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ABSTRACT
Multiscale modeling poses a formidable challenge in computational mathematics, particularly
in integrating microscale interactions into meso- or macro-scale constitutive relations. While
reduced-order models allow the simulation of extensive systems, their analytical formulations are
generally unclosed. Take coarse-grained molecular dynamics as an example, the Mori-Zwangzig
formulism decomposes the dynamics into deterministic, memory, and stochastic terms, but the
explicit forms for these three terms are unknown. In this thesis, we present a series of studies to
solve these problems. Firstly, the main challenge for the deterministic term comes from the high
dimensionality and the presence of energy barriers of the free energy surface (FES). We propose a
consensus sampling-based approach that reformulates the FES construction as a minimax problem.
This framework simultaneously optimizes the function representation of the FES and the training
set used to learn it. In particular, the maximization step establishes a stochastic interacting particle
system to achieve the adaptive sampling of the max-residue regime by modulating the exploitation
of the Laplace approximation of the current loss function and the exploration of the uncharted
phase space; the minimization step updates the FES approximation with the new training set. By
iteratively solving the minimax problem, the present method essentially achieves an adversarial
learning of the FESs with unified tasks for both phase space exploration and posterior error-enhanced
sampling. Besides, memory interactions are also important for predicting the collective transport
and diffusion processes. To construct this, we introduce a machine-learning-based coarse-grained
molecular dynamics model that captures the dissipative many-body contribution. The neural network
representation is carefully designed to preserve the physical symmetries and the thermo-consistency.
Unlike the common empirical reduced models, the present model is constructed based on the
Mori-Zwanzig formalism and naturally inherits the heterogeneous state-dependent memory term
rather than matching the mean-field metrics such as the velocity autocorrelation function. Finally,
when applied to non-equilibrium systems, models based on the Mori-Zwanzig formalism face
inherent challenges. A key issue lies in the Zwanzig projection, which relies on the marginal

distribution of the system. We present a data-driven approach for constructing reduced models that



retain certain generalization abilities for non-equilibrium processes. Unlike the conventional CG
models based on pre-selected CG variables (e.g., the center of mass), the present CG model seeks a
set of auxiliary CG variables based on the time-lagged independent component analysis to minimize
the entropy contribution of the unresolved variables. This ensures the distribution of the unresolved
variables under a broad range of non-equilibrium conditions approaches the one under equilibrium.
Through numerical validation, we demonstrate that our model can accurately predict viscoelastic

behavior in various non-equilibrium flow regimes.
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CHAPTER 1

INTRODUCTION TO MULTISCALE MODELING AND MOLECULAR DYNAMICS
Numerical simulation has emerged as an important tool for scientific understanding, complementing
experimental and theoretical approaches. As was declared by Dirac back in 1929, the right physical
principle for most of what we are interested in is already provided by the principles of quantum
mechanics (QM), there is no need to look further. However, the ability to reduce everything to
simple fundamental laws does not imply the ability to start from those laws and reconstruct the
universe theoriticaly or computationly. This intricate challenge remained largely ignored until
Anderson underscored in Anderson (1972), that the constructivist hypothesis falters when faced
with the dual challenges of scale and complexity.

The vastness of scale leads to the well-known curse of dimensionality. While feeding atomic
numbers of all involved atoms into QM can theoretically furnish a complete model, the problem’s
dimensionality swells by three with the addition of each atom. Consequently, these first principle
models are currently only applied to simple cases and are inefficient for managing expansive system
sizes and extended simulation timescales.

Model reduction shows promise, as they reduce degrees of freedom by omitting certain details,
thereby facilitating larger-scale simulation. However, the reduced models are almost always obtained
empirically, by guessing. Making the right guess often requires and represents far-reaching physical
insight. In molecular dynamics (MD), the conservative interaction between particles is categorized
into three distinct terms: two-particle pairwise, three-particle angular, and four-particle dihedral.
On the mesoscale, as seen in Coarse-Grained Molecular Dynamics (CGMD), nonconservative
friction forces are typically assumed to be isotropic in the Generalized Langevin Equation (GLE) or
pairwise in Dissipative Particle Dynamics (DPD). At the macroscale, the derivation of macroscopic
constitutive equations from kinetic equations necessitates the closure of the collision operator.

This guessing game can be quite hard and less productive because of the complexity. As we
will show in the first project, the inherent complexity is often largely oversimplified by traditionally

intuition-driven models, such as the GLE or DPD in coarse-grained molecular dynamics (CGMD)



problems. The recent emergence of machine learning, with its prowess in assimilating multimodal,
multi-fidelity data and elucidating correlations among interrelated phenomena, offers a unique
opportunity to address these challenges. However, simply inputting atomic coordinates into a
network to fit interactions can lead to a cumbersome parameter space, complicating the training
process. More critically, an exclusive reliance on machine learning risks sidelining the fundamental
laws of physics, which may result in ill-posed problems or unphysical solutions.

Progress has been achieved by incorporating physical priors, such as physical symmetries, into the
network ansatz. This not only enhances accuracy but also bolsters the transparency of the resulting
models. A case in point is DeepMD, which constructs an extensive and symmetry-invariant network
to capture the many-body nature of the conservative force field. However, accurate prediction of
the dynamics in CGMD further relies on faithfully modeling a memory term that represents the
energy-dissipation processes arising from the unresolved degrees of freedom (DoF).

The importance of the state-dependent non-Markovian friction tensor (force) for dynamic
properties remains broadly overlooked, with the conventional state-independent GLE kernel being
often used. In our first project Lyu and Lei (2023b), we will show that the state-dependence of
memory terms can be critical for constructing a reliable extensive CGMD model that preserves the
collective dynamics behavior. The commonly used velocity auto-correlation function (VACF) is a
mean-field metric. Reproducing the VACF (as can be sufficient to capture in GLE) is insufficient
to capture the crucial collective behavior such as the hydrodynamic mode, collective diffusion
(Van-Hove function), et al. In contrast, we propose a physical information-embedded network-based
model constructed directly from Zwanzig’s formalism that faithfully retains the heterogeneous
energy dissipation among the CG particles and accurately predicts the dynamics on the collective
scale.

The complexity isn’t confined solely to the dynamic equation; it also extends to the selection
of dynamic coordinates Lyu and Lei (2024). A case in point is water models. Coordinates (or
sites) ranging from one to six have been proposed to represent water, each aiming to capture

distinct behaviors. The judicious selection of coordinates is rooted in physical insight, much like



the model-building previously mentioned. As the complexity of the molecular structure escalates,
this task becomes progressively challenging. Data-driven coordinate selection seems a potential
alternative to the traditional human intelligence-driven approach. In extensive CGMD systems,
the center of mass (COM) remains the most prevalent coordinate. However, when modeling
non-Newtonian fluids, which exhibit enormously complex flow behavior, capturing the deformation
of polymers becomes crucial. This aspect is often oversimplified when relying solely on COM. The
ongoing project intends to emphasize the importance of dynamic coordinate selection for faithfully
capturing macroscope rheology behavior.

Apart from dynamic equations and dynamic coordinates, one particular problem of these
data-driven methods is sampling Lyu and Lei (2023a). Generating a good representative data set
is in general not an easy task. For example, in molecular dynamics, a representative data set to
construct a free energy surface (FES) includes most states of a molecule including ground states,
meta-stable states, and some high-energy states (unstable states). In most cases, the molecules are
stuck in a local minimum on the energy surface, and it is difficult to jump over the energy barriers.
Enhance sampling thus is important for these problems to accelerate ergodic ability.

To increase the probability of rare events occurring in MD simulations, the simulation process
can be interfered with using various methods, including raising the temperature, replica exchange,
and adding bias potential. Traditional boosted sampling methods based on bias potential suffer
from the curse of dimensionality. In the third project, we propose the Consensus-Based Enhanced
Sampling (CES) by framing the FESs construction as a min-max problem. The minimization aspect
focuses on optimizing the network parameters to minimize error at the sampled points, while the
maximization aspect focuses on optimizing the distribution of the sampling to maximize the error
within the dataset. By iteratively addressing the min-max problem, we are able to construct a
high-dimensional energy surface.

Integrating deep learning with multiscale modeling holds potential, offering enhancements
to models traditionally anchored in human intelligence. However, forging a seamless integration

between machine learning and established scientific structural models remains elusive. The accuracy



and transparency of data-driven models continue to be viewed with skepticism by a broader
community. We aspire that our work will contribute to bolstering the confidence in these approaches.
While our primary focus has been on MD and CGMD scales, we also aim to extend our methods to

the macro scale in the future.



CHAPTER 2

DEVELOPING COARSE-GRAINED MOLECULAR DYNAMICS MODELS WITH
NON-MARKOVIAN MEMORY EFFECTS

© 2023 American Physical Society. Reproduced with permission from L. Lyu and H. Lei, Phys.

Rev. Lett. 131, 177301 (2023). https://doi.org/10.1103/PhysRevLlett.131.177301

2.1 The Mori-Zwanzig Framework for Coarse-Graining

Accurately predicting the collective behavior of multi-scale physical systems is a long-standing
problem that requires the integrated modeling of the molecular-level interactions across multiple
scales Anderson (1972). However, for systems without clear scale separation, there often exists no
such a set of simple collective variables by which we can formulate the evolution in an analytic and
self-determined way. One canonical example is coarse-grained molecular dynamics (CGMD). While
the reduced degrees of freedom (DoFs) enable us to achieve a broader range of the spatio-temporal
scale, the construction of truly reliable CG models remains highly non-trivial. A significant amount
of work Torrie and Valleau (1977a); Rosso et al. (2002); Maragliano and Vanden-Eijnden (2006);
Izvekov and Voth (2005); Noid et al. (2008); Rudd and Broughton (1998); Lyubartsev and Laaksonen
(1995); Shell (2008); Kumar et al. (1992); Nielsen et al. (2004); Laio and Parrinello (2002); Darve
and Pohorille (2001) (see also review Noid (2013)), including recent machine learning (ML)-based
approaches Behler and Parrinello (2007); Stecher et al. (2014a); John and Csényi (2017); Lemke and
Peter (2017); Chmiela et al. (2017); Zhang et al. (2018a,b), have been devoted to constructing the
conservative CG potential for retaining consistent static and thermodynamic properties. However,
accurate prediction of the CG dynamics further relies on faithfully modeling a memory term
that represents the energy-dissipation processes arising from the unresolved DoFs; the governing
equations generally become non-Markovian on the CG scale. Moreover, such non-Markovian term
often depends on the resolved variables in a complex way Satija et al. (2017); Luo et al. (2006);
Best and Hummer (2010); Plotkin and Wolynes (1998); Straus et al. (1993); Morrone et al. (2012);
Daldrop et al. (2017) where the analytic formulation is generally unknown. In particular, for

extensive CGMD systems (i.e., the number of CG particles can be proportionally changed according



to the simulation size), the memory term often exhibits strong many-body effect and needs to satisfy
various physical symmetry constraints among the CG particles. Existing approaches often rely on
empirical models such as Brownian motion Einstein (1905), Langevin dynamics Kampen (2007),
and dissipative particle dynamics (DPD) Hoogerbrugge and Koelman (1992); Espanol and Warren
(1995). Despite their broad applications, studies Lei et al. (2010); Hijén et al. (2010); Yoshimoto
et al. (2013) based on direct construction from full MD show that the empirical (e.g., pairwise
additive) forms can be insufficient to capture the state-dependent energy-dissipation processes due
to the many-body and non-Markovian effects. Recent efforts Lange and Grubmiiller (2006); Wang
et al. (2020b); Ceriotti et al. (2009); Baczewski and Bond (2013); Davtyan et al. (2015); Lei et al.
(2016); Li et al. (2017); Russo et al. (2019); Jung et al. (2017); Lee et al. (2019); Ma et al. (2019,
2021); Klippenstein and van der Vegt (2021); Vroylandt et al. (2022); She et al. (2023); Xie et al.
(2022) model the memory term based on the generalized Langevin equation (GLE) and its variants
(see also review Klippenstein et al. (2021)). The velocity auto-correlation function (VACF) is often
used as the target quantity for model parameterization. While it may serve as an appropriate measure
for certain non-extensive systems Widder et al. (2022); Meyer et al. (2019), the VACF is essentially
a metric of the background dissipation under mean-field approximation. For extensive CGMD
systems, the homogeneous kernel overlooks the heterogeneity of the energy dissipation among the
CG particles stemming from the many-body nature of the marginal probability density function
of the CG variables. This limitation imposes a fundamental challenge for accurately modeling the
local irreversible responses as well as the transport and diffusion processes on the collective scale.

This work aims to fill the gap with a new CG model that faithfully entails the state-dependent
non-Markovian memory and the coherent noise for extensive MD systems. The model formulation
can be loosely viewed as an extended dynamics of the CG variables joint with a set of non-Markovian
features that embodies the many-body nature of the energy dissipation among the CG particles.
Specifically, we treat each CG particle as an agent and seek a set of symmetry-preserving neural
network (NN) representations that directly map its local environments to the non-Markovian friction

interactions, and thereby circumvent the exhausting efforts of fitting the individual memory terms



with a unified empirical form. Different from the ML-based potential model Zhang et al. (2018b),
the memory terms are represented by NNs in form of second-order tensors that strictly preserve the
rotational symmetry and the positive-definite constraint. Coherent noise can be introduced satisfying
the second fluctuation-dissipation theorem and retaining consistent invariant distribution. Rather
than matching the VACF, the model is trained based on the Mori-Zwanzig (MZ) projection formalism
such that the effects of the unresolved interactions can be seamlessly inherited. We emphasize that
the construction is not merely for mathematical rigor. Numerical results of a polymer molecule
system show that the CG models with empirical memory forms are generally insufficient to capture
heterogeneous inter-molecular dissipation that leads to inaccurate cross-correlation functions among
the particles. Fortunately, the present model can reproduce both the auto- and cross-correlation
functions. More importantly, it accurately predicts the challenging collective dynamics characterized
by the hydrodynamic mode correlation and the van Hove function Van Hove (1954) and shows the
promise to predict the meso-scale transport and diffusion processes encoded with molecular-level
fidelity.
2.2 Mori-Zwanzig Formulaism

Let us consider a full MD system consisting of M molecules with a total number of N atoms. The
phase space vector is denoted by z = [q, p], where q, p € R3N represent the position and momentum
vector, respectively. Given z(0) = zo, the evolution follows z () = e£! 2y, where £ is the Liouville
operator determined by the Hamiltonian H(z). The CG variables are defined by representing each
molecule as a CG particle, i.e., ¢(z) = [¢9(2), ¢7(2)], where $2(2) = [Q1, Q2. -+, Qu] and
o (z) = [P, P, -, Py] represent the center of mass and the total momentum of individual
molecules, respectively. Z(t) = [Q(t), P(t)] denote the map ¢(z(¢)) with z(0) = zy. Using the

Koopman operator Koopman (1931), Z(#) can be mapped from the initial values, i.e.,
Z () = et Z(0), 2.1

where £ is the Liouville operator determined by the full-model Hamiltonian H(z). Below we

derive the reduced model by choosing CG variables Z as a linear mapping of the full phase-space



vector z and we refer to Ref. Hijon et al. (2010); Darve et al. (2009) for discussions of the more
general cases.

Following Zwanzig’s approach, we define a projection operator as the conditional expectation with
a fixed CG vector Z, i.e., Pz f(2) := f 5(p(2) - Z)po(2) f(2)dz/Q(Z), where py(z) o« e BH (=)
represents the equilibrium density function and Q(Z) = / 0(p(z)—Z)po(z)dz. Also, we define an
orthogonal operator Qz = I —Py. Using Eq. (2.1), we have Z(¢) = eL'Pz LZ(0)+eL'Qz L Z(0).
In particular, we choose Z = [Q, P] = Z(0). Using the Duhamel-Dyson identity, we can write the

dynamics of Z(t) as
t
Z(t) =Pz LZ(0) + / dseL =P, £e2L5Q, £ Z(0) + 2L Q1 L Z(0). (2.2)
0

Let us start with the mean-field term Pz £ Z(0). For the present study, the CG variables are
linear functions of z. Therefore, we have Pz LQ = LQ = M'P,ie., QzLQ =0. For Pz LP

associated with the i-th CG particle, we have
P2LP = [ 5(6(2) - 2)pu(2)LP;dz/0(2)

- [ 66 - Dipn(a) (- Y Vo) /0 2)

ieN;

- [6@@ - 2" Y Vapuz) dz/02) 23)

ieN;
-5V, / 5(6%6(q) - Q)po(q) dg/ / 5(6%(q) - Q)po() dq
= _VQiU(Q)9

where N; represents the index set of the atoms that belongs to the i-th molecule, and the free energy

U(Q)=-p"In[[5(6%(q) - Q)po(q) dq].



For the memory term Pz Le?2£5Qz L P associated with the i-th CG particle, we have
P2L7 Qs LP, = [ po(205(6(2) - 2)L#5Qz LP, /0 2)
_ / p0(2)(L(2) - V2)5(d(2) — 2)e2L3Qy LP.dz/Q(Z)
= [ 502z LP - TR)5(6(2) - 2)6% 5 Qs LP,0/0(2) (by @2£Q =0)
= Ve [ p(20(6(2) - 2)( @z LP) Qs LP02/042)

_Vp- ( [ po(215(6(2) - 2@z LP) 0 25z L P02/ 2)

K, (Z.s)
- Ki(Z,s5) - Vp (1/Q(2)) Q(2).
(2.4)
Furthermore, we take the assumption that the memory kernel only depends on the positions of the

CG particles Q, i.e., Vp - K(Z, s) = 0. Also, similar to the derivation in Eq. (2.3), we note that
QZ) / 5(¢%(@) - Qpo(@)6(¢"(q) = P)e PP M Pz oc e PPIMIPR . (25)
Therefore, Eq. (2.4) can be further simplified as
Pz L QzLP = -BK; (Q,s) - M™'P. (2.6)

With Egs. (2.3) (2.6), we can show that the dynamics of Z = [Q, P] can be written as

Q=M'P

| : @.7)
P=-vVU(Q) - / K(Q(t—5),s)V(t—s)ds+ R(t),

0
where K(Q,s) = BK(Q,s) and R(r) = e22£'Qz L Z(0) is modeled as a random process
representing the different initial condition z( with ¢(zg) = Z.
2.3 Empirical Approaches to Coarse-Graining
Eq. (2.7) provides the starting point to derive the various CG models. Direct evaluation of

K (Q, 1) imposes a challenge as it relies on solving the full-dimensional orthogonal dynamics e®2".

Some empirical models have been developed to represent the kernel historically.
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Figure 2.1 The RDF of the full MD and various CG models with the conservative CG potential

U(Q) constructed by the DeepCG model.

23.1 M-DPD
* Formulation: In the M-DPD model, the dynamics of the CG system is governed by

Q:=m;'P,
(2.8)

-Pi = EC — Zyl]‘/] + R(t)
J

The computation of conservative force term FC is conducted by DeePCG Zhang et al.
(2018b) method for all models considered in this paper. This approach enables the successful

reproduction of the structural properties for each model as shown in Fig. 2.1.

* Construction: The friction tensor is calculated from random force correlation by constrained

dynamics
Yii (Q) = v (Qij)(1 - eijel-Tj) + )’||(Qij)(€ij6,~Tj ,

N = o= [ EOF ) - oF o ds
vY.(Qij) = kz%T/o E[6F*(s)" - SF7(0)] ds,

where e;; is the unit vector represents along @Q;;, the symbol || represents the radial component

along Q;; and L for perpendicular component. For further details, see Lei et al. (2010); Hijén

(2.9)

10



et al. (2010).

2.3.2 NM-GLE
* Formulation: In the standard GLE model, the dynamics of the CG system are governed by
Q=M'P,

t (2.10)
P=F¢ —/ K(t-s)V(s)ds+ R(1).
0

where the over-simplified kernel K is only time-independent and homogeneous among the
CG particles, as discussed in the main context.

* Construction: The memory kernel depends on solving the Volterra equation

G(1) = —/OIK(t —5)C(s) ds, (2.11)

where C(1) = E[V (1)V(0)] and G(t) = E[6F (1)V (0)7] are the correlation matrices. In
practice, the velocity correlation matrix C(t) is often simplified to VACF ¢(t) = E[V ()T -
V (0)] for individual CG particles under the mean-field approximation. As a result, kernel K
reduces to a scalar function depending only on time, which overlooks the state dependency.
With the obtained kernel in proper form, the system can be cast into an extended dynamics
driven by white noise, e.g., see Ceriotti et al. (2009); Lei et al. (2016); Wang et al. (2020b);
She et al. (2023).
2.3.3 NM-DPD

* Formulation: In the NM-DPD model, the dynamics of the CG system are governed by
Qi=m;'P,
. t (2.12)
P =FfF - / K;i(t-s)Vj(s)ds+ > R;;(1),

where the kernel K;; further depends on the pair-wise distance Q;;.

* Construction: The memory kernel depends on solving the Volterra integral equation

A,‘j(l‘) = —/) K,'j(l - S)Bl'j(S) ds, (2.13)

11



where the correlation functions are computed as two orthogonal parts, i.e.,

A;j(1) =E[0F\(1) - VIO +E[6F5 (1) - ViF ()],
(2.14)

B;(1) =E[V,} (1) - V,(O) ] + E[V;F (1) - ViF(0)].
As a result, the orthogonal parts of the friction term can be solved separately, and extended
dynamics can be also applied for simulation, e.g., see Li et al. (2017).
However, as shown below, such empirical forms are limited to capturing the state-dependence that
turns out to be crucial for the dynamics on the collective scale, and motivates the present model

retaining the many-body nature of K(Q,1).

2.4 Incorporating Physical Memory Kernels in Coarse-Grained Models
To elaborate the essential idea, let us start with the Markovian approximation K(Q,?) =~
-T(Q)d(1), where T'(Q) = E(Q)E(Q)T is the friction tensor preserving the semi-positive definite

condition, and Z(Q)) needs to retain the translational, rotational, and permutational symmetry, i.e.,
Eij(Qi+b,---,Qu+b) =Eij(Q1, - ,Qum)
G(UQL, -+, UQM) = UE(Qr, -+, Qu)U" (2.15)

c()o()( Qo)+ Qo)) = Eij(Q1, -+, Qum),

where E;; € R represents the friction contribution of j-th particle on i-th particle, b € R? is a

[l

[1]

translation vector, U is a unitary matrix, and o (-) is a permutation function.

To inherit the many-body interactions, we map the local environment of each CG particle into a
set of generalized coordinates, i.e., Qlk = Qi+ Xien F*(0i)Qir, where f : R — RX is an encoder
function to be learned, and N; = {l|Q;; < r.} is the neighboring index set of the i-th particle
within a cut-off distance r.. Accordingly, Q, j € R3*K represents a set of features that encode the
inter-molecular configurations beyond the pairwise approximation. The k-th column Qlk] = Q,k - Qi‘

preserves the translational and permutational invariance, by which we represent E;; by
K
= > (QLQi)QL © Qf + ho(QF,Qip I (2.16)
k=1

where i : RKXK — RX*! are encoder functions which will be represented by NNs. Fori = j, we

have E; = — )| jen; Eij based on the Newton’s third law.

12



Eq. (2.16) entails the state-dependency of the memory term K (Z,t) under the Markovian
approximation. To incorporate the non-Markovian effect, we embed the memory term within an
extended Markovian dynamics Ceriotti et al. (2009) (see also Ref. She et al. (2023)). Specifically,
we seek a set of non-Markovian features ¢ := [{1, (2, - - , x|, and construct the joint dynamics of

[Z, ¢] by imposing the many-body form of the friction tensor between P and (, i.e.,
Q=M'pP
P=-VU(Q)+E(Q)¢ (2.17)
(=-E@Q)'V -AC+£),
where E = [El 2. E”] and each sub-matrix takes the form (2.16) constructed by { f(-), h"(-)}?:1
respectively. A = A®I represents the coupling among n features, where I € R3V*3V s the identity
matrix and A € R”"needs to satisfy the Lyapunov stability condition A+A" > 0. Therefore, we

write A = LLT + L“, where L is a lower triangular matrix and L¢ is an anti-symmetry matrix

which will be determined later. By choosing the white noise &(¢) following

EMET)) = A+AT)s(t - 1), (2.18)

Eq. (2.17) retains the consistent invariant distribution
p(Q. P.&) ccexp[-BU(Q) + PPM ' P/2+("¢/2)].

2.5 Symmetry-preserving neural network representation

Preserving the physical symmetry constraints is crucial for both the accuracy and the generalization
ability of the constructed ML-models. Besides the conservative potential U(Q), the constructed
memory term will need to satisfy the translation- and permutation-invariance, as well as the
rotation-symmetries. Let 7, R, and P, denote the translation, rotation, and permutation operator

whose actions on a general function ¥ (Q1, - - - , Q) defined by

%T(Qla ’QM) ::T(Ql'i_b,"' ’QM+b)7
R'L(T(Ql’ U aQM) = T(Qlw, e ’QMW)’ (219)
PoF (Q1,- . Qum) =F (Qo1), - Qi)
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where b € R is a position vector, I € R¥< is an orthogonal matrix and o is an arbitrary permutation
of the set of indices. The components of the constructed memory will need to satisfy the symmetry

constraints
ToZi(Q1, -+, Qm) =Zi;(Q1, -+, Qum)
RuZij(Q1, -+, Qu) = UEj(Q1,- - . Qu)U" (2.20)

PorEij(Q1, -+, Qu) =

[t

e o) ( Qo) s Qo (M)

K
AT A A A \T AT A
Proposition 2.5.1. The representation E;; = Z hk(QiTle-j) ( lkj) ( lk]) +h0(QiTjQij)Ipreserves
k=1

the symmetry conditions (2.20), where Qlk = Qi+Z F¥(0u)Qu represents the local environment-determined
leN;
features (generalized coordinate) for the i-th particle, f : R — RX and h : RE*X — RE*! gre two

encoder functions.

Proof. We note that 7,Qij = 5Qi - T6Q; = Qij» T60Qij = |[%Qi - Q| = Qij» RuQij = UQi;.
RuQij = Qij» PorQij = Qu(io(j)» and Py-Qij = Oy (i) (j)- Therefore, for arbitrary indices i and k,

the feature Qlk satisfy the following symmetry conditions

TQf = ToQi+ ) [ (0 ToQu = Qf +

leN;
RuQf = RuQi+ ) f*(RuQu)RuQu = UQF 2.21)
leN;
PO'Q,{( =P,Qi + Z fk(pO'Qil)PO'Qil = QS—(,-)’
IEN(r(i)

where we have used the fact that ), f(r;)r; is permutational invariant for the last equation.
Therefore, we have %Qlj = TQ: - 75@;’ = Qij’ Qi = 1 76Q; — %Qj” = Qij Rinj =
(LIQl-j, RyQij = Qij, SDUQ,-j = QU(,-)(T(J-), and PUQAU = QAJ(i)J(j). Thus, for arbitrary indices i, j

and k, the encoder functions /iy (Q; J Qg) satisfy the following symmetry condition

%hk(QiTjQij) = (TQi) Qi) = hk(QiTjQij)

Ruhi(QFQij) = hi(RuQip) RuQij) = hi(QF,Qi) (2.22)
Pahk(Qg‘Qij) = hk(Qg-(i)g-(j)QO'(i)O'(j))~
Plugging Eq. (2.22) into the definition of E;; yields (2.20). O
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2.6 Training

Eq. (2.17) departs from the common CG models by retaining both the heterogeneity and
non-Markovianity of the energy dissipation process. Rather than matching the mean-field metrics
such as the homogeneous VACF, we learn the embedded memory Z(Q(1))eA " 9Z(Q(s))” based

on the MZ form. However, directly solving the orthogonal dynamics e®2%!

i1s computationally
intractable. Alternatively, we introduce the constrained dynamics Z(¢) = e®2(0) following Ref.
Hijon et al. (2010). Based on the observation PQ = PR = 0, we sample the MZ form from
2(1),ie., Kuz(Z,1) = Pz[(e"Qz LP)(Qz LP)"] and the memory of the CG model reduces to
Kc(Z,1) = 2(Q)eME(Q)T. This enables us to train the CG models in terms of the encoders

{fi(),h ()}, and matrices L and L by minimizing the empirical loss

=
=

N t

l l 2
L= Y||Kea(Z0.1) - Kuz(Z 0.1, (223)

J

~
Il

—_
Il

—

where [ represents the different CG configurations.

2.7 Numerical Result

To demonstrate the accuracy of the present model, we consider a full micro-scale model of a
star-shaped polymer melt system similar to Ref. Hijon et al. (2010), where each molecule consists of
73 atoms. The atomistic interactions are modeled by the Weeks-Chandler-Anderse potential and the
Hookean bond potential. The full system consists of 486 molecules in a cubic domain 90 x 90 x 90
with periodic boundary conditions. The Nosé-Hoover thermostat Nosé (1984); Hoover (1985) is
employed to equilibrate the system with k7T = 4.0 and micro-canonical ensemble simulation is
conducted during the production stage. Below we compare different dynamic properties predicted by
the full MD and the various CG models. For fair comparisons, we use the same CG potential U(Q)
constructed by the DeePCG scheme Zhang et al. (2018b) for all the CG models; the differences in
dynamic properties solely arise from the different formulations of the memory term.

Let us start with the VACF which has been broadly used in CG model parameterization and
validation. As shown in Fig. 2.2, the predictions from the present model (NM-MB) show good

agreement with the full MD results. In contrast, the CG model with the memory term represented by
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Figure 2.2 The VACF of the full MD and CG models with various memory formulations in (a)
semi-log scale (b) original scale. “M” and “NM” represent Markovian and Non-Markovian; GLE,
DPD, and MB represent state-independent, pairwise, and the present (NM-MB) model retaining the
many-body effects, respectively.

the pairwise decomposition and Markovian approximation (i.e., the standard M-DPD form) yields
apparent deviations. The form of the pairwise decomposition with non-Markovian approximation
(NM-DPD) shows improvement at a short time scale but exhibits large deviations at an intermediate
scale. Such limitations indicate pronounced many-body effects in the energy dissipation among
the CG particles. Alternatively, if we set the VACF as the target quantity, we can parameterize
the empirical model such as GLE by matching the VACF predicted by the full MD. Indeed, the
prediction from the constructed GLE recovers the MD results. However, as shown below, this form
over-simplifies the heterogeneity of the memory term and leads to inaccurate predictions on the
collective scales.

Fig. 2.3 shows the velocity cross-correlation function (VCCF) between two CG particles, i.e.,
C*(t;r9) = E[Vi(0) - V;(1)|Q;;(0) = ro], where ro represents the initial distance. Similar to
VACEF, the present model (NM-MB) yields good agreement with the full MD results. However,
the predictions from other empirical models, including the GLE form, show apparent deviations.
Such limitations arise from the inconsistent representation of the local energy dissipation and can

be understood as following. The VACF represents the energy dissipation on each particle as a
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Figure 2.3 The VCCF C*(t;r() predicted by the full MD and different CG models with initial
distance (a) 10 < rg < 11 and (b) 14 < r¢p < 15. Same line legend as Fig. 2.2.

homogeneous background heat bath; it is essentially a mean-field metric and can not characterize
the dissipative interactions among the particles. Hence, the reduced models that only recover the
VACEF could be insufficient to retain the consistent local momentum transport and the correlations

among the particles.

1.0 1.00
(b)
~ 0.5 0.75
© <
e %}
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J= 0.50%
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I—-l [_'
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-0.5 S~

0 5 10 15 20 _0 5 10 15 20 0.00
Time

Figure 2.4 (a) Longitudinal and (b) Transverse hydrodynamic modes predicted by MD and different
CG models. Same line legend as Fig. 2.2.
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Furthermore, the various empirical models for local energy dissipations can lead to fundamentally
different transport processes on the collective scale. Fig. 2.4 shows the normalized correlations
of the longitudinal and transverse hydrodynamic modes Hansen and McDonald (1990), i.e.,
Cp(t) = (i1(t)i;(0)) and Cr (1) = (ip(t)i(0)), where @@ = 1/M Z?ﬁl ‘/J~eik'Q1, k is the wave
vector, and the subscripts 1 and 2 represent the direction parallel and perpendicular to k, respectively.
Similar to the VCCEF, the prediction from the present model (NM-MB) agrees well with the MD
results while other models show apparent deviations. In particular, the prediction from the GLE
model shows strong over-damping due to the ignorance of the inter-molecule dissipations.

Finally, we examine the diffusion process on the collective scale. Fig. 2.5 shows the van
Hove function that characterizes the evolution of the inter-particle structural correlation defined
by G(r,t) « # Z%tl- o(IQi(r) = Q;(0)|| = r). Att =0, G(r,t) reduces to the standard radial
distribution function where all the CG models can recover such initial conditions. However, for
t > 0, predictions from the models with the pairwise decomposition (NM-DPD) and the GLE form
show apparent deviations. Specifically, at an early stage near ¢ = 50, the neighboring particles begin
to artificially jump into the region near the reference particle, violating the fluid-structure thereafter.
In contrast, the present model (NM-MB) shows consistent predictions of the structure evolution over
a long period until # = 1000, when the initial fluid structure ultimately diffuses into a homogeneous

state.

2.8 Conclusion

To conclude, this work reveals a caveat in constructing reliable CGMD models that preserve the
collective dynamics. Unlike the empirical forms, we developed a CG model that faithfully accounts
for the broadly overlooked many-body nature of the non-Markovian memory term for extensive
MD systems. While the significance of preserving the many-body nature of the conservative force
field on static properties has been gradually recognized, the caveat on the memory term seems to
remain under-explored. We show that retaining the heterogeneity and the strong correlation of the
local energy dissipation is crucial for accurately predicting the cross-correlation among the CG

particles, which, however, can not be fully characterized by the mean-field metrics such as VACF.
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Figure 2.5 The van Hove function predicted by (a) full MD (b) the present NM-MB model (c)
NM-DPD model (d) GLE model. It depicts the time evolution (y-axis) of the radius distribution
function (x-axis).
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More importantly, the memory form representing the inter-molecule energy dissipations may play
a profound role in the transport and diffusion processes on the collective scale. In particular, the
present model accurately predicts the hydrodynamic mode correlation and the van Hove function
where empirical forms show limitations, and therefore, shows the promise to accurately predict the
emergent phenomena relevant to hydrodynamic transport and diffusive processes on the collective

scale.
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CHAPTER 3

GENERALIZATION OF REDUCED MODELS FOR NON-EQUILIBRIUM DYNAMICS

3.1 Challenges in Modeling Non-Equilibrium Processes

Predictive modeling of the collective behaviors of multi-scale physical systems poses a persistent
challenge for both fundamental science advancement and various applications Anderson (1972).
While the canonical molecular dynamics enables us to faithfully account for the micro-scale
interactions, numerical simulations often show limitations for systems without clear scale separation,
where the computational cost could become prohibitive to reach the resolved scale of interest. This
motivates the construction of various coarse-grained molecular dynamics (CGMD) models. By
picking a set of collective variables (CVs), the CG models seek the reduced dynamics with less
degrees of freedom to achieve a broader range of spatio-temporal scales. The constructed CG
models are generally governed by a conservative CG potential representing the free energy of the
resolved CVs and a memory term (along with a coherent noise) representing the energy dissipation
that arises from the coupling with unresolved variables. Extensive research efforts Rosso et al.
(2002); Maragliano and Vanden-Eijnden (2006); Izvekov and Voth (2005); Noid et al. (2008); Rudd
and Broughton (1998); Lyubartsev and Laaksonen (1995); Shell (2008); Nielsen et al. (2004); Laio
and Parrinello (2002); Darve and Pohorille (2001); Soper (1996); Reith et al. (2003); Nielsen et al.
(2004); Das and Andersen (2012), including machine learning (ML) based approaches Behler and
Parrinello (2007); Stecher et al. (2014a); John and Cséanyi (2017); Lemke and Peter (2017); Chmiela
et al. (2017); Zhang et al. (2018b); Ge et al. (2023); van der Oord et al. (2023), have been dedicated
to developing the CG potential to preserve the marginal density distribution of the CG variables
and hence the various static properties. To retain the CG dynamics, the memory term needs to be
properly introduced. Several approaches have been developed based on the direct approximations
Darve et al. (2009); Lei et al. (2010); Hijon et al. (2010); Yoshimoto et al. (2013); Hudson and
Li (2020) of the Mori-Zwanzig (MZ) projection formalism Mori (1965); Zwanzig (1973) and
data-driven parameterization Lange and Grubmiiller (2006); Ceriotti et al. (2009); Coifman et al.

(2008); Crosskey and Maggioni (2017); Baczewski and Bond (2013); Ma et al. (2016); Lei et al.
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(2016); Russo et al. (2019); Jung et al. (2017); Lee et al. (2019); Klippenstein and van der Vegt
(2021); Vroylandt et al. (2022); She et al. (2023); Xie et al. (2022); Ge et al. (2024) of empirical forms
(e.g., dissipative particle dynamics Hoogerbrugge and Koelman (1992); Espaiiol and Warren (1995),
the generalized Langevin dynamics Zwanzig (2001)). A recent work Lyu and Lei (2023b) proposed
a symmetry-preserving representation of the memory term that accounts for both non-Markovianity
and the many-body nature among the CG variables, which proves to be crucial for diffusion and
transport processes on a resolved scale.

Ideally, by accurately constructing the conservative free energy and the memory term, the CG
models will enable us to quantify the propagation of the micro-scale interactions and therefore probe
the collective behaviors across multiple scales. However, the validity and generalization ability for
practical applications remains under-explored. In particular, for extensive MD systems (i.e., the
number of molecules proportional to the system size), the CG variables are often chosen a priori such
as the centers of mass (COMs) of individual molecules; the CG model is generally constructed such
that certain dynamic properties (e.g, the mean square displacement, velocity correlation functions)
under equilibrium can be properly reproduced. On the other hand, the model’s applicability for
non-equilibrium processes remains questionable. For instance, if we coarse grain a polymer melt
system using the COMs of individual molecules, we should not expect the CG model can capture
the visco-elastic responses arising from the molecule deformation under an external flow field.
From a model reduction perspective, this limitation arises from the choice of the CG projection
operator, which is generally defined with respect to the (marginal) equilibrium density of the full
MD system. Accordingly, reduced dynamics can recover the full MD prediction only when the
underlying distribution is close to equilibrium. However, this caveat seems to be broadly overlooked
in existing CGMD models that use equilibrium dynamic properties as the metric, and therefore
poses fundamental challenges for predicting the non-equilibrium processes in real applications.

In principle, we may directly construct the reduced model for a non-equilibrium process by
defining a projection operator with respect to a specific probability measure. However, the reduced

dynamics typically relies on a time-dependent projection operator (e.g., see Ref. Kawasaki and
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Gunton (1973); Willis and Picard (1974); Baxevani et al. (2023)), which, as a result, generates
a non-stationary memory term that may not be transferred to a different scenario. In this work,
we present a new approach for constructing reliable CGMD models applicable to non-equilibrium
processes. Rather than using pre-selected CG variables such as the COMs, we seek a set of auxiliary
CG variables as the generalized coordinates of each molecule for the optimal representation of
both the intra- and inter-molecular interactions. The key observation is that by systematically
introducing these auxiliary CG variables, the conditional distribution of unresolved variables under
various non-equilibrium conditions approaches that under equilibrium conditions. This warrants the
generalization ability and enables us to transfer the empirical approximation of the non-equilibrium
processes into the construction of the Zwanzig’s projection dynamics with respect to a probability
density distribution with augmented conditional variables. To construct the reduced dynamics, we
note that both the free energy and the memory term exhibit the many-body nature. We generalize
the symmetry-preserving neural network representation of the state-dependent memory developed
in our previous work Lyu and Lei (2023b) to model both the intra- and inter-energy dissipation. For
each CG variable, we further introduce a number of non-Markovian features, allowing a coherent
white noise term to be naturally imposed that satisfies the second fluctuation-dissipation theorem
and preserves the invariant distribution. We demonstrate the proposed method by constructing the
CGMD models of a polymer melt system. Numerical results show that the CG model based on the
pre-selected COMs can recover the dynamic properties near equilibrium but is insufficient to predict
the reduced dynamics under external flow conditions. Conversely, the present model guarantees
that the unresolved orthogonal dynamics remains near equilibrium, ensuring the applicability of the
projection formalism, and therefore, accurately predict non-equilibrium processes under various

flow field conditions.
3.2 Methodology for Generalizable Coarse-Grained Models

3.2.1 Preliminaries
Let us consider a full MD system consisting of M molecules with a total number of N atoms.

For simplicity, we assume each molecule consists of N,, atoms, and the mass is set to be unit. The
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full model is governed by
2=SVH(z) z(0) = z, (3.1

where H(z) is the Hamiltonian, z = [q',q% --- ,q", p',p?,- -, p"] is the phase space vector and
S is the symplectic matrix. Specifically, q/ = [q{ R ’qzlvm] and p = [p{ yoee ’pzlvm] € RN»3
represent the position and momentum vectors of the /-th molecule for 7/ = 1,2, --- M. In this work,
the superscript indices in capital letter / and J ranging from 1 to M label the molecule index, while
the subscript indices n and [ ranging from 1 to N,, label the individual particles within the molecule.
To construct the reduced model, we define the CG variables of each molecule Z/ = [Q/,P/] viaa
map ¢ : RNm*6 _y Rmx6 o

Q' =¢%") P =9¢"(d.p), (32)
where Q! € R"™3 and P! € R™< represent the generalized coordinates and momenta of the I-th
molecule, respectively. Let Q = [Q1,Q2, - ,Quum] and P = [Py, P5, - - - , P,)/] denote the CG
variables of the full system. Furthermore, we use Q' = [Q( I-Dm+ls @ Im] to denote the position
vector of the /-th molecule, where Q§ =Quand u = (I -1)m+ j, similarly for P! In this work,
the Greek letters «, 8, u, v ranging from 1, - - - , mM label the global indices of CG coordinate.

In particular, one natural choice is to define Q' € R? as the COM and P’ € R? the total
momentum of the /-th molecule (e.g., see Refs. Lei et al. (2010); Hijon et al. (2010); Yoshimoto et al.
(2013)), which essentially eliminates the intra-molecular DOFs. The dynamic evolution is governed
by Z(1) = LZ(r), where the Louville operator L¢(z) := —((VH(20))" SVz0)¢(2) depends on
the full phase space vector z. To derive the reduced dynamics in terms of Z(¢), we define the

Zwanzig’s projection operator as a condition expectation with respect to Z(0) = Z, i.e.,

Pyf =Elf(2)é(z) = Z] = / 5(¢(2) - Z)po(2) f (2)dz/ / 5((2) - Zypo(2)dz,  (33)

where po(z) o exp [-SH(z)] represents the equilibrium Boltzmann distribution. Accordingly, we
may project the evolution dynamics Z(r) = £Z(t) on the sub-space of the CG variables. Using the

Duhamel-Dyson formula, the reduced dynamics takes the form

t
Z(1) =Py LZ(0) + / dseL0=9p, £eQ2L5Q, £ Z(0) +e¥L'Q, L Z(0), (3.4)
0
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where Qz = I — Pz. With some further assumptions, the reduced dynamics can be simplified into

the following integro-differential equation

Q=M'P
) t . 3.5)
P = —VU(Q)+/O K(Q(s),t—5)Q(s)ds + R(1),

where M is the mass matrix of the CG variables, U(Q) is the conservative free energy, and K (Q, t)
is the memory term assumed to be independent of P and R() is the fluctuation force.

In principle, with proper construction of the individual modeling terms, Eq. (3.5) provides
an accurate CGMD model of the full dynamics (3.1). However, its applicability for practical
applications, especially the generalization ability for modeling non-equilibrium processes remains
questionable. This caveat is rooted in the definition of the projection operator in Eq. (3.3), where the
conditional expectation is defined with respect to the marginal density of the equilibrium distribution
po(z). Accordingly, the derived reduced dynamics (3.5) assumes that the initial distribution of
the full model satisfies p(z|Z) « 6(¢(z) — Z)po(z). Hence, Eq. (3.5) is valid only when the
underlying distribution of the unresolved variables is close to equilibrium. Unfortunately, this
condition is generally not guaranteed when we model non-equilibrium processes (e.g., full model
(3.1) in the presence of an external field) using the CG variables like the COMs of individual
molecules, which poses a fundamental challenge for the transferability of the reduced model (2.2)

and (3.5) in real applications.

3.2.2 Construction of the auxiliary CG variables

Following the above discussion, let H,(z) and p.(z) denote the Hamiltonian and an initial (e.g.,
the steady-state) distribution under an external field. Theoretically, we may define the Zwanzig’s
projection operator with respect to p.(z) and derive the reduced dynamics under this external field.
However, the constructed reduced dynamics could be valid only for this specific condition but lack
the generalization ability for other external field conditions.

To address this issue, we transfer the exhausting effort of constructing specific reduced models
for individual non-equilibrium processes to pursuing the following question: how to ensure the

conditional projection operator defined by Eq. (3.3) remains valid for a range of external conditions?
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A key observation is that by introducing a set of auxiliary CG variables Z! = [Z!,Z!, ... | Z! ] for
the individual molecules I = 1,2, - - - , M, the conditional probability density function (PDF) under
external field approaches that under the equilibrium distribution, i.e.,

ﬂ H 5(¢(2"); = Z)pe(2) ~ H H 5(¢(z"); = Z))po(2). (3.6)

Ze I=1 j= 0 =1 j=
Intuitively, this approximation can be understood as follows: As we increase the number of resolved
CG variables, the entropy contribution of the unresolved ones decreases. Accordingly, the free
energy of different external conditions approaches the equilibrium case, and the reduced model (3.4)
and (3.5) in the form of Z’ can be applied to non-equilibrium processes. This is somewhat similar
to the work Lei et al. (2020); Yu et al. (2005) on modeling the constitutive closure of polymer
solution, where a set of generalized conformation tensors are introduced to represent the subgrid
polymer configurations under various flow conditions.
To construct the auxiliary CG variables, we seek a linear map ¢(-) in the form of a matrix
fW e RVw¥m je.,
N N
$(qy; = 2 e ZMJ,M, (3.7)
Sl Waj i=1 2oy Wi

N,

where the mass matrix is defined as M;; = 3. ™|

W, jWyi, and the normalization ensures that the

transitional and rotational symmetry of the CG variables, i.e.,

o(q" +c,p) = [62(q" +¢), 0" (p")] = [¢2(q") + ¢, 0" (p")]

¢(@'U,p'U) = [¢%(q'U), 6" (p"U)] = [¢°(a" YU, ¢" (P"Y U,

for any ¢ € R? and U € SO(3). As shown below, Eq. (3.7) can be loosely viewed as seeking the
principal normal modes of the full dynamics. We note that it is possible to construct ¢(-) as a
non-linear encoder to seek optimal CG representations of the inter- and intra- molecular interactions.
In this work, we focus on developing a general CG framework of introducing auxiliary CG variables

to enhance the generalization ability and examining Eq. (3.6) as a valid metric for modeling
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non-equilibrium processes. We restrict ¢(-) to be linear; the model reduction in terms of nonlinear
CG variables will be investigated in future work.
Furthermore, we impose the following two constraints to the weight matrix W, i.e.,
m
O<wy<l, Y wy=1 foralln=1,--, N,y (3.8)
i=1
We emphasize that these constraints do not impose further restrictions on constructing the CG
variables. Specifically, for any mapping defined by a matrix W, € RV»*("=1 there exists an
equivalent mapping defined by a matrix W, € RV»*" which satisfies the above constraints (3.8).
We refer to the Appendix for the detailed discussion. Furthermore, we note that the second
constraint ensures that the COM of the full molecule is consistent with that of the CG variables, i.e.,
(= (Zanl Wy j) Qj. =2 ZnNz’"l waiql = ZnNz"’] q/, which enables us to establish a fair comparison
of the different CG models on the same metric in Sec. 3.3. Moreover, Newton’s third law can be
naturally imposed in Eq. (3.20).
To learn CG mapping ¢(-), we aim to find a weight matrix W such that condition (3.6) holds,
which, unfortunately, cannot be easily checked a priori. Alternatively, we propose to learn the CG

variables with the longest relaxation of the time correlation function. Specifically, we collect training

samples under an external field and seek W by solving the optimization problem

S Tt X1 VE@ V(T + )T
max L (3.9)
W V@) V(D)

N 1
Zn:"{ WnjiPy
N,
anwll Wnj

when the correlation function decays to 0 and 7 is randomly selected from a long MD trajectory under

under constraint (3.8), where V§ = , t. 1s a hyperparameter representing the cut-off time
the steady state. Intuitively, Eq. (3.9) yields the eigenmodes of the largest (negative) eigenvalue
of the operator L under the linear approximation Crommelin and Vanden-Eijnden (2011). We
note that this is somewhat similar to the time-lagged independent component analysis (TICA)
Pérez-Hernandez et al. (2013); Molgedey and Schuster (1994); Schwantes and Pande (2013) and
dynamic mode decomposition (DMD) Schmid (2010); Chen et al. (2012); Kutz et al. (2016) to

identify the dominant dynamics from the simulation data. Furthermore, we emphasize that Eq. (3.9)
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Figure 3.1 Diagram illustrating the neural network architecture for the CG conservative force and the
memory kernel. (a) The construction of CG potential function U and memory kernel K. Initially, Q
is converted into a local environment matrix {Q, }f{”: "1- Sub-networks, illustrated in (b), map Q, to a

local feature D, and generalized coordinate Q,u. Finally, the totel potential is constructed by Eq.
(3.10),1.e. U = Zﬁ/[ " (D ). The total memory kernel K is constructed with the state-dependent

component of the memory kernel derived from Qﬂ using Eq. (2.16) and the time-dependent
component A. (b) The sub-networks map Qﬂ to a local feature D, and generalized coordinate Q#.
The neighbour of the u-th CG coordinate is denoted by N, = {e,--- ,v,---, 8}. (bl) The k-th row
of generalized local environment matrix embeds the relative information between u-th coordinate
and its k-th neighbor (labeled as the v-th coordinate), including type embedding a,, a,, b,,, and
distance information. (b2) The Ky X K, symmetry perserving feature D, is constructed by (Gl,ﬂ)T,
Qﬂ, (A)Z and G . (b3) The generalized coordinate is constructed from the local environment

embedding matrix G3 , and relative position Q u» Which is the last three columns of Q -

should not viewed as the equivalent condition of Eq. (3.6). Rather, it is essentially an empirical

approach for learning CG mappings such that the metric (3.6) satisfies approximately.

3.2.3 Construction of the symmetry-preserving free energy function
With the CG mapping ¢, the construction of the CG model proceeds with learning the free
energy U(Q) and the memory kernel K (Q,t). To retain the extensive structure, the free energy
U(Q) is decomposed into the local potential of individual CG coordinates, i.e.,
Mm
U(Q) = ). U(D(@Qy), (3.10)
u=1
where U(+) represents the local potential, Q « represents the local environment determined by the

relative position between the CG coordinates @, and its neighbors @, in {v |v € N, }. The detailed
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form will be specified following Eq. (3.12). D(-) represents the encoder functions that map Q y
into symmetry-preserving features. N, denotes the CG coordinate indices v in the neighbour of CG
coordinate indices y, such that r,, < r.. We define N, as the cardinality of the set N,,.

Fig. 3.1 sketches the neural network representation of U(Q), where a structure similar to Ref.
Zhang et al. (2018c) is used to preserve the translational and rotational symmetry constraints. To
impose the permutational symmetry, we note that U () remains invariant with the index permutation

among the individual molecule, i.e.,

v, Q7. .Q"") =u(@Q". Q- .Q"), (3.11)

where {o (1 )}ﬁ | represents an index permutation among moleculars. However, U(Q) does not

necessarily remain invariant under an index permutation among the generalized CG coordinates, i.e.,

U(QLQs . Q1.Q3 ) #U(QL QL .Q1.Q) ),
U(@Q1.Q; . QLQ3 ) #U(Q)Q1 . Q1.Qy ),

(3.12)

where Q{ = Q(/-1)m+i- This complication can not be remedied by introducing the particle type
information as done in Ref. Zhang et al. (2018c). This is because, for a specific CG coordinate,
its contribution to U(Q) could be either inter- or intra-molecular interaction associated with other
CG coordinates. Therefore, we define the local environment of the u-th coordinate by Q u =
(ay,au, by, S(ryp)s Xvps Vv Zvp) € RN«X7 where relative position oy = Qyv—Qu = (Xyu, Yvus Zvu)
denotes the relative position to its neighbor, £,,, = s(r,,)Xyu/7yy, and similar for $,, and Z,,. s(r)

is a preselected function defined by

ifl1=J,

bl

% ifr<r.gand I # J,
s(r) =
%[1+COS(M)] ifreg <r<reoand 1 # J,

Fe=res

0 else,

where [ and J represent the molecule indices of the u-th and its neighbor coordinate. The motivation

of this definition is the interactions between molecules are intended to steadily decline to zero as
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the distance grows, whereas intra-molecular interactions are expected to intensify with increased
distance. In particular, if the two coordinates belong to the same molecule, their intra-molecular
interactions will always be accounted for. Otherwise, s(r) is a smooth differentiable function that
decays to 0 beyond r¢. r, 18 a hyper-parameter and is set to be . — 1 in this study. The a,, a, and
b, are parameters to represent the type of atom and the type of interaction. Specifically, b, is
set to be 1 if the u-th coordinate and its neighbor v-th coordinate are part of the same molecule
I, which means that there existi, j € {1,--- ,m} suchthatu=(/—1)m+iandv=(I-1)m+j.
Otherwise, it is set to be —1. In addition, we also introduce a,, a, to represent the type of the u-th
CG coordinate and the type of the v-th CG coordinate within the neighborhood. In practice, a,, a,
are settobei, j € {1,---,m} defined in b,,,.

With the local environment Q u» We construct the local features D € RK1XK2 by

D(Qu) = (Gl,u)T Qu (Q#)TGZ,/A
) R ERE)
= Z gl(s(rvp)»av’a,u’bvu)Qv,u Z gZ(S(er)a av’ay’bvu)Qv,u ’

veNy veN,

where G, € RNk G, € RVe*K2| The k-th row of G, is represented as a neural network
g1(s(ryy),ay,ay,, by,) that embeds the relative information between the u-th coordinate and
its k-th neighbor (labeled as the v-th coordinate) in R* to a feature space in RX!. Similarly,
G2 = g2(s(ryu), ay, ay, by,) is represented by a neural network mapping R* to R,

To construct the free energy function U(Q), we conduct restrained MD simulations (see Sec.
3.2.4 for details) and train the neural network representations U(-), g1(-) and g»(-) by minimizing

the empirical loss between the MD and CG model, i.e.,

2
]

Ly= ZS: HVU(Q(S)) +F(QW) (3.14)
s=1

where the superscript s represents various configurations and the # represents the conservative

force term sampled from the full MD simulation; see Sec. 3.2.5 for details.
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3.2.4 Construction of the symmetry-preserving memory function

Besides the free energy function U(Q), the reduced dynamics further depends on the memory
function K (Q,t). In particular, recent work Lyu and Lei (2023b) shows that the memory function
could exhibit a strong many-body nature. Empirical approximations such as the standard GLE
with a homogeneous kernel and the dissipative particle dynamics with a pairwise decomposition
generally show limitations in modeling the heterogeneous energy dissipation among the CG particles.
To predict the collective dynamics, it is crucial to accurately model both the non-Markovian and
many-body nature of the memory function.

Following the neural network structure proposed in Ref. Lyu and Lei (2023b), we encode the
many-body dissipative interactions among the CG particles by introducing coordinate features

@# = [AL, Ai, e Af**] € RK3%3_ where the feature Qﬂ is defined by

Qﬂ =Qu® (Giu)T Q.
= Qy ® Z gS(S(rv,u)’ Ay, dy, bV#)QVﬂ’

veN,

(3.15)

where G5, € RV«K3 where g3 : R* — RX is a neural network that encodes the dissipative
interactions beyond the pairwise form. Q u € RN«*3 denotes the relative position between the u-th
coordinate and its local neighbor, whose k-th row (corresponding to v-th coordinate) is defined as

Qv = (Rvys Pvus 2vy).  Accordingly, we can construct the state-dependent memory in the form of

E(Q(1)erHE(Q(s)T, with E = [E'E%- - EP] and

K3
= > h(QuwQL,)Q%, © QF, + h§ (QuQL ), (3.16)
=1
where h : RKXKs 5 RD(K3+D and d = 1,--. , D. A takes an extendable form A = A ® I, where

I € R3MX3M g the identity matrix and A € RP*P specifies the coupling among the features. It

takes the form A = LL” + L, where L is a lower triangular matrix and L%is an anti-symmetry
. o T |

matrix; it satisfies the Lyapunov stability condition A + A° > 0.

We can show that Z in the form of Eq. (3.16) strictly preserve the translational, rotational, and
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permutational symmetry constraints, i.e.,

4 (Qr+b, - Quu+b) =EL(Q1.- . Qun)
QU QuuU) = UEL(Q1, -+, Qua)U" (3.17)
=,(Q7Y,Q7, Q") =87, (Q",Q% . QM)
for any ¢ € R3, U € SO(3), and index permutation {0'(1)}?1 , between the molecules, where
= [Q(I—l)m+l, S QIm]-
To construct K (Q, 1), we learn the memory embeddedinEq—3-2D-intheformof 2(Q))eA=0=(Q(sHT
directly from the Zwanzig’s formalism so that the many-body nature can be naturally inherited. We
estimate the memory term K,z (Q, ) for a collection of CG configurations. This enables us to train
the memory function in terms of the encoders {g3(-), h} and matrices {L, L} by minimizing the

empirical loss

QY. 1) - Kuz(QY.1;

(3.18)

where s represents the different CG conﬁgurations.

3.2.5 Traning and evaluation of the CGMD model
Following Ref. Hijén et al. (2010), we use the restrained dynamics 2(r) = e®*z(0) to
approximate the orthogonal dynamics €22 based on the observation PQ = PR = 0. Accordingly,
the conservative term can be approximated by 7 (Q) = Pz L P and the memory term of Zwanzig’s
form (see Eq. (3.4)) can be approximated by Ky7(Q, 1) = Pz [(eRtQZLP)(QZ.EP)T] and the
memory of the CG model reduces to K¢ (Q, 1) = E(Q)eME(Q)T. To collect the training samples,
we establish the restrained dynamics following
q =p' - WWTW) 'wTp!
(3.19)
pl =t - WWTW) 'wTt!
where f! = [ flo--, f,{,m] € RV»>3 is the force of the individual atoms belonging to the molecule
I. The total force of each CG variable is defined as F§ = Z | Wnyj 1, which is equivalently denoted

by Fywithy=(U-1)m+jandpu=1,--- ,mM.
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Under the restrained dynamics (3.19), the orthogonal fluctuation term corresponds to the
random force of each CG variable, i.e., QzLP = [6F\,6F,, -+ ,6Fuu], where 6F, =F,, — (F,,)
represents the random force of the u-th CG coordinate and (-) represents the condition expectation
whose generalization ability will be examined in Sec. 3.3. Due to the constraint (3.8), the Newton’s

third law is naturally satisfied, i.e.,
M,m Ny, M,m Ny, M,N,, M,N,, M,N,,

ZF = Z an,f’ Z Zwm Z £/ = £ =0, (3.20)

I.n J,l

where f rIL lj represents the force between the n-th atom of the /-th molecule and the /-th atom of the
J-th molecule. Therefore, 6F, = —3,,,0F, and &, = — >, Epy.
The constructed reduced model can be simulated by the extended dynamics of [Q, P, (] in the

form of

Q=M'P

P=-vU(Q) +E(Q) 321

¢=-2(QTQ-AC+E(),
where we introduce the white noise term following (£(1)&(2')) = B~ (A + AT)6(r — ¢'). With this
choice, we can show that Eq. (3.21) satisfies the second fluctuation-dissipation theorem. We refer to

Ref. Lyu and Lei (2023b) for the detailed proof.
3.3 Numerical Results

3.3.1 The full atomistic model

To validate our method, we consider a full micro-scale model of a polymer melt system. Each
polymer molecule consists of N, = 106 atoms. The central atom is connected to 3 arms and each
arm consists of 5 atoms. At the end of each arm, there are 6 additional arms connected to the end
atom and each additional arm consists of 5 atoms. The pairwise atomistic interaction is chosen to be

the Weeks-Chandler-Andersen potential

V() = VL (r) = VLi(Re), ¥ < R Vio(r) = de [(0')12 _ (0')6] ’

0, r > R,

(3.22)

33



where € = 1.0 is the dispersion energy, R. = 2!/°c and o = 2.415 is the hardcore distance. The

r 2
1- (R_o) ] : (3.23)

where stiffness is set to be K = 1 and the distance is to be Ry = 5. The complete system consists of

bond interaction is chosen to be the FENE potential

Vip(r) = —O.SKR(Z) In

M = 300 molecules in a 90 X 90 x 90 domain in the reduced unit. The periodic boundary condition
is imposed along each direction. The system is equilibrated under the Nosé-Hoover thermostat with
temperature kg7 = 4.0. In this work, the external force field is imposed on the x-y plane and the
temperature is defined by the velocity in the z direction. To collect the training samples, we impose

an external force field f, along the x-direction to generate the reverse Poiseuille flow, i.e.,

fo 1f0<y<45,
() = (3.24)

—fo else,

where fy = 0.01 is the force magnitude. The full model is simulated for 1 x 10° steps with a time
step dr = 1 x 1073 to achieve the steady state, followed by 5 x 10° steps to collect the statistical
samples in Eq (3.9), with 7. set to be 5. To construct the CG models, we learn m = 3 and m = 4
CVs from the training set. Throughout the rest of this paper, we will denote the reduced model that
only uses the standard COMs by CGCOM, and the reduced models with 3 and 4 auxiliary CVs (per
each molecule) by CG3 and CG4, respectively. In particular, for the CG3 model, the obtained 3
CG variables are equivalent which uniformly divides the individual molecule into three parts. In

contrast, the obtained CG variables are inequivalent for the CG4 model.

3.3.2 Generalization ability of the CG models

As discussed in Sec. 3.2.1 and Sec. 3.2.2, the generalization ability of the CG models
for the non-equilibrium processes relies on the assumption that the conditional PDF (i.e., «
5(¢2(q) — Q)p.(q)) used for defining the CG projection operator (3.3) remains nearly the same,
i.e., Eq. (3.6) holds for various external flow conditions. In practice, the direct evaluation of
this high-dimensional PDF becomes computationally intractable. Instead, we relax this metric

by examining the second moments of the atomistic particle distribution conditional to fixed CG
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variables under various non-equilibrium conditions. Specifically, we examine the variation of the
particle position in the orthogonal direction defined by ¢! 1;, = ' - W(WTW)"'WTq’, where
q' € RV»*3 represents the atomistic positions of the /-th molecule and W is the weight matrix

constructed by Eq. (3.9). The second-moment covariance matrix is defined by

T
C(y) =E"™|q) wa' ' |yl=y].

where C(y) € RV»*Nm and the conditional expectation E"® is evaluated over the full molecules
I=1,2,---, M under the stationary distribution generated by the external force field (3.24). The
condition y! = y restricts the COMs of the sampling molecule along the y-direction.

In particular, the external force generates the reverse Poiseuille flow along the x-direction,

where the flow shear rate 66”; and the external stress vary along the y-direction. Specifically,

the shear rate is close to 0 at y = L/4 and y = 3L/4, and achieves the largest value at y = 0,

y =L/2,and y = L. Therefore, the variation of C'(y) with respect to y provides a computationally

accessible metric for Eq. (3.6). If the conditional PDF is close to the equilibrium distribution, C'(y)

should be homogeneous. Conversely, the large variation implies the deviation from the equilibrium
distribution.

Figure 3.2 shows the difference ||C'(y) — C(y’)|| of the various CG models at different locations,
where y and y’ correspond to the horizontal and vertical axis, respectively, and || - || 7 is the Frobenius
norm. It is clear that when the COMs are the only CG variables, the unresolved (i.e., orthogonal)
degrees of freedom exhibit heterogeneous second moment along the y-drection, implying pronounced
variation of the conditional PDF under different external fields. On the other hand, the variation
decreases significantly when auxiliary CG variables are introduced into the CG3 and CG4 models,
showing the promise of certain generalization ability for non-equilibrium processes.

The discrepancy in the conditional PDF will further lead to inconsistent reduced modeling
terms under various non-equilibrium processes. To probe this effect, we examine the pairwise
conservative force between the CG coordinates. We emphasize that the CG force generally exhibits
a many-body nature Ge et al. (2023); here we use the projection along the pairwise direction Lei

et al. (2010); Hijon et al. (2010) as a metric to quantify the generalization ability of the free energy
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Figure 3.2 The Frobenius norm of the second-moment difference ||C(y) — C(y’)||r of the various
CG models under the steady reverse Poiseuille flow generated by external force fy = 0.01 (upper) and
Jfo =0.005 (lower), where y and y” are represented by the horizontal and vertical axis, respectively.
(a) and (d) CGCOM,; (b) and (e) CG3; (c¢) and (f) CG4.

U(Q). Specifically, let FZJ denote the force between the CG coordinates Q{ and Q;. For the
equilibrium state, the pairwise conservative force is defined as FZQ(Q) = B [Fljj -ef ]J ‘Ql[ JJ =Q ],
where efjj = QlI]J / QIIJJ and E®[-] is the expectation over the molecule index 1 < I,J < M under
the equilibrium state, and 1 < i, j < m is kept to represent the CG coordinate index within
each molecule. For the non-equilibrium state, the pairwise conservative force is defined as
P“il;?q(Q,y) = B Fly : efjj |yl = yj =y, QlIJJ = Q], where the condition is taken that both Q!
and Q; share a specific value along the y-direction.

Figure 3.3 shows the difference |F; ;q(Q) - F;}eq(Q, y)| for the different CG models. For the
standard CGCOM model where @ is represented by the COMs, the two CG force terms agree well at
y=L/4=225andy =3L/4 = 67.5, where the shear rate is close to zero and the atomistic particle

distribution is near equilibrium. In contrast, the two force terms show pronounced differences at

y =0,2/L, and L where the shear rate is large and the non-equilibrium distribution deviates from
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the equilibrium distribution. This is consistent with the specific pattern of the second-moment
difference in Fig. 3.2(a) and (d). The large difference implies the heterogeneity of the conditional
PDF 6(¢2(q) — Q)p.(Q) under various external conditions. Such limitation has a clear physical
interpretation: the intra-molecular interactions may significantly affect the visco-elastic response as
well as the collective dynamics, which, however, cannot be captured by the COMs. Fortunately, the
inconsistency can be alleviated by introducing auxiliary CG variables into the reduced model. As
shown in Fig. 3.3, the conservative force difference |F;q(Q) -F l.rjl.eq(Q, y)| decreases to O(0.1) for
the CG3 and CG4 models, showing the improvement in the generalization ability of the free energy
term U(Q).

Finally, we study the generalization ability of the memory term K (Q,t). Similar to U (Q), we
note that the memory term K (Q, r) generally exhibits a many-body nature Lyu and Lei (2023b);
here we examine the variation of the pairwise fluctuation force 61*"1.7 = FI;J - F;j (Q{ JJ )el.’ ]J . It can be
loosely viewed as a metric of K(Q,t =0) =E [6F ® 6F']. Specifically, we evaluate the variation

of 6Fi§/ under the equilibrium state

T T
K5(Q) =B Ry (1~ eff"elf o |olf = 0],

and the nonequilibrium state

T T
K;*(Q,y) = E™ [5Fi§/ (I - e/ e{j’) SF[ ‘Q{j’ =Q.y/ =y} = y] :
where the expectation is over the molecule index 1 < I,J < M. Fig. 3.4 shows the difference
|K;}e 1(0,y) - Kqu (Q)| for various CG models. Similar to the conservative CG force, the variation
of the fluctuation force exhibits pronounced heterogeneity for the CGCOM model and achieves the

largest discrepancy at the locations of large shear rate (y = 0, L/2, L). In contrast, the discrepancy
becomes much smaller for the CG3 and CG4 models with auxiliary CG variables.
3.3.3 Non-equilibrium flows

The inconsistent reduced modeling terms shown in Sec. 3.3.2 reveal a caveat of using the
standard CGCOM model for non-equilibrium processes. We examine this effect by simulating

various non-equilibrium flows.
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Figure 3.3 The pairwise conservative force difference ‘Fl .I;.eq(Q) —~ F;q(Q, y)) for various CG models,

which loosely quantifies the generalization ability of the CG free energy U(Q). (a) CGCOM,; (b)
CG3 with (i, j) = (1, 1); (c-f) CG4 with (i, j) = (1,1),(2,2),---, (4,4).

To establish a fair comparison, we construct the many-body form of the free energy U(Q) and
the memory term K (Q, t) with the symmetry-preserving neural network representations presented
in Sec. 3.2.3 and Sec. 3.2.4 for the CGCOM, CG3 and CG4 models, respectively. To verify U(Q),
we sample the radial distribution function of the inter-molecular COMs for the CGCOM model and
the intra-molecular CG coordinates for the CG3 and CG4 models. To verify K (Q,t), we sample the
velocity auto-correlation function of the CG variables. As shown in the Appendix, the predictions
of the three CG models show good agreement with the full MD results, which verify their efficacy
for modeling equilibrium processes.

Next, we consider the non-equilibrium reverse Poiseuille flow generated by an external force
(3.24) with fy = 0.01. Fig. 3.5 shows the velocity development u, (y, r). Compared with the full MD
results, the prediction of the standard CGCOM overestimates the instantaneous velocity magnitude

by three times. Furthermore, it can not capture the development oscillation near + = 60. This
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Figure 3.4 The difference of the variation of the fluctuation force |KI’;{:q(Q) - Ké{l(Q, y)| for different
CG models, which loosely quantifies the generalization ability of the CG memory term K (Q, t) at
t = 0. The sub-figure labels are the same as Fig. 3.3.
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Figure 3.5 The development of the reverse Poiseuille flow under the external force fo = 0.01
predicted by the full MD and three CG models.
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Figure 3.6 The steady state reverse Poiseuille flow under external force fy = 0.01 predicted by the
full MD and the CG models. (a) The stationary velocity profile u,(y) (b) The shear-rate-dependent
viscosity.

limitation is rooted in the choice of the COMs as the CG variables, which ignores the intra-molecular
interactions and therefore can not capture the complex visco-elastic responses under non-equilibrium
processes. The prediction of the CG3 model shows significant improvement to the CGCOM model
but overestimates the magnitude of the velocity oscillation during the flow development stage. On
the other hand, the prediction of the CG4 model shows a good agreement with the full MD results
throughout the development stage.

Fig. 3.6 shows the steady state velocity profile u,(y) predicted by the different models. Similar
to the development stage, the prediction of the CG4 model shows a good agreement with the MD
results. However, the prediction of the CGCOM and the CG3 models show apparent discrepancies
due to their inefficacy in modeling the intra-molecular interactions. To quantify the difference, we
compute the shear-rate-dependent viscosity from the steady velocity profile. The predictions of the
CGCOM and the CG3 model are nearly independent of the shear rate, which indicates that they can
not capture the visco-elastic responses associated with the molecular conformation change under
external shear flow. In contrast, the CG4 model can faithfully reproduce the shear-rate-dependent
viscosity of the full MD results.

Finally, we examine the generalization ability of the CG models for other flow fields. While
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Figure 3.7 The velocity field of a 2D Taylor vortex predicted by the full MD and the CG models.
(a-b) The contour of the instantaneous velocity uy(x, y, ) at ¢t = 50 (a) and t = 100 (b). (c) The
development of velocity uy(x = 25, y,t) (d) The steady velocity field u,(x, y).
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the training samples of the CG models are collected in the reverse Poiseuille flow, we validate the

constructed models with the Taylor vortex generated by the external force field

Ja(x.3) = =fosin (2%) cos (2?) ) fy(xa)’) = fopcos (2%) sin (MTy) ,

where fy = 1 x 1072 and L = 90. Fig. 3.7 shows the prediction of the 2D velocity contour from
various models. Similar to the previous example, the CGCOM and CG3 models overestimate the
magnitude of the velocity field due to their insufficiency in modeling the intra-molecular interactions
arising from the molecular conformation change under the external flow field. In contrast, the
prediction of the CG4 model yields show good agreement with the full MD model.

Although the CG4 model performs well in the vortex flow, we should not view it as the “correct”
(as opposed to the CGCOM) model for all non-equilibrium processes. Our main point is that the
conditional PDF associated with the CG projection needs to be consistent to ensure the model’s
generalization ability, which, unfortunately, can not be guaranteed for non-equilibrium processes.
This issue may severely limit a CG model’s applicability to practical problems. On the other

hand, properly introducing auxiliary CG variables may mitigate this inconsistency, and significantly

improve the model’s generalization ability.

3.4 Conclusion

This work presents a caveat in constructing reliable CG molecular dynamics models for
non-equilibrium processes. Specifically, a CG model’s generalization ability relies on its consistency
in the conditional PDF of the phase space vector (or equivalently, the CG projector operator) under
various non-equilibrium conditions. This criterion is determined by the proper choice of the CG
variables a priori and can not be remedied by constructing more accurate reduced modeling (the
free energy and the memory) terms. Although the Zwanzig’s projection formalism can in principle
provide the rigorous reduced dynamics, it is valid only when the distribution of the CG variables
is consistent with the one associated with the CG projection operator. Unfortunately, this metric
seems to be broadly overlooked in most existing studies on CGMD modeling. While the previous
works (e.g. Refs. Lei et al. (2010); Hijén et al. (2010)) use dynamic properties such as the velocity

auto-correlation functions and the mean squared displacement to validate the CG models, these
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quantities are essentially defined under the marginal density distribution near-equilibrium; their
applications to non-equilibrium processes are generally un-warranted.

To alleviate the above challenge, this work proposes to learn a set of auxiliary CG variables based
on the TICA to minimize the entropy contribution of the unresolved variables so that the conditional
PDF of the full phase space vector under various conditions approaches the equilibrium case (i.e.,
Eq. (3.6)). We verify this generalization metric by examining the distribution of the second moment,
the fluctuation force, and its variation under various external conditions. We show that the common
CG model that uses the molecule’s COMs as the CG variables is generally insufficient to retain
the consistent conditional PDF. In contrast, the present models with auxiliary CG variables show
significant improvement. Furthermore, the crucial role of this metric is reflected in modeling the
non-equilibrium reverse Poiseuille flow and the Taylor vortex. In particular, the prediction of the
standard CGCOM model exhibits large discrepancies from the full MD results due to its inefficacy
in modeling the intramolecular interactions under external flows different from the equilibrium
conditions. Conversely, the present model can faithfully recover the complex visco-elastic responses
and therefore yields consistent predictions with the full MD results.

Finally, we note that the learning of the auxiliary CG variables in the present study remains
somewhat empirical. They are constructed based on the TICA and hence take a linear form of the
full atomistic coordinates. In practice, we may learn the CG variables as nonlinear encoders of the
molecular conformation to achieve a more efficient representation of the intra-molecular interactions

(e.g., see Ref. Fang et al. (2022)). We leave this for future study.
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CHAPTER 4

CONSENSUS-BASED ENHANCED SAMPLING FOR HIGH-DIMENSIONAL FREE
ENERGY SURFACES

4.1 Challenges in Constructing High-Dimensional Free Energy Surfaces

Molecular dynamics (MD) provides an essential tool Frenkel and Smit (2023) to access the
micro-scale insights of complex processes in many scientific applications, including chemical
engineering, material synthesis, and drug design. To further predict the collective behaviors, it is
often desirable to construct the free energy surfaces (FESs) with respect to a set of functional-relevant
collective variables (CVs). However, the accurate construction of FES remains a practical challenge
due to the high dimensionality and the prevalence of energy barriers. Several ingenious methods
based on importance sampling have been developed, such as umbrella sampling Torrie and Valleau
(1977b), histogram reweighting Kumar et al. (1992), metadynamics Laio and Parrinello (2002);
Barducci et al. (2008); Grafke and Laio (2024), variational enhanced sampling Valsson and Parrinello
(2014); Shaffer et al. (2016); Bonati et al. (2019), weighted ensemble and its variants Zhang et al.
(2007); Ahn et al. (2017, 2021), hyperdynamics Voter (1997), transition matrix based unbiasing
method Wu and Noé (2014), orthogonal space random walk Zheng et al. (2008) and adaptive
biasing force Darve and Pohorille (2001); Darve et al. (2008); Lelievre et al. (2008); Chipot and
Lelievre (2011). Despite the efficacy in enhancing the phase space exploration, these methods
are based on iterative estimation of the biased probability density functions (PDFs) (or biased
force), where the efficiency generally diminishes as the number of CVs increases. Strategies such
as bias-exchange Piana and Laio (2007) and parallel bias metadynamics Pfaendtner and Bonomi
(2015); Prakash et al. (2018) have been developed to alleviate this issue. Both methods factorize
the biasing potential as a product of several low-dimensional functions and can work effectively
when the underlying FESs admit such structures which, however, may not always be the case for
high-dimensional problems. Several other methods Sugita and Okamoto (1999); Marinari and
Parisi (1992); Gao (2008); Yang and Qin Gao (2009); Kim et al. (2006); Hamelberg et al. (2004);
Miao et al. (2015); Lu and Vanden-Eijnden (2013); Yu et al. (2016) achieve enhanced sampling

44



irrespective of pre-defined CVs (see review Yang et al. (2019)). However, the construction of explicit
high-dimensional FESs remains a challenging problem.

Alternative to the histogram methods, the temperature-accelerated molecular dynamics Maragliano
and Vanden-Eijnden (2006) and the adiabatic free energy dynamics Rosso et al. (2002); Abrams
and Tuckerman (2008) are developed by introducing an extended dynamics of the CVs with an
artificially high temperature to overcome the energy barriers. The methods avoid dealing with
the biased potentials and have shown the promise of efficient exploration of the high-dimensional
CV space Abrams and Vanden-Eijnden (2010). On the other hand, to further construct the FES,
the sampling points are deposited in a greedy way Maragliano and Vanden-Eijnden (2008); the
effectiveness for high-dimensional problems remains under-explored.

With the recent advancements in machine learning, kernel methods and deep neural networks
(DNNs) have demonstrated promising results in representing multi-dimensional FES Stecher et al.
(2014b); Mones et al. (2016); Schneider et al. (2017); Bonati et al. (2019); Sidky and Whitmer (2018).
However, as also noted in Ref. Cendagorta et al. (2020), one essential problem for constructing
high-dimensional FES lies in how to optimize the training set. Ideally, to efficiently approximate a
high-dimensional function, the sampling should enable certain adaptivity based on the posterior error
so that the training set can be updated according to the particular underlying FES. However, such
posterior error-based sampling remains largely open for FES construction since the approximation
residual can neither be easily queried nor sampled within the full phase space. In practice, the
training samples are often collected either as pre-defined grid points or in a heuristic manner. As the
number of CVs increases, such choices may induce pronounced approximation error and suffer from
performance degradation, since most phase space regimes essentially become thermodynamically
inaccessible. Remarkably, the DeepVes Bonati et al. (2019) enables the efficient sampling of the CV
space by jointly constructing the bias potential and the target distribution. On the other hand, the
accurate reconstruction of explicit FES further requires the estimation of high-dimensional PDFs
from the samples. Recent efforts Noé et al. (2019); Gabrié et al. (2022) seek the direct approximation

of the transition operator instead of estimating PDFs using generative models, when representative
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configurations are known a priori. In addition, the reinforced dynamics Zhang et al. (2018d); Wang
et al. (2022) (see also Ref. van der Oord et al. (2023)) proposes an efficient approach to impose
adaptivity by using an uncertainty indicator as an indirect measure of the construction error to bias
MD simulations, which relies on calculating the standard deviation of the predictions from multiple
DNNs trained on the same dataset.

In this work, we present a consensus-based enhanced sampling (CES) method to efficiently
construct high-dimensional FES for complex MD systems. A unique feature is that the method
enables adaptive posterior error-based sampling such that the FES approximation and the sample
points can be simultaneously optimized. Also, unlike the reinforced dynamics, the method does
not rely on the training of multiple DNN representations. The main idea is to formulate the
construction as a min-max problem, where the max-problem seeks a residue-based distribution to
establish adaptive sampling in the vicinity of the explored phase space regime, and the min-problem
optimizes the DNN parameters for the FES representation. Iteratively optimizing both the training
set and the DNN representation achieves an adversarial construction of the FES pertaining to the
kinetic transition regime. For the maximization step, it is worth mentioning that the query of the
thermodynamically accessible phase space is non-trivial. In particular, existing approaches Tang
et al. (2023); Bao et al. (2020) in the spirit of adversarial generative models can not be directly
applied, since the global residual error is unknown a prior. Instead, we establish a consensus-based
sampling Carrillo et al. (2022) (see also Refs. Pinnau et al. (2017); Carrillo et al. (2018, 2021);
Chen et al. (2022) ) in the form of a stochastic interacting particle system governed by a McKean
stochastic differential equation. A quadratic potential is adaptively constructed to probe the local
maximum error regime by exploiting the Laplace approximation under a low-temperature limit.
Meanwhile, a coherent noise term is introduced to efficiently explore the full CV space under a
high-temperature limit and yield the target sampling points for the maximization problem, by which
the minimization of the DNN residue can be solved jointly. We demonstrate the effectiveness of the
proposed method by constructing the FES of several biomolecule systems with the number of CVs

up to 30. Fig. 4.1 sketches the workflow of the proposed method.
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Figure 4.1 The workflow of the present CES-based method. In the minimization step, given a
collection of sampling points, the reference force (i.e., the gradient of the underlying FES) can
be calculated using the restrained dynamics; a comparison with the force inferred from the DNN
approximation yields a posterior error. In the maximization step, the posterior error determines a
residue-based distribution with entropy regularization. An interacting particle system following
McKean stochastic dynamics is used to achieve an adaptive sampling of the max-residue regime by
modulating the exploitation of the Laplace approximation of the current residue-based distribution
and the exploration of the uncharted phase space. The FES can be accurately reconstructed after
several iterations of the minimization and maximization step.

4.2 Consensus-Based Sampling Methodology

4.2.1 Free energy and mean forces
We consider a full model with micro-scale coordinates r € RY whose dynamics is governed by
potential U(r) : R¥ — R under temperature 7. Suppose we are interested in CVs s(r) : RN — T’

with ' ¢ R™ the FES A(z) of the CVs is defined by
1
A(z) = -—Inp(a), @.1)
B
where 8 = 1/kpT is the inverse of the thermal temperature,
1
p@ =5 [ exp (-pUNSs() - e “2)

is the marginal density for s(r) =z, Z = / exp (—=BU(r))dr is the partition function, and 6(+)

represents the Dirac delta function, which we refer readers to Stoltz et al. (2010) for more detailed
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explaination. For high-dimensional CVs, the direct estimation of p(z) often becomes numerically
challenging. An alternative approach is to fit the mean force F(z) := —VA(z) at various sample
points, which can be estimated via the restrained dynamics Allen and Tildesley (2017) by introducing

a harmonic term into the full potential, i.e.,
k T
Ui(r,z) =U(r) + E(S(r) —1z) (s(r) —z), (4.3)

where k represents the magnitude of the restrained potential. As shown in Ref Maragliano and
Vanden-Eijnden (2006), the mean force can be computed by F(z) = limy_,, F¥(z), where F¥(z) is

defined by
FK(z) = f(z) / k(s(r) — z) exp (—BUx (r, z))dr, (4.4)

and can be sampled as the local first-moment estimation.

In principle, given a collection of sample points z, A(z) can be re-constructed (up to a constant)
by matching the mean force —VA(z) at the individual points. However, for complex MD systems,
the sampling over the phase space could be highly non-trivial due to the prevalence of local
energy minima; the training set is often determined a prior as pre-selected points or in a greedy
manner. As the number of CVs increases, the empirical random samples may introduce pronounced
discretization error of the loss function over the full phase space. To efficiently construct A(z) in the
thermodynamically accessible regime, it is desirable to simultaneously optimize the training set
and the FES approximation through certain adaptive sampling based on the posterior residual error.
This motivates the present method illustrated below.

4.2.2 Min-Max formulation
Let A (z) denote the DNN representation of the FES A (z), which is parameterized by minimizing

the loss function

Ln(z) = ||V,AN(2) + F(2))|? (4.5)

for z € I'. To solve the problem, we introduce a sampling distribution ¢(z) and define the weighted

loss

(Ln-q) = /F Ln(2)q(2)dz. 4.6)
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A desired distribution intends to maximize the discrepancy in the dataset for a given network A/ (z).

Accordingly, we define the maximum problem as
G[LN] = man(-EN, q). 4.7

Since (L, g) is always non-negative, a good approximation of the original free energy surface

An(z) (up to a constant) can be obtained by solving the following problems
min max(Ly, g). (4.8)
Ay 4

Proposition 4.2.1. Assuming that there exists a solution of Lx(z) = 0 forz € T', then A" is a

solution if and only if it solves (4.8).

Proof. Suppose A* is the solution for Lx(z) = 0, it satisfies (Ly~,qg) = 0 for any g € W, i.e.,
G[Ln+] = 0. Therefore, A* is a solution for the minimax problem (4.8). On the other hand, if Ais
the minimizer for problem (4.8) but not the solution for Lx/(z) = 0, then there exists § € V such
that (L, §) > 0. However, (Lx+, q) = 0 for all g, which contradicts the assumption that A is the

minimizer. O

Proposition 4.2.1 shows that the direct construction of FES A(z) can be reformulated as an
adversarial learning of the optimal solution Ax/(z) for the min-max problem (4.8). Accordingly,
the training consists of two components: the minimization part optimizes the DNN representation
with the current training set; the maximization part explores the regime of the largest residue for
the current DNN representation and essentially establishes an adaptive sampling of the training set
based on the posterior error.

To numerically solve the max-problem, certain regularization needs to be introduced. Otherwise,
the max-problem will simply yield a delta measure, i.e., 6 (z—z*), where z* = arg max L(z). Since
the sampling needs to simultaneously identify the max-residual regime and explore the uncharted
phase space, we introduce the entropy-based regularization Wang et al. (2020a); Gao et al. (2022)

(see also Refs. Gulrajani et al. (2017); Miyato et al. (2018); Tang et al. (2023) for gradient-based
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regularization), and the max-problem is reformulated by

mqin / (=Ln(z) + &, Inq(z))q(z)dz. (4.9)

The problem is convex for a PDF g with a unique global minimum at ¢*(z) = exp(—«, L, (2))/Z",
where Z* = / exp(—kn Ly (z))dz and L (z) = —Lx(2z). The parameter kj is a Lagrangian
multiplier, balancing the focus between the peak concentration and the scope of exploration, and is
somewhat similar to the inverse temperature in statistical mechanics. An elevated K;ll induces a
distribution closer to a uniform distribution. Conversely, a diminished K;ll induces a concentrated
distribution near the max-residue point.

However the analytical formula of ¢*(z) futher depends on the accurate FES, the direct sampling
remains challenging for high-dimensional CVs. Inspired by the consensus-based sampling method
Carrillo et al. (2022), we establish a stochastic particle system governed by the McKean stochastic
differential equation. By properly constructing the conservative potential and noise terms, the

particle distribution provides a good approximation of g* as illustrated below.

4.2.3 Exploitation and exploration in the max-problem
To approximate the target distribution ¢*(z), particularly in the vicinity of the max-residual

point z*, we exploit Laplace’s principle in the large deviations theory, i.e.,

lim (—llog (/ exp (—Kf(z))dp*(z))) = f(z") (4.10)
K

K—00
holds true for any compactly supported probability measure p*, where z* € supp(p*) uniquely
minimizes the function f. This enables us to identify the max-residual point from a collection of

samples {z’}fi”l by the first-order momentum m under the weighted density function p(z), i.e.,
Ny -
2 i A i N exXp (_KZ'E (Z))
m= [ap@izs ) dpa) p)= o
i=1 Zizl exp (_KILN(ZI))

where /<l_1 represents a low temperature limit. However, the integration is subject to the so-called

(4.11)

curse of dimensionality as the number of CVs increases. Instead, we treat sampler Z' as a random

walker z: governed by the following McKean stochastic differential equation

= ——V,G(2) + | —£(1). “.12)
Y Kny
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where G(z;) = %(z, —m,)"V!(z, — m,) denotes an adaptively constructed conservative potential
function. The formulations of my, V; are specified in (4.13) with the rationale discussed in the next
section. Consequently, G (z;) navigates the random walkers (i.e., individual particles) towards m,,
which represents the region of large residual error. The second term in Eq. (4.12) represents a
stochastic term where y represents the friction coefficient and £(7) represents the standard Gaussian
white noise characterized by zero mean and covariance E[&;(¢)&;(1')] = 6;;0(t = t').

The coupling of the conservative and stochastic terms maintains a relatively high temperature
K;l, and a large friction coefficient vy is applied such that the distribution is almost always Gaussian
during the evolution. As shown in the following section, the distribution of walkers ¢,(z) converges

to oc exp(—«,G(z)) characterized by my, and V. Accordingly, the balance between exploitation

and exploration is controlled using two temperatures «,

Iand K;ll. As Kl_l decreases, the random
walker distribution concentrates near the max-residual points of the current model, reflecting the role
of exploitation. Conversely, as K}‘ll increases, the distribution smoothens progressively, enhancing

the exploration of the uncharted regions.

4.2.4 Adaptive parameter estimation and FES construction
In this section, we show that the sampling distribution governed by Eq. (4.12) converges to a

steady state as an approximation of ¢* with the proper choices of m; and V; given by
Ny
m, = > 7p(7),

i=1

N (4.13)
Vi=k ) (2 —m)(z —m) p(z),
i=1

where p(z) is defined by (4.11). In particular, with x;, = k; + kj, (4.12) converges to the distribution

based on the target residues.

Proposition 4.2.2. Suppose L}, (z) takes a local quadratic approximation in form of 3 (z—u)" =7 (z—

exp (k1 L, (2))
K Ly perTam

ast — oo, given k; = K| + Kj,.

We refer to SI for the proof. The stochastic dynamics (4.12) and (4.13) differs from the regular

Langevin dynamics; it is nonlocal and similar to the one in Carrillo et al. (2022) except that the
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parameter «j appears in the target distribution that modulates the exploration of the sampling
dynamics. The quadratic assumption of the loss function L}, (z) is due to the fact that we are mainly
interested in the regime near the max-residue point. Under the low-temperature limit, the local
regime can be well characterized by the first and second moments following Laplace’s principle.
While m identifies the extremal point, V recognizes the anisotropic nature among the different CVs.
In this study, for the sake of computational efficiency, we further simplify V by only considering the

diagonal entries denoted as v. Moreover, we utilize a moving average to ensure stable estimation

Nw
m. = Bim; + (1= 1) ) 75 (2),
=1 (4.14)

Nw
Vier = Bovi+ (1= Ba)k; ) (7 —m) © (2 - m)p(2),
i=1

where () and (B, are hyper-parameters. To maintain unbiased estimation, normalization is

m;
1—

implemented as follows: m = ~and v =
1

Vi
1-85"

With the training samples obtained from the aforementioned maximization step, the DNN
representation of the FES is optimized using the Adam stochastic gradient descent method Kingma
and Ba (2015) for the minimization step. The loss function of the updated DNN representation
An(Z), in turn, navigates the consensus-based adaptive sampling for the updated maximization step.
The min-max problem is solved iteratively to achieve comprehensive sampling of the full phase
space.

So far, the construction process is based on the function approximation of A(z) over the full
regime. However, we note that the kinetic processes of a molecular system are generally characterized
by the local minima and saddles points on the FES. On the other hand, the regimes of high free
energy are less relevant. To accurately construct these thermodynamically accessible regimes, we
modify the loss function £ as

IV,Ax(2) + F(2)|>

N = P re

(4.15)

for all the biomolecule systems except the toy example of the 1D Rastrigin function. e is a small value

to regularize the denominator. We note that a similar formulation is used in Ref. Maragliano and
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Vanden-Eijnden (2008) to quantify the model accuracy after the FES is constructed. Alternatively,
in this study, L (z) directly involves the construction process for the adaptive sampling of the

training set. A detailed algorithm is presented in Algorithm 4.1.

Algorithm 4.1 Consensus-based enhance sampling.

Require: Initial sampling point zg, fori=1,...,N,
Require: Initial DNN parameter 6
Require: The number of training iterations Ny, 4y
Require: The number of data collected N, in each training iteration
j<—0,t <0
T[]
while j < N4, do
while r < 7 do
calculate the mean force F at z/
calculate the predicted force Fy(z!) = V,An(Z!;6,)
L LN(ZD
wi o Pl
> exp (kL) o
m; — fim, + (1 - B1) X w! ' _
Viel < Bovi + (k1 + k) (1 = B2) 3, (2f — my)*w'
m «— ﬁ
Vexl
1-4}
Z,, —1z- %(z’; —m) = v+ %n,,n, ~ N(0,1)
t—1t+1
end while
Save the training dataset D; = {z!, F! tho
Optimize 6, using the generated training set O, for [ =0, ..., j.
je—j+1
end while

V

4.3 Application of Consensus-Based Sampling to Biomolecular Systems

4.3.1 One-dimensional Rastrigin function
To illustrate the essential idea of the present method, we start with the 1-dimensional Rastrigin

function:

f(x) =x% —cos(2nx), x € [-3,3]. (4.16)

Instead of a neural network, we simply use a piecewise polynomial function fy(x) for this 1D
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Figure 4.2 Adaptive sampling and construction of the 1D Rastrigin function. Left: The reference
function f(x) and the constructed approximations fj, (x) obtained at different iteration steps. The
relative [ error is less than 6 x 1072 after 12 iterations. Right: The residual function | f(x) — fy, (x)|.
The symbols represent the locations identified by each adaptive sampling (i.e., the maximization)
step where new points will be added for the next training (i.e., the minimization) step.

problem, where 6 represents the fitting parameters. Accordingly, the residual is directly defined
as | f — fo,|. Initially, we set fy,(x) = 8 with consistent boundary condition. We use the proposed
sampling method with 10 walkers to estimate the first and second moments, yielding m; = 1 x 107#
and V| = 0.022 and therefore the first and second derivative f’(m;) = 0 and f”(m;) = Vil =40.97.
This value is extremely close to the actual minimizer at O (i.e., the max-residue point) and the second
derivative f”(m;) = 41.47. Accordingly, we add new data points near x = 1 x 10~* into the training
set consisting of the boundary points f(—3) = f(3) = 8, which enables us to construct an updated
approximation fp, (x). Similarly, with the approximation fy, , (x), we conduct another sampling
process (i.e., the maximization step) and include the obtained samples near m; into the training set,
yielding an updated approximation fy. (x). As shown in Fig. 4.2, for each iteration, the sampling
step can pinpoint the regime where the error is most pronounced. Furthermore, as shown in the

Supplementary Information (SI), the second momentum near the maximum region can be estimated

correctly as well. The underlying function f(x) can be fully recovered after 12 iterations.
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4.3.2 Two-dimensional FES

We use the alanine dipeptide (Ace-Ala-Nme), referred to as Ala2, as a benchmark problem. The
molecule is solvated in 383 TIP3P water molecules similar to Ref. Zhang et al. (2018d). The full
MD system is simulated in a canonical ensemble under temperature 300K using the Amber99-SB
force field Hornak et al. (2006) with a time step is 2 fs. We refer to the SI for the simulation details.

We choose the CVs as the torsion angles: ¢ (C, N, C,, C) and ¢ (N, C,, C, N). For comparison,
we also construct the FESs using the VES Bonati et al. (2019) and RiD Zhang et al. (2018d)
method with the same setup parameters presented therein. For the CES method, we use 10 walkers
to explore the configuration space. The initial points of the walkers at the kth iteration are chosen to
be the final 10 points of a biased dynamics with the bias potential —Ax/(z; —-1). In the sampling
stage, the inverse of the low and high temperatures are set to be x; = 10 and «j, = 1, respectively. For
each sample point, restrained dynamics is conducted with k¥ = 500 for 5000 steps to compute the
average force. The timestep a for the dynamics of the random walkers (4.12) is set to be 0.1. Fig.
4.3 shows the FESs constructed by the three different methods and the reference obtained by the
metadynamics Laio and Parrinello (2002) using a long simulation time. As presented in Fig. 4.3e,
the CES method yields smaller approximation error and meanwhile requires lower computational
cost. The better performance is not unexpected since the sample points can be adaptively optimized
based on the construction error.

It is worth mentioning that the VES method was initially developed to achieve efficient enhanced
sampling in the high-dimensional phase space; it is somewhat unfair to use it for direct FES
construction since the estimation of the probability density function from the obtained samples
could be numerically challenging for high-dimensional cases. On the other hand, the present CES
method enables the explicit construction of FES if the analytical form is needed. Also, we note that
the accuracy of the RiD method can be further improved using more iterations at the cost of larger

simulation and training overhead. Below, we test the methods in more complex systems.
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Table 4.1 The accuracy of the constructed 2D FES (the Ala2 molecule) and computational time (in
hours, the same below) for the VES, RiD, and CES methods. The [, and [/, error are computed up
to 40 KJ/mol. The reference solution is constructed by the metadynamics. The simulation time of
the CES method is multiplied by 10 since 10 walkers are used.

Method Accuracy ' . Time ‘
> error | [, error | Simulation \ Train
VES 5.39 21.03 47.5
RiD 3.15 11.04 17.98 0.22 (GPU)
0.18 (CPU)
CES 1.88 10.68 0.23x 10 0.13 (GPU)

30

20

10

2 0 2 -2 0 2

Figure 4.3 The 2D FES for the Ala2 molecule on the ¢ — i plane constructed by (a) Metadynamics
(reference) (b) VES (c) RiD (d) CES (the present method). The accuracy and the computational
cost are shown in Table 4.1.

4.3.3 Two-dimensional FES
4.3.4 Three-dimensional FES

Next, we consider a s-(1)-phenylethyl (s1pe) peptoid in an aqueous environment similar to Refs.
Weiser and Santiso (2019); Wang et al. (2020a). The full system consists of one biomolecule and
546 water molecules in a (2.9nm)3 dodecahedron box. The CHARMM general force field (CGenFF)
Weiser and Santiso (2019) is used for the biomolecule and the TIP3P model Jorgensen et al. (1983)

is used for the water molecules. The system temperature is set to be 298 K with a time step is 2 fs.
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We refer to the SI for details.

The CVs are the three torsion angles w spanned by atoms (C,, C, N, C,), ¢, and i, where the
latter two are the same as the Ala2 molecule. The FES is constructed by both the RiD and CES
methods. The setup of the RiD method is the same as Wang et al. (2020a). For the CES method,
we use 20 walkers and set the inverse of the low and high temperatures to be «; = 10 and «j = 2,
respectively. The initial points of these walkers at each iteration are chosen in the same method as
the two-dimensional problem. The timestep a for the dynamics of the random walkers (4.12) is set
to be 0.1. For each sample point, restrained dynamics with xk = 500 is conducted for 10000 steps to
compute the mean force.

For visualization, we project the constructed FES onto a two-dimensional plane and fix the
third variable. Fig. 4.4 shows the projected FES on the w — ¢ and ¢ — ¢ plane obtained from the
CES and the RiD methods. For each projection, the reference is constructed as a 2D FES using the
metadynamics Laio and Parrinello (2002). Similar to the previous 2D case, the present CES method

yields higher accuracy with lower computational cost.

4.3.5 Nine-dimensional FES

Furthermore, we consider a more complex molecule, the peptoid trimer (s1pe)s, solvated in a
(4.2 nm)* dodecahedron box with 1622 TIP3P water molecules. The force field and other simulation
setups are similar to the s1pe molecule.

The chosen CVs consist of the 9 torsion angles w, ¢, ¢ that are defined in s1pe case, associated
with the different C, atoms and denoted as wy, @1, Y1, w2, P2, Y2, w3, ¢3, Y3. We use 64 walkers
for this case and the initial conditions of the walkers at each iteration are chosen with the same
method as the previous cases. The inverse of the low and the high temperature are set to be x; = 100
and «j = 2, respectively. The timestep « of the dynamics of the random walkers is set to be 0.1.
The FES is constructed by the CSE method using 28 iterations of sampling and training, which
requires 225.53 x 64 = 14434.35 CPU hours for simulation and 6.06 GPU hours for training. For
comparison, the RiD method uses 17900 CPU hours for simulation and 15.44 GPU hours for

training. Similar to the above 3D problem, the constructed 9D FES is projected onto various 2D
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Figure 4.4 The 3D FES for molecule s1pe projected on the w — ¢ with ¢ = 1.5 (first row) and ¢ —
planes with w = 1.5 (second-row). (a-d) The 2D FES constructed using metadynamics with the
third variable restrained (reference); (b-e) projection of the 3D FES constructed by the RiD method;
(c-f) projection of the 3D FES constructed by the present CES method. The CES method requires
4.81 x 20 CPU hours for sampling and 0.84 GPU hours for training, whereas the RiD method uses
423.33 CPU hours and 8 GPU hours, respectively. For a more detailed quantitative analysis, we
refer to the SI.

planes with the remaining variables fixed. For each 2D projection, the reference is constructed as
a 2D FES using metadynamics. Fig. 4.5 shows the projection on the w| — ¢; and w; — ¢ plane
(see SI for visualization of other 2D projections). Compared with the Rid method, the present CES
method yields higher accuracy with lower computational cost.

The different performances could be possibly due to the distinct ways of imposing the sampling
adaptivity for the two methods. Specifically, the Rid method trains a replica of DNNs on the same
sample set and uses the standard deviation of multiple DNNs’ predictions as an indirect measure of
the construction error. The significant sampling error of the mean force (i.e., —VA(z)) could be
overlooked by using the standard deviation as the uncertainty indicator, and therefore may further
propagate into the construction error. For instance, a biased sampling of mean force may lead to
a consistent biased prediction among multiple DNNs. As a result, even if the standard deviation

of multiple DNNs’ predictions for a sample point is small, the construction error could be still
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Figure 4.5 The 9D FES for molecule (slpe)s projected on the w; — ¢ (first row) and w; — ¥
plane (second row). (a-d) The 2D FES constructed using metadynamics with the remaining
variable restrained (reference); (b-e) projection of the 9D FES constructed by the RiD method using
17900 CPU hours for sampling and 15.44 GPU hours for training; (c-f) projection of the 9D FES
constructed by the CES method using 14434.35 CPU hours and 6.06 GPU hours, respectively.

pronounced in that region. Instead, the CES method directly uses the construction error to impose

the adaptivity and therefore achieve enhanced sampling of the regions lacking accuracy.

4.3.6 Thirty-dimensional FES

Finally, we consider the polyalanine-15 (Ace-(Ala);s-Nme), denoted as Alal6, solvated in 2258
water molecules. The full system is simulated temperature 300K in a (4.62 nm)> dodecahedron
box using the Amber99-SB force field with a time step is 2 fs. We refer to the SI for the simulation
details.

The chosen CVs consist of torsion angles ¢ and ¥, defined in Ala2 case, associated with the
different C,s, denoted as {¢;, gbi}l.lzsl. We use 64 walkers for this case and the initial value of the
walkers at each iteration is given by the biased simulation before. The inverse of the low and high
temperatures are set to be «; = 20 and «;, = 5, respectively. The timestep a for dynamics of the
random walkers Eq. (4.12) is set to be 0.1. The FES is constructed using 100 iterations of sampling

and training. Similar to the previous case, the obtained FES is plotted on a two-dimensional plane
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Figure 4.6 The 30D FES for molecule Alal6 projected on various 2D planes. (a-d) ¢; — ¢ (b-e)
@2 — ¢3 (c-f) Yo — 3. (a-b-c) 2D FES constructed by metadynamics (reference) (d-e-f) The 30D
FES constructed by the present CES method.

while the remaining variables are fixed and the reference is constructed as a 2D FES using the
metadynamics. Fig. 4.6 shows the projection on the ¢ — 1, ¢2 — ¢3 and ¥, — 3 plane. For all
the cases, the projection of the 30-dimensional FES shows good agreement with the 2-dimensional
reference solution. We have also examined the projection on other planes; the prediction shows

good agreement with the reference solution as well. We refer to the SI for details.

4.4 Conclusions

We have presented a consensus-based approach for constructing high-dimensional FESs by
reformulating the construction task as a minimax optimization problem. Rather than seeking the
direct fitting, this method essentially establishes an adversarial learning of FESs by simultaneously
optimizing the target function approximation and the training set. While the common approaches
mainly focus on the efficient exploration of the phase space in the presence of local minima, the
present method further accounts for the discretization error that has been broadly overlooked in FES
construction. Adaptive sampling of the max-residue regime is achieved through the consensus-based

sampling of a posteriori residue-induced distribution in the form of a stochastic particle system in
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the CV space. Given the fact the sampling only relies on the first and second-moment estimation,
the method could be particularly efficient for high-dimensional problems. While the numerical
results of biomolecular systems have demonstrated the effectiveness for FES construction, the
present framework of unifying the residual minimization and max-residue enhanced sampling is
quite general for model reduction of complex systems, e.g., the stochastic reduced dynamics (e.g.,

see Ref. She et al. (2023)) with a state-dependent memory for multiscale physical systems.
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CHAPTER 5

CONCLUSION AND OUTLOOK
In this thesis, we aim to address the challenges of mesoscale modeling by tackling the problem
from three key perspectives: model representation, collective variable selection, and data collection.
By integrating these techniques, we strive to develop a comprehensive framework for constructing
faithful models that accurately capture phenomena across different scales.

In model representation part, we propose a machine learning-based memory kernel to model
the many-body nature of dissipative interactions. This approach is designed to respect physical
constraints, such as symmetry, and ensures thermodynamic consistency by strictly satisfying the
second fluctuation-dissipation theorem. By embedding these fundamental principles into the model,
we aim to achieve accurate and physically meaningful representations of complex systems.

In collective variable selection part, we introduce a data-driven method to identify collective
variables that capture the principal differences between distributions under various nonequilibrium
conditions. By treating these differences as CVs, our approach can generalize across different
external force fields, making it adaptable to a wide range of nonequilibrium scenarios. This step is
crucial for reducing the dimensionality of the problem while preserving the essential dynamics of
the system.

In data collection section, to address the challenges of sampling in high-dimensional phase
spaces, we reformulate the problem as a minimax optimization. This approach balances exploration
of uncharted regions of the phase space with exploitation of areas where the model exhibits
high error. By iteratively refining the training data, we ensure that the sampling process is both
comprehensive and focused on regions critical for improving model accuracy. By integrating these
three perspectives, we aim to develop a unified framework for mesoscale modeling that bridges the
gap between microscale interactions and macroscale dynamics.

These challenges are not confined to modeling problems between the microscale and mesoscale.
We also aim to extend our framework to address modeling challenges between the mesoscale and

macroscale, such as non-Fourier heat conduction and the diffusion of active materials. In these
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applications, we strive to develop models that are not only physically consistent and accurate but
also mathematically well-posed. While this is relatively straightforward for ordinary differential
equations or stochastic differential equations for models we construct here, it becomes significantly
more challenging for partial differential equations or stochastic partial differential equations. We
hope to address this by carefully designing the model structure to guarantee existence, uniqueness,
and stability of solutions, which are essential for reliable simulations and predictions.

Recent advancements in generative models, such as generative adversarial networks (GANs),
variational autoencoders (VAESs), and diffusion models, have demonstrated remarkable capabilities
in modeling and sampling from high-dimensional distributions. Despite the explicit connection
with the sampling problems we presented ahead, a natural and intriguing question arises: Can
these generative models be extended to generate high-dimensional stochastic processes? Extending
generative models to generate high-dimensional stochastic processes that simultaneously satisfy

physical symmetries and thermodynamic consistency is a challenging but highly promising direction.
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APPENDIX A

SIMULATION DETAIL FOR NONEQUILIBRIUM CASE

A.1 Additional result of CGMD model under equilibrium state

To establish a fair comparison of the various CG models, we examine the static and dynamic
properties that have been widely used as benchmark problems for model validation. Fig. A.l
shows the radial distribution function between the CG coordinates. For all three CG models, their
predictions agree well with the full MD results, which verifies the accuracy of the CG free energy
function U(Q). Fig. A.2 shows the normalized velocity auto-correlation function (VACF) of the
CG variables. Similar to the static properties, the prediction of the CG models agrees well with the
full MD results, which verifies the accuracy of the many-body memory term K (Q,?).

Despite of the good agreement, we emphasize that these properties are essentially defined under
the marginal density near equilibrium. The applicability to non-equilibrium processes is generally
unwarranted, and further relies on the consistency in the conditional probability density function
associated with the CG projection operator (i.e., Eq. (3.6)) as discussed in Sec. 3.2.

A.2 CG variable training

In this section, we show that Eq. 3.8 does not impose further constraints on constructing the CG
variables. We examine the equivalence of two CG mapping. For instance, when the centers of mass
(COMs) are utilized as the only CG variables, the information they encompass is the same as the

COMs plus a constant or the COMs multiplied by a constant.

Definition A.2.1. For two CG map ¢ and ¢, if there exist a map T, such that ¢(q, p) = T(é(q, p)),

we say ¢ < ¢. Also, if ¢ < ¢ and ¢ < ¢, we say that the two maps are equivalent.

In other words, if ¢ < ¢, any properties that can be measured from the CG coordinate ¢, denote
as F(¢) , can also be meansured from ¢ as 7 (T(¢)). If ¢ < ¢ and a CG model %(]5 = Ldis
constructed using CG coordinate ¢, the CG model for ¢ can be constructed by the chain rule

%q& = ‘;—gf& if £ is deterministic or Itd’s lemma if £ includes stochastic term.

Proposition A.2.2. For any linear map ¢ defined by a matrix W € RN»*("=1 " there exists a map
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Figure A.1 The distribution of the pairwise distance between CG coordinates in the CGMD model
compared with the Full MD model. (a) The radius distribution function g(r) of the CGCOM model.
(b) The distribution of the pairwise distance g’(r) between two CG coordinates within the same
molecular of the CG3 model. (c)-(j) The distribution of distance g’(r) between two CG coordinate
(1-2,1-3,1-4,2-3,2-4,3-4, respectively) within the same molecular of CG4 model.
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Figure A.2 The VACF of CVs in different CG models and their comparison with Full MD. (a) VACF
of CVs in CG3 model and the comparison with Full MD. (b)-(g) VACF of CVs (1,2,3.4, respectively)
in CG4 model and the comparison with Full MD.

&, defined by a matrix W e RNmxm subject to the following constraints
m
0 < Wy <1, Zwm-:l. (A1)
i=1
Proof. For any W with entry w;;, W can be constructed as
, O<i<m,
1 (A.2)

1- Wi, i=m,

where W = min,,; w,; and w = max; Z:”_l(wni —w). It’s obvious that w,; € [0,1] for 0 <i < m.

Since

m—1 m—1 L
Zwm. _ izl (Vf’“ ) e [0, 1],

: w
i=1
we have w,,, € [0, 1]. Also, }}; w,; = 1 for every n, hence W satisfies the constraints. Since
m Np m Ny N
RV . I
DO Q=D il = Y dl, (A3)
i n n n

i
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we have N
Q[ _ an Wniql,n
i - Nm
Zn Wni
N, [ — v -
_ an(wwni + W)ql,n
- N, (o=~ -
2" (Wi +W)
- N, v ~ N, v V
(T i) Q)+ T (o) Q)

ZnNm (W"T}m’ + W)

(A4)

Therefore, Q is a linear transformation of Q’ forall/=1,---, M. Similarly, P! can be shown as a

linear transformation of P/, O
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APPENDIX B

SIMULATION DETAIL AND PROOF FOR CONSENSUS BASED SAMLPING

B.1 Proof of Proposition 2

The sampling distribution is governed by the following McKean stochastic differential equation

2= —V,G(2) + | —=£i(1), (B.1)
Y Kny

where G(z;) = %(zt - m,)"V ! (z, — m,) and y is the friction coefficient. We want to show it
converges to a steady state as an approximation of ¢g* with the proper choices of m; and V; given by

Ny,
m; = Z Z;ﬁ(zé)’
=1 (B.2)

Ny
Vi=x Y (7 —m)(z -m) p(z),
i=1

exp (—«1L7,(2))

— and k; = K] + K.
S exp (ki Ly, (2) rm AT

where p(z) =

Proposition 2. Suppose L, (z) takes alocal quadratic approximation in form of %(z )= Y (z-p),

o (- Ly (@)
qt fexp (—KhLX/(Z))dZ

ast — oo, given k; = K + K.

Proof. Let q(z) denote the invariant distribution of the McKean SDE (B.1). Then g, (z) must be

the invariant distribution of the following McKean stochastic dynamics

1 2
2=——V_l (Z-my )+ | —E(1), (B.3)
y YKh

where m,, o and «;'V,, . are the mean and the covariance matrix of the re-weighted density

« goo(z)e ™M EN? With the fluctuation-dissipation relation for Eq. (B.3), we can show ge(z)
follows the Gaussian distribution with mean m,, ., and covariance matrix KZIVKI’OO.
Since Ln(z) = %(z — )'="(z = ) is quadratic, the re-weighted density of a Gaussian

distribution g(z) ~ N (m, V) remains Gaussian, i.e.,

q(z)e—/(llzfv(l) oc N(m/q» V/q)»
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where m,, and V,, are defined by

m, =V '+ )=+ v im),
(B.4)
V=WV 14z

In particular, we choose m = m,, . and V = K}_ZIVKI,OO, then Eq. (B.4) yields

+ i 2T k2w VoL my, o),

K1,00

-1
mK[,OO = (KhVKl,oo
-1 -1 ~1y-1
ki Vigoo = (KnV o + KIZ7) 7.
It is easy to show that by choosing k; = k; + kp, My, o and V,, . recovers p and X, respectively, and

the invariant density takes the form

go(z) ~ N (,u,K,:lE) .

B.2 Simulation setup
All the MD simulations are performed using the package GROMACS 2019.2 Lindahl et al. (2019)
and open-source, community-developed PLUMED library Tribello et al. (2014). The simulation is

carried out on Intel(R) Xeon(R) Platinum 8260 CPU.

B.2.1 ala2 (the two-dimensional problem)

The Ace-Ala-Nme (ala2) molecule is modeled by the Amber99SB force field Hornak et al.
(2006). The molecules are dissolved in 383 water molecules in a periodic simulation cell. The
cut-off radius of the van der Waals interaction is 0.9 nm. The Coulomb interaction is treated with
the smooth particle mesh Ewald method with a real space cutoff of 0.9 nm and a reciprocal space
grid spacing of 0.12 nm. The system is integrated with the leap-frog scheme at time step 2 fs. The
temperature of the system is set to 300 K by a velocity-rescale thermostat Bussi et al. (2007) with a
relaxation time of 0.2 ps. The Parrinello-Rahman barostat Parrinello and Rahman (1981) with a
relaxation time scale of 1.5 ps and a compressibility of 4.5 x 107> bar~! is coupled to the system to
control the pressure to 1 bar. The hydrogen atom is constrained by the LINCS algorithmHess et al.
(1997) and the H-O bond and H-O-H angle of water molecules are constrained by the SETTLE

algorithmMiyamoto and Kollman (1992).
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B.2.2 slpe (three-dimensional problem)

The s-(1)-phenylethyl (s1pe) molecule is modeled by the CHARMM general force field (CGenFF)
Weiser and Santiso (2019). The molecule is dissolved in 546 TIP3P water molecules in a (2.69
nm)> dodecahedron box. The cut-off radius of the van der Waals interaction is 1 nm. The Coulomb
interaction is treated with the smooth particle mesh Ewald method with a real space cutoff of 1 nm
and a reciprocal space grid spacing of 0.12 nm. The system is integrated with the leap-frog scheme
at time step 2 fs. The temperature of the system is set to 298 K by a velocity-rescale thermostat
Bussi et al. (2007) with a relaxation time of 0.2 ps. The Parrinello-Rahman barostat pressure couple,
the hydrogen atom constraint, the H-O bond constraint, and the H-O—H angle of water molecules

constraint are the same as the previous one.

B.2.3 (s1pe); (the nine-dimensional problem)
The (s1pe); molecule is modeled by the CHARMM general force field (CGenFF) Weiser and
Santiso (2019). The molecule is solvated in a (4.2 nm)? dodecahedron box with 1622 TIP3P water

molecules. Other simulation setups are similar to the s1pe molecule.

B.2.4 alal6 (the thirty-dimensional problem)
The Ace-(Ala);5-Nme (alal6) molecule is modeled by the Amber99SB force field Hornak et al.
(2006). The molecule is solvated in 2258 water molecules in a (4.62 nm)> dodecahedron box. Other

simulation setups are similar to the ala2 molecule.

B.3 Traning

The training data is collected during the sampling process by restricted dynamics. The initial
10% steps of the restricted dynamics are used as equilibrium and the rest 90% steps are used to
calculate the mean force. The FES are parameterized as a fully connected neural network. The
depth and width of the NN are shown in Supplementary Table B.1. The NNs are trained by Adam
for 100000 steps with a learning rate 1 x 1073, For each training step, 5000 sampling points are
randomly selected from the data set. All the training process is carried out on v100 with 32768 MB

memory.
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Table B.1 The depth and width of the NN used to parameterize the FES of different molecules.

molecule | depth | width
ala2 3 48
slpe 4 64
(slpe)s 4 512
alal6 4 640

B.4 Additional result

B.4.1 Additional result of the 1D Rastrigin function

Supplementary Table B.2 presents the estimations of the first and second momentum during
the construction of the 1D Rastrigin function. The first momentum, predicted to be the maximum
residual points in Proposition 2, is confirmed to be numerically accurate. The second momentum
is validated through the comparison between f” and f’ =+ V-1, with the sign influenced by the
residual’s sign. Numerical resuts verify the accurate prediction of the second momentum, i.e.,
£ (x*) - f; (x*)| = V! for x* at the max-residual point.
Table B.2 The first and second momentum estimation made during the construction of 1D Rastrigin
function. The maximum residual point of | f(x) — fy, (x)| is computed by mesh points with mesh size
1 x 1074, The first momentum is estimated from the equilibrium distribution of CES dynamics. The
second derivative of f is computed at the first momentum estimated point. The second derivative

estimation is made from f’ 7+ V=1, where V is second momentum estimated from the equilibrium
distribution of CES dynamlcs and sign is determined by the sign of f — fp,.

iteration i 0 1 2 3 4 5 6 7 8 9 10 11 12
maximum residual point 0.000 | 2.000 | -2.000 | 0.996 | -0.996 | 2.805 | -2.806 | 1.500 | -1.502 | 0.503 | -0.501 | 2.416 | -2.413
first momentum estimated | -0.000 | 2.000 | -2.000 | 0.996 | -0.995 | 2.805 | -2.806 | 1.499 | -1.503 | 0.502 | -0.501 | 2414 | -2.413
second derivative of f 41.478 | 41.478 | 41.478 | 41.468 | 41.462 | 15273 | 15.539 | -37.478 | -37.473 | -37.474 | -37.478 | -31.901 | -31.688
second derivative estimated | 40.974 | 37.442 | 36.916 | 38.283 | 39.519 | 11.841 | 13.380 | -36.796 | -36.271 | -37.515 | -37.285 | -31.521 | -31.189

B.4.2 Additional result of the three-dimensional FES (s1pe)

Supplementary Figure B.1-B.3 shows the additional 2D projections of the 3D FES (molecule
slpe) constructed by the Rid and presented CES method. For each case, the reference is constructed
as a 2D FES using the metadynamics. The CES method yields a better agreement with the reference.
The computational cost and accuracy of CES and RiD is shown in Supplementary Table B.3. It

shows that the CES method has better accuray with less computational cost.
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Table B.3 The accuracy of the constructed 3D FES (the s1pe molecule) and computational time for
RiD and CES methods. The [, and [, error are calculated up to 40 KJ/mol. For each case, the FES
is projected onto a 2D plane with the third variable fixed; the reference solution is constructed as a
2D FES by the metadynamics. The simulation time of the CES method is multiplied by 20 since 20
walkers are used.

Accuracy Time
[ error | [, error | Sampling Train
Yy =15 5.76 25.72
w=15 | 1204 | 4913 | 3 | 8GPU
Y =1.5 2.44 11.21
w=1.5 3.89 28.80

Method | Restraint

RiD

CES

4.81 x20 | 0.84 (GPU)

Figure B.1 The 3D FES for the s1pe molecule projected on the ¢ — ¢ plane with the third variable

w = —1 (first row) and w = -2 (second row). (a) 2D FES by metadynamics (reference) (b) RiD (c)
CES.

B.4.3 Additional results of the nine-dimensional FES (s1pe);
The addition 2D projections of the 9D FES for molecule (s1pe)s are presented in Supplementary
Figure B.4. Similar to the 3D case, the FES constructed by the present CES method shows a better

agreement with the reference constructed as a 2D FES using metadynamics.

B.4.4 Additional results of the thirty-dimensional FES (alal6)

The addition 2D projections of the 30D FES for molecule alal6 are presented in Supplementary
Figure B.5. We note that the projection on the ¢s — ¢5 plane is significantly different from other
projections such as the ¢; — ¢ plane in the main context. While the alal6 molecule consists of 15
sequential alanine residues, the FES for individual ¢ — ¢ projections shows different features. The

numerical results of the present CES method show good agreement with the reference.
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0 2 -2 0 2 -2 0 2

Figure B.2 The 3D FES of the s1pe molecule on the w — i plane with the third variable ¢ = O (first
row) and ¢ = —1 (second row). (a) 2D FES by metadynamics (reference) (b) RiD (c) CES.

Figure B.3 The 3D FES of the s1pe molecule on the w — ¢ plane with the third variable ¥ = 0 (first
row) and ¢ = —1 (second row). (a) 2D FES by metadynamics (reference) (b) RiD (c) CES.
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Figure B.4 The 9D FES for the (s1pe); molecule projected on the w| — @1, w2 — P2, W2 — Y2, P2 —
Vo, w3 — @3, w3 — Y3, ¢3 — Y3 plane from top to bottom. (a) 2D FES by metadynamics (reference)
(b) RiD (c) CES.
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—2 0 2 -2 0
Figure B.5 The 30D FES of the alal6 projected on the ¢5 — 5 plane. (a) 2D FES constructed by
metadynamics (reference) (b) 30D FES constructed by the CES method.
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