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ABSTRACT

One of the principal challenges in simulating fermions on a quantum computer is that qubits
lack the anti-symmetry of fermions. The simplest solution, the Jordan-Wigner transformation,
converts local interactions into non-local ones. I will describe a method based on Majorana
fermions that preserves locality, and propose some improvements to it that reduce the CNOT gate
cost and make the algorithm more suited to simulating nuclear matter. I will also suggest how
a perturbation theory-based approach can be useful for studies in nuclear physics. Finally, I will
discuss contributions I have made involving time fractals and quantum algorithms such as the rodeo
algorithm, an eigenvalue estimation algorithm that can obtain precise results even on noisy quantum

computers.
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CHAPTER 1

INTRODUCTION

In this chapter, I will introduce nuclear lattice effective field theory, and Hamiltonians used in
it. I will also provide some background about circuits used on quantum computers. In the second
chapter, I will discuss various algorithms for converting Hamiltonians into quantum circuits. In the
third chapter, I will discuss one particular algorithm in depth, including some improvements I have
made to it and future applications of it. In the final chapter, I will discuss contributions that I have
made to other papers authored by members of Dean Lee’s research group.
1.1 Mathematical Preliminaries

Here I will define some mathematical notation that I will use.

The commutator of two operators is defined
[A,B] = AB — BA. (1.1)

The commutator is zero if the two operators commute.

The anti-commutator of two operators is defined
{A, B} = AB + BA. (1.2)

The anti-commutator is zero if the two operators anti-commute, i.e. AB = —BA.

The Kronecker delta function is defined

Sij = . (1.3)

An operator U acting on a Hilbert space H is unitary if UTU = UU" = I, where U" is the
adjoint, i.e. complex conjugate transpose, and [ is the identity matrix. Unitary operators have the

property that they preserve inner products.

1.2 Quantum Mechanics

In classical mechanics, the time evolution of an object is given by Newton’s 2nd law of motion,

F = ma. (1.4)



If we can write down the forces acting on an object, we can solve this differential equation for
the position of the object at any future time. Alternatively, we can write down kinetic energy 7'
and potential energy V' as functions of some generalized coordinates ¢; and their time derivatives
(generalized velocities) g;. Then we can solve the (mathematically equivalent to Newton’s 2nd

law) Euler-Lagrange equations,

do 0

M_qf . 6_;3] (1.5)
where £ = T—-V. Solving either of these differential equations is not always practical. One example
where they don’t work well is chaotic systems, systems that have exponential dependence on the
initial conditions. This means that the initial conditions must be known exactly to get accurate
predictions of the future behavior of the system. Additionally, there are situations where classical
mechanics does not provide accurate predictions, such as in double-slit interference patterns of
electrons.

This is because, to the best of our knowledge, the world obeys quantum mechanics instead of
classical mechanics. Classical mechanics remains useful as a limiting case of quantum mechanics
for large systems. While classical mechanics is deterministic, quantum mechanics is probabilistic.
Instead of solving for position as a function of time, we solve for a complex-valued wave function that
represents a probability amplitude, ¥ (x, 7). From the wave function we can calculate a probability
density,

p(x) =P (x,1)[% (1.6)

which leads to the natural normalization of the wave function

/w |¥(x,0)]> = 1. (1.7)

oo

The state of a system need not be written as a wave function in the position basis; we can write
the general state as |¥'(#)). The dynamics of the state are given by the time-dependent Schrodinger
equation,

d .
i [¥(0)=H[¥()), (1.8)



where H = T + V is the sum of kinetic and potential energy operators. If the dependence of |¥) on
position and time are independent, we can use separation of variables to obtain the time-independent
Schrodinger equation,

H|¥) =E|¥), (1.9)

and obtain the time evolution operator,

N

U(t) = e 1. (1.10)

1.3 Variational Principle
Suppose that we have some Hamiltonian H with eigenstates |n). Then we can define the

eigenvalues (energies) of the eigenstates as
Hln)=E,|n). (1.11)

If we don’t know the ground state, we can still get an upper bound on the ground state energy
E( using the variational principle. We can write down a state that depends on some parameters
0, |y (0)). Since the eigenstates form a complete basis, we can decompose |/ (6)) into a linear
combination over the eigenstates,

(@)= > In) (nli () = > euln). (1.12)

n n

Then the expectation value of the Hamiltonian will give an upper bound on the ground state energy:

WO Hy(0)) = chea(m| Hn) (1.13)
= > chCnEnbum (1.14)
=D lealE, (1.15)
> Ey. (1.16)

So minimizing the expectation value of the Hamiltonian over 6 gives an estimate of the ground
state energy. If there exist 6 such that |i(6)) is the ground state, then the ground state energy will

be exact.



1.4 Many-Body Wavefunctions
A single particle has a wave function i;(x;) that depends on the potential that the particle is in.

If there are multiple particles, the product

[ Jwit (1.17)

approximates a solution to the Schrodinger equation [41]. For bosons, this is satisfactory. However,
fermions obey the Pauli exclusion principle through wave functions that are antisymmetric under

particle exchange. This requires, for example, that

Y1(x)P2(x2) = =1 (x2)¢2(x1). (1.18)

Slater notes that any permutation of the x; still results in an approximate solution to the Schrodinger
equation. It is possible to construct a unique antisymmetric linear combination of these permuta-

tions. This is most conveniently written in terms of a Slater determinant,

Yi(x1) Yo(x) ... Yn(x1)

901(')62) wz(.xz) %Z’NF’Q). (1.19)

|
VN!

yi(xn) Ya(xn) ... ¥n(xn)

Permuting two x; exchanges two columns of the matrix. By the properties of the determinant, this
flips its sign. Thus the Slater determinant wave function has the antisymmetry we desire. It is also
easy to verify that the Slater determinant satisfies the Pauli exclusion principle: if two particles are
in the same state, two rows of the matrix will be identical, causing the determinant to be zero.

It is possible to construct more complex many-body wave functions. For example, the Pfaffian
wave function is an antisymmetric product that contains two-particle pairing functions as well as
single-particle states [1].

1.5 Second Quantization
Before I introduce nuclear lattice effective field theory, I will introduce the language that

its Hamiltonians are written in, second quantization. Second quantization describes many-body



systems by the number of particles in each single-particle state. This is very convenient for defining
simulations on a lattice.

Suppose that we have some (possibliy infinite) set of orthonormal single-particle states. These
states could be, for example, lattice sites or electron orbitals. Then the many-body state can be

written as

Ini,na,n3,...), (1.20)

where n; is the number of particles in state i. For bosons (particles with integer spin), n; can be
any nonnegative integer, but for fermions (particles with half-integer spin) »; is restricted to be 0
or 1 by the Pauli exclusion principle. The total number of particles in the system can be found by
summing the occupation numbers of each state, N = ; n;.

We introduce creation and annihilation operators that add or remove one particle from a many-
body state. For bosons, we denote the creation operator as o' and the annihilation operator as b,

and they are defined such that

bil. o mii i ity ) =N+ 1 g, + g, ) (1.21)
bl| ce s -1, 14, Ny, - - > = \/’Tll XA RN (7 l’ni+1’ e >' (122)
Note that if we try to annihilate a particle that doesn’t exist, the state is replaced by 0. Due to

the symmetry of bosonic wavefunctions under particle exchange, the creation and annihilation

operators obey the following commutation relations:

[b], b}] =0, (1.23)
[bi, D] =0, (1.24)
[b;, bj.] = 6,5 (1.25)

Nuclear matter is made of protons and neutrons, both particles with spin % and thus fermions.
So we will primarily deal with fermionic creation and annihilation operators, denoted a' and a

or 7 and £, respectively. Fermion wavefunctions are antisymmetric under particle exchange, so



these fermionic operators obey the anti-commutation relations

(5.5 =0, (1.26)
{fi. fi} =0, (1.27)
{fi ]} = 6. (1.28)

The fermionic operators act on many-particle states by

i1
f?lnla S (I R RN IS P > = (_I)ijl n](l _ni))|n19 N S s 1ani+19 .. > (129)

i1
filni ... ni_1,nnig, ... ) = (=D& M nny, .o — 1, e, - ). (1.30)

Note that unphysical application of the creation and annihilation operators, trying to create a second
particle in a state in violation of the Pauli exclusion principle or annihilating a particle that doesn’t
exist, sends the state to 0.

Starting from the vacuum state |0) with no particles, any many body state can be constructed

by repeated application of creation operators:

l—l(a;i)”i = |nin, ... ). (1.31)

One useful operator constructed from creation and annihilation operators is the number operator,

N; = fl.T fi, which gives the number of particles in state i.

1.6 Lattice Effective Field Theory

Nuclear lattice effective field theory is an established method for simulating nuclear matter [24,
25]. Lattice quantum chromodynamics, our best theory explaining matter, is too computationally
expensive for systems of more than a few nucleons. So effective field theories are introduced, which
describe interactions between protons and neutrons instead of between quarks. The Hamiltonian

for leading order pionless effective field theory is
Hio = Hpree + V + V2 + VOV, (1.32)
The free part of the Hamiltonian is

1
Hiree = 5~ Z / d*rVal _(r) - Vag-(r), (1.33)

ag,T



which when discretized for a lattice simulation becomes
3 i 1 i i
Hiee=— ) abeMaem)=5 - > > |ab-(Magc(n+e) +al(magc(m—en]. (1.34)
n,o.,7t n,o,7l=x,y,z
Under periodic boundary conditions, we can rearrange the terms in the second sum to obtain
3 i 1 i i
Hiwe'=— > afeMagem) =z~ > > |al-(acc(n+e) +af(n+edasm)]. (135
n,o,7 n,o,7 [=x,y,z
which makes clear that the second term is a "hopping term" that moves particles between adjacent

lattice sites. The potential terms are written in terms of nucleon density and local isospin density,

p(r) = Y al (N)ag(r), (1.36)
pr(0) = Y al (1) [t]rrace (r), (1.37)

where 7; are Pauli matrices in isospin space. Using :: to indicate normal ordering, i.e. annihilation

operators are to the right of creation operators, we can write

V= g/d%: [p(r)]? ., (1.38)
Vp = %/cﬁr: [p: (0], (1.39)
yBN) = %/d%: [p()]?:. (1.40)

Recently, smeared creation and annihilation operators have been introduced to enforce conser-
vation of orbital angular momentum [25]. The smeared operators also reduce lattice artifacts. The
result is that short-range interactions now have a non-local term.

The local portion of the short-range interactions is

c Cs.L
V=" s pr(mpr(n) i +—== > psr(m)ps(n) : (1.41)
2 — 2 =
CIL CS.IL
5 Z cprL(m)prp(m) : + Z cps,,e(m)psr(m) (1.42)
n,/ n,S,/

and the non-local portion is

CINL
2

Z cpine(M)pryr(n) (1.43)

CNL
Vnp = — : T+
NL == Zn: pnc(m)pyr(n) 2



where : : indicates normal ordering. The interactions are written using smeared density operators

defined as follows:

pni(m) = ay, (may (w), (1.44)

prx(m) = al, (m)[r]ayL(n), (1.45)

pr(m) =a'(ma(n) +s. ) o' ()a(n), (1.46)

(n'm)

ps.(m) = a’(m)[oslam) +s. ) o (n)[os]a(m), (1.47)
(n'm)

pri(m) =a" (m[rlam) +s. Y o’ (m)[zlam), (1.48)
(n'm)

pssL(m) =a’(n)[os ® 7/la(n) + s, Z a'(n')[os ® 7/]a(n’), (1.49)

(n'm)

where the sum over (n'n) is over nearest neighbors on the lattice. We use o7s to represent the spin
Pauli matrices and 7; to represent the isospin Pauli matrices. The smeared creation and annihilation

operators are

ayL(n) = a(m) + sy, ) a(w), (1.50)
(n’n)

al, () =a’'(m)+swz Z af (). (1.51)
(n’n)

1.7 Quantum Circuits

In 1982, Richard Feynman proposed that suitable devices could by created to simulate any
quantum system: quantum computers [19]. There are certain problems where it is believed that
quantum computers can outperform classical computers. One famous example is the factorization of
large numbers. RSA encryption relies on the inability of classical computers to find the prime factors
of large numbers. However, in 1994, Shor proposed an algorithm that would allow a sufficiently
large quantum computer to find the prime factorization of a large number [40]. Fortunately for
the security of the internet, quantum computers are not yet capable of running Shor’s algorithm
on large numbers, as we are still in the Noisy Intermediate-Scale Quantum (NISQ) era [34]. Two-

qubit gates typically have error rates of order 0.1%. There is also an error rate when taking a



measurement of a quantum circuit, of order 1% for superconducting qubits. Intermediate-Scale
refers to that most quantum computers have no more than a few hundred qubits. IBM has recently
introduced a quantum computer with over 1000 qubits [8], but error rates continue to be one of the
primary challenges in quantum computing. I wish to determine how to use this rapidly-improving

technology for simulations of nuclear lattice effective field theory.

Qubits store data in a quantum two-level system, with states |0) = and [1) =| |[. The state
0 1

of a qubit can be written as a superposition of those two states,
al0) +b|1), (1.52)

where a and b are complex numbers with |a|?> + |b|> = 1. Qubits can store much more information
than classical bits: it takes 2V classical bits to store the same amount of information as N qubits.
Analogously to logic gates on classical computers, there are one- and two-qubit quantum gates.

The three Pauli matrices,

0 1

X = , (1.53)
1 0
0 —i

Y= , (1.54)
i 0

and

1 0

7 = , (1.55)
0 -1

H=— . (1.56)

The phase shift gate leaves the |0) state unchanged and applies a phase ¢’ to the |1) state,

1 0
P(p) = . (1.57)
0 e



Two important special cases of the phase gate are the S gate,

1 0
S=P(n/2) = , (1.58)
0 i
and the T gate,
1 0
T =P(n/4) = . (1.59)
0 ein’/4
I will also use a rotation about the z-axis,
. e 102
R,(0) = %92 = . (1.60)
0 ei0/2

Gates for rotations about the x and y axes are defined similarly,

R.(6) = cos(6/2) —isin(8/2) (161)

—isin(6/2) cos(6/2)

Ry(6) = cos(6/2) —sin(6/2) (1L62)

sin(6/2) cos(8/2)

In classical computation, the NAND gate is universal, i.e. any circuit can be written using only
NAND gates. For quantum computation, universality requires a set of gates. One such universal
setis {H,T,CNOT} [4].

An important class of two-qubit gates is controlled 1-qubit gates. If the control qubit (indicated
by a dot) is in the |1) state, a single qubit gate is applied to the target qubit. Otherwise, the identity
is applied. As the Pauli X gate acts as a not gate (flipping |1) to |0) and vice versa), the controlled
X gate is also called a controlled not gate, CNOT. The controlled Z gate, CZ, has the special
characteristic that it is symmetric in the control and target qubits. The circuit symbols for the
CNOT and CZ gates are shown in Fig. 1.1.

It is often useful (or necessary) to decompose two qubit gates into circuits composed of single
qubit gates and a certain subset of two-qubit gates, such as only CNOT gates. This can be done by
the transpilation tools in Qiskit [36]. A controlled R, gate is equivalent to the circuit shown in Fig.

1.2, composed of R, gates and CNOT gates.

10
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Figure 1.1 From left to right, a CNOT gate, CZ gate, and alternate method of displaying a CZ
gate. The upper qubit is the control qubit.

Rz Rz

1 -1

Figure 1.2 Decomposition of controlled R,(2) gate into R, and CNOT gates. The lower qubit is
the control qubit.

This circuit is an example of the utility of controlled reversal gates [3]. Let R be a product
of single-qubit gates that anti-commutes with a Hamiltonian H. Then RHR' = —H follows by
right-multiplication by RT. Thus a controlled R gate, denoted Ck, flips the sign of time evolution
(exponentiation) of H. In the circuit in Fig. 1.2, R = X and H = Z. From its definition, the R,(6)
gate is the time evolution of Z over time 6/2. When the control qubit is on, both R, gates contribute
a rotation over time 1; when the control qubit is off, the two R, gates cancel out, making the circuit
into the identity. Thus the circuit creates the desired controlled R, (2).

One other useful circuit is to exponentiate a Pauli string [38]. Fig. 1.3 shows the exponentiation
of YXZ. Single-qubit change of basis gates are applied to each qubit so that a single R, can rotate
all of the qubits at once. We then return each qubit to the computational basis. This circuit can be
controlled by simply controlling the R, gate: if the R, gate is turned off, the left and right sides of
the circuit cancel each other.

1.7.1 Quantum Algorithms

One old algorithm for using quantum computers to find eigenvalues is Quantum Phase Estima-

tion [15]. Suppose that there is some unitary operator U with eigenvalue ¢’>*%, and that we know

how to implement controlled U for k = 0,1,2,.... The jth auxiliary qubit is used to control

11
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Figure 1.3 Circuit for e=¥”X"Z""/2 Thig circuit can be controlled by controlling the R, gate.

U? , SO it ends up in the state

10) + 27 @) |1 . (1.63)

Then an inverse Quantum Fourier Transform can extract the best m-bit approximation of ¢ with a
high probability, where m is the number of auxiliary qubits. This algorithm is not fault tolerant, so
it is not practical to implement on NISQ-era devices.

In 2014, a new eigensolver was introduced based on the variational principle: the Variational
Quantum Eigensolver [32]. This is a hybrid quantum-classical algorithm. First, the Hamiltonian is
written as a sum of terms such that the expectation value of each term can be calculated efficiently
on a quantum computer (e.g. by writing the Hamiltonian as a sum of Pauli strings). Then, by
linearity, the expectation value of the Hamiltonian is the sum of expectation values for each term.
An initial state with variational parameters is chosen, and the expectation value of the Hamiltonian
is calculated. The ground state will minimize the expectation value. The classical computer is
then used to perform the minimization and choose the next set of parameters for the initial state.
Compared to Quantum Phase Estimation, the Variational Quantum Eigensolver requires a larger
number of smaller circuits. This reduces the time it takes to run each circuit, making it more
practical given the short decoherence times of NISQ era hardware. It has been proposed that, for
large systems that can be decomposed into subsystems and interaction terms, it is possible to use
variational quantum eigensolvers to construct ground states of each subsystem, and then a second

variational quantum eigensolver to find the ground state of the entire system [20].

12



In 2012, a method was proposed to implement a linear combination of unitary operators on
a quantum computer [12]. The group of unitary operators is not closed under addition, so a
linear combination of unitaries cannot in general be implemented exactly on a quantum computer.
However, it 1s possible to implement the linear combination kU; + Uz (up to normaliation) with
an error rate at most 4«/(k + 1)2. Iterating this method allows any general linear combination of
unitaries to be implemented.

The quantum approximation optimization algorithm is another method for finding eigenvalues
[18, 23]. It involves two Hamiltonians: Hp, the Hamiltonian that we desire to find the eigenvalues
of, and H), that is easy to solve. The algorithm takes advantage of the adiabatic theorem to start
with an eigenvector of Hy; and end up with a good approximation of an eigenvector Hp. Time
evolutions of the two Hamiltonians are applied alternately, according to a set of parameters that are

optimized classically.

1.7.2 Quantum Hardware

The algorithms I work with are hardware-independent. However it is still useful to understand
some of the technologies used to build quantum computers.

IBM is developing quantum computers based on superconducting qubits [43]. An LC circuit,
formed of an inductor and a capacitor, creates a harmonic oscillator potential. This has evenly-
spaced energy levels. An LC circuit therefore doesn’t work for a qubit, as there is no way
to distinguish transitions between the ground state and the first excited state from higher-level
transitions. So an anharmonicity is added to the circuit in the form of a Josephson junction, a
very thin (insulator width of order 2 nm) superconductor-insulator-superconductor circuit element.
This makes the transition energies different, so that the two-state system of the ground state and
first excited state can be isolated. Low-loss cavity resonators are used to mediate interactions
between qubits. The Josephson junction circuits and cavity resonators can be manufactured in large
quantities, allowing large quantum computers to be constructed.

One of the leading alternatives to superconducting quantum computers is trapped ion quantum

computers, such as the Quantinuum H2 series [16]. The H2 computers use hyperfine states of

13



ytterbium. The ions, paired with barium coolant ions, are stored in a race track-shaped surface-
electrode trap. It is possible to rearrange the order of the ions on the trap, and two-qubit gates can
be applied to adjacent pairs of ions. This allows two-qubit gates to be applied to any pair of qubits,
unlike for superconducting qubits, where two-qubit gates can only be applied to qubits connected

by a resonator.

14



CHAPTER 2

FERMION TO QUBIT MAPPINGS
In lattice effective field theory, we have a lattice of sites where the fermions can be located. We
also have a Hamiltonian written in terms of fermionic creation and annihilation operators f and
f. Our goal now is to implement time evolution of this Hamiltonian on a quantum computer. We
first rewrite the Hamiltonian as a sum of Pauli strings acting on qubits, H = }; h; where h; are

Pauli strings. Then we can use the first order Lie-Trotter formula [13],
e—th ~ ﬂ €_ihj[, (21)
J

along with the circuit from Fig. 1.3 to exponentiate the Pauli strings to create a quantum circuit
to represent our Hamiltonian. The first order Lie-Trotter formula has error O(¢?). Higher order
Lie-Trotter formulas have errors that scale with higher powers of 7. I will primarily consider lattice

effective theory in two dimensions.

2.1 Jordan-Wigner Transformation

The simplest method to rewrite Hamiltonians in terms of Pauli strings is the Jordan-Wigner
transformation [49, 38]. We use a lattice of the same size as the physical lattice, and use a one-to-
one mapping between the fermion sites and qubits. We let the qubit states represent the occupation
of the corresponding lattice sites: |1); means that there is a fermion on site i and |0); means that

there is no fermion on site i. The fermionic creation operator satisfies

FIUf e fim0fan o iy = CDE R fio e fo) (2.2)
and
Flfi o fioal o f) =0, 2.3)

where f; is the number of fermions on lattice site i [5]. Note that Eq. 2.2 has a sign determined by
parity; this is due to the anti-symmetry of fermion wave functions. Equation 2.3 enforces the Pauli

exclusion principle by forbidding a second fermion from being added to a particular lattice site.

15



We want to find an equivalent operator written using Pauli matrices in order to construct a

quantum circuit. A reasonable guess is

N 1 00
07 =10 = E(Xj —-iY;) = , (2.4)
1o/
J
ol 1 01
Qj =10){1| = E(Xj +iY_/) = . (2.5)
00

J
However these operators do not reproduce the parity term of Eq. 2.2 required due to the anti-

commutation of fermions. To make acceptable qubit creation and annihilation operators, we must

restore the anti-commutation relation of fermionic creation and annihilation operators,
{aj,ar} =0. (2.6)

We note that {QA;—’, Z j} = 0, so appending a string of Z operators will restore anti-commutation,

j-1

£l =Xz 07, @.7)
k=1
j-1

fi= Rz 0;. 2.8)
k=1

The downside to the Jordan-Wigner transformation (in more than one dimension) is that the creation
and annihilation operators are non-local, and are Pauli strings with length that scales with the system
size.

In two (or more) dimensions, the lattice sites need to be numbered in some order for the
operators to be well-defined. For a hopping term on an L by L lattice, with the qubits numbered
left to right and top to bottom, the horizontal hop will be efficient, O(1), as the two sites have
consecutive indices. However the vertical hop will have a Pauli Z string of length O (L) due to the
gap in indices. In three dimensions, hops between layers of qubits would have Z strings of length

O(L?).

16



2.2 Parity Basis

Since the computational cost of the Jordan-Wigner transformation is due to calculating parity,
one might suspect that it would be more efficient to store parity, p; = Zf;:l fx, rather than occupation
in the qubits [38].

This complicates the qubit creation and annihilation operators,

P5 =10)(0];-1 ® Q% — [1){1];-1 ® OF (2.9)

1
= 5(Zi1 ® X FiY)). (2.10)

as we need to use QAJ_ to create a particle if the parity of site j is already 1. But we will also need
to update the parity of all sites with indices greater than j with Pauli X matrices. So we have not
solved the problem of the Pauli Z string, but merely moved it to a Pauli X string on different qubits.

For a hopping term on a L by L lattice, the horizontal hop will be efficient, O (1), and the vertical

hop will have a long Pauli Z string, O(L), the same as for the Jordan-Wigner transformation.

2.3 General Linear Transformation Mappings

In two dimensions, the Jordan-Wigner transformation and parity basis methods are two examples
of a general class of linear transformation-based methods, described in Ref. [44]. One particularly
interesting case is a compromise between the occupation and parity bases that reduces the length
of the Pauli strings: the Bravyi-Kitaev method gives strings of length O(log L) instead of O (L),
where L is the size of the lattice [5, 38].

To construct the general linear transformation mapping, let n = L? be the total number of
fermion sites. Given an invertible n X n matrix A with elements in [F,, we define a fermion to qubit
transformation

w=Af, f=A"o, (2.11)

where f = (f1 f2 ... fn) is the vector of fermion mode occupation numbers, w € Zg’” is the vector

of qubit states, and all math is done in F,. For the Jordan-Wigner transformation, A is the identity

17



matrix. For the parity transformation, A is an upper-triangular matrix of 1s,

1111 1100
01 11 0110

A= L Al = , (2.12)
0011 0011
0001 000 1

We will define several sets of qubits that will be convenient for writing the creation and
annihilation operators. First are the update sets U(j), which is the set of qubits that must be
updated when the occupation of qubit j changes. U(j) is the set of qubits with nonzero entries in
the jth column of A. Notice that for the parity basis the update set U(j) is all qubits with indices
> j, and for the Jordan-Wigner transformation U (j) contains only j. Similarly to the parity basis
method, we will need to apply Pauli X operators to qubits in the update set.

To satisfy the anti-commutation of fermions, we need to calculate parity, p; = Z{:Ol fi. We

define the parity set P(j) as the set of qubits needed to calculate parity, which requires

Jj-1
Dlwi=) 1 (2.13)
i€P(J) i=0

If we define R as an upper-triangular matrix of 1s with zeros on the diagonal, P(j) contains the
column indices of nonzero entries in row j of RA~!. We will need to apply Pauli Z operators to
qubits in the parity set. The third useful set is the flip set F'(;), which contains the set of qubits
necessary to determine the occupation of qubit j. This allows us to determine whether Q* or O~
is necessary. F(j) contains the nonzero entries in row j of A~

We can then use all three sets to find qubit representations of the fermionic creation and

annihilation operators:

f —% & Xe|[1+ & 7z || &) 2 (2.14)

keU()) IeF(§) meP(j)
1
fi =3 X xc|[1- X z || X Zn]|- (2.15)
keU(j) leF(j) meP(j)
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2.3.1 Bravyi-Kitaev Transformation
The Bravyi-Kitaev transformation is a sort of compromise between the Jordan-Wigner and
Parity bases [5, 38, 45]. The transformation matrix Agg has a binary tree structure. It can be

recursively defined by

Ak, = (1) (2.16)
and
ABk 2> 0
ABK,Z"“ = 0 , (217)
ABk 2
—1-

where < 1 — represents a row of ones. Recursive formulae for the update, parity, and flip sets
are given in Ref. [45]. The parity and update sets have Pauli weight (string length) O (log L), and
hence the hopping terms also have weight O (log L). However, for large systems, it is not possible
to embed the Bravyi-Kitaev transformation into a square lattice of qubits [44].
2.4 Auxiliary Qubit Mappings

Auxiliary Qubit Mappings are an improvement on the Jordan-Wigner transformation that use
auxiliary qubits to store the parity of sets of lattice qubits. These auxiliary qubits essentially provide
shortcuts, avoiding the long Pauli strings of the Jordan-Wigner transformation [44]. It’s not clear
to me how much the need to update the auxiliary qubits offsets this advantage. Ref. [44] claims a

Pauli string length of O(1).

2.5 Majorana Fermion Methods
Several methods based on Majorana fermions also give constant scaling of Pauli string length
with the lattice size. Mathematically, a Dirac fermion f can be split into two Majorana fermions y

that are their own antiparticles:

Yo = fi+ 1] (2.18)
yai==i(fi - 1) (2.19)

where
yjvj=Tlandy; =7y, (2.20)
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The Majorana fermions satisfy the anti-commutation relation

{vive} =26 . 2.21)

The 1y method that I use is a Majorana fermion method. First, I will describe a couple others.

2.5.1 Bravyi-Kitaev Superfast

Several methods put qubits on the edges of a graph. Bravyi-Kitaev Superfast is one of them [5,
44]. The vertices of the graph represent the fermionic modes, and the edges represent interaction
terms in the Hamiltonian. For example, if the term f: f; appears in the Hamiltonian, then (i, j) € E,
the set of edges.

We use the Majorana fermions to define edge and vertex operators,

Aji = —iyz2j-1y72k-1 (edge) (2.22)

Bj = —i’)/zj_l’}/zj (Vertex). (223)

These operators can generate any parity-preserving fermionic operator. For example, a hopping

term can be written as
i
S fe+ £Lf7 = 5(ApcBi+ BjAj). (2.24)
We choose an (arbitrary) orientation €;, = =1 for every edge. For each vertex k, we order

the incident edges (J, k), denoted by the symbol f This allows us to define the edge and vertex

operators:
Bi= X)) Zak (2.25)
a:(a,k)eE
AijEijjk ® Zbk ® Zj . (2.26)
b:(b.k)<(j.k) ct(j,C)j(j,k)

We observe that the maximum Pauli weight of a hopping term is a constant, independent of number
of particles or lattice size. To prevent the Majoranas from interacting with themselves, it is necessary
to apply a loop constraint. For any closed length-/ loop in the graph, (ji, ..., Jji, j1), we have the
constraint

1
le =1 Ajljz R Ajl-ljzAjzjl . (2.27)

.....
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Downsides of this method include that the number of fermions is required to be even and that

there is no direct correspondence between qubit occupation and fermionic mode occupation.

2.5.2 Verstraete-Cirac Encoding
Another Majorana fermion method is the Verstraete-Cirac encoding [47]. Auxiliary qubits are
added for each lattice site, and set up in the ground state of the auxiliary Hamiltonian
Hax = Y icid; (2.28)
@i.j)
for Majoranas ¢ and d, and the sum over links in a graph. The operators ic;d; leave the ground
state of H,ux unchanged, so they can be appended to the physical Hamiltonian without changing the
calculated energies. This conversion from quadratic to quartic operators is similar to what I will do
with the  y method, which I find easier to understand. Another presentation of the Verstraete-Cirac
encoding is in Ref. [48]. They show that in 3 dimensions, the maximum Pauli weight of a hopping

term is 12, independent of the lattice size. This is the same as I will find for the 77y method.

2.5.3 Other Majorana-Based Methods

The compact mapping of Ref. [17] constructs edge and vertex operators in a way similar to
Bravyi-Kitaev superfast. It applies only to a square lattice, and adds auxiliary qubits to every other
face of the lattice. This results in requiring fewer qubits than the Verstraete-Cirac encoding, as well
as having a lower Pauli string length for hopping terms.

Bravyi-Kitaev superfast was generalized to the custom fermionic codes of Ref. [11]. It uses
local Majoranas in a similar way to the 7y method. A discussion of parallelization of custom

fermionic codes is in Ref. [6].

2.6 Equivalence of Fermion to Qubit Mappings

A recent paper has shown, using finite-depth generalized local unitary transformations, that
two-dimensional fermion to qubit mappings are mathematically equivalent [10]. Starting with
an exact bosonization (using Majorana fermions), they obtain the Jordan-Wigner transformation,
Verstraete-Cirac encoding, Bravyi-Kitaev superfast, and other encodings. They find a “supercom-

pact” mapping that has a qubit to fermion ratio of only 1.25 for spinless fermions. This is better
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than the ratio of 2 for Verstraete-Cirac, Bravyi-Kitaev superfast, and 7y, but comes at the expense
of a potentially higher (although still constant) Pauli string length for hopping terms.

I chose to work with the 7 y method because I find it relatively easy to understand and implement,
especially since it contains a direct correspondence between qubit occupation and fermionic mode

occupation.
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CHAPTER 3

THE ny METHOD

3.1 The ny Method

The fermion to qubit mapping that I choose to use is the 7y method of Ref. [28]. It requires more
qubits than some of the most efficient mappings, but it has more consistently efficient hopping terms
and in my opinion it is simpler to understand and implement. A nice presentation of the y method
for spinless fermions is in Appendix B of [33]. This section will be a similar presentation, but for
the more complicated case of nuclear matter (protons and neutrons with spin) on a two-dimensional
rectangular lattice with periodic boundary conditions.

For each site, there can be spin-up and spin-down protons and neutrons, with at most one of
each fermion species at a site due to the Pauli exclusion principle. This creates a 16-dimensional
Hilbert space. We will use the frequently-used mathematical trick of rewriting the fermion creation

and annihilation operators in terms of Majorana fermions, which satisfy {y., 7’1{'} = 269 6y p:

fh= %(yi —i7) (3.1)
fh= 507 (32)
fi = %(ﬁ - %) (3.3)
f= 300 - . (34)

We will next introduce two sets of auxiliary Majorana fermions on each lattice site. There will
be 8 7', corresponding to the internal degrees of freedom (e.g. site occupation, spin, isospin), and
4 y' corresponding to links between adjacent lattice sites.

We define bosonic operators, which (since they are products of two Majoranas) commute at

different sites. We call these operators bosonic due to this commutation.
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;' = inny (3.5)

A = iy (3.6)

D = —ixpxr (3.7)

We can think of © as a single-site operator, describing interactions between nucleon species on
the same site. Similarly, A describes interaction between nucleons on different lattice sites. @ is

a “pass-through” operator, and will be used to connect lattice sites that are not nearest neighbors.

We can write some useful identities about the ® operator.

Ol = —AJT@IFAM (3.8)
= —Ain/n*in* x' (3.9)
= —iNin/ ! (3.10)
= NN, (3.11)

We define an association between our initial Majoranas and these bosonic operators, so that we

can rewrite our Hamiltonian in terms of these bosonic operators:

iyiyl = @Y (3.12)

iyl = AEAL, (3.13)

where the indices u, v are determined by the orientation of the edge connecting the lattice sites.
We follow the convention of Ref. [30] that 4 is the +x direction, 3 is the —x direction, 2 is the +y
direction, and 1 is the —y direction. Note that y' # ', since multiplication by y* is necessary for
the terms involving multiple sites.

We now rewrite our 7y Majoranas as Dirac fermions. It may feel as though we are going in
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circles, but as I just showed, there are subtle differences between the types of Majoranas.

' =a+a’, p*=ila-a")
7 =b+b", ngt=i(b-0b")
P =c+c’, n®=i(c-c
n' =d+d', n*=i(d-d"
X' =e+el, yr=i(e-e")
' =g+g, xt=ilg-¢"
Because there are 6 fermion modes, we will need 6 qubits for each site (which we will soon reduce

to 5). We apply the Jordan-Wigner transformation to write each fermionic operator in terms of

Pauli matrices applied to qubits:

al = Q(1)+

pt— Z(l)Q(2)+

= Z(l)z(Z)Q(3)+

d' = Z(l)Z(Z)Z(3)Q(4)+
eT_)2(1)2(2)2(3)2(4)Q(5)+

g’r_)Z(1)2(2)2(3)2(4)2(5)Q(6)+

where the indices are qubit indices, an occupied qubit is represented by |1) =| |, and
1

P
0" =5 (X i),
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This gives us

n'— xM, n? — -y (3.14)
n—zWx®, nt— —zWy® (3.15)
7 — 70z xO), S — -z zy® (3.16)
0! — 70z 70 x®), S — -z z2 7Ry (3.17)
Vo 2z 7 79 x ). V2 —z 773 7@y ) (3.18)
V= 20z 7374 75 x6). W —z(Z72703) 74 75y (©) (3.19)

The n and y operators that we have constructed span a 64-dimensional Hilbert space, 4 times
as large as the physical Hilbert space we are modeling. Following Ref. [30], we can restrict the
on-site parton parity,

(=)L ' Ty — —1

—7W7@2)7B)7(4) 7(5) 7(6) _, 1.

This shows that qubit 6 is redundant, and that we can eliminate operators acting on it by applying

these substitutions:

x© 1 (3.20)
7©) _ _7(1)7(2)73)7(4) 7(5) (3.21)
Y© 5 7z 72)70) 74 7(5) (3.22)

This changes two of our Pauli string expressions for the Majoranas:

o 2072707476 (3.23)

AN (3.24)

We now are able to write the bosonic operators in terms of Pauli operators.
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i z) vV x S0 AR ALV/SD SIS ARVAS) AR ARVASYASD CRIEES ARVASVAS) AN
~z{" i xMx -xr? xVzPxP xVzPrP xVzPzPxP xNzPzPy
-rVx -x{x? i z? rPxP rPr® yPZPxY Pz
o yy® xMy? A i xPx® —xPy® xPz®x® —xPzPy®
Tl azPx® xWz0x® y@x® xPxO i z? v x -y
rVzPy? xMzPy? AR xPr? -z i xPx Xy
y"zP 7% xNzPz0xP yPz0xP xPzI0xP yPx xPx? i 7Y
VARVASVAS) AP (RVASVAS) AIIED ASVAS) AP elAS) AN AR A xPy -z i
YDz 7370 xG)  _y()72) 73746y 70 73) 7(4) 7(5) _xV
x(NZz@ 7O 70 x6) (7270 70y6)  x ()72 5(3) 74 7(5) y D
Y@z 75 x©®) _y®@z® 7@y Y@z 74 7 _zhx®
e X707 xO _x? 7079y X@z0) 7497 Z0y®
o=
y®z®x® _y® 7Dy y®z® 7O _zhZz@x®
Xz @ x® _x®z@y® X374 7 707y
4) (5 4y (5 4) (5 1) (2) (3) (4
r Y x DA A ARV -z 7P 7P x
X@x® _xWy® x@z® zZWz@70y® |
ij
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—i AR -y VASVASVASVASD &

5 . 5 1 2 3 4 (5
o = A ~i -x S ASVARVASV AN 4
-
Y X ~i VASV/ASV SV ARV /S
VASVASYASV/ASD (IR ASYASY/ SV AN RV ASY SV ALV ANVAS i

ij
We will now consider how to set up an initial state by creating fermion pairs. We first consider

a pair of particles adjacent in the x-direction. As an example,

A = %(yﬁ + iy%)%(%ix + Y7 (3.25)
= AN AT ARAZ, + AFAT +IAAS) (3.26)
= LI AT A + AP AT +iAZ) (3.27)
= LA A AT+ A (3.28)
= XD ) RZE 2+ XD 2R, (3.29)
= -0r" oIz z (3.30)

To obtain the corresponding terms for other nucleon species, the first indices on the A operators are
changed according to particle type. The 2nd indices are changed from {4,3} to {2,1} for particles
adjacent in the y-direction.

For two particles of different types on the same lattice site, we obtain

A= %(71 + ,-72)%(75 +iy°) (3.31)
= %(-i@15 +0'% + 0% +i0%) (3.32)
_ %(_iy(l) ZAx3) _yz@y) 4 x() 7@ xG) _ ;x(HZz2y() (3.33)
_ %HYU) 2O (x® _ iy®) 1 x1z0(x3) _ iy3)y) (3.34)
= %(X(l) — iy z@(x® —iy®) (3.35)
= 0tz g3 (3.36)

The parity of the site is unchanged, so no operation on the auxiliary qubit is needed.
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Now that we have constructed the initial state, we will write our Hamiltonian in terms of Pauli
operators. The kinetic portion of Hamiltonians realistic to nuclear physics consists primarily of

hopping terms.

Loy o Lo .
LR+ A = s+ DO =)+ s+ D =) (33D)
» .
=5y i) (338)
1
= E(AEF‘A;V — AN (3.39)

For a hop in the +x-direction, u = 4 and v = 3. This gives us
pt ep pier _ Loy (g () p(Dp(Dy () ,(3) (4 ,(5)
f’rfT’r, + T,r’fT,r = E(Xr X, +Y Y, )22 22 (3.40)

For a hop in the +y-direction, y =2 and v = 1.
A Hamiltonian with smearing (as in Ref. [25]) would also have next-to-nearest neighbor

hopping. As an example, we take a hop in the x-direction, where r’ = r + 2x.

PR+ P = 411(75 i) (e = i) + All(y‘{' +ie) e = 70)
= %(iyfyi/ i 7p)
= —%(i737r1+xi7i+x75+xiyf+xvi+zx
— Ve YeaxlVerx Vet VesxYes2x)
_ —%(A%4A11-ix®11-3-xA%ixAll'i2X
= A ANO AT A2
r+x/M\ri2x r+xre2x

— %(A12.4CI)34 AIS _A11'4q)34 AZS )

This shows the usefulness of the pass-through operators ®.

We can similarly consider next-to-nearest neighbor hopping in the y-direction, with r’ = r + 2y.
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f{jffw + ff):,f{’r - 411(75 i) (e — i) + 411(7‘{' #i7e)On = 7)
:g%ﬁ—ﬁﬁ>
- % (ivy 711+yi71{+y ” +yiy‘% +y7[1'+2y
— iy, )’i+yi7’i+y73+yi7§+yy§+2y)

_ L 00011 12 A22 Al
= ;(ArA @12 A2 A

r+y U r+y‘ ‘r+y r+2y

—AII.ZAH @12 A22 A21 )

r+y Cr+yf r+y‘ r+2y

1 22 1,12 11 12412 A 21
= S (AP ALy — APPE AL,

Typical Hamiltonians in nuclear physics also contain terms proportional to number operators:
piep _ L1 ool o
f T fT,r = E()/r + l)/r)E(Yr - l’)/r)

1 . .
=40 — iy +iviyy + 1)
1-eP2 1-zY

22

So we have seen how to write the Hamiltonian as as sum of Pauli strings.

Even after eliminating a redundant qubit, the Hilbert space of the qubits at each lattice site is
larger than the physical Hilbert space by a factor of 2. We will resolve this by introducing more
constraints [28]. The first type is plaquette constraints that arise from constructing an identity

operator around a plaquette in the lattice:

q)%4q)32 (I)13 (I)41 =—1

I+X = I+X+y = r+y —

ZM 727D 70y x Oy 7(1) 72 73) 7(4) ¥ 6) _

+X7 X4y 2 r+y 2r+y 2r+y £r+y 2 r+y

We need to apply this constraint before creating any particles, to initialize the vacuum state. When
there are no particles in the lattice, we can impose this plaquette constraint by applying the following
operator to each plaquette:

Co =Y OxOy® xO

r+X7 r+X+y2r+y .
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There are not quite enough plaquette constraints to constrain the Hilbert space to its physical
size due to the periodicity of the lattice, so we also have Wilson loop constraints. These arise from

constructing identities along horizonal or vertical loops around the toroidal lattice,

PP, .. D2 =1, (3.41)
NP . dF = 1. (3.42)

This constraint can be applied to the vacuum state by applying X gates to the auxiliary qubits along

the diagonal of the lattice [29].

3.2 Exponentiation of XX +YY
As we just saw, the hopping terms in the Hamiltonian, once rewritten as Pauli strings, are often

of the form

(XX +YY)ZZ, (3.43)

with varying number of Z operators. I figured out a method to exponentiate these terms using one
circuit instead of two, as would be needed for the basic exponentiation method.

We start by noting that in general a two-qubit circuit can be implemented using only 3 CNOT
gates [46]. Operators meeting certain conditions can be implemented even more efficiently: for
example XX + ZZ can be exponentiated using only two CNOT gates [42]. This can be converted
to XX +YY or XY + Y X, that occur in hopping terms, by applying single-qubit gates. We then use
our idea of "controlled reversal gates" [3]. We note that the eigenvalues of the Z operator are 1 and
—1, depending on the occupation of the qubit. Hence the effect of the Z string is to possibly apply
a negative sign to the overall exponential. We know that Z anti-commutes with XX +YY, so CZ
will act as our controlled reversal gate. This gives the circuit shown in Fig. 3.1.

Similarly to the controlled version of the canonical Pauli string exponential circuit, if the rotation
gates are removed from the circuit in Fig. 3.1, the rest of the circuit cancels out. Using Qiskit
[36], I was able to determine that the controlled version of my circuit takes 4 CNOT gates. This is
the same number of CNOT gates as would be needed for controlling two copies of the canonical

circuit. My controlled circuit is shown in Fig. 3.2.
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Figure 3.1 Exponentiation of (XX + YY)ZZ. The parity of the qubits that Z acts on is collected.
Then the CZ gates flip the sign of the XX + Y'Y circuit if necessary. The H and S gates are needed
to perform XX + YY instead of XX + ZZ.
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Figure 3.2 Controlled exponentiation of (XX + YY)ZZ. The top qubit is the control qubit.

3.3 Single-particle creation
So far, we have only considered the case where the initial state has an even number of particles.
However by changing the direction of one link in the lattice and making the association y(l) - A(l)1

we can access the odd parity sector [33, 28]. At the origin, where the lattice defect is,

1 :
o =500+ 1) (3.44)
1
= 5/\})1(1 +0,%) (3.45)
= %Y(Uz@)z(”z(“)x“)(l +zW). (3.46)

(For the rest of this section, all operators are implicitly at the origin.) The other cases are slightly
more complicated, since we only have that ' — A'l. But we can insert the identity y'y! to add

additional ® terms and eliminate single ' for i # 1.
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=30 i)

= %y3(1 + 0%

= i%yl(am(l + 0

- _%Y@) 2Oz xO) (1 4 7)
=307 )

= %ys(l +0%)

= i%f@”(l +©°%)

- _%Y<3>Z<4>X<s>(1 + 700

1 :
ffT = 5(77 +iy®)
1
=~y (1+0")
2
1
=izy'0(1+0™)

__Lywxe 4z
2

Single particles can be created away from the origin by constructing chains of operators to connect
to the origin, but this is unnecessary due to translational invariance. Further work needs to be done

to determine the impact on the constraints of an odd number of particles.

3.4 The ny Method in 3 Dimensions

The 1y method can be extended to work on a three-dimensional lattice. The primary change
is that there are now two more nearest neighbors to each lattice site. This requires adding two
additional y Majoranas for each lattice site. Accordingly, one more qubit is required per lattice
site, and the lengths of the Pauli strings for hopping terms increase by up to 2.

Additionally, due to the increased degree of freedom, there are many more plaquette constraints,
since they now occur in three planes. There are also additional Wilson loop constraints. This

approximately triples the computational cost of setting up the vacuum state.
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Figure 3.3 Circuit used to calculate <w(()b)) 0] )L//(()a)>. Credit: Nicholas Cariello.

3.5 Using Perturbation Theory

A common method used in physics is perturbation theory, where a complicated, hard to solve,
Hamiltonian is decomposed into a part that is easy to solve plus a part that is harder to solve.
Then observables, such as energy, can be approximated using the wave functions for the simple
Hamiltonian. We want to do perturbation theory on a quantum computer. My colleague Nicholas
Cariello constructed a circuit that can calculate <w(()b)‘ o ‘1ﬁéa)>, where ’zp(()“)> is the ath-order
correction to the ground state wave function [7]. The circuit for this is shown in Fig. 3.3.
The circuit contains single-qubit gates, time evolution of the base Hamiltonian, and controlled
application of the perturbation. Monte Carlo methods will be used to handle perturbations that are
sums of unitary operators.

We consider a Hamiltonian of the form Hy + cHy, where H has terms that preserve nucleon
species and H has more complicated terms that mix nucleon species. This way we can do a simpler
time evolution with only the Hy terms, and never have to exponentiate H;. Instead of using the
full ny method with 5 qubits per lattice site and the associated long Pauli strings, we could use
something like the stacked lattices from Ref. [48] (a separate lattice with local encoding for each
nucleon species) to reduce the CNOT cost. However, I’'m not sure how we would then handle the
perturbative terms, due to the separate local encodings.

We can instead use a modification I propose: we can construct a composite lattice as shown in
Fig. 3.4 and construct a local encoding using the 7y method on the entire composite lattice. Then

we can easily define the perturbative terms.
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nT|n|

Figure 3.4 The layout of the composite lattice I propose. Proton and neutron spin-up and -down
each are located in their own quadrant.
We will use as the base Hamiltonian a Hamiltonian from leading order pionless effective field

theory without a 3-body term [24].

HO = Hfree +V,

where
C
V=2 / &7 : (D -

normal ordering is represented by ::, and

p(R) = D () for(F).

Hiree = n% 2 O_Z £ () fore () = ﬁ DI | £ G0 fre G4 D + e ) £G4 D)

g1 l:x’y

We note that the hopping terms preserve nucleon species, i.e. each hopping term is contained
within one quadrant of the composite lattice.

When we apply the 7y method, we have only one nucleon species per lattice site, as the four
nucleon species are spread across lattice sites in the four quadrants of the composite lattice. This
means that we will need two n Majoranas and four y Majoranas for each site. This initially requires
three qubits. But, as in the case where we consider full nuclear matter at each lattice site, one qubit
is redundant:

izZMWz@ 70 .

We can replace the Pauli operators acting on the 3rd qubit as follows:

X% 51
70 5 ;7M7)

y® 5 _z(1)7(2)
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We need a total of eight qubits for each physical lattice site: two (including one auxiliary qubit)
for each nucleon species. However the bosonic operators have Pauli strings of length at most 2

instead of 5:

ij

1 2 1)y, (2 1 2 1
PR D70 SRS A AL ARVASIED 5
i -
" -xr® xVz? V|
tj

—i —z®  y®  _zWx®
2 . 2 1 2
o z? i —x%  zWy®
-
y® x? i —zWz?
1 2 1 2 1 2 .
—zWx®  ZzWy@ 7172 i ’
A hopping term in the +x direction gives
: ; 1
T+ Fl e = 3OS = AN (347)
1
= - (x\x +yVyz® (3.48)

2

This is a shorter Pauli string than without using the composite lattice. At the cost of the extra
auxiliary qubits, we now have a maximum Pauli string length for hopping terms of 4, while it was
previously 10.

As we have seen, number operators can be written as

1-e2 1-z"Y
2 2

N = e e =

So
NeNp = %(1 —zM (1 -zM).
Exponentiating (C/2) NNy gives us, up to a constant prefactor,

e—itCZr“)/S e—itCZr(,l)/S eizczi”zr(,”/g
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We also should consider the special case where both number operators act on the same site:
1 1
NeNe = (1= (1= 2") = 22 -22,") = M.

This is the expected result, as both eigenvalues of the number operator (0 and 1) are idempotent
under multiplication.
3.6 Perturbative Term

So far we have considered how to implement the base Hamiltonian, composed of hopping terms

and number operator terms. We now consider as a perturbation an isospin term,

Cn T rn
VI2 :_I (Zf o.r o-r fa'r)2+(z —i o-r o'r fo-r)2+(2f o.r a'r f;,rfo:r)z
r
(3.49)
Cz
D I IR G AT A e YA O N Y AN I A L AN O
r o#o’
(3.50)
pT _zﬂ‘p nt  n pt ny en enf o en 351
+f ,r O'rfg- r fO’,rfU',l'fg-’,rfo'/r f ,r O'I'fg' rf ”r+f0',rf0',l‘fo-”r 0",1‘) ( . )
CZ n n
=2 Z( 612 f(f,rfa,’& b LTS S SR (3.52)
r o#o’
pt op PT fp nt rn nTn_szPnTn 3.53
+f0',l’f0',rfg-”rfa-’,r+f0',l'f0',l‘fg'”r (T/,I' fO’,l’fO’,rfa-”r 0”,1')‘ ( . )

Except for the second term, these are products of two number operators. (We choose to not write the
terms in normal ordering to make the number operators apparent.) So they are simple in principle
to implement. Applying the ny method to the second term, using a 2x2 composite lattice, we find

(for o =7):
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16 rHy/ A r+2y
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r+y“ r+2y = r+2y r+2X° r+2x 7 r+y+2x° r+2y+2x = r+2y+2x

The 1y method allowed us to determine which Pauli operators on auxiliary qubits are required.

3.7 Implementation of the 7y Method

I prepared code to implement the (controlled and non-controlled) time evolution of nuclear
lattice effective field theory Hamiltonians using the 7y method. I am initially using a 2 by 2
composite lattice, but writing the code so that it also works for larger lattice sizes. The general
structure of the code is based on the code from Ref. [29].

I start by constructing the grids of physical and auxiliary qubits, and helper functions for finding
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the qubit indices corresponding to specific lattice sites. The physical qubits are numbered O to 15,
and the auxiliary qubits are numbered 16 to 31. (For example, the 2 by 2 lattice for proton spin-up
uses physical qubits 0, 1, 4, and 5, and auxiliary qubits 16, 17, 20, and 21.) Qiskit initializes every
qubit in the |0) state, which is not the vacuum state for the auxiliary qubits. I initialize the auxiliary
qubits into their vacuum state by applying the plaquette and Wilson loop constraints. The Wilson
loop constraints are implemented with X gates along the diagonal of the auxiliary lattice, in this

case qubits 16, 21, 26, and 31. The plaquette constraints are implemented by applying the operator
2) v(2) (2 2
VX X 354

to each plaquette. Qubit 2 is the auxiliary qubit for each lattice site.

Now that the system is initialized in the vacuum state, I can create pairs of particles for the
initial state. The two particle creation operators are products of qubit creation operators on each
physical qubit and Pauli operators on the auxiliary qubits. Since we know that we are starting from
the vacuum state, we note that the action of Q* on the vacuum is the same as the action of X on the
vacuum.

I can finally construct the Hamiltonian. For each lattice site, I apply the (controlled if necessary)
hopping terms in the +x and +y directions, using the circuits from Fig. 3.1 and 3.2. I can then apply
the number operator terms using (controlled) R, gates and the circuit from Ref. [42]. To assist
with constructing the hopping terms, I wrote code to calculate the Pauli strings for each bosonic
operator. This code also allowed me to easily construct the bosonic operator matrices earlier in the

chapter.
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CHAPTER 4

CONTRIBUTIONS TO VARIOUS PAPERS

4.1 Scale Invariance and Time Fractals
We consider bosons on a one-dimensional lattice, and show that with the correct choice of

parameters there is discrete scale invariance and fractal-like time dependence [27].

4.1.1 Discrete Scale Invariance
If we introduce a single-site deep trapping potential to immobilize one boson at the origin, we
obtain that for low energies, the Hamiltonian for the second boson is

Vo

H(p.r) = 2Josin(an/2)T(1 - @)lpl*™" + 70
;

4.1)
where « is a parameter which we will set to 2. In the zero energy limit, we obtain wave functions
0er) = 5 (1r® 1), “2)
b (r) = 5sn(r) (1rP + 1) “3)

where sgn(r) is the sign function and ¢.. satisfy the constraints

v

61 = — coth(8,7/2), (4.4)
J07T
Vo

6_ = — tanh(6_7/2). (4.5)
Jom

The values of §.. are real when Vj/J is positive. When V/Jy > 7,

Vo

0 ~o6_~ : 4.6
+ Jor (4.6)

In the case where §.. are real, we can rewrite the wave functions as
Y+ (r) = cos[d4 In(|r])], 4.7
W (r) =sgn(r)cos[d- In(|r])]. (4.8)

If we apply discrete scale transformations » — A.r, we obtain

Y4 (r) — cos[dy In(]r]) + 64 In(44)], 4.9)
Y_(r) — sgn(r)cos[d_In(|r|) + 6_In(1-)]. 4.10)
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We obtain discrete scale invariance (up to a minus sign) if
Ay =exp(m/dy), A-=exp(m/d-). 4.11)

The energies scale as E+ — A7'E..

4.1.2 Time Fractals

We consider a state that is a linear combination of the first NV states from Eq. 4.2,

N-1
)= > ). (4.12)
n=0
We calculate the amplitude
A(t) = Re[(S|exp(—iH?)|S)] (4.13)
N-1
A1) = ) cos(E{"1) (4.14)
n=0
N-1
A(t) = Z cos(e,A7"1). (4.15)
n=0

We observe that A(¢) is invariant under the rescaling t — A.1, thus it is a time fractal. We plot A(?)
in Fig. 4.1 for Jy = —1 and V) = —14.2388293 so that 1, = 2. We also observe that A(¢) are closely

related to the famous continous everywhere but differentiable nowhere Weierstrass function,

w(x) = Z a" cos(2mb™x). (4.16)
n=0

Fractal dimension is a way of quantifying the scaling of a system. Similarly to how a two-
dimensional square has area proportional to the 2nd power of its side length and a 3-dimensional
cube has volume proportional to the 3rd power of its side length, an object with fractal dimension
D has some size proportional to the Dth dimension of some parameter. The Weierstrass function

has fractal dimension
loga

D=2+ ,
log b

(4.17)

for several different definitions of fractal dimension [39]. Our amplitude A(¢), in the limit that
N — oo, becomes the Weierstrass function where a = 1 and b = A,. This gives our amplitude a

fractal dimension of 2. I was able to numerically estimate the fractal dimension to be about 1.9.
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Figure 4.1 An example of time fractals. The amplitude A(?) is displayed over the range from 7 = 0
to 80 in the upper left, = 0 to 160 in the upper right, r = 0 to 320 in the lower left, and ¢ = 0 to
640 in the lower right. When the time displayed doubles, the overall shape of the amplitude
remains the same.

4.2 Projected Cooling

The projected cooling algorithm, based on the principles of evaporative cooling, can be used on
a quantum computer to prepare the localized ground state of any Hamiltonian with a translationally-
invariant kinetic energy and interactions that vanish at long distances [26].

Suppose we have a one-dimensional chain of 2L + 1 qubits and a particle number-preserving
Hamiltonian defined on it. We use the state |1) to represent that a qubit is occupied by a particle.
We define a compact region p to be 2R + 1 qubits where R < L. We define a projection operator
P as the product of |0)(0| over all qubits outside p (and the identity inside p). P projects onto the

subspace where all particles are within p.

42



Suppose that our Hamiltonian’s ground state [y) is a localized bound state, and the only bound
state of H. Let |/;) be some initial state contained in p that has nonzero overlap with |¢(). The
time evolution oeprator is

U(t) = e, (4.18)

In the limit L — oo, PU(t)P has a stable fixed point proportional to P |/g). This means that over
time, the excited states leave the region p and are killed off by the projection operator. So we are
left with the ground state.

The principle behind projected cooling can be illustrated by considering a Gaussian wave
packet. Suppose that at time 0, we have a Gaussian wave packet centered on the origin with width

o = va. The standard formula for wave packet spreading gives that o(f) = 4/ CHm? At time t,

a

the fraction of the wave packet contained in our region p is given by

2
X

1
7 o) dx. (4.19)

)= (T(t)\/_./

Performing a u-substitution with u = % (U 0 l)) we obtain a result in terms of the error function,

R
f(t) =erf| —|. (4.20)
2az+(t/m)2

a

This allows us to normalize the Gaussian wave function truncated to within the region p:

0 |x| > R

Y(x) = (o)’ . 4.21)
1L (5 <
n'/4\/a'erf(R/0')e ’ ¥l < R

We compute the overlap of this wave function with the ground state wave function of a particle in
an infinite square well,

0 |x|] > R
Y(x) = . (4.22)

+cos (&x) |x| <R

The overlap is

ino ino

Nl (erf | - g+ [err o+ MR]).

V2Roerf(R /o)
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Figure 4.2 A comparison of my Gaussian wave packet model to projected cooling algorithm
simulations. The ground state overlap computed in [26] is in blue, and the overlap between a
truncated Gaussian wave packet and a particle-in-a-box wave function is in orange.

In Fig. 4.2, I compare this model to the projected cooling algorithm simulations in Ref. [26].

I used a series expansion to eliminate the imaginary terms and fit my model to the simulated data.
The shapes of the functions are in general agreement.
4.3 Rodeo Algorithm

The rodeo algorithm is a method of eigenstate preparation and eigenvalue estimation on a
quantum computer. It is exponentially faster than phase estimation and adiabatic evolution [35,
14]. Our initial work was with one-qubit Hamiltonians, but the Rodeo algorithm generalizes easily
to larger Hamiltonians.

One cycle of the (single-qubit) rodeo algorithm is illustrated in Fig. 4.3 . The object qubit
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starts in some state |o) with nonzero overlap with the ground state. Then N cycles of the Rodeo
algorithm are run, with 7; chosen from a Gaussian distribution centered at 0 with a specified width
o . Within each cycle, there is controlled time evolution of the Hamiltonian for time #; and a phase
rotation applied to the ancilla qubit with a parameter E that we choose. The probability that the

ancilla qubit is still in the |0) state after one cycle of the Rodeo Algorithm is
2 [k
Po(E, tr) = cos [E(Eobj -B)|. (4.24)

where E,p; is the ground state energy of the object Hamiltonian. Performing N cycles of the Rodeo
Algorithm (each with a different 7; but the same E) and marginalizing over all possible values of

tr gives that the probability that every measurement of the ancilla qubit results in |0) is

N
1+ e_(Eol:\j_E)zo'z/2

2

Pov (E) = (4.25)

We see that the probability goes exponentially to zero for E # Eqpj, and is one for E = Egp;.
Intuitively, this is similar to interference in interferometry: when E # E,y,; there is destructive

interference between the controlled time evolution and phase shift.

object: — exp(—iHobits)

ancilla: H l P(Ety,)

Operations dependent on 7,

Figure 4.3 One cycle of the rodeo algorithm. In general the object Hamiltonian can have multiple
qubits. The object qubit is initialized to some state |¢(), and the ancilla qubit is initialized to |0).

Since the probability of measuring the ancilla in the |0) state decays exponentially, if we make
a histogram of successful measurements for a variety of guesses E, we expect to find peaks at the
eigenvalues of H,p,;. These peaks are robust to quantum computing errors: peaks will be lowered

and the counts away from peaks will be increased, but the locations of the peaks will be unchanged.
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Figure 4.4 Results from running the Rodeo Algorithm on IBM Q Casablanca. The eigenenergies
can be extracted from the centers of the peaks.

I determined that IBM’s at the time recent introduction of mid-circuit measurements allowed the
Rodeo Algorithm to be run on actual quantum hardware without requiring an additional ancilla qubit
for each cycle. We prepared the single-qubit Rodeo Algorithm and ran it on IBM Q Casablanca [35].
The results are shown in Fig. 4.4. We performed three scans over E, with increasing resolution
as we located the peaks. The peaks are somewhat lower than predicted by theory and noiseless
simulations, due to errors inherent in current quantum hardware. We were able to determine the

energy eigenstates within a relative error of 0.08%.

4.4 Quantum Monte Carlo and Superfluidity

I have also been involved with studies of superfluidity in neutron matter. I attempted to use
quantum Monte Carlo methods to look for pairing effects indicative of simultaneous p-wave and
s-wave superfluidity. I ran into some difficulties, as the particles appeared to enter bound states.
Other people are continuing research into coexistence of superfluid states using auxiliary-field

lattice simulations.
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Figure 4.5 Results of Diffusion Monte Carlo simulation of fermions with an s-wave Poschl-Teller
interaction and a BCS wave function. There are pairs of up- and down-spin particles, with an
additional up-spin for odd numbers of particles. We observe that completing a pair lowers the
energy per particle.

Superfluid systems exhibit pairing similar to Cooper pairs in superconductors, and quantum
Monte Carlo simulations are able to observe this pairing [9]. Superfluidity in neutron matter
i1s important because it occurs inside neutron stars. It is believed that there is s-wave pairing
superfluidity in the low-density inner crust, and p-wave pairing in higher-density regions deeper
inside neutron stars [31, 22, 50]. Neutron pairing is also relevant in neutron-rich nuclei [21].

We are interested in whether s-wave pairing and p-wave pairing can coexist, perhaps in an
intermediate-density region inside neutron stars. We are able to observe s-wave pairing using a
Poschl-Teller interaction, V(r) = 1/cosh?(r), in quantum Monte Carlo simulations, see Fig. 4.5.
If we have only spin-up neutrons, we are able to observe p-wave pairing, shown in Fig. 4.6.

To perform these calculations, we first run Variational Monte Carlo [2]. This uses the variational

principle to tune a trial wave function and obtain an upper bound for the ground state energy. If we
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Figure 4.6 Results of quantum Monte Carlo simulation of fermions with a p-wave Poschl-Teller
interaction and a Slater determinant wave function. All particles are spin-up. The plots show the
differences between energies of adjacent numbers of particles. There appears to be pairing at large
numbers of particles. The minima are at odd N because the zero-momentum state is unpaired. We
also observe shell closures at N = 7 and 19.

know the Hamiltonian and ground state wave function ¥y, we can calculate the energy:

_ [ dRY;(R)AY¥,(R)

= 4.26
BT T R ®)P (420

Calculating this integral analytically or even numerically is impractical, as for N particles there are
3N spatial coordinates, so we use Monte Carlo integration. We interpret the wave function as a

probability distribution,

P(R) = %, (4.27)
and define a local energy
Er.(R) =¥ (R)HY(R). (4.28)
So we can rewrite the energy as
E = / dRE[ (R)P(R). (4.29)
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If we have a set {R;} distributed according to P(R), then by the central limit theorem

M
1

E ~ — Er(R)). 4.30
i ;:1 L(R;) (4.30)

We sample configurations R according to the probability distribution P(R) using the Metropolis
algorithm. We construct a Markov chain with transition probabilities T(R” — R) that satisfy
detailed balance,

P(R)T(R' > R) = P(R)T(R — R), 4.31)

ensuring that the equilibrium of the Markov chain is P(R). If the probability of selecting a particular
configuration update is A(R’” — R), then the acceptance rate (the probability that we accept the

update) is
P(R)A(R - R’)
"P(R)A(R" - R) |~

AR > R) = min |1 (4.32)

We can choose A(R — R’) to be symmetrical, such as by choosing a uniform or Gaussian
distribution, causing the acceptance rate to be calculated solely from the wave function. We don’t
know the exact ground state wave function, so we choose a wave function with parameters we can

vary. Then by the variational principle, we obtain upper bounds of the ground state energy,

RY*(R)HY7 (R
y = /d T( ) T( ) > Ep. (433)
[ dR|¥7(R)|?

As a result of performing Variational Monte Carlo, we also obtain a set of particle configurations
that samples the trial wave function. We use this as the initial state for Diffusion Monte Carlo
(with importance sampling), a numerical method to solve the imaginary time Schrodinger equation
which is a combination of a diffusion process and a branching process [37]. The main idea behind

Diffusion Monte Carlo is the imaginary time evolution,

(1) = ¢ (A-Er)nyg, (4.34)

= > e BEDTy, (4.35)

where we expand in eigenstates of the Hamiltonian. If the trial energy E7 = Ey, the ground state

is projected out at large 7, as the other eigenstates vanish.
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For each iteration of Diffusion Monte Carlo, the particle positions in each configuration are
updated, and then the configurations are branched: configurations with low energies are duplicated,
while configurations with high energies are removed. The position update includes a random term
and a drift velocity term that moves the particles to regions with a large trial wave function. The
moves are accepted or rejected using the Metropolis algorithm to satisfy detailed balance. The
branching process duplicates and removes configurations according to their energies. Then the
ground state energy is updated and the process is repeated.

Diffusion Monte Carlo can in principle find the exact ground state energy. However, since
fermion wave functions have both positive and negative regions, we avoid the fermion sign problem
with the fixed node approximation which prohibits configurations from moving to a region with
opposite sign. This means that the quality of the result depends on the choice of nodes of the trial

wave function, and we can only obtain an upper bound for the ground state energy.
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CHAPTER 5

CONCLUSIONS AND OUTLOOK

There is a trade-off between number of qubits required and number of quantum gates required
for fermion to qubit mappings. As we saw, for two-dimensional simulations, the 7 y method requires
1.25 qubits per fermionic mode (lattice site), and up to 10 Pauli operators for each hopping term in
the Hamiltonian. My composite lattice modification increases the number of qubits to 2 per mode,
but decreases the maximum number of Pauli operators per hopping term to 4.

The canonical circuit for exponentiation of a Pauli string of length n requires 2(n — 1) two-qubit
gates. I showed, using results from Ref. [42], that terms of the form (XX + YY)ZZ, which are
pairs of Pauli strings of length n, can be exponentiated using 2(n — 1) 2-qubit gates. This is half
the number required for the canonical circuit.

My motivation for obtaining these improvements is the limitations of current quantum com-
puters. Gate error rates and decoherence time are two of the current limitations to quantum
computation, and two-qubit gates have a larger computational cost for both of these than single-
qubit gates. Thus I have sought to reduce the number of two-qubit gates required to simulate nuclear
physics.

Current nuclear lattice effective field theory simulations are limited by the amount of memory
available on classical computers. I hope that my work will help enable larger systems to be studied

using quantum computers once the hardware is sufficiently developed.
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