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ABSTRACT
A sweeping process typically refers to a dynamical system represented by a differential in-
clusion in which the set-valued map is the normal cone to a “nicely” moving closed set called
the sweeping set. Although the sweeping process was originally developed for elastoplas-
ticity applications, it has been widely recognized for its application in many other fields,
including hysteresis, ferromagnetism, electric circuits, phase transitions, traffic equilibrium,
economics, population motion in confined spaces, and other areas of applied sciences and op-
erations research. Due to the nonstandard differential inclusions involved—with unbounded
and discontinuous right-hand sides produced by the normal cone—classical results from the
literature on differential inclusions are not applicable. In this dissertation, the study of
nonsmooth optimal control problems (P) involving a controlled sweeping process with three
main characteristics is launched. First, the sweeping sets are nonsmooth, time-dependent,
and uniformly prox-regular. Second, the sweeping process is coupled with a controlled dif-
ferential equation. Third, a joint-state endpoints constraint set S is present. This general
model incorporates various significant controlled submodels, such as a class of second or-
der sweeping processes, and coupled evolution variational inequalities. A full form of the
nonsmooth Pontryagin maximum principle for strong local minimizers in (P) is derived for
bounded or unbounded moving sweeping sets satisfying local constraint qualifications (CQ)
without any additional restriction. The existence and uniqueness of a Lipschitz solution for
the Cauchy problem of our dynamic is established and the existence of an optimal solution
for (P) is obtained. Two of the novelties in achieving the first goal are (i) the construc-
tion of a problem over truncated sweeping sets and truncated joint endpoints constraint set
preserving the same strong local minimizer of (P) while automatically satisfying (CQ), and
(ii) the complete redesign of the exponential-penalty approximation technique for problems
with moving sweeping sets that do not require any assumption on the sets, their corners, or
on the gradients of their generators. The utility of the optimality conditions is illustrated

with an example.
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CHAPTER 1
INTRODUCTION

1.1 Intersectionality of different fields
The research in this thesis centers around different fields of mathematics: control theory,
optimization, dynamical systems, nonsmooth analysis, set-valued analysis, and functional

analysis.

1.1.1 Control theory

If you are reading this thesis as a non-mathematician or as a mathematician from a differ-
ent field, this section provides everything you need to know about control theory, including
its foundational concepts and its applications in everyday life. A friend shared a fascinating
map of mathematics with me (see Figure 1.1), and I invite you to take a moment to explore

it and see where control theory fits within the mathematical landscape.
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Control theory is one of the most interdisciplinary areas of research, serving as a critical
intersection between mathematics and engineering. It is a subfield of mathematics that fo-
cuses on using feedback to influence the behavior of dynamical systems—whether physical,
biological, or otherwise—to achieve specific goals. Before emerging as a distinct field in the
late 1950s and early 1960s, control theory was deeply connected to other areas of mathemat-
ics, such as calculus of variations and differential equations. Early research often adapted
classical theories and techniques from these fields to address control problems, laying the
groundwork for the development of modern control theory. I discovered a map of control
theory itself, which I invite you to explore as it highlights the different structures and con-

nections within this field (See Figure 1.2).
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Figure 1.2 Map of control theory

This field can be broadly divided into two branches: linear control systems and nonlinear

control systems. While linear control systems are foundational and often easier to analyze,



all real-world control systems exhibit nonlinear behavior, making nonlinear control systems
more applicable to practical scenarios. Control system theory can contribute to':

o Developing mathematical models to describe system dynamics.

o Simulating and predicting system behavior under various scenarios.

o Analyzing and understanding dynamic interactions within complex systems.

o Filtering and rejecting noise to enhance signal clarity and system accuracy.

o Selecting and designing appropriate hardware to implement control strategies.

o Testing and validating system performance in unpredictable environments.

« Gaining foundational insights into system behavior and functionality.
A controller (see Figure 1.3) operates through different types of feedback loops. As discussed
in this article? on the difference between open-loop and closed-loop systems, an open-
loop controller, also known as feedforward, does not use any information about the current
state or output of the system to influence its control actions. In contrast, a closed-loop con-
troller, also known as a feedback controller, incorporates feedback into its decision-making
process. Closed-loop controllers can be further categorized based on the type of feedback
they use: system feedback controllers, which rely on feedback from the internal state of the

system, and output feedback controllers, which utilize feedback from the system’s output.

Open Loop System

Closed Loop System

Controller

Figure 1.3 Open loop system versus closed loop system 2

IThe following was adapted from educational materials presented by Brian Douglas on his YouTube
channel.
https://www.ntchip.com/electronics-news/difference-between-open-loop-and-closed-loop.



Open-loop control systems are typically used for simple processes with well-defined input-
output relationships. For instance, consider a dishwasher. The objective of the dishwasher
(the plant) is to clean dishes (the output). Once the user sets the wash time (the input),
the dishwasher will operate for the specified duration, regardless of the actual cleanliness of
the dishes. If the dishes were already clean at the start, the dishwasher would still run for
the full prescribed time. Similarly, a dryer operates on the same principle. The user sets the
drying time (the input), which determines how long the dryer runs. This duration is fixed
and unaffected by whether the clothes are already dry.

On the other hand, a closed-loop control system dynamically adjusts its operation based
on feedback from its output. The system continuously monitors the output, compares it to
the desired outcome, and adjusts the input accordingly to minimize any discrepancies. For
example, consider a dryer equipped with a sensor that measures the dryness of the clothes.
This sensor provides feedback that is compared to a reference signal representing the desired
dryness level (set by the manufacturer or the user). The difference between the measured
and desired levels generates an error term, which is sent to a controller. The controller uses
this feedback to determine when to shut off the dryer, ensuring the clothes are dried to the

desired level (see Figure 1.4).
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Figure 1.4 Closed loop system in a dryer 2

Control theory finds extensive applications across diverse fields, including biology (e.g.

optimal vaccination strategies) , physics (e.g. spacecraft control), engineering (e.g. robotics),



economics (economic growth models), medicine (e.g. drug target identification in cancer re-
search), and finance (e.g. risk management).

It is important to note that a mathematical solution to a control problem may not always ex-
ist. In the late 1950s, rigorous conditions for existence were established, with controllability
being a key criterion, ensuring that some form of control is possible. Optimal control fo-
cuses on finding a control law for a given system that satisfies a specified optimality criterion.
It involves a cost functional, which depends on the state and control variables. An optimal
control solution consists of differential equations that describe the evolution of the control
variables to minimize the cost function. Such solutions can be derived using Pontryagin’s

Maximum Principle or by solving the Hamilton-Jacobi-Bellman equation.

1.1.2 Nonsmooth analysis

Nonsmooth analysis, which can be considered a subdomain of nonlinear analysis,
refers to differential analysis without the differentiability. It concerns the local description of
nondifferentiable functions and sets lacking smooth boundaries, in terms of generalizations of
classical concepts of derivatives, normals and tangents. Although this subject has traditional
roots, it is only over the last few decades that it has developed rapidly. The reason behind
this progress is the acknowledgment of the importance of nondifferential setting, its universal
presence and its direct relation with some unusual behaviors such as chaos and catastrophes.
It can be viewed, within differential (functional) analysis, as a topic in itself. However,
it has also gained a major part in several applications such as optimization and control
theory. Among F. Clarke and R. T. Rockafellar, many more such as J. Borwein, A. D.
Ioffe, B.Mordukhovich and R. B. Vinter have contributed in its development. The need for
nonsmooth analysis in control theory is connected to finding proofs of necessary conditions
for optimal control, in particular with the use of Pontryagin Maximum Principle. In general,
nonsmooth analysis intervenes when considering nonlinear problems (studying the sensitivity

of the problems, deriving necessary conditions or applying sufficient conditions).



1.2 Sweeping process

As mentioned above, optimal control theory involves minimizing an objective function
subject to a given control system. The specific system I focus on in this thesis is known as
the sweeping process. My work centers on studying the dynamics of the sweeping process
and addressing optimal control problems governed by such systems. For readers unfamiliar

with the sweeping process, this section provides a brief introduction to its background.

1.2.1 Definition, interpretation, and applications
J.J. Moreau introduced the sweeping process as being a differential inclusion in which
the set-valued map is the normal cone to a nicely moving non-empty closed set C'(t), called

the sweeping set (see [49, 50, 51]). The simplest form of the sweeping process is given by
t(t) € =New(x(t)), ae. te|0,T]. (1.1)

When the set C(t) is convex, N¢) corresponds to the normal cone of convex analysis.
However, when C(t) is non-convex, then it is taken to be uniformly prox-regular, in which
case N¢( is the Clarke normal cone. When we add a perturbation or external force f to
(1.1), we call the dynamic a perturbed sweeping process, and when f depends on a control
u, we call it a perturbed controlled sweeping process.

To understand what the word “sweeping” means, we can think of a large ring moving while
containing a small ball inside. The ring starts moving at ¢ = 0, and the movement of the
ball depends on how the ring interacts with it. If the ball is not hit by the ring, it remains
stationary. However, if the ring hits the ball, the ball is “swept” towards the inside of the
ring. The main idea here is that the velocity of the ball must point inwards so that the ball

does not escape the ring’s bounds (See Figure 1.5).



Figure 1.5 Sweeping process interpretation

Sweeping processes have various applications in different fields including elastoplasticity,
hysteresis, ferromagnetism, electric circuits, phase transitions, and traffic equilibrium (see,
for example, [1, 4, 7, 45, 67]). In the past decade, interest in sweeping processes has grown
due to their significant role in emerging applications such as mobile robot models [27], and
pedestrian traffic flow models [27]. In these contexts, the primary goal is to efficiently control
the state of events by optimizing a specific objective function over the controlled sweeping
process.

One of the most fascinating applications of sweeping process is the crowd motion models for
emergency evacuation [14, 10]. In case of an emergency evacuation, we want to find the most
effective way to leave the room. While we would prefer to move at our “desired” velocity, we
need to take into account the direct contact between each other, as well as our contact with
different objects and obstacles present in the room. Thus, our “actual” velocity—the closest
achievable velocity to our desired one while accounting for direct contact with others—is

determined by a sweeping process dynamic.

Figure 1.6 Emergency evacuation



1.2.2 Theoretical results

Due to the unboundedness and discontinuity of the normal cone in in (1.1), standard
results involving differential inclusions cannot be used for sweeping processes. Extensive
literature exists on the question of existence and uniqueness of an absolutely continuous or
Lipschitz solution for the Cauchy problem associated with different forms of the following

perturbed controlled sweeping process
&(t) € f(t,z(t),u(t)) — New(z(t)) ae. t €[0,T], z(0) = zo € C(0), (1.2)

in which the constraint z(t) € C(t) is implicit. Initially, such results commonly required
the absolute or Lipschitz continuity of the set-valued map C(-) (see, e.g., [36]). However,
motivated by the need to consider set-valued map C(-) for which these conditions are too
strong (see [65]), similar results are derived by merely assuming the same conditions on the
p-truncated set-valued map C(-)NpB (see e.g., [52, 64, 65]). In [41], when C(t) is polyhedral,
a constraint qualification is shown to besufficient for those conditions to be satisfied on the
p-truncated polyhedral sets.

Numerous efforts have been made to derive existence theory for optimal solutions and/or
optimality conditions in terms of Fuler-Lagrange equation or Pontryagin-type maximum
principle for optimal control problems driven by variants of (1.2). The main approach used
to solve different versions of such an optimal control problem is the method of approximation,
either discrete (see, e.g., [12, 13, 10, 11, 23, 25, 26, 28]), or continuous (see, [6, 30, 33, 34, 55,
57, 58, 70]). Our focus in this paper is on the latter, and more specifically, on the exponential

penalty-type.

1.2.2.1 Selected results for constant sweeping set C.

Work of dePinho et al. in [30, 31]

The exponential penalization technique was first used in [30, 31] to derive existence of solution
of (1.2), existence of optimal solution and Pontryagin-type maximum principle for global

minimizers of a Mayer problem over (1.2), in which:



o fis smooth and convex,
o C'is a constant compact set defined as the zero-sublevel set of a C*-convex function )
satisfying a constraint qualification on R",
« with initial state-constraint set Cy C C and free final state.
The novelty of this technique resides in approximating N¢(-) by the exponential penalty
term 7,e*¥()V1)(-) such that the so-obtained approximating dynamic is a standard control

system without state constraints for which C' is shown to be invariant:
B(t) = ft,x(t), u(t)) — e COVY((t)) ae., 2(0) =0 € C. (1.3)

The absence in (1.3) of the explicit state constraint, z(¢) € C, that is implicitly present
in (1.2), has also been shown to be instrumental in constructing numerical algorithms for
controlled sweeping processes (see [32, 56, 59]).

In summary, the exponential penalization technique works as follows: rather than deriving
necessary conditions for optimal solutions of a problem (P), governed by (1.2), directly, we
approximate (P) with a sequence of standard optimal control problems (Fy) governed by
(1.3). Using existing results, we determine necessary conditions for (Fy), and by analyzing

the limit as k — oo, we then obtain necessary conditions for (P) (see Figure 1.7).

Approximating S
method

Necessary
conditions
for (P)
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Figure 1.7 Exponential penalization technique



Work of Zeidan et al. in [70, 55, 58]
The domain of applicability of the exponential penalization technique for the results in
[30, 31] was later enlarged in [70, 55, 58], to include strong local minimizers for controlled
sweeping processes having:
e nonsmooth perturbation f,
 a constant sweeping set C' that is nonsmooth proz-reqular (i.e., C' is the intersection of
a finite number of zero-sublevel sets of C'!-generators ¢ (z),- -+ ,1,.(x) near C), and
the functions v;’s satisfy a constraint qualification on the set C,
e a final state constraint set C7 C R”, the cost depends on both state-endpoints.
Furthermore, therein:
 the normal cone, N¢, in (1.2) is replaced by a subdifferential, d¢, of a function ¢ with
domain C, and it is shown that such a system is equivalent to (1.2) with a different f.
Indeed, the function ¢ is extended to a function ¢ that is C1*' on R™ and that enjoys a
globally Lipschitz gradient. Using a formula recently established in [35] for the Clarke

subdifferential of an amenable function, the following formula is obtained
Op(x) ={V¢(x)} + No(z), Vo e C.
Using this formula, the dynamic can be rephrased as the original sweeping process
#(t) € folt, x(t), u(t)) — Ne(x(t)), (1.4)

where f4(t,x,u) = f(t,z,u) — Vo(x).

o When Cr C R", the convezity of the sets f(t,z,U(t)) is required in [55, 58].

o When C is unbounded, a restrictive assumption, (A2.4), is imposed in [58] on the set
C and is shown to hold for convex, compact boundary, or polyhedral sets, but not for
general prox-regular sets.

« Note that the nontriviality condition in the maximum principle of [55] is simply A +

IIlp(T)]| = 1 and does not invoke the total variation of the measure.
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New subdifferentials are used that are strictly smaller than the Clarke and Mor-
dukhovich subdifferentials. The key for this surprising result is the design of an ap-
proximating problem whose optimal state remains entirely in the interior of the set
C.

Note that in the case when r > 1, the invariance of C itself is not always valid, but
requires extra restrictive hypothesis (see [34]). However, as shown in [58], the invariance
of C' itself is not essential for the success of this method, as it suffices to establish the
invariance of certain ingenuous approximations of C' from its interior, namely, C7, the
zero-sublevel set of a special single function 1,, approximating ¢ := max{t;}, and the
corresponding C" (k) C C7%. Furthermore, the uniform bounded variation property
for the adjoint variables p,, of the approximating problems, was cleverly established
by employing the strict diagonal dominance condition on the Gramian matrix for the
gradients of the active constraints at the prescribed optimal solution z of the original

problem.

1.2.2.2 Selected results for time-dependent sweeping set C(t).

Work of dePinho et. al in [33, 34|

In [33] and later in [34] (independently from [58]), the authors extended their previous

smooth Pontryagin principle for global minimizers in [30], using the exponential penalty-

type technique, to the case where:

the perturbation f(t,-,u) is smooth, f(t,z,U) is convex,

the sweeping set C(t) is time-dependent and nonsmooth,

Gr C(+) is compact,

the sweeping sets are assumed to have C*- generators (¢;(t,r))l_; satisfying a global
constraint qualification, and a global diagonal dominance condition on the Gramian
matrix for the gradients of the active constraints is imposed,

other demanding conditions are assumed on the set C(t):

o V.,9;(t,-) = 0 on the complement in C(¢) of a uniform band around the boundary

11



of C(t),

o (Voi(t,z),Vutp(t,z)) > 0 in a band around the boundary of C(t), that is, all
the corners of C'(t) must have obtuse angles. In particular, this last assumption
excludes many important sets, including simple ones, like triangles, polytopes or
sets with one or more acute angles, etc,

the initial and final state sets are compact.
In [33], their exponential penalty technique here deviated from (1.3) by using instead
of ¥(t, x), the function ¥(t, x) — oy, where o N\, 0, and hence, C(t) is approximated

by sets C*(t) D C(t) from the outside and not from the interior of C(t).

Work of Hermosilla-Palladino in [42]

In [42], a different approach is used to establish a variant of nonsmooth Pontryagin-type

maximum principle for strong local minimizers in a controlled sweeping process when:

the moving set C(t) is, as in [58, 34], nonsmooth and non-convex,

the set C'(t) is uniformly prox-regular,

the generating functions h; together with Vh; are Lipschitz on a neighborhood of Gr
z, and (Vh;)!=} satisfy a positive linear independence constraint qualification,

the multifunction C(-) is Lipschitz continuous,

the initial state is fized and the final state is free,

unlike the expected nontriviality condition (A = 1 in their case), an atypical nonde-
generacy condition is obtained which would require further understanding,

the results involve the standard Clarke and Mordukhovich subdifferentials.

The authors constructed a sequence of standard optimal control problems having auxiliary

controls and ezplicit state constraints emanating from the sweeping set, such that all admit

the same optimal solution as the original problem.
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1.3 Results and outline of this dissertation

1.3.1 Gaps in the literature and answering open questions

We summarize key results from the existing literature in the following comparison tables.

These tables will help identify gaps in the past research, that will be addressed once the dis-

sertation results are presented. Table 1.1 and Table 1.2 serve as a foundation for identifying

open questions and demonstrating how this dissertation contributes to filling those gaps.

Table 1.1 Comparison of data in [58], [34], and [42]

Data: let  the prescribed optimal solution of the original problem

the convezity of the
sets f(t,xz,U(t)) is

required

Reference || Assumptions on | Assumptions on the | Other assump-
the perturbation | sweeping set tions on the
f data
[58] f(t,-,u) Lipschitz | C is constant nonsmooth proz- | Initial state Cy is
on a neighborhood | regular, and the generators ¢;’s | closed
of T CY! on a neighborhood of C
and satisfy a constraint quali-
fication on the set C'
[58] When Cr € R" | When C is unbounded, a re- | Final state Cp is

strictive assumption is im-
posed on the set C' and is
shown to hold for convex, com-
pact boundary, or polyhedral

sets, but not for general prox-

regular sets

closed, and the cost
depends on both

state-endpoints
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Table 1.1 (cont’d)

Reference || Assumptions on | Assumptions on the | Other assump-
the perturbation | sweeping set tions on the
f data
A strict local diagonal dom- | U(t) is  time-
inance condition on the | dependent, closed
Gramian matrix for the gradi- | and uniformly
ents of the active constraints | bounded in t
is imposed at x
[34] f(t, - u)isC! C(t) is time-dependent, nons- | Initial state Cy is

f(t,z,U) convex

mooth, proz-reqular (implied),
and the generators 1;’s C? and
satisfy a constraint qualifica-
tion

Gr C(+) is compact

A global diagonal dominance
condition on the Gramian ma-
trix for the gradients of the
active constraints is imposed,
V.;(t,-) = 0 on the comple-
ment in C(t) of a uniform band
around the boundary of C(t),
(Vahi(t,x), Vaib(t,x)) > 0 in
a band around the boundary of
C(t), that is, all the corners of

C(t) must have obtuse angles

compact

Final state Cp is
compact
U is constant com-

pact
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Table 1.1 (cont’d)

Reference || Assumptions on | Assumptions on the | Other assump-
the perturbation | sweeping set tions on the
f data
[42] f(t,-,u) Lipschitz | C(t) is time-dependent, non- | Initial state is fized
on a neighborhood | smooth, prox-reqular, and the
of T generators h;’s C1! locally and
satisfy a local constraint quali-
fication
f(t,z, U(t)) not | The set-valued map C(-) is | Final state is free
necessarily convex | Lipschitz
U(t) is  time-
dependent and
not necessarily
unifromly bounded
m t.
Table 1.2 Comparison of results in [58], [34] and [42]
Results
Reference | Pontryagin’s maximum principle | Existence results
[58] Exponential penalty approximation | Existence solution of the sweep-
method ing process, and existence of op-

Typical non-triviality condition
Subdifferentials smaller than standard

subdifferentials are used

timal solution
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Table 1.2 (cont’d)

Reference | Pontryagin’s maximum principle | Existence results

[34] Exponential penalty approximation | No existence results

method

Typical non-triviality condition

Standard subdifferentials are used

[42] Different approximation method No existence results
Atypical non-triviality condition

Standard subdifferentials are used

Conclusion I. Therefore, the question of establishing a Pontryagin maximum
principle in its expected form (i.e., standard nontriviality condition, adjoint equa-
tion, transversality condition, and the maximality condition on the Hamiltonian)
for optimal control problems over the sweeping process (1.2), remains open in each
of the following settings:

(¢) when the nonsmooth moving sweeping sets C(t) are bounded and general (no
restriction);
(77) when the general nonsmooth sweeping sets are unbounded (constant or mov-
ing);
(7i1) when joint state endpoints constraint set is present, the convexity of
f(t,z,U(t)) is absent, or the global constraint qualification is only local, for
all types of sweeping sets: smooth, nonsmooth, constant, moving, bounded, or

unbounded.

In addition to the open problems in Conclusion I, new challenges arise when coupling (1.2)

with a standard controlled differential equation, and when the joint endpoints constraint is
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on both states. So, throughout this thesis, we work on the optimal control problem (P),
introduced in Chapter 4, governed by the following coupled dynamic (D), where z(t) € R™,
y(t) € R, and u(t) € U(t) a.e.,

#(t) € f(t,2(t), y(t),u(t) — N (a(t)), ace. € [0,T]
(D)

(t) = g(t, x(t), y(t), u(t)), ae. t €0,T],
((0),y(0), z(T),y(T)) € .
Our model incorporates different controlled submodels as particular cases:
o coupled evolution variational inequalities (see [1], [3], [6]),

o a subclass of Integro-Differential sweeping processes of Volterra type (see [5]),

second order sweeping processes, in which the sweeping set is solely time-dependent
(see, e.g., [53] for the general setting),

« and Bolza-type problems associated to (P).
In other words, optimal control problems governed by either of the four submodels can readily
be formulated as a special case of (P) to which all the results of this thesis are applicable.
In [23], necessary conditions in the form of a weak maximum principle are derived for a
certain form of a Bolza problem over a sweeping process. Excluding the part of their integrand
involving @ that is not covered in our setting, the remaining problem, therein, can be phrased
as a special form of our problem (P) over a coupled sweeping process (D), where the sweeping
set is a constant polyhedron, and the state endpoints are at most periodic.
On the other hand, in [6], a smooth Pontryagin maximum principle in its expected form is
derived for a special case of our problem (P), namely, where the sweeping set is constant,
smooth, and strictly conver, the perturbation f is linear in u, the function g = (g1, go) in the
coupled controlled differential equations has gy linear in v and gy is quadratic and conver in
u, the initial state is fized, and the final state is free. The authors of [6] clearly noted that
their method of standard smooth penalization does not apply even for the case of a constant

polyhedron (which is a particular case of our general sweeping sets), and that including an
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“additional terminal constraint”, a fortiori joint endpoints constraint, causes issues that are

not treated therein.

Conclusion II. Therefore, all the problems stated in Conclusion I are open
when replacing the sweeping process (1.2) by (D), even when the sweeping set is

constant polyhedral.

1.3.2 Findings and results of this thesis

In Chapters 3-4, we resolve all the aforementioned open problems in Conclusions I
and II, while also establishing existence results for solutions to (D) and (P). In Chapter 5,
we illustrate these theoretical results with an example and present several models that our

findings can help solve.

1.3.2.1 Chapter 3

Chapter 3 is divided into local and global sections.
The local sections focus on analyzing the dynamic (D) and the sweeping set C(t), as
well as developing and studying a truncated dynamic (D) and a truncated sweeping set
C(t) N Bz(z(t)) under local assumptions on the data. Two key local results in this chapter
are Theorem 3.2.14, which approximates the truncated dynamic (D) using a sequence of

standard control systems (D.,), and Corollary 3.2.16, which establishes the existence and
uniqueness of Lipschitz solutions to the Cauchy problem associated with (D).

The main result of the global section, Theorem 3.3.7, proves the existence and uniqueness
of a Lipschitz solution for the Cauchy problem corresponding to our dynamic (D) without
requiring any Lipschitz behavior on the nonsmooth moving sets C'(t). Instead, we assume Gr
C'(+) is bounded and the gradients of the active generators are positively linear independent
(A3.2)g. Note that this is the first result of its kind for general nonsmooth moving sweeping

sets, even for system (1.2), that is based on the method of exponential penalty approximation.

It is essential for developing a numerical algorithm to solve optimal control problems over
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such sweeping processes, which is the topic of our forthcoming project.

1.3.2.2 Chapter 4

The only global result of Chapter 4 is Theorem 4.1.1, which establishes the existence of
a global optimal solution for our problem (P) over (D) with joint endpoints constraint set .S.
This result justifies the pursuit of a Pontryagin maximum principle for an optimal solution
of (P).
The main result of Chapter 4, which is local, answers collectively all the open questions dis-
played above and generalizes all previously known results on Pontryagin maximum principle
in multiple ways. More specifically, in Theorem 4.2.11 we derive under minimal assumptions
on the data, a complete set of necessary conditions in the form of nonsmooth Pontryagin
maximum principle for a strong local minimizer ((z,y),u) of the Mayer problem (P) gov-
erned by the coupled sweeping system (D) together with the joint endpoints constraint set
S. The moving sweeping sets C(t) are general, nonsmooth, bounded or unbounded, uniformly
proz-reqular, and defined as the intersection of a finite number of zero sub-level sets of the
generators (¢;(t,-))i_;. Note the following.

« The optimal control problems studied in [34, 58] are over (1.2) and not over the general
system (D).

« Noteworthy, unlike the result derived in [34] where the sweeping sets are not only
assumed to be bounded, but satisfy restrictive assumptions on their corners (obtuse
angles) and on the gradients of their generators (V,¢;(t,-) = 0 in a zone in C(t)), no
such restrictive assumptions are required in our result over (D), whether the nonsmooth
moving sweeping sets C(t) are bounded or unbounded. While when C(t) = C is a
constant set, this corner assumption in [34] was removed in [58], its removal is far more
intricate when C(t) are moving sets (see Section 3.2.2 and Theorem 3.2.14).

o In contrast of the result in [58] established for a restrictive class of constant unbounded
sweeping sets, our result here is valid for general unbounded, moving, and proz-regular

sets that do not necessarily satisfy the restrictive assumption (A2.4) of [58].
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o In addition, the convexity assumption of the sets f(¢,z,U(t)) in [34] and [58] is now
discarded and not only for the separable endpoints case treated therein, but also for
general joint endpoints constraints.

o Furthermore, as opposed to the global constraint qualification on the generators of the
sweeping set C' in [58] and of C(t) in [34], our constraint qualifications are required to
only hold at Z(t) (see (A3.2) and (A3.3)), where (A3.3) is vacuous in the smooth case
(r=1).

« Our nontriviality condition is simply A + ||p(7)|| = 1 and does not invoke the measure
corresponding to z(t) € C(t). This is the expected form in a Pontryagin maximum
principle for problems over controlled sweeping processes (see [55, 58, 34]).

o In our adjoint inclusion and transversality condition we employ the recently introduced
subdifferentials in [55] that are strictly smaller than the Clarke and Mordukhovich

subdifferentials.

1.3.2.3 Chapter 5
In this chapter, we provide an example that highlights the significance of our initial model

and the practical utility of our results.

1.3.3 Novelty of the methods employed.
There are three separate matters to tackle when establishing a Pontryagin maximum
principle for a d-minimizer ((Z,%), %) of our problem (P).

1. The first matter is the possible unboundedness of the moving sweeping sets C'(t) and
the joint endpoints set S, and the unboundedness of R! (the sweeping set for the
coupled controlled ODE).

2. The second, which is present even if C(t) is bounded and/or the sweeping process is
taken to be (1.2) instead of (D), is that the constraint qualification, (A3.2), on the
active generators of C(t) is only valid at .

3. The third is the absence of a Pontryagin maximum principle in its expected form for

a Mayer problem over (1.2), where the nonsmooth moving sweeping sets are general
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and bounded.
The two diagrams in the following pages (see Figures 1.8-1.9) outline the key steps of our
approach for the maximum principle, illustrating how we transition from working on the
problem (P) to defining a new truncated problem (Pjss) to establishing a nonsmooth Pon-
tryagin maximum principle for this truncated problem. We encourage the reader to first
examine the two diagrams before proceeding to the following paragraphs. In addition to the
techniques shown in the diagrams, we also present the following additional techniques:

« To avoid imposing V,4;(t,-) = 0 on the complement in C(t) of a uniform band around
the boundary of C(t), and to establish the uniform bounded variation property of the
adjoint variable for the approximating problem, we construct a modified version of ;,
%ZA%, that preserves the original constraint set C'(t) and the properties of 1;, and whose
gradient is zero in certain areas.

o Another useful technique for the uniform bounded variation property of the adjoint
variable for the approximating problem is to construct another transformation v; of v
such that the Gramian matrix of the gradients of v; is strictly diagonally dominant,
a condition stronger than the local strict diagonal dominance of the Gramian matrix
corresponding to the gradients of the active constraints assumed for ¢; at = ((A3.3)).
After formulating the max principle in terms of 1@ and 1);, we then translate the
conditions to be formulated in terms of ;.

» To remove the convexity assumption on (f, g)(t,z,y, U(t)), we extend the relazation
technique from [70] to address: (a) strong local minimizers, (b) time-dependent sweep-
ing sets, C'(t), not necessarily moving in an absolutely continuous way, and (c) general
joint state endpoints constraint set S.

In our case, obtaining the necessary conditions via the penalty-type approximating technique,
can be summarized in Figure 1.10. Using our approach to the exponential penalty method
without truncating C'(t), we prove in Section 3.3.2 the ezistence and uniqueness of a Lipschitz

solution to the Cauchy problem associated with (D), Theorem 3.3.7. The ezistence of an
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optimal solution for the problem (P), Theorem 4.1.1 employs general results developed in

the Appendix.

We first introduce a new dynamic of sweep-
ing processes, (D) (see (3.29)), obtained from
(D) by truncating the given proz-regular
nonsmooth moving sweeping sets C(t) and
the space R! using the balls B-(Z(t)) and
B;(ij(t)). Note that the system (D) takes
the form of (1.2), where the state’s dimen-

sion is n + (.

Next, in (4.9), we define for any ¢ € (0,¢&),
a compact truncation S;;s of S, and we show
that the same ((z,y),u) is a d-strong local
minimizer for the problem (]55,5), whose ob-
jective function is the same as (P), but its
dynamic is (D) and its joint endpoint set is
Ss, (see Remark 4.2.6).

At this point, our attention completely shifts
away from ((z,7),u) being 0-strong local
minimizer for (P) over (D) and S, to being
a 0-strong local minimizer for the problem
(Ps;) over (D) and Ss;, where the moving
sweeping sets c/i;(ag) (t) .= [C(t) N Be(z(t))] x
B;(5(t)) are bounded and monsmooth, and
Sss is compact.

The radius & € (0,6) is chosen via (A3.2) so

that:

o the bounded truncated sets C'(t)NBz(z(t))
are uniformly proz-regular,

o and their (r 4 1) generators satisfy a uni-
form constraint qualification (see (3.34)).
Here, 1,11 (t, z) (see (3.30)) is the genera-

tor of the ball B:(z(t)).

When restricting our domain to the trun-
cated sweeping sets, several properties are es-
tablished, such as uniqueness and Lipschitz
properties of the solutions to (D) and (D),
and explicit forms of the normal cones N¢ ()
and Neynp.(z) 0 terms of the generators

of the corresponding sweeping sets.

Observe that our truncation approach always
leads to moving sweeping sets even when
C(t) = C is constant, and hence, it cannot be
employed if we only admit constant sweeping
sets, as in [58]. This fact is behind the need
to impose in [58] the unnatural assumption
(A2.4), which is not needed here due to our
form of the truncation approach.

Our main objective now is to obtain the nonsmooth Pontryagin maximum principle for (P) via
that for (Psz), for one § € (0,£). However, in the literature, there is no Pontryagin maximum
principle in its expected form that applies to problems like (]55,5). This is so, not only because
of the presence of the joint endpoints constraint set, but because such a result does not exist for
sweeping processes in the form of (1.2), where C(t) is a general, nonsmooth, bounded, and moving
sweeping set (see Conclusion I). This is the third matter stated above.

Figure 1.8 Flowchart of addressing the first and second matters above
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To resolve this matter, for a specific choice
0, of &, we establish a nonsmooth Pontrya-
gin maximum principle for the d,-strong lo-
cal minimizer ((z,y),u) of (Pj, 5,) that does
not require any demanding conditions like
the ones in [34] described prior to Conclu-
sion I.

¥

We then produce a carefully crafted se-
quence of smooth sets, (C7(t) x B, (4(t)))x
(see (3.59)), approximating our nonsmooth
moving sweeping set JV;ag)(t) = [Ct)n
B=(z(t))] x B;((t)) from its interior, and we
show that this smooth sequence (as opposed
to the sweeping set itself) is actually invari-
ant (see Remark 3.2.15) for our approximat-
ing dynamic (D., ).

!

To obtain the boundedness of the multipli-
ers for the approximated normal cones in
our approximating dynamic, we construct
another smooth approximation o/ (t,k) of
t/VEag)(t), from its interior, where o (t, k) :=
C(t, k) x By, (4(t)) C int C, (£) X B, (§(1))-
We then show that 7 (t, k) is invariant for
our approximated dynamic, the multipliers
therein are bounded, and its solutions approz-
imate the solutions to the original dynamic.

As such, we derive this result for problems
over (1.2) with general nonsmooth, bounded,
and moving sweeping sets, including the joint
state endpoints constraints. This is accom-
plished by developing a complete new design
of the method of exponential penalty approx-
imation that drastically differs from the one
in [34] and generalizes the one in [58] to the
complex setting of time-dependent sweeping
sets and to joint endpoint constraints.

This is different than [34] and far more intri-
cate than [58]. Observe that in [34], the strin-
gent condition on the corners is imposed so
that the exponential penalty method works
for monsmooth bounded moving sweeping
sets in the same manner as it did for smooth
sets in [33], that is, by forcing their sweeping
set C(t) itself to be invariant for their ap-
proximating dynamic.

!

To address the presence of joint endpoint
constraints, we pick carefully the value 9, of
0 so that we can successfully craft an approx-
imation S7 (k) of Ss, 5, such that for k large,
any solution of (D,, ) with state endpoints in
S (k) remains at all times in the invariant

set @/ (t, k).
AN

Whereas the authors in [34] approximated
C(t) from the outside by a sequence of invari-
ant sets (as they did for the smooth bounded
sets in [33]).

As our sweeping sets and their approxima-
tions are time dependent, the derivation of
these results turns out to be quite involved
and challenging in comparison with the con-
stant sweeping set C' treated in [58] (see sec-
tion 3.2.2 and Theorem 3.2.14).

At this point, we are ready to design for (P, ;) an approximating problem (P%;ﬁ), defined over

(D%) (closely related to (D,,)) and the joint endpoints constraint set 57 (k), whose optimal solution
converges to ((z,y),u), see Proposition 4.2.8. Using intricate calculations, we showed that the
corresponding adjoint variable sequence is uniformly of bounded variation, without assuming any
restrictive condition like V,;(t,-) = 0 in the zone of C(t). A careful analysis of the limit as k — oo
to the standard maximum principle for (P%;B) leads to our nonsmooth Pontryagin principle.

Figure 1.9 Flowchart of addressing the third matter above
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Figure 1.10 Exponential penalization technique in our setting
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CHAPTER 2

PRELIMINARIES

In this chapter, we review foundational concepts, definitions, and key theorems from func-

tional analysis, nonsmooth analysis, and control theory as presented in the literature, which

we will use throughout this thesis.

2.1

Basic notions and concepts

In the first section, we present the basic notations and concepts used in the thesis.

We denote by || - || and (-,-) the Euclidean norm and the usual inner product, respec-
tively.

For # € R" and a > 0, we denote, respectively, by B,(z) and B,(z) the open and
closed ball centered at x and of radius a. More particularly, B and B represent the
open unit ball and the closed unit ball, respectively.

A vector function f = (fy, -+, fn) : [0,7] — R™ is said to be positive if f; is positive
foreachi=1,---  n.

R, denotes the set of positive real numbers.

We use Ay xnla, b to indicate the set of m x n-matrix functions on [a, b]. For r € N,
we denote the identity matrix in ., by L.

The interior, boundary, closure, convex hull, and complement of a set S C R" are
represented by int .S, bdry S, cl S, conv .S and S¢, respectively.

We note that Vf of a function f is taken here to be a column vector, that is, the
transpose of the standard gradient vector.

For a set valued-map S(-) : [0,7] ~ R", Gr S(-) denotes its graph.

Definition 2.1.1. A matrix A = (a;;) of size n x n is said to be strictly diagonally

dominant if it satisfies the following condition:

|a“~] >Z‘aij| for alli:1,2,...,n.
J#
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Lemma 2.1.2. By the Levy—Desplanques theorem, any strictly diagonally dominant

matrix is nonsingular. Hence, its rows and columns form a basis in R™.

| Limits of sets]

Definition 2.1.3 (Limit of sets in the Kuratowski sense). Let (S)x a sequence
of nonempty subsets of R”. We say that (Sk), converges in the Kuratowski sense, or simply

converges, to S whenever liminf;_,, Sy = limsup,_,., Sk = 5.
This lemma can be found in [62, Exercise 4.3].

Lemma 2.1.4 (Limits of monotone and sandwiched sequences). We have that:
(a) limg Sk = clUpen Sk whenever Sy, 7, meaning Sy C Sgy1 C -+ -;
(b) limg Sk = Nien ¢l Sk whenever Sy, N\, meaning Sy D Sgi1 D -« -;

(c) Sk — S whenever S} C Sy C Sf with S} — S and S — S.
This definition can be found in [62, Example 4.13].

Definition 2.1.5 (Pompeiu-Hausdorff distance). For C, D C R" closed and nonempty,

the Pompeiu-Hausdorff distance between C' and D is the quantity

doo(C, D) := sup |dc(z) — dp(z)],

z€R™

where the supremum could equally be taken just over C'U D, yielding the alternative formula
d..(C, D) :inf{n >0 ’ CcD+yB, DC C+nB}.

Definition 2.1.6 (Limit of sets in the Hausdorff sense). Let (Sk); a sequence
of nonempty closed subsets of R™. We say that (Sk)x converges with respect to Pompeiu-

Hausdorff distance to S when du. (S, S) — 0.

‘Support function of a set‘

We introduce definitions and results related to the support function of a set S.
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Definition 2.1.7 (Support function of a set S). Let S C R" be nonempty. The
support of S is o(+,5) : R" — R U {oo} defined by

o(s*,S) :=sup{(s*,s) | se€ S} (2.1)
Lemma 2.1.8. Let S be a closed and convex set of R®. Then
s€S = (s s) <o(s",S) Vs eR"™ (2.2)

Lemma 2.1.9 (Limits of sets and their support functions). Let (S;)x a sequence

of nonempty compact convex subsets of R”. Then
(Sk)r converges to S,as k — oo <= o(s*,S;) — o(s",S5), ask — 00, Vs" € R". (2.3)

Lemma 2.1.10 (Hausdorff limits of sets and their support functions). Let

(Sk)r a sequence of nonempty closed convex subsets of R". We have, by [63, Theorem 6],

that
(Sk) Hk—df% S <« o(s", Sy % o(s*,5), Vs*eR":|s*||[<1.  (24)
—00 —00

2.2 Nonsmooth analysis

Normal cones: proximal, limiting, and Clarke‘

Some of the definitions and results in this section are adapted from [17]. For standard

references, see the monographs [18, 22, 48, 62, 66].

Proximal normal cone
Let S C R™ a nonempty closed set. For z € R", we recall that the distance from = to S

is defined by

dg(x) == ;gg |z — s]|.

We can verify that dg(-) is 1-Lipschitz on R", and that there exists at least one point s € S
such that

ds(w) = [lz = s]|.
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This point s is called closest point or projection of x onto S. We note that all closest
points form a set denoted by projs(z), see Figure 2.1. For z € R"\ S and s € projs(x), we
have:

e The vector x — s is called a proximal normal direction to S at s.

o For all t > 0 any vector ¢ = t(xz — s) is called proximal normal vector to S at s.

Figure 2.1 Proximal normal cone !

Definition 2.2.1. The set of all nonnegative multiple { of z — s is called the proximal

normal cone to S at s and is denoted by N (s), see Figure 2.1. Thus
NZL(s) :={t(x — s) : s € projg(v) and t > 0}.

We can also characterize the proximal normal cone analytically and geometrically through

the following two representations. Let s € S.

¢ € NE(s) <= 3\ >0 such that projg(s + ) = {s}
< Jo=0((s)>0st ((,s—s)<o|s—s|* V€S
< Jo=0((s)>0,n>0st ((,s—s)<o|s —s|* Vs € B(s,n)ﬂS
<~ dr=r((s)>0s.t. B(s—l—THg“;r)ﬂS:@,

i.e. ( is realized by an r-sphere (ball characterization, see Figure 2.2)

!This image was generated by Dr. Chadi Nour.
2This image was generated by Dr. Chadi Nour.
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Figure 2.2 Ball characterization 2

Remark 2.2.2. We have the following:

o NE(s) = {0} if s € S is not the projection of any point z ¢ S onto S. Hence,
N¥(s) = {0} when s € int S.

e The proximal normal cone is a convex cone. It is not necessarily open nor closed.

Proposition 2.2.3 (Convex cone). Let S C R" be a nonempty, closed and convex

set. Thus

CENE(s) <= (¢(,s—s)<0Vs €8 (2.5)

In this case

o If s € bdry S then NZ'(s) # {0}.
e For s € bdry S

0+# ¢ € NJ(s) <= ( is realized by an r-sphere V7 > 0. (2.6)

Lemma 2.2.4 (Local property of limiting normal cone). We deduce from the

third equivalence in Definition 2.2.1 that the P-normality is a local property, meaning that

the proximal normal cones N (s) = N& (s) if Sy and S, are the same in a neighborhood of

S.
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Limiting or Mordukhovich normal cone
Definition 2.2.5. The Limiting or Mordukhovich normal cone to S at s, N%(s),
is defined as

Ni(s) = {veR": s s, Fu — v, € NE(s:)},

s .
where s; — s means that s;, — s and s; € S V..

Figure 2.3 Limiting normal cone *

Remark 2.2.6. We have the following:
o If s € bdry S, then N&(s) # {0}.

e The limiting normal cone is a closed cone. It is not necessarily convex.

Clarke normal cone

Definition 2.2.7. The Clarke normal cone to S at s, Ng(s), is defined as
Ng(s) :=conv {v € R" : 3 S, s,dv; — v, v; € Néj(si)}.

Remark 2.2.8. We have the following:

e The Clarke normal cone is a closed convex cone.

3This image is taken from [66].
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Lemma 2.2.9 (Monotonicity of the normal cone operator). If S C C, then the

normal cone satisfies the inclusion:
Ns(x) O Ne(z) forall z € S.

This means that if S is a subset of (', then any normal vector to C' at a point in S is also a

normal vector to S.

Definition 2.2.10. We say that a given set of vectors {z; : i = 1,2,--- ,k} in X is

positively linearly independent if the following implication holds:

k
S Xwi=0,0>0 = \=0Vie{l,2,--- k}.

i=1

Lemma 2.2.11. [19, Corollary 10.44] Consider a set S C R", given by
S:{ZEERan(I') SO? 1= ]-a27"' ak}a

where each function f; is C*! (locally, at least). Let z € S, and assume I(z) := {i : fi(x) =0}
is a nonempty set, and {f/(x) : i € I(x)} is positively linearly independent (we say that the

active constraints are positively linear independent). Then,

Ns(@) = { 32 Afile) : A = 0},

i€l(x)

Proximal, Limiting, Clarke subdifferentials‘

We start some definitions and assumptions on an extended real-valued function f.

Definition 2.2.12. Let X C R" and f: X — (—o0, o0].

« [ is lower semicontinuous (Isc) at o € X iff
f(zo) <lim inf f(z,), for all (z,), € X with z, — .

« f is upper semicontinuous (usc) at o € X iff —f is Isc at xo.

o The effective domain of f is the set
dom f:={z € X : f(z) < +o00}.
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o The epigraph of f is the subset of R"*! given by
epi f :={(z,w) € X xR : x € dom f, f(x) < w}.
o The graph of f is the subset of R**! given by

Gr f:={(z, f(z)) € X xR:z € dom f}.

Proximal subgradient
In the following X C R™ is an open set. We have f : R" — R U {+o0} Isc on X such

that X Ndom f # ), and x € X Ndom f.

Definition 2.2.13. We denote by 07 f(x) the proximal subdifferential of f at x.

We have

(ed’flx) <= (¢,-1) € Nz, f(z))

<= do >0 and n > 0 such that for allyGB(x,n) NnX,

fly) = fl@) +{¢y — ) — olly — «|®

( is said to be a proximal subgradient of f at z, see Figure 2.4.

ot

Figure 2.4 Proximal subgradient *

4This image was generated by Dr. Chadi Nour.
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Remark 2.2.14. Note the following properties of the proximal subdifferential.

« 0P f(x) is convex, however, it is not necessarily open, closed or nonempty.
o For all ¢ > 0, we have 0¥ (cf)(x) = cOF f(x).
« 07f(z) +0"g(x) C O"(f + g)(x).

Remark 2.2.15. Let U C X be open.

If f is Gateaux differentiable at = € U, then 0% f(x) C {fL(x)}.
« If f € C*(U), then
0" f(x) = {f'(2)} Yz € X.

Proposition 2.2.16. We assume that X is as well a convex set. Then f is K-Lipschitz
on X iff
IKl < K ¥Cedf(x) VaoeX.

Limiting subgradient
In the following X C R" is an open set. We have f : R" — R U {+o0} lsc on X such
that X Ndom f # 0, and x € X Ndom f.

Definition 2.2.17. We denote by 97 f(x) the limiting subdifferential of f at z. We

have
Cedfx) == ((—1) € Ngisla, f(2)-
( is said to be a limiting subgradient of f at x. Equivalently, we have
O f(x) = {ZLHEOO G Goe O f(xi), 2 4, r},
where z; % z means that 2; — z and f(z;) = f(x).

Remark 2.2.18. Note the following properties of the limiting subdifferential.
o O f(x) is closed for every z, and the multifunction 9% f(-) has a closed graph.
o For all ¢ > 0, we have 0¥ (cf)(x) = O f(z).

o If one f,g is Lipschitz near z, then 0%(f + g)(x) C 9L f(x) + dFg(z).
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Clarke generalized gradient, Hessian and Jacobian
Definition 2.2.19. Assume that f : R” — RU{oo} has dom f closed with non-empty
interior, and that f is locally Lipschitz on int (dom f). We denote by df(x) the Clarke

subdifferential or Clarke generalized gradient of f at = € int (dom f). We have

¢edf(x) <= (¢ 1) € Nepiy(w, f(2))

— (¢,v) < f(z;v) Vv eR",

where

f°(z;v) ;== lim sup fly + hv) - f(y)'
y—x, hl0 h

Equivalently, we have
Of(x) = convd”f(z),
and

Of(z) = conv { lim Vf(x;): 2, x, V f(x;) exists Vi},

i——+00
where O is any full-measure subset of int (dom f).
Proposition 2.2.20. Take a lower semicontinuous function f : R — RU{+occ} and a
point z € R™. Assume that f is Lipschitz continuous on a neighborhood of z with Lipschitz

constant K. Then:

Jof(z) C KB.

Definition 2.2.21. Assume that f is C! on int (dom f). We denote by 9?f(z) the

Clarke generalized Hessian of f at = € int (dom f). We have

O*f(x) = conv {z£+moo V2f(x;) 95z, V2 f(z;) exists Vz’} ,

where O is any full-measure subset of int (dom f).

Remark 2.2.22. Notice that
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o Of(+) and §*f(-) are locally bounded and measurable multifunctions with closed graph,

and their values are nonempty, compact and convex.

Definition 2.2.23. Assume that g : R* — R" be a Lipschitz function near z € R",
i.e. Lipschitz on a open set ) containing x. We denote by dg(z) the Clarge generalized

Jacobian of g at x. We have

dg(x) = conv { lim Jg(z;) : ; 95 q, Jg(x;) exists ‘v’i},

i—400
where O is any full-measure subset of €2, and J is the Jacobian operator.
Remark 2.2.24. Notice that

o The multifunction dg(+) is measurable and has closed graph. Its values are nonempty,

convex, and compact in the space of n X n matrices.

| Non-standard notions of subdifferentials |

In [70], and later in [55], Zeidan, Nour and Saoud extended the notions of Limiting
subdifferential, Clarke generalized gradient, Hessian and Jacobian to nonstandard notions

for subdifferentials that are strictly smaller than their standard counterparts.

Extended Limiting subdifferential, Clarke generalized gradient, Hessian and Ja-
cobian

Definition 2.2.25. Let f : R* — R U {oco} be a Isc function and S C dom f be a
closed set with int (dom f) # . For = € cl (int S), we denote by dF f(z) to be the limiting

subdifferential of f relative to int.S at x, and we have:
Of fla) = { lim G:G €d"f(w),a; € it S, S a}.
1—+00

Remark 2.2.26. We have that
o The multifunction df f(-) has closed graph, and closed values.
o If f Lipschitz on int S, then for any x € cl(int S), OF f(x) is nonempty and compact.

o Forall z € S, we have 9} f(z) C ¥ f(z), and equality holds when z € int S.
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Definition 2.2.27. Assume that f : R™ — RU{oo} is locally Lipschitz on int (dom f) #
(). We denote by 0,f(z) the Extended Clarke generalized gradient of [ at = €
cl (int (dom f)). We have

O f(x) = conv { lim Vf(z;): 9, V f(x;) exists W},

i——+00

where O is any full-measure subset of int (dom f).

Definition 2.2.28. Assume that f : R” — R U {oo} is C"! on int (dom f) # (). We
denote by 9} f(x) the Extended Clarke generalized Hessian of f at x € cl (int (dom f)).
We have

O} f(r) = conv {,lim V2f(xy) 9, x, V2 f(z;) exists Vi},

1—400

where O is any full-measure subset of int (dom f).

Remark 2.2.29. Notice that
o O f(-) and &7 f(-) are measurable multifunctions with closed graph, and their values

are nonempty, compact and convex.
o We have 9,f(xz) C f(x) and 87 f(z) C 0*f(x), with equalities holding when x €
int (dom f).

Definition 2.2.30. Assume that g : R” — R" be a Lipschitz function on a closet set
S C R™. We denote by d,g(x) the Extended Clarke generalized Jacobian of g at x € S

that extends the Clarke generalized Jacobian to the boundary of S . We have

Oig(x) = conv { lim Jg(z;) : z; 9, Jg(x;) exists Vz},

i——+00

where O is any full-measure subset of int .S, and J is the Jacobian operator.

Remark 2.2.31. Notice that
o The multifunction 0,g(-) is measurable and has closed graph. Its values are nonempty,

convex, and compact in the space of n x n matrices.
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« We have 0,g(z) C dg(z), with equality holding when z € int S.

Definition 2.2.32. Assume that h : R® — R be C'! on an open set containing a closet
set S C R™. We denote by d7h(x) the Clarke generalized Hessian of h relative to int

S at z € S. We have

1—+00

Ofh(z) = conv {.lim V2h(z;) : @ 9, V2h(z;) exists ‘v’i},
where O is any full-measure subset of int S.

Remark 2.2.33. Notice that
o 0?h(-) is a measurable multifunction with closed graph, and its values are nonempty,
compact and covex.

o We have 92h(x) C 0*h(z), with equality holding when x € int S.

’ Prox-regular sets ‘

We proceed to define the pg-convexity property and the prox-regularity of a set. A
detailed analysis of this may be found in [21, 29]. For other related properties, we refer the

reader to [60, 61, 62, 8, 9] and the references therein.

Definition 2.2.34. Suppose S C R"” is closed. S is said to be p-convex, where ¢ is

taken to be a continuous function from S to [0, +00), if

Gy =) <p@)Clly — 2
for all x € bdry S,y € S and 0 # ¢ € N&(x).

Definition 2.2.35. Suppose S C R" is closed. S is said to be ¢p-convex if we can

find @9 > 0 such that

€y —2) < wollClllly — =, (2.7)

for all z € bdry S,y € S and 0 # ¢ € N¥(z).

Remark 2.2.36. We remark that S is ¢-convex iff S is pg-convex locally.
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Definition 2.2.37. Let S C R" a closed set. We say that S is r-proximally smooth

or r-prox-regular iff there exists r > 0 such that for all x € bdry S and ¢ € N¥(x)

1
(Cy—x) < 27||C||||y—93||2 Vy e S

Equivalently, S is r-proximally smooth if and only if for all z € bdry S and 0 # ¢ € NE(x),¢

is realized by an r-sphere, i.e.

B(S-'-THE_H;T) NS =40.

Remark 2.2.38. Notice the following:

1
2¢0

o For g9 > 0, S is pg-convex <= S is ;—-prox-regular (or has positive reach with

radius ﬁ) (see Figure 2.5).

e Sisconvex <= S is 0-convex <= S is r-prox-regular for all » > 0.

A A NN

S is not ¢p-convex S is pp-convex S is pg-convex S is not ¢p-convex

Figure 2.5 (y-convexity °

Proposition 2.2.39. Let S be r-prox-regular set in R”, with » > 0. Then we have:
(i) [21, Corollary 4.15] For all x € S,

Ns(z) = N§ (x) = Ng (@),

and for all z € bdry S, we have
Ng (x) # {0}.

(77) [21, Theorem 4.8] Let " € (0,7). Then 7g(+) is Lipschitz of rank —~ on {u € R" : 0 <

r—r!

ds(u) < '}, where mg(-) is the projection map into S.

5This image was generated by Dr. Chadi Nour.
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(4ii) The normal cone NZ'(+) is hypomonotone, i.e. for every z;,xz, € S, for every & €

NE(xy), & € NE(xo), &, & unit vectors, we have
1 2
(&g — &1, w0 — 1) > —;||$2—$1|| . (2.8)

The following result holds for uniform prox-regular sets S(¢). It is an extension of a
special case of [55, Lemma 3.2] from a constant compact set S to the case of set-valued maps

S(-) with non-compact values. It requires Ng((-) to have closed graph.

Lemma 2.2.40. Let S(-) : [0,7] ~» R™ be such that, for all ¢ € [0,T], S(t) is nonempty,
closed, and uniformly p*-prox-regular, for some p* > 0. Let z € C([0,T],R") with z(¢) € S(¢)
for all ¢ € [0,7]. Assume that for some § € (0, p*), the map (¢,y) — Ngu)(y) has closed
graph on the domain Gr (S ()N Bg(f(-))) .Then, the following holds.

(i) Let t € [0,T], and y € S(t) N Bs(z(t)). Then

Nt (y) N =Np, 0 () = {0}

(i3) There exists ps > 0 such that for all ¢ € [0, 7] the set S(t)N Bs(z(t)) is ps-prox-regular.

)() is well-defined on (S(t) N Bg(ii‘(t))) + ps B and

£
st
n
o
=
=y
N
o
B
Yy
n
=
i)
oy
(%)
Kl
S
S~—
S~—
N——
+
S

Proof. (i)-(i1): The results are derived by following the proof of [55, Lemma 3.2], where for
t € 10,T], we take S := S(t) and x := Z(t), and hence, N, and p, there , are respectively
Ny := Nz and p; := pz(py. It follows that p there is now p := inf{p; : t € [0,T]}. Following
the rest of the proof there, and employing that the map (¢,y) — Ns)(y) has closed graph
on the domain Gr (S() N Bg(:f(~))), we conclude that p > 0. Thus, for all ¢ € [0,T], we
deduce that S(t) N Bs(Z(t)) is ps-prox regular, where ps := 22,

(#7i): It follows from (éi) and Proposition 2.2.39(i1). O

We now present Theorem 9.1 in [2].
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Theorem 2.2.41. Let g : [0,7] x R" — R with k = 1,...,m be functions such that,

for each t € [0, 7], the set
S(t)={z eR": qi(t,z) <0,...,gm(t, ) <0} (2.9)

is nonempty. Assume that there exists some p €]0, +00] such that:
(i) for all t € [0, 7], for all k € {1,...,m}, gx(t,-) is of class C! on {z € R" : d(z, S(t)) <
P}

(ii) there exists a real v > 0 such that, for all t € [0,7], for all € bdry S(t), for all

ye{yeR:d(y,S(t)) < p}, for all k € {1,...,m} with g.(¢t,2) =0,

(Vgi(t, ) () = Var(t, ) (@), y — 2) = =lly — =[]

Assume also that there is a real § > 0 such that, for any (¢, x) € [0, T] xR"™ with x € bdry S(¢)
and any ¢ € conv{Vg(t,")(x) : k € K(t,z)} where K(t,z) :={k € {1,...,m} : gx(t,x) =

0}, there exists v(t, z,() € B satisfying

<Cv U(ta Z, C)) < —o.

Then, for all ¢t € [0, T], the set S(t) is r-prox-regular with » = min {p, %}

’Amenable and Epi-Lipschitzian sets‘

The following definitions and properties can be found in [22, 62].

Definition 2.2.42. Let S C R"™. The set S is amenable at one of its points z if there
exists an open neighborhood V of Z, a C' mapping F from V into a space R™, and a closed,

convex set D C R™ such that
SNV ={xeV|F(x) € D}, (2.10)

with

the only vector y € Np(F(z)) with VF(z)'y =0is y = 0. (2.11)
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Lemma 2.2.43. Let S = {z € X | F(z) € D} for closed, convex sets X, D, and a C!
mapping F'. The set S is amenable at any of its points & where the constraint qualification

holds, meaning that the only y € Np(F(z)) with —VF(z)Ty € Nx(z) is y = 0.

Definition 2.2.44. For a strictly continuous function f : R" — R, let S = {z | f(z) <
a} and consider a point & of S with f(Z) = @. S is said to have an epi-Lipschitzian

boundary at z if

0 ¢ convdf(z). (2.12)

Lemma 2.2.45. Let S := {2 : f(z) < 0}, where f : R* — R is Lipschitz near = and

0 € df(x). Then, S is epi-Lipschitzian at x.

Lemma 2.2.46. (i) A set S C R™ with boundary point z is epi-Lipschitzian at z
if and only if S is locally closed at z and the normal cone Ng(Z) is pointed, i.e. Ng(z) N
—Ns(z) = {0}.
(27) If the set S is epi-Lipschitzian at every « € S, then S = cl int S.

Lemma 2.2.47. [57, Remark 4.8(ii)] If the lower semicontinuous multifunction F' has

closed and r-prox-regular values, for some r > 0, (as opposed to convex), then

conv (ng(t)(')) - Nﬁ(t)(') = NII;(t)(') = NF(t)(')a

and this cone is pointed at x € F(t) if and only if F(¢) is epi-Lipschitz at x. Here, N Fo(y)
stands for the graphical closure at (t,y) of the multifunction (¢,y) — N lé(t) (y), that is, the

graph of Nf () is the closure of the graph of Nf ,(-).

| Sub-level sets of a function |

The following is adapted from Lemma 3.3-3.4, Theorem 3.1 in [55], and Proposition 3.1
in [70].

Lemma 2.2.48. Let S be a nonempty set given by
§:i={z € R": y(z) < 0}, (2.13)
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where ¢ is C' on S + pB, for some p > 0, 1 is coercive (i.e. limj, |0 th(x) = +00) or S

bounded, and there is a constant 1 > 0 such that
P(r) =0 = V()] > 2n.
Part I. Let 2M,;, be the Lipschitz constant of Vi(-) over the compact set S + gB such that
My > 4 Then,
P
(i) bdry S #0 and bdry S ={x € R":¢(z) =0}.
(it) int S# @ and int S={zreR":¢Y(x) <0}

(#4i) The nonempty set S is compact, amenable (in the sense of [62]), epi-Lipschitzian,

S =cl(int 9), (2.14)

and S is ]\ZP -prox-regular.

(tv) For all x € bdry S we have
Ng(x) = NE(z) = N&(x) = {\Vi(x) : A > 0}. (2.15)

Part II. For k € N, we define the set S(k) by
S(k) :=={r € 5:¢(r) < —au}, (2.16)
where (ay )y the real sequence defined by
(1)

Q= , keN,
Yk

2M

” for all k € N, and v, —

M > 0 positive constant, (7x)r a sequence satisfying v, >
oo as k — oo. Then, we have
(i) For all k, the set S(k) C int S and is compact,
(77) bdry S(k) = {x € R" : ¢(x) = —ax} and int S(k) = {x € R" : ¢(z) < —ay} for k
sufficiently large,;

(#7i) int S(k) is nonempty, C'(k) is amenable, epi-Lipschitzian -prox-regular, S(k) =

n_
' 2M,,

cl int C(k), and

Vz € bdry S(k), Nsuw(z) = Ny (2) = Nggy(z) = {AV(z) - A >0} (2.17)
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(iv) There exist 7, > 0 and k& € N such that

{S N Bro(c)} — pkm Cint S(k), Vk >k and Ve € bdry S. (2.18)

Ve (e

In particular, we have

( Vip(e)

¢ — pp——="| €int S(k), Vk >k and Vc € bdry S. 2.19
ey S Y (219

‘ Other important results‘

The following theorem can be found in [66, Theorem 3.3.1].

Theorem 2.2.49 (Ekeland variational principle). Take a complete metric space
(X,d(-,-)), a lower semicontinuous function f : X — R U {+o0}, a point zy € dom f, and

numbers o > 0 and A > 0. Assume that
f(xo) < inf f(2) + Aa.

Then there exists & € X such that

(1) f(z) < f(xo),
(17) d(zo,z) < A,
(13i) f(z) < f(z) + ad(z,z) for all x € X.
This result can be found in [47].
Lemma 2.2.50. Let
F(z) = ax fi(x), forxe X. (2.20)

Define the smooth approximation:

Fy(x) = ;m @; exp (pfi(x))> | (2.21)

Then, for z € X, F),(z) is a monotonically decreasing function in terms of p, and the following

inequality holds:

(2.22)



2.3 Differential equations, set-valued analysis, and control theory

\ Existence of ODE \

Theorem 2.3.1 (Existence and Uniqueness for ODE). Consider the (IVP) system
#(t) = f(t,x)
x(tg) = wp.
If f is continuous in (¢, x) in a rectangle D = {(t,x) : tg—0 <t < to+d,20—b < x < xo+b},
and f(t,z) lipschitz with respect to x on R = {(t,z) 1 tp —a <t <ty+a,z0 —b < x <

xo + b,a < 0}, then the solution in R of the (IVP) exists and shall be unique.
The following is found in [39, Theorem 5.3].

Definition 2.3.2 (Carathéodory function). Suppose D is an open set in R"". The
function f: D — R" is said to satisfy the Carathéodory conditions on D, if:
o f(t,z) is measurable in t for each fixed z,
o f(t,x) is continuous in x for each fixed ¢,

 For each compact set U C D, there exists an integrable function m (t) such that
|[f(t,z)| <my(t), (t,z)eU. (2.23)

Theorem 2.3.3 (Existence and Uniqueness for ODE). Suppose D is an open set
in R™™!. Assume that the function f : D — R" satisfies the Carathéodory conditions on D
(see Definition 2.3.2). Additionally, for each compact set U C D, there exists an integrable

function ky () such that

[f(t2) = f(L )] < k(@) =yl (L), (Ly) € U. (2.24)

Then, for any (to,x¢) € U, there exists a unique solution x(t,to,x¢) of the initial value

problem
T = f(t,x), xz(to) = xo, (2.25)
passing through (tg,7¢). The domain E of definition of x(t,ty, 7o) in R"*? is open, and

x(t, to, xo) is continuous in F.
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Existence of optimal solution for optimal control problems

The following is Theorem 23.10 in [19].

Theorem 2.3.4 (Existence of optimal solution for optimal control problem).

Minimize J(z,u) = {(z(a),z(D))

subject to  2'(t) = f(t,z(t),u(t)) a.e.
(0C1)
u(t) e U(t) ae.

(t,x(t) € @ Vtela,b], (x(a),z(b))e€ E.
Let the data of (OC1) satisfy the following hypotheses:

(a) f(t,z,u) is continuous in (x,u) and measurable in t;

(b) U(-) is measurable and compact-valued;

(c) f has linear growth on Q: there is a summable function M such that
(t,x) € Q, uwell) = |f{t,z,u)] < M)+ [z]);

(d) For each (t,z) € Q, the set f(t,z,U(t)) is convex;
(e) The sets @ and E are closed, and ¢ : R™ x R” — R is lower semicontinuous;

(f) The following set is bounded:
{a € R": (a, ) € E for some § € R"}.

Then, if there is at least one admissible process for the problem, it admits a solution.

| Other results|

We now present Filippov Selection Theorem (see Theorem 2.3.13 in [66]).

Theorem 2.3.5 (Filippov Selection Theorem). Let 7' > 0. Consider a nonempty
multifunction X : [0, 7] ~» R®, a function H : [0, T] x R® — R%, and a function v(-) : [0,T] —
R? satisfying

(i) The set Gr X is £ x B® measurable;
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(77) The function H is £ x B® measurable;
(#4) The function v(-) is a measurable function such that v(t) € {H(t,\) : A € X ()} a.e.

Then, there exists a measurable function A : [0, 7] — R® such that
u(t) € X(t) a.e.

and

H(t, A1) = v(t) ae.

2.4 Functional analysis

We first start by general notations and concepts in functional analysis.

o For S C R™ compact, C(S;R"™) denotes to the set of continuous functions from S
to R™.

o The class of all functions Lipschitz on S with Lipschitz constant £ > 0 is denoted by
LP(S).

o CY([a,b];R™) is the space of continuously differentiable functions f whose derivative
f is Lipschitz continuous.

o The set of all absolutely continuous functions f: [a,b] — R™ is denoted by
AC([a, b]; R™).

« We say that a function f is absolutely continuous on [a, b] if for every positive

number € > 0, there exists 0 > 0, such that whenever a finite sequence of pairwise

disjoint sub-intervals (a;, b;) of [a,b] with a; < b; satisfies > | (b; — a;) < 6, then

N

Y (f(bi) = fla)) <e.
i=1
« Equivalently, we say that f is absolutely continuous if f has a derivative f a.e.,

f is Lebesgue integrable, and

£8) = Fla) + /atf(s)ds, vt € [a,b].

o The set of all functions f: [a,b] — R™ of bounded variations is denoted by

BV ([a,b]; R™).
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o The total variation of f is given by
np—1
Vab(f) = sup Z |f(ziv1) = fz3)],
PeP ;2
where the supremum is taken over the set
P ={P={zo,...,x,,} | P is a partition of [a, b] satisfying x; < x; for
0 <1i < np — 1} of all partitions of the interval considered.
o If f is differentiable and its derivative is Riemann-integrable, then its total vari-
ation 1is

Vi) = [ 17 @) d

o For a function f, we say that
f€BV([a,b;R") <= Vf) < +oo.

« The Lebesgue space of p-integrable functions f: [a,b] — R" is denoted by
LP([a, b]; R™), where the norms in L”([a, b];R"™) and L*([a, b]; R™) (or C([a,b]; R™)) are

written as || - ||, and || - ||oo, respectively, where for f € L?([a,b]; R™), we have

SRt
Ity = ([ 11vas)”

and for f € L*([a,b]; R™),
| flloo =inf{C >0:|f(z)] < C ae. x€la,b}.

« The Sobolev space W'?([a, b]; R"™) denotes the set of continuous functions f: [a,b] —
R” having f € L?([a, b];R™). More specifically, we have:
o If f € WY ([a,b]; R™), then f continuous and f € L'([a,b]; R™). Hence,
Whl([a,b]; R™) is the set of all absolutely continuous functions from [a, b] to R™.
o If f € W'([a,b];R"), then f continuous and f € L?([a,b]). The norm on
Wh2([a,b]; R") is
1FOllwrz = 1FOlloo + 1FC)ll2-
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 Denote M(S), M. (S), and ML (S) to be, respectively, the set of Radon, positive
Radon, and probability measures on S. Note that by Radon measure on S, we mean
a finite regular measure on B(.5), the o-algebra generated by the Borel subsets of S.

o The space C*([a, b]; R™) denotes the dual of C([a, b]; R™) equipped with the supremum
norm. C*([a,b]; R™) consists of all bounded linear functionals from C([a, b]; R™) to R.

« We denote by || - ||1.v. the induced norm on C*([a, b]; R™).

o For v € C*([a,b];R™), its support is denoted by supp {v}, and it is the smallest
closed subset A C [a,b] with the property that for all relativey open subsets
B C [a,b] \ A, we have v(B) = 0.

» By Riesz representation theorem, each element in C*([a, b]; R) can be interpreted
as an element in M([a,b]), the space of finite signed Radon measures on [a, b|
equipped with the weak™ topology. In other words, every A bounded linear func-
tional on C([a,b];R) is represented as an integral against a finite signed Radon

A = [ f@yavta),
and

A= [[llz.v.
o The set of elements in C*([a,b];R) taking non-negative values on nonnegative-
valued functions in C([a, b]; R) is denoted by C#(a,b).
o For v € C¥a,b), ||v|Tv., as defined above, coincides with the total variation of

v, i.e.

v = v(ds).
. = | v(ds)

‘ Important results ‘

We start by Gronwall’s Lemma, see [66, Lemma 2.4.4].
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Lemma 2.4.1. Take an absolutely continuous function z : [S,T] — R". Assume that

there exist nonnegative integrable functions k and v such that
d
‘dtz(t)‘ < k(t)]z(t)| +v(t) ae. te[ST].
Then

12(8)] < exp (/; Ko)do) [I2(5)1 + /; exp (= [ ko)do ) v(r)ar]

for all t € [S,T.
This lemma can be found in see [69, equation (3.1)].

Lemma 2.4.2. If the function W(-,-) is lipschitz and x(-) is an absolutely continuous

arc, then W (-, z(-)) is absolutely continuous, and we have

th(t,x(t)) € oW (t,x(t)).(1,2(t)) ae.

The following can be found in [43, Theorem 1], and it basically says that a function that
is Lipschitz on S C F could be extended to the whole space E by preserving a Lipschitz

condition.

Theorem 2.4.3. Let S C E non-empty. If f € LP(S), then fs, € LP(E) and

coincides with f on S, where
fsxr(z) = uelg{f(u) + kllz —ul|} forallz € E. (2.26)

Lemma 2.4.4. Let S C R" be a compact set, and f: S — RU{oc} a lower semicon-
tinuous function, and assume there exists zq € S such that f(zg) < co. Then, inf,cg exists

and is finite.
We now present Arzela—Ascoli theorem.

Theorem 2.4.5 (Arzela—Ascoli theorem). Let {fi} a sequence of continuous func-
tions on [0, 7. If { i} is uniformly bounded and uniformly equicontinuous, then there exists

a subsequence of {f;} (we do not relabel) that converges uniformly to a function f.
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Theorem 2.4.6 (Helly theorems). Let {f;} be a sequence of bounded variation on
[a,b]. Assume there is a constant M such that V(fi) < M and || fi||ec < M for all k. Then:
(1) Helly’s first theorem. There is a subsequence of {f;} which converges pointwise
everywhere to a function f of bounded variation, with V?(f) < M and || f|lec < M .

(1) Helly’s second theorem. We have:

b b
/gdfk—>/ gdf forall g € C([a,b]).

Strong convergence, weak convergence, weak* convergence

A significant portion of this section is adapted from Evans lecture notes [37], with further

reference to his textbook [38].

Definition 2.4.7. Let p € [1,00]. We say that a sequence {f} converges strongly
to f in LP if

| fe — fll, = 0, as k — oo.

Definition 2.4.8 (When p € [1,00)). Let U an open, bounded, smooth subset of R",
with n > 2. We assume that 1 < p < oo, and let ¢ be the conjugate exponent, i.e. 1%+% =1,
(q := oo when p = 1.) A sequence {f;} € LP(U) converges weakly to f € L(U), in which
case, we write

fr = fin LP(U),
if
/Ufkgdw — /Ufgdx, Vg € LYU).

Definition 2.4.9 (When p = o0). Let U an open, bounded, smooth subset of R",
with n > 2. A sequence {f;} € L>®(U) converges weakly* to f € L>°(U), in which case,
we write

fe = f in L=(U),
if

/Ufkgdaf—>/Ufgdx, Vg € L*(U).
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Theorem 2.4.10 (Boundedness of weakly converging sequence). Suppose 1 <

p<ooand fry — f in LP(Q) (= in L*°(Q) if p = c0). Then, f; is bounded in LP(£2) and

[Fllzr() < liminf || fi[| 2o (0)-

Theorem 2.4.11 (Weak convergence in L”). Suppose 1 < p < oo and the sequence
{fx}x>1 is bounded in LP(U). Then there is a subsequence, still denoted by {fx}r>1, and a
function f € LP(U) such that

fr = f in LP(U).
If p = oo, the result still holds with — replaced by .

Theorem 2.4.12. Let {f} be a sequence of functions that converges pointwise to f
and is uniformly bounded in L%, i.e., there exists M > 0 such that || fzx||z~ < M for all k.

Suppose that {Ax} is a sequence in L? that converges weakly to A in L? i.e.,
A, — A in L%
Then, the sequence {4y fi} converges weakly to Af in L?, i.e.,
Aufe — Af in L2
We now prove the following theorem.

Theorem 2.4.13. Let {fi} sequence of functions in W2([0,T];R"™) (respectively
Whee([0,T]; R™)) such that

I frllee < M and || flls < M (respectively || fi|lso < M).

Then, along a subsequence (we do not relabel), we deduce that there exists a function

f e Wh2([0,T];R"™) (respectively f € W1e°([0,T];R"™)) such that

fi() il f() and  fiu(-) = f(-) weakly in L? (respectively fi(-) = f(-) weakly* in L*°).
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Proof. Let ¢ > 0 and let 0 < t1,t; < T such that t; — t; < ]\8722 (respectively < ). Hence,

for every k, we have that

1felt) = el = 11 [ fuls)as|
t21 .
< [ 1u(s)llas
< V=1 ([ 1els)llas) " (respectively (2 — 1)l
< Wty —t; M (respectively (ty —t1)M)
< e

This shows that (fx(-))x is equicontinuous. In addition, we have that (fx(:))x is uniformly
bounded. We deduce from Arzela-Ascoli theorem (Theorem 2.4.5) that along a subsequence
of fr(-) (we do not relabel), we have f; converges uniformly to an absolutely continuous
function f.

Since (fx())g is uniformly bounded in L? (respectively in L), we conclude that we can
extract a subsequence where fj, converges weakly in L? to a limit g (respectively weakly* in

L>) (see Theorem 2.4.11). Now, for such subsequence (we do not relabel), we have

it = 1) + [ fuls)ds — 10) + [ gls)as,

we deduce that
£0) = 1)+ [ gs)as,

that is, f(-) is absolutely continuous and f(t) = g(t) a.e. t € [0,T]. O
The following is Theorem [66, Proposition 9.2.1].

Theorem 2.4.14 (Convergence of measures). Take a weak® convergent sequence
{1} in C®(S,T), a sequence of Borel measurable functions ; : [S,T] — R™, and a sequence
of closed sets {A;} in [S,T] x R". Take also a closed set A in [S,T] x R, and a measure
peCS,T).
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Assume that A(t) is convex for each ¢t € dom A(-) and that the sets A and Ay, Ag,... are

uniformly bounded. Assume further that

limsup 4; C A,
1—00

vi(t) € Ai(t) p; ae fori=1,2,...

and

wi = o weakly™.

Define n; € C*([S, T]; R*) by

n;(dt) := () pi(dt).
Then, along a subsequence,

b = Mo weakly™,

for some 1y € C*([S, T]; R*) such that

Mo(dt) = 70(t)po(t),
in which 7y is a Borel measurable function that satisfies
Y(t) € A(t) po a.e.

The following is Theorem 6.39 in [19].

Theorem 2.4.15 (Weak-closure theorem). Let [a,b] be an interval in R and @ a
closed subset of [a,b] x R™. Let I'(t,u) be a multifunction mapping @ to the closed convex

subsets of R"™. We assume that

(a) For each t € [a,b], the set
Gt) = {(w,2) : (tu,2) € Q x B = € T(t, )

is closed and nonemptys;
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(b) For every measurable function u on [a, b] satisfying (¢, u(t)) € @ a.e. and every p € R",

the support function map

t = Hr(u(e)(p) = sup{{(p,v) : v € T(t,u(t))}

is measurable;
(¢) For a summable function k, we have I'(t,u) C B(0,k(t)) V(t,u) € Q.
Let u; be a sequence of measurable functions on [a, b] having (¢, u;(t)) € @ a.e. and converging
almost everywhere to u,, and let z; : [a,b] — R™ be a sequence of functions satisfying
|2;(t)] < k(t) a.e. whose components converge weakly in L'(a,b) to those of z,. Suppose

that, for certain measurable subsets ); of [a, b] satisfying lim;_,,, meas{2; = b — a, we have
zi(t) € T(t,u;(t)) + B(0,7i(t)), te€Q; ae.,

where r; is a sequence of nonnegative functions converging in L'(a,b) to 0. Then we have in
the limit

2(t) € T(t,u.(t)), tE€la,bae.
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CHAPTER 3

STUDY OF A COUPLED SWEEPING PROCESS DYNAMIC (D)
In this chapter, we study the following dynamic (D) given by a sweeping process coupled

with a differential equation:

D) (t) € f(t,z(t),y(t), u(t)) — New(z(t)), a.e. t €[0,T], 51)

y(t) = g(t, 2(t), y(1),u(t)), a.e. t €[0,T],
where T > 0 is fixed, f : [0,7] x R® x Rl x R™ — R", ¢ :[0,7] x R* x R x R™ — R/,
C'(t) is the intersection of the zero-sublevel sets of a finite sequence of functions 1;(t, -) where
P [0, T] xR* — R, i =1,...,7, Ne is the Clarke normal cone to C(t),
U(:) : [0, T] ~ R™ is nonempty, closed, and Lebesgue- measurable set-valued map, and the

set of control functions U is defined by
U:={u:[0,T] — R™ : u is measurable and u(t) € U(t), a.e. t € [0,T]}. (3.2)

We first introduce the following assumptions on C'(-) and U(-) which will be used at different
points of the chapter.

(A1) Assumption on U(-): The measurable set-valued map U(-) has compact images.
(A2) Assumption on C(-): For ¢t € [0,7T], the set C(t) is nonempty, closed, uniformly

p-prox-regular, for some p > 0, and is given by
C(t) :== () Ci(t), where Ci(t) := {z € R" : ¢5(t,z) <0} C R", (3.3)

i=1

where (1;)1<i<, is a family of continuous functions v, : [0,7] x R" — R.
We shall use the following notations. For x(-) € C([0,T]; R™) such that z(t) € C(t) Vt €
(0,77, and for (7,2) € Gr C(-), we define

L(z):={t€[0,T]:x(t) €intCy(t)} and I)(x):=[0,T)\ I;(z), Yi=1,...,7(3.4)

I'(z):= é];(x) ={te0,T]:z(t) e intC(t)}, (3.5)
I(z) :={t €[0,T] : 2(t) € bdry C(t)} = [0, T)\ I"(x) = {t : I}, sy # 0}, (3.6)
where I?T,Z) ={ie{l,...,r} (7, 2) =0} (3.7)
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We now introduce some local assumptions on C(-), f and g.

For a given pair (z, %) € C([0, T]; R" xR") such that z(t) € C(¢) Vt € [0,T], and for a constant
§ > 0, we say that the following assumptions hold true at ((Z,%);0) if the corresponding
conditions hold true.

(A3) Local assumptions on the functions v; at (z;4):

(A3.1) There exist p, > 0 and L, > 0 such that, for each i, V,1;(-,-) exists on
Gr (C() N Bs(#(-))) +{0} x poB, and ¢(-,) and V,s(-, ) satisfy,

for all (t1,21), (t2,72) € Gr (C() N Bs(3()) + {0} x pz‘)B,
max {[1;(t1, v1) — Yilte, T2)|, [|[Vathits, 1) — Vathi(te, z2)||} < Ly( [t — ta| + [[21 — 22|).

(A3.2) For every t € I°(z), the following constraint qualification at Z(¢) holds:

S AVt #(1) = 0, with each A > 0] = [\ =0, Vi€ T]

. 0
€10 2 0)

For the given ¢ and for any a,b > 0, we introduce the following sets

81

@), By= U Bsw®), U:= |J U@®)38)

te€[0,T) t€[0,T)

Cs = P ] C(t) N Bs(

M) := [C(1) N Bula(t)] x By(y(t)), for te[0,7) (3.9)

(A4) Local assumptions on h(t,z,y,u) := (f,g)(t,z,y,u) at ((Z,y);0):
(A4.1) For (z,y,u) € Cz x By x U, h(-,z,y,u) is Lebesgue-measurable and,
for a.e. t € [0,T], h(t,-,-,) is continuous on </17(g7g) (t) x U(t). There exist Mj > 0,
and L, € L*([0,T];R"), such that, for a.e. ¢t € [0,T], for all (z,y), (z/,y) €
E/V(g,g)(t) and u € U(t),

1A (t 2, y, w)| < My and |[h(t, z,y,u) = h(t, 2"y, w)|| < La(D)ll(2,y) = (', )]

(A4.2) The set h(t,x,y,U(t)) is convex for all (z,y) € 1/7(375)(15) and t € [0,7] a.e. !

IThis condition is not needed for Theorem 4.2.11.
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3.1 Study of the dynamic (D) under local assumptions

We start by presenting some properties pertaining to the sweeping set C'(¢) and the
sweeping process (D). For the reader’s convenience, Table 3.1 at the end of this subsection
summarizes all the results presented here.
The following lemma provides an equivalent condition to (A3.2) which allows to obtain the

formula for the normal cone to C(t) at points x in C(¢) near z(¢) (Lemma 3.1.3).

Lemma 3.1.1 (Assumption (A3.2)). Let C(-) satisfying (A2) for p > 0. Consider
z € C([0, T]; R™) with z(t) € C(t) for all t € [0,T], and § > 0 such that (A3.1) holds at (Z;6).
Then, the validity of assumption (A3.2) at Z is equivalent to the existence of 0 < €, < 0 and

1, > 0 such that

> AVt )| > 2m0, V(t o) € {(r,2) € Gr (C() N B, (&() : I,y # 0}, (3.10)
ieI?t’c)
where I?m) is defined in (3.7) and ()\,-)ZEI& : is any sequence of nonnegative numbers satis-

fying Ziez&c) A= 1.

Proof. 1t suffices to show that (A3.2) implies (3.10). If not, then there exist sequences

tn €0, 7], en € Clta) N B1(Z(ta)) with I, ) # 0, and (A)iero  with Fiepo A} =1
and A7 > 0, for all i € 7%, and n € N, such that ’zig& V()| < 2 ¥n e N,

As up to a subsequence, (t,,c,) — (to, o) := (to, Z(t,)), Lemma .0.1 yields the existence of

0 #J, Cc{l,...,r} and a subsequence of (t,,c,), we do not relabel, such that I?t

nvcn) =

Jo C 4, .y for all n € N. It follows that

€

<=, > A'=1(VneN), and, \} >0 (Vi € J,,VneN). (3.11)

2
no 7,

Hence, after going to a subsequence if necessary, it follows that for all i € J,, A — A¢ >0
with ;¢ 7 A? = 1. Upon taking the limit as n — oo in (3.11) and by defining A\? = 0 for all

i € I4, oy \ Jor (A3.1) implies Yier), | NoV . ;(to, ¢o) = 0, which contradicts (A3.2). O
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Remark 3.1.2. We can prove that (A3.1) and equation (3.10) imply that for all
(t,x) € Gr (C’() N Bgo(i‘(-)) such that Zf) . # 0, the family of vectors {wai(t,:c)}id?t :
is positively linearly independent. Indeed, assume there exist (t,z) € Gr (C’ ()N B., (a?"())

such that I(O

t,x

) # 0, (Ai>i€I?t ;= 0 such that Yiero ))\ivmwi(t,x) = 0. If there exists ¢
such that \; # 0, then Ziel? ))\i # 0, and we have Ziel? : ﬁvmi(t,x) = 0. This
t,x t,x ieI@@) '3
contradicts (3.10).
Lemma 3.1.3. Let C(-) satisfying (A2) for p > 0. Consider z € C([0, T]; R™) with
z(t) € C(t) for all t € [0,T], and § > 0 such that (A3.1) and (A43.2) hold at (z;6). Let ¢, be

the constant from Lemma 3.1.1. Then, we have
NC(t)(-T) = Ng(t)(x) = Né(t)(x)a Va € C(t),

and, for all (t,z) € Gr (C() N Bso(j;('))7

{ 2liets, ANV it ) o A > 0} # {0} if z € bdry C(t)

NC(t) (SL‘) = (3.12)

{0} if z € int C(t).
Proof. Notice that C(t) is prox-regular. By applying Proposition 2.2.39(i) ([21, Corollary
4.15]), we conclude that the limiting, Clarke and proximal normal cones are all equal to each
other. Now, to prove equation (3.12), we apply Lemma 2.2.11 ([19, Corollary 10.44]) and
Remark 3.1.2. O

Lemma 3.1.4 (Equivalence). Let C(-) satisfying (A2) for p > 0. Consider
(z,7) € C([0,T);R" x RY) with z(t) € C(t) for all t € [0,T], and § > 0 such that (A3.1)
holds at (z;6), and (A4) is satisfied by (f, g) at ((z,7);6). Let (z,y) € W ([0, T]; R™*!) be

a pair such that (z(t),y(t)) € </17(g75) (t) Yt € [0,T]. The following equivalences hold true.

There exists u € U such that

i(t) € f(t,o(t), y(t), u(t)) — Neg(@(t)) ace. t € [0,7]
(3.13)

y(t) = g(t,z(t),y(t),u(t)) ae. t €[0,T]
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AL There exist u € U and (A1(+), -+, Ar(+)) non-negative measurable functions such that

for every ¢ € {1,--- , 7}, \i(t) =0 for t € I;(z) and

(t) = f(t,x(t),y(t),u(t)) — i M(t)Vatbi(t, z(t)) ae. t € [0,T]

(3.14)
y(t) = g(t, x(t),y(t), u(t)) ae. t €0, T]
I There exist (A1(+), -+, Ax(+)) non-negative measurable functions such that for every
ie{l,---,r}, N(t) =0 for t € I;(x) and
(500 € bt (0,00, 010) — (A OV, 5(0),0) (3.15)
Y There exist (A1(+), -+, Ax(+)) non-negative measurable functions such that for every
i€ {l,---,r}, N\(t) =0 for t € I;(x) and Vz € R" x RY,
(z,(x(t),9(t))) < oz, h(t,z(t),y(t),U Z)\ H)Vahi(t, z(t)),0)) a.e.  (3.16)

Proof. Equivalences (1) and (I1) hold true by applying Filipov Selection Theorem, see The-
orem 2.3.5 ([66, Theorem 2.3.13]), and using equation (3.12) for (I). Whereas equivalence
(111I) holds true by applying the support property in (2.2) on the compact and convex set
S = h(t,x(t),y(t),U(t)). O

An important consequence of Lemma 3.1.1 and Lemma 3.1.3 is manifested in the following
result that establishes the Lipschitz continuity and the uniqueness of the solutions near
(z,y) for the Cauchy problem of (D) via its equivalent form. We note that, under global
assumptions, the existence of a solution for the Cauchy problem of (D) is given in Theorem

3.3.7, which will be established in Section 3.3.2. First, define u to be
po= Ly(1+ Mp). (3.17)

Lemma 3.1.5. Let C(-) satisfying (A2) for p > 0. Consider (z,7) € C([0,T]; R"™ x R!)
with z(t) € C(t) for all t € [0,7], and 6 > 0 such that (43.1) and (A3.2) hold at (Z;),
and (A4.1) is satisfied by (f,¢) at ((z,9);9). Let u € U and (wo,y0) € L/V(eO’g)(O) be fixed.
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Then, a pair (z,y) € WHH([0, T]; R*™), such that (z(t),y(t)) € A, 5(t) Yt € [0,T], is a
solution of (D) corresponding to ((xg,yo), ) if and only if there exist measurable functions
(A1,---,Ar) such that, for all i = 1,--- ;r, \;(t) = 0 for t € [;(z), and ((z,y),u) together

with (Ag,---, \,) satisfies

B(t) = ft,2(t), y(t), u(t)) — Liery

(t,2(t)) /\l(t)v$¢z(tvx(t)> a.e. t e [0771]7

y(t) = g(t,z(t), y (1), u(t)), a.e. t €[0,T], (3.18)

((0),5(0)) = (0, 0)-

Furthermore, we have the following bounds

illoe < 155 Mlloe < 7, Vi= 1,000 o
o (3.19)

||x||oo S Mh + ﬁsz ||y||oo S Mh'

Consequently, (x,y) is the unique solution of (D) in L/l7(5073)(~) corresponding to ((zo, yo), u).
In particular, if ((z,y),u) solves (D), then (z,y) is Lipschitz and is the unique solution of

(D) corresponding to ((z(0),y(0)),u).

Proof. The equivalence in the first part of this lemma follows immediately from Filippov
selection theorem and the normal cone formula in (3.12) (see Lemma 3.1.4). Now, we proceed
to prove the bounds in (3.19). Since for alli =1, ,r, ¥;(-, z(-)) € Wh! (%(-, -) is lipschitz
and z(-) is absolutely continuous), then 2;(t, x(t)) exists for almost all ¢ € [0,T]. Using

assumption (A3.1) and Lemma 2.4.2 (see [69, equation (3.1)]), we deduce that, Vi =1,--- ,r,

d

%z/;i(t,x(t)) C OBy (t, x(t)).(1, &(t)).

But,

OUi(t () = conv {lim Vi utilty, ;) : (t,2;) 2 (t,(t))}
= conv {lim(V,0hi(t;, 2;), Vathilty, 7)) : (t,25) 2 (t,2(t)) }
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where O is full- measure subset of a neighborhood of (¢,z(t)), and for (t,z) € Gr(C(-) N
Bs(z(1)),
Oi(t, =) = conv{ lim V,i(ty, 25) : (5. 25) = (1 2)}. (3.21)
j—o0
Hence,

i¢i(tax(t)) C OUTy(t, 2 (1)).(1,(t)) = Diu(t, x(t)) + (Vi 2(1)), (1), t € [0,T] ave.,

Thus, there exist measurable 6;(-) € 9y (-, 2(+)) a.e., such that

iwi(t,x(t)) =0;(t) + (V.i(t, z(t)),2(t)) ae. te€|0,T], Vi=1,---,r (3.22)

Note that, by (A3.1), we have, for t € [0,T] a.c., for all 6,(t) € duh;(t,z(t)), and for all

i=1,-,r,
10:(2) + (Vathi(t, (), f (&, 2(8), (1), u())] < Ly (1 + [LF (& 2(), y(0), w@)])- (3.23)
Define in [0, 7] the set of full measure:
T ={t€(0,T):%(t) and Z@Di(t,x(t}) exist, Vi =1,--- ,r}. (3.24)
Let t € I'(x) N F. Then, Ij} .y, = 0, and hence, Vi = 1,---,r, Ai(t) = 0. This implies that
x(t) = f(t,x(t),y(t),u(t)), and hence ||z(t)| < M.

Let t € I%z) N .7 with Ziezg Ai(t) # 0; otherwise we join the conclusion of the pre-

(1))
vious case. Since for all i € Zf, )y, we have ¢;(t,2(t)) = 0 and 2(s) € C(s) Vs € [0, 7],
it follows that £u;(¢,z(t)) = 0, for all i € Z{ 2(1y)- Hence, for the finite sequence (6;);_; in
(3.22), we have

0= 0i(t) + (Vathi(t, x(t)), 2(2)). (3.25)

Multiplying (3.25) by A;(¢), and using the fact that () satisfies the first equation of (3.18),

we get that

0= /\z(t)gz(t) + )‘z<t) <v$¢z(t7 Ji(t)), f(t7 :L’(t), y(t)7 u(t)) - Z )‘j (t)v$¢J (tv I<t))>(326)

- 0
T€TG 2t
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Summing (3.26) over all i € I&x(t)) and using (3.23), we deduce that

Yo MOVt @) = 30 X(t) (0:(8) + (Vathu(t, 2(1)), (¢, 2(8), y(2), u(®))))

€T (1)) €L (1))
< Ly(L+ 1), y(@),w)) > M)
ie1?
(t,2(1))

Hence, utilizing (3.10) on the term on the left hand side, and then dividing by ZIGI“ o \i(t) #
0 the last inequality, we deduce from (3.17) that

I (ad1)

> At < T If (@), y(t ) < (3.27)
i un

€T3 a(ty)

Therefore, || 32i_; Aillo < 32> Finally, employing (A4.1) for f and g, along with (3.18), the
bounds on ||Z||e and ||9]|e follow.

For the uniqueness, let X := (z,y), X := (,9) in ‘/Vso 5 (+) be two solutions of (D) corre-
sponding to ((zo, yo), ), and let (\;)7_, (\;)_, be their corresponding multipliers satisfying
(3.18). Using the hypomonoticity of the normal cone to the p-prox-regular sets C(t) (see
Proposition 2.2.39(iii)), the Lj-Lipschitz property of h(t,-, -, u(t)), and the bounds in (3.19)

for the multipliers, we deduce that

;;&(HX() XOI) = (X(t) — X(), X (1) — X(t))
< (Ln(t) + MQLw)HX(t)—X(t)HQ:=ff(t)||X(t)—X(t)||2- (3.28)
4pn

Hence using Gronwall’s lemma (see Lemma 2.4.1), we deduce that
1X (1) = X(@)]° < 2 %)X (0) - X(0)]* = 0.
Then, X (t) = X(t) Vt € [0,T], and the uniqueness is proved. O

Now, we arrive at the table promised earlier, summarizing all the results from this sub-

section.
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Table 3.1 Summary of results from Subsection 3.1

Result Description
We provide an equivalent condition to (A3.2) that allows to obtain the
Lemma 3.1.1
formula for the normal cone to C(t) at points z in C(t) near z(t).
We prove that for all (¢, z) € Gr (C() N Bgo(:i(-)> such that I&x) # 0,
Remark 3.1.2 the family of vectors {V ;(t, x)}z'ezg : is positively linearly
independent.
We use Lemma 3.1.1 to obtain the formula for the normal cone to C(t)
Lemma 3.1.3
at points z in C(t) near z(t).
We prove an equivalence between the system (D) and three other
Lemma 3.1.4
systems of equations.
We use Lemma 3.1.1 and Lemma 3.1.3 to establish the Lipschitz
Lemma 3.1.5 continuity and the uniqueness of the solutions near (z,y) for the
Cauchy problem of (D) via its equivalent form.

3.2 Development and study of a new truncated dynamic (D) under local
assumptions

3.2.1 Preliminary results

To avoid imposing the boundedness of GrC(-) and a global constraint qualification on
the sweeping sets C(t) of (D), we shall truncate C(t) by a ball around Z(t) of a specific
radius € (that will be determined in Remark 3.2.2), so that the uniform prox-regularity
of O(t) N B=(Z(t)) is ensured, its constraint qualification is satisfied, and its normal cone
explicit formula is valid (see Remark 3.2.2 and Lemmas 3.2.4-3.2.6). After establishing
certain properties of the truncated sweeping set C(t) N B:(Z(t)), we now turn our focus
to the associated truncated dynamic (D). Our goal is to derive analogous results to those
presented in Section 3.1, but now in the context of the truncated sweeping set C(t)N Bz (z(t))

and the truncated dynamic (D). See Table 3.2 for summary of the results.
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A key element to proving the uniform prox-regularity of the truncated sweeping set C'(¢) N
B=(z(t)) is the following lemma, which uses Lemma 3.1.1 to prove the closed graph property

of Ne¢y(+) in the domain where (3.12) is valid.

Lemma 3.2.1. Let C(-) satisfying (A2) for p > 0. Consider z € C([0, T]; R™) with
z(t) € C(t) for all t € [0,T], and & > 0 such that (A3.1) and (A3.2) hold at (z;6). Then, for

€, obtained in Lemma 3.1.1, the set-valued map (¢,y) — Ne)(y) has closed graph on the
set Gr (C() N BEO(:E()))

Proof. Let v, € Ne,,)(yn) such that v, — v, and (¢, yn) = (to,¥,) in Gr (C’() N Bao(j()))
We shall prove that v, € Ne,)(¥o). If v, = 0 then obviously v, € Ne,) (¥). Now, let v, # 0,

then for n large enough, v,, # 0, and hence, equation (3.12) implies that y,, € bdry C(t,,) and

Un = D ie10
(tn,yn

: APV i (tn, yn) for some (A); > 0. By Lemma .0.1, we deduce the existence
of 0 # J, C {1,...,r} and a subsequence of (¢,,y,), we do not relabel, such that we have

I(Otmyn) =J,C I(Oto’yo) for all n € N. Hence, for n large enough, v, = Y ez APV, (tn, yn)

and Y ;cz A" > 0 (since v, # 0). Define, for each i € 7J,, the bounded sequence (5}"),,

where (' := 3 - w > 0. Since also >5,c 7, 8 = 1 for all n, then for each i € J,, along a

Jj€ETo "J

subsequence (we do not relabel), 57" — 3; > 0 with ;.7 3 = 1. Using (A3.1) and Lemma

3.1.1, we have 0 # Y ez BV ohi(tn, Yn) = Yics, BiVati(to, yo) # 0. By writing

on= (N (X BIVatitn, yn))

j€To 1€Jo

and using the fact that v, — v, # 0, we deduce that 3> ;. A7 is convergent to a limit 3, > 0.

Hence, v, = Y ic 7, Bo3iVali(to, o). Now, define
Boﬁi le S jo

0 ifieZd \ e

Then, v, = > ;70

(to,yo)

@i Vai(to, Yo) € Neg) (o) H

Combining Lemma 3.2.1 with Lemma 2.2.40 immediately produces a range for € > 0

ensuring the uniform prox-regularity of the truncated sets C(t) N Bz(z(t)).
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Remark 3.2.2. Let C(+) satisfying (A2) for p > 0. Consider z € C([0, T]; R™) with
z(t) € C(t) for all t € [0,T], and & > 0 such that (A3.1) and (A3.2) hold at (z;8). Then, for
g € (0,p) N(0,¢,], where ¢, is given in Lemma 3.1.1, there exists pz > 0, obtained from

Lemma 2.2.40, such that for all ¢ € [0,7], C(t) N B=(%(t)) is p—prox-regular.

Introducing the new truncated sweeping process (D)

Now, our attention shifts from the dynamic (D) to working on the dynamic (D) obtained
from (D) by replacing the sweeping set C(t) by the truncated sweeping set C(t) N Bz(z(t)),
where £ € (0, p) N (0,¢,], and by adding —Np_) to the right hand side of the differential
equation, which becomes a differential inclusion as a result. Denote by (D) the aforemen-

tioned truncated system obtained from (D) by localizing C(-) around Z and R! around ¢,

that is,

) i(t) € f(t,2(t),y(t), u(t)) — Newns. @) (@(t)), ae. t €[0,T], (3.29)

y(t) € g(t, 2(t), y(t), u(t)) = Npgy (w(t), ae. t [0, T].

Notice that the truncated sweeping set for x, C(t) N Bz(Z(t)), is the sub-level set of

¢1(t7 ')7 T 7¢T(t7 ')7 and 1/}7‘4-1(1:7 ')7 where 77Z)7"-|—1 Is given by

1

= 5lle =3I - 2] (3.30)

Therefore, for C,1(t) := Bz(Z(t)) = {x € R™ : ¢, (t,x) < 0},
r+1

C(t)N Be(x(t) = C() N Crana(t) = (V{z € R : u(t, 2) < 0},

and hence, it is always generated by at least two functions. On the other hand, the truncated

sweeping set for y, B;s(7(t)), is generated by a single function ¢ : [0,7] x R' — R , where
_ < 1 _ <
p(t.y) = olt,y:9,0) = Sllly — y(O* — 6%, (3.31)

ie. Bs(y(t) ={y e R :p(ty) <0} (3.32)
The following remark shows the relation between pairs that are admissible for (D) and those

admissible for (D).
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Remark 3.2.3. We have:

« Any admissible pair ((z,y),u) for (D) such that (z(t),y(t)) € ,/I;(ag) (t) for all

€ [0,T), is also admissible for (D). This is due to Lemma 2.2.9.

« On the other hand, any admissible pair ((z,¥), u) for (D) such that
(2(t),y(t)) € A s,6,)(t) With & < & and &, < § is also admissible for (D). This is due
to the fact that if V¢ € [0, T, (x(t),y(t)) € B:(z(t)) x B;5(y(t)), then, using the local
property of the proximal normal cone, we have Nf, (z(t)) = Ng(t)még(j(t))(x(t)) and
[0} = NE o (0(0):

o In particular, ((z,¥),u) solves (D) if and only if it solves (D).

For z(-) € C([0,T]; R™) such that x(t) € C(t) N B«(z(t)) Vt € [0, 7],
and (r,z) € Gr (C(-) N B(%())), we define the following sets obtained through adding to
those in (3.4)-(3.7) the extra constraint produced by 1
L(z) = {t€0,T]:x(t) € B(z(t))} and I}, (x) := [0,T)\ L, (),
_ (j [(x) = {t € [0,T] : 2(t) € int C(¢) N B=(2(¢))}
@) N {te 0.T]: 2(t) € Boe(t)},
P(x) = [0, T\ I'(z) = I°(x) U {t € [0,T] : [|a(t) = z(t)|| = &} = {t € [0, T] : I{, 1y # 0},

where 0,y :={i € {1,...,r,r + 1} : ¢4(7,2) = 0}. (3.33)

Since Z(t) € Bz(z(t)), then ¢, 1(t, #(t)) < 0 and hence, I°(z) = I°(Z) and, for t € I°(z),
I(tac = T8 z)-

The following lemma provides a second condition, (3.34), equivalent to (A3.2) which, unlike
(3.10), validates the formula for the normal cone to the uniform prox-regular truncated sets
C(t) N Bz(z(t)), obtained in Remark 3.2.2, (see Lemma, 3.2.6 stated below). Note that since
¥r11, given by (3.30), is a function of £, this lemma is of a different nature than Lemma
3.1.1. Observe that, for any given € > 0, we have that ¢, (¢,2) and V¢, 41 (¢, x) := z—2(t)

exist and continuous everywhere.
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Lemma 3.2.4 (Assumption (A3.2)). Let C(-) satisfying (A2) for p > 0. Consider
z € C([0,T];R™) with z(t) € C(t) for all t € [0,T], and § > 0 such that (A43.1) holds at
(z;6). Then, (A3.2) is satisfied at z if and only if for & € (0, p)N(0,&,] and its corresponding

Yr41 given by (3.30), there exists 77 € (0,7) (without loss of generality 7 < £) such that

> AVathilt,o)|| > 20, V(tc) € {(r,x) € Gr (C() N Be(a(-)) - I,y # 0}, (3.34)

0
z€I<t o

where (Ai)ief&@ is any sequence of nonnegative numbers satisfying Zieio )\ =1, and I (.2)

is given by (3.33).

Proof. We only need to show that (A3.2) yields (3.34). For this, assume (A3.2) is valid and
let £ € (0,p)N(0,&,]. From Lemma 3.1.1, it follows that, for any 7 € (0,7,), (3.34) holds for
all (t,c) € {(1,z) € Gr (C’() N Bg(f()) 1 TP,y # 0} such that (r+1) ¢ Zf, ). It remains to
prove that (3.34) is valid for all (¢,¢) such that (r + 1) is necessarily in IO , that is, when
i&c) = I&C) U{r+1} and \.;; # 0. Arguing by contradiction, then there exist sequences
tn €10,T], ¢, € C(t,) with ||c, —Z(t,)|| = &, and ()\?)iej?twn with A} > 0, for alli € I, 1,

Aty >0, and

(X A= (3.35)

(tn cn)

bHQWVW%mwm+wd%—ﬂmﬂ

ness of [0,77, (A3.1), and the continuity of z, it follows that up to subsequences, t, — t, €

such that < %, Vn € N. Using the compact-

0, T} and ¢, — ¢, € C(t,) with [|c,~Z(t,)|| = & Note that Zj; ., # 0, since otherwise, (3.35)
yields A”; = 1, and in this case the above inequality becomes ||, — Z(t,)|| < 2, which is in-
valid for n large. Thus, by Lemma .0.1, for some () # 7, C {1,...,r}, I(%n =J,C Ioto o)

for n large. This implies that, for n large enough,

2
S NIV ti(tn, cn) + A (en — Z(t)) || < =, (3.36)
i€, n
SN AL, =1, A, >0, and AP >0 Vi€ J,.

’Lejo
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Hence, up to a subsequence, A} — A7 > 0 for all i € J,,, and A7’ ; — A7, > 0. Upon taking

the limit as n — oo in (3.36), (A3.1) yields that

Z AN o 0i(to, €0) + )\$+1(c0 —x(t,)) =0, Z AN+XNg=1 N>0VeeJ,U {r+1}.
i€Jo 1€Jo
(3.37)

From (3.37) and Lemma 3.1.1 we get that X2, ; > 0. As ||c, —Z(%,)|| = &, (3.37) is translated

to saying
0#£v:= > AVui(to,co) = =N, 1 (co — Z(ty)),
1€Jo
and hence, per (3.12), 0 # v € Né)(to)(co) N —Ngg(j(to))(co). As € € (0, p), then, this inclusion
contradicts Lemma 2.2.40. [

Remark 3.2.5. We can prove that (A3.1) and equation (3.34) imply that for all
(t,z) € Gr (C() N Bg(j()) such that i&x) # 0, the family of vectors {V, (¢, l’)}ief?t’x) is

positively linearly independent.

Important consequences of Lemma 3.2.4 are the following explicit formulae for the normal
cone to the truncated sets C(t) N Bz(Z(t)) and for their prox-regularity constant, which shall
replace ps. Assume without loss of generality that L, > g, where p, is the constant from

(A3.1).

Lemma 3.2.6. Let C(-) satisfying (A2) for some p > 0. Consider z € C([0,T];R")
with z(t) € C(t) for all t € [0,T], and § > 0 such that (A3.1) and (A3.2) hold at (Z;4). Let
g € (0,p) N (0,&,] with its corresponding 1,41, given by (3.30), and 7 from Lemma 3.2.4.
Let p- be the uniform prox-regular constant of C(¢) N Bz(Z(t)) obtained from Remark 3.2.2.
For all (t,z) € Gr (C() N B(z(")),

P L
NC(t)ﬂég(i(t))(x) = NC(t)ﬂBg(j(t))(x) = NC(t)nt(f(t))(x)v
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and

{22 AVati(t, o) : A >0} # {0} if @ € bdry(C(t) N Be(2(1)))
Nownbaa@) (@) = § e
{0} if x € int(C(t) N B=(Z(t))).
(3.38)

Furthermore, C(t) N Bz(Z(t)) is uniformly E—Z—prox—regular, C(t)N Bz(x(t)) is epi-lipschitzian

at every x € C(t) N B=(%(t)), and

ol (int (C(t) N B(x(t)))) = C(t) N Be(x(t)). (3.39)

81

Proof. Since C(t) N Bz(Z(t)) is prox-regular, we apply Proposition 2.2.39(i) ([21, Corollary
4.15]), and we conclude that the limiting, Clarke and proximal normal cones are all equal
to each other. To prove equation (3.38), we apply Lemma 2.2.11 ([19, Corollary 10.44])
and Remark 3.2.5. Now, we prove that C(t) N Bz(z(t)) is uniformly E—Z-prox-regular using
Theorem 2.2.41 (see [2, Theorem 9.1]). Indeed, in Theorem 2.2.41, take m :=r+1, g; := 1,
S(t) := C(t)NB=(%(t)). Notice that V,1,,1(t,x) = v —z(t) and condition (A3.1) is satisfied,
hence conditions (i)-(i7) of Theorem 2.2.41 are satisfied for p := £, and v := L. Finally,
Lemma 3.2.4 implies that the last condition of Theorem 2.2.41 is satisfied by translating [58,
Lemma 6.1] to our setting. As a result, for all ¢t € [0,7], we have C(t) is prox-regular with
constant min {%", E—Z} = z—z (since Ly > g). To prove that C(t) N Bz(z(t)) is epi-lipschitzian

for every € C(t)NBz(z(t)) and that (3.39) is satisfied, we use Lemma, 2.2.46, and equations

(3.34)-(3.38). 0

We now prove an equivalence between the system (D) and three other systems.

Lemma 3.2.7 (Equivalence). Consider C(-) satisfying (A2) for p > 0. Consider
(z,7) € C([0, T]; R™ x R!) with z(t) € C(t) for all t € [0,T]. Let § > 0 such that (43.1) and
(A3.2) hold at (#;0) and (A4) is satisfied by (f,g) at ((Z,%);9), and let & € (0,p) N (0,¢&,)
with its corresponding t,,, given by (3.30). Let (z,y) € W([0, T]; R"*!) be a pair such

that (z(t),y(t)) € e/i;(s-’g) (t) Vt € [0, T]. The following equivalences hold true.
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There exists v € U such that

a(t) € f(t,x(t),y(t), u(t)) = Newnpaa (1)), a.e. t €[0,T], (3.40)

y(t> S g(tv l’(t), y(t)v u<t>> - NBg(g(t))(y<t>>7 a.e. t e [07 T]

A2 There exist u € U and there exist measurable functions (A, -+, Arq1) and ¢ such

that, Vi = 1o r+ 1; )\1(15) =0Vt e ]z_('r)u C(t>90(t,y(t)) =0Vt e [O,T], and ((x’y>7u)’
(\)iX, and ¢ satisfy

x<t) = f(ta x(t)7 y(t), u(t)) - Z:ill )‘z(t)vxwz(ta l‘(t)) a.e. t e [07 T]a
(3.41)

§(t) = g(t, x(t), y(t), u(t)) — CO)Vye(t, y(t)), ae. t € [0, T].

}I:Ié There exist measurable functions (Ay, -+, A.41) and ¢ such that, Vi = 1,--- ,r + 1,
N() = 09t € I;(x), C(t)p(t, y(t) = 0 ¥t € [0, T], and

r+1
(@(t),9(t)) € h(t,z(t), y(t), U(t)) — (Z /\i(t)wai(t,x(t)%C(t)VySD(@y(t))) (3.42)
i=1
21 There exist measurable functions (A1, -+, A1) and ¢ such that, Vi = 1,--- ;7 + 1,

Ni(t) =0Vt € I(x), C(t)p(t,y(t)) =0Vt € [0,T], V2 € R* x RY,

(2 (0 50 < o000, U )~ (5 (LM OFats 020, COVyt0.0(0) ) ) e
(3.43)

Parallel to Lemma 3.1.5, and based on Lemma 3.2.4 and Lemma 3.2.6, we shall obtain
here the Lipschitz continuity and the uniqueness of the solutions of the Cauchy problem

corresponding to the truncated system (D), defined in (3.29). We note that the existence of

a solution for this more general Cauchy problem is obtained in Corollary 3.2.16.

Lemma 3.2.8. Consider C(-) satisfying (A2) for p > 0. Consider (z,y) € C(]0, T]; R"x
R') with z(t) € C(t) for all ¢ € [0,T] and (Z(-),y(+)) is Lz z-Lipschitz on [0, 7] for some
constant Lgzz > 1. Let 6 > 0 such that (43.1) and (A3.2) hold at (7;0) and (A4.1) is
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satisfied by (f, g) at ((z,y);9), and let € € (0, p)N (0, &,] with its corresponding 1,1 given by
(3.30). Fix u € U as well as (o, yo) € A(-5)(0). Then, a pair (z,y) € W'([0, T]; R**), such
that (z(t),y(t)) € JV(EO’g) (t) Vt € [0,T), solves the system (D) associated with ((xo, o), u) if
and only if there exist measurable functions (A1, -+, \.41) and ¢ such that, Vi = 1,--- [ r+1,

Ait) =0Vt € I(x), C(t)e(t,y(t) = 0Vt € [0, 7], and ((z,y),u), (\:)iZ1, and ¢ satisfy

B(0) = £t 20, 50, u(0) ~ ez MOVabilt,a(t)) ac.t € [0,T],
§(1) = g(t,2(0), (1), u(t)) ~ C(OVy(t, y(1)), ac. t € [0,T], (3.44)

((0),5(0)) = (0, 0)-

Furthermore, we have the following bounds

max{ | S illoo, IClloo} < gz max{[|#]loc, [§lloc} < My + 55 L, (3.45)

max{ | (t) — f(t, (), y(t), u®), [5(t) — g(t, 2(t), (1), w®)]} < L, t € [0,T]a.c(3.46)
where

L :=max{Ly, 0Lz}t >0, [:=L(1+M,)>pu. (3.47)
Consequently, (z,y) is the unique solution of (3.29) corresponding to ((zo, %), ).

Proof. The equivalence follows from Filippov Selection theorem, the normal cone formula in
(3.38), and the fact that Np_ ) (y) equals {0} if ¢(¢,y) < 0, and equals {A(y—y(t)) : A > 0}
if p(t,y) =0 (see Lemma 3.2.7).

For the bounds pertaining || > Ai||oc and ||Z||s0, we follow the same steps as in proof of
Lemma 3.1.5, with the main difference here is that we add an extra constraint to C(t),
namely, 1,11 (¢, z) < 0. For this reason, it suffices to show that (3.22) and (3.23), where L,
is enlarged to L, are also valid for i = r 4 1, and that the set .7 can be modified to take
into account the addition of 1, 1. Once these goals are achieved, the proof follows from that

of Lemma 3.1.5, where f&x(t)), Lemma 3.2.4, 7, and ji are used instead of Z{, ), Lemma

3.1.1, ng, and u, respectively.
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Note that, by (3.30), V¥, 41(t, 2) = z — Z(t) exists for all (¢,2) € [0,7] x R". Furthermore,
as T is Lz y)-Lipschitz, we have, on Gr C(-) N Bz(Z(-)), that ¥,41(-, ) is £L( g-Lipschitz,
Vothri1 (-, ) is bounded by & < L, and 9,141 (-, -), defined via (3.21) for i = r + 1, satisfies

Bibrar(t, 2) = (2 — (), —0T(t)) = Ohyn (£, 2), V(t,2) € Gr C()N Be(z(-)),  (3.48)

and hence, V0,.; € 5t1/1T+1(t,z), 0r41] < €Ly < L. Thus, for t € [0,T] a.e., and for all

Or1(t) € Oy (t, 2(t)), we have

1041 (8) + (Vathraa (8 2(0)), F(8, (), y (1), u(t)) < L+ (8, 2(t), y(1), u(®))])-(3.49)
Therefore, (3.23) and (3.49) yield that (3.23) holds up to ¢ = r+ 1, that is, for t € [0, 7] a.e.,
for all 6;(t) € OY;(t, x(t)), we have for i = 1,--- ,r + 1

10:(t) + (Vathu(t, 2(1)), f(8, (), y (1), w®))| < LA+ [LF(E 2(t), y(0), uw®)]).  (3.50)

On the other hand, from (3.30), (3.48), and the fact that Z(t) € 9z(t) a.e., we have
Ccliz/zrﬂ(t,x(t)) = (z(t) —z(t),—z(t) + (1)), t € [0,T] ae., (3.51)
= Op01(t) + (Vb (t,x(t)),2(t)), t € [0,T] a.e., (3.52)

where 0,41 (t) = (z(t) — Z(t), —2(t)) € dybyis(t, 2(t)) ace.
Therefore, (3.22) holds up to i = r + 1, that is, Vi, there is measurable 6;(-) € dy;(-, 2(+))

a.e., with

Cclitiﬂi(t, x(t)) = 6;(t) + (Vo (t, x(t)), (1)), ae., Yi=1,--- r+ 1. (3.53)

Instead of the set 7 given in (3.24) in the proof of Lemma 3.1.5, we use the following

modified set 7 that involves Z and on which 44, (-, z(-)) readily exists,
_ _ d
T ={te(0,T):a(t),z(t), and ﬁwi(t,az(t)) exist, Vi =1,--- ,r}.

Therefore, similarly to (3.27) we obtain

=
N
=~
=

S ) < Sy, u@)]) <

- ~70
SO

(3.54)

i
i
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implying, via first equation of (3.44) and (A4.1), the required bound in (3.45) for ||#]|~ and
the first bound in (3.46).

For the bounds of ¢ and 3 in (3.45), we use the full- measure set o/ = {t € (0,T) :
y(t) and g(t) exist}. If t € o7 and o(t,y(t)) < 0, then ((t) = 0 and the bound on g follows
using (A4.1). If t € o and @(t,y(t)) = 0, then |ly(t) — y(t)|| = 0 and, since ¢(-,y(:)) <0,

Lo(t,y(t)) = 0. Hence, as (3.31) implies that

is@(t y(t) = (y(t) —y(t), —y(t) + 4()), t € [0, T] ae., (3.55)

<

N[

y Lemma 3.2.4), second equation o A44), Lz > 1, an
by L 3.2.4 d i f (3.44), Ly 1 d

[NJOT)

then, using <

6Lzg < L (by (3.47)), we get that for t € [0,7] a.e.,

HPC() < 3 = (y(e) — 5(0), gt 2(8), y(0), u(t)) — (1)) < E(1+ gt 2(6), y(8), u(®))]).

(3.56)

Therefore, by (A4.1) we have, ||([|c < #, which when combined with the second equation

of (3.44), yields the bound on ||y||e in (3.45) and the second bound in (3.46).

The uniqueness proof of (z,y) is similar to that in Lemma 3.1.5, where system (D) is replaced

by (D), the p-prox-regularily of C(t) is replaced by the E—Z-prox-regularity of C(t)N B=(z(t))

obtained in Lemma 3.2.6, and (3.18)-(3.19), u, 1,, and Ly, are replaced by (3.44)-(3.45),

fi, 7, and L, respectively. The oco-prox-regularity of B;(i(t)) keeps the inequality in (3.28)

valid. O

The following table summarizes the results of this subsection.

Table 3.2 Summary of results from Subsection 3.2.1

Result Description

We use Lemma 3.1.1 to prove the closed graph property of Ney(-) in
Lemma 3.2.1
the domain where (3.12) is valid.
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Table 3.2 (cont’d)

Result

Description

Remark 3.2.2

We use Lemma 3.2.1 with Lemma 2.2.40 to produce a range for € > 0

ensuring the uniform prox-regularity of the truncated sets

C(t) N Be(x(t)).

Remark 3.2.3

We show the relation between pairs that are admissible for (D) and

those admissible for (D).

Lemma 3.2.4

We provide a second condition equivalent to (A3.2) which validates the

formula for the normal cone to the uniform prox-regular truncated sets

C(t) N Be(a(1)).

Remark 3.2.5

We prove that for (t,z) € Gr (C’() N BE—(E:()) such that Zf, ) # 0, the

family of vectors {V (¢, l’)}ief?t ) is positively linearly independent.

Lemma 3.2.6

We use Lemma 3.2.4 to derive explicit formulae for the normal cone to

the truncated sets C'(t) N Bz(z(t)) and for their prox-regularity constant.

Lemma 3.2.7

We prove an equivalence between the system (D) and three other

systems of equations.

Lemma 3.2.8

We use Lemma 3.2.4 and Lemma 3.2.6 to obtain the Lipschitz
continuity and the uniqueness of the solutions of the Cauchy problem

corresponding to the truncated system (D), defined in (3.29). This is

parallel to Lemma 3.1.5.

3.2.2 Exponential penalty approximation for the system (D)

This section aims to establish the relationship between (D) and its approximating stan-

dard control system (D%), as well as the existence and uniqueness of Lipschitz solutions to

the Cauchy problem associated with (D). Throughout this whole section, we assume C(-)

satisfying (A2) for p > 0, and (7,7) € C([0, T];R™ x RY) with z(t) € C(¢) for all ¢t € [0,T],

and (Z(-), §(-)) is Lz g)-Lipschitz on [0, T] for some Lz > 1. Let > 0 be such that (43.1)
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and (A3.2) hold at (Z;6) and (A4.1) is satisfied by (f, g) at ((z,7);0). Fix 0 < £ < 4, its cor-
responding 1,1 given by (3.30), and 77 € (0, 5), such that &, 4,1, and 7 satisfy Lemma 3.2.4.
Assuming that Ly > %, set p = %Z’ the prox-regular constant for the sets C(t) N Bz(%(t))
from Lemma 3.2.6.

We start by extending the function h(t,z,-,u) from B;(jj(t)) to R! so that this extension
satisfies for all y € R!, (A4.1), and also (A4.2) whenever it is satisfied by h. This extension

shall be later used in Theorem 3.2.14.

Remark 3.2.9 (Extension). For t € [0,7] a.e., z € [C(t) N Bg(f(t))} , and for u €
U(t), it is possible to extend the function A(t,z,-,u) := (f,g)(t,x,-,u) so that, whenever
h satisfies (A4) (including (A4.2)), its extension also satisfies (A4) for all y € R!. Indeed,
() (+) is well-defined and

<

the convexity for all ¢ € [0, T of Bs(y(t)) yields that (¢, ) := Ty
1-Lipschitz on R’

Define for a.e. t € [0, 7], and (z,y,u) € [C(t) N Bs(z(1))| x R x U(t),

h(t,z,y,u) == h(t,z, 7(t,y),u).

Whenever h satisfies (A4) at ((z,9),0), arguments similar to those in [55, Remark 4.1]

show that h (whose name we keep as h) also satisfies (A4), where %575)(t), which is
C(t) N Bs((1)] x Bs(y(t)), is now replaced by |C(t) N Bs(z(t))] x R.

The following notations, which depend on (Z;¢) and (y;d), will be used in the proofs

of the results that follow as well as the proof of Theorem 4.2.11. They are instrumental in

constructing a dynamic (D., ) that approximates (D) and has rich properties.
o Let L and i be the constants given in (3.47). Define a sequence (7;)x such that, for all
keN, > ?7’[36 (> %) and 7y, — 0o as k — 00, and the real sequences (), (k )k,
and (pg)r by

1 7 DL (1 1 =
ap = —In (77 ’yk> ;O = (r ;72) ( nr+1) —|—ak> D pki=1/0% —2a,,. (3.57)

Vi 20 Vi

1)



2111(%5)
Tk

Our choice of 7, with the fact that i > 6 > 7 yield that 62 > > 20, , and

_ 2 <
'yke_wkak = 77/;’ (O_[k,5'k7ﬁk) >0 VEke N, Qy, \4 0, o \l 0 and Pk /‘ 0. (358)

o For each t € [0,7] and k € N, we define the compact sets

B r+1
C(t) = {x eR™: Y emilte) < 1} C int C(t) N B=(z(t)), (3.59)
=1
_ r+1 2[[/ ~ _
C(t, k) = {x eR™: Y emvilte) < P e—%ak} CintC™(t).  (3.60)
i=1

« For u € U, the approximation dynamic (D,,) of (D) is defined by

(5.) f’v(t)=f(t,w(t),y(t),U(t))—:iwewi“@“”%m(t,w(t)), a.e. t € 0,71,
y(t) = g(t, 2(t), y(t), u(t)) — eV, p(t, y(t)), ae. t € [0,T].
(3.61)

Using Lemma 3.2.4, a translation of [58, equation (8)], and arguments parallel to those used
in the proofs of [58, Propositions 4.4 & 4.6] and [59, Proposition 5.3], it is not difficult
to derive the following properties for our sets C7(t) and C7 (¢, k), knowing that the sets
C(t)N B=(z(t)) are E—Z— prox-regular. Notice, from (3.59) and (3.60), that these sets here are
time-dependent, uniformly localized near z(t), and are defined not only via ¢y, - , 1, but

also via the extra function v, 1. For completeness, we provide the adjusted proofs below.

Proposition 3.2.10. The following holds true.
(1) There exist k; € N and r; € (0, &], such that Vk > ki, V(t,z) € {(t,z) € [0,7] x R" :

S e i) = 13 and V (7, 2) € Bay, (t, ), we have

r+1 r+1
Z B’kai(T’z)vxwi(T, Z) > 2 Z e’YMﬁi(ﬂZ)' (362)
i=1 i=1

(17) There exists ko > k; and €, > 0 such that for all k& > ky we have

_ r+1 r+1 r+1 ~
[:E e C(t) & | Z evw@-(ux)vwi(t’ )| <7 Z evkwi(tﬂ?)]:;lz Vi) o=Emk | (3.63)
=1

=1 =1
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(iii) For all ¢ € [0,7], for all k, C™(t) C int (C(t) N B(2(t))) and C(t,k) C int C(¢),
and these sets are uniformly compact. Moreover, there exists k3 € N such that for

k > ks, for all t € [0, 7], we have

C(t) = ol (int C* (1)) ,

C%(t, k) = cl (int C™ (¢, k),

_ r+1
bdry C7*(t) := {LE cR" - Zevkdh(tl‘ =140,
i=1
_ r+1
i=1
_ r+1 Q,U
bary (1, k) = {x RS ewtte) _ 2 } 20
i=1 n"Vk
_ r+1 Q,l_L
i=1

Furthermore, C(t) and C"(t, k) are amenable, epi-Lipschitz, and are respectively
%— and %—prox—regular.
(iv) (C(t))r and (C(t, k)), are nondecreasing sequences whose Painlevé-Kuratowski

limit is C'(t) N Bz(z(t)) and satisfy

int (C(t) N Be(z(t)) = J int C* () = |J (1) = | int C™ (¢, k) = [J C™*(t, k[3.64)

keN keN keN keN

(v) For ¢ € bdry (C(O) N B’g(a_c(O))), there exist k. > k3, 7. > 0, and a vector d. # 0 such
that

d _
([(0(0) N B:(%(0))) N By.(c)] + akHd”> C int C*(0,k), Vk > k.. (3.65)
In particular, for k > k. we have
<c + op H;l ”> € int C™(0, k). (3.66)

Proof. (i). If this statement is not true, then there exist (yx,)n With k, > n, (¢, ,7,, ) €

[0, 7] x R™ with Y%} e ¥iltw, @) = 1 and (Tye, s 2y, ) € B2(ty, ,,, ) such that for all

7



n > pl we have
o

r+1 r+1

|30 )T 1 2, ) < 203 €T ) (3.67)
= i=1
Now, let (¢, ) := 1<m<a>§r1{¢z(t x)}. Using Lemma 2.2.50, we have that
B 1 r+1 1 1
¢(tvkna5€7kn> < —1In (Z e%?ﬁz(tvkn TV, )) =0< @Z)( - vkn) + M (3‘68)
) /ykn =1 /}/k‘n

Using the fact that ¢;(t,, ,2,, ) <0, foralli=1,---,r+ 1, we deduce that the sequence
(tyi, s Ty, ) € Gr (C’ ()N Bg(a_:())> and hence, there exists a subsequence, we do not relabel,
of (Vk,)n along which the sequences (t,, ,2-, )n and (7, ,z, ). converge to the same el-
ement (t,,2,) € Gr (C() N Bg(f())> . Taking n — oo in (3.67)-(3.68) and using the fact
that ¥ ™k, *n) — 0 whenever Ui(to, 2o) < 0, we get the existence of a sequence of

nonnegative numbers ()\i)iej—? such that

to,zo

&(to,zo) =0 and Z AV i(To, 20)|| < 27 with Z A= 1.

€70 ie19

(to,z0) (T0,20)

This contradicts Lemma 3.2.4 since 1)(t,, 2,) = 0 is equivalent to T oz 7 0.

(4). If this statement is not true, there exist (Y4, ), with k&, > n and (t,, , 2., ) € [0,T]xR"

such that
’Yk r+1
S < Zern'@bz t’yk z“/kn) S 17 (369)
=1
r+1 r+1
3 e 0T by ) < 73 ) (370

i=1
This yields that (t,, ,z,, )€ Gr (C’( ) N B(z(- ))) Using (3.68)-(3.69), we deduce that
U(ty,, s Ty ) — 0. Since Gr ( ) is compact, we can assume that

(tye, > Ty, ) — (Lo, o) € Gr (C’() N Bg(j(~))), and hence (t,, 2,) = 0. Taking n — oo in
(3.70) and using that e ¥ilbre, v, ) 5 () whenever Yi(te, zo) < 0, we get the existence of

a sequence of nonnegative numbers (\;);c70 such that

(to,xo)

Z AiVathi(to, 2,)|| < and Z Ai = 1.

0
€1 (to,zo) ’LGI(to zo)
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This contradicts Lemma 3.2.4, since 1)(t,, 2,) = 0 implies that i?to,zo) # 0.
(i73). To prove this part, we define for every k € N, the function 1., : [0,7] x R® — R such

that
1 r+1
Py, (t,x) == —1n (Z e”kwi(t’m)> )
Vi i=1

In that case,

r+1 ’Ykll}i(t@)vm (T
Vathy, (t,z) = Zisi € T+1 ‘ vilt 2)
Ziil e'kaz(tvm)

Notice that, for each ¢t € [0, 77, for each k, v, (t,-) is C* on O (t) + p,B. Translating (i)

and applying it to a particular case, we deduce that
for every (t,x) € bdry C"(t), we have ||V 1., (t, )| > 27. (3.71)

So, in summary, for each ¢t € [0,7], we apply Lemma 2.2.48 (part I.), for S := C(t),
and v(+) := 1, (t,-). This proves all the properties in (i) pertaining to C7*(t), except the
uniform constant for the prox-regularity. To prove that, we follow the same steps to prove
the second part of (¢) in [59, Proposition 5.3]. Now, to prove the properties pertaining to
C(t,k), we use Lemma 2.2.48 (part IL.), for S(k) := C(t, k). We use arguments similar
to those used in the proof of the second part of (¢) in [59, Proposition 5.3] to show that the
prox-regular constant of C (¢, k) is uniform and equal to ﬁ

(). Fix t € [0,T]. Let z € int (C’(t) N Bg(i(t))), then 1(t, ) < 0. Since ay — 0, 7, — 00,
then there exists k, € N, such that for all £ > k,, we have

1 1 -
Gy + In(r+1) ().
Vo

Then, using Lemma 2.2.50, we have that

_ 1 r+1 _ 1 1
U(t,x) < o~ In (Z e%w%‘(t@)) <Y(t,x) + H(QH < —ay,. (3.72)
k?ac =1 k'ac

Hence, Y1+ ewa¥ilt®) < e=We%: and hence x € int C7* (¢, k). Then,

int (C(t) N B=(x(1))) < JintC™(t,k) C | C*(t, k)

keN keN
c UimtCr(t) c |J C™(t) Cint (C(t) N B:(2(t))) -
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This proves that (3.64) is satisfied.
Using Lemma 2.2.50, we notice that for each (¢, z), the function ., (¢, ) is non-increasing in
k, and hence for each ¢, the sequence (C7*(t));, is non-decreasing. As a result, using Lemma

2.1.4, we show that the Painlevé-Kuratowski limit is

lim C7(t) = cl (U ™ (t)) :

k—o00 keN

However, using (3.64) and (3.39), we deduce that

l (U o (t)) = clint (C(t) N B:(x(1))) = C(t) N Ba((1)).

keN

On the other side, since for each (¢, ), the function 1., (£, ) is non-increasing in k and the
sequence @y, is decreasing, then (C7*(t, k)) is nondecreasing. Then, using Lemma 2.1.4, we

show that the Painlevé-Kuratowski limit is

Jim C(t, k) = cl (U Ce(t, k)) = O(t) N B=(Z(1)).

kEN

(v). We follow the same steps to prove Proposition 4.6(ii7) in [58] replacing C, by C(0) N
B(%(0)), Z° by i?07c), r by 7+ 1, ag by ag, ox by o, ¥i(-) by ¥:(0,-), My by L, p by 7. O
Remark 3.2.11. We deduce, from Proposition 3.2.10, that for any ¢ € C(0)NB=(Z(0)),
there exists a sequence (c,, ), such that, for k large enough, c,, € int C7*(0,k) C int C7*(0),

and c,, — c. Indeed:
(i) For ¢ € bdry (C(O) N Bg(.’f(O))), we choose ¢,, = c+ 5"“\\372\\ for all k. For k > k., we
have from (3.66) that c,, € int C7(0, k). Moreover, since 5 — 0 we have ¢,, — c.
(ii) For ¢ € int (C’(O) N BE—(:T:(O))), Proposition 3.2.10(iv) yields the existence of k. € N,

such that ¢ € int C7%(0, k) for all k > k.. Hence, there exists 7, > 0 satisfying
¢ € By (c) Cint C™*(0, k), Vk > k..
In this case, we take the sequence c,, = ¢ € int C?*(0, k) that converges to c.

On the other hand, for the ball B;(#(0)) generated by the single function ¢(0, -) in (3.31)-

(3.32), we have the following property.
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Proposition 3.2.12. There exists k, € N such that

B5(y(0)) N Bs(d) — 22—"“% (d) € B;,(5(0)), Vk >k, and Vd € bdry Bs(5(0)), (3.73)

NI

_ Vyel0d) _ d=g(0)
where V(d) == o' 00ar = —5

Proof. This property follows by applying Lemma 2.2.48 (Part II)(iv) (or Theorem 3.1(ii7)
of [55]) to S := B3(4(0)), 1o := g, and 7 = g, and by noting the triangle inequality with
IV,(0,d)|| = 0 gives

[V,0(0.2) > 3 and (V,0(0.2), ()} >

N | &

, Vd € bdry B;(%(0)) and Vz € B;(d).

Parallel to Remark 3.2.11 and using Proposition 3.2.12, we deduce the following.

Remark 3.2.13. For any d € B;(y(0)), there exists a sequence (d., ) such that, for k
large enough, d., € int B;, (4(0)), and d,, — d. Indeed:
(i) As pp /6, we deduce from (3.73) that for any d € bdry Bs((0)), there exists a
sequence (d,, )i such that, for k large enough, d,, € B;,(y(0)) C B;(y(0)), and d,, —
d.
(i7) For d € int Bs(4(0)), there exists kq € N, such that d € int B,,(5(0)) for all k > kq.

Hence, there exists rq > 0 satisfying

d € B, ,(d) C int B, ((0)), Vk > kq.
In this case, we take the sequence d,, = d € int B;, (5(0)) that converges to d.

The next theorem is fundamental for the thesis, as it illustrates two key ideas. First,
it highlights the invariance for (D.,) of C%(-,k) x B, (y(:)) C int C7*(-) x B;(y(-)). More
precisely, for k large, if the initial condition is in C7*(0,k) x B;, (4(0)), then (D,,) has a
unique solution which is uniformly Lipschitz and remains in C7 (¢, k) x B,, (5(t)) ¥t € [0, 7).

This result extends that in [55, 58] in two directions: (i) when the original problem has
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coupled sweeping processes, and (ii) when the sweeping set is time-dependent and localized

near (z,y). Second, it shows that the solution of (D,,) uniformly approximates that of (D).

Theorem 3.2.14. Let (c,,,d.,)x be such that (c,,d.,,) € C%(0,k) x B, (4(0)) for
every k, and (c,,,d,,) — (2o, %) € JVEg’g)(O). Let u., be a given sequence in U. The

following results hold:

(I). [Existence of solution to (D.,) and Invariance]

Tk

For k large enough, the Cauchy problem of the system (D,, ) corresponding to (z(0),y(0)) =

(cy»dy,), and u = u,,, has a unique solution (z.,,y,,) € Wh=([0,T]; R" x R') such that

(24, (1), 4y, (1) € O (8, k) x By, (y(t)) vt €[0,T], (3.74)
2/ . . 200~
max{||§7k||oo, ||C'Yk||00} S ?7 maX{H‘T%HOO’ Hy%HOO} S Mh + ?[ﬁ (375)

where &, (-) and (,, () are the positive continuous functions on [0, 7] corresponding respec-
tively to the solutions z,, and y., via the formulae

r—+1
6 ()= S €, () €)= e OO (= 1, e 4 1); and G, () = e,
i=1

(3.76)
(I1). [Solution of (D,,) converges to a unique solution of (D)]

There exist (z,y) € WH([0,T];R™ x RY) and (£',--- €7, &+ ¢) € L*>([0,T); R?) such

that a subsequence of ((z+,,¥+,), (&, &, &, ¢,)) (we do not relabel) satisfies
unif . . w .o i w i . w
(x’Yk’y'Yk) — (a:,y), (x’ykvy’wc) m} (x7y)7 o mg (VZ)> C’Yk- m} G, (3'77)

and &, converges weakly* in L([0, T]; R,) to & := 307 £, Moreover,

(2(t), 4(t)) € Moz (1) = (C(t) N Bol(t))) x Bs(i(t)) Vi € [0,7), (3.78)
MMMMMMhég,MMWWMQSMﬁgh (3.79)

E({t)y=0forallte ;(x), i€ {l,--- ,r,r+1},
(3.80)

£(t) =0 forall t € I'(z), and ((t) = 0 for all ¢ such that o(t,y(t)) < 0.
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If u,, admits a subsequence that converges a.e. to some u € U, or if (A1) and (A4.2) hold,
then there exists u € U such that (z,y) is the unique solution of (D) corresponding to
((xo, o), u), and, for almost all ¢ € [0, T,

r41

B(t) = f(tx(t),y Zé Vathi(t, x(t)), (3.81)
= [t x(t),y(t), u(t) — Z E()Vathi(t, x(t)), (3.82)
y(t) = g(t, x(t), y(t), u(t)) — C(t)VySO(t, y(t))- (3.83)

Proof. Part (I).

Step I.1. A unique solution (z.,,y,,) of (D,,) exists on a certain interval [0, 7).
Recall that in Remark 3.2.9, for t € [0,7] a.e., x € {C(t) N Bg(j(t))}, and for u € U(t), we
extended h(t,z,-,u) := (f,g)(t,z,-,u) so that (44.1) holds true for all y € R'. Hence, for

fixed k € N and for u := u,,, the system (D.,,) is well defined on the set

2 = {(t,z,y) € [0,T] x R x R':z € int (C(t) N B((t))), v € Bys(H(1))}.  (3.84)

As (0, ¢y, dy, ) € 2, standard local existence and uniqueness results from ordinary differential
equations (see Theorem 2.3.3 or [39, Theorem 5.3]) confirm that for some 77 € (0,7,
the Cauchy problem (D.,) with (x(0),y(0)) = (c,,,d,,) has a unique solution (z.,,¥,,) €
W0, T1]; R™ x R!) such that (s,z.,(s),y,,(s)) € 2 for all s € [0,T3]. Set

T :=sup{T} : (z,y) solves (D.,) on [0, T}] with (z(0),4(0)) = (cy,, d~,)

and (t,z(t),y(t)) € 2 Vt € [0,T1]}. (3.85)

The uniqueness of the solution yields that a solution (z.,,4,,) of (D.,) with (z(0),y(0)) =
(¢, d-, ) exists on the interval [0,7), and we have (¢, z., (t), y-, (t)) € 2, ¥t € [0,T).

Step 1.2. On [0,77], (z-,(t),y-, (1)) € C™(t) x Bs(y(t)), and T = T.

Notice that ., (0) = ¢,, € C"%(0,k) C int C?*(0) implies that the function A(-) given by
A(7) = Xt em?ilma (D) — 1 has A(0) < 0. If for some ¢ € (0,7), A(ty) =0, let t > &

close enough to #; so that ¢ € (0,7). Then, from (3.53) and (3.50), we deduce that for
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i=1,---,7r+1, there exists 0 (-) € Dhi(-, 2+, () a.e., such that

d

%wl(s?x% (S>> = e'lyk (8) + <wai(87$’7k (5>>7$’Yk(5)>7 s € [tlat] a.e., (386)
02, () + (Vathi(s, 24, (), (5,23 (5), Uy, (8), s ()| € L1+ My) = fi, ae. s € [t 1].
(3.87)
Then, using the first equation of (DW), we obtain
r+1
A1) = A= [ e L, (5))
(3 86) i, Vi (s, )
SO (52O (6 () (V5,2 (5)), £ 5,224 (5) s ), e (5))
1 \i=1
r+1 r+1
_ <Z %evm(s’wwk(s))vz%(sy ., (5)), Z 7keij(s,a:wk (S))V$¢j<87 ., (5))) | ds
i=1 j=1
(3.87) t [+l T+l 2
< / S e i@ g 157 gy il (D (s, 2, ()| | ds (3.88)
t1 \ =1 i=1
(3.62) t /r+1 r+1
< (Z Y€1 (57 (5)) (M iy, > envilemn(s) >> ds
t \i=1 i=1
tr+1
/Z,ykevsz(smwk@))(u 20 7k)ds <0,
=1

the third and the second to last inequality are due to the fact that we can choose t close

enough to t; so that, for s € [t1,t], x,,(s) € Bay, (t1,2,,(t1)) (so we apply (3.62)) and

Z;Z} e i () > L and the last inequality follows from ~;, > This shows that,

1 A
27 257
Vi, € (0,7) with A(t;) = 0, A(t) < 0 for all ¢ > ¢; close enough to ¢;. Whence, the
continuity of A(-) on [0,7) and A(0) < 0 yield that A(t) < 0 for all t € [0,7), that is,

74, (1) € (1) C int (C(t) N Be(2(t))) vt € [0, 7).

On the other hand, as y.,(0) = d,, € B, (5(0)) C Bs(5(0)), we have ¢(0,y,,(0)) < 0.

If for some t; € (0,7, @(t1,y, (t1)) = 0, that is, ||y, (t) — §(t1)|| = 6, choose t > t;

3 and [ly,, (s) = y(s)]| >

(by Lemma 3.2.4), yield that, for

close enough to t; so that, Vs € [t1,t], e7?Evu() > g. Hence,

(3.55), (Dx,), (A4.1), (347), y,,(-) € Bys(y(+)), and 7§ <

NS
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€ [t1,t] a.e

js90(87 Yve (8)) = <y’7k(8) - g(s)v _g(s) + g(S, ka(s)v y’Yk(S)7 u'Yk(s))>
eIy, (5) = G(5)|°

< g (5) = G(5)|| Lz (1 + Mp) — e #8nDly, (5) — 5 (s)]* (3.89)

Tk 2

< 2n— 277 < 0,

the last inequality follows from ~; > %—’;‘e. Hence, for all ¢ close enough to t;, we have

P13 (0) = 9013, (0) — (09, (02)) = [ .0, (5))ds < 0.

This shows that ., (t) € Bs(y(t)) for all t € [0,7).
Since for t € [0,T), (t, 2, (t), y-, (t)) remains in the compact set Gr(C_Wk(-) X Bg(gj(-))) then
it is possible to extend in this compact set the solution (2, , ¢, ) to the whole interval [0, 7.
If T' < T, the local existence of a solution starting at T contradicts the definition of 7,
proving that T = T. This completes Step L.2.
Step 1.3. Invariance of C(t,k) x B; (gj(t)), i.e., (3.74) is valid.
As c,, € C%(0,k), we have Y71 emti(0ey) < 725~ Since 7y, — 00, there exists ks € N large
enough such that for all k¥ > k4, we have that
24
el
where €, the constant from (3.63). Fix k > ky. Let t; € [0,T) such that 37+ ew?ittiey () —

Z eM¥illen)y (3.90)

In2
2

21 Let € = min{% R

- } Using the continuity of ., and #;(-,-), we can choose ¢ close

enough to t; such that for all s € [t1, 1],

r+1 r+1 =

Ze')'kwi(sum’yk(s)) > Ze%%(tl,xwk(tl))e—’)’kgk: 232 e VkEk (391)
i=1 i=1 YTl

3.90 o o _

(> ) e —e e Rk > e e = e,

Hence, by Proposition 3.2.10(i4), and the fact that z., (1) € C%(7) for all 7 € [0,7] (see

Step 1.2), we have

r+1 r+1
I Z GWZ'(S’“’f(S))Vx%(S, ., (8))]| > 772 eMwvilszy () g e [t1,1]. (3.92)
i= 1=1
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Thus, for A(+) := Y5t emvitou0) — ﬁ35k7 we have

r+1 r+1
A(t) — A(tl) — Z ity (1) _ Z e Vki (b, (81))
(3.88) t (r+l r+1 2
= / > e i — Zweww IV bi(s, 4, (5))|| | ds
1 \i=1
r+1 r—l—l
(322) / t (Z’ykew”(s’“k(s < e”kwi(s’%(s))>>ds
1 \j=1

(3 91) tr+1 ~
/ nyke’kaz 5,8y, (5)) 1 (1 _ 26*7k6k> ds < 0,

=1
the last inequality follows from the definition of €,. This proves that z., (t) € C(t, k) for
all ¢ > t; close enough to t;. Whence, similarly to Step 1.2, the continuity of A() and
A(0) < 0 imply that z., (t) € C*(t,k), Vt € [0,T7.

On the other hand, having y., (0) = d,, € B, (4(0)), where pj is given in (3.57), means

that ¢(0,y.,(0)) < —ay,. Since oy, — 0, and oy, > 0 for all k, then we can find ks > k4 such

that
52
@ < min {4, —gp(O,d%)} for all & > ks.
Define ¢, := mln{g,%2 . If for some t; € [0,7), p(t1,y,(t1)) = —ag, let ¢ > t; close
enough to ¢; such that
0(8,ys, (8)) > —au, — &, Vs € [ty1,1]. (3.93)

Then, for all s € [t1,t], we have

() = 5) | > 57 — 20— 2> > 7 (3.94)

Hence, using, respectively, (3.89), v, (-) € Bs(y(-)), (3.47), (3.93), first equation in (3.58),

86



and (3.94), we deduce that

Q.‘&

(5, Yy, (5))ds

e T E fy, () — ()7 ds

@ )

— (1 — %~ m) ds < 0

gp(t, Y (t» - @(tla Y (tl)) =

[Sh

IN

VAN
\\\

proving that (¢, 4., (t)) < —a.,. Thus, the continuity of ¢(-, y,, (-)) yields, y., (t) € B, (5(t))
vt € [0,T].

Step 1.4. (2,9, &, () satisfy equation (3.75).

So far, we proved that a solution (z.,,%,,) of the Cauchy problem of (D.,,) exists and
satisfies (3.74). Hence, the definitions of C7 (¢, k) and &, given in (3.60) and (3.76), respec-
tively, yield that [|&,,[|c < 127—‘;‘ On the other hand, the definition of B, (y(t)) yields that
©(t, Y, (t)) < —0u, and thus, the same bound is immediately obtained for the norm of ¢,,,
defined in (3.76). Whence, the first inequality in (3.75) is satisfied. Employing this latter in
(D.,) and then calling on the definition of L in (3.47), we obtain that the second inequality
n (3.75) is valid.

Part (II).

Step II.1. Existence of (¢!, -+, ¢! () and (z,y) satisfying (3.77)-(3.80).

Using (3.74)-(3.75), it follows that (.1) holds for R :=r + 1 and

(h, Ur, €L, Cr) == (:c%,yﬁ,k,ﬁik,gk). Hence, by Lemma .0.2(4), there is a subsequence (not

1 . ..
Vk? ’

relabeled) of (z,,4,), ( 52:1(%), that converges, respectively, to some (x,y) €
Whee([0, T); R, (€1, .-+ & ¢) € L>([0,T); R?), such that (3.77) and (3.79) are sat-
isfied. Moreover, (3.78) follows from (3.74), (3.58), and Proposition 3.2.10 (iv).

Now, we show that (3.80) holds. Let i € {1,--- ,r+1} and t € I;(z), that is, ¢;(t, z(t)) < 0.

Then, by (A3.1) and the uniform convergence of x,, to z, there exist k, € N, a; > 0, and
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7+ > 0 such that Vk > k;, we have
Uils, 2, (5)) < —%, Vs € (t— 1t +7)N[0,T].

Hence, & (s) < Yee T — 0, uniformly on (t —7,t+7)NJ[0,7] and &'(t) = 0. Let
t € I'(z), then t € I;(x) Vi € {1,---,r + 1}, and hence, &(t) = 0 Vi € {1,---,r + 1},
implying that also £(t) = 0. Similarly, let ¢ € [0,7] such that ¢(¢,y(t)) < 0. The same
arguments now applied to ¢(t,y(t)) vield the existence of k, € N, & > 0 and 7, > 0 such

that, Vs € (t — 7, t + 7) N [0, T,

Gy () = Y€ k() <~ e —f= oiformly, 0, and hence, ((t) = 0.

k—o0

Step I1.2. Existence of u € U: ((z,y),u) & (¢',¢) satisfy (D) and (3.81)-(3.83), (z,y)
unique.

Whether wu,, admits a subsequence that converges to some u € U, for t € [0,7] a.e., or
assumptions (A1) and (A4.2) are satisfied, apply in each of the two cases the corresponding
result in Lemma .0.2(ii) to Q(-) := C(-) N B«(z(+)), R == r + 1, ¢(,-) := ¥i(-,-), and to
the sequences (g, Yx), ur) = ((Ty Yy )s Uy, ), &k = &, and G := (,, in (3.76), and their
respective limits (z, ), ¢ and (. Then, there exists u(-) such that ((z,y),u), & (i =1, ,r+
1) and ¢ satisfy (3.81)-(3.83). The facts that (x,y) is a solution of (D) corresponding to

((x0,y0),w) and is unique follow now directly from Lemma 3.2.8. This completes the proof

of this Theorem. ]

Remark 3.2.15. Similar arguments to steps 1.2-3 in the proof of Theorem 3.2.14 also
show the invariance of the larger sets C7*(t) x Bj, (4(t)); this means that if (c,, , d, ) is taken
in C%(0) x By, (5(0)), then for all ¢ € [0,7], (23, (£), g, (£)) € C(2) x By, (3(1).

The following corollary is an immediate consequence of Theorem 3.2.14, in which we
take u,, = u for all k, and hence, neither (A1) nor (A4.2) is required. It also consists of a
Lipschitz-existence and uniqueness result for the Cauchy problem of (D) via the solution of

the Cauchy problem of (D,, ), whose initial condition is carefully chosen.

88



Corollary 3.2.16. For given (xg,yo) € {/I;(g’g)(O) and u € U, the system (D) cor-
responding to ((zo,%o);u) has a unique solution (z,y), and hence it is Lipschitz and sat-
isfies (3.44)-(3.46). This solution is the uniform limit of a subsequence (not relabeled ) of
(%4, s Y, )k, Which is obtained via Theorem 3.2.14 as the solution of (D., ) with ((z(0),y(0)); u)
((cy,,dy,); ), where ¢, and d,, are the sequences from Remarks 3.2.11 and 3.2.13 corre-
sponding to ¢ = ¢ and d = g, respectively. Hence, for k sufficiently large, we have that

(x')’k (t)vy% (t)) € C_Wk (tvk) X Bﬁk (g(t)) Vi € [07T]7 (x7k7y7k>k is uniformly hpSChitZ, and all

conclusions of Theorem 3.2.14 hold.

We now present the table summarizing the results of Subsection 3.2.2.

Table 3.3 Summary of results from Subsection 3.2.2

Result Description
We extend the function h(t,z,-,u) from Bj(y(t)) to R! so that this
Remark 3.2.9 | extension satisfies for all y € R', (A4.1), and also (A4.2) whenever it is
satisfied by h. This extension shall be later used in Theorem 3.2.14.
Proposition _ _
We derive properties for the sets C(t) and C(t, k).
3.2.10
Remark We approximate any ¢ € C'(0) N B=(#(0)) by a sequence
3.2.11 ¢, € int C7(0,k) C int C7(0) such that c,, — c.
Proposition We derive properties for the ball Bs(7(0)) generated by the single
3.2.12 function ¢(0, -).
Remark We approximate any d € B;((0)) by a sequence d., € int B, (4(0))
3.2.13 such that d,, — d.
We highlight the invariance for (D.,) of
Theorem _ _ _
C%(-, k) x B, (y(+)) C int C™(-) x B5(y(-)), and show that the solution
3.2.14

of (D,,) uniformly approximates that of (D).
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Table 3.3 (cont’d)

Result Description
Remark _ _
We highlight the invariance of the larger sets C7(t) x B;, (y(t)).
3.2.15
This is an immediate consequence of Theorem 3.2.14 and consists of a
Corollary Lipschitz-ezistence and uniqueness result for the Cauchy problem of
3.2.16 (D) via the solution of the Cauchy problem of (D,, ), whose initial

condition is carefully chosen.

3.3 Study of the dynamic (D) under global assumptions

We now introduce the following global versions of the previous assumptions that shall be
used for the global results in this section. For completeness and the reader’s convenience,
we include them here. (A3.1)¢ and (A4)q are, respectively, assumptions (A3.1) and (A4)
when satisfied for 6 = oo (the same constants’ labels are kept), that is, z,y and the balls
around them are not involved therein, and (A3.2)¢ is a global version of (A3.2) which will
imply the uniform prox-regularity of C'(t).
(A3)s Global assumptions on the functions v;:

(A3.1), There exist p, > 0 and Ly, > 0 such that, for each i, V1);(-, ) exists on
Gr (C(+)) +{0} x poB, and 1);(-,-) and V 1;(-,-) satisfy, for all
(t1.02), (1202) € Gr (C()) + {0} x 5B,
max {[v)i(t1, 21) = Yi(te, 22)], [[Vathi(tr, 21) = Vatbi(ta, 22) ||} < Ly( [t — to] + [lz1 — 22)).

(A3.2), For every (t,z) € Gr C(-) with Z{} ) # () we have

> AiVathi(t,x) =0, with each \; > 0| = [\ =0, Vi€ Z{, ).

ie1?
(t,2)

(A4)s Global assumptions on A(t,z,y,u) := (f, 9)(t,z,y,u):

(A4.1), For (z,y,u) € U C(t) x R x U, h(-,z,y,u) is Lebesgue-measurable and,
te[0,7)
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for a.e. t € [0, T}, h(t,-,-,-) is continuous on C(t) x R' x U(t). There exist M, > 0,
and L, € L*([0,T];R"), such that, for a.e. t € [0,T], for all (z,y), («/,y') € C(t) x R!
and u € U(t),

1A (t, .y, w)| < Ma and [|h(t, 2,y u) = h(t, 2",y w)]| < Lu(@)](2,y) = (9]
(A4.2), The set h(t,z,y,U(t)) is convex for all (x,y) € C(t) x R and t € [0,T] a.e.

3.3.1 Preliminary results

The compactness of Gr C(+) assumed in the following lemma allows us to easily imitate
the proof of Lemma 3.1.1 and produce the following equivalence between (A3.2)g and a
global version of condition (3.10), namely, (3.95), in which Z and the localization around it

are absent.

Lemma 3.3.1. Assume that 1);(-,-) is continuous and, for all ¢ € [0, 7], the set C(t)
is nonempty, closed, and given by (3.3). Assume that (A43.1)g holds and that Gr C(-) is

compact. Then (A3.2)q is equivalent to the existence of a constant > 0 such that

> ANVa(to)|| > 2n, Y(tc) e {(r,z) € Gr C(-) :I(Om) # 0}, (3.95)

: ~70
zEI(t’C)

where I?nx) is defined in (3.7) and ()\i)ig& : is any sequence of nonnegative numbers satis-

fying Zz’ez&c) A= 1.

As a consequence of Lemma 3.3.1, we obtain the uniform prox-regularity of C(t), as well
as a formula for the normal cone to C(t). For L, the common bound of {||V (-, )| }i=; and

the common Lipschitz constant of {V,;(-,-)}7_, on the compact set Gr C(-) + {0} x 2B,

3n

we assume without loss of generality that L, > ™

Lemma 3.3.2. Assume that 1);(-,-) is continuous and, for all ¢ € [0, 7], the set C(t)

is nonempty, closed, and given by (3.3). Assume that (A3.1)¢ and (A3.2)s hold, and that

2This condition is only needed for the existence of an optimal solution,Theorem 4.1.1, and not for
Theorem 3.3.7.
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Gr C(:) is compact. Then, for all t € [0,7], C(t) is amenable (in the sense of [62]), epi-

lipschitzian, C(t) = cl(int C(t)), and is uniformly %Z—prox—regular. In this global setting,

the normal cone formula (3.12) is now valid for all (¢,z) € Gr C(-). In particular,

Neg () = Négy (x) = Ny (2) = { > AVt @) A > 0} # {0}, Va € bdryC(t).

: ~70
’LEI(t’z)

(3.96)

Proof. We use condition (3.95), Lemma 2.2.41 ([2, Theorem 9.1}) (with min{p,, %} = E—Z),

Lemma 2.2.11, Lemma 2.2.46, and Lemma 2.2.43. O

Remark 3.3.3. Since C(t) is E—Z—prox-regular, then each point in C(t) + E—ZB has a

unique projection on C'(t). Define for a.e. ¢t € [0,T], and (z,y,u) € [C’(t) - ﬁB} xRIx U(t),

h(t,z,y,u) := h(t,m(t,x),y,u),

where (¢, ) := mew(-). Notice that h is well-defined, and (¢, -) is 2-lipschitz on C(t) +

Lnu B (see Proposition 2.2.39(ii)). This means that the function A (which we relabel h)
satisfies (A4.1)q, where C(t) is now replaced by C(t) + ﬁB, and Ly(t) is now replaced by
2Lp(t). On the other hand, we note that since % < £, then 1)y, -- , 9, satisfy (A3.1)¢ on

Gr (C(+)) + {0} x ﬁB.
The following lemma, which requires Gr C'(+) bounded, is a global version of Lemma 3.1.5.

Lemma 3.3.4. Assume that 1);(-,-) is continuous and, for all ¢ € [0, 7], the set C(t)
is nonempty, closed, and given by (3.3). Assume that (A3.1)g, (A3.2)¢ and (A4.1)¢ hold,
and that Gr C(-) is compact. Let u € U, (zo,y0) € C(0) x R! be fixed, and (z(-),y(-)) €
W0, T); R™ x RY) with (2(0),5(0)) = (z0,y0) and z(t) € C(t), Vt € [0,T]. Then, (z,y)
solves (D) corresponding to ((xo,o),u) if and only if there exist measurable functions

(A1(+), -+, A (+)) such that, for all ¢ = 1,--- ,r, \(t) = 0 for t € I;(z), and ((x,y),u)
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together with (Ay,--- , ) satisfies

a(t) = [t x(t), y(t), u(t)) — Ciers, Mi(t)Varhi(t,z(t)) ae.t €[0,T],

(t,z(t))

y(t) = g(t,x(1), y(1), u(t)), a.e. t €0, T], (3.97)

((0),5(0)) = (0, yo),

and, we have the following bounds

illoo < IS Mo € g, Vi=1,00- 1,
" (3.98)

[#lloc < My + 355 Ly, [9lloc < M.
Furthermore, (x,y) is the unique solution of (D) corresponding to ((zo, o), ).
Proof. We follow the same proof of Lemma 3.1.5 using the normal cone formula in (3.96)

instead of (3.12), Lemma 3.3.1 instead of Lemma 3.1.1, and the prox-regularity constant E—Z

provided by Lemma 3.3.2 instead of p. n

We now introduce the following notations that are going to be used in our proofs.
e Recall from (3.17) that u := Ly(1 + Mp,). Define a sequence (i), such that, for all

2
keN, vy > —l;e and v, — o0 as k — 00, and the real sequences (ay)r,and (oy )
n

1 2 Ly, (1
o == —In (77 %> DO = Ty ( n(r) +Ozk> ) (3.99)

Vi 2p S22\

by

Our choice of v yields that

(Oék,O'k) >0 VkeN, ak\O, ak\O (3100)

YOk — "I
'Yke - 7]27

o For each t € [0,7] and k € N, we define

T

C(t) = {3: eR™: Y emtilta) < 1} CintC(t) forr > 1, & C7(t) := C(t) for r = 1(3.101)

=1
r 2
O (L, k) = {x ERM: Y ilte) < 772‘7‘16 - e—“m} C int C%(2). (3.102)
=1
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Under the assumptions of Lemma 3.3.2, Proposition 3.2.10 and Remark 3.2.11 hold true in a
global setting, that is, the ball around z is now omitted in those statements. More precisely,
the summations therein are only up to r instead of r + 1 terms, with C7 (¢, k), C7(t), and
C(t) replacing C*(t, k), C(t), and C(t) N Bz(z(t)), respectively. For the convenience of

our readers, we present those results here.

Proposition 3.3.5. Assume that 1);(+,-) is continuous and, for all ¢t € [0, 7], the set

C'(t) is nonempty, closed, and given by (3.3). Assume that (A3.1)¢ and (A3.2)¢ hold, and
that Gr C(+) is compact. The following holds true.

(1) There exist k; € N and r; € (0, &], such that Vk > ki, V(t,z) € {(t,z) € [0,7] x R" :

S envilt®) = 1} and V (7, 2) € Bay, (t, ), we have

> 2 emvi(mE), (3.103)

=1

Z e”kwi(f’z)vxwi(r, Z)

i=1

(17) There exists ko > k; and €, > 0 such that for all k& > ky we have

[:L‘ c O (t) & || Z evwz‘(t,x)vx%(t’ :L‘)H < nz evwz’(t@)]jlz Vi) o€k _(3.104)
=1 i=1

i=1
(13i) For all t € [0,T], for all k, C7(t) C intC(t) for r > 1 and CY(t, k) C int C*(¢),

and these sets are uniformly compact. Moreover, there exists k3 € N such that for
k > ks, these sets are the closure of their interiors, their boundaries and interiors are
non-empty, and the formulae for their respective boundaries and interiors are obtained
from their own definitions in (3.101) and (3.102) by replacing the inequalities therein

by equalities and strict inequalities, respectively. Furthermore, C"(t) and C"(t, k)

are amenable, epi-Lipschitz, and are respectively %- and 2& -prox-regular.

(iv) For every t € [0,T], (C7(t))r and (C(t,k)), are nondecreasing sequences whose

Painlevé-Kuratowski limit is C'(t) and satisfy

int C(t) = (Jint C™(¢) = | C™(t) = | int O™ (¢, k) = | C™(t, k).  (3.105)

keN keN keN keN
(v) For ¢ € bdry C(0), there exist k. > ks, 7. > 0, and a vector d. # 0 such that

([C(O) N By.(0)] + o I|ZCH> C int C™(0, k), Vk > k..
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In particular, for k£ > k. we have

de
<c—|—okHd H) € int C7(0, k). (3.106)

Remark 3.3.6. We deduce, from Proposition 3.3.5, that for any ¢ € C(0), there
exists a sequence (c., ) such that, for k large enough, ¢,, € int C"(0, %) C int C?*(0), and
vy, — ¢. Indeed:

(i) For ¢ € bdry C(0), we choose ¢,, = ¢+ Jkﬁ for all k. For k > k., we have from

(3.106) that ¢,, € int C7%(0, k). Moreover, since o, — 0 we have ¢,, — c.

(ii) For ¢ € int C(0), Proposition 3.3.5(iv) yields the existence of k, € N, such that ¢ €

int C7%(0, k) for all k > k.. Hence, there exists 7, > 0 satisfying
¢ € Br,(c) Cint C*(0,k), Vk > k.

In this case, we take the sequence c,, = ¢ € int C"%(0, k) that converges to c.

3.3.2 Existence and uniqueness of solution corresponding to (D)

We now prove Theorem 3.3.7, which says that under global assumptions, the Cauchy
problem corresponding to (D) has a unique solution that is Lipschitz. Similar to the proof
of Corollary 3.2.16, the proof of Theorem 3.3.7 follows closely the arguments used to prove
Theorem 3.2.14 after removal of the truncation on C(t) and R'. However, doing so requires
important modifications. For instance, removing the truncation on C() in the set 2 defined
in (3.84), makes it unsuitable for the global setting, and hence, it will have to be redefined
(see (3.108)). This discrepancy is due to having C(t) N B-(Z(t)) always generated by at least
two functions, and hence, C7*(t) C int C(t) is always valid. While in the global setting, for
the case r = 1, (3.101) yields that C7(t) = C(t) and hence, Z must be modified to include
Gr C(-).

Theorem 3.3.7 (Existence & uniqueness of Lipschitz solutions for (D)). As-
sume that ;(-,-) continuous, and, for ¢ € [0,T], C(t) is non-empty, closed, and given by
(3.3). Assume that (A3.1)q, (43.2)¢ and (A4.1)g are satisfied, and that Gr C(+) is bounded.
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Given (z9,10) € C(0) x R" and u € U, the Cauchy problem corresponding to (D) and
((z(0),4(0));u) = ((x0,y0);u) has a unique solution (z,y), which is Lipschitz and is the
uniform limit of a subsequence (not relabeled) of (z., ,y,, )r, where (x,,,y,,) is the solution

of a standard control system corresponding to u with z., (t) € int C(t), for all ¢ € [0, 7.

Proof. We denote by M¢ the bound of Gr C(-). Consider the Cauchy problem (D) corre-
sponding to ((z(0),y(0));u) = ((zo,y0); u) € (C(0)xR") xU. The existence of a solution that
is Lipschitz and unique, will be shown by approximating (D) with (D,, ), defined below as the
global version of (D, ). Let c,, € C7(0, k) be the sequence from Remark 3.3.6 corresponding
(and converging) to ¢ = z5. We now proceed with the proof by imitating the same steps
of the proof of Theorem 3.2.14, in which we employ (c,,,d,) := (¢, %) and we make the
following notable modifications. Using Remark 3.3.3, we can extend h = (f, g)(¢, -, y, u) from
C(t) to C(t)+ %B such that h satisfy (A4.1)q, where C(t) is now replaced by C(t) + %B.

For fixed k € N large enough, we consider the system (D,, ) corresponding to ((c,,, o), u) to

be

H(t) = £t 0(0),y(0), u(t) — £ e OV (1, 2(0), ae. t € [0,7)

(D) (3.107)

y(t) = g(t, z(t),y(t),u(t)), ae t€l0,T].

This system is well defined on the following modified version of the set 2, given in (3.84),

Do = {(t,r,9) € [0,T] x R" xR : z € C(t) + LiB}. (3.108)
P

As (0,¢y,,%0) € g, we follow steps similar to the ones used to reach (3.85), and we deduce
that a solution (2,4, ) of (D,,) with (z(0),4(0)) = (¢, %) exists on the interval [0, T) C
0,7, and (t, 2, (%), y, (1)) € D, Vt € [O,Tg), where T is given by
Te :=sup{Ty : (z,y) solves (D.,) on [0, T}] with (z(0),4(0)) = (¢, o)
and (t,z(t),y(t)) € Yo Vt € [0,T1]}. (3.109)

Simlarily to Step 1.2 in the proof of Theorem 3.2.14, we conclude that x.,(t) € C(t)

for all ¢t € [O,Tg). On the other hand, since ¢ is absent in (D.,) and g¢ is bounded by
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M, (from (A4.1)g), we immediately obtain that, for t € [0,7¢), ¥, (t) € MyB, where
My = ||yol| + M, T. The boundedness of Gr C(-) by M¢ guarantees that the solution remains
in the bounded set Mo B x MyB and hence, Te="T. By mimicking Step 1.3. of the proof of
Theorem 3.2.14, we obtain the invariance of C7(t, k) in z for (D,, ), and hence, our solution
(%+,,Y~,) for the Cauchy problem (D,,) with ((c,,,v0),u), also satisfies (2., (t),y,(t)) €
C(t, k) x MyB for all t € [0,T]. Thus, the definition of C*(t, k) and g (=1,
given in (3.102) and (3.76), respectively, and &, (-) := i, & (-), yield that [|&), [l <
Z—’;. Employing this bound of &,, in (D,,), we obtain that max{||@-, ||ec, |, llec} < My +
Z—’;L¢. It follows that (.1) holds for R := r and (zx, Yk, &, Gr) = (24, Yoy, &, 0). Whence,
Lemma .0.2(7) together with Proposition 3.3.5(iv) implies that a subsequence of (z.,, ¥, ),
and & (Vi = 1,---,r) converge respectively to some (z,y) € W'>([0,T];R" x R'), and
(& -+ ,€") € L=([0,T]; R",), satisfying

uni f . . w .o i w i .
(I'Yk7y’)/k) — (xvy)a (:U’kay’yk) m ($ay)> Vi mg (\V/Z =1,-- ,7”),
= , : 21 ~ 2/
(z(t),y(t)) € C(t) x MoB ¥t € [0,T]; max{|[#[loo [9lloc} < Mn+ PRt 1€l < pex
1=1

Et)y=0forallt e I;(z), i€{l,---,r}, &)= igi =0 forall t € I'(x),

i=1
the validation of the last equations is similar to that for (3.80). We now apply the dominated
convergence theorem to (D.,) at ((z,, ¥y, ) 4y, = u) (as done in the proof of Case 1 in
Lemma .0.2 (7)), and we deduce that ((z,y),u) and \; = & satisfy (3.97). By means
of Lemma 3.3.4, we conclude that (z,y) is the unique solution of (D) corresponding to

o, Yo), u) and is Lipschitz. O
(0, %0), ) P
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The following table summarizes the results of Section 3.3.

Table 3.4 Summary of results from Section 3.3

Result Description
We use the compactness of Gr C(-) to produce an equivalence between
Lemma 3.3.1
(A3.2)¢ and a global version of condition (3.10), namely, (3.95).
We use Lemma 3.3.1 to obtain the uniform prox-regularity of C(t), as
Lemma 3.3.2
well as a formula for the normal cone to C(t).
Remark 3.3.3 We extend h to a function that satisfies (A4.1)g on C(t) + %B.
We use Lemma 3.3.1 and Lemma 3.3.2 to establish the Lipschitz
Lemma 3.3.4 | continuity and the uniqueness of the solutions for the Cauchy problem
of (D) via its equivalent form.
Proposition
We derive properties for our sets C7(t) and C(t, k).
3.3.5
We approximate any ¢ € C'(0) by a sequence
Remark 3.3.6
Cy, € int C7(0, k) C int C?*(0) such that ¢,, — c.
Theorem We prove that the Cauchy problem corresponding to (D) has a unique
3.3.7 solution that is Lipschitz.
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CHAPTER 4

OPTIMAL CONTROL PROBLEM (P) OVER A COUPLED SWEEPING
PROCESS DYNAMIC (D)

The aim of this chapter is to derive global existence of optimal solutions and necessary
conditions in the form of a maximum principle for a strong local minimizer of the fixed time
Mayer problem (P) given by the following:

minimize J(z(0),y(0),z(T),y(T))

over ((z,y),u) € WH([0,T],R" x RY) x U such that

(P) #(t) € ft,z(t), y(t), u(t)) — Now(x(t)), ae. t € [0,T],

(D)
y(t) = g(t,2(1),y(t), u(t)), a.e. t €0,T],

(2(0),5(0),2(T),y(T)) € 5, (B.C.)

where T' > 0 is fixed, J : R" x R x R" x R — RU {0}, f:[0,T] x R" x R x R™ — R",
g:[0,T] x R* x R x R™ — R!, C'(t) is the intersection of the zero-sublevel sets of a finite
sequence of functions 1;(t,-) where ¢; : [0,T] x R* — R, i = 1,...,7, N is the Clarke
normal cone to C(t), S C C(0)xRIxR" xR is closed, U(+) : [0, T] ~ R™ is nonempty, closed,

and Lebesgue- measurable set-valued map, and the set of control functions i/ is defined by
U :={u:[0,T] — R™ : u is measurable and u(t) € U(t), a.e. t € [0,T]}. (4.1)

A pair ((z,y),u) is admissible for (P) if ((x,y),u) € WH([0, T]; R x RY) x U satisfies the
dynamic (D) and the boundary conditions (B.C.).
An admissible pair ((Z,%),u) is said to be a 0-strong local minimizer for (P), for some ¢ > 0,

if for all ((,y),u) admissible for (P) and satisfying ||(z, ) — (Z,%)||e < 6, we have
J(2(0), 5(0),2(T), 4(T)) < J(x(0),y(0), z(T), y(T))-

4.1 Existence of optimal solution for (P) under global assumptions
In this section, we demonstrate the global existence of an optimal solution for (P) when

the global assumptions are satisfied, see Theorem 4.1.1. Recall assumptions (A1), (A3.1)¢,
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(A3.2)¢, and (A4)q from Chapter 3.

Theorem 4.1.1 (Global existence of optimal solutions for (P)). Assume that
(A1) holds, ;(-,-) continuous, and, for ¢t € [0,7], C(t) is non-empty, closed, and given by
(3.3). Assume that (A3.1)¢g, (A3.2)¢ and (A4)q are satisfied, and that Gr C(+) and m5(S) are
bounded, where 5 is the projection of S into the second component. Let J : R” x Rl x R™ x
R! — R U {oco} be merely lower semicontinuous. Then, (P) has a global optimal solution if

and only if it has at least one admissible pair ((z,y), u) with (x(0), y(0),z(T),y(T)) € dom J.

Proof. Let M¢ and M;,(s) be the bounds of Gr C(-) and 75(S5), respectively. Observe that

((x,y),u) is admissible for (P) is equivalent to ((x,y),u) solving (D) and
((0),5(0), z(T),y(T)) € Se := SN (C(0) x Mrys) x C(T) x MB),

where M := Mg, + T M,

Since (P) has an admissible solution with (x(0),y(0),z(T),y(T")) € dom J, J is lower semi-
continuous, and Sg is compact, then the infimum of J over ((z,y),u) satisfying (D) and
(B.C.) exists (see Lemma 2.4.4). Let ((z,,Yn), un) be a minimizing sequence for (P). Then,
for each n € N, ((x,,, yn), un) satisfies (D), starting at (zo,v0) := (2,(0),¥,(0)), and (B.C.).
Hence, by Lemma 3.3.4, there exists a sequence of (A")7_, such that, for all i = 1,--- ,r,
AP € L>([0, T);Ry), AP = 0 on [;(x,), and, (AP)i_; with ((zn,yn), u,) satisfy (3.97) and
the bounds in (3.98). Apply lemma .0.2(i) to R := 7, (zn,yn), & = NI, ¢, = 0, M, :=
max{M¢c, M}, My := M), + ﬁLw, and M3 = ﬁ, we obtain (2,9) € Wb, (Ay,---,\,) €

L>([0,T);R"), ¢ := 0, and subsequences (not relabeled) of (z,,¥yn), and (A}'), such that

(s 9n) D (8,9), (s 90) —2r (), A0 =2 X, for all i = 1,7, and (4, ) and

(A1, -+, An) satisfy the bounds in (.2). Furthermore, we have (£(0),4(0),2(T),9(T)) € S.

On the other hand, as ((x,, yn), u,) and (A)7_; satisfy (3.97), this means that they solve (.3)
for ¢ :=0, ¢; :== v, and Q(t) := C(t). Noting that (A1) and (A4.2)s hold, then by applying
the global version of Lemma .0.2 (i7) (see Remark .0.3), we obtain @ € U such that ((Z,7), @)

and (\;)l_; also satisfy (.3), which is (3.97). Thus, to prove that ((Z,7), @) is admissible for
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(D), it suffices by the equivalence in Lemma 3.3.4 to show that for all i = 1,--- | r, \; is
supported on I?(#), knowing that for alli = 1,--- ;r, \2(t) = 0 for t € I;(x,). Fix t € I;(2),
then, ¥;(t, £(t)) < 0. Since z,, converges uniformly to Z and 1;(+, ) is continuous, we can find
6 > 0and 7 € N such that Vs € (t—4,t+06)N[0, 7] and for all n. > A, we have (s, ,(s)) < 0
and hence \*(s) = 0. Thus, as n — o0, 0 = X?(-) = 0 on (t — 0, + ) N [0,7], and so
Ai(t) = 0. Therefore, Lemma 3.3.4 yields that ((Z,9),4) is admissible for (D). Using the

lower semicontinuinity of J, we deduce that

J(2(0),9(0),2(T),9(T)) < lim J(2,(0),yn(0), 2 (T), yn(T))

- inf J(2(0),y(0), 2(T), y(T)),

((z,y),u) admissible for (P)

showing that ((Z,7), @) is optimal for (P) over all admissible pairs ((z,y), u). O

Table 4.1 Summary of results from Section 4.1

Result Description

Theorem
We demonstrate the global existence of an optimal solution for (P).
4.1.1

4.2 Pontryagin maximum principle for (P) under local assumptions

In this section, we present the maximum principle for the problem (P). We employ a
modification of the exponential penalization technique used in [30, 70, 55] for special cases
of (P). We first approximate the given optimal solution of (P) with optimal solutions for
some approximating problems having joint-endpoint constraints, (P%Cﬁ ), which are standard
optimal control problems involving exponential penalty terms (Proposition 4.2.8). Then, we
find necessary conditions for the approximating problems (Proposition 4.2.9), and we finally
conclude the necessary conditions for (P) by taking the limit of the necessary conditions for
(P2P).
For a given pair (z,y) € C([0,T];R" x RY) such that z(t) € C(t) Vt € [0,T], and for a

constant 6 > 0, we adopt all the local assumptions introduced at the beginning of Chapter
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3 and introduce two additional ones. We say that the following assumptions hold true at
((z,7);0) if the corresponding conditions hold true.
(A3.3) There exists a positive Lipschitz function 3(-) = (81(-),--- , 3-(*)) : [0, T] — R" such
that
> BVt 2(1), Vathu(t, 2@))| < B Vathi(t, 2@, VE € I°(2), Vi € T 5

- 0
I€L (1 a(1))
J#

For a > 0,b > 0 given, we recall the following set, given in (3.9), by

Han(t) = [C(O) N Bo(a(t)| x By(y(t)), for t€[0.7],

and we introduce a new set

%, = Bu(7(0)) x Ba(5(0)) x Ba(z(T)) x Bu(5(T)). (4.2)

(A5) Local assumption on J at ((Z,%);6): There exist p; > 0 and L > 0 such that J is

L j-Lipschitz on S(§), where

4.2.1 Preliminary results

We start the first subsection by presenting consequences of (A3.3) that shall be crucial for
our approximating problem and the proof of the maximum principle. For this subsection, let
C(-) satisfying (A2) for p > 0. Consider z € C([0,T];R") with z(t) € C(t) for all t € [0,T],
and § > 0 such that (A3.1) holds at (;0).
The next remark discusses the significance of (A3.3) in the proof of the maximum principle.
In particular, it highlights why it is sufficient to prove the maximum principle (Theorem

4.2.11) under a stronger assumption.

Remark 4.2.1 (Assumption (A3.3)). Note that when r = 1, the sets C(t) are
smooth and condition (A3.3) trivially holds. Let r» > 1, then the sets C(t) are nonsmooth.

In this case, a condition closely related to (A3.3), see [46, Theorem 1.3.1], has been first
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mentioned in [40] to be useful when sweeping (or reflected) processes over nonsmooth sets

are studied. For ¢ € I°(z), denote by G, (¢) the Gramian matrix of the vectors {V (¢, z(t)) :
P €T Lo (Gul®)s = (Vatalt, 5(0)), Tty (1,3(0).

o If for all i € T, 5y, We have (A3.3) holds for Bi(t) = 1, then the matrix G, (t) is
strictly diagonally dominant (see Definition 2.1.1) .

« For the general case, (A3.3) says that for some positive Lipschitz vector function, 3(-),

the matrix Gy (t) Dj,) (t) is strictly diagonally dominant for all t € I°(), where D (t)

and (Gy(t) Dggy(t))ij =

is the diagonal matrix whose diagonal entries are ( 51-(15))2-618 o

B0Vt 5(0)), Vot (1, 3(0).
Thus,
(1) (A3.3) yields that the vectors {V,¢;(t,2(t)) : i € If ;) } are linearly independent,
and hence, when (A3.3) is assumed to hold, (A3.2) is automatically satisfied;

(i) Setting ;(t,x) == Bi(t)1s(t, x), it easily follows that C(t) is also the zero-sublevel sets
of (7,52-(75, ))izy, fori=1,--- r, for some Lj >0, 1; satisfies (A3.1) foralli=1,---,r,
and condition (A3.3) is equivalent to saying that for ¢ € I°(Z), the Gramian matrix
G;(t) of the vectors {Vaibs(t, Z(t)) i € I&j(t))} is strictly diagonally dominant; a fact
that shall be used in the proof of the maximum principle;

(i77) From parts (i) — (i7) of this remark, we have 1y, - - - , 4, satisfy (43.2), and hence, (3.34)

of Lemma 3.2.4 is valid at ¢, - -+ , ¥, Y41 when replacing 7 by 7 := 7 bz, where
bs = min{l,min{@(t) :tel0,T],i=1,--- ,r}} .

Equivalent forms for the strict diagonally dominance of G, (t) are given in the following

lemma.

Lemma 4.2.2. The following assertions are equivalent:
(i) Forallt € I°(), the Gramian matrix Gy (t) of the vectors {V,i(t, 2(t)) : i € I(} 3}

is strictly diagonally dominant.
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(#) There exists b € (0, 1) such that, for all ¢ € I°(z) and for all i € 7} ;,),, we have

> KVt 2(1)), Vathi(t, 2()))] < I Vatii(t, 2(1))1%. (4.3)

. 0
I€T (4 5m)
J#i

(i41) There exist ¢ > 0, b € (0,1), and @ > 0 such that V(t,2) € GrC(-) N Bg(#(+)) with
I?t,x) # ), and Vie I?t,z)v we have

> UVui(t, @), Vathit, )| < 0| Varpu(t, ), (4.4)
I€LE o

i
where I&x) ={ie{l,...,r}: —a<t,x) <0} (4.5)

Proof. (i) == (ii): For t € I°(Z) and i € If, ;,)), we define

bt ) = T j(t>>|‘2j61%(t))!<vxw]<t, ), Vit 2()) <1, (46)
J#

and set b := sup {b(t, i):t € I°(Z) and i € I&f(t))}. Then, (4.3) holds true. To show that
b < 1, use an argument by contradiction, together with Lemma .0.1 and inequality (4.6).
(i) = (iii): We fix b € (b,1) and we use an argument by contradiction in conjunction
with Lemma .0.1.

(i43) = (i): Follows directly by taking @ := ¢ := 0, z = z(t) and using b < 1. O

The following result, which will be used in the proof of the maximum principle, is an
immediate consequence of Lemma 3.2.4 obtained via a simple argument by contradiction and

the continuity in (A3.1) of (¢;)1<i<, and (V,1);)1<i<, on the compact set Gr (C() N Bg(:i()>

Lemma 4.2.3. Let C(-) satisfying (A2) for some p > 0. Consider z € C([0,T];R")
with z(t) € C(t) for all t € [0,7], and 6 > 0 such that (A3.1) and (A3.2) hold at (Z;9).
Then, for £ € (0, p)N(0, ,], and its corresponding 1,1 and 77 from Lemma 3.2.4, there exists

a, > 0 such that for all ¢ € {1,...,7 + 1} we have
(t,2) € Gr (C() N B(2(-)) and [|Voi(t, 2)| < 77| = wilt, ) < —a.  (47)
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Table 4.2 Summary of results from Section 4.2.1.

Result Description

We discuss the significance of (A3.3) in the proof of the maximum
Remark 4.2.1 principle. In particular, it highlights why it is sufficient to prove the

maximum principle (Theorem 4.2.11) under a stronger assumption.

We provide equivalent forms for the strict diagonally dominance of the
Lemma 4.2.2
Gramian matrix Gy (t) of the vectors {V,¢;(t,Z(t)) : i € I{, ;) }-

We prove that there exists a, such that [(t, x) €
Lemma 4.2.3

Gr (C() N Be(x(-)) and [|Vothi(t, )| < 7] = vilt, ) < —a,.

4.2.2 Study of approximating problems for (P)

Assume that (A1)-(A2) are satisfied, and ((z,y),u) is an admissible solution for (P)
with 6 > 0 such that (A3.1), (A43.2), (A4) and (A5) are satisfied at ((Z,%); ). Throughout
the rest of this chapter, let & € (0,0), ¥41, 7 and p = z—z be fixed as in Subsection 3.2.2,
with L, > %. Let L4 denote the Lipschitz constant of (z,y), which, by Lemma 3.1.5,
is Lipschitz and wuniquely solves (D) corresponding to ((z(0),%(0)),u). Without loss of
generality, we assume Lz 5 > 1. Therefore, all the results of Subsection 3.2.2 are valid for
the systems (D) and (D.,), given respectively by (3.29) and (3.61).

For given § € (0, ], define the problem (Ps) to be the problem (P), in which (D) is replaced

by (D), and S is replaced by Ss, where
Ss:= SN %Bs, and HBs is defined in (4.2). (4.8)
When S5 is replaced by the following set Ss s,

Sss = S0 [Ns5)(0) x As5)(T)] C S(S) C domain of J, (4.9)
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the resulting problem is named (Pj;).

For clarity and better visualization, we present the problems below in a structured form.

minimize J(x(0), y(0), 2(T), y(T))

over ((z,y),u) € WHL([0,T],R" x RY) x U such that

(P) (D) @(t) € f(t,2(t),y(t), u(t)) — New(x(t)), ae. t €[0,T],
y(t) = g(t, z(t), y(t), u(t)), a.c. t €[0,T],

((0),y(0), z(T),y(T)) € 5. (B.C.)

minimize J((0), y(0), 2(T), y(T))
over ((z,),u) € WH([0,T],R" x RY) x U such that

(F) () a(t) € f(t,2(t),y(t), u(t)) — Newns.@e) (1), ae t€[0,T],
y(t) € g(t, x(t),y(t), u(t)) — Np ) (y(t)), a.e. t €[0,T7.

(#(0),y(0),2(T),y(T)) € S5 = SN Bs.

minimize J(x(0),y(0),z(T),y(T))
over ((z,y),u) € WH([0,T],R" x R!) x U such that

(Fss) (D) @(t) € f(t,x(t), y(t), u(t)) — Nowns@w) (©(t)), ae t €[0,T],

y(t) € g(t, 2(1), y(t), u(t)) = N (y(t)), ae. t €[0,7].

(2(0),y(0),2(T),y(T)) € Ss5 =S N [A55(0) x As6(T)] C S(5).

Notice that (Pjs) and (Ps) have the same sets of admissible and optimal solutions.
The following is an ezistence result of an optimal solution for (P5) (and, hence, of (Pjs))

without requiring (A5).

Theorem 4.2.4 (Global existence of optimal solution for (Pj)). Assume that

all the aforementioned assumptions in the beginning of this subsection are satisfied except
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for (A5). Let J : R" x R x R" x R — R U {oo} be merely lower semicontinuous on S()
with domain of J contains (z(0),%(0), Z(T), 5(T)). Then, for any ¢ € (0,£], (P;) has a global

optimal solution.

Proof. Fix 6 € (0,&]. Being admissible for (P), ((z,¥), %) is also admissible for (Pj), due
to Remark 3.2.3 and that (z(0), 7(0), Z(T),4(T)) € S5. As any admissible ((x,y),u) to (Ps)

also satisfies ((0),y(0),z(T),y(T)) € Sss C S(0), then, the lower semicontinuity of J on
S(0) and the compactness of Ss; yield the infimum of J over ((x,y),u) satisfying (D) and
having its states endpoints in Sy, is finite. Let ((x,,¥y,), u,) be a minimizing sequence for
(Ps5). The proof from this point on continues as done in the proof of Theorem 4.1.1, in
which (D) and S are now (D) and Sy, respectively, and we use Lemma 3.2.8, system (3.44),
and the bounds in (3.45) instead of Lemma 3.3.4, system (3.97), and the bounds in (3.98),
respectively, and we apply Lemma .0.2 itself, where R = r + 1, Q(t) := C(t) N Bz(Z(t)) and
¢, and (¢ are present, instead of its global version that was used for R := r, Q(t) := C(t)

and ¢, = ¢ = 0. We deduce the existence of ((Z,s), %s) optimal for (Ps). O

Remark 4.2.5. Note that Theorem 4.2.4 remains valid if we replace the objective
function of (F;), J(2(0),y(0), z(T), y(T)), by J(x(0),y(0), x(T), y(T))+ Jy L(t, 2(t), y(t)) dt,

where L is a Carathéodory function (see Definition 2.3.2) satisfying, for some o € L'([0, T],R,),

L(t,z,y)| <o(t), V(z,y)e ,/17(575)(1%), and t € [0,7]. (4.10)

This is so, because for any u € U, the solution (x,y) of (D) belongs to the uniformly bounded
set valued map ,/1/2575)(~), and L is a Carathéodory function (see Definition 2.3.2) satisfying
(4.10), and does not explicitly depend on the control. Indeed, in the proof of Theorem 4.2.4,
the existence of a minimizing sequence ((2y,yn), u,) for (Ps), in which this change is imple-
mented, remains valid, and the limit as n — oo of the added term is ] L(t, Z5(t), #s(t))dt,

by the dominated convergence theorem.

The following remark establishes a connection between a strong local minimizer for (P)

and a strong local minimzer for (Fy).
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Remark 4.2.6. Using Theorem 4.2.4 and Remark 3.2.3, we have the following.
(i) If ((z,9), w) is a 0-strong local minimizer for (P), then, for any 6 € (0,), ((z,7),u) is

a 0-strong local minimizer for (Ps), and hence for (Pjs).

This fact motivates formulating in Proposition 4.2.8 the approximating problem for
(P) near ((7,7),u) as being that for (P, s,), where &, is chosen strictly less than &. It
also plays a key role in step 4 of the proof of Theorem 4.2.11 by relaxing instead of
(P), the problem (£2), which is (Ps) with extended J and added L.

[
(ii) Conversely, given § € (0,2, if ((Z,7),@) is a d-strong local minimum for (Ps) for

6 € (0,6], then ((Z,7), @) is a d-strong local minimum for (P).

For the rest of the chapter, ((z,),u) is taken to be a J-strong local minimum
for (P).
We shall employ the following notations.

o If 7(0) € int C(0), then, z(0) € int (C(0) N B«(#(0))), and hence, taking ¢ := #(0) in

(
Remark 3.2.11(i7), we deduce that there exist I% y € N and 739y € (0, €), satisfying
#(0) € By, (%(0)) C int C(0,k), Vk > i%j(o). (4.11)

If #(0) € bdry C(0), then z(0) € bdry (C(0) N Bz(Z(0))), and hence, taking ¢ := z(0)
in Proposition 3.2.10(v), we deduce that there exist a vector dz o) # 0, kz() > k3, and

770 € (0,€), such that

(C(0)N By, ((0))) + &% HZI(O)H C int C%(0,k), Yk > kzo). (4.12)
z(0)

« Since (0) € int Bs((0)), then taking d := (0) in Remark 3.2.13(4i), we deduce that

there exist k) € N and ry() > 0 satisfying

§(0) € Br,o, (5(0)) C int B, (5(0)), Yk = ko). (4.13)

5(0)
» Motivated by Remark 4.2.6(7), and equations (4.11)-(4.13), let §, > 0 to be the fixed

constant

min < <, #z(0), L0 if z(0) € int C'(0)
5y = 5750001510 (4.14)

s T2(0)> I‘g(())} if z(0) € bdry C(0).

DM

min {

[\’)\fm
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« For g € (0,1], we define for ¢ € [0,7] a.e., and (z,y,u) € :/V(g’g)(t) x U(t) :

9P (t, @, y,u) == (1= B)g(t, =y, u(t) + By(t,z,y,u).

Note that also h® := (f#, g#) satisfy (A4) as h does, and hence, all the results of Section
3.2 of Chapter 3 hold true for (D?) and (ka), which are respectively obtained from
(D) and (D.,) by replacing h by h®. Observe that h®(t,z,y, u(t)) = h(t,z,y, u(t)).

o Let (z,,,¥,,) the solution of (ng) corresponding to ((¢,,,y(0)), w), where, for k large

enough, ¢,, € int C7*(0, k) is the sequence corresponding (and converging) to ¢ = z(0)

via Remark 3.2.11, namely,

B z(0) if (0) € int C(0)

C% -

Z(0) + oy, ”jzgu if 2(0) € bdry C(0),
where dz( is the vector from Proposition 3.2.10(v) corresponding to z(0). Then,
by Corollary 3.2.16, along a subsequence, (Z.,, ¥, ) converges uniformly to (Z,y) and
satisfies all conclusions of Theorem 3.2.14. In particular, we have that (z., (¢), ¥, (t)) €

C(t, k) x By, (4(t)) Vt € [0,T) and (Z,,, ¥, )x is uniformly lipschitz.
o We define for all £k € N

(S5, + (0,0, €, &3, )] N [ Az 5 (0) x A5 (T)], if 2(0) € int 0915)

_ dgo _ -~ > o
S5+ (G727 0,300 330)] N [ Ay (0) X Aegy(T)], i (0) € belry C(0),

ST (k) =

where, Ss, is defined in (4.8), and

(€y @y ) = (T3 (T) = 2(T), 4, (T) = 9(T)) ——— (0, 0).

k—o0

Remark 4.2.7. Our sets SV (k) satisfy the following properties:

Vk € N, S7 (k) is closed, and S7(k) C S(9), for k sufficiently large, (4.16)

{(c,d) : (¢,d,e,w) € S™(k)} C int C"*(0, k) x int B, (4(0)) C int Ji;(e-,g)(O) for k large,(4.17)

im S (k) —
Jim ST (k) = S5,.6, (4.18)
(€, ¥(0), 2, (T'), 4, (T)) € S7(k), for k sufficiently large. (4.19)
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Using the local property of limiting normal cone (see Lemma 2.2.4), we know that, for any
element (c,d, e,w) € S (k) with (e,w) € int JV(Q;) (T) = (int C(T) N Bz(x(T))) x Bs(y(T)),
we have
Ni(e,d,e — &, ,w—@y,) if (0) € int C'(0) and

(c,d,e — ey, w—w,,) € int Bs,

Ny (¢ ds e, w) = (4.20)

NL(c— 5y, ”jigg;“ dye—e,,w—a,) if 0) € bdry C(0) and

— di(()) — — . —
(c— akm,d,e — €y, W — Wy, ) € int By,

This next proposition provides a sequence of optimal control problems with specific joint
endpoint constraints that approximates our initial problem (P) near ((Z, ), u), that is, the

problem (Ps, 5,).

Proposition 4.2.8 (Approximating problems for (P)). For all a > 0 and
B € (0, 1], there exists a subsequence of (7x)x (we do not relabel) and a sequence

(Cyer s €4y Woy s Uy, ) € ST (k) X U such that the associated problem (P3F) defined by:

(P%f): Minimize J(z(0),y(0),z(T),y(T)) + allu — w1
+ a || (2(0),(0),z(T), y(T)) — (cyp, drys €y W) [

over ((z,y),u) such that u(-) € Z and

o |0 = P 0.00)00) ~ 0T 20) e 0.7
i) = (0 2(8), (1), u(t)) — eI, oty (1)) ace. £ € [0,T],

(x(t), y(t)) € Bs,(z(t),y(t)) vt [0, T],  (8.0),

((0),4(0), z(T),y(T)) € 5™(k),

has an optimal solution ((z,, Y, ), Uy, ) such that

(x’Yk (0)7 Yve (0)7 Ly (T)v Y (T)) = (C'WH d’)’k’ Cko w"/k)
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and (z,,)r and (y,, ), are uniformly Lipschitz. Moreover,

(2(0), 47, (0), 24, (T), 45 (T)) € (S5, + p1B) Nimt (A2 5(0) x Ao5(T)) € imt S(5), (4.21)

(2, (1), 9. () € O™ (8, k) x By, (5(1)), Yt € (0,7, (4.22)
unif ,_ _ strongly  _ . . w R
(:C’Wwy’wc) — (:c,y), Uy, m—Lgly> u, and (x’ymy’wc) m (x,y) (423)

The functions g'lm (¢=1,---,r+1) and ¢,,, corresponding to x,, and y., via (3.76), satisfy
(3.75) and there exists (¢',---,£") € L>=([0,T],R",) such that

'i/k %) §i’ gz =0on Iz_(i) (VZ =1, ,T’), H ZSHOO < ?;2]7 (kafry:laVkC’Yk) M 07(4'24)
i=1
and ((7,7),u) together with (&1, --- | £") satisfies
2(t) = f(t,2(t),y(t), u(t)) — iy E()Varhi(t, (1)) ace. t € [0, 77,
G(t) = g(t, 2(1), y(t), u(t)) a.e. t € [0,T), (4.25)
wl(tvi.(t)) < 07 vt e [OvT]7 Vi e {17 e 7T}'

Proof. Step 1: (P)f) admits an optimal solution ((&.,,%y,), ).

Given that (Z.,, ¥, ) is the solution of (ka) corresponding to ((¢,,,%(0)), u), the inclusion
(4.19) holds, and (Z.,,¥~,) — (Z,y), then for k large enough, the sequence ((Z.,, ¥, ), %)
is admissible for (P%’ﬁ ) for every @ > 0 and 8 € (0,1]. In particular, for k large enough,
((Z+y> Uy, ), @) is admissible for (PY7). We fix k large enough and 8 € (0,1]. We then apply
Theorem 2.3.4 ([19, Theorem 23.10]) to (P97), with @ = Gr (Bgo(:i'(-), y(-)NC(-) x RZ) and
E = S (k). Notice that conditions (a), (b), (c), (d), (e), and (f) of this theorem are satisfied
due to the validity of assumptions (A1), (A3.1), (A4), and (Ab), along with the properties
of S (k). Hence, (P9”) admits an optimal solution ((Z,,Jx,), @i, ). Using equations (4.16)

and (4.18), we deduce that there exists (¢, d, e,w) such that, up to a subsequence

(’@'Yk (0)7 g’?k (0)7 '%’Yk (T)v Q'Yk (T)) — (Ca da ¢, w) € 550750'

Step 2: Convergence of (%7, ) to an admissible solution for (P;, s, ) with §,

distance to (z,y).
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As (24, (0), 9, (0)) € C%(0, k) x B, (5(0)) (see equation (4.17)) and its limit (c, d) € </17(g’g)(0),
then, applying Theorem 3.2.14(I) to ((&,,(0), §+,(0)), ., ), we deduce that the resulting
unique solution of (D2 ) is (2,,3y,) and satisfies (3.74)-(3.76), and hence, by (A1), (A4.2),
and Theorem 3.2.14(II), there exists ((#,9),u), such that along a subsequence of (Z.,, J,)

(we do not relabel), we have (Z,,3-,) unif,

(2,9), (2(1),0(1)) € Az5(t) for all t € [0, T,
and ((£,9),u) uniquely solves (D?) starting at (c,d). It follows that (Z(T),§(T)) = (e,w).
Moreover, as (#.,,7,,) satisfies (S.C), then we have (&(t),9(t)) € Bs,(Z(t),(t)) for all
t € [0,7]. Using (A4.2) and Filippov Selection Theorem (see Theorem 2.3.5), we can find
@ € U such that ((&,9),a) satisfies (D), and hence ((Z,7),4) is admissible for (Pj, 5,) with
1(2,9) = (%, 9) |0 < 0.

Step 3: (P%f) defined by means of (c,, ,d, ,e, ,wsy ;uy, ), has ((z,, Yy, ) Uy,,)
as optimal solution.

Since ((Z,#),u) is a d-strong local minimizer for (P), then, by Remark 4.2.6(i) and 6, < &,

((z,7),1) is a d,-strong local minimizer for (Ps,) and hence for (P, 5,), and hence, we have

J(2(0),5(0), 2(T), y(T)) < J(£(0),9(0), 2(T), §(T)).

On the other hand, ((2,,, §y,), i, ) is an optimal solution for (P9) for which (., , 7+, ), U, )

is admissible, we deduce that

J(jWR (0)7 g'yk <O)’ i"yk (T)7 g% (T)) S J(j'yk (0)7 g’yk (O)’ :Z"Yk (T)’ g’yk (T))

Combining the above two inequalities and using the continuity of J(-, -, ), we deduce that

k—o00

Thus, for fixed o > 0, there exists an increasing sequence (k,), such that Vn > 1,V k, > n,

S (@, (0), 93, (0), Ty, (T), 95, (T)) - < J(%H(O),Qm(o)@vkn(T%?Jvkn(T))+%-

The rest of the proof follows from imitating the proof of [55, Proposition 6.2], and applying
Ekeland Variational Principle (Theorem 2.2.49 or [66, Theorem 3.3.1]), to the following

version of the data corresponding to our problem:
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e X ={(¢,d,e,w;u) € S™(k,) x U : the unique solution ((z,y),u) of (ijkn) with

(2(0),5(0)) = (c, d) satisfies ((T),y(T)) = (e,w) and (x(t), y(t)) € Bs, (#(t),5(t)) Vt}.

o For (¢,d,e,w;u), (d,d e, ';u') € X, we define the distance
D ((c,d,e,w;u), (¢, d e W) = |lu—1u + |(c,d, e,w) — (,d, e ).

e For (¢,d,e,w;u) € X, F(e,d,e,w;u) = J(c,d,e,w).

. oz:zozand)uz%.
Notice that (X, D) is a non-empty complete metric space, and F is continuous on X. There-
fore, we deduce the existence of (c,, ,d,, e, ,wy, ju,, ) € X such that, for (x,, ,y,, ),
the solution of (kan) corresponding to ((cy,, ;dy,, ), Uy, ), satisfies (x,, (T),y,, (1)) =

(eyy s way ) and (2, (1), Y-, (t)) € Bs, (Z(t), 5(t)) V¢, and the following holds:

S (24, (0), Yoy, (0), 5, (T, 4y, (1)) < (3, (0), G, (0), Ty, (1) Gy, (T)), - (4:26)

_ _ _ _ 1
s, =l 1 (0 s i 030 ) = (@50, 80), T, (1), 1 (D) < - (4.27)

and for all ((¢,d,e,w);u) € X, we have

S (29, (0), Y3, (0), 3, (T), 13, (T)) < J(2(0), (0), 2(T), y(T))

+O‘(Hu - u'YanLl + H (Ca da evw) - (C’Ykn7 d'wcn? e'wcn?w’wcn) Hu (4'28>

where ((z,y),u) is the unique solution of (ngn) starting with (x(0),y(0)) = (¢, d) and sat-
isfying (2(T),y(T)) = (e,w) and (x(t),y(1)) € Bs, ((t),5(t)) Yt € [0,T].
Hence, for n large, the problem (P2”) defined by means of (¢, ,dy, €y, Wy, s Uy, ), has

(244, Y, ), Usy,, ) as optimal solution satisfying

(@, (0)5 Yo, (0) Ty (1) Y, (1)) = (s s € s W) PR (2(0),4(0),z(T),y(T)) € S,

strongly  _ unif _
Ukn — 1 P Uy (T Yory) oo (z,9),

and all conclusions of Theorem 3.2.14. Hence, (4.23) is valid, and, for (¢ )it} and

corresponding to (2., , 4, ) via (3.76), there exist (£')/1] and ¢ such that (3.75), (3.77), (3.79),
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(3.80), and (3.81)-(3.83) hold. Notice that, as 1,41(t,z(t)) = —% < 0and o(t, j(t) = -% <

0 V¢ € [0,T], we have that &' =0, ¢ = 0, and, for some k € N, ¢, 1 (t, 2, (1)) < —< and
Oty (1) < —%2, Vk > k and Vt € [0,T], and hence,
2 52 ~
W) < e T and (1) < ’y,ze’%%, Vk >k, and Vt e [0,T]. (4.29)

That is, (v, Gy, 27,0, and thus, (4.24) holds. Furthermore, since h?(t, Z(t), y(t), u(t))
= h(t,z(t),y(t),u(t)), it follows that ((z,y),u) and (£, - ,€") satisfy (4.25).

Finally, (4.21) is also valid, due to having (x,, (0),y,, (0),24, (T),yy. (7)) € S%(k,),
Ohp = 0, (€, @y, ) — (0,0) (as n — 00), and (., (t), Yy, () € CVn(t, k) x B, (4(t)) C

int A 5 (t). O

The next result is obtained as a direct application of the nonsmooth Pontryagin maximum
principle for state constrained problems to each of the approximating problem (P;’:B ) defined

in Proposition 4.2.8.

Proposition 4.2.9 (Maximum principle for the approximating problems (PWO;B))
Let @« > 0 and 8 € (0,1] be fixed. Let ((%.,, ¥ ), uy,) be the sequence from Proposi-
tion 4.2.8 which is optimal for (P$”) and satisfying kh_)rg) (24, (0), Y, (0), 24, (1), 4, (T)) =
(z(0),y(0),z(T),y(T)). Then, for each k € N, there exist p,, = (¢, v, ) € WH([0,T]; R™ x
R!) and a scalar Ay, > 0 such that

(1) Nontriviality condition For all k£ € N, we have
[Pyilloc + Ay = 1. (4.30)

(17) Transversality equation

(p’Yk (0>7 Py (T)) € )\%aLJ(])% (0)7y’)/k (0)7 Loy, (T)7 Yy (T)) + (431)
OéB + NSLWk(k) (ZE% (0)7 Yy (0)7 Loy, (T)v Yy (T>) :

(771) Maximization condition

5 { (00,00, .90, O3 0,000 - 50wy 0] 432)

is attained at v = u., (t) a.e. t €[0,7].
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(iv) Adjoint equation For almost all ¢ € [0, 7],

_p'Yk <t> = o Et; S (1 - 6) (a(m,y)f@, Ly (t)a Y <t>7 a(t)))TQ’Yk (t)
_iJ'Yk: t
B0 [ (1, (1), Y (1), 1 (1)) (1)
(1= B0V g(t, 2, (1), o (1), U(1))) 03, (1)
B g(t, 2, (8), 4 (1), 1 () 03, (1)
(07 (S e e O s 1,1, (t)T)) G (1) )
(Vy ('Ykevk(p(t’ywk IV o (t, yo (t)))) U, (1)

where,

r+1 r+1
a (Zvkewi<w<t>>vwwi<t,x%<t>>> C S et O g 1 (1)
=1 =1
r+1

+ 30 2t O i (t, 2, (£)) Vit 24 ()7

i=1
Vy (e IV (1, (1)) = e ) T

2B OT (o, ()Y (1 g (6

Proof. As (P%C’ﬂ ) is a standard optimal control problem with implicit state constraints, we
shall apply [66, Theorem 9.3.1 and P.332] for the optimal solution ((x,, ¥, ), uy,) of (P37)
obtained in Proposition 4.2.8. The proof is obtained from translating the conditions of [66,
Theorem 9.3.1] to our data, and using the standard state augmentation technique.

Step 1. All assumptions of [66, Theorem 9.3.1 and P.332] are satisfied.

Applying the state augmentation technique, our optimal solution is (2., , Y-, , 2+, ), Where
(Z+,,, Y, ) is the optimal solution from Proposition 4.2.8, 2., (t) 1= [J ||t (5) — u, (s)||ds = 0,
and u,, is the optimal control.

Assumptions (H1), (H2) and (H3) of [66, Theorem 9.3.1] are satisfied because assumptions
(A2), (A3), (A4), and (A5) hold true, (z,,Yy,,) converges uniformly to (Z,y) and (4.21) is
satisfied. Note that for k large enough, the required constraint qualification (C'Q) in [66,
Page 332] is satisfied by the multifunction Bs,(7(:),%(+)) at (., (t), ¥+, (t)). In other words,

we need to show that
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1. Bs,(z(-),y(-)) is lower semicontinuous multifunction,
2. conv (]\_féé =050 (T (1), 45 (£))) is pointed V¢ € [0, T}, where the graph of

is defined to be the closure of the graph of Nt

\/ L . .
N, @0t Ba, @) ()

This is due to (x.,,y,,) converging uniformly to (Z,7) and to Bs, (Z(-),%(-)) being lower
semicontinuous, with closed, convex, and nonempty interior values (hence epi-Lipschitz),
(see Lemma 2.2.47 or [57, Remark 4.8(i7)]).

Step 2: The measure corresponding to the state constraint (S.C) is null.

Notice that the measure n,, € C*([0,7],R"*") corresponding to the state constraint (S.C)
produced by [66, Theorem 9.3.1], is actually null. This is due to the fact that its support

satisfies

supp {7y} C {t € [0, 7]+ (¢, 2, (1), 9, () € bdry Gr Bs, (z(-), 9(-))},
= {t€0,T]: (8, 2,(8), 4y, (1) € Urepor{t} x 75, (2(1), 5(t))}

= 0,

where .75, (Z(t),y(t)) = {(z,y) : ||(x,y) — (Z(t),y(t))|| = 0o}. The last equality follows from
the uniform convergence to (z,¥) of (24, (t),y,(t)), (4.23).
Step 3. Deriving the transversality condition.

Let ¢y, vy

and e,, adjoint vectors corresponding to the optimal states z,,, v, and z,,
respectively. We translate equation (iii) in [66, Theorem 9.3.1] to our data. First, notice
that

Eyy (T) = _)\’Yka'

In addition, we have, for p,, = (¢,,v-,), that

(P (0), =p~, (1)) € Ay aLJ(xw (0), Y, (0), 24, (T), 4, (T))) +

QB + NASI’JW (k) (x'yk (0)7 Yk (0)7 Loy, (T)’ Yve (T))
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Step 4. Deriving the adjoint equation.

We note that the Hamiltonian is given by

r+1
H(t) (xuy)z)v (q,v,e),u) = <Q7fﬂ(t7xay7u> - nyke’ykd}l(t’z)vthﬁl(tax>>

i=1
+ (0,6°(t, 2,y u) — w0t y)) + (e llu — g, (1))

Using equation (iz) in [66, Theorem 9.3.1], we deduce that equation (4.33) is satisfied, and

é,,(t) =0 for t € [0,7] a.e. Now, we use the transversality condition to deduce that for a.e

t€[0,7], ey, (t) = e, (T) = =\ .

Step 5. Deriving the Maximization condition.

Applying equation (iv) in [66, Theorem 9.3.1] to our data, with the fact that e,, (t) = —a\

a.e. t € [0,T], we deduce that

i {m (095522 00,5010+ (000,902, 0,1, (0, 0) = 5% = <t>n}

uelU(t)

is attained at u = u,, (t) a.e. t €[0,7).
Step 6. Nontriviality condition.
Since 7, is null everywhere, we deduce from the nontriviality condition of Theorem 9.3.1

that (py,, €y, Ay, ) # 0. But e,, = —a),, then the transversality condition translates to

||p7k||00 + Ay, #0.

Remark 4.2.10. We note the following.
« We will prove in the maximum principle (see equation (4.41)) that there exists Mp >0

such that
I (D] < Myl (D), VE€[0,T], VkeN. (4.35)
Hence, we can replace the nontriviality condition (i) by
123 (D] 4+ Ay = 1. (4.36)
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This is particularly useful for us when taking the limit of the non-triviality condition
in the proof of the maximum principle. As we will see, p,, converges pointwise to a
function p, allowing us to take the limit in (4.36).

o In addition, if S = Cy x R™* for a closed Cy C C(0) x R’, then A\, # 0 and it is taken
to be 1 and the nontriviality condition () is eliminated. Indeed, if A\,, = 0, then using
transversality condition (i7), we deduce that p,, (T) = 0. Thus, using equation (4.35),

we deduce that p,, is null. Hence, (p,,,\,,) = 0 which contradicts the non-triviality

condition.
Table 4.3 Summary of results from Subsection 4.2.2.
Result Description
Theorem We provide an existence result of an optimal solution for the truncated
4.2.4 optimal control problem (Pj).
We provide an existence result of an optimal solution for a truncated
optimal control problem, which is identical to (P(;) except for the
Remark 4.2.5
addition of an integral term involving a Carathéodory function in its
objective function.
We establish a connection between a strong local minimizer for (P) and
Remark 4.2.6 ~
a strong local minimzer for (Py).
Remark 4.2.7 We provide properties for the sets S (k).
We provide a sequence of optimal control problems with specific joint
Proposition
endpoint constraints that approximates our initial problem (P) near
4.2.8 _
((z,y),u), that is, the problem (Ps, s,).
Proposition | We provide necessary conditions to each of the approximating problems
4.2.9 (P$-P) defined in Proposition 4.2.8.
Remark
We provide conditions that could replace the non-triviality condition.
4.2.10
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4.2.3 Maximum principle for (P)

The following result provides necessary conditions, in the form of an extended Pontrya-
gin’s maximum principle, for a d-strong local minimizer ((Z,7),u) for the problem (P). We
start by proving the theorem under the temporary assumption (A4.2), and without assuming
any uniform bound on the sets U(t) (Step I). In Step II, we show that, when the compact
sets U(t) are uniformly bounded, the convexity assumption (A4.2) can be removed. First, we
introduce the following nonstandard notions of subdifferentials that shall be used in Theorem
4.2.11.

. aéz’y)h(t, -,-,u) denotes the extended Clarke generalized Jacobian of h(t,-, -, u) that ex-
tends from the interior to the boundary of J‘;((g’g) (t): = [C’(t) N Bg(i‘(t))] x B;(y(t)) the
notion of the Clarke generalized Jacobian (see Definition 2.2.30 or [55, Equation(11)]),

o OF%;(t,-) is the Clarke generalized Hessian relative to int [C(t) N Bs(Z(t))] of 1;(t,-)
(see Definition 2.2.32 or [55, Equation(12)]),

o OFJ(-,-,-,) is the limiting subdifferential of J(-,-,-,-) relative to int S(8) (see Definition

2.2.25 or [55, Equation(8)]).

Theorem 4.2.11 (Generalized Pontryagin principle for (P)). Assume that (A1)-
(A2) are satisfied. Let ((Z,%),u) be a é-strong local minimizer for (P) such that (A3.1),
(A3.3), (A4.1) and (A5) are satisfied at ((Z,7);0). Then, whenever (A4.2) holds true,
or if sets U(t) are uniformly bounded, there exist an adjoint vector p = (g,v) with ¢ €
BV([0,T];R") and v € WH2([0, T]; R!), finite signed Radon measures (v)i_, on [0, T, non-
negative functions (£')7_, in L>=([0,T];R*), L?-measurable functions A(-) in .., ([0, 7)),
E(-) in AMpy([0,T)), A() in M), ([0, T]), and E(-) in ([0, T]), L°-measurable functions
(V'(-))r_y in Mpxn([0,T]), and a scalar A > 0, satisfying the following:
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(7) Primal-dual admissible equation

() = f(t,2(t), y(t), u(t)) — Tiy & (1) Varhi(t, (1)) ae. t € [0, 7],

y(t) = g(t.z(t), y(t),u(t)) ae. t €[0,7],

vi(t,z(t)) <0, Vt€[0,T], Vie{l,---,r}

(77) Non-triviality condition

A+ [lp(T)IF = 1.

(17i) Adjoint equations
For any z(-) € C([0,T],R")

/[O,T] (2(t), dq(t)) = /0 T at), — At g(t)dt + /0 ), — AW o) dt

T

*Z </0T EW 0, (Dat)dt + | (=) vxw,m@)»dw(ﬂ) ,

0

where for all t € [0,7] a.e.,

(A1), B(t)) € 0 f(t,2(). 5(8), u(0)), (A1), E(1)) € 5" g(t, 2(t), y(1), alt)),

I (t) € OFhi(t, Z(t)), fori=1,--- 7.

(7v) Maximization condition

ueU(t)

i {W), £t 2(0),5(8). ) + <v<t>,g<t,x<t>,y<t>,u>>}

is attained at u = u(t) for a.e. t € [0,T.
(v) Complementary Slackness condition For i = 1,--- 7, we have:
§(t) =0Vt € I;(Z), and & (t)(Varhs(t,Z(t)),q(t)) =0 a.e. t €[0,T].
(vi) Measures Properties For i = 1,--- | r, we have:

supp {V'} C I?(Z) and the measure {(q(t), V, 1;(t, Z(t)))dvi(t) is nonnegative.
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(vii) Transversality condition

((g,v)(0), =g, v)(T)) € A 9y T (2, 9)(0), (z,9)(T)) + N ((2,)(0), (z,5)(T))-

In addition, if S = Cy x R™™!_ for a closed Cy C C'(0) x RY, then X\ = 1, and the non-triviality

condition is discarded.

Proof. Step I. Assume for now the temporary assumption (A4.2) holds true. All
the previous results including the consequences in subsection 4.2.2 are valid. In particular,
(z,y) is L(zg)-Lipschitz with Lz > 1. Assume as well that the additional assump-
tions, (A3.3)', is satisfied.

(A3.3)' Vt € I°(Z), Gy(t), the Gramian matriz of the vectors {V,i(t,2(t)) 1 i € I{, 5}, i
strictly diagonally dominant.

Since {¢;}_, satisfy (A3.3)’, then by Lemma 4.2.2, there exist 0 < @ < 2a,, 0 < b < 1, and
¢ > 0 such that (4.4) is satisfied, where a, is the constant in Lemma 4.2.3.

We begin our proof by introducing the function @/A)i, which we will work with in place of
1;, in order to establish that the function ¢,, has uniformly bounded variation in Step I.2.
After formulating the Pontryagin Maximum Principle in terms of 1@-, we will translate the
necessary conditions in terms of ¢; (see Step 1.3.4).

Define the following function t;(-,-) on the same domain of 1;(-, ) as

i(t, x) if — % < i(t,x) <0 or y(t,x) >0

Gilt,x) = s(yi(t,x))  if —a < ity z) < 8
s(—a) if ¥i(t, z) < —a,
where
31, i 7
s(z) = —ia—Fa(Z—i-a) , for —a<z< —3

Notice that s() is a quadratic function with:

Nl

e s(—a)= —%EL and s(—%) = —

e §'(—a)=0and s'(—-%) = 1.
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e 0<s(z)<1forall —a<z<—

Nl

We also have

V. i(t, x) if —2 <(t,x) <0 or o(t,x) >0

Vit x) = (it 7)) Vardu(t, ) if —a < i, x) < —2

Notice the following:

e {zeR":Pi(t,x) <OVi=1,-- ,ry={z eR" :(t,z) <O, Vi=1,--- ,r}=C(t).

« Since {1;}7_, satisfy (A3.1) and (A3.2), then {¢);}7_, satisfy (A3.1) and (A3.2) with
Ly=Ly(1+ %Lw) replacing L.

o All results of Subsection 4.2.2, including Proposition 4.2.8 and Proposition 4.2.9, can
now be formulated in terms of v (t=1,---,r)instead of ¢; (i =1,---,r).

 Since {;};_, satisfy (A3.3)’, and equation (4.4) is satisfied, we deduce that V(¢,z) €
GrC(-) N Ba(z(+)) with I(%w) #0, and Vie I(%t’x), we have

S [(Vatbi(t, @), Vadbi(t,2)| < BlIVadbi(t, @) (4.37)
jeIft’m)
j#i

This is due to the fact that ¢ (¢, z) = ¢;(t, z) for i € I(%x), and §'(z) <1 V—a<z<

N1

Step I.1. Results from Proposition 4.2.8 and Proposition 4.2.9 and formulating
the primal-dual admissible equation for fixed («, 3).

Fix @ > 0 and § € (0,1]. Recall from proposition 4.2.8 that there exist a subsequence of
(%) (we do not relabel), an optimal solution (-, , ¥y, ), uy,) for (P2f) with corresponding

(€L, -+, &, ¢,) via (3.76), and (€1, -+ ,€") € L=([0,T];R",), such that (4.21)-(4.25) hold
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and ((Z,7), 1) together with (£, --- ,£7) satisfies the primal-dual admissible equation

(1) = f(t.2(t), §(1), a(t)) = Sy E (O Vati(t, 2(t) ae. t € [0,T],

y(t) = g(t, z(t),y(t), u(t)) a.e. t €[0,T], (4.38)

vi(t,2(t)) <0, Vt€[0,T], Vie{l,---,r}

Moreover, Proposition 4.2.9 produces Vk € N, p,, = (§,,,9,,) € WH([0,T];R" x R!), and
Ay, > 0 such that equations (4.30)-(4.33) are valid. For simplicity, the (v, 3)-dependency

shall only be made visible at the stage when the limit in («, §) is performed.

Since (i, (£), 4, (1)) € int (C(t) N B5(2(t))) x B5(y(t)) for all ¢ € [0, T], then

a(m,y)(f’ g)(tvka (t)’y% (t)7u’Yk (t)) = (xy (f g)(t ka( )’y’Yk (t)’uW (t))’
OV (f, )t 3, (8), 45, (0, 0(1)) = O (f, 9) (8, 2, (1), 5, (1), (1))
ax%zji(tv Ty, (t)) = 32“ @Zi(@ Ly, (t)) for i = 1’ IR

aumwr—i-l(t’ Ly, (t)) = 32” Yri1 (t> Loy, (ﬂ)

Also, (24,(0), 4+, (0), 2., (T), 4, (T)) € int (), yields

aL (x%( ) y’Yk(O)7x'Yk(T)7y'Yk< )) a@ <x7k< ) y'Vk(O)7x'7k(T>7y'Yk(T))'

Using (A4.1), first equation of (4.23), and Filippov Selection Theorem (Theorem 2.3.5),
equation (4.33) yields the existence of measurable /il%( Y, Ay (4) in Moy [0, T, E (), B ()
in Mo[0, T, Ay, (), Ay () it Min[0,T], €5, (), Epu(4) in Mya[0,T], 9% (), 97H1(-) in
M4[0, T] such that for almost all ¢ € [0, 77,

= = A A

(A B )(1) € 057 F(t, 2, (£), 4, (8),0(1)), (Auyy B ) (E) € OFY (8, 0, (£), Yy (1), 1, (1))
(A £,)(1) € BV gt 0, (1), 4y (1), 0(8)), (A E3)(1) € D (3, (1), Y (1), 1, (1))
Ve (t) € O y(t, woy (t) for i =1, .7, OTFL(t) = Lyw;

max { (Ao Bl s Bl s €l 1A €)1 < 1Lally

19 loo < Ly fori=1,---,r, @5l =1, and
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Gu(0) = —[(L= DAL () + BAL ()] () = (1= 94, (0 + BAL ()] 0,0
Q)

DO (03, (1) + e 0O, (1)

i=1
Ay ()

+> 'Yl%e%l;i(t’% (t))vxﬁi@? T, (1)) <v:ﬂzz (T, 24, (1)), Gy, (1))

i=1

Y (1)
+ R IDG (b, (DN T (22, (1), 8y (1) (139
2, ()
bu(t) = = A= BEL O + BB, (0| 4(0) = [(L= B, 0 + 88,0 (1)

e G, (8) + R IT ot s, (8) (Vi 5y, (1), D0y, (1) (440)

Step I1.2. Uniform boundedness of {{., }, {|9-, |2}, and {||¢,|:}-

The proof of this step is a generalization to our general setting of the proof for the cor-
responding step in [58, Theorem 3.1]. We first start by proving that {p,,} is uniformly
bounded. We have

S DI = (61,8 (1) + (03, (6,81, (1)
I (g, (0, ~[BA, (O + (1= B A (071, (0) = (84, (07 + (1= 1A, (07101, (1))

+ ervke”“%(t’“k(“) {(A (8), 05, () () + el (@ (), Vathi(t a0, (8 ]

=1
positive term

e O g ()2 4 A O (g, (), Vot (b2 (D)

positive term

+ (5,0, ~BE, (0] <1—ﬁ>f%%<t>T]a%<t>—ws}k(t)%<1—5>§%<t>%<t>>

+ e Do, (1|2 + yier e (0, (1), Vyo(t, v, ()

positive term

() — Lw?ﬂ 1B (O = —L(0) 5,0 ()1,

where (3.75) is employed and L,(-) € L*([0,7],R;). Using Gronwall’'s Lemma (Lemma
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2.4.1), we deduce that there exists a constant M, > 0 such that
1P (D < /=M |p. (T)]| < M, V€ [0,T], VkeN, (4.41)

where the last inequality is due to the uniform boundedness of ||p., (T)|| obtained from the
nontriviality condition (4.36) when S has a general form, and to the transversality condition
(4.31), A, = 1, and equation (4.20), when S = Cjy x R+,

We proceed to prove the uniform boundedness of {||0-, |2} and {||g,, ||1}. From (4.40), (4.41),
(3.75), and (4.29), there exist L,(-) € L*([0,T],R,) and k, € N, such that for & > k, we

have

8@ < = BEL O + BE, (0] () + (1= AE, W7 + 58, (07| 0,.0)]

2U 52 _
+ M, e M, < L()M,, Vie0,T).
7

Thus, for all £ > k,, (@ﬂ,k) is uniformly bounded in L? by a constant M,,.
We now proceed to prove that (q}k) is uniformly bounded in L'. Observe that (4.29) together

with (4.22) and (4.41), yields that for some k; € N, k; > k,, we have
20 2

19, Ol < 2Lu()My; (X, (1) < 25 max{1, Li}My; |12, (0)]| <7 €T &2 M, (4.42)
n

Hence, using (4.39) and (4.42), we can see {g,, } is of uniformly bounded variation once we

prove

T T T - ~ ~
L1 @lidt = [ S Az e O Tt () I[(T it (4, (1)l
i=1

is uniformly bounded.
Denote by

I]C;L = I(a;f,x-yk(t)) = {Z G {1, e ,T‘} . —EL S wi(t,x% (t)) S 0} (443)
and define

I*(z.,) :={t €[0,T) :I&%k(t)) #0}. (4.44)
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Using the definition of I*(z., ), Zj and Ik% , we deduce that

_ : .
Wi e ()5 Wim 1o, il () =~

V.di(t, 2., (1) = 0, (4.45)

Ve I(ay,), Vi € [T it o (D) = —or,  Vaditan, (1) = O, (4.46)

VE € 1), Vi € T, it 0, (6) = it 2, (1)), Vadhlt, 0, (1)) = Vathi(t, 2, (1)) (4.47)
Vi e I(x.,), VieIi\T¢,

Bilt, (1)) <

Vﬂ;z(tﬂ Ly (t)) = Sl(wi(tv Ly (t)))vwwl@? Ly (t))

Y

N1

(4.48)

As a result of (4.45)-(4.48) and the fact that 0 < §'(z) < 1 for all —a < z < —%, to prove
S V5, (1) ||dt is uniformly bounded, it remains to prove that

L= / > e IO i (8, o, (D) [V athilt, 24, (), Gy (8)) ]t < My, (4.49)

(Tv) a
1€Zk2

for a certain constant M; > 0. For that, it is sufficient to prove that there exists My > 0

such that

L= [ 3 AR OVt ()T, (1), G (D) < Mo (4.50)

2612

Indeed, for t € I%(z.,) and i € Ik%, we have 9;(t, ., (t)) > —% > —a,, and hence the
uniform convergence of x,, to  and Lemma 4.2.3 yield the existence of ks € N such that for
all k > ky, we have |V, i(t, 7., (t))| > 7. Thus, if I, is uniformly bounded by a constant
Mo, then it follows that I; < %, for k large enough.

We proceed to prove that (4.50) holds true. Using Lemma 2.4.2, we first calculate for each

j=1,---,rand t €[0,7T):

C(lit <g7k (t)7 quj)] (t> Ly, (t)» ’ = <q\’Yk (t)v VSC@E] (tv Loy, (t)))s?yk (t)
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where s (t) is the sign of (g, (t), Vathj(t, 2., (1)) and e (t) € OGN b (¢, 2, (1)),

Using equation (4.39) in (4.51), we get

d
dt
(Qy () + X5, (1) + 25, (1), V

_|_ Z ,yie'}/kwi(t,l”‘/k (t)) <vx,&lv v$¢]> |(tv‘er (t))

=1

Let ¢ € I*(x,,). Summing the previous equality over j € Z}, we obtain that

<q7k (t)v Va:qjjj (t, ZL‘WC (t))>’ =
x@zj (t, 2, (ﬂ))sfm (t) + (G, (1), @]ﬁ (t).(1, i, (75))>Sfyk (t)
(4.52)

<Vx7j]i (t, Loy, (1)), Qe (t»sjyk (t) a.e.

Jp = Z Z '7]36%%“@%(”) <V:c7v£ia Vm¢j> |(t,xwk ®) <Vx¢;z (ta Ly, (t))7 ijk (t»sjyk (t)

jezé i=1
= 3 (0, Ty (O] = Q1) + X (1) + 24,01, V2, ()5, ()
JET? JET?
= 3 (3, (1), O, (0. (L i, (), () (1.5)
JETE
On the other hand, splitting in the definition of J; the summation over ¢« and switching the

order of summation between i and j, we have

Ji = Z > RO 1, Vo) gy ) (Vi (F 23, (1)), G () 83, ()

1= ljeja
= Z Z N2Vt (0) (7 bi, Vs 1/’g>| (t:2, () <V$@/A1i(t,x%(t))7q%( ))SJ%(t)
€T jEL
Z Z Vi 6%%(1& Ty, ( < mwuv ¢j>| (t,zy,, (1)) <V$@Zi(t,l‘7k (t))7(-?7k( ))32}% (t)
zEIkz JEIE

+ Z Z '71%67k¢i(t7x%(t))<vx7vzia Vm?ﬁj”(t,xwk () <vm¢i(tv Loy (1)), Gy, (t)>8]% (t)

_ 2 jeT18
iezi\2 1Sk

= Z /yzevklﬁi(t,xwk(t)) (”qujj’i(t;x'yk (t))||2 +

a
i€L?

Z_ Sjy-k (t)si/k (t) <Vx7j}i(t’ Loy, (t))a Vx?vz}j <t7 Loy, (t)») |<Vx7722(t’ Loy, (t))7 q% (t» |
+ 3 2 e O, Vo)t ) (Vathilts 2, (1)), 8y (1)) 85, (1).
iez\z2 7<%k
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Using the fact that x,, converges uniformly to z, we deduce from equation (4.37) that, there

exists k3 € N such that for k > ks, we have for i € 7z,

> (D)), (N Vathi(t, 2, (8)), Vi (1, 20, (1)) = = Vathi(t, 2, (D) |

Then,

Ji 2 Z RO By, () PV a2, (1)), G, (1))

z€I2

+ 3 3 ROy Vo a0 (Vathilt 4, (1)), G5, (£)7, (1)

jGI
zeI;j\Ik2

Jo

Hence, (recalling (4.47)) we have

1

> eI i (8, 0, () PHVathi(t, 2, (1)), 4, (8))] < T J2). (4.54)

a
ieL?

Integrating the last inequality over I%(z., ), we deduce from the definition of I, that
1 1 1
0<Ty < —— (Jl—Jg)dtS—f/ 3, dt +—7/ |Jo|dt.
1 —bJra(ay,) 1 —10b|Jra,) 1 —bJ1a(z,)

Using (4.48), we deduce that, there exists ks € N, there exists constant Mz > 0 such that

for all & > 1_64, we have

3 L3r2 M, T
/ Toldt < ke < M. (4.55)
I%(zy, ) 1-— b

Hence,

1
0<h< —
—b

/ L dt‘ M, V> k. (4.56)
I3(xy,)

Note that, (4.53) yields that the uniform boundedness of ‘ Jra(a,) I dt’ is equivalent to that
of

"/k (t>7 Vﬂﬁ&] <t7 Loy, (t))>‘ dt|,

“(@e) eZa
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since

. : : : 240
Lo 32 (0. €2, (0)-(L o (D)), ()] < MLy (14 My KLy,

JELY

Lo A0 + Xy (0 + 2, (0) Vil (123, (1)) 4, ()

(@) JETE

21 &2
(2Ln()M,) + (77!; max{Ly, 1} M) + ('7136_%452Mp>1 LyrT.

We now proceed to prove the boundedness of

G (1), Vaih; (£ 2, (¢ >>>|dt\.

x’Yk ) EIa

Using the Fundamental Theorem of Calculus, we have that

Vst 2, ()] dt‘ < 2Ly M,. (4.57)

Using (4.45), (4.46), (4.52), and the uniform boundedness of (., ), we deduce that that there

exists a constant M, > 0 such that

T d R R
e 2 il 0 Vst )] ] < (1.59)
fewn 2, o (0), Vs b0 () ] < M (1.59)

Hence, combining (4.57) and (4.58), we conclude that there exists a constant Mz > 0 such

that

1 (8), 9.0t 2, ()] ] < M

Ia(x’vk) j=1

This last inequality with (4.59) yield that there exists a constant Mg > 0 such that

(1), Vs (2, () dt\ < M.

xﬂ,k

Hence,

az) J1 dt‘ is uniformly bounded, and by (4.56), I is uniformly bounded. Hence,
{||¢y,]l1} uniformly bounded by a constant M,.
Step 1.3. Construction of p = (¢,v), A > 0, ¥ (for each i), v (for each i ), A, A, A,
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A, E, &, E, & for each fixed (ar, B) satisfying some necessary conditions.

In Step L1, we proved the existence of (£9)7_, in L*°([0,T];R,) such that condition () is
satisfied. We now follow steps similar to steps 3-10 in the proof of [55, Theorem 6.1].

Step 1.3.1 Construction of p = (4, ).

From Step 1.2, we find that ¢,, € W! satisfies, for k large enough,
Gy lloo < M, and Vol(qvk) = ||q\'\/k||1 < M,. (4.60)

Hence, by Helly first theorem (see Theorem 2.4.6(7)), we deduce that ¢,, admits a pointwise

convergent subsequence, whose limit § € BV ([0, T]; R"), with
[Glloc < M, and Vol(q) < M,. (4.61)

By Helly second theorem (see Theorem 2.4.6(i7)), we deduce that for any z € ([0,T];R"),

we have
T

lim [ ((0), d ()t = [ (=(0),dat). (4.62)

k—o0 Jo [0,T]

By Step 1.2, we also find that 9., € W'? satisfies, for k large enough,
193, lloc < M, and [0, [|2 < M. (4.63)

Hence, by Theorems 2.4.10-2.4.13, we deduce that ©,, admits a pointwise convergent subse-

quence to a function 9(-) € W12([0, T]; R") such that

~ if A A P
U’Yk(') % U(')a U’Yk(') % 7)(~),
[6]lo < My, [|]l2 < M,,

and for any z(-) € C([0,T],R"), we have

T

lim [ (2(t), 0, (t))dt = / (2(t), 0(t))dt. (4.64)

k—o0 Jo [0,T

Step 1.3.2 Construction of ;1, A, jl, A, E, g, E, & 0 (for i =1,---,r), 0 (for

i=1,---,r) and formulating adjoint equations for fixed («, ).
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It follows from (4.62), that, for any z(-) € C([0, T],R™), we have

[, EOda0) = i [ a0, o)
= Jim [0, Q0+ Jim [ (a(0) 2, ()
& Jim [T 02,0+ Jin [0, 2, 0)

We will work on each of these limits above separately. Since

A A

max {1 (Ayes )l 100 B )los WA )l 164 €0 < 12l

A

then, using Theorem 2.4.11, along a subsequence, we do not relabel, (/il%, L%%), (/Al%, E,),

A A A A

, é%), (A, &) respec-

I
S
o
Q(\'BI
o
—
b
S
z
\5’3)
o
o
O
B
<
o)
]
o)<}
o)
=
)
29
~
<«
=
~
[\&]
o+
o
®
O
=
o
—
=
es]]
=
eyl
PR

We also know that §,, and 0,, are uniformly bounded in L*> and converge pointwise to §(-)

and 9(-) respectively. We then conclude using Theorem 2.4.12 that

A, (070, (1) 22 A)Ta(t). (4.65)

Then, for any z(-) € C([0, 1], R"), we have

lim T(z(t), Q. (1))dt

k—o0 Jo

= /OT <z(t), —{(1 — B)ET(t) + ﬁAT(t)}(j(t) _ [(1 _ ﬁ)j(t)T I ﬁ./ZlT(t)

@(t)> .
Now, for each 7, the sequence of positive and continuous functions éfm produces a sequence of

bounded linear functionals in C®(0;T") to which it corresponds a sequence of finite positive
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Radon measure !, € M, ([0, T]) such that for all B € B([0,T7]) and for all z € C([0,T],R),

we have

. A . T A~
i B)= [ &.wd [ edit, = [C =08, 0) dr

Using the fact that é;k uniformly bounded in L* and converges weakly* in L to éi, we
conclude from the second equation of (4.66) that i}, converges weakly™ to fif, the element in
M, ([0, T)) corresponding to . Now, using the fact that H@Em loo < Ly (fori=1,---,7), we
apply Theorem 2.4.14 and we follow the same arguments as those used in Step 3 of the proof
of Theorem 5.1 in [70] to deduce that there exist (9%(-))7_; such that J(t) € o=y (¢, T(t))

a.e. t € [0,1] and for any z(-) € C([0, 1];R™), we have

lim/ kae“/wlt%k(tW(),ﬁ’% i (£))dt = /Zgz ($)q(t))dt.  (4.66)

k—o0

Using (4.24) in which we have & *' — 0 wniformly, we deduce that, for all z(-) €

C([0,T];R™), we have

T
lim [ (z(t), e Vrabon g (1)dt = 0, (4.67)
k—o0 Jo
13320/0 e U o O (7 (8,24, (1)), G (8)) (2(8), Vatbr 1 (£, 24, (1)))dE = 0. (4.68)

This means that for any z(-) € C(]0, 1], R™), we have

tim [ (=(0), X, ()t = /Ze D).

k—o0 Jo

lim [ (2(t), 2, (t))dt =

k—oo Jo

We now work on the last term of our limit taking process:

T_T A N ~
tim [ SR O 1), Vot 0, ()N (Va0 1)), e (1),
i=1

k—o0 J0

Let ﬁ;k the finite signed Radon measure on [0,7], corresponding to the bounded linear

functional on C([0, 1];R) defined by &, (£)(Vathi(t, 2+, (), 4, (¢)), t € [0,1], i.e
v} (t) == &, ()(Vathi(t, 2, (1)), G, ())dE, i =1, 7. (4.69)
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This means that, for all z € C([0,T];R), we have

(0h,2) = [ 2 it = [ a0l (Tt 20,0, 0, ().

Using steps similar to step above, we can prove that there exists a constant M7; > 0 such

that for k large enough

[ e, Ol 1), ()it < M (4.70)

Thus,

122, Iy, < My.

Hence, along a subsequence (we do not relabel), the sequence (27, ), converges weakly* to a

finite signed Radon measure

D' supported in {t € [0,T] : ¢;(t,Z(t)) = 0} = {t € [0,T] : ¢s(t, Z(t)) = 0} = I°(Z) | and

10" |7y, < M.

Using Theorem 2.4.14, and the fact that szﬁi(t, T, ) is uniformly bounded and converges

uniformly to V,i;(t, Z), we deduce that V,u;(t, ., )DL, converges weakly* to Vai(t, T)0,

which means that for all z(-) € C(]0, 1], R™), we have

T

lim [ (=(0), V., (0))dt

k—o0 Jo

T_T N N ~
= lim /0 Sy b O (1), W oabi(t, 24y (D)) (Vi (t, 24, (1)), Gy ()l
=1

k—o00

_ /()Ti@(t),Vx@(tﬁ?(tmdﬁi(t)-

= /OT (20, = [ = BAT () + BAT(W)]a(t) — |1 = AW + BA"()] (1))
+ /OT ,T () (=(t), 0 (1)d(t))dt + /0 Tixz(t),vx%(t,f(zﬁ))>da¢(t>. (4.71)




Now, notice from (4.64), that for any z(-) € C([0, T]; R!), we have

T

Jo g 0 B0 = Jim [ Ca(0), b (1)
= Jim [0, - [0 BB, O + 5B, ()] 4, (0}
i M0, - [0- B0 + 8,07 0, ()

T
i [ O 1), 5, (1))t
0

k—o0

T
0 Jim [ e O (o, (1)), 81 (D) (2(8), Vo lt, 0, (0) .

k—o0

Using (4.24), we have y,(,, — 0 uniformly. Hence, for all z(-) € C([0, T]; R"), we have

T

klim (2(t), e Ev O ())dt = 0, (4.72)
—00.J0

T
Him [ SR O T, ot 1, (1), B, (D) 2(0) Vol (O =0, (473)

We also know that §,, and 0., are uniformly bounded in L*> and converge pointwise to §(-)

and 0(-) respectively. We then conclude that

EL (076, () *22 E()7 (1)
En (D)7, (1) 22 E1)0(1)
€, (1), (8) “% E(1)To(1)
Hence, we have that
(00t = [ 0.~ [a= 9T + 5B dw)a
+ | ), — (- pée) + sewTowpar| @y

Step 1.3.3 Formulating non-triviality condition, maximization condition, com-

plementary slackness, measure properties, and transversality condition for fixed

(Oé, 5)
For condition (vi), equation (4.69) yields the following

(s (0), Vothi(t, o, (£))) 82, (8) = W&, (D(Vathi(E, 2 (1)), 6, (£))* = 0,
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and hence, upon taking the limit, we get

(a(t), Vuiu(t, 2(1)) ) d'(2) > 0.

~

For condition (i7), since 5\% € [0, 1] then, along a subsequence, \,, converges pointwise to a

limit A € [0,1]. Taking the limit of (4.36), we deduce that

A [Ip(T)]| = 1.

For condition (iv), we know by (4.32) that for t € [0,7], u € U(t),

(G (8); J (s 3 (8), 9 (), w)) 4 (D (8), 9 (8 24 (), Y (8) ) Aga @l

S <q\'yk (t)’ f(t’ "L‘% (t)7 y% (t)7 u'Yk (t))> + <ﬁ% (t)7 g<t7 x% (t)7 y'yk <t>’ U’Yk (t))> a.e. t E [07 ]‘]

Taking the limit when k& — oo of this last inequality, we conclude that for t € [0, 7], u € U(t),

(G(0), £t 2(t), (1), w)) + (0(t), g(t, (1), y(t), u)) — )\BQHU —a()]]

< (), £(&2(), y(t), u(t))) + (0(), 9 (L, 2(1), 5 (1), u(t))) ae. t €0, 1].

This is equivalent to saying that

A~

rmx%«mfmmmy®w»+@mﬂmx@ww»m—A%w—w>@

uel(t) 6

is attained at u = u(t) for a.e. ¢t € [0,T].

For condition (v), we have & > 0 (i = 1,---,r), and £i(t) = 0 Vt € I;(Z). We also have

using equation (4.70) that

n M-
[ &Nt (0, (DN < = [0, (0Tt 2, (). () < T

(4.75)

tim [ € (DNt 22, ()., ()] = 0.

k—o00

And thus,
/OT éi(t)|<vmlﬁi(t,i‘(t)), 4())| = 0.
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We conclude that

E(E)(Vathi(t, 2(t)), 4(t)) = 0 ae. ¢ € [0, 1].

Finally, for condition (vii), by equation (4.31), we have that

(D, (0), =P, (1)) € 5‘% alLJ<x’Yk<O)’ Y (0), 2, (1), 4, (1)) +

O‘B + Néwk(k) (x’Yk (0)7 Y, (0)’ Loyg (T)7 Y (T)) : (4'76)

This is equivalent to saying that there exist

(zip Ziw Sflyk7 ,Yk) S aLJ(x’Yk (0)7 Y <0)7 Loy (T)7 Y (T))?

(’LU w? ,m} m ) = NS% (k) (zw (O)v Y, (O)’ Loy (T),y% (T))v O = B such that

Ye? VR YR

(ﬁ'}’k(o)7 _ﬁ'Yk(T>> = 5‘ ( ,yk, 2 51 ) + 050% + (w w m m ) (477>

’Yk’ Yk’ "/k Ve VR VR

o As we have seen before, since 5\% € [0, 1], then, along a subsequence, 5\% converges

pointwise to a limit A € [0,1]. We also have ||(z 2,22 sk 52 )|l < Ly, then, along a

subsequence,
1 .2 1 2 1.2 1 .2
(25,5 25,5 S0 Sy) = (27,27, 87, 87).
Since OFJ(+, -, -, ) has closed graph with nonempty and compact values then, using the

fact that (-, (0),4,(0), 74, (T), 4, (T)) = (2(0),5(0),z(T),y(T)), we get
(1, 2,51, 82) € OJ(5(0), 5(0), 5(T), 5(T)).

« Since |0, || < 1, then, along a subsequence, we have that o, — o € B.

« We also have (p,, (0), —p-, (7)) — (p(0), —p(T")).

« We deduce from (4.77) that (w! ,w? ,ml ,m?2 ) must converge to (w',w?* m' m?)

respectively.

We now show that (w!, w? m!,m?) € N&(z(0),5(0),z(T),y(T)). Indeed,
(@4,(0), 44, (0), @4, (T'), 4, (T)) € S™(k),
(234 (0), 5 (0), 4, (T), 35, (T)) € (S5, + prB) Nint (A5(0) x Ao(T)) C int S(5).
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We now have two cases:
Case 1: z(0) € int C(0).
Since (2, (0), 4, (0), ., (T) — &,,,y+, (T) — @,,) € int Bs, , then
Nbévk(k) (@4, (0), 44, (0), 24, (T), 4, (T)) = Nbé(a:% (0), 4, (0), @y (T') = €55 Yoy (T) — @3).

Case 2: z(0) € bdry C(0).

. _ ds _ - 5
Since (., (0) — oy, ”d:EEE;H Yy (0), 20, (T) — €, , Yy, (T) — @, ) € int B, then

_ dzo _ _
NSL‘W(k) (ka (O>7 Y (0)7 Loy, (T)7 Y (T)) = Né(ka (O>_0k||dE0;||’ Yy (O)’ Loy, (T)_eww Yy (T) _w'Yk)'

In both cases, since (w}fk,wik,mik,mik) — (wh,w?m',;m?), and N%(-) has closed values

and closed graph, then
(w', w?,m',m?) € Ng(2(0),5(0), 2(T), y(T)).

Consequently, the limit of (4.76) is

((0), =p(T)) € A 9} J((0),5(0), 2(T), §(T)) + aB + N§((0), §(0), 2(T), §(T))-

Step 1.3.4 Formulating the necessary conditions for each fixed (o, 3) in terms of
Vi

Notice that # and £ are supported in {t € [0,T] : ¢;(t, Z(t)) = 0} = {t € [0,T] : ¥s(t, T(t)) =
0} = I°(z), and on this set, V,ib;(t, Z(t)) = Va0 (¢, Z(t)). Hence, all the previous necessary

~

S A=A

3>

conditions can be formulated in terms of ¢; by simply taking ¢ := ¢, v := 0, p :=

A

A::A,A::A,fl::ﬁ,/l::fl,E::E,g::g’,E::EA,E::é,ﬁi: éi(for

i=1, ), 9 =0 (fori=1,---,r)and v := ' (fori=1,--- 7).
Step 1.4. Taking a — 0.
All the boxed equations above depend on « and 3. As the first step, we take the limit
a — 0, while keeping [ fixed. To explicitly indicate the dependence on « in our notation,
we introduce a subscript «;, where a; € (0,1] and a; — 0.
First, for each j, (§,,, -+ ,&,,) € L2([0,T], R ) such that

24

2

524- =0 on [;(:Z‘) (VZ = 17 77"), HZ&ZX”OO S o (478>
’ - n
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and
o(t) = f(t.2(t),y(t), u(t)) — Ty &, () Vathi(t, 2(t)) ae. t € [0, T,
y(t) = g(t,z(t), y(t), u(t)) a.e. t €[0,T], (4.79)

vi(t,z(t)) <0, Vt€[0,T], Vie{l,--- r}

Thus, for each ¢« = 1,--- ,r, there exists a subsequence of §gj (we do not relabel) that
converges weakly* (and hence weakly in L?) to a non-negative function &' € L*([0,T],R),

with £ = 0 on I;(z). Moreover, using the fact that for each i € {1,--- 7},

[ 6,09 70) = [ EOT0i(17(0).

we deduce that condition () of our theorem is satisfied (with no dependency on «).

We now show the dependency on «; in the adjoint equation. For each j, we have

o (2001, 1)
-/ ' <z<t>, - {(1 — B)AL (1) + BAL ()] gu, () - [(1 — B)Aa, ()T + BAL ()] va, (1))

0

/0 ), (a0t + [ Z V(8 2(0)) 0, (1),

@)t = [ {(0), = [(1 = ) B, (0 + BB ()] ey ()}

(0,T]

b [ a0~ [(1 = D), (0 + 56y ()7 v ().

Using the results of Steps [.3.1 and 1.3.2 with the subscript v, being replaced by the subscript
a;, we deduce that there exist a function ¢(-) of bounded variation, an absolutely continuous
function v(-), such that the previous two equations are satisfied with no a;-dependency.

By step 1.3.3, we deduce that Ao, +|[pa,(T)|| = 1. Then, along a subsequence, \,, converges

to A € [0,1] and A + |[p(T)|| = 1. We also have that

Ao,

max{<qaj<t>,f(t,:w),g(t),u»+<va,,.<t>,g<t7a:~<t>,g<t>,u>> : ||u—u<>||} (4.80)

uel(t)
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is attained at u = u(t) for a.e. t € [0,1]. Hence, taking the limit when o; — 0, we deduce

that

max {<Q(t), F@, (), y(t), u)) + (v(t),g(t,ﬂ?(t),g(t)w)>} (4.81)

uelU(t)

is attained at v = u(t) for a.e. t € [0,1].

As, foreachi=1,---,r, & converges weakly™ in L™ to &' and &, (t)(V.¢i(t, 2(1)), ¢a, (1)) =

0 a.e. t € [0,77], then

0=tim [ €, (O1Tutalt,7(0) 0, OVt = [ EONT(t,20)), 4(0) .

J—00

Hence,
E(O(Vati (1, 2(1)), q(1)) = 0 aue. ¢ € [0,

Finally, for the transversality condition, we have

(Pa; (0), =P, (T)) € Aa, 07 J(2(0),5(0), 2(T), y(T)) + a; B + N (2(0),5(0), 2(T), y(T)) -

Then, using similar steps used to derive the transversality condition for fixed («, ) in Step

[.3.3, we deduce that

(p(0), =p(T))) € A 9 J(2(0),5(0), 2(T), §(T)) + Ny (2(0),5(0), (T), y(T)) -

Step 1.5. Taking 5 — 0.

In this step, we explicitly indicate the dependence on § in our notation, and we introduce a
subscript 3;, where 3; € (0,1] and 3; — 0. Deriving all the conditions except for the adjoint
equation follows a similar process to Step 1.4, replacing the subscript o; by the subscript 3;.

Below, we present our derivation for the adjoint equation. For each j, we have

o 20015, (1)
= [ (=) —[(1 — B) A%, (8) + B;A% <t>}q@- (1) = [(1 = B;)As, () + 845 (1)] w5, (1)
v [ zéﬁj £), 9, (£)gs, (£))dt + / (1), Vathi(t, 2(8)) v, (1), (4.82)
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/[0,T}<Z(t)’ Oﬁj (ﬂ)dt = /0T<Z(t)a - {(1 - /Bj)E’ﬂj (t)T + BE,BJ- (t)T} qs, (t))dt

b [0~ (= 585, (07 + 565, (1) v, ()t (489)

where

max {||(Ag;, Es))ll,» (45,5 Bs)lyr 1(As,5 €)1y (A5 €515} < I Lall,,

(Ag,, B5,)(t) € O F(t,2(2), 5(t), a(t)),
(As,. €5)(1) € OV g(t, (1), 5 (1), u(t)),
lgs,lloe < M, and Vi'(gs,) = llds, Il < M,,
lvg,lloo < M, and i, |2 < M,

1V v, < My, fori=1,---,r,

||/l9%jHOO <Ly, fori=1,---,r

Taking 5; — 0, and following steps similar to Steps 1.3.1 and 1.3.2, we obtain the adjoint

equations (condition (#i7) of our theorem).

Step II. We have concluded proving the theorem under the temporary assumptions (A4.2)

and (A3.3)". The goal of Step II is to remove those two temporary assumptions.

Step II.1. Removing assumption (A3.3)".

In this step, we remove (A3.3)’, and we simply assume that (A3.3) is satisfied for some /3(-)

positive. We use arguments similar to those at the last step of the proof of [58, Theorem

3.1], as well as Remark 4.2.1(i4)-(i44). We first define 9);(t, z) := B;(t)t;(t, ). Notice that

C(t) is also the zero-sublevel sets of (¢;(t,-))/_,, fori=1,--- ,r.

For some L; > 0, V; satisfies (A3.1) foralli =1,--- ,r.

Condition (A3.3) is equivalent to saying that for t € I°(Z), the Gramian matrix G (t)
of the vectors {V1;(t,Z(t)) i € I sy} 1s strictly diagonally dominant.

Uy, 9, satisfy (A3.2), and hence, (3.34) of Lemma 3.2.4 is valid at ¢, - - - , 1y, Ypi

when replacing 7 by 7 := 7 bz, where

bs = min{l,min{@(t) te0,T],i=1,--- ,r}}.
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We denote by (P) the version of (P) in which the functions v; are replaced by v;. Note that

(P) and (P) coincide, and ((Z,7), @) is a strong local minimizer for (P). Furthermore, the
data of (]5) satisfy the assumptions required for the proven maximum principle (established
in Step IL.1). Therefore, we apply the proven version of the maximum principle to (P),
and we get the existence of an adjoint vector p = (¢,0) with ¢ € BV ([0, T];R") and © €
Wh2([0, T]; RY), finite signed Radon measures (7°)7_; on [0, 7], nonnegative functions (£°)7_,
in L([0, T]; R*), L?-measurable functions A(-) in s ([0,71), E(-) in (0, T]), A(-)
in A, ([0, 7)), and g’() in .4, ([0,T]), L®-measurable functions (0°(-))i_, in ([0, T]),
and a scalar \ > 0 that satisfy conditions (i)-(vii). To express those conditions in terms of
the original data of (P), we replace ¢;(t, ) by £;(t) ,
0.8() = BOELA = X AC) = AC), B() = B(), A() = A(), €() = &(
Bi()di'(-), and 0'(-) := g0 ().

Step I1.2. Removing assumption (A4.2) when the sets U(t) are uniformly bounded.

Wi(t, z), and we take p :=

In this step, we remove (A4.2) (so assume h does not satisfy (A4.2)), and we assume that
the sets U(t) are uniformly bounded. To remove (A4.2), that is, the convexity assumption
of h(t,z,y,U(t)) for (z,y) € e/VEg,g) (t) and t € [0, T] a.e., we shall extend the relazation tech-
nique in [70, Section 5.2], developed for global minimizers of Mayer optimal control problems
over sweeping processes having constant compact sweeping sets and constant control set U, to
the case of strong local minimizers, the sweeping sets are %575)(t), which are time-dependent
and not necessarily moving in an absolutely continuous way, U is time-dependent, and joint-
endpoints constraint S 5 where 0 € (0, ) is fixed.

Step I1.2.1. (X := (7,%),u) is a J-strong local minimizer for (P;) with extended .J.
Fix 6 € (0,£). Using Theorem 2.4.3, there is an L j-Lipschitz function .J : R"* x R"* — R
that extends J to R*™*) from S(§). By Remark 4.2.6(i), ((Z,#), ) being a d-strong local
minimizer for (P), then it is also a d-strong local minimum for (Ps) in which we use the

extension J instead of .J.
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Step I1.2.2. (X, ) is a global minimum for a problem ().
Performing appropriate modifications to the technique presented in the proof of [55, Theorem
6.2], we are then able to formulate the following problem (4?) associated with (Ps) for which

the same solution (X, ) is a global minimum:
minimize J(X(0), X(T)) + K [ L(t, X (t)) dt
over X := (z,y) € WH([0,T],R"*), u € U, such that

(D) {X(t) € h(t,x(t),y(t), u(t)) = Nji_ o (X(1)), ae. t€0,T],

(X(0),X(T)) €S

:Sﬂ@g,

where £ : [0,7] x R™" — R and K > 0 are defined by

_ 52 _ 52
L(t,X) = L(t, @, y) == max{||lz = 2(O)° = 7, lly 9O =, 0} >0, (4.84)
. 512M,M, . i -
K = T,Where 2M; = max{ Lz, My, + 4—772[/}, My = Igl(agii | J (X1, Xo)|, (4.85)

and hence, as L(t, X (t)) = 0, we deduce min(Z) = J(X(0), X(T)).

We now show that (X, ) is a global minimum for (£2). Indeed, let (X, u) be admissible for

(2).
Case 1: || X — X0 < 0.

Then, (X, u) being admissible for (P;), and (X, %) being a §-strong local minimum for (Pj),

yield that

Case 2: [| X — Xl > 0.
Given that (X(0), X(T)) € S, there exists t € [0,7] such that || X () — X(¢)|| = J. Using
that the function ¢ ~ || X (t)— X (¢)]| is Lipschitz continuous with Lipschitz constant 4, (see

equation (3.45)), and the fact that || X (0) — X (0)|| < 2, we get that the Lebesgue measure of
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{t c0,T]:||X(t) — X(t)|| > 3%} > 16M Hence,

J(X(0), X(T)) + K/ ) dt > MJ—l—K/ X (1) dt

_ 5 35\> o2
> M+ K—— (2] -2
= ATV ((4) 4)

— M, > J(X(0), X(T)) = J(X(0), X(T)) + I_(/OTE(t,)_((t)) dt.

This proves that (X, ) is a global minimum for (£2).
i+ i+

Step I11.2.3. (X, ) := (X, ((7,..a), (1,0,...0))) is a global minimum for (%).
Define the problem ()

minimize J(X(0), X(T)) + K [ L(t, X (t)) dt

over X := (z,y) € WH1([0, T],R™H),

(2)]  w() = () (), Qo(): -+ Aua())) € # such that

(2) {X(t) € h(t, X(£),w(t) = Nojz_ (X(2)), ace. t €[0,T],

where
7 - - n-+l
h: Gr [</V(S,5)(-) X (U(.))n+l+1] % A — R™ defined as h(t, X, w) = Z)\zh(t,X, w), (4.86)
i=0
n-+l
A= {()\o, s ) ERMTHFLN >0 for i =0,..,n+ 1 and >N = 1}7
i=0

W o= {w: 0, 7] — RODOHED meagurable : w(t) € W(t) := (U(t))" ! x A a.e..}

First, we note the following two facts that are going to be useful for our goal:

« Notice that h satisfies (A4.1), and hence, Corollary 3.2.16 yields that for Xo = (xo,y0) €
g/VEg’g)(O), and for w € #, (2) has a unique solution X(-) corresponding to (X, w)
which is (M}, + %E)—Lipschitz and satisfies (3.44)-(3.46).

« Using that 0 < § < £ < 0 and that X := (z,7) is Lz 5-Lipschitz, then the function L,

defined in (4.84), is Lipschitz on Gr JVES,S)(-) and satisfies

L=0 on Gr JV%% (), and |£]< é6%on Gr Ji/z&g)(). (4.87)
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Hence, by the convexity of h(t, X, W(t)) (so h satisfy (A4)), and by Remark 4.2.5,

where L := K L, it follows that | () admits a global optimal minimizer (X, ).

We show that |min(#) = min(2) and, (X, w) is optimal for (). | Let U defined in (3.8),

the compact set V := ¢l U, and
KX = {0: 0, 7] — ML (V) : o is measurable and o (¢)(U(t)) =1, t € [O,T]}.

This set of relaxed controls satisfies Z C L' ([0,7],C(V;R))", which is endowed with the
weak™® topology. Each regular control function u € % is identified with its associated Dirac
relaxed control o(-) = ,(.y, and thereby % C Z (see e.g., [68]). Define h,(t, X) and the
problem (£2), by

m@xyzﬁwhmxww@mm,vaje&J@M% vER,

minimize J(X(0), X(T)) + K [ L(t, X(t)) dt
over X := (z,y) € WH([0,T],R"™), 0 € %, such that

(2), {X(t) € ho(t, X(t)) — N (X(1), ae.tel0,T],

(8.9

(X(0),X(T)) € Ss.

Since h satisfies (A4.1) and o(¢)(U(t)) = 1(Vt € [0,T)), then h,(t, X) is uniformly bounded
by M}, a Carathéodory function in (¢, X'), and Ly(t)- Lipschitz in X, for all ¢, that is, h,(t, X)
satisfies (A4.1).

Using Corollary 3.2.16 for Xo = (z9,v) € :/1/;575)(()), o€ R,and (f,g)(t, X,u) = h(t, X, u) :=
h,(t, X), the Cauchy problem of (2), corresponding to (Xy, o) admits a unique solution
which is Lipschitz and satisfies (3.44)-(3.46). It follows that the results in [70, Lemmas 5.1
&5.2] remain valid for the systems (2), and (2),, defined here, and also for the corresponding
(2)., where

(@%{ﬂﬂemmh@X@JWD—N%MMX®La&tEMT}
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Therefore, for X := (z,y) € WH([0, T],R™*") and X(0) € </17(€—’g)(0), we have

(X, w) satisfies (2), for some w € # <= (X, 0) satisfies (2), for some 0 € Z

<= X satisfies (2)..

Furthermore, due to having (3.46) satisfied by the solutions of (Z), and due to the hy-
pomonotonicity property of the uniform prox-regular sets C/I/Eé,g) (t) (which we recall it to be
the product of the uniform E—Z—prox—regular set C'(t)N Bz(z(t)) with B;(7(t))), it follows that
[36, Theorem 2] (also [15, Proposition 3.5]) is valid. Hence, using that (X, @) is optimal for
(), the proof of [70, Proposition 5.2] holds true for our setting, and therefore, as (X, ) is

optimal for (), we conclude that

min( %), = min(#) = min(L) = J(X(0), X (T)). (4.88)

Now, since (X, w) is admissible for (&) at which the objective value is J(X(0), X (T)), we

deduce that | (X, ) is a global minimum for (£?).| This terminates proving Key Step 4(c).

Step II.2.4. ((z,y),w) is a i-strong local minimum for (P) to which we apply
Theorem 4.2.11.

As (X, w) is a global minimizer for (@), it follows that it is also a g—stmng local minimum

for (£2), which, by the first equation of (4.87), has now J(X(0), X (T')) as objective function.

5_

5-strong local minimum for the problem (P)

Hence, we conclude that ((z,y),w) is a

minimize J(x(0),y(0),z(T),y(T))

over X := (z,y) € WH([0,T], R"),

y(t) = g(t, (1), y(t), w(t)), ae. t €[0,T],

((0), y(0), z(T), y(T)) € Ss,

where (f,§) = h defined in (4.86), that is,
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5 n+l n+l
f(t,ﬂ?,y,U)) ::Z)\if<t7$7y7ui)a and g(t,l’,y,?ﬂ) :Z)\Zg<t7$7y7uz)
1=0

i=0
Clearly (P) is of the form of (P), where f(t,z,y,u) :== f(t,z,y,w), g(t, z,y,u) = §(t, z,y,w),
S = Sg, U(t) :== W(t), and J := J. Furthermore, the associated h(t, z,y,u) = (f, §)(t, z,y, w)
satisfies that h(t,z,y, W (t)) convez for each (t,z,y) € Gr JVEg’g)(-). Thus, assumptions (Al)-
(A5) hold at the strong local minimizer ((Z,7),w) for (P) to which the already proven
(1)-(vii) of Theorem 4.2.11 apply. Doing so, and noticing these facts:

« J=Jon S(4), and hence, 9} J(z(0),5(0), z(T),y(T)) = 0F J(z(0),4(0), z(T), y(T)),

o (t,2(t), g(t), w(t) = h(t, z(t), (1), a(t)),

o O Flt, 3(8), (1), (1) © OFY F(t,5(0), 5(), (1))

o Ot B(0), 5(), W) < 0 gt 2(1), 5(1), u(t)),

o (A, 2(t), 5(t), w),p(t)) = (A(t,2(t),5(t),w),p(t), Yw = ((u,..,u),(1,0,..,0)) €

UL 5 A

» Vg, (2(0),9(0)) = Ng(2(0), 5(0)),
we conclude that Theorem 4.2.11 holds for (P) without assumption (A4.2).
Step I1.3 Proof of the “In addition” part of the theorem.
When S = Cy x R"* for Cy € C(0) x R closed, Remark 4.2.10 yields that A = 1.

This completes the proof of the theorem. O

Table 4.4 Summary of results from Section 4.2.3

Result Description

We provide necessary conditions, in the form of an extended
Theorem

Pontryagin’s maximum principle, for a d-strong local minimizer
4.2.11

((%,y),u) for the problem (P).
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CHAPTER 5

VALIDATING THEORETICAL RESULTS USING AN EXAMPLE
Consider the problem (P) with the following data.

« The perturbation mappings f: [0, 5] xR*xRxR — R*and g: [0, 5]xR*xRxR — R
are defined by

f<t>(3717372,5€3)ayau) = (xl—xg—u+y2,x1+x2+u+y3,x3+t—7r—1);

g<t7 (x17‘r27x3)7y7u) = I’% +J)‘§ - 16 +U+y
e The two functions 91, t,: [0,5] x R* — R are defined by

32 32
1/11<t, T1,XT2, 1’3) = .’IJ% -+ SL’% + ?373 + ?t — 48,

32 32
Uo(t, z1, 9, x3) = x% + 1:3 — —x3 — —t+ 16,
T

and hence, for each t € [0, 7], the set C(t) is the nonsmooth, convex and bounded set
(see Figure 5.1)

C(t)

C1(t) N Cy(t)

{(x1, 22, 23) : Y1(t, 21, 22, x3) < 0} N {(21, 22, 23) = Yalt, x1, T2, 23) < 0}

« The objective function J: R® — R U {oo} is defined by

—xi—ajg—i—lfi—i-‘%—xﬁ‘ (I47x57$6) GC(%)a
J(%a$2,$37917I47$57$6ay2) =

00 Otherwise.

e The control multifunction is the constant U(t) := [0, 1] for all ¢ € [0, 7].
e The set S is given by

2

T
. 8. ,.2 2 _ _ 2
S = {(wla332733&?/1,35473557556792) € R”: e +'T2 - 167'173 - 7T,.T2+.T6 —

4
3 2
§+$4:2,y1+$220}.
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Figure 5.1 The sweeping set C(t,) at a certain time ¢, € (0, §)

Define, for each ¢ € [0, 7], the curve
L(t) := {(xl,xg,x3) 22425 =16and 13 =7 — t} = (bdry C4(t) N bdry Cy(t)) C bdry C(t).

Since S C I'(0) x R x R?* x R and J vanishes on R? x R x I'() x R and is strictly positive
elsewhere in R* x R x C'(5) x R, we may seek for (P) a candidate ((z,y),u) for optimality

with z(t) := (Z1(t), Z2(t), Z3(t)) belonging to T'(¢) for every t, if possible, and hence we have

,

T3(t) + 73(t) = 16 and Z3(t) =7 —t V¢t € [0, %] and

T1(t)71(t) + To(t)T2(t) = 0 ae. and
(5.1)

@O, 5(O0)T, 7). 7(H)7) € {(4,0,7,0,0,4,F,0), (~4,0,7,0,0,4,5,b)

)90

\ (4,0,7,0,0, 4, %, ¢), (—4,0,7,0,0, =4, %, d); a,b,c,d € R}.

)9

One can readily verify that all assumptions of Theorem 4.2.11 are satisfied for any choice of
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(z,9) such that z(t) € T(t) for all ¢, with (A3.3) being satisfied for 5 = (1,1). Applying'
Theorem 4.2.11 to such candidate ((Z,y),u), we obtain the existence of an adjoint vector
p = (¢,v) where ¢ := (q1, 2, g3) € BV([0, 5];R?), v € W"([0, 3];R), two finite signed Radon
measures vy, Vs ol [0, g}, 1, & € L([0,5];RT), and A > 0, such that when incorporating
equations (5.1) into Theorem 4.2.11(7)-(vit), we obtain

(@) PGl +A=1.

(b) The admissibility equation holds, that is, for t € [0, 7] a.e.,

§|

=
Il
8l

1(t) — Za(t) — ult) + §2(t) — 221(t) (&a(F) + &(2)),
Do(t) = 21 (t) + T2(t) +u(t) + 5 () — 222() (& (1) + &o(1)),

T3(t) = T3(t) +t —m — 1 — Z(&(t) — &(1)),

y(t) =23 (t) + 23(t) — 16+ u(t) + y(1).

(c) The adjoint equation is satisfied, that is, for ¢ € [0, 7],

-1 -1 0 —27,(t)
dq(t) = 1 —1 0 |[q(t) dt + —275(t) v(t)dt
0 0 -1 0
2 0 0 271 (t) 21 (t)

+ G+ &) [0 2 ofa®)dt + | 2z,(t) | dn+ | 225(2) | doa,

0 0 0 2 —2
o) = (00 o )alt)d — vl

iy

(d) The complementary slackness condition is valid, that is, for ¢ € [0, 7] a.e.,

§1(8)2q1(1)1(1) + 202(1)72(t) + Fas(1)) =0,

() (2q1 (1) 71(t) 4 2¢2()Z2(t) — Zg3(t)) = 0.

Note that for (z1,z2,23) € I'(t) with —@ <z < @, we have (Vi1 (21, x2,23), Vo (z1, 22, 23)) =
422 — 3 < 0, and hence, the maximum principle of [34] cannot be applied to this sweeping set C(t).
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(e) The transversality condition holds, that is,

(¢(0),v(0), —q(%), —v(3))" € A{(0,0,0,0,0,-8,0,0) : a € [-1,1]}
+{(8a + g, a3, g, (s, vy, 0, a3, 0) = g, g, iz, g, a5 € R}
it (z(0)",5(0)",z(5)",9(3)") €{(4,0,7,0,0,4,%,a) : a € R}.
Similarly, we work on deriving transversality conditions for each of the four cases in
(5.1).
(f) max{u (—q(t) + q2(t) + v(t)) : v € [0,1]} is attained at u(t) for ¢ € [0, ] a.e.

We temporarily assume that
—qi(t) + g2(t) +o(t) <0, Vt €0, 3] a.e. (5.2)

This gives from (f) that u(t) = 0 for ¢ € [0, ] a.e. Now solving the differential equations of

(b) and using (5.1), we obtain that

§i(t) = &alt) = le, Z(t)" = (4cost,4sint, 7 —t)%, and y(t) =0 Vt € [0,Z].

Hence, from (d), we deduce that g3(t) = 0 for ¢ € [0, 7] a.e., and

cost qi(t) +sint go(t) =0, Vt € [0, 7] ae., (5.3)
and the adjoint equation (c) simplifies to the following

0(t) = —v(?),

dg1(t) = (—q1(t) — go(t))dt — 8 cost v(t)dt + q1(t) dt + 8cost (dvy + dvs), 5.4)

dgs(t) = (q1(t) — q2(t))dt — 8sint v(t)dt 4+ qo(t) dt 4+ 8sint (dvy + dvy),

dQ3(t) = —Q3(t> dt -+ %(dyl — dVQ).

2Note that another possible choice for Z(-) is Z(t)" = (—4cost, —4sint, 7 — t).
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Since v(5) = 0 then v(t) = 0 V¢ € [0,5]. Using (a), (5.3), (e), and (5.4), one can get the

following

N=—2" and A= —1
2744/ 14(167)2 2m++/1+(167)2’

q(t)" = (Asint, —Acost,0) on [0,3), ¢(5)" = (A, 16Ax,0),

dvy = dvy = A7r5{£},

2

\

us

where 04} denotes the unit measure concentrated on the point a. Note that for all ¢ € [0, 7],
we have —q;(t) 4+ ¢3(t) + v(t) < 0, and hence, the temporary assumption (5.2) is satisfied.
Therefore, the above analysis, realized via Theorem 4.2.11, produces an admissible pair

((z,),u), where
Z(t)T = (4cost,dsint,m —t), y(t) =0, and a(t) =0, Vte[0,%],

which is optimal for (P).

Figure 5.2 The solution Z(¢) (in green) evolving on the set C(t) = Cy(t) N Cy(t) over
different time instances.
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CHAPTER 6
CONCLUSION AND POSSIBLE FUTURE DIRECTIONS

6.1 Conclusion
In this dissertation, we employ the exponential penalty-type approximation method to
launch the study of a general model (P) given by:
minimize  J(2(0), y(0), 2(T), y(T))
over ((z,y),u) € WH([0,T],R" x R") x U such that
(P) D) @(t) € f(t, (1), y(t), u(t)) — New (z(t)), ae. t €[0,T],

y(t) = g(t, x(t), y(1),u(t)), ae. t €0,T],

((0), y(0), z(T), y(T)) € 5,

where, for t € [0,77], the set C(¢) is defined as the intersection of a finite number of zero

sub-level sets of (1;(t,+))i_;, referred to as generators.

One of the main results of our work, which is global, encompasses the existence and unique-
ness of a Lipschitz solution for the Cauchy problem corresponding to our dynamic (D)
without requiring any Lipschitz property on C(-)—a condition commonly required in the
literature (see e.g., [36]). Instead, we assume Gr C(-) is bounded and the gradients of the
active generators are positively linear independent. Note that this is the first such a result
for general nonsmooth moving sweeping sets, even for the uncoupled sweeping process, which
is based on the method of exponential penalty approximation.

Another global main result encompasses the global existence of optimal solution for our
problem (P) under global assumptions. We note that this constitutes the first attempt to
prove existence result of optimal solutions for time-dependent general sweeping set.

The main local result consists of deriving under minimal assumptions on the data, a com-
plete set of necessary conditions in the form of nonsmooth Pontryagin maximum principle
for strong local minimizers of the problem (P) via developing the exponential penalization

technique. Our Pontryagin maximum principle generalizes previously known Pontryagin
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maximum principle results ([30, 31, 33, 34, 70, 55, 58]). In fact, we establish a Pontryagin
maximum principle in its expected form (i.e., standard nontriviality condition, adjoint equa-
tion, transversality condition, and the maximality condition on the Hamiltonian) for optimal
control problems over the sweeping process (1.2) in each of the following settings:
(i) When the nonsmooth moving sweeping sets C(t) are bounded and general (no restriction
on the corners);
(ii) When the general nonsmooth sweeping sets are unbounded (constant or moving);
(iii) When joint state endpoints constraint set is present, the convezity of f(t,x,U(t)) is
absent, or the global constraint qualification is only local, for all types of sweeping sets:
smooth, nonsmooth, constant, moving, bounded, or unbounded;

(iv) When the sweeping process is coupled with a differential equation.

6.2 Future directions

In this section, we outline several promising future directions that stem from our current
work on optimal control problems over sweeping processes. We will focus on five key areas:
extending the model to include state constraints, developing a numerical algorithm to solve
our model, incorporating control into the sweeping set, exploring the bilateral minimal time
function in the context of sweeping processes, and applying these results to real-world sce-
narios.
Project 1: Adding state constraint
We are currently working on extending the techniques discussed earlier to address problems
that include explicit external state constraints: w(t,z(t),y(t)) < 0. This implies that our
approximating problems differ from those in Chapter 4 due to the presence of an additional
explicit state constraint. This introduces challenges when attempting to prove the bound-
edness of the adjoint vector for the approximating problem, which subsequently complicates
the limit-taking process. It is worth noting that adding a state constraint to the sweeping
process has been addressed in the literature, as seen in [44] for example, but only for a special

case of our model.
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Project 2: Numerical algorithm
We are interested in constructing a numerical algorithm to solve our Mayer problem (P), as
in [32, 56, 59]. We plan to expand the domain of applicability of the numerical method to:

« Time-dependent sweeping set C(t),

 Initial state set Cy instead of fixed zg,

« Final endpoint C7 instead of free final endpoint.
Project 3: The sweeping set is controlled and is of the form C(t) + u(t)
A potential future direction for this work would involve exploring the effects of introducing
a control function into the sweeping set. Specifically, one could investigate how our results
would change when the sweeping set is defined as C(t) := C' 4 v(t) where v(+) is a control
function belonging to W12,
Project 4: Finding the bilateral minimal time function for the sweeping process
The bilateral minimal time function, introduced by Clarke and Nour in [20], defines T'(«v, ()
as the minimum time taken by a trajectory to go from « to 8. In my master’s thesis, I worked
on studying the variational analysis and the sensitivity relations of the bilateral minimal time
functions in order to study the regularity of this function for nonlinear control system. The
results we obtained, published in [16], extends the main result of [54] where a similar result
is obtained for the linear case. We can integrate the study of the bilateral minimal time
function with the sweeping process. More specifically, we can study the bilateral minimal
time function when the set-valued map that defines the trajectory is given as a sweeping
process. This would build on the work done in [24], where the authors have worked on the
unilateral minimal time function within the context of sweeping process.
Project 5: Real-life applications of the sweeping process
Another promising future direction involves validating both the numerical and theoretical
results of optimal control problems governed by sweeping process using real-life case study
models and experimental setups, such as crowd motion models in emergency evacuations,

robotics models, marine surface vehicle modeling, and nanoparticle modeling.
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APPENDIX
APPENDIX TO CHAPTERS 3-4

Translating Lemma 6.2 in [58] to our setting gives us the following lemma.

Lemma .0.1. Assume that 1; is continuous for all : = 1,...,r. Let a, > 0, for all
n € N, with a,, — «, and let (t,,¢,) € Gr C() be a sequence such that Zj" | # 0, for all
n €N, and (t,,c,) — (to,¢o). Then, Zp° ) # 0 and there exist § # J, C {1,...,7} and a

subsequence of (a,, t,, ¢,), we do not relabel, such that

o =, C IO“’ for all n € N.

(tn,cn)

In particular, for all @ > 0, for any continuous function z: [0, 7] — R™ such that x(t) € C()

for all ¢t € [0, T], we have I%(z) is closed, and hence compact.
This result shall be used in different places of the thesis.

Lemma 02 (7’) Let (xnayn) € W17OO([O7T];Rn+d)7 ( by ) Z}?CH) € LOO([(]?T]?R?—EJrl)’

n?

be such that, for some positive constants M, Ms, M3 we have, Vn € N and Vi € {1,--- | R},

1@,y oo < My (s ) loo < Mo, [[(&, Ca)lloo < M. (1)

Then, there exist (z,y) € Wh<([0,T];R"*%) and (¢',---,&%,¢) € L=([0, T]; R%™) such

that (z,,yn), and (€},---  £% (,) admit a subsequence (not relabeled) satisfying
Vie{l,---, R},

1@, Pllso < My, [[(& 9o < M, (€5 O lloc < M.
(4i) For given ¢; : [0,T] x R* — R, let Q(t) := NE {z € R" : ¢;(t,x) < 0} and (z,7) €
C([0, T];R™ x R!) be such that z(t) € Q(¢) Vt € [0,T]. Assume (A2) is satisfied by C(t) :=
Q(t), and, for some § > 0, (A3.1) and (A4.1) hold at ((z,#); ) respectively by ; := ¢; and
h=(fg) :[0,T] xR" x Rl x R™ — R" x R\ Let (2,,y,) and (&,,- -, &%, ¢,) be such
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that (z,(t),yn(t)) € [Q(t) N Bs(z(t))] x Bs(y(t)) (vt € [0,T)) and (.1) is satisfied, and let
(z,9,&,¢) be their corresponding limits via (.2). Consider u, € U such that, for all n € N,

((xnayn)aun)a and ( %, T ,6775, Cn) satisfy

() = f(t.2(t), y(t), u(t)) — T () Vaai(t, 2(t)) ae. t €[0, 7], (3)
y(t) = g(t, 2(1), y(1), u(t)) = C(OVyp(t, y(t)) ae. t €0, T],

where ¢ is given by (3.31).Then, in either of the following cases, there exists u € U such
that ((x,y),u), and (&, --- , &R, () also satisfy system (.3).

Case 1. If there exists a subsequence of u,, that converges pointwise a.e. to some v € U.

Case 2. If (A1) and (A4.2) are satisfied.

Proof. (i): By (.1), the sequence (z,, y,)» is equicontinuous and uniformly bounded. Hence,
using Arzela-Ascoli theorem and that (&,,%,) is uniformly bounded in L*°, it follows that
there exists (z,y) € W1°°([0,T]; R"*) such that along a subsequence (we do not relabel)
of (n,yn), we have (z,,y,) unif, (,y), (Zn, Un) % (,9), with (z,y) and (&,9) satisfy
the bounds in (.2) (see Theorem 2.4.13). As |[(£., ()|l < M3 for all i =1,--- | R and for
all n € N, some subsequences of (¢!, --- &% () converge in the weak*-topology to some

(€L, -+ [ ER () € L™ which satisfy the required bound in (.2) (see Theorem 2.4.11).
(”) Case 1. Let ¢ € [OaT) lebesgue point Ofl’()a y()a f(a x()7y()7u())a G(a x()??/()?“())?
() foralli=1,--- ;R and ¢, and let 7 € (0,7 —t). Then, (.3) implies

Ealbtrlenl® — L [T £ (5,20 (5), (), Un(8)) = S € (8)Vati(s, 2a(s))] ds,

Ul —un® — L (57 (g (5,2 (), Yn(8), tn(8)) = Cul8) V5, yn(s))] ds.

(-4)

Using Dominated Convergence Theorem, and taking the limit as n — oo of (.4), we deduce

that

B0 — LT f(s,(s), y(s), u(s) — SR E(5)Vaai(s, 2(5))]ds,

U — LT [g(s,2(s), y(s), uls)) = C(s) V(s y(s))] ds.
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Now, let 7 — 0 in (.5), we get that (.3) is satisfied for every ¢ lebesgue point, hence it hold
for a.e. t € [0,T7.

(ii) Case 2. For s € [0,T] a.e., define in R™ x R! the sets S, (s) := h(s,2,(s),yn(s), U(s))
and S(s) := h(s,z(s),y(s),U(s)). Using (Al), the continuity of h(s,-,-,-) in (A4.1), and
the convexity assumption (A4.2), it follows that S, (s) and S(s) are nonempty closed convex
sets and S, (s) Hausdorff-converges to S(s). Hence, Filippov Selection Theorem yields that

(T, Yn), un) and (€1, ¢,) satisfying (.3) is equivalent to, Vz € R"™ and s € [0, 7] a.e.,

(2, (#n(5): 9n(5))) < (2, h(s, 2n(s),yn(s), U(s)))

R
—(2, Q_ & () Vati(t, 2n(5)), Gals) Vo (s, a(s)))).  (6)

i=1
Furthermore, by (2.4) and the positive homogeneity of o(-, S,) and o(-,S), we deduce that

o (2, h(s,2,(5), yn(5),U(8))) — (2, h(s,z(s),y(s),U(s))), Yz € R"™@and s € [0,T] a.e.,

k—o0

and the bound of h in (A4.1) gives that, for » € R"*4,
|0 (2, h(5,20(5), ya(s), U(s))) | < 2[[2]| M.

Thus, for ¢ € [0,T) a lebesgue point of (), C(), #(), §(), a2, h(-2(), (), U())), and for
7 € (0,T —t), when integrating (.6) on [t,t + 7] and then taking the limit as n — oo, the
Dominated Convergence Theorem yields that, Vz = (21, 2) € R" x R,
t+1 . )
| e e), () ds
t+7 R ;
< /t [o(2, h(s,2(5), y(s), U(s))) — (2, (Q_€'(5) Vati(s, 2(s)), () Vyp(s, y(5))))]ds.
i=1
Dividing the last equation by 7 and taking the limit when 7 — 0, we get that, Vz € R” x R/,

and for t lebesgue point,
R

(2, (2(1),9(1))) < oz, h(t,=(1),y(t), U(1))) = (2, (; &'(O)Vaai(t, 2(1)), C(H)Vyo(t, y(1))))

and hence this inequality is valid for ¢ € [0, T| a.e. Therefore, by means of Filipov Selection

Theorem, there exists u € U, such that ((x,y),u), and (€L, -+ R () satisfy system (.3). O
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Remark .0.3. When ¢ = oo, Lemma .0.2 remains valid with (Z, 7/) and the assumptions
involving them are now superfluous. In this case, recall that (A3.1),(A4.1), and (A4.2) are

replaced by (A3.1)¢, (A4.1)q, and (A4.2)q, respectively.
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