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ABSTRACT

Topological and geometrical methods are known for their capability to reduce noise and

have achieved significant success in analyzing complex biological data. A key method in

topological data analysis is persistent homology, which leverages a filtration of simplicial

complexes to extract multiscale spatial information. To integrate non-spatial information,

specially tailored persistent homology approaches, such as element-specific persistent ho-

mology, have been proposed and have shown significant success in predictive modeling of

molecular structures.

Recently, it was discovered that persistent Laplacians can be defined for a filtration, and

the nullity of a persistent Laplacian is equal to the corresponding persistent Betti number,

suggesting that the spectra of persistent Laplacians offer additional information beyond

traditional persistent homology. Spectra of persistent Laplacians can be used in combination

with persistent homology to enhance the featurization of raw biological data. Inspired by the

theory of cellular sheaves, the theory of persistent sheaf Laplacians was proposed; spectra

of persistent sheaf Laplacians encode both spatial and non-spatial information of a labeled

point cloud. The theory of persistent sheaf Laplacians provides an elegant method for fusing

different types of data and holds significant potential for future development.

The construction of persistent Laplacians can also be easily generalized to other settings,

such as digraphs and hypergraphs. These generalizations are important, as they offer various

ways to integrate different types of biological information. In this thesis, we introduce

persistent Laplacians and some generalizations, such as persistent sheaf Laplacians, and

discuss their applications in biology.
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CHAPTER 1

INTRODUCTION

In recent years, advancements in experimental techniques in biological research have gen-

erated vast amounts of data requiring extensive analysis. A biological object can often

be viewed as a geometrical object in various ways; for instance, a protein’s atoms form a

point cloud, its molecular surface can be seen as a manifold, and its polypeptides may be

treated as knots or links. Since certain types of biological data possess spatial informa-

tion, topological and geometrical methods have shown great potential in analyzing them

[17, 40, 48, 78, 137, 146].

One prime example of applying topological methods in biology is the use of persistent

homology in predictive modeling of molecular structures [16, 18, 19, 20, 144, 145]. A fun-

damental principle in molecular biology is that structure dictates function. Since critical

structural information often varies depending on the problem and dataset, using machine

learning to capture this information is more effective. When employing supervised learning

methods, such as gradient boosting trees, the challenge lies in featurization, i.e., mapping a

high-dimensional raw molecular structure to a low-dimensional space while preserving suf-

ficient structural information. As molecules can be naturally viewed as point cloud data,

persistent homology provides a solution to this challenge. The basic idea of persistent ho-

mology is to create a multiscale family of simplicial complexes (referred to as a filtration)

from the molecule and describe the evolution of these simplicial complexes. For any two

simplicial complexes X ⊂ Y in the filtration, the persistent homology group Hi(X, Y ) can

be calculated, and the collection of all persistent homology groups describes the shape evo-

lution of the simplicial complexes and provides a multiscale and low-dimensional topological

characterization of the point cloud.

It is important to remember that biological data are not purely geometrical, and successful

applications of topological or geometrical methods must incorporate non-spatial information.

A good mathematical representation of biological data should capture the spatial information
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and the non-spatial information at the same time. For example, when studying molecular

structures, to extract finer structural information, we can use only atoms of certain element

types or of certain roles when performing persistent homology analysis (this approach is

referred to as the element specific persistent homology [20]). If Vietoris-Rips filtration is

employed, we can also modify the distance matrix to emphasize specific types of interactions

between atoms.

The major theme of this thesis is the persistent Laplacian approach, proposed to com-

plement persistent homology and its generalizations that integrate various non-spatial infor-

mation. Laplacians are ubiquitous in science and engineering and are deeply connected to

homology theories. In graph theory, it is known that the nullity of the graph Laplacian is

equal to the number of connected components, and the smallest nonzero eigenvalue, called

the Fiedler value, reflects the graph’s connectivity. For simplicial complexes, the combina-

torial Laplacian [43] is defined for each dimension on a simplicial complex, and we can prove

that the kernel of a combinatorial Laplacian is isomorphic to the corresponding simplicial

homology group. On a differentiable manifold, de Rham-Hodge theory states that the kernel

of a Hodge Laplacian is isomorphic to the corresponding de Rham cohomology group. Thus,

combinatorial Laplacians are discretizations of Hodge Laplacians. Another discretization of

Hodge Laplacians can be achieved through discrete exterior calculus [42], and a multiscale

formulation of Hodge Laplacians on manifolds was introduced by Chen et al. [32] to study

manifold-type data. For knot-type data, multiscale Laplacians also exist in the context of

Khovanov homology [120].

Persistent Laplacians [84, 133] are the counterparts of combinatorial Laplacians in the

context of persistent homology. It has been suggested that the spectra of persistent Lapla-

cians not only retain information from persistent homology but also provide additional spatial

information1. In the most general sense, any method that utilizes multiscale Laplacians to

quantitatively analyze data can be referred to as a persistent Laplacian approach. The the-

1However, beyond simple cases, making explicit statements about the relationship between shape and
spectrum is often challenging.
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ory of persistent Laplacians has been studied extensively in [63, 88, 96]. Algorithms have

been developed for computing persistent Laplacians [96, 135], and these Laplacians have

been applied to protein-ligand binding prediction [97], SARS-CoV-2 research [28, 139], and

protein engineering [105]. To integrate non-spatial information, persistent Laplacians have

been extended to various mathematical settings, such as cellular sheaves [141], flag complexes

[75], digraphs [134], hypergraphs [90], and hyperdigraphs [24].

This thesis is organized as follows. In Chapter 2, we introduce the theory of persistent

homology and persistent Laplacians. In Chapter 3, we develop the theory of persistent sheaf

Laplacians, which can be applied to analyze labeled point clouds. In Chapter 4, we review

some recent developments concerning persistent Laplacians. In Chapter 5, we demonstrate

the application of persistent Laplacians in COVID-19 research.
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CHAPTER 2

PERSISTENT LAPLACIANS

In this chapter we first present a very brief introduction to persistent homology theory and

then give the definition of a persistent Laplacian. [99] is a very good reference on simplicial

complexes. [44] contains an introduction to basic concepts of topology from a computational

perspective.

Simplicial complexes and combinatorial Laplacians

Definition 2.0.1. A q-simplex, denoted as σq = {u0, . . . , uq}, is the convex hull of q + 1

affinely independent points u0, . . . , uq in Rn. The orientation of σq is determined by the

ordering of the vertices and two orderings define the same orientation if and only if they

differ by an even permutation. The dimension of σq = {u0, . . . , uq} is defined as q. For

0 ≤ i ≤ n, {u0, . . . , ûi, . . . , uq} is said to be a face of σq, where the hat indicates the omission

of the vertex ui.

Definition 2.0.2. A finite set of simplices, X, is a simplicial complex if the following con-

ditions are satisfied: (1) all faces of any simplex in X are also in X; (2) the non-empty

intersection of any two simplices in X is a common face of the two simplices. The dimension

of a simplicial complex X is defined as the maximal dimension of its simplices.

Definition 2.0.3. Given a finite set V , an abstract simplicial complex X is a collection of

subsets of V , such that if a set σ is in X, then any subset of σ is also in X. A set σ that

consists of q+1 elements is referred to as a q-simplex. If σ is a subset of τ , then we say that

σ is a face of τ and denote the face relation by σ ⩽ τ . If X and Y are abstract simplicial

complexes and X ⊂ Y , then X is referred to as a subcomplex of Y .

(a) 0-simplex (b) 1-simplex (c) 2-simplex (d) 3-simplex

Figure 2.1 Illustrations of simplices.
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The concepts of abstract simplicial complexes and simplicial complexes are closely re-

lated. One may build a simplicial complex from an abstract simplicial complex or vice versa

[44]. They contain exactly the same combinatorial information. From now on we will not

distinguish abstract simplicial complexes from simplicial complexes.

Example 2.0.1. A simple graph G = (V,E) can be seen as a simplicial complex, since each

edge {vi, vj} ∈ E is a subset of the vertex set V .

Example 2.0.2. Suppose V is a finite set of points in Rn. Given a real number d, a

Rips complex Xd can be defined as follows. A set σ = {va0 , . . . , vaq} ∈ Xd if and only if the

Euclidean distance
∥∥vai , vaj∥∥ ≤ d for any pair of points vai and vaj . We can see that Xs ⊂ Xt

if s ≤ t.

Example 2.0.3. Given a finite set of points V in Rn, we can also build an Alpha complex.

First we define the Voronoi cell. The Voronoi cell of a point u in V is

Vu = {x ∈ Rn | ∥x− u∥ ≤ ∥x− v∥ , v ∈ V }.

Let Bu(r) be the closed ball with center u and radius r. Denote the intersection Bu(r) ∩ Vu

by Ru(r). Then the Alpha complex Alpha(r) is defined by

{σ ⊂ V |
⋂
u∈σ

Ru(r) ̸= ∅}.

In other words, Alpha(r) is the nerve of cover {Ru(r), u ∈ V }. It is also true that Alpha(r1) ⊂

Alpha(r2) if r1 ≤ r2.

Each simplicial complex has an associated algebraic structure called the simplicial chain

complex. For the sake of simplicity, we will designate a fixed global ordering of vertices in

a simplicial complex, and require that vertices of any simplices should be ordered according

to the fixed ordering1. For example, suppose we use the natural ordering 0 < 1 < 2 for

the simplicial complex {{0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}} (Figure 2.2b), then we must not

1A fixed ordering is not necessary. The reader can find more information in [99].
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write the simplex {0, 1} as {1, 0}. To emphasize that a simplex {v0, . . . , vq} is ordered, we

will use notation [v0, . . . , vq] or v0 . . . vq.

0 1

2

(a)

0 1

2

(b)

0 1

2

(c)

Figure 2.2 (a) The simplicial complex {{0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}, {0, 1, 2}}. (b) The
oriented simplicial complex {0, 1, 2, 01, 02, 12}. Arrows emphasize that vertices are ordered.
(c) The oriented simplicial complex {0, 1, 2, 01, 12}.

Definition 2.0.4. A simplicial chain complex consists of a sequence of real vector space

Cq(X) and a sequence of linear homomorphisms ∂q between them. It is usually written out

as follows:

· · · C2(X) C1(X) C0(X) 0
∂3 ∂2 ∂1

where the real vector space Cq(X) is generated by q-simplices. An element of Cq(X) is called

a q-chain, and we can actually represent a q-chain by a function fq whose domain is the set

of q-simplices. The boundary operator ∂q is a linear map such that

∂q[va0 , . . . , vaq ] =
∑
i

(−1)i[va0 , . . . , v̂ai , . . . , vaq ].

Here the symbol v̂ai means that v̂ai is deleted. The ordering of vertices ensures that the

boundary operator is well-defined.

It is well known that ∂q∂q+1 = 0, so the q-th homology group Hq = ker ∂q/ im ∂q+1

is well-defined. The dimension of the homology group Hq is referred to as the q-th Betti

number.

Example 2.0.4. At least for some simple simplicial complexes, the q-th Betti number counts

the number of q-dimensional holes. The simplicial complex X = {0, 1, 2, 01, 02, 12} (Figure
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2.2b) has only two chain groups C0 and C1, and one boundary map ∂1 which can be repre-

sented by the matrix



01 12 02

0 −1 0 −1

1 1 −1 0

2 0 1 1

.

Recall that we can identify a q-chain
∑

σ cσσ with a function fq such that fq(σ) = cσ. The

operator ∂1 maps a real-valued function f1 : {01, 12, 02} → R to a function f0 : {0, 1, 2} → R

where f0(0) = −f1(01) − f1(02), f0(1) = f1(01) − f1(12), f0(2) = f1(12) + f1(02). Since

C2 = 0, the homology group H1 is ker ∂1 and we can verify that f1 ∈ H1(X) implies

f1(01) = −f1(02) = f1(12). In other words, the 1-th Betti number is 1.

For the simplicial complex Y = {0, 1, 2, 01, 12} (Figure 2.2c), the matrix representation

of ∂1 is



01 12

0 −1 0

1 1 −1

2 0 1


and we can verify that the only f1 ∈ C1(Y ) that satisfies ∂1f1 = 0 is the zero function.

The intuition behind the difference of H1(X) and H1(Y ) is that, in X the edges {01, 12, 02}

constitute a close path, while in Y there are no close paths.

Generally, a sequence of abelian groups and group morphisms

· · · Aq+1 Aq Aq−1 · · ·∂q+2 ∂q+1 ∂q ∂q−1

where ∂q∂q+1 = 0 holds, is referred to as a chain complex. The q-th homology group Hq =

ker ∂q/ im ∂q+1 is readily defined. If each chain group Aq is an inner product space, the q-th
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combinatorial Laplacian or Hodge Laplacian ∆q : Aq → Aq [43] is defined by

∂q+1∂
†
q+1 + ∂†q∂q,

where ∂†q denotes the adjoint of ∂q. The q-th combinatorial Laplacian ∆q is a positive semi-

definite symmetric operator and therefore only has non-negative eigenvalues. We often call

∂q+1∂
†
q+1 the q-th up Laplacian and denote it by ∆q,+, and ∂†q∂q the q-th down Laplacian and

denote it by ∆q,−. A sequence of abelian groups and group morphisms

· · · Aq−1 Aq Aq+1 · · ·∂q−2 ∂q−1 ∂q ∂q+1

where ∂q∂q−1 = 0, is called a cochain complex. The q-th cohomology group is ker ∂q/ im ∂q−1,

and the q-th combinatorial Laplacian for a cochain complex is defined analogously when each

cochain group is an inner product space.

Example 2.0.5. The graph Laplacian L of a graph G = (V,E) is usually defined element-

wise by

Lij =


deg vi, if i = j

−1, if i ̸= j and vi is adjacent to vj

0, otherwise

The graph Laplacian L actually coincides with the matrix representation of 0-th combina-

torial Laplacian ∆0. Take the graph {[a, b], [b, c], [c, a]} as an example.

a b

c
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Its graph Laplacian is



a b c

a 2 −1 −1

b −1 2 −1

c −1 −1 2

.

The matrix representation of ∂1 is



ab bc ac

a −1 0 −1

b 1 −1 0

c 0 1 1

,

and 
−1 0 −1

1 −1 0

0 1 1



−1 1 0

0 −1 1

−1 0 1

 =


2 −1 −1

−1 2 −1

−1 −1 2

 .

Example 2.0.6. Consider the 2-simplex shown below. We compute its ∆1.

a b

c

The matrix representation of ∂1 is



ab bc ac

a −1 0 −1

b 1 −1 0

c 0 1 1

,
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and the matrix representation of ∂2 is



abc

ab 1

bc 1

ac −1

.

The matrix representation of ∆1 = ∂2∂
†
2 + ∂†1∂1 is

1

1

−1


(
1 1 −1

)
+


−1 1 0

0 −1 1

−1 0 1



−1 0 −1

1 −1 0

0 1 1

 =


3 0 0

0 3 0

0 0 3

 .

Definition 2.0.5. Two q-simplices σi and σj are said to be lower adjacent, denoted by

σi
L∼ σj, if they share a common (q − 1)-face. They are said to be upper adjacent, denoted

by σi
U∼ σj, if they both are faces of a (q + 1)-simplex. The lower degree degL(σ) of a q-

simplex σ is q+1, the number of its (q− 1)-faces. The upper degree degU(σ) of a q-simplex

σ is defined as the number of (q + 1)-simplices in K of which σ is a face. The degree of

q-simplex σ is defined by

degU(σ) + degL(σ) = degU(σ) + q + 1.

Now suppose σi
U∼ σj with a common upper (q + 1)-simplex τ . Let’s examine the signs of

the coefficients of σi and σj in the boundary ∂τ of τ . We say that σi and σj are similarly

oriented if the signs of the coefficients of σi and σj in ∂τ are the same; They are dissimilarly

oriented if the signs are different.

Next suppose σi
L∼ σj with common lower (q − 1)-simplex η. Let’s examine the signs of

the coefficients of η in ∂σi and ∂σj. We say that η is a similar common lower simplex of

σi and σj if the signs are the same; η is a dissimilar common lower simplex if the signs are

different.

The following proposition gives an explicit formula for Lq, the matrix representation of

∆q.
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Proposition 2.0.1. [52, Theorem. 3.3.4] Suppose we have a finite simplicial complex and

its set of q-simplices is {σ1, . . . , σn}.

(1) When q = 0,

Lij =


degU σi, if i = j

−1, if i ̸= j and σi
U∼ σj

0, if i ̸= j and σi
U≁ σj

(2) If q > 0, then

Lij =



degU σi + q + 1, if i = j

1, if i ̸= j, σi
U≁ σj and have a similar

common lower simplex

−1, if i ̸= j, σi
U≁ σj and have a dissimilar

common lower simplex

0, if i ̸= j and either σi and σj are upper

adjacent or are not lower adjacent

Next we are going to show that the kernel of ∆q is isomorphic to the q-th homology

group. We first need the following lemma.

Proposition 2.0.2. [85] If U, V,W are finite-dimensional inner product spaces and f : U →

V , g : V → W are two linear morphisms such that gf = 0,

U V W
f g

then ker(g†g + ff †) ∼= ker g/ im f , and V = im g† ⊕ ker(g†g + ff †)⊕ im f .

Proof. We give the reader an outline of the proof. Since ⟨g†g+ff †v, v⟩ = ⟨gv, gv⟩+⟨f †v, f †v⟩,

v ∈ ker(g†g + ff †) is equivalent to v ∈ ker g ∩ ker f †. Since ker f † is orthogonal to im f , and

im f ⊂ ker g, we know that ker(g†g + ff †) is isomorphic to the orthogonal complement of

im f in ker g.
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The condition that v⊥ im f implies that ⟨v, v⟩ ≤ ⟨v + fu, v + fu⟩ for any u ∈ U .

Conversely, if ⟨v + fu, v + fu⟩ − ⟨v, v⟩ = 2⟨v, fu⟩ + ⟨fu, fu⟩ >= 0 for any u ∈ U ,

⟨v, fu⟩ must be 0, otherwise we can always multiply a coeffcient k to u to make the sum

2k⟨v, fu⟩ + k2⟨fu, fu⟩ < 0. Therefore, for a equivalent class v′ + im f in ker g/ im f , its

corresponding element v in ker(g†g + ff †) is the element that minimizes its ‘size’ ⟨v, v⟩.

Each chain group of a simplicial chain complex has a canonical inner product structure.

We can just let ⟨σ, τ⟩ = 0 if σ ̸= τ , and ⟨σ, τ⟩ = 1 if σ = τ . Therefore the q-th combinatorial

Laplacian is readily defined for a simplicial complex. Apply Proposition 2.0.2 to a simplicial

chain complex, we know that the kernel of the q-th combinatorial Laplacian ∆q is isomorphic

to the q-th homology group Hq [43] (sometimes called the Hodge theorem), and Aq admits

a Hodge decomposition

Cq(X) = im ∂†q ⊕ ker∆q ⊕ im ∂q+1.

Proposition 2.0.3. The nonzero spectrum of ∆q is the union of the nonzero spectra of ∆q,+

and ∆q,−.

Proof. This is derived from the Hodge decomposition. Since ∆q|im ∂†
q
= ∆q,+|im ∂†

q
⊂ im ∂†q

and ∆q|im ∂q+1 = ∆q,−|im ∂q+1 ⊂ im ∂q+1, ∆q is indeed the orthogonal direct sum

0|ker∆q ⊕∆q,+|im ∂†
q
⊕∆q,−|im ∂q+1 .

The operator ∆0 = ∂1∂
†
1 is more commonly known as the graph Laplacian, and there is

a vast amount of work regarding the relation between the spectrum of graph Laplacian and

the shape of a graph [37]. For a connected graph, it is well known that the minimal nonzero

eigenvalue of the graph Laplacian reflects the graph connectivity [47]. Note that graphs that

have the same homology groups may have different graph Laplacians (Figure 2.3).

The intuition behind the Hodge theorem when q = 0 is as follows. For a simple graph

(V,E), let f0 be a function that sends every vertex to a real number. If we view the simple

12



(a) (b) (c)

Figure 2.3 Simplicial homology can distinguish (a) from (b) and (c), but cannot distinguish
between (b) and (c). The graph Laplacian can distinguish among all of them. Indeed for a
cycle graph with n vertices, the spectrum of the graph Laplacian is {2− 2 cos(2kπ/n) | k =
1, . . . , n}.

graph as a simplicial complex, ∂†1 maps f0 to a real valued function whose domain is E. The

sum

∑
ij∈E

|f0(i)− f0(j)|2 = ⟨∂†1f0, ∂
†
1f0⟩ = ⟨f0, ∂1∂†1f0⟩

is called the Dirichlet energy of f0, and it measures how f0 varies over V . Any f0 ∈ ker∆0 =

ker ∂1∂
†
1 is a function with zero Dirichlet energy. For a connected graph, if f0 has zero

Dirichlet energy then f0(a) = f0(b) for any two vertices a and b, because there is always

a path that starts from a and ends at b. In other words, f0 is a constant function. If a

graph has more than one connected components, f0 only needs to be locally constant on any

connected components. In other words, the dimension of ker∆0 is equal to the number of

connected subgraphs, which is also the dimension of H0.

Persistent homology

Now suppose X is a subcomplex of Y . Then the q-th chain group of X is a subspace of

the q-th chain group of Y , as shown in the following diagram

· · · Cq+1(X) Cq(X) Cq−1(X) · · ·

· · · Cq+1(Y ) Cq(Y ) Cq−1(Y ) · · ·

∂q+2 ∂q+1 ∂q ∂q−1

∂q+2 ∂q+1 ∂q ∂q−1

where hooked dashed arrows represent inclusion maps ι : Cq(X) ↪→ Cq(Y ). The inclusion ι

is a chain map and induces a map ι• : Hq(X) → Hq(Y ). Intuitively, ι• sends a cycle, i.e., an

element of ker ∂q(X), to itself in ker ∂q(Y ). The q-th persistent homology for the pair (X, Y )

13



is the image

ι•(Hq(X)).

Proposition 2.0.4.

ι•(Hq(X)) ∼=
ker ∂q(X)

ker ∂q(X) ∩ im ∂q+1(Y )
.

Proof. For any α ∈ ker ∂q(X), α + im ∂q+1(X) ∈ ker ι• is equivalent to α ∈ im ∂q+1(Y ).

α ∈ ker ∂q(X) ∩ im ∂q+1(Y ), is equivalent to

α + im ∂q+1(X) ∈ ker ∂q(X) ∩ im ∂q+1(Y )

im ∂q+1(X)
.

Therefore,

ker ι• =
ker ∂q(X) ∩ im ∂q+1(Y )

im ∂q+1(X)
,

and

ι•(Hq(X)) ∼=
ker ∂q(X)/ im ∂q+1(X)

ker ∂q(X) ∩ im ∂q+1(Y )/ im ∂q+1(X)
∼=

ker ∂q(X)

ker ∂q(X) ∩ im ∂q+1(Y )
.

The quotient space ker ∂q(X)/(ker ∂q(X) ∩ im ∂q+1(Y )) has an intuitive interpretation.

The space ker ∂q(X) ∩ im ∂q+1(Y ) actually corresponds to all the (q + 1)-simplices in Y

whose boundaries are in X. When X evolves into Y (more simplices are added), some

topological features of X will be lost (a cycle maybe filled). We can say that the quotient

space ker ∂q(X)/(ker ∂q(X) ∩ im ∂q+1(Y )) captures the persistent topological features of X.

Persistence modules

Given a point cloud, a filtration of simplicial complexes can be constructed in various

ways. Recall that a filtration is a sequence of simplicial complexes {Xt}, where Xs ⊂ Xt if

s ≤ t.
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Example 2.0.7. One popular construction is called the Rips filtration, where Xt is the Rips

complex with t as the threshold: a simplex is in Xt if and only if the distance between any pair

of its vertices is at most t. Because there are only finitely many possible pairwise distances,

Xt will change only for a finite number of times. Consider the point cloud {x = (1, 0), y =

(0, 1), z = (−1, 0), w = (0,−1)} ⊂ R2 shown in 2.4a. When t = 0, there are no edges in

Xt. When t =
√
2, Xt changes for the first time and becomes {x, y, z, w, xy, yz, zw, xw}. If

t goes from
√
2 to 2, X2 = X√2 ∪ {xz, yw, yzw, xzw, xyw, xyz, xyzw}. As t becomes bigger,

Xt contains more and more simplices.

(a) (b) (c)

Figure 2.4 (a) X0 = {x, y, z, w}. (b) X√2 = {x, y, z, w, xy, yz, zw, xw}. (c) X2 = X√2 ∪
{xz, yw, yzw, xzw, xyw, xyz, xyzw}.

After a filtration is constructed, each inclusion map Xs ⊂ Xt induces a map ι•s,t :

Hq(Xs) → Hq(Xt) for each q ≤ 0. These homology groups and maps form a sequence

· · · Hq(Xti) Hq(Xti+1
) Hq(Xti+2

) · · · .
ι•ti,ti+1

ι•ti+1,ti+2

Note that ι•ti+1,ti+2
ι•ti,ti+1

= ι•ti,ti+2
. Using the language of category theory, we can say that such

a sequence is a functor from a totally order set {ti} (ti ≤ ti+1 is thought of as a morphism

ti → ti+1) to the category of vector spaces. Such a functor is called a persistence module.

This viewpoint will pave the way for further generalizations.

It is known that a persistence module has a unique decomposition into fundamental build-

ing blocks [151]. We usually view the filtration {Xt} as a temporal evolution, so homology

class are ‘born’ and ‘killed’ at certain timestamps. Each fundamental building block in the

decomposition of a persistence module will be interpreted as the life of a homology class.

This unique decomposition is often represented as a persistence diagram or barcodes. The
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number of homology classes that are born and killed at certain timestamps can actually be

calculated from persistent Betti numbers [44].

Persistent Laplacians

It is possible to construct a symmetric semi-definite operator whose kernel is isomorphic

to a given persistent homology group. In this section we slightly generalize the notion of

persistent homology to the setting of differential graded inner product spaces2, and give the

definition of a persistent Laplacian.

Definition 2.0.6. A differential graded inner product space (V, dV ) is just a chain complex

· · · Vq+1 Vq Vq−1 · · ·
dVq+2 dVq+1 dVq dVq−1

whose chain groups are inner product spaces. One can think of V as the direct sum of all

Vq. When we say (V, dV ) is a subspace of (W, dW ), we mean that Vq is a subspace of Wq for

any q, and the inner space structure of Vq and boundary operator d of (V, dV ) are inherited

from (W,dW ).

For a pair of differential graded inner product spaces (V, dV ) ⊂ (W,dW ), the q-th persis-

tent homology group is defined analogously by

ι•(Hq(V )) ∼=
ker dVq

ker dVq ∩ im dWq+1

.

Observe that ker dVq ∩ im dWq+1 = Vq ∩ im dWq+1. The preimage of Vq ∩ im dWq+1 under dWq+1 is

just (dWq+1)
−1(Vq) = {w ∈ Wq+1 | dWq+1w ∈ Vq}. Hence, ker dVq ∩ im dWq+1 is the image of

πdWq+1|(dWq+1)
−1(Vq) : (d

W
q+1)

−1(Vq) → Vq, where π = ι†, the projection map from W to V . We

denote πdWq+1|(dWq+1)
−1(Vq) by dV,Wq+1 , and (dWq+1)

−1(Vq) by ΘV,W
q+1 . These maps are shown in the

2The extension of persistent Laplacians to the setting of differential graded inner product spaces first
appeared in [88].
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following diagram

Vq+1 Vq Vq−1

ΘV,W
q+1

Wq+1 Wq

dVq+1

(dV,W
q+1 )†

dVq

(dVq )†dV,W
q+1

dWq+1

where hooked dashed arrows represent inclusion maps. We define the q-th persistent Lapla-

cian ∆V,W
q : Vq → Vq by

(dVq )
†dVq + dV,Wq+1 (d

V,W
q+1 )

†.

Because dVq d
V,W
q+1 = 0, by Proposition 2.0.2 we see that

ker∆V,W
q

∼=
ker dVq

ker dVq ∩ im dWq+1

.

This relation is sometimes referred to as the persistent Hodge theorem. The operators

dV,Wq+1 (d
V,W
q+1 )

† and (dq)
†dq are sometimes referred to as the up persistent Laplacian and the

down persistent Laplacian, respectively.

If there is an inner product preserving chain map f : (V, dV ) → (W,dW ), the q-th per-

sistent Laplacian can also be defined [88]. The concept of a persistent Laplacian was first

introduced by André Lieutier in 2014 [84]. Later in 2020, it was rediscovered independently

by Wang et al [133]. Persistent Laplacians are originally defined for simplicial chain com-

plexes (C•(X), ∂) and (C•(Y ), ∂) where X is a subcomplex of Y .

The matrix representation of a persistent Laplacian

In this section we will explain the calculation of the matrix representation of a persistent

Laplacian with simple examples.

Example 2.0.8. We compute the persistent Laplacian ∆X,Y
1 for X and Y in Figure 2.5.

Since each chain group has a canonical orthonormal basis, the matrix representation of ∂† is
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0

1

2

3

(a) X

0

1

2

3

(b) Y

Figure 2.5 X = {0, 1, 2, 3, 01, 12, 23, 03} and Y = {0, 1, 2, 3, 01, 12, 23, 03, 02, 012, 023}.

the transpose of the matrix representation of ∂. The matrix representation of ∂X
1 is



01 12 23 03

0 −1 0 0 −1

1 1 −1 0 0

2 0 1 −1 0

3 0 0 1 1


,

and we easily get the matrix representation of (∂X
1 )†



0 1 2 3

01 −1 1 0 0

12 0 −1 1 0

23 0 0 −1 1

03 −1 0 0 1


.
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The matrix representation of ∂Y
2 is



012 023

01 1 0

12 1 0

23 0 1

03 0 −1

02 −1 1


.

Our goal is to find a basis of the subspace ΘX,Y
2 . We first try to make the submatrix

( 012 023

02 −1 1

)
in column echelon form. We apply one column reduction and get



012 023 + 012

01 1 1

12 1 1

23 0 1

03 0 −1

02 −1 0


.

Therefore, ΘX,Y
2 = span(023 + 012) and one matrix representation of ∂X,Y

2 is



023 + 012

01 1

12 1

23 1

03 −1


.
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Generally, for f : V → W , if we choose arbitrary bases of V and W and take a matrix

representation [f ] of f , then the matrix representation [f †] of f † is P−1[f ]TQ, where P and

Q are inner product matrices of V and W respectively. If we use {023 + 012} as the basis

of ΘX,Y
2 , then the inner product matrix of ΘX,Y

2 is 2 (the square of the norm of 023 + 012).

The corresponding matrix representation of (∂X,Y
2 )† is

1

2

(
1 1 1 −1

)
and the matrix representation of the up Laplacian is



01 12 23 03

01 1/2 1/2 1/2 −1/2

12 1/2 1/2 1/2 −1/2

23 1/2 1/2 1/2 −1/2

03 −1/2 −1/2 −1/2 1/2


.

We can also find an orthonormal basis for ΘX,Y
2 at first and just take the transpose. After

the calculation of the up persistent Laplacian and the down persistent Laplacian, we only

need to add them to get the persistent Laplacian.

One of the main contributions of [63, 96] is that the up persistent Laplacian can be

calculated via the Schur complement. Let’s first recall the definition.

Definition 2.0.7. For a square matrix M =

A B

C D

, the Schur complement [23] of D in

M , denoted by M/D, is given by A−BD−1C where D−1 is the Moore-Penrose generalized

inverse. We can view M as an operator on Rn, so M/D is a way of ‘restricting’ M to

the subspace Rm corresponding to A. Now suppose L : V → V is a linear operator on a

finite-dimensional real inner product space V , and W is a subspace, we can define the Schur

restriction of L onto W as follows. We first choose bases for W and W⊥. With respect
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to the chosen bases, the matrix representation of L is a block matrix


W W⊥

W A B

W⊥ C D

,

and the Schur restriction Sch(L,W ) : W → W is naturally defined by the linear operator

represented by A−BD−1C.

Gulen et al. [63] showed that if L is self-adjoint positive semi-definite, the Schur re-

striction Sch(L,W ) is well defined, i.e., independent of the choice of bases of W and W⊥.

Moreover, they proved the following proposition.

Proposition 2.0.5. Let f : V̂ → V be a linear morphism between two finite-dimensional real

inner product space, and L = ff † : V → V . For any subspace W ⊂ V , let fW : f−1W → W

be the restriction of f on f−1W (its codomain is also restricted to W ). Then the Schur

restriction of L onto W is fW (fW )†.

This proposition ensures that we can first compute ∂Y
q+1(∂

Y
q+1)

† and then compute the

Schur complement. In the above example, the matrix representation of ∂Y
q+1(∂

Y
q+1)

† is



01 12 23 03 02

01 1 1 0 0 −1

12 1 1 0 0 −1

23 0 0 1 −1 1

03 0 0 −1 1 −1

02 −1 −1 1 −1 2


.

Note that Cq(X) = span{01, 12, 23, 03}. We treat this matrix as a block matrixA B

C D
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where A is



01 12 23 03

01 1 1 0 0

12 1 1 0 0

23 0 0 1 −1

03 0 0 −1 1


.

The Schur complement A−BD−1C is



01 12 23 03

01 1/2 1/2 1/2 −1/2

12 1/2 1/2 1/2 −1/2

23 1/2 1/2 1/2 −1/2

03 −1/2 −1/2 −1/2 1/2


.

Example 2.0.9. Consider two complexes X = {0, 1, 2, 3, 4, 02, 04, 14, 23, 34} and Y = X ∪

{024, 234}. Let’s first calculate the matrix representation of ∆X,Y
1 . The matrix representation

of ∂X
1 is



14 02 23 04 34

0 0 −1 0 −1 0

1 −1 0 0 0 0

2 0 1 −1 0 0

3 0 0 1 0 −1

4 1 0 0 1 1


.

22



The matrix representation of ∂Y
2 is



024 234

14 0 0

02 1 0

23 0 1

04 −1 0

34 0 1

24 1 −1


.

Note that 24 /∈ C1(X). It is easy to see that span{024 + 234} = ΘX,Y
2 . So ∂X,Y

2 is equal to



024 + 234

14 0

02 1

23 1

04 −1

34 1


and P is equal to ⟨024 + 234, 024 + 234⟩ = 2. So ∆X,Y

1 is equal to

2 0 0 1 1

0 2.5 −0.5 0.5 0.5

0 −0.5 2.5 −0.5 −0.5

1 0.5 −0.5 2.5 0.5

1 0.5 −0.5 0.5 2.5


.

Example 2.0.10. Consider the complex Y

1 23 4
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and let X = {1, 2}. We compute ∆X,Y
0 . The matrix representation of ∂X

1 is



13 34 24

1 −1 0 0

2 0 0 −1

3 1 −1 0

4 0 1 1


.

After a few steps of Gauss elimination we get



13 13 + 34 −13− 34 + 24

1 −1 −1 1

2 0 0 −1

3 1 0 0

4 0 1 0


.

It is clear that ΘX,Y
1 = span{−13− 34+24}, P = 3 and the matrix representation of ∂X,Y

1 is


−13− 34 + 24

1 1

2 −1

.

Then the matrix representation of ∆X,Y
0 is 1/3 −1/3

−1/3 1/3

 .

Its spectrum is {0, 2/3}.

Eigenvalues and eigenvectors of a Laplacian

There are already some results concerning the relation between spectra of Laplacians and

the shape of a simplicial complex [52, 72]. How do we interpret eigenvectors of a Laplacian?
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For an eigenvector of a q-th combinatorial Laplacian, we can look at the shape of q-simplices

where the eigenvector has support (signs are arbitrary because they are affected by the fixed

ordering of vertices). Empirical observations [79, 98, 138] suggest that:

(a) harmonic eigenvectors (eigenvectors of zero eigenvalues) have support near q-

dimensional “holes” (or vertices in a connected component when q = 0).

(b) non-harmonic eigenvectors (eigenvectors of nonzero eigenvalues) have support near

“clusters” of q-simplices. As to persistent Laplacians, very little is known about the geomet-

rical/topological interpretation of eigenvalues and eigenvectors.

The workflow of the (persistent) Laplacian approach

Given a point cloud, the usual workflow of topological data analysis is to first generate a

filtration {Xt} (t is often associated with distance) and then compute persistent homology

(often in the form of barcodes or a persistence diagram). If we want to employ Laplacians, we

need to select some pairs of Xt and Xs in the filtration and compute persistent Laplacians.

After we compute some Laplacians, we have to featurize Laplacians. Here featurization of

Laplacians is the process of transforming a set of Laplacians to a vector of a fixed size. As

the spectrum of a Laplacian is not affected by the global ordering of points in the point

cloud, most featurization methods focus on the spectrum. Some featurization methods are

summarized in [97]. So far the choices of pairs (Xt, Xs) and featurization methods require

some domain-knowledge and experience about the specific problem, and we wonder if any

data-driven (or self-learning) approach is possible.

Homotopy continuation and persistent Laplacians

Seeking new ways to calculate the spectrum of an operator is an active research topic

[3]. In addition to the traditional methods of numerical linear algebra, one may alternatively

calculate the spectrum by finding the roots of the characteristic polynomial associated with

the operator.

Homotopy continuation is a method for solving a single polynomial or systems of polyno-

mial equations. The essential idea is to build a homotopy between the system to be solved
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(called the target system) and an easier system with known roots (called the start system)

and track down the known roots of the start system to the roots of the target system. As

systems of polynomial equations arise in mathematics, science, and engineering, homotopy

continuation methods have found applications in various areas, such as algebraic geometry

[69, 81], robot kinematics [130], optimal control [6], differential equations [1, 67], and biology

[62, 66, 113]. Several software packages implement homotopy continuation methods, such as

Bertini [7], HomotopyContinuation.jl [12], Hom4PS-3 [33], and PHCpack [128]. [140] ver-

ified that at least for some simple polytopes and small molecules in the three-dimensional

space, the minimal nonzero eigenvalues of persistent Laplacians calculated by homotopy

continuation are very close to the result from HERMES.
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CHAPTER 3

(CO)SHEAVES AND PERSISTENT SHEAF LAPLACIANS

The goal of this chapter is to introduce the theory of cellular (co)sheaves and the extension

of persistent Laplacians to the setting of cellular sheaves. We will first introduce weighted

simplicial complexes, which can be viewed as cellular cosheaves.

Weighted simplicial complexes

Generally speaking, any simplicial complex whose simplices have weights can be called

a weighted simplicial complex. The weights can be geometrical, such as angles between

simplices, volumes of simplices, or non-geometrical such as numbers of scientific papers

coauthored by groups of people. Many theories and models involving weighted simplicial

complexes exist (e.g., [5, 9, 38, 103, 119]). Here we focus on the theory of weighted simplicial

complexes proposed by Robert J. MacG. Dawson [41], and developed in [14, 15, 83, 109, 111,

142, 143].

Definition 3.0.1. A weighted simplicial complex is a simplicial complex where each simplex

σ has a weight w(σ) valued in an integral domain R, such that if σ is a face of τ , then w(τ)

is divisible by w(σ).

The weighted chain complex of a weighted simplicial complex X is defined as follows.

Let the q-th chain group Cq(X,w) be the set of formal sums of nonzero weighted q-simplices

with coefficients in R. For σ = [va0 , . . . , vaq ], we denote the face [va0 , . . . , v̂ai , . . . , vaq ] by diσ.

The weighted boundary operator ∂ is defined by

∂σ =

q∑
i=0

w(σ)

w(diσ)
(−1)idiσ.

We still have ∂2 = 0, because for 0 ≤ i < j ≤ q,

w(σ)

w(diσ)

w(diσ)

w(dj−1diσ)
=

w(σ)

w(djσ)

w(djσ)

w(didjσ)
=

w(σ)

w(didjσ)
;

hence, weighted homology groups can be defined analogously. Wu et al. [142] pointed out

that in the proof of ∂2 = 0, what really matters is the quotient of weights. If we write
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w(τ)/w(σ) as ϕ(σ, τ), then the equality

w(σ)

w(diσ)

w(diσ)

w(dj−1diσ)
=

w(σ)

w(djσ)

w(djσ)

w(didjσ)

becomes

ϕ(diσ, dj−1diσ)ϕ(σ, diσ) = ϕ(djσ, didjσ)ϕ(σ, djσ),

which means that any ϕ : X × X → R satisfying this equality induces a (ϕ-weighted)

boundary operator

∂qσ =

q∑
i=0

(−1)iϕ(σ, diσ)diσ.

such that ∂2 = 0. A simplicial complex paired with such a generalized weight function ϕ is

called a ϕ-weighted simplicial complex.

Example 3.0.1. [142] A weighted polygon is a polygon with ϕ({vi, vj}, vi) = αi ∈ Z (Figure

3.1). The matrix representation of ∂1 is

α0

α1

α2

α3

α4

Figure 3.1 A weighted polygon.



v0v1 v0v4 v1v2 v2v3 v3v4

v0 −α0 −α0 0 0 0

v1 α1 0 −α1 0 0

v2 0 0 α2 −α2 0

v3 0 0 0 α3 −α3

v4 0 α4 0 0 α4
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and the weighted H0 is dependent on αi. The weighted homology of weighted polygons might

be useful for studying ring structures in biomolecules.

We have emphasized that a point cloud can be studied by building a filtration of simplicial

complexes. If we want to distinguish some points from other points, we can assign weights and

building a filtration of weighted simplicial complexes [111]. We may also consider weighted

versions of combinatorial and persistent Laplacians [142].

Example 3.0.2. Suppose each point v in a point cloud has weight w(v). We can associate

any simplex {va0 , . . . , vaq} the product weight [111]

q∏
i=0

w(vai).

Since the weighted boundary map can be formally given by

∂(σ) =

q∑
i=0

w(vai)(−1)idiσ,

we can just define the q-th chain groups as the space generated by all q-simplices without

worrying about zero weights.

Example 3.0.3. Suppose a poind cloud contains two types of points {A,B}. We can assign

weights {0, 1} to {A,B}, and compute weighted homology and Laplacians using product

weighting. At least when a point cloud is simple, weighted combinatorial Laplacian can be

used to differentiate among different patterns of distribution of A and B. For a point cloud

of four points {(0, 0), (1, 0), (1, 1), (0, 1)} there are five configurations (shown in Figure 3.2)

that include at least one point whose weight is 1. The weighted Laplacian results are shown

in Figure 3.3.

(a) (b) (c) (d) (e)

Figure 3.2 Different patterns of A and B.
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(a) BBBB (b) ABBB (c) AABB

(d) ABAB (e) AAAB

Figure 3.3 Results of weighted homology and Laplacians.

Cellular (co)sheaves

In a ϕ-weighted simplicial complex, we can imagine that a copy of R resides each simplex

and ϕ(τ, σ) represents a scalar multiplication from the copy on τ to the copy on σ [65]. If

we associate each simplex with a vector space and designate a linear morphism for every

face relation, we will get a cellular (co)sheaf. The theory of cellular (co)sheaves was first

introduced in [122] and later gained attention for its application potential [39, 64, 150, 115,

116].

Definition 3.0.2. 1A cellular sheaf S on a simplicial complex X consists of the following

data: an assignment to each simplex σ of X a (finite-dimensional) vector space S(σ) and to

each face relation σ ⩽ τ a linear morphism of vector spaces denoted by Sσ⩽τ or S(σ ⩽ τ) :

S(σ) → S(τ), satisfying the rule

ρ ⩽ σ ⩽ τ ⇒ Sρ⩽τ = Sσ⩽τ ◦ Sρ⩽σ

1For ease of exposition we simplify the definition of a cellular (co)sheaf.
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and Sσ⩽σ is the identity map.

The vector space S(σ) is referred to as the stalk of S over σ, and the linear morphism

Sσ⩽τ is referred to as the restriction map of the face relation σ ⩽ τ . A cellular cosheaf is very

similar to a cellular sheaf, and the only difference is that in a cosheaf Sσ⩽τ is a morphism

from S(τ) to S(σ), referred to as the extension map of the face relation σ ⩽ τ .

Example 3.0.4. Let X be a finite simplicial complex. We attach to every simplex of X a

fixed vector space V and let every restriction map be the identity map. This sheaf is referred

to as the constant sheaf V on X.

Example 3.0.5. Let X be a finite simplicial complex. We attach to every simplex of X the

zero space, except a simplex σ, the stalk of which is a vector space V . All restriction maps

have to be zero except the identity map required by the definition. This sheaf is called a

skyscraper sheaf.

Definition 3.0.3. Suppose that f : X → Y is a simplicial map [99] and that S is a cellular

sheaf on Y. The pullback sheaf f ∗S on X is given by

(f ∗S)(σ) = S(f(σ)),

and for the face relation σ ⩽ τ of X,

(f ∗S)σ⩽τ = Sf(σ)⩽f(τ).

The pullback of a cosheaf is defined analogously.

Example 3.0.6. Suppose that X is a subcomplex of Y , and S is a sheaf on Y . We can

define a sheaf T on X using the data of Y . For σ ∈ X, let T(σ) = S(σ). For the face relation

σ ⩽ τ in X, let T(σ ⩽ τ) = S(σ ⩽ τ). The sheaf T is a pullback of S.

Definition 3.0.4. A global section s of a sheaf S is an assignment to each simplex σ an

element sσ ∈ S(σ) such that Sσ⩽τ (sσ) = sτ for any face relation σ ⩽ τ . The set of global

sections is denoted by Γ(X; S).
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It is possible to construct the sheaf cochain complex of a sheaf or cosheaf chain complex

of a cosheaf. For a sheaf S on a finite simplicial complex X, let the q-th cochain group

Cq(X; S) be the direct sum of S(σ) over all q-simplices σ. To define the coboundary map d,

we need a signed incidence relation [39].

Definition 3.0.5. A signed incidence relation is an assignment to every face relation σ ⩽ τ

an integer [σ : τ ] satisfying the following conditions: (1) if dim τ−dimσ > 1, then [σ : τ ] = 0;

and (2) if γ ⩽ τ and dim τ − dim γ = 2, the sum
∑

σ[γ : σ][σ : τ ] = 0.

Once a signed incidence relation is given, the coboundary map dq : Cq(X; S) →

Cq+1(X; S) is given by

dq|S(σ) =
∑
σ⩽τ

[σ : τ ]Sσ⩽τ .

Since dq is a linear morphism, its action on each stalk S(σ) determines itself. We can verify

that dqdq−1 = 0 [39, Lemma 6.2.2], so there is the sheaf cochain complex

0 C0(X; S) C1(X; S) C2(X; S) · · · .d d d

The q-th sheaf cohomology group Hq(X; S) is defined as ker dq/ im dq−1.

A natural signed incidence relation exists for every oriented simplicial complex. Recall

that the orientation of a simplex is determined by the ordering of its vertices. For an oriented

simplex τ = [v0, v1, . . . , vn] and its oriented face σ = [v0, . . . , v̂i, . . . , vn], we let [σ : τ ] = (−1)i.

If σ or τ is oriented alternatively, we let [σ : τ ] = (−1)i+1. This signed incidence relation

is used throughout this paper. We remind the reader that we do not need orientation

information to define a sheaf.

Dually, given a cellular cosheaf S on a simplicial complex X, the q-th cosheaf chain group

is the direct sum of all stalks over q-simplices, and the cosheaf boundary map is given by

dq|S(τ) =
∑
σ⩽τ

[σ : τ ]Sσ⩽τ .
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(Co)sheaf Laplacians

Recall that if cochain groups of a cochain complex

· · · Aq−1 Aq Aq+1 · · ·dq−2 dq−1 dq dq+1

are all finite-dimensional inner product spaces, the q-th combinatorial Laplacian ∆q : A
q →

Aq is defined by

∆q = (dq)†dq + dq−1(dq−1)†,

where (dq)† is the adjoint of dq, and it is well-known that the kernel of ∆q is isomorphic to

the q-th cohomology group Hq. Hansen and Ghrist [65] applied this construction to sheaf

cochain complexes and the resulting new combinatorial Laplacian is referred to as the sheaf

Laplacian. If every stalk of a sheaf S is a finite-dimensional inner product space, we can

equip an inner product structure on every Cq(X; S) such that S(σ) and S(σ′) are orthogonal

if σ ̸= σ′.

Example 3.0.7. Suppose there is a sheaf F over the simplicial complex {0, 1, 2, 01, 02, 12},

then the sheaf coboundary map d0 is represented by the block matrix



F0 F1 F2

F01 −F0⩽01 F1⩽01 0

F02 −F0⩽02 0 F2⩽02

F12 0 −F1⩽12 F2⩽12

.

The 0-th sheaf Laplacian is (d0)†d0, represented by the block matrix



F0 F1 F2

F0 F∗0⩽01F0⩽01 + F∗0⩽02F0⩽02 −F∗0⩽01F1⩽01 −F∗0⩽02F2⩽02

F1 −F∗1⩽01F0⩽01 F∗1⩽01F1⩽01 + F∗1⩽12F1⩽12 −F∗1⩽12F2⩽12

F2 −F∗2⩽02F0⩽02 −F∗2⩽12F1⩽12 F∗2⩽02F2⩽02 + F∗2⩽12F2⩽12

.
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Persistent (co)sheaf Laplacians

Persistent (co)sheaf (co)homology is known to experts [114, 149] and a systematical treat-

ment can be found in [117]. We first show how to construct persistent cosheaf Laplacians.

Suppose Y is an oriented simplicial complex and X is a subcomplex of Y whose orientation

is identical to Y . If G is a cosheaf on Y , let F be the pullback cosheaf on X. We have the

following commutative diagram

· · · Cq+1(X;F) Cq(X;F) Cq−1(X;F) · · ·

· · · Cq+1(Y ;G) Cq(Y ;G) Cq−1(Y ;G) · · ·

d d d d

d d d d

where hooked dashed arrows represent inclusion maps ι : Cq(X;F) ↪→ Cq(Y ;G). The q-th

persistent cosheaf homology group is defined by

ι∗Hq(X;F).

Consider the following diagram

Cq+1(X;F) Cq(X;F) Cq−1(X;F)

ΘF,G
q+1

Cq+1(Y ;G) Cq(Y ;G)

dFq+1

(dF,G
q+1)

†

dFq

(dFq )
†dF,G

q+1

dGq+1

where ΘF,G
q+1 = {x ∈ Cq+1(Y ;G) | dGq+1x ∈ Cq(X;F)}. Let dF,Gq+1 : ΘF,G

q+1 → Cq(X;F) be

πqd
Y
q+1|ΘF,G

q+1
(π is the adjoint of ι), the q-th persistent cosheaf Laplacian ∆F,G

q : Cq(X;F) →

Cq(X;F) is

(dFq )
†dFq + dF,Gq+1(d

F,G
q+1)

†.

As shown in section 2, the persistent Hodge theorem is still true.

We show next that the spectrum of a persistent cosheaf Laplacian doesn’t rely on the

choice of the orientation of the complex Y . This is important, since a point cloud may not

have a canonical ordering.
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Proposition 3.0.1. The spectrum of the q-th persistent cosheaf Laplacian is independent of

the orientation of Y .

Proof. Fixing a choice of orientation for each simplex of Y , it suffices to show that the

spectrum of ∆F,G
q is unchanged if the orientation of one simplex of Y is alternated. We first

fix some notations. Suppose we change the orientation of a simplex σ, then every morphism

defined with respect to this new orientation will have a bar. We also sometimes denote ΘF,G
q+1

by Θ. We define a linear map Iσ,− such that Iσ,−|G(σ) = −I and Iσ,−|G(σ′) = I if σ′ ̸= σ.

The adjoint of Iσ,− is itself. Depending on context, the domain of Iσ,− will be understood as

Cq−1(X;F), Cq(Y ;G) or Cq+1(Y ;G). The proof is divided into cases.

Case I. If σ ∈ Cq−1(X;F), then dGq+1 = dGq+1 and dFq = Iσ,−d
F
q . So (dFq )

†dFq =

(dFq )
†Iσ,−Iσ,−d

F
q = (dFq )

†dFq . In other words, ∆ = ∆.

Case II. If σ ∈ Cq(Y ;G), then dFq = dFq πIσ,−|Cq(X;F) and dGq+1 = Iσ,−d
G
q+1. As

(dGq+1)Θ = Iσ,−(d
G
q+1)Θ ⊂ Iσ,−Cq(X;F) = Cq(X;F),

we see that Θ ⊂ Θ. Similarly

(dGq+1)Θ = Iσ,−Iσ,−(d
G
q+1)Θ = Iσ,−(d

G
q+1)Θ ⊂ Iσ,−Cq(X;F) = Cq(X;F),

we see that Θ ⊃ Θ, so Θ = Θ.

Then

πdGq+1|Θ = πIσ,−|Cq(X;F)πd
G
q+1|Θ.

So

∆ = dFq
†
(dFq ) + πdGq+1|Θ

(
πdGq+1|Θ

)†
= πIσ,−|Cq(X;F)∆(πIσ,−|Cq(X;F))

†.

Case III. If σ ∈ Cq+1(Y ;G), then dFq = dFq and dGq+1 = dGq+1Iσ,−. As Cq(X;F) ⊃ dGq+1Θ =

dGq+1Iσ,−Θ, we see that Iσ,−Θ ⊂ Θ. Similarly Iσ,−Θ ⊂ Θ, so Iσ,−Θ = Θ. Denote by IΘσ,− :
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Θ → Θ the restriction of Iσ,− on Θ. We have πdGq+1|Θ = πdGq+1Iσ,−|Θ = πdGq+1|ΘIΘσ,−. Then

∆ = dFq
†
dFq + πdGq+1|Θ

(
πdGq+1|Θ)†

= (dFq )
†dFq + πdGq+1|ΘIΘσ,−(IΘσ,−)†

(
πdGq+1|Θ)†

= (dFq )
†dFq + πdGq+1|Θ

(
πdGq+1|Θ)†

= ∆.

The next corollary is the consequence of the persistent Hodge theorem.

Corollary 1. Persistent cosheaf Betti numbers are independent of the orientation of Y

Now let’s discuss sheaves. Given two oriented simplicial complexes X, Y , if X ⊂ Y and

the orientation of X is identical to Y , let sheaf F on X be the pullback of the sheaf G on Y ,

then we have the following commutative diagram

· · · Cq−1(X;F) Cq(X;F) Cq+1(X;F) · · ·

· · · Cq−1(Y ;G) Cq(Y ;G) Cq+1(Y ;G) · · ·

d d d d

d d

π

d

π

d

π

where π : Cq(Y ;G) → Cq(X;F) is a projection map such that π |G(σ) is the identity map if

σ ∈ X, and π |G(σ)= 0 otherwise. Since π is a cochain map, it induces a map π• between

sheaf cohomology groups of F and G, and the q-th persistent sheaf group is defined by

π•(Hq(Y ;G))

whose dimension is the q-th persistent sheaf Betti number. We can dualize the above diagram

(i.e., reverse all arrows) and define the persistent sheaf Laplacian by the persistent cosheaf
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Laplacian of the dualized diagram. More specifically, we have the following diagram

Cq−1(X;F) Cq(X;F)

Θq+1
F,G

Cq(Y ;G) Cq+1(Y ;G)

dq−1
F

(dq−1
F

)† dq
F,G

(dq
F,G)

†

dq
G

(dq
G
)†

(note that an inner product space is self-dual) where Θq+1
F,G = {x ∈ Cq+1(Y ;G) | (dqG)†(x) ∈

Cq(X;F)} and dqF,G is the adjoint of π(dqG)
†|Θq+1

F,G
: Θq+1

F,G → Cq(X;F). We define the q-th

persistent sheaf Laplacian ∆F,G
q

2 by

∆F,G
q = (dqF,G)

†dqF,G + dq−1F (dq−1F )†.

The nullity of ∆F,G
q is equal to the q-th persistent Betti number of the dualized diagram

(since we dualize everything, the two cochain complexes become chain complexes). By the

universal coefficient theorem for cohomology, π• and ι• have the same rank (here • means

the induced map between cohomology or homology groups). So the q-th persistent Betti

number of the dualized diagram is equal to the q-th persistent sheaf Betti number. In other

words, we have

ker∆F,G
q

∼= π•(Hq(Y ;G)).

More concretely, given a sheaf cochain complex

· · · V q−1 V q V q+1 · · · ,d d

we are actually working with the complex

· · · V q−1 V q V q+1 · · · .d† d†

The universal coefficient theorem relates the above chain complex to the following cochain

complex

· · · (V q−1)∗ (V q)∗ (V q+1)∗ · · · ,(d†)∗ (d†)∗

2Sometimes we may use the notation ∆X,Y
q .
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which can be identified as the original sheaf cochain complex

· · · V q−1 V q V q+1 · · · ,d d

since there is a natural isomorphism between the dual functor and the adjoint functor.

Example 3.0.8. Consider the 1-dimensional simplicial complex Y

1 23 4

and the constant sheaf R over Y . We compute ∆X,Y
0 when X = {1, 2}. The matrix repre-

sentation of (d0Y )† is



13 34 24

1 −1 0 0

2 0 0 −1

3 1 −1 0

4 0 1 1


.

According to the definition of Θ0
X,Y , we want to find all elements of C1(Y ;R) that are sent

to C0(X;R) = span{1, 2} by (d0Y )
†. After a few steps of column Gauss elimination we get a

new matrix representation of (d0Y )†



13 13 + 34 −13− 34 + 24

1 −1 −1 1

2 0 0 −1

3 1 0 0

4 0 1 0


.

From this representation, we see that for any vector v = a13+ b(13+34)+ c(−13− 34+24)

(a, b, and c are coefficients), (d0Y )†v ∈ span{1, 2} if and only if a and b are both zero. In
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other words, Θ0
X,Y = span{−13− 34 + 24}, P = 3, and the matrix representation of (d0X,Y )

†

is


−13− 34 + 24

1 1

2 −1

.

Then, the matrix representation of ∆X,Y
0 is 1/3 −1/3

−1/3 1/3


and its spectrum is {0, 2/3}.

Cellular sheaves on a labeled simplicial complex

In this section we construct a class of sheaves on a so called labeled simplicial complex.

A labeled simplicial complex is a simplicial complex where each vertex is associated with a

real number. We pay attention to label simplicial complexes because in application we often

have a point cloud where each point is associated with some kind of quantity. For example,

the atoms of a molecule can be seen as a point cloud, and each atom has its partial charge.

If we build a Rips filtration from a labeled point cloud, then each complex in the filtration

will be a label simplicial complex.

We first give a simple example. Suppose that there is a 1-dimensional labeled simplicial

complex X where each vertex vi is associated with a quantity qi ∈ R. Denote the edge

connecting vi and vj by eij. We can define a sheaf S on X where each stalk is R, and for

the face relation vi ⩽ eij, the morphism Svi⩽eij is the scalar multiplication by qj/rij where

rij is the length of eij. The assignment qi → vi and qiqj/rij → eij is a global section, since

Svi⩽eij(qi) = Svj⩽eij(qj) = qiqj/rij. If we think of qi and qj as partial charges on atoms, then

the quantity qiqj/rij is the potential energy.

The above sheaf can be generalized to high-dimensional labeled simplicial complexes. Let

F : X → R be a nowhere zero function. We can define a sheaf where each stalk is R, and
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for the face relation [v0, . . . , vn] ⩽ [v0, . . . , vn, vn+1 . . . , vm] (here orientation is not relevant),

the linear morphism S([v0, . . . , vn] ⩽ [v0, . . . , vn, vn+1 . . . , vm]) is the scalar multiplication by

F ([v0, . . . , vn])qn+1 · · · qm
F ([v0, . . . , vn, vn+1, . . . , vm])

.

This is indeed a sheaf since if we have [v0, . . . , vn] ⩽ [v0, . . . , vm] ⩽ [v0, . . . , vl], then

F ([v0, . . . , vm])qm+1 · · · ql
F ([v0, . . . , vl])

F ([v0, . . . , vn])qn+1 · · · qm
F ([v0, . . . , vm])

=
F ([v0, . . . , vn])qn+1 . . . ql

F ([v0, . . . , vl])
.

The assignment qi0 · · · qin/F ([vi0 , . . . , vin ]) → [vi0 , . . . , vin ] is a nontrivial global section.

Example 3.0.9. Consider the oriented simplicial complex {v0, v1, v2, v0v1, v1v2, v0v2, v0v1v2}

(v0, q0) (v1, q1)

(v2, q2)

where qi ∈ R is associated to vi. Let r01, r12, r02 be the lengths of e01, e12, e02. We can define

the above sheaf on this complex where F maps every vertex to 1, every edge eij to its length

rij, and the 2-simplex [v0, v1, v2] to r01r12r02. The matrix representation of d0 is



v0 v1 v2

v0v1 −q1/r01 q0/r01 0

v1v2 0 −q2/r12 q1/r12

v0v2 −q2/r02 0 q0/r02

,

and the matrix representation of d1 is

( v0v1 v0v2 v1v2

v0v1v2
q2

r02r12

−q1
r01r12

q0
r01r02

)
.

Note that many alternative sheaf constructions are available by appropriate choices of F .
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Example 3.0.10. We consider the F defined in the same way as in Example 3.0.9 to evaluate

the spectra of sheaf Laplacians. Consider the 2-simplex

(v0, q0) (v1, q1)

(v2, q2)

whose edges are all of length 1. The ∆0 is
q21 + q22 −q0q1 −q0q2

−q0q1 q20 + q22 −q1q2

−q0q2 −q1q2 q20 + q21


and its eigenvalues are {q20 + q21 + q22, q

2
0 + q21 + q22, 0} and the corresponding eigenvectors are

(−q1/q0, 1, 0)
T , (−q2/q0, 0, 1)

T , and (q0/q2, q1/q2, 1)
T . Moreover, ∆1 is

q20 + q21 + q22 0 0

0 q20 + q21 + q22 0

0 0 q20 + q21 + q22


and its only eigenvalue is q20 + q21 + q22. This example shows that the eigenvalues of ∆0 and

∆1 are dependent on the amplitude of qi, which allows the embedding of non-geometric

information in practical applications. However, they are not sensitive to the sign of qi.

Therefore, a (persistent) sheaf Dirac theory as an extension of recent Dirac formulation or

quantum persistent homology [2] may enable us to further eliminate the sign degeneracy.

Experiments of persistent sheaf Laplacians

Given a labeled point cloud P (i.e., a point cloud with a nonzero quantity qi associated

with each point vi), we can build a Rips or Alpha filtration from it and construct a sheaf

St on each Xt consistently as described in section 3 provided a suitable global F : 2P → R

is chosen. If we take Ft to be the restriction of F : 2P → R on Xt and construct St, then

we ensure that the stalks of σ and τ and the restriction map between σ and τ remain the
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same for any St containing σ ⩽ τ . Since St is the pullback of St+p for any t and p, we get a

persistent module of sheaf cochain complexes and can compute the spectra of persistent sheaf

Laplacians. In this section, we calculate the spectra of persistent sheaf Laplacians for a few

examples of point clouds in this way. Some examples are the vertices of simple geometrical

shapes and some are the coordinates of atoms of molecules. We assign the quantities qi

to simple geometrical shapes, and take the partial charges as qi for molecules. An Alpha

filtration {Xr} is built for each labeled point cloud, parametrized by radius r. We choose

F such that F maps every vertex vi to 1, every edge vivj to the length of itself rij, and

every 2-cell vivjvk to the product of lengths of its edges rijrikrjk. The spectrum of ∆Xr,Xr+p

d

for d = 0, 1 and selected r, p will be calculated. The radius r will be a multiple of 0.01

or 0.01Å. Many information can be extracted from a spectrum, but for simplicity here we

only plot the minimal nonzero eigenvalue and the nullity against the radius r. The minimal

nonzero eigenvalue of the persistent sheaf Laplacian ∆
Xr,Xr+p

d is denoted by λr,p
d and the d-th

persistent sheaf Betti number of the pair (Xr, Xr+p) (i.e., the nullity of ∆Xr,Xr+p

d ) is denoted

by βr,p
d .

The examples of simple shapes are the vertex sets of a 2-dimensional square or a 2-

dimensional trapezoid as shown in Figure C.1 with different choices of local property qi.

More specifically, we consider four labeled point clouds and two point clouds in R2. The two

point clouds are {(0, 0), (1, 0), (1, 1), (0, 1)} and {(0, 0), (1, 0), (3/4,
√
15/4), (1/4,

√
15/4)}.

For {(0, 0), (1, 0), (1, 1), (0, 1)} we assign q = ±1 to (0, 1) and q = 1 to the rest. For

{(0, 0), (1, 0), (3/4,
√
15/4), (1/4,

√
15/4)} we assign q = ±1 to (1/4,

√
15/4) and q = 1 to

the rest. For the two point clouds we construct the constant sheaf and compute persistent

sheaf Laplacians, whose spectra coincide with persistent Laplacians. For the four labeled

point clouds we construct filtrations of sheaves in the way described earlier in this section.

The results are shown in Figures C.2 and C.3. The first thing we can infer is that, the mini-

mal nonzero eigenvalue and the nullity usually change significantly when the topology of Xr

changes (when p is nonzero, both of them change at r− p rather than r). When we consider
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labeled point clouds instead of point clouds, sometimes the minimal nonzero eigenvalue or

the nullity show less change (compare (a)(c) and (b)(d) in Figure C.2 and Figure C.3). If

we compare the results of the square and the trapezoid, we see more changes in the results

of the trapezoid. This is because the filtration constructed from the vertex set of trapezoid

contains more different complexes. We also observe that the change of signs of qi does not

affect the minimal nonzero eigenvalue and the nullity, though the eigenspaces of Laplacians

are different.

Next we study the molecule CB8 [118] shown in Figure C.4. We associate each atom

with the corresponding partial charge (obtained using [107]). The results for CB8 are shown

in Figures C.5 and C.6. Due to complexity of the molecule, it is very difficult to explain

the spectral details of the system. However, this information can be very useful for machine

learning analysis.

Finally, to demonstrate our method for practical problems, we study a small protein

called bacteriocin AS-48 (PDB ID: 1E68) [54]. We select the model 1 of AS-48 and compute

the pqr file by PDB2PQR with the Amber force field [77]. For the sake of faster computation,

we only use the coordinates of carbon atoms as the point cloud. Results are shown in Figures

C.8 and C.9.
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CHAPTER 4

OTHER PERSISTENT TOPOLOGICAL LAPLACIANS

Persistent Laplacians for simplicial maps

The classical filtration of simplicial complexes only represents one type of shape evolution.

We also need tools to study more general shape evolution, such as sparsification of a simplicial

complex. This requires us to consider general simplicial maps rather than inclusion maps.

Gülen et al. [63] developed a theory of persistent Laplacians for a simplicial map f : X → Y

(the chain map induced by a simplicial map is not necessarily injective). Suppose f : X → Y

is a simplicial map,

· · · Cq+1(X) Cq(X) Cq−1(X) · · ·

· · · Cq+1(Y ) Cq(Y ) Cq−1(Y ) · · ·

∂X
q+1

fq+1

∂X
q

fq fq−1

∂Y
q+1 ∂Y

q

where fq : Cq(X) → Cq(Y ) is induced by f . Different from the original q-th persistent

Laplacian, we need to define two subspaces

Cq+1(Y ) ⊃ ΘY←X
q+1 = {c ∈ Cq+1(Y ) | ∂Y

q+1(c) ∈ fq(ker ∂
X
q )}

and

Cq−1(X) ⊃ ΘX→Y
q−1 = {c ∈ Cq−1(X) | (∂X

q )∗(c) ∈ (ker fq)
⊥},

and then use the restrictions of ∂Y
q+1 and (∂X

q )∗ to them to construct the q-th persistent

Laplacian for f . The q-th persistent Laplacian for a simplicial map has a more symmetric

expression, and the proof of the persistent Hodge theorem is more complicated.

Digraphs and path homology

The motivation behind path homology is to construct a homology theory of digraphs such

that directional information of edges is encoded and higher dimensional homology groups

are less likely to be non-trivial. Path homology was proposed by Grigor’yan et al. [57]

and developed in [58, 59, 60, 61, 86]. A summary of recent advances in path homology
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of digraphs can be found in [55]. There are also other (co)homology theories of digraphs

[22, 92, 95, 108]. Recall that a digraph is a pair G = (V,E) where E is a set of ordered

pairs of vertices. We only consider digraphs without self-loops. In path homology, the focus

is on the paths in a digraph. An allowed q-path is an ordered finite sequence of vertices

{x0, . . . , xq} such that (xi, xi+1) ∈ E for all i = 0, . . . , q − 1. The length of an allowed path

is its natural dimension, so we can try to define the q-th chain group as the vector space

consisting of formal linear combinations of allowed q-paths with coefficients in R, denoted

by Aq, and define the boundary map ∂q by

∂q{x0, . . . , xq} =

q∑
i=0

(−1)i{x0, . . . , x̂i, . . . , xq}

then formally we can show that ∂2 = 0. However, ∂q{x0, . . . , xq} may include paths that are

not allowed paths. To solve this problem, we need to introduce some general concepts first.

Definition 4.0.1. Suppose X is a finite set. An elementary p-path is a sequence [x0, . . . , xp]

of p+ 1 elements of X. The space generated by all elementary p-paths with coefficient in R

is denoted by Λp(X). The q-th non-regular boundary map is given by

∂nr
q [x0, . . . , xq] =

p∑
i=0

[x0, . . . , x̂i, . . . , xq].

One can prove this is a chain complex. Among all the paths, a path that lingers at a

vertex (for some i, xi = xi+1) is considered a degenerate path since we are not interested in

self-loops.

Definition 4.0.2. A path [x0, . . . , xq] over X where xi ̸= xi+1 for each i is called regular.

The space generated by all regular q-paths is denoted by Rq.

We define a new boundary operator ∂q between regular paths. When computing

∂q([x0, . . . , xq]), we first compute ∂nr
q ([x0, . . . , xq]) and treat all irregular paths arising from

it as zeros. One can still verify that ∂2 = 0 [56].
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Now given a digraph G = (V,E), every Aq is a subspace of Rq.

. . . Rq+1 Rq Rq−1 . . .

Aq+1 Aq Aq−1

∂q+2 ∂q+1 ∂q ∂q−1

One way to make ∂q : Aq → Aq−1 well defined is to restrict ∂q to the subspace Aq∩∂−1q Aq−1.

We have to verify that ∂q(Aq ∩ ∂−1q Aq−1) ⊂ Aq−1 ∩ ∂−1q−1Aq−2. ∂q(Aq ∩ ∂−1q Aq−1) ⊂ Aq−1 is

true by definition, and ∂q(Aq ∩ ∂−1q Aq−1) ⊂ ∂−1q−1Aq−2 is true because of ∂2 = 0. Therefore,

we have the chain complex

. . . Aq+1 ∩ ∂−1q+1Aq Aq ∩ ∂−1q Aq−1 Aq ∩ ∂−1q Aq−1 . . .
∂q+1 ∂q

and the definition of a path homology group is straightforward. The q-th chain group

Aq ∩ ∂−1q Aq−1 is called the space of ∂-invariant q-paths on G, denoted by Ωq
1.

As to the geometrical interpretation of path homology, we only know for sure that non-

reduced H0 is the number of connected components of the underlying undirected graph. It is

not easy to relate higher dimensional path homology groups to features of the digraph. Some

characterizations of path homologies of certain families of small digraphs were obtained by

Chowdhury et al [34]. Since directional information of edges is encoded in path homology,

path homology can be used to distinguish network motifs [35] and isomers in molecular and

materials sciences [25]. We can also quantify the significance of a node in a network by

observing the changes of path homology after the deletion of the node [25].

Since Ωq inherits the inner product structure from Aq, the so-called path Laplacian 2

can be defined. We can use path Laplacians [53, 55, 134] to distinguish among digraphs

that path homology cannot. For example, according to [57, Theorem 5.4], the following two

digraphs GL and GR (see Figure 4.1) have the same path homology. But the spectrum of

the 0-th path Laplacian of GL is {0, 3, 3} and that of GR is {0, 2, 4, 4}.
1If a digraph is not simple, there will be two choices of ∂q [57] that might be suitable for different

problems [74].
2Another type of path Laplacians was proposed by Estrada [46], and was generalized and applied in

molecular biology in [89].
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(a) GL (b) GR

Figure 4.1 Two graphs that have the same path homology.

Persistent path homology was proposed by Chowdhury and Mémoli [35] to study a di-

graph where each edge e has a weight w(e). A filtration of digraphs {Gd} is constructed

such that e ∈ Gd if and only if w(e) ≤ d. Wang and Wei [134] introduced persistent path

Laplacians based on Chowdhury and Mémoli’s work. They suggested that persistent path

Laplacians can be applied to study molecules, where much information can be encoded in a

digraph.

Example 4.0.1. Given a weighted digraph, we can build a filtration {Gd} such that e ∈ Gd

iff w(e) ≤ d. Two weighted graphs whose path Betti numbers are the same for every Gd may

have different path Laplacians. This is shown in Figure 4.2.

Besides path homology, there is another homology theory of digraphs based on clique

complexes. A q-clique of a digraph G = (V,E) is an ordered subset of vertices σ =

(x0, x1, . . . , xq−1) such that for i < j we have (xi, xj) ∈ E. The directed flag complex

dFl(G) is the simplicial complex on V with q-simplices the (q+1)-cliques of G. A persistent

Laplacian theory of directed flag complexes was proposed by Jones and Wei [75].

Hypergraphs and hyperdigraphs

Hypergraphs can be thought of as a generalization of simplicial complexes. A hypergraph

is a pair (V,E) where E is a subset of the power set of V . A element of E is called a

hyperedge, and a hyperedge consisting of q + 1 elements is called a q-hyperedge. To define

a chain complex for hypergraphs, the problem here is identical to what we encounter in

the study of digraphs. If we define the q-th chain group to be the vector space generated

by q-hyperedges, the boundary map is not well-defined. One solution is to consider the

associated simplicial complex (simplicial closure) of a hypergraph [102], i.e., the minimal
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Figure 4.2 The x axis represents the weight. As usual, λ and β represent the minimal
eigenvalues and Betti numbers.

simplicial complex that contains the given hypergraph. Another solution inspired by the

path homology is the embedded homology [13]. If we look at the chain complex of the

associated simplicial complex, each simplicial chain group Cq contains Dq, the vector space

generated by hyperedges. We only need to restrict the domain of the simplicial boundary

operator to

Infq = Dq ∩ ∂−1q (Dq),

and then the boundary operator is well-defined.

A hyperdigraph is a hypergraph where each hyperedge is ordered3, the embedded homol-

ogy of which can be defined similarly [24]. Persistent homology and persistent Laplacians of

hypergraphs and hyperdigraphs are studied in [13, 24, 110, 112]. Other approaches regarding

the homology and Laplacian of hypergraph includes [36, 45, 73, 76, 100, 101].

3There are other definitions of a hyperdigraph [4, 127].
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. . . Cq+1 Cq Cq−1 . . .

Dq+1 Dq Dq−1

Dq+1 ∩ ∂−1q+1(Dq) Dq ∩ ∂−1q (Dq−1) Dq−1 ∩ ∂−1q−1(Dq−2)

∂q+2 ∂q+1 ∂q ∂q−1

Figure 4.3 Cq is the q-th chain group of the associated simplicial complex of H, and Dq is
the vector space generated by q-hyperedges.

Mayer homology

We can also define persistent homology and persistent Laplacians for the so-called N -

chain complexes [121]. An N -chain complex is a sequence of abelian groups and group

morphisms (V, d) where dN = 0. A simplicial complex actually gives rise to a N -chain

complex. Recall that in a simplicial chain complex the boundary operator is given by

∂[va0 , . . . , vaq ] =
∑
i

(−1)i[va0 , . . . , v̂ai , . . . , vaq ].

For a prime number N , let ξ = e2πi/N , we can define another boundary operator d by

d[va0 , . . . , vaq ] =
∑
i

ξi[va0 , . . . , v̂ai , . . . , vaq ]

and prove that dN = 0. Even though N -chain complex is not a chain complex, observe that

CN+q(X;C) CN+q−n(X;C) CN(X;C)dn dN−n

resembles a part of chain complex, we can define the Mayer homology group HN+q−n,N−n(X)

by

HN+q−n,N−n(X) = ker dN−n/ im dn.

Therefore, it is not surprising that the theory of persistent homology and persistent Lapla-

cians can be extended to the setting of N -chain complexes. One advantage of using N−chain

complexes is that the number of Betti numbers and Laplacians is much larger than tradi-

tional persistent homology and persistent Laplacians, and we can fine tune N for a specific

problem.
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Persistent Dirac operators

Besides Laplacians, Dirac operators on chain complexes have also been studied [2, 10,

126, 136]. Our definitions follow [126]. For a chain complex (V, d)

· · · V2 V1 V0 0
d3 d2 d1

where each chain group Vq is a finite-dimensional inner product space, the q-th Dirac operator

Dq is represented by the block matrix



V0 V1 V2 · · · Vq Vq+1

V0 0 [d1] 0 · · · 0 0

V1 [d∗1] 0 [d2] · · · 0 0

V2 0 [d∗2] 0 · · · 0 0

...
...

...
... . . . ...

...

Vq 0 0 0 · · · 0 [dq+1]

Vq+1 0 0 0 · · · [d∗q+1] 0


where [] denotes a matrix representation of a linear morphism.

Proposition 4.0.1. If λ is an eigenvalue of Dq, then −λ is also an eigenvalue of Dq.

Proof. Let Qq be

IdimV0 0 0 · · · 0 0

0 −IdimV1 0 · · · 0 0

0 0 IdimV2 · · · 0 0

...
...

...
... . . . ...

...

0 0 0 · · · (−1)qIdimVq 0

0 0 0 · · · 0 (−1)q+1IdimVq+1


.

We can verify that DqQq = −QqDq. Suppose Dqv = λv, then DqQqv = −QqDqv = −λQqv.
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Dirac operators are closely related to combinatorial Laplacians. If we think of all com-

binatorial Laplacians as a single operator dd∗ + d∗d = (d + d∗)2 on V , then the q-th Dirac

operator is the restriction of the square root d+ d∗ on V0 ⊕ · · · ⊕ Vq+1. We can also see this

by direct computation. The square of Dq is



V0 V1 V2 · · · Vq Vq+1

V0 [∆0] 0 0 · · · 0 0

V1 0 [∆1] 0 · · · 0 0

V2 0 0 [∆2] · · · 0 0

...
...

...
... . . . ...

...

Vq 0 0 0 · · · [∆q] 0

Vq+1 0 0 0 · · · 0 [∆q+1,−]


where ∆q is the q-th combinatorial Laplacian. Therefore, the square of any eigenvalue λ of

a Dirac operator must be an eigenvalue of a combinatorial Laplacian.

Recall that to define persistent Laplacians, we construct an auxiliary subspace ΘX,Y
q+1 of

Cq+1(Y ) and a map ∂X,Y
q+1 : ΘX,Y

q+1 → Cq(X). Since Cq(X) is actually a subspace of ΘX,Y
q , we

have a boundary map ι ◦ ∂X,Y
q : ΘX,Y

q+1 → ΘX,Y
q . All ΘX,Y

q and ι∂X,Y
q constitute an auxiliary

chain complex

CX
q+1 CX

q CX
q−1 · · · .

· · · ΘX,Y
q+1 ΘX,Y

q ΘX,Y
q−1

ι ι ι
∂X,Y
q+1 ∂X,Y

q
∂X,Y
q−1

The q-th persistent Dirac operator of simplicial complexes X ⊂ Y is defined by the q-th Dirac

operator on this auxiliary complex, and it is easy to generalize persistent Dirac operators to

other settings such as digraphs and hyperdigraphs [126]. The square of a persistent Dirac

operator is not necessarily a block matrix consisting of persistent Laplacians.
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CHAPTER 5

UNDERSTANDING DOMINANT VARIANTS OF SARS-COV-2 USING
LAPLACIANS

The aim of this chapter is to demonstrate the applications of Laplacians in biological sciences

through the study on dominant variants of SARS-CoV-2. SARS-CoV-2 enters the host cell

via either endosomes or plasma membrane fusion. In both ways, the S protein of SARS-CoV-

2 first attaches to the host cell-surface protein, angiotensin converting enzyme 2 (ACE2).

The receptor binding domain (RBD) of the S protein is essential for the entry. This is why

the binding free energy (BFE) of the RBD-ACE2 complex is a measure of viral infectivity.

A mutation of viral RBD induces BFE changes. A positive (resp. negative) BFE change

indicates the strengthening (resp. weakening) of the protein-protein binding. If we know

how to predict BFE changes, we can predict infectivity of new variants. TDA methods such

as persistent homology and persistent Laplacian are useful because they are able to encode

viral RBD structural information.

Biological background

Severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) is the cause of the ongo-

ing global coronavirus disease 2019 (COVID-19) pandemic. Its evolution and future direction

are of major concern. It was well established that the emergence of SARS-CoV-2 new vari-

ants is dictated by mutation-induced infectivity strengthening [30] and antibody resistance

(or vaccine breakthrough) [132], two molecular mechanisms that determined the natural se-

lection at the population scale. More specifically, the binding of the viral spike protein, par-

ticularly the receptor-binding domain (RBD), to the human receptor angiotensin-converting

enzyme 2 (ACE2) facilitates the entry of the virus into host cells [71, 129]. In early 2020,

it was hypothesized that natural selection favors those SARS-CoV-2 RBD mutations that

strengthen the RBD-ACE2 binding, which leads to higher viral infectivity [30]. The hypoth-

esis was initially supported by the frequency analysis of 89 single RBD mutations found from

the genotyping of 15,140 complete SARS-CoV-2 genome samples [30] and later confirmed
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beyond doubt by the evolution pattern of 651 RBD mutations found from the genotyping of

506,768 SARS-CoV-2 genomes extracted from COVID-19 patients up to early 2021 [131].

The vaccine breakthrough mechanism was not discovered until vaccines became widely

available in industrialized countries in the summer of 2021. It was found that an RBD

mutation that weakens the viral infectivity had an unusually high observed frequency in

2,298,349 complete SARS-CoV-2 genomes isolated from patients. This abnormal statistics

was found to strongly correlate with the vaccination rates in a few industrialized countries,

including Denmark, the United Kingdom, France, Bulgaria, the United States, etc [132].

To understand this correlation, the mutational impact of a set of 130 antibodies extracted

from Covid patients that targets the RBD was studied. It was found that the abnormal

mutation on the RBD has a very strong ability to disrupt the binding of most antibody-

RBD complexes, which gives rise to antibody resistance (or vaccine breakthrough) at the

population scale [132].

As discussed above, the reveal of the natural selection mechanisms of SARS-CoV-2 evo-

lution is a typical example of a data-driven discovery that cannot be achieved by individual

experimental laboratories. In fact, the discovery utilized results from tens of thousands

of experimental laboratories around the world [30, 132]. Machine learning, including deep

learning and data-driven approach, played an essential role in the discovery. Deep learning

methods can offer some of the most accurate predictions of biomolecular properties, including

the binding affinity of protein-protein interactions (PPIs). This approach becomes partic-

ularly advantageous and outperforms other methods when good-quality experimental data

are available. However, structure-based machine learning, including deep learning methods

encounter difficulties in PPI predictions due to their intricate structural complexity and high

dimensionality.

Although sequence-based approaches offer good predictions of mutational impacts on

proteins, structure-based methods outperform other approaches [106]. In machine-learning-

assisted directed evolution and protein engineering and machine-learning-based PPI and
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protein folding stability predictions, mutant structures are typically not available and are

conventionally created by computational means for the machine learning predictions [19, 16,

26, 27, 91], which is a source of errors. It is interesting and important to quantify such errors.

Fortunately, since SARS-COV-2 variants are some of the most studied subjects, some of their

three-dimensional (3D) structures are available in the literature, which offers an opportunity

for in-depth analysis and comparison.

PTL analysis of structural changes

We are interested in both the structural changes of the wild type RBD induced by mu-

tations and the structural changes of the wild type RBD or mutant RBDs induced by their

binding to ACE2. To quantify structural changes we first perform alignment of structures

and calculate the distances between corresponding atoms (e.g., Cα). Then, we compute

PTLs of different structures to further characterize their structural changes.

5.0.1 PTL analysis of RBD structural changes induced by mutations

Figure 5.1 Sequence alignment of RBDs of the wild type, Alpha, Beta, Gamma, BA.1,
and BA.2. Alpha has one RBD mutation N501Y. Beta has three RBD mutations K417N,
E484K, and N501Y. Gamma has three RBD mutations K417T, E484K, and N501Y. BA.1 has
15 RBD mutations G339D, S371L, S373P, S375F, K417N, N440K, G446S, S477N, T478K,
E484A, Q493R, G496S, Q498R, N501Y, and Y505H. BA.2 has 16 RBD mutations G339D,
S371F, S373P, S375F, T376A, D405N, R408S, K417N, N440K, S477N, T478K, E484A,
Q493R, Q498R, N501Y, and Y505H.
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Figure 5.2 (a) Wild type RBD-ACE2 complex. The RBD is colored by light grey and
mutated residues in Alpha, Beta, Gamma, BA.1 and BA.2 are marked. (b, c, d, e, f) Atoms
of the wild type RBD are colored by their distances to corresponding atoms in a mutant
RBD. Subfigures (a), (b), (c), (b), and (f) corresponds to the Alpha, Beta, Gamma, BA.1,
and BA.2 variants, respectively. Pink and red corresponds to 0Å and 14.32Å respectively.
For each mutant we record the residues that have at least one atom whose distance to the
corresponding atom in the wild type RBD is larger than 7.16Å. In Alpha, Beta, and Gamma,
such residue is R346. In BA.1, such residue is K386. In BA.2, such residues are N370, A372,
K378, and K386. These residues are marked in (g). (Plots generated by ChimeraX [104].)

To understand the structural differences of RBD between the wild type and mutants

in RBD-ACE2 complex, we align the RBDs of SARS-CoV-2 variants Alpha (PDB ID:

8DLK[93]), Beta (PDB ID: 8DLN[93]), Gamma (PDB ID: 8DLQ[93]), BA.1 (PDB ID:

7T9L[94]), and BA.2 (PDB ID: 7XB0[82]) along with the wild type RBD (PDB ID: 6M0J[80])

in Figures 5.2 and 5.3. For Alpha, Beta, Gamma, BA.1, and BA.2, the maximal distances

between corresponding atoms of mutant RBDs and the wild-type RBD are 9.14Å, 9.33Å,

9.87Å, 7.44Å, and 14.32Å respectively. For each mutant, the residues are recorded if they

have at least one atom whose distance to the corresponding atom in wild-type RBD is more

than 7.16Å, which is half of the maximal distance, 14.32Å. For variants Alpha, Beta, and
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Figure 5.3 Atoms of the wild type RBD are colored by their distances to corresponding atoms
in a mutant RBD. Subfigures (a), (b), (c), and (b) corresponds to the Alpha, Beta, Gamma,
and BA.1, variants, respectively. Each alignment has its own color range. For each mutant,
we record the residues that have at least one atom whose distance to the corresponding
atom in the wild type RBD is more than half of the maximal distance (4.57Å, 4.67Å, 4.94Å,
and 3.72Å) between corresponding atoms. In Alpha, such residues are T333, R346, K378,
K386, R408, and N450. In Beta and Gamma, such residues are T333, R346, K378, K386,
and R408. In BA.1, such residues are T333, N334, E340, R346, N360, D364, Y369, K378,
K386, F392, R408, K424, N450, K462, and H519. These residues are marked in (e). (Plots
generated by ChimeraX [104].)
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Gamma, such a residue is R346, while in BA.1 such residue is K386. BA.2 has most such

residues, which are N370, A372, K378, and K386, containing atoms deviating from the wild

type. However, these residues are not in the receptor-binding motif (RBM, residues 438-506)

that interacts directly with ACE2.

Alternatively, for Alpha, Beta, Gamma, and BA.1 variants, we can change the threshold

from 7.16Å to the half of maximal distance (4.57Å, 4.67Å, 4.94Å, and 3.72Å, respectively).

Then in the Alpha variant, such residues are T333, R346, K378, K386, R408, and N450.

In Beta and Gamma variants, such residues are T333, R346, K378, K386, and R408. In

BA.1 such residues are T333, N334, E340, R346, N360, D364, Y369, K378, K386, F392,

R408, K424, N450, K462, and H519. Also most large Cα structural changes occur at the

coil regions of the RBD. For the BA.2 variant, the half of maximal distance is 7.16Å and we

have recorded such residues that have at least one atom whose distance to the corresponding

atom in the wild-type RBD is more than 7.16Å.

To quantify the total structural differences between the wild type and mutants, we calcu-

late the sum of squares of distances between corresponding Cα atoms. The results of Alpha,

Beta, Gamma, BA.1, and BA.2 are 69 Å2, 70 Å2, 67Å2, 93Å2, and 255Å2, respectively as

shown in Figure 5.4. The large values for BA.1 and BA.2 are consistent with fact that BA.1

and BA.2 are strongly antibody disruptive [29, 31]. The large structural changes induced by

BA.2 mutations create significant mismatch between antibodies and antigens, making BA.2

one of the most antibody resistant variants [31]. Arguably, the amount of mutation-induced

structural changes in RBD-ACE2 complexes also strongly correlates with viral infectivity

changes.

Now we turn to the topological characterization of the mutation-induced conformational

changes. To this end, we employ persistent Laplacians (PL) and persistent sheaf Lapla-

cians (PSL) to examine the local RBD structural changes induced by the mutation N501Y

(a common mutation that exists in Alpha, Beta, Gamma, BA.1, and BA.2). For the wild

type and mutants, the residue 501 mutation site is defined as the set of neighborhood heavy
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Figure 5.4 The total structural changes of RBD between the wild type and mutants in RBD-
ACE2 complex. Given an alignment of a mutant RBD to the wild type RBD, the total
structural changes is defined to be the sum of squares of distances between corresponding
Cα atoms in RBD.

Figure 5.5 Illustration of persistent (sheaf) Betti numbers of element nonspecific persistent
Laplacian (PL) and persistent sheaf Laplacian (PSL) of the residue 501 mutation site at
different filtration values, i.e., radii (unit: Å). The wild type (PDB ID: 6M0J) and Alpha
(PDB ID: 8DLK) are given in the first row. The Beta (PDB ID: 8DLN) and Gamma (PDB
ID: 8DLQ) are given in the second row. BA.1 (PDB ID: 7T9L) and BA.2 (PDB ID: 7XB0)
are given the third row.
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Figure 5.6 Illustration of the first nonzero eigenvalues of element nonspecific persistent Lapla-
cian (PL) and persistent sheaf Laplacian (PSL) of the residue 501 mutation site at different
filtration values, i.e., radii (unit: Å). The wild type (PDB ID: 6M0J) and Alpha (PDB ID:
8DLK) are given in the first row. The Beta (PDB ID: 8DLN) and Gamma (PDB ID: 8DLQ)
are given in the second row. BA.1 (PDB ID: 7T9L) and BA.2 (PDB ID: 7XB0) are given
the third row.

Figure 5.7 Illustration of persistent Betti numbers (red line) and the first nonzero eigenvalues
(blue line) of element nonspecific persistent Laplacians of the wild type N501 mutation site at
different filtration values, i.e., radii (unit: Å). Alpha filtration is used. The graphs from top
to bottom represent the results of dimension-0, dimension-1, and dimension-2 Laplacians.
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atoms (C, N, and O) in RBD such that the distance of any atom in the set to the residue

501 Cα is smaller than 10Å. We calculate persistent Laplacians and persistent sheaf Lapla-

cians for mutation sites of the wild type and variants and compare the persistent (sheaf)

Betti numbers and the smallest nonzero eigenvalues of spectra at different filtration values.

Persistent Laplacians and persistent sheaf Laplacians can be calculated as either element

non-specifically or element specifically (i.e., considering carbon, nitrogen, and oxygen atoms

separately). We first employ the element non-specific approach and compare the results of

the wild type and variants. The results of persistent Laplacians and persistent sheaf Lapla-

cians are shown in Figures 5.5 and 5.6. The x axis represents the filtration values of Rips

filtration, such that at a filtration value r the Rips complex is constructed by considering

balls of radius r. The sudden changes of persistent (sheaf) Betti numbers and the first

nonzero eigenvalues near r = 0.65Å reflect the fact that most neighboring atoms are about

1.3Å away from each other. In Figure 5.5, The number of atoms is reflected in the initial

0-th Betti numbers. The 0-th Betti number dramatically decreases around 0.65 Å because

covalent bond distances are about 1.5Å. The 0-th Betti number decreases further from 1.2Å

to 1.7Å due to other many non-covalent bonds.

In Figure 5.6, the results of the wild type and mutants almost coincide, except that the

first nonzero eigenvalues of persistent sheaf Laplacians of BA.1 and BA.2 near r = 0.65Å

have very different values. The results of persistent Laplacians are quite different from

those of persistent sheaf Laplacians at large filtration values. The significant changes around

r = 0.65Å are due to the topological changes.

We are also interested in understanding whether higher dimensional persistent Laplacians

can offer an additional characterization of biomolecules. Figure 5.7 presents the higher

dimensional persistent Laplacian analysis of the wide type RBD near the N501 residue.

Obviously, higher dimensional persistent Laplacian offers significant structural information

about the distributions of circles and cavities of the macromolecule. Most dimension-1 circles

occur in the range of 1.5-2.4Å, whereas most 2-dimensional cavities locate around 1.8-2.8Å.
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2-dimensional cavities are short-lived in the filtration, indicating the lack of multiple large

cavities in the structure (at most one large cavity in the structure). This distribution can

be used to understand interaction forces. For example, the length of hydrogen bonds ranges

from 2-3.6Å(corresponding to 1-1.8 Å in the filtration radii). This information is valuable for

the design of machine learning representations, including the selection of the set of filtration

intervals. We also note that the peak of λr,0
2 is at the left of βr,0

2 . It’s possible that when r

is in the range of 1.2Å-1.5Å, many 2-simplices are born but no 2-cycles are formed yet.

Figure 5.8 Illustration of the first nonzero eigenvalues of element-specific persistent Laplacian
of the residue 501 mutation site at different filtration values, i.e., radii (unit: Å). The wild
type (PDB ID: 6M0J) and Alpha (PDB ID: 8DLK) are given in the first row. The Beta
(PDB ID: 8DLN) and Gamma (PDB ID: 8DLQ) are given in the second row. BA.1 (PDB
ID: 7T9L) and BA.2 (PDB ID: 7XB0) are given the third row.

The element-specific results of the residue 501 mutation site of the wild type, and variants

Alpha, Beta, Gamma, BA.1, and BA.2 are shown in Figures 5.8 and 5.9, as well as in

Figures D.1 and D.2 in the Appendix. We observe that the difference between the first

nonzero eigenvalues is much more obvious. For instance, in Figure 5.8 there is a higher

spike near 0.7Å in the graph of Alpha carbon atoms, and two spikes near 1.3Å and 1.7Å

disappear in the graph of the Alpha variant’s oxygen atoms. In Figure 5.8, all results of

carbon atoms have similar shapes, implying a relatively stable RBD carbon atom structure.

In the results of nitrogen atoms, we notice that the results of Alpha, Beta, and Gamma

variants resemble each other, and the same can be said of the results of BA.1 and BA.2
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Figure 5.9 Illustration of the first nonzero eigenvalues of element-specific persistent sheaf
Laplacian of the residue 501 mutation site at different filtration values, i.e., radii (unit: Å).
The wild type (PDB ID: 6M0J) and Alpha (PDB ID: 8DLK) are given in the first row. The
Beta (PDB ID: 8DLN) and Gamma (PDB ID: 8DLQ) are given in the second row. BA.1
(PDB ID: 7T9L) and BA.2 (PDB ID: 7XB0) are given the third row.

variants. In the results of oxygen atoms, the results of Alpha, Beta, and Gamma still

resemble each other, but the results of BA.1 and BA.2 are quite different. The results of

the wild type are unique in the sense that it has one or two spikes near 1.3Å or 1.7Å. These

results indicate that element-specific persistent Laplacians and element-specific persistent

sheaf Laplacians are better approaches in characterizing SARS-CoV-2 variants than element-

non-specific approaches. We know that nitrogen and oxygen atoms are sparser in a protein,

so if we use element nonspecific approach, nitrogen atoms and oxygen atoms will first form

edges with neighboring carbon atoms, and we are not able to infer distances between nitrogen

atoms or oxygen atoms. This explains why element specific approach outperforms element

nonspecific approach.

5.0.2 PTL analysis of RBD structural changes induced by its binding to ACE2

We investigate how binding to ACE2 changes the spike protein RBD structure from the

closed state to the open state for the wild type, Alpha, Beta, BA.1, and BA.2 variants.

The PDB IDs of the spike protein of wild type, Alpha, Beta, BA.1 and BA.2 used in this

section are 7DF3 [148], 7LWS [51], 7LYM [51], 7TF8 [50] and 7XIX [21]. The analysis of the

Gamma variant is eliminated due to the lack of experimental structure. We first align each
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of the three RBDs in the closed-state spike protein to the RBD in the RBD-ACE2 complex.

The maximal distances between corresponding atoms in the RBM of the three alignments

of BA.1 are 8.76Å, 13.49Å, and 9.44Å, which are larger than those of alignments of the wild

type and other mutants. For each alignment, we record the RBM residues that have at least

one atom whose distance to the corresponding atom is larger than 5.28Å, i.e., half of the

mean maximal distances between corresponding atoms in RBM of the three alignments of

BA.1. In wild-type RBD, such residues are K444 and K458. In Alpha there are no such

residues; In Beta, chains A and B have K458; chain C has T478 and P479. In BA.1, each

chain has different such residues: chain A has K440, Y453, K458, K478, and F486; chain B

has K440, Y453, R457, K458, R466, Y473, Q474, K478, F486, F490, R493; and chain C has

K440, Y453, Y473, K478, F486. In BA.2 such residues are E465, K478, and G482.

Figure 5.10 The total structural changes of the RBM between the closed state RBD and the
open state RBD induced by ACE2 binding. Here the total structural changes are defined to
be the sum of squares of distances between Cα atoms in the RBM.

We also calculate the total structural changes of the RBM between the closed state

RBD and the open state RBD induced by its binding to the human ACE2. Here, the total

structural changes are defined to be the sum of squares of distances between Cα atoms in

the RBM. Since spike protein is a trimer, we calculate the total structural changes for each

chain and report the average (see Figure 5.10). It turns out that the average total structural

changes induced by binding to ACE2 do not increase too much with respect to the number

of RBD mutations.
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Figure 5.11 Illustration of persistent Betti numbers (red line) and the first nonzero eigenvalues
(blue line) of persistent Laplacian of the RBD binding site of the wild type RBD-ACE2
complex (PDB ID: 6M0J) and closed state spike protein (PDB ID: 7DF3, Chain ID: A) at
different filtration values, i.e., radii (unit: Å). The graphs from top to bottom represent the
results of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.

Now, we calculate persistent Laplacians and persistent sheaf Laplacians for the RBD

binding site in the closed state spike protein and the RBD-ACE2 complex. For the wild

type and mutants, we define the RBD binding site as the set of RBD residues whose Cαs are

within 10Å from the Cαs of ACE2 residues. We choose 10Å as the cutoff distance, because

if we used 11Å then the RBD binding site would include non-RBM residues. Spike protein

as a trimer has three chains. In the results of alignments, the recorded residues of the wild

type, Alpha, and BA.2 are the same for the three chains. Therefore, for the wild type, Alpha

and BA.2 we only use chain A, and for Beta and BA.1, we use all three chains. The study

was carried out in an element-specific manner for carbon atoms, nitrogen atoms, and oxygen

atoms. The results of the wild type are shown in Figure 5.11. We noted that persistent

Betti numbers cannot distinguish two structures. However, the first nonzero eigenvalues of

the persistent Laplacians capture the difference, demonstrating the advantage of persistent

Laplacians over persistent homology in protein structure analysis.

Additional analysis is presented in Figures D.3, D.4, D.5, D.6, D.7, D.8, D.9, D.10, D.11,

and D.12 in the Appendix. In Figure D.3, the results of the wild type, Alpha, Beta, BA.1,
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and BA.2 RBD binding sites are quite similar except that the wild type RBD binding site

has relatively lower first nonzero eigenvalues near r = 0.7Å. A peak appears or disappears

in the graph of the nitrogen atoms, whereas for BA.1 and BA.2, the results of the nitrogen

atoms resemble each other, sometimes even coincide.

The results of persistent Laplacians and persistent sheaf Laplacians are similar in this

work. However, this similarity is due to the specific implementation of persistent sheaf

Laplacians. In general, persistent sheaf Laplacians enable the embedding of non-geometric

chemical and physical information of biomeolecules in topological and spectral representa-

tions.

TDA assisted supervised learning

The workflow of TDA-assisted supervised learning is shown as below. Suppose our dataset

includes molecules (e.g., PDB files) and corresponding labels (a numerical number represent-

ing a biochemical property), one can use TDA methods to obtain a representation (a feature

vector) of each molecule and input all representation and labels to train a machine learn-

ing model. Persistent homology was first employed in TDA-assisted supervised learning.

For example, [20] used persistent homology to predict protein-ligand binding affinity and

state-of-the-art results were achieved.

Molecular
structures

TDA repre-
sentations

labels of
molecular
structures

Supervised
machine
learning

Trained models

Figure 5.12 The general workflow of TDA-assisted supervised learning.

TDA-assisted supervised learning has also been used to predict the impact of mutation

on protein-protein interaction [18, 28]. Suppose a wild type protein-protein complex struc-

ture and a dataset including single amino acid mutations (chain ID, residue ID, mutant

residue, etc.) and corresponding binding free energy (BFE) changes caused by mutations
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are available1. Mutant structures can be computationally generated based on experimentally

determined structures of the wild-type antibody-antigen complexes and mutation informa-

tion. Since we are interested in the prediction of binding free energy changes caused by

mutation, we input both the TDA representations (i.e., feature vectors) of wild type struc-

ture and mutant structures to a machine learning model, so that the model will learn the

structural change induced by a mutation2. Laplacian representations have been employed in

TDA-assisted supervised learning [28]. Their performance on benchmark datasets are better

than previous models. The only difference is that TopLapGBT uses gradient boosting trees

whereas TopLapNet employs neural networks.

the single
mutation

information

the wildtype
structure

the mutant
structure

TDA rep-
resentation

TDA rep-
resentation

Supervised
machine
learning

the BFE change

Figure 5.13 The workflow to study the impact of mutation on a wildtype structure.

To do prediction with a trained TopLapGBT or TopLapNet, one has to transform the

wildtype structure and the mutant structure to TDA representations and input them to the

trained model.

When we apply persistent homology and persistent Laplacians to the study of protein-

protein interactions, we always extract the atoms within a certain cutoff distance r of the

binding site3 and construct a distance matrix such that if two atoms are in the same protein

then the distance between them is an extremely large constant number (to ensure that

1For instance, the AB-Bind S645 dataset [123] includes 645 mutants with experimentally determined
BFE changes across 29 antibody-antigen complexes.

2We also input the difference of the feature vectors of the wild type and the mutant. This trick enhances
the performance.

3Suppose an atom a is in protein A. If the distance of atom a to the other protein in the complex is not
larger than r, then we say atom a is within distance r of the binding site.
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the prediction

Figure 5.14 How to predict using TopLapGBT or TopLapNet.

atomic interaction within a single protein is ignored). To further characterize the interaction

between atoms of certain elements E1 and E2, we can consider the point cloud formed by

the atoms of an element E1 of protein A within r of the binding site, and the atoms of

element E2 of protein B within r of the binding site. After the calculation of persistent

homology and persistent Laplacians, the next step is to transform the barcodes of persistent

homology or spectra of persistent Laplacians into vector representations of fixed lengths. For

barcodes, there are at least two ways: either we divide the interval [0, r] into bins of even

length and count the occurrence of bars, birth values, and death values in each bin, or we

simply compute statistics such as sum, maximum, minimum, mean, and standard deviation

for bar lengths, birth values, and death values. The former method is often applied to 0-

dimensional barcodes and the latter to 1-dimensional and 2-dimensional barcodes. For the

spectrum of a persistent Laplacian, we separate zero eigenvalues (harmonic spectra) and

nonzero eigenvalues (non-harmonic spectra). We use the number of zero eigenvalues, the

sum, the minimum, the maximum, the mean, the standard deviation, the variance, and the

sum of squares of nonzero eigenvalues.

Impacts of computationally generated structures on PTL-assisted machine learn-
ing predictions

We mentioned earlier that a wild type structure is needed in TopLapGBT and TopLap-

Net. It is natural to ask if structural perturbation to the wild type structure will impact the

two models. To explore this, we use a SARS-CoV-2 BA.2 RBD deep mutational scanning
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dataset which involves the systematical mutations of each residue on the BA.2 RBD to 19

other residues and records corresponding binding affinity changes [125]. The deep mutational

scanning covers the RBD residues from 333 to 527. In order to apply machine learning mod-

els, such as TopLapGBT and TopLapNet [28], to this dataset, BA.2 RBD mutants need to

be computationally generated based on a BA.2 RBD structure and the choice of the BA.2

RBD structure can affect the performance of machine learning models. We can choose either

an experimentally determined BA.2 RBD-ACE2 complex structure or a BA.2 RBD-ACE2

complex structure computationally generated based on an experimentally determined BA.1

RBD-ACE2 complex structure. When the given BA.2 RBD structure is experimentally de-

termined (PDB ID: 7XB0), the resulting models are referred to as ExpTopLapGBT (experi-

mental TopLapGBT) and ExpTopLapNet (experimental TopLapNet). When the BA.2 RBD

structure is computationally generated from BA.1 RBD (PDB ID: 7T9L) by Jackal [147], the

resulting model is referred to as ComTopLapGBT (computational TopLapGBT) or ComTo-

pLapNet (computational TopLapGBT). The distances of corresponding atoms between the

experimentally determined RBD (PDB ID: 7XB0) and the RBD generated computationally

from BA.1 RBD (PDB ID: 7T9L) is shown in Figure 5.15.

Figure 5.15 Atoms of BA.2 RBD (PDB ID: 7XB0) are colored by their distances to corre-
sponding atoms in the computationally generated structure. We record the residues that
have at least one atom whose distance to the corresponding atom in wild type RBD is more
than 7.57Å. Such residues are 370, 375, 378, 386, 387, and 519.

We compare the results of ExpTopLapGBT and ComTopLapGBT, on the predictions

of the RBD deep mutational scanning dataset. We split the dataset into 10 folds, and for

each fold, we use the other 9 folds as the training set to build a machine learning model,

which is used to predict ACE2-binding affinity changes for the fold. Therefore, for a given
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10-fold splitting we get the ExpTopLapGBT and ComTopLapGBT predictions of RBD-

ACE2 binding affinity changes for the deep mutational scanning dataset. We denote by

Rp(Exp, True) the Pearson correlation coefficient between ExpTopLapGBT predicted bind-

ing affinity changes and experimental binding affinity changes. Similarly, Rp(Com, True) (or

Rp(Exp,Com)) is the Pearson correlation coefficient between ComTopLapGBT predicted

binding affinity changes and experimental binding affinity changes (or ExpTopLapGBT pre-

dicted binding affinity changes). We also do the same analysis for TopLapNet

Method Rp(Exp, True) Rp(Com, True) Rp(Exp,Com)

TopLapGBT 0.901 0.898 0.990

TopLapNet 0.879 0.849 0.925

Table 5.1 Rp(Exp, True) is the correlation coefficient between predictions of ExpTo-

pLapGBT (or ExpTopLapNet) and true affinity changes. Here, Rp(Com, True) is the cor-

relation coefficient between predictions of ComTopLapGBT (or ComTopLapNet) and true

affinity changes. Rp(Exp,Com) is Pearson the correlation coefficient between the predic-

tions of ExpTopLapGBT and ComTopLapGBT (or between ExpTopLapNet and ComTo-

pLapNet). A random state affects the 10-fold splitting and the training of GBT and neural

networks.

The results of TopLapGBT and TopLapNet are shown in Table 5.1. Generally, the

performance of models using experimentally determined structures is better than that of

models using the computationally generated structure. This is not surprising since the

computationally generated structure is an approximation of the experimental structure. The

performance of ExpTopLapGBT and ComTopLapGBT are extremely close, whereas the

performance of ComTopLapNet differs very much from that of ExpTopLapNet. We also see

that ExpTopLapGBT outperforms ExpTopLapNet.

In this study, we use scikit-learn to build a gradient boosting tree whose parameters

are n_estimators=20000, learning_rate = 0.005, max_features = ‘sqrt’, max_depth = 9,
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min_samples_split = 3, subsample = 0.4, and n_iter_no_change=500. Additionally, we

use PyTorch to build a neural network with 7 hidden layers where each layer has 8000

neurons.
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CHAPTER 6

THESIS CONTRIBUTION AND FUTURE WORK

The main contributions of this dissertation are listed as follows:

• In section 2, we propose to calculate of spectra of persistent Laplacians using homotopy

continuation methods.

• In chapter 3, we extend persistent Laplacians to the setting of cellular sheaves and

discuss how persistent sheaf Laplacians can be applied to analyze biomolecules.

• In chapter 4, we review the recent generalizations of persistent Laplacians.

• In chapter 5, we perform analysis of RBD structural changes induced by mutations

and stability of persistent Laplacian assisted machine learning models.

The contents of this dissertation are mostly adopted from the following publications and

preprints:

• X. Wei and G.-W. Wei. Homotopy continuation for the spectra of persistent Laplacians.

Foundations of Data Science, 3(4):677, 2021.

• X. Wei and G.-W. Wei. Persistent sheaf Laplacians. Foundations of Data Science,

2024.

• X. Wei and G.-W. Wei. Persistent Topological Laplacians–a Survey. arXiv preprint

arXiv:2312.07563, 2023.

• X. Wei, J. Chen, and G.-W. Wei. Persistent topological Laplacian analysis of SARS-

CoV-2 variants. Journal of computational biophysics and chemistry, 22(5):569, 2023.

Many future directions are available, including:

• It is challenging to understand the relationship between the geometry/topology of the

data and PTLs. The understanding of this relationship is crucial for the application

of PTLs to real world problems.
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• To a certain extent, the success of persistent homology can be attributed to its inte-

gration with machine learning, particularly with the introduction of topological deep

learning [19]. The featurization of Laplacians typically requires domain knowledge

and experience. Since self learning representations of persistent diagrams have been

proposed [70], we wonder if self learning representations of (persistent) Laplacians are

possible. It is also interesting to featurize the eigenvectors of Laplacians.

• Despite efforts in software development [96, 135], the computation of PTLs remains

slow, particularly for problems involving large datasets. Since the primary value of

TDA lies in its ability to analyze data, one of the most pressing needs will be the

development of efficient and robust PTL software packages. The development of finite

field PTLs will be also valuable.

• The invention of cellular sheaves for different scenarios is crucial for successful appli-

cations of persistent sheaf Laplacians.

• One can also extend PTLs to settings such as the Hochschild complex [49], quantum

homology [11], multiparameter persistent homology [68], and interaction homotopy

and interaction homology [87].

• As discussed in [126], persistent Dirac operators can be formulated for flag complexes,

digraphs, hyperdigraphs, etc. It is possible that a persistent sheaf Dirac operator can

be devised to distinguish certain point clouds.

• It will be interesting to generalize various PTLs on point clouds to the manifold and

knot-type data settings.

• Persistent Mayer homology and persistent Mayer Laplacians have been introduced

on N -chain complexes [121]. These formulations encompass persistent homology and

persistent Laplacians as special cases. The potential for future developments on these

subjects is widely open.
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APPENDIX A

STATISTICS OF NONZERO EIGENVALUES OF PERSISTENT
LAPLACIANS

Here we present some statistics of nonzero eigenvalues of persistent Laplacians. An Alpha

filtration is constructed from the atoms of molecule CB8 [118]. The spectrum of ∆Xr,Xr+p

d

for d = 0, 1 and selected r, p will be calculated. The radius r will be a multiple of 0.01Å.

Figure A.1 The minimal of non-zero eigenvalues when p = 0.

Figure A.2 The minimal of non-zero eigenvalues when p = 0.2.
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Figure A.3 The mean of non-zero eigenvalues when p = 0.

Figure A.4 The mean of non-zero eigenvalues when p = 0.2.

Figure A.5 The median of non-zero eigenvalues when p = 0.
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Figure A.6 The median of non-zero eigenvalues when p = 0.2.

Figure A.7 The maximal of non-zero eigenvalues when p = 0.

Figure A.8 The maximal of non-zero eigenvalues when p = 0.2.
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Figure A.9 The standard variation of non-zero eigenvalues when p = 0.

Figure A.10 The standard variation of non-zero eigenvalues when p = 0.2.
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APPENDIX B

METHOD OF HOMOTOPY CONTINUATION

Our exposition of homotopy continuation follows [8]. More theoretical treatment of this topic

can be found elsewhere [124].

Solving a system of polynomial equations f by homotopy continuation basically consists

of three steps: 1) build a start system g such that g can be solved easily; 2) build a homotopy

between two systems f and g; 3) track the roots of g to the roots of f .

We first look at a simple example. Let us say we wish to solve the following polynomial

in one complex variable

f(z) = −2z3 − 5z2 + 4z + 1.

We take a similar and simpler polynomial g(z) and deform the roots of g(z) to f(z). For

instance we may take g(z) = z3 + 1 and construct a linear homotopy

h(z, s) = sg(z) + (1− s)f(z)

where s is a complex variable. Though the second parameter of h is a complex variable, we

still call h a homotopy between f and g for convenience. Then we parametrize s by a curve

s(t) =
γt

γt+ (1− t)
, t ∈ [0, 1], γ ∈ C\R

(this is called the gamma trick [8, Section 6.1] and there are technical reasons behind such

choice of parametrization). We substitute s(t) in h(z, s) and clear denominators, then obtain

a usual homotopy

H(z, t) = γtg(z) + (1− t)f(z), t ∈ [0, 1].

For each t0 ∈ [0, 1], H(z, t0) is a polynomial. Once we know how to numerically solve

H(z, t0−∆t) = 0 from the known roots of H(z, t0), we can pick a grid of [0, 1] and track the

known roots of g step by step all the way to the solutions of f . This process is called the path
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tracking. Now suppose H(z(t), t) = 0 for any t ∈ (0, 1] with z(1) a root of g. Differentiate

H(z(t), t) with respect to t, we have the Davidenko differential equation

∂H

∂t
(z(t), t) +

∂H

∂z
(z(t), t)

dz(t)

dt
= 0.

If ∂H
∂z

(z(t), t) is nonzero, the Davidenko differential equation can be rewritten as

dz(t)

dt
= −

(∂H
∂z

(z(t), t)
)−1∂H

∂t
(z(t), t)

As we know the value of z(t) at t0, we have indeed transformed our original problem of

tracking roots to the classical initial value problem of ordinary differential equation (ODE).

One may use any ODE method to predict z(t0 −∆t) (The default ODE solver employed by

Bertini is RKF45). For instance we can apply the simplest Euler’s method and get

z(t0 −∆t) = z(t0)−
(∂H
∂z

(z(t0), t0)
)−1∂H

∂t
(z(t0), t0)∆t.

Since we also know that H(z(t0 − ∆t), t0 − ∆t) should be zero, we can apply several

iterations of Newton’s method to update z(t0−∆t). Such combination of an ODE predictor

with Newton’s method is called a predictor-corrector method.

Now after the path tracking from t = 1 to t = 0, we get a sequence {z(ti)}. If the limit

lim
ti→0

z(ti) exists and is finite, we think of lim
ti→0

z(ti) as a solution of f .

Example B.0.1. The reader may wonder why we do not just use

H(z, t) = tg(z) + (1− t)f(z), t ∈ [0, 1].

Consider the example H(z, t) = t(z2 − 1) + (1 − t)(5 − z2). When t = 1/2, H(z, 1/2) = 2

has no roots. When t = 5/6, H(z, 5/6) = 2/3z2 has a singular root 0, and the derivative of

it at z = 0 is zero.

Example B.0.2. Though usually we are only interested in real roots of the target system,

we should also track complex roots. Consider the homotopy

h(z, t) = z4 − e2πi(1−t) + 0.25 = 0, t ∈ [0, 1].
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At t = 1, h(z, 1) has two real roots ± 4
√
0.75 and two imaginary roots ± 4

√
0.75i. As t goes

from 1 to 0, e2πi(1−t) travels around the unit circle in the complex plane counterclockwise;

The two real roots will be deformed to the two imaginary ones and vice versa.
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APPENDIX C

APPENDIX OF THE SHEAF CHAPTER

Figure C.1 A square and a trapezoid. Coordinates of vertices are shown.

(a) (b) (c)

(d) (e) (f)

Figure C.2 The results of the square. We consider pairs (Xr, Xr) or (Xr, Xr+0.2) in a filtration.
The results of the labeled point cloud {((0, 0), 1), ((1, 0), 1), ((1, 1), 1), ((0, 1), 1)} are shown
in (a)(c). The results of the point cloud {(0, 0), (1, 0), (1, 1), (0, 1)} are shown in (b)(d). The
results of the labeled point cloud {((0, 0), 1), ((1, 0), 1), ((1, 1), 1), ((0, 1),−1)} are shown in
(e)(f).
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(a) (b) (c)

(d) (e) (f)

Figure C.3 The results of the trapezoid. We consider pairs (Xr, Xr)
or (Xr, Xr+0.2) in a filtration. The results of the labeled point cloud
{((0, 0), 1), ((1, 0), 1), ((3/4,

√
15)/4, 1), ((0, 1), 1)} are shown in (a)(c). The results of

the point cloud {(0, 0), (1, 0), (3/4,
√
15/4), (1/4,

√
15/4)} are shown in (b)(d). The results

of the labeled point cloud {((0, 0), 1), ((1, 0), 1), ((3/4,
√
15/4), 1), ((1/4,

√
15/4),−1)} are

shown in (e)(f).

Figure C.4 The structure of CB8.
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Figure C.5 The results of the CB8 when p = 0.

Figure C.6 The results of the CB8 when p = 0.2.
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Figure C.7 Illustration of the structure of bacteriocin AS-48.

Figure C.8 The results of AS-48 when p = 0.
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Figure C.9 Results of AS-48 when p = 0.4.
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APPENDIX D

APPENDIX OF THE SARS-COV-2 CHAPTER

Here we provide the information of PDB structures we used and additional topological

analysis using persistent Laplacian and persistent sheaf Laplacian. The information of PDB

structures is given in Table D.1. PTL results are given in Figures D.1, D.2, D.3, D.4, D.5,

D.6, D.7, D.8, D.9, D.10, D.11, and D.12.

Specifically, Figures D.1, and D.2 are element-specific analysis of the wide type, Alpha,

Beta, Gamma, BA.1, and BA.2 using LP and PSL, respectively. Figure D.3 presents carbon

specific analysis of the wide type, Alpha, Beta, Gamma, BA.1, and BA.2. Figures D.4, D.5,

D.6, and D.7 demonstrate the PL analysis of Alpha, Beta, BA.2, and BA.2, respectively. The

spectral analysis of three major types of elements, namely carbon atoms, nitrogen atoms,

and oxygen atoms, is presented in these figures. Finally, D.8, D.9, D.10, D.11, and D.12

illustrate the PSL analysis of the wide type, Alpha, Beta, BA.2, and BA.2, respectively.

These figures display the spectral analysis of three major types of elements, namely carbon

atoms, nitrogen atoms, and oxygen atoms.
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PDB ID Method Resolution (unit: Å) Description

6M0J[80] X-ray diffraction 2.45 wild type RBD-ACE2

8DLK[93] Electron microscopy 3.04 Alpha RBD-ACE2

8DLN[93] Electron microscopy 3.04 Beta RBD-ACE2

8DLQ[93] Electron microscopy 2.77 Gamma RBD-ACE2

7T9L[94] Electron microscopy 2.66 BA.1 RBD-ACE2

7XB0[82] X-ray diffraction 2.90 BA.2 RBD-ACE2

7DF3[148] Electron microscopy 2.70 wild type spike

7LWS[51] Electron microscopy 3.22 Alpha spike

7LYM[51] Electron microscopy 3.57 Beta spike

7TF8[50] Electron microscopy 3.36 BA.1 spike

7XIX[21] Electron microscopy 3.25 BA.2 spike

Table D.1 Information of PDB 3D structures used in this work.

Figure D.1 Illustration of persistent Betti numbers of element specific persistent Laplacian
of the residue 501 mutation site at different filtration values, i.e., radii (unit: Å). The wild
type (PDB ID: 6M0J) and Alpha (PDB ID: 8DLK) are given in the first row. The Beta
(PDB ID: 8DLN) and Gamma (PDB ID: 8DLQ) are given in the second row. The BA.1
(PDB ID: 7T9L) and BA.2 (PDB ID: 7XB0) are given the third row.
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Figure D.2 Illustration of persistent Betti numbers of element specific persistent sheaf Lapla-
cian of the residue 501 mutation site at different filtration values, i.e., radii (unit: Å). The
wild type (PDB ID: 6M0J) and Alpha (PDB ID: 8DLK) are given in the first row. The Beta
(PDB ID: 8DLN) and Gamma (PDB ID: 8DLQ) are given in the second row. The BA.1
(PDB ID: 7T9L) and BA.2 (PDB ID: 7XB0) are given the third row.
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Figure D.3 Illustration of persistent Betti numbers (red line) and the first nonzero eigenvalues
(blue line) of persistent Laplacian of carbon atoms of the RBD binding site in RBD-ACE2
complex of wild type (PDB ID: 6M0J), Alpha (PDB ID: 8DLK), Beta (PDB ID: 8DLN),
BA.1 (PDB ID: 7T9L), and BA.2 (PDB ID: 7XB0) at different filtration values, i.e., radii
(unit: Å). The graphs from top to bottom represent the results of the wild type, Alpha,
Beta, BA.1, and BA.2 variants, respectively.
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Figure D.4 Illustration of persistent Betti numbers (red line) and the first nonzero eigenvalues
(blue line) of persistent Laplacian of the RBD binding site of Alpha RBD-ACE2 complex
(PDB ID: 8DLK) and closed state spike protein (PDB ID: 7LWS, Chain ID: A) at different
filtration values, i.e., radii (unit: Å). The graphs from top to bottom represent the results
of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.

Figure D.5 Illustration of persistent Betti numbers (red line) and the first nonzero eigenvalues
(blue line) of persistent Laplacian of the RBD binding site of Beta RBD-ACE2 complex (PDB
ID: 8DLN) and closed state spike protein (PDB ID: 7LYM, Chain ID: A, B, C) at different
filtration values, i.e., radii (unit: Å). The graphs from top to bottom represent the results
of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.
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Figure D.6 Illustration of persistent Betti numbers (red line) and the first nonzero eigenvalues
(blue line) of persistent Laplacian of the RBD binding site of BA.1 RBD-ACE2 complex
(PDB ID: 7T9L) and closed state spike protein (PDB ID: 7TF8, Chain ID: A, B, C) at
different filtration values, i.e., radii (unit: Å). The graphs from top to bottom represent the
results of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.

Figure D.7 Illustration of persistent Betti numbers (red line) and the first nonzero eigenvalues
(blue line) of persistent Laplacian of the RBD binding site of BA.2 RBD-ACE2 complex
(PDB ID: 7XB0) and closed state spike protein (PDB ID: 7XIX, Chain ID: A) at different
filtration values, i.e., radii (unit: Å). The graphs from top to bottom represent the results
of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.
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Figure D.8 Illustration of persistent sheaf Betti numbers (red line) and the first nonzero
eigenvalues (blue line) of persistent sheaf Laplacian of the RBD binding site of wild type
RBD-ACE2 complex (PDB ID: 6M0J) and closed state spike protein (PDB ID: 7DF3, Chain
ID: A) at different filtration values, i.e., radii (unit: Å). The graphs from top to bottom
represent the results of carbon atoms, nitrogen atoms, and oxygen atoms respectively.

Figure D.9 Illustration of persistent sheaf Betti numbers (red line) and the first nonzero
eigenvalues (blue line) of persistent sheaf Laplacian of the RBD binding site of Alpha RBD-
ACE2 complex (PDB ID: 8DLK) and closed state spike protein (PDB ID: 7LWS, Chain ID:
A) at different filtration values, i.e., radii (unit: Å). The graphs from top to bottom represent
the results of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.
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Figure D.10 Illustration of persistent sheaf Betti numbers (red line) and the first nonzero
eigenvalues (blue line) of persistent sheaf Laplacian of the RBD binding site of Beta RBD-
ACE2 complex (PDB ID: 8DLN) and closed state spike protein (PDB ID: 7LYM, Chain ID:
A, B, C) at different filtration values, i.e., radii (unit: Å). The graphs from top to bottom
represent the results of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.

Figure D.11 Illustration of persistent sheaf Betti numbers (red line) and the first nonzero
eigenvalues (blue line) of persistent sheaf Laplacian of the RBD binding site of BA.1 RBD-
ACE2 complex (PDB ID: 7T9L) and closed state spike protein (PDB ID: 7TF8, Chain ID:
A, B, C) at different filtration values, i.e., radii (unit: Å). The graphs from top to bottom
represent the results of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.
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Figure D.12 Illustration of persistent sheaf Betti numbers (red line) and the first nonzero
eigenvalues (blue line) of persistent sheaf Laplacian of the RBD binding site of BA.2 RBD-
ACE2 complex (PDB ID: 7XB0) and closed state spike protein (PDB ID: 7XIX, Chain ID:
A) at different filtration values, i.e., radii (unit: Å). The graphs from top to bottom represent
the results of carbon atoms, nitrogen atoms, and oxygen atoms, respectively.
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