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ABSTRACT

STUDIES OF CHARGE NEUTRAL FCC LATTICE GAS WITH YUKAWA INTERACTION
AND ACCELERATED CARTESIAN EXPANSION METHOD

By

He Huang
In this thesis, I present the results of studies of the structural properties and phase transition
of a charge neutral FCC Lattice Gas with Yukawa Interaction and discuss a novel fast calculation

algorithm -- Accelerated Cartesian Expansion (ACE) method.

In the first part of my thesis, I discuss the results of Monte Carlo simulations carried out to
understand the finite temperature (phase transition) properties and the ground state structure of a

Yukawa Lattice Gas (YLG) model. In this model the ions interact via the potential

qiqexp(=kri;) / rj where gj j are the charges of the ions located at the lattice sites i and j with

position vectors Rj and R;j; 1 jj =R;-R;, x is a measure of the range of the interaction and is called

the screening parameter. This model approximates an interesting quaternary system of great

current thermoelectric interest called LAST-m, AgSbPb,,Tey,+2. | have also developed rapid

calculation methods for the potential energy calculation in a lattice gas system with periodic
boundary condition bases on the Ewald summation method and coded the algorithm to compute
the energies in MC simulation. Some of the interesting results of the MC simulations are: (i) how
the nature and strength of the phase transition depend on the range of interaction (Yukawa
screening parameter x) (ii) what is the degeneracy of the ground state for different values of the
concentration of charges, and (iii) what is the nature of two-stage disordering transition seen for

certain values of x. In addition, based on the analysis of the surface energy of different nano-



clusters formed near the transition temperature, the solidification process and the rate of

production of these nano-clusters have been studied.

In the second part of my thesis, we have developed two methods for rapidly computing

potentials of the form R”". Both these methods are founded on addition theorems based on

Taylor expansions. Taylor’s series has a couple of inherent advantages: (i) it forms a natural
framework for developing addition theorem based computational schemes for a range of

potentials; (i1) only Cartesian tensors (or products of Cartesian quantities) are used as opposed to

special functions. This makes creating a fast scheme possible for potential of the form R

Indeed, it is also possible to generalize the proposed methods to several potentials that are
important in mathematical physics. An interesting consequence of the approach has been the
demonstration of the equivalence of FMMs that are based on traceless Cartesian tensors to those
based on spherical expansions for v = 1. Two methods are introduced; the first relies on exact
translation of the origin of the multipole whereas the second relies on cascaded Taylor’s
approximations. Finally, we have shown the application of this methodology to computing
Coulombic, Lennard-Jones, Yukawa potentials and etc. We have also demonstrated the efficacy

of this scheme for other (non-integer) potential functions.
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PART A
CHAPTER 1 Lattice Gas Models with Frustration

1.1 Introduction and Review

Lattice gas models (LGM) have been extensively used over last several decades to
understand the thermodynamic and dynamic properties of structural ordering of atoms or ions in
solids. A lattice gas is a collection of atoms whose position s can take on only discrete values.
Each lattice site can be occupied by at most one atom. We neglect the kinetic energy of an atom

in LGM. The potential energy of the system is equivalent to that of a gas in which the atoms are

located only on lattice sites and interact through a two-body potential V(| r; —I; ). For example,

two types of long-range models have been studied. One is Coulomb lattice gas (1/R), or CLG,
and the other one is lattice Coulomb gas (LnR), or LCG. Studies of various models of one[1-4]
and two [4-6] dimensional CLG and LCG using different methods have shown the existence of

multiple phase transitions, complexity in phase diagrams and their practical applications to real
materials, for example, KCu7-xS4[1-4], NijxAlx(OH)2(CO3)x/2.yH20[4]. In LGM the space is

divided into cells (usually with a given lattice structure) in which the occupation number () of
an atom can be either 0 or 1. Due to strong short range repulsion between atoms, n=2 is
energetically unfavorable, i.e., two atoms do not occupy the same cell. The LGM can be also
mapped onto an Ising model where the Ising variable takes appropriate values.

Once we map a physical problem onto a lattice gas model, the next thing to consider is the
structure of the underlying lattice (simple cubic, BCC, FCC etc) and the nature of the interaction
between the particles. It is known that the BCC lattice can be represented in the form of two

mutually penetrating simple cubic sub-lattices. In accordance with this, if atoms of one kind, e.g.



atoms, occupy the sites of one sub-lattice, and B atoms, of the other sub-lattice, a superstructure
with the AB stoichiometric composition arises. This only superstructure (at such a division of the
BCC lattice) is called by Selissky [7] a first rank superstructure. Then, each of the two cubic sub-
lattices with a period can be represented by means of two FCC sub-lattices with 2a period. Thus,
the initial BCC lattice turns out to be represented in the form of four FCC sub-lattices. For

example, in a simple binary alloy (AB) problem on a BCC lattice where two different atoms A
and B can occupy the BCC lattice sites, we have nj =1. If there are some vacant sites (defects) n;
=0 for that site. However to distinguish between the two atoms at a given site one constructs an
Ising model where the Ising variable o; = £1, corresponds to A and B, respectively. The nature

of the exchange interaction in the Ising model depends on the physical interaction between AA,
BB, and AB pairs. If A and B atoms like to be nearest neighbors (nn) and the interaction is short
ranged then the model reduces to nn antiferromagnetic Ising model. Furthermore if the number

of A and B atoms is the same then > o, =0

1.2 Geometrical Frustration and Frustration from Competing Interaction

Q

(Fig.1.1.1 Face centered cubic lattice, where a is lattice constant)



Physicists have made great efforts to understand the basic mechanisms responsible for
spontaneous ordering as well as the nature of phase transition in many kinds of systems. For
example, the study of order-disorder phase transition is a fundamental problem in equilibrium
statistical mechanics. In particular, during the last several decades, much attention has been paid
to “frustration” in the lattice systems. The idea of “frustration” is well-known in Ising spin
models. The word "frustration" was introduced by Toulouse and Vannimenus[8, 9] in 1977 to
describe the situation where a spin (or a number of spins) in the ground state of a system cannot
find an orientation that “fully satisfies” simultaneously interactions with all other spins. Here,
“ fully satisfies” means that each interaction is at its minimum possible value. Early work on this
subject includes a study of the Ising model on a triangular lattice with nearest-neighbor spins
coupled anti-ferromagnetically by Wannier[10] in 1950. In a parallel development interacting
spins with competing interactions (for example when nearest and next nearest neighbor
interactions lead to conflicting spin orientations) also resulted in frustration. Also, unlike Ising
spins, for vector spins which can assume all possible orientations, non collinear spin
configurations due to competing interactions were discovered independently in 1959 by
Kaplan[11], Yoshimori[12] and Villain[13]. Here again there is frustration because all spin
interactions are not at their minimum in the ground state. In general, “frustration” is caused
either by the lattice structure as in the case of triangular and face-centered cubic (FCC) (See Fig.
1.1.1) lattices with anti-ferromagnetic nearest-neighbor (nn) interaction or by competing
interactions (See the later section of this chapter for a detailed description of competing
interaction).

Effects of frustration on physical properties of a system such as the ground state, its

degeneracy and thermodynamic properties are rich and often unexpected. In addition, real
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magnetic materials are often frustrated due to several kinds of interactions. Also frustrated spin
systems have their own fundamental significance in statistical mechanics.

Recent studies show that many established methods and theories have encountered
difficulties in dealing with frustrated systems[8, 9] [14, 15]. A well-known example is the
pyrochlore lattice, where frustration arises from the fact that the spins occupy the vertices of a
network of linked tetrahedra, and one cannot find a configuration of the pyrochlore lattice that all
interactions have their minimum possible values simultaneously[8, 9]. In some sense, frustrated
systems are excellent candidates to test approximations and to improve theoretical methods of
statistical mechanics. Therefore it is important to find out and analyze the effect of frustration by
simulating a spin system. The results of simulation can not only help us to understand
qualitatively the behavior of real systems which are in general much more complicated, but also
test the accuracy of approximate theoretical methods.

Next, we discuss some of the basic concepts of “frustration”, resulting from geometrical

structure of the lattice (with only nearest neighbor interaction) and competing interaction.

(@) (b)

(Fig. 1.2.1 Effects of frustration on a square[8, 9])



Consider a system with pair-wise nearest neighbor (nn) interaction energy given by

E=J (GiO' j) , where J is usually called the exchange constant and (o, = *1) are the spins at
sites 7 and j. If J is ferromagnetic (J < 0) then the minimum of £ is -|J] which corresponds to the
configuration in which o; is parallel too ;. On the other hand, if J is anti-ferromagnetic(J > O),

the minimum of £ corresponds to the configuration where o; is anti-parallel too ;.

(a) (b)

(Fig. 1.2.2 Effect of frustration on a triangle[8, 9])

It is easy to see that in a spin system with nn ferromagnetic interaction, the ground state (GS)
corresponds to a spin configuration where all the spins are parallel: the interaction of every pair
of spins is fully satisfied. This is true for any lattice structure and there is no frustration.

Now let us consider when “frustration” occurs. If J is anti-ferromagnetic, the spin
configuration of the GS depends on the lattice structure:

e For lattices containing no elementary triangles, i.e. bipartite lattices (such as square

lattice, simple cubic lattices and body centered cubic lattice) (see Fig. 1.2.1a) the GS



configuration is such that each spin is anti-parallel to its neighbors, i.e. every bond is
fully satisfied. The spin “question mark” is spin-up, so there is no “frustration”.
e For lattices containing elementary triangles such as the triangular lattice, the FCC lattice,
one cannot construct a GS where all the (nn) bonds are fully satisfied (see the triangle at
Fig. 1.2.2a and Fig. 1.2.2b). The GS does not correspond to the minimum of the
interaction of every spin pair. In this case, we can say that the system is frustrated — this
is referred to Geometrical Frustration.
Based on the above analyses, it appears that geometrical “frustration” cannot occur when the
interactions are purely ferromagnetic (i.e., J <0).
Now we consider another situation where the spin system can be “frustrated” but for a
different reason: this is the case where different kinds of conflicting (or competing) interactions
are present in energy expression (or Hamiltonian) and the GS does not correspond to the

minimum of energy interaction. For example, consider a chain of spins where the nearest-
neighbor (nn) interaction (J7) is ferromagnetic while the next nn (nnn) interaction (J,) can be
either ferromagnetic or anti-ferromagnetic. The Hamiltonian is given by

H= JIZUZ-GJ- +J, ZO‘Z-U j» where (J) o) are the nn and nnn exchange constants.
nn

L e B I e B O L e B

(Fig. 1.2.3 One of the configurations of 1-D ANNNI model[16])

When J; is ferromagnetic, obviously the system is ferromagnetic (see Fig. 1.2.3). When J,

is anti-ferromagnetic, as long as |J 2| << |J1 , the GS configuration will be same as Fig. 1.2.3 and

the system GS is ferromagnetic: every nn bond is then satisfied but the nnn bonds are not.



According to the definition of “frustration”, we know that nnn bonds are frustrated (such as 1-3,
2-4 bonds and etc.). When |J 2| exceeds a critical value, the GS becomes quite complex and all

the nn and nnn bonds are not fully satisfied. For this situation, we can say that the system is fully

frustrated — this is referred to as Competing Interaction.

(Fig. 1.2.4 Frustration in a square lattice [17])

Let us look at (Fig. 1.2.4); there is no frustration between nn pair wise spins
(antiferromagnetic J;) but there are frustrations for the nnn pair wise spins (antiferromagnetic .J,).

Obviously, frustration is affected by the range of interaction in this lattice model. For example, if
there is only nn interaction (J,=0), there will be no frustration for the square lattice system.

In summary, we can say that a spin system is “frustrated” when one cannot find a ground

state configuration of the spins that fully satisfies the interaction between every pair of spins.



Based on the discussions above, we know that there can be two kinds of “frustration” associated
with a system:
1) “Geometrical frustration” which changes with the system geometry but with a fixed
Hamiltonian.
2) “Frustration” from competing interaction which changes with the Hamiltonian of the
system but with a fixed geometry.
Now we would like to discuss in more detail some of the well studied models with

“frustration”.

1.2.1 1-D Anti-ferromagnetic Next Nearest-Neighbor Ising Model

The anisotropic (or axial) next-nearest-neighbor Ising model, usually known as the ANNNI
model (discussed above) is a variant of the standard »nn Ising model. In this model competing
ferromagnetic and anti-ferromagnetic exchange interactions couple spins at nearest and next-
nearest neighbor sites. The model is used to describe complex spatially modulated magnetic
superstructures in many crystals. The model was introduced in 1961 by Elliott[ 18], but the name
“ANNNI model” was given by Fisher and Selke[19] in 1980. It provides a theoretical basis for
understanding numerous experimental observations on commensurate and incommensurate
structures, as well as accompanying phase transitions in magnets, alloys and other solid state

systems. Now let us consider the 1-D ANNNI model; the Hamiltonian is given by

H=JIZGZ~GH_1+J2261-O'I-+2 (1.2.1.1)
i i

where (J]5) are the exchange constants, (o; = +1) are the i-site spins.
Let us consider the case (J; >0, J, 2 0) to see how frustration works. When.J, = 0, there

is no frustration and the ground state will be



nmn

i+1 i+2
(Fig. 1.2.1.1 One of the configurations of 1-D ANNNI model[18])
However there is frustration when J, # 0. When J, << J;, the GS will be still given by

Fig. 1.2.1.1. Any spin will be anti parallel with its nearest neighbor and satisfies its” nn bond but

will be parallel and not satisfy with its it’s nnn bond. There is frustration in the bonds between

next nearest neighbor spins and this frustration increases with increasing J>//; due to a more

competitive J; interaction.

LT

i i+l i+2

(Fig. 1.2.1.2 One of the configurations of 1-D ANNNI model[18])

When J, >> J;, the GS is Fig. 1.2.1.2; a given spin is anti-parallel to its next nearest-

neighbor spin and satisfies the nnn bonds; but some spins are parallel to their nearest neighbors,
i.e., there is frustration between some nearest neighbor spins and this frustration increases with

increasing J1/J> due to a more competitive J; interaction.

1.2.2 Heisenberg Model

A. Geometrical Frustration in a Simple Nearest-Neighbor Classical Heisenberg Model



(Fig. 1.2.2.1 Classical spins orientation along the easy axes of a tetrahedron [11, 12])

Until now we were considering Ising spins which can be either “up” or “down”. Now let us
look at a system of classical vector spins where the spins have fixed lengths and can take all
possible orientations in space. The spins are called “Heisenberg spins”. The simple nearest-

neighbor Heisenberg anti-ferromagnetic model can be described by the Hamiltonian

2
H:JZSZ--SJ:% {Zsl} ->.87-2) 8,8, (1.2.2.1a)
i i

@.)) (i><j)

Where J is the exchange constant(J > 0), the sum (i, j)) means the nearest- neighbor (nn)

interaction, the sum (7><j) run over all pairs other than nn pairs and Siz =1 is the unit vector

spin. For 1-D chain of Heisenberg spins, the GS will be as shown in Fig. 1.2.1.1, all the spins are
collinear and any spin will be anti parallel to the nearest neighbor spin and there is no frustration.
Now let us look at a different case where the spins are located at the vertices of a

tetrahedron (See Fig. 1.2.2.1). From equation (1.2.2.1a), we can use
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2
H:JZSi.szé (Zsl} ->.87 (1.2.2.1b)
i i

(0.))

to obtain the energy of the ground state by letting ZS,- =0. For example, if the spins can

1
orient along the easy axes (that is, directly towards or away from the centre of the tetrahedron),

then it is possible to arrange the four spins so that there is no net spin (Figure 1.2.2.1). For this

configuration, i.e., the angle between the nearest neighbor spins is 49=2arcsin(x/g/ 3)~109°.
There is “geometrical” frustration because all the pair wised spin interaction energies are not at
their minimum simultaneously. However the frustration is equally shared by all the nearest
neighbor bonds. In contrast, if we put the spins on the corner of a cube, then the nearest neighbor

spins will be anti-parallel to and there will be no geometrical frustration.

B. Frustration in Heisenberg Model with Competing Interaction

Now we consider first 1-dimention classical Heisenberg model with the Hamiltonian

H=J1) S;S;+J, 88, (12.2.2)
(i) (7.7)

(i)

where (J),) are the exchange constants, S; (|S;/=1) is a vector spin of unit length
. .th . . .

occupying the i"™ lattice site and the sums < > and << >> run over nearest neighbor (nn) and next

nn (nnn) pairs, respectively.
It is difficult to find the minimum energy of the Heisenberg Hamiltonian (Eq. 1.2.2.2) for a
frustrated spin system in general. But in special cases when frustration is uniformly distributed

over all bonds one can indeed find the exact ground state configuration as shown in the left panel
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of Fig. 1.2.2.2. For further details see the review article by Diep[20-22]. We discuss below

briefly how to get the ground state configuration following Diep[20-22].

8=0° 90° 180°

(b)

I N

ferromagnetic anti-ferromagnetic

TRk

(Fig. 1.2.2.2 One-dimensional classical Heisenberg model with competing interactions, (a)

Helical ordering (b) Phase diagram for the model with a nearest-neighbor exchange J; and a

next-nearest-neighbor exchange J5 [20-22])

For any combination of J; and .J5, if the angle between the nearest neighboring spins is 0

(leading to uniform distribution of frustration) as shown in Fig.1.2.2.2 (a), we simplify the

Hamiltonian to

H=J12S,-Sj cos@+J, Z ;S cosZQ:lecos9+Jz z cos 20 (1.2.2.3)
(.7) {{i.)) (i.7) {{.)
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Obviously in the ground state, the system is stabilized by taking Z—]; =0, which results in
(J; + 4J, cosf) sinf = 0 (1.2.2.4)
There are multiple solutions to this equation, one of which is sin@ =0 giving rise to 6 = 0°

or 0= 180" (corresponding to ferromagnetic and anti-ferromagnetic ordering) and the other is,

cos@z—%Jl/Jz (1.2.1.5)

The second solution brings about, besides the wusual ferromagnetism and anti-

ferromagnetism depending on the relative value of Jj over Jp, the so-called helical order (or

spirals). If |J1| > 4|J|, only ferromagnetism or anti-ferromagnetism (depending on the sign of J7)
is allowed, this forms the most part of phase diagram in Fig. 1.2.2.2 (b).

If |J1] < 4|J2|, we have to be more careful. For J, <0, the sign of J; determines the spin order,
and J, substantiates this order since next-nearest-neighboring spins are always parallel no matter

it is ferromagnetic or anti-ferromagnetic. For J> > 0, the next-nearest-neighboring interaction

dominates and we will expect helical magnetic order, as shown in the triangle area of Fig.
1.2.2.2(b).
For a relevance and later comparison to my study on the Yukawa lattice gas system

(although my system is Ising-like and 3-dimensional) we consider here the case where all the

interactions are anti-ferromagnetic (J; 5 >0), namely, the upper right part of the phase diagram

in Fig.1.2.2.2(b). We summarize some essential points for this 1-dimensional system below:

13



1) WhenJ, << J;, the GS will be as shown in Fig. 1.2.1.1, one spin will be anti-parallel to

its nearest neighbor but will be parallel to its next nearest neighbor, i.e., there is
frustration between the next nearest neighbor spins.

2) WhenJ, >> J;, one spin will have a right angle with respect to its nearest-neighbor, as

shown in Fig. 1.2.2.2(b). Therefore, this spin will be anti-parallel to its next nearest-

neighbor.
3) The critical point occurs at J; = 4.J5, as we have mentioned above, and it separates helical

order from usual anti-ferromagnetism

d
)

/
C

./Q
d

(Fig. 1.2.2.3(a) The elementary cubes [23])

The non-collinear ground state spin alignment caused by competing nn and nnn interactions
is found not only in 1-dimensinoal system, but also in many well-known high-dimensional
systems such as the anti-ferromagnetic FCC lattice[22], fully frustrated simple cubic (SC)

lattice[21] and so on. For the sake of illustration we choose here the SC lattice system. For this
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simple cubic lattice (see Fig. 1.2.2.3a ), the classical ground state can be determined numerically
by an iterative procedure, minimizing the local energies until the internal energy is

stabilized[21, 24].

(Fig. 1.2.2.3(b) Tetrahedron which is characterized [25])

)

\

(Fig. 1.2.2.3(c) Particular GS configuration [23])
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It was found that, similar to 1-dimensional frustrated spin system, SC also has a J; = 4.5

boundary in the phase diagram[26]. For 0 < J, < 0.25J;, the classical GS is the collinear anti-
ferromagnetic structure. ForJ, > 0.25J,, the classical GS has a large frustration.

The elementary cubes containing two tetrahedra formed by the nnn sites and stacked as in
Fig. 1.2.2.3(a). The spin configurations (black site or white site) a, b, ¢, and d of the nnn
tetrahedra are those of the elementary tetrahedra in the GS of the FCC anti-ferromagnets[25]:
each nnn tetrahedron is characterized by two angles, €, formed by two up spins (or two down

spins) and ¢, as shown in Fig. 1.2.2.3(b), formed by the plane containing the two up spins and

the plane containing the two down spins[25]. For collinear spin alignment, the three
configurations (one line up, one line down) are particular GS configurations in this range of
parameters (see Fig. 1.2.2.3(c)). As we will see later for the frustrated Ising YLG on a FCC
lattice, some of the ground state configurations are very similar to the collinear spin structures
seen in the frustrated Heisenberg models. Even if the spins can orient to any direction, frustration

forces them to be collinear.

1.2.3 Degeneracy Caused by Frustration
For the Ising model the system entropy S associated with the ground state can be written as

Sg o« In D, where D is the degeneracy, D = a™ [10], N is the number of spins in the lattice and

1<a <2 [10]. One fundamental question is whether there is any relationship between frustration
and degeneracy (or system entropy)? For certain anti-ferromagnetic systems, we know that all

(13

pair interaction energies cannot be simultaneously minimized due to either “ geometric
frustration” or “competing interaction”. This can sometimes lead to a large macroscopic

(thermodynamically significant) degeneracy of the ground state. We would like to discuss the
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nature of degeneracy caused by frustration in simple models consisting of a small number of
spins.

Let us consider an anti-ferromagnetic Ising Model

nnn

H=J,) 0,0;+J; Y 0,0 (1.2.3.1)
(nn) ()

where (J12> 0) is constant and (J1>>J2), (0; ;= +1) is spin value.

(Fig. 1.2.3.1 Spins on a triangle with anti-ferromagnetic interaction [11, 12])

A. Triangle Model

A simple 2D example is given in Figure 1.2.3.1. Now let us look at the “spin or magnetic
ordering”. Three spins reside on the corners of a triangle with anti-ferromagnetic interactions
between them, i.e., the energy is minimized when each spin is aligned opposite to its neighbors.
Once the first two spins align anti-parallel, the third one is frustrated because its two possible

orientations, up and down, give the same energy. The third spin cannot simultaneously minimize
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its interactions with both of the other two. Thus, the ground state is twofold degenerate, for this

3-spins system with fixed 2-spins.

B. Tetrahedron Model

3

(Fig. 1.2.3.2 Spins on a tetrahedron with anti-ferromagnetic interaction [11, 12])

Similarly in three dimensions, four spins arranged in a tetrahedron (Fig. 1.2.3.2) also
experience Geometric frustration. If there is an anti-ferromagnetic interaction between spins,
then it is not possible to arrange all the spins so that interactions between spins are anti-parallel.
There are six nearest-neighbor interactions, four of which are anti-parallel and thus satisfied, but
two of which (between 1 and 2, and between 3 and 4 in the fig. 1.2.3.2) are not satisfied. It is
impossible to have all the interactions satisfied simultaneously, and the system is frustrated. The
ground state is twofold degenerate with fixed 2-spins.

This idea of frustration caused degeneracy of a finite cluster (triangle or a tetrahedron)
generalizes to a macroscopic system. However the calculation of D for a macroscopic system is

highly nontrivial. A classic example is the case of a 2-dimensional triangular Ising model with nn
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AF interaction. For this model, Wannier has calculated the degeneracy of the ground state and

finds D=a", where o = 2512 )

1.3 Real Lattice Gas and Its Ising Model Mapping

1.3.1 Real Lattice Gas

Recently, the quaternary thermoelectric compound (AgSbTe))(PbTe)y(1—y), or equivalently

AgSbPb,Te+7 (also called “LAST-m”, LAST stands for Lead, Antimony, Silver and Tellurium)

[27] has emerged as a material for potential use in efficient thermoelectric power generation. The

concentration x above is related to the quantity m by the relation x =

(m+2)

(Figurel.3.1 A. A high resolution transmission electron microscopy image of AgSbPbjgTer

sample. B. An extended region of a AgSbPbgTe;, specimen [27]).

In Fig. 1.3.1A, a high resolution transmission electron microscopy image of AgSbPbjgTes(

sample shows nano-sized region (a “nano-dot” shown in the enclosed area) of the crystal that is

Ag-Sb-rich in composition. The surrounding structure, which is epitaxially related to this feature,
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is Ag-Sb—poor in composition with a unit cell parameter of 6.44 A, close to that of PbTe. Fig.
1.3.1B shows compositional modulations over an extended region of a AgSbPbigTe;, specimen.
The spacing between the bands is ~20 to 30 nm. In essence, the observed compositional
modulation is conceptually similar to the one found in the artificial PbSe/PbTe super-lattices

which also show excellent thermoelectric properties[27]. In the latter system, the compositional

modulation exists along the stacking direction.

(Fig. 1.3.2.1. Example of ionic mixing on the Pb fcc sublattice of the NaCl type structure of
PbTe [28]. In LAST-m this sublattice is occupied by Pb (blue balls), Ag (yellow balls) and Sb
(green balls). However the average structure of LAST-m is that of a NaCl lattice (See Fig.

13.2.2))

PbTe has a number of derivatives that have shown some of the most promising results to

date among bulk materials[28]. Early studies of AgPb,,SbTe)+y, (LAST-m) system reported it to

be a solid solution between PbTe and AgSbTe, (both rock salt NaCl type structures) with p-type
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properties and an unusually low lattice thermal conductivity. X-ray diffraction studies of the
compound AgSbPb,,Te,+2 (See Fig. 1.3.2.1 obtained by Sootsman, Chung and Kanatzidis[28])
shows that the average lattice structure is NaCl-type (Fig. 1.3.2.2), where the cation (Na) sites
are occupied by Ag, Sb, and Pb and the anion (Cl) sites are occupied by Te. The lattice constant
changes nearly linearly with Pb/Te ratio (See Fig.1.3.2.2). One can consider a lattice gas model

when the Na-sub-lattice of NaCl-type structure, which is a FCC lattice, is occupied by three

types of ions, Ag, Sb and Pb.

29’ o

. .

(Fig. 1.3.2.2 NaCl structure)

1.3.2 Screening Effect
Consider a positive charge placed in the electron gas and the charge’s position is fixed,

Poisson’s equation tell us that

—V24(r) = 4p(r), (13.2.1)



ext ind

where ¢(r) is the physical potential and p(r)=p"" (r)+, " (r) is the total charge density,

where pi”d (r) is the charged density induced in the electron gas due to the presence of the
external particle and pext (r) is the charge density associated with this external particle.
Suppose that ¢(r)and ¢ (r) are related linearly; we will then have

#° (1) = [ dp'a(r,rg(r) (1322)

Fourier transforms give

£(q) = j dre 9T g(r)

| (1.3.2.3)
5(r)=— [ dae" " s(@)
(27)
which implies that in Fourier space, we have
1 ext
PqQ)=——9¢""(q). (1.3.2.4)
£(q)
This equation shows that the potential in Fourier space is reduced by a factor . Actually, the

£(q)
quantity £(q) was studies by Thomas-Fermi and is well known as the TF dielectric constant:

K‘2
e(q)=1+ — . (1.3.2.5)
q

To understand the physical meaning of the parameter x , we can consider the following case:

0

¢ (r) = = (13.2.6)

and it’s Fourier space form:
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4
¢ (q) = LzQ (13.2.7)

q

So the total potential takes the form

#(q) = ;sz (13.2.8)

q +K

The potential in real space is the inverted Fourier space form, which is

dq  ar 4 —xr
1 2”Q2 -0¢ (1.3.2.9)
(27) q-+K

GH|

This equation means that total potential is of Coulombic form times an exponential damping

—Kr
e

factore ™ . Here « is called the screening parameter and is called the screened potential.

In PbTe system, Pb and Te ions attract each other through Coulomb potential in the presence
of itinerant electrons or holes resulting from doping which is necessary for energy and charge
transport. In the region of higher doping the Coulomb interaction is weaker due to the screening

effect that naturally affects the internal field.

1.3.3 Ionic Model for LAST-m, Yukawa Lattice Gas (YLG) Model

Now consider the following interaction model for the system:

E= Y f(R;-R;)QQ; (13.2.1)

<i#j>
where R; and Q; are, respectively, the position and the charge of an atom at site i of the lattice.

As mentioned before, we consider the NaCl-type structure made of two interpenetrating
FCC lattices with mixtures of different atomic species at the Na sites, i.e. j = {Na(i.e. Ag, Sb, Pb),

Cl(i.e., Te)}. Ionic mixing occurs on the Na sites (not on the red sites, see Fig. 1.3.2.1). For PbTe,
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. .- . 2 .
if we look at “Periodic Table”, we can know that Pb is of structure [Hg]6p and Te is of structure

10_2_4 .
[Kr]4d OSs 5p . For the combination of PbTe, because Pb prefers to donate 2 electrons and Te
prefers to accept 2 electrons, the combination of PbTe will be stable. So in an ionic model for
. + . . A ...t . .oaT
LAST-m, we can assume the Pbion2 , Teionis 2, Agionis 1 and Sbionis 3 . So the charge

of the Na site will be 2 + Ag , where Ag ={-1,0,+1}.

The total energy can be written as

E= )" f(R;~R)0Q;

<i#j>

= z f(rm _rn)AQmAQn +EPbTe = Ec +EPbTe
- (1.3.2.2)

where Ep, 7, is the total Madelung energy of the ideal PbTe lattice. Obviously, contribution to

E. comes from the occupation of a FCC lattice only (i.e., Na site, see Figure 1.3.2.3).

0

|

(Fig. 1.3.2.3 Mapping NaCl structure (left) to FCC Lattice(right) )
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(Fig. 1.3.2.4 Frustration in FCC Lattice)

As we will show below E. will be mapped onto an Ising model on a FCC lattice with

antiferromagnetic interaction whose range can be tuned. It is well known that short range anti-
ferromagnetic Ising models on a FCC lattice involve “frustration” [11, 12] (see Fig. 1.3.2.4). So,
it is of considerable interest to see the effects of frustration in Yukawa systems when tuning the

range of interaction.

1 .
e Iff(R;—-R j) = |R—R| , we get the Coulomb Lattice Gas (CLG) model.
iy
e—K|Rl'—Rj|
o Iff(R;—R;)=——— we get the Yukawa Lattice Gas (YLG) model.
i Jj R.—R | g
iy

Now we can map the above lattice gas model to the following Ising spin model

E.= ) J(t,-r.)o,0, (1.3.2.3)

<m#n>
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where (o, =+1,0) , +1 for Sb, -1 for Ag and 0 for Pb. Since the number of Ag and Sb ions are

the same we have Zo'm =0 . In AgSbPb,,,Te;,,+» system, the content of Ag and Sb ions is

m

defined as the concentration x, which is given by x=2/(m+2)=(1/N )Z 0'1-2 .

1
The CLG model was investigated by Hoang, Desai and Mahanti (HDM) [29]. In the next
chapter, we will introduce their work. Note that YLG model becomes CLG model when the

Yukawa screening parameter x =0.

1.4 Monte Carlo Simulation (MC)

In order to study the physical properties of the ionic lattice gas system using YLG model
(for example, its structural and thermodynamic properties), we have to calculate the Free energy
(partition function) corresponding to the Hamiltonian (Eq.1.3.2.3) for an infinite system. There
are several approaches available: (i) exact solution which is very difficult; (i) mean field
approximation which works well if we know something about the structural order for different
concentrations x (works well when there is no frustration) and (iii) simulation of finite but large
systems. Because of the complex nature of our system, such as both geometrical frustration and
frustration caused by competing interactions, we will use the third, Monte Carlo (MC) simulation
approach. MC simulations have been extremely useful in understanding the physical properties
of classical spin systems [14, 30]. MC simulations, in fact all simulation studies, are usually
limited by the memory size and the central processor of computers. The size of the system (N =
number of lattice sites = number of spins) one can simulate depends on the number of
configurations. For a 2-state Ising model the number of configuration is 2". Also the size of the

system one can simulate depends on the nature of the interaction between the spins. For example,
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for a simple nearest neighbor ferro or anti-ferro interaction, one can simulate systems up to

6 . . . . .
N=10"or more. On the other hand for long range interactions it becomes difficult to simulate

systems N>103. In MC simulation, the main idea is to generate a large number of highly

probable configurations randomly and then compute averages of physical quantities such as
energy, magnetization etc over these generated configurations. For systems in thermodynamic
equilibrium the configurations are generated with Boltzman distribution. The details of the MC

algorithm used in our simulation are discussed next.

1.4.1 Monte Carlo Algorithm and Simulation Process

(Fig. 1.4.1.1 Metropolis algorithm)

As discussed above, to study phase transitions in the FCC YLG model by computing
different thermodynamic averages we use Monte Carlo simulations. The straightforward
application of the basic Monte Carlo method is not however the best way to compute these
average values, because it samples all configurations uniformly. Instead, we generate random
configurations which are highly probable which amounts to carrying out importance sampling. A
better approach is to use Boltzmann factors themselves as a guide during the generation of a

subset of sampled states. Metropolis algorithm generates a sequence of configurations that have
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approximately the required probability distribution [31]. This is how the Metropolis algorithm

works:

1y

2)

3)

4)

One starts with a completely random configuration o
To generate the next configuration B in the sequence one computes the energy change AE
in going from state a to state B. If AE is zero or negative, one accepts the new

configuration (i.e., we always accept changes that lower the total energy). If AF is
positive, one accepts the new configuration with probability P(4E) = exp(—4E/kgT),

where T is the desired temperature. In practice, one generates a uniformly distributed
random number x between 0 and 1, and accepts the new configuration if P(4E) > x. This
constitutes a single MC step within Metropolis algorithm. The repeated Metropolis steps
are also referred to as a Metropolis sweep. This Metropolis step is carried out a large
number of times. The updated configurations are used in the calculation of averages as
they become available.

One carries out MC sweeps until thermal-equilibrium is achieved, i.e., when the averages
of different physical quantities remain constant within a prescribed range. The range is
chosen to obtain a balance between accuracy and the number of MC simulation (or
equivalently the computer time of the simulation). These are referred to as equilibrium
runs. Once the system approaches “thermodynamic equilibrium” one takes averages of
physical quantities over an additional number of MC steps and uses these averages to
represent thermodynamic averages.

Typically, the Metropolis—Monte Carlo estimate of the ensemble average of a

macroscopic quantity (say O) is given by
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0)==>" > <O0>Config (1.4.1.1)
k=1 (all accepted)

<O >Config is the value of O for a particular configuration and the summation is over the

accepted configurations. It is usually good to omit a certain number of configurations at
the beginning of the simulation; these are not distributed with the proper probabilities,
because the system has not yet reached thermal equilibrium. How long the system takes
to thermalize depends on several factors such as the size of the system, the nature of the
interaction, and the temperature of the system. The length of the required warm-up period

is usually estimated empirically before starting the simulation.

1.4.2 Limitations of the MC simulation

Although MC simulation is a powerful and useful approach to investigate the equilibrium
properties of complex physical systems, we still need to be aware of its limitations. For example,
if we are studying a second order phase transition, then in a finite system there is a problem
because there is no sharp transition (either as a function of the temperature or some other
intensive parameter) between zero and non-zero magnetization or a sharp peak in the specific
heat. As a result, the critical point associated with a second order or continuous phase transition
cannot be located accurately (Binney, Dowrick, Fisher and Newman) [32]. Furthermore, the
absence of a sharp peak (or singularities) in the specific heat hinders in understanding the nature
of its singularity at the critical point. The limitations of the Monte Carlo simulations are
discussed nicely by Binder and Luijten[15]. We summarize some of these limitations below.

1) Only in the limit M (the number of simulations) — o one can expect to obtain exact

results, while for finite M, there is a “statistical error”. The estimation of this error is a
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2)

3)

4)

nontrivial matter, since it depends sensitively on the choice of M and subsequently
generated states are more or less correlated [30].

If the total number of MC steps is not large enough, then there will be some “memory” of
the (arbitrary) initial state from which MC simulation was started [33, 34].

In order to carry out a MC sweep, pseudo-random numbers are used both for constructing
a trial state from a given state and for the decision whether or not to accept the trial state
as a new state. For instance, in the Metropolis algorithm (see last sub-section), this is
done if the transition probability exceeds a random number that is uniformly distributed
in the interval from 0 to 1 (Binder)[14]. It is therefore necessary to carefully test the
quality of the random numbers generated by the algorithm used since bad random
numbers indeed cause systematic errors. However, this is again a nontrivial matter, since
there is no unique way of testing random — number generators, and there is no absolute
guarantee that a random — number generator that has passed all the standard tests does not
yield true random numbers leading to systematic errors in a particular application ( Knuth)
[35].

Monte Carlo methods apply to system of finite size only, and the results of calculations
near a phase transition are affected by the finite size and by the boundaries. The finite
size of the simulated lattice, typically a hyper-cubic lattice of linear dimension (L) with
periodic boundary conditions in all lattice directions, causes a systematic rounding and
shifting of the critical singularities. This is because singularities of the free energy can
only develop in the thermodynamic limit L — co. This remark is particularly obvious for
the correlation length £ which cannot diverge in a finite simulation box, so that serious

finite — size effects must be expected when the correlation length & has grown to a size
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comparable to L (Kim, Souza and Landau)[36]. Therefore, the results obtained by the
Monte Carlo simulations depend sensitively on the numbers of Monte Carlo steps, the
linear dimension L of the simulation box with periodic boundary conditions, the non-
equilibrium relaxation time of the system and the quality of the random — number
generators, etc. Finally, as the correlation length diverges at the critical point of a second
order phase transition, physical fluctuations in the magnetization become very large[37].
These fluctuations cannot be entirely suppressed by the importance sampling and
averaging over reasonable number of MC steps. In order to obtain a reliable average,
MC simulations should be run for an inordinately long time (Butera and Comi)[37], and
to reach the exact solution, unfortunately, for infinite time. Most importantly, any
approximate method cannot provide exact information at or near the critical point, since
whenever the thermodynamic functions have an essential singularity it is difficult to
perform any computation by successive approximation because the convergence of

approximation in such cases is notoriously slow (Onsager) [38].

1.4.3 Application of MC Simulation

Nowadays, calculations of the Ising models have been performed on lattice sizes of L = 256

~ 5888[39]. Up to date, most of 3D simulations with the lattice sizes lager than L=4800 are short

runs, which can not produce well — equilibrated configurations at the critical point (Stauffer and

Knecht)[39]. In a normal case, increasing the lattice sizes lowers the estimates of the critical

point (Gupta and Tamayo)[40] (Binney, Dowrick, Fisher and Newman)[32], this would push the

values of the critical temperatures collected in the Binder and Luijten’s review article towards

the putative exact solution ( Binder and Luijten)[15]. For the 2D Ising model however, the MC

simulations give much better results (Binder and Luijten) [15].
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1.5 Total Energy Calculation in the YLG model

For the YLG system on a lattice with periodic boundary condition (PB) the energy is given

1
E_EZZQ[QJ|RI—RJ+11L| (1.5.1)

where « is the screening parameter, L is the size of the cubic super-cell lattice, the outer sum is

. . h .
taken over all integer vectors ne(ng, ny, nz), Oy is the charge at the ! site R;. Note that

simulation box is cubic but the charges occupy the FCC lattice sites embedded in the cubic cell.
Obviously, E reduces to that for a CLG when x~ 0.

Periodic boundary conditions are used to best simulate an infinite system. In principle, one
should take larger and larger periodic cubic cells (size L) and then extrapolate L to infinity to
extract results in the thermodynamic limit. To carry out simulations in systems with periodic
boundary conditions (modeling an infinite systems) one uses Ewald’s method to carry out the
summation over n in Eq. 1.5.1. This method will be discussed in the next section. However, if
we are interested in seeing how charge ordering takes place in finite size systems such as PbTe
nanoparticles doped with Ag and Sb, one has to carry out simulation without imposing periodic

boundary conditions.

1.5.1 Ewald summation for Yukawa interactions

In fact, the speed of direct calculation of (Eq. 1.5.1) is very slow. One can use famous
Ewald summation methods to accelerate the calculation speed. The key for Ewald summation is
to divide the calculation of (Eq. 1.5.1) into two parts; one calculation runs on Fourier space and
other runs on real space. In this section, we will show how to obtain the equation of Ewald

summation for the YLG model.
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We denote V' a cube of side L and assume periodic boundary conditions. The Yukawa

potential in real space will be defined as the Green’s function y (r) of the Helmoltz equation

(V2 =Ky, () =47 & (r) (1.5.1.1)
where

8y (r)=Y 8(r+nL)=> {[8(r+nL)-Ap(r+nL)]+ Ao(r+nL)}

aZ

2/3
where p(r) = L j exp(—a2 |r|2) is a normalized Gaussian charge density and the vector n
T

has three components (ny, ny, n,) along the three cubic axes, suppose that
yy(r)=yp(r)+yp(r) and

(V2 =2y p(r) = —47z2{[5(r+nL)—/1p(r +nL)]} (1.5.1.2)

(V2 =Dy p(r) = —47[2{[ﬂp(r+nL)]} (1.5.1.3)

For eq. (1.5.1.3), we already have solution,

kP
2
Andi~— e 7
wp(r)= e (1.5.1.4)
P Ak il

where k= o is a reciprocal lattice vector associated with the cubic super cell of side L.
Suppose

y/D(r)=Z[¢l(r+nL)—/1¢2(r+nL)] (1.5.1.5)
n

then we have two equations
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(V2 = k1) (r +nL) = —475(r +nL) (1.5.1.6)

(V2 =)y (r+nL) = —47zp(r +nL) (1.5.1.7)

For equation (1.5.1.6), we have solutions that satisfy

—Kjr+nl|

H(r+nl)~

|r+nl |
For equation (1.5.1.7), replace ¢,(r+nL) by &(r) , p(r+nL) by p(r) and consider the

following processes

2 2/3
p(r) = (“—] exp(-a|r[*)
T

3/2
—Kr'-r| 2 212 ,—Klr'-r|
¢(r) — J‘d3rlp(rr) e — a_ Id3r!e—a |l‘| e
[r'—r| T [r'—r|

Definingt=r'-r,7 = |‘r| and 7= |r , we get,
2 3 Perti2rey €
a(r)=| & J.d e (@ L
z T
3227 10
2 2,2, 2
= a_ J jje_a (T +r +2Trcose)_KTTdTSin9d0d(0 (1.5,1.8)
000
24,2
K /4a
= eerf| ar +—— |+ e erf| ar— —2sinh(xr)
2r 2a 2a
_ _ 2 2,42
Using lim erf(a,| r-rj ———a, choosing 1 ¢*"/4%” and replacing ¢(r) by ¢,(r+nL),
ror |r'-r| N A

then the equation (1.5.1.5 ) becomes
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—K|r+nL]

1
wp(r+nl)= Z[ehur—nq —;(e'(lrﬂmlerf(a r+nL| +%)
n

N e_K|r+nL|erf (a |r + nL| - 2£j -2 sinh(l(|r + nL|)D
a

eK|r+nL| . e—K|r+nL| .
= Z[—erfc(a|r+nL| +—J+—erfc(a|r +nL| —j]
2|r +nL| 2a 2 2

r a
n

(1.5.1.9)
Usually, for a particle system with periodic boundary conditions, Ewald summation rewrites the
interaction as a sum of two terms, the short-range term that sums quickly in real space and the

long-range term that sums quickly in the Fourier space.

O(r)= (DFourier (r)+ (DReal(r)

where,
2,.2 2 .
4r e—(|G| +x°)/4a elG~(r—RI)
Drourier () =~ O PR (1.5.1.10)
Q ZI: (% |G [ +x
where (Q =L3) is the volume of the super lattice cell.
{erfc(a Ir—Ry| +2Kje’(|r_RI| +erfc(a Ir—Ry| —2’() e_K|r_RI}
a a
o r)=
Real (1) ZI;QI TR
(1.5.1.11)

In the final expression for the energy of a super-lattice cell, we need to exclude the

contribution to the energy of the true Yukawa potential due to / evaluated at Ry, the so called
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exp(—K|r — RI|)

self-term to avoid infinites. In fact, this arises from the term | ~ |
r=KRj

part of the real

space summations, which must be dropped.

Then we have:

—K‘|I’ Ryl
‘DSelf(F)— hm [(DReal(r) ZQI R ]
I

erf a|r—RI|+£ MR o f a|r_RI|_£ o kIRl
2a 2a

sinh (x|r—R; |)}

[r—Ry|
Using L’Hospital Rule, we get
K

q)self(l')— —2Ta€ 40!2 +K erfc( ) ZQI (15112)

T

Obviously, the self part is independent of r.
For the charge neutral Yukawa Lattice Gas on a FCC Lattice System with PB conditions,
based on above discussion, we have the total Yukawa energy in a the super lattice system given

by
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EEwald = EFourier + ESelf + EReal

o~ (GP+x?)/4a? iG.(Rp-Ry)

= Z Z QIQJ | G |2 +K‘2

I,J] G=0

K2

- —%e aa? +—erfc( j ZQI

T

019
ZZZ|RI-IRJJ+nL|'

n Iz]

{erfc(a |R;-R; +nL| +2£j RI-Ry+ni|
a

+erfc(a|RI-RJ+nL|—2£)e_K|RI'RJ+“L|} (15.1.13)
(94

This is the main equation used in our MC simulation. The choice of the Ewald summation

parameter, o and G, depends on the lattice system. We will discuss it next.

1.5.2 Ewald Summation Parameters

There are several parameters that control the convergence of Ewald summation for the YLG
model. It is useful to discuss the choice of these parameters in the CLG model because the range
of interaction is larger for the lattice model. If for certain choice of parameters the CLG model
converges then it is obvious that for the same choice of parameters the YLG model will also
converge. Independent of the model considered the choice of Ewald parameters should be based

on several considerations:
1) |nmaX| is an integer which defines the range of the real-space sum and controls its

maximum number of vectors.
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2) Similarly |Gpax| is an integer defining the summation range in the reciprocal-space and
its number of vectors.

3) a, appearing in the Gaussian function, is the Ewald convergence parameter, which
determines the relative rate of convergence between the real and reciprocal sums. Note

that a large value of a, i.e. a narrow Gaussian distribution, makes the real-space sum

converge faster. This means that a small number of n-vectors (i.e. Inmaxl is small) is
sufficient for a rapid convergence. On the other hand, a small o causes the reciprocal-

space sum to converge faster, i.e. a small |Gy ax| Will suffice.

4) For the calculation in the real-space sum, we introduce a cut-off radius (R¢ytoff) Which is

the size in real-space we accept for a properly relative error A in the calculation. Usually,
the calculation of the cut-off radius will be determined by the supper-cell size L. The
larger of the super-cell size and the cut-off radius we choose, the more accurate results

we get.

For the calculation of Columbic interaction potential with periodic boundary(PB) condition,

Toukmaji and Board[41] found that the reciprocal sum was calculated more efficiently than the
real sum, hence a is generally chosen to minimize the real sum and thus it dictates the value of

truncation number in the Fourier space sums. The choice of the Ewald sum parameters for
Columbic interaction with PB is system dependent and is subject to trade-offs between accuracy

and speed which in turn is influenced by the algorithmic implementation. For a relative error A

that one accepts Perram and Petersen[42] have suggested using « ~ 2+/—InA or 0~3.5/ Reytoff -
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1.5.3 Fast Calculation Method for Ewald Summation
As discussed in the last section, for the YLG model on a FCC lattice, the total energy is the
sum (Ewald sum) of three parts, namely, the real (direct) space sum, the reciprocal (imaginary,

or Fourier) sum, and the constant term, known as the self-term.

If we fix |nmax| and |Gpax/, the calculation costs are the following:
(1) the reciprocal (imaginary, or Fourier) sum: O(|nmax||GmaX|3)
(2) the self-term sum: O(|nmaX|)

(3) the real (direct) space sum: O(IHmaX|2)

From above cost estimation, we know, for a large lattice system with huge numbers of ions,
the real (direct) space sum will take most CPU time. As we know, the error function erfc(x) ~ 0.0

when the argument x > 2.5, so, for the YLG model the real (direct) space sum becomes a sum of

Columbic potential in a small finite domain depended on a fixed cutoff radius, Rcytoff.

Meanwhile, if we consider the expansion of erfc(x)

1 _2 1 3
erfc(x)=—e " (1——+—+---J (1.5.3.1)
NTT 2x2 4x4

the error function erfc(x) ~ 0.0000 when x > 2.5.

For a relative error A that we accept, we use (following Perram and Petersen[42])
a ~2\-InA and 0~3.5/ Rcytoff -

Based on the above analysis, we can use the criterion

R —Ry+nL| &Ry o >£
Reoutooff 2 3.5

(1.5.3.2)

to decide if the calculation can be stopped.
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We don’t need to carry out total energy calculation directly for every MC because we will
have an optimized method to get the energy difference between two different configurations if
we just randomly switch two particles to get a new configuration of the system. When we

interchange the position (or charge) of two particles, the energy change in the real (direct) space

sum will be:
(9, — qm)q Y (qm_Qn)qj
AEgeq] = Z ~In = ImHierfo(aR,,; )+ Z —r—erfo(@Ryy) (1.5.3.3)
i#£m,n Jj#Em,n n

There is no contribution to the change in energy from the self parts (See Eq. 1.5.1.13).

Because the calculation cost for the Fourier space part is almost O(|nmaX|), we can calculate the

energy of the Fourier part (Efyyrier) directly for a new configuration of system and hence obtain

the energy difference (AEg,,i.r ) between old configuration and new configuration. Therefore

the change of total energy in a single MC move is given by AE = AEpgrier + AERcal -

1.5.4 Evaluation of Madelung Constant — a Check

In order to test our code for computing the energy for the YLG (and CLG) system we first
calculate the well known Madelung constant for the NaCl lattice. This corresponds to our case
x=1 (see eq. 1.3.2.4), which corresponds to no neutral sites (i.e., all sites have a charge, positive
or negative). As we know, for NaCl, in the CLG model, the Madelung constant M can be obtain
by using

quM

1.54.1
472'6'0R0 ( )

Ecig =-
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where any site is charged positive (g) or negative (-g), Ecic is the total potential energy of the
lattice, N is the total number of charges and Ry is the nearest-neighbor distance. Madelung [43]

calculated this constant exactly by using

i (~1)/ T+ »
M= ~—1.7475 Ny
Jk =0 2+ k% +12)?

where j =k =[=0is to be left out.

In our code testing, we use some of the ideas of choosing the parameters appearing in the
Ewald sum (See Section 1.5.2 — 1.5.3) to accelerate the calculation and to reduce the calculation

cost. The following results were obtained based on our simulations for the NaCl lattice when we
chose a = 0.8 and |Gmax| = (5, 10),

1) For 10x10x10 lattice, M =-1.7476,-1.7476

2) For 20x20x20 lattice, M = (-1.7479, -1.7476)

These results agree very well with Madelung’s result. We will use these parameters in our

MC simulations.
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CHAPTER 2 YLG Model on a FCC Lattice

2.1 Introduction

As we have discussed in Chapter 1, the YLG model for the LAST-m system maps onto an
anti-ferromagnetic spin-1 (3-state) Ising model. By changing the Yukawa coupling constant x
one can go from the long range CLG model to a short range model where only the nearest
neighbor interactions dominate. Anti-ferromagnetic interaction between Ising spins on a FCC
lattice has both geometrical and competing interaction induced frustration. Also when the
concentration x — 1, the 3-state Ising model goes to 2-state Ising model. Frustrated 2-state Ising
systems with short range interactions have been known to have unusual properties such as large
ground state degeneracy, large fluctuations and successive phase transitions as a function of
temperature with complicated structures[44] [45] [46]. A simple model to understand these
frustration dominated features is one where only the exchange interaction between nearest and

next nearest neighbor spins are taken into account. The Hamiltonian is given by
H=J) 0,0,-al) 0.0+ =h) 0, @.L
nn nnn

where (J >0) is the exchange constant and (o, =%1). The nearest neighbor (nn) interaction is
anti-ferromagnetic and leads to “geometric frustration” because of the FCC lattice (see
Fig.2.1.1a). The next nearest neighbor (nnn) interaction can be changed from ferromagnetic to
anti-ferromagnetic by changing the sign of a. For the YLG system, a<0. The external field 4

controls the average magnetization (or the average charge for the CLG or YLG). For the neutral
ionic lattice gas system in which we are interested, the total charge (also magnetization) is zero
and therefore we will consider the case h=0. There is a major difference between this 2 state

model and our 3 state (spin-1) model. As mentioned before, the latter goes over to the 2-state
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Ising model for x=1, which corresponds to the system AgSbTe,. This is the limit when the effect
of frustration is maximum. When x is less than 1, some of the sites have no spins (or ions). This

can help in reducing the effect of frustration by suitably choosing the neutral or g; = 0 sites as the

nearest neighbors of charged g; = +1,-1.
The ground state of Eq. (2.1.1) was first studied by Cahn and Allen [45]. For -0.5<a <0,
they found that the GS was 6-fold degenerate with the energy £, =-2—ca. (To describe the

structure we will use the magnetic or spin description. For the case of ions, one has to replace the
spins by corresponding charged ions.) The structure is called type-III anti-ferromagnet and is

shown in Fig. 2.1.1a. For ¢ <—-0.5, there are two types of ground state structures called type II

(Fig. 2.1.1¢) and IIb (Fig. 2.1.1b) anti-ferromagentic structures with energy Ey = 3a and
degeneracy 8. For a = 0 and o = -0.5 where the GS structure changes from one type to the other,

. . L . . . .
the GS degeneracy is macroscopic (~b , b>1. L is the linear dimension of the system). Slawny

[46] later showed that although type II and IIb structures were degenerate for a<-0.5, the type-Ilb
structure (Fig. 2.1.1b) dominated at low temperatures.

As we see, some of these GS structures caused by frustration are similar to what was found
for the Heisenberg model in 3-dimensions with competing AF interactions (See section 1.2.2).

The finite temperature properties of this model was studied in detail by Phani et al,[44]. Their

. . t ..
Monte Carlo (MC) simulations showed that there was a 1> order phase transition from an

ordered to disordered state for -1< o < 0, whereas for a < -1, the transition appeared continuous.
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(b)

(c)
(Fig. 2.1.1 One cube of the FCC lattice showing the three possible configurations (a) the type-II1

structure, (b) the type-IIb structure and (c) the type-II structure)
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As far as we are aware the effect of introducing neutral sites on these properties i.e. looking at

the 3-state Ising model on a FCC lattice with only nn and nnn AF interaction has not been done.

Od—m————F—————7—————

lattice gas of

0.3

0.00 0.25 0.50 0.75 1.00

(Fig 2.1.2 Concentration (x) versus Temperature (7), phase diagram constructed from the loci of

the heat capacity maxima [29] for the CLG model.)

Our interest here is to see how the introduction of longer range interaction such as the YLG,
changes the phase transition (its order and the number of transitions, ground state degeneracy etc)
for all values of x. By increasing the strength of the Yukawa coupling we can make some
contact with these earlier nn, nnn model calculations. The initial attempt to address some of these
issues for long range interaction was made by Desai, Hoang, Mahanti (DHM) [29] who carried
out limited MC study of the CLG model for the entire range 0 < x <I1. The phase

diagram obtained by DHM is shown in the Fig.2.1.2.
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For the CLG, as a function of 7, they found one (ISt order) phase transition for x < 0.5 and
two phase transitions (one at lower 7 which is 1% order and the other at higher 7 which can be
either 1% order or continuous depending on the value of x) for x > 0.5. The critical temperature
T, for the lower T 1% order transition was found to be a weak function of x except for very low

and very high concentrations (see Fig. 2.1.2). T for this transition is 0 for x = 0 and x = 1. The

higher T transition for x > 0.5 is strongly x-dependent. For x = 1, this transition was found to be

ISt order, in agreement with the results of Phani et al. [44], HDM [29] found that generic low T
structures of the CLG model consisted of anti-ferromagnetic layers (sheets) (o; =+1,-1) separated
by layers with 0;=0. In the charge picture this corresponds to layers with ordered positive and
negative charges (corresponding to sheets of AgSbTe, for the actual physical system), separated

by neutral layers (corresponding to PbyTe, layers). In addition to these layered structures, they

also discovered a tubular structures for x=0.5, shown in Fig.2.1.3. We will discuss about this
tubular structure in more detail later.

In the present work we generalize the result of DHM [29] to the YLG model. We will
mainly focus on the region x < 0.75 and not discuss results for 0.75< x <1 because of
computational difficulties we faced.

In DHM [29] paper, they did not elaborate on the differences in the structural properties in
regions referred to as “solid”, “liquid” and “gas” for x > 0.5. We will discuss the differences
between these regions for x=0.75 and also point out the differences in the nature of melting

between “solid” and “liquid” and between “liquid” and “gas” regions.
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o

(Figure 2.1.3 Tubular Structure [29]. Connected balls are for Ag/Sb, unconnected balls are for Pb;

Te sub-lattice is not shown. Checker board pattern formed by AgSbTe, and PbyTe».)

First, we would like to give a brief summary of the MC simulation method. For each MC
step, we pick a pair of sites randomly inside a super-cell of size Lx L x Land then carry out the

standard Metropolis algorithm. For each sweep, the change in energy in going from an initial

state (E;) to a final state (Ey) is computed. We accept the new state (Ey) if Ef< Ej. If Ef> Ej then

we accept the state (Ey) if eXp(—AE /kgT) > r, where r is a random number in the interval

[0,1], 4E =E¢- Ej is the energy difference, and 7 is the temperature.

The results we present in this thesis (if not specifically mentioned) were calculated with

system size L=8 (i.e., 8 simple cubic FCC cells in one direction, 4x83 FCC lattices sites in total)
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with periodic boundaries. To achieve thermal equilibrium at each temperature, at least 2.048)(108

MC sweeps were simulated followed by another 106 sweeps to calculate the averages of physical

quantities like energy, heat capacity (energy fluctuation) etc. In the present simulation the unit is

chosen such that Boltzmann constant kg =1, the charge O;=0, +1, and the distance between the
. 172 . .
nearest neighbors = (0.5) . The error (Sp) in the present calculation comes from the standard

deviation of the averages from the final lO6 MC sweeps:

N
Sy —\/%Z(E,.—E)2 (2.1.1)
i=1

By the way, in the rest of this thesis, energy calculation is based on
¢ _J
E=EZQinf(Ri—Rj)=520i0jf(Ri—Rj) (2.1.2)

where ¢ is the static dielectric constant, a is lattice constant, R; and Q; are, respectively, the
position and charge.

. . . . 2 _
The unit of energy in our calculations isJ = e~ / €a where a defines a characteristic length

(unit cell length of the FCC lattice) and J / kg defines the unit of temperature.

2.2 Study of YLG Model on a FCC Lattice
For the YLG model, we analyzed the ground state structure and calculated different physical
quantities as a function of 7'and x and the screening parameter x. Heat capacity can be calculated

in two different ways. One, is to look at the T derivative of average energy <E> and the other
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(£7)-(E)

using the fluctuation dissipation theorem for a system in Canonical ensemble C, = =

B

We also looked at different structures (charge ordering) as we changed T for different x values.

2.2.1 First Order Phase Transition, Heat Capacity and Ground State Structure

-420
-440
-460
-480
-500
-020
-240
-560
-280
-600
-620
-640
-660
-680

-700 I U N T NS N RS R
o0 005 010 015 020 025 030 035 040

Temperature

oy —— Slowing heating
—— Slowing cooling

Fib i d AR -*r:rf

Structure change at critical temperature for heating process

Total Energy of Super Lattice

L DI DELEN DELEN DL LB LN LR DL R L e A
a1 . 0 . 0 . 0 s 1 o 1 5 0 5 1 . 0 5 0 o 0 5 0 5 0 5 |

(Fig. 2.2.1.1 Average total energy as a function of 7" for x=0.25; both heating and cooling runs
are shown. Also shown are the charge ordered layered structures and how they melt when heated)
Figure 2.2.1.1 gives a typical result obtained in our MC simulation. It gives <E> as a

function of T for x = 0 (CLG model) and x=0.25, both for the cooling and the heating runs. We
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clearly see a 1% order transition in agreement with earlier simulation results of DHM [29]. There

is a hysteresis associated with this transition confirming its 1> order nature. Below the melting

temperature, charges are confined within layers because the thermal energy given to the charges
are less than the binding energy.

Except for the lower concentration x << 0.5, our MC simulations (slow cooling from high 7)
shows that the ordered layered structures (2-d sheets) dominate the ground state structure for all
values of the Yukawa screening parameter k. This is consistent with earlier MC results of DHM
for k=0. This can be understood using the following simple argument. If we only consider the
nearest neighbor interaction between the spins (or charged particles), we easily see that the
ordered layered structure is nothing but an anti-ferromagnetic Ising model on a square lattice

without any frustration in the nn bonds. However the nnn bonds are frustrated but the strength of

these nnn bonds are %/5 of the nn bonds and the number of nn and nnn bonds are the same. As

a result the ground state is the AF or (+,-) charge ordered state.

For x < 0.5, the charged sheets are sandwiched between neutral sheets. Since the
neighboring layers have no charge there is no frustration in the nn bonds. Physically, when x <
0.5 the system removes frustration and lowers its energy by sandwiching neutral sheets between
charge ordered layers with total charge zero. There is a small attractive interaction between these
charged ordered layers coming from the nnn interaction if a positive charge from one layer is just

above the negative charge of the other.

Above the transition temperature 7, the layered structure suddenly breaks up, charges leave

L . . . t
their original layer and move into the neighboring neutral layers. One can understand the 1°
order nature of the transition qualitatively using the following argument. The binding energy of
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the charges is sufficiently strong so that a charged particle cannot escape from its layer for 7'< 7.

Above T, a charge moves into the neighboring layer by creating a local defect. At 7, many such

defects are created thereby precipitating a 1st order phase transition.

10 T v T J T v T ' T v T '
0 Measurement result ———————— |
-04+ Lann
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"Energy Vs. = 08t ]
Temperature" T Y 1ol 1]
. 6| © Resultbasedon s B
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2 - Dissipation B ] | 1
Q. | '
© Theorem | : : , , |
O 4 - 10 15 20 25 30 4
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© 5 1
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2 - ]
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| 2 ] ) | L | 1 ] X | 1
1.0 1.5 2.0 2.5 3.0 3.5 4.0
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(Figure 2.2.1.2 Heat capacity and Phase transition in the 2D Ising model. The inset gives the T

dependence of the average energy <E>)

Now let us look at the heat capacity associated with the above transition. We know that the
heat capacity is related to the fluctuation in energy through fluctuation dissipation (FD) theorem,

given by
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(E?)-(E)” :<(<E>—E)2>:kBT2¥:kBT2CV (2.2.1.1)

To find the mean square fluctuation of energy, we did a series MC simulation where we
recorded the average energy and its standard deviation for every temperature. Before carrying
out the calculations for the 3D YLG model we checked our calculations for the well known 2D

nn Ising model. A 200x200 square lattice system with periodic boundary condition was

considered. To achieve thermal equilibrium, we simulated 106 MC sweeps followed by another

5
10" sweeps to get the average energy. In figure 2.2.1.2, we show the average energy and the heat

capacity calculated using both the derivative of <E> with respect to 7, and the FD theorem. We

found a phase transition at 7= 2.25 (here we choose the unit k5 =1) and the results of two ways

of calculating the heat capacity are in close agreement. The T dependence of <E> and Cy show

d . . . . .
the well known 2" order phase transition with a logarithmic heat capacity.

To check the simulations further we analyzed the change in entropy associated with this
transition. We know that the entropy/spin S — InQ, where Q is the number of accessible states.
At very low temperature Q=1 and at very high temperature Q=2; so the change in entropy/spin in

going from infinite to zero T will be

T:ooC T=00
[ =Ldr= | dS=In2-In1~0.693. (2.2.1.2)
T=0 r T=0

T:OO
Our simulation results using either of the two methods gave j dS ~0.7, in good agreement
T=0

with the result of Eq. 2.2.1.2.
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Once we were convinced that our simulation time steps and the methods were adequate to
reproduce rather accurately the well known 2D Ising model results, we proceeded to study the
phase transition in the YLG model.

The heat capacity results for k=0 and x=0.25 are shown in Fig. 2.2.1.3. The (<E> vs. T)

st ..
curve strongly suggests a 1 order transition.

16000 | - — 11— Measurement result from the curve of "E Vs. T"
B in heating process
14000 - O Measurement result from the curve of "E Vs. T"
[ in cooling process
12000
> | —Z>— Result based on Fluctuation-Dissipation Theorem
2 i [
*— 10000 | _
U L /% 8 -450
g 8000 | } Zi
] - @ -500f 2
n | o i
O 6000 | 3 ; Heating Process
q‘.ul . i | L?cj -550 - '~ Cooling Process
e |
5 000 | =
I [ | 1 600 0.0 :V.0'1 0.2 0.3 0.4
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0 L YYYYYYYYYYYYY
_2000 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1

0.00 0.05 0.10 0.15 020 025 030 035 040

Temperature, for x =0.25 and « =0.0

(Figure 2.2.1.3 Heat capacity and Phase transition in 3D YLG model on FCC lattice)

The value of heat capacity will be different because of different process and measurement

methods. To understand the difference, let us look at the figure (Fig. 2.2.1.3). In our simulation,
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because there is hysteresis associated with this transition, we can observe two transition points.
In simulation, we also observed a transition temperature associated with the peak in heat capacity
(Cv) obtained using the FD theorem, which is located between freezing and melting points. In

the rest of thesis, the critical temperature used in this thesis is obtained based on the FD theorem.

2.2.2 Effect of Screening Parameter (k) and Concentration on the Phase Transition
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(Fig. 2.2.2.1 Melting (phase) transition of YLG with x=0 for different concentrations x.)
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One of our main motivations for our MC simulation is to see what is the effect on the
transition when we change interaction range by tuning the screening parameter x. In our
simulations, 1/a defines a characteristic unit of x. Based on our investigation, we found that for
the CLG model[29], the critical temperature is a weak function of concentration. Then we have a

question, does this result work for the YLG? We run MC simulation to answer this.

A. Critical Temperature, Change in Entropy across the Transition for Different x, x=0

In order to understand the nature of melting and freezing transitions starting from the low T
layered structure, we slowly heated the system from a low 7 ordered structure (which was
obtained from earlier cooling runs) until a very high 7 and then gradually cooled it back to low T.
In Fig. 2.2.2.1 we give the heating results for k=0 at four different concentrations. The first order

melting transition can be easily seen. For x < 0.5, the transitions occur almost at the same

temperature. For x > 0.5, the 7 appears to be slightly higher. Also for x > 0.5, a second order

(continuous) transition is seen at a higher temperature, in agreement with the previous work of
DHM [29].

For the first order phase transitions in CLG model, the energy change AE at the critical
temperature depends on the concentration x. Since at a 1% order transition, AE o TAS , the
entropy change A4S at the transition also depends on x. For smaller x, the entropy change is larger,
due to the larger accessible phase space. We know that CLG model corresponds to a long range
interaction (x—0) model, so if we consider the limit of short range interaction with k—oo which
means there is no interaction between charged particles, there should be no transition. Now let us
see how this 1% order melting transition changes when we change the range of interaction by

increasing the value of the screening parameter k.
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B. Melting Transition in the YLG Model, k Dependence for a Fixed x

To study the phase transition in the YLG model and to see how the transition depends on the
screening parameter k for a fixed concentration, we have done a series MC simulation for
different values of concentration x.

In Fig. 2.2.2.2, we show the <E> vs. T for x=0.25 and several values of 0 <k < 6.4. A value

of kK = 6.4 corresponds to strong screening; for this value of x the ratio

of nnn to nn coupling strength is ~0.1. Note that for « = 0 this ratio is %/5 =0.707.
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(Fig. 2.2.2.2 Melting process of the YLG model for different «x and fixed x=0.25)
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(Fig. 2.2.2.3 Melting process of the YLG model for different k and fixed x=0.375. For a small «,

phase transition is the lst order. Energy Change at 7, decreases with «.)
Now let us look at Fig. 2.2.2.2 (x = 0.25), Fig. 2.2.2.3(x = 0.375) and Fig. 2.2.2.4 (x = 0.5).

. . : t
We can find that the GS energy rises when screening parameter x increases and for the 1% order

transition, the critical temperature 7 decreases when k increases. From our simulation results,

we also find that, for a fixed x, the relationships, GS energy vs. screening parameter k and

critical temperature 7, vs. k, are not liner. (We will discuss this in detail in the section 2.2.4) .We
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find that there is a 1° order melting transition in the YLG model for small «, but the transition

appears to become continuous for large values of k.
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(Fig. 2.2.2.4 Melting process of the YLG model for different « and fixed x=0.5. For a small «,

phase transition is the lst order. Energy Change at 7, decreases with «)

2.2.3 Critical Temperature vs. Change in Energy and Entropy at the 1St Order Phase

Transition
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. .. t . .-
To understand the change in entropy driving the 1% order melting phase transition, we have

examined the dependence of the critical temperature (7;) and the energy change per charged

particle at the transition (4E) on x (See Fig 2.2.3.1)
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( Fig. 2.2.3.1 Energy change at 7, vs. T, when the screening parameter K is
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In Figure 2.2.3.1, for a given X, we plot AE as a function of 7, when the screening parameter
K is changed from 0.0~6.4 which in turn changes 7. We can see that AE varies linearly with 7.
This relationship implies that for a fixed x the entropy change at 1*" order transition remains

constant, independent of 7, and hence «.

SE _as|, 223.1)

¢ lx
The change in entropy at the melting transition is independent of the range of the interaction
between the charge particles. It does however depend on the concentration of the charge particles.

Thus we have

O(AS)|. 0

2232
o ( )

The above results suggest that 7. can be approximated as a product of two independent

functions and so can the energy change, AE at T, i.e.,

T, o fr.(x)g(x)
(2.2.3.3)

AE o« fp(x,T.)g(x)

where fr.(x)and f(x,T,.)are functions of concentration and g(x)is a function of k only.

2.2.4 Critical Temperature and Screening Parameter x

We found that 7, is a weak function of x for different values of x, in agreement with the

previous work of DHM[29] for k=0 (CLG model, see Fig. 2.1.2). We have also investigated the
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effect of k on the melting transition. We present the simulation result showing the dependence of

T, as a function of « for x=0.25, 0.375, 0.5, and 0.75 in Figure 2.2.4.1.

Critical Temperature

Screen Parameter «

(Fig. 2.2.4.1 The numerical results of Screen Parameter vs. Criticle Temperature)

Further analysis indicated that when « is close to 0.0, 7, or g(x) (See Eq. 2.2.3.3) is almost
a constant and when « becomes large, 7. or g(x) is close to 0.0 and decreases exponentially

with k. The equation for 7, we have obtained to fit the simulation results is

| _
T, o« f(x) F+R£ e Fe (2.24.1)
C

(4
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where f(x) is a weak function of x and R is a measure of the average distance between the

charges.
1 ..
In Eq. 2.2.4.1, we can see: when k—0, T, oc f (x)—2 , that means critical temperature depends
RC

-1
only on concentration for CLG model; when « is large enough, 7. = f (x)(KRceKRC )
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(Fig. 2.2.4.2 Simulation results for 7, vs. k for two different x (x=0.250 and x=0.375). The

continuous curve is Eq. 2.2.4.1)
Form Fig.2.2.4.2, we can see that the fitting equation is extremely good, except for very low
and very high concentrations. Eq. 2.2.4.1 is useful for predicting the values of critical

temperature for a YLG on a FCC lattice.
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2.2.5 Unusual Degeneracy for x =0.5

In this section, we will show another important property of the YLG on a FCC lattice that
we have discovered. In our simulations, we usually cool the system slowly (small change in the
temperature and long equilibration times) to find different ground state and low 7 configurations.
For each cooling process, we start from a random (disorder) configuration as the initial state,
corresponding to very high 7. For the YLG model, our simulations showed that the ordered

layered structure dominated the ground state structures for x < 0.5.

(Fig. 2.2.5.1 Layered Structure) (Fig. 2.2.5.2 Tubular Structure)

But for x = 0.5, we found that there are two ordered ground state structures with exactly the
same energy, one layered (Fig.2.2.5.1) and the tubular (Fig.2.2.5.2), but with completely
different charge orderings. In fact the tubular structure was already seen in the CLG simulation
studies of DHM[23]. But we found that these two widely different structures have the same

energy for all values of «k studied. That is this is an exact result for the YLG, at least for the
values of k we studied. We conjecture that this might be true for all 0 <k <oo.

Concept of degeneracy is not new, since we know there should be degeneracy for competing

interaction models on a FCC lattice because of the frustration (see our discussions in Chapter 1).
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The interesting thing is that the degeneracy we have found is not macroscopic but it is
independent of the nature of the interaction (long range or short range), rather it comes from
unusual topologies of the two ordered structures. The interesting question is how to understand
how these two totally different structures lead to the same energy, independent of the range of

the interaction between the charges.

Layer Tubular
Index of
Distance Total Total
Neighbor #(0)
Charge Charge
1 0.70711 8 -4 -4
2 1 0 2 2
3 1.22475 16 8 8
4 1.41422 0 -4 -4
599 18.0416 128 64 64
600 18.0555 0 -88 -88
601 18.0693 144 -72 -72
1145 24.9700 160 80 80
1146 24.9900 320 -160 -160

(Table 2.2.5.1, Topological equivalence (charge weighted connectivity) of the layered and
tubular structures for x=0.5. After analyzing the structure up to 1146th neighbor in detail, we

found that the two structures have exactly the same energy in the YLG model.)
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To understand this unusual result further, we wrote a special computer code to trace the
difference between these two structures and discovered something very interesting. Let us look at
the charge distribution shown in the Table 2.2.5.1. If we start from a lattice site (chosen as the
origin) with a positive ion we find that for any neighbor shell (all lattice points equidistant from

the origin) the total charge is identical for the two different structures. For example look at the

599th neighbor shell. There are 192 lattice sites in this shell. In the “layered structure”, there are

64 positive charges, 0 negative charges, and 128 neutrals, giving a total charge of +64 in this
shell. On the other hand, in the tubular structure, out of the same 192 lattice sites, there are 80
positive charges, 16 negative charges, and 96 neutrals, again giving the total charge in the shell
as +64. As a result the energy of the positive charge at the origin has exactly the same energy in
both the structures. This is true for all the shells at different distances. Similarly, starting from
any negative charge at the origin we have the same conclusion. This observation explains why
the degeneracy between the two structures is true for any k. So our observation of this unusual
symmetry of the charge ordering implies that for these two different structures, if the pair-wise
interaction depends only on the distance between two charges, the energies of two structures are

going to be exactly the same.

2.3 Nature of Two Phase Transitions for x > 0.5

In the study of the CLG model on a FCC lattice by DHM][23] (See Fig. 2.1.2) it was found
that for 0.5< x <I, there were two phase transitions. At x = 0.5, the two transition temperatures
merged and at x = 1, only one, the high temperature one, remained. DHM designated the three
phases seen for x > 0.5 as lattice “solid”, “liquid” and “gas”. The precise natures of these three

phases were not explored in detail in these earlier studies.
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(Fig 2.3.1 Total energy of super-lattice and heat capacity versus temperature for k = 0.4 (YLG) at

x=0.75.)

In this thesis, we have explored the nature of these three phases and the transition between
them (“solid”-“liquid” and “liquid”-“gas”) in some detail. We have only explored one

concentration, x = 0.75 and two values of k = 0 and x = 0.4.
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(Fig 2.3.3 “Liquid”-“Gas” transition for k=0 (CLG) at x=0.75)
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Look at Fig. 2.3.1, for k = 0.4 at x = 0.75, phase transitions occur at 7=0.02 and 0.06 which
are 1% order and 2nd order transitions, respectively (See the figure “Heat Capacity vs.

Temperature” in Fig. 2.3.1).

‘ ¥ ‘ .‘ .‘:‘ v:?'._ '.::(.; ‘. i r‘ﬂ:’frﬁ'ﬁ‘;’:‘—;“m
R L S S G T S

- - -

(Fig 2.3.4 Melting process (“Solid”’-“Liquid”) transition for k=0.4 (CLG) at x=0.75. Before
melting, “Solid”-structure (7=0.015) is built up by two parts. One part is of x =1 and other one is

of x =0.5)
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With increasing k, the e melting point (7)) becomes lower and lower. This evidence can be

easily found in our series numerical simulations. Compare Fig. 2.3.2 with Fig. 2.3.4, for the ™

order transition at concentration x=0.75, we can see that, in going from « =0.0 to x =0.4, the

critical temperature changes from 7, =0.10 to 7, =0.02

(Fig 2.3.5 “Liquid”-“Gas” transition for k = 0.4 (YLG) at x = 0.75)
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(Fig 2.3.6, the GS structure for x=0.75)

The GS structure for the case x = 0.75 is shown in Fig. 2.3.6. We can see that the GS
structure is made up of two types of structures, layered structure (x =0.5) and condensed layered

structure (x =1.0).

For melting process at x=0.75, our main observations are summarized below:
st .. . . .
1) 1 order transition occurs in the region (x =0.5) because bond energy between layers is

less than in the region (x =1.0). (See Fig. 2.3.2 and Fig. 2.3.4). This melting process
corresponds to “Solid”-“Liquid” transition. The long range order associates the solid state
structure is lost at this transition.

2) If one keeps heating the lattice further the bond in the hybrid structures (the Structure for
x =0.0 at 7=0.19 the structure x =0.4 at 7 =0.06 are broken as second transition is found

(See Fig. 2.3.3 and Fig. 2.3.5), which can be thought of a “liquid” to “gas” transition.
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2.4 Nucleation of Nano “Tubular” and “Platelet” Structures

. . st . .
As discussed earlier, the 1 order phase transition temperature 7 from “solid” to “gas” for x

< 0.5 and from “solid” to “liquid” for x > 0.5 is nearly independent of x. In fact, the transition

temperatures for the layered and the tubular structures for x = 0.5 are nearly same. Also we found
that the average energy <E> is almost 7 independent until one reaches 7. This implies that as
we heat the system, a critical thermal energy is needed to create local defects which then
proliferate leading to a lst order melting (or evaporation) process.

From the simulation of the cooling process, we found that initial size and distribution of
charged clusters (or droplets) were quite similar for different x, and for two different structures
with same x, even if our MC simulation started with different random configurations. In order to
understand the distribution of different types of clusters seen in our simulation we use nucleation

theory, discussed in the following section.

2.4.2 Nucleation Theory of Freezing - Basics
According to the theory of freezing proposed by Ramakrishnan-Yussouff (RY)[47], the free
energy of the system (either liquid or solid) is a functional of the density. When the liquid

transforms to a solid two things happen. The density changes and the crystalline order develops.

The density pg of the solid can be written

as

py=py {(lngugeiG*} (2.4.2.1)

G
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where p; is the density of the liquid, # is the fractional density change upon freezing, {ug}

are the Fourier coefficients characterizing the periodic density of the solid, and {G} are the

reciprocal-lattice vectors of the crystalline solid. To study the phase transition RY use the

quantities {ug} and n as order parameters and expand the free energy difference between the

liquid and the solid in terms of the quantity [pg - p;] using a density-functional theory. Later

Oxtoby, Haymet and Harrowell[48-50] improved upon the RY theory by adding gradient

corrections and their expression of the free energy difference is given by
1 3 2
Fln.u.T) = [ dr| f(.1.T)+ 2 Ko(V0)* + 3> Kglg Vg (24.2.2)
G

where f is the bulk free energy density difference calculated by RY [47], Ky and {K} are

temperature dependent constants, and g is the unit vector in the G direction.
The nucleation process consists of formation of droplets or clusters of the low 7" phase

above the phase transition. These clusters form spontaneously as thermal fluctuations and if 7 is

far above the transition temperature they decay rather quickly. But when 7" approaches 7, and

goes below it (super-cooled metastable state) these droplets become more stable, form in large

numbers and percolate giving rise to a sudden (precipitous or 1% order) transition to the low T
ordered structure. Consider a given volume of liquid at a temperature AT below 7, with a free
energy Gq. If some of the liquids transform to a small sphere (bulk) of solid, the free energy of

the system will change to G.
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G =(Vs+V})Gf,
(2.4.2.3)
G, =VsGp +V,GE + 4g o

Where: Vg is the volume of the solid sphere; V7 is the volume of the liquid; Agy, is the

solid/liquid interfacial area; Gg and G;% are free energies per unit volume of solid and liquid,

respectively; o is the solid/liquid interfacial free energy.

Let the difference between the bulk free energy densities be given by
AGy =G -Gy (2.4.2.4)
In this model the free energy change associated with the nucleation of a spherical “solid”
droplet of radius R is given by
AG = 47rRzo-—4?ﬂR3AGb (2.4.2.5)
The first term gives the energy increase due to the surface tension of the new interface and
the second term shows the energy gain by creating a cluster of the ordered (solid) phase (only

*
when T'is below 7). When AG, > 0, the critical nucleation size R is determined by

OAG
OR |p-g"

5

it gives R*=20/4Gy, . The change in free energy associated with the formation of this cluster is

given by

3
AG(R") = 167” 7 (2.4.2.6)
(AGy)

which is positive. Based on a field-theoretic approach to nucleation, Langer[51] showed that the

nucleation rate / of a cluster of size R* is given by
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%

[ =y Qe ACR VkBT (2.4.2.7)
where, the parameter y gives the initial growth rate for a critical cluster and depends on the
dynamics, the quantity Qg gives the amount of phase space accessible for a critical droplet

fluctuation and is proportional to the volume.

2.4.3 Different Types of Clusters and the Droplet Nucleation Model

Now we will see whether the nucleation of cluster idea can be used to explain some of our
simulation data about the rate of nucleation of different ordered structures. For the YLG model,
our slow cooling simulations showed that ordered layered structures dominates the ground state
for x < 0.5. For x = 0.5, due to the frustration of FCC lattice, there are two different structures
(Fig. 2.2.5.1 and Fig 2.2.5.2), the layered structure and the tubular structure, which have the
same energy at 7 = 0, they are degenerate. The degeneracy between two completely different
structures led us to probe further the thermodynamic properties of these two structures, their
melting and freezing characteristics. In particular, we wanted to see whether the melting
mechanism depended on the range of interaction. When the system is cooled from a high T
disordered phase one sees nucleation of “layer” and “tubular” nanostructures as one approaches
the transition. These are precursors of the “layered” and “tubular” ground state structures. In

addition we see structures which are different and we call them as “metastable” structures. We

estimated the rate of generations of the first two structures in the following way. Let N = Npjeta-
stable T NLayer T NTubular be the total number of the cooling simulations. N[ ayer is the number
of simulations when we saw layered structures, NTypylar 1S the number of simulations when we

saw tubular structures and Npjeta-stable 18 the number simulations when we saw structures other
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than Layered and Tubular structures (less than ~2%). We found Npaye / Nyypular = 0.35 for the
long range interaction (x=0.0) and N gyer / Nyylar =028 for the short range interaction x=2.6.

The natural question is why these two different types of clusters appear with different

probabilities even if their ground state energies are identical.

A. Driving Force for Solidification in the YLG Model

G

G:

G

-I- Tm Temperature

AT

(Fig. 2.4.3.1 Gibb’s free energy Vs. Temperature for two phases, “liquid” and “solid”)

Usually when we deal with a phase transition, we are often concerned with the difference in

free energy between the two phases at temperatures away from the transition temperature. For

the YLG model, if a disordered structure is under-cooled by A7 below 7}, the solidification will

be accompanied by a decrease in free energy AG as shown in Fig. 2.4.3.1.
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Interfacial energy

AG | S AG?

radius

Yolume free energy

(Fig. 2.4.3.2 Energy barrier in the solidification process)

Consider a small piece of the solid at temperature 7. The Gibb’s free energies/particle of the

disordered (liquid) and the ordered (solid) phases are given by
G?=H; -TS
L =L L
(2.4.3.1)
Gg' = HS - TSS

Where H and S are the enthalpy and entropy functions and 7 is the temperature. The bulk

free energy difference 46" s AG® = AH —TAS , where AH = H; —Hgand AS =S, — S . For

the lattice gas models, dV=0. Then from H=U+pl , we know AH =AU At the melting

L
temperature 75, AGbZO, AS =——=— where L is the latent heat at the transition. For T
m m
close to Ty,
L L AT
AGP =L-T===(T,-T)=L="— (2.4.3.2)
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One can use this bulk free energy difference in the expression for the nucleation rate to

estimate the size and shape of the clusters provided one knows the surface tension (Eq. 2.4.2.5)

B. Energy Barrier and Generating Rate of Different Structure in the Solidification Process

(Fig. 2.4.3.3 Basic cells of Layer and Tubular structures and crystal growing processes)

For the YLG system, we put the bulk energy AGb (Eq. 2.4.3.2) into the formula (2.4.2.5)

then we have

2
AG" =MTE(]Z—MTJ o3 (2.433)

Therefore, we know that the energy barrier to nucleate a droplet or a cluster is proportional

3 . . .- . .
to o . Based on Langer[51], the generation rate of the clusters in the solidification process is
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~AGYEBT where N is the number of particles in the volume. It shows that

given by I = const-Ne
the solidification process is proportional to the number of particles and depends on the energy
barrier AG which depends on the basic bulks (clusters) of solid.

Fig. 2.4.3.3 shows the basic clusters of the two structures (layered and tubular) and how the
crystal grows from these clusters.

Now let us estimate the surface energy of the basic cells (clusters) of layered and tubular

structures.

For (m+n) particles system in domain (Q;+€))(See Fig. 2.4..3.4), the total energy of

system can be described by E = ZEi

i#]

j» Where E; ;comes from interactions between charge i

and charge j. Suppose there are n charges in sub-domain Q» (outside part of 21) with index (1, 2,

3, ..., n) and there are m charges in domain Qq with index (n+1, n+2, ..., n+m), so the total

energy of system can be described by

m+n

E=2E1~’j

<i,j>

= EQl +E92 +ES (2434)

urface

n m+n n m+n
SDICIEED YT
<i,j> i,j=n+l, i#j i=1 j=n+1
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Qui=n+l.nt2. ... .ntm

(Fig. 2.4.3.4 Surface between two domains)

From Eq. 2.4.3.4, we know that the surface energy is contributed by

n. mtn
Esurfacezz Z Ei,j (2.4.3.5)

i=1 j=n+l

For a basic cell of layered or tubular structure, starting from central particle, from Eq.

o0
2.4.3.4, the surface energy of basic cell is given by E¢ = ZEU . Suppose the surface
=2 Bacis Cell

area is A, then we obtain the surface energy density o= % Our simulation results show that

although the layer and tubular structures have the same ground state energy, it is more difficult to
generate clusters of “layered” structure compared to that of “tubular” structure. Based on the
basic nucleation theory of clusters, we can roughly estimate the surface energy density assuming

that only the nearest-neighbor interactions contribute.
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For example, when x = 2.6, the surface energy of the layer structure is about ;,~0.27 and
that of the tube structure a;~0.19. Putting the values of o, and o7 into Eq. (2.3.2.7), we obtain

that the ratio of the rate of generation of the two structures is 0.31. This roughly matches the

simulation result Ny gyer / Nrypylar = 0.28..

2.5 Concentration and melting point

0.4

AT AT
S Ss s e
ibiidsddiisitl

i aﬁﬂ-ﬂ&é

I i -&-4-4‘"

(Fig. 2.5.1 Ground structure for different concentrations)

In our numerical simulations, we found that for a fixed concentration, no matter what is the

value of the screening parameter «, the configuration of the ground state is the same. For x=0.5,
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we found two ground state structures (Layered and Tubular). For x<0.5, there are two co-existing
structures that form the ground state configuration (See Fig. 2.5.1). One part is layered with
x=0.5, the rest is neutral with x=0. For x>0.5, there are also two co-existing structures which the
ground state configuration, one part is layered with x=0.5 and another part is full of charges

(x=1).

. . . .. st ..
In heating process, our simulations show that critical temperatures of 1 transition are

. . st .. . . .
nearly independent of concentration x and 1 transition always occurs in the region x=0.5, i.e.,

when the temperature is lower than the melting temperature, charged particles are confined to
almost within layers. This might be understood as follows:

e For charged particles, the binding energy in the area x<0.5 is less than the energy in the

.. st .. .
area x=0.5, this is the reason why 1  transition occurs in the area x<0.5

e For the case x<0.5, when the temperature is below the melting point, the charged particles
are confined within layers because the thermal energy obtained by particles is less than its’
binding energy. In fact, no matter what the global concentration is, for a particle within

the layers, its local area is always of concentration 50%, this observation may explain
why the lst transition occurs almost at the same critical temperature, i.e., critical
temperature is nearly independent of concentration.

e For the case x>0.5, for a particle confined within the layers, because of the contribution
of extra-binding energy from x=1, the particle need to obtain more thermal energy to

overcome the binding energy, so the melting temperature should be a little bit higher than

the temperature in the case x<0.5.
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2.6 Summary

Monte Carlo simulation has been used to study the finite temperature (phase transition)
properties and the ground state of Yukawa Lattice Gas model (YLG) on a FCC lattice, a system
which is characterized by competing interaction and frustration. This model maps on to an anti-
ferromagnetic 3-state Ising model (o = -1, 0, +1) on a FCC lattice with tunable range of
interaction. We discussed the energy calculation method for the YLG model. We have explored
how the nature and strength of the phase transition depend on the range of competing interaction
by tuning the Yukawa screening parameter k. We also investigated the degeneracy of the ground
state for different concentrations and range of the interaction. We discussed the phase diagram
and what the role frustration plays in YLG FCC lattice model. Monte Carlo simulation results

show that our analyses can explain how the first order transition occurs. For

(AgSbTep),(PbTep)(1-x) systems, the concentration x plays a very important role, it determines

t . :
the energy change and the change of entropy at the 1™ order phase transition. The concentration
also determines what kind of the phase transition can be observed. We have given an empirical

formula which gives the x and « dependence of the ISt order transition from “solid” to “gas” or
“liquid”.

For x = 0.5, we found two special structures which have identical ground state energy if the
interaction between the charged particles is only a function of the distance between the two
particles.. Our results show how frustration affects the degeneracy of the YLG lattice system.
Based on an analysis of the surface energy density around the critical temperature, we studied the
solidification process and the generating rate of clusters or droplets of different shapes and

structures and used nucleation theory to explain our MC simulation results qualitatively.
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In our MC simulations we used Ewald summation to calculate the total energy of the YLG

. . . 3 . . .
model. The size of the system we simulated contains 4x8" lattice sites. For CLG model, consider

a site closed to center of lattice, we can calculate the energy (E) of the site via Ewald Summation.
In fact, if the lattice size is large enough, we can directly calculate (E) of the site in a finite

domain. For a precision of 8 decimal figures, our calculation result indicates roughly that the size

. . . 3 . . )
of a finite domain should contain, at least, 4x(8x8) lattice site for concentration (x=0.25). For a
. . t . .. .
better understanding of the details of the 1s order and continuous transitions we need to simulate

. .. 1.5
much larger systems. Usually, the calculation cost of Ewald summation is about O(N 7). For

simulation studies of large systems we can use our Accelerated Cartesian Expansions (ACE)[52]
method, an O(N) methods, to compute energy (See Chapter 3 & Chapter 4). This method is
discussed in the second part (Part B) of this thesis. Most of my ACE work has been published in
2 papers and several conference proceedings. Reference to these works will be given later when

necessary. Part B of my thesis is based primarily on these published papers.
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PART B

CHAPTER 3 Accelerated Cartesian Expansion (ACE) Based on Fast Multipole Method

(FMM)

3.1 Introduction

The calculation of pair-wise interaction (~R™) (for instance, Columbic or Yukawa
interactions, London potentials, or Van der Waal's potential etc.) is important in numerous
research areas that are as diverse as biophysics, physics, computation chemistry, astrophysics,

and electrical engineering to name a few. For example, v =1,5,6,10 corresponds to Columbic

interactions/gravitational potentials, London dispersion potentials, Van der Waals potentials, and
H-bonds, respectively. However, it is well known that these potentials’ calculation requires
prohibitive computation resources, both in terms of CPU cycles and memory. These costs are
exacerbated when such computation is required either in a molecular dynamics or a Monte Carlo

setting. It is well known that the CPU cost of computing mutual interactions between N particles

. . 3 .
distributed in R~ scales as O(NZ) . Consequently, this has engendered the need for

computational methodologies that are efficient both in terms of memory and CPU time. Some of
these include cutoff techniques[53], particle mesh algorithms[54-56], Ewald summation (based
on an assumption of periodicity)[57, 58], tree-codes [59-61] and fast multipole methods (FMM)
[62-65]. Tree codes (and FMM) are based on subdividing the computational domain into
hierarchical subdomains, and computing the influence between subdomains that are sufficiently
separated using multipole/local expansions. The fundamental differences between FMM and tree
codes notwithstanding, these methods have revolutionized analysis in application domains

ranging from astrophysics to biophysics to engineering sciences.
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At this point, we note that there is rampant confusion in terminology; in fact, the terms Fast
Multipole Methods (FMM) and tree codes are used interchangeably in the literature that we have
come across. This is not surprising as the two techniques are closely related. The differences
between these two methods, albeit subtle, are significant. As was elucidated in[66], tree codes
compute interactions between source pairs using one of three methods:

1) directly,

2) evaluating fields at each observation point using multipole expansion due to a cluster of
sources, or
3) using local expansion at observation clusters to find fields.

The decision on the operation used depends on which one is computationally efficient. On
the other hand, the algorithmic structure of FMM enables the computation of potentials in an
optimal manner[66]. Two addition operations that permit this are aggregation and disaggregation
functions. These permit the computation of information at coarser (or finer) using information at
finer (or coarser) levels. It so happens that for v =1, tree codes typically rely on cartesian
expansions, whereas FMM is based on spherical harmonics. In this part of my thesis, we develop
theorems and operations necessary for constructing FMM methods for all v using cartesian
tensors.

Tree codes for computing the Lennard-Jones potential was developed as early as 1996[67].
More refined methods for computing the same were proposed by [68-70]. All three methods
essentially use Taylor's expansion in the cartesian coordinates, and some of these use
Gegenbauer polynomials based recursion techniques to accelerate translation of multipole

expansion to fields at the observer. In 2005, Chowdhury and Jandhyala[70] proposed a variation
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of these schemes using Taylor's series expansion in a different coordinate systems. Other
techniques that have been proposed rely on pre-corrected Fast Fourier Transform and using a
singular value decomposition. Developing FMM-like techniques using special function has
proven difficult [70] as functions using Gegenbauer polynomials in the spherical coordinate
system are not separable. However, it is well know that Gegenbauer polynomials can be written
in terms of Legendre polynomials. Sarin used this fact to develop a tree code; since Legendre
polynomials are used, FMM scheme may be readily derived from these expressions as well. Also,
[71] developed operators necessary to extend their scheme to a multilevel setting. However,
using Gegenbauer polynomials either for recursion of for developing tree codes has a singular
disadvantage; these polynomials are defined for v>—1/2. Consequently, methods that rely

explicitly on these cannot be generalized to non-oscillatory potentials (like the lattice gas

potential) nor can one prove convergence Vv € R .

The motivations for this work are four fold:
1) To formulate a fast method for 1/ R" in terms of totally symmetric tensors, and exploit

these to reduce the costs. We also prove convergence Vv € ‘R .
2) To introduce new theorems that enable exact traversal up and down the tree. This implies
that one does not accrue error as the height of the tree increases.
3) To prove convergence VvV €R .
4) To demonstrate the intimate connection between the classical FMM introduced by
Greengard[62] and its Cartesian counterparts using traceless Maxwell Cartesian tensors.
This connection will show that properly constructed Cartesian FMM schemes have the same
computational complexity as classical FMM. Other advantages of the proposed schemes are

outlined in later in this section.
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Fast methods for computing Columbic interactions have progressed along two fronts: (i)
using spherical harmonics, and (ii) using Taylor's expansions. The latter was introduced at
approximately the same time as the Greengard's first paper on three dimensional FMM[72], and
has found extensive application in tree-codes. Recent, FMM codes based on Cartesian
expansions have used recurrence relations to avoid derivatives[73]. Furthermore, asymptotic
computational cost of schemes based on Cartesian expansions is higher. This is because spherical
harmonics are optimal for representing harmonic functions in three dimensions. For a system

with N mutually interacting particles, it can be readily proven that for a one-level implementation,
the computational complexity of FMM scales as O( p4N ) the latter O( p6N ), where p is the

number of harmonics used in the computation. This cost can be reduced by choosing the number
of particles at the lowest level in the tree in an optimal manner. Our interest in revisiting these
schemes is motivated by the following observations: (i) Taylor's series expansions provides a
natural framework for developing addition theorems[74]; (ii) Taylor's expansion involves
representing the fields in terms of Cartesian Tensors. These connections are well known, and
have been explored extensively (as early as Maxwell!); see [75-77] and references therein. In
fact, the following statements hold true: (i) components of a traceless tensor of rank » serve as
constant coefficients in a spherical harmonic of degree n, and (ii) there is a class of traceless
tensors of rank » whose components are n-degree spherical harmonics functions of x, y, z. These
connections imply that there should be an intimate connection between the two seemingly
disparate methodologies, and one should be able to obtain a similar cost structure for both
methods. As we will show, the recurrence relationship that were conjectured for translating
multipole expansions [73] can be rigorously derived using traceless tensors. This implies that one

should be able to derive a computational scheme using Cartesian tensors that are optimal in the
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sense of FMM. The method presented herein can be readily generalized to analyze potentials for
all v, or for that matter, to any potential function whose power series converges rapidly [78], and

more importantly, without the need to use special functions!

Thus, this chapter will focus on the use of Cartesian tensors to derive fast computational
schemes for all v . Similar to FMMSs, the methodologies developed herein will rely on a divide
and conquer computational strategy. This is facilitated by a hierarchical partitioning of the
computational domain through the construction of an oct-tree data structure. The underlying
mathematics for two different computational methods will be derived; in the first, operators will
be derived for traversing up, down and across the tree. This technique will rely on the using
totally symmetric tensors. The salient feature of this method is that the traversal up and down the
tree (or shifting the origin of the multipole/local expansion) is exact. The second method
produces optimal technique, in the sense of FMM, for v =1. This optimality is achieved using
traceless totally symmetric tensors. For v # 1, it yields the same computational complexity as the
first albeit a different error bound. One of the most interesting features of both algorithms, and
which separates the proposed technique from the ones presented earlier [66, 68-71, 79], is the
fact that the operators derived for traversing up, and down the tree are independent of v, and the
v dependance comes in only when traversing across the tree. This is a powerful feature, as one
can use a single traversal up and down the tree to compute the combined effects of different
potentials! This also implies that this technique can be readily generalized to create a similar fast
method for any potential function that is sufficiently smooth in R . In fact, one of the examples
presented will demonstrate the simulation of the lattice gas potential ( LnR ) that is used

extensively in electronic structure calculations. Finally, the algorithm presented does not involve
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any explicit (or numerical computation of) derivatives and quantities are expressed in terms of

(products of) traceless (or totally symmetric) tensors.

3.1.1 Divide and Conquer Strategy

Typically, potentials are evaluated between source and observation pairs that are randomly

distributed in a domain ()€ 933. The computational scheme developed here will follow those
typically used in FMM. To this end, the entire domain is embedded in a fictitious cube that is
then divided into eight sub-cubes, and so on. This process continues recursively until the desired

level of refinement is reached; an N, -level scheme implies N, —1 recursive divisions of the

domain. At any level, the domain that is being partitioned is called the parent of all the eight
children that it is being partitioned into. At the lowest level, all source/observers are mapped
onto the smallest boxes. This hierarchical partitioning of the domain is referred to as a regular
oct-tree data structure. The interactions between all source and observation points are now
computed using traversal up and down the tree structure. This is done using the following rule: at
any level in the tree, all boxes/domains are classified as being either in the near or far field of
each other using the following dictum: two subdomains are classified as being in the far field of
each other if the distance between the centers is at least twice the side-length of the domain and
their parents are in the near field of each other. Once, the interaction list have been built for all
levels, the computation proceeds as follows; at the lowest level, the interactions two sub-domains
are classified as being in the far field of each other if the distance between the centers is at least

twice the side length of the domain, and their parents are in the near field of each other between

the elements of boxes that are in the nearfield of each other is computed directly, i.e., using1/R" .

All other interactions are computed using a three stage algorithm:
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1) compute multipoles of a clusters of sources that reside in each box;
2) convert these to local expansion at all boxes that are in its far field;
3) from the local expansion, compute the field at each observer.

It is apparent that one can gain more efficiency by embedding this scheme within itself. That
is, if two domains that interact with each other are far away, then these clusters may be combined
to form larger clusters that then interact with each other at a higher level and so on. As will be
shown later, this computational strategy considerably mitigates the overall cost.

To accomplish these sequence of tasks, it is necessary to develop theorems that enable the
following:

1) computation of multipoles at leaf (or smallest boxes);

2) theorems to shift the origins of multipole so that effects of small clusters can be grouped
together to form larger clusters;

3) translate multipole expansion to local expansion;

4) move the origin of local expansion so that expansions at the origin of the parent may be
disaggregated to those of its children;

5) finally, aggregate the local expansions in a box to compute the field at all the observers.
These sequence of tasks are generally referred to as moving up, across, and down the tree,

and is facilitated by the theorems developed next.

3.1.2 General Statement of the Problem

Consider a domain Qg € R that is populated with k sources and a domain Q,, € R that

contains k observers. With no loss of generality, assume that these domains are spherical and of

radius a. These spherical domains completely enclose one of the cubical subdomains generated
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earlier. The location of these points is random, however we will assume that the distribution in

the domain is sufficiently dense and relatively uniform. Centers of Q  and Q, are denoted by
r, and r,. It is assumed that Q, cQ and Q, cQ, and Q, "Q, =T . In what follows, the

domains Qg and Q, will be called parents of Q ¢ and Q_, respectively. As before, the parent

0°
domains will be assumed to be spherical of size 2a, and their center are denoted by r? and r?,

respectively, and rf Qg and r? ¢Q, . The potential due to sources Vr; eQ, , Vr, €Q,

observed at r € QO is given by

di
sy =

i=1 lr—r; i
k oo . 1

=ZZ(—1)nq—l.ri"'”'V"_v (3.1.1.1)
i=1 n=0 n r

=ZZ(—I)”Q—’|r-” nv"—
n=0 i=1 n:

This equation is derived using Theorem 2.10, and g; are values of the sources at locations r;.

The exchange of the summation indices is permissible as the summation converges. Unless
otherwise stated, the operator V operates on r. In what follows, we will prescribe the means that
will enable that rapid computation of equation (3.1.1.1).
The presentation will be in two stages:
1) We will develop expressions for computing these using totally symmetric tensors. In this
algorithm, the operations for traversing up and down the tree are "“exact," i.e., once the

multipole or local tensor is known at an origin, shifting the origin is exact.
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2) We will develop another method that relies on cascaded Taylor's series expansion.

However, in our thesis, we will specialize this technique for v =1 so as to cast it in terms of
traceless tensors. Consequently, the resulting algorithm is optimal in the number of operations.
We also give insights into how this method can be implemented. Parenthetically, we note that in

both methods, the v dependence exists only when traversing across the tree.

3.2 Method 1: Cartesian Expansions with Totally Symmetric Tensors

3.2.1 Multipole Expansion (Theorem 3.2.1)

The total potential at any point r € Q, due to k sources g;, i =1,---,k located at points

r; e Qg 1s given

pry=> M» -n-v”iv

n=0 r

. (32.1.1)
M® =3 -1y %r,."
i=1 )

where M is the totally symmetric multipole tensor about the origin r, = {0,0,0}
Proof. See equation (3.1.1.1)

In the above equations, the tensor M is of full rank and totally symmetric. This implies
that the number of independent components is(n+1)(n+2)/2. As we will show in the next
subsection, if this tensor is contracted with another tensor that is traceless, then it is possible to
use the traceless form of the multipole moment. As a traceless tensor contains only 2n+1

independent components it results in an method with lowered computational cost.
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Next, we present the first addition theorem that enables shifting the origin of multipole

expansions centered around r, to that centered around rSp . This is facilitated by the following

theorem. Variations of this theorem have been developed in other contexts [43].

3.2.2 Multipole to Multipole Expansion (Theorem 3.2.2)

Given a multipole expansion of k sources about the r, = {0,0,0}
(n) k 9
n) _ _n\ 4i .n
o) _Z;( "L (3.2.2.1)
=

then the multipole expansion about the point r/ can be expressed in terms of above equation as

M = Zk:(—l)n z—:(r,- -rf)" = Zn: Z ’:—'!(rf )n_m o™ (3.22.2)
i=1 | '

m=0 P(m,n)

where P(n,m) is the permutation of all partitions of » into sets n-m and m.

Proof:

Using equation (3.2.2.1), Theorem A2.1, Theorem A2.10 and noting that the tensors O(n)

V"r™" are totally symmetric, results in

%4



c : n 4i n n 1
¢<F>§{;<_n (- er) }v _—

N

=§] Z( 1)""’2( D I L R

p
n=0 P(n,m) |r ¥ |

OIIDI ¢ )nm[Z( y iy } VI

_rP
n=0 | m=0 P(n,m) |l‘ I |

DI e e e

p p
n=0 | m=0 P(m,n) |l‘ I | n=0 T - I |

(3.2.2.3)

Next, we prescribe the means to translate the multipole expansion that exists about rsp toa

local expansion about 1/

There are two ways of deriving this translation operator;
(i)  using reciprocity and
(i)  using a Taylor's series expansion.
The theorem that is presented next uses the first approach whereas the second approach is
used in presenting a similar operation for method 2. As is expected, both result in identical

expressions.

3.2.3 Multipole to Local Translation (Theorem 3.2.3)

Assume that the domains Qg and Q, are sufficiently separated, and the distance between

their centers 7% = rf | rf —r?| is greater than diam{ﬁs} and diam{ﬁo}. If a multipole
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(n)

expansion M(n) is located at rSp , then another expansion L~ that produces the same field

Vre ﬁo is given by

pr)=2 p" 0L

n=0
(3.2.3.1)
=1 _ ~m 1
L = M (n—n)-V
|
m=n n: (1”0’; )V

where p=r-r/.
Proof:

The potential @(r)Vr e 50 is given by equation (3.2.1.1). It follows by reciprocity that if

the multipole M(n) were located at r it would produce the same potential at r” . In other words,

the potential at all points r € .(._20 can be computed by placing the multipole moments at r and

evaluating
M) o] 232
#(r) ’;M n-v P (3.2.3.2)

At r? Here, V is the derivative with respect to r? . Since this valid at all pointsr € Q , the

multipole tensor M(n) at r may be translated to the center rf using the symmetric translation.

Denoting the multipole tensor at r” by O(n) and p=r—r’, using the multipole expansion

theorem, we obtain the potential
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=2 20" m ﬁM(""")-m—m)-V” —
n=0 m=0 ' (ro{yv)

(3.2.3.3)

N RRIL
n=0

where

L™ = 3 Lygomm (m-n)-V"
mZ::n n! (,,P )V

(3.2.3.4)

is obtained by gathering tensors that operate up on p”.

Next, we prescribe the means to traverse down from r/ to r,. This theorem is almost a

mirror of that used to go up the tree.

3.2.4 Local to Local Expansion (Theorem 3.2.4)

A local expansion O(n) that exists in the domain Q, centered around r? can be shifted to

the domain Q, centered at I, using

m-—n
m=n

L — i[ m ]O(m).(m_n).(rgp)m‘” (3.2.4.1)
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Proof:

From definition of @(r), we use p=r—r, +(r, —r?)=p,; +r’ to obtain

4r)= 3 00 -

n=0

= io(”)~n-(po,—+r§p)n

T () o)

) Z o (3242)

where

L3 [m”j n};(m) -y (r2 )" (3243)
m=n

In deriving the above proof, we used Theorem A2.1 to permute the tensors, and then

gathered terms associated with (pm- )m to arrive at the final result. Finally, the potential at any

point in the Q, can be obtained using

P(r) = Z L n-(p,; ) (3.2.4.3)

3.3 Method 2: Method 2: Cartesian Expansions with Cascaded Taylor's Series
In the above subsection, the scheme presented relies on the use of totally symmetric tensors,
and exact operations to traverse up and down the tree, i.e., once the multipole expansions at the

lowest level are known, traversal up the tree is exact. Similarly, once the local expansions are
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known at a level, traversal down the tree is exact. Alternatively one can derive a fast algorithm
that is based on cascaded Taylor's series expansions. In fact, it can be shown that the classical
FMM falls into this category as do the algorithms proposed by [67-69, 79]. Note also, that for a
given error, method 1 will typically require lower value of P than method 2. However, our
motivation herein is to demonstrate that for v =1, this algorithm can be formulated in terms of
traceless tensors, thus, making the number of operations optimal in the sense of classical FMM.
Forv #1, the translation operator is not traceless but a symmetric tensor. Consequently, the
asymptotic cost is the same as method 1.
e Traceless operations for v =1
As is evident in Theorem 3.2.1, the multipole tensor is contracted with a tensor that
is both totally symmetric and traceless. As was mentioned earlier, the latter has only
(2n+1) independent components while the former has (n+1)(n+2)/2 independent
components. However, as was shown in Lemma A2.2, it may well be possible to derive
another tensor that results in lower number of operations; here, we develop a method
using traceless tensors that are henceforth denoted by a subscript #. The following

Lemma demonstrates this fact:

3.3.1 Traceless Multipole (Lemma 3.3.1)
If the potential at a point is given in terms of contraction between the multipole tensor M(n)

and a symmetric traceless tensor, then the same potential at that point may be obtained using an

equivalent traceless symmetric tensor M§”) .

Proof: Starting with equation (3.2.1.1), it follows that
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P(r) = i M .y [(—1)” r_zn_anr”} from (A11)
n=0

- Z Qn-HN M -n-D,D,xr" from (Theorem A2.7)
n=0 n—
= 0 1 (n) ‘n .[(_l)n r—2n—lD rni| from (Theorem A2.6)
Qn-npn-" n ,
0
=y M vl
n=0 r

(3.3.1.1)

Next, we need to translate the multipoles located at ry to one that is located atr’ . In

contrast to what was done in Theorem 3.2.2, the starting point of our expansion will be Theorem

3.2.1. The following lemma prescribes the relation between the traceless tensor OE”) that exists

at rg to a traceless tensor Mg") .

3.3.2 Traceless Multipole to Multipole (Lemma 3.3.2)

A traceless multipole tensor at r, = {0,0,0} is related to that centered at r? via

0, (3.3.2.1)

Proof:
The proof presented herein relies on the repeated use of Theorems A2.6, A2.7, and

Corollary A2.8. These theorems essentially permit manipulations of the detracted operator, as
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long as one of the tensors involved in the contraction is traceless. As seen in equation All, the

tensor V"r~! is traceless; consequently, all quantities that are contracted with it can be made

traceless as well. Starting with Lemma 3.3.1.1 and using Taylor expansion (Theorem A2.10)

results in
#r)=3 O V"=
n=0 r

-Sop | $E
n=0 k=0

0 1k k
= ZOgn)-n-Vn ka(rsp) -k-Vk 1
= 2k —1)!1k! r—r? |

n=

33 o e O D ) (k) VR
n=0k=0 (2k —D!A! r—r?|
& 1
=3 M-V
m=0 ‘r_rsp|
(3.3.2.2)
where
m . n D rP !
mim =y ED ad o(m=m (33.23)
= 1! @n-1!

The next stage is the translation of the multipoles ME”) to local expansion. Indeed, the

procedure for doing so is similar to the one derived for symmetric tensors.
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3.3.3 Traceless Multipole to Local (Lemma 3.3.3)

Assume that the domains Q, and Q, are sufficiently separated, and the distance between

their centers is 72 = r2 |5 r? —r? | is greater than diam{Q,} and diam{Q,} . If a traceless

(n)

multipole expansion M§”) for all n is located at r¥, then another expansion L'~ that produces

the same field vr e Q, is given by

B(r) = i p"n-LY)

n=0

; (3.33.1)
where L{" = > Lgm 1

' v
m=n"" (,,p)

os

Proof:

The proof presented in this section relies on using another Taylor expansion to create the
traceless local expansion L(t") as opposed to using reciprocity to derive similar operators for
Method 1.

Following Theorem 3.2.1, assume that a multipole expansion exists at l’Sp € Qs . Using

Theorem 3.3, we can write the potential at any point r € Qas

l
=Y M.y 3332
I rpl,;) My (3332

#(r) = ZM(”) V"

Because r—rf =r—r?+@x? -r’)=p+r V=V (where V denotes a derivative with

OS’

respect to ther’, ), using Theorems A2.6 and A2.10, we can rewrite the above equation as
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=
<
N

pry=> M".

n=0 |p+l‘£|

S

S M

n=0 |p+l‘£|
_OOM(n) %noo 1kk€k1
=X MOV Yk
n=0 k=0 ™" Tos |
- M S | Lk L
t k,l)t >
n=0 k=0 Tos |
_ZL(H) n p”
n=0
- 33323
ZZL(t”)'"'P? (3.3.3.3)
n=0
where
k 1 k
P = ok kP
m_ 1 (n)
L@u-pn "

k—nn! 7'0];

2 (=D)k [\ 2k k .
=2 ) (rg;) Dk(rops) (k—n)-M%) (3.3.3.4)
k=n :

Next, we prescribe the means to shift the origin of the local expansion from r/ to r,. This

is facilitated by the following Lemma.
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3.3.4 Traceless Local to Local (Lemma 3.3.4)

Given a local expansion OE”) that exist in the domain flo centered around r/, it can be
shifted to the domain Q, centered at r, using
L = i [’" " ”)og"”") (m)- (rgp )" (3.3.4.1)

o\ m t

Proof:

The process of proving this expansion is similar to what was done for developing the
expression for multipole to local translation. The crux of this proof is that all the tensors involved
are totally symmetric. The potential at any point r € Q, can be written as

) - iMW'”'%n[iL(r‘rf):n'mﬁm{i%(rg‘rf)f"‘ﬁk%pj]

n=0

m=0 k=0
= io(r—rg):n m li[mn:kJ(rg—rf) k O§m+k)
m= =

m=0
(3.34.2)
finally, the fields at all observation points in the finest level can be obtained using
O m
g(r)= > (r -, )t -m-L{" (3.3.4.3)
m=0
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The proof for this statement can be obtained trivially from the Lemma 3.3.4.

3.4 Error Bounds

The error bounds derived herein will be for Method 1; the estimates for Method 2 can be
obtained either by nesting those obtained here or using those [63]. As was mentioned earlier, the
shifting of origin of the multipole expansion is exact as is shifting the origin of the local
expansion. This implies that the error primarily comes from two sources; (i) Taylor's expansion
to create the multipole expansion at the level that it is being translated, and (ii) conversion to
local expansion. We shall deal with both cases separately.

In what follows, we will assume that the source/observation spheres are of radius a, then we

have

MD (n,n,, ‘ <C,d"
(ny,my,m3)| < Cpa (3.4.1)
W L (I’l < p—hv
Iy 15 7’l2 , I’l3 ) sSr
r (3.4.2)
Consider an arbitrary constant nth rank tensor, A(n). Then, the contractions will be
AD vt Lco A0, L (3.4.3)
v m 2n+v o
r r
1
AW ..MM <C, ;A(”) R (3.4.4)
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where Cp, and C, are constants, and r; max is the vector corresponding to the charge that is

farthest away from the origin. The proof for (3.4.3) can be derived using fumula (A12) or (A13).
Likewise, the proof for (3.4.4) can be trivially derived. It follows from these expressions that the

absolute error in making the multipole approximation may be obtained using

P
£ =[pr)— > M™ -n-V”LV
n=0 r

- 1
= > 1\ L v
n=P+1 rY

© ]
<5 M vt —
14

n=P+1 r

< 1
<> X M“Wmmp%{V“7}mmw@

n=P+1n|,np,n3 r

o0
< Z C,3"a"r "

n=P+1
(3.4.5)
3aY" iy
< Z Cul— 1| 7
n=P+1 r

P+l
“eals)
P r=3a)\ r

Since the ratio of the distance to the radius of the sphere is always greater than 3, it implies
that the series converges for all values of v .

Next, the error bounds on truncating the local expansions are derived as follows:
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o0
n=P+1

[ 0] e 0] 1 B — 1
= 2 0" MO )V —
n=P+1 m=n (rol;)

IA

o0
Z Cm3nanam—n3m—n —
n=P+1 (rp)
oS

P+l
Ch [ 3a ] (3.4.6)

v-1 p
() 3007

IA

These equations imply that the approximations converge Vv € R. The above estimates are

for the absolute error; similar estimates for the relative error can be readily obtained.

ri’maXHr| <ar, we could get

Actually, using the Cauchy—Schwartz inequality, Ij pay -1-1 <
more precise error bounds, those are:

. 1 Cm (_jp+l
TP gy

(3.4.7)

P+l
< 1 C, a
Pl 0 P
. (rp) (’”01; _a) THs

oS

The proof of equation (3.4.7) can be obtained trivially followed by equations (3.4.5) and
(3.4.6).
Figure 3.4.1 shows the error bounds with different v values (-3.3, -1.5, 1.0, 2.2, 3.3) and

plots the predicted relative error for different values of P for interaction between two domains of
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radius a whose centers are separated by 4a. The values of m chosen for this demonstration are

those that are used in the numerical results section as well.

1

1 0 E T T T T T T T T T 3
E —o—v=+3.3
L —+—v=142.2 |1

'S =

% 10° E T : v=+1.0 |3
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ﬂ: _q ay .--\-"'J*:_\___\_% A W V= -3.3
D 1 0 I::;"'H-.._H T ~k 3
E ." HIEL ; = = £y E
O ~z "'EL___H ' X — e ) i
"E’ 107 . o~ ~A Tk B E
= V B T~ T S ]
E o - = E _H-%%-.-.- ' “:}t. ) .___H_H*-% N {J
O -5 = ~
o 10 3 ~ — . ;
:) : ’ - E"" S — ;
Q : i Ry ]
> =N
g 10 ¢ <A _ gl
< . 3

1 0_5 | | | | | | | | |

—
na

2 3 4 5 6 7 8 9 10 11

(Fig. 3.4.1 analytically derived upper bound for the error for different values of v for

source/observation domains of radius @ whose centers are separated by 4a.)

The salient facts evident from Fig. 3.4.1 are:
(1) the expansions converge for all m with increasing P, and

(i1) the expansions converge faster for m < 0 than for m > 0.
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Both these facts are borne out in numerical experiments in Chapter 4. On a slightly different
note, relative error bounds derived here do not depend on the number of levels in the tree as no
error is accrued in traversing either up (Multipole to Multipole expansion) or down (Local to
Local expansion) the tree. The multipole (or local) error at any two levels in the tree are
approximately the same due to the fact that both the distance r and the size of the box a at any

level are scaled by the same factor with respect to the smallest box, and this factor drops out.

3.5 Computational Methodology and Cost
As mentioned earlier, the entire computational domain is embedded in a cubical domain that
is recursively partitioned into smaller cubes. Both near and far interaction list are created at all

levels. In what follows, we describe the computational methodology as well as the cost
associated with each operation. The cost associated will be denoted by Cép where i=1,2
denotes the method used and “op” denotes the specific operation. It is to be noted that the cost
Cg‘p is specifically for v =1 and C(l)p = C02p forv=1.

The operations op € {NF,C2M ,M2M ,M?2L,L2L,L20} that stand for

1) near field

2) charge to multipole

3) multipole to multipole
4) multipole to local
5) local to local, and (vi) local to observer.

In what follows, we will denote the total number of interaction points by N, the number of

harmonics by P, the number of levels in the tree by N, and the number of boxes at any level by

N, . It will be assumed that the interaction points are uniformly distributed in a volume. We will
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also assume that the number of unknowns in each leaf box is s. It follows that Nb,l =N/s,

M
Npj-1 =8Ny, and ZN bi €N /s . With these preliminaries, the computational methodology
i=1

can be prescribed as follows:

3.5.1 Near Field Evaluation
At the leaf level, all boxes that lie in the near field are tabulated. This implies that one

computes the interaction between the points that are in the vicinity of each other using whatever

method is classically used. Therefore, C]1VF = CJZ\,F, and

CJIVF oc Total no. boxes x Cost of interaction of each box with its near field

oc N/ sx27s> (3.5.1.1)

oc 27 Ns

3.5.2 Far Field Evaluation
The far field evaluation comprises of four operations. The terminology used in this paper

will be similar to the one introduced in [63].

A. Multipole Expansion

For all boxes at the lowest level, compute the multipole expansion for all charges that reside
in it. This is done using Theorem 3.2.1 for method 1 or Lemma 3.3.1 for method 2. The former
forms a set of totally symmetric tensors whereas the latter forms a traceless tensors. The cost for

this operation is
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Céz o total no of level 1 boxesx Cost for each box
o total no of level 1 boxes x no. charges per box
x cost per tensor x no of tensors

P
Chou o Y o S (p+)(p+2)/2
)
p=0

)
6
P
Cops = Xxsx S @p+1)
S
p=0

oC NP2

B. Multipole to Multipole

(3.5.2.1)

For all boxes, at any given level, we compute the multipole expansion for the parent box

from those of its children. This operation is repeated at all levels. In ACE, same as the classical

FMM, the number of operations is independent of child/parent levels. The cost for obtaining a

term in the nth rank multipole tensor scales as (m - n + 1)(m - n + 2)/2 for m = n,..., P. Given

that there are (n + I)(n + 2)/2 independent terms in nth

terms of the tensor scales as
Cost Child Multipole to Parent Multipole1

P P
= Z(n+1)(n+2)/22 (m—n+1)(m—-n+2)/2

n=0 m=n

:li(ml')

i
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rank tensor, the cost for constructing all

(3.5.2.2)



The number of operations specified in this equation is exact and exploits the total symmetry
of the tensors involved. Likewise, the number of operations required when using traceless

tensors is

Cost Child Multipole to Parent Mul‘[ipole2

P P
D> @2n+1)Y. 2(m—n)+1)
0 o (3.5.2.3)

P
= > (P-n+1)*2n+1)
n=0

This implies that the cost will be

C]iv[ oy o Total number of multipole to multipole translations x Cost per translation

6 .
Chiam %4‘[ Cikd) (3.5.2.4)

i=1 !

Ciou ocﬁxi(P—iﬂ)z(ziﬂ)
S =0
C. Multipole to Local Translation
The cost for translating P+/ multipole tensors of one box to local tensors at another is that
in equation (3.5.2.3) for symmetric tensors and (3.5.2.4). Consequently, the cost for translation

scales as
Cis21 o« No. translations per box x No of boxes x cost for one translation

6 .
Cloy m189ﬁH(PTZ)
l

i=1

P
Ciiog 06189EZ(P—1'+1)2(21'+1) (3.5.2.5)
S =0
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D. Local to Local Translation

The cost is exactly the same as that for multipole to multipole translation, i.e.,

1 | 2 2
Cror =Cyoy and Crpp =Cyropy.

E. Local to Observer

Again, the cost for this operation is exactly the same as that for mapping charge to

multipoles, i.e., Chrp =Cinyy and Cisp =Cloyg

The above analysis implies that the cost for the total analysis scales as

Cloy =Ch\p +Clnny +Chyong +Chyap +Chap +Clhop fori=1,2

cost

6 3
! w2TNs 191X L N
s 720 3

2 N P* 2
Cost o 27Ns +191--=— +2NP (3.5.2.6)
S

It is readily apparent that the optimal number of unknowns per box is s o P2 /10 for
method 1, and S oc P2 for method 2. Existing methods for R~ [68, 80] do not use symmetry in

their formulations. Consequently, their translation cost does not have a factor of 1/720, and their

cost will be more expensive for a given value of P. Given that the cost reduction is a
consequence of symmetric tensors, the application of method 2 to R~ will have identical cost as

method 1. The application of method 2 to R 'results in a complexity that is very similar to that
of the classical FMM algorithm that was presented in [63] with an exception of a factor of 1/2 in

the translation term. However, recent improvements to the classical FMM scheme have reduced

4 . . . .
the P scaling to P3 by using a plane wave based translation operator [81]; using a plane wave
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based translation operator has enabled some algorithmic changes that have further reduced the

“‘cost in front.”” Similar modifications to method 2 are possible for v =1.

3.6 Implementation Subtleties

Two issues stand out when implementing ACE algorithm:

1) the nth rank operators used for multipole to multipole translation from level | — 1+ 1 and

those used for doing the same from level 1 + 1 — | + 2 differ by a multiplicative constant;

.. h . . .
2) similarly, the nt rank translation operator for translation of multipole from level 1 — 1 +

1 and that used for translating multipoles from 1 + 1 — 1+ 2 are related by a constant.

Both these statements can be proven by examining the explicit forms of the operators
involved. These facts imply that these operators need to be constructed and stored only for
boxes at the lowest level and all others can be readily obtained by the operations listed above.

It is also evident that the key component of the cost equation is the number of translations
and the number of operations necessary to compute each translation. Some modifications that
were originally suggested in [81] can be adapted to this algorithm. Indeed, since the error in
shifting the multipole expansion is negligible, one can cluster translations to further reduce the
total number of translations. Furthermore, one can exploit the structure of the tensor contractions
involved in translation. Some of these improvements have already had a positive impact on the
speed of the resulting code [82-84].

Finally, as with all tree codes (and FMM)), the algorithm may be made adaptive in terms of
the number of the tensors used, with very little loss in precision. For example, at higher levels in
the tree (which correspond to interactions that are further away in space), one could reduce P as

the potential is dominated by interactions that are closer. However, in the results presented herein,
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this is not done. Finally, while the resulting power series expansion is convergent, a concern is
the numerical stability of the resulting series. It will be evident in Section 3.8 that for the range
of P, s and v, this is not a concern. However, further insights into the behavior of the series can
be gleaned from equation (A13), and using this expression to compute higher order derivatives

yields stable results.
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CHAPTER 4 Application of Accelerated Cartesian Expansion Methods

We designed a new fast calculation method (ACE) (See Chapter 3) to calculate the

interaction between N particles and our algorithm is based on the Cartesian tensor theorem and

reduced the calculation cost to O(N) from O(N2 ) by using the scheme of Fast Multipole Method.

In this chapter, we will demonstrate that, by using the expansion, our algorithm can calculate not
only the 1/R Coulomb interaction, but any interaction in the form of R such as Lenard-Jones
potential. Also we will show how to get the exact solutions of the translation operator from the

—Kr
e

and how ACE works on

multipole to the local translation for the kernel of ™" and Yukawa
r

different interactions.

4.1 Preliminaries

4.1.1 Generalized Maxwell Expansion (GME)

From ACE, for an interaction with form »~" we know that the kernel of ACE is Multipole to

Local translation (Translation Operator) because only this operator depends on the parameter v.

The key part of the translation is to solve the expansion of V"7~ . An expression for solid
harmonics in terms of the gradient of the position r' was first derived by Maxwell of an arbitrary

set of n axis [76]. In the Cartesian coordinate frame, his expressions reduce to

Vi = (=)D p P Maxwell equation (4.1.1.1)

This relationship has been obtained by others [85, 86] as well.
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Maxwell found the expression of V"R™! 80 years ago. Till the work done by us, to the best
of our knowledge, there is no the exact expression for V"7~ for any real v #1. To be a first

one, I found that the element of the total symmetric tensor V"»~" takes the form

TRl (iJ

r

M2z m
L2JL2JL2J

:(_l)nr—Zn—v Z Z Z (_l)mr2m

m)=0mp=0m3=0

nmetl 2 2 dm | M || M2 || 13
T (v+20)- M7y T ’"{ }{ H } (4.1.1.2)

i=0 my |y j|ms

to construct the n-fold gradient, where n = nj + ny + n3, m = m; + my, +ms3. It can be

readily shown that this definition reduces to that obtained for v =1 .

Proof:
e Forn=0, we can easy confirm GME.

n=n,=0

e Forn=1, whenn3 =1, then {

m,=m,=m,; =0

the left side of GME =-v z
rv+2

the right side of GME =-v =
rv+2

Same as above, when n1 =1 or ny=1, we can verify GME.

e Suppose when n = Ny, np = Np, n3 = N3, GME is right,
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then if (n3 = N3 + 1), we have

VV

5N15N25”3 (Lj
X y z

— aMagN2 N3l (LJ
x

z v
’

—o' oMigN2oMs (Lj
z "x Ty Tz

14
r

1 2 3
(L= = Nl

_61 Z Z Z (1N, 2m=2N=v I1 (v -+ 20172, Na=2my N3- 2ms {NIHNZ}{M}
2 L™

ml 0m2—0m3—0 i=0

1 2 3
=1l Nemil

Z Z Z( i H (v + 20 172", N2 72

1 2 3
[ =1l Nemil

Z Z Z( N H (v +2i)x Ny=2m Nz 2my

1 2 3
=11l Nemtl

Z Z Z( N H v+ 2172 N2m2ms

| (N, —2m )ZN3_2m3_1r_2N_V+2m N3 2my 2QN+v-2m)-z
3 2N+v-2m+2

M 2 3
L I=A1= Nemtl

=(-1 )N+1 —2(N+D)-v z z Z( l)mr2m H (v +2i)

my= =0 m2—0 m3—0

N _
my || m, || my 2N+v+2m z
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M Nz N3
SIS Ntl-m+1

:( 1)N+l —2(N+1)—v Z Z Z ( l)m 2m H (V+2i)
i=0

mp=0my=0 m3=0

N2 No=2my (N3+1)-2ms. |:N1 } [Nz } {N3 + 1}

ml n/I2 m3

We know thatL

AHETIER (ij _

r

N1J |_N2J|_N3+1

L J

Z z Z (- 1)N+1+m 2m=2(N+1)~-v @113

m)=0mp=0 m3=0

N+1-m+l1 n n n
H (v +2i)- xN1—2m1yN2—2m2 Z(N3+1)—2m3 1M 2 3
i=0 my | my || m3

Forn; = N1 + 1 and np = N + 1, the proof is same as above.

GME is very important for ACE because a lot of interactions are in the form of ™" (such

as Lenard-Jones potential) or can be expanded in the form of =" (such Yukawa interaction).

We will see the applications of the equation (4.1.1.3) in our numerical simulations.

4.1.2 New Expansion of Modified Bessel K (New K)
For Multipole to Local translation of Yukawa interaction in ACE methods, we will find that
the convergence of convention calculation method (by using GME) is not fast enough (See

section 4.4).
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In order to accelete the calculation speed of the translation operator, we need to find a new

fast convergence formula to replace the convention one.

Due to a good fortune, I found a new expression of Modified Bessel K function, that is

1

o [ N-1 o 2\2 Al+)q
Z Ul l+21)——(;) (—r)2 K_N_;(—r)
(4.1.2.1)

where, N is a positive integer and K is Modified Bessel function.

By using mathematical induction, we can prove formula (4.1.2.1)

Proof:
When N=0, we easily prove
1 1

oo [0-1 - -
Z Hl l+2i):—(%j2(—r)2[<_1(—r)

2

Suppose, for N, New K formula is correct,
o [ N-1 1 1

73— ) 2 \2 E+N
E Fl I(l—l+2l):—(;j (—7’) K 1(—7")

=0 *-i=0

e For N+1, from the left side of New K formula, we have
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I(N+1) -1

d
r r)(z 1‘% (1- l+2z)J

w1, d-1 (VD)1

=-> [T a-1+2
=0 I i=0

w L I-1 (N+D)-1

=-> H (1-1+2i)

=]

w11 [(N+D)-1
iz 0(l !

A=l (NA1-D)-1

[T [-7+2¢+D]

-3

(=D 5
o0 rll N-1
=> ,H [1-(-2)+2i]
ZO( )‘i'=0
© k+1N1
=51 H(l k+2i")
k=2 K
o kNl

—rz H(l k+2i")

H (1- l+21)] (1-1)

let i'=i-1
let k=1-2
1
w(-n)!= =oo forn>0
0-1-2---(n+1)

e For N+1, from the right part of New K formula, we have

1 1
N —+(N+1)
e

d(-r) —{N’D——

1 (=) |=

1
(2)2( r)5+( )K
T
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Base on the Eq. 4.1.1.3 and 4.1.2.1, we can generate a fast kernel of ACE, the results we got
will be shown on the section “Yukawa (Shielded Coulomb) Potential Calculation Based on ACE”

of this chapter.

4.2 The Error in Numerical Simulation Based on ACE

In our simulations, the error will be computed by using the following:

Z ( ¢num (ri )= ¢exact (ri ))2

l

L = 42.1
Z ¢ezxact (ri) ( )

As is commonly done, all near field interactions are ignored. This gives us a measure of the
error produced by the multipole representation. All timing runs are performed on a Linux
desktop that has a 2.8 GHz Intel processor, and the run times reported are obtained using an
intrinsic function dtime. Finally, P will denote the maximum rank of the tensor used in

expansions.

4.3 Numerical Simulation Results
In this section, we will demonstrate the validity of the numerical method presented via
numerous examples. The overarching goals of this section are as follows:
1) numerically show that the traversal up and down the tree can be performed exactly,
2) demonstrate that the proposed method produces accurate results for different values of v,

3) demonstrate that this scheme can be used seamlessly for computing potentials that are

superposition of potential of the form R for multiple values of m using a single tree

traversal, and

4) Experimentally demonstrate that the proposed scheme scales as O(N).
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Level=3 Level=5
P=2 3.268070962493E-03 3.268070962493E-03
P=5 2.866109269814E-05 2.866109269814E-05
P=8 4.207517301401E-07 4.207517302159E-07
P=11 7.470454043400E-09 7.470454038638E-09
Level=7 Level=10
P=2 3.268070962493E-03 3.268070962493E-03
P=5 2.866109269812E-05 2.866109269808E-05
P=8 4.207517301963E-07 4.207517301868E-07
P=11 7.470454030685E-09 7.470454009644E-09

(Table 4.3.1 The variation of errors in multipole to multipole with fixed translation error for v =
2.2)

First, we will demonstrate the accuracy of operators used to traverse up and down the tree.
The geometric configuration analyzed is as follows: 8000 source/observers populate a cube of
dimension 4 x 4 x 4. Of these, 4000 are located at Q2; = (0.0, 1.0) x (0.0, 1.0) x (0.0, 1.0), and the
rest are located in Q,= (3.0, 4.0) X (3.0, 4.0) x (3.0, 4.0). The distribution of the points is
uniformly random, i.e., the distribution in the domain is almost uniform. This arrangement

ensures that following; particles in £2; and £, interact with each other at level 3. For a given P,

the error bound for this interaction can be computed. As we increase the number of levels, the
change in the error norm can be attributed solely to the error multipole-to-multipole and local-to-
local translations. Table 4.3.1 documents the error obtained for different values of P and

different levels (while we have data for all 10 levels, only some are presented). All computations
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are carried out for v = 2.2. As is evident from the results presented, the variation of the error

obtained from using different levels in the tree is accurate to double precision. Next, we perform

a similar experiment, but for the lattice gas potential ¢(r):ZQi ln‘r'ri‘ that is very
i

commonly used in the electronic structure calculations. Again, as is evident from Table 4.3.2, the
variation of errors for different levels is within double precision accuracy. Note, the translation

operator for this function can be readily derived from the material presented earlier

Level =3 Level =5 Level =7
P=2 | 2.194595063535080E-04 | 2.194595063534780E-04 | 2.194595063534940E-04
P=5 | 2.949087946097280E-07 | 2.949087945862070E-07 | 2.949087945902640E-07
P=9 | 4.696476490009490E-10 | 4.696476221096200E-10 | 4.696476168731460E-10
P=15 | 5.455886813905550E-14 | 5.453948560581600E-14 | 5.451163061523900E-14

(Table 4.3.2 Variation of errors in multipole to multipole operations with fixed translation error

for computing the lattice gas potential function)

In the next series of numerical experiment, we demonstrate the efficiency and convergence
of the proposed method. This is done by analyzing potentials due to randomly distributed sources

at random observation points. In what follows, the source/observation points are co-located, and

are randomly distributed. Four different computational domains are chosen: (0.0, 1.0)3, (0.0,
2.0)°, (0.0, 4.0)° and (0.0, 8.0)°. These domains are populated with 500, 4000, 32,000, and

256,000 source/observers. As mentioned earlier, the size of the smallest box 2 depends on the

degree of approximation P. This implies that the number of levels in the tree will vary with P.
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Tables 4.3.3 — 4.3.5 demonstrate convergence and speed for v = 1, 3.3, -3.3. All errors reported

are computed using equation (4.2.1).

As is evident from these tables, the proposed method converges rapidly for different values
of v, and is faster than the direct computation. The convergence behavior follows the trends
expected for different values of v, as does the timing data with respect to the number of
harmonics. Again, as reported earlier, it is possible to choose the size of the smallest box to
optimize the timing data; while this is not done precisely here, the size of the smallest box is

varied depending on the desired accuracy (P). The breakeven point, of course, depends on the
accuracy (and m). For v = [, and P = 2 (which results in an error of 10_4), the breakeven point is

as low as 250 source/observers. It should be noted that in obtaining this timing data, we have not
fully optimized the M2L stage in keeping with some of the development suggested in [81] and in

papers thereafter. Even so, the timing data obtained for v = 1 and accuracy of 10 favorably

compares with some of the most optimized codes.
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No. source P g Levels Error
500 2 0.25 3 9.383889728802543E-004
4000 2 0.25 4 4.98533957T9185T0E—-004
32,000 2 0.25 5 3.973997680645289E 004
236,000 2 0.25 il 3. 784618677245141E-004
1,000,000 2 0.23 7 3.6E-004 (est)
500 6 0.35 3 5.834474875595625E-005
4000 6 0.35 ! 1.832900991458556E 005
32,000 6 0.35 5 1.051430847990692E 005
256,000 6 0.35 6 9.205740607568288E 006
4000 13 0.7 3 7.635060722002502E-007
32,000 13 0.7 4 2.840304330201046E 007
256,000 13 0.7 b 2.217480629486048E—007
32,000 22 1.0 3 8.349236749350626E 009
256,000 22 1.0 4 6.2791675768585T8E—-009
No. source r 2p Levels Trgst Tir
500 2 0.25 3 9.9999998E 03 2.0000000E-02
4000 2 0.25 4 0.1100 2.010
32,000 2 0.25 3 1.7500 148.430
256,000 2 0.25 il 16,710 10414.19
1,000,000 2 0.25 7 72.14 194332.45 (est)
500 b 0.35 3 2.9999999E 02 2.0000000E-02
4000 6 0.35 4 0.8500000 1.880
32,000 6 0.35 5 10.780 141.350
256,000 6 0.35 6 93.650 9469.240
4000 13 0.7 3 0.7600 1.010
32,000 13 0.7 4 24.030 127.490
256,000 13 0.7 5 297.080 9253.120
32,000 22 1.0 3 57.090 105.440
256,000 22 1.0 4 977.80 8988850

(Table 4.3.3 Errors in Coulomb potential (v = 1) computed using the proposed scheme and the

directly timing data for the two methods.)
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No. source P L) Levels Error
300 4 0.25 3 6.634150584493979E 003
4000 4 0.25 R 4.633100292496714E-003
32,000 4 0.25 5 3.478008063355080E-003
256,000 4 0.25 6 3.009871545496196E-003
4000 10 0.5 4 8.802364554779558E-005
32,000 10 0.5 5 4.384002845526768E-005
256,000 10 0.5 6 2.980527001092105E-005
32.000 2 1.0 3 5.803550600029765E-007
256,000 22 1.0 - 3.983637151956554E-007
No. source P 2y Levels Tegst Fair
500 4 0.25 3 3.9999998E 02 2.9999998E 02
4000 4 0.25 4 (.6799999 2.090
32,000 4 0.25 3 7.679999 153.5600
256,000 4 0.25 6 72.75999 10626.05
4000 10 0.5 4 1.170000 1.550
32.000 10 0.5 5 20.430 137.240
256,000 10 0.5 b 225.350 9549.740
32,000 2 1.0 3 56.7500 105.2500
256,000 22 1.0 - 979.7199 8981.890

(Table 4.3.4 Errors in Coulomb potential (1/R3'3) computed using the proposed scheme and the

directly timing data for the two methods)
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No. source P 2y Levels Error
500 2 0.25 3 7.808229350307999E~-003
4000 2 0.25 4 T.991114181824263E-003
32,000 2 0.25 3 1.805327383259029E-003
256,000 2 0.25 b 1.879062974909005E-003
500 7 0.4 3 1.673554596784708E~006
4000 7 0.4 4 1.20443806016584 1 E-006
256,000 7 0.4 b 1.075404282226350E 006
4000 10 0.6 3 1.201260595754149E-008
32,000 10 0.6 4 6.210238339838771E-009
256,000 10 0.6 3 5.031536892676515E-009
No. source P 2 Levels TEaet T dir
500 2 0.25 3 9.9999998E 03 2.9999998E—02
4000 2 0.25 4 0.130 2.020
32,000 2 0.25 3 1.700 152.810
256,000 2 0.25 b 16.670 10115.84
500 7 0.4 3 3.9999999E-02 9.9999998E 03
4000 7 0.4 4 0.670 1.760
256,000 7 0.4 b 106.1900 9793.580
4000 10 0.6 3 1.190 1.340
32,000 10 0.6 4 12.650 134.820
256,000 10 0.6 3 149,850 9446.090

(Table 4.3.5 Errors in Coulomb potential (R3'3) computed using the proposed scheme and the

directly timing data for the two methods)
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Next, we demonstrate the application of this technique to compute the Lennard-Jones

potential. The computational domain Q = (0.0, 1.0)3 is filled with 12,167 source / observers

whose location is uniformly random. The potential computed is of the form
1 6
¢(r)=q-(———j (4.3.1)
z 1”12 ’,_6

A uniform oct-tree with five levels are constructed. As was noted earlier, the traversal up
and down the tree are independent of the potential, and only the translation across the tree
depends on the specifics of the potential being computed. Table 3.7.6 tabulates the error with

increasing P. As is evident, the potential computed converges rapidly with increasing P.

P Error

10 4.614155995813000E-02

14 6.242473037897020E-03

18 3.954018566296790E-04

22 8.407075999784550E-05

32 1.246581347878100E-06

(Table 4.3.6 Error in the Lennard-Jones potential; the computations are performed using one tree)

Finally, we compare the computational cost of the proposed scheme with that of direct
computation. Timing data for domains of increasing size are obtained; the number of
source/observation pairs vary from 500 to 1,000,000. The density of particles in the domain is

chosen to be 500 per unit cube, the particles are randomly distributed in the domain, and v =- 1.5.

The precision P = {2, 4, 10}, which translates to errors ranging from 10_3, 10° and 10_8,
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respectively. In the simulation, the size of the smallest box was kept the same, i.e., £y = 0.25 for

all values of P. All simulations are run on a Linux desktop (running Redhat9.0) with 2.8 GHz
Intel Pentium processor with the Intel Fortan compiler. The timing data is obtained using the

intrinsic function dtime.

8 . . . . . . . .
— Direct Computation
''''' ACE:P=2

6F| -~ -ACE:P=4 1
------- ACE: P =10

Iog10 (Time (s))

4 | | | | | | | |

2 2.5 3 3.5 4 4.5 5 5.5 6 6.5
Iog10 (no of source/observers)

(Fig. 4.3.2. Cost scaling of the direct method and the fast algorithm (ACE) for different values of
the precision P for computing the potential Rl’s.)
Fig. 4.3.2 compares the time required for computing pair-wise potentials classically and

using the methodology presented herein. It is evident from Fig. 4.3.2 that the cost scales as O(N);

the slopes of all three fast methods is approximately 1.0. A noteworthy fact is that the breakeven
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point, i.e., the number of unknowns above which the proposed technique is computationally

. . . . -3
more efficient, is as low as 250 source/observation points for an error of 107",

4.4 Yukawa (Screened Coulomb) Potential Calculation Base on ACE

In the molecular systems, especially for large-scale physically realistic charged systems, the
long-range interactions play a major role. All interactions between charged particles must be
accounted for so that, typically, the exact calculation of the interactions by direct summation
requires O(N°) operations in the framework of a N-body problem.

As we know, many molecular systems of biological and physical significance, however, are
governed by the screened Coulomb (also called the Debye-Huckel or Yukawa) potential. The

Yukawa potential energy of a system containing N charged particles, is given by

N il T
p)=> > g9, —— (4.4.1)
i=1 j=1 Tij

where « is the Debye-Huckel screening parameter (which is proportional to the square root
of the ionic strength of the solution), g; is the charge of particle i, and ry; is the separation

distance between particles i and ;.

The cost of computing the Coulomb potential was amortized to O(N) via the development of
the fast multipole method. The development of similar methods for the Yukawa potential is
almost non-existent. A paper was presented by [87]. This method formulates the problem in
terms of the addition theorems for the modified Bessel function and derives a series of

approximations. However, the methodology presented is not rigorous, in the sense, that error
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bounds on the set of approximations made are not provided, the convergence is not shown, and
the overall methodology is fairly inaccurate.

Since the publication of the seminal papers on fast method to compute potentials of the form

-1 . .
r [63] and because the researchers believed that the Taylor series represents a poor

convergence for exp(-r), there have been a number of attempts to compute potentials of the form

—KT
exp (—j , and the work relies on spherical harmonic expansions,
r

TR0 & T V1 A
H(R) = :—E 2n+1),|—I1 (xp),|—K {(xr)B,(p-7) (4.4.2)
R T -0 2](',0 n+— 2kr  n+—
n= 2 2
where R=r-p.

Unfortunately, the fast calculation based on traditional FMM will introduce the add-on error
between the translations from multipole to multipole expansion and local to local expansion. And
also, all the development of the fast calculation algorithms based on traditional FMM were an
O(NlogN) methods before ACE was done. So, the motivations for writing this section are three
fold:

1) To introduce a new technique (Maxwell Cartesian tensor method) wherein the traversal
up and down the tree are exact.

2) We also prove quick convergence for this new method.

3) This method can work on the wave equation in low frequency case.

r
In this section, we will show, by combining Taylor's series expansion with Maxwell

Cartesian tensors method, we can reach almost O(pN) algorithms.

4.4.1 General Statement of the Problem
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Consider a domain Q e R? that is populated with k sources and a domain Q, eR> that

contains k observers. With no loss of generality, assume that these domains are spherical and of
radius a. These spherical domains completely enclose one of the cubical subdomains generated
earlier.

The location of these points is random, however we will assume that the distribution in the

domain is sufficiently dense and relatively uniform. Centers of Q, and Q, are denoted by r, and

r, . Itis assumed that Q, c Qg and Q, cQ, and O, NQ, =T .

In what follows, the domains S_)S and S_)O will be called parents of Qg and Q_, respectively.
As before, the parent domains will be assumed to be spherical of size 2a, and their center are
denoted by r? and r?, respectively, and rf ¢ Q, and r/ ¢ Q, .

The potential due to sources Vr; € Q  Vr; € Q observed at r € Q is given by

—K|r—r;|

d(r) = qu

r; |

—KI"

Sy gy

i=1 n=0

—Kr

(4.4.1.1)

_ZZ( l)n %

n=0i=1

This equation is derived using Theorem 2.10, and ¢; are values of the sources at locationsr;.

The exchange of the summation indices is permissible as the summation converges. Unless
otherwise stated, the operator V operates on r. In what follows, we will prescribe the means that

will enable that rapid computation of equation (3.1.1.1).
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4.4.2 Cartesian Expansions with Totally Symmetric Tensors
Theorem 4.4.2.1 (Multipole Expansion)
The total potential at any point r € Q, due to k sources ¢;, i=1,---,k located at points
r; € Q  1sgiven
—Kr

¢(r)=§:M(”)-n-V"e—

n=0 r

k
MM =3 1y Loy
i1 n! (4.4.2.1)

where M is the totally symmetric multipole tensor about the origin r; = {0,0,0}

Proof: See formula (3.1.1.1)

Theorem 4.4.2.2 (Multipole to Multipole Expansion)

Given a multipole expansion of k sources about the r, = {0,0,0}
k q:
0" =3 (-1)" =Ly
i=1 n: (4.42.2.1)
then the multipole expansion about the point r” can be expressed in terms of above
equation as
W S 1y 4 gy ml( p )" gm)
MY =" (-1) G -r)T = DD _,(rs ) 0
i=1 n: m=0 P(m,n) " (4.4.2.2.2)
Where P(n,m) is the permutation of all partitions of » into sets n-m and m.

Proof: Using equation (3.2.2.1), Theorem A2.1, Theorem A2.10 and noting that the tensors O(n)

V"™V are totally symmetric, results in

134



o [k 0 —xir-rf
$ St e
n=0 (i=l |r_rsp|
o | k g; n B n—m
=X ALYy Y (e2) e
n=0 | i=l =0 P(n,m)
SR ml( p\n=m d m 4; .m n€
SDRDID I B D W Il | A
n=0 | m=0 P(n,m) n! i=1 m!
p
= —I\r O V
nZ:%) mZ::OP(%;n)n! ’ [r—17 |

n=0

e—lc|r—rsp |

[r—rf|

—/(|r—rsp |

[r—rf|

—K\r—rsp|

-———=iMWWVW———

[r—rf|

(4.42.2.3)

Next, we prescribe the means to translate the multipole expansion that exists about l'sp to a

local expansion aboutr? .

There are two ways of deriving this translation operator;

1) using reciprocity and

2) using a Taylor's series expansion.

The theorem that is presented next uses the first approach whereas the second approach is

used in presenting a similar operation for method 2. As is expected, both result in identical

expressions.

Theorem 4.4.2.3 (Multipole to Local Translation)
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Assume that the domains Q; and Q, are sufficiently separated, and the distance between

their centers 7y =|r5 |=[r” —r? | is greater than diam{f_ls} and diam{f_lo}. If a multipole

expansion M™ s located at I , then another expansion L™ that produces the same field

Vr e S_)O is given by

#)= 3 p L

n=0

—xiP
KT)g

) _ N Lygmmy (M e
L ‘vaM (m=n)-V P (4.4.2.3.1)

m=n""" os

wherep=r-r?.
Proof: The potential #(r)¥r e QO is given by equation (4.4.1.1). It follows by reciprocity that

if the multipole M were located at r it would produce the same potential at l’Sp . In other

words, the potential at all points r € Q , can be computed by placing the multipole moments at r

and evaluating at I'Sp .

p(r)=> MM .p.v
=0 [r—r?| (4.4.2.3.2)

Here, V is the derivative with respect to rf) . Since this valid at all pointsr € Q , the
multipole tensor M atr may be translated to the center l'op using the symmetric translation.

Denoting the multipole tensor at l'sp by O(n) andp =T — l'op , using the multipole expansion

theorem, we obtain the potential
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i ()., gne o
pr)y=> 0.n.v
n=0 7”01;
o0 n K'}’p
1 g (n=m) one %
= M \Y%
B[S Ly g
n=0\m=0 os
P
© n 1 B —KTps
n=0m=0 m: Tos
o0
= Z p}’l ‘n .L(n)
n=0
where
)
(n) _ (m—n) me %
L z .M -(m—n)- v” ;
m=n oS

is obtained by gathering tensors that operate up on p” .

—Kr

. e
Where the element of the total symmetric tensor V" takes the form

r
; ; " e—KV
1 A2 A3
000 | —
L3 L
Z Z Z _prm, 2m=2n- 1{”1}{”2}{’73}
m =0 my=0 my=0 AL LT
x/M72m ymy=2my 3 =2m3 2(’(”)E_mMK 1 (k1)
T m—n——

Proof :
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e—K'I"
oo | =

Z( 1) l anlanza@ (%j
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44236
L’”J LnZJ L”3J ( )

DI w{ }MH

m1=0 my=0m3=0 3

lllnml

.xnl—mlynz—mzzrg—m:; z( 1) H (1 l+2l)

N

By using New Modified Bessel K (formula 4.1.2.1), then we have

—Kr
e

m a"2 5”3
oMo"2a}

r

LnlJ anJ L"‘3J
Z Z Z 1n+m 2m—2n— 1|: 1:||: :||:n3:|
my || my || m3

m1=0mp=0m3=0

m-=2m _.nH—2mo _n3—2m 2 n
xR 3TN L 2 (ep) 2 K 1 (x7) (4.4.2.3.7)
T

Next, we prescribe the means to traverse down from r? to ry. This theorem is almost a

mirror of that used to go up the tree.

Theorem 4.4.2.4 (Local to Local Expansion)
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A local expansion O™ that exists in the domain Q, centered around r? can be shifted to

the domain Q, centered at r( using

1o

m=n (4.4.24.1)
Proof.
The proof is exact the same as Theorem 3.2.4.
Finally, the potential at any point in the Q, can be obtained using
< n
pr)=3 L n-( p,)
n=0 (4.4.2.4.3)

4.4.3 Calculation Cost Based ACE

Same as the cost we got in calculation for R potential, the calculation cost for Yukawa

potential includes the following parts:

. N P
e Charge to Multipole o 3

6
e Multipole to Multipole o NP
s 720

6
e Multipole to Local oc 181 EP—
s 720

e Local to Local, and Local to Observer are the same as Multipole- to-Multipole and

Charge-to-Multipole.
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4.4.4 Error Bounds

The absolute error in making the multipole approximation can be obtained using

P e—KV
e =0 = > MW v
n=0 r

© —KT
= > Y (O v
n=P+1 r

—Kr

i M(n).n'vne_
r

n=P+1

IN

o0

< Z Z M(n)(l’ll,l’lz,l’l:;)(vne

n=P+lny,ny,n3

—Kr

J(nlan2an3)

0

o0 /
n—n-1~xo (=K) |
< Z Cma r ZTI"
n=P+1 / :

n
< C, (ﬁj rle k" (4.4.4.1)
P+1
S Cm (zj " e—K'l"
(r—-a)\r

where, we assume that the source/observation spheres are of radius a.

Since the distance is always greater than the radius of the sphere, it implies that the series
converges quickly for all negative values of x and all imaginary value with low frequency £.

Next, the error bounds on truncating the local expansions are derived as follows:
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g = z p" - L
n=P+1

—Kr

& 1 _ ~m e
=l 2 P"'”'Z;M(m " (m-n)-V

n=P+1 m=n""" rol;
(4.4.4.2)
0 o N\
< Z Cmanam—nz ( l’(") (FO];)—mel—l
n=P+1 =0 :

P+l
<_Cn (i] o1
(’ﬁo{yv—a) rp

os

These equations imply that the approximations converge Vv e R. The above estimates are
for the absolute error; similar the estimates for the relative error can be readily obtained. For
example, from the Multipole expansion,

€ C. -r(a Pl
€ ~ = ——| — 4443
" e X /r (’”—a)(”j ( )

So, if we choose the computational accuracy of €, we can evaluate the truncation number

"P" from the above equation (4.4.4.3).

4.4.5 Simulation Results
First, we will demonstrate the accuracy of operators used to traverse up and down the tree.

The geometric configuration analyzed is as follows: 9000 source/received populate a cube of

dimension 4 x 4 x 4. Of these, 4500 source/observers are located at Q1 = (0.0, 1.0) x (0.0, 1.0) x

(0.0, 1.0), and the rest are located in Qy = (3.0, 4.0) x (3.0, 4.0) x (3.0, 4.0). The distribution of
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the points is uniformly random, i.e., the distribution in the domain is almost uniform. This

arrangement ensures that following; particles in 1 and € interact with each other at level 3.

Level =3

Level =5

1.329108391195769E-003

1.329108391195763E-003

1.631733296883059E-004

1.631733296882647E-004

2.461467077927862E-005

2.461467077927824E-005

4.355505108030183E-006

4.355505108016297E-006

9.477150289163246E-007

9.477150288876174E-007

2.036578472901254E-007

2.036578472487373E-007

5.499653006794869E-008

5.499653006720579E-008

2.262098414476803E-008

2.262098417551747E-008

Level =7

Level =10

1.329108391195766E-003

1.329108391195760E-003

1.631733296882652E-004

1.631733296882728E-004

2.461467077929170E-005

2.461467077929388E-005

4.355505108018203E-006

4.355505108017509E-006

9.477150288988684E-007

9.477150288981971E-007

2.036578472441334E-007

2.036578472504749E-007

5.499653006677334E-008

5.499653006662830E-008

2.262098417652223E-008

2.262098417231141E-008

(Table 4.4.5.1 Variation of errors in multipole to multipole and local to local operations with

fixed translation error)
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no.source p| a |levels Error Trast Tdir
500 2 10.25] 3 |1.262927728730094E-003 | 0.5000E-002 2.0000E-002
4000 2 1025 4 |6.013826251951964E-004 | 4.5000E-002 1.3600
32000 210.25] 5 5.25555366251479E-004 0.68500 116.5300
256000 2 1025 6 |4.763719518116608E-004 6.87500 7752.4000
1000000 21025 7 4.60E-004(est) 29.685 121338.88505(est)
500 6 1035 3 5.99055086807625E-005 | 2.0000000E-02 | 1.0000000E-02
4000 6 [0.35| 4 (2.213037934701564E-005 0.250000 1.2200
32000 6 1035 5 [1.0474747848110440E-005 2.84500 96.0000
256000 6 (035 6 |[1.679191839847712E-005 23.16 6505.4500
4000 131 0.7 | 3 |9.338207243842676E-007 0.46500 0.6800
32000 13] 0.7 4 14.416413887399910E-007 6.8750 85.6300
256000 13/ 0.7 5 |5.794151572000142E-007 69.22500 6500.7900
32000 221 1.0 3 |1.737072973803084E-008 24.8600 70.6700
256000 221 1.0 | 4 |5.436536138424175E-007 247.5200 6628.5000

(Table 4.4.5.2 Errors in Yukawa potential k = -0.17, computed using the proposed scheme and

the directly timing data for the two methods, a is the size of smallest box)
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no.source | p a levels Error TFast Tdir
1000 2 0.25 3 1.436517045087933E-003 |1.499999999E-002| 0.22
1000 9 0.25 3 9.433469534878107E-006 | 4.5000002E-002 0.22
1000 16 0.25 3 3.397105761650021E-008 2.96 0.22
8000 2 0.25 3 1.151710346719531E-003 | 2.9999999E-002 5.58
8000 9 0.25 3 5.127398846981397E-006 | 9.1000000E-002 5.58
8000 16 | 0.25 3 1.205115662289324E-008 3.965 5.58
10000 2 0.25 3 1.106236796297262E-003 3.50000E-02 10.42
10000 9 0.25 3 9.872487112520653E-007 0.905 10.42
10000 16 0.25 3 1.160652577117371E-008 5.615 10.42
64000 2 0.25 3 1.064273818861804E-003 0.175 373.07
64000 9 0.25 3 1.957963023436753E-006 1.82 373.07
100000 2 0.25 3 1.080898257008474E-003 0.27 913.11
100000 9 0.25 3 9.051714873097575E-007 2.26 913.11

(Table 4.4.5.3 Errors in Yukawa potential k = -1.0, computed using the proposed scheme and the

directly timing data for the two methods a is the size od smallest box)

For a given P, the error bound for this interaction can be computed. As we increase the

number of level, the change in the error norm can be attributed solely to the error multipole-to-

multipole and local-to-local translations.

Table 4.4.5.1 documents the error obtained for different values of P and different levels

(while we have data for all ten levels, only some are presented). Table 4.4.5.1 and Table 4.4.5.2

are carried out for x = -0.17 because usually the pion's up-limit is about 0.17Mev. As is evident

144




from the results presented, the variation of the error obtained from using different levels in the

tree is accurate to double precision.

Source P Error Tdir/Tace RACE Rpwr
1000 2 1.44E-03 0.22/1.50E-02 14.67
1000 9 9.43E-06 0.22/4.50E-02 4.89
8000 2 1.15E-03 5.58/3.00E-02 186
8000 9 5.13E-06 5.58/0.91E-01 61.32
8000 16 1.21E-08 5.58/3.965E-00 1.407
10,000 2 1.11E-03 10.42/3.50E-02 297.71
10,000 9 9.87E-07 10.42/0.905E-00 11.58 8.9
10,000 16 1.16E-08 10.42/5.615E-00 1.86
64,000 2 1.06E-03 373.07/0.175E-00 2131.83
64,000 9 1.96E-06 373.07/1.82E-00 204.98
100,000 2 1.08E-03 913.11/0.27E-00 1690.9
100,000 9 9.05E-07 913.11/2.26E-00 404.03 57.83

(Table 4.4.5.4 Comparison with "Plane Wave Representation (PWR)" under same error. Errors

in case k =1 at level 3, Rxxx is the relative calculation speed, Rocg = T4ir/TACE, RPWR =

Tdir/ TPWR)
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P Error
1 1.1726339E-002
3 4.8040578E-004
5 3.9361585E-005
9 4.3802832E-006
12 7.0297358E-007
ejkr

(Table 4.4.5.5 ACE Errors in Helmholtz potential calculation in low frequency case with

the largest box size = A/2)

4.5 Summary
In this chapter, we have demonstrated the method for rapidly computing potentials of the

e*l('l"

form R and Yukawa interaction — . This method is founded on addition theorems based on
r

Taylor expansions. Taylor’s series has a couple of inherent advantages:
1) it forms a natural framework for developing addition theorem based computational
schemes for a range of potentials;
2) only Cartesian tensors (or products of Cartesian quantities) are used as opposed to special
functions. This makes creating a fast scheme possible for potential of the form R™.
Indeed, it is also possible to generalize the proposed methods to several potentials that are
important in mathematical physics [52]. An interesting consequence of the approach has been the
demonstration of the equivalence of FMMs that are based on traceless Cartesian tensors to those

based on spherical expansions for v = 1.
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Finally, we have shown the application of this methodology to computing Columbic,
Lennard-Jones, lattice gas potentials and Yukawa potential. We have also demonstrated the
efficacy of this scheme for other (non-integer) potential functions. Current research is focused on
generalizing the proposed methodology to analyze Yukawa and periodic columbic potentials,
retarded and Helmholtz potential for sub-wavelength regimes. Finally, application of is scheme
to problems in biophysics, electronic structure calculations, and MD codes are currently

underway.
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APPENDIX

This section introduces basic notation and theorems that will be used in my thesis. The
material presented builds upon some of the earlier work by Applequist [75, 85, 88]. For
completeness, we have described some of the theorems given in his papers (without proofs) as

well as added some of our own (with the necessary proofs).

1. Tensors

(n)

A Cartesian tensor A"~ of rank n is an array of 3" components and will also be denoted

either in component notation as Agi') .. Wherear; €{1,2,3} . A totally symmetric tensor is one

that is independent of the permutation of indices ¢;...,, ; in compressed form it contains (n +

2.3
,n )wheren; +ny +ny =n.

1)(n + 2)/2 independent components, and is denoted by A(”)(nl,n
Here, n; is the number of times the index i is repeated. For example, consider the direct product

of the vectors rr..rr =r". It forms a tensor of rank n (and will be referred to henceforth as a
n times

polyadic) whose component can be expressed in compressed form @ as

A™ (ny,ny,n3) = x"™y" 2" The trace of one index pair of a tensor results in a tensor of rank n -

2 and is denoted by Aé’;:l)a = A‘E’i)% .. > the superscript (n: ) indicates a trace in u index

pairs, and will result in a tensor of rankn — x—1. If the trace vanishes for any index pair then the

tensor is totally traceless. It follows from the above description that if a tensor is symmetric and

traceless in one index pair, then it is traceless for all index pairs.

2. Tensors Contraction
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(m+n)

Consider two tensors A and B(n) . The n-fold contraction between these two tensors is

given by AU B and will be denoted using C™ = AM*M., 8™  Ag ysual,

BB a1...an ay..oq

repeated indices denote a summation over that index. Similarly, a direct product between two

(m)

(n+m) (n)

tensors A(n) and B" 7 results in a tensor of rank n + m. If A and B" 7 are two totally

symmetric tensors, then the n-fold contraction between them can be written in compressed

notation as

C(m) — A(m+n).n.B(n)

n!
—' | 'A(n+m)(l’l1 +my,ny +my,ny +m3)B(n) (l’ll,l’lz,n3)
n ny .I’l3 .

" (my,my,m) =

my,myp ,m3

(A1)

It is evident that the number of operations involved in evaluating each term of the tensor
C(m)(ml,mz,m3) is (n + 1)(n + 2)/2, and since there are (m + 1)(m + 2)/2 terms, the total cost

of the above contraction is (m + 1)(m + 2)(n + 1)(n + 2)/4. Next, we consider contraction

between a totally symmetric tensor and two other tensors.

Theorem A2.1. In evaluating an (n + m)-fold contraction between a totally symmetric rank

(n+m) () (m)

C tensor and two tensors of B®~ and A"~ it is permissible to permute the order of

contraction. In other words

AMBM (14 m)- ™ = BIAM (5 4 ). ) (A2)
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. . . +m) . .
Proof. The proof is best derived in component form. The tensor C(n ™) is totally symmetric, and
a permutation of any pair of indices does not alter the value of the tensor. Carrying this

(n+m)

procedure between pairs of indices of the tensor C results in

(n+m) _ ~(m+n)
Cﬂl.../)’n -y Cal...am BBy

Thus,
AMB™). (n+m)- C("+m)

_ 4(m) () (n+m)
N Aal...am Bﬂl...ﬂn Cﬂl...ﬂn al...0y,

) (m) (n+m)
- Bﬂl...ﬂn Aoq...am Coq...am Bl--Pn

=BWAM . (n+m)-crt™
Finally, we note a trivial fact that will be useful in generating methods with lower

computational complexity.

Lemma A2.2 (Non-uniqueness). Let A(n) , B(m) and C(m) be full rank tensors. Then it follows

that if A B™ = €™ B™ | it implies that either (A —B™) L B o AM =™

where L, defines an n-fold orthogonality.

3. Homogeneous Polynomials
Consider a vector r € R® and a homogeneous polynomial f{r) of degree n. The following

lemma prescribes the relation between homogeneous polynomials and the polyadic r
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Lemma A2.3 A polynomial of nth degree is homogeneous if and only if it can be written as

£,y =AM p.p" (A3)

n) . th . ..
Where A( ) isann rank Cartesian tensor that is independent of r.

The proof for this lemma may be found in [75]. The following observations are also in order:

(1)

2)

€)

The polyadic r s totally symmetric. This implies that one can recast Lemma A2.3
as f,(r) :Ag;,)n -n-r" where the symmetric tensor Ag;,)n is related to the tensor

A" | This fact implies that a homogeneous polynomial can always be represented
in terms of symmetric tensors.
The above expression can also be interpreted as a projection of an nth rank tensor

along the vector r.

(n)

If the tensor A"~ is totally symmetric and the n-fold contraction with r vanishes,

(m)

ie, A .n.r" =0, then each component of A" vanishes. The proof for this

assertion can be found in [75].

Next, the Gradient and Euler’s theorems are as follows:

Theorem A2.4. If f, () is a homogeneous polynomial, i.e, Ja()= AW " , then

!
VEF )= — AW oyt for k<n (A4)

(n—k)!

Theorem A2.5.If £, (r) is a homogeneous polynomial of degree n >0, then
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Kkvif,m= f,(X)(k <n) (A5)

(n —k>'

In both these equations, and hereafter, the tensor operator V' =V ---V . The proofs for these

n

(n)

theorems can be found in [75]. Likewise, it can be shown that if A"~ is totally traceless, then
f,,(r) is a solid spherical harmonic of degree n. This fact will be used extensively to construct

operators with low computational complexity.

4. Detracer

As seen in the previous subsection, a homogeneous polynomial can be represented in terms
of a contraction of a polyadic with a traceless tensor. Obtaining a traceless tensor from a totally
symmetric tensor is tantamount to projecting out an nth rank irreducible tensor [89, 90]. In what
follows, we shall use the detracer operator that has been used for constructing Cartesian tensorial

forms of spherical harmonics [75]. Formally, the detracer operator is defined as D, , which,

. . (n) . .
when acting on a totally symmetric tensor A", results in a traceless totally symmetric tensor.
More specifically, this operation is defined as
(n) " ) (n: m)
D! Z( D" @n=2m =DM D, Suya Oz Ay (A6
T{a}
where the sum over 7T{a} is a sum over all permutations of &, *** &, , and n!! denotes the

double factorial of n. If A" is expressed in compressed form, the same equation can be

rewritten as
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DnA(n)(l’ll,l’lz,l’l:;) =
L”H Ln2J L”3J

Z Z Z )" 2n-2m- 1)”{ }{n }{n }A(":m)(nl—2m1,n2—2m2,n3—2m3)
m ms

m)=0my=0m3=0

(AGb)

n n!
where n=n;+ny+n3, m=mj;+my+m3, and { } =
m| 2"ml(n-2m)!

Note, that a traceless totally symmetric tensor of rank » has only 2rn+/ independent
components. Some interesting properties associated with the Detracer (and the proofs for the

theorems that follow) can be found in [85, 88] are as follows:

(n) (n)

Theorem A2.6 (Exchange theorem). [f A* “ and B~ are totally symmetric tensors, then

AW .p. DB =p AM .. B (A7)

Theorem A2.7 If A(n) is a traceless totally symmetric tensor, then

DAY =2n-HNAW (A8)

(n) (m)

Corollary A2.8 If A is a traceless totally symmetric

is a totally symmetric tensor and B

tensor then

AM L, gmM o1 5 A, g™

Qn-pN " (A9)

Proof:
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AM .. p B™ using Theorem A2.7

— ;D A .. B™  using Theorem A2.6

Qn-nn " (A10)
Corollary A2.9 If A(l), B(n) and C(m) are traceless and symmetric tensors
V(n,m):l=n+m} and AV =3¢, BC™} then
nm
RINDESY @Dt p,B™p, M
T (2n=D)N2m-D! (A11)

Proof. Use Theorem A2.7.

5. Maxwell Cartesian Tensors
An expression for solid harmonics in terms of the gradient of the position 7' was first
derived by Maxwell of an arbitrary set of n axis [76]. In the Cartesian coordinate frame, his

expressions reduce to
Vil = (=1 @D Maxwell equation (A12)

This relationship has been obtained by others [85, 86] as well.
It has been shown that the components of D,r" are solid harmonics of degree n. This

relationship can be used to compute V"7~ . It can be shown that the following expressions are

valid in component form:
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1 v 1
a"_v: v—1 6,—
r v r
1 1 v 1
6,8]7=V81F8];+F818];
1 1 1 1 1 1 1 1% 1
8i8j6kr—vzvai8j rv—_lak;‘l‘Vaj Faiﬁk;—kvairv—_lﬁjﬁk ;+F818J8k;

(A13)

From the above equation, 9; denotes a partial derivative with respect to the component i. It

is also evident that this function can be constructed in terms of the traceless tensors of the type
defined in Maxwell equation. Furthermore, while the tensor is totally symmetric, it is not
traceless. While this equation demonstrates the relationship between traceless Cartesian

harmonics, it is easier to use

ny AR n 1

r

oz m
L2JL2JL2J

(_l)n r—Zn—V Z Z Z (_l)erMf(V,n —-m _l)xn1—2m1yn2—2m22n3—2m3
m=0mp=0m3=0

(A14)

to construct the n-fold gradient, where n=n;+ny+tn3, m= mj+my+m3z, and

f (V,n) =vx(V+2)x(v+4)---x(v+2n). It can be readily shown that this definition reduces to
that obtained for v =1 [75].

Finally, consider a function f(r-r') where r and r’ are used to denote the location of the

observation and source points, respectively. An addition theorem for this function may be

obtained using Taylor’s expansion. In tensor form, this is stated as follows:
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f(r'r'):Z%'n-n-an(r) (A15)
n=0 :

Where |r| > |r'|
Proof

f(r-r")

=f(r)- Zrﬁ f(r)+ ZZ” 70 0 f () +++-

]OkO

=f(l‘)—(r'-V)f(r)+%(r'-V)2 f(r)+
=2 (—D”i,(r'-V)” f()
n=0 n:

=3 eV ()
=0 n.

This theorem gives rise to the following corollary.

Corollary A2.10 The function f(r-r') takes the form

> M®™.n.V"f(r) forr>r
n=0

fr-r)=1"
Z " n- ™ for r">r

(m)

where M and L"  are the multipole and local expansions.

This formula is the foundation of fast methods that will be proposed in the next section. As
an aside, it is interesting to note that an application of this theorem readily leads to an

equivalence between Cartesian harmonics and spherical harmonics.
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1
Let us consider the function f(r-r") :E , where R :|R| :|r-r'|. By using Theorem 2.10

and Maxwell equation (A11), one can readily arrive at

o] n
R_l — Z ( 1) ryn-n.vnr—l

N G
=» — """ n- D r"

'
n=0n'
o0 m
= Zi ! r'n n-D rn
n! N+l n
n=0 7" (A16)
o0 243
’/' Pas A
- n+an(l‘"l')
s

The above equation is immediately recognizable as being equivalent to an expansion in
terms of Legendre polynomials Pn(r'-r) , and provides the required equivalence between

traceless Cartesian tensors and Legendre polynomials (see references in [75] for more details). In

the next two sections, we will use some of these ideas to develop fast methods for potentials of

the form R™" .

6. Gegenbauer Expansions (Addition Theorem A2.11)

158



ohix+d

|x+d|

P
~ik Y. (~1) 21 +1)j;(kd)h) (k) B (d - %)
=0

P
=ik > (=1 21 +1) jy (k)" (kx)%& 1-D
=0 :

1

P -
zZ—( Y iray 1. ( 2 ]2 Lk oty L
- ! w(ikx) ) QI-D! 1+~ X

ok
- Taylor Expansion (A17)

P
:Z_(d)l.l.vl
=1 x|

159



REFERENCES

160



A A o

10.
1.

12.
13.
14.

15.

16.

17.

18.

19.

20.

21.
22.

REFERENCES

T. C. King, Y. K. Kuo, M. J. Skove, and S.J. Hwu, Phys. Rev. B, 2001. 63(045405).
T. C. King, Y. K. Kuo, and M. J. Skove, Physica A, 2002. 313: p. 427.

T. C. King and Y. K. Kuo, Phys. Rev. E, 2003. 68: p. 036116.

V. Levashov, M. F. Thorpe, and B. W. Southern, Phys. Rev. B, 2003. 67: p. 2241009.
J.R. Lee and S. Teitel, Phys. Rev. B, 1992. 46: p. 3247.

P. Gupta and S. Teitel, Phys. Rev. B, 1997. 55: p. 2756.

Ja. P. Selissky, Uporyadochenie atomov i ego vtiyanie nasvoistva splavov. RMS seriya
Mefdofzika ViD. 20. Str. 23.Naukova bumka, Kiev, 1968.

Gerard Toulouse, Theory of the frustration effect in spin glasses : 1. Communications on
Physics, 1977. 2.

J. Vannimenus and G. Toulouse, Theory of the frustration effect. Il. Ising spins on a
square lattice. J. Phys. C: Solid State Phys., 1977. 10.

G. H. Wannier, Antiferromagnetism. The Triangular Ising Net. Phys. Rev. 79, 1950. 79.

T. A. Kaplan, Classical Spin-Configuration Stability in the Presence of Competing
Exchange Forces. Phys. Rev., 1959. 116: p. 888-889.

A. Yoshimori, J. Phys. Soc. Japan, 1959. 14.
J. Villain, Phys. Chem. Solids, 1959. 11.

K. Binder, Phase Transitions and Critical Phenomena. C. Domb and M.S. Green, eds.
Vol. 5b (Academic Press, London), 1976.

Kurt Binder and Erik Luijten, Monte Carlo tests of renormalization-group predictions for
critical phenomena in Ising models. Physics Reports, 2001. 344(4-6).

Geoffrey D. Price, The Energetics of Polytypic Structures: a Computer Simulation of
Magnesium Silicate Spinelloids. Acta Cryst., 1985. B41: p. 231-239.

Walter Selke, THE ANNNI MODEL - THEORETICAL ANALYSIS AND
EXPERIMENTAL APPLICATION. PHYSICS REPORTS (Review Section of Physics
Letters) 170. No. 4, 1988: p. 213-264.

R. J. Elliott, Phenomenological discussion of magnetic ordering in the heavy rare-earth
metals. Phys. Rev. , 1961. 124.

Michael E. Fisher and Walter Selke, Infinitely many commensurate phases in a simple
Ising model. Phys. Rev. Lett., 1980. 44: p. 1502.

H. T. Diep, Stephen Blundell “Magnetism in Condensed Matter” (Oxford Maser Series
in Condensed Matter Physics). World Scientific, Singapore, 1994.

H. T. Diep, A. Ghazali, and P. Lallemand, J. Phys. C, 1985. 18: p. 5881.
H. T. Diep and H. Kawamura, Phys. Rev. B 40, 7019 1989.

161



23.

24.

25.
26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

C. Pinettes and H. T. Diep, Phase transition and phase diagram of the J1-J2 Heisenberg
model on a simple cubic lattice. J. of Appl. Phys., 1998. 83: p. 6617-6619.

P. Lallemand, H. T. Diep, A. Ghazali, and G. Toulouse, J. Phys. Lett., 1985. 46: p. L-
1087.

T. Oguchi, H. Nishimori, and Y. Taguchi, J. Phys. Soc. JPN., 1985. 54.
C. Pinettes and H. T. Diep, J. of Appl. Phys. 83, 6317, 1998.
S. Loo K. F. Hsu, F. Guo, W. Chen, J. S. Dyck, C. Uher, T. Hogan, E. K. Polychroniadis,

and M. G. Kanatzids, Cubic AgPb;,SbTe>+,,: Bulk Thermoelectric Materials with High
Figure of Merit. Science, 2004. 303.

Joseph R. Sootsman, Duck Young Chung, and Mercouri G. Kanatzidis, New and Old
Concepts in Thermoelectric Materials. Angew. Chem. Int. Ed, 2009. 48.

Keyur Desai Khang Hoang, And S. D. Mahanti Charge ordering and self-assembled
nanostructures in a fcc Coulomb lattice gas. Phys. Rev. B, 2005. 72.

H. Mtiller-Krumbhaar and K. Binder, Dynamic Properties of the Monte Carlo Method in
Statistical Mechanics. Journal of Statistical Physics, 1973. 8: p. 1.

N. Metropolis, A.W. Rosenbluth, M.N. Rosenbluth, A.H. Teller, and E. Teller, Equation
of State Calculations by Fast Computing Machines The Journal of Chemical Physics
21(6):1087-1092 (1953), 1953.

N. J. Dowrick J. J. Binney, A. J. Fisher, and M. E. J. Newman, The theory of critical
phenomena: An introduction to the renormalization group. International Journal of
Quantum Chemistry, Clarendon Press, Oxford 464 pp., 1993. 46.

Y.C. Xu and B.L. Hao H. Shi, Acta Physica Sinica. Acta Physica Sinica, 1978. 27.

Thomas L. Bell and Kenneth G. Wilson, Nonlinear renormalization groups. Phys. Rev. B,
1974. 10.

Donald E. Knuth, A7t of Computer Programming. Art of Computer Programming, 1979.
Vol. 2.

Adauto J. F. De Souza Jae-Kwon Kim, And D. P. Landau Numerical computation of
finite size scaling functions: An alternative approach to finite size scaling. Phys. Rev. E,
1996. 54.

P. Butera and M. Comi, N-vector spin models on the simple-cubic and the body-centered-
cubic lattices: A study of the critical behavior of the susceptibility and of the correlation
length by high-temperature series extended to order 21. Phys. Rev. B, 1997. 56.

Lars Onsager, Crystal Statistics. I. A Two-Dimensional Model with an Order-Disorder
Transition. Phys. Rev. B, 1944. 65.

D. Stauffer and R. Knecht, ISING KINETICS WITH HUNDRED GIGA-SITES
International Journal of Modern Physics C (IIMPC), 1996. 7: p. 893-897.

Rajan Gupta and Pablo Tamayo, CRITICAL EXPONENTS OF THE 3-D ISING MODEL.
International Journal of Modern Physics C (IIMPC), 1996. 7: p. 305-319.

162



41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.
58.

59.

60.

Jr. Abdulnour Y. Toukmaji and John A. Board, Ewald summation techniques in
perspective: a survey. Computer Physics Communications, 1996. 95(2-3): p. 73-92.

John W. Perram; Henrik G. Petersen, An algorithm for the simulation of condensed
matter which grows as the 3/2 power of the number of particles Molecular Physics, 1988.
Vol. 65, No. 4.

E. Madelung, Das elektrische Feld in Systemen von regelmdfsig angeordneten
Punktladungen. Phys. Zs. XIX, 524-533, 1918.

M. K. Phani and Joel L. Lebowitz, Monte Carlo studies of an fcc Ising antiferromagnet
with nearest- and next-nearest-neighbor interactions. Phys. Rev. B, 1980. 21.

Samuel M. Allen and John W. Cahn, Ground State Structures in Ordered Binary Alloys
with Second Neighbor Interactions. Acta Met., 1972. 20.

J. Slawny, Low-temperature expansion for lattice systems with many ground states.
Journal of Statistical Physics, 1979. 20.

M. Yussouff T. V. Ramakrishnan, First-principles order-parameter theory of freezing.
Phys. Rev. B, 1979. 19.

A. D.J. Haymet and D. W. Oxtoby, J. Chem. Phys., 1981. 74(2559).

D. W. Oxtoby and A. D. J. Haymet, J. Chem. Phys., 1982. 76: p. 6262.

P. Harrowell and D. W. Oxtoby, J. Chem. Phys., 1984. 80: p. 1639.

S. T. Langer, Theory of Nucleation Rates. Phys. Rev. Lett., 1968. 21: p. 973-976.

B. Shanker and H. Huang, Accelerated cartesian expansions—an O(N) method for
computing of non-oscillatory potentials. Technical Report MSU-ECE-Report-2006-06,
Michigan State University, 2006.

M.P. Allen and D.J. Tildesley, Computer Simulation of Liquids. Oxford University Press,
1987.

R.W. Hockney and J.W. Eastwood, Computer Simulation Using Particles. 10P
Publishing, Bristol, 1988.

P. Macneice, C. Mobarry, and K. Olson, Particle-mesh techniques on the maspar. Nasa
technical memorandum 104632, NASA, 1996.

H.M.P. Couchman, Mesh-refined p3m: a fast adaptive n-body algorithm. Astrophys. J.
Lett, 1991. 368: p. 28.

T. Schlick, Molecular Modeling and Simulation. Springer-Verlag, 2002.

G.H. Kho and W.H. Fink, Rapidly converging lattice sums for nanoelectronic
interactions. J. Comp. Chem., 2001. 23: p. 447-483.

A. Appel, An efficient program for many-body simulations. SIAM J. Sci. Comput., 1985.
6: p. 85-103.

J. Barnes and P. Hut, 4 hierarchical o(nlogn) force calculation algorithm. Nature, 1986.
324: p. 446-449.

163



61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

J.A. Board, W.J. Blamke, D.C. Gray, Z.S. Hukara, W. Elliott, and J. Leathrum, Scalable
implementations of multipole-accelerated algorithms for molecular dynamics. Scalable
High Performance Computing Conference, 1994: p. 97-94.

L. Greengard and V. Rokhlin, 4 fast algorithm for particle simulations. J. Comput. Phys.,
1987. 20: p. 63-71.

L. Greengard, The Rapid Evaluation of Potential Fields in Particle Systems. MIT Press,
Cambridge, MA, 1988.

L. Greengard and W. Gropp, 4 parallel version of the fast multipole method. Comput.
Math. Appl., 1990. 20: p. 63-71.

L. Greengard and V. Rokhlin, 4 new version of the fast multipole method for the laplace
equation in three dimensions. Acta Numer. 6: p. 229-269.

H. Cheng, L. Greengard, and V. Rokhlin, 4 fast adaptive multipole algorithm in three
dimensions. J. Comput. Phys., 1999. 155: p. 468-498.

W.D. Elliott and J.A. Board, Technical Report 94-005. Duke Univ Dept EECS.
<http://www.ee.duke.edu/research/SciComp/Papers/TR94-005.html>, 1994.

Z. Duan and R. Krasny, 4n adaptive treecode for computing nonbonded potential energy
in classical molecular systems. J. Comp. Chem., 2001: p. 184-195.

M. Fenley, W.K. Olson, K. Chua, and A.H. Boschitsch, Fast adaptive multipole method
for computation of electrostatic energy in simulations of polyelectrolyte dna. J. Comp.
Chem., 1996. 17: p. 976-991.

I. Chowdhury and V. Jandhyala, Single level multipole expansions and operators for
potentials of the form r_k. SIAM J. Sci. Comput., 2005. 26: p. 930-943.

I. Chowdhury and V. Jandhyala, Multilevel multipole and local operators for potentials
of the form * Appl. Math. Lett., 2005. 18: p. 1184-1189.

F. Zhao, An O(N) algorithm for three-dimensional n-body simulation. Master's thesis,
Massachusetts Institute of Technology, 1987.

P.B. Visscher and D.M. Apalkov, Charge based recursive fast multipole micromagnetics.
Physica B: Phys. Condens. Matter, 2004. 343: p. 184-188.

E.J. Weniger, Addition theorems as three-dimensional Taylor expansions. Int. J. Quant.
Chem., 2000. 76: p. 280-295.

J. Applequist, Traceless cartesian tensor forms for spherical harmonic functions: new

theorems and applications to electrostatics of dielectric media. J. Phys. A: Math. Gen.,
1989. 22: p. 4303-4330.

E.W. Hobson, The Theory of Spherical and Ellipsoidal Harmonics. Cambridge
University Press, 1931.

T.M. Macrobert, Spherical Harmonics. Dover, 1947.

164


http://www.ee.duke.edu/research/SciComp/Papers/TR94-005.html%3e�

78.

79.

80.

81.

82.

83.

84.

85.

86.
87.

88.
89.
90.

H. Huang and S. Balasubramaniam, Cartesian harmonics and fast computation of

potentials of the form »" North American Radio Science Symposium URSI -
CNC/USNC, Albuquerque, New Mexico 2006.

K. Srinivasan, H. Mahawar, and V. Sarin, A multipole based treecode using spherical

-k . . .
harmonics for potentials of the form r . in:Proceedings of the International Conference

on Computational Science, Lecture Notes in Computer Science, vol. 3514, Springer-
Verlag, Atlanta, Georgia, 2005, pp. 107-114., 2005.

I. Chowdhury and V. Jandhyala, Single level multipole expansions and operators for
-k .
potentials of the form r ~,. SIAM J. Sci. Comput, 2005. 26: p. 930-943.

H. Cheng, L. Greengard, and V. Rokhlin, 4 fast adaptive multipole algorithm in three
dimensions. J. Comput. Phys, 1999. 155: p. 468-498.

H. Huang and S. Balasubramaniam, Fast Evaluation of Fields from Sub-Wavelength
Structures in Frequency Domain Using Accelerated Cartesian Expansions. North
American Radio Science Symposium URSI - CNC/USNC, Ottawa, ON, Canada, 2007.

H. Huang and S. Balasubramaniam, Accelerated Cartesian Expansion based Method for
Rapidly Computing the Shielded Coulomb Potential. North American Radio Science
Symposium URSI - CNC/USNC, Ottawa, ON, Canada, 2007.

H. Huang, C. Lu, and S. Balasubramaniam, Maxwell Cartesian Harmonics and the Static
Fast Multipole Method. 1TEEE Antennas and Propagation Society International
Symposium, Albuquerque, New Mexico, 2006.

J. Applequist, Fundamental relationships in the theory of electric multipole methods and
multipole polarizabilities in static fields. Chem. Phys., 1984. 85: p. 279-289.

E. Buros and H. Bonadeo, Mol. Phys., 1981. 44: p. 1-15.

Alexander H. Boschitsch, Marcia O. Fenley, and Wilma K. Olson, 4 Fast Adaptive
Multipole Algorithm for Calculating Screened Coulomb (Yukawa) Interactions. Journal
of Computational Physics, 1999. 151: p. 212-241.

J. Applequist, Cartesian polytensors. J. Math. Phys., 1983. 24: p. 736-742.
R. Mcweeny, Symmetry, MacMillan. 1963.
C.G. Grey and K.E. Gubbins, Theory of Molecular Fluids. Clarendon Press, 1984.

165



	Cover
	Abstract
	Dedication
	2011-12-02
	(Fig. 1.2.2.2 One-dimensional classical Heisenberg model with competing interactions, (a) Helical ordering (b) Phase diagram for the model with a nearest-neighbor exchange J1 and a next-nearest-neighbor exchange J2 [20-22])
	         For any combination of J1 and J2, if the angle between the nearest neighboring spins is θ (leading to uniform distribution of frustration) as shown in Fig.1.2.2.2 (a), we simplify the Hamiltonian to 


