RECTILINEAR CONGRUENCES

By
CHUAN~CHIH HSIUNG

A THESIS

Submitted to the School of Graduate Studies of Michigan
State College of Agriculture and Applied Science
in partial fulfillment of the requirements
for the degree of

DOCTOR OF PHILOSOPHY

Department of Mathematics

1948



ProQuest Number: 10008479

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

ProQuest.
/-"""___- \

ProQuest 10008479
Published by ProQuest LLC {(2016). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code
Microform Edition © ProQuest LLC.

ProQuest LLC.

789 East Eisenhower Parkway
P.0. Box 1346

Ann Arbor, M| 48106 - 1346



ACKNOWLEDGMENT

The author wishes to thank Professor
Vernon Guy Grove for his kind suggestions

during the preparation of this thesis.

204070



CONTENTS

Page

Introduction e e & a4 4 e e e e e o o o 1
l. Differential Equations and Integrebility

Conditions e o e s+ e e o e e e e L

2. Transformations, Invariants and Covariants o o
3. Power Series Expansions for the Surfaces Sy, S, . 12
4. Canonical Form of the Differential Equations and

Loci of Some Osculants o e e & e e e e 18
5. Moutard Quadrics of the Surfaces Sy, S, o e e 23
29

7. W Congruences =« « « s+ o o o o o o o o 33

6. Segre-Darboux Nets on the Surfaces Sy, S,

8. Curves of the Focal Nets Ny, N, « o o « « & 37
9. Correspondences Associated with the Focal Nets

Ny,
10. Axis Congruences and Ray Congruences e e o e Ll

NZ L J * L J L * L] L [ ] . e L] . L ] l"O

11. The Congruences z7, y% and the Principal
COngruence %e. o« o o o o o o o o o o L8
12. Osculating Linear Complexes and Associated
Linear Complexes e o e e & e e« e e 52

Bibliography « ¢ « ¢ o o o o o o e e s 58



RECTILINEAR CONGRUENCES

Introduction

In his prize memoir [11](1), Wilczynskl has established
the theory of a rectilinear congruence in ordinary three-
dimensional projective space by using a system of linear
partial differential equations. However, his method of
deriving the system of the differential equations is not
completely geometric. The author proposes to remedy this
lack of geometric content in the present paper.

In §1 we introduce, by a purely geometric method, a
completely integrable system of linear homogeneous partial
differential equations which defines a rectilinear congruence
in ordinary space except for a projective transformation.

The integrability conditions of the system of the differen-
tial equations are also calculated,

In §2 we study the effeet, on the differential equations
of §1, of a group of transformations which leave invariant
the focal nets N

Yy
integral rectilinear congruence . of these equations.

» N, on the focal surfaces Sy, S, of an

Some invariants and covariants of these equations under

(1) Numbers in brackets refer to the bibliography at

the end of the paper.



this group of transformations are also obtained and listed.

In §3 we calculate for the focal surfaces Sy, S, local
power series expansions, each set of which expresses a local
nonhomogeneous projective coordinates of a point on one
surface as a power series in the other two coordinates and
represents the surface in the neighborhood of an ordinary
point on it.

In §4 a canonical form of the system of the differen-
tial equations of §1 is obtained by a geometric determina-
tion. We then reduce the power series expansions of the
focal surfaces Sy, S, in 83 to canonicel forms, and find
the loci of some osculants associated with the plane
sections of the focal surfaces Sy, Sz made by a variable
plane through a generator yz of the congruence <,

In §5, by means of the quadrics of Moutard for the
tangents to the curves of the focal nets Ny, Ny of the
focal surfaces S_, Sz we study some special kinds of the
congruence £ and determine geometrically the unit point
of the coordinate system for a general congruence Z e

In §6, we find the equations of the curves of Darboux
and the pencils of quadrics of Darboux at the focal points
¥y, z of the focal surfaces Sy, Sy and geometrically
characterize the congruence .. when one or both of its
focal nets are Segre-Darboux nets. The conditions for the
both surfaces Sy, S, to be isothermally asymptotic at the

same time are also deduced.



In 87, the Weingarten invariants and the tangential
invariants of the focal nets Ny, Ny are derived and a
simple geometrical characterization of a W congruence is
given.

§8 contains the local power series expansions for the
u-, v-curves of the focal net Ny on the focal surface Sy.
These expensions express two local nonhomogeneous projec-
tive coordinates of a point on each curve as power series
in the other coordinate, and represent the curve in the
neighborhood of an ordinary point on it. Quadrics having
contact of different orders with the u-, v-curves and the
surface Sy at the point y are considered.

By a line [/,( £!) we mean, as usual, any line through
the point y(z) of the surface SY(SZ) and not lying in the
tangent plane of the surface sy(sz) at y(z); by a line 4,
( lg) we mean, dually, any line in the tangent plane of
the surface Sy(SZ) at y(z) but not passing through the
point y(z). In §9, we derive two correspondences between

£, ,and [/, end between £} and L3, and present another new
geometrical characterization of a W congruence,

§10 is concerned with the determination of the develop-
ables and focal surfaces of the axis congruences, and also
of the ray congruences, of the focal nets Ny, Ny of the
congruence <X . The condition for the focal net Ny or N,
to be harmonic is also obtained.

In §11, we study some covariant congruences associated



with the congruence 2 by methods similar to those used in
§10.

The last section is devoted to the derivation of the
equations of the osculating linear complex along a genera=-
tor of a W congruence and the associated linear complexes
of the focal points y, z of the generator yz of the con-~

gruence < .

1. Differential Equations and Integrability Conditions

Pirst of all, we consider in ordinary projective
space a congruence with two distinet proper focal surfaces
Sy, SZ generated respectively by the two focal points y,

2 of a generator yz of the congruence. Let the parametric
curves u, v on the surfaces S

y

of the conjugate nets N&, Nz in which the developables of

the congruence touch the surfaces Sy, S,; and let the u-

» S, be taken as the curves

tangent at the point y of the surface Sy and the v-tangent
at the point z of the surface S, coincide in the generator
yz. If we select two points 7, 5 respectively on the v-
tangent at the point y of the surface Sy and the u-tangent
at the point z of the surface S;, and if we suppose that
the coordinates ¥ , ¥ of the points 7, z are functions
of u, v; then it can be shown that the coordinates y, 2z,
7, 5 OFf corresponding points y, z, 7 , v satisfy a

system of linear homogeneous partial differential equations



of the form

(Yu= 47 +3 2,
Zg=Y ¥ +J 2z,
Yy :ay+017,

(1.1) T 7
z, =b'z +¢'z ,

Vyp=1V +DZ+DP7 + Q4 %,
Zyy =R'Y+0'Z +D'7 + Q'3 (ce'prqpr+0),

N

in which subseripts indicete partial differentiation and
the coefficients are sceslar functions of u, v.
The derivatives %, , 77 and %,, %, may be written

as linear combinations of y, z, 7 , 5 by using equations

(1.1) and

(vy)v = (Fg)us (zy)y =(2¢)y
A b 2 Zau = (Z)us

the result is

-

Ty = 6y +f2+8 7,

=ry +nz/e+s7v +ax /e,
(1.2) ﬁ T K

3, =m'y/e' +8'z+p'77 fe'+r' s,

v, =e'y+f'z+g'y ,

N

in which the coefficients are defined by the following

equations:



’ca:oév+pY-au, cr:»ﬁv"—ﬂd‘ - ag,

cr=m-a.v-az, cs =p - C, - ac,

v

g=d - (log ¢);
(1.3) A
ele'= Yytdr = Db'Y, e'f'= Iy +8y - b,

tnt— ! = 6! = ht t—nt - ht o Ht2
clrt=q c b'e', c¢'s'=n by b'<,

8' = J‘ - (log O')v.

~

The integrability conditions of equations (l1.l) are

found by the usual method from the egquations

(T = (704 (Bdg = (500,

and the fact that the points y, z, 7 , 5 are linearly

independent. These conditions are

( egytae + LY +gr = r, +rdtes + m*q/ce?,
£+ £+ gnfc =rp3 + (n/c)u-f-b‘n/e +fs +qs'/ec,
ce + gy =8, +p'q/ec’,
gg=c'n +clq/e), +aqr’;

(1-4) 9 £ + b'f* +e'g + g's' =8} +d's'+f'r'+p'n/cet,

oy te'd + gm'/et'=s'y + (m'/c*)yram'/e'+etrp'r/ot,

e'f*+ gl =r! +p'g/ce’,

| g'pt=cm'+c'(p*/et) +Dp's,

Meking use of equations (1.3), the third and the
seventh of equations (l.4) we obtain the equation

(1.5) (a+g'+ d + s)u: (g+b* + A +r')v.



It follows that there exists a function & of u, v which
is defined, except for an arbitrary additive comnstant, as
a solution of the differential equations

(1.6) 0,=8+b'+ A + ', 8,=a+8"'"+ 4 + 8.

v
Accordingly, the following formula is valid:

(1.7) (v, 2,7,3%) = &°,

where a determinant is indicated by writing only a typical

row within parentheses.

2. Transformationsg, Invariants and Covariants

Let us consider the group of transformations on the

the coordinates y, 2,7, 5 and the parameters u, v:
(2.1) Y=A¥, z2=x2%2, 7=V7, §=7F (ruvt#0),
(2.2) 4 =U(u), ¥ =V(v) (Urvr+0),

where N, w4, V , T are scalar functions of u, v and the
accent denotes differentiation with respect to the appro-
priate variable.

The effect of the transformation (2.1) on the system
of equations (1l.l1l) is to prbduce another system of equations

of the same form whose coefficients, indicated by dashes,

are given by the following formulas:



(A= =Xy /N, B=pu/r, V=r wu, &=dw,/u«,

E=a = Ay/X, C=cV/x, B'=b' -r/u, T'=c'rfu,
_)-‘\—(m)\- Agv = 28X 42 X2/ A), Td=nu/A,

5:%(‘9 - 2c AL/ N), T=a7v/x,

B=m' A, D=Ll - wyy - 2004, +2u2/ ),

(B'=p'V/ e, T'=LAqr - 2etuy,/u).

The effect of the transformation (2.2) on the system
of equations (l1.1l) is to produce another system of eguations
of the same form whose coefficients, indicated by stars,

are given by the followling formmlas:

(A *¥ = fUr, p*=p/U0", r¥=y/V, &*=4/,
a¥*=4a/V', oc¥=¢/V', Db'*=Dp"/U', c'*=¢c'/U,
m*=(m - aV"/V')/V'2, n*=n/v'2,

p*¥=(p - eV"/V*)/V12 q*=q/V'2,

m*=m' /U2, n'* =(a' - b'U"/UT) /U,
p'*=p'/U'2, g'*=(q' - c'U"/U')/U2,

(2.4) <

From equations (1.3), (2.3), (2.4) we may obtain,
after some calculation, the following functions which are
absolute inverients under the transformation (2.1), and

relative inveriants under the transformation (2.2), of

the system of equations (l.1):



A=cn'/p’
B=m'g,
D=c¢c'5 /a,
G=m'n,

(2.5) S Wy =9 -k,
W(V)S@t - g,

I=ct/pB,
J = ce,
L=ct's?,

s

| P=2a - p/e+¢,

where

?5 = log A,

A =c't' +(c'n/q)y,

M =3a +g'-2p/¢ +q,/4,
N_n (2b' = g'/e*+ ¥,

- ¢'n/q+gst/n),

uv?

A'=°'n/<h
B'=n Y
D'=cv/p',
K'=437,

H'= 4\ +8r= o ~(1ogy)
A'=p'q/ce’,
9t=ce +(em'/p'),,
Wiy =a -5,

W) =o' - X'
I'=c'e'/v,

J'=o0'f’',

uv?

L'=cr,

Mi____Bbt +g - 2q'/c'+p'u/p',

N'-m'(2a - p/e +d o
%
-cm'/pt+ p'r/m'),
Pr=2b' - q'/c'+ ¥,

_‘//Zlog A'o

The effect of the transformation (2.2) on each of

these invariants is given, with self-explanatory notation,

by the following formulas:
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A" = (1/00)ar,
Bt¥ = (l/VtB)Bt ,
Dr¥ = (U'z/'vlz)nt s

A* = (1/V)4,
B*=(1/U'3)B,
D* = (V'?/ur2)p,
@* = (1/U'?7'?)q,
B =(1/0'V")H,
K*=(1/U0'V')K,
$*=(1/U'v") 9,
A*=(1/U'v') A,
Wk = (1/U'"V')W

(u) (u)?
W’(v) =(1/UtV* )W(v) ,

k¥ = (1/0v)K,
H'*=(1/U'V*)H*,
Ar*=(1/U'7) 4,
or*=Q1/uv) o',
Wik = (/U)W ,

(1)
wzu)::(l/U'v’)wzu)’

(2.6) <

I¥=(1/v")I,
T*=(1/U'V")7J,
L*=(1/U'?)L;
M* = (1/V)M,
N* = (1/V*?)N,
P*=(1/v')P,

It*=(1/U')1",
Jr¥=(1r/U'v)aT,
Lt* = (1/V'?)L",
M'*=(1/U")M",
Nt*=(1/U'2)N?,
P*=(1/U")P'.

N

These invariants are obviously not all independent. Among

them it is easy to obtain the following relations:
Db'=K/ 9 ,

J'=K'+1I! = A- Al
N'=[L'+A(P - A)]/D'.

AA'=G/ %,
T=H+I, =% - &,
N=[L+A'"(P' - A")]/D,

BB' = GK,
(2.7)

In terms of the invariants, the integraebility condi-

tions (l.k) then can be written in the form
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JoTI(P = $.) +IK=L! +A &',
I,+I(I+P - ¢ )=L'+N,

K' -Ar=3("" - 7)),

d=-r' - q,/a=4A";
JLTTURY =Y, ) +I'E'=L_+A'9,
I+HIN(IT+P -y, ) =L+N',
H-% =3(K - J'),

(4 -5 - Dp!/p'=A.

(2.8) <

From equations (1.1), by differentiation and substi-
tution we may obtain the Laplace equation of the focal net

N :
y

(2.9) Yuv = (g tpY=-ad~d Be/Bly +(By/8 + I Vyy+ L ¥y

It is easy to show that the point invariants of Laplace-
Darboux of the net Ny are H, K defined by equations (2.5).
Moreover, the point z is the ray-point ¥y.y of the v-curve
corresponding to the point y or the minus-first Laplace
transformed point of y with respect to the net N,,, and

the ray=-point ¥y of the u-curve corresponding to the point
y or the first Laplace transformed point of y with respect
to the net NY is defined by the equation

(2010) Yl—'—' - Iy+c7o

Similarly, the point invariants of Laplace-Darboux
of the net N, are H', K' defined by equations (2.5), the

ray-point Zq of the u-curve corresponding to the point 2z
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is the point y end the ray-point z_y of the v-curve

corresponding to the point z is

(2.11) z2_,= - I'z+ect'yg .,

3. Power Series Expansions for the Surfaces Sy, S,

From system (1.l) and equations (1.2), (1.3) by
differentiation and substitution, any derivative of y can
be expressed as a linear combination of y, z,7, v . 1In

particular, cne obtains

(3, = (A Ry +( fy +ep +D Blzte'd s ,

Vv = (A, tad+pY Iy +(B +Bfz ted7 ,

Vo = Ay T3y + LW BT+ By T2y B
tdB TRb By + L2+ BB+ 0 Bz +D'BTY
t(2e'B,+e'dp +a's) 5,

Vyuv =Py Ta8dy T2 AAgt By Y+ Bry+2«BY
+ad2)y H( By ThyB +Byd + ok By +D'8,
+8d Yy t4BI DB +62Y)z el ky +2) 7
Fet ﬁv'f'ﬂJ\) 5

(3.1) < Vavv =(mu+moi+ep+m‘q_/c')y+(nu+m/a +b'n +fp
+as')z +(py +ep+p'a/e’)7 +(qy+e'n +qr')3,
vaz(mv+am+n rv+e'q +pr)y +(ny+nd + £'q+np/e)z
t(p, +em+ps)n + (q . +8'a+pa/e) s,

Vo =0 )7 +(F)z2 +(30" 5 +py 8 +2p"4 B8 - eyp's/ec

+0'a' g /et )y + (3e! Byy +3e' Ay 20t gy
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+3¢' B, +a; 8 te' A28 +e'n'p + Q'«B+q'r'gls ,
=Ry +(¥)m + [ngyt+2n S +n Sy F2ftq, + g
+npv/c +(np/e),+mn+n df2+npd/e+f'qd

vav
+£'g'q +f'pa/ec+nps/ez +(ayy +28%a, + 834
+ pa,/e +2p /e - eypa/c? + g'pa/c +pas/e

+mq +g'ZQ) Ty

N

where (*) denotes terms immaeterial for our purpose.
The coordinates Y, where
Y=Y(u+tau, v+av),
of any point Y near the point y on the focal surface S

y
are given by the Taylor's series

(3.2) Y=y +y, AU +Y oV + %(yuuauz + 2 yyAusv +YWA‘V2) Feoey

in which the increments au and av correspond to displace-
ment on the surface S.y from the point y to the point Y.

If the points y, 2, 7, 5 &are used as the vertices of
the tetrahedron of reference, with unit point suitably

chosen, then any point given by an expression of the form

(3.3) Y +XZ +X37 + X5

has local coordinates proportional to iy seey xh. Substi-
tution of the expressions (3.1l) leads to the following
power series expansions of the local coordinates of the

point Y:
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7

¥, =1+dau +aav + 3 aku+o«2)au2 +( Ay +ad t8r)auav
+3mave + ...,

y2 =pgau+&( p‘u+a(/;x+b',3)au2 +( ,evﬂsf)AumH-%nmrz
140 B gy T2 Xy Btd By 12b'8y 1428 +b'B+n's)aud
t3( Buy tA BB T By T DB TBS +ABISHE2Y
1568 )auRav +3(n, +mB +b'n +£p +qs')suav?
+—;—(nv+nd‘+f'q +np/e)avd + ... +2—'1;[nw+2nvc{‘
+t2f'qy +11q +npv/c +(np/e),+mn +nd2+npd /e
+£'qd +£'g'q +£'pg/c +nps/e javh +...,

(3.4) < y,=cav tedauav +3pav+ £( Byy +24,B14E +2b'8,

3
+42p +b'B+n'3 ) aud +... +H(p, tem +pa)av3
+...,

yh= 4c'p au? +§qmr2 + 4(2e'8, +c'p +q'8) a3

+3e'( ﬁv+ﬁJ‘)Au2AV +%(qy, te'n +qr')aunave

t4la, +e'a+pa/e) av3 +5h(3er B, 130, A
t2eY gy +3a'8, +q1'1@+e'oL2/3 +e'n!s +q'«pB

ta'rip)aut + ... + Loy, +28"ay +8Ya + pag/e

+2p_q/c - cqu/da +g'pa/c +pas/e + mqg +g'2q)avl

\ +.0..

Division of the last three of the series (3.4) by the

first gives the following expansions:

/Yz/yl = pau+3( B, +b'B ~-LpB)au? +( 5 +85 -ap)auav
+0av2/2 + 4 By = duB - 248, T 2b'B, +424
- 2b'tB+n'8)awd +, ., + 4oy +nd+£'q +np/e

- 3an)av3 +... +4 0 +2n,d+ndy +21 ey
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+£3q ~ Lang +npy/c +(np/c), - 5mn+nd?

- 4and + np J' /¢ - Lanp/e +£'qd + £'g'q

- haf'q—r12a2n+~f'pq/c%—nps/c]Aavh-+...,
V3/vy =cav +3(p - 2a¢)ave +—é—p'pz:\u3 +ees + 4 (Dy

+PpsS - 3ap - 2cm +6a20)Av3+2—jf—(3p‘/3u+p{1ﬂ
(3.5) < -2pW B3 - eyp's/e +p'a'g/et) auk +...,
¥,/¥y = 2c'BauR +3qav? + L(20'8, +-q'p - 2c%B)aul

+%(c'/3v+c'/3d‘- ac’(s)auzav +3(qy te'n -q

+qr?)auave +2la, +8'q - 3aq +pg/e)av3

(3¢ Byy - 36ty B - beklBy +3a'8, +ay 8

+e'n's +30'0L2ﬁ - 3a'4p +q'r')6)Aul* +(*)audav

+(*)Au2AN2'f(*)AuAYB-fE#(qvv'#g%q—f2g'qv

- haq, +Day,/c +2pya/e - ogpa/e? - 5mq+12a2q

- Lag'q +8'%q - Lapg/c +g'pa/c +Dpas/c)avh

T eee

\

From the expansion (3.5) it is possible to calculate
to as many terms as desired an expansion for Yh/yl as a
power series in yz/yl, YB/yl' This celculation can be
performed by setting yh/yl equal to a power series in yz/yl,
yB/yl with undepytermined coefficients and then demanding
that the expansions (3.5) for y,/yy, ¥3/¥1, Yl/yl shall
gsatisfy this equation identically in Au and aAv as far as
the terms of a sufficiently high degree. The result to
terms of the fourth degree is found, by the use of equa-
tions (2.5), to be
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(3.6) ¥, /¥y =30 (y,/y1)%/6 + aly3/v1)2/2¢2+ By (vp/y, )
-e'I(y,/v1)2(y4/y, ) /20 -2%; (v2/y1)(v3/7;)?
c2

+ a(y4/y1)3/6e3 +0, (yo /71 )% + ..
+a [ M MR (P - po M 3L (y3/y, ) b/ 20t

+ eeey
where
’
B =(a'B+e'dp = 3b'e's - o'8,)/6 87,
C,=—2=1 _(-0? +e'd, B+2¢'AB, - 5ble?
taypB- 3¢'n's - c’oLzla +5btel B - 3b'20'ﬁ
+q'r'/3>).

Y

The local coordinates Zys eeey 2 of any point Z near
the point z on the focal surface S, and an analogous power
series expansion for the surface S, in the neighborhood of.
the point z can be obtained in a way similar to the forego-
ing, or else can be written immediately by making the

substitutions

) yﬁulBaLpacefgmnpqrs

(3.8 ( )
25 v2L4d7Y b £' e g' n' m q' p' s' ’

(3.9)(ABDGHK A W(u)W(V)IJLMNP).

A' B' D' GK' H' A'8' W, Wiy I3 LT M NP

The result is
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s

2, = vav +im'au? +( v +dr)auav +3( v +vd + ar)avd
tL(ml +m'd +e'p* +m?q’ /e Jau +3(my +n'y
+am' +e'q’ +p'r)aulav +3( Yyp tA vt ary +r, I
tdlYy 7Sy +adY +hY St aTR)AuAvE +L( Vo,
t2av, + v, §H2Y4, +ard+rf2+ my)avi+ ...,

(3.10) < 2z,=1+blaut+dav +4ntau? +( d‘u+ﬁ7’ +b'd )auay

13( 4y +52)av? +..,

Zq = ip'au? +ie vav? + <{p} +ep'+p'q' /e’ )au3

+4(p} +om! +p's)avlav +3el Yu-f-o()’)Ausz

t (207 +e vy +pr)Iav3 + vee,

=¢'AU +3q'au? +¢'AUAV + ou0}

z
i L

(3.1)  23/z,—0 (2/2,) +P" (2,/25)%/20'2 +B1(2y/2,)3

2
- eI'(21/22)2(zh/zz)/2c*7_296:%, (21/22)(24/2'2)
+p'M'(zh/zz)3/60'3+0i(zl/zz)’*+...
+p! M2 M2 +(P* - ¥ MU' +3L] (2,/2,5) /200

+ ecey

where we have placed
B =(pr+erd - 3ac? = c¥y)/6 r3,
'L - -
(= ¢ 7y t2ey Jtevdy - 587, +D, v

(3.12) { C!-=

- 3cmY - cYs? +5ac7d - 3al¢y+psSY ).
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L. Canonical Form of the Differential Equations

and Loci of Some Osculants

For the purpose of choosing for the points 7,35 two
particular covariant points respectively on the v-tangent
at the point y of the surface Sy and the u-tangent at the
point z of the surface SZ, we recall the definitions [5]
of two osculants assoclated with two ordinary points of
the second kind of two plane curves. Suppose that 0,, 02
are two ordinary points of the second kind of two plane
curves C,, Co respectively, so that 0102 is the common
tangent. Let Kl’ K2 be any four-point conics of the curves
Cy, C, at the points 0,, Oy, and 1, L, the polar lines
of the points 05, 0; with respect to the conies K3, Kj,
respectively; then the intersection of the polar lines /1,,
4, is called the principal point associated with the points
01, 0, of the curves Cl, Cy. Moreover, among the pencils
of four-point conics of the curves Cj, C, at the points 0y,
02, there are principal conics which pass through the prin-
cipal point.

Let us consider a general plane 7T through the genera-
tor yz:

It is obvious that the plane ;T intersects the surfaces Sy,

Sz in two curves Cy, C, having y, z as two ordinary points
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of the second kind. By virtue of equations (3.6), (4.1)

we may obtain the power series expension for the projection

of the section CY in the plane xh==0, namely,
(4.2) x3/xi_= %jzc' (xz/xl)z-rBl(xz/xl)3-+...J.
(3
The equations of any four-point conic of the section C, at

y
the point y are found, from equation (4.2), to be (4.1) and

2 2 _
(AOB) xlx3 - c'xz /2‘5)\" 215le213/0' “f’ka -—0,
where k is a parameter. 7The polar line of the point z
with respect to this conic is given by equations (4.1) and

(hok) o'?x, +2 32B) Ax, =0.

Elimination of A between equations (4.1l), (4.4) shows that
as the plane 7t revolves about the line yz, the locus of

this polar line is a plane through the line z%:
2 2 =
(4.5) c'?x, +2 3%B x) =0.

Similarly, as the plane 7T revolves about the line yz,
the locus of the polar line of the point y with respect to
any four-point conic of the section C, at the point z is a

plane through the line y 7t
2 2ot
(4.6) ¢“x; +2 ¥“BJx3 =0.

Thus we reach the following conclusion:

As the plane 7t revolves about the line yz, the locus



of the principal point associated with the points y, 2z of
the plane sections Cy, C, describes
are (lp-S) Y (llroé)

& line £, whose equations

This line £ intersects the lines X)= X3 =0 and

zé==xh==0 in two points. If we choose these two points

respectively for the points m and % , then

(L.7) B;=0, B/=0;
that is,
(4.8) p=c( v /r+3a - 7), q'=c'( 8,/p 30 ~d).

Hereafter it will be supposed that the differential
equations (l1.1l) are in the canonical form for whieh the
conditions (4.7) or (4.8) are satisfied. Accordingly, by
means of equations (1.3), (2.5), (4.8) the power series
expansions (3.6), (3.11) for the surfaces Sy, S, in the
neighborhood of the points y, z become, respectively,
(£.9)  3,/y1 =c'(72/71)%/28 +aly3/71)? /22

- c'I(yz/yl)z(y3/Yl)/2cﬁ - qA'(yg/yl)(YB/yl)z/Zc%G

+aM(y3/71)°/603 - e'Liyy/yy)4/8 83 ...

+a[My +32 (P - SN 3L | (y5/3;) 4 2kcksn ..,

(4.10) 23/22::0(21/22)2/2Y*+p'(zh/22)2/2c'2
~0I'(2,/2,)%(2;/2,) /20" ~p Al 21 /2,) (2, /25) 2 /201 %Y
+P'M'(Zh/zz)3/6°'3 - dL'(zl/ZZ)h/B'Y3+ coe
+0° [ MI +M'2 +(P* - ¥y )M' + 3L (2, /2,) 4/28014

+ oo

-

From equations (1.1), it follows immediately that the
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net N& at the point y if, and only if, n=0. A similar
argument holds for the u-curve of the net NZ at the point
z. Moreover, from equation (2.10), the point vy coincides

with the point » if, and only if, I =0; and similarly,

the point z_, coincides with the point % in case I'=0.

Buzano [3] and Bompiani [2] have shown the existence
of a projective invariant, together with metric and pro-
jective characterizations, determined by the neighborhood
of the second order of two surfaces (-, ¢~* at two ordinary
points 0, O* in ordinary space under the conditions that
the tangent planes of the surfaces (-, ¢-* at the points
0, O* be distinet and have 00* for the common line. For
the focal surfaces Sy, S, at the points y, z, this invariant
is easily found, from Bompiani's note [2] and expansions
(4.9), (4.10), to be 9 /(16K).

As the plane 7t (4.l) revolves about the line yz the
locus of the principal conic having four-point contact
with the section cy at the point y is a quadric cone with
vertex at the point 77 , whose equation is found, by
means of equations (4.1), (4.3) and the conditions (4.7),

to be
(4.11) 2 AxX), - ¢'Xp? =0.

Similarly, the locus of the principal conic having

four-point contact with the section C; at the point z is
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a quadrie cone with vertex at the point 5:
- 2""
(4.12) 2YE Xy - X *=0.

From equations (2.5), (2.10), (2.11), we find the

equations of the line Y1221 to be
(4.13) cx; +Ixy=0, e'x, +1'x, =0,

which intersects the plane (4.l) in a point with the

coordinates
(L.14) (=I/c, =I'X /e, 1, N).

If a four-point conic (4.3) at the point y of the section
Cy of the surface Sy with the plane (4.1) passes through
the point (4.14), then we can determine, by observing the

condition By =0, the parameter k in equation (4.3):

(4.15) k=I/c +I'?X/(2¢'p),

and the equation, other than (4.1), of the conic becomes
2 2 2 -

(4.16) X Xy =(e'/2Nx° + (/e +1'° X /20" g )z =0.

As the plane (4.l) revolves about the line yz, the locus
of this conic is a quadric cone with vertex at the point
Yy whose equation is found, by eliminating X from

equations (4.1), (4.16), to be

(4.17) xx, -(e'/2p)x,° +(t/e)x,x), HI'2/2e'8) 1,2 =o0.
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Similarly, we may obtain the quadric cone with vertex

at the point Z_1s

(4.18) X %y —(0/27)x12+(12/2cY)x32+(I'/c')x3xh==0.

The line 7% intersects the quadric cones (4.17), (4.18)

in the points N, % and two other points with the

coordinates
(4.19) (0, 0, ¢I'?, -2¢'81I),
(4.20) (0, 0, 2erI', ~-c'I?),

The two points (4.19), (4.20) coincide in neither 7 nor %

if, and only if,
(4.21) II' = LK,

and they are separated harmonically by the voints 7, %

in case

(4.22) II' + LK =0.

5. Moutard Quadrics of the Surfaces Sy, S,

It is known that for a nonasymptotic tangent at an
ordinary point of a surface there is a quadric of Moutard,
which is the locus of the osculating conic at the point of
the plane section of the surface made by a variable plane

through the tangent. In this section we shall find the
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equations of the gquadrics of Moutard for the tangents yz,

¥ of the surface S_, and also for the tengents zy, z% of

Yy
the surface SZ .

By means of equation (4.l) and the series (4.9), we
may obtain the expansion for the projection in the plane
xhz 0 of the section C, of the surface S, made by a

Yy N
general plane (4.1):

(5.1) =3/ - ¢ (5&)2 c! (c'q- c'n_L)@) xo\ ¥
=)

+ D vl o &9
2AN\E1) T a3 (267 ¢ 28 N
The osculating conic of the section Cy at the point y is

given by equations (4.l) and

2

(5.2) X%, - %,

c! - 1 /etq _ c'I)\_Lz\’“) x32=0.
28\ ¢'A (202 c 2f
As the plane (4.l1) revolves about the line yz, the locus
of this osculating conic is the quadric Q,y(u) of Moutard

for the tangent yz of the surface Sy, whose equation is

found, by eliminating A from equations (4.1), (5.2), to be

(5.3) X%, - _¢' X2 = aq X2, I x.%x, 4+ L  x,2=0.
1% " 55 %2 e 3+ 3L’+2_—c',3 L

Similarly, the equation of the guadric QZ(V) of Moutard

for the tangent yz of the surface S, is

(5.4) x2x3 -

_C_
_2Y
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In order to find the equation of the quadric Q,Y(V) of
Moutard for the v-tangent of the surface Sy at the point y,
let us consider a general plane through the line y7:

(5.5) x, ~-Mx, =0 (« #0).

By means of equation (5.5) and the series (L.9), we may
obtain the expansion for the projection in the plane xh=0

of the section J"y of the surface SY made by the plane (5.5):

(5.6)

3 ' '
_:12“: 2:2/4 (%)2*6:];;@) T 1,32;#5 {%ﬁq ) iA,‘s/—L
+/§[Mv+m2 +(P - ¢ M +3i.']}(_;_3)"+ .o,
1

The osculating conic of the section I'y, at the point y is

given by equations (5.5) and

u? 2
. - 1 fe'qg _ gA'u M, - M</3
(5.7) X1X5 {2ﬁ 3 + 6 [

R
c c

Elimination of «« from equations (5.5), (5.7) gives the

equation of the guadric Qy(v) of Moutard for the v-tangent
of the surface Sy at the point y:

(5.8) X, %), - ¢'X,2/2p3 - qx32/202+A’xth/ﬁ - Mxyx, /3¢
1 [MP - 3M, - 3(P- ¢_)M ~9L'] x,% =0,
+l8q [ My v J L

Similarly, the equation of the quadric Qz(“) of Moutard
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for the u-tangent of the surface S, at the point z is

2
(5.9) XXy = ° 12+A X)X, +18p' [M' - 3M', - 3(P?

- 2 _
P - o] x? M xm, - 2t 2 -0,

It is obvious that if the quadrics Q,y(u), QZ(V) pass
through the points % ,7 then the focal nets Ny’ N, are
restricted, respectively, by the conditions L =0, L'=0.
The polar planes of the points 7, 3 with respect to the

quedric Q.y(u) and with respect to the quadric QZ(V) are,

respectively,

(5.10) qxy - chh—-:O,

(5.11) x1+Ix3/c +Lxh/c'ﬁ =0,
(5.12) x2+L'x3/cY +I'xh/c' =0,
(5.13) c'I'xB - p'x), =0.

If the planes (5.10), (5.13) pass through the points %, 7
then I =0, I'=0, respectively. Furthermore, these two
planes coincide in case the focal nets Ny, N, are restricted

by the condition
(5.14) II'= 9.

The line W % intersects the two plames (5.11), (5.12) in

two points with coordinates
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(5.15) (0, 0, cL, - ¢c'B1I), (0, 0, c7I', - c'L').

The points (5.15) coincide in neither % nor % if, and
only if,

(5.16) LL' = II'K,

and they are separated harmonically by the points 7,% in

case
(5.17) 1L' + II'K=0.

On the other hand, the polar planes of the points 2z,
M,% with respect to the quadric Qy(v) have the equations,

respectively,

(5.18) o'x, - A'x) =0

i3 ’
(5.19) 3qx, + clix, =0,
(5.20) Xy + A' Xy - M x, 4 1[M2-3M -3(P- ¢ )M-9L']x, =0.
1A T 3+9q[ My v ]

If the planes (5.18), (5.19) pass through the point 3%,
then n=0, M=0, respectively; and a similar argument can
made with regard to the quadric Qz(u). Moreover, the plane
(5.19) coincides with the polar plane of the point T with

respect to the quadriec Qz(u) in case
(5.21) MM' =9 P .

The line y 7 intersects the planes (5.11), (5.20) in
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two points with coordinates
(5022) (I, 0, -c, O), (M, 0, 30, 0)0

These two points coincide in neither y nor M if, and

only if,
(5.23) 3I + M =0.

Further, if the points (5.22) are separated harmonically
by the points y, 7 then

(5.24) 3I = M.

Likewise, we can discuss the conditions similar to (5.23),
(5.24).

Finally, if the planes (5.10), (5.13) coincide, and
if the points (4.19), (4.20) are coincident or separated
harmonically by the points 7,35 , then the focal nets Ny,
N, are restricted by the conditions (5.14) and

(5.25) 9 =+ LK.

Now we are in a position to determine geometrically
the unit point of the coordinate system. To this end, we
observe that the locus of a moving point, whose polar planes
with respect to the quadries Q(V), 0,'%) intersect the
generator yz at the same point, is a quadric, its equation

can easily be found to be
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(5.26) co'x X, - cA'xlxh - c'Ax2x3+(AA' -/SY)xBxh=O.

This quadric cuts the cubic curve of intersection, besides
the line 7 % , of the two comes (4.11), (4.12) in two
points. It is easily seen that if m' and n not vanish at

the same time for the congruence yz, then we may teke one

of these two points as the unit point of the coordinate

System, and therefore we have

(5.27) e=27, ¢'=23, 3p'qt+im'n=4i(m'q+np').

6. Segre-Darboux Nets on the Surfaces Sy, Sz

It is known that associated with an ordinary point O
of a surface S there are three-parameter family of quadrics
each of which has second order contact with the surface S
at the point O. A general quadric of this family intersects
the surface S in a curve with a triple point at O. In
particular, if the three triple-point tangents of the curve
of intersection coincide, then the quadric is called g
quadric of Darboux, and the corresponding coincident triple-
polnt tangents and the curve of intersection are respectively
called a tangent and a curve of Darboux at the point O of
the surface S.

In order to find the equations of the configurations

mentioned above for the surface S, at the point y, we first

y
consider the quadrics having second order contact with the
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surface SY at the point y. The equation of a general omne
of these qudrics is obtained by writing the equation of
the most general nonsingular quadric and demanding that
the series (3.4) satisfy this equation identically in Au,
Av as far as the terms of the second degree. The result

can be written in the form

(6.1) xx, - 5%%- x,2 - 2%3_332-f(k2121‘K313{'khxh)xhzzo,

where kj, k3, k, are parameters. Each quadric (6.1) cuts

the surface Sy in a curve with a triple point at y, whose

tangents are in the directions satisfying the equation

(6.2) BG’ﬂzkzdu31-3078(ck3 - I)duzdv-+3q(pk2 - A')dudv?
+q(30k3+M)dv3 =0.

It is not difficult to verify that if the binary cubic form
that appears in equations (6.2) is a perfect cube of a

linear form, then
(6.3) ky=A"/Lf, ky =(I - ¥)/ke,

and therefore the equations of the curves and the peneil

of quadrics of Darboux at the point y of the surface Sy

are, respectively,
(6.4) 3e'gAraud - 3¢'@(3I+M)dudv -9qA'dudv2+q(3IHM)av3 =0,

(6.5) hcszlxh—z c?e! x22-2 qpx32+02A' xpx), +eB(I-M)xyx)+k hxf:o .
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Similarly, the curves and the pencil of quadrics of
Darboux at the point z of the surface S, are respectively

given by the equations
(6.6) p'(BI'+M')du3-9p'Adu2dv-30Y(BI‘fM')dudv2+30YAdv3==0,

(6.7) 2c'2cx12—c'2Axlx3-4c'2Yx2x3-c'Y(I'AM')x3xh+3p'Yxh2

2 =
k%2 =0,

where k3 is a parameter.

The equations in local coordinates of the tangents of
Darboux at the point y, z of the surfaces Sy, S, may easily
be obtained from equations (6.4), (6.6), (7.4), (7.5); the
result we shall omit here.

The polar line of the line yr with respect to the
pencil (6.5) of quadrics of Darboux at the point y of the

surface Sy is

(6.8) Xh==hcpxi'f0A'Xg+yﬁ(I - M)x3==0,
which intersects the line yz'in a point
(6.9) ('A': LPﬁ’ 0, 0)3

and passes through the point z or » in case n=0 or I=M.
Similarly, the polar line of the line 2z 7 with respect to

the pencil (6.7) of quadrics of Darboux at the point z of

the surface SZ is

(6.10) x3==c'Axl-+hc'Yxé-ry(Ir - M')Xh==0,
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which intersects the line yz in a point

(6.11) (,v, - A, 0, O},

and passes through the point y or 5 in case m'=0 or I'=M?,
Moreover, if the two points (6.9), (6.11) are coincident

or separated harmonically by the points y, z, then the
focal nets Ny,
(6.12) Ap' = +)6K,

NZ are restricted by the conditions

From equations (6.4), (6.6) it is easily seen that
the curves of Darboux correspond on the two surfaces Sy,
SZ if, and only if,

(6.13) w( =0, (3T +M)(3I'+M*') = QAA',

u)

It is known [4, p. 283] that if the curves of Darboux
correspond on the two focal surfaces of a congruence, the
congruence is a W congruence and both surfaces have the
property of being isothermally asymptotic. Thus the
conditions for the both surfaces S_, S, to be isothermally

Yy
asymptotic at the same time can be reduced to the form (6.13).

On the other hand, a necessary and sufficient condition
for the u-curves or the v-curves of the surface Sy to be
curves of Darboux is n=0 or (5.23). It is known that if
the curves of one family of a conjugate net are curves of
Darboux, then the curves of the other family must be the
corresponding curves of Segre. Such a net is called a

Segre-Darboux net. Combining the above results and the
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ones in 8§84, 5 we obtain the following theorem:

The focal net Ny is a Segre~Darboux net with the u-

curves as curves of Darboux if, snd only if, the point 3

is in the osculating plane of the v-curve of the net N, at

the point y. The focal net Ny is a Segre-Darboux net with

the v-curves as curves of Darboux if, end only if, the

line y7 intersects, in the same point, the polar planes

of the point & with respect to the quadrics Q,y(u), Qy(")
of Moutard at the point y of the surface Sy.

We shall call a congruence a Segre-Darboux congruence
when the two focal nets of a congruence both are Segre-
Darboux nets. Noticing the theroem concerning the other

Tfocal net N, and similar to the above one, we may obtain

a geometric interpretation for a Segre-~Darboux congruence

YZ.

7. W Congruences

The differential equation of the asymptotic curves

on the surface Sy is

(7.1) Ldu? + 2Mdudv + Ndve =0,

where the coefficients L, M, N are the determinants of the

fourth order defined by

(7.2) L =(yuus¥sTyus¥v)r M=(Tuvs¥,¥us¥y) s N= (v, ¥, Ty, y)
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By means of equations (1.l), (3.1), it is easy to write
equation (7.1) in the form

(7.3) ¢! du?® + qdv2 = O.

The equations, in local coordinates, of the asymptotic
tangents to the surface Sy at the point y may easily be
obtained from the expansion (4.9) of the surface Sy, or
else from equation (7.3) and the fact that the tangent at
the point y to a curve C, belonging to the family defined

on the surface Sy by the differential equation

(7.4) dv - X du =0,

where A 1is a function of u, v, has the equations in local

coordinates
(7.5) X, = X3 - 6AX, =0.

Similarly, the differential equation of the asymptotic

curves on the surface Sz is
(7.6) p'du2-+ c Y ave =0.

The asymptotic curves on the focal surfaces Sy, Sz
correspond in case equations (7.3}, (7.6) are equivalent.
Then the u-tangents of the net Ny or the v-tangents of the
net Nz form a congruence of the special type called a W

congruence. Thus we reach the result that the u-tangents
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of the net Ny, or the v-tengents of the pet N, form a W

congruence in case the Weingarten invariant W(u)‘g;‘wzv)
defined by equations (2.5) vanishes.

From equation (2.10), (1.1), (1.2), (1.3) by differ-
entiation and substitution, any derivative of y1 can be
expressed as a linear combination of y, z, 7 , 3 « In

particular, one obtains

’

Yy, ~(E - efd/p )y te s,

y1v==[cE - acf4s-(cf/p)v]y-fnz +(cs—rcv-02fﬁﬁ)7+q3,

Yy =(¥)y+ s Hz +(*)n,
(7.7) < “1luu £ K

Vigy =Ky +ndz +(*)n + qu3,

V.. =¥y +(n, -np/p+np/feterqlz +(*)7

lvv

L talp/e - ey/e’ - BL/p tay/a)5 .

From equations (7.7) and the ones similar to (7.1l), (7.2),

the differential equation of the asymptotic curves on the

surface Sy sustaining the first Laplace transformed net
1

N

of the net Ny is found to be
Y_L

(7.8) c'@ Hdu? + q Adv2 =0,

Thus the v-tangents of the net Ny form a W congruence in

case the Weingarten inveriant W(y) defined by equations

(2.5) vanishes.
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Similarly, the u-tengents of the net N, form a W

congruence if, and orly if, the Weingarten invariant qu)
vanishes.,

From the relation between the Weingarten and the
Laplace-Darboux invariants of a conjugate net, we know

immediately that 9, A and $', A' are respectively the

tangential invariants of the focal nets Ny and N,.

Now we proceed to give a simple geometric interpre-

tation for the condition for the u-tangents or the v-
tangents of the net Ny to form a W congruence.
The equation of sny quadric having the lines yz, Y

Z 5 as generators can be written in the form
(7.9) xixﬂ-rkleXB—rk2x3x4==0,

where k,, k, are paremeters. A general quadric (7.9)
intersects the surface Sy in a curve with a double point
at y, whose tangents are found, from the series (L.9), to

be
(7.10) xh=40'43)x22-+2k1x2x3-+qx32/02==0.
If these two tangents coincide, then

Similarly, the quadric (7.9) cuts the surface S, in a curve

with a cusp at z if, and only if,

(7.12) k,®=c'2v/cp'.
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The conditions (7.11), (7.12) hold simultaneously in case

W(u)==0. Thus we arrive at the following theorem:

A necessary and sufficient condition for the congruence

Yz to be a W congruence is that there exists a quadric

(and therefore one-parameter family of such guadrics),

which has yz, Y7, 2% as generators and whose curves of

intersection with the focal surfaces Sy, Sz have cusps at

the points y, z respectively.

Similar statements can be obtained for both the
. eongruences ywyand Z5 .

A conjugate net whose Weingarten invariants both
vanish is called [9, p. 1077] an R net, each family of
curves of an R net has tangents that form a W congruence.
From the above theorem, we may also interpret geometrically
a congruence when either of its focal nets or both are R

nets.

8. Curves of the Focal Nets Ny, Ny

By putting Av to zero, expansions (3.5) become the
nonhomogeneous local coordinates of a point Y near the
point y and on the u=-curve through y of the focal net Ny,

and therefrom we may easily obtain the power series expan-

sions for the u-curve of the focal net Ny in the nelghbor-

hood of the point y, namely,




(8.1) ﬁ
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- Similarly, by putting Au to zero in expansions (3.5), we

reach the following power series expansions for the v-curve

of the focal net N, in the neighborhood of the point y:

(8.2) <

~

y

Y, n(.s_rz)i n (M+ ﬂ/A')<E)3+ n [My+M°
Y1 2¢? \¥1)  6e? Y1/ 2uck

+300 +( A t2MA) /A +(P- ¢ ) (M+A/Ar)] (ﬁ)h
¥

+...’

Y1

v, 4 (3@,)2 qM(Y3)3 QUM H(P- ¢ )M
V1 202 2

= —_— +
60> \T1 2Ll

L
+3Lf](z§) + eee,
3

Analogous expansions for the u-, v-curves at the point

z of the

focal net NZ can be written by making the substi-

tutions (3.8), (3.9) on the symbols.

From expansions (8.1), (8.2), the quadrics (6.1)

having second order contact with the surface Sy at the

point y are the quadrics having third order contact with
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both the u-, v-curves of the surface Sy at the point y

in case

(8.3) k,=0, ky = - M/3ec.

Thus we find that any gquadric of the pencil

(8.4) X1 %), -(c'/2p)x22 - qx32/2c2 -Mx3x4/39—+khxh2==0,

where k; is arbitrary, has third order contact with the

parametric curves of the surface S, at the point y. If a
unique quadric of this pencil is desired, we may choose
the one that passes through the covariant point z . The
polar plane of the point "7 with respect to any quadric
of the pencil (8.4) is the plane (5.19).

Among the quadrics (6.1) there is a pencil having
fourth order contact with the u=~curve (8.1) of the surface

Sy at the point y. For this pencil we find
(8.5) k2:0: kh—“-L/ZG'ﬂ ’

with k. arbitrary. The quadric Qy(u) (5.3) of Moutard for

3
the u-tangent of the surface SY is a unique quadric of
this pencil [8, p. 698], and for this quadric we have
k3:I/c.

Among the quadrics (6.1) there 1s also a pencil having

fourth order contact with the v-curve (8.2) of the surface

Sy at the point y. For this pencil we find
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k3‘= - M/3e,
(8.6)

p= g [M? - g - 3(P -40M - o'+ 9nav/p - 18nk,].

9. Correspondences Associated with the Focal Nets Ny, N,

Let us consider a curve C, passing through the point
y and belonging to the family (7.4) defined on the focal
surface S_; and let the parametric representation of the

Y
curve C, be

(9.1) u=ulw), v=v(w),

The parametric u-, v-tangents at points of the curve C,
generate two non-developable ruled surfaces Ry(u), RY(V)

respectively. The points

(9.2) T =ty - 2, T =ty -7,

where T, t are functions of u, v, lie on the parametric u-,
v-tangents through the point y respectively, and the line
2, determined by them lies in the tangent plane X, =0 of

the focal surface Sy at the point y.

From system {1.l) and equations (1.2), one easily obtains

Ty = (by+t L)y +{tp-Db")z - 'y,

T, = (t,+at -7)y+tet 7 - Iz,
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T, =(t, +td-ely+(3p~ £)z - g7,

'T'vz(iv+a'ﬁ - r)y - nz/c +(ct - 8)7 - qz/ec.

The tangent planes to the ruled surface Ry(u) at the point
T and to the ruled surface R.(V) at the point T intersect
in a line ,21 which passes through the point y. There must
be a point on the line 11 given by an expression of the
form

The plane of the points y, X, T is to be tangent to the
ruled surface Ry(u) at T, and therefore must contain the
tangent to the curve traced by T as the point y moves

along the curve C, . It is clear from the first two of

equations (9.3) that a point on this tangent is given by

Ty = (*)y +{*)z+etv - etu, ¥ ;

that is to lie in the plane yXT, which can occur if and
only if k,=- et A/c'. Similarly, the plane yXT is tangent
to the ruled surface By(v) at T if and only if ky =-c (¥

-f - nAx/e)/agxn. Thus we obtain a correspondence(<)

(2) This correspondence has been introduced by the
author [6, pp. 381-382]. The line [/, (9.5) is the analogue
for a conjugate parametric net of the R', -associate of the

reciprocal of £, (9.4) defined by Bell [1, pp. 390-391].
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between the line /, in the plane x), =03
(9.4) x4=xl+tx2+fx3=0,
and the line ./, through the point y:

X, +ectAx, /et =0,
(9.5) 3T TR
x, +e(¥p - £ = na/elx, /ax =0.

Conversely, if equations (9.5) are written in the form
(9.6) X/ = %3/ B =x,/C ,
then

( pt==ctB/ex,
(9.7) < pE==-ax/ep + (f+nx/e)C/p,
p=c -

AN

When the line (9.4) passes through a fixed point
(x}, =%, x§, 0), the corresponding line (9.5) describes a
plane, its equation is

(908) D - c! Xk ] sk _

.273_ x3x, 4 S xBx3+ [=f +(f+nX/e)x}/p] x, =0.
Consequently, a point (x¥, x’é‘, x’;, 0) in the plane x),=0
and the plane (0, uy, u,, U‘L») through the point y are in

the following correspondence:
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4

Fu,= - ax/(ep) =%,
(9.9) { Tuy= - e'/(cx) xX,

This correspondence becomes a polarity with respect to a

quadric (and therefore ool quadrics) if and only if A

satisfies

(9.10) NS =c'B/q,

that is, if and only if the tangent of the curve C, at

the point y is an associate conjugate tangent of the

parametric conjugate net N&. The equation of any one of

these quadrics is then of the form

(9.11) e/D xx), - ¢ X,x3 + (A + I/D) xBxb-rkhxh2==o,

where kh is a parameter.

In a similar menner, with regard to the focal net NZ

and the focal surface Sz we may obtain the polarity with

respect to the following pencil of quadrics

(9.12) c'/D? XyX5 = © x,x), +(A+I'/D') x3x44-k3x32:=o,

where k3 is a parameter.
The polar planes of any point (x{, xg, 0, 0) except
the points y, z on the line yz with respect to any quadrics

(9.11), (9.12) are respectively
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c'x§x3 - ¢/D X%, =0,

(9.13)
c'/D? x3x; - oxfx), =0,

which coincide if and only if K= 9. Thus we obtain

another geometric interpretation of a W congruence:

A necessary and sufficient condition for the congruence
¥z 1o be a W congruence is that the polar planes of any
point, except the points y, z, on the generator yz with

respect to the two peneils (9.11), (9.12) of guadries be

coincident.

10. Axis Congruences and Ray Congruences

The axis at the point y of the net NY is defined to
be the line of intersection of the osculating planes of
the u~, v=curves of the net Ny at the point y. From
equations (1.1), (3.1) it is easy to obtain the equations
of this axis, nanmely,

(10.1) X, =0q%; - nxh=0.

The point Y defined by
(10.2) Y=Xky+nz+q3s (k scalar)

is on the axis. When the point y varies along a curve C,

of the family (7.4) on the surface Sy, the point Y
generates a curve whose tangent at Y 1s determined by Y

and Y', which can be expressed as a linear combination of

Y, 237 ,% by using equations (1.1), (1.2), (1.3), nemely,
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(10.3) Y'=[k' +dk+m'g/e’ +(ak+nY +e'q)r] ¥
+t[pk +b'n +ny +9s' +(n . +nd +£7q)N] z
t(ek A+ p'a/e*) 7 +[e'n+qy tar' +(q, +ad

"c‘gr/C' ))\] ‘9 .

In the expression (10.3) equating the coefficient of 7 to
zero and the ratio of the coefficients of z and 5 to n/q
and making use of equations (2.5), we obtain two conditions
on the functions k and X\ which are necessary and suffi-~
cient that the axis may generate a developable surface and
have Y for focal point when the point Y varies along the

curve C, ; these two conditions are

(10.4) 2 +kx =0, c'@N+e'Bk+q @A =0.
Elimination of A from these two equations gives
(10.5) c'pXk2+c'sNk - ¢ 98 = 0.

It kl and k2 are the two roots of this equation regarded
as a quadratic equation in k, the two points Y; and ¥y
defined by the formula (10.2) with ky and k,, respectively,
in place of k are the focal points of the axis, and the
loci of these two focal points when u and v vary are the
focal surfaces of the axis congruence of the net Ny. On
the other hend, on eliminating k from equations (10.4) and

replacing A by dv/du, we obtain the differential equation

of the axis curves of the net Ny, in which the developables




- 46 -

of the axis congruence intersect the surface Sy, namely,
(10.6) ¢'8 © du? - c'B Naudv - qARAv2=0.

The tangents of these axis curves are called the axis
tangents of the net Ny.

Since at each point of a harmonic conjugate net the
axis btengents separate the tangents of the net harmonically
[13, p. 215], it follows immediately that the net Ny is
harmonic in case N=0. Similarly, the net N, is harmonic
if, andé only if, N'=0. From equations (7.3), (10.6) we
may also verify the result [12, p. 319] that the axis
curves of the nets N&, NZ form conjugate nets in case
=R, 9" = @', respectively.

We shall next determine the developables and focal
surfaces of the ray congruence of the net Ny. The point

X defined by
(10.7) X =7y, +kz (k scalar)

is on the ray of the net N& corresponding to the point y.
When the point y varies along a curve of the family (7.%4)
on the surface Sy, the point X generates a curve whose
tangent at X is determined by X and the point X', which
can be expressed as a linear combination of y, 2z, 7,53

by means of equations (1.1), (1.2), (1.3), (2.5), namely,

(10.8) Xt= {H - efd /B + [ay - fyt+a2 - ad- (logg)
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- a(logp ), ter+pr k]aly+ e, +og +ela = &
ts+ey/e = B/ pIN] z e [A+(eg/c - of/p
ts)x]n + (ax+c'k)3 (X'=dX/du, ...).

In the expression (10.8) equating the coefficient of 3 to
zero and the ratio of the coefficients of y and % to -f/p
and making use of equations (1.3), we obtain two conditions
on the functions k and A which are necessary and sufficient
that the ray may generate a developable surface and have
X for focal point when the point y varies along the curve
C, ; these two conditions are

c'k + g A=0,
(10.9)

BH +[Brk - elfyt+£d-1rpB - £s)] A = 0.
From the second and the fourth of the integrability
conditions (1l.4) and equations (2.5), we may further reduce

the two conditions (10.9) to

(10.10) ek +qA =0, H+(rk - N)x =0,
Elimination of X from these two equations gives
(10.11) e'Y k% - ¢'Nk - gH=0,

If k,, k, are the two roots of this equation, then the

2
corresponding points Xi, X2 are the focal points of the
ray, and the loci of these two focal points when u and v

vary are the focal surfaces of the ray congruence of the
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net Ny. On the other hand, on eliminating k from equations

(10.10) and replacing X by dv/du, we obtain the differen-

tial equation of the ray curves of the net Ny, in which

the developables of the ray congruence intersect the

surface Sy, namely,
(10.12) ¢c'Hdu? - ¢'Ndudv - qv dve =0,

The tangents of these ray curves, called the ray tangents
of the net Ny’ separate the tangents of the net Ny harmoni-
cally in case N=0, that is, in case the net is harmonic
[13]. The ray curves of the net Ny form a conjugate net
[12]) in case H=K.

In a similar way, we can discuss the ray congruence

of the net N,.

11. The Congruences z7%, y% and the Principal Congruence 7%

As the point y varies on the surface Sy, the line 27

deseribes a congruence. The point P defined by
(11.1) P=7+ kz (k scalar)

is on the line z 7. When the point y varies along a curve
of the femily (7.4) on the surface Sy, the point P generates
a curve whose tangent at P is determined by P and the point
P', which can be expressed as a linear combination of y, z,

%, 5 by means of equations (1.1), (1.2), namely,
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(11.2) Pr=(e+r A+ YXkA)y+(f+nr/c+b'k+ Ik X
+k')z +(g +sA) 7 + (gAr+eetk) 5 /e
(P'=4dP/du, ...).

In the expression (11.2) equating the coefficients of y, %
to zero, we obtain two conditions on the functions k and \
which are necessary and sufficient that the line z 7 may
generate a developable surface and have P for focal point
when the point y varies along the curve C, ; these two

conditions are

(11.3) ce'k+qA=0, Jt+t{erk+L')X = 0.
Elimination of X from these two equations gives
(11.4) e?c'Y k*+ce'L'k - g7 =0.

If ¥y, k., are the two roots of this equation, then the

2
corresponding points Py, P, are the focal points of the
line z, and the loci of these two focal points when u
and v vary are the focal surfaces of the congruence z7 of
the net Ny. On the other hand, on eliminating k from
equations (11.3) and replacing X by dv/du, we obtain the
differential equation of the curves in which the develop-

ables of the congruence z " of the net N& intersect the

surface Sy, namely,

(11.5) c'Jdu? +¢'L'dudv - qr dve=0.
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The tangents of the curves (11.5) separste the tangents

of the net Ny harmonically in case L'=0. Moreover, the

curves (11.5) form a conjugate net if, and only if, J=K.

Finally, from equations (2.7), (2.10) it follows that if

the point vy coincides with the point "7 and if the eurves

(11.5) form a conjugate net,then the conjugate net Ny has

equal Laplace~-Darboux invariants.

Similarly, we can discuss the congruence ys .

Finally, we shall cell the congruence g the prin-
cipal congruence of the congruence yz. The point @ defined
by
(11.6) Q=71 t+tkg (k scalar)

is on the line % . When the point y varies along a curve
of the family (7.4) on the surface Sy, the point Q generates
a curve whose tangent at Q is determined by Q and the point

Q' given by

(11.7) Q' = (e+rx+mrtk/e'+e'kN)y +(f+nr/ec+s'k
+£'kA)z +{g +s A +p'k/et)n +{gr/c+1'k
+g'kxn+k') 5 .

In this expression equating the coefficients of y, z to
zero, we obtain two conditions on the functions k and A
which are necessary and sufficient that the line n3 may
generate a developable surface and have Q for foecal point

when the point y varies along the curve C, ; these two
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conditions are
(11.8) e+ rat+n'k/e' +etkn =0, f+nr/c+s'k+P£'krA=0,
Elimination of X\ from these two equations gives

(11.9) ¢?m? (B'I'L ~ GI")k®+ce'G(IT'K+LL' - JT°
-G)k +¢'?n(BIL -~ GJ) = 0.

If kl, k, are the two roots of this equation, then the
corresponding points Q,, Q, are the focal points of the
line 75 , and the loci of these two focal points when u

and v vary are the focal surfaces of the principsal congru-
ence Mg%. On the other hand, elimination of k from equations
(11.9) and replacement of X by dv/du yield the differential

equation

(11.10) (BT - JL)du® + (IT'K - LL' - JJ'+G)du dv
+(B'I' - J'L*')dave =0.

The developables of the principal congruence 5 intersect
the surfaces Sy, S, in the curves respectively represented
on S;, S, by this differential equation. We shall call
these curves the principal curves of the nets N&, N,. The
tangents of these principal curves will be called the

principal tengents of the nets Ny, N,.
The principal tangents of one net separate the tangents

of the same net harmonically in case
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(11.11) G+II'K = JJ*'+1L'.

Moreover, necessary and sufficient conditions for the
principal curves to form conjugate nets on the surfaces

Sy’ S, are, respectively,
(11.12) A (BT - JL)+DH(B'T' - J'L') =0,
(11.13) D'K*(BI -~ JL) + $'(B'I' - J'L') =0.

Finally, the principal curves form conjugate nets on the

both surfaces Sy, S, at the same time if, and only if,

(11.14) HRK' = 9 A 91,

12. Osculating Linear Complexes and

Associated Linear Complexes

In this section we shall find the equations of the
osculating linear complex along a generator of a W congruence
and the associated linear complexes of the focal points of
a generator of a congruence(3).

First of all, we introduce line coordinates. In the
customary way, the plfickerian homogeneous coordinates of
a line joining two points with coordinates (yl, eesy yh),

(zl, ceey Zh) are defined to be the six numbers «,,, @y g,
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W W3 ¥ th given by
(1201) a)ik = YiZk - ykzi (i, kzl, cs ey l}«).

From the expansions (3.4), (3.10), the local coordinates
wik of the generator YZ near the generator vz of the

congruence are found to be represented by the series

rwlz =1 +(b'+d )au +(a+d)av +%(oku+d\2 + 2b¥%¢n' )au?

tldg+d, +ab' +ad +od + 7Y + b'd)auay
38, tm+2ad +42) avP 4 ...,

w . =3p' auR - 2ev avR +...
(12.2)< 13 ’
wy =c'autiq'+2e'A) au? +e'(a+d)auav + ...,

a)23=.. cav - c(b'+ L Jauav - 3(p+2¢d) avli +.,..,
a)hzz- %c'/a Au2+%q sz-l— ceey

= ‘A LR N ]
(4)3h ce u av + .

\

We observe that the complex wl3=0 is special and
consists of all lines intersecting the line z 5. Similarly,
the complex ww:o consists of all lines intersecting
the line y7n ; and the complex w3h=0 consists of all
lines intersecting the generator yz. The lines common to
all three of these complexes form two flat pencils, one
with its center at the point y and lying in the tangent
plane of the surface Sz at the point z, and the other with
its center at z and lying in the tangent plane of Sy at y.

The lines of these two pencils are called the central rays

of the generator yz.
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The central rays can also be characterized in another

way. If we write the equation

of a general inear complex and demand that it be satisfied
by the series (12.2) for @, identically in au, AV as
far as the terms of the first degree, we obtain the condi-
tions th:=a23==alh==0. Thus the equation of the most
general linear complex having first order contact with

the congruence yz along a generator yz is found to be

Such a complex contains the generator yz and a consecutive
generator of every ruled surface in the congruence and

2 sueh linear

containing yz. There are obviously <o
complexes; all of them have in common the central rays of
the generator yz and no other lines.

If we go on and seek to determine diinear complex
having second order contact with the congruence yz along a
generator yz, we find that such a complex exists if, and

only if, the congruence is a W congruence. In this case

its equation is
(12.5) Q wWyqte7 s =0,

and it is called the osculating linear complex along the
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generator yz of the W congruence yz.

There is a unique complex associated with one foecal
point y of a generator yz of a congruence yz in the follow-
ing manner. The complex contains yz and all its central
rays through y. Moreover, for every ruled surface of the
congruence through yz, the complex contains also the
generator YZ consecutive to yz and all its central rays
through its focal point Y consecutive to y. This complex

is called the associated linear complex of the focal point

y of the generator yz of the congruence. There is, of
course, a complex similarly associated with the other

focal point z. In order to find the equation of the
associated linear complex of the point y we proceed as
follows. A linear complex containing the line yz (1, 0, O,
0, 0, 0) must have a3, =0. A central ray through the

point y(1, 0, 0, O) and an arbitrary point (0, h, O, k) on
the line z 5 has coordinates (h, 0, k, 0, O, O), and belongs
to the complex in case also 833=0. The series (12.2)

show that the complex contains an arbitrary generator YZ
consecutive to yz in case also alh==0. The equation of the
complex now has the form (12.4). We proceed to calculate
the coordinates of an arbitrary central ray of a neighbor-
ing generator YZ through the point Y. The local coordinates
of the points Y, Z are respectively given by the series

(3.4), (3.10). The local coordinates of the point Zy on
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the u-tangent of the surface S, at the point z are found
similarly, by expanding Z, in powers of au, av, to be
glven by certain series which turn out to be precisely

the partial derivatives of the series (3.10) with .respect

to Au:

— |
(xl_m au+( v, +dY) AV t...,

(12.6) | X, =b'+n' au+{( &y +p7 +b'd ) av +...,
xB_—_p‘ AUt oo,

xhzc’ +q' au+terd av +...
\

The local coordinates of a point hZ +kZ, can easily be
written, and then the needed line coordinates of the
central ray Jjoining the point Y to the point hZ +XkZ, are
found to be

(*, kp' au +..., ¥, ¥, <ke'Bau+..., kee' 4V +...),

These coordinates satisfy equation (12.4) identically in

h, kX and to terms of the first degree in au, AV in case

alz_—:o, &sz' - 8.130'[:'; =0,

Thus the local equation of the associated complex of the

point y of the generator yz is found to be
(12.7) e'3 wy3 + P’ «w,,=0.

Similarly, the equation of the associated complex of the

point z 1is
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(12.8) q wlB + ¢ rY¥ w =0.

L2

These complexes are the same and are the osculating linear
complex if, and only if, the congruence is a W congruence.
If the congruence is not a W congruence the associated
complexes (12.7), (12.8) are distinct and determine a
pencil of linear complexes, whose equation can be written

in the form
h(c's W,3+p" wh2)+k(qw13 +c Ywhz) =0,
The special complexes of this pencil are given by
(he'd + kq)(hp' + ke ¥) =0,

and consequently their equations are «;2=0 and Wq3 =0
respectively. The first of these, as we have already
observed, consists of all lines intersecting the line y 7,
and the second bears the same relation to the line z3yg.

Therefore the two lines ym, 25 are the directrices of

the congruence of intersection of the associated complexes

(12.7), {(12.8). These two lines are sometimes called the

principal focal rays of the generator yz, all of the focal
rays being the tangents of the surface S, at the point ¥y

and the tangents of S, at the point z.
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