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ABSTRACT

Cross-linked elastomers, known for their exceptional flexibility, toughness, formability, and
versatility, play a vital role in a wide array of engineering applications across aerospace, construc-
tion, transportation, marine, aeronautics, and automotive sectors. These materials are expected to
maintain high performance throughout their service life, even when exposed to aggressive environ-
mental conditions such as water infusion, temperature fluctuations, and ultraviolet (UV) radiation.
These environmental factors pose significant challenges, as they can gradually deteriorate the ma-
terial’s properties and reduce its overall durability.

Among the most critical forms of environmental degradation are thermal aging under oxygen-
deficient conditions and oxidative aging caused by elevated oxygen concentrations. The former
typically results in uniform thermal degradation of the material, while the latter, known as diffusion-
limited oxidation (DLO), induces spatially heterogeneous damage, primarily at the surfaces of the
polymer where oxygen diffusion is more pronounced. Together, these two forms of aging represent
fundamentally inverse degradation conditions—one being inert and volumetric, and the other being
oxidative and surface-driven. Accurate prediction of the long-term behavior of elastomers under
both these conditions is essential for designing reliable rubber components that resist early failure
in service.

To address this need, high-fidelity constitutive models are essential for simulating the effects of
aging on the mechanical, thermal, and failure characteristics of cross-linked polymers. Historically,
most aging models have employed hyperelastic constitutive laws coupled with single-kinetic degra-
dation equations to model the evolution of material properties over time. While these approaches
have been useful in capturing basic degradation trends, they often fall short in representing the
complex interactions between microstructural evolution and macroscale mechanical behavior un-
der realistic service conditions.

This dissertation presents a comprehensive multi-physics modeling framework to capture the
distinct and coupled degradation behaviors of cross-linked polymers under both diffusion-limited

oxidation and inert thermal aging. These models incorporate the effects of oxygen diffusion, re-



action kinetics, and thermally activated chain scission and cross-linking processes to simulate the
evolution of polymer microstructure over time. By resolving the spatial and temporal development
of aging parameters, the framework successfully reproduces both uniform and spatially heteroge-
neous degradation phenomena, providing critical insight into how these opposing environmental
factors influence long-term material performance.

The modeling approach is grounded in continuum mechanics and integrates finite strain the-
ory with micro-mechanically motivated degradation mechanisms. Rubber elasticity is described
across three scales: statistical mechanics at the microscale to account for molecular chain behav-
ior, network-based phenomenological modeling at the mesoscale, and continuum theory at the
macroscale. This multi-scale approach enables the representation of polymer network reconfig-
uration during aging, which is essential for predicting stiffness loss, permanent deformation, and
eventual failure.

While the core of this dissertation focuses on physics-based modeling of aging mechanisms,
recent advancements in machine learning (ML), particularly physics-informed neural networks
(PINNS), offer promising opportunities to enhance traditional modeling techniques. Although early
generations of data-driven black-box models were limited by their need for large datasets and lack
of physical constraints, hybrid approaches—where experimental macroscopic data are used to infer
underlying microstructural behavior within physics-informed frameworks—have begun to bridge
this gap. In this work, such techniques are explored in a supporting capacity to augment the pre-
dictive capabilities of the proposed aging models, without compromising the underlying physical
consistency.

By coupling the two degradation models and incorporating both mechanistic understanding and
data-driven insights, this dissertation delivers a unified computational framework capable of simu-
lating the long-term behavior of elastomeric materials under varied environmental exposures. The
results not only enhance our understanding of how oxidative and inert aging conditions uniquely
and jointly affect polymer durability, but also provide a practical foundation for the design of next-

generation elastomers with improved resistance to environmental degradation.
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CHAPTER 1: INTRODUCTION

1.1: Motivation, Challenges and Objectives

Challenges: Despite the widespread use of polymer adhesives, accurately predicting their long-
term performance remains a significant challenge, especially under harsh environmental condi-
tions. One critical factor is thermal aging, which can drastically alter the mechanical and chemical
integrity of the polymer network. This aging is typically accompanied by competing processes
such as chain scission and additional cross-linking, both of which influence the stiftness, strength,
and durability of the material.

Characterizing and modeling these phenomena is complicated by the nonlinear, time-dependent
behavior of polymers and the interplay between physical and chemical degradation mechanisms.
Moreover, the multiscale nature of the material response — from molecular changes at the chain
level to macroscopic deformation behavior — necessitates a modeling approach that captures both
microstructural evolution and continuum-scale performance.

Traditional constitutive models often fail to account for such micro-mechanical transformations,
limiting their predictive capabilities. In addition, implementing these models within a finite ele-
ment framework poses numerical challenges, particularly when large deformations and nonlinear
elasticity are involved.

Objectives: The primary objective of this research is to develop a mechanistically informed, micro-
mechanical model that captures the constitutive behavior of cross-linked polymer adhesives under
inert thermal aging. Specifically, the model aims to:

* Capture the competitive and time-dependent effects of chain scission and cross-linking dur-

ing thermal exposure;

* Relate molecular-scale damage mechanisms to macroscopic mechanical response;

* Implement the model within a finite element framework under plane stress conditions, incor-

porating consistent tangent stiffness for large deformation analysis;

* Validate the model using experimental data and numerical simulations, including compar-



1sons with custom UMAT subroutines and continuum solvers;
* Provide insights to guide the design and life prediction of adhesive joints exposed to elevated
temperatures in oxygen-limited environments.
By addressing these objectives, this work seeks to bridge the gap between chemical degradation
processes and mechanical modeling, enabling a more accurate prediction of adhesive behavior over

the service life of engineered systems.

1.2: Fundamentals of Cross-linked Polymers
1.2.1: Fundamentals of Polymer Physics

The mechanical behavior of polymers is highly sensitive to temperature and the time scale of de-
formation. Polymers are inherently viscoelastic, exhibiting characteristics of both viscous fluids
and elastic solids. At low temperatures or high loading rates, polymers behave in a glassy manner,
often fracturing or deforming irreversibly under modest strains. At elevated temperatures or low
strain rates, however, they can adopt a rubber-like response, sustaining large deformations (stretch
ratios exceeding 2) without permanent set. Further increases in temperature result in behavior akin
to viscous liquids, where deformation becomes irreversible and time-dependent.

Phenomenological models typically describe material response at a macroscopic level without
incorporating explicit microstructural details. These models are often derived by: (i) proposing
plausible strain energy functions, or (ii) extending small-strain elasticity theory to accommodate
large strain regimes.

For hyperelastic rubber-like materials, two key assumptions are commonly made: (i) The mate-
rial is isotropic in its undeformed state, exhibiting identical behavior in all directions, and (ii) The
material is nearly incompressible, with negligible volume change upon deformation. Accordingly,

modeling efforts frequently focus on homogeneous pure strains under these assumptions.
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Figure 1.1: The Mullins effect with permanent set: (a) Two uniaxial tensile loading cycles; (b)
Corresponding stress-stretch curves.

Cross-linked polymers generally exhibit pronounced nonlinear elasticity coupled with inelas-
tic effects such as stress-softening (Mullins effect). Amorphous elastomers in particular demon-
strate rate-dependent elastic-plastic responses due to their complex microstructure, as illustrated
in Fig. 1.2. These behaviors arise from molecular mechanisms such as chain rearrangement, kink

unfolding, and segment reorientation during loading.
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Figure 1.2: Schematic representation of the microstructure in filled elastomers.

Micro-stretch \“:

In micromechanical network models, polymer chains oriented in direction d experience direc-
tional stretching governed by the deformation gradient F. The chain-level (micro) stretch is defined
as:

AL?

d _
M =1+~

where AL is the elongation, and L is the initial chain length. The maximum sustainable micro-



stretch for a chain is limited by its geometry:

d _ LC
limit — I/RO‘

A

Here, L. is the contour length, R, is the end-to-end distance, and v > 1 is the threshold for me-
chanical rupture [31]. Shorter chains are more susceptible to breakage due to higher stretch ratios.
Mechanisms of Breakage:

Chain failure can occur in various forms, including polymer-polymer detachment, cross-link
rupture, desorption from filler surfaces, and chain slippage (see Fig.1.3). These microstructural
mechanisms play a central role in damage evolution and are essential for understanding the Mullins
effect and stress-softening behavior.

History Dependence via Maximum Micro-stretch \¢_ :

During cyclic loading, polymer chains progressively debond from aggregates, starting with the
shortest chains. Once debonded, chains do not reattach, making the history of deformation critical.
The maximum micro-stretch in a given direction d over the material’s loading history is defined as:

A

max

= max (7).
TE(—00,t]

This parameter serves as a key internal variable for modeling direction-dependent damage.
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Figure 1.3: Mechanisms of chain damage in cross-linked polymers: (a) Cross-link breakage; (b)
Chain scission; (c) Rupture of rubber—filler bonds; (d) Desorption from filler surface; (e) Chain
slippage at entanglement sites; (f) Slippage over particle surfaces; (g) Re-adsorption onto particle
surfaces; (h) Filler rupture.

1.3: Non-linear Features in Cross-Linked Polymers

Cross-linked polymers are commonly modeled as hyperelastic materials, characterized by their

ability to undergo large, reversible deformations. However, their mechanical behavior also includes
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Figure 1.4: Schematic illustration of deformation-induced damage mechanisms in cross-linked
polymers.

prominent inelastic features, particularly under cyclic or large-strain loading. One notable inelastic
phenomenon is the Mullins effect, which refers to the stress-softening observed after the initial
loading cycle [10,85]. This effect is observed in both filled and unfilled cross-linked polymers.

To better understand the microstructural origins of such inelastic effects, Fig.1.4 illustrates sev-
eral deformation-induced damage mechanisms in amorphous polymer networks. These include:

* Chain scission [13]

* Chain disentanglement [53]

* Molecular slippage at junctions [62]

* Filler-matrix debonding and rupture of filler clusters [72]

These mechanisms collectively lead to permanent changes in the microstructure of the polymer
network. As a result, materials often exhibit a residual strain upon unloading—referred to as the
permanent set. While the permanent set is minimal in unfilled elastomers, it becomes significant
in filled systems due to interfacial debonding and filler rupture, as depicted in Fig.1.4.

Traditional modeling of such nonlinear and inelastic behaviors has relied on two main ap-



proaches:

* Phenomenological models, which offer computational efficiency but lack physical inter-

pretability and generalizability outside calibration conditions.

* Physics-based models, which provide greater fidelity but are often too complex for real-time

or large-scale simulations.

To bridge this gap, we propose a hybrid framework that couples physically informed micro-
mechanical theory with a machine-learned agent framework. Specifically, we develop a knowledge-
driven ML model where internal variables evolve based on known physical laws and history-
dependent damage. The learning agents (L-agents) are designed with memory structures to reflect
material behavior, particularly relevant in rubbery polymers where damage evolution depends on
the maximum historical strain rather than the full deformation path.

A microsphere-based formulation is adopted to account for directional dependence in the poly-
mer matrix, enabling accurate modeling of inelastic effects such as stress-softening, hysteresis, and
permanent set. The architecture of the neural network—including activation functions, number of
hidden layers, and neurons—is tailored to balance complexity and accuracy. These modeling strate-

gies are detailed in the following section.

1.4: Frame Independency

Frame objectivity, during rigid body motion, requires strain energy of the material remains un-
changed. Thus, the material response should not depend on the choice of the reference frame. The

strain energy frame independency can be written as

V,.(QF) = ¥, (F), (1.1)

where Q is the rotation tensor. So, a constitutive law is frame independent if energy is left
rotationally invariant. The mentioned condition is satisfied when the strain energy is a function of

the right Cauchy-Green deformation tensor C, due to



C" = (F"'F" =F'Q"QF = F'F = C, (1.2)

which F™ = FQ. The proposed model is a function of right Cauchy-Green deformation tensor. So,

the frame independency condition is satisfied automatically.

1.5: Thermodynamic Consistency

1.5.1: Polyconvexity

Polyconvexity is one of the known conditions which ensure the thermodynamic consistency. In
this section, we briefly describe sufficient but not necessary free energy function conditions which
guarantee the existence of minimizers of some variational principles. In order to understand poly-
convexity, we start with some properties of convexity. Consider that W, (F) is the strain energy
function on set of K. We can say ¥, (F) is convex on set of K if hessian matrix of ¥, (F) be

positive in that set.

D*W,,, (F). (H,H) >0, (13)

and for proof of polyconvexity we can mention that F — ¥, (F) is polyconvex if and only if

there exist a function GG such that

U,,,(F) = G(F, adjF, det F), (1.4)

Ffl

and the function G is convex. Besides, F = oF

and the implication chain shows relations from

convexity to ellipticity.
convexity — polyconvexity — quasiconvexity — ellipticity.

The Hessian matrix of the strain energy is positive if
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If weights which connect the input of \; to other neurons be positive, the proposed model holds
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the condition of polyconvexity.

1.5.2: Second Law of Thermodynamic

Because all of the constitutive models should satisfy the second law of thermodynamic, the sat-
isfaction of this law should be checked for the proposed model. On the other hand, checking
Clausius-Duhem inequality would be enough for this. Because \;, is internal variables in the
strain energy function of Cross-linked polymers, we can reduce the second law of thermodynamics
to Clausius-Duhem inequality that shows thermodynamic consistency of the model in direction d;.

This inequality can be written as

ov,,

—— <0 vVd orj=1,2,..., N;. 1.6
Do forj (1.6)

If we consider the energy of matrix as

Ng N

W =Y > (0w, (1.7)
i=1 j=1
which
b= ANN(W A A, 1.8
¢‘7 - ]( P77 0 Y max )7 ( . )

thus, Clausius-Duhem can be written as



-

Ng Ng d d
A OANN; (Wi, A%, N, ) ‘
EIVE :Zwla)\ sz IV <0, forj=1,2,...,N,.
Jmax i=1 Jmaz Jmaz

(1.9)

If weights that connect the input of \; to other neurons be negative, the proposed model holds

the condition of thermodynamic consistency.
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CHAPTER 2: CONTINUUM MECHANICS

2.1: Introduction

Continuum mechanics serves as a foundational framework for nonlinear finite element analysis,
focusing on modeling solids and fluids with properties and responses characterized by smooth
functions of spatial variables. This approach overlooks inhomogeneities such as molecular, grain,
or crystal structures.

Consider a body in its initial state at time ¢ = 0; the domain of the body in this initial state
is denoted as €2 and referred to as the initial configuration. When describing the motion and
deformation of the body, a configuration is essential as a reference for various equations; this is

termed the reference configuration.

Initial configuration

Multi-scale model

Deformed configuration

Figure 2.1: A schematic figure of the hierarchical micro-macro multi-scale approach.

In various instances, it becomes necessary to define a configuration known as the undeformed
configuration, occupying €2y. This undeformed configuration is synonymous with the initial con-
dition. The domain of the body’s current configuration is denoted as €2 and is often referred to as

the deformed configuration.

11



2.2: Eulerian and Lagrangian Coordinates
The position vector of a material point in the initial configuration is denoted as X, where

nsp

X=Xe =) Xe; (2.1)
=1

where ngp stands for the number of space dimensions, X; represents the components of the posi-
tion vector in the initial configuration, and e; are the unit base vectors of a rectangular Cartesian
coordinate system. The vector variable X for a specific material point remains constant over time;
these variables X are termed material coordinates or Lagrangian coordinates. The position of a

point in the current configuration is expressed as

nsp

X =T,e; = Z xT;eé;, (22)
=1

where z; are the components of the position vector in the current configuration.

2.2.1: Eulerian and Lagrangian Description

Two methods are employed to depict the deformation and response of a continuum. In the first
method, the material coordinates X; and time ¢ serve as the independent variables, represented
as x = [(X,t); this method is known as the material description or Lagrangian description. In
the second method, the independent variables are the spatial coordinates x and time ¢. This is
referred to as the spatial or Eulerian description. Distinct symbols are used to differentiate between

independent variables.

2.2.2: Deformation

Consider a continuum body B existing in three-dimensional Euclidean space at a given time ¢, as
shown in Fig.2.2. Using the notation X € [E3, any point Py on body B can be uniquely specified
relative to any basis. As the body B moves through three-dimensional Euclidean space from time

lo to time ¢, it occupies an alternate geometric configuration referred to as 3’s configuration. Since

12



the mapping from body B to [3 is one-to-one, point F; on body B corresponds to point P.
To simplify the understanding of the mapping process, we label the regions of body B and
as the reference and current configurations, respectively. The positions of points P and F, can be

expressed using coordinates in a system denoted by #° (where 1 = 1, 2, 3).

x=x(00%0°1), X=X(00%0°) =2 (0",0%0°t), i=1,23  (23)

respectively. As a result, the displacement of point P may be calculated by

u:ﬁ(91,92,03,t) =x— X. (2.4)

Here, u represents the displacement vector. When we introduce Euclidean space with a set of

pairwise orthogonal unit vectors, denoted as e;, we have

X=Xe, X' =X-e, j=123,
u=ue, v =u- e;, j=1223, (2.5)
x:xiel-, xj:x-ej:Xj+uj, 7 =123,

where the Einstein summation convention is used to repeated indices.

_Refrence Current
configuration, time= tm configuration, time=1

Figure 2.2: Description of body motion.

Body deformations can be easily described by vectors tangent to the coordinate lines in both the

13



reference and current configurations, particularly in the context of significant deformations.

tangent vectors are defined as follows

ox ,
—_— 1 =

1,2,3.
897/7 Y )

8 =

Furthermore, G; and g; may be defined as the bases dual to G; and g;, implying that

G,-G =6, and g, -g' =9

Also, the deformation gradient tensor F can be represented by,

F = Gradx,

where F can be written in a matrix format in two dimensions as

ox1 Ox1 ox  Ox
F - 0X1 0X1 . oX oY
oz ox1 9y Oy
X1 0X1 oX 9Y

These

(2.6)

2.7)

(2.8)

(2.9)

In deformation kinematics, the deformation gradient tensor is a fundamental second-order tensor

that describes the changes in material constituents during deformation. To this goal, consider dX

and dx in reference and current configurations as infinitesimal material components, respectively.

Then, one has

dx =FdX, dX=F ldx.

Additionally, the changes in volume J may be derived by

_dv

J=—__
dVy

= |F?| = detF > 0.

In the current setup, the lengths of the material components are provided by

14

(2.10)

(2.11)



|dx|* = dx - dx = dX (F'F) dX = dXCdX,
(2.12)
|dX||* = dX - dX = dx (F~"F ") dx = dxb™"dx,

where

C=FF=g,G®G, b=F =G 0g, (2.13)

are referred to as the right and left Cauchy-Green tensor, respectively. The principal invariant of C

mentioned as

I, (C) =tr(C), I, (C) = ((Il(C))2 —tr(C?), I3 (C) =det(C). (2.14)

N —

To ascertain the stretch of a material element, divide the deformed length by the referenced length
of the material element. To achieve this, the stretch in the direction of NV is obtained by summing

the unit vectors /V and /V along the material element dX and its counterpart dx.

dx | || dx]||? dXNCNdX 1
AN)=—==/—5 =\ ——— = (NCN)2. 2.15

2.3: Strain Measures

Unlike in linear elasticity, nonlinear continuum mechanics employs various measures of strain and
strain rate. However, only two of these measures are taken into consideration here.

1. The Green (Green-Lagrange) strain, E.

2. The rate-of-deformation tensor, D.
A strain measure should exhibit zero values for any rigid body motion, particularly for rigid body
rotation. If a strain measure does not satisfy this condition, it would result in predicting non-zero
strains and consequently non-zero stresses during rigid body rotation. This fundamental reason
underlies the abandonment of the conventional linear strain displacement equations in nonlinear

theory.

15



2.3.1: Green Strain Tensor

The Green strain tensor E is defined by
ds* —dS* = 2dX - E - dX. (2.16)

The Green strain is defined as the disparity between the square of an infinitesimal segment in
the current (deformed) configuration and its counterpart in the initial (undeformed) configuration.

This concept becomes more evident when expressed in indicial notation.
dx - dx = dx;dr; = FjjdX;Fy,dX; = dX - (F' - F) - dX. (2.17)
AsdX -FT . F.dX —dX -1-dX —dX-2E-dX = 0, it follows that

1
2

2.3.2: Rate-of-Deformation

The second kinematic measure to be discussed is the rate-of-deformation tensor D. Unlike the

Green strain tensor, it serves as a rate measure of deformation. The velocity gradient is defined as:

(%i

—_— 2.1
= (2.19)

0
L= YV = (gradv)” or Ly =

The velocity gradient tensor can be decomposed into symmetric and skew-symmetric components

through the following

1 1 1
L=-(L+L")+ 3 (L—L") or L;; = 3 (Lij + Lj;) + 3 (Lij — Lji) . (2.20)

1
2

16



The rate-of-deformation tensor D is defined as the symmetric part of L, while the spin tensor W is

the skew-symmetric part of L. With these definitions, we can express

L:D+WO’I‘L1‘J‘:D¢J:D¢]‘+VVM

_1 T _1 a’Ui 8Uj
D_§(L+L ) or Dyj = 5 (axj +8wi)
_1 T _1 8vi 81)]‘
W—§(L L") or Wy =5 (axj axi)' (2.21)

For deriving a unified expression connecting these two measures of strain rate, we have

D=_(L+L")=-(F-F'+F " .F). (2.22)

N | —
N —

Taking time derivative of the Green strain, we got

E= (F"-F—1I) = (tensF-F+F" - F). (2.23)

N[ —
Sjis
N —

The above can easily yield

D=F"-E-F'orDy=F,;"EyF;" (2.24)
The time integral of the Green strain rate is path-independent, whereas the time integral of the

rate-of-deformation is not path-independent.

2.4: Stress Measures

In nonlinear problems, different stress measures can be defined. Three stress measures are under
consideration.

1. The Cauchy stress, o

2. The nominal stress tensor, P, closely related to the first Piola-Kirchhoff stress

3. The second-Piola Kirchhoff stress tensor, S.

17



The stress are defined by Cauchy’s law

n-odl =t (2.25)

where ¢ is the traction. In the initial configuation the counterpart is

ng - PdFO = todr (226)

Please note that the normal is consistently oriented to the left. The definition of the second-Piola
Kirchhoff stress is given by
ng - SdFo = Fi1 : todro. (227)

Cauchy stress 0 Nominal stress P 2nd Piola-Kirchhoff stress S
o J'F.P J'F-S-F
P=JF'.o - S-F?
S=JF'!.o F7T P.-F T -
T=Jo F-P F-S-F?

2.5: Conservation Laws

After formulating the kinematics to represent potential deformed states of a continuous medium,
it’s crucial to note that these fields alone are insufficient for predicting the specific configuration
a body will assume under a given applied load. Achieving such predictions requires an extension
of the principles of mechanics to encompass a continuum medium, coupled with the application
of thermodynamic laws. In this context, we are considering four conservation laws relevant to
thermomechanical systems.

Gauss’s Theorem: In the derivation of conservation equations, Gauss’s theorem is a frequently
employed tool. This theorem establishes a connection between integrals over a domain and an

integral over the boundary of that domain. Specifically, Gauss’s theorem states that when f(x) is

18



piecewise continuously differentiable—a C° function then

() 1y _
/Q o —/Fnif(x) dr. (2.28)

The theorem remains applicable to any domain, including the reference domain, where for a C°

function f(X), we have

/ o/X )dQO nd f (X) dlo. (2.29)
0, Ox; I'o

Reynolds’ Transport Theorem: The material time derivative of an integral signifies how fast
the integral changes over a material domain. This domain moves with the material, ensuring that
points on its boundary remain fixed on the boundary, with no mass flux across the boundaries. The
various formulations for material time derivatives of integrals are referred to as Reynolds’ transport

theorem. The definition of the material time derivative of an integral is

/ fdQ = AI%I;I}OE </ o f(xa T+ At)dQ - . f(X7 T)dQ) ) (230)

here, €2, represents the spatial domain at time 7, and €2, o; denotes the spatial domain occupied by
the same material points at time 7+ At. The derivation of Reynolds’ transport theorem is achieved

through the definition of the material time derivative, yielding

af  of v B of  O(vif)
Dt/fd /<_+ lax@+axif)d9/g(5+ oz, ) 23D

which can be written in tensor form as

/ Fd = / (—f+dzv(vf)) (2.32)

Mass conservation: A fundamental principle in classical mechanics asserts that mass is an invari-

ant quantity, immune to creation or annihilation; instead, it can only experience deformation in

19



response to applied loads. The mass m(£2) of a material domain 2 is determined by

m(Q) = /Q p(x,t)dS, (2.33)

here, p(x, t) represents the density. Mass conservation dictates that the mass of any material domain
remains constant, as no material flows through the boundaries of a material domain, and there is
no consideration for mass-to-energy conversion. Following the principle of mass conservation, the

material time derivative of m/({2) is zero, indicating

Dm_D

- = dQ = 0. 2.34
bt~ ot J," =0 (2.34)
Applying Reynolds’s theorem, Eqn.2.34 yields
D
/ = (_p + pdiv(v)) dQ) = 0. (2.35)
Q Dt

Since this holds for any subdomain (2, it follows that

Dp 4 Dp ,
) - o= 0. 2.
Dr + pdiv(v) = 0; or Dt +pvii=0o0r p+pvi; =0 (2.36)

The aforementioned equation is the expression of mass conservation, commonly referred to as the
continuity equation. It stands as a first-order partial differential equation.

Conservation of Linear Momentum: The equation derived from the principle of linear momen-
tum conservation holds significance in nonlinear finite element procedures. Linear momentum
conservation aligns with Newton’s second law of motion, linking the forces acting on a body to its
acceleration. We consider an arbitrary domain €2 with a boundary I, subjected to body forces pb

and surface reactions ¢ (force per unit area). The total force is determined by

F(t) = /ﬂ pb(x,1)dQ = /F t(x,t)dl. (2.37)
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The linear momentum is given by

p(t) = /Q pv(x, 1)dQ, (2.38)

where pv is the linear momentum per unit volume. Using the material time derivative of the linear

momentum, this gives

D D
e N _/pde:/pbdQ+/tdr. (2.39)
Q Q r

Reynolds’ transport theorem applied to LHS integral gives

%/ﬂpvdﬁ = /Q (%(pv) + div(v)pv) :/Q {p%‘j +v (% —i—pdiv(v))] d?,  (2.40)

where the second equality is obtained by using the product rule of derivatives for the first term
of the integrand and rearranging terms. To convert it into a domain integral, we invoke Cauchy’s

relation and Gauss’s theorem in sequence, giving

/tdF: /n-adF - / V- 0dQ or /tde - /n,-aijdl—‘: / 994 43, (2.41)
r r Q r r Q ox;

In nonlinear continuum mechanics, unlike in linear continuum mechanics, it is crucial to develop
the habit of placing the divergence operator appropriately. This is because certain stress tensors,
like the nominal stress, lack symmetry. In cases where the stress is asymmetric, the left and right
divergence operators yield distinct results. This distinction is illustrated by

D
/ (pF; bV 0') 4. (2.42)
Q

Therefore, if the integrand C !, since upper equation holds for an arbitrary domain, it yields

Dv Dv, 0Oo;:
T _v. b= di b Pl U0ij
th V-o+p wo + p orth Dz,

+ pb;. (2.43)
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This is referred to as the momentum equation, also known as the balance of linear momentum.
Equilibrium Equation: In numerous scenarios, loads are applied gradually, and interfacial forces
are negligible. Under such circumstances, the acceleration in the momentum equation diminishes,
leading to

90,
V.o +pb=0; or 29 4 ph; =0, (2.44)
aﬂlj

This equation is termed the equilibrium equation. Situations to which the equilibrium equation
applies are commonly referred to as static problems.
Conservation of Energy: The principle of conservation of energy, also known as the energy bal-
ance principle, asserts that the rate of change of total energy is equal to the work done by the body
forces and surface reactions, in addition to the heat energy supplied to the body by the heat flux
and other sources of heat.

The rate of change of total energy in the body is expressed as

, oow D , . D [1
Pt = P PR P = / Qpi™dQ, P = = / 5/ v, (2.45)
Q

here, P represents the rate of change of internal energy, and P*" represents the rate of change of
kinetic energy. The rate of work performed by the body forces in the domain and the reactions on

the surface is given by

Pext :/vpbdQ—i—/vtdF:/vzpbde—i—/vltzdF (246)
Q r Q T

The power supplied by heat sources s and the heat flux ¢ is

Q Q r

In the heat flux term, the negative sign signifies that positive heat flow is directed outward from
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Eulerian description Tensor form Indicial Form
Mass conservation % + pdiv(v) =0 P +appi’i
Linear momentum conservation pR =V -0+ pb pRu = 6(;’; + pb;
Energy conservation D gtm =D:0c—-V-q+ps
Lagrangian description Tensor form Indicial Form
Mass conservation p(X, ) I(X, 1) = po(X) pJ = po
Linear momentum conservation PEY — Vo P+ pob Q) — 9B 4 b,
Po ot VO Po Po Ot — 9X; P00
. . u;i"t : N
Energy conservation po™ = poaait(x’t) =FT:P—Vy-q+ pos
Table 2.1: Conservation equations.
the body. The conservation of energy is expressed as
Ptot — Pe.’bt + Pheat (2 48)

In other words, the first law of thermodynamics states that the rate of change of the total energy

in the body, comprising internal and kinetic energies, is equivalent to the rate of work performed

by external forces and the rate of work supplied by heat flux and energy sources.

The conservation equations are succinctly presented in the following Table 2.1, providing both

tensor and indicial forms.

23



CHAPTER 3: CONSTITUTIVE
RELATIONS

3.1: Linear elasticity and Hooke’s Law

Consider the stress strain curve 0 = f(¢) of a linear elastic material subjected to uni-axial stress
loading conditions. For a given value of the strain e, the strain energy density per unit volume 1) =
1@(6), is defined as the area under the curve (see Fig.3.1), which can be expressed mathematically

as

(3

Figure 3.1: Stress-strain curve for a linear elastic material subject to uni-axial stress o.

According to this definition,

2
= " — Fe. 3.1
7= € (3.1
In general, for possibly nonlinear elastic materials
o
oy = 0y(€) = : (3.2)
J J 8€ij

It helps define Hooke’s Law, the most general linear relation among all the components of the stress
and strain tensor

Oij = Uijkl€kl- (3.3)

24



In this expression, Cj;i; are the components of the fourth-order stiffness tensor of material prop-
erties of elastic moduli. The fourth-order tensor has 81 and 16 components for three-dimensional
and two-dimensional problems, respectively. The strain energy density in this case is a quadratic

function of the strain

- 1
P(e) = §Cijkl€ij€kl- 3.4

The stiffness tensor can be written in two different orthonormal basis as
C= Oijklei Re; Ve, X e. (35)

The stiffness tensor has the following minor symmetries which result from the symmetry of the
stress and strain tensors

0ij = 0ji = Cijui = Cjint. (3.6)

This symmetric characterization reduces the number of material constants from 81 = 3x3x3x3 —

54 = 6 x 3 x 3. In a similar fashion we can make use of the symmetry of the strain tensor
€ij = €ji = Ciju == Cijik. (3.7
This further reduces the number of material constants to 36 = 6 x 6.

3.2: Isotropic linear elastic materials

The constitutive law for an isotropic, linear elastic and homogeneous material is given by the fol-

lowing equation

Cijki = N0ijOrr + o (6051 + 0irdn) (3.3)
where 0;; is the Kronecker-delta, and A, i are the Lame constants. Replacing in 0;; = Cjjjri€ris
gives

Uij = >\5ij€kk =+ % (Eij + €ji> . (39)
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The compliance form of Hooke’s law can be written in indicial notation as

1
%= (1 +v) 045 — voRkOg] - (3.10)

It can be written in matrix form

€11 1 v —v 0 0 0 011
€929 1 -V 0 0 0 092
€ 1 1 0 0 0 o
33 | _ = 33 G3.11)
2623 2(1 + l/) 0 0 023
2613 2(1 + V) O 013
2619 symm 20 4+v)| |o12
Invert and compare with
011 A+ 2,u A A 0 0 O €11
0'22 A + 2V )\ 0 0 O 622
o 1 A+2u 0 0 Of | €
83| _ - 12 33 ’ (3.12)
013 v 0 2613
012 symm vl |2€19
and concluded that
E E
A= v u=CG=— (3.13)

(1+v)(1—2v)

3.3: 2D Formulations for Solid Mechanics

It is assumed that 2D means the xy plane, and that z is the out-of-plane direciton. Plane-stress and
Plane-strain are two terms commonly come across in finite element analysis. These are essentially

two variations of 2D analysis, with difference in their assumptions.
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3.3.1: Hooke’s Law for Plane Stress

For the simplification of plane stress, where the stresses in the z direction are considered to be
negligible. 033 = 093 = 013 = 0, the stress-strain compliance relationship for an isotropic material

reduces to a simple 3 x 3 matrix, the compliance matrix is written as

€11 1 4 0 011

1
€0 | — E -V 1 0 099 | - (314)
2€12 0 0 2(1+v)| |ow

The stiftness matrix for plane stress is found by inverting the plane stress compliance matrix, and

is given by
011 1 v 0 €11
E
On| =17_,2 |V 1 0 € | - (3.15)
0192 0 0 v 2612

3.3.2: Hooke’s Law for Plane Strain

In the case of plane strain, where the strains in the z direction are considered to be negligible,

€33 = €93 = €13 = 0, the stiffness matrix reduces to a simple 3 matrix

€11 1—V2 —V(1+V) 0 011

1
| TF —v(l+v) 1-12 0 092 | - (3.16)
2€11 0 0 2(1+v)| |01

Inverting stiffness matrix gives compliance matrix, which is written as

o1 l—-v v 0 €11
E
= — . 3.17
012 0 0 1=-2v 2612
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3.3.3: Relations between Plane-stress and Plane-strain

Differences
* In plane-stress analysis, there can be strain in the thickness of the element. If the element
is stretched, it wll get thinner, and if compressed, it will get thicker. Plane-stress is gener-
ally suitable for the analysis of an element with relatively limited depth in the out-of-plane
direction. This analysis is typically offered only in structural or generic FE analysis software.
* Inplane-strain analysis, the deformation in the out-of-plane (thickness) direction is fully fixed
so no deformation could take place. Plane-strain is generally suitable for cross-sectional

analysis of elements of almost infinite depth in the out-of-plane direction.
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CHAPTER 4: MACHINE-LEARNED
CONSTITUTIVE MODE FOR SINGE

4.1: Introduction

This chapter introduces a data-driven modeling framework that extends the environmental damage
modeling presented in Chapter 2. The objective is to describe the coupled effects of mechanical
and environmental damage on elastomeric matrices using a hybrid micro-mechanical and machine
learning approach.

The elastomer matrix is modeled as a cooperative multi-agent system, where each agent is
implemented as a conditionally activated neural network. These agents are rigorously constrained
by the principles of thermodynamics and continuum mechanics. Compared to traditional physics-
based methods, the integration of neural network agents within the micro-mechanical framework
enables a new generation of hybrid models. These models retain the interpretability and simplicity
of classical micro-mechanics while leveraging the adaptability and computational efficiency of
machine learning.

It is important to note that the predictive accuracy of the proposed hybrid model depends heavily
on the quality and diversity of the training data.

The formulation of this model adheres to several key design constraints:

* The model is defined in terms of strain energy to ensure physical consistency;

* A micro-sphere approach is used to reduce the dimensionality from 3D to 1D representations;

* A network decomposition strategy is adopted to isolate different inelastic mechanisms;

» Each one-dimensional subnetwork is represented by an independent learning agent.

These elements together constitute a cooperative multi-agent framework for simulating the com-

plex response of elastomeric materials under coupled damage conditions.
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4.2: Cooperative Multi-Agent System

Continuum Mechanics In the finite deformation regime, strain energy-based constitutive mod-
els offer significant advantages over classical stress-strain relations. These models inherently sat-
isfy several key physical and mathematical conditions—such as normalization, growth behavior,
isotropy, objectivity, and polyconvexity—ensuring uniqueness and stability of the solution. More-
over, strain energy-based formulations can be directly verified against the second law of thermo-
dynamics, particularly through the Clausius—Duhem inequality. They are commonly constructed

with respect to various work-conjugate stress-strain pairs, including:

Two-point tensors: (F:P) —  F: deformation gradient, P: first Piola-Kirchhoff stress;
Material tensors: (E:S) —  E: Green-Lagrange strain, S: second Piola-Kirchhoff stress;

Spatial tensors: (L :T) —  L: Hencky strain, 7: Kirchhoff stress.

To address the challenge of incomplete data in modeling the finite deformation behavior of
elastomers, we adopt a physics-informed order-reduction strategy. This includes the microsphere
concept, network decomposition, continuum mechanics constraints, and polymer physics insights.
The result is a micro-mechanical model where deep-learned agents, embedded as neural networks,
represent 1D constitutive responses. These agents collectively capture the macroscopic behavior
of the matrix based on learned local rules.

Building on our prior work [44], we reuse the knowledge integration framework developed
for mechanically induced deformations, as illustrated in Fig. 4.1. The major innovation here is
the replacement of the original network structure with a new class of machine learning models—

conditional neural networks (CondNNs)—to define the learning agents (L-agents).
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Figure 4.1: Schematic of the proposed model from order-reduction to model fusion.

3D-to-1D Transition via Microsphere Concept In an undeformed (virgin) matrix, polymer

chains are assumed to be uniformly distributed in all spatial directions, reflecting initial isotropy.
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Using the microsphere approach, we represent the 3D matrix as a superposition of many 1D ele-
ments distributed over a unit sphere. The total strain energy is computed by integrating the direc-

tional contributions over the surface of the sphere:

Ny

1

U, =— [ W dST =) "w Wk with W =B, (4.1)
477' S i—1

where NV, denotes the number of integration directions, w; are the associated weights, and B%

represents a team of L-agents modeling the energy in direction d;. Each team comprises multiple

sub-elements:

Ns
Bh =" A (4.2)
j=1

where N, is the number of sub-elements per direction and .A;- is the L-agent representing a sub-
element’s contribution. In the virgin state, all directions are identical: B% = B%. As deformation
progresses, directional differences emerge, enabling the model to naturally describe anisotropy,

damage initiation, and failure propagation.

Polymer Matrix Microsphere Element

.— Sub-element 1—@

: @——{Sub-clement j [—@

Figure 4.2: Microsphere-based 3D-to-1D transition model.

Network Decomposition To capture the complex behavior of each 1D element, we apply net-
work decomposition, representing the total element response as the superposition of N, simpler

sub-element responses:
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N

Pyl — Z \I/?i, where .A; = 0 (4.3)

J
Jj=1

Combining with Eq. 4.1, the total matrix strain energy becomes:

Nag Ns Ng Ns

Uo 2D ) w08 =) 0wl (4.4)

i=1 j=1 i=1 j=1
Each sub-element behaves as a scalar-to-scalar function and is implemented via a simplified
feed-forward neural network. The resulting first Piola—Kirchhoff stress tensor is derived using the

chain rule with respect to the deformation gradient:

a‘llm =T et 8'/4; =T

i=1 j=1

where p is the Lagrange multiplier enforcing incompressibility.

4.3: Mechanical and Environmental Damages in Polymers

In general, elastomer degradation is caused by two types of stresses: mechanical, such as deforma-
tion, vibration, and relaxation, and environmental, such as thermal aging, hydrolysis, and photo-
oxidation.

Deformation-induced damage: One good example of mechanical damages is the Mullins ef-
fect, where the matrix softens after the first stretch [34, 109, 120]. This phenomenon happens in
filled rubber polymers, not all polymers. There are multiple sub-structural changes in the matrix
that are formed due to mechanical damages, such as chain breakage in the filler interface, chain
disentanglement, molecules slipping, and rupture in the cluster of fillers [13, 53], which are sum-
marized in Fig. 4.3.

Environmental damage occurs mostly due to changes in the chemical micro-structure of the
matrix, which occurs due to competition or collaboration of multiple sub-mechanisms. For exam-
ple, thermal aging is widely considered as the competition between cross-link formation mechanism

and chain scission mechanisms, where the former makes the matrix stiffer by inducing new bonds.
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Figure 4.3: Schematic of polymer matrix change alongside with deformation-induced damage,

which include breakages of chain crosslinks, chain scission, bond rupture, desorption of chains,
slippage of chains, absorption of chains, and filler rupture.

In contrast, the latter makes it softer by debonding polymer chains from the system (Fig. 4.4). The
rate of polymer chain scission and cross-links formation defines that the material should become

brittle or ductile, although in both cases, the matrix experiences damage [86].
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Figure 4.4: Schematic of polymer matrix change alongside with environmental-induced damage.
Environmental-induced damages include chain scission, cross-links formation and reduction.

Thermo-oxidative kinetics: During thermo-oxidative aging, the rate of chemical oxidation

can be characterized as

. R (4.6)

[P] is the chemical compound concentration of P, k is the reaction rate coefficient, and ¢ is the
reaction order. The chemical reaction governing a degradation process is commonly described
using first-order kinetic equations (¢ = 1). Furthermore, k is just a function of temperature in the
presence of homogenous conditions, low stretches during aging, and no diffusion-limited oxidation.
The major cause of alterations in the polymer matrix is chemical interactions between the polymer

backbone and oxygen during thermal-induced aging [43, 69, 88].

Networks and Subnetworks Each network is considered to have a unique composition and de-

scribes a different energy-dissipating damage mechanism. Using the concept of micro-sphere, each
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network is considered as a 3D composition of infinite 1D subnetworks that are distributed in all
spatial directions. Subnetworks can only be subjected to uniaxial deformation and thus will expe-
rience different deformations based on their directions. To develop a model for the subnetwork
in direction, only a simplified form of entropic energy is needed with respect to uniaxial deforma-
tion. Integrating a subnetwork in all directions, the consequent network is a representation of that
concept in a 3D configuration. The similar concept will be used for training of the neural network.

As a result, network decomposition helps us describing the complex behaviour of a 1D element
as the super-position of the simple behaviour of N, sub-elements, where ¥,,% = ZNS W%, Here,
each sub-element is responsible for one or no inelastic behaviour. Assigning L-agent to each sub-
element, .Ai« = \I/j"" , an element behaviour is described by a team of cooperative L-agents B% =
ZNS AZ Consequently, by substituting Eq. 4.1, we can extract the energy of the matrix directly

with regard to sub-elements and the L-agents as

v, = 47 v,,%dS" = Z Z with; 4 = Z Z w; AL (4.7)

=1 j5=1 i=1 j=1

Considering each sub-element is represented by an L-agent, the super-simplified scalar-to-scalar
mapping behavior of a sub-element can be modeled by a simplified feed-forward neural network.
Summarizing the implemented constraints, the first Piola—Kirchhoff stress tensor P can be derived

on the basis of Eqn. 4.6 and Eqn.4.7, as

B, Ng Ns aAz

P= 8—1;" - =y Zw, F7 (4.8)

=1 j5=1
where p signifies the Lagrange multiplier to ensure incompressibility of the material.

4.3.1: Conditional Neural Network (CondNN) L-Agent

There is a new family of hybrid machine learning algorithms known as conditional neural networks
(CondNNps) for problems in which the outputs are not only dependent on past occurrences, e.g., de-

formation effects on the matrix, but also on external actions, e.g., temperature and time of aging
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effects on the polymer matrix. This new algorithm has been derived by the combination of general
neural network and decision tree concepts (see [63,110]). A routed behavior is a feature of decision
trees; the data is sent to one or more children based on some learned routing function. This condi-
tional computation means that we can infuse the knowledge in the model. Meanwhile, throughout
many tasks, NNs achieve industry-leading precision for learning, but decision trees have the ability
to infuse the knowledge into NNs. In other words, CondNNs are decision trees with the exception
that instead of moving the data as is, each node applies a non-linear transformation to it. We can
also forward the data to one or more of its children using routers.

In order to design an L-agent which can model mechanical and environmental damage in the
polymer matrix, we use CondNNs as a new hybrid framework. The feed-forward L-agents consist
of NNs followed by a fully connected layers, which the first branch represents the mechanical
damage in the polymer matrix. The resulting features are then combined multiplicatively with the
second branch of NN followed by fully connected layer that represents environmental damage in

the matrix (see Fig. 4.6).

- Neural Network Architecture The architecture of the neural network (Fig. 4.6) is determined
through the summary of the hyperparameters: (i) number of hidden layers, n; (network depth), (ii)
number of neurons per hidden layer, n,, (network width), (iii) activation function.

Activation function : The activation function of a node in artificial neural networks determines
the output of that node given input or a set of inputs. This is similar to the linear perceptron’s
behavior in neural networks. However, only nonlinear activation functions allow such networks,
using only a small number of nodes, to measure non-trivial problems, and such activation functions
are called non-linearities. Choosing the activation function has a significant impact on the neural
network’s capacity and efficiency, and various activation functions can be used in different sections
of the model. Based on the type of neural network architecture, the activation function used in
hidden layers is usually chosen. If we are unsure which activation function to use for our network,
we try and compare the results to find the best ones. We have done the same procedure in this study.

Note that the choice of activation function in the hidden layer will control how well the network
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model learns the training dataset. Also, the effect of choosing different activation functions has not

a significant effect on training time [91].
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Figure 4.5: a) ReLU(Rectified Linear Unit), ELU(Exponential Linear Unit) and tanh activation
functions, b) first derivatives of activation functions, and c) second derivatives of activation
functions [61].

For training of the described problem, it is crucial to use activation functions tailored to the
underlying physical output quantities. Using physics-based rationale, an activation function with
a positive output parameter for tension and a negative output parameter for compression and non-
zero derivative (which is important in physics-based neural networks) is an obvious choice. For
all hidden layers, the hyperbolic tangent function is used, which is a preferable activation function
due to its smoothness and non-zero derivative.

Note that Rectified Linear Unit activation function or ReLU for short is a piecewise linear
function that will output the input directly if it is positive, otherwise, it will output zero. Also, The
Exponential Linear Unit (ELU) is an activation function for neural networks. In contrast to ReL.Us,
ELUs have negative values which allows them to push mean unit activation closer to zero.

The L-agent response is computed using a feed -forward algorithm for a given set of hyper-

parameters (1, n,,). Each L-agent can be represented by a CondNNss as
Al = D%(EN (M}, Sf) D% =CNN(W,E'), P = CNN,,, (W, My, §;"), (4.9)

where @Z);’i represents the energy of deformation-induced damage part and D% is related to envi-
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ronmental damage of one sub-element. Similarly, two weight matrices W,,’ = [Wm{... Wmf;” +J

and W, = [W,,.. W,

enm} are related to weight matrices of mechanical and environmental damage

CondNNs, respectively. Here, ¢/ (M}, S;') is trained on the basis of a non-kinematic input sets M;’
and internal parameters Sf for the mechanical damage CondNN. Selection of internal parameters
depend on (full or recent) material memory. Also, the input vector E* should represent the setting
of the problem related to environmental damage such as temperature and time of degradation.
Normalization, conditions of growth, isotropy, objectivity, and poly-convexity are already sat-

isfied in the proposed equation (Appendix).
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Figure 4.6: Schematic of a neural network with physics-informed engineered features to learn the
effect of environmental aging on the mechanical Behaviour. This is referred to as CNN in this
study.

- Model parameter identification The parameters of the CondNN model are identified using
a Gradient descent algorithm. A data collection consisting of n data points is the basis for model
recognition. Loss function was defined with respect to the difference between target values, AKA
experimental data, and approximated value, AKA CondNN output. Here, we define the loss func-

tion £ Mean Squared Error (MSE) for a total of n;, data points as

2
1 Mot Ng Ns aAz

LWL . Wi W) = 5 > e ZZ“%TFJ —pF T | g —P1| | (4.10)
n=1 i=1 j=1

where P! := g Pg, is the first component of the experimental macro-scale stress tensor P, in

loading direction g, for point n.

39



4.4: Validation: Environmental + Mechanical Damages in Rub-

ber

Here, the proposed hybrid model is developed and validated for two different loading scenarios

1. Thermal-induced aging + Mechanical deformation (Mullins effect)

2. Hydrolysis (desalinated water) + Mechanical deformation (Mullins effect)
In both cases, the model was benchmarked against experimental data to predict the inelastic behav-
ior of cross-linked elastomers for different states of deformation at different stages of aging. We
also validated the model predictions for different coupling scenarios for mechanical and environ-
mental damages, namely

- Intermittent test where the sample has been aged first with no stress, and then the mechanical
behaviour is characterized

-Relaxation test where the samples were loaded and aged at constant deformation and the drop
in the stress has been recorded.

In both cases, the predictions were validated against four main variables the effect of (i) defor-

mation, (ii) deformation history, (iii) aging time (¢), and (iv) aging temperature (6).

4.4.1: Network Architecture

Wwe used identical engines; a relatively simple engine built by NV; = 21 teams, where each team
had Ny = 2 agents [38]. Note that the number of teams and their related agents can be chosen
based on the trade-off between accuracy and computational cost. In other words, we consider 21
teams because it is a small number for estimation of the integral with a summation. As a result, it
guarantees that the proposed model error in prediction is excellent even in a small number of teams.
To capture all deformation states, we used only two agents, each of which is representative of the
first and second invariants of the Green-Cauchy deformation tensor. For the CondNNs structure of
L-agents, we considered one input layer, one hidden layer with four neurons and three activation

functions soft plus ¢)(e) = In(1 + e*), sinusoid ¢)(e) = sin(e) and hyperbolic tangent )(e) =
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tanh(e).

The internal parameters of L-agents were built via A _,,,, parameters to capture the deformation
of the rubbers with full memory. In order to allow teams to predict various deformation states, the
first and second deformation invariants were supplied to each team [30, 74]. The condition was

satisfied by providing input sets into the first and second L-agents as

ME =D, SE =] ER =6, MY = [ SE =[] B = 6] @)

max max

while

/\di — /diCdia Vdi — /dic—ldi7 C = FTF7 (4.12)

where [d;],_, N, is integration directions in micro-sphere, \% and 1 are related to I; and I, as the
first and second invariants of C, respectively.
In summary, the rubber matrix was represented by a cooperative game of 21 teams of 2 agents

through A%, i € {1,21}, j € {1,2}. After agent fusion, the final cost function is given by

1 . a; _
LW Wi We) = 53 (1Y D> wie—g e = 0F gy = PP, (4.13)

n=1 =1 j=1
subjected to weights related to A\, and v,,,, < 0, and weights related to A and v > 0 to satisfy
thermodynamic consistency and poly-convexity, respectively. Accordingly, the energy of each sub-

element can be written with respect to the deformation gradient F as follows

21 21

04 1
L (40 d), 4.14
2 N N (d;  d;) (414)

o, DAL X
- 'O\ OF

1=

21 21

(9./4’2 al/di aA% 1 AT y—1
T N T R R TR (4 0 d). 4.1
2 Wis i F 2 Win (d; ® d;) (4.15)

4.4.2: Step 1: CondNN Training in the absence of aging
To investigate the performance of the proposed model in the material in the absence of aging, we
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benchmarked the inelastic features in the behavior of natural rubber, namely Mullins effect and per-
manent set. Figure 4.7 shows stress-stretch curves for this cross-linked polymer with experimental
data of [80]. We used one set of bi-axial loading-unloading until A = 2.7 for training and predicting
inelastic effects in different states of deformation, e.g., uniaxial and pure shear at increasing stretch

amplitudes which constitutes deformation histories.
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Figure 4.7: Model training and prediction of bi-axial, pure shear, and uni-axial(Urayama’s
dataset [80]). Dash lines stand for fitting and solid lines stand for prediction. The biaxial dataset
which have been showed with the blue line used for training and of the model. The black lines in

bi-axial, shear, and uni-axial datasets show the performance of the model in prediction after

traming.

4.4.3: Case Study : Thermo-Oxidation + Mechanical Damage

Polyurethane A bone form punch was used to punch dumbbell samples in compliance with
ASTM D412 standards. The reason that we are using dog-bone samples is that in this shape, when
we put the extensometer in a specific location of that sample, we are sure that it gives us one com-
ponent of the deformation matrix, for example, x-x direction. But in complex shapes, several com-
ponents of stress tensor participate; so, it is not possible to see the effect of each component with
an external extensometer. Three different temperatures, 60°C', 80°C', and 95°C), in zero humidity
level, were used to age the samples. The performance of the invented model was determined using

the results of the uni-axial tensile failure tests. Fig. 4.8 depicts the evaluation’s related findings.
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Figure 4.8: Training and model predictions for polyurethane against intermittent test; (a) at 60°C,
(b) at 80°C, (c) at 95°C'. Dash lines stand for fitting and solid lines stand for prediction. The black
(unaged) and red points in the Fig. a), the black (unaged) and blue points in Fig. b), and the black
(unaged) and green points in the Fig. ¢) have been used for training. The solid lines show the
performance of model in prediction after the training.

Silicon Adhesive To assess the model’s capabilities, we compared its predictions to our exper-
imental results, which were specifically developed to demonstrate the effect of chemical aging
on the constitutive response of silicone adhesive. In this case, samples were placed in ovens at
temperatures 60°C', 80°C', and 100°C' with a relative humidity of zero (i.e. RH= 0%). All of the
specimens were aged under constant pressure, and after a set amount of time, they were removed
from the containers and dried with tissue paper. The predictions of the proposed model against the
experimental data for different types of aging and different amount of aging times, temperatures,

and deformations are plotted in figure 4.9.
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Figure 4.9: Training and model predictions for silicone adhesive against intermittent test; (a) at
60°C, (b) at 80°C, (c) at 100°C". Dash lines stand for fitting and solid lines stand for prediction.
The black(unaged) and green points in the figure a), the black(unaged) points in figure b), and the
black(unaged) and green points in the figure c) have been used for training. The solid lines show
the performance of model in prediction after the training.

Note that the model is able to predict the behavior of elastomers even in the stretch greater than
4. Thermo-oxidative aging makes the samples brittle. As a result, the failure point for samples
happens on the less stretch. So, because the focus of the proposed model is on the behavior of aged
materials we showed the performance of the model till stretch less than 4. In addition, the kernel

of model is the same even for higher stretches. So, the model works for higher stretch as well.

4.5: Conclusion

The aim of this chapter was to propose a novel physics-informed hybrid framework to capture the
relation between elastomeric network mechanics and environmental damage. The proposed model

is used to describe the effect of single-mechanism aging, such as thermal-induced or hydrolytic
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aging, on the behavior of the material in this hybrid system. Huge chain scission, cross-link re-
duction, chain formations, and changes in polymer morphology are all examples of environmental
single-mechanism damages that alter the polymer matrix over time. In other words, this model is
a predictive model and not a descriptive model. As a result, it can provide prediction in a frac-
tion of time and cost to the end-users for the reliable design of components. Although, The model
cannot be used to understand or explore kinetics. By extracting micro-structural activity from
macroscopic experimental data, the data-driven approach aims to overcome the shortcomings of
both phenomenological and micro-mechanical models.

The model arises from polymer physics and an order reduction strategy ending to the con-
strained L-agents training. The polymer matrix was described by a cooperative multi-agents system,
in which each agent is represented by a simple deep-learned CondNN that is super-constrained by
laws derived from physics, thermodynamics, and continuum mechanics. While satisfying the con-
tinuum mechanics and thermodynamics rules, the proposed hybrid model is quite simple for the
most rubbery media in the extreme environment.

The excellent performance of the proposed method was proven by validating against different
experimental data on different materials that are particularly selected to reveal the evolution of
inelastic behaviour during single mechanism agings. The efficiency of the model was found sat-
isfactory, and in some cases, excellent when compared with the experimental data. “’In general,
the error of our model in training and prediction is less than 10%.” Accuracy and simplicity of the
model make it a proper choice for commercial and industrial application because we do not need
to know the exact behavior and interaction of micro-structures; however, in the future, the model
can be extended to consider viscoelasticity and non-isotropic formation for better precision due to
platform of the model. Besides, note that the proposed model focus is on the mechanical behavior
of the material during degradation, not lifetime prediction. Also, the performance of the proposed
model is completely dependent on the dataset that we choose for training. It is axiomatic that if we

increase the available dataset for training, the predictionability of the model is more accurate.
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CHAPTER §: FINITE ELEMENT
ANALYSIS

5.1: Introduction

The study of polymer mechanics focuses on the relationship between the mechanical response of
polymers and externally applied forces. This field plays a crucial role in the design, optimization,
and prediction of the mechanical performance of polymer-based components used in a broad range
of engineering applications.

Historically, polymers were considered inexpensive materials with limited structural applica-
tions. However, advances in theoretical modeling and experimental techniques have repositioned
polymers as high-performance, reliable, and tunable materials. These developments, coupled with
a better understanding of polymer behavior under different loading and environmental conditions,
have expanded their role in critical engineering systems.

Traditional mechanical analysis techniques such as closed-form solutions were largely limited
to simple geometries and loading scenarios. With the advent of modern computational tools, the
Finite Element Method (FEM) has become the predominant technique for simulating and analyzing
the mechanical behavior of polymers. The widespread availability of commercial FEM software
packages has made it possible to solve complex geometries with nonlinear material behavior. Nev-
ertheless, the use of such tools demands careful modeling assumptions, validation, and physical
insight to avoid erroneous results.

This chapter provides a comprehensive overview of finite element modeling strategies for poly-
meric materials, emphasizing nonlinear formulation, hyperelastic constitutive models, and consis-

tent tangent stiffness derivation for robust computational implementation.
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into basic deformation

Analysis Method Strengths Limitations
Linear Elasticity Computationally  efficient; | Inadequate for complex ge-
provides analytical insight | ometries, nonlinearities, or

time-dependent behavior

FE with Basic Material
Model

Captures  nonlinear  ge-
ometries; straightforward
implementation

Poor predictive accuracy for
large strain or rate-sensitive
effects

FE with Advanced Mate-
rial Model

Captures nonlinear geometry
and material responses with
higher accuracy

Requires extensive calibra-
tion and high computational
cost

Table 5.1: Comparison of common analysis methods for polymer mechanics.

5.2: Nonlinear Equilibrium and Directional Derivatives

The governing equations in finite deformation mechanics typically take the form of a nonlinear
boundary value problem. To solve these equations numerically, iterative approaches such as the
Newton-Raphson method are used. Central to this approach is the concept of the directional deriva-

tive, which enables the linearization of nonlinear equations.

5.2.1: Concept of Directional Derivative

Consider a two-spring system with total potential energy defined as
Lo, 1 2
H()C) = §k}$1 + 5/{3(.%'2 - Il) - FSL’Q, (51)

where x = [, x5)7 and F is the applied load. For a small displacement increment u = [u; us]?,

the change in potential energy can be approximated by the directional derivative:

DIl(x)[u] ~ II(x + u) — I(x). (5.2)
Using Taylor expansion, the directional derivative becomes:
d T
DII(x)[u] = e (x + eu) = u" (Kx — F), (5.3)
€ le=0
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where the stiffness matrix is given by:

K= . (5.4)

Kx = F. (5.5)

5.3: Newton-Raphson Linearization

To solve a general nonlinear system R(x) = 0, the Newton-Raphson method approximates the

residual at each iteration using a first-order Taylor expansion:
R(x)+1) = R(xy) + K(x)u = 0, (5.6)

= K(xp)u = —R(xy), Xp4y1 =X, +u. (5.7)
Here, K is the tangent stiffness matrix:

OR;
an '

5.4: Tangent Stiffness Matrix in Finite Element Analysis

For a typical finite element, the tangent stiffness matrix is assembled from element-level contribu-

tions:

Kaa Ka
K© = DT (x)[u] = | (5.9)
Kpo K

where T® is the internal force vector, and u is the displacement increment.
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5.5: Hyperelastic Constitutive Models

In hyperelastic materials, stress is derived from a strain energy density function WV (F) that depends

on the deformation gradient F:
oV

P_a_F"

(5.10)

For incompressible materials, the constraint detF = 1 introduces a Lagrange multiplier p, lead-

ing to:
ov
P=—pF '+ .
PE -t 5F
The second Piola-Kirchhoff stress S then becomes:
ov
S=-pC'4+2—.
PE Tt 25¢

5.6: Elasticity Tensors

(5.11)

(5.12)

To linearize constitutive models in Newton-based solvers, one defines the elasticity tensor C:

0*w
dCoC”

dS=C:dE, C=4

5.7: Isotropic Hyperelasticity

For isotropic materials, the strain energy depends only on the invariants of C:

\If == \I]([C7[[C7II[C)7

S =2U;I+4V,;C+ 2J2\I/IHC717

where W; = 0V /01, and so on.
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5.8: Spatial Form of Stress Tensor

The Cauchy stress tensor is recovered via:

1
o= 7FSFT. (5.16)

Alternatively, using spatial derivatives of W(b), one may compute:

—9J 17" p. 1
o=2J 8bb (5.17)

5.9: Incompressible Hyperelasticity

In incompressible cases, the strain energy formulation becomes:
U =U(F)—p(J—-1), (5.18)

and the constitutive relation for S must satisfy the incompressibility condition. Using the consis-

tency condition on allowable strain rates, the general form becomes:

o B
S =200 +7JC, (5.19)

where 7 is related to hydrostatic pressure p by:

2 00
p=q+J7

3/ 50 C (5.20)

5.10: Finite Element Implementation Using UMAT

The Finite Element Method (FEM) enables the integration of custom material models using user-
defined subroutines. In Abaqus, the UMAT interface (User MATerial) allows users to implement

constitutive laws written in Fortran, facilitating advanced material behavior beyond the built-in
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options.

5.10.1: Role of UMAT in Nonlinear Finite Element Analysis

For finite deformation problems, accurate stress integration and consistent tangent stiffness are
essential for the convergence of Newton-Raphson iterations. The UMAT must return two key outputs
at each integration point:

* The second Piola-Kirchhoff stress tensor S.

* The algorithmic tangent modulus tensor C = g—;

The input and output quantities are typically defined in the material (Lagrangian) configuration,

consistent with the total Lagrangian finite element formulation.

5.10.2: Inputs and Outputs of UMAT

The inputs passed to UMAT by the FEM solver include:
* Current deformation gradient F.
* Strain increment AE.
+ State variables (internal variables).
» Temperature, time increment At, and material constants.
The subroutine must compute:
» Updated stress tensor S.
+ Updated internal state variables.

* Consistent tangent modulus C for global system assembly.

5.10.3: Constitutive Consistency in UMAT

The stress update in hyperelasticity is typically defined as:

A
S=—pC'4+2— 521
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where C = FTF is the right Cauchy-Green deformation tensor, and W is the strain energy density
function.
The consistent tangent modulus is computed as:

0*W

©=15cac

(5.22)

ensuring that the linearization of the residual vector R(x) matches the expected directional deriva-
tive:

DR(x)[u] = C : JE. (5.23)
This guarantees quadratic convergence in Newton-Raphson iterations.

5.10.4: Benefits of Using UMAT

Feature Advantages

Custom Constitutive Modeling | Implementation of rate-dependence, damage,
aging, or experimental formulations

Direct FEM Coupling Allows stress updates and tangent moduli to be
synchronized with global solvers

Research Flexibility Enables prototyping of novel theoretical models
for polymers and composites

Robustness Improves convergence for complex nonlinear
problems with large deformations

Table 5.2: Advantages of implementing material models via UMAT.

5.10.5: Practical Considerations for UMAT Development

Developing a reliable UMAT routine requires:
* Rigorous derivation of the stress and tangent modulus consistent with the strain energy func-
tion.
* Verification against standard benchmarks: uniaxial, biaxial, and shear tests.

* Careful treatment of incompressibility, internal variables, and numerical stability.
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Neglecting the consistent tangent modulus or implementing an inconsistent formulation can

lead to poor convergence behavior, especially for nearly incompressible or large-strain materials.

5.11: Summary

This chapter introduced the nonlinear finite element formulation for polymer mechanics, covering
the derivation of the directional derivative, Newton-Raphson linearization, tangent stiffness matri-
ces, and hyperelastic constitutive laws. The mathematical foundations established here are essential
for implementing robust user-defined material models (UMATSs) and for the accurate simulation of
polymeric behavior under large deformations. The integration of user-defined constitutive models
via the UMAT subroutine extends the versatility of finite element solvers, allowing for more accu-
rate and physically motivated simulations, especially when dealing with complex phenomena such
as environmental degradation, aging, and damage evolution in polymers. When combined with
rigorous continuum theory and consistent linearization strategies, the UMAT interface serves as a

powerful bridge between advanced material model and commercial software.

53



CHAPTER 6: INERT THERMAL AGING

6.1: Abstract

This study presents a micro-mechanical model developed to investigate the effects of thermal
aging—excluding oxidative influences—on the constitutive behavior of cross-linked polymeric
systems, with a focus on elastomers. The model accounts for the simultaneous and competing
processes of chain scission and cross-linking that occur during aging. Although both mechanisms
are active, one typically dominates, leading to distinct changes in material properties. The cross-
link density may increase or decrease depending on the reaction kinetics, which are governed by
temperature and exposure duration.

The goal of this modeling effort is to develop a mechanistic understanding of how thermal ag-
ing influences the mechanical response of cross-linked polymers and to integrate this understand-
ing into a computational framework. By explicitly capturing the interplay between chain scission
and cross-linking, the model enables accurate prediction of the evolution of material properties
over time. To facilitate practical application, the constitutive model is linearized for implementa-
tion within a finite element method (FEM) framework. This includes derivation of the consistent
tangent modulus to ensure numerical stability and convergence during nonlinear simulations. The
resulting model has been implemented in a FEM environment, allowing for simulation of thermally
aged polymer behavior in complex geometries and loading conditions relevant to engineering ap-
plications.

By isolating inert thermal aging from oxidative effects, this work sheds light on fundamental
aging mechanisms specific to elastomers. The insights gained have practical implications for ma-
terial development and can inform improved design practices in applications where elastomeric

durability is critical.
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6.2: Introduction

The space environment poses a complex set of challenges for material systems, characterized by
extreme vacuum, temperature fluctuations, radiation, plasma, and microgravity. Polymers exposed
to such conditions inevitably undergo aging and degradation, leading to progressive deterioration of
their mechanical, physical, and chemical properties. Over time, these changes compromise material
functionality, making durability and environmental resistance essential for polymeric components
in space applications.

This chapter introduces the harsh conditions encountered in space and their implications for
the long-term performance of polymeric materials, with a focus on adhesives and elastomers. Key
degradation mechanisms—such as thermal cycling, mechanical stress, electromagnetic radiation,
and ionizing particles—are reviewed in the context of their influence on the structural and func-
tional integrity of polymers. This background provides a foundation for material selection, perfor-
mance prediction, and reliability assessment in space systems.

Materials used in space must withstand unique stressors including thermal cycling, high vac-
uum, atomic oxygen, radiation, micrometeoroids, and debris impacts ( [18]). Elastomeric materials,
in particular, are susceptible to aging from various environmental influences such as heat, humidity,
radiation, and chemical exposure ([114]; [23]). Among these, thermal aging—caused by prolonged
exposure to elevated temperatures—is recognized as one of the most significant contributors to
long-term degradation.

Extensive prior research has examined thermal aging in rubbers and cross-linked polymers.
The resulting changes in network structure are influenced by factors such as monomer composi-
tion, initial curing systems ( [22]), and aging conditions ( [93]). Moreover, the mechanical loading
state during aging has been shown to significantly affect material response ( [84]; [97]). Addi-
tional investigations have addressed aging-induced cross-linking, chain scission, and accelerated
degradation mechanisms ( [105]; [76]; [12]).

A series of works ( [45]; [46]; [66]; [65]; [64]) have modeled the thermo-oxidative behavior

55



of polymers by incorporating diffusion-reaction processes and mechanical coupling into thermo-
dynamically consistent frameworks. These models account for the evolution of internal variables,
such as the formation or degradation of cross-links and chain scission events, highlighting the com-
plex interplay between chemical and mechanical factors in aging ( [68]; [87]).

An alternative approach to understanding aging mechanisms is through monitoring molecu-
lar weight changes and distributions throughout degradation ( [73]). Under inert thermal condi-
tions, degradation can involve cross-reactions between macromolecules and low-molecular-weight
species, potentially enhancing or diminishing thermal stability depending on the reactivity of inter-
mediates.

Thermal aging induces microstructural transformations in polymers. For instance, high tem-
peratures can cause chain scission, leading to the coexistence of soft and hard phases within the
polymer matrix ( [1]; [104]). These changes manifest as modifications in chemical composition,
chain conformation, molecular weight, cross-link density, and the behavior of functional groups.
The following aspects are particularly affected:

* Chemical Composition: New species may form, altering the polymer’s chemistry.

* Chain Conformation: Spatial arrangements of polymer chains shift under heat.

* Molecular Weight and Distribution: Chain scission leads to shorter chains and broader

distributions.

* Cross-Linking and Branching: Additional cross-links or branched structures may form.

* Functional Groups: Their reactivity and distribution may change with temperature.

Cross-linked polymers generally exhibit improved thermal stability due to the need for multiple
bond breakages for degradation to occur ( [98]).

The goal of this research is to develop a predictive micro-mechanical model capable of es-
timating the inelastic behavior of cross-linked polymers subjected to thermal aging. The model
assumes homogeneous aging—an appropriate condition for ultra-thin samples aged in oxygen-free
environments—allowing a focused investigation into the aging phenomena specific to inert thermal

degradation.
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6.3: Mechanical and Experimental Damages in Polymers

Cross-linked elastomers result from the extensive interconnection of polymer macromolecules
within a limited volume. Typically, the deterioration of elastomers can be linked to two primary
categories of forces: mechanical stresses like deformation, vibration, and relaxation, and deteriora-
tion stemming from diverse environmental factors, including elevated temperatures, immersion in

water, and exposure to ultraviolet (UV) radiation.

6.3.1: Deformation-Indeced Damage:

Material deformation frequently arises as an outcome of various mechanical stresses. These stresses
can induce several sub-structural alterations within the matrix, encompassing phenomena like chain

breakage, molecular displacement, and filler ruptures. These effects can be consolidated as follows:

Fig. 6.1.

Bond rupture
Molecules slipping

C
—_—
A
B

Filler rupture

Figure 6.1: Schematic of polymer matrix change alongside with deformation-induced damage,

which include breakages of chain crosslinks, chain scission, bond rupture, desorption of chains,
slippage of chains, absorption of chains, and filler rupture.

AI

6.3.2: Environmental Damage:

This type of damage primarily stems from alterations in the chemical microstructure of the matrix.

It can manifest as a result of the interplay between multiple sub-mechanisms, such as chain scission
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and cross-linking, either in competition or collaboration. (see Fig.6.2). The relationship between

Cross-linking

Scission
e  Cross-link
©  Active site
—_ ( 555 @®  Filler
Inert thermal aging
Unaged Network Aged Network

Figure 6.2: Schematic of chain scission and cross-linking processes.

tensile strength and crosslink density, before and after aging, is presented in Fig.6.3. The data reveal
a distinct peak in the tensile strength of NBR samples as crosslink density increases. This trend
can be attributed to two competing effects. Initially, increasing the crosslink density enhances the
number of junction points within the rubber network, which improves the uniform distribution of
applied stress and leads to higher tensile strength. However, beyond a certain threshold, further
crosslinking reduces the average molecular weight between crosslink points, resulting in stiffer
chain segments and the development of localized stress concentrations. This structural rigidity

ultimately diminishes the material’s ability to deform, causing a decline in tensile strength.
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Figure 6.3: Tensile strength vs. Crosslink density of NBR vulcanizates before and after thermal
aging [54].
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Figure 6.4: Mass loss curves as a function of temperature via TGA under inert and oxidative
environment [70].

6.4: Thermal Aging Mechanisms and Experimental Observations

6.4.1: Competing Mechanisms: Chain Scission vs. Crosslinking

A marginal increase in material hardness during aging presents an interpretive challenge: it is often
unclear whether this change stems from a subtle increase in crosslink density or from the simul-
taneous occurrence of both chain scission and crosslinking. In this study, we assume that both
mechanisms act concurrently, though one may dominate depending on the aging conditions.

As highlighted by Zaghdoudi et al. [119], chain scission reactions tend to reduce crosslink den-
sity, leading to material softening and degradation of elastic properties. In contrast, crosslinking
during aging typically results in increased stiffness and can lead to brittleness. Our model aims to
capture the combined effects of these opposing processes to accurately characterize material evolu-
tion under thermal aging. By identifying the dominant mechanism, we seek to improve predictions
of long-term mechanical performance in cross-linked polymer systems.

The theoretical basis for quantifying these effects can be traced to the work of P.J. Flory, who

used statistical mechanics to relate the elastic modulus of a polymer in the rubber phase to the num-
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Figure 6.5: Evolution of the weight percentage loss as a function of the aging time (in days) for
CFRP samples [70].

ber of elastically effective chains. This relationship establishes a direct link between macroscopic

mechanical properties and underlying crosslink density.

6.4.2: Case Study: Thermal Vacuum Aging of Adhesives

Experimental data from Chen et al. [17] provide insight into how thermal aging under vacuum
conditions affects polymeric adhesives. In their study (see Fig.6.6), various commonly used curing
adhesives were exposed to a high vacuum (< 1073 Pa) at a temperature of 90°C for 48 hours. This
procedure simulated the combined effects of thermal and vacuum environments encountered in
aerospace applications.

Post-aging analyses revealed a marked reduction in tensile strength across all adhesives tested.
This degradation is attributed to the outward diffusion of small molecules, which led to microvoid
formation near the surface and weakened the adhesive’s resistance to tensile failure. The degree of
mass loss was found to correlate strongly with reductions in mechanical performance, indicating a
direct link between molecular migration and structural integrity.

Interestingly, the elastic modulus increased following aging, particularly in condensation-type
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silicone rubber and epoxy-based adhesives. This increase is attributed to additional crosslinking
reactions involving residual hydroxyl groups in the polymer network. Under thermal vacuum condi-
tions, these groups reacted with trace water molecules, promoting further intermolecular crosslink-

ing, increasing molecular weight, and resulting in a stiffer material.
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Figure 6.6: Tensile stress and strain before and after thermal vacuum aging; (a) condensation-type
silicone rubber, (b) addition-type silicone rubber, (¢) epoxy resin adhesive, (d) acrylic resin
adhesive [17].

The polymer utilized in the research conducted by Tcharkhtchi and colleagues [104] was a
polyurethane supplied by the RAIGI Company, located in Rouvray-Saint-Denis, France. To initiate
the aging process, the samples were placed within autoclaves that had been purged with argon
for a few minutes to establish an inert atmosphere. Subsequently, they were subjected to constant
temperatures of both 85°C and 120°C. To ensure temperature stability, the autoclaves’ temperatures
were closely monitored and recorded throughout the study.

Tensile tests were performed using an Instron machine equipped with 10 KN load cells, and the
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strain rate was set at 50mm /min. The dimensions of the test samples were as follows: 115 mm
in length, 10 mm in width, and 4 mm in thickness. Figure 6.7 illustrates the impact of aging on
stress-strain curves obtained from these tensile tests. The variation in tensile stress levels can be
observed at different stages during the polymer aging process:

* During the initial phase, there was a notable increase in Young’s modulus and stress at the
breaking point after the post-cross-linking process. This observation indicates that the poly-
mer was not fully cross-linked prior to the aging process.

* In the subsequent phase, both Young’s modulus and stress at the breaking point exhibited a
decrease, ultimately returning to their initial values and stabilizing. This phenomenon can
be attributed to the rise in critical molecular weight and the reduction in cross-link density,

primarily as a consequence of chain scission within the polymer network.
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Figure 6.7: Stress-strain curves of the polyurethane at different stages of aging; (a) at 85°C), (b) at
120°C' [104].

The test procedures outlined by Ozmen and detailed in their study ( [90]) were carried out on PMR-
15 neat resin, with no pre-existing thermal aging. The experimental investigations encompassed
strain-controlled tests focused on tension-to-failure behavior, involving monotonic loading with
varying strain rates. Specifically, the influence of strain rate was examined in tension-to-failure

tests conducted at consistent strain rates of 10%,s71, 10°,s71, 10%,s71, and 103, s
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Figure 6.8: Stress-strain curves for PMR-15 Specimens aged at 316°C' in Argon Obtained in

Tensile Tests to Failure for aging time: (a) 50 hours, (b) 100 hours, (c) 250 hours, (d) 500 hours,
(e) 1000 hours [90].
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Figure 6.9: Evolution of tensile strength as a function of thermal aging time (in days) of CFRP
samples [70].

6.5: Reaction Kinetics and Modeling Assumptions

To construct a predictive micromechanical model for the thermal aging of cross-linked polymers,
it is essential to characterize the underlying reaction kinetics and molecular architecture evolution
under inert (oxygen-free) conditions. Thermal degradation in such systems typically involves two
concurrent and competing mechanisms: chain scission and crosslinking. Both processes exhibit

strong temperature dependence and influence the material’s mechanical performance.

6.5.1: Temperature-Dependent Reaction Rate Modeling

In a finite element framework, temperature-dependent kinetics can be incorporated by defining
the reaction rate k(7) as a function of temperature. Many thermal aging processes exhibit a non-
monotonic rate, increasing to a peak and then decreasing due to kinetic limitations or depletion of
reactive species. This behavior can be captured by a Gaussian-exponential product:

k(T) = A-exp (—@2%‘2“)2) -exp (= MT — Thear)) » (6.1)
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where:

* A is the amplitude (maximum rate),

* 1 1s the mean temperature (center of the Gaussian),

* o controls the spread (width of the Gaussian),

* ) is the decay constant post-peak,

* Theak 1s the temperature at which the rate is maximized.

This formulation enables a flexible representation of reaction kinetics and can be integrated into

constitutive models implemented within user-defined finite element subroutines.

6.5.2: Polymer Chain Distribution and Crosslinking Behavior

To model the evolving molecular structure under thermal aging, we consider the polymer chain

distribution using the Schulz-Zimm form, which generalizes the most probable distribution:

Wir) = ,uI(‘T:a) <£)Uexp <_%r) ’ 6.2)

where r is the chain length, x4 is the number-average chain length, and o characterizes distribu-
tion breadth.
The evolution of the chain weight fraction distribution due to random crosslinking is given by

Kimura’s expression:

IO TOM EICEETO I

k=2

Crosslink density is defined as p = 2x, accounting for two units per linkage. The normalized

chain length distribution m/(r, z) satisfies:

/ rm(r,x)dr =1, (6.4)
0
and relates to the weight and number fraction distributions as:
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m(r,z) = = , (6.5)
where P, is the number-average chain length, and [P,] is the concentration of chains of length

The evolution of m(r, ) with respect to crosslinking density is governed by Saito’s integro-

differential equation:

om(r, )

e —2rm(r, ) +/O h-(r—nh)-m(h,x)-m(r—h,z)dh, (6.6)

For an initial Schulz-Zimm distribution, the analytical solution becomes:

k=0

1 ; r 00 U(k+1)(a+1)(plu)k O\ klet2)
W) = (o [+ ] (Z T e () ) ©7

6.5.3: Monte Carlo Simulation of Random Cross-Linking

To complement the analytical formulation, a Monte Carlo simulation is developed to stochastically
model the crosslinking process. This method enables the inclusion of history-dependent interac-
tions and spatial randomness not captured in deterministic models.
1. Imitialization: Generate a chain population according to the Schulz-Zimm distribution.
2. Crosslink Selection: Randomly select chain ends for potential crosslinking based on prede-
fined probabilities or spatial proximity.
3. Update: Modify molecular structures to include T- or H-shaped branching after each suc-
cessful link.
4. Iteration: Repeat until a target crosslinking density p is reached.
This approach allows modeling of branching, gelation, and network connectivity, providing

valuable validation and insights beyond analytical solutions.
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6.5.4: Evolution of Chain Length Distribution with Crosslink Density

Evolution of Chain Length Distribution with Crosslink Density

140000 o0
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Figure 6.10: Evolution of the chain length distribution W (r, p) as a function of increasing
crosslink density p, with parameters 4 = 100, 0 = 2. As p increases from 0 to 0.05, the peak of
the distribution shifts toward shorter chain lengths and the curve broadens, indicating the
progressive formation of branched and networked structures due to thermal aging.

Fig.6.10 illustrates how thermal aging influences the molecular architecture of a cross-linked
polymer network. At low crosslink density, the system is dominated by long linear chains. As p in-

creases, the average chain length decreases and the distribution broadens, indicating the emergence

of branched and interconnected structures consistent with network formation.

6.6: Constitutive Model

Constitutive models for rubber-like materials are typically classified as either phenomenological
or micro-mechanical. The distinction lies in the construction of the strain energy function W (F).
Phenomenological models express W using strain invariants (e.g., [, I5), while micro-mechanical
models derive constitutive behavior from polymer physics [42, 106].

This section presents a physically motivated constitutive model for cross-linked polymers that
captures nonlinear inelastic behaviors, including an idealized Mullins effect, as well as chemically
induced aging. The idealized Mullins effect (also called stabilized softening) is modeled indepen-

dently of unloading/reloading paths.
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6.6.1: Statistical Mechanics of Polymers

Experimental studies show that elastomers consist of long polymer chains oriented randomly in
three dimensions [117,118]. Each chain comprises multiple monomers and is constrained by two
end linkages, often due to physical or chemical cross-linking (see Fig.6.11).

We assume the polymer network is a three-dimensional assembly of one-dimensional chains
distributed in all orientations (Fig.6.12). The macroscopic strain energy W (F) is calculated as the
directional average of the microscopic energies of these chains, integrated over the unit sphere.

A freely rotating chain (FRC) contains n Kuhn segments, each of length [, resulting in an end-

to-end distance v/nl. The sub-network stretch in a given direction d is defined as:
M =+\/d'FTFd. (6.8)

We use the following notation: scalars F', vectors F, second-order tensors F, and fourth-order

tensors IF. A bar over a variable indicates normalization by Kuhn length [, e.g., X = %

Figure 6.11: Schematic of a single polymer chain consisting of n segments of length [, total
contour length nl.

Figure 6.12: (a) A single polymer chain with n segments and contour length nl; (b) a
micro-sphere structure with directional vector d; € R3.
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3D Network Energy

The macroscopic strain energy function is computed via directional integration:

k

1 —

W(F) = o /S Pt dA ~ § Pl (6.9)
=1

Here, 1)? is the entropic energy of a single chain in direction d, and w; are weights associated with

collocation directions on the sphere.
Single Chain Energy

The entropic energy of a single freely rotating chain is:

N _ T ~ 1472
Ye(nt) =nKpT | BdT +vo, B=|1- — 5 (6.10)
0
with:
N T 8
e — = L_l ~ 2 —_ = 2. 611
Damage Modeling

We consider two damage mechanisms: mechanical and environmental. These are assumed to be
superimposable. Thus, chain deterioration is modeled as a function of temperature 7', time ¢, and
deformation F.

Under mechanical loading, short chains debond from cross-links or surfaces. Following Mar-
ckmann et al. [81], damage is modeled via evolution of active chain length 71 and active chain
density p?:

A = ngexp(uAs,),  pi = pr, exp(—pAL,), (6.12)

where \? is the maximum experienced stretch in direction d, and 1 is a damage sensitivity param-
eter.

For chemical aging (absent mechanical load), damage is modeled through changes in chain
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density:
C— A,
pio exp(kt — £2)

P0 = Pro €XP(tAm) + pr, - cInc ’ (6.13)

where c is concentration, yy and k are fitting parameters, £, is activation energy, and R is the
universal gas constant.

Constitutive Formulation

Assuming incompressibility:

det(F) = 1. (6.14)

The first Piola-Kirchhoff stress tensor is:

P —pF " 6.15
5r . PF (6.15)
where p enforces incompressibility.
The derivative of W is:
W~ Lo 1 0d'Cdy) OF
i . 4; . . _ — 1
OF ;%p TOM 22X\ OF  OF (6-16)
With simplification:
oL _ . 0(d"Cd) OF .
¢ = VaKpTB, ——=—"t:—=2J"Fd®d). 6.17
oxe VT 5 (@®d) (617)
The final expression for the first Piola-Kirchhoff stress is:
i M\ w
_ di\/=d; 7 —1 2 y-1B3E(d. ) — pF T
P—KBT;,OT VindiL (\/ﬁ_d> i F(d; @ d;) — pF~". (6.18)
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6.7: Finite Element Linearization

This section presents the algorithmic framework and variational formulation for implementing the
proposed constitutive model in a finite element (FE) environment. Both the second Piola-Kirchhoff
stress tensor and the consistent tangent modulus C are derived within a total Lagrangian finite
strain framework under the assumption of incompressibility and plane stress. The nonlinear system
is solved using the Newton-Raphson method, which requires linearization of the internal force

residual. The linearized stress-strain relation takes the form:
0S = C : JE, (6.19)

where 0S and JE are the increments of the second Piola-Kirchhoff stress and Green-Lagrange strain

tensors, respectively.

6.7.1: Stress Linearization

The second Piola-Kirchhoff stress is derived from the strain energy density function WW(F), differ-
entiated with respect to the Green-Lagrange strain E = %(C — I). Under the incompressibility

constraint, the stress tensor is expressed as:

IW(F) . 28W_® : oc pJCL (6.20)

S=—g oC ~ oC

where C = J~%/3C is the isochoric (deviatoric) part of the right Cauchy-Green tensor.

The projection tensor % in the Lagrangian description is given by:
oC 1
— =J I~ -CeC! 6.21
aC ( 309 ) (6.21)

where [ is the fourth-order identity tensor. Substituting Eq. (6.21) into Eq. (6.20) gives:

S = 2J—2/38V;—(_(:m — §J‘2/3 (8)/(;/_6(1?) (C® c—l)) —pJCL. (6.22)
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6.7.2: Out-of-Plane Stress Elimination

To enforce the plane stress condition, we set the out-of-plane Cauchy stress o33 to zero. Solving

for the Lagrange multiplier p, we define:

S" = 2%—2}, (6.23)
and obtain:
1
p=J BPSLFE — §J‘5/3S” . C. (6.24)

Substituting into the expression for S, the final form of the second Piola-Kirchhoff stress under

plane stress becomes:

S=J3(S" —SpF5CTY). (6.25)

6.7.3: Tangent Modulus Derivation

The derivation procedure for the tangent modulus is illustrated in Fig.6.13.
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The consistent Lagrangian elasticity tensor is:

c_ 05 _,0 88 oC

9B ~ 250 —25¢ " aC" (626)

Define:
0 0 0 00 0
LYY
Cr =43z Z=100 0 , Z'=1o0 o0
0 0 2F% 0 0 2F3

The full Lagrangian tangent stiffness is then expressed as:

2
C=-— 5(1—2/3 (8" - SLFAECY) g O

1, 1
+ J13 (C” -3C":Ce cl-clec:z+ 3(C:C: Z)C' ® c—l) (6.27)

— g (28” Z'C e —8;("‘;3 _ 98" ZC @ C*l) .

The required derivatives are:

—Fy Fy 0

1
W—iF_lFra F=F4| F, -F, 0

0 0 0

Figure 6.13: Tangent Modulus Derivation Procedure.

6.7.4: Plane Stress Simplification

For the plane stress case, the simplified derivation procedure and resulting tensor are shown in

Fig.6.14.
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Under plane stress, the out-of-plane components of the stress tensor vanish:

0S13 = 0503 = 8831 = ¢S32 = 0.

Using Voigt-Mandel notation, the stress-strain relation becomes:

0811 Ciii1 Crize Crine

0829 Ca211 Caa2z Cagio

0812 Ci211 Cio22 Cio12

| 0533 | | Cs311 Cazze Casiz

To eliminate dE33, we use:

1 1
Ej3 = 5(033 -1)- §(F323 - 1).

Differentiating yields:

1
E33 = EFSSF—IF’ :

Define:

1
A= 5J}«};gF—lF'.

The reduced plane stress elasticity matrix becomes:

Cinr Cuze Crane A11Cyy33

C = |Coz1 Ca222 Coo12| + | A11Ca233

Cio11 Cizo2 Cioro A11Cqa33

Crizz| | 0En
Caa33| | 0E22 6.28)
Ci233| |20Eq12
Csssz| | 0Es3 |
IE. (6.29)
A2Cri33 2A33Cq133
A22Ca233 2A33C2233 | - (6.30)

ACiaz3 2A33C1 233

The detailed derivations of S™ and C™ are provided in the Appendix.

Figure 6.14: Plane Stress Simplification Procesure.

The detailed derivations of S and C" are provided in the Appendix.
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Figure 6.15: A schematic figure of the hierarchical micro-macro multi-scale approach.

Algorithm 1: Hierarchical Atomistic-Continuum Multi-Scale Method

1. Initialization

* Discretize the domain with a finite element mesh; assign an atomistic RVE to each
integration point.
» Loop over integration points:
— Set initial deformation gradient F =1. . '
— Characterize each atomistic RVE; store initial atomic coordinates.
— Compute first Piola-Kirchhoff stress P and tangent modulus Cpg from the RVE.

— Upscale P and Cpy to the macroscopic integration point. ‘
— Compute second Piola-Kirchhoff stress S and tangent modulus Cgg, via

continuum mechanics.
* End loop over integration points.

2. For each increment (n — n + 1):

* Initialize variables from the last converged state.
* Apply external loads or prescribed displacements.
3. For each iteration (i — i + 1):

Assemble global stiffness matrix K; solve for incremental displacement .
Update nodal positions accordingly.
Loop over integration points:

— Recalculate deformation gradient F in current and reference configurations.
— Apply F to RVE under periodic boundary conditions.
— Recompute P and Cpp at the atomistic level.

— Upscale results to the continuum integration point.
— Update S and Cgg.

* End loop over integration points.
» Compute internal force vector and residual; check for convergence.
4. Check for convergence:

* If converged, proceed to the next increment.
* Otherwise, repeat the next iteration.
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6.8: Validation and Results

Fig.6.16 presents the stress-strain curve from monotonic tension-to-failure tests conducted by [35].
These experiments were carried out at temperatures of 288°C" and 316°C' with four different aging
durations: unaged (conducted at room temperature without aging), aged for 100, 250, and 1000
hours. The unaged experimental results were utilized to calibrate the parameters of the constitutive
model developed. Fig.6.16 shows the model predictions for the stress-strain curve of PMR-15
under these different aging conditions. Comparison of the predicted stress-strain curve with the
experimental data demonstrated an error of less than 10%, validating the accuracy and effectiveness

of the model.

354 Aging Temperature = 288 °C . 004 Aging Temperature = 316 °C .
| |
304
—_ = 16
& 254 T 15
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~— 20 . ) ~
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Figure 6.16: Stress-strain curve obtained in monotonic tension to failure tests for PMR-15 aged in
Argon in (a) 288°C), and (b) 316°C' [35].

Fig.6.17 compares deformation results obtained from two implementations developed in this
work: (a) a custom Abaqus subroutine and (b) a MATLAB script. The MATLAB code was origi-
nally inspired by the framework presented in [9], which modeled hydrolysis and thermo-oxidative
aging. However, the code was significantly adapted and extended to model inert aging conditions
relevant to our study. The strong agreement between both implementations confirms the correct-

ness and consistency of our computational models.
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U, Magnitude

Figure 6.17: Deformation results comparison: (a) Abaqus subroutine implementation (UMAT)
and (b) MATLAB simulation.

The UMAT subroutine (the UMAT code, written in Fortran, is provided in the Appendix) was
derived using an open-source library called Tensor Toolbox, which was implemented in the Fortran
programming language. This library provides essential tensor operations that are crucial for the
derivation of the tangent modulus in the context of nonlinear material models. The Tensor Toolbox
enables efficient and accurate handling of tensor calculations, which are integral to computing the
material’s stress-strain relationship and, consequently, the tangent modulus.

The tangent modulus is essential due to the nonlinear behavior of materials like rubber un-
der large deformations. In nonlinear finite element analysis (FEA), iterative solvers, such as the
Newton-Raphson method, rely on the tangent stiffness matrix to update the material’s behavior at

each iteration and ensure accurate convergence of the solution.

6.8.1: Numerical Simulation Results

Two sets of numerical results on different inert thermal aging temperature are presented here to
demonstrate the finite element simulation of the mechanical response of cross-linked polymers.
The objective of this simulation is to show the capability of the numerical model to accurately

predict the response of the polymer material under different inert aging conditions. These two
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examples are a classical dog-bone specimen under prescribed displacements along —z direction.

Due to the thin film assumption, the plane stress assumption is adopted.
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Figure 6.18: Evolution of Second Piola—Kirchhoff Stress in Epoxy Resin Under Inert Thermal
Aging at 60°C and Mechanical Loading (UMAT Results).
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Figure 6.19: Evolution of Second Piola—Kirchhoff Stress in Epoxy Resin Under Inert Thermal
Aging at 80°C and Mechanical Loading (UMAT Results).

78



CHAPTER 7: CONSTITUTIVE
MODELING OF DIFFUSION-LIMITED
OXIDATION (DLO) COUPLED WITH A
LARGE DEFORMATION THEORY FOR
POLYMER DEGRADATION

7.1: Abstract

The impact of oxidation on polymer degradation is a crucial aging process, particularly when it’s
confined to the surface of the sample, often referred to as diffusion-limited oxidation (DLO). DLO
entails a complex interplay between oxygen absorption, diffusional transport, and oxygen’s reac-
tion within elastomers. In this study, a novel kinetics-based model for oxygen absorption is devel-
oped and rigorously validated against a range of experimental datasets. Furthermore, the diffusion-
reaction equation is extended into three dimensions and solved using the Alternating Direction
Implicit (ADI) method. Various reaction rate functions are considered to account for chain scission
and network reformation reactions, enabling the description of non-uniform degradation patterns.
The enhanced model is employed to simulate heterogeneous oxidation and to showcase how
different contributing factors influence the oxidation behavior of nitrile rubber. Notably, the out-
comes of our proposed model align closely with empirical data concerning the degree of oxidation
in polymers. Additionally, a constitutive model is formulated to incorporate the intricate interplay
between diffusion, chemical reactions, and large deformations in polymers. This model is seam-
lessly integrated into a finite element framework to illustrate its predictive capabilities concern-
ing the effects of diffusion-limited oxidation (DLO) on the mechanical properties of cross-linked
polymers. It allows for a comprehensive numerical analysis of the coupled diffusion-reaction and

mechanical behaviors exhibited by polymers undergoing DLO.
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7.2: Introduction

Polymers employed in engineering applications, including those used in aerospace and turbine
engines, possess a finite lifespan primarily due to the effects of degradation. This degradation
predominantly results from environmental factors that are present throughout the manufacturing
and service life of these materials. The three primary factors responsible for the heterogeneous
aging of polymers are ultraviolet (UV) radiation, ozonation, and oxidation [6, 60, 67]. To ensure
the effective design of polymer materials for engineering applications in extreme conditions, it be-
comes crucial to accurately predict their long-term stiffness and strength, as well as to model the
mechanisms leading to degradation and eventual failure. In many cases, polymers experience a
substantial degradation in their performance and mechanical properties due to the effects of aging,
which becomes particularly pronounced in highly specialized applications [116]. High-temperature
oxidation or thermo-oxidative aging in polymers serves as a prominent illustration of aging mecha-
nisms. In this scenario, oxygen permeates elastomeric materials and engages in chemical reactions
with active polymer sites. Consequently, layers of oxides start to develop in proximity to the ex-
posed surface, fostering conditions conducive to the initiation and spread of micro-cracks within
the material. This phenomenon can exert a substantial influence on the mechanical characteristics
and overall structural integrity of the polymer as time progresses. [27]. These micro-cracks not only
propagate but also exacerbate the oxidation process within the material, ultimately culminating in
the failure of the material [15, 16,25]. Upon exposure to air, elastomers interact with oxygen at
their surface boundary, a process governed by Henry’s law. The adsorbed oxygen then proceeds to
diffuse into the material, initiating polymer reactions that ultimately lead to polymer degradation.
A substantial body of recent research has delved into examining the alterations in the polymer’s
network structure stemming from thermo-oxidation [26, 32, 103]. The aging of polymers under
thermal oxidative conditions, especially under accelerated conditions, frequently encompasses com-
plex and non-uniform degradation mechanisms associated with diffusion-limited oxidation (DLO)

phenomena [29, 50]. The shape of DLO highly depends on the oxidation rate, oxygen diffusiv-
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ity, thickness of the sample, and the presence of antioxidants [14,48]. Heterogeneous oxidation
in elastomers is driven by diffusion reaction, resulting in changes in the mechanical properties of
elastomers [24,78,94,95,108]. Chain scission and cross-linking processes play pivotal roles in re-
shaping the polymer network, resulting in significant alterations in the material’s behavior during
oxidation. These changes induced by oxidation are extensively documented in recent literature and
include phenomena such as an increase in modulus, a decrease in glass transition temperature, and
reduced failure strain, among others [11,39-41, 82]. The stress distribution in the elastomers can
also be affected by oxidation. Hence, considering DLO would enable us to accurately predict the
stiffness of polymers during aging. Therefore, the uncertainty in the performance prediction of the
sample can be avoided [49,75]. Modeling heterogeneous oxidation in elastomers poses significant
challenges due to the intricate interplay of physical, chemical, and thermo-mechanical mechanisms
that evolve over time during the aging process. In the context of polymer oxidation, a comprehen-
sive understanding involves a set of six elementary reactions. Extensive research has also been
conducted to investigate the impact of chain reactions on polymer oxidation, resulting in the devel-
opment of kinetic models that aim to describe these oxidative processes in polymers [7, 8,28, 111].
For a thick elastomer specimen, the DLO model was introduced in [96], which described the depth
and extent of DLO in various circumstances. The adsorption and diffusion of oxygen in the elas-
tomer play a major role in heterogeneous thermo-oxidative aging [56,64,102]. The absorption pro-
cesses and the subsequent diffusion of oxygen molecules into elastomers have been investigated
experimentally [57]. In this study, the paper reports findings on the solubility of oxygen and the
degree of oxidation throughout the thickness of Nitrile Rubber during the aging process. Addition-
ally, a model has been developed to effectively represent the absorption of oxygen and the extent
of oxidation in elastomers. This model takes into consideration variables such as temperature and
aging time to provide insights into these critical aspects of polymer behavior during aging [58].

In order to predict how polymers respond to diffusion-limited oxidation, researchers have in-
tegrated the balance of momentum with the diffusion-reaction equation. This approach allows for

an in-depth exploration of how non-uniformly oxidized polymers behave as they age. The concept
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of coupling multiple physical phenomena in material constitutive modeling has been extensively
studied in the field of mechanics. For instance, a coupled theory was developed to explain high-
temperature oxidation in metallic alloys. This illustrates the interdisciplinary nature of materials
science and mechanics in understanding complex phenomena [79]. The coupled stress-diffusion re-
sponse in polymer gels has been extensively studied by [19-21,37,51]. The reaction-diffusion cou-
pling in photo-responsive gels is also noteworthy work [113]. Several works have also been done
on coupled photo-chemical reaction-large deformation theory as [33, 100, 112]. The non-uniform
degree of oxidation leads to variations in mechanical properties and results in an inhomogeneous
distribution of stress and strain within the oxidized polymer [83, 89, 92].

This study refines the oxygen absorption model and validates its ability to replicate experimen-
tal findings. We expand the diffusion-reaction equation into three dimensions and elaborate on
the solution method using the ADI numerical approach. Novel reaction rate functions for chain
scission and network reformation, accounting for oxygen concentration and oxidation levels, en-
hance predictive accuracy. Our DLO modeling, employing these reaction rate functions, exhibits
improved correlation with experimental data. Additionally, we develop a constitutive model to
explore oxidation progression under mechanical loads and its impact on polymer mechanical prop-
erties during aging. This model incorporates the interplay between diffusion, chemical reactions,
and polymer deformation. We then implement the model within a finite element framework to ana-
lyze how polymers respond to DLO. Finally, we investigate the advancement of oxygen diffusion
and the evolution of oxidation extent in cases of stress-coupled oxidation.

The paper is organized as follows. In section 7.3, the modified oxygen absorption model is pre-
sented. Section 7.4 explains the extended diffusion-reaction equation and ADI solution procedure.
The results are analyzed in detail to explain the model’s capability for the simulation of oxidation
across the thickness of polymers. In section 7.5, the developed constitutive model for coupled
stress-oxidation is introduced, and the model is further implemented in a FE setting by writing a

user element subroutine (UEL). In the end, the concluding remarks are presented.
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Figure 7.1: Oxygen Absorption Rate vs. Temperature.

7.3: Oxygen Absorption

Oxygen is soluble in polymers, and the permeation process can be split into solubility and diffusivity
[107]. The solubility (also named oxygen uptake or absorption) describes the initial oxidation step
and is provoked by the oxygen gradient between the polymer and the ambient environment as
the driving force. Oxygen uptake is a function of temperature, ambient oxygen pressure, and the
aging duration or rather the aging progress [101]. Fig.7.1 Illustrates the varying oxygen absorption
rates of a polymer at different temperatures. This section uses the experimental data of oxygen
absorption to verify the proposed oxygen uptake model. The experiment has been conducted on
nitrile rubber, and provides the experimental results [59]. For details of the experiment procedure
and the material used, see [59]. Oxygen uptake was measured by a respirometer and Differential
Oxygen Analyzer. The samples were aged in sealed chambers at multiple elevated temperatures
before the oxygen concentration of the contained air was measured. The difference in the amount
of oxygen is measured before and after exposure, which is associated with elastomer absorption
[55,56]. The oxygen absorption model of oxidized material is developed to analyze the oxygen
solubility in polymers. In aerobic aging, solubility is a significant factor mainly governed by the

partial pressure of oxygen p,,. The oxygen absorption rate, 1hp,, at the exterior surface can be
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calculated using Henry’s law which describes it with respect to solubility rate coefficient S and the
partial pressure p,,, as given below:

Mo, = S Pox, (7.1)

where S' is a material parameter describing the solubility rate coefficient and is governed by chain
scission and network reformation processes during exposure to air. The novelty of the proposed
oxygen absorption model is that aging processes are divided into chain scission and network ref-
ormation parts to see how these processes affect the oxygen uptake in the superficial layer of the
elastomer.

Another novelty of the proposed model is avoiding the complete stop of oxygen absorption.
According to the work done by [58], oxygen diffusion is not prevented even for the totally oxidized
part of the elastomer. So, even for the oxidized boundary, the oxygen is absorbed, diffusing into the
elastomer in favor of the reaction. But, in the oxygen absorption model in [58], it was assumed that
the fully aged superficial layer inhibits any uptake of oxygen molecules. Hence, in this work, the
[ parameter is defined, which is the model parameter and describes the maximum percentage of
reduction of oxygen uptake by aging. Therefore, a complete oxygen uptake stop is avoided since it
can only be reduced to a certain minimum of the initial value. Oxygen adsorbing at the elastomer’s

surface declines with aging and can be described by:

) _Es sci + ref
moy, = Pozx * So . eXp( RT ) (1 — ﬁ <2%>) , (72)

where S, describes the initial solubility rate of the matrix, F the activation energy of solubility, R
the universal molar gas constant, and 7' the absolute temperature. The aging parameters describe
aging progress, whereas the value 0 describes virgin material, and 1 stands for a completely aged
material. The accompanying evolution equation of chain scission and network reformation that

describe the aging progress can be expressed as follows:

- SCh sci _ESCi sci 2
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-ref __ ref _E;Sf 1 ref)? 7.4
p _I/p 'GXp( RT)( _p ) ? ()

where v, represents a proportionality factor and can be imagined as a temperature-independent
velocity of the aging progress. I, 1s the activation energy of the aging process. The oxygen uptake
model introduced in [58] did not give any information about the effect of the size and geometry of
the specimen on oxygen absorption. In this paper, the L parameter is defined, which is the surface-
volume ratio of the sample. The basic solubility rate is considered a function of the surface-volume
ratio in the model. An experiment was conducted on nitrile rubber, and the total mole of oxygen
per gram of the sample weight was reported as a function of aging temperature and duration [59].
The bar-shaped samples (55x20x2mm) were aged at temperatures of 100, 120°C" and for periods
up to 72 h. The above model is used to describe the experimental results. The experimental data is
converted to the total mole of oxygen per surface-volume ratio to investigate the capability of the
developed model. Therefore, the evolution equation is solved by using ode45 MATLAB non-stiff

differential equations solver and fitted to the experimental data.
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Figure 7.2: Oxygen consumption of the nitrile rubber as a function of aging temperature and
duration.
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Fig. 7.2 shows that the modeling approach can replicate the experimentally obtained oxygen
absorption during aging. With ongoing exposure, the aging parameters increase according to the
evolution equations, and the solubility of the sample is reduced. Hence, the oxygen absorption rate
is decelerated during aging. The parameters used for the modeling shown in Fig. 7.2 are chosen as

declared in Table 7.1.

Poc(Kpa) 2 R[J/mol/K] | 8.3145
So [mol/L/s/Pa] | 1.8 x ¢~ V;Cl' 10
Ly 5.6 x e vl 10

£y 47000 EreT | 47000

Table 7.1: Parameters for modeling of oxygen absorption behavior.

Nevertheless, measuring the oxygen uptake provides no information about the distribution of
oxidation in the elastomer. Thus, no conclusion can be drawn about any kind of heterogeneity
of oxidation. Hence, besides solubility, diffusivity plays an important role when considering the
process of oxidative aging. Therefore, the diffusion process itself should be considered more in

detail.

7.4: Diffusion reaction equation

As stated in the previous section, the chemical aging of an elastomer by oxidation is generally
defined as a process involving several steps, including absorption, diffusion, and chemical reactions.
After oxygen molecules are adsorbed due to the affinity of the polymer’s surface for O; molecules,
a concentration gradient occurs in the exterior layer before the oxygen molecules subsequently
diffuse into the material’s interior. The most common approach to describe this kind of diffusion

process is given by Fick‘s second law as follows.

oc

o = V- (D,,VC), (7.5)

where oxygen concentration C' and diffusivity are formulated as a function of the location in the

material and aging time. Oxygen molecules react chemically with elastomers while it is diffusing
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into the sample. Hence, based on the set of reactions for oxidation [99] and the general mass balance

law for oxygen concentration, we can write,

oC

T V - (D VO) — rsci 4 yrel, (7.6)

sct

ser and

Oxygen is consumed in the propagation reaction and produced in the termination reaction. r
"¢/ are the rate of consumption or production of oxygen in chain scission and network reformation
reactions, respectively. The reaction rate functions are a function of aging temperature and oxygen
concentration. Both chemical aging reactions prevent oxygen from further diffusion since they
create a chemical compound with a network of elastomer molecules. Chain scission and network
reformation are treated individually and are described by an Arrhenius approach. The reaction
rate functions are a function of the elastomer’s oxygen concentration, temperature, and extent of

oxidation. If there is no oxygen, no oxidative reaction can occur. Consequently, the progression of

aging can be described by the following reaction rate functions.

sci B¢ — B 1 — psci)n 77
ref F(C ref _EZ:Ef 1 ref\n 78
Tox = ( )To exXp ( RT ) ( -p ) ) ( . )

where ¢ and 77¢/ are constant factors influencing the velocity of the reactions. F'(C) is a function
to describe the reaction rate dependency on oxygen availability. The exponent n is a parameter
used to adjust the effect of the extent of oxidation on reactivity. Thus, the reactivity reduces with
the progressing aging process since the amount of convenient reaction partners decreases. The
evolution equations that describe the progress of aging can be expressed as [58]:

sci

-sct __ ., ,8Ct ' ox

P =" (7.9)
T
oxg
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-ref refrgfzf
P = l/p Tf' (710)

Toxy
Diffusivity is a function of temperature and is also affected by aging. Here, it is assumed that
both types of oxidative reactions, chain scission, and network reformation, reduce the diffusivity
of the elastomer in the same way. Thus, the diffusion coefficient D,, is formulated as a function

sci

of the aging parameters chain scission p** and network reformation p™®/. The diffusion coefficient
is written as:

Dy, = Dy - e PP/ pith & = ip*t - prel. (7.11)

The model parameter ¢ is used to adjust the influence of the aging parameters on the diffusion
coefficient. In order to get a better understanding of heterogeneous aging, the diffusion-reaction

equation is extended for three dimensions as the following equation:

oC 0C* | 9Dy, 0C | ) 90 9Dy 9C | OC* 0D, 0C

— = Dpp—— Dyp—— D, —— __ .5C0 ref. 712
ot J’x Ox 8:1:+ 82y+ Oy 8y+ 822+ 92 O» oz 7o - (7.12)

7.4.1: Numerical solution of the diffusion-reaction equation

The ADI method is used to solve the reaction-diffusion equation in three dimensions. In the ADI
method, every time step is subdivided into three steps. This numerical procedure works so that a
3D problem is transformed into three 1D problems which can be solved with an implicit approach.
The numerical solution can be simplified to three tridiagonal systems per time step. First, the con-
centration is calculated in the x-direction, second in the y-direction, and then in the z-direction [77].
The Douglas higher order ADI scheme is utilized for the accurate numerical solution to solve the
3D diffusion-reaction equation [36]. The second-order finite difference method is also used for dis-
cretizing the first derivative of oxygen concentration and diffusion with respect to directions. The
first step provides the oxygen concentration C' in the time step m + 1/3. The following equations,

1, j, and k, are used as variables to describe location dependency in the X, y, and z directions.
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m-+3 m
(Ci,j,k3 - Oi,j,k) D [

= | 502 (I Om) + 8 () + 62 (€ )

m—+ m+ m
DiJrl,j,k - Difl,j,k C’H—l,j,lc - Cz lj k + z—l—l gk Ci—l,j,k

2Ax 4Ax
n D1k —Dijo1x Cljre — Clj-1k
2Ay 2Ay
Di,j,k+1 - Di,j,kfl Cz?jlj,k-&-l - C’Z'T,nj,k—l sczm ref,m 713
+ 2AZ 2AZ o o:r,z,],k + o:r,i,j,k' ( : )
In the equation above, §? is the second-order difference operator. The concentration C’:ﬁl/ ’

is the first step solution used by the ADI method and calculated at every grid point of the area
with 2,75,k = 1,..., N. N stands for the number of grid points in the z, y, and z directions and
h represents the constant distance between two points in the mesh grid. The Eqn. 7.13 can be
written in the tridiagonal matrix and right-hand-side vector. Subsequently, an LU-factorization of
the tridiagonal matrix is executed, which can be solved by the Thomas algorithm. The solution
of Eqn. 7.13 contains a [V tridiagonal equation system. A constant oxygen concentration Cj is
assumed in the ambient environment. Hence, Dirichlet boundary conditions are used. After the

first step, oxygen concentration C J*,; /3 is obtained, the ADI method uses a second step to calculate

the next step oxygen concentration C’m+2/ s

m+2 m
(Ci,j,k3 - Cz‘,j,k) D
At T R?

265<C?j;3+ wk>+55<cz,njj;3+ wk>+52< wk)}

m—&—% m+ m
Div1jk — Dic1jk Civijr — Cicijr + Ol — Ok

2Az AN
m+3 m+
4 Dz,]-i-l,k: Dz,]—Lk 1,7+1,k i,7—1,k z]—i—l ET Yij—1k
2Ay 4Ay
m m
D;jrv1 — Dijr Ci,j,k:+1 - Ci,j,k:—l sci,m+% refm+1 714
* 2Az 2A~ ~Towigk T Tomigr - (7.14)

Analogously, the ADI method uses the final step to calculate the final oxygen concentration

Cm+1
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: Rk [556 (Cz‘,j,/c3 mk> +9, <C ’ ”k> + 07 (Ol + C"’j”")}

At 2h2 i,k
mid bl o "
" Dit1ir—Dioijk Ci+1,j,k - Oz'ﬂ,j,k + 0k — Ciq,j,k
2Ax 4Ax
TS . .
n Djji16— Dijp Ci,j+1,k - Cz’,j—l,k ijtlk T Ci,j—l,k
2Ay 4Ay
m—+1 m—+1 m m
D ki1 — Dijr— Cz‘,j,k-i—l - Ci,j,k—l Tk — Ci,j,k—l sci,m+2 refm+32 715
+ N 1A- ~Torigk T Tomigh + (7:15)

After finishing the calculation of a time step, the oxygen concentration C; ;, with i, 7,k =
1,---, N is obtained, which is used to update the aging parameters p*“ and p"®/, and subsequently
the diffusion coefficient D,, at every grid point. The aging parameters are updated according to the
evolution equations. The ADI method is unconditionally stable, and its accuracy is of second order
with respect to time and space [36]. The evolution equations are solved numerically by means of
the implicit finite difference method, which reads for the chain scission as follows. The numerical

solution for the network reformation is implemented similarly and is therefore not shown here.

sci,m+1  sci,m sci
pi7j7k pl7]7k sci rO.’E
= el or (7.16)
At p rsci

oxg

The mentioned numerical method for solving the 3D diffusion reaction equation is used to
visualize a cross-section in the sample during aging. Three-dimensional plotting gives a compre-
hensive visual impression of thermo-oxidative aging of a bar-shaped sample’s cross-section and
DLO. Model parameters are chosen as two-dimensional equations published in [58]. For illustra-
tion, a cube is considered and is aged up to 1000 seconds at 393 Kelvin. This aging time cannot be
compared to the real aging behavior of elastomers. It is just a fictitious value and is used only to
show the basic functionality of the model. Fig. 7.3 gives an example of the spatial development of

the aging parameter p*“ for various depths of the cube.
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Figure 7.3: 3D Plot of the Aging Parameter v); Computed Using the Developed MATLAB Code
for Varying Thicknesses and Aging Durations — (a) After 200 s, (b) After 1000 s.

In the ongoing process, oxidative reactions consume oxygen, decreasing the diffusivity. After
a while, the surface layer is fully aged, and hence diffusivity is almost diminished. The diffusion
coefficient decreases so that diffusion is reduced to a minimum by the progress of aging. For such
high temperatures, DLO inhibits oxygen from reaching the core region of the sample. Therefore,

heterogeneous oxidation occurs over the thickness of the sample.

7.4.2: Reaction rate function schemes

The model introduced is applied to simulate the heterogeneous aging of peroxide-cured NBR in
an oxygen-containing environment. An experiment has been conducted on nitrile rubber, and the
carbonyl-to-nitrile ratio was reported during aging. To describe the degree of oxidation from both
the theoretical and experimental side, it was assumed that the carbonyl nitrile ratio is equalized with
the aging parameter p** [57]. The modeling approach tries to consider the experimental findings.
Therefore, the reaction terms are modified to adjust the influence of aging on reactivity. Here,
for better correlation with experimental data, some reaction rate functions for chain scission and
network reformation processes are proposed, and their capability is investigated. The reaction-
diffusion equation with reaction terms for chain-scission and network reformation is used, and the
model is adjusted and fitted to the data obtained by FTIR investigation in [57]. The reaction rate

functions consider the non-linear contribution of the aging parameters p* and p"*/ and oxygen
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concentration. The aim of investigating the proposed reaction rate functions is to find the best
reaction functions that can accurately describe the extent of oxidation in elastomers. Here are three

schemes for reaction rate functions for chain scission reactions based on an Arrhenius approach.

sci C sci _Efcz sci
= gt (i) 0 o
) aC ) _ Isct )
sci sci r 1 — p°c 1
[ 2aC sC (B .
sci 1 — sci r 1 — psci /2. 7.19
=55 1w s e () 0 1)

The reaction terms for network reformation 77¢/ are formulated analogously. The a and 3
are the parameters to consider the effect of oxygen concentration on the reaction rate functions.
The model can describe the oxidative profiles, whereas equating the aging parameter p*“ and the

carbonyl nitrile ratio must be interpreted cautiously.
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Reaction rate function-scheme1(eq.(17))

Reaction rate function-scheme2(eq.(18))
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Figure 7.4: Comparison of the experimentally measured degree of oxidation of nitrile rubber aged
at 393 K with model predictions using three different reaction rate schemes.

The first scheme of reaction rate functions was proposed by Herzig et al. [S7]. Fig. 7.4 illus-
trates that the proposed functions for reaction rate have a better correlation with experimentally
measured degree of oxidation. It is clear that several factors like the type of raw material, oxygen
concentration, and presence of antioxidants or temperature influence the degree of heterogeneity.

The parameters used for modeling nitrile rubber oxidation shown in Fig. 7.4 are chosen as stated

in Table 7.2.

Table 7.2: Parameters used for modeling of carbonyl-nitrile-ratio of the NBR.

Do[m?/s] ILxe® | Ep[J/mol] |35 xel
reciimol /1/s] 7 el Imol /1] 7
Es[J/mol] | 2.3 x e* | Ere[J/mol] | 2.4 x e*

vy 0.5 vy 0.5
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7.4.3: Linkage of oxygen absorption and diffusion-reaction behavior

After oxygen is absorbed, there are four possibilities for subsequent progression: Oxygen is dis-
solved in the elastomer without any chemical reaction, it reacts with the elastomer (oxidative reac-
tions), it reacts with the antioxidant, or it is adsorbed by the elastomer again. The amount of ab-
sorbed oxygen can be calculated by summing up these cases during aging. The currently dissolved
oxygen in the elastomer is added to the oxygen consumption in the chain scission reaction, the
oxygen production in the network reformation reaction, and binding oxygen molecules by means
of antioxidation. Thus, the amount of oxygen absorbed from the beginning of exposure until aging
time t can be calculated as an output of the diffusion-reaction model. That allows us to compare the
calculated amount of absorbed oxygen with the experimental data obtained in Section 7.3. There-

fore, the following relationship can calculate the total amount of absorbed oxygen.

Mg = Mais + Mye = jfj C,,dv + /o t fjj (rct — rrel 4+ 78t do. (7.20)
1% %

The currently dissolved amount of oxygen is obtained by the summation of the present oxygen
at every spatial element of the whole sample. The total amount of oxygen reacted after absorption is
calculated by summing up the consumption, production, and reaction of oxygen with antioxidants
of every previous time step since the start of exposure. The three reaction rate function schemes
for chain scission and network reformation are implemented for calculating the Eqn. 7.20. The
amount of absorbed oxygen can be plotted over the aging duration and represents a by-product of
the model. The efficacy of the schemes for reaction rate functions is investigated by comparing the

model results with oxygen absorption tests, illustrated in Fig. 7.5.
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Figure 7.5: Comparison of oxygen absorption profiles over aging time using three reaction rate
models.

The primary reason for the disparities between the experimental data and the simulation out-
comes is the existence of antioxidants. In the initial stages of exposure, a portion of the oxygen
reacts with antioxidants, an effect that is not currently accounted for in the diffusion-reaction model.
However, over time, the antioxidants will gradually lose their effectiveness. To improve the align-
ment between simulation results and experimental data, it is crucial to incorporate the reaction
between oxygen and antioxidants into the model, thereby providing a more accurate representation

of the real-world conditions.

7.5: Constitutive model for stress-coupled oxidation

In this section, the consistent chemo-mechanically coupled theory is developed for polymer oxida-
tion. The developed model will most likely help to reach an advanced level in describing elastomer
aging. For example, the effect of mechanical loads on diffusion or the extent of oxidation, chain
scission, and network reformation, in general, can be analyzed more deeply.

We identify such a macroscopically homogeneous body B with the region of space it occupies

in a fixed reference configuration and denote by X an arbitrary material point of B. A motion
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of B is then a smooth one-to-one mapping X = (X, t) with deformation gradient, velocity, and

velocity gradient is given by:

F=Vy, v =X, L = gradv = FF~ L. (7.21)

We use the standard notation of modern continuum mechanics [52]. Specifically: V and Div denote
the gradient and divergence with respect to the material point X in the reference configuration;
grad and div denote these operators with respect to the point x=x(X, ¢) in the deformed body; a
superposed dot denotes the material time-derivative. We consider a multiplicative decomposition

of the total deformation gradient based on the large deformation theory of polymers as follows:

F = F°F?, (7.22)

where F¢ is the elastic component of the deformation gradient and F” is the irreversible plastic

component. Referring to Eqn. 7.22, the determinant J can be decomposed into,

J=JJ7, Where, J¢ = det(F°), J? = det(FP). (7.23)

Further, the velocity gradient is defined as L = FF~!, which can be subdivided into the elastic part
and inelastic part as L¢ = FF~¢ and L” = FPF~?. The elastic and plastic deformation tensor can
be further defined from the standard continuum mechanics as symmetric and skew-symmetric. So,
L¢ = D° + W° and L = DP + WP. We also make another kinematic assumption that the plastic
stretch D? can be additively decomposed into D? = D* + W, where DS represents the inelastic
strain rate due to oxidation-induced shrinkage and W*? represents the inelastic strain rate due to
bulk viscoplastic deformation in the polymer. The readers are suggested to refer to earlier literature
for the detailed equations of the kinematics of deformation of polymers, such as [2—4]. Among the
set of reactions in elastomers, chain scission reaction plays a major role in oxidative shrinkage [2].

Hence, we have considered the following simple form for DS as Eq.(24), where -y < 0 is a material
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parameter determining the volume shrinkage amount.

| ) S with, tr(DY) = 3yrsc, (7.24)

oxr

Motivated by the free energy representation in [71], a separable form of the free energy is

considered as:

VR(CC, Cog, p*, p"eF) = qiech 4 yphem 4y %I7, (7.25)

In this article, the 8-chain model of Arruda-Boyce [5] is utilized as a free energy function for

the mechanical part as,

¢ K
Sinh( C)) + —In(J)?, (7.26)

meeh — e Kp-T-N- |VN-IAC + In( 5

where n, is the chain density in the elastomer, K5 denotes for Boltzmann’s constant, /V is the
number of segments of length [ in a chain, A is the chain stretch, and ( abbreviates the inverse
Langevin function. In this article, we aim to describe the influence of heterogeneous oxidation
on the mechanical properties of elastomers. To do so, it is assumed that the chain density can be
affected by both oxidative reactions, chain scission, and network reformation. The chain density in
elastomers is reduced by chain scission reactions and is increased by network reformation reactions.
Therefore, the following relationship is proposed for considering the effect of oxidation on chain
density during aging.

Ne = Ne, (1 —p* 4 Fpref) ) (7.27)

In the equation. (27), n., represents the original chain density at the beginning of the exposure.
Both aging parameters can evolve inhomogeneously, thereby leading to inhomogeneous stress. Fol-
lowing the work presented in [47], we consider that the material’s bulk modulus does not depend

on oxidation. For the reactive part of the free energy, a simple quadratic function of the extent of
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the reaction is considered.

1 . .
;:%hem _ 5 [Hscz(l _pscz)Q + Href(l _pref)Q} ’ (728)

where the parameters H** and H"®/ are the chemistry modulus for the chain scission and network
reformation reactions. Here we have used Flory-Huggins theory to define the free energy for oxy-
gen diffusion [42]. Oxygen is considered the only diffusing species into elastomers, as given by,

; QOC% 1
diff __ | o202 T R )

where ()? is the reference chemical potential for oxygen, x is the dimensionless Flory-Huggins
interaction parameter, and €2 is the volume of a mole of oxygen. Thus, the complete free energy

expression can now be written as,

Yp=n.-Kg-T-N-|VN-IAL+ l”(smi(g) )} + gznu)%

1 : , QCP% 1
Z[Hgsci(] — ps© 2 Href 1 — Pref 2 02 102 T. 02 R )

(7.30)

From the free energy and using the guidelines for thermodynamic restriction, it is possible to get the
specific constitutive equations for the second Piola stress 5S¢, chemical potential of oxygen, ;1°2and

affinity of each reaction. The Second Piola-Kirchoff stress can be expressed in the following form:

OVR _ N P -
€:2_:K . ¢ 3 —_ = 6: . ¢ .1
s =25 Ing - C~ +J [s S(C 8. (731)
« ng Kpo0[3.N — A2
5= {N_AQ]-I (732)

Chemical potential can be obtained by taking the partial derivative of the total free energy with
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respect to the oxygen concentration as,

o 0. |
02 __ — ;02 T (1 R 2 ] )
oy Mot <”(1+Qc;2)+(1+90;2)+X(1+Qc;3)) (7-23)

This work considers the effect of oxygen concentration and the extent of reactions in the reaction
rate functions for the coupled stress-oxidation scenario. Therefore, the following relationships are
proposed to control the influences of oxygen availability, aging parameters, and applied stress on

the evolution of reactions in the elastomers in the case of stress-coupled oxidation.

, aC . _Esci , .
SCt — SCt s 1 . SC1 ‘FSCZ 7.34
TOI 1 _{_/BCTO exp( RT ) ( p ) ? ( )
_Eref
ref Q0 ey BN (1 preny . pres 7.35

The F*¢ and F"¢ are reactive forces for chain scission and network reformation reactions,
which express the dependency of reaction rate on the mechanical load. We can express the reactive

forces for the individual reaction as,

Fsel — Asei 4 ’ytT(Ce . Se) — u%, (7.36)

Fref = Aref 4 0, (7.37)

The A% and A"/ are defined as the affinity of chain scission and network reformation reactions.
Due to the fact that both oxidation reaction effects are considered in chain density during aging, the

following relationships can be obtained from the total free energy:
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= ne, KgN |VN-IAC +In L + H*(1 — p*), (7.38)
sinh(()
awmech
Aref — _ R Href 1 — ref
T T (1—p")
= —T'ng, KgN |VN-IAC +1In (| — ¢ + H™ (1 — pred). (7.39)
sinh(()

7.5.1: Finite element implementation

In the case of stress-coupled oxidation, the balance of momentum’s partial differential equation is
coupled with the balance of oxygen concentration equation. There are two governing differential

equations required to be solved in this case:

DivT +b =0, (7.40)
CP? = Div(DV - CF) — ris +r7et. (7.41)

With b a non-inertial body force and Cauchy stress 7'. For solving the set of coupled equations,
we need boundaries and initial conditions to complete the theory. For the local force balance, a
pair of boundary conditions are considered, in which the displacement « and the surface traction
tensor are specified on sub-surfaces of the boundary 0B of the body B in a sense 0B = s, U s; and
sy N s; = (. Similarly, a pair of boundary conditions are considered for the oxygen concentration
equation, such that oxygen concentration and oxygen flux are known on the sub-surfaces of the

boundary. The initial condition data is taken as follows:

U(X,0) = Up(X), 02 (X,0) = C2(X). (7.42)

100



Thus, the coupled set of Eqn.7.41, together with the boundary and initial condition, pose an
initial boundary value problem to be solved for the displacement u (X, t) and oxygen concentration
C°? simultaneously. The finite element method is used for solving the coupled set of equations, in

which displacement and oxygen concentration are approximated in each element by:

u=>Y u'N* (7.43)
Ci =Y (CRNA, (7.44)

with theindex A = 1,2, 3, - - -, M denoting the nodes of the element, u, and C';; denoting nodal
displacements, and oxygen concentration, and N4 the shape functions. We employ a standard
Galerkin approach. In the absence of body forces, the corresponding weak forms of the coupled

equation are:

A
/ 7 N = N4 (T.n)dA, (7.45)
p Oz oB

A

: N
/C}’,?.NA.dv = —/ Dz’v(D.v.Og).a dv+ [ NA(D.V.C%)n.dv
5 5 O oB (7.46)

—/NA.roxysci.dv+/ NA.rox,ref.dv.
B B

This system of coupled equations is solved using a Newton procedure by defining the following

element-level residuals for the displacement and oxygen concentration,

ONA4 A
R,=— T. dv + N2.(T.n)dA, (7.47)
B Ox OB

ONA
. dv + NA(D.V.C%).n.dv
ox OB

RC:—/C’EQ.NA.dv—/Div(D.V.C}?)
B B

(7.48)
—/ NA.romci.dv—i—/NA.romef.dv.
B B
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In addition to the residuals, the following tangents are also required for the iterative Newton solver:

(Kuu)?? = —agft—g”, (7.49)
(Kyue)'? = —agi‘;)A, (7.50)
(K™ = _ag%;f" (7.51)
(Koo)*? = —a(a}i;)A. (7.52)

The residuals and elemental level stiffness matrix integrals are evaluated numerically using
Gaussian quadrature. Since this is a standard method in the finite element literature, we do not
present details here. In this work, the set of equations is solved numerically for each element by
writing a user-element subroutine in FORTRAN language programming. In its notation, ABAQUS
/ standard (2020) requires certain matrices denoted as RHS and AMATRX to be evaluated and/or
updated by the user element subroutine UEL. The work presented by Chester et.al [21] is referred

to for more details on the solution method.

7.6: Concluding remark

The work presented aims at providing a comprehensive view of the heterogeneous oxidation of elas-
tomers. Knowledge about oxygen uptake and penetration is essential to understand the mechanical
property changes of the elastomer during aging. Heterogeneous oxidation is the simultaneous pro-
cess of oxygen uptake and diffusion into elastomers. The introduced equations have described
the absorption of oxygen phenomena. The results of the modified model are in good agreement
with the experimentally reported data. Oxygen absorption has been considered as a function of
the aging temperature, the progress of aging, and the surface-volume ratio. The diffusion-reaction
equation has been extended in 3 dimensions to simulate the oxidation of complex-shaped elastomer
components. The ADI numerical solution is utilized for the sake of illustration of heterogeneous
oxidation over the thickness of the material. For better correlation with experimental data of the

degree of oxidation, some reaction rate functions have been proposed for chain scission and net-
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work reformation reactions. The capability of functions for predicting the extent of reactions in
elastomers has been investigated by comparing the results with experimental data. In addition, this
article presents a modified constitutive model for chemo-mechanically coupled large deformation
of polymers. The model incorporates the coupled effect of the diffusion chemical reactions and
mechanical loading of the continuum-level constitutive response of the material. The model’s ca-
pability has been analyzed by implementing it into the Abaqus finite element software using the
user element subroutine. The model can predict the oxidation rates in polymers under DLO and

general stress-coupled oxidation scenarios.
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CHAPTER 8: GRAPHIC USER
INTERFACE

8.1: Introduction
The integration of graphical user interfaces (GUIs) into finite element workflows significantly en-
hances user accessibility and efficiency, particularly for complex simulations. Abaqus, a powerful
finite element analysis (FEA) software, provides a Python scripting interface that enables advanced
customization and automation. Tkinter, the standard GUI library for Python, can be seamlessly used
within the Abaqus environment to create intuitive interfaces for tasks such as model input, material
parameter fitting, and postprocessing. This section outlines the core knowledge, procedural steps,
and best practices for integrating Tkinter-based GUIs into Abaqus.

This chapter describes the rationale, design, architecture and implementation of the GUI, with
a focus on how it integrates with the existing software ecosystem to enhance usability and function-

ality.

8.2: Motivation and Role of the GUI

8.2.1: Limitations of the Commercial Software

While the commercial software provides robust simulation capabilities (e.g., thermomechanical
solvers, structural analysis, transient simulations), it lacks support for:

* Advanced data preprocessing or augmentation workflows

» Customized model reduction techniques or post-processing routines

» User-developed features tailored to novel use cases or academic research

* Automation and integration across multiple simulation steps
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8.2.2: Importance of Using a GUI in FEM Simulation

* User-Friendly Interaction A graphical user interface (GUI) provides an intuitive way for
users, especially those who are not programming experts, to input complex model parame-
ters, select materials, define boundary conditions, and configure simulation settings without
writing code.

* Error reduction GUIs can incorporate input validation, drop-down menus, and predefined
templates to reduce user errors in setting up simulations, leading to more reliable and consis-
tent results.

* Visual feedback and real-time updates With a GUI, users can visualize geometry, mesh
quality, boundary conditions, and intermediate results interactively. This immediate feedback
helps in detecting and correcting setup issues early.

+ Streamlined Workflow GUIs integrate multiple steps of the simulation process, pre-processing,
solving, and post-processing, in a single environment, improving productivity and reducing
the learning curve.

* Accessibility and Collaboration By abstracting technical complexities, GUIs enable multi-
disciplinary teams (engineers, designers, analysts) to work collaboratively, sharing simula-
tion setups and results easily.

* Customization and Automation Modern FEM GUIs often allow scripting or batch pro-
cessing within a user-friendly interface, balancing ease of use with advanced control and
automation.

* Improved Decision Making With interactive plots, graphs, and visualization embedded in
GUIs, users can better interpret simulation outputs and make informed design or analysis

decisions.

8.2.3: Purpose of the Custom GUI

The custom-developed GUI serves the following purposes:

* Improved Accessibility Graphical User Interfaces (GUIs) eliminate the need for users to

105



@ S t
=

Samgle aging Experimental data Model Fitting
Py ®
[ 4 & &

__ Samples with dimension

1) based on ASTM D412, aged

\~/ under hygrothermal, hydrolysis,
thermo-oxidative, and UV.

ity (hygrothermal),

urve for specified aging time, temperature.

otal Lagrangian finite strain
n is formulated.
ted by differentiate the

Figure 8.1: Overview of the UMAT Workflow.

interact with complex command line instructions or script syntax. This makes it easier for
non-programmers to run simulations using intuitive inputs such as forms, drop-down menus,
and buttons, rather than modifying code manually.

* Enhanced Workflow Efficiency GUIs simplify multistep or repetitive tasks by integrating
them into single-button operations. This not only speeds up workflow, but also promotes
consistency and reduces the likelihood of user error, especially valuable in industrial or team-
based environments.

» Improved User ExperienceBy offering visual cues, progress indicators, and clear error mes-
sages, GUIs create a more engaging and user-friendly environment. This structured feedback
is especially helpful during lengthy or computation-heavy simulations, minimizing confusion

and frustration.

8.3: UMAT Derivation

8.3.1: UMAT Subroutine Workflow

This section illustrates the workflow for running a UMAT subroutine in Abaqus without utilizing the
dedicated graphical user interface (GUI), emphasizing the potential for errors and the complexity
often faced by first-time users. The complete process, from initial setup to execution, is depicted
in Fig.8.1. Procedures of how to run an Abaqus subroutine without using the GUI is listed in the

following:
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. Step 1: Adjust the variables in .for file (Fortran code)(see Fig.8.2);

. Step 2: Open Abaqus and Select Job in Module list (see Fig.8.3);

. Step 3: Choose Input File from Source drop-down list (see Fig.8.4);

. Step 4: Select Input file (see Fig.8.5);

. Step 5: In job editor, use General, upload .for file under User Subroutine file, select .ODB

in Result format (see Fig.8.6).

I'\-.
[
s
o

I

Figure 8.2: Variables in .for file.

Module: |5 Part Model: | Model-1  ~|  Part: |2
| M Modet 8

Part
Property
"le‘ Lﬁ Assembly
Step
Interaction
Load
Mesh

o U+ W optimization
¥ Job

— Visualization

-+§ Sketch

Figure 8.3: Select Job in Module list.
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Figure 8.4: Choose Input file from Source drop-down list.
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Figure 8.5: Select Input file.
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Figure 8.6: In job editor, use General, upload .for file under User subroutine file, select ODB
in Result format.
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8.4: Objective of Integration

* Provide a custom user interface for input setup, including geometry, boundary conditions,
and material data.

» Automate the generation of input files (.inp) for Abaqus simulations.

* Incorporate custom pre-/post-processing routines (e.g., ML-driven preprocessing).

* To trigger and monitor Abaqus simulations from a single interface.

* To parse and visualize output (ODB) results post-simulation.

8.5: Background

The Abaqus Scripting Interface is a powerful tool that enables users to programmatically interact
with the model database ( mdb ), simulation jobs and result files. However, it traditionally requires
knowledge of Python scripting and familiarity with the Abaqus data structures, which may not
always be accessible to all users.

Tkinter, being a lightweight and widely available GUI package, can be embedded within Abaqus
Python scripts. This combination allows users to interact with Abaqus through buttons, text inputs,

and file selectors, thereby reducing the need for direct coding interaction.

8.6: Methodology

The methodology involves embedding a Tkinter-based GUI within a Python script that utilizes the
Abaqus Scripting Interface. The general flow of the integration process is as follows:
Tkinter GUI Initialization: A simple Tkinter window is created with user input fields and
buttons.
1. User Input Collection: Users provide the necessary simulation parameters through the GUI,
such as material properties, boundary conditions, or job settings.
2. Simulation Setup via Abaqus Scripting: Upon user interaction (e.g. clicking a button), the

script reads the input values and uses the Abaqus Scripting Interface to generate the model,
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apply loads, mesh, and prepare the job.
3. Execution and Feedback: The script either submits the job automatically or allows the user
to manually trigger the execution. Feedback or status messages can be displayed within the

GUI or console.

8.7: Running the GUI Script in Abaqus

To streamline the simulation workflow within the Abaqus environment, a custom GUI was devel-
oped using Python’s tkinter library. This user interface offers a visual alternative to command-
line job submission, improving accessibility for users without scripting experience. The GUI inte-
grates model management, job configuration, and boundary condition setup, all from a centralized
interface.

The derived user interface (see Fig.8.7) allows users to specify or browse for an input file
(.1inp), assign a job name, and choose or create a working model. The model selection dropdown
dynamically lists all available models in the current Abaqus database, while the optional model
creation entry enables the user to define a new model interactively.

In addition to job submission, the GUI supports the creation of basic static steps and the appli-
cation of default boundary conditions. Users can enable these features by filling in the Step Name
field or toggling the ”Add default boundary condition” checkbox. This boundary condition is
applied to a default region named ALL, if it exists within the model’s part definitions.

Upon submitting a job, the GUI invokes the Abaqus mdb. Job() constructor, linking the pro-
vided input file to the selected or newly created model. The job is then submitted and monitored
through Abaqus’ internal job manager. Completion status and any issues are reported via message
boxes and console logging, allowing users to verify successful execution directly from the GUI.

This extensible tool not only enhances productivity but also serves as a customizable framework
for automating simulation setup and execution workflows. With minor extensions, it can be adapted
to include additional step types, material definitions, and load conditions - all accessible through

a GUI framework consistent with Abaqus’ internal data structures. The modular structure of the
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code also allows for easy extension and customization based on project needs. The script can be

executed within Abaqus by running:
abaqus cae script=abaqus_gui.py

The full source code is presented in the Appendix, and the layout of the GUI is visualized in the

accompanying figure.

Input File: { Browse
Model: ‘ Model-1 o~
Step: \ Step-1 N

Boundary Condition: | | Create

Job Name:

I Runjob ]

Figure 8.7: Tkinter-based GUI for Abaqus Job Submission.

Fig.8.7 shows the extended version of the Abaqus job submission GUI, which incorporates
interactive elements for model-driven simulations. This graphic user interface introduces three
major enhancements:

* Model Creation: Users can specify a new model name to be created on the fly. If the name
does not exist in the current session, a new model object will be added to the Abaqus model
database (mdb.models).

* Step Definition: A dedicated field allows users to enter a static step name, which will be
added to the selected model. This enables users to configure basic analysis sequences directly
from the GUI, avoiding manual scripting.

* Boundary Condition Control: An optional checkbox allows users to automatically assign
a fixed displacement boundary condition to a predefined set named ALL. This is useful for

running basic simulations without further pre-processing in the CAE interface.
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The GUI reflects a modular design where each input field corresponds to a standard Abaqus
scripting operation. Once all fields are populated and the user clicks Run Job, the script processes
the inputs in sequence: it verifies file paths, creates or selects the model, defines the step and
boundary condition (if applicable), then submits and monitors the job. The GUI provides immediate
feedback via pop-up message boxes and printed console messages.

This tool is particularly valuable for iterative simulation tasks or instructional environments,
where students or engineers can perform simulation runs without needing to understand the under-
lying scripting syntax. It can also be expanded to support material assignments, meshing operations,

or post-processing routines in future iterations.

8.8: Implementation Workflow:

Integrating Tkinter with Abaqus Scripting To successfully implement a graphical user interface
(GUI) using Tkinter within the Abaqus environment, a structured process must be followed. This
section outlines the detailed workflow for integrating Tkinter into Abaqus scripts and describes

how to run and use the resulting GUI.

8.8.1: Workflow Overview

The overall workflow for creating and executing a Tkinter-Abaqus integrated application consists

of the following steps:
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Step | Description

1 Design the GUI layout using Tkinter widgets (e.g., labels, entry fields,
buttons) to capture input parameters such as material properties, geom-
etry specifications, and analysis settings.
2 | Define callback functions that are triggered by GUI interactions (e.g.,
clicking a ’Run” or ’Submit” button). These functions will gather inputs
from the GUI and use them to execute Abaqus commands.
3 | Import Abaqus scripting modules (from abaqus import *, from
abaqusConstants import *)to enable programmatic control of mod-
els, parts, materials, and jobs.
4 | Within the callback functions, use the Abaqus scripting interface to:
* Create or access an existing model (mdb.Model).
* Define geometry, material, and section properties.
* Assign boundary conditions, loads, and mesh controls.
* Generate input files and submit analysis jobs.

5 Add user feedback elements in the GUI (e.g., status messages, message

boxes, progress bars) to guide and inform users during model setup and

simulation execution.

6 | Save the script (e.g., GUI_name.py). Test it inside Abaqus by:

* Running it through Abaqus/CAE: File > Run Script.

* Or from the terminal (batch mode): abaqus cae
noGUI=GUI_name.py.

7 | Validate the script by ensuring the GUI inputs correctly translate into

Abaqus model features, the job submission runs without error, and the

output database (.odb) can be postprocessed as needed.

8 | Optionally extend the GUI to include:

« File dialog access for user-defined data or geometry files.

* Postprocessing routines (e.g., read ODB results via
session.openOdb).

» Export options for simulation results (e.g., CSV, plots).

Table 8.1: Workflow for Integrating Tkinter with Abaqus Scripting.

8.8.2: Detailed Steps

Step 1: Designing the GUI Layout
» Use Tkinter classes such as Tk(), Label, Entry, Button, and Frame to construct the graphical

layout.
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 Arrange the widgets logically using .pack(), .grid(), or .place() layout managers.

root = tk.Tk()
tk . Label(root, text="Enter Young's Modulus:”).pack()
entry E = tk.Entry(root)

entry E .pack ()

Step 2: Defining Callback Functions
* Define Python functions that will be triggered by user actions (e.g., clicking a button).
» These functions should extract user input from the GUI and use it to drive the generation or

manipulation of Abaqus models.

Step 3: Embedding Abaqus Commands
* Abaqus scripting commands such as mdb.Model, mdb.Job, or session.openOdb can be em-
bedded directly inside the callback functions.

* This allows user inputs from the GUI to dynamically control the simulation parameters.

Step 4: Initializing and Running the Tkinter Main Loop
 After defining the GUI elements and callback functions, the Tkinter event loop must be
started by calling root.mainloop().

* This command will keep the window open and responsive to user inputs.

root.mainloop ()

Step 5:  Executing the Script Inside Abaqus
* The script must be run inside the Abaqus Python interpreter to have access to both Tkinter
and Abaqus modules (abaqus, abaqusConstants, etc.).

* There are two common ways to run the script:

1. Inside Abaqus/CAE:

— Open Abaqus/CAE.
— Go to File — Run Script, then select and execute the Python file.
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2. From the Command Line:

— Use the following command to run the script in no-GUI (batch) mode:
abaqus cae noGUI=GUI name. py

3. Note: If complex GUI interactions are required, running within Abaqus/CAE is gener-

ally preferred.

8.8.3: Visual Summary of the Workflow

The flowchart (Fig.8.8) illustrates the step-by-step process of integrating a Tkinter-based graphical
user interface (GUI) with Abaqus scripting functionalities. Each stage of the workflow plays a cru-
cial role in enabling user-friendly model creation and job submission within Abaqus. The process
is as follows.

1. Design GUI Layout The first step involves creating the user interface using Tkinter widgets
such as labels, entry fields, buttons, and frames. This layout defines how users will input
parameters, interact with the script, and visualize the outputs.

2. Define Callback Functions Next, callback functions are programmed to respond to user inter-
actions (e.g., button clicks). These functions act as bridges between the GUI and the Abaqus
Python scripting environment.

3. Abaqus commands embedded within the callback functions are inserted in Abaqus scripting
commands (such as part creation, material definition, meshing, and job submission). This
ensures that GUI actions directly trigger model-building and analysis operations in Abaqus.

4. Run Tkinter Main Loop After setting up the GUI and functions, the Tkinter Main Event
Loop (mainloop()) is executed. This keeps the GUI active, allowing users to interact with it
dynamically.

5. Execute Script Inside Abaqus Finally, the entire Python script is run inside the Abaqus/-
CAE or Abaqus/Viewer environment. This ensures that all necessary Abaqus modules and

libraries are properly loaded and that the GUI can control Abaqus operations seamlessly.
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This structured approach enables users to build custom, accessible interfaces for complex sim-

ulation workflows, thereby improving efficiency and reducing the likelihood of user errors.

Execute
] Define :
DI [e]] . Script
GUI Layou [ ¥ Callback i 2 Tkinter -3 Inside

Functions Main Loop

Abaqus

Figure 8.8: Flowchart of Designing Process.

8.9: Designed User Interface

This section presents the designed GUI and its core functionalities. The primary purpose of the
GUTI is to streamline operations by bypassing predefined, lengthy subroutines that are prone to user

CITOor.

Material Model

'
fydvohyss Agng ]
Hygrothermal Aging Material Model
Photo-Oxidative Aging .
Selection

§ Thermo-Oxidative Aging Model

Paste stress-strain experimental data:

Input Option 1:
Copy, paste Exp. data from.txt file

Input Option 2:  Leadbaafomrie| | oad .csv data |

| pintData| Print Experimental Data |

| Open Themo-Oridative Code|_RUN SUbroutine |

Run Matlab Code

Figure 8.9: Graphical User Interface (GUI) Layout.

In addition to Fig.8.9, a simplified version (shown in Fig.8.10) is also developed. This sim-
plified interface is designed specifically for executing user subroutines, without requiring manual
selection or interaction with the full simulation setup. This version bypasses the UMAT selection
step described in the previous section, enabling quicker deployment and testing of subroutine be-
havior in a controlled environment. The original selection interface is intended to provide detailed
explanations of each environmental aging concept along with references to the corresponding orig-

inal research papers.
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# Abaqus and ANSYS GUI

Thermo-oxidative Agir
Hydrolysis Aging
Hygrothermal Aging
UV Aging

Subroutine for Thermo-oxidative aging Run
Subroutine for Hydrolysis aging Run
Subroutine for Hygrothermal aging Run

Subroutine for UV_Thermo aging Run

Figure 8.10: Layout of Graphical User Interface for Subroutine Execution Only.

Fig.8.11 shows the interface for selecting a sample material model. It is a click-based selec-
tion tool that navigates the user to the interface on the right-hand side. Once the user inputs the
experimental stress-strain data into the designated fields and clicks the Material Model button, the
tool automatically runs a Genetic Algorithm to identify the best-fit material parameters. These

parameters can then be used for further correction or subsequent calculations.

Enter stress (comma-separated values):
Select a material model:

Enter strain (comma-separated values):
Neo-Hookean
Eight-Chain Fit Material Parameters
[Network Revolution

Enter stress (comma-separated values):

Enter strain (comma-separated values):

Fit Material Parameters
f Network Revolution ~ — O X

Enter stress (comma-separated values):
Enter strain (comma-separated values):

Fit Material Parameters

Figure 8.11: Material Model Selection Tool and Parameter Fitting Interface.
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The implemented GUI provides two user-friendly methods for inputting stress-strain data: di-
rect copy-paste from a .txt file or loading from a .csv file. As shown in Fig. 8.9, users can paste
space-separated stress-strain pairs into a multi-line text box or click the Load CSV File button to im-
port a file with two columns—stress and strain. In both cases, clicking the Plot Data button parses
the input and generates a stress-strain plot, enabling quick visual validation before proceeding to
model fitting or optimization. The code is provided in Appendix.

Fig. 8.12 illustrates the interface design options. The first option is a simple selection button,

while the second is a drop-down menu that provides a list of predefined choices.

¢ # Material Model Selection - (u] X

Material Model Selection
Select a material model:

Neo-Hookean Model

:Je: -Hco:kean leo-Hookean Model
g t- n - Arruda-Boyce Model
Network Evolution
Option 1: select Option 2: drop-down

Figure 8.12: Selection options available in the Genetic Algorithm user interface.

The Graphic User Interface (GUI) of the Genetic Algorithm (GA) is illustrated in Fig.8.13.
The purpose of this function is to simplify the process of determining the parameters of the best-
fit material model. Instead of manually entering the material model code and its parameter range,
users only need to enter the experimental stress and strain data. Once the data are provided, users
can simply click the ”Run Genetic Algorithm” button to obtain the optimized parameters that best

fit the provided experimental results.

§ tk — O X

Strain values (comma separated):

Stress values (comma separated):

Run Genetic Algorithm

Figure 8.13: Genetic Algorithm User Interface.
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8.10: Conclusion

Integrating Tkinter-based GUIs with Abaqus scripting offers an accessible and efficient solution
for automating simulation setup, reducing the learning curve for users less familiar with scripting.
This approach facilitates the development of intuitive interfaces for defining materials, configur-
ing models, submitting jobs, and managing results—thereby streamlining the overall workflow in
computational simulations. All Tkinter code implementations referenced in the previous sections

are provided in the Appendix.
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APPENDIX
All Graphic-User Interface source code has been uploaded and can be viewed at [115]. For
integration point of micro-sphere approach, the integration points and weighting factors of the unit-

sphere is shown in Table 8.2

1 0.0 0.0 1.0 0.0265214244093
2 0.0 1.0 0.0 0.0265214244093
3 1.0 0.0 0.0 0.0265214244093
4 0.0 0.707106781187  0.707106781187  0.0199301476312
5 0.0 0.707106781187  0.707106781187 0.0199301476312
6 0.707106781187 0.0 0.707106781187 0.0199301476312
7 0.707106781187 0.0 0.707106781187 0.0199301476312
8 0.707106781187 0.707106781187 0.0 0.0199301476312
9 0.707106781187 0.707106781187 0.0 0.0199301476312
10 0.836095596749  0.387907304067 0.387907304067 0.0250712367487
11 0.836095596749  0.387907304067 0.387907304067 0.0250712367487
12 0.836095596749  0.387907304067 0.387907304067 0.0250712367487
13 0.836095596749  0.387907304067 0.387907304067 0.0250712367487
14 0387907304067 0.836095596749  0.387907304067 0.0250712367487
15 0.387907304067 0.836095596749 0.387907304067 0.0250712367487
16 0.387907304067 0.836095596749  0.387907304067 0.0250712367487
17 0.387907304067 0.836095596749  0.387907304067 0.0250712367487
18 0.387907304067 0.387907304067 0.836095596749 0.0250712367487
19 0.387907304067 0.387907304067 0.836095596749 0.0250712367487
20 0.387907304067 0.387907304067 0.836095596749 0.0250712367487
21 0.387907304067 -0.387907304067 0.836095596749 0.0250712367487

Table 8.2: Integration points and weighting factors of the unit-sphere

131



