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ABSTRACT
This dissertation develops new methods for estimating treatment effects using panel data, with a
focus on flexible and robust identification under treatment effect heterogeneity across units and over
time. Chapter 1 provides an overview of the subsequent chapters. Chapter 2 introduces a simple
time-series transformation—termed the Rolling Method—for Difference-in-Differences estimation.
This method converts panel data into a sequence of cross-sectional datasets through unit-specific
outcome transformations, enabling consistent estimation of group-time-specific treatment effects
even in the presence of treatment heterogeneity. Chapter 3 extends the Rolling Method to small-
sample settings, particularly when the number of treated or control units is limited, and demonstrates
improved finite-sample inference properties. Chapter 4 further generalizes the framework to
accommodate dynamic treatment paths, allowing for treatment reversals and subgroup-specific
moderating effects. This extension is applied in an empirical case study examining the effects of

the entry and exit of chain pharmacies in rural areas.
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CHAPTER 1

INTRODUCTION
This dissertation advances estimation and inference techniques for panel data by developing novel
methods for treatment effect estimation. By introducing a time-series outcome transformation,
addressing heterogeneous treatment effects, and enhancing inference in small-sample settings, it
offers more robust and flexible tools for policy evaluation and empirical research.

Chapter 2 introduces a time-series transformation technique—termed the Rolling Method—that
can be combined with various treatment effect estimators, including regression adjustment, match-
ing methods, and doubly robust estimators. Unlike conventional approaches that assume constant
treatment effects across units and over time, our method accounts for treatment effect heterogene-
ity. In the common timing case, we show that applying the transformation with linear regression
adjustment numerically reproduces the pooled OLS estimator in Wooldridge (2021), which is the
Best Linear Unbiased Estimator (BLUE) under classical assumptions.

The transformation is at the unit level, and simply requires computing the average outcome prior
to an intervention, subtracting it from a post-treatment outcome, and then carefully selecting the
control units for each time period. We show that, allowing for staggered entry under no anticipation
and parallel trends assumptions, the cohort treatment indicators satisfy the key unconfoundedness
assumption with respect to the transformed potential outcome. Given identification, any number
of treatment effect estimators can be applied for each treated cohort and calendar time pair where
the average treatment effects on the treated are identified. The doubly robust method of combining
inverse probability weighting with linear regression (IPWRA) works particularly well in terms of
bias and efficiency. Importantly, our transformation is easily modified to account for unit-specific
trends.

We illustrate the method using empirical data on Walmart’s entry into local labor markets.
The application demonstrates how the transformation approach yields more reliable estimates of
employment effects, particularly in cases where traditional methods may suffer from bias and

inefficiency due to pre-existing trends.



Chapter 3 proposes simple methods for valid inference in panel data difference-in-differences
(DiD) settings with a small number of treated units or a small number of control units (including a
small number of both). The approach uses a suitable transformation to collapse the panel data set
into a cross-sectional data set. If the classical linear model assumptions hold in the cross-sectional
regression, exact inference is available — even in cases with only two control units and one treated
unit. The approach likely works best with a large number of time periods before and after the
intervention so that the central limit theorem across time makes normality a better approximation.
Nevertheless, under joint normality and homoskedasticity of the time-varying errors, the exact
approach can be applied with few time periods — both before and after the intervention — as well
as few cross-sectional units. In addition to standard DiD estimation, the approach permits removal
of unit-specific trends. With large enough sample sizes, control variables may be included. If
the cross-sectional sample size is not too small, one can use a particular heteroskedasticity-robust
standard error. We illustrate the approach using increased smoking restrictions in California, where
there is only a single treated unit, as an alternative to the synthetic control approach. In the staggered
intervention case, we reexamine the expansion of so-called “castle” laws in the United States.

Chapter 4 extends the Rolling Method framework to accommodate complex treatment patterns
and moderating effects. I propose a novel aggregation strategy suitable for measuring treatment
effects with staggered entry and exit of treatment. Furthermore, I develop a two-stage IPWRA
estimator that incorporates moderating effects, allowing for heterogeneous treatment effects across
subgroups defined by observed characteristics. This extension enables a more nuanced understand-
ing of how treatment effects evolve over time and vary across populations. To demonstrate its
practical utility, I apply the method to evaluate the impact of chain pharmacy entry and exit on
pharmacy access in rural areas. The results reveal substantial heterogeneity in treatment effects
across three distinct trajectories—initial treatment, exit, and re-entry—that conventional approaches
may overlook. This framework offers applied researchers a robust and flexible tool for analyzing

dynamic and heterogeneous treatment paths.



CHAPTER 2

A SIMPLE TRANSFORMATION APPROACH TO DIFFERENCE-IN-DIFFERENCES
ESTIMATION FOR PANEL DATA

(CO-AUTHORED WITH JEFFREY M. WOOLDRIDGE)

2.1 Introduction

The two-way fixed effects (TWFE) estimator, applied to a linear panel model with a constant
treatment effect, has been commonly applied in difference-in-differences settings. The TWFE
estimator of a single effect is simple to understand and is taught in courses that cover panel data
methods. Recently, several authors have pointed out shortcomings of the constant effect model
under staggered interventions, including Borusyak and Jaravel (2018), Goodman-Bacon (2021),
and De Chaisemartin and d’Haultfoeuille (2020), who propose alternative representations of the
simple TWFE estimator when the treatment effects (TEs) are heterogeneous across treatment cohort
or calendar time.

Other authors have proposed more flexible estimation methods that uncover average treatment
effects on the treated in the staggered intervention case. These include Callaway and Sant’Anna
(2021) [CS (2021)], who propose long-differencing strategies and apply standard treatment effect
estimators. Sun and Abraham (2021) [SA (2021)] propose a fixed effects estimator applied to
a more flexible model. Both SA (2021) and CS (2021) are event-study-type estimators that use
only the single period prior to the first intervention time as the control period. Wooldridge (2021)
shows that a pooled OLS (POLS) strategy that includes cohort and calendar time interactions, as
well as interactions of cohort dummies, time period dummies, and the treatment indicators with
covariates, identifies the ATTs under standard no anticipation and parallel trends assumptions.
These estimators effectively use all pre-treatment periods and all not-yet-treated units in the control
group. Wooldridge (2021) also shows the POLS is equivalent to a TWFE estimator on an expanded

equation that includes interactions of cohort and time dummies with each other and with covariates.
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Borusyak et al. (2024) propose imputation estimators based on pooled OLS regressions that can
include unit and time fixed effects. Wooldridge (2021) shows that, with time constant covariates,
the imputation estimates are identical to the POLS (and therefore TWFE) estimation of the flexible
model using the entire sample.

An attractive feature of the CS (2021) approach, which builds on Abadie (2005) for the two-
period case, is that it permits the application of treatment effects estimators beyond regression
adjustment. However, as mentioned above, the CS (2021) method uses only the period just prior to
the intervention in defining the control group, thereby discarding potentially useful information in
earlier time periods. In fact, Wooldridge (2021) shows that, under the standard “error components”
structure on the error, with a homoskedastic time-constant component and homoskedastic and
serially uncorrelated idiosyncratic errors, the POLS estimator is both best linear unbiased (BLUE)
and asymptotically efficient. These theoretical results imply that the CS (2021) estimators are
inefficient under a standard set of assumptions. The simulations in Wooldridge (2021) bear this
out, showing the CS approach can be very inefficient. Under strong forms of positive serial
correlation, CS (2021) can be more efficient because it is similar to a first-differencing estimator.
Balanced against the loss in precision is that the CS approach can be less biased when parallel
trends are violated, although there is no guarantee. See a De Chaisemartin and d’Haultfoeuille
(2023) and Wooldridge (2021) for further discussion.

In this paper, we propose an alternative “rolling” approach that allows for the application of
many different treatment effects estimators while maintaining much of the efficiency of regression-
based methods. The idea is to use as many control observations as possible — in both the common
timing and staggered cases — while permitting methods such as inverse probability weighting (IPW),
doubly robust methods such as the one in Wooldridge (2007) that combines regression and IPW
(IPWRA), and matching on covariates or the propensity score. Like CS (2021) in the panel data
case, our approach is based on time series transformations at the unit level. Rather than using
long differences, we show how to use all suitable control observations in transforming the outcome

variable. This leads to significant improvements in efficiency compared with CS (2021) and allows



one substantial flexibility in the choice of treatment effects estimators.

In the case of common timing — so that there is one average treatment effect per post-treatment
period — we show that applying regression adjustment to our transformed outcome variable is
equivalent to the regression adjustment estimator based on levels. As mentioned above, Wooldridge
(2021) shows that this estimator is both BLUE and asymptotically efficient under standard assump-
tions. This provides strong motivation for applying estimators other than regression adjustment to
the transformed variables in order to check robustness of findings. In the case of staggered entry,
our approach identifies the average treatment effects on the treated (ATTs) by cohort and calendar
time under the same no anticipation and parallel trends assumptions as in Wooldridge (2021). We
show this in both the case of common timing and staggered interventions. Once identification is
established, various estimation methods can be applied.

The remainder of the paper is organized as follows. Section 2.2 begins with the common timing
case, defining the potential outcomes and parameters of interest, and establishing identification
assumptions. In Section 2.3 we propose a general approach to estimation using a transformed
outcome variable. In Section 2.4 we extend the framework and identification argument to the
staggered case. In Section 2.5, we show how we can account for heterogeneous trends, focusing
on linear trends, to allow violation of the parallel trends assumption (even after we condition
on covariates). Section 2.6 discusses how one might accommodate suspected failures of no
anticipation, and how one modifies the procedure for unbalanced panels. In Section 2.7, we revisit
the effect of Walmart’s opening on the local labor markets. Section 2.8 contains some concluding
remarks. Supplementary Appendix 2B.1 presents Monte Carlo simulations demonstrating that the

rolling methods perform well in terms of both bias and precision.

2.2 Setup and Identification with Common Timing

In this section, we assume that the date of the intervention is the same for all treated units
and then the intervention is in place through the final period. The time periods in the population
aret = 1,2,...,T and the date of the intervention is S, where 1 < § < T; in other words, there

is at least one pre-treatment period. The arguments in this section are based on an underlying



population, and so we use {Y; (0),Y; (1) : t=1,...,T} to denote the time series of outcomes in
the control and treated states.

The binary time-constant treatment indicator is D, where D = 1 means treatment starting in
period S and lasting through period 7. A time-varying treatment indicator is W, = D - p;, where p,
is a post-treatment indicator equal to 1 if # > § and otherwise zero.

Without treated units prior to time S we can, at most, hope to identify average treatment effects
in periods S, S + 1,...,T. Our focus here, like almost all of the other recent literature, is on the

average treatment effect on the treated (ATT or ATET) in each treated period:
.=E[Y,(1)-Y,(0)|D=1],r=8,...,T 2.1

The methods we propose can, under stronger assumptions than we propose, recover the overall
average treatment effects (ATEs), E [Y, (1) — Y, (0)], and we will mention how that can be done.
The fundamental problem of identification of 7, is that we only observe the treatment status, D,

and the outcome
Y,=(1-D)-Y.(0)+D-Y, (1) (2.2)

Importantly, when D = 1, Y, =Y, (1), which means
EY,()|D=1=EXY,D=1),r=S8,...,T (2.3)

The expectation E (Y,|D = 1) can be estimated in a consistent,even unbiased, way under various
sampling schemes. Under random sampling, the average of Y, across the treated subsample is

unbiased and consistent. Therefore, writing
T =E[Y,(D|ID=1]-E[Y,(0)[D=1]=E{,[D=1)-E[Y,(0)|D =1],

it is easily seen that the challenge is in identifying E [Y, (0) |[D = 1].

If the treatment is randomly assigned with respect to Y, (0) , then E[Y,(0)|D = 1] = E[Y,(0)|D =
0]. Because Y, = Y,(0) when D = 0, E[Y,(0)|D = 0] = E(Y,|D = 0) is consistently estimated
using the control units under various sampling schemes. Under random sampling, one would use
the sample average of Y, across the control units. The resulting estimator of 7, would be the simple

difference in sample means between the treated and control units in period r.



The assumption of random assignment is too strong for most applications. To see how to relax

it, use simple algebra to write

1 S—-1 1 S-1
Y, (1) =, (0) = Yr<1>—(s_1);n<1> - Yr<0)—(s_1);n<0>
1 S-1
50D 2. [Y, (1) =Y, (0)]
-1
=Y, (1) =Y, (0) + (Sil) [Y, (1) =Y, (0)] (2.4)
q=1
where R
AUEAOES e DRAG (2.5)
g=1

and similarly for ¥, (0). Note that for each » € {S,S+1,...,T}, ¥, (1) is the time r potential
outcome with the average of the pre-treatment period outcomes removed. The third term is the
average of the difference of the pre-treatment period “treatment” effects.

Given the representation in (2.4), we can write

o]

-1

! ElY,(1)-Y,(0)|D=1] (26)

(S-1)

L =E[Y,()|ID=1|-E[V,(0)|D=1]+

LS
1l
—_

The first assumption, a weak version of “no anticipation”, eliminates the third term in (2.6).
Assumption NAC (No Anticipation, Common Timing): For the eventually treated indicator
D,
EY,(1)-Y,(0)|D=1]=0, t=1,...,S-1.0 2.7)

The name of this assumption derives from the fact that E [Y;(1) = Y;(0)|D = 1] for t < § are
average treatment effects on the treated prior to the intervention, and the assumption is that these
are all zero. Assumption NAC is implied by an assumption commonly used in the literature,
namely, Y;(1) =Y;(0), ¢t =1,...,S — 1. This assumption is implicit in Heckman et al. (1997) and
made explicit in Abadie (2005) and elsewhere. Because the variable indexing Y; () is treatment
status not yet assigned, the assumption rules out anticipatory changes in the potential outcomes,

on average. If one is concerned that the announcement of a policy prior to its implementation may



result in some units strategically manipulating their pre-intervention outcomes, one might drop a
period or two just prior to the intervention — as a minimum, as a robustness check. Naturally, this
can result in less precise estimators.

Given Assumption NAC, we can express 7, as
n=E[Y,()|D=1]-E[V (0)|D=1]. (2.8)

Estimating the first term in (2.8) is easy because we observe Y, (1) when D = 1. More precisely,
define the same transformation in the observed variable Y,:
=

YrE r—mq:quEYr—Ypre (2.9)

When D =1, Y, = Y, (1) and so E [Y, (1)|D = 1] = E(Y,|D = 1) and the latter is trivially
identified (as usual, under a suitable sampling scheme). Notice in the simple 7 = 2 case with S = 2,
Y, = Y, — Yy, the difference from period one to two.

The difficult term in identifying 7, is E [¥, (0) [D = 1|. The unconditional parallel trends
assumption implies that £ [Yr (0)|D = 1] =FE [Yr (0)|D = 0]. Here we allow a weaker version of
parallel trends by assuming it holds conditional on observed (pre-treatment) covariates.

Assumption CPTC (Conditional Parallel Trends, Common Timing): For observed covari-
ates X,

E[Y;(0) -Y1(0)|D,X] =E [Y:(0) -1 (0O)|X], t=2,...,T.00 (2.10)

Simple algebra shows that (2.10) is the same as assuming E [Y;(0) — Y;(0)|D, X] = E[Y;(0) —
Y(0)|X] for all # # s. Wooldridge (2021) used very similar assumptions, along with linearity of
conditional means, to derive identification of the 7,. Here we are interested in applying methods
other than regression adjustment to the transformed outcomes in (??). Assumption CPTC allows

us to identify E [Yr 0)|D = 1]. To see how, first note that, by iterated expectations,

E[Y, (0)|D=1]=E{E|[Y, (0)|D =1X]||D =1} (2.11)
Next, write o
Y (0)=(S= 17 ) [1(0) - ¥, (0)]
g=1



Then, by CPTC,

S-1

E[Y,(0)|D=1,X]=(S-1)" ZE [¥, (0) - Y, (0)|D = 1,X]
=1
o
= (S-1)" Z E [Y (0) - Y, (0)|D = 0,X]
q=1
S-1
—E|Y, (0)=(5-1)" qu(O) D=0X
q=1
=E [¥, (0)|D =0,X] (2.12)

The conclusion in equation (2.12) is simple but important. It says that, in terms of the potential
outcome Y, (0), treatment D is unconfounded conditional on X. Assumption NA ensures that the
ATTs can be expressed as in (2.8). This means that, for a post-intervention period r, we have
turned the difference-in-differences problem into a standard problem of estimating an ATT in a
cross-sectional population.

Using the fact that Y, = Y, (0) when D = 0, (2.12) implies that,
E[Y,(0)|D=1,X|=E (¥,|D =0,X)

Now the argument is the same as in the typical cross section: By iterated expectations,
E[Y,(0)|D=1|=E[E(Y,|D=0,X)|D=1]

= E o (X) D = 1], (2.13)

where mg, (X) = E (leD =0,X= X) is the conditional mean of the observed variable Y, for
the control group. This function is nonparametrically identified on Supp (X|D = 0), the support
of the covariates for the control group. To ensure we can compute E [, (X) |D = 1] without
extrapolation to covariate values outside Supp (X|D = 0), we impose a standard overlap assumption.

Assumption OVLC (Overlap, Common Timing): Define the propensity score
p(x)=P(D=1X=x),x € Supp (X). (2.14)

Then

p(x) <1,x € Supp(X).O (2.15)



The previous derivations and discussion prove the following.

Theorem 2.1 Under Assumption NAC, 7, can be expressed as in (2.8) forr = S,...,T. Under
Assumption CPTC, D is unconfounded (in the conditional mean sense) with respect to Y, (0)
conditional on X. When we add Assumption OVLC, the parameters 7., r = S, ..., T, are identified.

O

2.3 Estimation in the Common Timing Case

Given the identification result stated in Theorem 2.1, the estimation of the 7, is straightforward.
We can apply any estimation method once the outcome variable has been transformed as in equation
(2.9). Essentially, this is the conclusion reached in Sant’Anna and Zhao (2020) in the 7 = 2 case.
Earlier, Abadie (2005) proposed inverse probability weighting when 7' = 2.

For simplicity, assume in this section we observe a random sample of size N from the cross

section. The observed outcome can be expressed as
Yy =(1-=D;) Yy (0)+D;-Y; (1) (2.16)

where we use an i subscript to denote uniti. Under the strong form of no anticipation, ¥;; (1) = Y;; (0)
fort < Sandalli. Given the derivations in the previous section, we only need Assumption NAC. For
each i, we observe the time series { (Y, D;, X;) : i = 1,2,..., N}. To exploit the unconfoundedness

and identification in Theorem 2.1, we simply need to obtain the transformed data. For each unit i,

define
= )
Yip =Y — (S_l)qZ;YinYir_Yi,pre (2.17)
Then, for any r € {S,S +1,...,T}, we can apply any standard treatment effect (TE) estimator to

the data {(Y;, D;, X;) :i=1,2,...,N}.

A common TE estimator is called “ regression adjustment,” which means estimating separate
regression functions for the control and treated units. Because Y;, can take on negative and positive
values, linear regression adjustment (RA) makes the most sense. Linear RA is based on the

conditional mean, stated in terms of population random variables,

E (Y,|D =0,X) = & + X, (2.18)

10



The parameters ¢, and S, are estimated from the cross-sectional regression

Yi,onl,X;if D;=0 (2.19)

Then, 7, can be estimated using imputation:
—_— N —~ —_— —~
=Y -N' Y D, (@,+X,-ﬁ,) —Y,, - (cy, +X1/3,) (2.20)
i=1

where ?,1 =Ny ! Zf\i ! DYy, andX; =N N ! Zf\i | DiX; are the averages over the treated units. From
a practical perspective, the important thing to remember is that 7, can be obtained from standard
software that does basic regression adjustment once the Y;, have been obtained.

As discussed in Wooldridge (2021), the imputation estimate, 7,, also can be obtained as the

coefficient on D; in the pooled OLS regression
Yeonl, D, X;, D+ (X; = Xy),i=1,2,...,N, (2.21)

which uses all observations in time period r. This formulation is convenient because it leads
to simple inference for 7,, allowing easy computation of standard errors robust to any kind of
heteroskedasticity. Also, it is often easy to account for the sampling variation in X; as an estimator
of uy = E (X|D = 1). Issues of clustering standard errors are relatively easy to deal with given we
have a standard cross-sectional regression.

Because of the representation of Y;, in (2.17), there is a simple characterization of 7,. All of the
coeflicients in (2.21) are obtained by differencing the coefficients from two separate regressions.
In the first, Y;, is regressed on all variables in (2.21). Then 17,-,,,,8 is regressed on the same set
of variables, and these coefficients are subtracted from the first. In particular, 7, is obtained as
the difference between two standard ATT estimators using regression adjustment. The first uses
observations in period r only, and the second uses the average of Y;, over the pre-treatment periods.

Without covariates, the estimator would be

%\r = (er - YOr) - (Yl,pre - YO,pre) s (222)
where the first subscript indicates treatment or control units. This has a clear interpretation as a

DiD estimator.

11



Recognizing that an estimator can be obtained from (2.21) has additional benefits. For example,
if D, is independent of Y;, (0)—so that the unconditional PT assumption holds—, then the covariates
X; need not be included in (2.21) in order to consistently estimate 7, as the coeflicient on D);.
Remember, this allows D; to be correlated with, the level, say, Y; (0), the potential outcome in the
first time period. If, in addition, D; is independent of X;, the regression in (2.21) still can be used
to improve efficiency over the simple estimator without the covariates. As discussed in Negi and
Wooldridge (2021), such improvements are possible if X; helps predict ¥;,. In many cases, X; may
not have much predictive power for Y;, even though it might predict the level, Y;,, well. A special
case is T = 2, in which case (2.21) is simply AY; on 1, D;, X;, D; - (X; — X),i = 1,2,..., N where
AY; =Y — Y. Inthe T = 2 case, whether including X; substantively helps precision when D; is
independent of X; hinges on how well X; predicts the difference, AY;.

It turns out there is another useful algebraic equivalence. Suppose we act as if the following
conditional expectation holds for all population units and time periods:

T T
E(Y,lD,X):a/+X,8+yD+(D-X)6+Zerfr,+2(frt~X)7rr
r=2 r=2

T T
+ZT, (D-frt)+Z(D-frt) X-u)ny, t=1,...,T, (2.23)
r=S r=S

where f7; is a time period dummy equal to one if r = ¢ and zero otherwise. The interaction D - fr;
is the treatment indicator for time period . Equation (2.21) suggests a pooled OLS regression

across all / and ¢:

YitonI’XhDi’Di'Xi’fzt’---’fT;"fzt'Xi’-'-’fT}'Xi

Di fSt,....Di- fT;,Di - fS; - (Xi = X1), ..., D fT1 - (Xi — X1) (2.24)

The estimated treatment effects, say 7,, are the coefficients on the treatment dummies D; - fS;, .. .,
D; - fT;. Wooldridge (2021) shows that the 7, are numerically identical to a two-stage imputation
approach based on the levels, Y;;. It turns out that the 7, are also equivalent to the 7, obtained by

using the transformed outcome variable, Y;,, one period at a time.

12



Theorem 2.2 Let7,, r =S,S+1,...,T be the coefficients on D; in the separate regressions (2.21)
— equivalently, from equation (2.20) — and let T, be the coefficients on D; - fS;, ..., D; - fT; from
(2.24). Then7, =7, r =S, ...,T. Moreover, the coefficient vector on D; - fr, - (Xi - Xl) in(2.24)

is identical to that on D; - (X,- - )_(1) in(2.21). O

The proof of Theorem 2.2 can be found in Appendix 2A. The equivalence is valuable for a couple
of reasons. First, it shows that two different ways to approach identification under the same set of
assumptions — that in Wooldridge (2021) and the approach we use here — leads to the same estimation
methods. Second, Wooldridge (2021, Theorem 6.2) shows that, under standard assumptions on the
implied error term (which includes a unit-specific unobserved effect and a time-varying component),
the estimators from (2.24) are both best linear unbiased and asymptotically efficient (with 7 fixed,
N — o0) under random sampling across i. This establishes that the transformation used in (2.21)
does not discard useful information.

Given the equivalence of our transformation approach and the OLS estimator pooled across i
and ¢, what use is the former? Importantly, it allows us to use other treatment effects estimators
beyond regression adjustment. For example, we can apply IPW or, even better, IPWRA, using the
cross-sectional data {(Yir, D.,X;):i=12,...,N } We can also apply propensity score matching,
covariate matching or nearest neighbor matching.

Procedure 3.1 (Rolling Methods, Common Timing):

Step 1. For a given time period r € {S, ..., T} and each unit i, compute Y;, as in (2.17).

Step 2. Using all of the units, apply standard TE methods — such as linear RA, IPW, IPWRA,

matching — to the cross section
{(Vir.Di.X;) 1i=1,...,N}.O

Inference on a single 7, is simple when one uses built-in commands in step (2) of Procedure
3.1. Joint inference on multiple 7, is trickier because the estimators are not independent. For
estimators such as IPW and IPWRA using parametric models, a general approach is to stack all

moment conditions used in estimation and use the formulas from just-identified generalized method
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of moments estimation. Applying the panel bootstrap — resampling all time periods from the cross-
sectional units — is valid for IPW and IPWRA, and should be computationally feasible in most
cases.

It is instructive to compare the transformation in equation (2.17) to that in CS (2021). In the

common timing case, the CS transformation, for r > §, is

Yir =Yy = Yis 1, (2.25)

so that ¥;, is a “long” difference. If r = § then Yis = Yig — Y; s—1, which is differencing adjacent
periods. In many cases, the CS transformation will be inefficient compared with (2.17) because the
CS differencing ignores time periods other than S — 1. However, there are cases where CS (2021)
can be more efficient. When T = 2, the transformation is Y = ¥» = AY, = Y, — ¥;. Thus, our
approach encompasses and extends Abadie (2005) and Sant’Anna and Zhao (2020) in the panel

data case.
2.4 Staggered Interventions

2.4.1 Some Units Never Treated
We now turn to the staggered intervention case. As in Athey and Imbens (2022) and Wooldridge

(2021, 2023), the potential outcomes are denoted
Y;(g),g€{S,...,T,o0},t€{1,2,...,T}, (2.26)

where g indicates the first time subjected to the intervention — defining the treatment group cohorts
— and ¢ is calendar time. The case g = oo indicates the potential outcome in the never treated
state. In other words, Y; (o0) is the potential outcome at time ¢+ when a unit is not subjected to the
intervention over the observed stretch of time. Listing potential outcomes that vary only by cohort
and calendar time reflects the assumption of no reversibility with staggered entry.

We denote the group or cohort indicators by {Dg, Ds+1, ..., Dr, D&}, Where D, = 1 indicates
the never-treated. These dummy variables are mutually exclusive and exhaustive: Dg+---+ D1 +

Dy =1.
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The ATTs of interest are now written as
T =E [V, (g) =Y, (o) |Dy=1],r=g,....T; g=S,...,T (2.27)

For each treated cohort g, 7, (r = g, ..., T) denotes the ATT in all subsequent time period.

To identify the 7,,, we extend the trick for the common timing case by writing

1S

PRAS)
s=1

[Ys (g) = Yy (o0)] (2.28)

Y, (g) = Y, (c0) = |Y, (g) - e 1)ZY (8| - Yt(OO)_(g

8~

=1

As in the common timing case, we make a no anticipation assumption so that the third term can be

dropped and that effectively allows using all available control units in each treated period. Here we

condition on the covariates so that we can use not-yet-treated units as part of the control group.
Assumption CNAS (Conditional No Anticipation, Staggered): For g € {S,...,T}, 1t €

{1,...,g — 1} and covariates X,

E[Y,(g)|Dg=1,X] =E [¥; () Dy = 1,X]. O (2.29)

As in the common timing case, this assumption means that the “treatment” effects prior to the
intervention are all zero. Because s < g in the third sum, it follows that the expected value of the

last term conditional on D, = 1 is zero. Therefore,
Tor = E [V (8) IDg = 1] — E [Yyg (00) |Dy = 1], (2.30)

where Y,g (g) and Y,g (o0) are defined as the first and second terms in (2.28), respectively. Note
that the first subscript on ¥, () and Y, (o) means that we are averaging all periods just prior to
g and subtracting from the outcome in the current current calendar time period r.

As before, the first term in equation (2.28) is easily estimated because we observe Y,g (g) when
D, = 1. A parallel trends assumption, stated in terms of the never treated state, is sufficient to
identify £ [Yrg (c0) |Dg = 1]. We state an assumption conditional on a set of covariates, X, with

no covariates as a special case.
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Assumption CPTS (Conditional PT, Staggered): ForD = (Dg,...,Dy) andt =1,2,...,T,
E [Yi(c0) = Y1 (c0)|D,X] = E[Y;(c0) = Y1 (e0)[X], 1 =2,...,T. [ (2.31)

This assumption is used in Wooldridge (2021). Again, it is unconfoundedness of the treatment
level, as given by D, with respect to the trend in the untreated state, Y;(c0) — Y (c0). Wooldridge
(2021) used this assumption, along with linearity of conditional means, to derive an imputation
estimator and showed it was the same as a pooled OLS and TWFE estimator. Here we show how
it can be used to identify the 7, very generally.

With Y, () defined above,

-1

oo

1
(-1
1
T(g-1)

S=

=E [V,g () |Deo = 1, X]

E [Yyg () Dy =1,X] =

E Y, () =¥, (0) |Dg = 1, X]

©“

N
—_ =

oo

E[Y, () = Y, (00) |De = 1,X] (2.32)

—_

where the second equality follows from CPTS and the third follows by taking the expectation

outside the summation. We have shown the following.

Theorem 2.3 Under Assumption CNAS, equation (2.30) holds. If we add Assumption CPTS, the
cohort assignments, D = (D, . .., D7) are unconfounded with respect to Yrg (o0) (in the conditional

mean sense), g € {S,..., T}, r € {g,...,T}, conditional on X. [J

Because the vector of cohort indicators is unconfounded with respect to Y,g (00), Theorem 2.3
implies

E Yy () |Doo = 1,X]| = E [Vyg () |D, = 1,X]|, h=S,...,T (2.33)

We can combine this implication of CPTS with Assumption CNAS because, at time r, cohorts

h=r+1,...,T have yet to be treated. Therefore,

E Y (0)|Dy=1,X|=E Vg (W) |Dy=1X|,h=r+1,...,T (2.34)
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Combined, (2.33) and (2.34) mean that, in addition to the never treated (NT) group, we can use
treatment cohorts 4 € {r+1,...,T} in estimating E [¥,, () |De = 1,X]. Incidentally, this
derivation shows that if we only use the NT group as the control for each (g, r) pair then we can
drop the conditioning on X in Assumption CNAS. Later we discuss what can be identified in period
T without a NT group (under CNAS).

We have established the following. For estimating E [Yrg (00) [Dg = 1,X] forr € {g,g +
1,...,T} we can use cohorts {r+1,...,T,00} as the control group. Define the indicator for
the control group as A,y = Dy + Dyy2 + --- + Dy + Do. Then, within the subpopulation
D, +Ary1 = 1, Dg 18 unconfounded with respect to Yrg (o0), conditional on X. Therefore, we can
apply standard treatment effect estimators after transforming the observed outcome and conditioning
on the subpopulation.

Naturally, we will need an overlap assumption in order to ensure identification when using
methods that condition on covariates. For 7, and using all legitimate control groups under CNAS
and CPTS, the overlap assumption is

Assumption OVLS (Overlap, Staggered Case): For cohorts g € {S,S+1,...,T} and time

periodsr € {g,g+1,...,T},
P(Dgy=1|Dg+ Ar1 = 1,X=x) < 1 forall x € Supp (X) . [ (2.35)

This condition ensures that, within the subpopulation of cohort g plus the never treated and not-
yet-treated units at time r, every treated unit has a comparable control unit.

Given data on units again indexed by i, the following simple steps lead to a general analysis.
Assumptions CNAS, CPTS, and the overlap assumption are in force.

Procedure 4.1 (Rolling Methods, Staggered Interventions):

Step 1. Fora given g € {S,...,T} and time period r € {g,g+1,...,T}, compute

1 ¢
(-1

S

Yirg =Y, - Yis =Y, - _i,pre(g) (2.36)

i
—_

Step 2. Choose as the control group the units with D; 41 + Dj s+ -+ Dit + Djoo = 1 (or, 1f

desired, a subset, such as the NT group).



Step 3. Using the subset of data with
Dig+Djyy1+Dipio+--+Dir+Djes = 1, (2.37)
apply standard TE methods — such as linear RA, IPW, IPWRA, matching — to the cross section
{(Yirg: Dig, X) :i=1,...,N},

with D;, acting as the treatment indicator. []

When X; has high dimension, Procedure 4.1 implies that machine learning methods can be
applied after obtaining the transformation in (2.36). See, for example, Belloni et al. (2014) and
Chernozhukov et al. (2018).

Interestingly, when r = g, so that 7, is the instantaneous effect of the intervention for treatment

cohort g, applying linear RA to
{(Yigg’Dig»Xi) i=1,.. ,N} s

with all possible control units, reproduces the POLS estimator proposed by Wooldridge (2021).
When r > g this is not the case, which means, under standard assumptions, the rolling approach
we propose is inefficient for the dynamic effects. The trade off is that we are able to apply many

different kind of estimators, including doubly robust and matching estimators.

2.4.2 Comparison to Alternative Methods
Procedure 4.1 can be compared with the Callaway and Sant’Anna (2021) approach with staggered

interventions. CS (2021) suggest using a long difference of the form

o

Yirg =Y, — Yi,g—l (2.38)

and then choosing control groups from cohorts {r + 1,...,T,c0}. The transformation in (2.38)
ignores the control periods prior to g — 1 and is generally inefficient under classical assumptions.
Also, the default implementation in commonly used software (R and Stata) is to use only the
never-treated group as controls. Several authors, including Marcus and Sant’Anna (2021) and

Callaway (2023), recognize that the version of parallel trends in Assumption CPT implies that
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more information is available for estimating the ATTs. However, we believe we are the first to
propose the demeaning transformation at the unit level, using the pre-treatment averages, and
then combining the transformation with various treatment effects estimators after establishing
unconfoundedness. Our approach makes it straightforward to apply different strategies based on
different transformations and different control periods and control groups.

Implementing Procedure 4.1 is straightforward because it simply requires obtaining Yirg and
then applying standard treatment effect software. Standard errors are easily obtained.

To illustrate where the efficiency and robustness of our method originate, we compare the
information sets utilized by various estimators when estimating treatment effects. Suppose there
are three treatment cohorts—groups 4, 5, and 6—and our goal is to estimate the average treatment
effects on the treated (ATT) for group 4 at time t = 5, ATT (4, 5).

Table 2.1 summarizes the subset of data each estimator employs for this estimation task. For
pre-treatment periods up to t = 3, the areas highlighted in dark gray represent the data used by
each estimator, while light gray regions indicate observations that are not used. Compared to the
estimator proposed by Callaway and Sant’Anna (2021), our unit-specific time-series transformation
(rolling) method leverages a larger set of pre-treatment observations for each unit. This broader
utilization enhances efficiency, recovering some of the precision otherwise lost in the CS (2021)
framework.

Table 2.1 Pre-Treatment Period Observations Used by Each Method

CS (2021) Rolling Method Wooldridge (2021)
time | g=4 | g=5|g=6

1
2
mw B
T ] - . .
5 * - * - * -
6 N . N N . . N . .
Utilization of Information * Target Estimate: ATT (4,5)
| Loss of Information - ATT(g,1)

However, the rolling method uses slightly less information than Wooldridge (2021)’s approach.
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Specifically, estimating ATT (4, 5) under the rolling method requires dropping observations from
units already treated by period ¢ = 5, including Y55, which retains pre-treatment history. This ex-
clusion is necessary to avoid “bad comparisons.” A similar logic underlies the CS (2021) approach,
which likewise omits already-treated units.

In contrast, Wooldridge (2021)’s regression-based framework retains all pre-treatment observa-
tions by construction, achieving high efficiency under correct specification. However, this efficiency
comes at the cost of increased vulnerability to model misspecification.

In this respect, our estimator can be viewed as a middle ground that combines the robustness of
the CS method with the efficiency of the Wooldridge (2010) framework. For example, our method
accommodates doubly robust estimation, offering greater robustness to outcome model misspecifi-
cation while still preserving much of the efficiency of the Wooldridge (2021) framework—a benefit
not shared by the CS (2021) framework.

In the special case of a single treatment group—that is, under common timing—the rolling
method and Extended TWFE estimator (Wooldridge, 2021) use an equivalent set of pre-treatment

observations, resulting in comparable efficiency when the model is correctly specified.

2.4.3 All Units Eventually Treated

As in Wooldridge (2021, 2023), we can handle situations where all units are treated by t = T
by simply modifying the parallel trends assumptions and changing the specifics of the estimation.
Rather than stating the CPT assumption in terms of the NT state, Y; (c0), it is stated in terms
of Y, (T), the state of not being treated until the final time period. Now all of the treatment
effects are, initially, defined relative to Y; (T'): E [Yr (&) =Y. (T)|D, = 1], ged{S,..., T -1},
r € {g,...,T}. We can no longer estimate a treatment effect for the final treated cohort because
there are no control units. As discussed in Wooldridge (2021), by no anticipation it follows that for
r<T,E [Yr (8) =Y, (T)|Dg = 1] =FE [Yr (8) =Y, (0) |Dg = 1] and so, except for the final time
period, the ATTs are interpreted as when we have a never treated group.

In terms of estimation, the modifications to Procedure 4.1 are straightforward. In particular,

Yire is computed as in (2.36) but only for g € {S,...,T —1}. In steps (2) and (3), we drop D«
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everywhere — which means still choosing as the control group for cohort g in period r those units
not yet treated. Then, for each g € {S,...,T — 1} and for each period r € {g,..., T}, we apply
standard treatment effect estimators, as before. When r = T, D7 = 1 acts as the only control group

for all cohorts first treated prior to period 7.

2.5 Heterogeneous Trends

One way to test for violation of the PT assumption is to estimate placebo treatment effects prior
to the intervention. Callaway and Sant’Anna (2021) take this approach using their differencing
method. Here, we can apply Procedure 3.1 or 4.1 to pre-treatment periods and test for effects prior
to the intervention. For cohort g, it makes sense to split pre-treatment periods, {1,2,...,g — 1},
into roughly equal sizes. Then, the never treated group, or any of the groups not yet treated in
{1,2,...,g — 1} can be used as the controls. Under the null hypothesis of (conditional) PT, the
tests should not find a “ treatment” effect.

As motivation for adjusting Procedure 4.1 (with common timing being a special case) to allow
for heterogeneous trends, express the conditional PT assumption as

T
E [Y,(00)|D,X] = goo (X) + Z Dege (X)+m (X),1=1,...,T, (2.39)
g=S

where g, () and m; (-) are functions of the covariates, with the first not changing across time
and the second not depending on the treatment cohort. As a normalization, m (x) = 0 for all

x € Supp (X). It is easily seen that
E [Y;(c0) = Y1(c0)|D,X] =m, (X),t=2,...,T,

which does not depend on D. Moreover, for r > g, it follows from the definition of Y,g (o0) that

g—1
E [Y;4 () |De = 1,X] = m, (X) - ! Z my (X) = rityg (X) (2.40)
s=1

(-1 &
and so i, () is the conditional mean function implicit in the methods from Section 2.4 that
use a conditional mean specification (RA IPW or IPWRA). Because 71,4 (-) can take on positive
and negative values, we essentially assumed in regression-based methods that 71, (1) can be

approximated by a function linear in parameters (allowing controls to appear flexibly, as usual).
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The representation in (2.39) suggests a way to relax parallel trends for cohorts where we have
at least two pre-treatment time periods. We replace (2.39) with the following assumption.
Assumption CHT (Conditional Heterogeneous Trends): For D = (Dg,...,Dr)and ¢t =
1,2,...,T,
T
E [Y,(c0)D.X] = s (Ds 1) 4+ 177 (D1 - 1) + qoo (X) + 3 Dy (X) +m, (X). O (2.41)
g=S
Assumption CHT allows a separate linear trend in the never treated state for each treatment

cohort. It is easy to see that
E [Y(c0) = Yi_1(0)|D, X[ = gDy + - - - +npDr + [m; (X) —m;—y (X)] (2.42)

and so PT, even conditional on X, fails. Because the trend in the never treated state is systematically
related to cohort, the estimation approaches in Sections 2.3 and 2.4 are no longer valid.
Instead, we can use a linearly detrending, unit by unit, to remove the relationship between Y; (o)

and cohort assignment. For any i, we can write

Yi; (00) =h (D, X;) +D; - 1 -+ m; (X;) + Uj; (o0) (2.43)

E [Uj (00) D;, X;] =0,

where h (D;, X;) does not vary across . For any ¢ > 2, we can eliminate both h (D;, X;) +D; - -
using unit-specific linear detrending.

Equation (2.43) is an example of a heterogeneous (or random) trend model of the kind discussed
in Wooldridge (2010, Section 11.7.2).Appendix 2B details how unit-specific linear trends are
removed by regressing the outcome on a constant and time dummies using pre-treatment periods.
The resulting residuals define the detrended outcome variable, denoted by Y,-,g(OO). We then show
that the treatment cohort indicators, D;, are unconfounded with respect to these detrended variable,
conditional on X;. Moreover, by Assumption CNAS, cohorts with & > r (including 7 = co) can
be used as part of the control group. Then, the argument is as in Section 2.4: We have justified
the following procedure as producing consistent estimators of 7., under Assumptions CNAS, CHT,

and OVLS.
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Procedure 5.1 (Staggered Entry, Heterogeneous Linear Trends):

Step 1. For a specified cohort g € {S, ..., T}, run the unit-specific regressions
Yyonl,t, t=1,...,g—1 (2.44)
For r € {g,...,T}, compute the out-of-sample predicted value E,g and the prediction error

(detrended variable) Yirg =Y, — ?irg. (One need not do this for units treated prior to period g.)
Step 2. Choose as the control group the units with D; 41 + D10+ -+ Ditr + Djso = 1 (or, if
desired, a subset, such as the NT group).
Step 3. Using the subset of data with D, + D; ;41 + D; ;40 + -+ + Di7 + Do = 1, or a further
subset, apply standard TE methods — such as linear RA, IPW, IPWRA or matching — to the cross
section

{(Virgs Dig, X;) :i=1,...,N}, (2.45)

with D;, acting as the treatment indicator. []

Procedure 5.1 is very easy to implement, requiring just many unit-specific simple regressions on
a constant and linear time trend. The common timing case is especially easy because the regression
in (2.43) is done with g = S only and then the detrended outcomes Y;, are used in standard treatment
effect estimation forr = §,...,7T.

In the simplest case where Procedure 5.1 can be applied, with 7 = 3 and common intervention

at S = 3, and without covariates, the resulting estimator of 73 is
N N
Ny Y D= Ng' Y\ (1= D) ¥, (2.46)
i=1 i=1

where Y3 is obtained as the prediction error in period three after the regression Y;; on 1,7, =1, 2.

After a little algebra, (2.46) can be shown to equal
[(Y13 - Y12) = (Yo3 — Yoo) | = [(Yi2 = Y11) = (Yoo — You) | (2.47)

where the first subscript on the average is one for treated and zero for control, and the second

subscript indicates time period. The first term in brackets is the usual two-period DiD estimator
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if the first time period is ignored. The second term is an estimate of the difference in trends prior
to the intervention — often interpreted as estimating a placebo effect. The estimator in (2.47) is an
example of a difference-in-difference-in-differences estimator. Procedure 5.1 allows one to control
for covariates in case removing an estimate of the pre-intervention difference in trends is still not
deemed sufficient to uncover a causal effect.

Before ending this section, we head off a potential source of confusion. The fact that we
are running unit-specific linear trend regressions in (2.44) does not mean there is an incidental
parameters problem that can cause inconsistency in the 7, when the number of time periods is
small. In fact, we are just using these regressions to eliminate unit-specific heterogeneity that can
be correlated with treatment cohorts. It is substantively the same as removing the unit-specific
pre-treatment means in Procedure 4.1. In fact, this kind of unit-specific detrending is the same
idea prevalent in the panel data literature with heterogeneous trends. See, for example, Wooldridge

(2010, Section 11.7.2).

2.6 Violations of No Anticipation. Unbalanced Panels

The no anticipation assumption requires that, prior to the first intervention period for a given
treatment cohort, the potential outcomes are the same (on average) as in the never treated state.
This assumption can fail if units know that a program or policy change is approaching prior to its
being actually implemented. If the NA assumption is in doubt, one can leave one or more periods
prior to the intervention time, and redo the analysis as a robustness check.

As an example, suppose a cohort is first treated in g = 5. In Procedure 4.1, one would average
over periods {1,2, 3,4} in obtaining the average to remove for ¥;s (or, one would remove a unit-
specific linear trend, as in Procedure 5.1). Instead, one might drop period four altogether, or maybe
even periods three and four. Any precise recommendation is context specific. It is very easy to
apply any of the procedures we have recommended to cases where time periods are skipped.

Another issue that often arises in practice is unbalanced panels. With time-constant controls,
unbalancedness would typically arise because of missing data on Y;;, possibly due to attrition. If

data are missing on Y;; for some time periods for unit i, the demeaning or detrending is simply
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applied to the observed data. The mechanics of the procedure are then exactly the same. For
treatment cohort g in period r, the transformed outcome (Yirg or Y[,g) can only be used if there are
enough observed data in the periods # < g to compute an average (one period) or a linear trend
(two periods). Of course, Y;» must also be observed.

It is natural to wonder when ignoring the reason the panel is unbalanced does not cause
systematic bias. Because our method removes unit-specific averages in Procedure 4.1, selection is
allowed to depend on unobserved time-constant heterogeneity — just like with the usual fixed effects
estimator. Selection cannot be systematically related to the shocks to Y;; (o) — again, just as with
the FE estimator. When we remove a unit-specific linear trend, now selection can be correlated
with both a level heterogeneity term and a trend heterogeneity term, providing for somewhat more

robustness to sample selection bias.

2.7 Application

In this section, we revisit the literature examining the effects of Walmart’s entry on local labor
markets (Basker, 2005, Neumark et al., 2008, Brown and Butts, 2023). Prior studies highlight
concerns about potential violations of the parallel trends assumption. For example, Brown and
Butts (2023) provide visual evidence suggesting that much of the estimated effect could be due to
pre-existing trends rather than the impact of Walmart’s entry (Rambachan and Roth, 2023). If store
opening decisions are mainly driven by county-level economic fundamentals, observed employment

differences between treated and control groups may not be attributable solely to Walmart’s opening.

2.7.1 Data

As we show in Section 2.5, to illustrate that our rolling method yields robust results even when
counties exhibit disparate trends after controlling for covariates, we use the dataset constructed by
Brown and Butts (2023), which follows Basker (2005) and draws on the County Business Patterns
(CBP) data from 1964 and 1977-1999.

We limit the dataset to counties that had more than 1, 500 of total employment in 1964 and had
non-negative employment growth rates during 1964-1977, each of which was imputed from the

1977-1999 dataset (see, Brown and Butts, 2023). The Walmart store opening indicator is derived
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from the geographic dataset of openings in Arcidiacono et al. (2020). We exclude counties whose
first Walmart opened before 1985. As a result, we obtain a balanced panel of 1280 counties, each
observed for nine pre-treatment years and fourteen years of post-treatment periods, for a total of 23
years.

Figure 2.1 plots the sample counties and their first Walmart opening year. Darker shades

indicate later openings, light green shows never-treated counties, and gray marks excluded areas.

The First year
of Walmart Opening

1956 - 1998
1984 - 1995
1982 - 1993
1980 - 1991
1988 - 1988
1986 - 1987

Never Treated
No data

Figure 2.1 First Year of Walmart Store Openings by County

The treatment cohort is defined by the year of first opening. We utilize covariates, including the
1980 shares of the population employed in manufacturing, above the poverty line, and with a high
school education. Never-treated counties comprise 31% of the sample. For descriptive statistics of
the variables used in our analysis, see Appendix ?? Table 2D.1. We use the dataset to assess how
Walmart openings affect county-level retail and wholesale employment.

2.7.2 Estimation Results

First, we estimate cohort-year specific average treatment effects on the treated (ATT), denoted

as ATT(g,t), for cohort g in year r. We then compute the weighted sum of ATTs by relative time

(Iength of exposure) and calculate the 95% bootstrap confidence intervals. We define the weighted
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ATTs, WATT (r), as follows:

WATT (r) = Z w(g,r) - ATT(g,g+r)
g<G,

wherer =t —g ,forallr € {0,1,...,T-S},ge€ G, ={S,....,T—r},and w(g,r) = NN_ci (N, is
the number of counties in treated-cohort g, Ng, is the number of counties in G,). For pre-treatment
periods (r < 0), the procedure used to obtain the ATTs is detailed in Appendix ??.

For example, WATT(0) denotes the weighted average of immediate impact on the log of
employment level, which we are averaging out ATTs of the first treated year across every treated-
cohort; i.e., ATT (g, g) forall g € G,~.

Lastly, we compare the results from CS (2021) approach, rolling IPWRA estimator with unit-

specific demeaning, and rolling IPWRA estimator with unit-specific detreading.

2.7.2.1 Retail Employment

In this section, we estimate the impact of Walmart’s entry on county-level retail employment,
using the log of employment as the outcome. Figure 2.2 reports weighted ATT estimates with
bootstrapped 95% confidence intervals from the three estimators.

Panel (a) is an event-study plot generated using the CS (2021) approach. The blue line represents
the pre-trends, which ideally should be zero; however, it shows a clear positive slope, indicating
pre-existing differences between treated and control counties. As a result, the estimated treatment
effects—shown in red—Ilikely do not reflect the true impact of Walmart’s entry on wholesale
employment.

Panel (b) presents results from our rolling IPWRA estimator applied to the demeaned outcome
variable. This approach smooths out much of the pre-trend bias relative to the CS estimator, but
the pre-trends are still not fully addressed.

Panel (c) shows results from the rolling IPWRA estimator with detrending, which effectively
eliminates county-level linear trends. The flatter pre-treatment trajectory indicates better adjustment
for pre-existing differences. Post-entry, we observe modest but statistically significant increases in

retail employment that decline over time and eventually converge to zero.
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Figure 2.2 Effects of Walmart Opening on log(Retail Employment)

For example, ATT(1) from the rolling IPWRA with heterogeneous trends is 0.032 (SE = 0.005),

indicating a 3.2% increase in retail employment one year after entry (see Appendix ?? for all
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estimates). Given an average of 6, 589 retail employees in treated counties, this translates to about
210 additional jobs. However, since Walmart stores typically employ 150-300 workers (Basker,
2005), it is difficult to attribute broader local employment gains beyond direct hiring. Results for

wholesale employment appear in Appendix 2D.1.

2.8 Concluding Remarks

In this paper, we propose a flexible transformation approach for estimating treatment effects
in panel data with staggered interventions and heterogeneous trends. A key advantage of this
method is that once the transformed dependent variable is defined—whether in the common timing
case, the staggered case, or after removing unit-specific trends—researchers can apply standard
treatment effect estimators to the resulting cross-sectional data. This includes regression adjustment,
inverse probability weighting, and doubly robust procedures. The transformation is easily adapted
to accommodate unit-specific trendsand allows for dynamic and heterogeneous treatment effects
across units and time periods. Our empirical application to Walmart’s entry demonstrates how
the approach improves estimation accuracy and robustness compared to existing methods. These
features, combined with its simplicity of implementation, make the method a valuable tool for

applied researchers.
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APPENDIX 2A

PROOF OF THEOREM 2.2

We modify the argument in Wooldridge (2021, Theorem 8.1). The 7, are obtained from regression

(2.21). Because Y;, = Y;, — Y; pre, basic OLS algebra shows that all coeflicients from (2.21) are

obtained by differencing the coefficients from the two regressions

Yyonl, D, X;,D;-X;,i=12,....,N (2A.1)

Yi,pre on 1,Di,X,‘, Di'X[,iZ 1,2,...,N (2A2)

where X; = X; — X are the covariates demeaned using the treated units. In particular, letting p, be

the coefficient on D; from (2A.1) and p, pre the coeflicient on D; from (2A.2),

— — —

%= Py — Ppre (2A.3)

Note also that the coefficients on the “ moderating” terms, D; - X;, are also obtained by differencing
across the two regressions.

To show (2A.3) is the same as the coeflicient on D; - fr; in (2.24), first note that, by Wooldridge
(2021, Theorem 3.2), we can drop (fq;, fq: - X;) for ¢ < S without affecting the estimates. In

other words, the 7, are the coefficients on D; - fr; in the regression

YitOIl1,Xl',Di,Dl"X,',fSt,...,th,fSt'X,',...,fT['Xi

Di-fS,....D;- fT;,D; - fS; - Xy, ..., D; - [T} - X; (2A4)
Now, define H; = (1,X;, D;, D; - X;),a 1 X 2(K + 1) vector, and
Lil‘E (fS[’fSl"XiaDi'fStsDi'fSl"Xia~--’f]},’fT'l'Xi’Dl"fT't'Xi)’ (2A5)

arow vector with 2 (T'— S + 1) (K + 1) elements.
NOtethatforq * r, (fCIt,fQI'Xi,Di'fCItaDi'f%‘Xi) and (frlafrl"Xi’Di'frl"Di‘frl'Xi)
are orthogonal in sample because fq; - fr; = 0. The full set of regressors in (2A.4) is simply

(H;,L;;). With p; = fS; +--- + fT;, the post-treatment period indicator, (1 — p;) fr;, =0,r = S,
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S+1, ..., T, which means (1 - p;)L;; = 0. Therefore, the objective function underlying the

regression in (2A.4) can be written as

T
> pi(Yig = Hif) = Ly5)? (2A.6)

=1

min )" i(l = p) (Y — Hi0)" +

N
=1 =1 i=1

Letting 6 and 6 denote the POLS estimators, the first order conditions are

T
> pH (Y - Hif - Li8) = 0 (2A.7)

N
=1 t=1

T
(1= p)H(Yy - Hif) +

N
=1 i=1

1

N T
D0 P (Y - Hif ~ Ly6) = 0 (2A.8)

Next, note that because p; = fS; +--- + fT;, we can write
T
pH; = [p1,pr - Dispr - Xis pr - Di - Xi] = Z [fq:r, fqr- Di, fq: - Xi, fq: - Di - Xi],  (2A9)
q=S
which is simply the sum the subvectors in L;; consisting of different time periods. It follows that
pH; =pLyAfora2 (T —-S+1)(K+1)x2(K+ 1) matrix A. Plugging into (2A.8) gives
N T

N T
DD (1= p)H(Yy —H6) + A > > p,L, (Y — Hiff = Ly:6) = 0 (2A.10)
i=1 1=1 i=1 1=1

Along with (2A.8), (2A.10) implies that the FOCs for (5, s ) are

T
Z(l - pOH;(Y; —H;0) = 0 (2A.11)

i=1 t=1
But (2A.11) means that 6 is the OLS estimator from the regression Y;; on H; using the pre-treatment

period observations. With H; not varying over time, 6 is the same as the cross-sectional regression

Yipreon 1, D, X;, D; - X; (2A.12)

In particular, the coefficient on D; is precisely p,. in (2A.3).
Next, the FOC in (2A.3) shows that ¢ is from a POLS regression using the post-treatment
periods:

Y,-,—HigonL,-,,t:S,...,T; i=1,...,N
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By definition of L;; and the orthogonality of the elements of L;; across the subvectors representing
the different time periods, each 2 (K + 1) subvector, 5~,, r=2.,...,T, is obtained from a separate
cross-sectional regression for each post-treatment period. Namely, because fr, = 1, the regression
for period r is

Y, -H0onl,D;,X;,D;-X;,i=1,....,N (2A.13)

The vector on right is simply H;, and so

N L/ N
5, = (Z Hl’.Hl-) (Z: H;n,) 7 (2A.14)
i= i=

The first term is the regression coefficients from
Yir on 17Di7XiaDi'Xi7i: 17'--7N7

which is p, from (2A.3). We have shown that the coefficient corresponding to D; - fr, in the
regression (2A.4) is p, — ppre, Which establishes the equivalence of the pooled OLS estimator
across all time periods, (2.24), and the cross-sectional OLS estimators using the transformed
variable Y;, for each r € {S,...,T} separately. Essentially the same argument shows that the
coefficients on the interaction terms D; - fr; - X; in (2.24) are the same as the coefficients on D; - X;

in (2.21). O
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APPENDIX 2B

PROOF OF THE DETRENDING PROCEDURE
For a cohort g, where we require g > 3 so there are at least two pre-treatment periods, define the

(g — 1) x 2 matrix

1 1
1 2
Jo-1=| . (2B.1)
1 g—-1
and let Y; g_1 (o0) be the (g — 1) x 1 vector
Yig-1(00) = [Yi1 (00) ..., Yig1 ()], (2B.2)

A similar definition holds for U; ,_; (c0). Also, let M; z_1 be the (g — 1) x 1 vector with elements

m; (X;),t=1,...,g— 1. Note that we can write

h (Di9 Xl)
Yi,g—l (OO) = Jg—l + Mi,g—l + Ui,g—l (OO)
D;in
=Je1Qi + M1 +U; o1 (o0) (2B.3)

Now regress Y; ,1 (00) on J,_1, and obtain the coefficients,
B = (I o)y Yigor (09)
=Qi+ (Jg’,_ng_l)_1 oot [Migo1 + Upgoi (0)] (2B.4)
For r > g, the prediction of Y}, (o0) using the unit-specific linear trend up through period g — 1 is
Yirg (00) = (1,7) By (2B.5)
Use these predicted values to detrend Y;, (o0):
Virg (00) = Yy (00) = Yipg (00) = Yiy (00) = (1,7) Bi g1 = (1,7) Qi +my (Xi) + Uy (o)
- (1,7r) {Qi + (J;,_ng—l)_l Iy i [Migo1 + Ui (00)]}

=m, (X;) + U, (oo)—(l,r){(J’g_ng_l) A [Mj o1 + Uj g1 (oo)]} (2B.6)
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The expression in (2B.6) shows that Yir (00) does not depend on D;. In particular,

E [Virg (00) ID;, X;] = E [Virg (0) |X]

-1
=y (X) = (1) (Jy Jg1) T Migon (2B.7)

This conclusion is practically important because it shows that the vector of treatment cohort
indicators, D;, are unconfounded with respect to the detrended variable Y, (c0), conditional on X.
Note how this extends the argument in Section 2.4 where, instead of J,_; having rows (1,1), its
rows simply consisted of unity.

Now the modification to the arguments in Section 2.4 are straightforward. In place of (2.28) we

have
Yir (8) = Yir (00) = Yirg (g) - Yirg (o0) + )’;irg (g) - ?irg (c0) |, (2B.3)

where Y'l-,g (g) =Y, (g) - ﬁ,g (g) and E,g (g) are the predicted values from (2B.6) and (2B.5) but
with Y; .1 (g) and Y}, (g) in place of Y; o_1 (o0) and ¥}, (o0). Now take the expectation conditional

onD, =1:

Ty = E [Yir (g) = Yiy (00) | Dyg = 1]

= E [Virg (8) = Yirg (00) [Dig = 1] + E [?g (8) = Yirg (0) [Djg = 1 (2B.9)

The second term in (2B.9) is zero by no anticipation because E,g (g) and Erg (o0) are the same

linear functions of the potential outcomes in periods {1,2, ..., g — 1}. Therefore,
Tgr = E [Yirg (g) - Yirg (o0) |Dig = 1] (2B.10)

2B.1 Monte Carlo Simulations

In this supplementary section, we conduct Monte Carlo simulations to study the exact properties
of our proposed estimators and compare them with competing approaches. We evaluate the
performance of five different estimators. The first is the POLS/ETWFE estimator in Wooldridge
(2021), which is efficient under a commonly imposed set of assumptions (but is not doubly

robust). Three of our rolling estimators: regression adjustment (RA), inverse-probability-weighted
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regression adjustment (IPWRA), and propensity score matching (PSM). The final estimator is CS
(2021), who apply the augmented IPW (AIPW) estimator - a different doubly robust estimator than
IPWRA. We use the never treated group as the control in CS (2021) whose transformation is in
equation (2.38).

2B.2 Common Timing Case

We consider the common timing case. Recall from Theorem 2.1., that the POLS method
in Wooldridge (2021) and regression adjustment using our rolling method are the same in the
common timing case. Therefore, we have four estimators in the simulations. We assume that the
Assumptions NA and CPTC hold, along with overlap. However, we consider scenarios where the
functional form of the conditional means and the functional form of the propensity score can be
misspecified.

For each scenario, we use 7T = 6 with the first treatment in S = 4, which implies three post-
treatment periods. Across Monte Carlo simulations we draw random samples of sizes 100, 500, and
1,000. We report bias, Monte Carlo standard deviation, and the root mean squared error (RMSE)
of each estimator. All simulations use 1,000 Monte Carlo replications.

Data Generation We generate the data as follows. Two control variables are included:
X = (X1, X»), where X and X, are independent with X; ~ Gamma (2,2) [and so E (X;) = 4] and
X, ~ Bernoulli (0.6).

The treatment indicator, D, has propensity score

Z
p(x)=P(D=1X=x) = —exp( 1v1) (2B.11)
1 +exp (Z1y1)
where the propensity score index function, Z7yq, is
X, -4
Ziyi :—1.2+(12—)—X2 (2B.12)
Our second step is generating heterogeneous treatment effects as follows:
T
7 (X)=6- Z r=S+1D7"+4,-h(X), re{S,....T}, (2B.13)

r=§
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where § =T — S+ 1 and A, is a time-varying parameter, set as (Ag, .., A7) = (0.5,0.6, 1.0) in each
simulation. This setup allows dynamic effects of being treated to vary across time and to increase
as the length of exposure to the treatment increases. We consider two different functional forms of
h(X) in simulations. The first is

(X1-4) Xp

In the second, 2(X) includes a quadratic in X and an interaction between X; and X5:

Xi-4) X (X -4)

hX) == 3 4

X
+ (X —4) - 72 (2B.15)
We generate the potential outcomes in the untreated state as

where 6, = ¢ is a time-specific component, C|D,X ~ Normal(2,1) is an individual-specific
component, U;(0)|D,X ~ Normal(0,4) is the time-varying shock. The time-varying B3; allows
the effect of the covariates on potential outcome paths to vary across time. For each simulation,

the parameters are fixed as bellow:
B =(B1,B2-..,Br)=(1.0,1.5,0.8,1.5,2,2.5) (2B.17)

We consider two functional forms for f(X):

_X-4 X
FX) = S S (2B.18)

and

(X=X (X -4 X2
f(X)—T+7+T+(X1—4)'Z (2B19)

Finally, the post-treatment period outcome in the treated state is generated as

Y;(0), t < S
Yt(l) =
Y(0)+7+U;, (1) -U;(0), t = S

where U, (1) |D,X ~ Normal(0,4).
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For each simulation, all estimators that involve estimating the conditional means of ¥; assume
the correct model is linear in X. Therefore, when (2B.14) and (2B.18) are used in simulations, the
conditional mean is correctly specified. However, when the data are generated as in (2B.15) and
(2B.19), quadratic term X 12 and an interaction term X; - X, are included; the conditional mean is
misspecified.

We also consider a case where (X; — 4)? /2 is added to the index function in the propensity
score, and so the estimated logit model, which is always estimated assuming an index linear in X

and X», is misspecified:

X, -4 X, —4)?
Zm:—l.u%—xﬁ% (2B.20)
Table 2B.1 describes basic setups for each scenario.
Table 2B.1 Scenarios with Common Timing
Conditional Mean Propensity Score
Correctly Specified? h(X) f(X) | Correctly Specified? PS Index Function

Scenario 1C Yes (B.4) (B.8) Yes (B.3)
Scenario 2C Yes (B.4) (B.8) No (B.10)
Scenario 3C No (B.5) (B.9) Yes (B.3)
Scenario 4C No (B.5) (B.9) No (B.10)

Simulation Results This section shows the simulation results, especially for two different
scenarios listed in Table 2B.1: Scenario 1C and 3C. The results for Scenario 1C are shown in
Table 2B.2. Here the conditional means and the propensity score are correctly specified, so we
expect all estimators to have little bias. This is indeed the case, with the biases being trivial as a
percentage of the effect sizes.

The biases are small even when N = 100. Because the POLS estimator, which is the same as
RA on the transformed outcome, is best linear unbiased, it is not surprising that it produces notably
smaller standard deviations compared with PSM and CS (2021). For example, with N = 500, and
for 74, the PSM SD is about 37 percent higher than the POLS/RA SD and the CS SD is about 25
percent higher. Because POLS/RA averages all three pre-treatment periods, its main competitor is

the doubly robust IPWRA estimator, which also averages the three pre-treatment periods. When
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N =500, the rolling IPWRA estimator has SDs that are, at most, three percent higher than those
for the POLS.

In terms of RMSE, the POLS estimator is uniformly better in Table 2B.2 — again, this is not
surprising because POLS is the BLUE. When N = 1, 000, rolling IPWRA estimator has RMSEs
that are just slightly larger than POLS. For example, the RMSE of rolling [IPWRA for 74 is 0.399,

which is slightly higher than that of POLS/RA estimator, 0.379.

Table 2B.2 Scenario 1C: When E(Y;|X = x) and p (x) are Correctly Specified

T4 5 T6
N Bias SD RMSE  Bias SD RMSE  Bias SD  RMSE
Sample ATT 3.326 4.800 5.858
POLS/RA 100 -0.002 1.241 1.241 0.006 1.220 1.220 0.036 1.285 1.285
PSM 100 0.020 1.784 1.784  0.130 1.803 1.807 0.195 1.820 1.831

IPWRA 100 -0.014 1.318 1.318 0.018 1.352 1.352 0.046 1.380 1.381
CS(2021) 100 0.015 1.534 1.534 0.036 1.554 1.554 0.065 1.576 1.577

Sample ATT 3.218 4.809 5.992
POLS/RA 500 0.008 0.541 0.541 -0.036 0.537 0.538 -0.010 0.552 0.552
PSM 500 0.002 0.893 0.893 0.001 0931 0931 0.084 0.939 0.943

IPWRA 500 0.009 0.566 0.566 -0.034 0.562 0.563 -0.009 0.579 0.579
CS(2021) 500 0.011 0.662 0.662 -0.033 0.659 0.660 -0.009 0.684 0.684

Sample ATT 3.220 4.802 5.959
POLS/RA 1,000 0.006 0375 0375 0009 0382 0382 0020 0378 0.379
PSM 1,000 0.023 0.710 0.710 0.055 0.673 0.676  0.101 0.679 0.686

IPWRA 1,000 0.007 0395 0.395 0.007 0411 0411 0.021 0.398 0.399
CS(2021) 1,000 -0.008 0474 0474 -0.006 0486 0486 0.007 0476 0476

Note 1: The population R-squared values are about 0.39, 0.36, and 0.36, respectively.
Note 2: The average propensity score is about 0.26.

Table 2B.3 reports the findings for Scenario 3C, where now the conditional means are misspec-
ified because the linear regressions omits the terms Xl2 and X; - X,. Because the propensity score
is correctly specified in this scenario, POLS is the only estimator that, theoretically, will exhibit
systematic bias. The rolling IPWRA and CS (2021) approaches are still consistent, as is PSM.
In these simulations, the POLS estimator does have the most bias, although it is fairly small as a
fraction of the size effects. For instance, for N = 1, 000, the bias of POLS/RA estimator for ¢4 is
0.154, which is at least five times larger (in absolute value) than those of the PSM, IPWRA, and
CS (2021) estimators: 0.032, —0.002, and —0.008, respectively. Nevertheless, 0.154 is still small

as a percentage of the effect size, 6.361.
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Table 2B.3 Scenario 3C; When E(Y;|X = x) Misspecified, p (x) Correctly Specified

T4 T5 T6
N Bias SD RMSE  Bias SD RMSE  Bias SD  RMSE
Sample ATT 3.550 4.975 6.295
POLS/RA 100 -0.034 1412 1413 0.104 1406 1410 0.222 1.568 1.583
PSM 100 -0.060 1.797 1.798 0.071 1.867 1.868 0.054 1966 1.967

IPWRA 100 -0.099 1.431 1.434 0.025 1.433 1.433 0.071 1.561 1.563
CS(2021) 100 -0.100 1.751 1.753 0.009 1.734 1.734  0.053 1.863 1.864

Sample ATT 3.418 5.053 6.356
POLS/RA 500 0.079 0.608 0.614 0.085 0.613 0.619 0.197 0.670 0.699
PSM 500 0.032 0.827 0.828 -0.015 0.863 0.863 0.081 0.878 0.882

IPWRA 500 0.034 0.618 0.619 -0.013 0.619 0.619 0.047 0.665 0.666
CS(2021) 500 0.055 0.764 0.766  0.006 0.763 0.763  0.062 0.830 0.833

Sample ATT 3.440 5.017 6.361
POLS/RA 1,000 0.044 0402 0404 0091 0426 0436 0.154 0452 0477
PSM 1,000 0.031 0569 0570 0.017 0.576 0577 0.032 0.616 0.617

IPWRA 1,000 0.000 0.408 0.408 -0.011 0.423 0.423 -0.002 0.448 0.448
CS(2021) 1,000 -0.003 0.513 0.513 -0.015 0.523 0.523 -0.008 0.559 0.559

Note 1: The population R-squared values are about 0.41, 0.38, and 0.38, respectively.
Note 2: The average propensity score is about 0.17.

In some cases, the smaller SD of POLS gives it the smallest RMSE even when it is biased.
Among the consistent estimators, rolling IPWRA is the most efficient. And, in several cases, the
rolling IPWRA estimator has the smallest RMSE. For example, the RMSEs for 76 with N = 1,000
are 0.477, 0.617, 0.448, and 0.559 for POLS, PSM, IPWRA, and CS (2021), respectively. Our
application of IPWRA to the transformed outcome that uses all pre-treatment periods not only

reduces bias compared with POLS, but it largely preserves the efficiency of the POLS estimator.
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APPENDIX 2C

PRE-PERIOD DYNAMICS AND EVENT STUDY PLOT
This section describes how we compute transformed outcomes in the pre-treatment periods to

estimate pre-trend treatment effects and plot them in the event study graph.

2C.1 Demeaning for Pre-treatment Periods, Y,

For each unit i, group g, and pre-treatment time period ¢ € {1,2,...,g — 1}, we define:
1 &
e > Yy (2C.1)
g=t+1

This transformation removes the average of future outcomes from the pre-treatment period (from
t+1to g — 1), helping to anchor pre-treatment dynamics relative to a consistent future baseline,
t = g — 1. This is in the spirit of a “rolling” transformation.

For example, to obtain the transformed outcome at time 2 for group 6, Yins, we subtract the
average of future pre-treatment outcomes (¢ = {3,4,5}) from the outcome at r = 2. The final
pre-treatment period, g — 1, serves as the reference point, yielding a value of zero and anchoring

the dynamics accordingly.

2C.2 Detrending for Pre-treatment Periods, Y,

To obtain detrended outcome variable, we follow the same logic described in Appendix 2C.1,
but but now anchor the two most recent pre-treatment periods, g — 2 and g — 1, since at lease two
periods are necessary to estimate the fitted value ?i,g.

Formally, for pre-treamtent periods ¢ € {1,2, ..., g — 3}, the detrended outcome is defined as:

. —~

Yiig =Yir — Yirg (2C.2)

where ?,-tg is the fitted value from regressing Y;, on g using future pre-treatment periods g €
{t+1,...,g-1}

This procedure removes potential linear (or more general) trends in the pre-treatment outcome
trajectory, yielding a detrended outcome series. For valid extrapolation, at least two future pre-

treatment periods are required (i.e., g —¢ — 1 > 2).
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2C.3 Estimation

Once the transformed outcome variables are constructed, the estimation procedure follows the
same steps as Procedure 3.1, 4.1, and 5.1.

For identification, we dynamically define the control group based on whether pre-treatment
periods ¢ for group g precedes or follows the first treatment period S. Specifically, if r < S, the
control group includes all not-yet-treated and never-treated units. If # > S, the control group
consists only of units treated at 7 + 1 or later, as well as never-treated units. This staggered adoption
rule ensures that the comparison group remains untreated at each point of comparison.

The weighted ATTs in the pre-treatment periods capture the pre-treatment effects. Under the
no anticipation assumption, we expect WATT (r) for r < 0 to be approximately zero. Significant
deviations may indicate dynamic selection or violations of the identifying assumptions. When
using demeaning transformations, the pre-treatment analysis applies to periods r < -2, since

the transformation anchors outcomes at t = g — 1 (i.e.,, r = —1). Similarly, with detrending

transformations, the analysis applies to periods r < —3.
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APPENDIX 2D

ESTIMATION RESULTS
In this section, Table 2D.1 reports the descriptive statistics of variables used in our analysis.

Table 2D.1 Descriptive Statistics of variables

Variable Obs Mean Std. Min Max
log(Retail Emp) 29,440 7.754502 1.281587
log(Wholesale Emp) 29440 6.413699 1.482646
Share of Population Poverty (above) 29,440 .8470385 .0619999
Share of Population in Manufacture 29,440 .0998018 .0501518
Share of Population Graduate High School | 29,440  .092258 .0256816
Treated Cohort 1986 1999
Counties 1280

Table 2D.2 presents estimation results, corresponding to the visual representation in Figure 2.2;
the retail labor market case. We estimate standard errors of the weighted ATTs with bootstrap,
repeating 100 times. The first three columns display estimates of weighted ATTs from the ETWFE
(Wooldridge, 2021), CS (2021), and our rolling IPWRA estimator (without unit-specific detrend-
ing), each of which is biased under the violation of parallel trend assumption. The fourth and fifth
columns present the point estimates from our rolling RA and rolling IPWRA estimators, which
appropriately account for potential heterogeneous linear trends.

Table 2D.2 Effects of Walmart Opening on log( Retail employment)

Heterogeneous Trend
ETWFE CS (2021) Rolling IPWRA Rolling RA Rolling IPWRA

ATT(r) SE ATT(r) SE ATT(r) SE ATT(r) SE ATT(r) SE
0.041  (0.006) | 0.023  (0.003) | 0.018 (0.004) | 0.002 (0.004) | 0.007 (0.004)
0.073  (0.007) | 0.054 (0.004) | 0.045 (0.004) | 0.035 (0.005) | 0.032 (0.005)
0.073  (0.008) | 0.054 (0.005) | 0.038 (0.004) | 0.029 (0.006) | 0.025 (0.006)
0.075  (0.009) | 0.055 (0.006) | 0.032  (0.004) | 0.014 (0.007) | 0.021  (0.007)
0.081 (0.01) 0.059  (0.007) | 0.031 (0.004) | 0.019 (0.009) | 0.018 (0.009)
0.091 (0.011) | 0.067  (0.008) | 0.036  (0.005) | 0.015 (0.01) 0.017 (0.01)
0.101  (0.012) | 0.077 (0.009) | 0.040 (0.005) | 0.022 (0.012) | 0.019 (0.012)
0.119  (0.013) | 0.096 (0.01) 0.054 (0.006) | 0.005 (0.013) | 0.036 (0.013)
0.132  (0.014) | 0.110 (0.011) | 0.062  (0.008) | 0.016 (0.016) | 0.041 (0.016)
0.137  (0.016) | 0.120  (0.013) | 0.063 (0.01) 0.015 (0.019) | 0.041 (0.019)
0.158 (0.019) | 0.138  (0.015) | 0.081 (0.013) | 0.032 (0.023) | 0.037 (0.023)
0.166  (0.023) | 0.146  (0.018) | 0.083  (0.018) | 0.007 (0.031) | 0.018 (0.03)
0.167 (0.03) 0.153  (0.023) | 0.080 (0.026) | -0.008 (0.036) | 0.017  (0.036)
0.206  (0.043) | 0.191 (0.032) | 0.107 (0.039) | 0.046 (0.054) | 0.047 (0.053)

Dm0 00U A WN = O
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2D.1 Wholesale Employment
In this section, we report the estimation results for the county-level wholesale employment level.

Figure 2D.1 presents the estimates from CS (2021) approach and our rolling IPWRA estimators.

WATT
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Panel (c) Rolling IPWRA with unit-specific detrending

Figure 2D.1 Effects of Walmart Opening on log(Wholesale Employment)
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In the top panels of Figure 2D.1, the weighted ATT estimates from the CS (2021) approach
and the rolling IPWRA estimator (without unit-specific detrending) mirror the retail employment
results, showing an upward pre-treatment trend.

In contrast, the panel (c) of Figure 2D.1 displays almost flat pre-treatment trends, indicating no
significant pre-treatment effects. Additionally, it is noteworthy that the effects of Walmart entry
on wholesale employment levels turn negative when the rolling [IPWRA estimator is applied to
the proposed dataset after removing county-specific linear trends. This reversal in the sign of the
coeflicients aligns with the findings of Brown and Butts (2023), who use factor models to relax the
parallel trends assumption.

Table 2D.3 shows estimates in line with Figure 2D.1.

Table 2D.3 Effects of Walmart Opening on log (Wholesale employment)

Heterogeneous Trend
ETWFE CS (2021) Rolling [IPWRA Rolling RA Rolling [IPWRA

ATT(r) SE ATT(r) SE ATT(r) SE ATT(r) SE ATT(r) SE
0.041  (0.011) | 0.008 (0.007) | 0.031 (0.007) | -0.009 (0.008) | -0.003  (0.008)
0.032  (0.012) | -0.002 (0.008) | 0.018 (0.007) | -0.018 (0.012) | -0.019 (0.012)
0.030 (0.014) | -0.005 (0.011) | 0.014 (0.007) | -0.035 (0.013) | -0.031 (0.014)
0.027  (0.016) | -0.009 (0.013) | 0.007  (0.008) | -0.052 (0.016) | -0.043  (0.017)
0.031  (0.018) | -0.007 (0.015) | 0.008 (0.009) | -0.021 (0.021) | -0.051 (0.021)
0.039 (0.02) 0.004 (0.019) | 0.015 (0.01) | -0.071 (0.023) | -0.051 (0.024)
0.047  (0.022) | 0.013 (0.021) | 0.019 (0.011) | -0.038 (0.027) | -0.055 (0.028)
0.047  (0.024) | 0.016 (0.024) | 0.015 (0.014) | -0.096 (0.033) | -0.052 (0.034)
0.052  (0.026) | 0.019 (0.026) | 0.015 (0.016) | -0.043 (0.037) | -0.068 (0.038)
0.058  (0.029) | 0.028 (0.028) | 0.016 (0.019) | -0.120 (0.043) | -0.065 (0.044)
0.109  (0.034) | 0.073  (0.034) | 0.063 (0.023) | -0.045 (0.049) | -0.058 (0.049)
0.113 (0.04) 0.062  (0.037) | 0.057 (0.031) | -0.149 (0.059) | -0.099 (0.058)
0.098  (0.049) | 0.057 (0.043) | 0.034 0.04) | -0.239 (0.067) | -0.125 (0.067)
0.130  (0.062) | 0.112  (0.051) | 0.055 (0.06) | -0.219 (0.075) | -0.074 (0.078)

P om0 00N W= O

Our rolling estimators, with county-level detrending, account for heterogeneous linear trends
in a straightforward manner, allowing for the application of various treatment effect estimators.
This underscores the importance of capturing variations in trends across different counties—trends
that may not be captured by observed covariates but can significantly influence estimation results.
Estimators that do not explicitly account for heterogeneous trends yield substantially different

results, which are less convincing as causal estimates.
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CHAPTER 3

SIMPLE APPROACHES TO INFERENCE WITH DIFFERENCE-IN-DIFFERENCES
ESTIMATORS WITH SMALL CROSS-SECTIONAL SAMPLE SIZES

(CO-AUTHORED WITH JEFFREY M. WOOLDRIDGE)

3.1 Introduction

Difference-in-differences methods with panel data have a long history for evaluating policy
interventions. In the case of common intervention timing, various methods are available for
allowing treatment effects to vary by treatment period, as well as by control variables. Wooldridge
(2021, 2025) shows how to estimate flexible linear models by pooled OLS or fixed effects — they are
equivalent — that allows straightforward inference, provided there are enough cross-sectional units
and the data are independently sampled across units. With a relatively small time series sample
size (T') and large enough numbers of control (Ny) and treated units (N ), standard errors robust to
arbitrary serial correlation and heteroskedasticity are readily available. Other methods — such as
the Callaway and Sant’Anna (2021) long differencing methods — also rely on large cross-sectional
sample sizes for inference.

As shown in Lee and Wooldridge (2023) [LW (2023)], regression-based difference-in-differences
(DID) estimators can be obtained via cross-sectional regressions after simple time-series transfor-
mations of the data at the unit level. This characterization of DiD estimators permits application
of many widely used treatment effects estimators in the DiD setting, including matching, doubly
robust estimators using the propensity score, and even machine learning causal methods. Here we
use the representations in LW (2023) to obtain simple inference when the usual inference obtained
from clustering at the individual unit may be problematical.

Our approach in the current paper combines the algebraic equivalence in LW (2023) and an
idea from Donald and Lang (2007), who propose collapsing individual-level data to aggregated

groups when the assignment of an intervention is at the group level. Here, the collapsing of the

The co-author has approved that the co-authored chapter is included. The co-author’s contact: Jeffrey M.
Wooldridge, Department of Economics, 486 W. Circle Drive, 110 Marshall-Adams Hall, Michigan State University,
East Lansing, MI 48824-1038. Email: wooldril @msu.edu
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data is at the unit level across time in order to exploit the equivalences of panel data DiD estimators
and those based on cross-sectional regressions. In addition to the standard DiD estimators, the
approach extends easily to allow for unit-specific trends. Also, time-constant control variables can
be added if the cross-sectional section sample sizes are large enough to avoid degeneracies.

The method can also be useful in cases where Ny and N; (the sizes of the control and treatment
groups, respectively) are not particularly small but where the number of time series is reasonably
large. In such cases, using the panel structure and clustering by cross-sectional unit to account for
serial dependence can cause distortions in the inference. The approach we suggest here requires
no modification for large 7'. In fact, because inference is based on a cross-sectional regression, we
need not worry about strong dependence in the time series dimension.

Recently, Simonsohn (2021), in commenting on Young (2019), argues that a particular version
of the heteroskedasticity-robust standard error, proposed by Davidson, MacKinnon et al. (1993)
(and labeled “hc3” in the popular Stata statistical package), can produce satisfactory results even
in Young’s setting with Ny = 18 and N = 2. Therefore, in some cases one might feel comfortable
using heteroskedasticity-robust inference.

A popular method for studying interventions with a small number of treated units (with one
being the most common) is the synthetic control method (SCM), pioneered by Abadie et al. (2010),
where pre-intervention data are used to obtain a weighted average of “‘donor” control units to obtain
a single synthetic control. More recently, Arkhangelsky, Athey, Hirshberg, Imbens and Wager
(2021) propose a unification of traditional DiD and SC methods, called Synthetic difference-in-
differences (SDiD). The SDiD approach allows more flexibility than either DiD or SC, and inference
methods are available. However, SDiD assume that the series are weakly dependent — often called
“integrated of order zero,” or 1(0) — and that Ny, Ty, and 7 are suitably “large.” The authors also
impose normality in obtaining inference, although it is not clear how important that is in practice.

Compared with the SDiD approach, the method we propose in this paper has some advantages
and disadvantages. The advantages are that one need not have a very large control group nor a

large number of time periods. Because inference is based on a cross-sectional regression under the
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assumption of the classical linear model assumptions, there are minimal restrictions on Ny, Ny, Tp,
and 7T7. Moreover, we can use a cross-sectional regression for each treated time period, allowing
for different estimated effects along with confidence intervals. We can also aggregate to estimate a
single effect, which is what the SDiD approach produces. The SDiD approach does not explicitly
allow for heterogeneous trends, something that is easily accommodated using the exact approach
in this paper.

The downside to the cross-sectional approach here is that it can be be more biased than
SDiD when differences in pre-trends are complicated, although SDiD is more biased for simple
heterogeneous trends. Our cross-sectional approach also can be considerably less efficient than
SDiD. We provide evidence of that via simulations. Nevertheless, sometimes SDiD will be less
efficient. Moreover, the popular SDiD packages that produce the estimators and standard errors
can produce confidence intervals that are too optimistic.

We view the methods proposed in this paper as a complement to SDiD, providing another tool
for estimating treatment effects when the number of treated or control units is small.

We start with the common timing case in Section 3.2, first summarize the algebraic equivalences
that allow one to apply cross-sectional regression to obtain the DiD estimates(s) and standard errors.
Section 3.3 extends the framework to accommodate heterogeneous trends and seasonal effects,
demonstrating how to implement our approach in these more complex settings. In Section 3.4, we
compare our method to the Synthetic Control (SC) and Synthetic Difference-in-Differences (SDiD)
approaches, highlighting differences in their underlying assumptions.

Section 3.5 presents simulation results evaluating the performance of these estimators. We
find that SC and SDiD, especially the former, can exhibit substantially more bias than removing
heterogeneous trends. In Section 3.6, we revisit the California smoking restrictions passed in 1989,
using the data in Abadie, Diamond, and Hainmueller (2010). Section 3.7 addresses the staggered
rollout case and applies our method to measure the effects of castle laws on homicides. We conclude

in Section 3.8.

49



3.2 The Common Timing Case

3.2.1 Estimating a Single ATT

Initially, the setting is that a total of 7" time periods are available, and an intervention occurs
at time S, S € {2,...,T}. A cross-sectional unit, Z, is either subjected to the intervention, which
remains in place periods S through 7', or it is a control unit. Treatment status is indicated by the

binary variable

S
I

0 if a control unit 3.1

1 if a treated unit

S
I

The time-varying treatment indicator is

Wit = D; - post; (3.2)

where post; = 1ifr € {S,S+1,...,T} and zero otherwise. In what follows, we assume that
the data draws are independent and identically distributed across i but allow general dependence
and changing distributions across ¢t. Late, we provide a discussion of how one can accomodate
clustering or spatial correlation if the cross-sectional sample sizes are reasonably large.

The simple DiD estimator can be obtained as the coefficient 7pp on W;, from the pooled
regression

}]l't on 1, Dt‘, pOStt, VVit, = 1,,N, t = 1, ,T (33)

Equivalently, one can replace D; and post; with a full set of unit and time period fixed effects,
resulting in the popular two-way fixed effects (TWFE) estimator. [The equivalence follows from
Wooldridge (2021, 2010).] When N is small (or Ny is small), inference using the TWFE estimator
is tricky because one should allow serial correlation in the underlying time-varying errors, Uj;,
that are implicit in the equation. The usual method of clustering by unit i generally results in poor
performance with small N (or with small Ny or Ny).

As is fairly well known, and recently shown in Lee and Wooldridge (2023) in cases with

covariates, Tpp also can be obtained as follows. First, for each unit i, create
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S-
AY; = mz it — (S—l Zl (3.4)

= Yl,post Yl,pre’

which is a simple transformation of the data within each unit. This results in a simple cross-
sectional data set {(AYi, Di) i=1,...,N }, where N can be large or small. In the second step, Tpp

is obtained as the coefficient on D; from the simple regression
AY;onl, D;, i=1,...,N. (3.5)

Of course, this regression leads to the formula for a difference in means:

™D

N N
Ny' Y DAY = Ng' Y (1- D)) - AV (3.6)
i=1 i=1

AYtreat - AYcontrol-

The benefit of the previous characterization of the DiD estimator is that we can think of a simple
underlying model,

AY; =a+1D;+ U; (3.7)
E (Ui|D;) =0, (3.8)

where the zero conditional mean assumption holds when the difference-in-differences design iden-
tifies the average treatment effect on the treated, 7. If N is reasonably large, and we have several
treated and control units, we can rely on asymptotic analysis and justify a heteroskedasticity-robust
standard error for Tpp for computing a confidence interval for 7. But when N is small, or, say,
Ny is large but N; is small, we cannot rely on asymptotics. Nevertheless, it is possible that (3.7)

satisfies the classical linear model (CLM) assumptions:
U;|D; ~ Normal (0, 0'5) 3.9)
Under (3.7) and (3.9), conditional on D;, Tpp has an exact normal distribution, and

—— ~Tn=2 (3.10)



This result means that we can obtain exact tests of any null hypothesis, such as Hy : 7 = 0.
Moreover, the usual confidence, obtained using percentiles of the 7y_, distribution, have exact
coverage. Relatedly, Hagemann (2025) assumes normality in the context of testing for a treatment
effect when a single cluster is treated with many units within the cluster, allowing for different
variances in the distributions of the control and treated units. Here, we do not require any particular
number of time periods (units within a cluster) provided the normality assumption (3.9) holds.

In looking at the expression for 7pp in (3.6), it is clear that asymptotic theory will not apply
when, say, Ny is very large if N is still small: we need the central limit theorem to apply to both
terms in (3.6), and it will not generally be a good approximation to the distribution if N; is small.
The same is true if Ny is small.

Assuming (3.9) holds, the approach works in any setting with No > 1, Ny > 1, and N =
No+ N > 3. In particular, we can have a single treated unit, Ny = 1, and many or few control units.
When there is only a single treated unit, the z-statistic Tpp/se (Tpp) is known as the “studentized
residual,” which plays a role in outlier analysis. See, for example, Wooldridge (2020, Section 9.5).
Viewing the ¢ statistic for Tpp as an outlier diagnostic makes intuitive sense: we are trying to
determine whether the single treated unit, with D; = 1, is an outlier compared with the control
units.

The approach just outlined is essentially that taken by Donald and Lang (2007), but here we
apply it to panel data with either a short or long stretch of time. If 7 and 7; are reasonably
large, the normality in (3.9) may be an acceptable assumption because, if the data are weakly
dependent across time, the central limit theorem implies that ¥;, post and 17, pre are approximately
normal. Moreover, because we only require conditional normality of AY; = Y, post — Y, pres Strong
dependence (such as a time-constant unobserved effect) is eliminated by differencing the post-
intervention and pre-intervention averages. Underlying unit root processes also need not cause AY;
to deviate substantially from normality.

In addition to (technically) maintaining exact normality, another drawback of the exact inference

approach is that it maintains homoskedasticity — that is, Var (U;|D;) = Var (U;). Nevertheless,
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recent simulations by Simonsohn (2021) are promising in that one version of the heteroskedasticity-
robust standard error, often called “hc3” in the literature, can work well even with a small number of
treated and control units. Thus, one may feel comfortable using heteroskedasticity-robust inference
except in cases with a very small number of treated and/or control units.

In addition, a notable advantage of our method is its compatibility with randomization inference
(RI), which does not rely on the normality assumption. RI enables the computation of exact p-
values for testing the null hypothesis that all treatment effects are zero. The p-value is calculated
as the proportion of permutation-based test statistics that are as extreme or more extreme than the
observed test statistic. Specifically, if the number of such permutations is ¢, and the total number
of permutations is N, then the two-sided randomization p-value is defined as ¢/N. In practice,
the user-written Stata command ritest can be employed to implement this procedure and obtain
exact p-values. See, for example, Hel3 (2017).

There is another characterization of Tpp that will be useful when we allow unit-specific pre-
trends in Section 3.3.

Procedure 2.1 (Unit-Specific Demeaning):

1. Namely, think of obtaining ¥; ., for each i, using the pre-intervention regression:
Yyonl,t=1,...,5—-1, (3.11)

where the coefficient on unit (the only coefficient) gives )71 pre-
2. Next, in each post-intervention period, we obtain out-of-sample residuals, or prediction

errors:
Y'it:Yit_?i,pre: it — (S— I)Zer, r=S5 , T (312)
3. It is easy to see that, when these out-of-sample residuals are average, we obtain the same

regressand as in (3.5):

T
- 1 . _ _ _
Yi m Z th Yi,post - Yi,pre = AYI
4. Obtain an average effect, Tpyy, and its standard error and confidence interval, from

Yionl,D;i=1,..,N. O (3.13)
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3.2.2 Adding Control Variables
As discussed in Lee and Wooldridge (2023), Procedure 2.1 uncovers the ATT under a no
anticipation (NA) assumption and a parallel trends (PT) assumption. With Y;;(0) and Y;(1)

denoting the potential outcomes for unit i in period ¢, the weakest version of NA is

so the potential outcomes are the same, on average for the treated units. Sufficient, of course, is
Yi:(1) =Y;(0), t=1,...,8-1.

The parallel trends assumption is that, forall t = 2,...,T,
E Y (0) = Y (0) |D;] = E [Yir (0) = Yi1 (0)] =6, (3.15)

where d; is a constant that is unrestricted over time. This assumption allows an unrestricted trend
in the control state, but that trend must be the same across control and treated units. In effect, it
allows treatment assignment, D;, to be correlated with the level, say Y;;(0), but it rules out cases
where the assignment is based on differential trends in the control state.

As shown in Lee and Wooldridge (2023), the PT assumption implies that, for some constant «,
E [AY; (0) |D;] = a, (3.16)

where AY; (0) = Y; post (0) = Yi e (0) is the same transformation appearing in (3.4) but for the
potential outcomes. Equation (3.16) means that, AY; (0) is mean independent of D;; as discussed in
LW (2023), along with the NA assumption this implies that 7 is identified and Tpp is (conditionally)
unbiased and consistent. Here, we are relying on unbiasedness because of the small N; or small
No.

LW (2023) also show that the PT assumption is easily relaxed by conditioning on controls.

Given time-constant controls X;, a 1 X K vector, the conditional PT assumption is
E[Y; (0) = Y;1 (0) |D;, X;] = E [V (0) = Y1 (0) [X;] = o + Xifs, (3.17)

where we have imposed linearity because we have little choice in a small-N setting. Assumption

(3.17) is an unconfoundedness assumption on D; once we condition on X;, but it is in terms of the
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differences Y;; (0) — Y;; (0), rather than the levels Y;; (0). (This is what gives the DiD procedure
its main advantage over cross-sectional regression.) In terms of the cross-sectional regression, it is
easy to adapt LW (2023) to see that we should add X; to the equation. To use exact inference, we

would write

AYI':O!+TD,'+X1'ﬁ+Ui (318)
UilD;, X; ~ Normal (0, ag) (3.19)

Provided N > K + 2, (3.18) can be estimated by OLS, and, under the conditional normality
assumption, the ¢ statistic has an exact 7y_x—_p distribution and the corresponding confidence
intervals are exact. Again, it is intriguing to think that, even without N being too large, we might
use heteroskedasticity-robust inference.

When Ny and N are both sufficiently large, and the support of X for D = 1 is contained in that
for D = 0, full regression is preferred on theoretical grounds. Namely, Tpp is the coefficient on D;

from the regression that includes interactions:
Az on 1, Dl', X,’,Di- (X,'—Xl), = 1,...,N,

which is identical to running separate regressions for D; = 0 and D; = 1. Here, X is the average
of the covariates over D; = 1. Unfortunately, this cannot be done with small Ny, as it requires
No>K+1land N; > K+ 1.
3.2.3 Estimating Separate Effects for Each Treated Period

Rather than estimate a single ATT, it is little additional effort to estimate ATTs separately in
each treated period. Define ¥;, as in (3.12), and this is used as the dependent variable in period .

Then 7, pp fort = S, ..., T is obtained from

Yyonl,D;,i=1,...,N (3.20)

In order to conduct small N (or small N; inference), we cannot rely on the central limit theorem in
the post-treatment period. Also, we cannot easily obtain standard errors for linear combinations for

the 7; pp because they will be dependence in complicated ways due to serial correlation. (Unless
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we make the ideal assumptions that rule out serial correlation.) Nevertheless, we can obtain a CI
foreach ; = E [Y;; (1) = Y;, (0) |D; = 1].

The coefficients one obtains from (3.20) are identical to running a standard panel DiD using
the control and treatments for the time periods {1,2,...,5 — 1,7} where § < ¢t < T. That is, we
include all pre-treatment variables.

Again, with N large enough, we can add controls X;. Note that, like the treatment effects

themselves, the intercept and slope parameters on X; vary freely over the treatment periods.

3.2.4 Using Different Pre-Treatment Periods

The suggestion in the previous subsection is to use all pre-treatment periods in computing
the pre-treatment averages. Under NA and parallel trends, that approach uses the most informa-
tion. Nevertheless, one might want to ignore information in the pre-treatment time periods. The
standard event-study approach uses only the period just before the treatment. This results in the
transformation

o

Yi=Yy—Yis1,t=8,....7T, (3.21)
which can then be used in place of ¥;; in (3.20). This is the transformation used by Callaway and
Sant’Anna (2021). Of course, one can use any average of {Y;; : t =1,...,8 — 1} —even a weighted
average — and the method would be still valid. If there is concern about violation of no anticipation,
the average Yl pre could be replaced with

| &
Yigg=— > Y, 3.22
S SO; (3.22)

where Sp < § — 1. A long-difference also can be used: ¥;; — Y g,.

3.3 Heterogeneous Trends and Seasonality in the Common Timing Case
LW (2023) show that, when the units have unit-specific trends, these can be removed before
applying a modification of Procedure 2.1. For concreteness, the following procedure removes linear

trends; it is easily modified to remove higher-order unit-specific trends.
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Procedure 3.1 (Unit-Specific Detrending):

1. For each i, obtain A;, B; from the pre-treatment periods by regressing on a constant and time:
Yyonl,t, t=1,...,5-1 (3.23)

2. For the post-treatment periods, remove the pre-treatment trends:

. — —~

Vi=Yy-Yy=Yy—A-Bi-t,1=5,...,T, (3.24)

where ?,-t = X,- + Ei - t is the projected value of Yj; in a treated period using a trend obtained from
pre-treatment periods.

3. For each unit, average the adjusted outcomes:

T
= 1 ..
Fi= osen & (.25

4. Obtain an average effect, Tpr, and its standard error and confidence interval, from
Vionl,Dji=1,..,N. O (3.26)

We use “DT” to denote that Tpr is obtained from a detrending procedure. As before, even with

Np =1, we can perform inference under

Yl' = 01+TDT~D,~+U,-

U;|D; ~ Normal (0,0'2)

With large enough N we could include covariates, as in (3.17), which would allow for confounded
assignment even after removing unit-specific linear trends.

Because Procedure 3.1 uses unit-specific removal trends, it may initially appear that the final
regression used to obtain Tpz (or Tpp in Procedure 2.1) might suffer from the so-called “incidental
parameters” problem. This is not the case, as we are simply transforming each unit using its own
time series data. That is, AY; and ;l are just linear functions of {Y;; : ¢t =1,2,...,T}. Under
independence across i, the result is cross-sectional data where the observations are independent.

That allows us to at least argue for classical linear model analysis when N is small. Without
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control variables, Lee and Wooldridge (2023) show that a sufficient condition is the independence
of the treatment indicator from transformed outcome variable— that is, the outcome after removing
unit-specific pre-treatment averages or trends.

As in the case without trends, we can easily estimate separate effects for each ¢: for each

t € {S,...,T} obtain 7, py from the sequence of regressions

Yyonl,D;, i=1,...N

and possibly include X;. As before, under the CLM assumptions we can perform inference on the
7, pr- The other strategies discussed in Section 3.2, such as leaving a gap before the intervention if
one is concerned about anticipation, apply here as well.

Rather than using all of the time periods to remove a trend, one could use second differencing,
say,

Y= (Yie —Yis—1) — (Yis—1 — Yir)

where 1 < R < §—1. The resulting estimator is a difference-in-difference-in-differences estimator.
Such an estimator does not exploit averaging across pre- and post-treatment periods, likely making
it more sensitive to violations of the normality assumption.

When Yj; is the log of a positive outcome, a linear time trend is attractive. Nevertheless, with
large enough S, we can make the pre-trend removal more flexible; most obviously by including
higher powers, such as > and #>. However, removing too much of the variation in the outcome may
make it difficult to detect effects of the intervention.

With quarterly or monthly data, and maybe even with weekly data, it might make sense to
remove seasonality at the unit level (perhaps in addition to a trend). In the first step of Procedure
2.1 or 3.1, we would simply include quarterly, monthly, or weekly dummy variables and obtain the

deseasonalized/detrended outcomes. After that, the procedure is exactly the same.

3.4 Comparison with Synthetic Control Methods
With a single treated unit, ADH (2010) propose algorithms to use pre-treatment data to obtain

weights on “donors” to create a synthetic control (SC) for the treated unit. The weights are chosen
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by an optimization algorithm so that all weights are nonnegative and sum to unity. In early SC
applications, inference is essentially visual, relying on taking each control unit as a placebo treated
unit and comparing the post-treatment gaps with those of the actual treated unit.

More recently, Arkhangelsky et al. (2021) study the SC methods, and extensions, when the
target parameter is the post-treatment time average of the ATTs — rather than estimating a differ-
ent parameter in each time period. They propose the Synthetic difference-in-differences (SDiD)
estimator, which can be interpreted as a weighted two-way fixed effects (TWFE) estimator. Specif-
ically, SDiD assigns unit weights to balance the pre-treatment trends of treated and control units,
and time weights to balance pre- and post-treatment periods within control units.

These weights are obtained by solving regularized optimization problems that minimize dis-
crepancies in pre-treatment outcome trajectories, thereby improving robustness to violations of
the parallel trends assumption and enhancing efficiency. This approach allows SDiD to blend the
strengths of both SC and DID while retaining valid large-sample inference guarantees.

When it comes to staggered interventions, Arkhangelsky et al. (2021) suggest splitting the
sample by adoption date into subsets and applying SDiD method separately to each subset. See,
for example, AAHIW (Appendix: Staggered Adoption, 2021). For instance, if units 5 and 6 begin
treatment in period 5, units 3 and 4 begin in period 3, and units 1 and 2 are never treated, then, the
sample can be divided into to sub-samples: one including units 1, 2, 5, and 6 and another including
units 1,2, 3, and 4.

Inference for the SDiD estimator is developed under large Ny, large T asymptotics. The key
assumptions include independence of the error terms across #, allowing for standard central limit
arguments as the number of control units increases. Within each unit, the errors are permitted
to exhibit serial correlation over time, provided they satisfy weak dependence conditions. It also
allows arbitrary correlation across time within units while maintaining independence across units.
Additionally, the validity of their placebo-based standard error estimation relies on approximate
normality of the residuals.

Procedures 2.1 and 3.1 of our paper use relatively less sophisticated strategies in effectively
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choosing a synthetic Control. However, it is important to remember that the chosen control is
based on the outcome after the pre-treatment averages or pre-treatment trends have been removed.
The average of the resulting residuals across all included control units effectively plays the role of
the synthetic control for the residualized outcomes of the treated unit. In other words, the cross

sectional average of the controls,
No
Ng' D Vuit=1,..T, (3.27)
i=1

is the synthetic control for the cross-sectional averages of the treated units,

No+Ni
N7 Z Yi:t=1,..T}. (3.28)
i=Ny

If we remove pre-treatment trends then Vi replaces Yi;. The hope is that after transforming Y;; in
the pre-treatment periods, the control residuals do a good job of tracking the treated residuals pre-
treatment. When the procedure is successful, there should be close agreement in the two average
residual series over the periods t = 1,2,...,S8 — 1. The estimated treatment effects are obtained

from the differences for ¢+ > S, and these are exactly the coeflicients in (3.5) or (3.26).

3.5 Monte Carlo Simulations

In this section, we design simulations to assess the performance of our proposed estimator
in the presence of treatment effect heterogeneity under the common timing case. Our goal is
to understand how well the estimator recovers the average treatment effects under realistic data-
generating processes characterized by serial correlation, unit-specific heterogeneity, and dynamic
treatment effects.

In each simulation, we generate data for N = 20 units observed over T = 20 time periods, with
treatment beginning at a common timing in period ¢ = 11, resulting in 10 pre-treatment and 10

post-treatment periods for each unit.

3.5.1 Data Generating Process

This section outlines the specific steps used to generate the simulated data in detail.
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Step 1. Unit characteristics

Each unitis endowed with two latent characteristics, unit-specific heterogeneity and unit-specific
time trend slope: ¢; ~ N(0,02%) and g; ~ N (1, O'gz), respectively, where o, = 2 and 0, = 1 in our
simulation. These characteristics are constant across time.

Step 2. Idiosyncratic error term

We generate serially correlated errors u;; using an AR(1) process,
2
Uil ~ N 07 PG K
1 — p?
Uit = PUis—1 + Eir, i ~ N(0,2),p =0.75

This structure introduces persistent shocks in the outcome evolution.
Step 3. Potential outcomes
The potential outcome in the control state and treated state is defined as
Y (0) = A, - f50 — ci + git +uyy,
Y (1) =Y (0) +0; - fs; +vir, vie ~ N(O, \5),
where f's; is time dummy, A, represents time fixed effects and J; is time-varying treatment effects.

We assume that 6, = O for t < 11. Then, the observed outcome is determined using a potential

outcomes framework:
Yy =(1-D;) - Y;(0)+D;-Y;(1)

where D; € {0, 1} is a binary indicator for treatment status. Treatment is assigned based on a

logistic selection rule,
Pr(D;=1)=1(ap—a; -ci+ap-gi+¢€ >0), ¢ ~ Logistic(0,1)

The average post-treatment effect is set to approximately 2 by construction.
The detailed settings for each scenario are summarized in Table 3.1. Specifically, the time fixed

effects A; and time-varying treatment effects ¢, are held constant, while the parameters governing
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the treatment assignment Pr(D; = 1) vary across three scenarios. The probability of being treated
decreases from Scenario 1 to Scenario 3.

Table 3.1 Simulation Setup Parameters Across Three Scenarios

Parameters Scenario 1 Scenario? Scenario 3

Treatment Rule 11 B 11 I

(Q(),Cl’],az) ( 19 394) ( 1'5’ 3’4 ( 2,3’4)

Time Fixed Effects | (0 0.2.0.6.07.0.8.0.6,09,09. 1, 1.1, 13,12, 1.5.0.6, 1.4. 1.8, 1.9)
(A1, 42,...,A20)

Treatment Effects (1.2.3.3.3.2.2.2. 1. 1)

(011, ..,020)

Note: only the treatment rule parameters vary across scenarios.

3.5.2 Simulation Results

Table 3.2 presents the simulation results across three scenarios outlined in Table 3.1. Our
proposed Detrending estimator, both in its standard error (HCO) and with heteroskedasticity-
consistent standard errors (HC3), outperforms alternative methods such as Synthetic Control (SC)
and Synthetic difference-in-differences (SDiD) methods.

Across all scenarios, the Detrending estimator achieves the lowest root mean squared error
(RMSE), indicating superior finite-sample performance. Specifically, in Scenario 1 where the
probability of treatment is higher (P(D; = 1) = 0.32), the Detrending estimator exhibits a negligible
bias and an RMSE of approximately 1.73, significantly outperforming SC and SDiD, which exhibit
large biases (-0.375 and 0.392, respectively) and correspondingly higher RMSEs. Similar patterns
are observed in Scenarios 2 and 3.

In particular, while SC and SDiD exhibit a notable gap between the empirical standard deviation
(SD) of the estimates and the average estimated standard errors (Avg SE) reported within each
replication, our Detrending estimator maintains a close alignment between the two, leading to more
reliable inference and coverage rates close to the nominal 95%.

For example, in Scenario 1, the SD for SC is 1.73, while the average standard error is 2.66,
indicating that the method tends to overestimate its own uncertainty and produce wider-than-
necessary confidence intervals. This conservative estimation contributes to coverage rates that

remain close to or slightly above the nominal 95%.
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Table 3.2 Simulation Results Across Three Scenarios

Scenario 1. P(D; = 1) =0.32

Average Effects | Bias SD | RMSE | Coverage Rate | Avg SE
Sample AE 1.991
Demeaning 3.905 1.914 | 5.10 | 5.445 0.94 4.96
Detrending 2.000 0.009 | 1.73 | 1.734 0.96 1.74
Detrending (hc3) 2.000 0.009 | 1.73 | 1.734 0.96 1.87
SC 1.616 -0.375 | 2.14 | 2.177 0.97 3.27
SDiD 2.383 0.392 | 1.77 | 1.808 0.96 2.56

Scenario 2. P(D; = 1) =0.24
Average Effects | Bias SD | RMSE | Coverage Rate | Avg SE
Sample AE 2.011

Demeaning 4.264 2253 | 5.67 | 6.101 0.93 5.48
Detrending 1.969 -0.042 | 1.89 | 1.892 0.95 1.91
Detrending (hc3) 1.969 -0.042 | 1.89 | 1.892 0.93 2.04
SC 1.622 -0.389 | 2.35 | 2.384 0.94 2.73
SDiD 2.395 0.384 | 1.89 | 1.925 0.95 2.25

Scenario 3. P(D; =1) =0.17
Average Effects | Bias SD | RMSE | Coverage Rate | Avg SE
Sample ATT 1.996

Demeaning 4.566 2.570 | 6.78 | 7.254 0.94 6.43
Detrending 2.161 0.165 | 2.37 | 2.380 0.95 2.26
Detrending (hc3) 2.161 0.165 | 2.37 | 2.380 0.91 2.60
SC 2.962 0.966 | 292 | 3.078 0.92 2.85
SDiD 2.615 0.619 | 2.35 | 2.435 0.94 2.33

Each simulation study has 1, 000 replications with N = 20

Theoretically, substantial bias would be expected to shift confidence intervals away from the
true treatment effect and lower coverage rates. Although SC and SDiD exhibit noticeably larger
biases compared to our Detrending method, in our simulations, the magnitude of these biases is
not sufficiently large relative to their conservative standard errors to meaningfully reduce coverage.
As a result, despite their higher bias, SC and SDiD still achieve coverage rates comparable to or
slightly exceeding the nominal 95% level.

Moreover, in Scenario 3 where treatment assignment becomes rarer (P(D; = 1) = 0.17), all

estimators experience greater challenges, but our detrending method still maintains the smallest
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RMSE and the most reliable inference properties compared to SC and SDiD.

Overall, these simulation results suggest that the detrending approach can offer substantial
improvements in bias reduction, efficiency, and inference accuracy in scenarios with heterogeneous
linear trends. However, its advantages are not universal. When a unit’s pre-trends exhibit more
complex patterns that cannot be adequately captured by linear detrending, our method will not

always work better than existing alternatives.

3.6 Application to California Smoking Restrictions

We apply our methods to the problem analyzed in ADH (2010), estimating the effect of
California’s tobacco control program. The first year of the program is 1989, with 19 pre-treatment
years (1970-1988) and 12 treatment years (1989-2000). We use the log of per capita cigarette sales
as the outcome variable; ADH (2010) used the level of this variable, but the log seems more natural
— partly to obtain a percentage effect and partly to make normality of the transformed outcome a
better approximation. California is the only treated state. As in ADH (2010), we use No = 38
potential control states after eliminating states that implemented some sort of anti-smoking program
over the period.

As discussed in the previous section, SCM uses pre-treatment outcomes (and sometimes other
variables) to create a synthetic control — in this case, a synthetic California. The weights for the
38 controls are chosen to make the SC as close to California as possible based on pre-treatment
observables (primarily Y;;). These weights are then used to project out what would have been the
untreated outcome for CA after the policy change; this is then compared with the actual outcome

in post-intervention.

3.6.1 Results

Figure 3.1 shows the graphs of (3.27) and (3.28) using Procedure 2.1, allowing for separate
effects in each treated period. The solid pink line represents the outcome for the treated unit
(California), while the dashed blue line corresponds to the synthetic control group. The vertical
dashed line marks the intervention year (1989).

It is evident that the tracking is not particularly good, with the average of the controls initially
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being below the treated and then above the treated unit in 1980. Since it includes all of the controls,
it is not surprising that perhaps just removing a pre-treatment average is not enough to make them
similar to California prior to the intervention — even averaged across No = 38. One possibility is
to choose a subset of the controls that seem most similar to California. In effect, that is what the

SCM does in a systematic way.

Treated

——— Control

T T T T
1970 1980 1990 2000
year

Figure 3.1 Removing Pre-Treatment Averages, All Controls

On the other hand, Figure 3.2 plots the average residuals for the controls against California after
removing the state-specific trends, obtained using Procedure 3.1. This provide a much better fit up

until the policy change.

Treated

——— Control

F———— e e e e e — -

T T T T
1970 1980 1990 2000
year

Figure 3.2 Removing Pre-Treatment Linear Trends, All Controls
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Now, we can interpret the gaps after the intervention data as the effects of the intervention at
different time horizons. Figure 3.3 shows the estimated gap between detrended California and the
average of the 38 detrended controls. Prior to the intervention in 1989, the gap ranges from about
—1.4% to 3.5%, with an average very close to zero. After the intervention, the treated unit exhibits
a sharper decline compared to the synthetic control, indicating a potential negative effect of the

policy.

gap

T T T T
1970 1980 1990 2000
year

Figure 3.3 Gap Between California and Average of All Controls, State-Specific Linear Trend

Similarly, both the Synthetic Control and Synthetic DiD methods, using all 38 states as controls,
display a similar pre-treatment trend between California and Synthetic California (Control), as

visualized in Figure 3.4 and Figure 3.5, respectively.
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Figure 3.4 Synthetic Control Method, All Controls

Unlike Synthetic Control, Synthetic DiD in Figure 3.5 allows for level differences (drift) in

pre-period trend between the treated and control units.

Treated

——— Control

1.0
r0.8
0.5
0.2
0.0

T T T
1970 1980 1990 2000
year

Figure 3.5 Synthetic DID, All Controls

Lambda weight

Table 3.3 reports the estimated effect and associated standard errors from these four different
estimation method: (1) Demeaning — Procedure 2.1, (i1) Detrending — Procedure 3.1, (iii) Synthetic
Control Method, and (iv) Synthetic DiD. The first row, Average Effect, presents a single estimated

effect averaged over all treated periods.
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Table 3.3 Estimated ATTs, 38 Control (Donor) State

Procedure 2.1 Procedure 3.1 .
(DID) | (Unit-Specific Detrending) | o= | Synthetic DiD
Average Effect -0.422%** -0.227%* -0.304%** -0.286%**
(0.121) (0.094) (0.112) (0.097)
T1989 -0.168* -0.043
(0.096) (0.059)
T1995 -0.484%** -0.2827%*
(0.137) (0.112)
2000 -0.667*** -0.403%**
(0.164) (0.152)

Note 1: standard errors in parentheses. *** p < 0.01, ** p < 0.05, * p < 0.1.
Note 2: For Procedure 3.1, the p-value for the average effect under the normality assumption is
0.021. Based on randomization inference (RI) with 1,000 replications, the p-value is 0.041. This

result is reasonably close to the conventional value, supporting the robustness of the inference.

Table 3.3 also shows the estimated effect and associated standard errors for several time horizons,
since our cross-sectional regression method can easily estimate separate effects for each . As is
evident from the picture, the estimated effect grows over time, starting off small but ending at
year = 2000 with —0.403 (r = —2.65).

3.6.2 Robustness Check

To further evaluate the robustness of our state-specific detrending procedure, we contrast the
results from Procedure 3.1 with those from synthetic control methods when the donor pool is
restricted to a small set of states that, a priori, does not seem “similar” California. While the previous
section used all 38 potential control states, here we consider two alternative donor pools. The first
group consists of Alabama (AL), Arkansas (AR), Louisiana (LA), and Mississippi (MS)—four
southern states that differ substantially from California in socioeconomic characteristics. The
second group includes Midwestern states—Illinois (IL), Indiana (IN), Iowa (IA), and Ohio (OH).
By limiting the set of controls in this way, we assess how each estimator performs when the
availability of similar donor units is limited, providing additional insights into the robustness of our

procedure.
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3.6.2.1 AL, AR, LA and MS as Controls

Table 3.4 summarizes the estimates using Alabama (AL), Arkansas (AR), Louisiana (LA), and
Mississippi (MS) as control states across four different estimation methods. The results from the
detrending procedure closely resemble those obtained when all 38 states are used as controls, both
in magnitude and statistical significance. In contrast, the synthetic control (SC) and synthetic DiD

methods yield larger estimates in absolute value, reflecting poorer pre-treatment fits observed in

Figure 3.6.
Table 3.4 Estimated ATTs, AL, AR, LA, MS as Controls
Procedure 2.1 Procedure 3.1 o
(DiD) (Unit-Specific Detrending) SC Synthetic DiD
Average -0.556%*%* -0.215%* -0.571%%* -0.392%#*
(0.080) (0.039) (0.034) (0.030)
1989 -0.247 -0.027
(0.107) (0.052)
1995 -0.61 17%%** -0.259%*
(0.077) (0.055)
2000 -0.839%%** -0.377%*
(0.032) (0.115)

Note: standard errors in parentheses: *** p<0.01, ** p<0.05, * p<0.1

Panel (a) of Figure 3.6 shows how the removing unit-specific linear trends fits when the controls
consist of AL, AR, LA, and MS. The average residuals across these four states provide a remarkably
good fit to the detrended California. By contrast, Panel (b) and (c) of Figure 3.6 shows that both
SC method and Synthetic DiD cannot recover a synthetic California that provides a close enough

fit in order to produce a convincing estimate of the causal effect.
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(a) State-Specific Detrending
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(c) Synthetic DiD
Figure 3.6 AL, AR, LA and MS as Controls
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3.6.2.2 IL,IA, MN and OH as Controls

Similarly, we next employ four Midwestern states—Illinois (IL), lowa (IA), Minnesota (MN),
and Ohio (OH)—as control units. The corresponding results are presented in Table 3.5. As in the
previous case with AL, AR, LA, and MS as controls, our unit-specific detrending approach achieves
a strong pre-treatment fit, while the synthetic control and synthetic DiD methods perform poorly.
As shown in Panel (a) of Figure 3.7, the detrending method closely aligns with the pre-treatment

trends, whereas the alternative methods exhibit clear discrepancies.

Table 3.5 Estimated ATTs, IL, IA, MN and OH as Controls

Procedure 2.1 Procedure 3.1 e
(DID) | (Unit-Specific Detrending) | > | Synthetie DiD

Average -0.413%* -0.198* -0.437%* -0.275%

(0.118) (0.079) (0.184) (0.154)
1989 -0.178* -0.040

(0.071) (0.045)
1995 -0.462%* -0.239*

(0.133) (0.088)
2000 -0.655%* -0.363*

(0.183) (0.136)

Note: standard errors in parentheses: *** p<0.01, ** p<0.05, * p<0.1

These findings further support the robustness of our approach, even in settings with a limited
donor pool. Notably, while both synthetic DiD and synthetic control method typically rely on
a large number of control units to construct a reliable counterfactual, our method requires only
minimal conditions (e.g., at least one treated and one control unit, with a total of three or more

units), making it particularly useful when the donor pool is small.
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Figure 3.7 IL, IA, MN and OH as Controls

72



3.7 Staggered Rollouts

We can extend the previous methods to the case of staggered interventions, where units are
allowed to be first treated at different times. But one must use care in choosing a suitable control
group.

3.7.1 The Setup and Estimation

Suppose now that the first treatment period is S, but treatment can first occur in periods
S+1,...,T. Index the treatment cohorts or groups by g € {S,S+1,...,T}, the time of first
treatment. Let Dy , g =S, S+1,...,T be the cohort indicators. Specifically, D;, = 1 if and only
if unit 7 was first treated in period g. The never treated units are indicated by Dje = 1.

There are N, units in each cohort, with N, being the number of never treated units. With
No > 2, the other treated cohorts may have only one unit. Naturally, if there are periods without
new treated units, there will be no treatment effects estimated in those periods.

The potential outcomes are Y; (g), g = S, ..., T, o0, where Y; (g) is the outcome in period # if
the first period of treatment is g. Y; (o0) is the never treated state (or control state). The treatment

effects are now indexed by cohort and time:
Tu=E[Y,(g) Y () |Dg=1],1t=¢g,...,T. (3.29)

We are also interested in estimating the cohort-specific average effects,

T
1
Tg=————— ) Ty (3.30)
f(T-g+) ; ¢
As is common, we make a no anticipation Assumption:
Yl(g) :Yt(oo)’t<g’

which says that all potential outcomes are the same as in the never-treated state in periods before
the treatment occurs.
For a given cohort g, one now removes the average or a trend using data up through g — 1, the

final pre-treatment period. It is easiest to obtain the transformation for each unit in the sample, and
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then sort out the valid control units afterwards. For each i, one runs the regressions

Yiyonl, t=1,2,...,g-1 (3.31)

Because we have different treatment cohorts, we add a cohort subscript when projecting out to

post-treatment periods:

Yitg :Yit_Yi,pre(g)’ t:g,...,T (332)
where Y, pre(g) 1S the average of ¥, forz = 1, ..., g—1. Toremove a linear time trend, the regressions
are

Yyonl,t, t=1,2,...,g-1 (3.33)

and then the out-of-sample residuals are

Vig=Yy—Aig—Big -1, t=g,...,T (3.34)

Once the transformed variables have been obtained, the key is choosing a valid control group
at time ¢ for treatment cohort g (which could have as few as one unit). One can use only the never
treated units at time ¢, provided N, > 2. However, as shown in LW (2023), under suitable NA and
PT assumptions, one can using any unit not-yet treated (NYT). Then for cohort g in time period ¢,
the units represented by

Diy1+ Do+ +Dir+ Do = 1 (3.35)

are valid controls. For efficiency reasons, one should use all possible controls (and this tends to
help the normality assumption be more realistic). Nevertheless, one can use any subset (including
the NT group). Let C; 41 be the control group chosen for period ¢, with the subscript indicating
that these groups cannot have been treated prior to 7 + 1. Then 7, is the coefficient on D;, in the
cross-sectional regression

Yigonl, Di using Dig +C; 1y =1 (3.36)

Or, replace Y,-,g with the detrended version, Y',-,g. Under a homoskedastic normality assumption,

exact inference can be used in (3.36) even if N, = 1 and the number of control units is small.
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For many purposes, we are more interested in the 7,, which we can aggregate to obtain a single,
weighted effect — more on this below. Then, because we want inference without many units in the
treated cohort, we use the never treated units as the control and run a single, aggregated regression.

Specifically, define

T T
= 1 ) = 1 .
Yie=——F— ) YyandY;p = ——— ) Y. 3.37
ig (T—g+l);‘; it and e (T—g+l);‘; it ( )
Then run the regression
Yigon1,Dig,i=1,...N, Dig+ Dieo = 1 (3.38)

to obtain T, as the coefficient on D;,, or use ?ig in place of ?ig. Again, this is a cross-sectional
regression with independent observations. If N, and N, are suitably large to employ asymptotics,
then we can use a heteroskedasticity-robust standard error (hc3) to obtain a ¢ statistic or confidence
intervals. We can appeal to exact theory if N, is small, including N, = 1.

If we want to aggregate the 7, to obtain a single treatment effect, a challenge is to obtain a valid
standard error when cohort sizes are not particularly large. A natural parameter is to weight the
cohort ATTs, 7,, but the cohort shares. This leads to the estimator

T
T = ) BT (3.39)

g=s
where

—~

a)g:

Ng

3.40
N5+NS+1+~'-+NT ( )

are the cohort shares. A standard error for 7, must account for the covariances among the ?g , which
is difficult if we cannot appeal to asymptotics. Even with a somewhat larger number of total treated

units, a trick is helpful. We know from simple regression analysis that 7, is a difference in means:

N
~ 1 1 =

7, = N—gZD,g - N—MZDMY,-g (3.41)

1= 1=

and so, by simple algebra,
1 T N . 1 LY _
T = DigYie — — Diw®yY; (3.42)
w (NS+NS+1+" +NT)gZ:;; 1gr1g Noogzz;g; 1 ghig



Define a treatment indicator

D,‘ = DiS+"'+DiT (343)

the number of treated units as

Nireat = Ns + Ngy1 + -+ Nr.

Rearrange (3.42) to obtain

g=S =1 g=S
| & _ & _
= D; - Y;— — Diw Y (3.44)
Nirear ; l l Neo z:ZI l l
1 & = 1 =
= D; Y- (1-D;)-Y; (3.45)
Ntreat ; l l Ncontrol 1=ZI l l
where
— — — T —
Yi=Di-Yis+---+Dip-Yir+ Do - Z(Bng’g . (3.46)

g=S
Note that the representation in (3.45) uses the fact that D; - D;; = D;g. Also, D; + D = 1, and so

(3.45) is a simple difference in sample mean of Z‘ between units that are eventually treated and the

never treated group. In other words, run the cross-sectional regression
Yionl,D;, i=1,...,N, (3.47)

and then 7, is the coefficient on D;. Naturally, if we use unit-specific detrending for each cohort
date g to obtain the ?ig, then we replace ?,-g with §ig everywhere.

Obtaining 7, from the regression in (3.47) has some advantages. It automatically accounts for
the correlations among the ?g, and it can be used whether or not N, is small or large (and same
for Neontrot)- If Nirear and Neonsror are even moderately large, a heteroskedasticity-robust standard
error from (3.47) 1s justified via asymptotic analysis.

Arkhangelsky et al. (2021) discuss how SDiD can be applied to staggered interventions. They

suggest splitting the sample by adoption date and applying the SDiD method separately to each
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treatment cohort, using the never treated cohort as the control [see the appendix in Arkhangelsky
et al. (2021)]. In other words, do exactly what we propose with our unit-specific demeaning or
detrending. Therefore, our proposed methods and the way SDiD is implemented for staggered

designs are directly comparable.

3.7.2 Application: Estimating the Effects of Castle Laws on Homicides

We apply the previous methods to the data set used in Cunningham (2021) on the adoption of
so called “castle” laws — or “hold-your-ground” laws — on homicide rates in the United States. A
castle law typically allows individuals to use force, including deadly force, to defend themselves
against an intruder in their home — without a duty to retreat. The data set covers the 50 United States
from 2000 through 2010. In 2005, one state adopted a castle law. In 2006, 13 more states did. The
remaining treated cohorts are 2007 (four states), 2008 (two states), and 2009 (one state). Therefore,
there are Ny .o, = 21 eventually treated units and N,,,sr0; = 29 control units. the outcome variable
is the log of the annual homicides.

Using the regression in (3.47) with ?,- defined in (3.46), the estimated aggregated treatment
effect, 7,,, is about 0.092, or about 9.2% more homicides from a state adopting a castle law. The
usual OLS standard error is 0.057, which gives ¢ = 1.61. This is not quite significant at the 10%
level against a two-sided alternative. The hc3 ¢ statistic is 1.50. Replacing ?,- with ;, — obtained
from linear detrending — decreases the estimate to 0.067, but the hc3 standard error is 0.055, and
t~1.21.

The synthetic DiD estimate, obtained using the sdid package in Stata 18, is 0.099 and the
standard error, using the placebo method, is 0.069 (z = 1.41). Both the estimate and i