mj/Mj—l =
Q/Zi e Q7 Z it > 0andp ] ).
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Moreover, My is the tame subgroup and there is a well-defined residue homomorphism on M,

vielding an exact sequence
Oy -
0— HL(K, (Z/p)(q - 1)) —= H,o (K. (Z/p) (g = 1)) —= HL (F. (Z/p) (g - 2)) —=0,

where H!.(K,(Z/p)(q — 1)) is the unramified subgroup with respect to v. Finally, notice that
HI (K, (Z]p)(qg-1)) = Hgt(F, (Z/p)(q — 1)) by the henselian property of F.
3.4 Mixed characteristic case: char(K) =0

Recall that K is a henselian discretely valued field with the discrete valuation v and the residue
field F of characteristic p > 0. We assume char(K) = 0 in this section. Furthermore, we will
assume that K contains a primitive p-th root £ of the unity. In general, when K does not contain a
primitive p-th root of the unity, we can also describe the filtration {M;} ;>0 and their consecutive
quotients [26, Proposition 4.1].

Let e = v(p) and N = ep(p — 1)~'. These two numbers are integers. Notice that v({ —
1) = e(p—1)""and p | N. Using the primitive p-th root ¢ of the unity, we can identify
Z/p =(Z/p)(1) : 1+ ¢ and H}(K) = H.(K,(Z/p)(q)). Then we can describe the elements in
H}(K) by symbols from Milnor K-theory.
Theorem 3.4.1 (Bloch-Gabber-Kato Theorem [7])

Let F be a field of characteristic p > 0. For all integers n > 0, the differential symbol
¢r Ky (F)/p — H"(F,(Z/p)(n)) = Qf

is an isomorphism.

Kato uses the unit group filtration on Ok to define a decreasing filtration {M/} ;> on Hg (K).

For j > 0, M/ is the subgroup of Hg(K ) generated by elements of the form
{a, b1, -, bg-1}
with a € U{( (Definition 3.2.2), by, ..., b, € K*. It is clear that
H YKy =M > M > > Mmer(=07" 5 plep(p-D7'+1] _ o
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Notice that M" = 0 for n > ep(p — 1)~! by the henselian property of K. More precisely, when

n>ep(p—1)"1L1+1"0 c (1+7"°Ok)? by

p-1

(1+xa"7x)P =1+ pa"~“x+ Z cixt + gP (=€) xp

i=2
with v(¢;) > v(pn"™¢) = n and p(n — e) > n. Kato proved that the two filtrations {M;} and
{M N-j } coincide, that is, M =M N=J for each J [26, Proposition 4.1]. Therefore, we will use M
in the following context for convenience.

Let © € Ok be a uniformizer for v. For any j > 0, we define three homomorphisms depending

on whether p ¥ j, p | j < N and j = N. In each case, a simple computation shows that the
homomorphim is well defined up to a choice of a uniformizer. First, consider the case when j is

relatively prime to p. We define

Q?;l —>Mj/Mj_1

by

db db,_ .

AN A= s (147 a by, by} (mod My_y),
by b1

fora € Og and by, ...,b, 1 € Of.

Now we define the second homomorphism. Let Zl,q,_1 , Zl,q,_2 be the subgroup of closed forms in

Qj’;l, QqF_Z respectively. For j > 0 and p | j, define a homomorphism
1, 5q-1 -2, ,q-2
QI zI e QL7 /7L — M;j/M;_,

as follows: On the first summand, it is defined as

db db,_ .
a2 n A= (147N a by, by} (mod M;_y),
by bq_l |

and for the second summand it is defined as

C‘ld__];l A--- qu—Z

N —= H{1+7TN_ja,bl""’bq—2’ﬂ.} (mOde—l),
b g=2
where a € Og and by, ..., b, 1 € OF.

Finally, we define the third homomorphism. For j = N, define a homomorphism
Ky (F)/p@K) | (F)/p — My/My-,
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as follows: On the first summand, it is defined as
{ay,---,aq} = {ai, - ,aq},
and for the second summand it is defined as
{ay, - ,dg1} - {ay, - ,a4-1,7}.

The homomorphisms are well defined (although they depend on the choice of uniformizer ).

There is residue homomorphism on the tamely ramified subgroup

By : Hi o (K, (Z/p)(p = 1)) = H{\o (K, (Z/p)(p)) — Hi ™' (F),

characterized by the property that

db db,_
O({1+aVa by, by m}) =a—t A A2,
by by

where a € Ok, b1, ...,by2 € Of.

Theorem 3.4.2 (char(K) = 0, mixed characteristic case)

Let K be a henselian discretely valued field of characteristic O with the valuation v and the residue
field F of characteristic p > 0. Assume that K contains a primitive p-th root { of 1. Let
N=v(p)p(p—1)"\. Then Hg(K) =HY(K,(Z/p)(qg—1)) = H1(K,(Z/p)(q)) has an increasing

filtration {M }?’:0 as above, with isomorphisms (depending on the choice of a uniformizer)

-1 . .
Qf ifpt),
Mj/Mj1 =4 Q720 9 Q17?747 if0<j<ep(p-1)"andp |,
K)'(F)/peK) (F)/p ifj=N.

Moreover, My is the tame subgroup and there is a well-defined residue homomorphism on M,

yielding an exact sequence
Oy —
0— H{ (K. (Z/p) (g - 1)) —= Hi, (K. (Z/p) (g - 1) —=HZL ' (F.(Z/p) (g - 2)) —=0,

where H!.(K, (Z/p)(g—-1)) is the unramified subgroup with respect tov. Finally, HL.(K,(Z/p)(g—

1)) = Hgt(F, (Z/p)(q — 1)) by the henselian property of K.

27



3.5 Symbol length problem of groups K (F)/p and Q./Z}.

In this section, let F' be a field of characteristic p > 0. we will investigate the symbol length
problems groups Ké"’(F) /p and Q},/Z},.
3.5.1 Symbol length of K} (F)/p
Definition 3.5.1 (Symbol length in K3 (F)/p)
Let k be a field. Let a € K%(F)/p. The symbol length len(a) of « in Ké”(F)/p is defined to be
the minimal integer m such that @« = {a\, b1} +---+ {au, by} in Ké”(F)/p

Then we define the symbol length of Ké"’ (F)/p by
len(Ké”(F)/p) := sup{len(a)}.
(04

Recall that the p-rank of F is defined to be the integer log, ([F : F”]). We collect the known

results when the p-rank of F is no more than 3.

Lemma 3.5.2 ([35, Lemma 1.3])

Let F be field of characteristic p > 0 and |F : FP] = p. Then Ké”(F)/p =0.
Theorem 3.5.3 ([6, Theorem 3.4])

Let F be a field of characteristic p > 0 and [F : FP] = p",2 < n < 3. Assume that F does not

admit any finite extension of degree prime to p. Then
len(Kéw(F)/p) <

Notice that the assumption that F' does not admit any finite extension of degree prime to p can
be weakened to F = FP~! := {x?~! | x € F}. In fact, the key lemma in the proof of Theorem 3.5.3

is the following.

Lemma 3.5.4 (|25, Section 1, Lemma 3], [14, Lemma 3.2])
Let F be a field of characteristic p > 0 and E a purely inseparable extension of degree p of k.
Assume F = FP~'. Let g : E — F be a F-linear map. Then there exists a non-zero element ¢ € E

such that g(c¢') =0 fori=1,---,p—1.
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When p = 2, the condition F = FP~! is naturally satisfied. Then we have the following

corollary.

Corollary 3.5.5

Let F be a field of characteristic p =2 and [F : FP| = p",2 < n < 3. Then

len(KY' (F)/p) =

3.5.2 Symbol length of Q}./Z;.

Definition 3.5.6 (Symbol length in Q;./Z})

Let F be a field of characteristic p > 0. Let « € QIIV / Z}F. The symbol length len(«@) of « in QIIV / Z}F
is defined to be the minimal integer m such that « = a;db; + - - - + a,,db,, in Q},/Z},.

Then we define the symbol length of Q}F / Z}U by
len(Q}V/Z}D) := sup{len(a)}.

The symbol length of Q}D /Z }V is clearly controlled by the p-rank of F. If the p-rank of F is 1,
ie. [F : FP] = p, we have that QlF /Z 11r = 0, since there is no nontrivial 2-form over F and every
I-form over F is closed. Meanwhile, if the p-rank of F is n, the symbol length of Q}D /Z }p is no
more than 7.

Following the observation for the case [F : F”] = p, we make the following conjecture.

Conjecture 3.5.7
Let F be a field of characteristic p > 0 and [F : FP]| = p" for n € Nsq. Assume that F does not

admit any finite extension of degree prime to p. Then len(Q}lp /Z }V) <n-1.
The following proposition gives us the hint to make the conjecture.

Proposition 3.5.8
Let F be a field of characteristic p > 0 and [F : FP| = p",n € Nyo. Suppose a € Q}D/Z}7 Then

there exists a degree p"~! inseparable field extension E | F such that [ag] =0 in Q}E /Z }5
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Proof. Since [F : FP] = p”, there exists a p-basis of F given by {xy,--- ,x,} for some x; € F.

n
We have & = ), fidx; for some f; € F. Let E = F[ty,--- ,t,_1]/(t] —x1,--- 10 | —x,1). It
=1
l -1 px_]+1
follows that ag = f,dx,, where f, = gj.’x,]l. For j # p — 1, g xldx, = d( ) € Z\.. When
j=0
j=p-1, gl;_lxpdlog(x) € lez by Cartier’s isomorphism. Hence, [ag] =0 in Ql /Z1 O

Besides the case [F : F”] = p, we give evidence for Conjecture 3.5.7 in the case p = 2 and
n=2.
Lemma 3.5.9

Let F be a field of characteristic p =2 and [F : FP]| = p®. Then len(Q /Z ) =1

Proof.
Since [F : FP] = p?, there exist s, ¢ € F such that the set {s't/}(; j is a basis for F as an FP-vector
space.

Let @ € Q1./Z;.. Then for some f, g € F, we get the following equalities modulo Z}.:

a = fdlog(s) + gdlog(t)

:( Z ]‘i?sitjdlog(s))+( Z gfjsiﬂ'dlog(t))

0<i,j<p-1 0<i,j<p-1
= (/3 rdtog(s) + /3 stdlog(s)) + (glosdlog(r) + g3, stdlog(r))

= fozltdlog(s) + g%osdlog(t) + (flzl - g%l)stdlog(s)

Now, suppose that @ = adb € Q! ! Zg. L. Then we have that

adb=( Y als)a( Y ls)

(0<i,j<p-1 0<i,j<p-1

(2 2 2 2 2 2
—(amt +ajys + allst)d(bmt + blos + bllst)

( 11[7105 + alobfls )tdlog(s) + ( 11b(z,lt2 + a%lbfltz)sdlog(t) + (a%ob(z)1 - a(z)lbfo)stdlog(t).
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Hence, it suffices to solve the following system of equations in the variables a;;, b;; for0 < i, j < 1:

2 232 2, 22 2
Jor =a1,b1ps” +ajpby;s
2 _ 2,22, 2,22
1o =ay bgt” + ag, byt

2 2 _ 2,2 22

f11 — 811 =aiobyy — a1 b7y

Since F is of characteristic 2, it follows that

for =ai1bios +aiobiis

g10 =ai1boit +ap1biit

fi1 + 811 =aiobo1 + ao1b1o.

Now, to solve this system of equations, we can write down a solution explicitly when fo; # 0.

Let ay; = 0and b1; = 1. Then we have that a;g = & and ag; = 8710' Next, we take big = 0. It
S

s(fir +&n)
Jot

Finally, we finish the proof in the case p = 2. More precisely, we have that
s*(ff +81)
2

01

follows that by = . The other case follows similarly.

a=( )d(

2 2

for &
01 + 10
S

; t+st) in QL. /Z}. (3.5.1)

Hence the symbol length is 1. O

For (p,n) # (2,2), we can also formulate the system of equations in a similar way. But the
number of equations and variables increase exponentially as p and n increase. Hence, we will need
a more nuanced approach in the general case.

We will provide a different approach to the symbol length problem of the group Q}V / Z}p using

the foliation and Galois theory of purely inseparable extensions in the appendix.
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CHAPTER 4

PERIOD-INDEX PROBLEMS OF HENSELIAN DISCRETELY VALUED FIELDS
In this chapter, we show that it is sufficient to prove the Conjecture 1.2.1 for wildly ramified p-Brauer
classes. Through out this chapter, let K be a henselian discretely valued field with the valuation v,

valuation ring Ok and residue field F' of characteristic p > 0. Suppose that [F : FP] = p",n € N.

4.1 Reduction to the p-torsion part of Brauer group

Proposition 4.1.1 ([46, Proposition 2.1], [31, Proposition 6.1])

Suppose that a field K and all its finite extensions L, have the property that for all central simple
A/L of period p satisfies ind(A) < p™. Then, any A/K of period p" satisfies ind(A) < p™".
Proposition 4.1.2 ([47, Proposition 5.3])

Suppose that K is a henselian discretely valued field with the residue field F of characteristic p > 0
and [F : FP]| = p"™. Let L be a finite extension of K. Then L is also a henselian discretely valued

field with the residue field E and [E : EP] = p".

Proof. We reduce to either case of a finite separable extension case or a purely inseparable simple
extension case. When L/K is finite separable, the statement follows from Lemma 2.3.5 and [39,
Remark 09E8]. When E/F is a purely inseparable simple extension, the statement follows from

[39, Lemma 04GH] and lemmas 4.1.3, 4.1.4 below. O

Lemma 4.1.3 ([35, Lemma 3.1])

Let B be a regular local ring with field of fractions K, residue field k and maximal ideal m. Let n
be a natural number and u € B a unit such that [K(u%) : k] =n. Then B[u%] is a regular local
ring with residue field K(l/_t%).

Lemma 4.1.4 ([35, Lemma 3.2])

Let B be a regular local ring with field of fractions K, residue field k and maximal ideal m. Let

. 1. . . :
7 € m be a regular prime and n a natural number. Then B[nn ] is a regular local ring with residue

field «.
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Combining these two propositions above, it suffices to verify Conjecture 1.2.1 for p-torsion
Brauer classes. Moreover, we can assume that the residue field F does not admit any finite extension

of degree prime to p by the lemma below.

Lemma 4.1.5 ([28])
Let K be a field and a € Br(K) a class annihilated by n. If L/K is a finite field extension of degree
d and n is relatively prime to d, then per(a) = per(a|r) and ind(a) = ind(a|L).

Next we want to show that the tamely ramified classes satisfy the conjectured period-index
bounds. The tamely ramified Brauer classes are exactly the elements in M (Definition 3.2.3). By

fixing a uniformizer 7 in K, we have the following split exact sequence
0
0 — Br(K) [ p] —= Brume (K)[p] =2~ H,(F,Z/p) —=0, (4.1.1)

Since [F : FP] = p", it follows that Br.dim, (F) < n [11, Corollary 3.4]. So this takes care of one
of the two components form the split sequence above. The elements arising from the H' term are

split by degree-p extensions and so the conjectural bound follows in this case. So we get:

Lemma 4.1.6 (Tamely ramified p-torsion Brauer classes)
Let K be a henselian discretely valued field with the residue field F of characteristic p > 0. Assume
that [F : FP] = p",n € N. Let « € Br(K)[p] and sw(«) = 0. Then ind(a) | per(a)"*!.

Notice that this lemma works for both equal characteristic case and mixed characteristic case.
4.2 Kato’s results in the p-rank 1 case

In this section, we will recall Kato’s results and the proof in the p-rank 1 case.
Proposition 4.2.1 ([24, Section 4, Lemma 5])
Let K be a complete field with a discrete valuation v and residue field F. Suppose that char(F) =
p > 0and [F : FP] = p. Suppose that w € Br(K)|[p]| and w ¢ Br(Kume/K)[p]. Then the division
algebra D which represents w is a degree p division algebra whose residue algebra is a purely
inseparable field extension of degree p over F.

Moreover, suppose that char(K) = p > 0. Let & be a uniformizer of K. In this case, D = [a, b)
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where a € K, b € K*, and it must have one of the following two forms:

(z)[ f ,em), where f € Ok, f ¢ F’,m > 0,v(e) =0.

(i) [ ,g) where g € Ok, g & FP,v(c) =0 and n is prime to p.

In both case, D is decomposed by a totally ramified field extension of degree p and a field
extension of degree p whose residue field is a purely inseparable extension.

We notice that Kato’s proof can be generalized to the henselian case easily. Hence, we put the
generalized result below with proof:
Theorem 4.2.2
Let K be a henselian field of characteristic p > 0 with a discrete valuation v and residue field F.
Suppose that [F : FP] = p. Suppose that w € Br(K)[p] and w ¢ Br(Kume/K)[p]. Then the
division algebra D which represents w is a degree p divison algebra with inseparable residue field
extension.

Moreover, let © be a uniformizer of K. Then D = |a, b) for some a € K,b € K* and it has one

of the following two forms:

(z)[ f ,em), where f € Ok, f ¢ FP,m > 0,v(e) =0.

(i) [ ,g) where g € Ok, g & FP,v(c) =0 and n is prime to p.

The following lemma plays the fundamental role in the proof. It explains how the Swan

conductor of the class adlog(1 + b) is affected by the valuations of a, b.

Lemma 4.2.3 (Kato [26])

Leta,b € K, i, j € Z, and assume that vg(a) > —i, vg(b) = j > 0. Then we have
adlog(l + b) € Mi—j~ 4.2.1)
More precisely, if a # 0, we have

adlog(1 + b) + abdlog(a) € M;_»;. 4.2.2)
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Proof.

adlog(1 +b) = %d(l +b)
= _(1+ b)d(%) mod d(K)

= —bd(%) mod d(K)

b
1+b

da mod Mi—2j

)da

= ~(@h)d() - (

1+b
= —bda mod Mi—2j

= —(ab)dlog(a) mod M;_,;.

Proof of Theorem 4.2.2.

The proof follows from the following two steps by induction on i:

(1) Hypotheses:
w € Br(K)[p],
w = [-L_diog(m)] mod M;,
pm
f€O0k, fE&FP, pm>i=>0,
mr is a uniformizer of K.
Conclusion:

There exist f” and 7’ such that

/

w = [=——=dlog(n")] mod M;_,

gpm

v(f'=f)2pm-in/ne Ul((pm_i).
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(i1) Hypotheses:

w € Br(K)[p],
c
w = [ dlog(g)] mod M,
g€0k, g¢FPv(ic)=0,n>2i>0

7t is a uniformizer of K.
Conclusion:

There exist ¢’ and g’ such that
w = [c—dlog(g')] mod M;_,
ﬂ-n

vic'=c)>n-i,g'/g € Ul(gl_i).

We prove both of these simultaneously in two cases: i > 0 and i = 0.
(1)i > 0 : For (i), if p | i, the conclusion is clear since M;/M;_y = F/FP by fixing the uniformizer
n. If p {1, for any g € Ok, by Lemma 4.2.3,

fhaPm

pm

dlog(i

f pm—iy —
Wdlog(l + hr ) = — g

)

h
= —%dlog(f) mod M -2 (pm—i)-

Since [k : kP] = p, we can find h € Ok such that w — [ﬂ%dlog(ﬂ(l + haP™=1))] € M;_;. Hence
the conclusion follows.

Then let us look at (ii). If p 1 i, the conclusion follows since the p-rank of the residue field F
is1and M;/M;_; = Q}F by fixing the uniformizer z. If p | 7, then for any e € Ok, by Lemma 4.2.3
we have

cer"™

£ dlog(1 + ex™) = — dlog(%)
i T ah

n

=— c—fdlog(c) —n—cl.edlog(ﬂ)
T T

|
Sw(x)<i

= -2 dlog(7) mod M;_.
T
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The () term has a Swan conductor smaller than i, since its residue corresponds to a term in
c ‘

QL./Z]. = 0. Now we can find e € Ok such that w — ﬁdlog(g(l +en" ")) € M;_;. Hence the

conclusion follows in this case.

(2) i = 0: First fix the uniformizer 7. By Theorem 3.3.1, we have that
My = Br(F)[p] ® F/P(F).

For both hypotheses, the proof proceeds in two steps: First, we modify the condition in each
hypothesis so that the resulting symbol algebra is congruent to w modulo Br(F)[p]. In the second

step, we finish the proof. We give details for (i) as an example.

[+ finP™

dlog(n)] €
pm

Since w — [%dlog(ﬂ)] € M, then there exists f] € Ok such that w — |
T m

Br(F)[p]. Set f’ = f + finP™. For any h € Ok, by Lemma 4.2.3,

f dlog(1 + hnP™) = — " hdlog( S )
pm e
= —f"hdlog(f’) in Br(F)[p].

f+ fizr™

We can find & € Og such that w — | o dlog(n(1 + hnP™))] € Br(F)[p]. Therefore the
n

conclusion follows.

The following theorem was first proved in [12]. We give a different proof using ideas here.

Theorem 4.2.4 ([12, Theorem 2.3])
Let K be a henselian discretely valued field of characteristic p > 0 with the residue field F. Suppose

that F is a local field. Then Br.dim(K) = 1.

Proof. Since F is a local field of characteristic p > 0, we have that k = F,((s)), ¢ = p". By
Theorem 4.2.2, a wildly ramified Brauer class in Br(K)|[p] is represented by a symbol algebra of
degree p. So it suffices to show that a tamely ramified Brauer class in Br(K) has symbol length
1. Let w € Br(Kume/K)[p]. Then w = [a,n) + [b, c) where a defines an unramified degree p
Artin-Schreier extension of K and [b,c) € Br(F)[p]. By [37, Corollary 3, Page 194], [b, c) is

split by the degree p Artin-Schreier extension defined by a. Hence, a = [a, ¢) for some e € K*.
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Notice that a finite extension of a local field is still alocal field. Hence, combining with Theorem

4.1.1, we get the desired conclusion. O

4.3 Equal characteristic case

In this section, we will prove the period-index result for p-torsion part of the Brauer group of a
henselian discretely valued field of characteristic p > 0.

Let K be a henselian discretely valued field of characteristic p > 0 with the valuation v,
valuation ring Ok and residue field F with [F : FP] = p”",n € N. Given a p-torsion Brauer class
a € Br(K)[p], there are three cases: (i) sw(a) = 0, (ii) p 1 sw(a) > 0 and (iii) p | sw(a@) > 0.
Recall Conjecture 3.5.7 mentioned in the previous chapter. We should point out that only Case (iii)
is relevant to this conjecture. Now, Case (i) is already discussed in Lemma 4.1.6.
4.3.1 Case (ii): p f sw(a) >0

We will prove the following theorem in this subsection.
Theorem 4.3.1
Let F be a field of characteristic p > 0 and [F : FP] = p", n € Nyo. Let K be a henselian
discretely valued field of characteristic p > 0 with the residue field F. Suppose that a € Br(K)[p]
and p 1 sw(a) > 0. Then ind(«) | per(a)”.

Proof.

Let {x,---,%,} be a p-basis of F. Let {x,---,x,} be the lifting of the p-basis in K and
7 be a uniformizer of K. Since p t sw(a) = k > 0, we have that o = %dlog(xl) + o+
%dlog(xn) mod Mj_y, where either a; = 0 or v(a;) = 0, a; # 0 for at least one i. The proof is

based on the following downward induction on j:
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Hypotheses:

a €Br(K)[p], 0<j <k,
ai ap
a = [—kdlog(xl) +--- 4 —kdlog(x,,)] mod M;,
Vs Vs
either @, =0orv(a;) =0foralli € {1,--- ,n},
a; # 0 for at least one i,

{X1,---,Xx,}is a p-basis of F, and r is a uniformizer of K.
Conclusion:

There exist {a;};, {x;}; and 7’ fori € {1,--- ,n} such that
I3 ’

a

a= [—/lkdlog(x’l) +ot a—/’l’cdlog(x;,)] mod M;_i,
n n

either @, =0 or v(a;) =0 foralli € {1,---,n},

a; # 0 for at least one i,

{x},---,%,}is a p-basis of F, and n’ is a uniformizer of K.

If p 1 j, by fixing the uniformizer x, we have M;/M;_; = Q}. Since {x},--- ,X,} is a p-basis of
F, the conclusion easily follows.

If p | j > 0, by fixing the uniformizer x, we have M;/M;_| = Q. /Z; & F/FP. Denote the
projections from M;/M;_; to two direct components by P, P, respectively. WLOG, we assume

that @; # 0. For any ¢ € Ok, by Lemma 4.2.3,

k—j

Ddog(1+ext 7y = -7 dlog(H) 4.3.1)
T T T
k
- —C;]—J.Cdlog(al) + %dlog(ﬂ) mod M _s(i_j). 4.3.2)

Since a — [a—}(dlog(xl) + -+ a—:dlog(xn)] € M;, we can choose c such that kajc = Py(a —
T Vg
[a—llcdlog(xl) +ot a—Zdlog(x,,)]). Then {x;(1+cr*7), x5, ,x,} gives a different lifting of the
n n
p-basis {X1, %2, - ,X,}. We use this new lifting to match the class from (P; (e — [a—llcdlog(xl(l +
n

ki) -+ a_Zdlog(xn)]),O) € Q}/Z}p @® F/FP. The conclusion follows.
T
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If j = 0, the proof is similar to the case (p | j > 0), since we treat the elements from Q}D and

Q}./Z]. in the same way. O

4.3.2 (iii) p | sw(a) > 0

Proposition 4.3.2

Let F be a field of characteristic p > 0 and [F : FP] = p", n € Nyg. Let K be a henselian
discretely valued field of characteristic p > 0 with the residue field F. Assume that Conjecture
3.5.7 is true and F does not admit any finite extension of degree prime to p. Let « € Br(K)[p] and

p | sw(a) > 0. Then ind(a) | per(a)”.

Proof.

The Conjecture 3.5.7 implies that the symbol length of the group Q ; / Z}p is no more thann—1. Since
p | sw(a) =k > 0, we have that @ = [%dlog(xl) +- 4+ %dlog(xn_l) + %dlog(n)] mod My_;.
Fori € {l,---,n— 1}, either @; = 0 or v(a;) = 0, while either b = 0 or v(b) =0, b ¢ FP. Not all
a;, b are zero and 7 is a uniformizer. v(x;) = 0, {X,- -+ ,X,—1} is a FP-linearly independent set.

We shall discuss in cases v(b) = 0, b ¢ F? and b = 0 separately.

4321 v(b)=0,b¢FP
The proof is based on the following induction on j:

Hypotheses:

a € Br(K)[p], 0<j <k,
_ b
a = [a—llcdlog(xl) +oe g a”_k]dlog(xn_l) + —kdlog(n)] mod M;,
Py bl P/
either @; = 0orv(a;) =0foralli € {1,--- ,n},
v(b) =0, b ¢ FP, and r is a uniformizer of K,

v(x;) =0, {X1,- -+ ,X,_1} is a FP-linearly independent set.
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Conclusion:

There exist {a;};, {x}};, b and n’ fori € {1,--- ,n — 1} such that
/ 4 ’

al , a
a = [ﬁdlog(xl) +-0+

n— ’ b ’

ﬂ/kl dlog(x,_;) + ﬁdlog(ﬂ )] mod M;_y,
either a; = 0 or v(a;) =0 foralli € {1,--- ,n},

v(b') =0, b’ ¢ FP, and 7’ is a prime element of K,

v(x)) =0, {x],---,X,_,} is a F”-linearly independent set.

Let @’ = a — [%dlog(xl) + -+ %dlog(xn_l) + %dlog(ﬂ)]. If p | j > 0, by fixing the
uniformizer 7, we have M;/M;_| = Q}V/Z}, ® F/FP. Since {Xy,---,X,—1} is a FP-linearly
independent set and [F : F?] = p", we can choose x, € Ok such that {x;,---,X,} is a p-basis of
F. Denote the projections from M;/M;_; to two direct components by Py, P, respectively. Then

Pi(’) = fidlog(x;) + - - - + fydlog(x,). For any ¢ € Ok, by Lemma 4.2.3,

b ~ b b
Zdlog(1 + en*/) = == dlog(—) 4.3.3)
/s b & ok
bc
= ——dlog(b) mod My_>(k—j). (4.3.4)
hidl

We can choose ¢ € Ok such that —bcdlog(b) coincides with f, on dlog(%,) part. Let g € Ok be a

b+ gnk!

lifting of P»(e’) € k/kP. Then P (a — [a—llcdlog(xl) 4+ 4 a"—;ldlog(xn_l) + -
T T Vs

dlog(7(1+
ekt )]) is supported away from dlog(x,) and P»(e) = 0. Hence the conlusion follows.

If j=0orpt j > 0, the proof is similar to the case (p | j > 0), since we treat the elements
from Q;, Q}, /ZL, Br(F)[p] in the same way. More precisely, we are using their liftings in Q},.
4322 b=0

In this case, the proof can be reduced to either the case (p 1 sw(a > 0) or the above case.

Hence we finish the proof. O

4.4 Mixed characteristic case
In this section, we will prove the period-index result for p-torsion part of the Brauer group of a

henselian discretely valued field of characteristic O with residual characteristic p > 0.
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Let K be a henselian discretely valued field of characteristic O with the valuation v, valuation
ring Ok and residue field F of characteristic p > 0. Let [F : FP] = p",n € N. In the mixed
characteristic case, we are not always able to express a Brauer class as a sum of symbol algebras,
since K may not contain a primitive p-th root of unity. However, when addressing period-index
problems, we can always reduce to the case where K contains a primitive p-th root of unity (as
noted in Lemma 4.1.5).

In our setting, if the field K does not contain a primitive p-th root of unity, we can adjoin a
primitive p-th root of unity ¢ to the field K. The field extension K({)/K is of degree p — 1. Hence
it suffices to consider the period-index problem over K ().

In the rest of this section, we assume that K contains a primitive p-th root £ of the unity. Notice

that v({ — 1) = % and p | N := p;fllj). Given a p-torsion Brauer class « € Br(K)[p], there are

four cases: (i) sw(a) =0, (ii) p 1 sw(a) > 0, (iii) p | sw(a), 0 < sw(a@) < N and (iv) sw(a@) = N.
We mentioned Conjecture 3.5.7 in the previous chapter. It is important to note that the case (iii)
and (iv) are relevant to Conjecture 3.5.7. Additionally, the case (iv) requires the bound of symbol
length of the group K> (F)/pK>(F).

The case (i) has been addressed in Lemma 4.1.6. We will discuss the other three cases separately
in the subsequent subsections.
44.1 (i) p tsw(a) >0

We will prove the following theorem in this subsection.
Theorem 4.4.1
Let F be a field of characteristic p > 0 and [F : FP] = p", n € Nyg. Let K be a henselian
discretely valued field of characteristic O with the residue field F. Suppose that « € Br(K)|[p]| and

p 1 sw(a) > 0. Then ind(@) | per(a)”.

Proof. Let {X1,---,X%,} be a p-basis of F. Let {x,---,x,} be a lifting of the p-basis and 7«

N—-k

be a uniformizer. Since p t sw(a) = k > 0, we have that @ = [{1 + 7" " a,x;} +---+ {1 +

aV*a,, x,}] mod M;_;, where either a; = 0 or v(a;) = 0, a; # 0 for at least one i. The proof is

based on the following induction on j:
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Hypotheses:

a € Br(K)[p], 0<j <k,

N—-k -k

CZE[{1+7T al,x1}+---+{1+7TN an,xn}] mOde,
either @; = 0orv(a;) =0foralli € {1,---,n},
a; # 0 for at least one i,

{X1,--- ,X,}is a p-basis of F, and x is a uniformizer of K.
Conclusion:

There exist {a;};, {x;}; and 7’ fori € {1,--- ,n} such that
@ = [{1+7" al, K} +- -+ {1+ 7V a), 20} mod My,
either @, = 0 orv(a;) =0foralli € {1,--- ,n},

a; # 0 for at least one i,

{x{,--,x,}is a p-basis of F, and " is a uniformizer of K.

If p 1 j, by fixing the uniformizer x, we have M;/M;_ = Q}. Since {x},--- ,X,} is a p-basis of
F, the conclusion easily follows.

If p | j > 0, by fixing the uniformizer x, we have M;/M;_, = Q. /Z; & F/FP. Denote the
projections from M;/M;_; to two direct components by P, P, respectively. WLOG, we assume

that @; # 0. For any ¢ € Ok, by Lemma 4.2.3,

{1+ a1+ en7y = (142" are, -n"*ay})
=—{1+7"Vaic,-a\} - {1 + 7"V ajc, "N} mod My )

=—{1+7"7ajc,a1} +{1 - (N - k)77 ayc, 7} mod M;_,

Since a— [{1+7V % a;, x; }+- - -+{1+7V*a,, x,}] € M, we can choose ¢ such that —(N — k)ajc =
Py(a = [{1 + 7% %ay, x1} + -+ {1 + n¥%a,, x,}]). Then {x;(1 + cx¥7),xp,--- ,x,} gives a
different lifting of the p-basis {X, X2, - ,X,}. We use this new lifting to match the class from
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(Pi(a - [{1+ aVrayx (1 + e} + -+ {1 + nN_kan,xn}]),O) € Q},/Z}V ® F/FP. The
conclusion follows.
If j = 0, the proof is similar to the case (p | j > 0), since we treat the elements from QIL and

Q}F /Z }D in the same way. O

4.4.2 (iii) p | sw(a), 0 <sw(a) < N

We will prove the following theorem in this subsection.
Theorem 4.4.2
Let F be a field of characteristic p > 0 and [F : FP] = p", n € Nog. Let K be a henselian
discretely valued field of characteristic O with the residue field F. Assume that Conjecture 3.5.7 is
true and F does not admit any finite extension of degree prime to p. Suppose that « € Br(K)[p]

and p | sw(a), 0 < sw(a) < N. Then ind(«) | per(a)”".

Proof.

The Conjecture 3.5.7 suggests that the symbol length of the group Q}p /Z }g is no more than n — 1.

N—-k N—-k

Since p | sw(a@) = k > 0, we have that @ = [{1 + 7" " a,x;}+---+ {1 + 7" a1, xp—1 } + {1 +
aV*p, 73] mod My_;. Fori € {1,---,n — 1}, either a; = 0 or v(a;) = 0, while either b = 0 or
v(b) =0, b ¢ FP. Not all a;, b are zero and r is a uniformizer. v(x;) = 0, {%1,-- ,X,—1} is a
FP-linearly independent set.

We shall discuss in cases v(b) =0, b ¢ FP and b = 0 separately.
4421 v(b)=0,b¢FP

The proof is based on the following induction on j':
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Hypotheses:

a € Br(K)[p], 0 < j <k,

a=[{l+aV*

a,xi b+ +{1+7"%a,_ 1, xp1  + {1+ 72V %b, 73] mod M;,
either @; = 0orv(a;) =0foralli € {1,---,n},

v(b) =0, b ¢ FP, and 7 is a prime element of K,

v(x;) =0, {x, - ,X%,-1} is a FP-linearly independent set.
Conclusion:

There exist {a;};, {x}};, b and n’ fori € {1,--- ,n — 1} such that

a=[{1 +7r’N_ka'1,x’l} +--+{1 +7T’N_ka,’1_l,x;l_1} + {1+ 72N, 7'}] mod M;_y,
either @; =0 or v(a;) =0 foralli € {1,---,n},
v(b') =0, b’ ¢ F', and 7’ is a prime element of K,

v(x)) =0, {x}, - ,X_,}is a FP-linearly independent set.

Leta’ = a—[{1+7¥%a, x }+ -+ {1+7V%a,_, x,o1 }+ {1+ *b,7}]. If p | j > 0, by fixing
the uniformizer 7, we have M;/M;_| = Q}D/Z}V ® F/FP. Since {x,---,X,—1} is a FP-linearly
independent set and [F : FP] = p”, we can choose x,, € Ok such that {x;,--- ,X,} is a p-basis of
F. Denote the projections from M;/M;_; to two direct components by Pi, P, respectively. Then

Pi(a’) = fidlog(xy) + - - - + f,dlog(x,). For any ¢ € Ok, by Lemma 4.2.3,

(1+72 %, 1+ en* Y = —{1 + 7V be, —nV b} (4.4.1)
=—{1+7"7bc,~b} mod My_sk-j) (4.4.2)
= {1 - 2"bc, b} mod M;_, (4.4.3)

We can choose ¢ € Ok such that —bcdlog(b) coincides with £, on dlog(%,) part. Let g € Ok be
a lifting of Py(a’) € F/FP?. Then Py (a — [{1 + aVkax b+ o+ L+ a7V a, g x Y+ {1+
aVk(b + gnkT), (1 + cnk_j)}]) is supported away from dlog(x,) and P,(e) = 0. Hence the

conclusion follows.
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If j=0o0r p ¢t j > 0, the proof is similar to the case (p | j > 0), since we treat the elements
from Q}V, Q}, /ZL, Br(F)[p] in the same way. More precisely, we are using their liftings in Q}v
4422 bH=0

In this case, the proof can be reduced to either the case (p 1 sw(a > 0) or the above case.

Hence we finish the proof. O

443 (iv)sw(a)=N
We will prove the following theorem in this subsection.
Theorem 4.4.3
Let F be a field of characteristic p > 0 and [F : FP] = p", n € Noo. Let K be a henselian
discretely valued field of characteristic O with the residue field F. Assume that Conjecture 3.5.7 is

true and F does not admit any finite extension of degree prime to p. Suppose that @ € Br(K)[p]

and sw(a) = N. Then ind(«) | per(a)”".

Proof.

The proof is similar to the case (iii). Fixing a uniformizer x, it follows that My/My_; =
K>(F)/pK>(F) @ K| (F)/pK,(F). Hence, at the starting point, we need both the symbol length
bounds of K> (F)/pK,(F) and Q},/Z}F. O

4.5 Symbol length problems of higher Kato’s groups

In this section, we generalize the ideas from previous sections to investigate the symbol length
problems of higher Kato’s groups. Let K be a henselian discretely valued field of residual charac-
teristic p > 0. We prove that any wildly ramified element in Hé’t(K ,(Z/p)(2)) is split by a purely

inseparable extension of degree p.

Theorem 4.5.1
Let K be a henselian discretely valued field of characteristic p > 0 with the residue field F.
Suppose that [F : FP] = p. Let a € Hgt(K, (Z/p)(2)) such that p 1 sw(a) > 0. Then we have

dc
that @ = w N — for some w € Qk and c € K*.
c
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Proof. First, notice that Q% / ZI% = 0, since [F : FP] = p?, which forces there is no non-trivial

3-form over F. By Theorem 3.3.1, we have that

Q2 if j >0andp 1 J,
M]'/Mj—l =
Q;/Z}V if j>0andp | J.

Let {X;, X2} be a p-basis of F. Let {x;,x2} be the lifting of the p-basis in K and let 7 be a
uniformizer of K. Then {dx; A dx,} gives a basis of Q% Since p { sw(a) = k > 0, we have
that a = ikdlog(xl) A dlog(x;) mod Mj_;, where v(a) = 0. The proof is based on the following

T

induction on j:

Hypotheses:

a € Hy (K, (Z/p)(2), 0 < j <k,
b
@ = [ dlog(x) A dlog(x2) + —dlog(x,) A dlog()] mod M,
a n
a+0, v(b) >0,

{X1,Xp}is a p-basis of F, and r is a uniformizer of K.
Conclusion:

There exist a’, b” and x such that

’

! b
a = [%dlog(xl) A dlog(x}) + Fdlog(x’z) A dlog(m)] mod M;_y,

a #0,v(b') >0,
{X1,X,}is a p-basis of F, and 7 is a uniformizer of K.
a b . .
Let @ = a — [—kdlog(xl) A dlog(xp) + —kdlog(xz) A dlog(m)]. If p | j > 0, by fixing the
g Vg

uniformizer 7, we have M;/M;_, = Ql/Z.. Since {X|,X,} is a p-basis for F, we have [a'] =

fidlog(x1) + fdlog(xy) in M;/M;_;, where fi, f> € F. For any ¢ € Ok,

ikdlog(xl) Adlog(l + cnk7/) = —a—c.dlog(xl) A dlog(i) 4.5.1)
T 7/ k
kac
= —jdlog(xl) A dlog(mr) mod My _s(k—j). 4.5.2)
g
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We can choose ¢ € Ok such that kac coincides with f1 and let g € Ok be a lifting of f,. Then
k—j

+
i: dlog(x>) Adlog(m)] € M;_;. Moreover, denote

b+ gnk-i ,
leog(x2) Adlog(m)] €

b
a—[=dlog(x;) Adlog(xa(1+ex*))+
T
xy =x2(1+ c*=7). Tt follows that o — [%dlog(xl) A dlog(x}) +
M;_;. Hence the conclusion follows.

If p | j > 0, by fixing the uniformizer r, we have M;/M;_; = Q% Then the conclusion follows

easily by using x1, x as the liftings of p-basis.

IR

If j = 0, the proof is similar to the case (p | j > 0), since M He?t(F, (Z/p)(1)) ®

Hgt(F ,(Z/p)(2)). It is a combination of these two previous arguments. O

Theorem 4.5.2
Let K be a henselian discretely valued field of characteristic p > 0 with the residue field F. Suppose
that [F : FP] = p. Leta € Hé’t(K, (Z/p)(2)) such that p | sw(a) > 0. Then Conjecture 3.5.7

T dc
implies that « = w N — for some w € Q}( and ¢ € K*.
c

Proof. First, notice that QIZD /ZIZ, = 0, since [F : FP] = pz, which forces there is no non-trivial
3-form over F. By Theorem 3.3.1, we have that
Q2 if j >0and p 1 J,
Mj/Mj—l =
Qp./Z; ifj>0andp| ;.

Let {x,X2} be a p-basis of F. Let {x|,x;} be the lifting of the p-basis in K and let 7 be a
uniformizer of K. Then {dx; A dx,} gives a basis of Q% Since p | sw(a@) = k > 0, Conjecture
3.5.7 implies that @ = ﬂkdlog(b) Adlog(m) mod My_y, where v(a) = v(b) = 0. Notice that {a, b}

Vs
defines a p-basis of F, since adlog(b) is non-trivial in Qll, /Z }p The proof is based on the following

induction on j:
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Hypotheses:

@ € HY(K,(Z/p)(2)), 0 < j <k,

t
a = [ikdlog(a) A dlog(b) + %dlog(b) A dlog(x)] mod M|,
T n
v(c) > 0, adlog(b) is nonzero in Q}V/Z1 ,

7 is a uniformizer of K.
Conclusion:

There exist a’, b’ and ¢’ such that

a= [C—kdlog(a’) A dlog(b’) + a—kdlog(b’) A dlog(x)] mod M;_y,
n n

v(c’) > 0, @'dlog(b’) is nonzero in QJ./Z},

mr is a uniformizer of K.

Let o = a - [dlog(a) A dlog(b) + —dlog(b) A dlog(m)]. If p | j > 0, by fixing the
n n
uniformizer 7, we have M;/M;_; = QL/Z]. Since {a,b} is a p-basis for F, we have [@] =

1dlog(ay) + frdlog(b,) in M;/M;_y, where fi, f> € F. For any e € Ok,
jIM

L dlog((1+ex*™7)) A dlog(m) =~ dlog(~=) A dlog(x) (4.5.3)
V4 bl ik

= —a—jdlog(a) A dlog(mr) mod My_ k- ). 4.5.4)
n

We can choose ¢ € Ok such that —ae coincides with f] and let g € Ok be a lifting of f,. Then

a+ girk_j X
—kdlog(b(l + en® 7)) A dlog(n)] € M ;_,. Moreover, denote
n

a— [%dlog(a) A dlog(b) +
a’ =a+gn*J and b’ = b(1 + en*7). It follows that @ — [%dlog(a’) A dlog(b’) + :—;dlog(b’) A
dlog(m)] € M;_;. Hence, the conclusion follows.

If p | j > 0, by fixing the uniformizer 7, we have M [ /M = Q% Then the conclusion follows
easily by using x1, x as the liftings of p-basis.

If j = 0, the proof is similar to the case (p | j > 0), since My = He?t(F, (z/p)(1)) &

Hgt(F ,(Z/p)(2)). It is a combination of these two previous arguments. O
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CHAPTER 5

LOGARITHMIC DE RHAM COHOMOLOGY WITH SUPPORT
In this chapter, we will continue on our discussion of p-torsion part of Brauer groups of C,, fields.
As we noted in the introduction,, there is one common class of C,, fields: the function fields of
dimension m — n algebraic varieties over C,, fields for 0 < n < m. When studying the Brauer group
of such a function field, an important concept is its behavior in codimension 1, since the Brauer
group of a Noetherian, integral, regular scheme has purity in codimension 1 (Theorem 2.1.3). We

restate this theorem here for clarity.

Theorem 5.0.1 (Purity in codimension 1 [44])
For a Noetherian, integral, regular scheme X with function field K,

H2(X,Gp) = (| Hi(Oxx Gn) in HA(K,Gy).
xex®

Recall that there is an injection from the Brauer group of the scheme X into the Brauer group
of its function field K:

Br(X) — Br(K).

Therefore, to understand the Brauer group of the function field K, it is essential to understand the
cokernel of this homomorphism.

Artin and Mumford [4] provides significant insight into this area. When X is a surface, they
showed that there exists an exact sequence that relates the Brauer group of X, the Brauer group of
the function field K, and the ramification behavior of Brauer classes at both codimension 1 points

and closed points (points of codimenison 2).

Theorem 5.0.2 ([41])
Let S be a smooth projective surface over an algebraically closed field k with char(k) = p > 0 and
[ be a prime number different from p. Suppose that H;t(S ,Q/Z) = 0. There is a canonical exact

sequence

0—=Bry(S) —=Bri(k(S)) — P HL(Kk(),Z2))— D ' p;! 0,

curves C closed points
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where u; denotes the [-th roots of unity.
In fact, this sequence could be derived from the Bloch-Ogus spectral sequence.
Theorem 5.0.3

Assume that X is smooth over a perfect field k of characteristic p > 0 and | be a prime number
different from p. Then there is a spectral sequence
EPI = @ H1P (x”u?"‘l’) = HP*(X, uP") (5.0.1)
xex ()
Here XP) are the points of codimension p in X.
We should notice that the above discussion are restricted to the case when the torsion is prime
to the base characteristic. We will give a systematic investigation of the case when the torsion is

equal to the base characteristic.

5.1 Bloch-Ogus spectral sequence in positive characteristic

For the logarithmic de Rham cohomology, we also have the Bloch-Ogus spectral sequence.

Theorem 5.1.1 ([8, 15])

Let X be an equidimensional scheme over F,. Then we have the coniveau spectral sequence

= ) AP K @) = B = 1K )
xeX(®)

converging to the logarithmic de Rham cohomology, where
H)’cn(X’ Q‘gf,log) = ll_I)Il H?}C}QU(U’ ng,log) = H)’cn(an ‘Qéf,log)
xeU

and U runs through open neighborhoods of x in X (the last equality follows from the excision).

The complex of E ;’q—terms

0— P HIX, Q) — B HI(X, Q) —
xex© xex®

+ .
— @ H! S(X’le’log)
xex(®)
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is usually called the Bloch-Ogus complex and denoted by B4(X)*. It is a cohomological analogue
of the Brown-Gersten-Quillen complex in algebraic K-theory.
We can also describe the E; page when considering k-schemes. Let k be a field of characteristic

p > 0. For every integer m, we have the cohomology functor on k-schemes:

X = Hy ™ (X, Q) = HE (X, Z/p (i)

for a k-scheme X. For shorthand, we would write H]T(X ,i) in stead of the precise notation
HY (X, ng,log). The Zariski sheaf associated to the presheaf U — H'(U, i) is denoted by 77 (i).

For a smooth connected k-variety X, we define the unramified cohomology group
H(X,Z/p(i) = Hy, (X, %) (i)).

Then we have the following theorem which collects some well-known results.

Theorem 5.1.2
Let X be a smooth connected k-variety.

1. We have the Bloch-Ogus spectral sequence

Ey' = H), (X, %,(i)) = E**' = HY' (X, Z/p(i)) (5.1.1)

with
EX'=0ifb¢ {i,i+1}, orifa>b=i (5.1.2)

and
ES = HY, (X, 9.(i)) = CH'(X)/p. (5.1.3)

2. There are natural isomorphisms

H'(X,(Z/p)(i)) = Hy, (X, %, (i) = Hy (X, (Z/p) (i), (5.1.4)
H?™ (X, (Z/p) (i) = H " (X, 2 (i) for j > 1. (5.1.5)

and
Hy (X, (Z/p)(1) = Hy, (X, %, (1)) = Br(X)[p]. (5.1.6)
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3. For smooth proper connected k-varieties, the group H.(X,Z/p(i)) is a k-birational invari-

ant.

We want to finish up this section with the Gersten-type theorem which plays the most important
role in the rest of this chapter. As an analogue of Gersten conjecture in algebraic K-theory, it is
natural to expect that, if X is the spectrum of a regular local ring over F,, the Bloch-Ogus complex

is acyclic in positive degree. In fact, we have the following:

Theorem 5.1.3 (Gersten-type theorem for Bloch-Ogus complex [38])

Let X be the spectrum of an equidimensional regular local ring over F,. Then we have

Hn(Bq,i(X).) _ HC](X, Qg(,log) (l’l — 0)

0 (n > 0).
It is proved in the case where X is a localization of a smooth scheme over a perfect field by
Gros-Suwa [18].

This Gersten-type theorem provides us with the fundation to analyse the ramification behavior

of a p-torsion Brauer class affine locally. We will mainly use the following version of Theorem

5.1.3.

Theorem 5.1.4 (Gersten-type theorem [38])
Let X be the spectrum of a 2-equidimensional regular local ring over F), with the unique closed

point P and quotient field K. Then we have an exact sequence

1 1 1 1 o1 2 1 ) 3 1
00— Hét(X’ QX,log) - Hét(K’ 'Q'K,log) - @] HX (X’ QX,log) - HP(X’ QX,log) —0.
x€

5.2 Logarithmic de Rham cohomology of affine schemes with support
The goal of this section is to identify the morphisms 61, 62 and cohomology groups appeared

in Theorem 5.1.4.

5.2.1 The morphism ¢,

Let x € X1, By the étale excision theorem [33], we have the following lemma.
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Lemma 5.2.1

H)%(X’ 'Q‘;(,log) = H)%(XX’ Q‘i,log) = H)%(O?(,x’ Qi,log)‘

Proof.
The first isomorphism follows from the étale excision theorem. The second isomorphism follows

from [34, Corollary 1.28]. |

Furthermore, we have the following commutative diagram:

0
0 Hl(O?(,x’ Qi,log) Hl (Kh’ Ql,log) -

HJ% (O),é,x’ Ql,log)
¢ 14 -

Br(0% )[p]

v

0 Br(K")[p] ——Br(K")[p] [Br(0} ) [p] —=0

The first exact row comes from the long exact sequence in local cohomology in étale topology and
the second exact row is the canonical exact sequence.
It follows that
H2 (X, Qko,) = Br(K") [p] / Br(0% )[pl (5.2.1)
and we can identify the morphism 6 with 67, i.e. 61 = ¢].
5.2.2 The Morphism 6,
Lety € X! and Y := {y} be the closure of y in X.

Lemma 5.2.2 ([38])

Let X,Z be regular schemes over F), and let i : Z — X be a regular closed immersion of
codimension r. Then we have EQ(X, Ox) =0, ﬂé(X, WmQ}() =0, Qé(X, Wmﬂg(/dvm_lﬂg(_]) =
Oforj +r.

Corollary 5.2.3

Let the notation be as above. Then we have ﬂé(X , ngg(,log) =0forj#r,r+1.
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Also we have the following exact diagram:

0 0 0
1 | 1 1 5 2 1

0 HY(X, Q.’log) _ Hy(X —{P}, Q.’log) _ HP(X, Q.’log) —0

1 1 1 1 5 2 1
0 HY(X,Q.) Hy(X—{P},Q.)—>HP(X,Q.,) 0

F-I F-1 F-I

6}'

0 Hy(X,Ql/dO) —= H)(X - {P},Q}/dO) — H}%(X,Ql/d0) —0

6}'
2 1 2 1 2 1 2 3 1
Hp(X, Q-,log) — Hy(X, Qo,log) Hy (X = {P}, Q-,log) Hp(X, Q%log) 0

(5.2.2)

Notice that we have H§ (X,0) = H§ (X — {P}, o) by excision. In the above diagram, we are using
cohomology groups instead of cohomology sheaves, since X is a strictly henselian local scheme.
In order to compute 6, and H?,(X , Qi( 10g), recall the following facts about the (étale) local

cohomology.

Lemma 5.2.4 ([39, Lemma 0G74])

Let (X, Ox) be a ringed space. Let Z C X be a closed subset. Let K be an object of D(QOyx) and
denote K, its image in D(Zy). Then there is a canonical map RUz(X,K) — RI'z(X, K) in
D (AD).

Proposition 5.2.5 ([39, Lemma 0A46])

Let S be a scheme. Let Z C S be a closed subscheme. Let ¥ be a quasi-coherent Og-module and

denote ¥ the associated quasi-coherent sheaf on the small étale site of S. Then
H2(Szar. F) = HA(S, 7).

Proposition 5.2.6

For any étale morphism f : X =Y, f *Q}/ — Qi( is an isomorphism of Ox-modules.
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By Proposition 5.2.6, we get (Qé)“ = Qé on the small étale site of S. It is also known that
(Os5)* = Og (or G,), where G, is the additive group. Then by Proposition 5.2.5, the étale local
cohomology groups of X agree with the Zariski local cohomology groups.

Now it suffices to calculate the étale local cohomology groups of Q;( /dOx. In fact, we have

the following exact sequences on the small étale site of X

0 Ox — = 0y dOx 0, (5.2.3)

0 dOx Ql

1
L ——Ql/dOx —o0.

These sequences follow from the Cartier isomorphism [38, Corollary 2.5], since X is affine

regular and F-finite. Passing to the cohomology sequences, we have the exact sequences

0 —= HL(X,Ox)/HL(X, Ox)? —4= H)(X,Q}) —= H)(X, Q) /dOx) — 0.

0 — H3(X,0x)/H3(X, Ox)? —~ HA(X,Q}) —= H3(X, QL /dOx) —0.
(5.2.4)

Using (5.2.4), it suffices to calculate the local cohomology groups of Q}( and Ox. They are

computed by the Cech complex in the below.

Lemma 5.2.7 ([39, Lemma 0A6R])
Let A be a noetherian ring and let I = (f1,---, f,) C A be an ideal. Set Z = V(I) C Spec(A).
Then

RUz(A) = (A—[1;, Ap, — - —=Af.p, )
in D(A). If M is an A-module, then we have
RTz(M) = (M —=T1;, My, —= - — M5, )

in D(A).
Recall that X = Spec k [[n,¢]], where k is an algebraically closed field. Let R = k [[x,¢]].
Then 7 and ¢ are regular primes of R. Denote by V(7x), V(¢) the closures of codimension 1 points

(m) and (¢) respectively.
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Then we have the following
H)y (X, Q) = / Qb
~ ~ 1
Hiy (X, Q) = Hiy (D). Q) = Q1 [

2 ~ 1 1
Hp(X, Q) = R[IJ/(QR[%]J’QR[%J)

V(t)(X OX) = [ ]/R .
H,,(X.04) = H)(D(x).O}) = R [RIL.
H3(x.0) = RIZ) [ (R34 R171).

Combining with the exact sequence (5.2.4), it follows that

H () (X, Q% o) = / (@ +(F- D@l | +d(R[%]))

t

= Br(R[-])[p] /Br(R)[p] .

~ | =

Qyy+ (F =D +d(R[%]))

)(X QX log R[ 1

7{

= BRI Dp) [Br(RIZDIP).

!
(X QY 10g) = Dy 1| [ (R + gy + (F = Dy 1 +d(RI-])

R

= Br(R[—])Ip] / (Br(RIZ D[] + Br(RI DIp])

Notice that we used the fact that the localization of a unique factorization domain (UFD) at a
multiplicatively closed subset is also a UFD and the Picard group of a UFD is zero. Furthermore,

from the last row of (5.2.2), we get the following identification

Br(R[1)[p] /Br(R)[p] —————= Br(RIL]p] [Br(RILDp] (5.2.5)
3
Br(RIDIpl [ (Br(RILDIp] +Br(R[LD[p]) —0.

5.3 Period-index problems of semi-global fields in positive characteristic
In this section, we are going to prove the following theorem as an application of the logarithmic

de Rham cohomology with support.
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Theorem 5.3.1
Let X be a smooth projective curve over k((t)) where k is an algebraically closed fields of
characteristic p > 0. Suppose that there is a model X over k[ [t]] with good reduction. Suppose
that w € Br(X)|[p] satisfies swx(w) < p. Then per(w) = ind(w).

Here the geometric Swan conductor swy is defined based on the smooth model X of X. It is
not clear if the definition is independent of the choice of the smooth model. We will review the

notations and define the geometric Swan conductor (Definition 5.3.4) in the next subsection.

5.3.1 Notations

Let X be an algebraic curve over K = k((¢)), where k = k is an algebraically closed field
of characteristic p > 0. Denote by F = K(X) the function field of X. Let Ox = k[[¢]] be the
complete discrete valuation ring with the field of fraction K and ¢ the uniformizer. Denote by T the

unique closed point of Spec(Ok).

Definition 5.3.2
An integral model X of X is a 2-dimensional regular Ok-scheme such that
(i) p : X — Spec(Ok) is flat and proper;
(ii) There is an isomorphism of K-schemes X =~ Xg;
(iii) The reduced scheme (Y = X X T),eq is a 1-dimensional (proper) schemes over T whose
irreducible components are all regular and has normal crossings (i.e. Xr only has ordinary

double points as singularities).

The existence of an integral model follows from the resolution of singularities of excellent
2-dimensional schemes ([29]), and the embedded resolution of the special fiber ([30]). If X admits
a smooth integral model X over Ok, we say that X has good reduction over Ok. In this case, the

special fiber X7 will have a single irreducible component that is a proper smooth curve over 7'.

X X Y

| | |

Spec(K) — Spec(Okx) <——T = Spec(k)

For a closed point P of X, let Ox p denote the local ring at P, (jx, p the completion of the regular
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local ring Oy p at its maximal ideal and Fp the field of fractions of (5)(’ p. For an open subset U of
an irreducible component of Y, let Ry be the ring consisting of elements in F* which are regular on
U. Then Og C Ry. Let Ry be the (r)-adic completion of Ry and Fy the field of fractions of Ry.

Now suppose that the algebraic curve X has good reduction over Og. We have the following
exact sequence by purity of the Brauer groups in codimension 1:

0 — Br(X) —= Br(K(X)) —* B Br(Quot(Ox.)).

xeXo
For w € Br(X), we have that w € Br(Ox_) for all x € Xj.

Lemma 5.3.3
Let f : X — Y be a morphism of schemes. Lety € Y and q : X" = X Xy SpecOy, — X be the
projection morphism. Then Oy, 4-1(y) = Ox x for any x € X,

Recall that every effective irreducible divisor D C X is either Y (D is vertical), or the closure
of a closed point x € X of the generic fiber (D is horizontal). Using this lemma, it follows that
w € Br(Ox.) for all x € Xy ¢ X, Hence we have that w is ramified only along the vertical

divisor Y. Hence we define Kato’s Swan conductor of w € Br(X) in the following way.

Definition 5.3.4 (Swan conductor for Brauer groups of curves)

Let k be an algebraically closed field of characteristic p > 0 and let X be an algebraic curve over
k((t)). Suppose X has good reduction with the associated model X — Spec k|[[t]]. Denote by vy
the valuation associated to the divisor Y and F the function field k(X).

Then we define the X-Swan conductor of w € Br(X)|[p] by
swx(w) = swr,, (w).

5.3.2 Sketch of the proof
In order to prove Theorem 5.3.1, we will use the patching method from [19], which reduces the
global period-index problem to two types of local period-index problems. We continue to use the

notations from last section.
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Let n be a generic point of an irreducible component of Y and F;, the completion of F at the
discrete valuation given by 7. Let D be a central simple algebra over F. By [20, 5.8], there exists

an irreducible open set Uy, of Y containing 17 such that ind(D ®f Fy,) = ind(D ®F Fy).

Theorem 5.3.5 (Patching, [19, Theorem 5.1], [35, Page 228])

Let D be a central simple algebra over F of period p. Let Sy be a finite set of closed points of X
containing all the points of intersection of the components of Y and the support of the ramification
divisor of D. Let S be a finite set of closed points of X containing So and Y \ (U Uy), where n

varies over generic points of Y. Then
ind(D) = lem {ind(D ® F;)},

where { runs over S and irreducible components of Y \ S.

We apply this theorem in our situation. First, suppose { = U for some irreducible component
Uof Y\ S. Letn be the generic point of U. Then U C U,. Since Fy, C Fy, ind(D ®F Fy) |
ind(D ®F Fy,) = ind(D ®f F;). Since the residue field of the generic point of U is a function field
of the curve over an algebraically closed field, by Theorem 4.2.2, we have ind(D ® F;)|p. Hence,
ind(D ®F Fy) | p.

Next suppose { = P € S, where P is a closed point of X. By the Cohen structure theorem for

an equi-characteristic field [39, Tag 0COS], we have
Ox.p = kl[[m,1]],

where r, t are local uniformizers at P. Notice that it is actually a k-algebra isomorphism, since the
residue field k is naturally embedded into the complete local ring. In general, the Cohen’s structure
theorem only provides a ring isomorphism instead of a k-algebra isomorphism.

To analyze the period-index problem for the field Fp = k((x,t)), we will apply Theorem 5.1.4
to the 2-dimensional regular local ring k[ [r, 7]]. Notice that we have the condition swy (w) < p.

We would relate the X-Swan conductor to the local Kato’s Swan conductor in the next subsection.
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5.3.3 Local Swan Conductor

We use the notations from Theorem 5.1.4. There is a commutative diagram

F,log o log o.log

T~ |

1/ A 1 2 (A 1
H' (O p. QL ) —= H2 (Oxp. 20 )

Br(F)[p] = H'(F,QL,,,) —= H'(Oxp, QL ) — H2, (Oxp, QL)

where the horizontal row is part of the long exact sequence in local étale cohomology associated

to the sheaf Ql log" By (5.2.1), we have the following isomorhisms

H(Zt) (Ox.p, 'Q‘i,log) = Br(FraC((Ox,p)Z))) [p] /Br((OX,p)é’t)) [pl, (5.3.1)

H(,) (Ox.p, Q) ) = Br(Frac((Ox p)(,)) [P1/Br((Ox.p){,) [p]. (53.2)

Notice that, for a prime ideal p of a ring R, we denote by R’; the henselization of the localization
Ry, of the ring R at the prime ideal p.
Using the diagram above, we can give a result which relates the X-Swan conductor to the local

cohomology groups as in (5.3.1) and (5.3.2).

Proposition 5.3.6
Let X be an algebraic curve over k((t)) with a smooth integral model X — Spec k|[[t]] and

w € Br(X)[p]. Then

SWch((OX,P)f;))(‘“) = SWrrac((Ox,p)'h,) (W) = SWx ().

Proof of Proposition 5.3.6.
The second equality follows from Definition 5.3.4. For the first one, by Lemma 5.3.7, we can
)) and L = Frac((éx,p)

take K = Frac((Ox p) ). Then it suffices to show that the residue

h h

(0 )
field extension is separable, since ¢ is the uniformizer in both fields. The residue field extension is
given by k() — k((x)), which is a completion morphism. The separability is given by Lemma

5.3.8. O

Lemma 5.3.7 ([26, Lemma 6.2, Page 119])

Let K C L be two henselian discretely valued fields such that Ox C Oy and mp = Opmg. Assume
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that the residue field of L is separable over the residue field of K. Then, for any w € Br(K)[p], we
have

swi(w) =sw(w).

Lemma 5.3.8
Let F be a discretely valued field with [F : FP] = p and F be its completion. Then the completion

morphism F — F is separable.

Proof.

We prove it by contradiction. Suppose that there exists an algebraic extension E/F inside ¥ which
is not separable. Then we can decompose E/F as a chain of field extensions E/L/F where L is
separable over F' and E/L is purely inseparable. Moreover, let 7 be a uniformizer of F. Then
we have that 7 is still a uniformizer in L, and it gives a p-basis of L/L”. Since E/L is purely
inseparable, there exists « € E C F suchthata? € L\ L”. Let b = a”. It follows that b = El i
in L (also in F) such that f; # 0 for some i > 0. However, notice that  is a uniformizle_r0 of F.

Therefore, it implies that b is not a p-power in F, which is a contradiction. Hence the conclusion

follows. o

5.3.4 The end of the proof
Theorem 5.3.9
Let R = k[[r,t]], X = Spec(R), K = Frac(R) and w € Br(K)[p] which ramifies only along (t)

with swg iy (w) =m < p. Then w = [*, ).

Proof. By Theorem 5.1.4, we have the exact sequence

—0.

0—=H'(X,Q} ) —H'"(K,.Q | ,.) — D H (X, Q) ) — Hp(X, Q) )

xeX!

Since X is affine and regular, H!(X, Q; 10g) ~ Br(R)[p] = Br(k)[p] = 0. So the last exact

sequence reduces to

) ——0.

0—H'(K,Q ,,) — D Hi(X, Q) ) — Hp(X, Q]

xeX!

X,log
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Our goal is to find a symbol algebra that represents w in the Brauer group of K. Since swg () (w) =

m < p, by Theorem 4.2.2, we have that

fn

pm’

fm—l

w = [ m) + [0 7) -+ [ fou1) in Br(K) [p].

where f; € m - k[[x]] for all i. The choices of f; follow from the identification in (5.2.5). Since
that 7 is a regular element, we have a consistent way to lift the elements from k((x)).
Since fy € k[[n]] and k is algebraically closed, by Hensel’s lemma, we have [ fy,7) =~ O.

I

Hence, w = | s+ =, 7). |
' t
Now we are ready to finish the proof of Theorem 5.3.1 based on Theorem 5.3.5.

Proof of Theorem 5.3.1.
First, suppose ¢ = U for some irreducible component U of Y \ S. Let n be the generic point of
U. Then U c U,. Since Fy, C Fy, ind(D ®F Fy) | ind(D ®F Fy,) = ind(D ®F F;). Since the
residue field of the generic point of U is a function field of the curve over an algebraically closed
field, by Theorem 4.2.2, we have ind(D ® F,)|p. Hence, ind(D ®F Fy) | p.

Second, suppose { = P € S, where P is a closed point of X. Combining Proposition 5.3.6 and
Theorem 5.3.9, we have ind(D ® F;)|p.

Finally, by Theorem 5.3.5, we have that per(w) = ind(w). O
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APPENDIX A

SYMBOL LENGTH AND FOLIATION THEORY

Let F be a field of characteristic p > O and [F : FP] = p",n € N,(. We can approach the symbol
length problem of Q1./Z]. using the Galois theory of purely inseparable extensions.

Let L/K be a field extension of characteristic p > 0. The vector space Derg (L) of K-derivations
D : L — L is closed under forming commutators [D, D’] and p-fold compositions D!P! in the
associative ring Endg(L). We can view Derg (L) as a Lie algebra over K, endowed the map
D +— D7l as an additional structure. This phenomenon only happens in characteristic p > 0. We
call them restricted Lie algebras.

A restricted Lie algebra (p-Lie algebra) over K is a Lie algebra g over K, together with a map
g — g, x — x[P! called the p-map, subject to the following three axioms:

(R 1) We have ad, [, = (ady)? for all vectors x € g.

(R 2) Moreover (A - x)[P1 = A7 . xIP] for all vectors x € g and scalars A € K.

(R 3) The formula (x + y)[P1 = x[P! 4 y[P] 4 377, (x,y) holds for all x, y € g.

Here the summands s, (x, y) are universal expressions defined by

1
sr(to. 1) = =~ ) (ady, 00 (ady, (1),

where ad,(x) = [a,x] denotes the adjoint representation, and the index runs over all maps u :
{1,---,p—1} - {0, 1} taking the value zero exactly r times.

Restricted Lie algebras were introduced and studied by Jacobson. It appears in the Galois theory
of purely inseparable extensions. We will recall it below. We say L/K has exponent 1 if x” € K

forall x € L.

Theorem A.0.1 (Jacobson)
Let L/K be a finite purely inseparable field extension of exponent one. There is an inclusion-
reversing bijection between L/K-restricted Lie algebra Derg(L) C Derg(L) and intermediate

field extension K C E C L.

Recall that there is an isomorphism of F-vector spaces Homp(Q1 ,F) =? Derppr(F), where
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f € Homp(QL, F) — ¢(f)(a) = f(da). Notice that Z}D has dimension (p" +n—1) as a FP-vector
space.

Leta € Q}V/Z}E and B € Z}V. Consider the F-subspace of Homp(QL, F) defined by V(o + ) =
{f € Homp(QL, F) | f(a+8) = 0}. Denote the image of V(a + 8) in Derg» (F) also by V(a +f).
Then the existence of a restricted F-subspace of V (a + ) would be equivalent to the symbol length
conjecture 3.5.7. Let us investigate the special case (p,n) = (2, 2) using this approach.

Let w € Derpr (F) and {%, %} be a F-basis of Derg» (F) given by a p-basis {s, ¢} of F. Then
we have that w = f% +g% for f,geF.

Since dimy Derp» (F) = 2, we want to find out the conditions on f and g such that w!?! = kw

for k € F. If either of f or g is 0, it is obvious w!?! = 0. Hence we assume that f, g # 0. Since

p=2,
wP(s) =0l (ds) = w(f) (A.0.1)
=w(df) = w(fyds + f,dt) (A.0.2)
=f.f + fg. (A.0.3)

Similarly, we have that w!? (r) = g, f + g,g. Hence, w!? = kw is equivalent to the existence of a

solution to the following equation

(fsf+ fi8)g = (gsf+88)f- (A.0.4)

Since we are considering the F-vector space {/ - w | [ € F}, we can further assume that g = 1.

Then the equation reduces to
fsf+fi=0. (A.0.5)

Now we take the expansion of f over F”. Let f = fozo + fozlt + flzos + flz1 st. Then f; = flz0 + flzlt

and f; = f2 + f{s. It follows that

(fo21 + fozoflzo + f121f021l2) + (f121 + f140 + f141’2)s + (f121f020 + flzofozl)f =0. (A.0.6)

69



It is equivalent to the following system of equations

Jor + foofio+ firforr =0
fa+fh+ft =0 (A.0.7)
Jirfoo + fiofor =0.
If fi1 = 0, it implies fio = for = 0. Hence we get the first kind of solutions f = f&. When fi; # 0,

we notice that the determinant of the first and the third equations respect to variables foo and fo; is

fio 1+ fut
fii  fio

:f11+f120+f121t- (A.0.8)

Therefore, the second equation of (A.0.7) is more independent comparing with others. Moreover,

since f11 # 0, we can divide both sides of the second equation by flz1

fio2 1
— )"+ —+1t=0. (A.0.9)
(fu) f
_Jio _ __m _ _
Let m = =— € F. Then we have fi| = and fio = . Hence fyo = mn, fy = n for
1 m2 +t m2+t

m2s St

+ .
(m2+1)2  (m2+1)?
Summarizing the above discussions, we get the following theorem which classifies all the proper

neF,andf:m2n2+n2t+

restricted F-subspaces of Dergr (F).

Theorem A.(0.2 (Classification of proper restricted subspaces of Dergr (F))
Let F be a field of characteristic p = 2 and [F : FP] = p?. Let {s,t} be a p-basis of F and

0 0
w = fa + 85, € Derpr(F) = Homp(QL, F). Then the F-subspace of Derpy (F) generated by w

is restricted if and only if [ f : g] € IP’}, takes values in the following cases:

(1) [1:0], [0:1];

(i) [k* : 1] for k € F*;

2

ms + St 1] f eF
: orm,n )
(m?+1)2  (m?+1)?

(iii) [m*n® + n’r +

Now we can turn back to the symbol length problem of the group Q}F /Z }T Keep the assumptions

in Theorem A.0.2. Let @ € QL/ZL. Then @ = m*tdlog(s) + n*sdlog(t) + [*stdlog(s), where
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f.g.h € F. Let B € Z].. Then B = a*dlog(s) + b*dlog(t) + d(c) = a*dlog(s) + b*dlog(r) +
d(c(z)lt + C%OS + c%lst), where a, b, c = c(z)O + c(z)lt + c%os + c%lst eF.

mt o, o dd 5, nS o 2 2
a+pf=(—+1t+—+cjy+cyt)ds+ (T +b° + ¢y +cyys)dt. (A.0.10)
s s

0 0
Letw € V(a + B),i.e. w(a+ B) =0. Suppose that w = fa— +ga. It follows that
S
mt oo oak 5 ns o 2 o
w(a+p) = (T + 17t + - +cjpten)f+ (T +b"+cy +c718)g =0 (A.0.11)

Hence ,
n’s 2,2 2
- +b +cg ey

L N aa
The computation here will get complicated.
2[2
From (3.5.1), we find that « is split by the purely inseparable extension defined by y* = S—2t+st.
m

212 2]2
The restricted F-subspace corresponding to the 1-form d (S—zt + st) = [tds + (S—2 + 5)dt] is
m m

(ﬂJrf)ﬁJ,ﬁ
m2t t'ds Ot
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APPENDIX B

RAMIFICATION OF CENTRAL DIVISION ALGEBRAS (p-RANK 1 CASE)
In this appendix, let K be a complete discretely valued field with the valuation v and the residue
field F of characteristic p > 0, where [F : F”] = p. We want to use the structure of p-torsion part
of Br(K) to understand the ramification behavior of p”-torsion part of Br(K). We mainly consider

two cases: (1) Br.dim,(E) = 0 for all finite extension E/F, and (2) F is a local field.

B.1 Br.dim,(E) = 0 for all finite extension £ /F

In this case, Br(K)[p] has symbol length 1. Hence, every central division algebra of period
p over K is cyclic and has ramification index p and a degree p residue field extension. Now for
a period p" central division algebra A over K, it has degree p” by Theorem 4.2.2. Hence we can
assume [A : K] = p?*. This gives e = ¢’ = p" (Notation 2.3.1). The residue division algebra of A
is commutative and hence a field. It has degree p” over K. We want to describe this residue field
using the structure of Br(K)[p].

Next we explain how to read the information related to the residue field extension. Consider
p"~![A], where [A] indicates the class of A as above in Br(K). This class has period p. Hence,
there exists a field extension L;/K of degree p with the degree p residue field extension E/F.

Then we consider [A];,, the image of [A] in Br(L;). The field E; is a complete discretely
valued field with the residue field £; which is a degree p field extension of F. Now E{/F is
either an Artin-Schreier extension or a purely inseparable extension. By Proposition 4.1.2 and the
assumptions on F, Br(E})[p] = 0 and [E] : Ef] = p. The period of [A], is p"~'. Otherwise,
the index of [A]y, is less than p"~!. Then a splitting field of [A];, would have the degree over K
less than p”(= p - p™1), which is a contradiction.

Hence, we can repeat the argument above to get a composition of field extensions of degree p,
K c Ly c---C Ly, such that the composition of residue field extensions, F C E| C --- C E,,
consists of either Artin-Schreier extension or purely inseparable extension of degree p. L, is a
splitting field of A with degree p”.

This gives the following theorem:
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Theorem B.1.1

Suppose that the field F satisfies [F : FP] = p and Br.dim,(E) = 0 for all finite extensions E [ F.
Let K be a complete discretely valued field with the residue field F. Then the degree of a central
division algebra of period p"™ over K is p". Moreover, it admits a splitting field of degree p™ such
that the residue field extension is of degree p" which is a composition of either Artin-Schreier

extension of degree p or purely inseparable extension of degree p. The ramification index is also

n

P
In fact, we have an easy way to determine the separable degree and the inseparable degree of

the residue field extension.

Corollary B.1.2

We continue with the same assumptions as in Theorem B.1.1. Let A be a central division algebra
over K of period p". Denote the order of [Alume in Br(Kume) by p™ (< p"), where Kigpe is
the maximal tame extension of k((r)). Then the residue field B of A has degree p™ over k with

n

separable degree [B : F|y = p"™™ and inseparable degree [B : F|; = p™.

Proof.
Consider the class p™[A]. It is split by a tame extension of degree p”~™ over K. More precisely,
this tame extension has ramification index 1 and residual degree p"~". Hence, the proof reduces

to the case m = n. This case just follows from Theorem B.1.1. O

B.1.1 F alocal field

In general, if Br.dim, (E) > O for a finite extension E/F, the situation is more complicated, since
there exist nontrivial division algebras over the residue field E. However, when F is a local field,

we have the following theorem similar to Theorem B.1.1.

Theorem B.1.3
Suppose that F is a local field, i.e. F = F,((t)),q = p". Then the degree of a central division

algebra of period p" over K is p". Moreover, it admits a splitting field of degree p" such that the
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residue field extension is of degree p" and it is a composition of either Artin-Schreier extension of

degree p or purely inseparable extension of degree p. The ramification index is also p".

Proof.
The proof is similar to the proof of Theorem B.1.1. The local field condition on F is used for
Theorem 4.2.4. It follows that a tamely ramified Brauer class in Br(K)[p] is split by a tame

Artin-Schreier extension of degree p over K. O

Similarly, we have the following corollary.

Corollary B.1.4

Suppose that F is a local field, i.e. F = F,((t)),q = p". Let A be a central division algebra over K
of period p". Denote the order of [Alame in Br(Kame) by p™ (< p"), where Ky is the maximal
tame extension of K. Then the residue field B of A has degree p" over F with separable degree
[B: Flg = p"™ and inseparable degree B : F|; = p™.

Remark B.1.5

In fact, the condition on F can be replaced by F is p-quasilocal and almost perfect using [12,
Theorem 2.3]. The key ingredient of the proof is the fact that Br.dim,(E) = 1 for all fintie extension
E/F.
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