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ABSTRACT

The convergence of artificial intelligence (AI) with engineering and scientific disciplines has

catalyzed transformative advancements in both structural health monitoring (SHM) and the mod-

eling of complex physical systems. This dissertation explores the development and application

of AI-driven methodologies with a focus on anomaly detection and inverse modeling for domain-

specific and other scientific problems.

SHM is vital for the safety and longevity of structures like buildings and bridges. With

the growing scale and potential impact of structural failures, there is a dire need for scalable,

cost-effective, and passive SHM techniques tailored to each structure without relying on complex

baseline models. Mechanics-Informed Damage Assessment of Structures, MIDAS, is introduced,

which continuously adapts a bespoke baseline model by learning from the structure’s undamaged

state. Numerical simulations and experiments show that incorporating mechanical characteristics

into the autoencoder improves minor damage detection and localization by up to 35% compared to

standard autoencoders.

In addition to anomaly detection, NeuralSI was introduced for structural identification, esti-

mating key nonlinear parameters in mechanical components like beams and plates by augmenting

partial differential equations (PDEs) with neural networks. Using limited measurement data, Neu-

ralSI is ideal for SHM applications where the exact state of a structure is often unknown. The

model can extrapolate to both standard and extreme conditions using identified structural parame-

ters. Compared to data-driven neural networks and other physics-informed neural networks (PINN),

NeuralSI reduces interpolation and extrapolation errors in displacement distribution by two orders

of magnitude.

Building on this approach, the research expands to broader systems governed by parameterized

PDEs, which are critical in modeling various physical, industrial, and environmental phenomena.

These systems often have unknown or unpredictable parameters that traditional methods struggle to

estimate due to real-world complexities like multiphysics interactions and limited data. NeuroFiel-

dID is introduced to estimate unknown field parameters from sparse observations by modeling



them as functions of space or state variables using neural networks. Applied to several physical

and biomedical problems, NeuroFieldID achieves a 100 times reduction in parameter estimation

errors and a 10 times reduction in peak dynamic response errors, greatly enhancing the accuracy

and efficiency of complex physics modeling.
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CHAPTER 1

INTRODUCTION AND DISSERTATION OVERVIEW

1.1 Motivation and vision

Interest in SHM technology has engaged many scientific communities for decades and has

recently become the most popular method for monitoring and assessing the integrity of aging

structures. These civil infrastructures often provide essential public facilities and services, making

their safety a critical concern for society. However, civil infrastructures often exist in complex envi-

ronments where many conditions are unknown or uncertain. In such cases, theoretical knowledge

alone may not be sufficient for reliable structural assessment and condition prognosis. On the other

hand, sensor monitoring data is often redundant and repetitive, lacking significant new information,

which complicates the extraction of meaningful insights. By integrating advanced machine learn-

ing (ML) algorithms with mechanics domain knowledge, structural systems can be accurately and

efficiently characterized as high-dimensional features using neural networks, distinctly separating

undamaged states from damaged states.

Additionally, the response (vibrations) of civil infrastructures, or more generally, the response

of dynamic systems, is often governed by differential equations. While the functional form of

these PDEs is usually known, the parameters within the equations are often unknown or vary

with complex spatiotemporal dynamics. In many cases, the governing equations hold, but if the

parameters change, it may appear as though the equation does not hold. However, traditional

data-driven or ML models typically require large amounts of response data to accurately learn these

dynamics. They often perform poorly when applied to prognosis analysis, which is crucial for

predicting future structural integrity and preventing system failures. In contrast, by integrating ML

algorithms with known knowledge of differential equations, it is possible to accurately estimate the

underlying physical parameters that govern the differential equation and system response, enabling

robust prediction of future behavior.

This research aims to bridge the gap between theoretical and data-driven approaches by integrat-

ing ML to enhance infrastructure and dynamic systems modeling, focusing on anomaly detection
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and inverse modeling (parameter estimation). In response to these challenges, this work develops

novel frameworks for predictive modeling and assessment in complex environments, contributing

to safer and more resilient infrastructure systems.

Specifically, for anomaly detection, we aim to develop advanced ML algorithms that can sift

through large volumes of sensor data to identify subtle patterns and deviations that may indicate

early signs of structural damage. These algorithms will be designed to differentiate between normal

operational variations and actual anomalies, ensuring high sensitivity and specificity in damage

detection. By leveraging domain knowledge in mechanics, we will ensure that the models are not

only accurate but also interpretable, allowing for practical application in real-world monitoring

systems.

For parameter estimation, our focus is on integrating ML with the known differential equations

governing the response of dynamic systems. We seek to create models capable of estimating field

parameters within these equations, even under complex and uncertain environmental conditions.

This approach will enable accurate predictions of future behavior in both infrastructure and other

dynamic systems, allowing for proactive maintenance and intervention. Ultimately, this contributes

to the longevity and safety of critical infrastructure, as well as the reliability of various dynamic

systems in broader applications.

1.2 Background and state of knowledge

For the past few decades, SHM has proven to be an effective approach and provided reliable

condition assessments in civil infrastructures [1, 2]. One of the biggest tasks for SHM is to

identify structural damages. Damages can be indicated by the changes in structural properties

and mechanical behaviors [3]. Besides traditional visual inspections, many advanced techniques

are recently utilizing sensors [2, 4] and image-based methods [5, 6] to capture structural property

variations and therefore, indicate and quantify damages precisely and accurately. Those methods

often establish a baseline [7, 8] for a single parameter or in a local area level of a structure.

SHM measures various parameters (i.e., structural response, temperature, velocity, etc.) to help

diagnose the health status of structure systems [4]. Among the existing SHM sensing technologies,
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strain gauges are commonly used to measure strain response and evaluate the structure’s health

status [9]. Conventional SHM tools and methods tend to provide data snapshots at specific time

instances [10], making their interpretation prone to erroneous instantaneous measurements, such as

faulty sensors or variations in environmental stimuli. This significantly limits the ability to identify

the real source of abnormal responses and could lead to missed damage events. The tremendous

amount of SHM data collected needs to be denoised (i.e., missing data needs to be restored) and

effectively processed to obtain the desired outcome that accurately represents the information under

consideration. The strain output from strain gauges may provide misleading information due to

the overlap between strain events (i.e., resulting from structural damages or environmental factors)

[10]. Addressing such a research dilemma, the structure can be monitored continuously and data is

recorded for the whole loading event.

Besides, many data compression algorithms are developed to reduce data size for efficient

monitoring, such as dimension reduction [10, 11], feature extraction [12], correlation functions

[13], and hidden Markov model (HMM) [14]. Data reduction was also implemented in several

studies, including in wireless sensor networks [13, 11] and for the monitoring of long-span bridges

[15, 16]. It was shown that the reduced data could be used to determine damage in gusset plates

[17]. and pavement structures [18]. A support vector machine method was used to process sensor

data and detect fatigue cracking in steel bridge structures [19].

Furthermore, it is worth noting that the emerging field of ML [20, 4, 21, 22, 23] has been

employed in structural damage detection and structural condition assessment of civil infrastructures.

Studies indicate that using ML tends to show better performance in terms of speed and accuracy

compared with the traditional SHM tools [24, 25]. A residual convolutional neural network (CNN)

was proposed for structural modal identification using de-noised signals [26]. Moreover, CNN was

also used for real-time monitoring and vibration-based structural condition assessment [27, 28, 29].

Besides feed-forward neural networks, it is worth mentioning that several sequence-based models

were also employed to detect, localize, and quantify structural defects. On the other hand, long

short-term memory (LSTM) was investigated for damage detection in wind turbine blades [30],
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rubber bearing [31], and offshore structures [32]. Autoencoders were used to identify the loose steel

bolts in the bridge using a reconstruction model of structural responses to detect concrete cracks

using structural images [33, 34]. Moreover, autoencoders were used to identify the loose steel bolts

in the bridge using reconstruction of structural responses and detect concrete cracks using structural

images [35, 36], autoencoders were also used to compress and recover strain data measured from a

long-span suspension bridge for data anomaly detection [15]. Compressive sensing was developed

and the reconstructed responses were used for structural damage detection and localization [37].

Last but not least, special types of ML models such as zero-shots and few-shots learning and

detection are widely used to recognize and disjoin training classes and unseen classes or anomalies,

where no anomaly or few anomaly data are used for model training [38, 39, 40].

Other research employs ML [23, 41] for SHM applications. However the overly used damage

data in model training [29] is unrealistic and does not represent the situations that occur in real

life. This is because damages rarely happen and damages can exist in many forms. Further-

more, structures vary from one to another, and building models for specific structures would be

time-consuming and even impractical, not to mention the complicated environmental conditions

and different characteristics of damage. However, for most of the built structures, it is extremely

difficult to establish baseline characteristics. Most existing structures lack historical information

and current service condition data. Even for newly constructed structures, it is impractical to have

numerical or theoretical models to represent the built conditions which are generally different from

the as-designed parameters due to multiple effects such as uncertainty in boundary conditions,

environmental condition variations, temporal variability of materials, and unpredictable construc-

tion/manufacturing constraints. This typically means that baseline models are extremely hard to

generate using classical computational approaches such as Finite Element Models (FEM).

Another challenge is to estimate an accurate model that clearly describes structural behavior in

complex environments. Unlike structural identification which focuses on estimating the structural

characteristics and behaviors [42, 43], structural parameter identification narrows the scope on

determining the exact parametric values of a known physical or governing model. And this
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assumption is valid for most structural components such as beams and plates.

The learned parameters can be utilized to predict structural response under different loading

conditions [44] and also track any deviations that could indicate damage or degradation in a

particular component of the structure over time [45, 46]. Meanwhile, parameters for a large

structure system can be identified separately based on each component. This helps assemble a

mathematical model that can accurately represent the behavior of the whole structure system. The

built model could further help assess the health condition of the structural system and provide

valuable information for decision-making. Structural parameter identification could also provide

more detailed and accurate information about the physical properties of the structure, such as its

material properties [47, 44] and important geometric dimensions. This can be especially useful in

some cases where the structure models are complex, and building models for a structured system

could be time-consuming, unnecessary, and inaccurate.

In the dynamic analysis of civil structural systems, prior research efforts primarily focused

on matching experimental data with either mechanistic models (i.e., known mechanical models)

[48, 49] or with black box models with only input/output information (i.e., purely data-driven

approaches), [50, 51, 52]. Examples of these approaches include eigensystem identification algo-

rithms [53], frequency domain decomposition [54], stochastic optimization techniques [55], and

sparse identification [56]. A majority of these approaches, however, fail to capture highly non-linear

behaviors [43] or ignore prior knowledge of the structural model [56].

For accurately identifying the structural system, traditional methods temp to map external

excitation to the corresponding structural response using state-space models [57, 58, 59] and sparse

component analysis [60, 61, 62]. Besides, many model updating approaches [46] such as Bayesian

updating [63, 64, 65] and FEM updating [66, 67, 68, 69] has been applied. Recently, the rapid

development of sensing technologies not only contributes to the data-driven methods but also

significantly enhances the governing equations discovery/approximation methods [70, 71, 47, 65,

72, 73]. Moreover, ML approaches have been widely utilized in structural system identification

due to their nonlinear characteristics in modeling [74, 43]. Different network architectures are
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implemented, such as LSTM [75, 76] and CNN [77, 78, 79]. Recently, research focuses on

modeling with PINNs [78, 80, 81] with the augmented knowledge of constitutive equations (ODEs

or PDEs), boundary and initial conditions [82, 83], which acts as a penalizing term to restrict the

space and provide more precise acceptable solutions.

Significant efforts have been directed toward physics-driven discovery or approximation of

governing equations [84, 85, 86]. Such studies have further been amplified by the rapid development

of advanced sensing techniques and ML methods [18, 87, 88, 89]. Most of the work to date has

mainly focused on ordinary differential equation (ODE) systems [90, 86, 91] have been widely

adopted due to their capacity to learn and capture the governing dynamic behavior from directly

collected measurements [92, 91, 93]. They represent a significant step above the direct fitting of a

relation between input and output variables. In structural engineering applications, Neural ODEs

generally approximate the time derivative of the main physical attribute through a neural network.

It has also been widely used in many other real-life problems, such as in the fields of hydrology

[94], fluids [95], climate models [96], chemistry [97], causal inference [92], and structures [86].

Compared to direct fitting from traditional ML methods, Neural ODEs build a connection between

input and output variables in a brand new perspective. Many applications have employed Neural

ODE for dynamic structure parameter identification in both linear and nonlinear cases [86, 92, 91].

Few studies have explored Neural PDEs using lie point symmetry data augmentation [98], PINNs

[99], weather and ocean wave data [100], message passing [101], fluid dynamics [98], and graph

neural networks (GNN) [102, 103, 104]. And a NeuralPDE solver package was developed in Julia

[99] based on PINN.

Besides directly employing neural differential equations for parameter recovery or model iden-

tification, some data-driven discovery algorithms for the estimation of parameters in differen-

tial equations are introduced. These methods typically referred to as PINNs include differential

equations, constitutive equations, and initial and boundary conditions in the loss function of the

neural network and adopt automatic differentiation to compute derivatives of the network param-

eters [82, 105]. Research also focuses on using PINNs for many other applications. Some focus
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on structural applications such as response prediction in gusset plates [106, 107], wind turbines

[108], seismic response [109], and glass structure material [110]. PINNs are also widely used

on other subjects such as climate modeling [111], transportation [112], fluid mechanics [113],

electromagnetic analysis [114].

1.3 Research hypothesis and objectives

The main hypothesis of this research is that the governing physics underlying civil infrastructure

and general dynamic systems are reliable and that by integrating AI with physics-based knowledge,

we can more effectively capture and represent the underlying features and information, leading to

improved SHM and dynamic system modeling.

The objective of this research is to develop a robust modeling and identification framework for

engineering and dynamic systems, beginning with a focus on civil infrastructure and extending to

more generalized scientific fields.

In the first part of the research, the goal is to build an automated SHM framework using

sensor data, advanced AI technologies, as well as domain knowledge. This framework aims to

better capture the underlying features of civil infrastructure, thereby improving the performance of

damage detection and localization.

In the second part, the goal is to incorporate physics-based knowledge, specifically differential

equations, to precisely and quantitatively model civil infrastructure and dynamic systems. By

using observations of infrastructural or dynamic responses, key structural parameters that govern

the behavior of these systems can be identified and estimated, leading to more accurate modeling

of the system. The proposed framework is also expected to be generalized for various scientific

applications.

1.4 Outline

This dissertation is organized as follows: Chapter 2 details the development of a mechanics-

informed autoencoder for damage assessment of structures. This unsupervised ML model is built

and trained using sensor data exclusively from undamaged structures. The model leverages entirely

passive measurements from inexpensive sensors and incorporates data compression techniques to
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create a "deploy-and-forget" system. Numerical simulations of gusset plates with various crack

patterns are conducted, alongside experimental validation using different structural setups, such

as gusset plates and beam-column structures. These setups include different anomaly conditions,

such as boundary condition variations and the presence of cracks. Damage is detected through

the model’s continuous learning process, with the performance evaluated using statistical metrics

such as accuracy, precision, recall, etc. Damage localization is presented through contour maps.

Additionally, the above performance is evaluated with a variable number of sensors. Different

conditions, such as noisy data sources and temperature effects, are also considered.

Chapter 3 focuses on developing a neural network framework for structural parameter iden-

tification within nonlinear dynamic systems. This framework is designed to discover unknown

and hard-to-measure structural parameters governing the PDE from measured sensing data. These

parameters, assumed to vary spatially, are modeled through neural networks, enabling the esti-

mation of structural response based on the PDE by minimizing the error between the predicted

dynamic response and the actual measurements. As a proof-of-concept, the chapter explores the

forced vibration responses of an Euler-Bernoulli beam with spatially varying parameters. Once

the unknown system parameters are estimated, the differential model is used to efficiently predict

the time evolution of the structural response. The chapter also includes neural network hyper-

parameter studies to evaluate the framework’s performance and examine its effectiveness under

limited training data conditions across various input loading scenarios. This approach replicates

real-world challenges in monitoring structures with limited sensors and sampling capabilities. The

framework’s performance is compared with deep neural networks (DNN) and PINN to demonstrate

its effectiveness.

Chapter 4 advances structural parameter identification through experimental validation using a

composite beam and numerical analysis of 2D plate structures. The chapter begins with experi-

mental work on a composite beam tested in the lab to identify unknown beam parameters. For more

complex structures, such as plate vibration problems, a progressive training technique is introduced

to efficiently estimate parameters. Additionally, spline penalty functions are applied during the

8



later stages of network training to ensure smooth parameter estimations in real-life applications.

Chapter 5 further extends the previously discussed approach to broader systems modeled by

general parameterized PDEs, which are prevalent in various physical, industrial, and social phe-

nomena. These systems often have unknown or unpredictable parameters that traditional methods

struggle to estimate due to real-world complexities like multiphysics interactions and limited data.

In this chapter, a general approach is introduced for estimating unknown PDE parameter fields from

scarce observations of the system’s response. The parameters are modeled and learned as functions

of space, time, or state variables through neural networks. A two-step training strategy is proposed

to greatly improve the training efficiency and accuracy. The chapter also includes comparisons with

PINN-based baselines and other data-driven methods to evaluate the effectiveness of the proposed

approach.

Chapter 6 concludes the work performed in this dissertation, presents the main findings, outlines

the timeline for the remaining proposed work of the thesis, and provides directions for future

research.
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CHAPTER 2

MECHANICS INFORMED AUTOENCODER ENABLES
AUTOMATED DETECTION AND LOCALIZATION OF

UNFORESEEN STRUCTURAL DAMAGE

2.1 Overview

SHM ensures the safety and longevity of structures like buildings and bridges. As the volume

and scale of structures and the impact of their failure continue to grow, there is a dire need for

SHM techniques that are scalable, inexpensive, can operate passively without human intervention,

and are customized for each mechanical structure without the need for complex baseline models.

We present MIDAS, a novel “deploy-and-forget" approach for automated detection and localization

of damage in structures. It is a synergistic integration of entirely passive measurements from

inexpensive sensors, data compression, and a mechanics-informed autoencoder. Once deployed,

MIDAS continuously learns and adapts a bespoke baseline model for each structure, learning from

its undamaged state’s response characteristics. After learning from just 3 hours of data, it can

autonomously detect and localize different types of unforeseen damage. Results from numerical

simulations and experiments indicate that incorporating the mechanical characteristics into the

autoencoder allows for up to a 35% improvement in the detection and localization of minor

damage over a standard autoencoder. Our approach holds significant promise for reducing human

intervention and inspection costs while enabling proactive and preventive maintenance strategies.

This will extend the lifespan, reliability, and sustainability of civil infrastructures.

SHM plays a vital role in monitoring and ensuring the safety and reliability of various engi-

neering systems. Poor monitoring and maintenance can lead to severe damage or even catastrophic

failures of structures. Numerous structural failures have occurred despite frequent manual in-

spections and the adoption of many active sensing technologies over the years. For instance, a

severe crack in the I-40 Bridge in Memphis went undetected for years before being discovered in

2021 [115], resulting in long-term road closure, substantial economic losses, and significant safety

concerns among the public. Similarly, in 2022, a bridge in Pittsburgh collapsed due to the corrosion
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Figure 2.1 Overview of MIDAS. The automated structural damage detection and localization frame-
work. Raw structural response data from the sensors are compressed, and MIAE is trained purely
on the response from the structure’s undamaged state. No additional information is leveraged be-
sides the pairwise mechanical relations between the strain responses. Once trained, the distribution
of reconstruction errors between the network’s input and output on the training data serves as a
reference representation of an intact structure’s response. After deployment, the trained model
processes data from the sensors, and resultant reconstruction errors are compared to the reference
error distribution to detect and localize potential damage. An observable shift in reconstruction
errors (top right) highlights the detection of damage. The incorporated mechanical knowledge
notably amplifies the distribution shift, significantly enhancing damage detection at an early stage.
Sensor-wise error comparisons are interpolated (heatmaps at the bottom right) to localize anomalies
representing the onset of damage.

and deterioration of the bridge legs [116], damaging several vehicles and causing many injuries.

Preventing such incidents as the built environment scales and ages necessitates the development

of passive, inexpensive, and continuous structural monitoring techniques, with the ultimate aim of

detecting, localizing, and identifying different types of damage at an early stage. Such solutions

would complement existing active and costly manual inspections.

SHM systems often employ sensors to measure physical quantities such as strain, vibration,

and temperature. The measurements are coupled with a numerical model to infer the structure’s

health condition. Real-world deployment of SHM has to contend with multiple challenges due

to the complexity and diversity of structures, sensors, and damage scenarios. First, detecting and

localizing damages as early as possible is critical to extend the structure’s longevity. However,
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minor damage, hidden or distributed in the structure, may not readily manifest in the sensor data

and cannot be identified by the numerical model. Second, due to the sheer diversity of structures

and associated damage they may endure, SHM methods have to contend with unknown or novel

damage without being able to rely on prior knowledge or annotated data. Third, multiple sensors

are typically used at different locations on the structure. Seamless SHM will require a combination

of inexpensive passive sensors and algorithms that can simultaneously and effectively utilize data

from multiple sensors.

While many solutions have been developed for SHM, existing solutions are limited in multiple

respects. They either need active measurements [117, 118, 119, 120, 121], detect but do not localize

damage [120, 119, 122, 123, 124, 125, 18, 126], or employ technology that is accurate but very

complex and expensive, such as guided waves [127, 117, 118] and acoustic emissions [120, 121].

Furthermore, some are based on predefined damage features or thresholds [1, 128], designed to

model data from a single sensor or do not take the domain attributes of the structure and the sensor

placement into account when detecting or localizing damage [36, 129], or are limited to identify

known types of damage [27, 130] only.

In the broader context of structural engineering, ML methods are increasingly being relied upon

for addressing many problems. For instance, PINNs [131, 105, 132], which leverage both data and

knowledge of the underlying physics, and GNNs) [133, 134, 135, 136, 137] are commonly being

employed for forward and inverse problems. These solutions promise significant computational

gains over traditional numerical methods. However, the need for precise knowledge of the governing

equations, parameters, loading, etc., limits their applicability for detecting and localizing damage

in the real world, where such information is usually unavailable.

Current SHM solutions instead rely on more traditional ML such as support vector machines [19]

for steel bridge structures, neural networks for buildings [138], concrete slabs [123], pavement [130],

and steel frames [124], and recurrent neural networks [139], LSTM and gated recurrent units [30]

to detect, localize, and quantify structural defects. Such solutions have also been proposed to detect

damage in gusset plates [140, 141, 142, 143], bridges [144, 145, 16], highway sections [146], and
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railways [147, 148].

The primary drawback of the aforementioned body of work is their need for annotated sen-

sor data with labels corresponding to normal or damaged operating conditions. Obtaining such

annotations in large quantities and for each deployment is costly and impractical. Furthermore,

models learned through explicit supervision often fail to generalize to unseen damage scenarios.

A few unsupervised anomaly detection approaches have also been developed with a focus on

autoencoders [149, 15, 150] and principal component analysis (PCA) [151, 152, 126, 153]. Be-

sides detection, a limited number of approaches focused on damage localization with FEMs [154],

CNNs [155, 156], and autoencoders [129]. These existing unsupervised methods [36, 129], how-

ever, are typically designed to model data from a single sensor or do not take the domain attributes

of the structure and the sensor placement into account when detecting or localizing damage.

We propose Mechanics-Informed Damage Assessment of Structures (MIDAS), a near-real-

time SHM framework for automated damage detection and localization. Our solution is based on

the premise that sensor data collected from a structure during its regular operation represents its

expected behavior, and any deviation from this behavior indicates potential damage. A structure

we wish to assess for damage is instrumented with sensors, and data from its undamaged state is

collected to establish the reference (baseline) for damage detection through unsupervised learning.

The established reference can be employed to detect and localize damage. This solution affords

adaptation to known and unknown damage across diverse structures like gusset plates and beam-

columns.

The key contribution of MIDAS is the seamless integration of inexpensive sensors, data pre-

processing in the form of compression, and a customized autoencoder called Mechanics-Informed

Autoencoder (MIAE). From a sensor perspective, our solution is agnostic to the sensor technology

and can even employ wireless sensors [157, 158, 18, 159], which are becoming cost-effective and

widely used today. These sensors are easier to install and maintain and are often self-powered,

rendering them very effective for long-term monitoring. From a pre-processing perspective, we

leverage the on-device data compression (edge computing) [89, 158, 159] offered by modern sensors
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and use a highly (temporally) compressed version of the raw sensor data. Subsequently, variations

due to environmental or loading fluctuations are filtered away by the compression. Therefore, any

abnormal patterns in the data are indicative of damage. From the neural network perspective,

we adopt an autoencoder that learns a compact representation of the data streams from multiple

sensors while incorporating the mechanical relations between their strain responses. Such a design

significantly enhances the detection and localization of damage in the structure.

Figure 2.1 shows an overview of MIDAS. Damage detection is achieved by comparing the

reconstruction error of the instantaneous sensor data in time windows with that of the undamaged

baseline. To localize the damage, we further compute the norms of reconstruction errors at each

sensor and interpolate them between the sensors. This approach does not require data from damaged

structures for training, which is a significant advantage of our method, given that collecting realistic

damaged data on large-scale structures is practically infeasible. Other techniques that use simulated

damage scenarios are often inaccurate and impractical for real-time applications due to the constant

need for re-calibration. In contrast, MIDAS relies solely on reference data to establish an intact

model reference and detect damage by tracking deviations from this reference. Furthermore, with

the integrated mechanical knowledge, MIAE significantly improves its performance in detecting

and localizing damage early when it is minor.

2.2 Methods

Finite element analysis (FEA). The gusset plate is simulated using 3D elements (C3D8R)

in ABAQUS under clamped-clamped boundary conditions at the bottom edge of the plate. The

Poisson ratio and Young’s modulus are 0.32 and 200𝐺𝑃𝑎, respectively. To simulate traffic loading,

random loading magnitudes are applied to the top left and top right edge in both −𝑥 and −𝑦

directions. The loading magnitudes are periodic data generated by 100 combinations of Sine and

Cosine functions.

To generate enough training data, the FEA of the undamaged plate structure is repeated with

different random loads for multiple iterations. The FEA model uses a fixed timestep of 0.025s. In

the case of damaged structures, random cracks are introduced within the plate geometry, varying
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in location, length (𝑙), width (𝑤), and angle (𝛼). We varied the crack width from 0.1𝑐𝑚 to 0.5𝑐𝑚

across different cases, with an interval of 0.1𝑐𝑚. And we introduced the crack at an angle of 0, 30,

45, 60, and 90°. The mesh size is set to 0.2𝑐𝑚 for the crack area and 1𝑐𝑚 for all other regions.

The strain responses are obtained by averaging the values across all elements within the specified

sensor regions. The strain data in the 𝑦 direction are recorded at every timestep, with an interval

of 0.025s. To analyze the temperature effect, the expansion coefficient of the structure is set to

11×10−6°𝐶−1. The default initial temperature is set to 25°𝐶. The training data is generated at

different temperatures varying from 5 to 30°𝐶, with an interval of 5°𝐶.

Laboratory experiment setup. Young’s modulus of the steel plate is unknown for the labora-

tory experiment of the gusset plate. The strain gauge type is 1-LY11-6/350 and is attached vertically

to measure the strain in the vertical direction, aligning with the vertically applied loading. The

clamped-clamped boundary conditions of the plate are considered due to their higher controllability

in an experimental setup compared to other types of boundary conditions, such as pinned-pinned

or pinned-clamped.

For the beam and column structure, the experimental setup is intended to test the behavior

of a beam-column connection with a supporting prop under loading. A moment connection is

established between a 𝑊4 × 13 I-beam and a 𝑊4 × 13 column, both made of A992 grade steel.

The beam, measuring 40 inches from the column face to its end, is connected to the column using

two 𝐿4 × 4 × 1/2 web cleats made of A992 grade steel. The cleats are bolted to the beam flange

and column flange using two 1/2 inch diameter A325 bolts per cleat, with bolt holes positioned

1 inch from each edge. The spacing between bolts and the edge distance satisfies the minimum

edge distance and spacing requirements specified by the AISC manual. The column is connected

at the bottom to a circular plate of 36-inch diameter by 3/16-inch fillet welds while it is supported

by a𝑊4 × 7.7 I-section prop at the top by a 1/4-inch fillet weld. The base plate is anchored to the

foundation using four anchor bolts. The loading profile is similar to the gusset plate experiment

and controlled with a maximum displacement of 0.23 inches, corresponding to a maximum load of

approximately 2000 lbs.
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We generated a continuous randomly simulated traffic effect loading profile in both experiments

with a time step of 0.1𝑠. Displacement-control testing was performed using an MTS loading frame

model, applying the loading at the top and bottom fixtures. The strain sensors were connected

to a NI-9236 strain input module for strain responses monitored during the loading stage, and we

collected the raw strain data through LabVIEW. For data compression, we selected seven threshold

levels ranging from 30 to 175 𝜇𝜀 with an increment of 24 𝜇𝜀.

Data compression and dataset construction. In this study, it is assumed that 𝑁 sensors have

been affixed to the structure of interest at 𝑁 locations. During normal operation, the structure expe-

riences continuous loading forces of unknown magnitude. Each sensor 𝑆𝑖 continuously measures

a strain signal 𝜀𝑖 over time (where 𝑖 = 1, 2, ..., 𝑁).

The data reduction approach is mainly adopted from [12, 17] to solve significant data problems

typically generated from structural monitoring sensors (see Fig. 2.2a). The approach can be

summarized as follows: (i) predefining several strain thresholds based on the overall strain events,

(ii) calculating the cumulative times for a selected segment of strain-time responses for all levels of

the threshold, (iii) fitting the cumulative time data to the Gaussian equation 2.1 for data compression,

and (iv) obtaining the parameters for Gaussian cumulative density function (CDF) through equation

2.1.

𝐹𝐺𝑢𝑎𝑠𝑠𝑖𝑎𝑛 (𝜀) =
𝐴

2

[
1 − 𝑒𝑟 𝑓

(𝜀 − 𝜇
𝜎
√

2

)]
(2.1)

where 𝐴 is the summation of all cumulative time events. 𝜇 and 𝜎 represent the mean and standard

deviation of the cumulative density function, and 𝑒𝑟 𝑓 denotes the Gauss error function. To

determine the thresholds in Fig. 2.2a, the mean strain value 𝜀𝑚𝑒𝑎𝑛 is computed by averaging the

strain responses collected from all sensors in the undamaged structure. Then, the seven threshold

values are evenly distributed between 0.5𝜀𝑚𝑒𝑎𝑛 and 3𝜀𝑚𝑒𝑎𝑛. For each sensor, every 200 data points

are compressed into one set of 𝜇 and 𝜎 (see Fig. 2.2b).

Next, the compressed sensor data 𝜇 and 𝜎 (see right side of Fig. 2.2b) are utilized to construct

the dataset in batches. We use a moving window with length 𝑙 = 12 and a stride of 2 to create one
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Figure 2.2 MIDAS methodology. a, Sensor data compression algorithm based on Gaussian dis-
tribution. Time-series sensor responses (in micro-strain) from structures are recorded in the left
graph, and different threshold levels are defined based on the overall response magnitudes. Next,
cumulative events above each threshold level are computed and plotted in the second graph, which
is supposed to follow a Gaussian distribution. The best combination of 𝜇 and 𝜎 is obtained as the
compressed sensor data through curve fitting. b, Sensor data processing and dataset construction.
c, Our autoencoder architecture. d, The proposed loss function. The weight matrix is computed
based on the strain responses from each pair of sensors. Values are shown as contours in the lower
part of the graph.

batch. For example, the first training sample is taken from the 1𝑠𝑡 to the 12𝑡ℎ segment, the second

training sample is from the 3𝑡ℎ to the 14𝑡ℎ segment, then from the 5𝑡ℎ to the 16𝑡ℎ segment. The

constructed dataset has a size of 𝐵 × 𝑙 × 2𝑁 representing the number of batches, time-series data

length, and the number of sensor parameters 𝜇 and 𝜎, respectively.

Mechanica-Informed Autoencoder network. Figure 2.2c illustrates the proposed mechanics-

informed autoencoder architecture with six layers. Specifically, the input and output have the same

matrix size, with the output intended to reconstruct the input values. The input layer size is twice

the number of sensors employed. For instance, in the case of our numerical simulation, where data

from all 45 sensors is used, the input size is 90. In contrast, the size of the middle hidden layers

is compacted to 32. In contrast, when using fewer sensors, such as only 4, the size of the middle

hidden layer is scaled up by a factor of 8; specifically, each of the first three layers is scaled up by

a factor of 2, and the last three layers are scaled down by a factor of 2. This scaling adjustment
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is necessary because reducing the size of the middle hidden layers beyond this point would not

contribute further to model learning. The standard autoencoder has the same architecture as the

MIAE for all comparisons. The first part of the loss function is computed as the mean squared

error (MSE).

L𝑀𝑆𝐸 =
1
𝑛

∑︁
(y − x)2 (2.2)

where 𝑛, x, and y denote the number of samples, the input, and the output from the neural network,

respectively.

Most importantly, compared to standard autoencoders, MIAE utilizes mechanics-informed

knowledge between sensors, leveraging a “mechanics-featured pattern”–inherent in intact structures

but absent in damaged ones. This pattern is discerned by analyzing variations in data across different

sensors, allowing the model to learn and recognize deviations from the baseline more effectively

when damage occurs. Compared to autoencoder, the training reconstruction errors are reduced,

while the reconstruction errors on other data for structures usually increased, improving MIAE’s

sensitivity to subtle damage. The mechanical characteristics can be incorporated into the neural

networks by considering the sensors’ mechanical responses using a weight matrix𝑊 . Specifically,

the matrix has a shape of 𝑁 × 𝑁 , and the weight elements are assigned based on corresponding

sensor measurements (the largest strain values). This assignment accounts for the correlation of

strain changes between two adjacent points in an undamaged structure, effectively reflecting the

mechanical features such as the stress concentration effect at boundaries. When accounting for

the effect of temperature, the measurements from sensors proximate to the center of the plate are

scaled down to one-third before calculating the weight matrix 𝑊 (as per Equation 2.5), and the

corresponding 𝜆 value is reduced by half. These adjustments improve training.

Furthermore, it is essential to highlight that weights are assigned based on corresponding

sensor measurements rather than relying on manual input or predefined assumptions about sensor

importance. This approach properly reflects the actual mechanical features of the structure, such

as stress concentrations at boundaries, whereas methods that assign weights based on geometry
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cannot handle them. This capability to utilize raw sensor data to automatically capture and leverage

structural mechanics is a crucial aspect of our novel approach. As shown in Fig. 2.2d, the

mechanical loss is evaluated for every pair of sensors 𝑖 and 𝑗 . The mechanics loss term L𝑀𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑠

and the proposed loss function L can be calculated using the following equations.

L𝑀𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑠 =

𝑁∑︁
𝑖, 𝑗

𝑊𝑖 𝑗 (Δ𝑖 − Δ 𝑗 )2 (2.3)

Δ𝑖 =∥ y𝑖 ∥2
2 − ∥ x𝑖 ∥2

2 (2.4)

𝑊𝑖 𝑗 =


𝑚𝑎𝑥(𝜀𝑖)/𝑚𝑎𝑥(𝜀 𝑗 ), if 𝑚𝑎𝑥(𝜀𝑖) < 𝑚𝑎𝑥(𝜀 𝑗 )

𝑚𝑎𝑥(𝜀 𝑗 )/𝑚𝑎𝑥(𝜀𝑖), if 𝑚𝑎𝑥(𝜀𝑖) ≥ 𝑚𝑎𝑥(𝜀 𝑗 )
(2.5)

L = L𝑀𝑆𝐸 + 𝛾L𝑀𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑠 (2.6)

where Δ𝑖 refers to the difference of norms of the input and output at sensor 𝑖, and Δ have shapes

of 𝑛 × 𝑙 × 2𝑁 . x𝑖 and y𝑖 represent the corresponding input and output of the neural network from

sensor 𝑖. The norm operation in equation 2.4 is computed along the temporal dimension (second

dimension). 𝑊 denotes the weight matrix defined based on each sensor’s strain responses, with all

element values less than or equal to 1. It is worth noting that𝑊 is calculated based on the original

strain responses. 𝛾 is the penalty coefficient for mechanics loss term and is fine-tuned to 0.05 in

this study. The proposed model, trained on equation 2.6, enhances the characteristics of structural

integrity and sensitivity of model prediction. Data from the damaged structure will not follow the

original mechanical features from the intact structure, resulting in poor reconstruction by the neural

network and higher reconstruction errors.

Damage detection metric. After training, the model utilizes the training reconstruction errors

Γ̂ as a reference. It compares them to the reconstruction errors Γ at test time to identify any

deviations in the samples’ distribution. Assuming there are 𝑚 samples from 𝑁 sensors, the input,

output, and reconstruction error would have 𝑚×𝑁 values. The reconstruction error Γ for each data

point is calculated as:

Γ
𝑗

𝑖
= (𝑦 𝑗

𝑖
− 𝑥 𝑗

𝑖
)2

(2.7)
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where 𝑗 = 1, 2, . . . , 𝑚 and 𝑖 = 1, 2, . . . , 𝑁 .

To assess the damage detection performance, all samples Γ (size of 𝑚 ×𝑁) are first categorized

as either anomaly (positive) or normal data (negative). This classification is accomplished by

setting adaptive thresholds based on false positive rates (FPR) derived from training reconstruction

errors. Next, we define a ratio 𝑞 to ascertain whether a testing sample originates from a damaged

structure across all 𝑚 samples. Specifically, if more than 𝑞 ∗ 𝑁 of the 𝑁 sensors were classified

as anomalies, the sample is deemed to originate from a damaged structure. As a result, all 𝑚

samples predict whether the structure is damaged, providing the feasibility of calculating various

metrics later on. Due to limited testing data, SMOTEENN [160, 161] was employed to handle

class imbalance. Subsequently, sample predictions are compared to the ground truth using binary

classification metrics, including accuracy, precision, recall, F1-score, and area under the receiver

operating characteristic (AUROC).

Damage localization metric. Damage can be accurately localized by comparing the obtained

norm error Δ from equation 2.4 across different sensors. The objective is to summarize the damage

condition at each sensor into a single scalar value, and this computation is divided into two steps.

First, Δ̂ calculated from the undamaged data and Δ calculated from damaged data is compared with

the reference, considering each sensor parameter 𝜇 or 𝜎. This intermediate-term is denoted T as

shown in equation 2.8, representing the relative change in reconstruction errors. Second, T from

two types of parameters (𝜇 and 𝜎) are integrated as a single metric for conciseness. Therefore, the

damage score 𝑝 is introduced as a damage estimation metric in equation 2.9.

T =

��� 1
𝑚

∑
Δ − 1

𝑛

∑
Δ̂

���
1
𝑛

∑ ∥ 𝑥 ∥2
2

(2.8)

𝑝 =

(
𝜆

T 𝜇

𝑚𝑎𝑥(T̂ 𝜇)
+ (1 − 𝜆) T 𝜎

𝑚𝑎𝑥(T̂ 𝜎)

)
/2 (2.9)

where in the first equation, 1
𝑚

∑
Δ estimates the mean value from all 𝑚 testing samples, 1

𝑛

∑
Δ̂

represents the mean value from all 𝑛 training samples, and the denominator 1
𝑛

∑ ∥ 𝑥 ∥ calculates

the average of the corresponding norm. In the second equation, T 𝜇 and T 𝜎 are vectors of relative
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parameter errors from parameters 𝜇 and 𝜎 based on sensors, respectively. T̂ 𝜇 and T̂ 𝜎 are the

corresponding T̂ calculated from the reference. 𝜆 is a coefficient that leverages the contribution

from parameters 𝜇 and 𝜎 to damage score 𝑝. In this work, 𝜆 is set to 0.5 for all numerical

simulations and experimental work. Furthermore, for damage differentiation, the evaluation for

each sensor is performed separately for 𝜇 and 𝜎, as T 𝜇

𝑚𝑎𝑥(T̂ 𝜇) and T 𝜎

𝑚𝑎𝑥(T̂ 𝜎) .

The proposed estimation function can effectively differentiate the undamaged and damaged

regions based on the damage scores. Specifically, a damage score 𝑝 less than 1 represents the

baseline or the undamaged case, while a higher score demonstrates damage around the sensor

region. To some extent, the magnitude of 𝑝 can indicate the damage severity at the corresponding

sensor location. However, such a pattern was not consistently observed when small damage

occurred. Furthermore, by incorporating the location information from all sensors and the 𝑝 scores,

the analysis can establish score maps for more precise structural damage localization and estimate

the overall structural integrity. When using fewer sensors, the weighted centroid is computed based

on the obtained 𝑝 values and the corresponding sensor’s position.

SPIRIT uses incremental PCA to find correlations and hidden variables that summarize the

trend and signify pattern changes. The projection coefficients of the first two hidden variables

(i.e., 𝑊1 and 𝑊2 of the PCA weight matrix 𝑊) are computed for both the training and testing

datasets. The damage scores 𝑝 are calculated as the element-wise Euclidean distance between the

training data point (𝑊 𝑡𝑟𝑎𝑖𝑛
𝑖,1 , 𝑊 𝑡𝑟𝑎𝑖𝑛

𝑖,2 ) and test data point (𝑊 𝑡𝑒𝑠𝑡
𝑖,1 , 𝑊 𝑡𝑒𝑠𝑡

𝑖,2 ) where 𝑖 = 1, 2, . . . , 𝑛. The

corresponding norm error Δ for SPIRIT can be calculated as the element-wise Euclidean distance

using equation 2.10, while the damage score will be computed as in equation 2.9 above.

Δ =

√︃
(𝑊 𝑡𝑟𝑎𝑖𝑛

𝑖,1 −𝑊 𝑡𝑒𝑠𝑡
𝑖,1 )2 + (𝑊 𝑡𝑟𝑎𝑖𝑛

𝑖,2 −𝑊 𝑡𝑒𝑠𝑡
𝑖,2 )2 (2.10)

2.3 Results

We evaluate the effectiveness of MIDAS in three ways: (i) numerical simulation of a gusset

plate, (ii) experimental validation on a gusset plate, and (iii) experimental validation on a beam-

column structure. Beyond these structures, MIDAS can be readily employed to monitor the health
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of other kinds of structural components.
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Figure 2.3 Damage detection for a cracked gusset plate. a. Finite element mesh of an intact plate,
boundary conditions, and loading. b. Sensor arrangement with labels. c. A typical cracked
plate and its meshing. Different crack lengths represent damage progression. d. Distributions
of reconstruction errors of the structure from its undamaged reference and damaged states. As
the crack progresses (three different crack lengths), the error distribution shifts to the right and
becomes more distinct from the undamaged reference. e. Damage detection performance as the
crack length increases. MIAE outperforms the baseline autoencoder in all five metrics, especially
in the early stages of damage emergence. f. Compared to baseline anomaly detection methods,
MIAE exhibits the best detection accuracy in the undamaged scenario and consistently achieves
higher damage detection rates across all the evaluated metrics and crack lengths.

Numerical simulation–a gusset plate. An intact (undamaged) polygon-shaped steel plate

is analyzed using finite element simulations. The mesh details are shown in Fig. 2.3a. This

undamaged plate is subjected to random traffic loads to simulate the normal operations of a

structural component. The detailed dimensions of the plate are shown in Fig. 2.3b (thickness is

1.2𝑐𝑚). Strain responses are measured at 45 points within the structure as marked in Fig. 2.3b.

Establishing reference baseline of structural behavior: Time-series data from the sensors are

measured, segmented, and then compressed (more details are provided in the Methods section).
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Figure 2.4 Damage localization for a cracked gusset plate. We consider different crack lengths:
intact (0𝑐𝑚), medium (2𝑐𝑚), large (4𝑐𝑚), and very-large (6𝑐𝑚). MIAE localizes cracks at an
earlier damage stage than prior unsupervised methods. a. Damage score maps for different damage
scenarios. A high damage score (peak values in yellow) at one or more sensors near the crack
indicates successful localization. MIAE can localize the crack earlier (at a small crack length)
than SPIRIT and autoencoder. b. Damage localization accuracy from an extensive analysis of
37 different crack scenarios. The 𝑦-axis refers to the percentage of cases where damage was
successfully localized. Compared to autoencoder and SPIRIT, MIAE has a higher localization
accuracy across all crack lengths (e.g., 35% better localization for 2𝑐𝑚 long cracks), demonstrating
its ability to localize cracks earlier than the baseline approaches.

The compressed data consists of the running mean 𝜇 and standard deviation 𝜎 for each sensor.

Subsequently, the MIAE utilizes this data for training by seeking to reconstruct the input compressed

sensor data. The trained network computes a reference for reconstruction errors, which involves the

MSE between the input and output for each sensor. This reference is the intact structure’s baseline,

representing the undamaged structural condition.

Damage detection evaluation: We randomly introduced cracks at various locations in the FEM.

To simulate different cracks in each damage scenario, we increase the crack length 𝑙 from 0.4𝑐𝑚
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to 6𝑐𝑚 while keeping the crack width 𝑤 and orientation (angle) 𝛼 fixed. An example of the

damaged plate and the corresponding mesh is illustrated in Fig. 2.3c (𝑤 = 0.4𝑐𝑚 and 𝛼 = 30°).

For evaluation, compressed sensor data is now obtained from the damaged plate over small time

windows and processed by the trained model to obtain their reconstruction errors. These errors

are compared to the reference reconstruction errors from baseline behavior to identify damage in

the structure. The distribution of the reconstruction errors can reveal how closely the response

behavior of the damaged structure resembles the original undamaged system. Additionally, we

limit the number of anomaly data samples to 20 or fewer to demonstrate MIDAS’s rapid damage

detection capabilities. Such a capability allows MIDAS to be efficient, effective, and deployable in

real-world applications for near-real-time damage detection.

Figure 2.3d presents reconstruction error histograms comparing the undamaged baseline to

the damaged structure with varying crack lengths. For small damage (0.8𝑐𝑚), the reconstruction

errors overlap with the reference undamaged reconstruction errors with only minor separation in

the distributions, suggesting a similarity in structural response behavior. As the damage grows

to a crack of length 2𝑐𝑚, noticeable differences emerge between the two reconstruction error

distributions. These disparities indicate that the model cannot accurately reconstruct the sensor

data due to the distribution shift and can thus detect the damage. Furthermore, as the crack length

increases to 4𝑐𝑚, the distribution of reconstruction errors for data from the damage shifts towards

higher magnitudes. Therefore, damage to the structure can be easily detected in this case.

We also evaluated the proposed MIAE against a standard autoencoder w.r.t. a range of metrics,

including accuracy, precision, F1-score, and AUROC [162] (detailed information on computing

these metrics is provided in the Methods section). Figure 2.3e reveals that MIAE outperforms the

autoencoders in all five metrics across a wide range of crack lengths. Crucially, MIAE exhibits

significant improvement in detection performance when the crack is minor (before 2𝑐𝑚), which

is highly desirable for early detection in real applications, especially on fracture-critical structural

components that typically lack a baseline model and exhibit large behavioral differences even among

similarly designed components.
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Detection performance comparison against other ML methods: We compare MIAE with four

baseline methods: Isolation Forest [163], One-Class support vector machines (OCSVM), LODA

[164], and autoencoders using sensor data from small (0.8𝑐𝑚), medium (2𝑐𝑚), and large (4𝑐𝑚)

crack lengths, across 37 cases with cracks at different locations and widths. The results are shown

in Fig. 2.3f. MIAE consistently surpasses all other methods in accuracy, recall, F1-score, and

AUROC. Compared to standard autoencoders, the incorporated mechanical knowledge in MIAE

significantly improves damage detection performance, particularly for small cracks.

Damage localization evaluation: Apart from detecting damage, another critical desideratum

of SHM is localizing the damage on the structure. MIAE demonstrates robust localization ability,

even when the damage is relatively small. Unlike the detection process, which involves comparing

reconstruction errors from all the sensors, localization is performed by computing the norms of

reconstruction errors at each sensor to obtain a damage score (see Method section for details). A

high score indicates the presence of damage adjacent to that sensor. To localize the damage more

precisely, we interpolate the scores between the sensors and identify the peak score location.

Figure 2.4a shows the damage localization heatmaps for different crack lengths and the exact

damage location (red line). The intact structure exhibits a uniform damage score in the first column,

indicating the absence of detected damage. As a crack emerges, MIAE accurately localizes a

medium-size crack (2𝑐𝑚) and a large-size crack (4𝑐𝑚), as indicated by a high damage score

(yellow region). The high damage score precisely overlays the cracked region as it grows to a very

large crack (6𝑐𝑚).

Here, we compare against two baseline dimensionality reduction methods, (i) SPIRIT [165,

166], which performs linear dimensionality reduction through online PCA, and (ii) a standard

autoencoder that performs non-linear dimensionality reduction through a DNN. Compared to the

baselines (second and third row of Fig. 2.4a for SPIRIT and autoencoder, respectively), MIAE

(non-linear dimensionality reduction with mechanical consistency) is capable of localizing damage

at an earlier stage (2𝑐𝑚, second column) of crack propagation. Autoencoder can only localize

the very-large crack (6𝑐𝑚, fourth column), while SPIRIT completely fails to localize the crack.
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These results highlight the benefit of non-linear (autoencoder) over linear (SPIRIT) dimensionality

reduction and the additional benefit afforded by incorporating mechanical constraints (MIAE).

We also evaluated damage localization accuracy for the same damage detection cases we

considered earlier. Figure 2.4b reports the fraction of cases, out of 37, where the damage was

successfully localized at different crack lengths. Compared to autoencoder and SPIRIT, MIAE has

an overall higher success rate and around 35% better localization for medium-sized cracks ranging

from 1.5 to 3𝑐𝑚. Furthermore, MIAE can localize most of the cracks at a size of 3𝑐𝑚 while the

autoencoder still fails in many cases.

Damage detection and localization with a reduced number of sensors: So far, we evaluated the

damage detection and localization performance of MIAE using all available sensors (45 in number).

However, real-world applications seek to minimize the number of sensors and instead place a few

sensors strategically. Therefore, we evaluate the damage detection and localization performance by

varying the number of sensors. When the number of sensors is fewer than 10, they are strategically

selected to ensure coverage over the plate. Otherwise, the sensors are placed randomly on the

structure. To ensure reliability, we repeated the evaluation multiple times for a given sensor budget,

each time with a different configuration. Figure 2.5a shows the damage detection performance

for a crack size of 0.8𝑐𝑚 as we vary the number of sensors. The performance of methods such

as Isolation Forest, OCSVM, and LODA shows no appreciable improvement as we increase the

number of sensors since they are designed to operate separately on data from each sensor. In

contrast, autoencoder and MIAE are learned on data available from all sensors. They can better

leverage the additional information available as we increase the number of sensors and thus gain

performance. Importantly, MIAE leverages sensor correlations based on mechanics knowledge,

achieving the best performance among all evaluated methods with only four sensors while getting

more accurate as more sensors are available.

Figure 2.5b shows a configuration of four sensors (S9, S13, S30, and S34, marked as black dots

within the localization map) utilized to localize damage from different scenarios. Compared to the

standard autoencoder, MIAE achieves better localization accuracy (notice that the peak damage
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Figure 2.5 Damage detection and localization under sensor and temperature variations. a. Damage
detection performance as the number of sensors varies. b. Comparison of localization accuracy
between MIAE and autoencoder with four sensors for two different crack scenarios. MIAE’s
peak damage score is closer to the true crack location in both cases. c. Comparison of damage
localization accuracy with four sensors as crack length increases. MIAE outperforms the baseline
approaches. d. Damage detection performance with noisy (0.5% additive Gaussian noise) sensor
data. e. Damage detection performance was evaluated at two different temperatures.

scores are closer to the crack). SPIRIT failed to localize damage with only four sensors, so we do

not report these results. Next, we extensively analyze the localization performance as the fraction

of cases correctly localized as the crack size increases. Specifically, in the 4-sensor setup, we

estimate the peak damage score location as the centroid of the four sensors, which is weighted by

their damage scores. In this case, we define localization as successful if the true damage is within

a radius of 13𝑐𝑚 (half of the sensor-to-sensor gap) around the peak location in the damage score
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map. As shown in Fig. 2.5c, MIAE outperforms both the autoencoder and SPIRIT, achieving

around 10% to 35% better localization performance across different crack lengths. In summary,

even with a limited number of sensors, MIAE exhibits excellent damage detection and localization

performance.

Environmental effects consideration: Here, we explore the impact of environmental factors,

such as noisy data sources and temperature variations, on structural damage assessment. Since

strain sensors typically provide highly accurate measurements, a Gaussian noise level of 0.5% is

introduced to the raw strain data from four sensors (S9, S13, S30, and S34). This data undergoes

preprocessing (compression), and MIAE is trained on such data from the structures’s undamaged

state. The trained model is then evaluated using noisy sensor data under various crack scenarios.

Figure 2.5d shows the testing accuracy for undamaged data and damage detection performance.

Even with only four sensors, MIAE outperforms the other models when evaluated on undamaged

scenarios and excels at damage detection for large cracks of length 4𝑐𝑚 (can detect even smaller

cracks if more sensors are used). These results underscore MIAE’s robustness against noisy sensor

data for detecting minor damage, i.e., at an early stage.

We analyze the temperature effect by applying different temperature environments to the struc-

ture under loading. The same sensor configuration is utilized as in the noisy data scenario. For

training, data from the undamaged structure is measured at temperatures between 5°𝐶 and 30°𝐶

with intervals of 5°𝐶. After training, the model was evaluated at 10°𝐶 and 13°𝐶 for undamaged

and damaged cases. Figure 2.5e shows damage detection performance for these configurations.

Specifically, the autoencoder achieves similar performance as MIAE for undamaged cases but fails

to detect damages at 10 and 13°𝐶. This demonstrates that incorporating mechanical strain relations

between the sensors into the autoencoder increases its robustness to temperature variations.

LODA and Isolation Forest can obtain comparable recall scores during damage detection eval-

uation. However, their accuracy is low when evaluating undamaged samples, making these damage

detection results less reliable. Overall, MIAE outperforms the other baseline methods. These

numerical results provide comprehensive coverage across various scenarios, enabling the model to
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Figure 2.6 Laboratory experiment on a steel plate structure. a. Two types of damage are introduced
sequentially (a crack and boundary condition variation). The crack is located in the middle of the
plate, and the second damage was introduced by loosening the bolt connections. Under loading,
the connection of the plate loosens, thus mimicking damage progression. b. Crack localization
results with 27 and 4 sensors, respectively. When using all 27 sensors, MIAE accurately delineates
the crack region with a high damage score (yellow region) around the crack tips, outperforming the
autoencoder. SPIRIT fails to localize the damage in both setups. c. Localization for bolt loosening
damage under loading. MIAE correctly localizes the damage at the bottom plate connection in the
early loading stage (damage progression). d. Localization performance for boundary condition
variation. Only MIAE can localize the damage early. As the crack size increases, both the
autoencoder and SPIRIT gradually succeed in localizing it. e. Damage differentiation through
compressed sensor data 𝜇 and 𝜎. While 𝜇 is more sensitive to boundary condition changes, 𝜎
responds more to cracks in the structure.

distinguish actual structural damage from effects caused by unknown temperature variations, even

if they are not included during training. At last, damage localization is also performed for noisy

data scenarios and temperature variations, with results similar to those shown in Fig. 2.4a. We omit

these results for brevity.

Experimental validation–a gusset plate. We evaluate MIDAS on a plate structure (Fig. 2.6a)
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to demonstrate its feasibility. The experimented steel plate measures approximately 45𝑐𝑚 × 36𝑐𝑚.

Twenty-seven (27) strain sensors were attached to the plate surface with a center-to-center gap of

6.5𝑐𝑚. Random traffic-like loading is applied to the intact plate structure for 3 hours to generate

enough data to train MIAE. Then, we introduced damage to the plate. To demonstrate the ability

to differentiate between damage types, we sequentially evaluated two typical types of damage—

cracks followed by boundary condition variations—applied on the plates during the experiment.

This approach allows us to illustrate the progression of damage. Figure 2.6a shows the first damage,

a crack of size 4𝑐𝑚 × 0.5𝑐𝑚, introduced in the middle right side of the plate. The second type

of damage (boundary condition variations) was subsequently introduced at the lower boundary

connection of the plate. The damage was introduced by manually loosening the bolt connecting

the plate to the loading frame. The bolt was loosened continuously throughout the experimental

loading to mimic the progression of the boundary condition damage. In both damage states, random

traffic loading was applied to the plate before and after introducing damage, and corresponding

strain response data were recorded from all sensors. Data from damaged structures was evaluated

similarly to the finite element simulation. Details of the sensor placement and two damage locations

are shown in Fig. 2.6a.

Damage Detection and Localization: When considering the significant damage we introduced,

the performance of MIAE is comparable to that of the autoencoder. However, MIAE can localize

the damage more accurately than the autoencoder. Figure 2.6b presents the crack localization score

maps as we vary the number of sensors. Compared to the standard autoencoder, the integrated

mechanical knowledge significantly improves the damage localization accuracy. When using all

available sensors, the score map exhibits a much larger peak region on both sides of the crack.

This occurs because stress concentration primarily occurs at the crack’s tips, and the sensors on

both sides of the tip sense the structural response variations. The autoencoder score map exhibits

a similar pattern, but the peak scores are much lower (faint yellow) near the right side of the crack

tip, resulting in very weak localization. SPIRIT completely failed to localize the crack.

When using only four, instead of twenty-seven, sensors, MIAE had the best localization per-
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formance, with a smaller distance between the peak in the score map and the crack location than

autoencoder and SPIRIT. These results suggest that our proposed method is more sensitive to minor

damage, amplifying such discrepancies and improving localization over a standard autoencoder.

Figure 2.6c shows the damage score map for the boundary condition variation in the first 2𝑚𝑖𝑛

of loading after manually loosening the plate connections (i.e., introducing second damage). Only

MIAE successfully localized the damage at the bottom right corner of the plate. This region

corresponds to the actual location of the boundary variations we introduced. Autoencoder and

SPIRIT exhibit worse localization performance with late localization during damage progression.

Meanwhile, in the second row of Figure 2.6c, we demonstrate that accurate localization can also

be achieved with fewer sensors. Figure 2.6d shows the progression of damage localization across

different methods. Autoencoder and SPIRIT can only localize the damage after 20𝑚𝑖𝑛 of loading.

This again demonstrates that MIAE exhibits higher sensitivity, enabling early damage localization

after 2.5𝑚𝑖𝑛 of loading. Overall, our results indicate that MIAE achieves early detection and

localization for different types of damage.

Damage identification: In addition to damage detection and localization, MIAE can also

distinguish unseen types of damage based on the compressed sensor data features 𝜇 and 𝜎. We

independently compute the difference of norms for 𝜇 and 𝜎 for each sensor without combining

them in the damage score (see Method section and Equation 2.9 for details). Figure 2.6e presents

two distinct damage score maps derived from 𝜇 and 𝜎. We observe that 𝜇, which represents the

temporal average of the strain responses, is more sensitive to boundary condition variations. This

behavior is attributed to the fact that the loosening of structural connections reduces the structure’s

stiffness, resulting in an overall attenuation in strain magnitudes. On the other hand, the standard

deviation 𝜎 is more sensitive to the cracks induced by stress concentrations. Sensors positioned

near the crack tips experience elevated strain during loading, leading to a larger deviation from the

baseline strain responses, i.e., increased standard deviation.

Experimental validation–a beam-column structure. Beam columns are structural elements

frequently encountered in various engineering applications, such as building frames, bridges,
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Figure 2.7 Laboratory experiment on beam-column structure. a. The design specifications. b. The
experimental setup, sensor placement, and loading details. c. The damage detection performance
at different levels of damage. d. Damage localization using all eight sensors’ data for training.
Only four sensors on the beam and support are used to generate the localization map. e. Damage
localization with only four sensors on the support and beam for training and evaluation. Overall,
MIAE can detect and localize small damage, achieving the best performance among all comparisons
to the baselines.

and industrial structures. The widespread use of beam-columns in structures highlights their

importance in structural engineering and the need for engineers to understand their behavior and

design principles thoroughly.

We consider a structure with multiple connected components. Figure 2.7a illustrates our setup

consisting of a column, beam, and other components, with units in inches. The load is applied at 3/4

of the span of the beam, 76.2𝑐𝑚 (30 inches) from the column face. Strain sensors are strategically

placed at the support, beam, and column flange. Figure 2.7b shows a picture of our experimental
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setup in the lab and the loading details.

After loading the undamaged structure (state D0), we introduced different levels of damage in

the form of variations in boundary conditions (bolt loosening) during loading. The bolt near sensor

four (S4) is progressively loosened from an intact state of 80 𝑙𝑏 · 𝑓 𝑡 to around 60 𝑙𝑏 · 𝑓 𝑡 for three

levels of damage (D1, D2, and D3).

Damage Detection: Time-series strain data was recorded for the entire experiment and com-

pressed for model training and evaluation. Figure 2.7c shows the detection accuracy for the intact

structure. In the undamaged state D0, MIAE achieves the highest accuracy compared to other

baseline methods, indicating excellent learning of the undamaged reference state. When detecting

damage, MIAE demonstrates superior performance at the early stages of levels 1 and 2. At damage

level 3, almost all methods can detect damage. However, methods like OCSVM and LODA achieve

low accuracy when evaluating the undamaged case, making their damage detection results less

reliable. Overall, the results demonstrate MIAE’s ability to detect damage earlier than existing

methods.

Damage Localization: We compute the damage scores at all eight sensors for different damage

levels. Sensors on the beam and support (S1-S4) exhibit relatively higher damage scores compared

to the other four sensors in the column, indicating damage nearby. We use only these sensors to

compute damage score maps and localize the damage as they are in-plane with the beam, while the

others are not. In Fig. 2.7d, when the first level of damage (D1) occurs, MIAE has its peak damage

score between sensors 2 and 4, indicating potential damage. Still, it does not accurately localize

the damage near sensor 4. But at damage states D2 and D3, MIAE accurately localizes the damage

near sensor 4. The baseline autoencoder only localizes the damage at D3, while SPIRIT fails to

localize any damage (results omitted for brevity). These results demonstrate that MIAE enhances

localization for low-severity damage.

It is noteworthy that although sensors at the column are not directly used in the localization,

they greatly contribute to the model training and establish the reference baseline behavior of the

structure. To illustrate this, we consider a configuration using only four sensors located on the
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beam and the support (excluding the sensors on the column). In Fig. 2.7e, MIAE can hardly

localize damage at the second damage level D2. And both MIAE and autoencoder can localize the

damage at D3. Compared to successful localization at D2 when using eight sensors with MIAE, this

delayed localization using fewer sensors demonstrates that additional sensors on the other structural

component greatly enhance MIAE’s performance.

2.4 Summary

This paper presented MIDAS for automated detection and localization of unforeseen damage, as

well as the differentiation between different types of damage. MIDAS leveraged sensors positioned

at various locations to gather time-series data from an intact structure, which were compressed

into features at each sensor and employed for training a mechanics-informed autoencoder. The

overall idea of MIDAS was to learn a reference model of strain responses from an intact structure,

which aids in capturing anomalies indicative of structural damage. We demonstrated the efficacy

of MIDAS through both numerical and laboratory experiments on two structures, namely, a gusset

plate and a beam-column structure.

A key component of MIDAS is the Mechanics-informed autoencoder (MIAE). It leveraged

the relationships between sensors based on their mechanical strain responses to enhance detection

during early damage progression and enable earlier damage localization than prior methods. MIAE

is sample efficient, requiring only a minimal amount of data samples for damage detection and

localization. MIAE outperformed standard ML techniques like One-Class SVM, Isolation Forest,

and LODA in detecting damage across different damage scenarios, achieving better accuracy,

precision, recall, F-score, and AUROC. Notably, the novel loss function incorporating pairwise

mechanical relations between the sensors improved the localization rate of minor damages by up to

35% over a standard autoencoder. In our laboratory experiment on a steel plate, MIDAS could also

distinguish between different types of damage (boundary condition variations and cracks). Finally,

the experiment on a beam and column structure demonstrated the generalization ability of MIDAS

to complex structures with multiple components and different geometries.

The data compression technique used in this work has been previously developed by our
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research group to achieve low-cost field deployable edge computing on ultra-low-powered wireless

sensors. The method has been validated in laboratory and field tests [157, 158, 18, 159]. This

work’s application enhances and distinctly sets our method apart from existing autoencoder-based

techniques that typically process raw time-series signals directly. Incorporating data compression

affords robustness to sensor noise and enables more efficient data processing, network training,

and prediction, facilitating near-real-time damage detection and localization. This is extremely

important for advanced wireless sensors that require efficient data storage and transmission. Overall,

this technology underpins the practicality of our approach in real-world applications, contributing

to an efficient and automated SHM solution.

We demonstrated the utility of MIDAS as a SHM framework for near-real-time detection

and localization of structural damage. We evaluated it across various numerical and laboratory

experiments, including gusset plate structures and a large-scale beam-column structure involving

multiple connected components. An exciting direction of future work can focus on scaling MIDAS

to even larger-scale structures (e.g., entire bridge or building). This would necessitate optimizing

sensor placement, using a heterogeneous suite of sensors, and adapting the mechanics correlations

for larger structures and different types of sensors.
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CHAPTER 3

STRUCTURAL PARAMETER IDENTIFICATION IN NONLINEAR DYNAMICAL
SYSTEMS

3.1 Overview

Structural-system identification (SI) [167, 47, 168, 84, 169, 170] refers to methods for inverse

calculation of structural systems using data to calibrate a mathematical or digital model. The

calibrated models are then used to either estimate or predict the future performance of structural

systems and, eventually, their remaining useful life. Non-linear structural systems with spatial

and temporal variations present a particular challenge for most inverse identification methods

[86, 171, 172]. In dynamic analysis of civil structural systems, prior research efforts primarily

focused on matching experimental data with either mechanistic models (i.e., known mechanical

models) [48, 49] or with black box models with only input/output information (i.e., purely data-

driven approaches), [50, 51, 52]. Examples of these approaches include eigensystem identification

algorithms[53], frequency domain decomposition [54], stochastic optimization techniques [55],

and sparse identification[56]. A majority of these approaches, however, fail to capture highly

non-linear behaviors.

In this chapter, we propose a framework (NeuralSI) for nonlinear dynamic system identification

that allows us to discover the unknown parameters of PDEs from measured sensing data. We

consider the class of nonlinear structural problems with unknown spatially distributed parameters

(see Figure 3.1 for an overview). The parameters correspond to geometric and material variations

and energy dissipation mechanisms, which could be due to damping or other system imperfections

that are not typically captured in designs.

As an instance of this problem class, we consider forced vibration responses in beams with

spatially varying parameters. The primary challenges in such problems arise from the spatially

variable nature of the properties and the distributed energy dissipation. This is typical for built

civil structures, where energy dissipation and other hard-to-model phenomena physically drive the

dynamic response behavior. In addition, it is very common to have structural systems with unknown
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strength distributions, which can be driven by geometric non-linearities or indiscernible/hidden

material weaknesses. Finally, a typical challenge in structural systems is the rarity of measured

data, especially for extreme loading cases.

The developed model performance is compared to conventional PINN methods and direct

regression models. Upon estimating the unknown system parameters, we apply them to the

differential model and efficiently prognosticate the time evolution of the structural response. We

also investigate the performance of NeuralSI under a limited training data regime across different

input beam loading conditions. This replicates the expected challenges in monitoring real structures

with limited sensors and sampling capabilities. NeuralSI contributes to the fields of NeuralPDEs,

structural identification, and health monitoring:

1. NeuralSI allows us to learn unknown parameters of fundamental governing dynamics of

structural systems expressed in the form of PDEs.

2. We demonstrate the utility of NeuralSI by modeling the vibrations of nonlinear beams with

unknown parameters. Experimental results demonstrate that NeuralSI achieves two to three

orders of magnitude lower error in predicting displacement distributions in comparison to

PINN-based baselines.

3. We also demonstrate the utility of NeuralSI in temporally extrapolating displacement dis-

tribution predictions well beyond the training data measurements. Experimental results

demonstrate that NeuralSI achieves four to five orders of magnitude lower error compared to

PINN-based baselines.

3.2 Structural problem

Many physical processes in engineering can be described as fourth-order time-dependent partial

differential problems. Examples include the Cahn-Hilliard type equations in Chemical Engineer-

ing, the Boussinesq equation in geotechnical engineering, the biharmonic systems in continuum

mechanics, the Kuramoto-Sivashinsky equation in diffusion systems [173] and the Euler-Bernoulli

equation considered as an example case study in this chapter. The Euler-Bernoulli beam equation
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Figure 3.1 Overview of the framework. We consider structures whose dynamics are governed by
a known PDE, but with unknown parameters that potentially vary in both space and time. These
unknown parameters are modeled with neural networks, which are then embedded within the PDE.
In this illustration, the unknown parameters, modulus 𝑃 and damping𝐶, vary spatially. The network
weights are learned by solving the PDE to obtain the structural response (deflection in this case)
and propagating the error between the predicted response and the measured ground truth response
through the PDE solve and the neural networks.

is widely used in civil engineering to estimate the strength and deflection of beam structures. The

dynamic beam response is defined by:

𝐹 (𝑡) = 𝜕2

𝜕𝑥2

(
𝑃(𝑥)𝐸0𝐼

𝜕2𝑢

𝜕𝑥2

)
+𝜌𝐴𝜕

2𝑢

𝜕𝑡2
+ 𝐶 (𝑥) 𝜕𝑢

𝜕𝑡
(3.1)

where 𝑢(𝑥, 𝑡) is the displacement as a function of space and time. 𝑃(𝑥) and 𝐸0 are the modulus

coefficient and the reference modulus value of the beam, 𝐼, 𝜌, and 𝐴 are refereed to the beam

geometry and density. 𝐹 is the distributed force applied to the beam. 𝐶 (𝑥) represents damping,

which is related to energy dissipation in the structure. In this work, we restrict ourselves only to

spatial variation of the beam’s properties and leave the most generalized case with variations in

space and time of all variables for a future study.

The fourth-order derivative of the spatial variable and the second-order derivative of time

describes the relation between the beam deflection and the load on the beam [174]. Figure 3.2.
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shows an illustration of the beam problem considered here, with the deflection 𝑢(𝑥, 𝑡) as the physical

response of interest. The problem can also be formulated as a function of moments, stresses, or

strains. The deflection formulation presents the highest order differentiation in the PDE. This was

selected to allow for the flexibility of the solution to be extended to other applications beyond

structural engineering.

u (x,t)

Random distributed Load

aa

aa aa

x

Figure 3.2 Simply supported dynamic beam bending problem. Dynamic load can be applied to
the structure with its values changing in time. The geometry, modulus, and other properties of the
beam can also vary spatially with 𝑥. The deflection of the beam is defined as 𝑢(𝑥, 𝑡).

To accurately represent the behavior of a structural component, its properties need to be

identified. Though the beam geometry is straightforward to measure, the material property and

damping coefficient are hard to estimate. The beam reference modulus 𝐸0 is expected to have

an estimated range based on the choice of material (e.g., steel, aluminum, composites, etc.) but

unforeseen weaknesses in the build conditions can introduce unexpected nonlinear behavior. One of

the objectives of this work is to capture this indiscernible randomness from response measurements.

In addition, as discussed above, the damping is unpredictable at the design stage and is usually

calculated by experiments. For the simply supported beam problem, the boundary conditions are

defined as: 
𝑢(𝑥 = 0, 𝑡) = 0; 𝑢(𝑥 = 𝐿, 𝑡) = 0

𝜕2𝑢(𝑥 = 0, 𝑡)
𝜕𝑥2 = 0;

𝜕2𝑢(𝑥 = 𝐿, 𝑡)
𝜕𝑥2 = 0

(3.2)

where 𝐿 is the length of the beam. Initially, the beam is static and stable, so the initial conditions

of the beam are: 
𝑢(𝑥, 𝑡 = 0) = 0
𝜕𝑢(𝑥, 𝑡 = 0)

𝜕𝑡
= 0

(3.3)
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3.3 NeuralSI framework

To tackle this high-order PDE efficiently, a numerical approach based on the method of lines is

employed to discretize the spatial dimensions of the PDE. Then the system is solved as a system of

ODEs. The implemented discretization for the spatial derivatives of different orders is expressed

as:

𝐴∗4𝑢/Δ𝑥
4 =

𝜕4𝑢

𝜕𝑥4 ; 𝐴∗3𝑢/Δ𝑥
3 =

𝜕3𝑢

𝜕𝑥3 ; 𝐴∗2𝑢/Δ𝑥
2 =

𝜕2𝑢

𝜕𝑥2 (3.4)

where in the fourth order discretization, 𝐴∗4 is a 𝑁×𝑁 modified band matrix (based on the boundary

conditions), and the size depends on the number of elements used for the space discretization, and

Δ𝑥 is the distance between the adjacent elements discretized in the spatial domain. A similar

principle is applied to other order derivatives.

A pictorial schematic of NeuralSI is shown in Figure 3.1. The Julia differential equation

package [93] allows for very efficient computation of the gradient from the ODE solver. This

makes it feasible to be used for neural network backpropagation. Thus, the ODE solver can be

considered as a neural network layer after defining the ODE problem with the required fields of

initial conditions, time span, and any extra parameters. Inputs to this layer can either be output

from the previous network layers or directly from the training data.

The network in NeuralSI for the beam problem takes as input the location of the deformation

sensors installed on the structure for continuous monitoring of its response. A series of dense

layers are implemented to produce the output, which are the parameters that represent the structural

characteristics. The parameters are re-inserted into the pre-defined ODE to obtain the final output,

i.e., the structure’s dynamic response. The loss is determined by the difference between the dynamic

responses predicted by NeuralSI and those measured by the sensors (ground truth).

For experimental considerations in future lab testing, we simulate in this case a beam with

length, width, and thickness respectively of 40𝑐𝑚, 5𝑐𝑚, and 0.5𝑐𝑚. The density 𝜌 is 2700𝑘𝑔/𝑚3

(aluminum as base material). The force 𝐹 (𝑡) is defined as a nonlinear temporal function. Consider-

ing the possible cases of polynomial or harmonic material properties variations as an example [175],
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we integrate the beam with a nonlinear modulus 𝐸 (𝑥) as a sinusoidal function. We use a range for

the modulus from 70𝐺𝑃𝑎 to 140𝐺𝑃𝑎 (again using aluminum as a base reference). The damping

coefficient 𝐶 (𝑥) is modeled as a ramp function. The PDE can be rewritten and expressed as:

𝐹 (𝑡) = 𝐸0𝐼
(𝜕2𝑃(𝑥)
𝜕𝑥2

𝜕2𝑢

𝜕𝑥2 + 2
𝜕𝑃(𝑥)
𝜕𝑥

𝜕3𝑢

𝜕𝑥3 + 𝑃(𝑥) 𝜕
4𝑢

𝜕𝑥4

)
+𝜌𝐴𝜕

2𝑢

𝜕𝑡2
+ 𝐶 (𝑥) 𝜕𝑢

𝜕𝑡

= 𝐸0𝐼
(
𝐴∗2𝑃(𝑥)𝐴

∗
2𝑢 + 2𝐴∗1𝑢𝑃(𝑥)𝐴

∗
3𝑢 + 𝑃(𝑥)𝐴

∗
4𝑢
)
+𝜌𝐴𝜕

2𝑢

𝜕𝑡2
+ 𝐶 (𝑥) 𝜕𝑢

𝜕𝑡

(3.5)

𝐹 (𝑡) =


1000 𝑡 ≤ 0.02𝑠

0 𝑡 > 0.02𝑠
(3.6)

where the estimated modulus reference 𝐸0 is 70𝐺𝑃𝑎, and 𝑃(𝑥) and 𝐶 (𝑥) are modulus coefficient

and damping that can vary spatially with 𝑥. The pre-defined parameters 𝑃0(𝑥) and𝐶0(𝑥) are shown

in Figure 3.3.
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x

Modulus coefficient P

Ground Truth P0(x)

0.05 0.10 0.15 0.20 0.25 0.30 0.35
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Ground Truth C0(x)
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t
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F (t)

Figure 3.3 Pre-defined structural properties and resultant dynamic response. Structural parameters
𝑃 and𝐶 are defined as a sinusoidal and a ramp function. Force is applied as a step function of 1000
𝑁 and reduced to zero after 0.02s.

The PDE presented in (3.5) is solved via the differential equation package in Julia. The RK4

solver method is selected for this high-order PDE. The time span was set to 0.045𝑠 to have 3

complete oscillations of the bending response. The number of spatial elements and time steps
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Figure 3.4 NeuralSI network architecture and training. The network has several dense layers and the
output is split into 𝑃 and 𝐶. Those parameters are taken to the PDE solver for structural response
prediction. Samples are taken randomly from the response for training the network.

are chosen as 16 and 160 respectively for balancing the training time cost and response resolution

(capture the peak deflections). The deflections 𝑢(𝑥, 𝑡) are presented as a displacement distribution

of size 16 × 160, from which ground truth data is obtained for training.

The network architecture is presented as a combination of multiple dense layers and a PDE-

solver layer. The input to the network is the spatial coordinates 𝑥 for the measurements, and the

network output is the prediction of the dynamic response 𝑢(𝑥, 𝑡). It is worth mentioning that the

structural parameters 𝑃 and 𝐶 are produced from the multiple dense layers in separate networks,

and the PDE layer takes those parameters to generate a response displacement distribution of size

16 × 160. The activation function for predicting the parameter 𝑃 is a linear scale of the sigmoid

function so that the output can be in a reasonable range. For the prediction of parameter 𝐶, the

network of the same architecture is used, but the last layer does not take any activation function

since the range of the damping value is unknown.

The modulus coefficient might be very high during training and lead to erroneous predictions

with very high-frequency oscillations. So, we used minibatch training to escape local minima with

a batch size of 16. The loss function is defined as the mean absolute error (MAE) between samples

from the predicted and ground truth displacement distribution:

𝑙𝑜𝑠𝑠 =
1
𝑛

𝑛∑︁
𝑖=1

|𝑢 − 𝑢̂ | (3.7)
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, where 𝑛 is the number of samples for training, 𝑢 and 𝑢̂, are the values from true and prediction

dynamic responses at different training points in the same minibatch.

Furthermore, inspired by the effectiveness of positional embeddings for representing spatial

coordinates in transformers [176], we adopt the same as well for the spatial input to the network. It

is worth noting that the temporal information in the measurements is only used as an aid for mapping

and matching the predictions with the ground truth. We use ADAMW [177] as our optimizer, with

a learning rate of 0.01.

3.4 Results and performance

The evaluation of NeuralSI is divided into two parts. In the first part, we evaluate predictions

of the parameters 𝑃 and 𝐶 from the trained neural network. We assume that each structure has a

unique response. To determine how well the model is predicting the parameters, Fréchet distance

[178] is employed to estimate the similarity between the ground truth and predicted functions. In

this case, the predicted 𝑃 and 𝐶 are compared to the original 𝑃0 and, 𝐶0 respectively.

The second part of our evaluation is the prediction of the dynamic responses, which is achieved

by solving the PDE using the predicted parameters. The metric to determine the performance of

the prediction is the MAE between the predicted and ground truth displacement distribution. The

prediction can be extrapolated by solving the PDE for a longer time span and compared with the

extrapolated ground truth. The MAE is also calculated from the extrapolated data to examine the

extrapolation ability of NeuralSI. Moreover, the dynamic response can be visualized on different

elements separately (i.e., separate spatial locations 𝑥) for a more fine-grained comparison of the

extrapolation results.

We first trained and evaluated NeuralSI with different combinations of the number and size

of dense layers, percentage of data used for training, and minibatch size. The best results were

achieved by taking a minibatch size of 16, training for a total of 20 epochs, and a learning rate of

0.001 (the first 10 epochs have a learning rate of 0.01).

Figure 3.5 shows the output of modulus coefficient 𝑃 and damping 𝐶 from NeuralSI. For the

most part, the predictions match well with the target modulus and damping, respectively. Compared
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Figure 3.5 Predicted beam parameters modulus coefficient (top) and damping (bottom). Observe
that the modulus coefficient 𝑃 matches well with the sinusoidal ground truth, since the modulus
dominates the magnitude of the response. The damping 𝐶 fluctuates as it is less sensitive than 𝑃,
but the outputs still present a trend of increasing damping magnitude from the left end of the beam
to the right end.

to the modulus coefficient 𝑃, the predicted damping 𝐶 has a larger error since it is less sensitive

to the response. A small difference in damping magnitude will not affect the dynamic response

as much as a change in the modulus parameter. However, the non-linearity of the modulus and

damping are predicted accurately, and it is easy to identify whether the system is under-damped or

over-damped based on the predicted damping parameters.

Figure 3.6 visualizes the ground truth and predicted dynamic displacement response, along

with the error between the two. We observe that the maximum peak-peak value in the displacement

error is only 0.3% of the ground truth. We also consider the ability of NeuralSI to extrapolate

and display the dynamic response by doubling the prediction time span. It is worth mentioning

that the peak error in temporal extrapolation does not increase much compared to the peak error

in temporal interpolation. The extrapolation results are also examined at different elements from

different locations. Figure 3.7 presents the response at the beam midspan and at quarter length.

There are no observed discrepancies between the ground truth and the predicted response.

Based on the parameters chosen above, we tested the effect of a number of dense layers,

training sample ratio, and minibatch size on the parameter identification and prediction of dynamic

responses.
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Figure 3.6 NeuralSI predictions. The interpolation results (top row) are calculated from 0 to 0.045s
and temporal extrapolation results (bottom row) are from 0.045s to 0.09s. Peak error is only
around 0.3% of the peak value from the ground truth, and the error magnitude remains the same
for extrapolation.
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Figure 3.7 Elemental response, spatial elements from the beam are selected to examine the temporal
response. The ground truth and prediction responses match perfectly. (a) element at beam midspan;
(b) element at a quarter length of the beam.

The number of layers is varied by consecutively adding an extra layer with 32 hidden units

right after the input. From Figure 3.8, the performance of the network is affected if the number of

layers is below 4. This is explained by the fact that the network does not have sufficient capacity

to precisely estimate the unknown structural parameters. It is noted that the size of the input and
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Figure 3.8 Hyperparameter performance. A sufficient number of layers, more training samples, and
a small minibatch size will produce a good combination of hyperparameters and loss MAE (top
row). The Fréchet distances (bottom row) are calculated for 𝑃 and 𝐶 respectively. The fluctuation
of Fréchet distance for different sample ratios is because the values are relatively small.

output are determined by the minibatch size and the number of elements used for discretization.

A higher input or output size will automatically require a bigger network to improve prediction

accuracy. Additionally, the Fréchet distance decreases as the size of the neural network increases,

which demonstrates that the prediction of beam parameters is more accurate.

The number of training samples plays an important role in the model and in real in-field

deployment scenarios. The number and the efficiency of sensor arrangements will be directly

related to the number of samples required for accurately estimating the unknown parameters. It

is expected that a reduced amount of data is sufficient to train the model given the strong domain

knowledge (in the form of PDE) leveraged by NeuralSI. From Figure 3.8, when 20% of the ground

truth displacement samples are used for training, the loss drops noticeably. With an increased

amount of training data, the network performance can still be improved. Furthermore, observe

that there is a slight effect of data overfitting when using the full amount of data for training. The
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Fréchet distance of damping is not stable since our loss function optimizes for accurately predicting

the dynamic deflection response, instead of directly predicting the parameters. As such, the same

error could be obtained through different combinations of those parameters.

The minibatch size plays an important role in the efficiency of the training process and the

performance of the estimated parameters. It is worth mentioning that a smaller minibatch size

helps escape local minima and reduces errors. However, this induces a higher number of iterations

for a single epoch, which is computationally expensive. From Figure 3.8 we observe that both the

MAE error and the Fréchet distance are relatively low when the minibatch size is smaller than 32.

3.5 Comparison of NeuralSI with a direct response mapping DNN and a PINN

The NeuralSI framework is compared with traditional DNN and PINN methods. The tested

DNN has 5 dense layers and a Tanh activation. The inputs are the spatial and temporal coordinates

𝑥 and 𝑡, respectively, of the displacement response, and the output is the beam deflection 𝑢(𝑥, 𝑡) at

that spatio-temporal position. The optimizer is LBFGS and the learning rate is 1.0. With a random

choice of 20% samples, the loss stabilizes after 500 epochs.

The PINN method is defined with a similar strategy to existing solutions [82, 105]. The Neural

network consists of 5 dense layers with Tanh activation function. The loss is defined as a weighted

aggregate of the boundary condition loss (second derivative of input 𝑥 at the boundaries), governing

equation loss (fourth-order derivative of 𝑥 and second-order derivative of the 𝑡), and loss between

the prediction and ground truth displacement response. We used LBFGS as the optimizer with a

learning rate of 1.0. The training was executed for 3700 epochs.

The prediction of the dynamic deformation responses for the two baseline methods and NeuralSI

and the corresponding displacement distribution errors are shown in Figure 3.9. In NeuralSI, we

used the ImplicitEulerExtrapolation solver for a 4× faster inference. We further optimized the

PDE function with ModelingToolkit [179], which provides another 10× speedup, for a total of 40×

speedup over the RK4 solver used for training. Due to a limited amount of data for training, the DNN

fails to predict the response. With extra information from the boundary conditions and equation,

the PINN method results in an MAE loss of 0.344, and the prediction fits the true displacement
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Figure 3.9 Spatio-temporal displacement distribution predictions and comparisons between DNN,
PINN and NeuralSI for both interpolation (top) and extrapolation (bottom). The DNN method fails
to learn the interpolation response, while the PINN can predict most of the responses correctly, with
only a few errors at the corners of the displacement response. Predictions from NeuralSI have two
orders of magnitude lower error in comparison to PINN. With the learned structural parameters,
NeuralSI maintains the same magnitude of error in extrapolation results. Both DNN and PINN
completely fail at extrapolation and lead to considerable errors.

distribution well. Most of the values in the displacement distribution error are small, except for

some corners. However, both methods fail to extrapolate the structural behavior temporally. The
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Figure 3.10 Performance comparison between DNN, PINN, and NeuralSI for both interpolation
and extrapolation (a) MAE, (b) Inference time, and (c) Trade-off between MAE and inference time.
NeuralSI offers significantly lower error while being as expensive as solving the original PDE, thus
offering a more accurate solution when the computational cost is affordable. NeuralSI obtains the
extrapolation results by solving the whole time domain starting from 𝑡 = 0, while DNN and PINN
methods directly take the spatio-temporal information and solve for extrapolation.

extrapolation of DNN predictions produces large discrepancies compared to the ground truth.

Similarly, the PINN method fails to match the NeuralSI performance, while fairing much better

than the predictions from the DNN, as expected due to the added domain knowledge. The MAE

errors were computed and compared with the proposed method trained with 20% data as shown in

Figure 3.10.

3.6 Summary

In this chapter, we proposed NeuralSI, a framework that can be employed for structural parameter

identification in nonlinear dynamic systems. Our solution models the unknown parameters via a

learnable neural network and embeds it within a PDE. The network is trained by minimizing

the errors between predicted dynamic responses and ground truth measurement data. A major

advantage of the method is its versatility and flexibility; thus, it can be successfully extended to

any PDEs with high-order derivatives and nonlinear characteristics. The trained model can be

used to either explore structural behavior under different initial conditions and loading scenarios,

which is vital for structural modeling or to determine high-accuracy extrapolation, also essential in

systems’ response prognosis. An example beam vibration study case was analyzed to demonstrate

the capabilities of the framework. The estimated structural parameters and the dynamic response
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variations match well with the ground truth (MAE of 10−4). The performance of NeuralSI is also

shown to outperform direct regression significantly through DNN and PINN methods by three to

five orders of magnitude.
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CHAPTER 4

ADVANCED STRUCTURAL PARAMETER IDENTIFICATION

4.1 Overview

Following the identification process [21] [180] [86] [181], the anticipated modal behavior

should fall within an acceptable tolerance [182]. In SI, while some model information may be

partially known, modal parameters need to be estimated through the calculation and processing of

monitoring data. The estimated information will aid in determining or recalibrating the structural

properties, predicting structural responses, and establishing a new baseline model for unknown

structures [143]. However, civil structures are constructed under diverse conditions, where complex

factors such as friction and other hard-to-model phenomena physically influence dynamic response

behavior. Additionally, spatial variations of properties present typical challenges for built structures

[86, 65, 183]. Such difficulties create a gap between theories, lab experiments, and real-life cases.

Moreover, structural problems often manifest as high-order differential equations, rendering the

problem stiff, hard to solve, or requiring a significant amount of time to converge.

Prior research has primarily focused on mainly two approaches. One is the model-driven

technique based on assumptions of prior knowledge. Research has been implemented in model

updating using finite element method [154], orthogonal diagonalization [184], and Bayesian up-

dating [180, 185], Many other research also emphasized purely data-driven methods using sparse

identification [56], eigensystem identification algorithms [186], and neural networks [78, 187].

However, a majority of these approaches fail to capture highly non-linear behaviors.

Recently, a new approach driven by physics models has emerged in the field of SI, which is

based on recovering or approximating governing equations or equation parameters [86]. Existing

research mainly focuses on the field of ordinary differential equations (ODEs) [94, 95], but limited

research has been conducted on PDEs that are commonly used for civil infrastructures.

Traditional methods for SI typically involve mapping map external excitation to the corre-

sponding structural response using state-space models [57, 58, 59] and sparse component analysis

[60, 61, 62]. Besides, many model updating approaches [46] such as Bayesian updating [63, 64, 65]
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and finite element model updating [66, 67, 68, 69] has been applied to SI. Recently, data-driven

methods and machine learning approaches have significantly enhanced the discovery and approxi-

mation of governing equations [70, 71, 47, 65, 72, 73]. Specifically, machine learning approaches

have been widely utilized for structural system modeling and capturing nonlinear characteristics

[74, 43]. Different network architectures are also implemented, such as long short-term memory

(LSTM) [75, 76] and convolutional neural networks [77, 78, 79]. Additionally, research has fo-

cused on modeling with physics-informed neural networks (PINNs) [78, 80, 81], which incorporate

augmented knowledge of constitutive equations (ODEs or PDEs), boundary and initial conditions

[82, 83]. These conditions act as penalizing terms to constrain the solution space and provide more

precise and acceptable solutions.

The emerging approach of neural differential equation [90] has gained significant traction in

recent years due to its capacity to learn and capture dynamic behaviors. It has been widely used in

various problems, such as in the fields of hydrology [94], fluids [95], climate models [96], chemistry

[97], causal inference [92], and structures [86]. Compared to direct fitting using traditional machine

learning methods, Neural ordinary differential equations (ODEs) establish a novel perspective by

creating a connection between input and output variables. In addition, few studies have explored

Neural PDEs using lie point symmetry data augmentation [98], PINNs [99], message passing [101],

and graph neural networks [102, 103].

In addition to estimating modal parameters or model identification, research also focuses on

directly utilizing PINN for structural modeling. Some studies concentrate on structural applications

such as predicting responses in gusset plates [106, 107], wind turbines [108], seismic response [109],

and glass structure material [110]. PINNs are also widely applied in other fields such as climate

modeling [111], transportation [112], fluid mechanics [113], electromagnetic analysis [114].

This chapter focuses on parameter identification case studies of NeuralSI, especially for ex-

perimental validation of a Beam and analysis of 2D Plate Structures. Despite NeuralSI’s ability

to learn parameters directly through neural networks, we improve the efficiency of the parameter

identification framework by using an adaptive resolution (a suitable mesh size) based on the training

52



progress. Three important plate parameters are estimated.

4.2 Method

We consider a 2D spatiotemporal system whose governing equations can be described by a

nonlinear parameterized PDE in the general form:

F
[
𝑢, 𝑢2, ...,

𝜕𝑢

𝜕𝑥
,
𝜕2𝑢

𝜕𝑥2 , ...,
𝜕𝑢

𝜕𝑦
,
𝜕2𝑢

𝜕𝑦2 , ...,
𝜕2𝑢

𝜕𝑥𝜕𝑦
,
𝜕3𝑢

𝜕𝑥2𝜕𝑦
, ...;

𝜕𝑢

𝜕𝑡
,
𝜕2𝑢

𝜕𝑡2
; 𝑃

]
= 𝑄 (4.1)

where F is the governing PDE, 𝑃 is the set of parameters that needs to be estimated in the structural

problems, 𝑄 is the source term, and it is usually forced in structural problems. To efficiently solve

the high-degree derivative PDEs in structural problems, a numerical approach based on the finite

difference method (FDM) is employed for the discretization in either the 1D or 2D space domain.

The discretized form of the equation becomes a system of ODEs. The number of equations depends

on the number of points selected for discretization. The discretization approximation strategy is

shown as:

𝜕𝑝𝑢

𝜕𝑥𝑝
= 𝐴𝑥𝑝u;

𝜕𝑞𝑢

𝜕𝑦𝑞
= u𝐴𝑦𝑞;

𝜕𝑝+𝑞𝑢

𝜕𝑥𝑝𝜕𝑦𝑞
= 𝐴𝑥𝑝u𝐴

𝑦
𝑞 (4.2)

Here, 𝐴𝑥𝑝 and 𝐴
𝑦
𝑞 are 𝑁𝑥 × 𝑁𝑦 modified band matrices for the 𝑝𝑡ℎ and 𝑞𝑡ℎ derivatives of the

discretization, where 𝑝, 𝑞 = 1, 2, 3, 4. and 𝑁𝑥 and 𝑁𝑦 are the number of discretization points in the

𝑥 and 𝑦 directions. On the left-hand side of those equations, 𝑢 is the spatially continuous dynamic

response that is taking the partial derivatives. While the u on the right side is the response at all

selected discretization points in the space domain.

Derived from Equation 4.2, the discretized form of a generic PDE can be expressed as:

F
[
𝑢, 𝑢2, ..., 𝐴𝑥1𝑢, 𝐴

𝑥
2𝑢, ..., 𝐴

𝑦

1𝑢, 𝐴
𝑦

2𝑢, ..., 𝐴
𝑥
1𝑢𝐴

𝑦

1, 𝐴
𝑦

2𝑢𝐴
𝑦

1, ...;
𝜕𝑢

𝜕𝑡
,
𝜕2𝑢

𝜕𝑡2
; 𝑃

]
= 𝑄 (4.3)

The PDE from Equation 4.2 is now discretized into a system of ODEs and can be solved by

many ODE solvers such as Runge–Kutta methods [188] given the initial and boundary conditions.

𝑢 = R(𝑃) = R(𝑃1, 𝑃2, ...) (4.4)
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here, 𝑢 is the solved dynamic response, R denotes the PDE solver. In many real-life cases, the

solver may take many parameters 𝑃1, 𝑃2, ... instead of a single structural parameter 𝑃.

The unknown structural parameters may not be just one type or a constant value. We consider

the time-independent nonlinear properties in this study, so the structural parameters will only vary

with respect to the space domain. The parameters we aim to identify can be denoted as 𝑃(𝑥, 𝑦)

as in the 2D space case. We choose a feed-forward coordinate neural network that only takes one

coordinate sample at a time. The input is scaled structural coordinates and outputs are the target

structural properties 𝑃.

To solve for the PDE, the output of structural properties 𝑃 is taken as the input parameters for

the PDE solver in Equation 4.4. It is worth mentioning that each parameter 𝑝𝑖 in the equation needs

to be estimated by a separate coordinate network N𝑖. The solved structural response is compared

to the ground truth response for an error metric. The MAE is used for the loss function L in this

framework.

L =
��𝑢̂ − 𝑢��= ��R(𝑃) − 𝑢

�� (4.5)

where 𝑢 and 𝑢̂ are the ground truth and predicted responses. Moreover, instead of comparing the

whole response data for errors, we utilize sparse observations by taking minibatch samples during

training. This technique largely avoids local minima and improves parameter prediction in some

cases. The optimizer is ADAMW for faster convergence.

The training is through back-propagating the gradient from the loss to the neural network

parameters. We use the differential equation package from Julia [93] for fast forward and backward

computations. In this approach, the PDE solver can be considered as a neural network layer without

any parameters. The only requirement for this layer is the information on initial conditions, time

span, and any extra parameters that are already determined or given.

The discretization method introduces a huge amount of computation costs, as the complexity

(number of the unknown equation that needs to be solved) is 𝑂 (2𝑁𝑛
𝐷
), where 𝑁 is the number of

discretization points, 𝑛𝐷 is the spatial dimensions, and the number 2 is because both acceleration
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and velocity need to be solved.

For large structure components, the mesh size should be increased correspondingly. This will

require much more time and larger memory for network training and backpropagation. Due to

flexibility in the number of discretization points and the feature of the coordinate network, 𝑁 can be

relatively smaller. By training the network to learn a coarse mesh of the parameters, the parameter

values in the fine mesh can be queried by feeding interpolated coordinates to the trained network.

Such a process is iterative as the mesh size can be gradually increased while training the same

networks until the predicted response can fit the ground truth response.

A schematic diagram is shown in Figure 4.1 and the detailed strategies are applied in Chapter

4.3. However. It is also worth mentioning that the choice of 𝑁 should be cautious because of the

increased numerical errors in solving the discretized PDEs. A good mesh size is more likely to be

a case-dependent value rather than a constant.

𝑥𝑦

𝑥𝑦

𝑥𝑗
𝑦𝑗

Train network with coarse mesh

Query with fine mesh

Parameters Prediction Response Prediction

Trained Network

Coarse mesh

Fine mesh

Mesh Grid

Less computation

Figure 4.1 Instead of direct training to estimate parameters in a high resolution, we start the process
with a coarse mesh to save on computational costs. Even though the coarse response would be less
accurate, the difference is negligible and the parameter estimation errors are still acceptable. Also,
based on the learned model, the mesh size can increase progressively to reach a more accurate
parameter estimation.

4.3 Plate vibration problem

Plates are also one of the most important components for buildings and bridges that provide

foundational support in civil infrastructures. Based on Kirchhoff’s hypothesis and by placing the
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plate in Cartesian coordinates, we write the governing equation for the plate vibration preliminarily

as the following [189]:

𝑄(𝑥, 𝑦, 𝑡) = 𝐷1
𝜕2𝑢

𝜕𝑥4 + 2
𝜕𝐷1
𝜕𝑥

𝜕3𝑢

𝜕𝑥3 +
(𝜕2𝐷1

𝜕𝑥2 + 𝑣𝑥
𝜕2𝐷2

𝜕𝑦2
) 𝜕2𝑢

𝜕𝑥2 + 𝐷2
𝜕4𝑢

𝜕𝑦4

+2
𝜕𝐷2
𝜕𝑦

𝜕3𝑢

𝜕𝑦3 +
(𝜕2𝐷2

𝜕𝑦2 + 𝑣𝑦
𝜕2𝐷1

𝜕𝑥2
) 𝜕2𝑢

𝜕𝑦2 + 𝐷3
𝜕4𝑢

𝜕𝑥2𝜕𝑦2

+2
(
𝑣𝑦
𝜕𝐷1
𝜕𝑥

+ 𝜕𝐷66
𝜕𝑥

) 𝜕3𝑢

𝜕𝑥𝜕𝑦2 + 2
(
𝑣𝑥
𝜕𝐷2
𝜕𝑦

+ 𝜕𝐷66
𝜕𝑦

) 𝜕3𝑢

𝜕𝑥2𝜕𝑦

+𝜕
2𝐷66
𝜕𝑥𝜕𝑦

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝜌ℎ

(𝜕2𝑢

𝜕𝑡2
)2

(4.6)

where 𝑣𝑥 and 𝑣𝑦 are the the poison’s ratio in the 𝑥 and 𝑦 direction. 𝐷1, 𝐷2 and 𝐷66 are orthotropic

bending stiffness. ℎ is the plate thickness and 𝜌 is the material density. In detail, the bending

stiffness 𝐷1 and 𝐷2 can be described by fundamental material properties respectively:

𝐷1 =
𝐸𝑥ℎ

3

12(1 − 𝑣𝑥𝑣𝑦)
(4.7)

𝐷2 =
𝐸𝑦ℎ

3

12(1 − 𝑣𝑥𝑣𝑦)
(4.8)

𝐷66 =
𝐺𝑥𝑦ℎ

3

12
(4.9)

𝐷3 = 𝑣𝑥𝐷𝑥 + 2𝐷66 = 𝑣𝑦𝐷1 + 2𝐷66 (4.10)

where 𝐸𝑥 and 𝐸𝑦 are the young’s modulus in the 𝑥 and 𝑦 direction, 𝐺𝑥𝑦 is the shear modulus.

Here, the parameters we plan to estimate are the bending stiffness 𝐷1 and 𝐷2 and plate thickness

ℎ. This is because those parameters are the dominant factors to control the vibration of the plate,

and they can vary easily in real life due to corrosion, rust, abrasion, welding, etc. Those spatial

varying parameters can be characterized by the following equations:

𝐷1(𝑥, 𝑦) = 𝐷10 𝑓𝐷1(𝑥, 𝑦) = 𝐷10
(
1 + N1(𝑥, 𝑦)

)
(4.11a)

𝐷2(𝑥, 𝑦) = 𝐷20 𝑓𝐷2(𝑥, 𝑦) = 𝐷20
(
1 + N2(𝑥, 𝑦)

)
(4.11b)

ℎ(𝑥, 𝑦) = ℎ0 𝑓ℎ (𝑥, 𝑦) = ℎ0
(
1 + N3(𝑥, 𝑦)

)
(4.11c)
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where 𝐷10, 𝐷20, and ℎ0 are constants and act as references of the target plate. 𝑓𝐷1, 𝑓𝐷2, and

𝑓ℎ are coefficients that measures the target parameters. N1, N2, and N3 are three neural network

branches that take the coordinate input and output the relative parameter variations with respect to

the corresponding 𝐷10, 𝐷20, and ℎ0.

It is worth mentioning that we expect to recover bending stiffness 𝐷1 and 𝐷2 at the high level

even though they are derived from Young’s modulus 𝐸𝑥 and 𝐸𝑦. In this way, the potential local

minima can be avoided because 𝐷1 and 𝐷2 are directly from the governing differential equation

(equation number). The variation of some parameters is ignored because they rarely change in real

life (i.e., the poison’s ratio 𝑣𝑥 and 𝑣𝑦 in the 𝑥 and 𝑦 direction) or their variations won’t affect the

vertical deflection much (i.e., shear modulus𝐺𝑥𝑦, density 𝜌). The discretized form of the governing

equation is shown as follows:

𝑄 = 𝐷1 ∗ 𝐴𝑥4𝑢 + 2𝐴𝑥1𝐷1 ∗ 𝐴𝑥3𝑢 + (𝐴𝑥2𝐷1 + 𝑣𝑥 ∗ 𝐷1𝐴
𝑦

2) ∗ 𝐴
𝑥
2𝑢 + 𝐷2 ∗ 𝑢𝐴𝑦4

+2𝐷2𝐴
𝑦

1 ∗ 𝑢𝐴
𝑦

3 + (𝐷2𝐴
𝑦

2 + 𝑣𝑦 ∗ 𝐴
𝑥
2𝐷1) ∗ 𝑢𝐴𝑦2 + 𝐴

𝑥
2𝐷3𝐴

𝑦

2

+2(𝑣𝑦 ∗ 𝐴𝑥1𝐷1 ∗ 𝐴𝑥1𝐷66) ∗ 𝐴𝑥1𝑢𝐴
𝑦

2 + 2(𝑣𝑥 ∗ 𝐷2𝐴
𝑦

1 ∗ 𝐷66𝐴
𝑦

1) ∗ 𝐴
𝑥
2𝑢𝐴

𝑦

1

+𝐴𝑥1𝐷66𝐴
𝑦

1 ∗ 𝐴
𝑥
1𝑢𝐴

𝑦

1 + 𝜌ℎ
(𝜕2𝑢

𝜕𝑡2
)2

(4.12)

Before generating data for training, our PDE solver is first validated with the analytical solution

from a homogeneous plate with the simply supported boundary condition. For a forced vibration

with constant distributed load Q, the deflection at the plate center can be expressed as:

𝑧𝑡𝑟𝑢𝑒 (𝑡) = 𝐴
(
1 − 𝑐𝑜𝑠(𝜔𝑡)

)
(4.13)

𝐴 =
0.142𝑄𝐿𝑥4

𝐸ℎ3 (2.21 + (𝐿𝑦/𝐿𝑥)3) (4.14)

𝜔 =

√︄
𝐷

𝜌ℎ

(
( 𝜋
𝐿𝑥

)
2
+ ( 𝜋

𝐿𝑦
)
2
)

(4.15)
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Figure 4.2 The response accuracy is examined in terms of the peak values and frequency. The
calculated peak values and frequencies from different mesh sizes are compared with terms 𝐴 and
𝜔 for percentage errors. When the mesh size is greater than 17, both errors are relatively small and
within the 2% range.

where 𝐿𝑥 and 𝐿𝑦 are the side lengths of rectangle and 𝐿𝑥 ≥ 𝐿𝑦, 𝜔 is the natural frequency ([190]),

and 𝐴 is the response magnitude. We solved this homogeneous plate problem with the proposed

PDE solver at different mesh sizes 𝑁𝑥 and 𝑁𝑦 and evaluated the errors with respect to the peak

values and frequency. For simplicity, we set 𝑁𝑥 = 𝑁𝑦 and 𝐿𝑥 = 𝐿𝑦 in this verification. The error

curves are shown in Figure 4.2.

Based on the 1D nonlinear properties (functions of sine, exponential, polynomial, etc.) of FGM

in Figure 4.3, we expanded those 1D properties in 2D space to mimic similar properties for the

plate. The 2D nonlinear property can be expressed as:

𝜓(𝑥, 𝑦) = 𝜙(𝑥)𝜙(𝑦) (4.16)

where 𝜙(𝑥) and 𝜙(𝑦) are 1D nonlinear functions in the 𝑥 and 𝑦 directions, and 𝜙(𝑥) ∈ {𝑠𝑖𝑛(𝑎𝑥),

𝑐𝑜𝑠2(𝑎𝑥), 𝑒𝑎1𝑥+𝑎2 , 𝑎3𝑥
3 + 𝑎2𝑥

2 + 𝑎1𝑥 + 𝑎0}, and same choices apply to 𝜙(𝑦). We did not consider

functions such as logarithms because the curves are very similar to some of the expressions given.

The example distributions used in this study are shown in the left column of Figure 4.9a and Figure

4.9b.

The plate dimension is 80 × 80 × 0.1𝑐𝑚. The poison’s ratio 𝑣𝑥 and 𝑣𝑦 are set to be 0.31. The
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Figure 4.3 1D spatially distributed nonlinear shapes for Young’s modulus. We refer to the func-
tionally graded materials and display the possible choices for those non-linear distributions.

boundary condition is simply supported, which is implemented in the discretization. The load is

distributed over the plate with a magnitude of 𝑄 = 20𝑁/𝑚2. The initial condition of the plate is

static, where the deflections and velocities are 0 at all points. Finally, the dynamic response is

analyzed for 0.3s. The number of timesteps 𝑁𝑡 is set to be 101, so Δ𝑡 = 0.003𝑠. This time resolution

is tested to be enough to capture accurate peak values in the response. For ground truth generation,

the mesh size is set to be 17 × 17, which has enough accuracy according to Figure 4.2.

For generating the ground truth data, we randomly pick nonlinear functions from Figure 4.3 to

construct plate parameters 𝐷1, 𝐷2, and ℎ as described in 4.3. Different cases are formulated and

the ground truth dynamic response is calculated by solving the PDE.

The plate vibration problem is much more computation-intensive than the beam case. Direct

training of the network with a fine mesh would take a few days, which makes it inefficient in real-life

applications. As we tested, a smaller mesh size will largely reduce the computational costs during

training, especially on the backpropagation of the PDE solver (Figure 4.4).

We try to train the network progressively starting from a coarse mesh of the plate as described

in Chapter 4.2. After training, we improve the resolution of the prediction by increasing the mesh

size until the dynamic response error reaches a tolerable level.

In detail, we discretize the plate into a 𝑁𝑥 × 𝑁𝑦 size of the mesh, where 𝑁𝑥 = 𝑁𝑦 = 17. This
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Figure 4.4 The training time per iteration with respect to the mesh size. The training cost increased
greatly as the mesh size increased. This makes training with large meshes impossible for large-scale
structures. Thus, it is necessary to reduce the mesh size and progressively train the network.

size gives a good trade-off between a high-resolution distribution of the nonlinear properties and

the computational cost. We start to recover the parameters from a coarse mesh of 11 × 11, where

the numerical errors from the dynamic responses are within an acceptable range (Figure 4.2).

To account for the inconsistency of mesh size in loss computation (i.e., by comparing to the

predicted dynamic responses for prediction errors), the ground truth dynamic responses calculated

in 17× 17 will be interpolated ([191]) into the size of 11× 11. Since the responses at the boundaries

and at the initial time step are always 0, only a data size of (𝑁𝑥 − 2) × (𝑁𝑦 − 2) × (𝑁𝑡 − 1) is used

for error (loss) computation.

The neural network has 3 branches N1, N2, and N3 that are identical in the architecture.

Respectively, They predict parameters 𝐷1, 𝐷2, and ℎ. It is worth noting that we used a 2D mask

for the loss calculation at different locations of the plate. This is because the response magnitude

is much higher in the center than at the boundaries. The mask is customized to balance the MAE

contribution from different areas with the expression: 10− 9𝑠𝑖𝑛(𝑥/𝜋)𝑠𝑖𝑛(𝑦/𝜋), where 𝑥 and 𝑦 here

represent coordinates of the measured points re-scaled between 0 and 1.

Another finding is that the minibatch size needs to be small to achieve an accurate recovery,

regardless of the mesh size used for training. The minibatch size or the number of points selected

to compute for errors is 32. And only 80% of the data are used in training.
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Figure 4.5 Loss curve for different cases. The first 20 epochs use a small mesh size of 11 and
take a larger learning rate to roughly learn the parameter distribution, the next 40 epochs refine the
distribution with a smaller learning rate. At epoch 61, we re-scale the mesh size from 11 to 13 and
continue training to reach optimal distributions.

The training is separated into 3 stages: the first 20 epochs use a learning rate of 2E-4 to roughly

learn a shape of the 2D parameter value distribution, and the next stage uses a small learning rate

of 4E-5 for refining the shape. This training strategy is proven to avoid local minima issues and

effectively fit many different property distributions as we tested. For cases we tested, we also

progressively increased the mesh size to 13 × 13 and continued training for another 20 epochs.

It is worth mentioning that for comparison, we also performed direct training with the 17 × 17

fine mesh, and the parameter prediction results obtained are very similar to the progressive train

result in Figure 4.9. By checking the training loss curve by epoch in Figure 4.5, there is little

improvement during the later stage of the training. In this case, it is not necessary to continue to

increase the mesh size for further training.

4.4 Results

Experimental validation of a beam. A composite beam is 3D printed using an Ultimaker S5

for experimental validation. The length 𝐿𝑥 , width, and thickness are 30.5𝑐𝑚, 4.5𝑐𝑚, and 1.0𝑐𝑚,

respectively. It consists of two identical wedges printed with PLA (red) and ABS (black) filament,

as depicted in Figure 4.6a. During printing, a 100% infill density with a cubic infill pattern is

used to ensure good structural integrity. The printing resolution is set to 0.06𝑚𝑚. To enhance the

61



bonding of the two different materials, the top/bottom surface layers are reduced from 4 (default)

to 0, the top/bottom layer thickness is reduced to 0.6 mm, and the wall count is set to 0.

As shown in Figure 4.6b, an MTS loading frame module is employed to conduct a four-point

bending test in displacement-control mode. A continuous cyclic loading is applied with a frequency

of 2𝐻𝑧 for 3𝑠. The loading profile is shown in Figure 4.7. The loading is symmetrically applied

at 12.7𝑐𝑚 and 17.78𝑐𝑚 ( 5
12𝐿𝑥 and 7

12𝐿𝑥) from one end of the beam. The force sensor records the

applied force with a high sampling rate of 6144𝐻𝑧, serving as the input for the differential equation.

The beam is subjected to simply supported boundary conditions and initially remains in a static

state with no deformation.

For dynamic response monitoring and collection, an image-based method is utilized to accu-

rately capture the movement of the beam edge. In Figure 4.6c, the edge of the beam is coated with

blue fluorescent paint and illuminated with black lighting to visually distinguish the fluorescent

light from its ambient background [192]. Thirteen reference points are marked along the transverse

direction of the beam, evenly spaced at a distance of 2.54𝑐𝑚. Images are captured at a rate of

30 frames per second (fps) and processed using the Canny edge detection method to track the

movement of the beam edge at the reference points along the longitudinal direction. The final

dynamic response is measured and displayed in Figure 4.7b.

A constant density value is assumed for the beam because the dynamic response is primarily

influenced by nonlinear modulus and damping. The beam weight measures 0.1734𝑘𝑔, yielding a

calculated density of 1215𝑘𝑔/𝑚3 based on the beam dimensions. Young’s modulus reference values

are set to 𝐸0 = 2.4𝐺𝑃𝑎, derived from the modulus of PLA and ABS filament, while the damping

reference is 𝑐0 = 10𝑠/𝑁𝑚. The 13 reference points marked on the beam serve as mesh points

for spatial discretization. Neural networks are constructed to predict the modulus and damping at

these 13 discrete points. Predicted dynamic responses are then calculated using the PDE solver and

compared to the ground truth dynamic responses for loss assessment. Notably, only the response

data from the first 2 seconds is utilized for network training.
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(b)

(c)

(a)

Figure 4.6 Beam vibration experiment. (a) A demonstration of 3D printed composite beam. (b)
Experimental setup. The printed beam is under the MTS loading frame for dynamic loading. (c) The
beam is placed under fluorescent light to measure displacement using edge detection techniques.

(a) (b)

Figure 4.7 Experimental loading and collected beam response. (a) Loading profile. The load is
applied at two symmetric points on the beam. (b) The measured beam spatial-temporal response
using image-based method. The magnitude unit is 𝑚𝑚.

4.4.0.1 Results

After network training, the graph in Figure 4.8a illustrates the predicted Young’s modulus and

damping. Notably, the projected beam modulus evidently showcases a linear decrease, which

corresponds with the observed linear variation in PLA and ABS materials along the longitudinal

axis. This serves as a reference point for comparing against the actual values. However, determining
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(a) (b)

Figure 4.8 Parameter estimation results and beam vibration predictions. (a) The estimated young’s
modulus and damping fields. (b) The prediction dynamic responses. The top row shows the
predictions for the training region. The bottom row displays the temporal extrapolation.

the precise ground truth modulus proves challenging due to the intricacies of the printing processes

and conditions. Moreover, directly measuring damping values presents difficulties, hence only the

model’s predicted damping field is depicted in Figure 4.8b. Despite encountering notable errors

during data collection and processing, the predicted dynamics depicted in Figure 4.8b notably align

well with the collected response data. Specifically, dynamic responses are evaluated with MAE.

Even with experimental data noise, satisfactory results are achieved with errors of 0.18𝑚𝑚 for the

training region and comparable error levels of 0.24𝑚𝑚 for temporal extrapolation.

2D Plate vibration. The trained network performance can first be evaluated based on the

prediction errors of the target parameters. Instead of estimating them at the coarse mesh, we query

the parameters prediction in a high resolution by taking points from the mesh. Moreover, based

on the FGM property from Equation 4.16, we can perform post-processing by fitting the learned

parameters with 2D splines through Dierckx (a Julia package).

In Figure 4.9, The parameters learned from the neural network and from the 2D spline fitting are

compared with the original parameters (ground truth) in fine mesh. Compared to results directly

obtained from the neural network, the distributions from the fitted 2D spline curve present much

smoother contours, and some areas match better with the distribution of the target parameters.

64



D
1

True Prediction Prediction (penalty)
D

2
h

(a) Case 1

D
1

True Prediction Prediction (penalty)

D
2

h

(b) Case 2

Figure 4.9 The parameter estimation results. The network prediction results (second column) have
some mismatches with the ground truth, which can be further improved with 2D spline fitting (third
column). Overall, both approaches are accurate, and the results are within a tolerable error.

For quantitative analysis, we use MAPE to evaluate the parameter estimation accuracy. The

network prediction of three parameters is accurate and well below 6% for both cases tested. The

fitted spline curve further reduces the MAPE for most distributions. However, it is worth noting

that the spline fitting method is based on the assumption of a known parameter distribution from

Equation 4.16, which might not be valid for some real-life cases. But overall, both types of

results present tolerable errors that are much below the threshold for general civil infrastructure

applications [193].

The plate dynamic responses are calculated based on both network prediction and spline fitting.

Although the spline fit method provides a better match in terms of the parameters, the calculated

dynamic responses have higher errors. It is possible that good solutions are not unique so that

different combinations of parameter distributions can provide similar plate behavior.

4.5 Summary

In this chapter, we expanded the framework of NeuralSI for parameter identification in complex

nonlinear dynamic systems. While NeuralSI can model the unknown parameters with neural

networks, the computational cost grows greatly from the embedded PDE. The proposed progressive
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training technique is utilized for efficiently estimating parameters for the plate vibration problem.

The training is divided into several different stages starting from a coarse mesh for focusing on

learning the parameter distribution, followed by switching to a finer mesh to ensure accurate

parameter estimation. A penalty loss function is implemented for a later stage of the training

to further refine the smoothness of the predicted parameter distribution. The final stage will be

determined by the training progress and the performance of dynamic response prediction. Different

combinations of nonlinear parameter distributions are studied. The final estimation of parameters

is all within a maximum MAPE of 3%, and the estimated structural behaviors are within 1%

in terms of MAPE compared to the true responses, which are well below the tolerance of civil

engineering applications. This well demonstrates the effectiveness of the proposed structural

parameter estimation approach. Future endeavors will concentrate on expanding this framework

by integrating the finite element method to accommodate more generalized 3D structures.
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CHAPTER 5

ESTIMATING PARAMETER FIELDS IN MULTIPHYSICS PDES FROM SCARCE
MEASUREMENTS

5.1 Overview

Physical phenomena are often governed by differential equations and evolve with time. Such

variations primarily arise from wear and tear, aging, or other environmental effects, with the

governed differential equations remaining unchanged while the underlying physical parameters

change spatially over time. Variations in parameters across many scenarios can potentially lead

to drastic changes in physical responses and have serious consequences. For instance, changes in

cardiac tissue properties within human bodies can cause arrhythmias or atrial fibrillation [194, 195].

Similarly, changes in flow properties in porous media can lead to health and safety risks or

mismanagement of groundwater resources, such as water contamination or depletion of aquifers.

Consequently, there is a dire need for customized models to frequently monitor and estimate these

parameters for each unique physical phenomenon.

Additionally, physical phenomena are often complex for various reasons. Firstly, the system

parameters may not be constant scalars but rather spatially varying field quantities. Further-

more, the governing equations themselves can exhibit complexity arising from multiphysics or

coupled phenomena. Research efforts have primarily concentrated on simplified single-physics

problems with constant scalar coefficients to estimate parameters and understand the underlying

physics. Various methods are employed including finite element updating [196, 197], Bayesian

neural networks [198], least squares estimation [199, 200], Kalman filter [201, 202], Gaussian

process [203, 204, 205], and sparse identification [56, 72]. However, applying those methods for

non-constant field parameter estimation can present challenges in computation or assumptions. In

approaches like Bayesian methods, limitations arise from the assumption that unknown parameter

values adhere to a prior distribution, which might be impractical when dealing with unknown field

variables. Sparse identification, as one of the popular numerical approaches for recovering system

parameters or coefficients, is often limited to scalar parameters. In addition, the considerable
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non-linearity in the system, particularly in multiphysics problems, poses difficulties for inverse

estimation when employing statistical approaches for parameter estimation.

Recently, deep learning powered by knowledge of physics has transformed how complex physical

phenomena are learned. This fusion enables deep learning networks to grasp domain-specific

knowledge, such as governing differential equations, thereby enhancing the comprehension of

diverse physical phenomena and engineering responses. Specifically, PINNs [206, 72] have received

a lot of focus. This machine learning-based approach is known for its ability to integrate domain

knowledge into a black-box model and handle various unknown physical phenomena efficiently.

PINNs are widely used in solving forward problems [207, 132], but many inverse problems such

as parameter estimations are also being addressed nowadays [194, 208, 209], Particularly, PINNs

can also be applied to model field parameters in scenarios involving complex multiphysics or

coupling effects [194, 208, 210, 211, 212] due to the flexibility of neural network and automatically

differentiation. In those scenarios, the field parameters and state variables are often predicted

simultaneously with different neural networks. The objective function can hinge on the error of the

governing equation, which accounts for both the parameters and state variables. Another method

addressing multiphysics problems and estimating field parameters involves leveraging Karhunen-

Loève expansions, which is widely utilized across numerous research domains [213, 214, 108].

However, most of the statistical expansions limit their applications on spatial-dependent PDEs

without considering the temporal domain [213, 214, 208], or rely on prior assumptions of the

parameter distribution [108], which restricts their applicability to other domains. Furthermore, few

approaches for parameter field estimations in multiphysics problems are often rooted in specific

domains, with applications in geotechnics employing back analysis [215, 216] or chemical processes

utilizing Aspen Custom Modeler [217].

Despite various methods proposed for estimating parameters across diverse setups and scenar-

ios, modern computational methods and their applications pose several distinctive challenges in

real-world physics problems. First, a predominant focus of parameter estimation methods revolves

around black-box modeling and concurrent estimation of physics responses, such as PINNs. This
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approach may fall short in offering practical utility, particularly concerning state variable estimation

in scenarios like time-domain extrapolation and changes in boundary conditions, initial conditions,

or other variations. Second, the omission of field parameter assumptions within highly nonlinear

systems, particularly in scenarios involving multiphysics or coupled problems, is prone to fail

and produce large discrepancies in engineering responses. Third, the scarcity of real-world mea-

surements poses a challenge that data-driven methods or the application of PINNs may encounter

difficulties accurately estimating parameters or capturing the underlying physics effectively [218].

This chapter tackles the aforementioned challenges by introducing NeuroFieldID, utilizing neu-

ral networks to estimate parameters that characterize various nonlinear PDE systems directly. We

assume that the observed physics can be represented through PDEs, which consist of unidentified

field parameters capable of characterizing the physical phenomena within the computational do-

main. To address this, we initialize DNNs aimed at modeling these unidentified physics parameters

that depend upon spatial information or state variables. The parameter distributions vary signif-

icantly with distinct patterns across the three problems. The input to these networks is adjusted

according to the dependencies of these parameters in different applications. A scalar parameter can

also be modeled by a single neuron. Subsequently, we proceed with spatial discretization utilizing

FDM and transform the coupled PDEs into systems of ODE. In this form, the equations are solely

dependent on time, and the spatial-temporal predictions can be computed at any timestep including

irregular timesteps. During neural network training, the predictions are compared to the measured

data in batches, and the resultant errors are minimized, utilizing the adjoint method [90, 219].

Following that, the optimized neural network model can accurately estimate the target parameters

and effectively predict the physics behavior even beyond the training region (extrapolation). In the

following section, we will show applications of parameter estimations, respectively in the field of

the flow phenomena in porous media and cardiac electrophysiology.

5.2 Method

FDM and the PDE solver NeuroFieldID directly solves the PDE system using FDM for space

discretization of PDEs and a differential equation solver for inference. The spatial derivatives
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within the PDEs can be approximated by central difference [220]. A second derivative central

difference in the 𝑥 dimension at a point 𝑥 = 𝑥𝑛 is demonstrated in equation 5.1.

𝜕2𝑢(𝑥 = 𝑥𝑛, 𝑡)
𝜕𝑥2 ≈ 𝑢𝑛−1 − 2𝑢𝑛 + 𝑢𝑛+1

Δ𝑥2 (5.1)

where Δ𝑥 is the mesh size of the finite difference, and 𝑢𝑛 is the discrete values at 𝑥𝑛 for the state

variable 𝑢. Particularly, to efficiently address this high-dimensionality in the space domain, the

space dimensions of the state variables are organized in the form of a 1D vector. Assume the mesh

size for 3D space is 𝑛 = 𝑛𝑥 × 𝑛𝑦 × 𝑛𝑧, and the state variable 𝑢 and the discretization matrices will

have a size of 𝑁 ×1 and 𝑁 ×𝑁 , respectively. The spatial derivatives of various orders are explicitly

formulated for each derivative term in equation 5.2.

𝜕2𝑢

𝜕𝑥2 ≈ 𝐴𝑥2𝑢,
𝜕2𝑢

𝜕𝑦2 ≈ 𝐴
𝑦

2𝑢,
𝜕2𝑢

𝜕𝑧2
≈ 𝐴𝑧2𝑢 (5.2)

𝜕𝑢

𝜕𝑥
≈ 𝐴𝑥1𝑢,

𝜕𝑢

𝜕𝑦
≈ 𝐴

𝑦

1𝑢,
𝜕𝑢

𝜕𝑧
≈ 𝐴𝑧1𝑢 (5.3)

where the matrices multiplication term 𝐴1 and 𝐴2 approximate the spatial derivatives numerically.

Moreover, the boundary condition needs to be carefully handled separately during the dis-

cretization. Two distinct types of boundary conditions (Dirichlet and Neumann) are handled for

the problems addressed in this paper. The expressions are displayed in the following equation,

respectively.

𝑢(𝑥) = 𝛾 (5.4)
𝜕𝑢(𝑥)
𝜕𝑥

= 𝛽 (5.5)

The implementation of these boundary conditions involves modifying the discretized matrix de-

scribed in equation 5.2. Details of handling the boundary conditions can be also referred to in the

previous studies [221, 218].

Subsequently, the PDE system is addressed as a set of ODEs and solved by the Runge–Kutta

family of differential equation solvers [222]. The ODE system is solved, and dynamics are extracted

at specific timesteps corresponding to the observations. It is worth highlighting that periodic
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activation functions (i.e., Sine) [223] are employed as activation functions to tackle the high-

variations in spatially-varying field parameters (see Fig. 5.2).

Specifically, the space-dependent unknown parameter 𝑝1 and state-dependent variable 𝑝2 can

be modeled by different networks. The neural network parameters are 𝜽 . To further extend on

this, the network input 𝑥, 𝑦, and 𝑧 are discretized in the form of discrete points to model the space-

dependent field parameters at the corresponding locations. For state-dependent field parameters,

the inputs are temperature values at discrete locations within the spatial domain. Additionally, the

input values are scaled from -1 to 1 for better training performance.

Network training and adjoint backpropagation This work utilizes the Julia programming

language, employing adjoint backpropagation within the emerging field of neural ODEs. However,

traditional Neural ODEs often assume unknown or partially known differential equations, modeling

these components with black-box neural networks. In contrast, our approach diverges by leveraging

known parametric expressions of PDEs with unknown field parameters, which are subsequently

modeled using neural networks.

Furthermore, unlike conventional ML methods that typically rely on explicit formulations,

neural ODEs solve differential equations implicitly. This implicit approach directly integrates

fundamental patterns from physics, enabling the representation of characteristics in the form of

differential equations within neural network architectures. Consider an ODE system with a state

variable 𝑢, where the corresponding dynamic response 𝑢𝑡+1 can be calculated from the last timestep

𝑢𝑡 . The loss, represented by MAE, can be expressed in the following equation.

𝑢𝑡+1 = 𝑢𝑡 +
∫ 𝑡+1

𝑡

𝑓 (𝑢𝑡 , 𝑝)𝑑𝑡 (5.6)

L = |u − u𝑡𝑟𝑢𝑒 | =
���Solve

[
𝑓 (𝑡, 𝑝)

]
− u𝑡𝑟𝑢𝑒

���
=

���Solve
[
𝑓 (𝑡,N(𝜽))

]
− u𝑡𝑟𝑢𝑒

��� (5.7)

In a standard neural ODE system, we utilize the adjoint sensitivity method for efficiently

71



calculating the gradients. Let 𝑎(𝑡) denote the adjoint state [90].

𝒂(𝑡) = 𝜕L
𝜕𝒖(𝑡) (5.8)

Subsequently, Julia programming language leverages various adjoint sensitivity methods and

reverse-mode automatic differentiation techniques [93, 219] for various differential equation solves,

enabling the derivation of gradients with respect to the neural network model parameters. Utilizing

the chain rule, these gradients are used to update the model parameters and minimize the loss

function.

𝜕L
𝜕𝜽

=
𝜕L
𝜕𝒖

𝜕𝒖

𝜕𝑝

𝜕𝑝

𝜕𝜽
=

∫ 𝑡+1

𝑡

𝒂(𝑡)⊺ 𝜕 𝑓 (𝑢(𝑡), 𝑝)
𝜕𝑝

𝜕𝑝

𝜕𝜽
𝑑𝑡 (5.9)

where term 𝑎(𝑡)⊺ 𝜕 𝑓 (𝑢(𝑡),𝑝)
𝜕𝑝

can be efficiently calculated by automatic differentiation. Notably, if

the parameter 𝑝 is only space dependent, term 𝜕𝑝

𝜕𝜽 can be calculated separately for more efficient

computation.
𝜕L
𝜕𝜽

=
𝜕𝑝

𝜕𝜽

∫ 𝑡+1

𝑡

𝒂(𝑡)⊺ 𝜕 𝑓 (𝑢(𝑡), 𝑝)
𝜕𝑝

𝑑𝑡 (5.10)

5.3 Results

Flow in porous media. Recent attention has been also drawn to critical issues such as

contaminant transport and attenuation in water resources, along with the greenhouse effect resulting

from carbon emissions. Such environmental concerns have prompted increased efforts to tackle

these challenges. As observed across various natural systems [224, 225, 226, 227, 228, 229,

230], this phenomenon involves the movement of solutes in porous media, encompassing diverse

processes such as subsurface fluid flow or groundwater flow through soil or aquifers, as well as

carbon sequestration and storage. Despite similarities in the underlying governing equations, each

problem involving the movement of solutes through porous media exhibits unique characteristics due

to variations in environmental conditions, human activities, or geological processes. Understanding

these phenomena and accurately estimating relevant parameters are crucial for effectively addressing

those pressing issues. As an illustrative example, we focus on the subsurface transport problem, a
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Figure 5.1 Field parameter estimation for flow in porous media. a. A demonstration of flow
phenomena and random measurements are taken as the ground truth for model training. b. The
estimated hydraulic conductivity 𝐾 compared to the reference 𝐾 . c. The computed flow velocity
compared to the reference. d. The particle concentration predictions at different times. The
predictions align well with the ground truth, even for extrapolation at 𝑡 = 20𝑚𝑖𝑛.

widely studied issue highlighted in recent literature [231, 208, 211]. This problem exemplifies the

complexities of characterizing porous media and understanding transport phenomena within them.

The transport exhibits time-dependent behaviors and is described by two PDEs, the time-

dependent advection-dispersion equation (ADE) coupled with Darcy’s law. The ADE describes

the concentration of particles based on the flow velocity v, and Darcy flow characterizes the fluid

movement through porous media and establishes the relationship between hydraulic conductivity

𝐾 and hydraulic head ℎ. The ADE, Darcy’s law, and the expression for the velocity term can be

written as:

𝜕𝑢

𝜕𝑡
+ ∇ · [v𝑢] = ∇ · [D∇𝑢] (5.11)

∇ · [𝐾∇ℎ] = 0 (5.12)

v = −𝐾∇ℎ/𝜙 (5.13)

where state variable 𝑢 represents the particle concentration field, v is the average pore velocity

in the 𝑥 and 𝑦 direction in the 2D space, porosity 𝜙 is 0.317. Dispersion coefficient D is given

73



as D = 𝐷𝑤𝜏I + 𝛼∥v∥2, with diffusion coefficient 𝐷𝑤 = 0.09𝑚2/ℎ𝑟 , the tortuosity of the medium

𝜏 = 0.681. Dispersivity 𝛼 is a diagonal matrix with the principal components 𝛼𝐿 = 0.01𝑚, and

𝛼𝑇 = 0.001𝑚.

In this problem, the 2D space domain is defined as 𝐿𝑥 = 1𝑚 and 𝐿𝑦 = 0.5𝑚, as shown in

Fig.5.1a. Random spatial-temporal measurements of the concentration 𝑢 are taken within the

domain. The initial condition for ADE is defined as:

𝑢 =


𝑒𝑥𝑝

(
− 1600(𝑥 − 𝐿𝑥/2)2) , if 𝑦 = 0

0, otherwise
(5.14)

and Neumann boundary conditions of 𝑢 are applied to all boundaries. For the steady state Darcy

flow equation, the boundary conditions are:

ℎ(𝑥, 𝑦 = 0, 𝑡) = 0 (5.15)

− 𝐾𝜕ℎ(𝑥, 𝑦 = 𝐿𝑦, 𝑡)/𝜕𝑡 = 1 (5.16)

− 𝐾𝜕ℎ(𝑥 = 0 𝑜𝑟 𝐿𝑥 , 𝑦, 𝑡)/𝜕𝑡 = 0 (5.17)

The field parameter of interest is the spatially varying hydraulic conductivity 𝐾 (𝑥, 𝑦), which is

popularly studied in previous studies with experimental work and PINN models [232, 208, 211, 233].

During the training process for parameter estimation, the neural network model takes 2D spatial

coordinates as input. The model utilizes the parameter 𝐾 to predict the flow phenomena of particle

concentration within the domain. This predicted concentration is then compared with the ground

truth concentration to assess errors. The ground truth data is measured roughly every 16𝑠. It is

important to note that we take 10 direct parameter measurements because the system cannot be

solely determined from the state variables measurements. In this case, the modeled parameter field

𝐾 from the neural network is compared to the known measurement, and the parameter errors are

integrated with the errors calculated between the state variable predictions and observations,

Figure 5.1b displays the estimated parameter 𝐾 after training. Compared to the reference,

the error contour displays relatively low discrepancies with an MAE of 0.011. As illustrated in

Fig.5.1c, the flow velocities in both directions are also accurately prediction with relatively low
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errors compared to the reference. Figure 5.1d showcases the evolution of the state variable 𝑢 over

time. It is noteworthy that the training data only consists of the initial 16 minutes of spatial-temporal

data. Despite this, the estimated field parameter𝐾 can accurately predict the concentration 𝑢 beyond

the training region. The contour results extrapolated at 20𝑚𝑖𝑛 exhibit low error and align well with

the ground truth.

d

e

𝑉(𝑡 = 35𝑇𝑈)

𝑉(𝑡 = 45𝑇𝑈)

Case 1

Case 2

a b c

Ground truth Error (PINN)Error (ours) Prediction (PINN)Prediction (ours)

𝐷 Reference 𝐷 Error (PINN)𝐷 Error (ours) 𝐷 prediction (PINN)𝐷 prediction (ours)

Figure 5.2 Parameter estimation in a cardiac electrophysiology application. a.The training region
with Gaussian noise during measurement, and the estimated forward inference of 𝑉 . Compared
to PINN, NeuroFieldID achieves much higher accuracy in both the training and extrapolation
regions. b. The parameter estimation error under scarce data. (PINN exhibits 40% MAPE
with 25k data). c. The forward estimation error of 𝑉 under scarce data. d. The parameter
estimation results are presented for two representative cases with different field parameter 𝐷
distributions. e. The estimated response 𝑉 is compared to the ground truth for case 2. When
performing temporal extrapolation, PINN predicts values that do not adhere to physics laws, while
NeuroFieldID maintains good prediction accuracy.

Cardiac electrophysiology application and comparison with a PINN. Cardiac electrophysi-

ology (EP) stands out as a popular field in multiphysics, emphasizing the crucial coupling between

75



cardiac tissue properties and the generation as well as propagation of electrical signals within the

heart. Numerous research efforts are dedicated to exploring this intricate relationship, focusing on

physics-based models [234] and PINN models [235, 236, 194]. A subset of these studies delves

into estimating cardiac tissue electrical conductivity using in silico data [237, 195, 194], specif-

ically identifying heterogeneities. This aspect holds significant potential for clinically relevant

applications, particularly in the detection of fibrosis and other localized pathologies associated with

arrhythmias or atrial fibrillation [194, 195]. The canine ventricular Aliev-Panfilov model is utilized

in this section, with the coupled equations [194] defined in the following.

𝜕𝑉

𝜕𝑡
= ∇(𝐷∇𝑉) − 𝑘0𝑉 (𝑉 − 𝑎) (𝑉 − 1) −𝑉𝑊 (5.18)

𝜕𝑊

𝜕𝑡
=
(
𝜖 + 𝜇1𝑊

𝑉 + 𝜇2

) (
−𝑊 − 𝑘0𝑉 (𝑉 − 𝑏 − 1)

)
(5.19)

where the diffusion tensor 𝐷 determines the propagation speed and is proportional to the electrical

conductivity of the tissue 𝜎. 𝑎 and 𝑏 are known scalar related to the tissue excitation threshold

and refractoriness [194]. The state variable, transmembrane potential 𝑉 , represents the membrane

voltage and is accessible in experimental measurements. 𝑊 denotes an unknown state variable.

𝑘0 = 8, 𝜇1 = 0.2, 𝜇2 = 0.3, 𝑎 = 0.01, 𝑏 = 0.15, and 𝜖 = 0.002.

We employ a 2D slab of cardiac tissue (1𝑐𝑚 × 1𝑐𝑚) as the spatial domain and aim to recover

heterogeneous diffusion tensor 𝐷 (𝑥, 𝑦). Healthy tissue is represented by 𝐷 = 0.1𝑚𝑚2/𝑇𝑈, while

fibrosis tissue is represented by 𝐷 = 0.02𝑚𝑚2/𝑇𝑈. 1𝑇𝑈 is roughly 13𝑚𝑠 [194]. Neumann

boundary condition is applied with 𝜕𝑉
𝜕𝑥

= 0 and 𝜕𝑉
𝜕𝑦

= 0.

During training, Gaussian noise is added to the training data (transmembrane potential 𝑉

measurements) to mimic real-world situations. Voltage response data from a random spatial point

is shown in Fig.5.2a, and the training data spans the first 40𝑇𝑈 measured every 1𝑇𝑈. Examining the

predicted Voltage response𝑉 , it is evident that our NeuroFieldID strictly adheres to the physics and

showcases robustness in predictions extending beyond the training region, with precise temporal

extrapolations after 40𝑇𝑈, while PINN predicts negative 𝑉 values in many timesteps.

In Fig.5.2b and Fig.5.2c, we thoroughly examine the challenges posed by training data scarcity,
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illustrating parameter estimation errors for 𝐷 and forward inference errors for 𝑉 , respectively. It is

shown that NeuroFieldID demonstrates robust and accurate field parameter estimation performance,

even in scenarios involving noisy data and a limited number (only a few thousand) of training points

(i.e., the parameter distributions can be referred to the second row of Fig.5.2e). When employing

25,000 data points (50% data of all 𝑉 responses) for training, NeuroFieldID achieves a parameter

estimation MAPE of less than 5%, whereas PINN exhibits errors exceeding 40%, thereby resulting

in significantly inaccurate voltage predictions. In Fig.5.2d, two cases featuring distinct parameter

distributions are depicted for comparison in parameter estimation with PINN. The results illustrate

that NeuroFieldID effectively recovers parameters in both cases. However, the PINN approach fails

to estimate the random distribution 𝐷 in case 2. Even in case 1, where both methods accurately

capture the region with blue colors, the MAPE for the PINN approach is 13%, while NeuroFieldID

achieves an error that is two orders of magnitude more accurate, with a MAPE of less than 0.1%.

Subsequently, utilizing case 1, the forward 𝑉 predictions are compared in Fig.5.2e. Within the

training region (the first row), PINN achieves good predictions but still has one order magnitude

higher peak error than NeuroFieldID. However, PINN exhibits much higher errors for temporal

extrapolation (the second row) due to inaccurate estimation of parameter 𝐷.

5.4 Summary

In this paper, we presented NeuroFieldID for parameter field estimation for various multiphysics

PDE problems with scarce data. We thoroughly examined our approach in three emerging fields

for estimating parameters that are usually unknown and important for identifying the physics

phenomena. For the flow of porous media problem, we studied the hydraulic conductivity that

depends on the space domain. The estimated conductivity can help model the flow phenomena.

In the third problem, the diffusion property representing the tissue’s electrical conductivity is

estimated, aiming at detecting fibrosis and other localized pathologies associated with arrhythmias

or atrial fibrillation. Among all three case studies, the parameter distributions vary significantly

with distinct patterns, and the estimation results show satisfactory agreements with the reference

parameter fields. Although we only list examples in the multiphysics domain, the method is also
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very efficient when dealing with single physics problems or with scalar parameters (such as diffusion

equation, burgers equation, heat transfer, and advection problems).

Another advantage of this method is its capability to facilitate multiple parameter estimations.

This is achieved by modeling various parameters through separate network branches, allowing each

branch to possess flexible sizes and architectures. Based on the different scenarios, parameters can

be learned simultaneously or separately in a sequential manner. Furthermore, the neural network

output is a continuous function, which allows for high-resolution parameter evaluation at any point

within the domain.

Notably, compared to PINN, the proposed approach requires even less data for learning the

physics or estimating the parameters. This could be crucial in scenarios like temperature mea-

surement, where only surface measurements are accessible, or in flow problems, where too many

measurements are costly and time-consuming. In addition, the output from NeuroFieldID strictly

obeys physics, even under the variations of boundary conditions or initial conditions. This is

because NeuroFieldID incorporates that information into the solver and can still predict the physics

behavior correctly. However, a PINN approach may often suffer from those conditions changes

and necessitate a model retrain. Nevertheless, it is still worth mentioning that, unlike PINN, Neu-

roFieldID is still challenged by dimensionality and scalability. A relative increase in the number

of mesh sizes would result in an exponential increase in calculation time. One potential approach

to mitigate this challenge is by initially training on a coarse mesh to reduce the computation and

subsequently refining the results on a finer mesh.

The finite difference approach enables rapid and precise forward solutions, significantly en-

hancing the efficiency of training through backpropagation using the adjoint method for gradient

computation. One drawback of FDM is the constraint of geometries. The space domain are usually

rectangular or cylindrical and can be easily discretized using Cartesian or polar coordinates systems.

Regardless of many approaches have been trying to handle complex geometries in specific domains

such as in mechanics [238], heat transfer problem [239], and cardiology [240], such approaches of-

ten cannot be generalized for efficient solving for the forward solutions. Nevertheless, most physics
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phenomena are often studied in a confined domain where the geometry can be well-managed for

FDM. A more generalized approach can be based on the FEM and follow the same framework

proposed in this article. It is important to note that employing the FDM approach also introduces

numerical errors in forward solutions. However, these errors largely depend on the chosen mesh

size, representing a trade-off between computational cost and accuracy. Our tests reveal that using

a relatively smaller mesh size, despite yielding larger numerical errors, has minimal impact on field

parameter estimation. Furthermore, caution should be exercised when employing FDM in certain

domains, as the accumulation of numerical errors may impede convergence, especially in complex

dynamic systems. However, such scenarios are rare in our work, even within the multiphysics

domain.

Finally, it is worth mentioning that a correct starting point for estimating parameters is crucial.

Incorrectly guessing parameters can result in a violation of physical principles, leading to the

failure to solve PDE systems and nonsensical training loss. Moreover, a proper parameter guess

can also help avoid local minima. Tasks like parameter estimation from observation data are

generally treated as inverse problems. Such problems are often ill-posed and prone to getting stuck

at local minima, especially when the parameter field is complex or exhibits high variations, or when

dealing with multiple parameter estimations. Having access to prior knowledge can greatly help in

addressing this issue. However, in this article, we focus on showcasing a generalized approach for

parameter estimation based on governing PDEs, which can be further enhanced for domain-specific

applications. For example in the flow problem, if parameters can be directly measured in a few

locations, a penalty can be directly applied to the objective function by minimizing the errors

between the estimated parameters and the measured parameters. Additionally, if the parameters

are continuous and smooth, a spline fitting penalty can also be applied.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

This chapter presents several overarching conclusions from the previous chapters’ work and

outlines future research directions.

6.1 Conducted work and research contributions

The research presented in this thesis significantly advances the assessment and condition prog-

nosis of structural systems and greatly enhances the modeling of general dynamic systems. Specifi-

cally, this thesis makes substantial contributions to two major areas: anomaly detection and inverse

modeling (parameter estimation).

In the domain of anomaly detection, the thesis introduces a novel approach known as the

Mechanics-Informed Autoencoder, designed for the automated detection and localization of dam-

age within structural systems. This method represents a significant advancement by combining

ML with a mechanics-informed loss function, allowing it to accurately localize structural damage.

Additionally, the approach integrates data compression techniques with inexpensive sensor devices,

creating a "deploy-and-forget" system that enables automated SHM without the need for human

intervention. The performance of this method is noteworthy, with results showing up to a 35%

improvement in accuracy for damage detection and localization compared to standard autoencoder

models. Moreover, the approach’s generalizability has been demonstrated through extensive exper-

imental and numerical studies conducted under various conditions, making it a robust solution for

real-world applications.

In the domain of inverse modeling, this thesis contributes by developing a comprehensive

framework for estimating unknown parameter fields within differential equations. Within the field

of civil engineering, this framework makes a significant contribution by enabling precise estimation

of unknown and hard-to-measure structural parameters, as well as accurate prediction of structural

responses. This enhances the assessment and condition prognosis of structural systems while

effectively addressing mismatches between design, testing, and actual built parameters, ensuring

more accurate modeling of real-world structures. The developed inverse modeling framework
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outperforms other deep learning methods for identifying structural behaviors and provides an

accurate structural response evaluation.

Furthermore, the framework’s applicability extends beyond civil engineering to the broader field

of engineering and dynamic systems. The extended framework is capable of handling nonlinear

high-order parametric PDEs and can be applied to both forward and inverse problems in dynamic

systems. It is particularly effective in scenarios where the PDE parameters are unknown or vary with

complex spatiotemporal dynamics. Additionally, the framework’s generalization potential enables

its application to ODEs and PDEs across various scientific fields. Its versatility, coupled with

the ability to significantly reduce the required training data by 10 to 100 times while decreasing

prediction errors, makes it a robust approach for capturing complex physical behaviors and a

valuable resource for dynamic system modeling and prognosis.

6.2 Future research

Building upon the contributions of this thesis, future research can focus on several key areas to

further advance the field. First, there is an emphasis on scientific discovery for engineering systems,

particularly in identifying and solving unknown equations and parameters within interdisciplinary

fields. This will be crucial for advancing our understanding and capability to accurately model

complex dynamic systems.

Second, the research will explore probabilistic modeling and Bayesian inference, with a focus on

uncertainty analysis and risk anticipation. This approach will enhance the robustness of predictions

and provide a deeper understanding of the potential risks associated with dynamic systems.

Lastly, scalable AI/ML techniques will be a significant area of future work. This includes the

development and application of foundation models and generative AI, which are expected to play

a crucial role in advancing the scalability and applicability of AI/ML in engineering systems and

beyond.
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