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ABSTRACT
Shape analysis is important in fields like computational geometry, biology, and machine learning,
where understanding differences in structure and tracking changes over time is useful. Topological
Data Analysis (TDA) provides tools to study shape in a way that is resistant to noise and captures
both fine and large-scale features. This dissertation focuses on directional transforms, a method
that encodes shape by looking at its structure from different directions.

First, we introduce the Labeled Merge Tree Transform (LMTT), a new way to compare em-
bedded graphs using merge trees and directional transforms. We test this method on real-world
datasets and show that it works better than existing distance measures in some cases. Next, we
develop a kinetic data structure (KDS) for bottleneck distance, which allows us to update shape
comparisons efficiently when the data changes over time. We apply this method to the Persistent
Homology Transform (PHT) and show that it reduces computation time while keeping accurate
results. Finally, we explore a future direction that extends the kinetic data structure to the Wasser-
stein distance. These contributions improve the use of topology in studying dynamic shapes and

open new research possibilities in both theory and practical applications.
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CHAPTER 1

INTRODUCTION
Shape plays a fundamental role in many areas of science, from understanding biological structures to
analyzing complex geometric data in machine learning [36]. Accurately quantifying and comparing
shapes is critical in applications such as image analysis, computer vision, neuroscience, and material
science. However, traditional data analysis approaches often struggle to handle high-dimensional,
noisy, or evolving data.

Topological Data Analysis (TDA) is a growing field that stands at the intersection of mathemat-
ics, computer science, and data analysis, seeking to combine mathematical rigor and computational
efficiency to develop novel tools focused on using topological features [37, 32]. It provides a robust
mathematical framework for quantifying shape and structure. By focusing on topological patterns,
TDA methods are more resilient to noise and deformation, making them useful for real-world appli-
cations [6, 75, 13, 33]. One powerful technique in TDA is the directional transform, which encodes
shape information by summarizing topological features along different directions [73, 28, 42].

While existing methods such as Persistent Homology Transform (PHT) and Euler Characteristic
Transform (ECT) offer valuable insights, challenges remain in defining computable and effective
shape comparisons, and efficiently handling time-varying data. Many existing TDA-based shape
descriptors rely on static structures, meaning that even small continuous changes in shape require
recomputing the distance metrics from scratch. This makes it computationally expensive to track
evolving shapes over time. Additionally, while standard topological distances like the bottle-
neck distance and the Wasserstein distance are useful for comparing shapes, efficient methods for
incremental updates in dynamic settings are yet to be developed.

This dissertation addresses these challenges by focusing on directional transforms, merge trees,
and kinetic data structures (KDS) to develop more efficient ways of comparing shapes in both static
and dynamic settings. Specifically, we introduce new metrics for comparing embedded graphs,
which improve the efficiency of tracking topological changes over time, and explore potential

applications in cellular biology and machine learning.



The primary goal of this dissertation is to enhance shape analysis using TDA, with a particular
emphasis on efficient computation and dynamic tracking. The first objective focuses on the
Labeled Merge Tree Transform (LMTT) for Shape Comparison, which introduces a novel metric for
comparing embedded graphs by integrating directional transforms with merge trees. This method
enhances sensitivity to structural differences and demonstrates superior performance over existing
distance metrics when tested on real-world datasets. The second objective, Kinetic Hourglass Data
Structure for dynamic shape tracking, involves the development of an efficient kinetic data structure
for the bottleneck distance, allowing for faster updates as shapes evolve over time. This approach is
specifically applied to the Persistent Homology Transform (PHT), reducing computational overhead.
Finally, this dissertation explores broader applications and future research directions by extending
kinetic data structure to compute the Wasserstein distance to further improve dynamic shape
tracking.

The remainder of this dissertation is structured as follows. Chapter 2 provides background
on persistent homology, merge trees, directional transforms, and kinetic data structures, forming
the foundation for later contributions. Chapter 3 introduces the Labeled Merge Tree Transform
(LMTT), a novel distance for comparing embedded graphs. In addition to showing and proving its
theoretical properties, we validate its effectiveness empirically on real-world datasets and compare
it with existing distances. Chapter 4 presents a kinetic data structure for computing the bottleneck
distance in a dynamic setting. This approach enables efficient shape tracking in time-varying
systems and reduces computational costs. Chapter 5 discusses future directions before concluding.

This dissertation introduces new methods for both static and dynamic shape analysis motivated
by tools in TDA. These contributions improve the efficiency and interpretability of TDA-based
methods, making them applicable to a wide range of real-world problems. Future work will further

refine these techniques and extend their applications in real-life settings such as in cellular biology.



CHAPTER 2

BACKGROUND
In this chapter, we will introduce the ideas that inspired my work in chapters 3 and 4. First, we will
discuss persistent homology and its extension, the persistent homology transform, along with its
associated comparison metric. Then, we will provide the technical details and theoretical properties
of merge trees. Finally, we will introduce the kinetic data structure. Additional background will be

introduced in the relevant chapter.

2.1 Persistent Homology
Homology is a fundamental tool in algebraic topology for analyzing topological structures
across various dimensions. Specifically, for a given space X, homology assigns a group Hy(X) to
each dimension £ = 0,1, 2, .. ., capturing information about the structure at that dimension. For
example, dimension 0 focuses on connected components, dimension 1 examines loops, dimension
2 explores voids, and higher dimensions investigate analogous higher-dimensional features.
Persistent homology is a method for measuring changes in homology of a filtration of sim-
plicial complexes. An n-simplex is the convex hull of n + 1 affinely independent points denoted
[v9, V1, . .., v,]. The O-simplex [vo] is the vertex vy, the 1—simplex [vg, v;] is the edge (vo, vy ), and
so on. A simplicial complex, K € RY, is a space built from simplices such that:
* the intersection of any two simplices in /C is also a simplex in X;
* all faces of a simplex in K are also simplices in /.
A geometric simplicial complex K € R" is a collection of simplices in R" such that:
1. If o € K, then every face of o is also in K.
2. If 0,7 € K, then o N 7 is either empty or a face of both ¢ and 7.
Given a finite simplicial complex K, a simplicial k-chain is a formal linear combination of
k-simplices in /. We often assume coefficients are in Zo, but any field can be used. The set of

k-chains forms a vector space C(K'). Then the boundary map 0y : Ci(K) — Cy_1(K) is defined



as follows, which extends linearly:

k
Ok ([vo, v1, -, v8]) = Z(_l)j[vm C U1, Vg - - Uk
3=0

We define the boundaries to be elements of By(K) = im(Jy,1) and cycles to be elements of
Zi(K) = ker(0g). Since Ogi1 0 O = 0, Bi(K) C Zi(K). The k-th homology group of K is
defined to be

Hy(K) = Zy(K)/By(K).

We define a filtration to be a nested set of simplicial complexes:
=K CKiCKyC---CK, =K.

In this dissertation, we restrict ourselves to scalar field, which is a function that assigns a single
real-valued measurement to each point in a domain, typically represented as f : K — R, where K
is a geometric or topological space. In the context of filtrations, we consider sublevel set filtrations

induced by such functions, defined as the collection of sublevel sets { K, }ocr, Where:
Ko ={c| flo) <a}.

We further define:
f(o) =sup f(z).

reo

Additionally, we impose a monotonicity condition, meaning that if 7 is a face of o, then f(7) < f (o).
This assumption simplifies the exposition, as it guarantees that all sublevel sets form a valid filtration.
This is related to the lower-star filtration [37].

Definition 2.1.1 Given a geometric simplicial complex K and a function f : V(K) — R that
assigns a scalar value to each vertex, the lower-star filtration of K is the nested sequence of

subcomplexes { K, }ocr defined by:

K, ={0 € K |max f(v) < a}.

veo
That is, each simplex o is included in K, if and only if the maximum function value among its

vertices is at most o.



The goal is to summarize the change in the topology of the filtration over time. For a < 0,
t: K, — Kj is an inclusion map of simplicial complex. In general, .* : Cy(K,) — Ci(K}). And
it has the following induced inclusion maps: ¢ : By(K,) — Bi(Kyp) and ¢ : Zy(K,) — Zp(K).

This then induces homomorphisms
870 Hy(K,) — Hiy(K).

These statements are standard but non-trivial, see [5S0] for more detailed proofs.

We follow [37] for the definition of persistent homology groups Hy.(a, b):
Hk(a, b) = Zk(Ka)/<Zk(Ka) U Bk(Kb))

The cokernel of a function f : X — Y is Y/im(F'). A homology class o € Hy(K;) is said to
be born at time a, denoted b(cv), if it is in the cokernel of ¢~ for any a’ < a. We say « dies at time
b, denoted d(a), if forall ' < a < V' < b, we have t§*(a) € im(1f' ) and ({7 () ¢ im(uf ~%).
The homology class « has persistence d(«) — b(«). If a never dies, then it is an essential class of
K, in which case d(a) = oc.

Let R?T := {(a,b) € ({oo} UR) x (RU {o0}) : a < b}. We denote the k-th persistence dia-
gram corresponding to the filtration K as Dgm,.. It is a multi-set of points in R?>* with countably
infinite copies of every point on the diagonal, A = {(z,z) € R*"}. The number of off-diagonal
points in [—o0, a] x [b, 0o] equals the dimension of Hy(a,b). Each point (a, b) in R?* corresponds
to a k-dimensional homology class that is born at time @ and dies at b. Throughout this dissertation,
we assume all persistence diagrams have finitely many off-diagonal points.

2.1.1 Bottleneck Distance

The bottleneck distance is a standard measure used to compare two persistence diagrams [37].
To compare two persistence diagrams X and Y, we define a partial matching to be a bijection
n: X’ — Y’ on a subset of the points X’ C X and Y’ C Y. We denote thisby n : X =Y.
Definition 2.1.2 The cost of a partial matching is the maximum over the L.,-norms of all pairs of

matched points and the distance from the unmatched points to the diagonal:

c(n) = max ({||lz — (@)l | * € X'} U{5]22 — 21| | (21, 22) € X\ X)UY\Y')}).



The bottleneck distance is defined as dg(X,Y) = inf,. x_y ¢(n).
The bottleneck distance can be formulated more generally as a graph-matching problem. Let X
and Y be two arbitrary sets of n points. We construct the bipartite graph with vertex set V' = X UY

and edges between points whose weight ¢ : & — R is at most A:
Gy = (XUY, {zy | c(zy) < A}).

Definition 2.1.3 The optimal bottleneck cost is the minimum \ such that G has a perfect matching,
denoted as dp(G).

We now reduce finding the bottleneck distance between persistence diagrams to a problem of
finding the bottleneck cost of a bipartite graph. Let X and Y be two persistence diagrams given
as finite lists of off-diagonal points. Let X (resp. Y) be the set of orthogonal projections of the
points in X (resp. Y). Set U = X LY and V =Y LU X. We define the complete bipartite graph

G=(UUV,U x V,c), where for u € U and v € V, the weight function c is given by

|lu =] ifu€e XorveY
c(uv) =

0 ifue Xandvey.

An example of the bipartite graph construction is shown in Figure 2.1. This graph can be used to
compute the bottleneck distance of the input diagrams because of the following lemma.
Lemma 2.1.4 (Reduction Lemma [37]) For the above construction of G, dg(G) = dp(X,Y).

Naively, given a graph GG of edge set size n, we can compute the bottleneck distance by sorting
the edge weights and performing a binary search for the smallest A such that (G, has a perfect
matching in O(n?logn) time by doing the following. Sorting the edge weights takes O(n logn)
time, and binary search requires O (log n) iterations. In each interaction, we check for the existence
of a perfect matching in G, which can be done in O(n?) time. This results in an overall complexity
of O(nlogn + n?*logn) = O(n*logn). Using the technique for efficient k-th distance selection
for a bi-chromatic point set under the L, distance introduced by Chew and Kedem, this can be
reduced to O(n'5logn) [22]. Therefore, the overall complexity to compute the bottleneck distance

of a static pair of persistence diagrams is O(n'5 logn).
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Figure 2.1 Construction of the bipartite graph G based on the persistence diagrams X and Y.

The bottleneck distance between two persistence diagrams is stable in the following sense:
Theorem 2.1.5 (Stability Theorem for Filtrations) Let K be a simplicial complexand f,qg : K — R
two monotonic functions. For each dimension p, the bottleneck distance between the diagrams
X = Dgm,(f) and Y = Dgm,(g) is bounded from above by the L-distance between the

functions,

dp(X,Y) < ||f = glls-

2.1.2 Computing the Bottleneck Distance

The bipartite matching problem is an optimization problem in graph theory that seeks to find a
maximum matching in a bipartite graph, where a matching is a set of edges that do not share any
vertices. Given a bipartite graph G = (U UV, E), where U and V' are two disjoint sets of vertices
and F is the set of edges between them, the goal is to determine the largest possible subset of edges
such that each vertex in U and V' is incident to at most one edge in the matching.

Computing the bottleneck distance involves solving a bipartite matching problem to minimize
the maximum displacement between paired persistence diagram points [24, 38]. Various algorithms
exist that trade off exactness, efficiency, and scalability. Table 2.1 summarizes key algorithms for
computing the bottleneck distance, highlighting their computational complexity and classification
as exact or approximate.

Exact methods for computing the bottleneck distance rely on solving a sequence of maximum

bipartite matching problems. The Hopcroft-Karp Algorithm, based on augmenting paths, achieves



Algorithm Type Complexity

Hopcroft-Karp Algorithm Exact O(n?9)
Push-Relabel Algorithm Exact O(n*logn)
Binary Search with Maximum Matching Exact O(n3logn)
Auction Algorithm (adapted) Approximate  O(n?logn)
Greedy Matching Approximate O(n?)

Table 2.1 Comparison of algorithms for computing the bottleneck distance.

an O(n?®) complexity and is widely used in practice [52]. The Push-Relabel Algorithm, commonly
used for maximum flow problems, offers competitive empirical performance with a complexity of
approximately O(n?logn) [43]. Another approach employs a binary search over the bottleneck
threshold, solving a sequence of maximum matching problems with an overall complexity of
O(n3logn) [37].

When exact computation is infeasible for large-scale datasets, approximation techniques provide
efficient alternatives. A variant of the Auction Algorithm, adapted from optimal transport, offers
a fast, auction-based approach with complexity O(n?logn) [16]. Greedy matching heuristics
provide even faster approximations at O(n?) complexity but sacrifice solution quality in favor of
efficiency [55]. These approximate methods enable the bottleneck distance to be computed on large

persistence diagrams while maintaining reasonable accuracy.

2.1.3 Wasserstein Distance

Another measure commonly used to compare persistence diagrams is the Wasserstein distance.
The bottleneck distance only takes into account the furthest pair of corresponding points and it is
insensitive to the details of the bijection beyond that. To address this shortcoming, we introduce the
degree-q Wasserstein distance between persistence diagrams where ¢ € R, . It takes the minimum
over all bijections of the sum of g-th powers of the L., -distances between corresponding points.
The bottleneck distance is, in fact, the limit of the Wasserstein distance as ¢ goes to infinity.

Definition 2.1.6 The Wasserstein distance between two persistence diagrams X and Y is

W,(X,Y) = mfZHx— o)L |,

zeX



where 1 : X =Y is a bijection that represents a partial matching between the points in X and Y .

A general stability result like the one for the bottleneck distance is out of reach. However, if we
fix our underlying space to be a finite CW Complex, Skraba et al. [69] proved the stability results
with respect to the Wasserstein distance. This improves on the previous results on the Lipschitz
Wasserstein stability [25]. In order to state the theorem, we briefly introduce a finite cell complex,
also known as a CW complex. It is a topological space X constructed as a union of cells satisfying
the following properties:

« Start with a discrete set X° (0-cells).

e X" is obtained from X" ! by attaching n-dimensional disks (called n-cells) via continuous
maps from their boundaries: f, : S"~' — X"~!. Each n-cell is attached by gluing its
boundary S™~! to the existing X"~ !, forming X" = X", e”, where each € is an open
n-disk.

» Each cell e is attached to a finite number of lower-dimensional cells. That is, each cell’s
boundary only intersects a finite number of other cells.

Given such an underlying space, the below stability results hold.
Theorem 2.1.7 (Cellular Wasserstein Stability Theorem [69]) Let f,g : K — R be monotone
functions, and X = Dgm(f), Y = Dgm(g). Then

Wo(X,Y) < If —gllq-
If we fix a homology dimension p, then

W,(Dgm, (), Dgm,(9))* < > |f(0) = g(o)|"

dim(o)e{k,k+1}

2.1.4 Computing the Wasserstein Distance

Computing the Wasserstein distance involves solving an optimal transport (OT) problem
[67, 63, 76], which assigns probability mass from one distribution to another while minimiz-
ing transportation cost. Several algorithms exist that balance exactness, efficiency, and scalability.
Table 2.2 summarizes key algorithms for computing the Wasserstein distance, highlighting their

computational complexity and classification as exact or approximate.



Algorithm Type Complexity

Hungarian Algorithm Exact O(n?)
Network Simplex Exact O(n*logn)
Shortest Augmenting Path (Bipartite Graph) Exact O(n?)
Sinkhorn-Knopp Approximate O(n?)
Auction Algorithm Approximate O(n*logn)
Gaussian Approximation Approximate  O(d?) (closed-form)

Table 2.2 Comparison of algorithms for computing Wasserstein distance.

Exact methods for computing the Wasserstein distance solve the optimal transport (OT) problem
as a linear program. The Hungarian algorithm is the classic approach with cubic complexity,
suitable for small-scale problems [58]. The Network Simplex Method is often used for large-
scale OT problems due to its efficiency in practice. However, its worst-case complexity can be as
high as O(2") in general cases [57], making it theoretically inefficient. For minimum-cost flow
problems, which include OT as a special case, the worst-case complexity is typically O(mn logn)
or O(mlog ('), where n is the number of nodes, m is the number of edges, and C' is the largest
cost coefficient [15]. Despite these worst-case bounds, the method remains widely used due
to its empirical speedups in practical instances. Another widely used approach is the Shortest
Augmenting Path Algorithm, which formulates the OT problem as a bipartite graph and iteratively
finds the shortest paths in a residual graph to improve computational efficiency [5].

When exact computation is infeasible, approximation techniques offer scalable alternatives.
The Sinkhorn-Knopp Algorithm introduces entropy regularization to the OT problem, enabling
fast iterative updates and making it popular in deep learning applications [68]. The Auction
Algorithm is a greedy, auction-based method designed for large-scale matching problems [14].
The Sliced Wasserstein Distance simplifies computation by projecting distributions onto one-
dimensional subspaces, where the Wasserstein distance is computed efficiently before aggregating
results [64]. Additionally, for Gaussian-distributed data, the Gaussian Approximation provides a
closed-form solution, avoiding costly OT solvers [35]. These approximations balance speed and

precision, making the Wasserstein distance practical for high-dimensional applications.

10



2.2 Directional Transform

The motivating idea of the directional transform is that given an object, such as a surface in R?
or a domain in R?, how can we faithfully represent it using topological descriptors? Computing
topological summaries, such as persistent homology, along different directions produces distinct
diagrams representing the same object. In this section, we introduce various types of topological

summaries used in the context of directional transforms and discuss their theoretical properties.

2.2.1 Persistent Homology Transform

Given a finite geometric simplicial complex K as a subset of R, for any unit vector v € S?!,
we can define a filtration K(v) of K parameterized by a height r where K (v), = {z € K :
(x,v) < r} is the subcomplex of K containing all the simplices below height r in the direction
v. This is closely related to the lower-star filtration (Definition 2.1.1). The filtration K (v),
and {0 € K : (z,v) < r forall vertices = € o} have the same homology groups since they are
homotopy equivalent. In this definition, partial simplices in K (v), can be homotoped down to the
subcomplex in the lower-star filtration h,,. Homology is invariant under homotopy equivalences
[50].

The k-dimensional persistence diagram Dgm, (K, v) summarizes how the topology of the
filtration K (v) changes over . We define D to be the space of all persistence diagrams with finitely
many off-diagonal points in each diagram.

Definition 2.2.1 A function f : X — Y, where X,Y are metric spaces with metrics dx and dy, is

said to be Lipschitz continuous if there exists a constant L > 0 such that for all x1,x5 € X,

dy (f(x1), f(z2)) < L-dx(z1,22).

The smallest such constant L is called the Lipschitz constant of f. If [ satisfies this condition
with L < 1, it is called a contraction.

Since D holds bottleneck distance stability, the following function is Lipschitz (hence continu-
ous):

v — Dgm, (K, v).

11



Definition 2.2.2 The Persistent Homology Transform of K C R® is the function

PHT(K) : S* ' — D

v+ (Dgmy(K,v),Dgm, (K, v),...,Dgm, ,(K,v)).

Theorem 2.2.3 ([73]) The persistent homology transform is injective when the domain is K, for
d=2,3.

Informally, we say a statistic is sufficient if no other statistic that can be calculated from the
same data provides any additional information. For more formal definitions with respect to measure
theory, see [49]. The main result of [73] is that since the PHT is injective for /; for d = 2, 3, itis

a sufficient statistic.

2.2.2 [Euler Characteristic Transform

The Euler Characteristic Transform has a similar construction as the PHT, except that instead of
persistent homology, the topology of the simplicial complex is captured by the Euler characteristic.
Definition 2.2.4 The Euler characteristic for a simplicial complex K is an alternating sum of the

number of simplices in each dimension,

X(K) = #(vertices) — #(edges) + #(faces) — - - - .

Standard yet surprisingly, following the above definition, the case for orientable examples is a
corollary of Poincaré duality.
Definition 2.2.5 The Euler characteristic of a simplicial complex K is an alternating sum of the

number of simplices in each dimension:

X(K) = #(vertices) — #(edges) + #(faces) — - - - .

More formally, letting f;. denote the number of k-dimensional simplices in K, the Euler character-

istic is given by:
dim K

X(K) =Y (=D .
k=0
The Euler characteristic is a fundamental topological invariant that provides insight into the

combinatorial structure of a simplicial complex. However, while it gives a global measure of

12



the space, it does not directly capture more refined topological features, such as the number of
connected components, loops, or voids. These are better described using homology theory and its
associated Betti numbers.

Definition 2.2.6 The Betti numbers [, of a simplicial complex K quantify the number of in-
dependent k-dimensional holes in K. Formally, they are defined as the ranks of the homology
groups:

By = rank Hy(K).

Here, Hy(K) represents the k-th homology group, which encodes information about cycles and
boundaries at dimension k. For example, [y counts the number of connected components, (3,
counts the number of independent loops, and 5 counts the number of voids.

The Betti numbers provide a finer classification of a topological space than the Euler charac-
teristic alone. However, there exists a strong relationship between these two concepts, which is
encapsulated in the following theorem.

Theorem 2.2.7 The Euler characteristic of a simplicial complex K can also be expressed in terms

of its Betti numbers and torsion coefficients:

If the homology groups are free abelian (i.e., there is no torsion), this formula holds exactly.

We can construct a variation of the PHT using the Euler characteristic.

Recall the height filtration K (v), = {0 € K : (x,v) < r for all vertices z € o}. The Euler
characteristic curve (ECC) x(K,v) : R — Z is a function giving the Euler characteristic for each
sublevel set at values r, x (K, v)(r) = x(K(v),).

Definition 2.2.8 The Euler characteristic transform (ECT) of a geometric simplicial complex K C

R is

ECT(K) : 8“1 — 7ZF

v (XK ).
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The ECT is also both injective and a sufficient statistic for K, for d = 2,3. This construction
has demonstrated its utility in many settings, such as analyzing barley seed morphology [6], see [7]

for a more detailed survey on the ECT.

2.3 Merge Tree

Intuitively, a merge tree is a 1-dimensional topological invariant that tracks when components
appear and subsequently merge in sublevel sets of a scalar function. Itis closely related to persistent
homology, as the branches of merge trees track the same 0-dimensional features that appear in the
persistence diagram.

Our input data will be a topological graph with an R-valued function. First, we treat a graph
G = (V, E) as a 1-dimensional stratified space, so that the edges are homeomorphic to copies of
the interval [0, 1]. We will additionally be given a continuous map f : G — R where we will
assume that the function is monotone on the vertices. This additional assumption means we can
combinatorially represent the function by specifying the function on the vertex set f : V(G) — R
and then extend linearly to the edges. We also note that whenever needed, we can subdivide an
edge e = (u,w) with a vertex v with f(u) < f(v) < f(w) to get an equivalent representation of
the structure.

While it can be defined for more general inputs, our next step will be to understand the merge
tree of a given graph with a function f : G — R. A merge tree is defined as follows.
Definition 2.3.1 A merge tree is a pair (T, f) with f : T — R U {co} where T is a rooted, finite,
acyclic, connected graph (i.e. a finite tree in the graph-theoretic sense with a distinguished root
vertex, ), together with a real-valued function f : V. — R U {occ}. This function has the property
that every non-root vertex has exactly one neighbor with a higher function value, and f(v) = oo if
and only if v is the root r.

We write V' (7") for all non-root vertices of the tree 7. We call the non-root vertices with degree
1 leaves and denote the set of leaves L(7'). Every vertex has an up- and a down-degree, given by
the number of neighbors with higher (respectively lower) function values. A vertex w is regular if

its up- and down-degree are both equal to 1. In this case, denoting the neighbors of w as u and
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v, we can remove the vertex w and add in the edge u, v to get an equivalent representation of the
merge tree in a topological sense. So we say two merge trees are combinatorially equivalent if
T and 75 are isomorphic as combinatorial trees up to this subdivision equivalence, ignoring the
function value information. We use M7 to denote the space of all merge trees where two merge
trees are considered the same if they are both combinatorial equivalent and have the same function
value.

The merge tree of a given graph with a function f : G — Ris defined as follows, following [60].
For graph (G, f), define the epigraph of the function as epi(f) = {(z,y) € G xR |y > f(x)}.
Define a function f : epi(f) — R by (z,y) — y. Say that two points (z,y) ~j (z/,y) are
equivalent if and only if y = 3 (i.e. f(z,y) = f(2',%)) and they are in the same connected
component of the level set f~!(a). Then the merge tree of (G, f), denoted T(G, f), is the
quotient space epi(f)/ ~ 7. Note that the points of 7'(G, f) inherit the function f since we can set
f([z]) = f(z) which is well defined by construction of ~¢. See Figure 2.2 for an example.

Note that this definition is subtly different from the one used in the visualization literature
(see e.g. [79]). In that setting, efine an equivalence class on the points of G by setting  ~ y if
and only if f(z) = f(y), and z and y are in the same connected component of f~!(—oo, f(x)).
Then the alternative merge tree is the quotient space X/ ~. While the result is nearly identical,
the difference is the root vertex will have a function value equal to the global maximum of f; in
particular in the case of compact X this results in a finite function value for the root which goes
against Definition 2.3.1. However, this causes issues in the case of some distance computations,
specifically the interleaving distance [60, 61, 40], where an infinite tail (i.e. f(r) = o0o) is needed
for technical reasons. In this paper, we will use the infinite tail definition due to our focus on the
use of distances. However, we note that we could use the first definition with some modification
as in [60]; or alternatively, we could attach a root vertex r to the global maximum vertex in the
alternative merge tree and set f(r) = oo to resolve the issue.

We will next introduce labeled merge trees [61].

Definition 2.3.2 Fix an integer n € Z>q let [n] = {1,...,n}. An n-labeled merge tree is a merge
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Figure 2.2 Left: A graph embedded in R?, along with a height function f : V(G) — R. Middle:
The merge tree of (G, f), with labels coming from a labeled vertex of GG. Right: The matrix
M(T, f,m), as defined in Section 2.3.1.

tree (T, f) together with a map to the non-root vertices 7 : [n] — V(T) that is surjective on the set
of leaves. We denote a labeled merge tree with the triple (T, f, ), and the space of all n-labeled
merge trees by LMT .

Note that this requirement has a label on all leaves, but might involve having labels on interior
vertices, including those resulting from the subdivision of an edge. See Fig. 2.2 for an example.

Finally, assume we are given a labeling (no longer requiring surjectivity in any form) on an
input graph 7 : [n] — V/(G), where we recall that we can subdivide an edge as needed to have this
labeling be defined on the vertex set. Then we can use this to induce a labeling 7 : [n] — V(T')
on the merge tree 7' = T'(G, f) by setting 7(i) to be the equivalence class of 7(i) under the
quotient space construction [7(i) € T'|. Note that this induced labeling does not have the required
surjectivity on the leaves of 7" without additional assumptions on 7; later in Chapter 3, we will
provide assumptions to ensure this is satisfied.
2.3.1 Labeled Merge Tree Distance

Finding metrics to compare different merge trees has recently been an active focus of study,
given their wide use as a simple topological summary of scalar field data. In this dissertation, we

focus on the interleaving distance, which has been broadly used to compare persistence diagrams,
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with a range of theoretical and practical guarantees in various settings. Computing the interleaving
distance on merge trees is NP-hard [2, 17], although there has been work done on heuristic methods
for certain types of data [80]. The reason we are interested in labeled merge tree data here is that
we can utilize the L..-cophenetic metric [61, 40], also known as the labeled interleaving distance,
since computation becomes tractable in this setting.

In order to state the interleaving distance, we define a natural conversion of a merge tree into
a matrix as follows. Let LCA(vq,vy) € T denote the lowest common ancestor of vertices v; and
vy € V(T), that is, the vertex with the lowest function value f(v) that has both v; and v, as
descendants, where a vertex u is a descendant of a vertex x if x lies on the path from w to the root
of T'. We define each node to be a descendant of itself. The induced matrix of the labeled merge
tree (T, f,m)is M(T, f,m) € R™"™, where M(T, f,n);; = f(LCA(7(¢),7(j))). See Fig. 2.2 for
an example. We can now compute the distance between two labeled merge trees with the same
set of n labels by taking the L., norm of the difference between the two induced matrices; see
Fig. 2.3. More formally, given a matrix A = (a;;) € R™*"2, recall that the L., norm of A is
|Allc = max; ; |a;;|. Then the distance is defined as follows.
Definition 2.3.3 For a fixed n > 0 and two labeled merge trees in LM'T ,,, the labeled interleaving

distance is

d((leflﬂTl), (T2jf2,7f2)) = HM(lefth) - M<T27f27772)Hoo-

It is worth noting that this yields a metric on the space of merge trees with a common label set

[61, 40], and further is an interleaving distance [31] for a particular choice of category.

2.4 Convexity Analysis

Our work relies heavily on convexity, a fundamental concept in geometry and optimization. A
set is said to be convex if, for any two points within the set, the entire line segment connecting them
is also contained within the set. Many properties of convex sets, such as their ability to be enclosed
by a minimal convex region, play a key role in our analysis. One essential notion is the convex hull,
which captures the smallest convex set containing a given set of points.

Definition 2.4.1 The convex hull of a set of points S C R%, denoted as conv(S), is the smallest
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Figure 2.3 Two merge trees with a common set of labels, along with their induced matrices and
the labeled merge tree distance between them.

convex set that contains all points of S. Formally, it is given by

k k
CODV(S): {2:)\229Z |pZ GS,)\ZZO,Z)V:L]{/’GN}

i=1 i=1

A key property of convex sets is that disjoint convex sets can be separated by hyperplanes.
The following theorem guarantees the existence of such a separating hyperplane under certain
conditions.

Theorem 2.4.2 (Hyperplane Separation Theorem [66]) Let A, B be two non-empty, disjoint, convex
subsets of RY.

o (Strict Separation) If both A and B are open, and at least one of them is compact, then there

exists a hyperplane that strictly separates them, i.e., there exists a nonzero vector w € R¢

and a scalar b € R such that
w-x<b Vxe€eA and w-y>b Vyé€EB.

o (Weak Separation) If A and B are both compact, or if they are merely convex and disjoint,
then there exists a hyperplane that weakly separates them, i.e., there exists w € R% and b € R
such that

w-x<b VxeA and w-y>b Vye€B.
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2.5 Distance between Graphs

There are several existing approaches to quantify a comparison between embedded graphs,
which we will define shortly. Buchin et al. surveyed the most commonly used measures between
two embedded graphs in [20], which we briefly discuss below. Each distance captures different
elements of graphs; we wish to understand these trade-offs in order to develop a new distance.

We evaluate the metric properties of each distance by checking the following.

Definition 2.5.1 Let X be a set with a given function § : X x X — R>q U {00}, where R is the
non-negative extended real line. We define the following properties:

1. Finiteness: forall x,y € X, d(z,y) < oc.

2. Identity: forall x € R, §(z,z) = 0.

3. Symmetry: forall x,y € X, d(z,y) = i(y, ).

4. Separability: forall x,y € X, §(x,y) = 0 implies x = y.

5. Subadditivity (Triangle Inequality): for all x,y,z € X, é(x,y) < é(x, z) + (2, y).

If o satisfies all five properties, then it is a metric; it is a semi-metric if it satisfies all but
subadditivity. There are less strict notions of dissimilarity, such as the following: d is a pseudo-
metric if it satisfies all but separability; it is an extended metric if it satisfies all but finiteness; it is a
semi-metric if it satisfies all but subadditivity, and it is a quasi-metric if it satisfies all but symmetry.

Let (M, d) be a metric space and G = (V, E) be an abstract graph, which can be viewed as a
stratified one-dimensional simplicial complex. We require our graphs to be non-empty, containing
at least one vertex. For x € G, it can either be a vertex or a point interior to an edge. The open
neighborhood of x is denoted as n,. If a continuous map ¢ : G — M is homeomorphic onto its
image for all small enough n, of z € G, then we call ¢ an immersion of GG into M. If an immersion
of GG is homeomorphic onto the image ¢(G), then it is an embedding. Intuively, immersions allow
edge crossings, and embeddings do not. We denote the collection of finite immersed graphs in M

as Gy and embedded graphs gM.
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2.5.1 Hausdorff Distance
Let (M, §) be a metric space and let 2/ denote the collection of all subsets of M. Then, the
directed Hausdor{f distance ?H: 2M % 2M — Ry in (M, §) is defined by

?H(A, B) :==supd(a, B) = supinf 6(a,b),

acA acA beB

where the supremum over an empty set is defined to be zero and the infimum to be co. We define

the Hausdorff distance 05 : 2M x 2M — R+ to be the following:
— —
5u(A, B) = max{dn(A, B), (B, A)}.

The above distances are defined in the general setting, but now we consider 5_>H restricted to
Gr. The Hausdorff distance can be extended to the set of immersed graphs Gy, in M. The directed
Hausdorff distance between immersed graphs d—>H Gy X Gy — Rzo for (G, ¢1), (G2, ¢2) € Gy
is defined by

d11(Ch, G) = 511 (61(G1), 62(G),

and the (undirected) Hausdor{f distance dg : Gy X Gy — Ezo is

du (G, Ga) = 0 (91(G1), P2(G2))

— —
= max{dH(Gl, Gg), dH(GQ, Gl)}

The various Hausdorft distances satisfy the below metric properties.
Theorem 2.5.2 (Metric Properties of Hausdor{f Distances Between Immersed Graphs) Let (M, 6)
be a metric space. The following statements hold:
1. The directed Hausdor{f distance dg on G, satisfies finiteness, identity, and subadditivity, but
not symmetry and separability (i.e., it is a directed pseudo-metric).
2. The Hausdorff distance dy on Gy satisfies finiteness, identity, symmetry, and subadditivity,
but does not satisfy separability (i.e., the Hausdorff distance on immersed graphs is a pseudo-
metric).

3. The Hausdorff distance dy restricted to embedded graphs in G, M IS a metric.
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Figure 2.4 An example of graphs with large Fréchet distance but small Hausdorff distance [20].

2.5.2 Fréchet Distance
For two polynomial curves 7, : [1,n] — R?* and ~, : [1,m] — R?, the Fréchet distance,
0r, is the infimum of the maximum distance between the points on y; and v, achieved by any

reparameterization of the unit interval / = [0, 1]. Mathematically, it can be written as:

dr(71,72) = inf max 0(v1(t), 12(e(t))),
» tel0,1]

where  ranges over all reparametrizations of /. The Fréchet distance is also known as the dog-
walking distance. Intuitively, this represents the shortest leash length needed for a woman and her
dog to walk their respective curves from start to end.

The Fréchet distance between immersed graphs can be expressed as dp : Gy X Gy — @20,
where the setting is restricted to the Fréchet distance between paths and orientation-preserving

homeomorphisms are avoided. For (G, ¢1), (G2, ¢2) € Gy, the Fréchet distance is defined as

dr(G1,Gs) = min max dr(¢p1(e), pa(a(e)))

a  e€k
with the condition that (G; and GG, are homeomorphic; otherwise, the distance is co. Here, o ranges
over all edge mappings corresponding to the isomorphisms of G and Gs.

As graphs are compared based on an isomorphism, it is possible for the Fréchet distance to
be significantly greater than the Hausdorff distance. See Figure 2.4. In particular, the Hausdorff
distance is relatively small because every point on the red graph (inner rectangle) has a nearby
corresponding point on the blue graph (outer rectangle). The maximum distance between the
closest points is not large. On the other hand, the Fréchet distance is larger because when moving
continuously along the red and blue graphs, there are sections such as the right-most vertical
edge, where the corresponding points must maintain a large separation. This example illustrates

the different information that specific distance metrics can capture. While the Hausdorff distance
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captures only the worst-case closest point distance, the Fréchet distance is much more sensitive to

the overall shape and traversal.

2.5.3 PHT Distance

Given two persistence diagrams, their distance can be measured by the bottleneck distance
or the Wasserstein distance. Theoretical properties of the PHT (Definition 2.2.2) ensure that the
points move continuously across the whole family of persistence diagrams. Therefore, the distance
between two PHTs can be measured by the distance of choice at all angles and integrated over the
whole domain.

We first define the distance in terms of the bottleneck distance.
Definition 2.5.3 For simplicial complexes K| and K, the integrated bottleneck distance between

K, and K, is defined as
21
I (K K) — / ds (Dgm(hX"), Dgm(hX?)) duw.
0

The stability of PHT with respect to the bottleneck distance given next follows directly from
Theorem 2.1.5.
Theorem 2.5.4 Assume that we have two geometric simplicial complexes K1 and K5 with the same
underlying abstract complex. Let fi, fy : K — R? be different geometric vertex embeddings of K

with vertex set V. The distance between the diagrams is bounded by

AT (F(), g(K)) < ma [[Fu(0) — Fo(v) |
for all w € S*. Integrating this inequality immediately gives the following result for the integrated
bottleneck distance.
We can also define a more general p-PHT distance.
Definition 2.5.5 For p € [0,0), and simplicial comlexes K, Ky C RY, we can define a p-PHT

distance between K, and K5 by

P Ky) — ( prgm(hffl),ng<h52>>pdw)p

gd—1

Skraba et al. proved that the PHTs of different vertex embeddings of the same arbitrary simplicial

complex are stable with respect to the Wasserstein distance.
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Theorem 2.5.6 (Theorem 2.1.7 [69]) Fox a simplicial complex K with vertex set V. Let

us

Cp.a = 2pd—2 /2 cos?(6) sin?%(6)df

0

where |i4_o is the area of the unit sphere S2 and
Cx =max|{c € K|v € d}|.
veK

Let f1, fo : K — R? be different geometric vertex embeddings of K. Then

d," (f(K), g(K)) < (OKCp,dZ I1f(v) = g(U)IIé’) y

veV

2.5.4 ECT Distance

Similar to the PHT distance, ECT distance is also stable with respect to the Wasserstein distance.
We first define the L; distance between Euler Characteristic Curves. Let ECC(K,r) denote the
Euler Characteristics Curve of the simplicial complex K, where r € R is each filtration level.
Definition 2.5.7 For simplicial complexes K| and K, the L, distance between their Euler Char-

acteristic Curves is given by
| ECC(K;,r) — ECC(Ky,7)|1 = / | ECC(K,,r) — ECC(Ky,7)|dr
R

Dtotko & Gurnari showed that this is stable with respect to the Wasserstein distance in [34]
Theorem 2.5.8 ([34] Proposition 2) Given geometric simplicial complexes K1, K, with filtrations
F and G respectively, then the Ly distance of the Euler Characteristic Curves between them is

bounded by the Wasserstein distance between the filtrations.
| ECCx (K1) — ECCg(K2)|[1 < 2Wh 00 (Dgm(F (7)), Dgm(G(Ks))

Assume we have two different geometric vertex embeddings of a simplicial complex K, f, g :

K — R?, we can restrict the above result further:
| ECC,(f(K)) = ECCu(g(K))l1 < 2W1oe(Dgm(R{)), Dgm(hg™))).
We can now define the ECT distance.

23



Definition 2.5.9 Given two embeddings of the same abstract simplicial complex K, the distance

between the Euler Characteristic Transform of each is defined as

deor(ECT(f(K)), ECT(9(K))) = /Sd_l IECCy,(f(K)) = ECCu(g(K)) |1 dw.

George et al. showed that this distance is stable with respect to the Wasserstein distance inspired
by the proof of Theorem 2.5.6 [41].

Theorem 2.5.10 Given an abstract simplicial complex K with vertex set V. Let

™

Cy = 2ptg_2 /2 cos(#) sin?%(6)db
0
where [i14_o is the area of the unit sphere S?~2 and
Ck = max |{o € K|v e a}|
veV(K)
Let f, fg : K — R be different geometric vertex embeddings of K. Then

decr (ECT(f(K)), ECT(9(K))) < 2CkCy Z 1f(v) = g(v)]l2-

veV(K)

2.6 Shape Comparison and Dimension Reduction
Principal Component Analysis (PCA) and Multidimensional Scaling (MDS) are two classical
methods for dimensionality reduction and data visualization. Both techniques aim to represent

high-dimensional data in a lower-dimensional space while preserving essential structure.

2.6.1 Principal Component Analysis
PCA identifies an orthogonal basis in which the variance of the data is maximized. Given a
centered dataset X € R™*“, PCA finds the principal components by solving the eigenvalue problem
for the covariance matrix:
c=1x7x.

n

The eigenvectors corresponding to the largest eigenvalues define a new coordinate system that best

captures the variance. To obtain a lower-dimensional representation, the dataset X is projected
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onto the subspace spanned by the top k eigenvectors. Formally, let V;, € R¥* be the matrix whose

columns are the top £ eigenvectors of C'. The projection of X is then given by
Xk = XV;W

where X, € R™** contains the coordinates of the original data points in the reduced k-dimensional
space. This transformation preserves as much variance as possible while reducing dimensionality,

making it useful for data compression, visualization, and noise reduction.

2.6.2 Multidimensional Scaling

MDS seeks a configuration of points in a lower-dimensional space such that pairwise distances
approximate a given dissimilarity matrix [18, 59]. In classical MDS, the goal is to find Y € R™*k
such that the Euclidean distances between points in Y best match the input dissimilarities. Given a

squared distance matrix D, classical MDS is computed by double-centering the matrix

1 1
B=—--HDH, H=1--117,
2 n

where H is the centering matrix, and 1 denotes the n-dimensional column vector of all ones.
The embedding is obtained from the top £ eigenvectors of B, similar to PCA. Specifically,
let A1, Ag, ..., A\x be the largest k eigenvalues of B, and let vy, vy, ..., v be the corresponding

eigenvectors. The low-dimensional embedding Y is then constructed as

Y = [VAn v, V] € R

This ensures that the squared Euclidean distances in the embedded space optimally approximate
the input dissimilarities, preserving as much variance as possible in the lower-dimensional repre-
sentation. The resulting configuration of points can be interpreted as a projection into the principal
subspace determined by the dissimilarity structure of the data.

When applied to Euclidean distances, classical MDS and PCA produce equivalent embeddings
up to scaling and rotation [18, 59]. This equivalence arises because both methods ultimately rely
on eigenvalue decomposition to obtain a low-dimensional representation. However, MDS can also

be applied to non-Euclidean dissimilarities, making it more flexible for general distance-preserving
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embeddings. Unlike PCA, which explicitly assumes an Euclidean metric in the original space,
MDS can handle arbitrary dissimilarity measures, such as geodesic distances, correlation-based
distances, or edit distances. This allows MDS to be used in various domains where the notion
of distance is not strictly Euclidean, such as shape analysis, gene expression data, and linguistic
similarity studies. In such cases, the eigenvalue decomposition of B still provides an embedding,
but the resulting configuration may not correspond to an exact Euclidean space, instead reflecting

the inherent structure of the dissimilarity measure used [18, 27, 72].

2.7 Kinetic Data Structure

A kinetic data structure (KDS) [45, 9, 46] maintains a system of objects v that move along
a known continuous flight plan as a function of time, denoted as v = f(v). Certificates are
conditions under which the data structure is accurate, and events track when the certificate fails
and what corresponding updates need to be made. The certificates of the KDS form a proof of
correctness of the current configuration function at all times. Updates are stored in a priority queue,
keyed by event time. Finally, to advance to time ¢, we process all the updates keyed at times before
t and pop them from the queue after updating. We continue until ¢ is smaller than the first event
time in the queue.

A KDS is evaluated by four measures. We say a quantity is small if it is a polylogarithmic
function of n, or is O(n®) for arbitrarily small €, and n is the number of objects. A KDS is considered
responsive if the worst-case time required to fix the data structure and augment a failed certificate
is small. Locality refers to the maximum number of certificates in which any one value is involved.
A KDS is local if this number is small. A compact KDS is one where the maximum number
of certificates used to augment the data structure at any time is of complexity O(n polylog n), or
O(n'"¢). Finally, we distinguish between external events, i.e., those affecting the configuration
function (e.g., maximum or minimum values) we are maintaining, and internal events, i.e., those
that do not affect the outcome. We consider the ratio between the worst-case total number of events
that can occur when the structure is advanced to ¢ = oo and the worst-case number of external to

the data structure. The second number is problem-dependent. A KDS is efficient if this ratio is
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small.
We next explore kinetic solutions to upper- and lower-envelope problems. The deterministic

algorithm uses a kinetic heap, whereas the more efficient kinetic hanger adds randomness.

2.7.1 Kinetic Heap

The kinetization of a heap results in a kinetic heap, which maintains the priority of a set of
objects as they change continuously. Both maximum and minimum are examples of priorities. A
kinetic heap follows the properties of a static heap such that objects are stored as a balanced tree.
If v 1s a child node of u, then u has a higher priority than v. In the example of a max heap, that
means v > v. In a kinetic max heap, the value of a node is stored as a function of time fx(¢). The
data structure augments a certificate [A > B] for every pair of parent-child nodes A and B. Itis
only valid when f4(t) > fg(t). Thus, the failure times of the certificate are scheduled in the event
queue at time ¢ such that f4(t) = fp(t). When a certificate [A > B] fails, we swap A and B in the
heap and make 5 parent-child updates. This is the total number of certificates in which any pair of
A and B are present. The kinetic max heap supports operations similar to a static heap, such as
create-heap, find-max, insert, and delete. Insertion and deletion are performed in O(logn) time.

This KDS satisfies the responsiveness criteria because, in the worst case, each certificate failure
only leads to O(1) updates. Locality, compactness, and efficiency all depend on the behavior of

fx(t). The analysis below assumes the case of affine motion where fx (t) = at + b. In the worst
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Scenario Kinetic Heap Kinetic Hanger
Lines O(nlog®n) O(nlog”n)
Line segments O(ny/mlog®?m) O(na(m)log® m)
s-intersecting curves O(n?log”n) O(Xs(n) log® n)
s-intersecting curve segments | O(mnlog”m) | O(n/msy2(m)log”m)

Table 2.3 Deterministic complexity of the kinetic heap and expected complexity of the kinetic
hanger. Here, n is the total number of elements, m denotes the maximum number of elements
stored at a given time, s is a constant.

case, each node is present in only three certificates, one with its parent and two with children,
resulting in 3 events per node. For compactness, the total number of scheduled events is n — 1 for
n nodes in the kinetic heap. It is also efficient, where the maximum number of events processed is
O(nlogn) for a tree of height O(log n). The total time complexity of the linear case is O(n log® n)
[10]. The results for locality and compactness hold for the more general setting of s-intersecting
curves, where each pair of curves intersect at most s times, s € Z. The efficiency is unknown in
this case and the time complexity is O(n?log®n) [11].

When the functions are only defined within an interval of time, we call them segments. We
perform an insertion when a new segment appears and a deletion when a segment disappears. In
the scenario of affine motion segments, the complexity of the kinetic heap is O(n/m log®/2 m),n
is the total number of elements and m is the maximum number of elements stored at a given time.

In the case of s-intersecting curve segments, the complexity of the kinetic heap is O(mn log?® m).

2.7.2 Kinetic Hanger

More efficient solutions to this problem have been developed, such as the kinetic heater and
tournament [11, 9]. While both improve some aspects of the heap, they each have downsides. The
kinetic heater increases the space complexity and is difficult to implement, and the tournament has
a high locality bound. We instead use the kinetic hanger, introduced by da Fopnseca et al. in [30].
This modifies the kinetic heap by incorporating randomization to balance the tree, meaning that all
complexity results are expected rather than deterministic.

Given an initial set of elements S, sorted by decreasing priorities, we construct a hanger

hanger(S) by so-called hanging each element at the root. To hang an element e at node v, if no
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element is assigned to v, we assign e to v and return. Otherwise, we use a random seed 7 to choose
a child ¢, of v and recursively hang e at c,. Insertion is similar to hanging - it only requires the
additional step of comparing the priorities of e and ¢/, where ¢’ is the element already assigned to
v. Deletion can be done by removing the desired element and going down the tree, replacing the
current element with its child with the highest priority.

As shown in [30], the kinetic hanger has O(1) locality. The number of expected events in the
affine motion case is O(n?logn) and O()\s(n)logn) for n s-intersecting curves. The expected
runtime is then obtained by multiplying by O(logn) for each event. We use a(-) to denote the
inverse Ackerman function and \; is the length bound for the Davenport-Schinzel Sequence; see
[4] for details. When the functions are partially defined, the complexities are O(na(m)log® m) for

line segments and O(n/mA,,2(m)log® m) for curve segments.
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CHAPTER 3

LABELED MERGE TREE TRANSFORM DISTANCE
This chapter is motivated by the question of how to define and efficiently compute the distance
between any two embedded graphs in a way that encodes information about the embedding itself.
We will develop a distance that summarizes the outer shape of graphs and reduces the computation
complexity by eliminating their inner structures. To preserve as much useful information as possible
from the original data, we introduce a new distance by setting the merge trees in the context of
the directional transform, see Section 2.5. Given a pair of embedded graphs, we represent them
as a family of labeled merge trees using a surjective multi-labeling scheme and then compute the
distance between two families of representative matrices. We show theoretically desirable qualities
and provide two methods of computation: approximation via sampling and exact distance using
a kinetic data structure, both in polynomial time. We demonstrate the utility of the distance by
implementing it on two datasets as a proof of concept: one consisting of leaf morphologies and the

other of handwritten letters.

3.1 Directional Transform on Embedded Graphs

We take inspiration from the directional transform (Def. 2.2.2) and use the labeled interleaving
distance (Def. 2.3.3) on merge trees, inspired by previous work that successfully used a merge tree
transform to encode data, but used a different distance for merge trees [12].

Our input data will be embedded graphs. As in Sec. 2.3.1, we treat a graph G = (V, E) as a
1-dimensional stratified space, so that the edges are homeomorphic to copies of the interval [0, 1].
We say that a graph G = (V, E) is embedded in R if it has a continuous function ¢ : G — R for
d > 2, that is homeomorphic onto its image. This means that each vertex in V' is mapped to a point,
and each edge in E is mapped to a curve in R? so that the graph structure is maintained. For ease
of notation, we often denote this information as a pair (G, ¢). In this chapter, we restrict ourselves
to a graph embedded in R? where each edge is a straight line between its endpoints, which we refer

to as a geometric graph.*

*Note that the term geometric graph can have different definitions in the literature; our definition matches the usage
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Figure 3.1 Examples of an extremal vertex, v, and a non-extremal vertex v,.

Fix a unit vector direction w € S' as in Section 2.2. We can define the height function for
direction w, f,: G — R, on the embedded graph (G, ¢) by setting f,(z) = (¢(z),w). For a
fixed a € R, the sublevel set at a is homeomorphic to the subgraph G, induced by the vertices
{v | fuo(v) < a}. Then the merge tree for direction w, denoted 7% (G), is the merge tree of (G, f.,)
(Definition 2.3.1). The merge tree transform is the function

MTT(G): ¢ — MT
w — TY(G)
Definition 3.1.1 Let G = (V, E) be a graph with an embedding in R%. A vertex v € V(G)
is called an extremal vertex if its embedding does not belong to the convex hull of its neigh-
borhood nbr(v) = {w € V(G) | vw € E(G)}. The collection of extremal vertices, denoted as
V'(G) C V(G), is called the extremal vertex set.

See Figure 3.1. These vertices completely characterize the collection of vertices that result in
a leaf in the merge tree for some direction, as shown in the following lemma.
Lemma 3.1.2 Fix a straight-line embedded graph (G, ¢). A vertex v € V(G) gives birth to a leaf
in a merge tree T (G) for some w if and only if v € V'(G) (i.e. v is an extremal vertex).
Proof. For a straight-line embedded graph, the leaves of the merge tree can be characterized by the
following property. A vertex v € V(G) gives birth to a leaf in a merge tree for direction w if and
only if there is no neighbor u of v with function value f,(u) < f,(v).

For the forward direction, assume v gives birth to a leaf in a merge tree for some direction

w € S'. This means that for all u € nbr(v), f,(u) > f,(v). Let «’ be the neighbor with the

in [44] with the additional restriction that the edges cannot cross.

31



lowest function value among them. Then there is a line normal to w, which is the level set at
{v e R? | fu(x) = 3(fu(v) — fu(v))}. This line separates the point v from nbr(v), so it must
also separate the convex hulls. Thus v is not in the convex hull of its neighbors, so v € V.

For the other direction, assume we have an extremal vertex v € V. By the hyperplane separation
theorem (Theorem 2.4.2) and because v is its own convex hull, there exists a line that separates v
and the convex hull of nbr(v). Choose w to be the normal to this line such that f,,(v) is less than all
its neighbors (else take the opposite normal). Then for the function f,,, all neighbors have function
values greater than v, and so v gives birth to a leaf in direction w as required. [

Note that this result immediately provides the assumptions discussed earlier to induce a labeling
on the merge tree from a labeling on the graph.

Corollary 3.1.3 Given a map 7 : [n] — V(G) which is surjective on the extremal vertex set, the

induced labeling 7 : [n] — V(T*(G)) is surjective on the leaves for any w € S".

3.2 Distance between Embedded Graphs

In this section, we give the definition of a distance between embedded graphs via the labeled
interleaving distance (Definition 2.3.3). At a high level, given two embedded graphs G, G5, we
will compute their merge trees (71, f1) and (75, fo) for height functions f,, over allw € S*. We then
introduce a method to label the merge trees with a common label set using the geometric embedding
in order to compute the labeled interleaving distance. We then define a distance between graphs by
integrating the distance over all w € S'. We conclude the section with a discussion of properties

of the distance.

3.2.1 Surjective Labeling Scheme

Given embedded graphs ¢, : G; — R? and ¢ : G, — R2, let V; and V, denote the vertex sets
respectively, where their extremal vertex sets are |V}| = n; and | V| = ny. We start by constructing
a labeling on the embedded graphs with the same label set [n; 4 12|, which then induces a labeling
on the merge trees for any fixed w.

Recall that a vertex is extremal if it is not in the convex hull of its neighbors in the graph, and

define the subsets V/ C V; and V) C V; to be the respective extremal vertex sets. Enumerate these
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Figure 3.2 Given (g1, GG, and a direction w as shown, we perform the surjective labeling scheme
onv € V/ U V. Here, any named vertex is extremal, and so, generates a label in the merge trees.

vertices by setting V{/ = {vy, -+ v, } and Vi = {wy, 41, -+, Wy 40, - Next, for each v; € V], let
p; be a point (choosing arbitrarily if non-unique) which is closest in the embedding of G5 via the

Euclidean distance; so
1£1(vi) = fo(pi)l| = min [ fi (v:) = fo(@)]]

Note that p; can be a vertex of graph G, or an interior point on an edge, in which case we will
subdivide the edge and add p; to the vertex set V5. Similarly, find a point ¢; € G which is closest
to w; € V;, adding a g; to V; if necessary. This gives a labeling from the set [n; + n9] to each
geometric graph, which we denote as m; and 5, given by
v, 1€ [l,n] pi i€ [l,n]
m (i) = (i) =
¢ 1€ [ni+1,n1+ ng w; 1€ ng+ 1,11+ ng).

This labeling can be pushed forward to the merge tree for any direction, so we abuse notation
and write m; : [ny + ng] — V(T1) and 7y : [ng + ny] — V(1) for the resulting labelings. Note
that by Cor. 3.1.3, because the original labeling was defined for all extremal vertices, the resulting
labeling is surjective on the leaves as is required by the interleaving distance definition. The induced
matrices of 7} and T’ therefore have size (n; 4+ n2) x (n; + ng). See Fig. 3.2 for an example of

the resulting labeled merge trees and their matrices.
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3.2.2 The Labeled Merge Tree Transform Distance

For a given pair of graphs, we fix the labels from the previous section, and use this to induce a
labeling on the merge tree for each direction w € S resulting in a pair of labeled merge trees 7% and
T3’ . Denote the induced matrices of 77 and T3’ as M7, and M7, respectively. As seenin Defn.2.3.3,
we have a distance between the labeled trees for every direction, d(17,T5’) = ||M§, — Mg, ||s. To
get a distance between the two collections of trees, we integrate over this distance as follows:
Definition 3.2.1 The labeled merge tree transform (LMTT) distance between G| and G is defined

as

1 2m y g 1 2w " "
D(G.Go) = o [ dTeTp) o = o [ 100 = M

™

where the labeling of G1 and G is done as in Sec. 3.2.1.

We use the term distance for this comparison measure, as we have not yet shown that this
definition satisfies all the axioms of a metric. Recall the following properties from Definition 2.5.1.
Definition 3.2.2 Let S be a set with a given function 6 : S x S — Rso U {oo}, where R is
the non-negative extended real line. If § satisfies finiteness, identity, and symmetry, it is called a
dissimilarity function [54]. If § satisfies all five properties, then it is a metric; it is a semi-metric if
it satisfies all but subadditivity.

Theorem 3.2.3 The LMTT distance D is a dissimilarity function. That is, it satisfies finiteness,
identity, and symmetry.

Proof. For the proof, we assume we have inputs (G4, f1) and (Ga, fo) with labels 7y : [n +m] —
V(Gy) and 7y : [n + m] — V(Gs) given by the previous section throughout.

Finiteness: Because we assume that the input graphs are finite, the image f2(G1) U fo(Gs) is
contained in a finite bounding box. This in turn means that there is a global bound B such that
|fu(x) — fu(y)] < Bforany z,y € fo(G1)U f2(G2) and w € S'. Then the difference between any
entries in M¢ and M, is also bounded by B, so d(T},T5’) < B as well. This implies that the
integral of the function is also bounded, so D is finite.

Identity: When computing D(G, GG), we make the tautological observation that the closest point

of G to x € G is, of course, x. Thus, the extremal vertices will each have a pair of labels: 7 and
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Figure 3.3 A counterexample for both separability and the triangle inequality for the LMTT
distance.

i + n where n = |V’(G)| and this labeling will be the same on both graphs. Further, this means
the resulting matrices and merge trees will be the same for each, so the distance for any direction
is 0, and thus the integral is also 0.

Symmetry: This is immediate from both the symmetry of the labeling and the symmetry of the
L, norm of matrices. L]

The LMTT distance is not a metric since it does not satisfy the separability or subadditivity
properties. Both can be seen in the counterexample of Figure 3.3. Here, GG, is a simple trapezoid
shape with vertices v, ..., vs. These vertices are embedded identically for G5 and (3, but with
the addition of one more edge from v, to v, in (G5, and an extra edge and vertex in (G5 that is a
subset of the diagonal edge in GG5. The merge tree of both (G; and (G5 from any direction is a single
edge, so the LMTT cannot hope to detect the difference between them, and separability fails. For
the triangle inequality, note that d(G1, Gy) = 0 but that d(G1, G3) > d(Gs, G3) in any direction
w, since v; can project with distance 0 to ps on G4, but must project on (G; to a point at positive

distance. Hence, d(G1, G3) > d(Ge, G3) + d(G1, Gs).
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3.2.3 Continuity

In this section, we study continuity of the distance with respect to the varying parameter w. In
the example of Figure 3.4, we see that varying the direction leads to different merge tree structures
for the same input graph. When computing the distance between the embedded graphs, this means
that we need to separate regions of S! for which the underlying graph of the merge tree is the same.
To find these regions, we first define a collection of critical angles.
Definition 3.2.4 Given a graph G = (V, E), for all e € E, we define critical angles to be the set of

all normal vectors for each e;. Specifically, if we denote (v;,v;) = e, then
Crit(G) :== {9 es'| g (v, — v;) = 0 for some (v;,v;) = e € E} : 3.1)

Since the number of edges of a finite graph is finite, we have a finite number of critical angles.
Recall that two merge trees are combinatorially the same if the underlying trees are the same up
to merging/subdivision of monotone edges and ignoring anything about the function values. A
crucial property of critical angles is that they define where the combinatorial merge tree could
change given a continuous direction input from S!.

Lemma 3.2.5 Denote Crit(G) = {61,6s,---,0, = 6y} ordered counterclockwise around the
circle. This forms a subdivision of S' such that for any wy,ws € (0;,0;11), T“* and T*? are
combinatorially equivalent.

Proof. We will show that the set of vertices of GG giving birth to a connected component in direction
w1 and w- are the same. We will do the same for the set of vertices causing a merging. This implies
that even if the function values on the merge tree are different, the combinatorial structure of the
trees will be the same.

Assume we have a birth causing vertex v € V/(G) for direction w;. By Lemma 3.1.2, this
implies that v is an extremal vertex, and so it is not in the convex hull of its neighbors. As in
the proof of Lemma 3.1.2, v causes a birth in direction w; if and only if all neighbors lie above
the hyperplane perpendicular to w; through v. Because passing from w; to wo does not cross any

critical angles, the neighbors of v must also lie above the hyperplane perpendicular to wy through
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Figure 3.4 For a given graph G, the critical angles are marked in blue. An example merge tree for
each region of S! between critical values is given.

v. Thus v is still a birth causing vertex for direction wy. This implies that the set of birth causing
vertices are the same.

Then, assume that v merges two connected components in the direction w;. This occurs if and
only if there are two connected components in the sublevel set f ' (f., (v) — ) for any small & > 0.
This sublevel set must be the same as f_'(f.,(v) — ¢), otherwise there would be a critical angle
between w; and w,. Thus v is a merge vertex for w; if and only if it is also a merge vertex for
Wa. U]

For an example of this lemma, see Figure 3.4, where the critical angles are shown in blue.
Within the regions separated by the critical angles, the tree structure remains constant. However,
passing across a critical angle, such as from w; to ws, the tree structure can change. Note that we

could still have critical #; across which the combinatorial structure does not change, such as from

37



wg to w1, thus the lemma implies that the set of potential changes for the merge tree structure is a
subset of Crit(G). With this in hand, we see that the distance function is piecewise continuous with
discontinuities given by the set of critical angles.
Theorem 3.2.6 Fix two geometric graphs ¢, : G1 — R?, ¢y : Go — R, and define F(w) to be
the L., norm between the two matrices obtained from the merge trees computed using direction;
that is, w € S

F: st — R

w = My = M|

Then, F(w) is piecewise continuous with the set of discontinuities given by a subset of Crit(G).
Proof. Letm; : [n] — G4 and 7y : [n] — G, be the labelings on the geometric graphs as defined
in Sec. 3.2.1. Denote v; = (i) € G1 and w; = m(i) € V(G2) for all i. Now fix a pair 4, j and
we will first show that between critical angles, every entry in M} — M5’ is continuous.

First, we will show that the entry of M{’[i, j] is continuous with respect to w. Between critical
angles, by Lem. 3.2.5, we know that the combinatorial tree remains the same. This means that
the vertex in the merge tree which is the LCA of v; and v; remains the same. Further, the vertex
v € V(G) which causes this merge point is also the same. Thus, the entry M{’[i, j] = f,,(v), which
is continuous. The same argument holds for M{’[i, j], thus the difference between the matrices
is continuous as required. Finally, since the L., norm of a matrix is continuous for continuously

varying entries, we have that F' is continuous between critical angles. [

3.3 Implementation

Here, we discuss our implementation of the labeled merge tree transform distance computation,
starting with two embedded graphs as input and returning either an exact value or an approximation
of the final integrated L., norm. The open source code is provided in a Github repository at
github.com/elenawang93/Labeled-Merge-Tree-Transform. The main idea of the procedure is as
follows.

1: Compute Crit(G) = Crit(G;) UCrit(G>). Retain a list of key angles, i.e., midpoints between

each pair of adjacent critical angles.

38


https://github.com/elenawang93/Labeled-Merge-Tree-Transform

2: Create the labeling scheme of Sec. 3.2.1 for a pair of input graphs G; and G, by determining

the collection of extremal vertices of each along with projection to the other graph.

3: Build the merge tree for each key angle and for each vertex of the tree, associate the vertex

of G which determines its function value.

4: Use this structure to compute the piecewise-continuous function for every entry in the matrix

w > | My — M.

5: For any w, find the maximum of these entries and integrate the resulting L., norm distance

output to obtain the LMTT distance.

We highlight the key algorithms in more detail while providing a run-time analysis of these
sections with some commentary on decisions and future work. To fix notation, we assume we
have graphs G = (V1, Ey) and Gy = (Va, E»), with n; = |V;| and m; = |E;| for i = 1,2, and let
n = ny + ny and m = my + mo. As these are embedded graphs in R?, recall that Euler’s formula
implies m = O(n).

Step 1 takes O(m) time since we only need to keep a list of normal vectors for each edge.
Specifics of this can be found in Algorithm 3.2. Next, we analyze the runtime of Step 2’s
computation by breaking it into two pieces: finding the extremal vertices and then using these
to construct the labeling scheme. We use the PointPolygonTest in OpenCV [19] to find the sets
of extremal vertices in each graph. OpenCV uses an optimized implementation of a ray-casting
method to determine whether a point is inside a polygon, determining whether a vertex v is extremal
in O(deg(v)), where deg(v) is the degree of the vertex. This is done by leveraging the Jordan
Curve Theorem, which states that a point is inside a closed curve if and only if a ray extended
from that point to infinity crosses the curve an odd number of times. By checking the point with a
ray extended WLOG horizontally to the right for computational efficiency, OpenCV computes the
cardinality of the number of edge-crossings, where the domain of the intersection is within the line
segment of the polygon, as a valid crossing. Thus, determining whether each vertex is extremal is

computed in O() deg(v)) = O(m) time. Let n’ be the total number of extremal vertices

veV1uVy

in the two graphs, so that the label set is [n']. Note that n’ < n.
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For the labeling scheme, we take each extremal vertex in v € V; and compute its distance to
each edge e € F,. If the nearest point is on an edge, we subdivide the edge by adding a vertex
with corresponding labels. If it is a vertex, we add a label to the existing vertex. We repeat
this process for each extremal v € V; to find their nearest points on ;. This requires up to
(n1(ny + mg) + na(ny + my)) = O(mn) distance calculations. In total, this means that Step 2
takes time O(m +mn) = O(mn). At most, we add n’ < n additional vertices and edges by adding
a degree two node that is not already a vertex.

For Step 3, we use a union-find data structure and follow a similar approach to [70], which takes
O(m;logn;) steps in the worst case on a graph with n; vertices and m; edges. Our implementation
produces a merge tree as a digraph represented in NetworkX. We leverage the union-find to track
the updating state of known connected components as we sweep along the given angle. This
requires extra control over the naming of each union-find group, as we track the connected groups
from the known top to incrementally build the merge tree upward. One way to handle this is
to require a non-commutative union() operation (i.e., union(n, m) # union(m, m)). The
second option which we have chosen is to extend a generic union-find with a reroot (n) method in
our implementation that sets a specified element as the representative member of its group. Going
forward, we will use union(n,m) to represent unioning m to n and rerooting the component as
m.

Standard implementations of union find will employ path compression for computational effi-
ciency, which we also maintain, allowing us to benefit from the amortized constant time property
of find(). Also note that the projected nodes of the labeling scheme 3.2.1 do not have to be
leaves or merge points in the merge tree but still need to be represented as part of the merge tree
output, which will differ from a generic merge tree construction algorithm. Finally, as a further
optimization as we sweep along the angle, we pass on a list of “group candidates" to currently
unvisited nodes. Put another way, when each node is being processed, we only need to consider
connected components from already visited nodes.

This merge tree construction is performed at each of the |Crit(G;)| = 2m, directions for
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Figure 3.5 Illustration of KDS maintaining the maximum value for computing the LMTT distance.
Each curve represents how values change in each matrix entry.

i = 1,2, resulting in a total complexity of O(m?logn) for Step 3. See Algorithm 3.3, where for
conciseness, a union() operation also implies adding a node and drawing an edge on the merge tree
digraph. Processing the merge trees to find the LCA matrix uses Tarjan’s off-line algorithm [71],
as implemented in NetworkX [47]. This method leverages a depth-first search combined with the
union-find data structure, resulting in a complexity of O(n?) to compute the LCAs of all node pairs
in a graph given a specific direction. With the 2m directions, the whole of Step 4 has a complexity
of O(mn?).

Putting this together, Step 1 through Step 4 take O(m + mn + m?logn + mn?) time; using
Euler’s formula to see that O(m) = O(n), this yields a total running time of O(n?). See Fig. 3.5 for
an example of the output after these steps. In this figure, at right we have a collection of functions
giving the entries for each pair of labels; i.e. for each entry in the difference matrix.

The goal of Step 5 is to determine the maximum value of these functions over w. We provide
two computation methods for this final step: an exact but slower computation using kinetic data

structures and a faster approximation-based approach.

3.3.1 Exact Distance

To compute the exact distance, we implemented a kinetic data structure (KDS), see Section 2.7.

When computing the maximum entry of the difference matrix M* = |My — MY|, we can
construct the problem as the kinetic maximum maintenance problem. The state-of-the-art algorithm

incorporates a heap structure [10, 29]. Each entry in the matrix can be considered as an object
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Algorithm 3.1 Tarjan’s Offline LCA Algorithm for Full Matrix

Require: Graph G with n nodes
Ensure: Matrix LC A storing the LCA for every pair (i, )
Initialize union-find structure for G
Initialize an array ancestor|| to store the ancestor of each node
Initialize matrix LC A[n][n]
function TARJIANOLCA (u)
ancestor[Find(u)] < u
for each child v of u in G' do
TArRIANOLCA(v)
Union(u, v)
~ancestor[Find(u)] < u
Mark v as visited
for each visited node v do
if v # u then
| LCA[u][v] + LCA[v][u] < ancestor|Find(v)]
Choose an arbitrary node as the root and call TARIANOLCA (root)

Algorithm 3.2 Computation of Graph Distance at Key Angles

Require: Embedded Graphs, G, G
Project vertices from GGy and (G; onto each other
Calculate critical angles C' from each edge
Compute midpoints M between critical angles
for all w; in C, M do
Build merge trees 1y and 7} at w;
Use nodes of 7} to update Gy edges (and vice versa) to get Gf,, G
Build new merge trees for Gj, and G|
Compute LCA matrix (see Algorithm 3.1) per graph and save by w;
Ensure: LCA matrices keyed by w;

moving along a flight plan with a parametrization of the form y(w) = asinw + bcosw, where
a and b are constants. The certificate is a maximum heap that accurately represents the relations
between the values of the entries in the matrix. The certificate fails when two curves cross each
other, and the failure times are the angles at which the crossings happen. Since all of our objects
have the same frequency of 2, each pair of curves crosses exactly twice in [0, 27|. Explicitly,
for v; = a; sinw + by cosw and vy = ay sinw + by cos w, they cross at w; = arctan (ﬁ) and
wy = wy (mod 7). The w for which any crossing happens is the key of the event priority queue

and the two intersecting objects are the values. We perform the update by swapping the locations

of the two objects in the maximum heap. Finally, by maintaining the maximum object, we find the
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Algorithm 3.3 Merge Tree Construction via Union-Find

Require: Embedded Graph G as one connected component

Require: Angle w for filtration
1: Compute normal line to filtration angle F’ given w
: Compute heights from F to each node in GG, and store in sorted set n
. Initialize a set ¢,, for each node in G to track known connected components during iteration 14
. for all node n in n’ do

2

3

4

5: Track n as visited

6: if ¢, is empty then

7  Draw n as leaf in merge tree M
8 else

9: if ¢, has length 1 then
10:  union(yg, n)
11: else
12: L for all ¢,,; of ¢,, do
13: B .~ union(c,,, ¢,)
14: for all node n connected to n do
15: if n} is not visited then
16: ~ Add £find(n) to ¢,
17: Update set ¢,,; with £ind(c,/) per element

18: Add infinity node to M
Ensure: Merge tree M as digraph

distance function and integrate it to obtain the final distance. See Figure 3.5 for an example.
This approach is implemented in our code by maintaining a kinetic heap of n? objects between

each pair of 2m critical angles. Consequently, the complexity of this computation is
O(2m - n*logn?) = O(n°logn)
[9]. This results in an overall complexity for steps 1-5 of
O(m + mn +m?logn + mn® + n’logn),

which simplifies to O(n” log n) for the deterministic algorithm.

This can be further optimized to
O(2m - Xo(n*)logn?) = O(n®log®n)

by using a kinetic hanger [4], which introduces randomness to the algorithm. Here, A, is the

length bound of a Davenport—Schinzel sequence, where the subscript 2 indicates the objects are
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2-intersecting curves. The final expected running time for steps 1-5 is then of O(n?log® n) using

the kinetic hanger data structure.

3.3.2 Approximated Distance

Although the previous section gives a computation for the exact distance, it leads to a practical
slowdown. While there is code for the exact method in our repository, we use the following
sampling method in practice, as it performs significantly better on our data sets.

After computing the LCA matrix at each key angle, we check for the maximum entry in the
difference matrix, which takes O(n?) time. We sample to get w in K directions and use the
trapezoid rule to integrate; see Algorithm 3.4. While the worst running time in this approach is of
O(m + mn + m?logn + mn? + n?K) = O(n® + n?K), shaving off only a log” n factor in the
worst case, it runs significantly faster in practice compared to the implemented kinetic heap.

We quantify the quality of this approximation by the trapezoidal rule error analysis. Given
a function F’, sampled at K evenly spaced points over the interval [A, B], the error Er can be

approximated by

B — A)? ”
%max(F )

|Er| <
Since the LMTT distance function F(w) : S' — R is piecewise continuous and is composed
of functions in the form of y(w) = asinw + bcosw, we have max(y”(w)) = Va2 + b2, Let
a = vy —uy and b = vy — uy for any two vertices v = (v1,v9) € Gy and u = (uy, uz) € Go, and let
R be the radius of the bounding circle that contains both (G; and GG5. This gives Va2 + b2 < 2R.

Therefore, we can bound the second derivative by max F”(w) < 2R. Hence, we have a coarse

bound given by

max(F")(B — A 2R(27)® 4 Rnm
I -
= 12K2 T O12K2 3 K2

3.4 Applications
To test the meaning of our distance in practice and its implementation, we use it to visualize the

structural differences in two different data sets.
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Algorithm 3.4 Compute Graph Distance for Any Angle

Require: Precomputed LCA matrix of graphs, Ly, L, for every key angle w;

Require: Angle w
1: if w is a critical angle then

2: Look up difference matrix D

3 d= X[l

4: else

5: Compute midpoint of critical angle interval containing angle and lookup corresponding
LCA matrix

6: Get unit vector v given w

7 Xo X0|z',j = <’U * L0|i,j>

8: X1+ X1|i,j = <U * L1|i,j>

9: d=1X1 — Xolloo

Ensure: d

3.4.1 Isomorphic graphs: Passiflora leaves

The first data set we examine consists of Passiflora leaves [23]. This dataset contains 3319
leaves from 226 plants across 40 species which were classified into seven morphotypes based on
traditional morphometric techniques. Each entry represents a leaf, with 15 Procrustes-aligned
(x,y)-coordinate pairs representing the locations of 15 landmarks. We construct a graph for each
leaf by connecting adjacent landmarks, creating an outline that approximates the shape of the leaf.
The resulting graphs consist solely of extremal vertices, making this data set an efficient use case of
our metric. See Figure 3.6 for a comparison of each species’ canonical leaf shape with the average
graph. Examples of the seven morphotypes for classification can be seen in the center of Fig. 3.7.

Biologically, Passiflora leaves are of great interest to biologists due to their shape diversity
while being in the same genus. Also of interest is the relationship between leaf shape and maturity.
As leaves develop along the vine, their shape changes dramatically from juvenile leaves to mature
leaves to aged leaves; this phenomenon is known as heteroblasty. Young leaves from plants of
different species often look more similar to each other than to mature leaves from the same plant.
In order to select leaves that are the most representative of their species, we sample one leaf from
each of the 226 plants that represents the mature shape, with a heteroblasty number of around 0.5.

The results of this analysis are shown in Figure 3.7. First, on the right of Fig. 3.7 we have

reproduced the analysis of the leaves from [23]. Treating each data point as a 30-dimensional
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P. coriacea P.misera P. biflora P. capsularis P. micropetala
P. organensis P. pohlii P rubra P. tricuspis P. caerulea
P. cincinnata P.edmundoi P. gibertii P. hatschbachii P. kermesina
J;@ «iw&- Y > &@
P. mollissima P. setacea P. suberosa P. tenuifila P.amethystina
P. foetida P. gracilis P. morifolia P. actinia P. miersii
P sidifolia P alata P edulis 7 P. ligularis
00 40 &4 b 00
P. nitida P.racemosa P villosa P. coccinea P. cristalina
P.galbana P. malacophylia P. maliformis P. miniata P. mucronata

Figure 3.6 The shapes of Passiflora leaves measured using landmarks from [23].

vector (which is only possible because of the landmark labels), the authors of [23] used Principal
Component Analysis as the dimension reduction algorithm. While this plot shows some separation
between morphotypes, the overlapping points make the visualization difficult to interpret.

We then compute pairwise LMTT distances between all the leaves (note that this does not utilize
the landmark labels in any way) and construct a 226 x 226 distance matrix. In order to to visualize
the relationships given by this distance, we use Multi-Dimensional Scaling (MDS) [27] which is
shown in the left of Fig. 3.7.

Comparing the LMTT to the PCA, we see a similar global structure but with better separation
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Figure 3.7 MDS and PCA plots with points colored by morphotype.

amongst points. However, we note in particular that the LMTT comparison is done with no memory
of the landmark structure, meaning we have similar results with less input information. We note
that most of the overlapping in the MDS plot occurs amongst the leaves of morphotypes E, F, and
G, which have very similar outlines as seen in the middle examples of Fig. 3.7. Amongst leaves
with sufficiently different outlines, such as type A, B, C, and D, we see the distinction reflected
by the embedding. This leads us to believe that the LMTT is a good tool for use in distinguishing

shapes, so long as they are sufficiently distinct.

3.4.2 Non-isomorphic graphs: letters

The second data set we examine is a set of different letters from the IAM graph database [65].
There are example letter graphs in this data set which are quite distorted; therefore, we restricted
the data set to the graphs with only one connected component. Further, the dataset consists of
some unrecognizable data points since they are generated from hand-written letters. Therefore, we
created a template graph for each letter to remove these outliers from the data before running the
experiment. We removed data points if they did not have the same number of vertices and the same
edge list as their letter’s template. The data set we end up with has 450 data points: 15 different

letters, and 30 graphs per letter. Each letter graph has 2 to 7 vertices and 1 to 6 edges. We follow
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Figure 3.8 At left, an example of letter graphs from the IAM data set. At right, the MDS plot
labeled by letter computed using the LMTT distance.

the same process as in the leaf shapes by computing all pairwise LMTT distances and constructing
a 450 x 450 distance matrix.

The relationship between the letters is then visualized via MDS; see Fig 3.8. We observe clear
separation of clusters amongst the different letters. The nearby clusters also follow what we expect,
given the choice of merge tree as our topological signature. For example, the letters “H” and “X”
can generate similar merge trees in certain directions, and the MDS plot shows those clusters close
together. The graphs in this data set differ from the leaf example in that they have different numbers
of vertices and edges; hence, they are non-isomorphic. This shows the utility and meaningfulness

of our distance on two datasets that have different isomorphism types.

3.5 Comparison with Other Distances

In this section, we compare the MDS embedding computed via four other distances to gain
empirical knowledge of what the LMTT is capturing. The results below show the visualization
of dissimilarity matrices of the same sampled datasets via the Hausdorft, Fréchet, ECT, and PHT

distances.
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Figure 3.9 Comparison of MDS embeddings of leaves (left column) and letters (right column)

using different topological distances.
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Intuitively, the Hausdorff and Fréchet distances capture more geometry of the data than the
topology, whereas the ECT and PHT capture the topology, like the LMTT. While the ECT, PHT, and
LMTT all aim to capture the O-dimensional topology, the PHT contains strictly more information
than the ECT. The LMTT tracks additional merging information, which PHT does not. In terms
of computation time, the ECT is the fastest to compute, the PHT the second, and the LMTT trades
additional information for computational time.

Figure 3.9 presents a comparison of MDS embeddings for the above two datasets. The left
column contains the embeddings for the Passiflora leaf dataset, while the right column contains the
embeddings for the letter dataset. Each row corresponds to a different distance measure used to
compute pairwise dissimilarities before applying MDS.

* Top row (Figures 3.9a, 3.9b): The MDS embeddings based on the Euler Characteristic
Transform (ECT) distance. In both datasets, distinct clusters emerge, corresponding to
different classes of shapes. For the leaf dataset, the clusters are less separated than compared
to the MDS embedding based on the LMTT.

* Middle row (Figures 3.9¢, 3.9d): The embeddings derived from the PHT bottleneck distance.
Compared to ECT, the bottleneck distance separates the classes more clearly. However, there
is no clear distinction between each of them.

* Bottom row (Figures 3.9e, 3.9f): The embeddings computed using the Hausdorff distance.
This metric considers worst-case deviations, leading to a different arrangement of clusters
compared to the other two distances.

Overall, the difference in the results of using these distances is more visible on the leaf dataset.
We see that the LMTT distance is capable of abstracting both the topological and geometric
properties of the dataset. For the letter dataset, while each class is more clearly separated using
different distances, the LMTT distance still presents the clearest distinction and presents the least
number of outliers. We see only one ‘N’ outlier in the LMTT embedding, while the clearest ECT

embedding among the other three distances presents two outliers — ‘N’ and “W’.
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el G>
Figure 3.10 An example of graphs with LMTT distance O.

3.6 Conclusion and Discussion

In this chapter, we have given a new distance between embedded graphs by constructing a
labeling procedure and computing distance based on the labeled merge tree interleaving distance.
We proved the theoretical properties of the labeled merge tree transform distance and used them for
optimization in its implementation. We showed its utility by using it to discriminate among leaves
in the Passiflora data set and between letter graphs in the IAM data set.

Our method comes with its own strengths and limitations. As a strength, it is easy to compute
compared to many embedded graph distances; see [20] for further details on other options. In the
future, we aim to optimize the algorithm and implementation to allow for applications to larger data
sets. However, while it summarizes the outer shape of the data and differentiates pairs of data points
that are similar, we note that it cannot distinguish the internal structures of data. For example, the
distance between a hexagon and hexagon with a central vertex as in Fig.3.10 is O since the merge
trees are the same for the two graphs in any direction. Another limitation of the method is that
it requires the data to be pre-aligned, a difficult problem in its own right. Taken in another light,
however, the distance is based on the embedding information so we would expect that alignment of
the data is taken into account when computing this distance.

We also note that there is an instability inherent to the labeling procedure described in Sec-
tion 3.2.1. See the example of Fig. 3.11 where a slight edit to the location of the vertex ws; from

G4 to G, results in the label jumping from one edge of (G; to the other. This occurs because the
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Figure 3.11 An example of a small change in a graph resulting in a large change in labeling
locations.

vertex is moved past the bisector of the angle at v;. For this reason, it would be interesting to
see if there are other, more stable methods for labeling which can be used in the procedure while
still resulting in similar distance properties. While this example shows that stability for the entire
collection of embedded graphs is unlikely, it would be interesting to see if this distance is stable for
restricted sets. These restricted settings may also allow for stronger properties of the distance such
as separatbiliy and the triangle inequality.

Finally, in theory this definition should be applicable to graphs and/or simplicial complexes
embedded in higher dimensions R?. The labeled merge tree transform would result in collections
of matrices parameterized by S¢! for higher dimensional spheres, so further care would need to

be taken to understand how to track the maximum value of the distance for the integral definition.
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CHAPTER 4

THE KINETIC HOURGLASS DATA STRUCTURE
The kinetic data structure framework has been applied to many geometric problems since it was
introduced, including but not limited to finding the convex hull of a set of moving points in the
plane [9], the closest pair of such a set [9], a point in the center region [1], kinetic medians and
kd-trees [3], and range searching, see Section 2.7 for an introduction. In this chapter, we extend
the framework to the geometric matching problem. Specifically, we are interested in the min-cost
matching of a weighted graph with continuously changing weights on the edges.

We have seen in previous chapters that one of the most common comparisons between per-
sistence diagrams is to compute the bottleneck distance, which can be formulated as a min-cost
matching problem in graphs. Improving the algorithm to compute the bottleneck distance has been
studied extensively, both theoretically and practically [33, 52, 39, 55].

Vineyards are continuous families of persistence diagrams that represent persistence for time-
series of continuous functions [26, 77, 56]. PHT is a special case of vineyards. It possesses desirable
properties such as continuity, injectivity, and stability, see Chapter 2. However, an efficient method
for comparing two PHTs has not been thoroughly investigated. In particular, existing approaches
to compute the bottleneck distance between two PHTs of shapes in R? rely on sampling various
directions, which only provides approximate results. For example, the results in Section 3.5 are
computed at sampled directions. Prior to the work of this dissertation, there is no known solution
for computing the exact bottleneck distance. This chapter presents the first method to address this
challenge, providing a precise and efficient solution.

We construct a new kinetic data structure that maintains a min-cost matching and the bottleneck
distance of a weighted bipartite graph with continuously changing weight functions. We evaluate
the data structure based on the four standard metrics in the KDS framework. We provide a specific
case study where the weighted graph is computed from two persistent homology transforms.

This chapter is organized as follows: we cover the bottleneck matching problem’s background

in Section 4.1. In Section 4.2, we iterate the events and updates necessary to maintain the KDS and
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the overall complexity analysis. Finally, we focus in Section 4.3 on our case study of the persistent
homology transform for a special case of embedded objects, called star-shaped objects, as defined
in [8].

4.1 Geometric Matching Problem

Broadly, we are interested in a geometric matching problem. Here we give an abstraction of
the construction discussed in Section 2.1.1. Given an undirected graph G = (V, E), a matching
M of GG is a subset of the edges F such that no vertex in V' is incident to more than one edge in
M. A vertex v is said to be matched if there is an edge e € M that is incident to v. A matching
is maximal if it is not properly contained in any other matching. A maximum matching M is the
matching with the largest cardinality; i.e., for any other matching M’, |[M| > |M’|. A maximum
matching is always maximal; the reverse is not true.

For a graph G = (X U Y, E) where | X| = |Y| = n and |E| = m, a maximum matching is
a perfect matching if every v € X UY is matched, and |M| = n. This can be expressed as a
bijectionn : X — Y. Forasubset W C X, let N (W) denote the neighborhood of W in G, the set
of vertices in Y that are adjacent to at least one vertex of 1W. Hall’s marriage theorem provides a
necessary condition for a bipartite graph to have a perfect matching [48].

Theorem 4.1.1 (Hall’s Marriage Theorem) A bipartite graph G = (X UY, E) has a perfect
matching if and only if for every subset W of X: |W| < |N(W)]|.

Building on Hall’s Marriage Theorem, we extend our focus to weighted bipartite graphs. Given

such a graph, a fundamental optimization problem is to identify matchings that minimize the
maximum edge weight, known as the bottleneck cost.
Definition 4.1.2 A weighted graph G = (G, c) is a graph G together with a weight function
¢ : E — R,. The bottleneck cost of a matching M for such a G is max{c(e) | e € M}. The
bottleneck edge is the highest weighted edge in M, assuming this is unique. A perfect matching is
optimal if its cost is minimal among all perfect matchings. An optimal matching is also called a
min-cost matching.

To find a maximum matching of a graph, we use augmenting paths.
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Definition 4.1.3 For a graph G and matching M, a path P is an augmenting path for M if:

1. the two end points of P are unmatched in M, and

2. the edges of P alternate between edges e € M and e ¢ M.

Berge’s Theorem provides the necessary and sufficient conditions for a matching to be maximum
in terms of the existence of an augmenting path.

Theorem 4.1.4 (Berge’s Theorem) A matching M in a graph G is a maximum matching if and
only if G contains no M -augmenting path.

The existing algorithms that compute the bottleneck cost are derived from the Hopcroft-Karp
maximum matching algorithm [52], which we briefly review. Given a graph G = (X LY, F) where
|E| = n, and an initial matching M, the algorithm iteratively searches for augmenting paths P.
Each phase begins with a breadth-first search from all unmatched vertices in X, creating a layered
subgraph of G by alternating between e € M and e ¢ M. It stops when an unmatched vertex in
Y is reached. From this layered graph, we can find a maximal set of vertex-disjoint augmenting
paths of the shortest length. For each P, we augment M by replacing M N P with P\M. We
denote this process as Aug(M, P) = M\ (M NP)U(P\ M). Note that |Aug(M, P)| = | M|+ 1,
so we can repeat the above process until no more augmenting paths can be found. By Theorem
4.1.4, the resulting M is maximum. The algorithm terminates in O(/n) rounds, resulting in a total
complexity of O(n??). This algorithm was later improved to O(n!* log n) for geometric graphs by
Efrat et al. by constructing the layered graph via a nearest-neighbor search data structure [39].

As discussed in Section 2.1.1, the bottleneck distance between persistence diagrams can be

reduced to the above bottleneck cost problem.

4.2 Kinetic Hourglass

In this section, we introduce a new kinetic data structure that keeps track of the optimal
bottleneck cost of a weighted graph G = (G, ¢) where ¢ changes continuously with respect to time
t. We recall that the key elements of a KDS are certificates, events, and updates, see Section 2.7.
The kinetic hourglass data structure is composed of two kinetic heaps; in Section 4.2.3 we will give

the details for replacing these with kinetic hangers. One heap maintains minimum priority, and the
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other maintains maximum. Assume we are given a connected bipartite graph G = (V, E) with the
vertex set V' = X LY, where | X| = |Y| = n; and edge set F, where |E| = m. If G is a complete
bipartite graph, then m = n?. The weight of the edges at time ¢ is given by ¢’ : £ — R_. Denote
the weighted bipartite graph by G' = (G, ¢'). The weights of those m edges are the objects we keep
track of in our kinetic hourglass. We assume that these weights, called flight plans in the kinetic
data structure setting, are given for all times ¢ € [0, 7.

Let G§ C G be the portion of the complete bipartite graph with all edges with weight at most
§ at time t; ie., V(G5) =V, and E(G%) = {e € E | c¢'(e) < §}. If the bottleneck distance
ot = dp(G?) is known, we are focused on the bipartite graph G, which we will denote by G for
brevity. By definition, we know that there is a perfect matching in G, which we denote as M?,
although we note that this is not unique. Further, there is an edge é' € M* with c¢(é') = 4, which
we call the bottleneck edge. This edge is unique as long as all edges have unique weights. We

separate the remaining edges into the sets

L' = E(GY)\ E(M"), and

Ut=E\ B(G") ={ee E|c'(e) > '}

so that £ = L' L M" LI U", see Figure 4.1 for an example.

The kinetic hourglass consists of the following kinetic max heap and kinetic min heap. The
lower heap H 1, is the max heap containing L' LI M* = E(G"). The upper heap My, is the min heap
containing U'U{é}. Note thatc'(é) = max{c'(e) | e € L'UM'} andc'(é) < min{c'(e) | e € U'},
meaning that € is the root for both heaps.

4.2.1 Certificates

The certificates for the kinetic hourglass (i.e., properties held by the data structure for all
t € [0,T]) are

1. All max-heap certificates for H;, and min-heap certificates for Hy;.

2. Both heaps have the same root, denoted 7*.

3. The edge r' is the edge with bottleneck cost; i.e., r* = é' where ¢!(é') = St
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Figure 4.1 Illustration of construction of the kinetic hourglass.
Assuming the certificates are maintained, r* and é' are the same edge. However, in the course
of proofs, bottleneck edge of the matching is denoted by é', while we use r* for the edge stored in

the root of the two heaps (or 7*(#,s) and r*(# ) when a distinction is needed).

4.2.2 Events

For a particular event time ¢, we denote the moment of time just before an eventby t~ =¢ — ¢
and the moment of time just after by ¢+ = ¢ + . For two edges, we write a <; b to mean that
c'(a) < c'(b). The two heaps have their own certificates, events (both internal and external), and
updates as in the standard setting. Our main task of this section is to determine which events in the
heaps lead to an external event in the hourglass. We define the external events for the hourglass as
those events in H;; and Hy, which lead to changes of the root, r*. Thus, internal events are those
which do not affect the roots; i.e., 7' (Hy) = rt (Hy) and ' (Hp) = vt (Hy).

We first show that an internal event of Hy or H, is an internal event of the hourglass.
Lemma 4.2.1 If the event at time t is an internal event of Hy or Hy and the kinetic hourglass
satisfies all certificates at time t~, then the edge giving the bottleneck distance for times t~ and t*
is the same; that is, ¢ = ét".
Proof. Following the previous notation, we have bottleneck distances before and after given by

St

= ¢ (é" ) and 6" = ¢'"(é'"). Because we start with a correct hourglass, we know that
e =1t (Hy) =" (Hy) = r' . By definition, an internal event in either heap is a swap of

two elements with a parent-child relationship but for which neither is the root so the roots remain
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unchanged; that is, r = " so we denote it by r for brevity. This additionally means that no edge

moves from one heap to the other, so the set of elements in each heap does not change and thus
() = Gcﬁ(r). Again for brevity, we write this subgraph as I'.

We need to show that this edge r is the one giving the bottleneck distance at ¢, i.e. 6" = ¢/ (r)
or equivalently that » = ¢! . All edges of the perfect matching from ¢~, M*, are contained in I';
thus M" " is still a perfect matching at time ¢*. We show that any minimal cost perfect matching for
¢ must contain r, and thus M*" is a minimal cost perfect matching. Since r is é', by removing 7,
'\ {r} will cease to have a perfect matching, else contracting the minimality of the perfect matching
at t~. But as the order is unchanged, this further means that for time ¢, any lower threshold for the
subgraph I' = G+, results in removing the edge , but I'\{r} will not have a perfect matching,
finishing the proof. U

The remaining cases to consider are external events of Hy and H;, when a certificate in one of
the heaps involving the root fails. This can be summarized in the three cases below. In each case,
denote the root at time ¢t~ asr = r' .

1. (L-Event) Swap priority of r andan e € L' in Hy;ie. e <,- rand r <+ e.

2. (M-Event) Swap priority of rand ane € M'in Hy;i.e. e <4~ rand r <4+ e.

3. (U-Event) Swap priority of r and an e € U’ in Hy; i.e. 7 <4~ eand e <+ 7.

In the remainder of this section, we consider each of those events and provide the necessary
updates. The simplest update comes from the first event in the list, since we will show that no
additional checks are needed.

Lemma 4.2.2 (L-Event) Assume we swap priority of r = r' andane € L' att;i.e. e <, rand
r <4+ €. Then e moves from Hp, to Hy, and r remains the root and is the edge with the bottleneck
cost for t*, i.e, rt" = ¢t

Proof. Denote M = M" . In this case, e is an edge in the lower heap but ¢ € M. Because r <+ e,
in order to maintain the heap certificates, either e needs to be inserted into the upper heap with r
remaining as the root; or if e remains in the lower heap, it needs to become the new root. Note that

although they swap orders, the graph thresholded at the cost of r at ¢~ and the graph thresholded
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Figure 4.2 Illustrations of two scenarios of an M -Event; see Lemma 4.2.3.

at the cost of e at ¢t are the same; i.e. Gct—(r) = G+ - In addition, Gct+(1,) = G+ © \ {e}.
However, since e ¢ M, M is still a perfect matching in GC+(T). If there exists a perfect matching
in G+ (r) \ {r}, this would constitute a perfect matching at time ¢~ which has lower cost than M,
contradicting the assumption that M is a minimal cost matching for that time. Thus M is a minimal
cost matching for time ¢*. N

Lemma 4.2.3 (M-Event) Assume we swap priority of r = ' andane € M' att; ie. e <4+ 1

59



and r <, e. Let ' = G\ {e} be the graph with e = (u,v) removed. Exactly one of the
following scenarios happens.
1. There exists an augmenting path P in G' from u to v. Then e moves into the upper heap
(e € U'), the root remains the same (¢ = r'" = r), and the matching is updated with the
augmenting path, specifically M*" = Aug(M*", P).

2. There is no such augmenting path. Then M'" = M' and é"" = rt"

= e, i.e. the only update
is that v and e switch places in the lower heap.

Proof. Let M’ = M" \ {e}. Then M’ is a matching of size n — 1 in G’ (hence it is not perfect),

and the unmatched vertices are u and v.

If there exists an augmenting path P from u to v, augment M’ by replacing M’ N P with P\ M’
to make a new matching M"”. This increases |M’| by 1 and thus M” is a perfect matching. Note
that if » € P, then M" is also a perfect matching in ¢~ with strictly cheaper cost than M* " ; but this
contradicts the assumption of r giving the bottleneck distance. Thus we can assume that r € M”,
and all edges in the lower heap have cost at most that of . This means that r is still the bottleneck
edge of the matching, i.e. ¢’ (r) = max{c' (e) | e € M"}.

Assume instead that there is no augmenting path in G’ from « to v. Then M’ is a maximum
matching for G’ by Theorem 4.1.4, however it is not perfect. Note that because G’ = Gt \ e and
e and r have swapped places, we have that ' = G+ () Therefore, there is no perfect matching
for G+ (- However, M?"" is a perfect matching at time ¢~ and G = GctJr(e)’ it still is a perfect
matching at t* for G+ . Moreover, c'"(e) = max{c’" (e) | e € M*"}. Therefore, e = & = 1"
becomes the root, and r becomes a child of the root ¢ in H.. O]

As observed in Figure 4.2, in Scenario 1, when the edge involved in the event is removed, and
an augmenting path ceases to exist, the bottleneck edge remains the same; in Scenario 2, if an
augmenting path is found, the bottleneck edge is updated accordingly. The U-Event is processed
similarly.

Lemma 4.2.4 (U-Event) Assume we swap priority ofr = r' andane € U' att;i.e.r <, eand

e < . Let G = G U {e} \ {r} be the graph with r = (u,v) removed and e included. Exactly
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one of the following events happens.
1. There exists an augmenting path P from u to v. Then r moves into the upper heap (r € U"),

™" — ¢), and the matching is updated with the augmenting path,

e becomes the root (¢! = r
specifically M'" = Aug(M'", P).
2. There is no such augmenting path. Then M'" = M' and e moves into the lower heap
(e € L'"), and the root remains the same (¢! = rt" =r).
Proof. Let M’ = M* \ {r}, and again M’ is a matching of size n — 1 in G’ (hence it is not perfect),
and the unmatched vertices are « and v.
Similar to the M-Event, if there exists an augmenting path P from u to v, augment M’ by
replacing M’ N P with P\ M’ to make a new matching M"”. This increases | M’| by 1; thus, M" is
a perfect matching. Further, because G = G~ U {e} \ {r} and e and r have swapped places, we

+
, and

have that G’ = G+ ). Moreover, c'"(e) = max{c’" (e) | e € M"}. Therefore e = &' = r'
r gets moved down to H; and becomes a child of e.

Assume instead that there is no augmenting path in G’ from u to v. Then M’ is a maximum
matching for G’ by Theorem 4.1.4, however it is not perfect. Therefore, there is no perfect matching
for G+ (). However, M" is a perfect matching at time ¢~ and GY =G o \{e}, itstllis a

perfect matching at ¢* for G+ ()" This is thus an internal event; we move e to Hy, as a child of r,

and 7 remains the bottleneck edge, i.e. ¢ () = max{c’ (e) | e € M"}. O

4.2.3 Complexity and Performance Evaluation

The kinetic hourglass’s complexity analysis largely follows that of the kinetic heap and kinetic
hanger [30]. Recall the time complexities of the structures summarized in Table 2.3 are obtained
by multiplying the number of events by the time to process each event, O(log n) for n total object.
This is the key difference between those data structures and the kinetic hourglass.

In the kinetic hourglass structure, we maintain two heaps or hangers at the same time. For a
bipartite graph G of size |E| = m, we maintain the m edges in the kinetic hourglass. The number
of edges is also the worst-case maximum number of elements in the max-heap H ;, and the min-heap

Hy. We therefore use m = n in our analysis. Within a single heap, we can think of this procedure
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Scenario Kinetic Heap Hourglass | Kinetic Hanger Hourglass
Line segments O(m°?log'*m) O(m2a(m)logm)
s-intersecting curve segments O(m?logm) O(mAgi2(m)logm)

Table 4.1 Deterministic complexity of the kinetic heap hourglass and expected complexity of the
kinetic hanger hourglass for |E| = m.

as focusing on the cost of an edge at time ¢ as ¢!(e) only given for its time inside the heap. This
means that when we evaluate the runtime for the heap (or hanger) structures, we can think of the
function on each edge as being a curve segment, rather than defined for all time.

The time complexities for the kinetic hourglass are summarized in Table 4.1 and we describe
them further here. The main change in time complexity results from the augmenting path search
required at every external event. Note that in both the L- and M -events from Lemma 4.2.3 and 4.2 .4,
exactly only one iteration of augmenting path search is required, so this takes O(|E|) = O(m) per
iteration. Therefore, we replace a logn factor with m. When c(e) is linear, the complexity of the
kinetic hourglass is O(m?,/m log®* m) using heaps, and is O(m2a(m) log m) using hangers, since
the arrangement of m lines has a complexity of O(m?). If the weight function is non-linear, we
are in the s-intersecting curve segments scenario. This results in a complexity of O(m? logm) and
O(mAsi2(m)logm), when utilizing heaps and hangers respectively. The constant s is determined
by the behavior of the weight function.

While this data structure is responsive, local, and compact, following directly from the analysis
of kinetic heap and hanger, it fails to be efficient due to the linear time complexity required by
each external event of the heap. We conjecture that this can be improved via amortization analysis,
which involves investigating the ratio between the number of internal and external events. However,

this is a non-trivial problem and has yet to be addressed in existing literature.

4.3 Kinetic Hourglass for Persistent Homology Transform

In the following section, we apply our kinetic hourglass to compute the bottleneck distance
between two persistent homology transforms [73, 28, 42], an aforementioned specific case of
persistence vineyard [26]. The structure of the PHT can be quite complex, even for simple

embedded graph inputs [8]. Thus, we first follow the discussion of general PHT in Section 2.2.1,
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but then following [8], focus here on a simple case of input structures where we have additional
knowledge of the PHT vineyard.
4.3.1 The Persistent Homology Transform

Recall from Section 2.2.1 the definition of the Persistent Homology Transform given an em-
bedded graph K as input.

Definition 4.3.1 The persistent homology transform of K C R? is the function

PHT(K): S' — D
w > Dgm(hE)
where hE 1 K — R, hX(z2) = (x,w) is the height function on K in direction w, and D is the space
of persistence diagrams.

To compare two complexes, K1 and K, we can take the integrated bottleneck distance between

PHT(K,) and PHT(K>):
dp(PHT(K,),PHT(K,)) = / " dp (Dgm(n5), Dgm(hl?)) dw.

For a fixed direction w, the bottleneck distance between the two persistence diagrams can be
formulated as a geometric matching problem as described in Section 2.1.1. Moreover, it is stable

in that

4 (Dgm (1), Dgn(42)) < max | f1(0) — fo(v) |
for all w € S', see Section 2.2.1 for details. Integrating this inequality immediately gives the
following result for the integrated bottleneck distance.

Proposition 4.3.2 For two finite, connected geometric simplicial complexes with the same under-

lying abstract complex,
ds(PHT(K,), PHT(K:)) < 27 max | 3(0) = fo(0)]oc

A choice of total order on the simplices of K, the persistence induces a pairing on the simplices
of K, where for a pair (7,0), dim(o) = dim(7) + 1, and a dim(7)-dimensional homology

class was born with the inclusion of 7 and dies with the inclusion of o. Because the lower
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star filtration, the function values of these simplices are given by the unique maximum vertex
vy ={v € 0| fu(v) > fo(u) Vu € o)} and so the function value when this simplex was added
is given by f,(v,), and v, does not change for nearby o that do not pass through one of the
non-generic directions. For this reason, we can associate each finite point (b, d) in the persistence
diagram Dgm, (hX) to a vertex pair (vy, v4) with f,,(v,) = b and f,,(vy) = d. This pair is well-
defined in the sense that given a point in the diagram, there is exactly one such pair. Further,
because of the pairing on the full set of simplicies, every birth vertex appears in exactly one such
pair, although here a death vertex could be associated to multiple points in the diagram. For any
infinite points in the diagram of the form (b, 00), we likewise have a unique vertex v, again with
J w<vb> =b.

Write a given filtration direction as w = (cos(f),sin(f)) € S and fix apointz € Dgm(hX) with
birth vertex v, € K located at coordinates (ay, as) € R? and death vertex v, € K at coordinates
(b1,by) € R% This means the corresponding point in € Dgm(hX) has coordinates which we
denote as

x(w) = (a3 cos + ag sinv, by cosv + by sin ).

Notice that for some interval of directions I, C S!, the vertices v, and v, will remain paired, and
so for that region, we will have the point z(w’) in the diagram for all directions w’ € I,. Viewing
this as a function of angle ¢, we observe that z(w) is a parametrization of an ellipse, meaning that
the point x(w) in the diagram will trace out a portion of an ellipse in the persistence diagram plane.

Further, the projection of this point to the diagonal has the form

v/ (w) = (92 cos§ + 2252 gin §, I cos ) + 2E2 gin 6)

which is also a parameterization of an ellipse, albeit a degenerate one.
4.3.2 Kinetic Hourglass for PHT

In this section, we show how the kinetic hourglass data structure investigated in Sec. 4.2 can be
applied to compute the exact distance between the 0-dimensional PHTs of two geometric simplicial

complexes in R?, and provide an exact runtime analysis of the kinetic hourglass by explicitly
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determining the number of curve crossings in the flight plans for the edges in the bipartite graph.
Here, we work in the restricted case of star-shaped simplicial complexes to avoid the potential for
complicated monodromy in the PHT [51].

Following [8], an embedded simplicial complex K is called star-shaped if there is a point
¢ € |K| such that for every x € |K]|, the line segment between ¢ and z is contained in |K|. In
this context, we call ¢ a (non-unique) center of M. Let R = R U {oo}. We say that a function
F : S' — Dhas trivial geometric monodromy if there exist continuous maps {; : S — RQ} (called
vines) such that the off-diagonal points of P HT'(w) are exactly the set I'(w) = {7;(w) | vi(w) ¢ A}.
Theorem 4.3.3 ([8]) Let K be a star-shaped simplicial complex whose vertices are in general
position. Then the 0-dimensional persistent homology transform PHT (K) has trivial geometric
monodromy.

Thus, assume we have the vines {v;}Y, for the PHT of a star-shaped K. We assume that these
vines are written so that they either never touch the diagonal A = {(z,x) € R}, or they each
correspond to exactly one entrance and exit from A and so are off-diagonal for some interval I, .
Further, assume that K is connected so that exactly one of these vines, say 7, is the infinite vine
of the form (y(w), o0) for 7 : S* — R. For a geometric simplicial complex K, a vertex z € K is
called extremal if it gives birth to a 0-dimensional class for some direction w. The set of extremal
vertices is denoted as |ext™ (V)].

To bound the number of vines N, we call a vertex v in a geometric simplicial complex /K an
extremal vertex if it is not in the convex hull of its neighbors following Definition 3.1.1. These are
the vertex that gives birth for at least one direction. Write ext(1/) for the set of vertices of K which
are extremal. It is an immediate corollary of the merge tree version Lemma 3.1.2 that a vertex in
K gives birth to a 0-dimensional class for some direction w if and only if it is an extremal vertex.
We define the external edges of an extremal vertex v to be the one or two edges that are incident to
v and are part of the boundary of the convex hull formed by v and its neighbors. The remaining
edges incident to v are called internal edges. For an extremal vertex, we can find the interval of

directions I, for which it gives birth for all w € I,,. We note that this is a connected interval in the
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circle, so we have the starting and ending direction w; and w- for which the point exits and enters
the diagonal with I, = [w;,ws] C S!. The largest angle among the edges incident to v is formed
by the normal vectors of the edges, w; and ws. We can write a continuous, piecewise-ellipsoidal
path associated with the vertex v as p, : I, — R?; w + x(w) for the point z(w) in the diagram
with birth vertex v, and note that each piece of this path is a portion of an ellipse.

Lemma 4.3.4 For an extremal vertex v, if p,(w) € A then w = w; or w = wo.

Proof. Let wy, wy be the normal vectors of the external edges (v, u;), (v, uz) respectively, and
ty(w) = (hy(v), hy(v')) where v is the birth-causing vertex and v’ is the death causing vertex.
Since v is birth-causing, all other neighbors of v have higher height values along direction w:
{hy(u) > hy(v) | u € Ng(v),u # v'}. Because u,(w) € A, then h,(v) = h,(v"), equivalently
(v,w) = (v',w). This implies that w is a normal vector to the edge defined by v and v’. Furthermore,
no neighbor of v lies in the half plane defined by (v,v’) and —w. Therefore, (v, v") must be part of
the convex hull formed by v and Nk (v). We thus conclude that v’ is either u; or ug, and w = w;
or W = Wws. O

Because the birth of every point in the diagram PHT(w) at any fixed direction is uniquely
associated with an extremal vertex, we can see that the off-diagonal points of the PHT can also be
written as M (w) = {v(w) | vi(w) ¢ A}, and so M (w) = I'(w). Thus there is an injective map
from the set of finite vines ~y; to the vertex giving birth to the corresponding points at the time it
comes out of the diagonal. This means that the number of vines is at most the number of extremal
vertices, i.e. N < |ext(V)].

Given two star-shaped complexes /; and K>, say the two PHTSs are given by the vines {7},
and { ; }?il respectively and write the projection of the respective vine to the diagonal as %A,i-
We then construct the complete bipartite graph G with vertex set U U V' where U and V' each have
ny + ng vertices, each associated to one of the vines from either vineyard. However, in U we think
of these as being the vines {7, ;}; followed by the projections of each vine {%AJ }; to the diagonal;
the reverse is assumed for V. The basic idea is that the cost of an edge between two vertices is

based on the distance between the location of the paths (or projection of the paths for the diagonal
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Figure 4.3 An example of the weight function c. The two figures in the middle visualize the
behavior of the vines. On the top right is the bipartite graph representation, and on the bottom are
the cost functions.

representatives) so that at any fixed w, this graph is the bipartite graph described in Section 2.1.1.

Specifically, writing ~, for the vine associated to vertex u, the edge weights are given by

.

[Tu(@) = (W)l if Yu(w) & A ory,(w) & A
c(u U) _ ||/7u<w) - AHOO ierv(w> S A

[70(w) — Alls if (W) € A

0 else.

\

See Figure 4.3 for an example of the weight functions.

Given the above construction, let n = max{ ’extK (V) ’ : |extK2 (V)|}, we have at most 2n nodes
in each vertex set U and V' and thus at most 4n? edges in . Therefore, the kinetic heap hourglass
maintains 4n? elements, resulting in a complexity of O((4n?)3log(4n?)) = O(n®logn).

4.4 Conclusions

In this chapter, we introduced the kinetic hourglass, a novel kinetic data structure designed

for maintaining the bottleneck distance for graphs with continuously changing edge weights. The
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structure incorporates two kinetic priority queues, which can be either the deterministic kinetic
heap or the randomized kinetic hanger. Both versions are straightforward to implement.

In the future, we hope to improve the runtime for this data structure. In particular, the augmenting
path search requires O(n) time, falling short of the efficiency goals in the kinetic data structure
(KDS) framework. Moreover, when comparing PHTs with n vertices, the kinetic hourglass holds
n? elements, which can be computationally expensive. This method can immediately be extended
to study the extended persistent homology transform (XPHT) to compare objects that have different
underlying topologies [74], however there is much to be understood for the structure of the vines in
the PHT and how this particular structure can deal with monodromy. Further, the nature of this data
structure means that it is not immediately extendable to the Wasserstein distance case, however, we
would like to build a modified version that will work for that case, see discussion in Section 5.1.
Finally, since the kinetic hourglass data structure also has the potential to compare more general

vineyards that extend beyond the PHT, it will be interesting in the future to find further applications.
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CHAPTER 5

FUTURE WORK AND CONCLUSION

5.1 KDS for the Wasserstein Distance

In the previous chapters, we discussed how tools from Topological Data Analysis can be used
for shape comparison measures, both in terms of developing new distances and improving the
computation of existing ones. This chapter explores future directions building on these results.

The bottleneck and Wasserstein distances are both used to compare persistence diagrams, but
the Wasserstein distance is often preferred in practical applications [21]. The bottleneck distance
captures the largest difference between matched points, making it highly sensitive to outliers. A
single noisy point can dominate the distance, even if the rest of the diagram remains similar. In
contrast, the Wasserstein distance takes into account the overall distribution of points, leading to a
more stable and informative measure.

Another key advantage of the Wasserstein distance is its use in optimization. Many machine
learning and statistical applications require differentiable loss functions, but the bottleneck distance
is not differentiable. The Wasserstein distance, particularly with entropic regularization, is smooth
and can be efficiently approximated with techniques such as Sinkhorn iterations [68]. This makes
it useful in deep learning, optimal transport, and statistical inference.

However, the Wasserstein distance is computationally more expensive, requiring solving an
optimal transport problem. While exact computation is costly, recent advances in approximation
methods make it feasible for large-scale applications [62, 78, 53]. Its ability to capture small
changes in topology while being more robust to noise makes it a strong choice for dynamic and
high-dimensional settings.

In the context of time-evolving persistence diagrams, the Wasserstein distance provides a
continuous notion of change. This motivates the need for an efficient way to maintain the Wasserstein
distance dynamically, leading to the idea of extending the kinetic hourglass to a new kinetic data

structure.
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5.1.1 Shortest Augmenting Path

The Shortest Augmenting Path (SAP) algorithm is an efficient approach for solving the minimum-
cost perfect matching problem in bipartite graphs, which is central to computing the Wasserstein
distance. Given two discrete point sets representing probability measures, SAP finds an optimal
transport plan by incrementally constructing augmenting paths in a residual network.

Let u = > 0" a0y, and v = Z?:l b;o,, be two discrete probability measures supported on
finite point sets {;};; and {y;}_; with weights a;,b; > 0 satisfying >, a; = >_;b; = 1. The

Wasserstein distance of order 1 is given by the solution to the linear program:

Wi(p,v) = min CiiVii
(1, v) P i Yij

)

where: I1(1u, v) is the set of transport plans satisfying the marginal constraints:

Z%j = i, Z%j =bj, ;=0
J i

and ¢;; = d(z;,y;) is the cost of transporting mass from z; to y;.
This problem can be formulated as a minimum-cost flow problem on a bipartite graph G =
(X UY, E), where:
* Each node in X corresponds to a source location x; with supply a;.
* Each node in Y corresponds to a target location y; with demand b;.
* Edges (i, j) € E have weights ¢;; representing the transport cost.
The SAP algorithm solves this problem by maintaining a residual network and iteratively finding
the shortest augmenting path to improve the matching. It follows these steps:
1. Initialize the Bipartite Graph: Construct the graph G = (X U Y, E) where each node in X
is initially unmatched, and edges represent feasible transport assignments with cost ¢;;.
2. Construct the Residual Graph: Define a directed residual graph G, where:
» Each edge (i, j) represents an available transport assignment with residual capacity.
» Backward edges (7, ) track adjustments in the transport flow.

3. Find the Shortest Augmenting Path:
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» Use Dijkstra’s algorithm or Bellman-Ford to find the shortest path from an unmatched
node in X to an unmatched node in Y.
* The cost function is defined as ¢;; +m; — 7;, where ;, 7; are dual potentials maintaining
reduced costs.
4. Update the Matching: Augment flow along the shortest path, modifying the residual network.
5. Repeat Until an Optimal Matching is Found:** Continue finding and augmenting paths until
all nodes in X are matched to nodes in Y.

The algorithm runs in O(n?) time in the worst case but performs efficiently in practice.

5.1.2 Adapting SAP to a Kinetic Data Structure
We discuss ideas of designing a new KDS that maintains an evolving transport plan as point sets
{z;(t)} and {y;(t)} move over time. Several key modifications are needed to make SAP kinetic:
* Handling Continuous Motion: As points move, edge weights ¢;;(t) = d(z;(t),y;(t))
change, affecting the optimal transport plan.
* Event-Driven Updates: Instead of recomputing the full transport plan at every time step,
update the residual graph only when key events occur:
— Edge cost crossing a threshold (e.g., a shorter transport path appears).
— New optimal match forming (e.g., a better assignment becomes viable).
— Node insertion/deletion (e.g., a point appears or disappears from the dataset).
* Maintaining an Efficient Residual Graph: Track augmenting paths incrementally instead
of recomputing shortest paths from scratch.
* Approximate Kinetic Updates: Introduce tolerance thresholds for minor transport cost
changes, avoiding unnecessary recomputation.
By incorporating these modifications, a kinetic version of SAP can maintain Wasserstein dis-

tance efficiently in time-varying settings.

5.2 Conclusion
This dissertation explored the use of topological data analysis (TDA) methods for shape analysis,

with a particular focus on directional transforms as a tool for encoding geometric and topological
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structures. Through the development of novel metrics and computational frameworks, this work
contributes to the growing intersection of computational topology, geometry, and data science,
addressing challenges in both static and dynamic settings.

The first two chapters provided the necessary foundation: covering homology, persistent ho-
mology, merge trees, and kinetic data structures, with a special emphasis on directional transforms,
which offer a structured way to analyze shape variations across different orientations. These
fundamental concepts set the stage for the core methodological contributions of this dissertation.

In Chapter 3, we introduced the Labeled Merge Tree Transform (LMTT), a novel distance
metric that leverages directional transforms and merge trees to compare embedded graphs. The
LMTT provides a robust, topology-aware measure of similarity that captures both local and global
structural differences. We validated its effectiveness on two real-world datasets and demonstrated
its advantages over existing metrics in terms of both stability and discriminative power.

In Chapter 4, we extended the study of dynamic topological structures by developing a kinetic
data structure (KDS) for efficiently updating bottleneck distances in time-varying systems. This
was applied to the Persistent Homology Transform (PHT), allowing for a more computationally
efficient approach to tracking topological changes over time. By reducing redundant computations
and leveraging event-driven updates, the proposed KDS framework significantly improves the
feasibility of persistence-based shape analysis in evolving datasets.

Finally, in this chapter, we outlined a promising future direction that builds on the foundation
laid in this work: extending kinetic approaches beyond the bottleneck distance to the Wasserstein
distance, allowing for more flexible and informative dynamic topological comparisons.

The contributions of this dissertation provide both theoretical advancements and practical
computational tools for shape analysis using TDA. The methods developed here offer efficient and
interpretable ways to compare shapes across different domains and open new avenues for applying
topology-driven insights to diverse scientific disciplines. Future work will continue to refine these
techniques, explore their computational efficiency, and extend their applicability to dynamic and

high-dimensional data settings.
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