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Robert Bruce NMiller

ABSTRACT

The diffraction of light by an ultrasonic wave,
predicted by L. Brillouin (1) and discovered independ-
ently by Debye and Sears (2) and by Lucas and Biguard
(3), is an interesting phenomenon. The mathematical
difficulties arising in any attempt to formulate an
adequate theoretical explanation of the intensity dis-
tribution of the diffracted light has led to derivation
of several theories.

The simple theory of Raman and Nath (4, 5 & 6) is
outlined and the predicted region of useful application
given., The somewhat more involved and mathematically
rigorous theory of Mertens (7) is also outlined, and a
procedure suggested whereby it may be experimentally
checked. The rather detailed computations needed in
the application of the Mertens' correction terms are
carried out, The results of these are included in the
appendix,

The usual optical method for the detection of the
ultrasonic diffraction pattern is described, a2nd nethods
for using a microphotometer for actual intensity measure-
ments are outlined,

Results are presented for a frequency range of



2 - 7 Mc, and for sound field depths of % and 1 inch.
Distribution curves, relating the intensity of the
diffracted light to the sound field intensity, are
given. In the more interesting cases the first five
diffraction orders are shown. These curves are com-
pared to the theories of Raman and Nath and of lMertens.

Suggestions are made as to the regions of usefulness

of each.
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INTRODUCTION

In 1921 it was predicted by L. Brillouin (1) that
a light beam, upon passage through a transparent medium
in which a sound beam of sufficiently short wavelength
was present, would be diffracted. That this was the
case was demonstrated experimentally in 1932 by Debye
and Sears (2) in the United States and by Lucas and
Biquard (3) in France.

Of great interest, however, was the observation,
not of a single diffraction line as predicted, but of
multiple diffraction orders which obeyed the simple
grating formula,

nA=4d sine
where d becomes the wavelength of the ultrasonic wave.

This observed multiple diffraction was not in
agreement with the original theory of Brillouin (1).
He had by making use of the method of retarded poten-
tials predicted only zero and plus and minus first
orders. The intensities of which took on maximum
values for angles of incidence satisfying a relation
analogous with the formula established by Bragg for
the diffraction of X-rays by crystals.

A similiar result was obtained by P. Debye (4).

After the experimental investigation a more rig-
orous treatment of the problem was undertaken by L.

Brillouin (5), but mathematical difficulties restrict
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the application of this work to low ultrasonic energies.
Debye (6) suggested that the multiple orders might arise
from non-linear relationships between density and die-
lectric constant, or that the presence of harmonics
might produce the observed effect. ILucas and Biguard
(7, 8) pointed out the unlikelyhood of both proposals,
the first, due to the relatively small pressure ampli-
tudes involved, and the second due to the fact that a
piezoelectric crystal will resonsate only on odd har-
nonics, These latter men in the same work develop a
theory based on a mirage effect. This theory predicts
multiple Qrders the number and intensity of which in-
crease with the path length of the beam in the medium,
and the ultrasonic intensity. However, their work in-
dicates that the reletive intensity of the orders would
decrease monotonically with increasing order number,
That this was not always the case was shown experi-
mentally by R. Bar (9).

If we now define a parameter,

_ X
=A%

where A

the ratio of the maximum density change to
the average density of +The medium,

A = wavelength of the light.
A* = wavelength of the sound,.
it is possible to divide the theoretical treatments into

two rathexr broad divisions. First, the case where



3

J << 1, this cooresponds to high ultrasonic frequencies
and in general the theories here have been patterned
after the origiral work of Brillioun. We shall discuss
only briefly any theoretical treatment in this region,
For § ¥ 1 no satisfactory theory exists, except perhaps
that the work of Exterman and Wamier as extended by
Nath (10) is applicable for intensities where only zero
and plus and minus first orders appear. Our chief
interest lies in the region § > 1.

The first theory having any real success 1in des-
cribing the observed phenomena ford 1l was first pub-
lished in 1935-36 in a series of three papers by Raman
and Nath (11, 12, 13). Their work follows closely
the method of Lord Rayleigh in his treatment of the
diffraction of a plane wave incident normally on a
periodically corrugated surface. The three papers are
quite complete treating both progressive and standing
waves for cases both of normal and oblique incidence.
They not only give relative intensities of the dif-
fraction orders, but also describe the observed angular
dependance and the frequency varistion effects in the
several orders as observed by Rar (9). In two later
papers (14, 15) Raman and Nath give a somewhat more
general treatment. These start from a differential
equation, but the final results are the same as for the

gsimplier theory.
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Experimental confirmation of the above theory was
reported in 1936 by Sanders (16). His results show
good agreement between theory and experiment, and this
work is widely quoted and reproduced in many publica-
tions dealing with ultrasonic diffraction. While no
claim is made to the contrary, it should be pointed out
that the region chosen for this experimental work was in
the range best adapted to fit the theory, and that the
theory is not in general well suvited to explsin diffrac-
tion effects over the entire frequency range, the entire
range of sound intensities or of sound beam widths. An
exact theory must allow in some manner for the relation-
ship between these three variables.

Various authors have attempted to do this, most
notable among them have been Extermann and Wamier (193%6),
David (1937), Nath (1936, 1938), Van Cittert (1937),
and Mertens (1951). It is the efforts of the last of
these men that shall be the chief concern of this invest-
igatione.

In general all of the above mentioned theoretical
treatments have been directed at improving the approx-
imations of Raman and Nath made by assuming that terms
of the type nz/és could be neglected, where n is the
diffraction order and J is the parameter previously

defined. It is very difficult to treat this last term

theoretically because of the number of variables involved.
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Thus the success of a given theory and the region in
which it is applicable can best be determined by direct
experiment,

In this connection we note the validity limits of
the elementary Raman-Nath theory. These are pointed
out by Nath (10). It is shown that these conditions

are either,

Qv2<1
if we accept the assumptions of Lucas and Biquard, or;
#EvELL
according to the work of Extermann and Wamier. Where
A
¢ = A
/“a/‘w )_*‘L
and
U= &7T3u |

where the following notation is used,
7 = wavelength of the light.
X = Wavelength of the sound.
Mg = index ofﬁrefraction of the mediumn.
M= maximum variation iqyub.
L = thickness of the sound field,
It is now possible to calculate validity limits
for this theory if we assume a given maximum value for
v, We notice that the two conditions differ by a factor
of two and will produce this difference in the calcu-

lated limits. If one takes the most rigorous of the
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restrictions, those of Lucas and Biguard, and assunes

for the wavelength of light 5 X lO_Scm the following

results are obtained;

for
It is

the actual

maximum v = 83 upper limit = 1.8 HMc
maximum v o= 4 upper limit = 3.6 Mc
maximum v = 2 upper limit = 7.2 Mc

the purpose of this investigation to recheck

intensity of the diffraction pattern for

progressive waves over a wider range of frequency and

field depth than that reported by Sanders (16). Special

consideration will be given to the recent work of Mertens

{(17), voth as to the region in which it applies and to

the actuzal

and Nath,

improvement it may offer to the work of Raman
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THEORY

In this section we shall outline the theories
which shall be of interest in this discussion. Our pur-
pose in doing this is sgeveral fold; first, to review
the actual theoretical treatments and point out the as-
sunptions that have been made; second, to put the theo-
retical results in a form which may be related to the
experimentally measurable variables; and third, it is
necessary that we use a uniform nobatioan for bthe btheo-
retical. treatment, In this latter connection we shall
follow rather closely the original notation of Raman

and Nath, adapting it to cover the work of Mertens.

Theory of Raman and Nath,

This simple restricted theory bears a close analogy
to the theory of diffraction of a plane wave (optical
or acoustical) normally incident on a periodically cor-
rugated surface, as ziven by Lord Rayleigh (A§).

Figure I nay be used to iliushreabe bhe physical
set-up. Here P represents a point on a distant screen
vhere it i3 desired to find the intensity of the dif-
fracted light. The sound and the light are directed
normnal to each other along the x and y axis respectively.
A s indicates the difference in path length between the
two indicated paths to P, It is equal to x cos3©, L

is the distance the light travels through the sound



——>
Incident
light

— —

Dirgction
of sound

Figure I

field. p is the length of the sound field.

With no sound present a plane wave would pass
directly through the medium and emerge as a plane wave.
With the sound on it is assumed that the emergent wave
will have a corrugated front as indicated in the figure,
and that the phase change represented by this wavy front
is merely bthe path length L multiplied by the index of

refraction of the medium//L(x). Where

MAX) = My — e SIm M;f (1)

in which; Mo index of refraction of the medium
M
Q*

The following assumptions have been made, that

]

maximum variation 1EA40‘

]

wavelength of the sound wave,

there is, first, no deffection of the beam by the medium
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carrying the sound; second, no amplitude chuange in the
light wave; and third, the assumption is made that the
variation in)ALWill be sinosiodal in nature, this as-
sumption seems Lo be valid in many substances except
for relatively high sound energies.

The amplitude of the incident wave can be repre-
sented by the expression;

AeZ’/?‘i'\)t (2)

and that of the emergent wave by;

27 iNfE - ‘-/‘*("U

A C

(3)

where ~ = frequency ol the light
t = time
¢ = velocity of sound in bthe medium

Then the amplitude due to the corrugated wave at a point

on a distant screen will be given by,

4
R . Alx
j i e s s S5EL A x )
e

-
where 1 = cos @

)\ = wavelength of the light
The time dependance is dropped since the velocity of
light is much greater than the velocity of sound. The
sound field is assumed to be of uniform thickness and
intensity.
Bquation 4 is now broken into its real and imag-

inary parts and written in sine and cosine form. These
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can be expanded in a series of Bessel functions which
can be integrated. This reduces the imaginary part to

zero and the solution can be written in the following

series form;

00 A (e £+ B) % ' 2
= J M@JE —%‘P})I‘
F(A) Paz ~ ) (M,Q-}»m‘ﬁ)’?/& L (»«—(,,2 “‘M‘z) P/J. -/—

= vy .A4£+(M+J)"8J P{ £ - ?JF/
) ifmi o - A [ud (M +1)8 4

where; u = 2ﬂ71
b = 2ﬂ/hf
v = 2ﬂy¢h€a

and F(A) is the amplitude at a point on a distant screen.

Examination of this series shows that for any wvalue
of n only one term in the series will give any signifi-
cant contribution to F(A). This ia true when

ul = nb (6)

in which case the denominator reduces to zero, but for
all other terms the denominator is large compared to the
numerator and so we drop all terms but this single term.

~

If we use equation 6 and Figure I we see that

L=cos @ siny
combining with 6 gives
siny =n )/h* (7)

this is the grating equation, and gives the direction

of the light incident on the screen.
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To get the relative intensity of the nth to the
mth order we note that by using our approxinabion
the bracket in equation 5 becomes one for both n and
m. Thus the ratio of the intensities of any two com-
ponents is simply the ratio of the square of the ampli-
tude functions

IZ(WI/ILE) (8)

For experimental purposes the light for the zero
order is taken as one, so a plot of the square of the
nth Bessel function* for an arbitrary set of values for
v gives the distribution curve for the nth order. These
curves can then be fitted to the experimental curves

without actually measuring the quanity)/t.

The Theory of Mertens,

The development by Mertens is similiar to that in
the previous section, but embodies a more rigorous math-
ematical formulation and solution of the problem.

The sound and light again enter the medium at right
angles to one another, see Tigure II. The index of
refraction is assumed to vary in the same manner as
before snd 1is given DYy;

/AL(x,y,z,t) = g f/LSin.[27T0*t - (E-fj? (9)
where/;i(x,y,z,t) the refractive index is a linear
Tuncticn of the density, and the following notation

* gee appendix Table I for these values



12

¢~ T, -—>|
- (xy2)
light 1‘/
sound

Figure II

applies;
My = refractive index of undistrubed medium.
A = maximum variation oﬁ/ub.
~ * = frequency of the ultrasonic wave,

k = propagabtion vector.

Q¥ = wavelength of sound in the medium.
-y - .
© = position vector.

I = thickness of sound field.

The light waves entering the medium must satisfy

5 L 9H .
I. Curl E = -4 3 III. DivH = O
5 /M:LE) 5 (10)
—— / .
II. Curl H == =5 IV. Div «“E = 0

—
If H is eliminated in the usual manner, we get
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veE + 4 —g%:f.m («2E) + grad (div B)
div_(/ueﬁ) =0 (11)
a system of partial differential equations describing
the light diffraction. We assume that since V*< <
we may consideg/u.independent of t in the calculations

and reestablish the time dependence in the final results.

Then,

s ~>
%y,9,% E =
VR = & (é‘ya."’ ) :)T;"*' grad (div E)

R 12
div (/MZE) -0 (2)

now assume that the plane of the ultrasonic beam is

paréllel with the x~y plane. Egquation 9 becomes,

(X 8) =, + msin 27 (V6 - v/ ) (13D

and the second equation in 12 reduces to

L
3 ()
(9(7 =0 (14)
sincg/;tis not a function of x or z. Solving this for
-
the div E, gives;

>

L
ol O
div B = P 3 Eg (15)

which may be substituted in the first equation of 12
giving the expression;

LD )
2. S (x) IE _ L )
v 2E = AE{T) it grad</‘ B, 4 % E_y) (16)

Brillouin (7) shows that the last term may be neglected



leaving

&—%
2j? /41% Q_Jg

VB = T 9% (17)

: -
but since there is no variation of E in the z direction

this reduces to,

JE JE, - OYE
axi + Iy St ot (18)
Now taking
B = 2TV §(v.v,8)

and substituting in the above equation we get, after
terms containing a 1/c2 factor have been dropped,

od _ [0 28 _ o T
2 3%’“ e b SRS A AL e

Because of the periodicity of the sound wave

along the y axis we can write,
Ay + PR, 6) = a(7,8)
Ay, & +9*/q) = u(y,%)

where p and g are whole numbers.

Also since the sound and light waves are perpen-
dicular to each other displacements of pji* or V*/q are
without influence and,

$v +pA*, x,8) = P Gy,b)
Py x,t +V*/a) = P (x,7,%)

Thus Q): can be expanded in a double Fourier Series

2= MZ/ b D>
@ - Z Z Qmm()) &177,«_ 2#4;!7?44 »* ¢ (20)

—o0 —ad
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Making this substitnbion for ¢ gives

2]
&f&;; ->(§”_4 - @m+/): 4 (21)
where v = 27« L/
¢ = )2//40/4/\*2

For€>equal to zero the Bessel functions satisfy
the equation and this is Just the solution of Raman and
Nath. That is,

NCORIENC) (22)

Mertens, however, wribes his3 solution in the fol-

lowing form;

b ) - 3 6 +P_:Z,e"g, ap(¥) (23)

where g?np(v) is a function to be determined which must
satisfy the boundary conditions
JO(O) = 1
Jn(O) = 0 n£o0
V’np(o) =0
The desired function is found to consist of the sum
of two series. The intensity may taen be written as the

square of equation 23, and has the following form,

I (v) = 35 (v) + @2{[\;/111@)]2 NS NGOG INETS

where for small values ol G the following exnressions

give adaquate values for the last terms in equation 24.
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m+l =
yﬁﬁN}:/uiﬁ» z{{féizlfjf*”“ (2~+1)] Pl
. I

- -~
YoalV) = ;; ;j Z(-;’):I‘ww*(;sf_') (/M«~7Z£M+i(£m%f5«fa)(?6)
: - 34 (oa-1) 1 (g 1) ] 3

Thus the intensity distribution in the nth order
may be calculatel from equations 24, 25 and 26. The
problem prescnbted bthen reduces itself to checking the
conbribubtion of these series terms which is simply
added to original results of Raman and Nath.

The factor ° is the only term in the correction
expression involving experimental variables, Thus it
is possible to evaluate the series for arbitrary values
of v chosen as before and to find the correction term
for a given experimental situation by simply nultiply-
ing by Q 2, These series computations are tabultated
in the appendix., We must bear in mind that for the
correction to be of any value we must have f1< 1l.

Recalling that P is given by;
&>

A~

A
G_‘/‘{A/"‘)
and v by the expression,

SU T T

we see that the product (’v will eliminate the trouble-
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some factop/pc. When this product is formed we have

eV = amr LA
Ay 2

The terms on the right of this expression are all

(27)

experimentally measurable, and since the v's have been
arbitrarily chosen we can arrive at a cooresponding (°
for each v. This then allows us Lo compube the correct-
ion for each wvalue of v and plot a theoretical curve

which can be fitted as before,
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EXPERIMENTAL APPARATUS

The experimental arrangement consisted of the usual
optical set-up for the observation of the diffraction of
light by an ultrasonic wave in a liquid. It is illus-
trated in Figure III. The light source S was a 100 watt
General Electric type AH-4 mercury vapor lamp. It and
the condensor lens Ll were housed in a light tight box
so that excegsive scabtbtering of the light was prevented.
The condensor lens Ll focused the light on the slit 51, .
The latter was located at the focal point of lens Ly,
this gave parallel light through the tank. A filter F
was placed between Ll and Sll. This wags a Central
Scientific Wratten filter No. 87310 designed to pass
the mercury 5841 A line., Actually this filter was not
necessary since a similiar filter was used in the photo-
cell housing, it 4id, however, aid great;y in the op-
tical alignment of the apparatus.

The plane wave from L2 was then passed through the
tank T and was focused by means of L3 upon the second
slit Slg. This slit, ahead of the photocell, permitted
one to pick out and measure the intensity of each of the
several orders, The photocell was an RCA 931A and was
used in conjunction with a Photomultiplier NMicrophoto-
meter Type 10-210 manufactured by the American Instrument
Company. The readings from the microphotometer could

either be observed visually and point by point obser-
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vations made or it could be used in connection with a
Brown Recorder. Both methods were used, but point by
point readings were found somewhat more desirable, since
readings could be made directly in percent of light
trangmitted, and a constant check could be made that the
original light intensity or the sensitivity of the photo-
cell did not vary.

Ll was combination lens of approximately 8 cm focal
length. L2 had a focal length of about 12 cm, and for
L3 a lens of 100 cm focal length was chosen so as to
obtain greater seperation of the lines at the second
slit.

The tank T presented the most serious problem. The
difficulty was to get the light in and out of the tank
without excessive scattering by multiple reflections,
gnd also to prevent the egtablishment of standing waves
in the tank. The first difficulty was overcome by using
1% inch square plane parallel plates as windows on the
tank. One side of each window contained an anti-reflec-
tion coating designed to transmit the 5841 A mercury
green line. By using the coated side at the air-glass
surface reflections here were largely eliminated., At
the inner surface no problem was presented since glass
and xylene (xylene being the liquid used throughout the
experiment) have practically identical values for the

index of refraction.
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To prevent the establishment of standing waves, the
tank was constructed as shown in Figure IV. The main
body of the tank was 8 inches long, 2% inches wide and
3 inches deep. The wedge shaped tail used to absorb the
sound beam by multiple reflections was also approximately

8 inches long and attached at about 30° to the main tank.

Windows

e’

Figure IV

The wedge shaped tail was lined with cork as was the
back and several other portions of the tank, from which
waves might be reflected. Tests designed to show the
pregsence of standing waves indicated that they had been
eliminated by this construction.

The sound was produced by quartz crystals of various
frequencies and of several sizes, so as to observe both
effects of variation in L and frequency, where L is the
depth of the sound field. The R.F. source used to drive
the quartz was an oscillator designed and constructed in

the laboratory. It could be made to cover the frequency
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range from 1-15 Mc. The final amplifier consisted of
two 807 tubes connected in parallel. Maximum power
output was about 100 wattsg.

The apparatus requirements were completed by the
use of a surplus U.S. Army Singal Corps Frequency Meter
Type BC-221-C manufactured by the Bendix Company, and
of a General Radio Vacuum Tube Voltmeter Type 1800A

for measurement of the R.F. voltage on the crystals.

Experimental Procedure.

In actually taking data the following method was
found to give the best results, and the following pre-
cautions were observed.

The source slit was adjusted to ten microns. The
lens L2 was adjusted by means of a telescope. The latter
was focused for parallel light, thus a sharp image in
the field of the telescope indicated that we had parallel
light coming through th¢ sound field. Lens L5 was then
adjusted to focus the image on the glit 812.

With the sound present the image was again viewed
by means of the telescope, and a visual adjustment made
to line the sound beam and the light beam normal to one
another. This was done by observing when the nunber of
orders on either sider of the zero order were egual in
number and intensity. A final check on the intensity

synmetry was made by means of the photocell. It should
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be noted that an absolute intensity symmetry about the
zero order can only be approximated. This same obser-
vation was made by Sanders (16), and is probably due

to the decrease in amplitude of the sound wave both from
absorption and dispersion as it leaves the transducer.

After these adjustments had been made one was ready
to nmake observations. It was often found necessary to
allow both the microphotometer and the light source to
"warm~up" for approximately an hour or one would observe
a drift in intensity readings toward higher and higher
values.

Other precautions included the following; it was
found that unless all equiptment was properly grounded
the microphotoneber was affected by the R.F. source.
Another source of error in the earlier work resulted
when light slipped by in the fringe of the sound field.
This was corrected by blocking oull « part of Tthe exit
window, so that the vertical depth of the sound field
was greater than the window. It was also found necessary
that 2 stirrer be in conghaat operation in the tank to
prevent loczal heating effects, and resultant disturb-
ances in Sne light intensity. After these rather simple
precautions had been taken, and after the coated windows
had been mounbed on bthe tank as discussed in the pre-
vious section, it was found taat the intensity distri-

bution curves could be readily duplicated.
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In actually taking data, the zero order was checked
first. The-microphotometer was adjusted to read 100%
transmission for no sound present, and then adjusted to
read zero when the light was blocked out. Both of these
adjustments were checked repeatly during the run and if
appreciable drift was observed in either the run was
started over.

The sound field intensity was then varied over a
sufficient range of voltage so as to coorespond Lo 4
maximum intensity at least as great as 6v. Thus the
curves could be plotted out to values of ov,

Simultaneous readings were made for both voltage
across the crystal and precent trsnsmission, The crystal
current was allowed to flow only long enough to make the
necessary readings and adjustments and a short btime lapse
allowed between each reading. This together with the
use of a blower on the tank and a stirrer in the tank
prevented excessive heating. It was found that by this
means temperature changes in the liquid could be kept
to wvaiues of lass than one degree centigrade.

Similiar runs were made on the plus and minus
orders out to the plus and minus 4th order, using the
same voltage steps. Temperature and frequency readings

were made during each run.
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PRESENTATION OF DATA

The information obtained in the manner described
in the previous section was then plotted, percent in-
tensity against veltage, and this curve fitted to a
theoretical curve which was plotted percent intensity
against v. The necessity of treating the curves in
this manner was due to the inability to measure the
variable/ALas described in the section on theory.

The curves were actually fitted by assuming that
several of the minimum points were correct on both
curves. Two such points were present on the zero order
curve and several others on the higher order curves.

In this manner a multiplying factor was obtained which
made 1t possible to convert the voltage readings plot-
ted along the x axis into their cooresponding v values.

The curves shown on the graphs included in this
section were obtained in the manner described above.

In each case the theoretical Ramen~Nath curve is showen
together with the experimental curve. Also, in cases
where the Mertens' correction proves applicable, and

of sufficient order of magnitude so as to distinguish
it from the Raman-Nath curve, it is plotted to the same
scale and for the same values of v.

The curves are shown for several freqgquencies and
for two different values for the thickness of the sound

field.
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They are grouped in the following manner. We first
show three frequencies of approximately 3, 4 and 5 Mc
for the % inch square gquartz. Then five frequencies
of approximately 2, 3, 4, 5, and 7 Mc for the one inch
square quartz. In all cases the zero order distribution
curvé is showen. Higher order curves are reproduced
only for the 3 and 5 Mc cases for the % inch quartz and
for the 3 and 4 Mc cases for the one inch square quartz.

These are sufficient to show the agreement with
the Raman-Nath theory, and the region in which the
Mertens' correction is of value.

In all cases the exact frequency, quartz size, and
the QV'product is.indicated on the curve. This latter
product enables one, by using it in connection with
the correction multipliers listed in Table VI of the
appendix, to see how the correction behaves in cases
where it has not been plotted.

In calculating the eV values the following con-

stants were used;

Velocity sound (Xylene 20° ©) 1340 m/sec
Velocity temperature correction 4 m/sec °C
Index of refraction (Xylene) 1.505

Wavelight light 5.461 X 1077 cm

Field thickness gquartz width
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ANALYSIS OF DATA

Raman-Nath Theory,

We can point out here that the simple Raman-Nath
theory gives good results in the regions predicted. We
note in the final curves that as the frequencies become
higher and higher the fit becomes poorer and poorer for
the high values of v. At 7 Mc the agreement becomes
very poor for values of v greater than two. This is
- in accord with the prediction of Nath (10) as discussed

in our introduction.

Mertens' Correction (zeroth order);

As indicated previously our chief interest is with
the application of the work of Mertens rather than that
of Raman and Nath., As noted in the theory this correc-~
tion is limited to values of C>smaller than one, This
is also the condition on the Raman-Nath work but in this
latter case the restriction seems to be less severe than
in the former.

For the case of the zero order our results indicate
the following; First, the correction is not useful for
values of v less than twe. This is to be expected,
since v itself is a function Of/pb as is(’, and since
low values o{/u.give low values of v but high wvalues
of (3 the condition that Q be less than one is less

applicable in this region.
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For values of v greater than two and for frequencies
below 4 Mc the Mertens' correction offers some improve-
ment to the original work of Raman and Nath.‘ At or
below 2 Nc the order of magnitude of the correction is
so small as to be of little use. Above 4 Mc the correc-
tion tends to become an over correction for the lower
values of v and pushes the region of usefulness toward
higher and higher values for v. However, the usefulness
of the correction for values of v above six is extremely
limited, dAue first to mathematical difficulties encount-
ered in calculating the correction terms, and also due
to the fact that the original Raman-Nath theory becomes

less applicable in this region.

Mertens' Correction (Higher Orders),

For orders above the zero order the hertens' correc-
tion terms beconre less useful. At low frequencies and
low values of v the terms are mathematically to small
to be of much significance. At higher frequencies they
give some correction for the low v range, but for the
higher v values the correction tends to take on the
wrong sign. Concerning this sign change the following
observation may be made on the curves in general.

For high values of v there is a tendency for the
intensity values of all orders to be lower than those

predicted by the theories. It was noted during the
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experimental work, that the higher orders appeared with
sufficient intensity to be observed at a faster rate

than one would expect from the Bessel function relation-—

ship usged in the theories.
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OTHER RECENT THEORETICAL WORK

The other theoretical papers that ceme to our atten-
tion during the course of this work were directed at a
frequency region above that in which our equipment was
designed to operate,

We shduld, however, mention several, among them is
a paper by Mertens (18). This work is an extension of
that by Nath (10), and points out that for values of
much greater than one the first order intensities should

be given by,

I, = ”’/Qa sin® (3/4 (v)

for progressive waves, and by;
¢
I, = %%2 sin 2 4;(v)

for standing waves, where in both cases the sound inten-
3ity must be low enough so that we may assume that
orders higher than the first are not present.

It would seem that the 1 to 2 ratio predicted here
might be easy to check experimentally, and we looked
for this result at a frequency of 15 lic.,. While it is
true that f) is certainly greater than one at 15 Mc the
requirenment that (5 be much greater than one may not
vet be too well satisfied.

Our efforts to check these results were carried
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out in the Iollowing manner; a reflector was placed in
the tank and the quartz and reflector were adjusted to
give the maximum effect for s standing wave pattern.

The microphotometcr was set to read the intensity of the
first order diffraction line. Starting from a zero
current reading the current was increased in very small
steps until a previously determined value; at which

the second order line was known to appear, was reached.
For each current reading a microphotometer reading of
the light inbtensity was also made,

The reflector was now carefully removed and a
similiar set of readings made for progressive waves,
The results obtained were plotted current vs light
intensity and the results are shown on the accompanying

graphs.
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While the results shown here have only order of
magnitude agrezment, it should be pointed out that the
light intensity in this region is so smsll that it was
necessary to operate the microphotometer on = more
sensitive scale than was the case for the previous
work. This had the effect of greatly increasing the
noise to signal ratio, and it is felt that we were
overreaching the operational limits of owr equipment.

Thus it is felt that in general the results do
indicate that the predicted 1 to 2 ratio is probably
correct, especially when one also recalls that we
were forced to work azar the limibt of the region in
which one might expect to find agreement.

Other recent theorebical woriks included two obthsr
papers by Mertens (19, 20) and two by Bhatia and Noble
(21, 22). In both cases the intensity distribution
due to botii progrzasiye and standing waves i3 treated,
and from quite different mathematical approaches. But
again, due to our limited frequency range it is not
possible to compare our results to the predictions of

these papers.
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SUMMARY AND CONCLUSLONS

The limits on the usefulness of the Raman-Nath

theory are in agreement with the table shown in the
introduction,.

The usefulness of the lMertens' correction term is,
however, somewhat more limited. TRegarding frequency
there 18 no lower linmit, but at frequencies below two
lic the magnitude of the correction is so small as to
be of doubtfal value., The size of the correction in-
creases rapidly with increasing frequency and tends to
become an over correction at 3.5 - 4 Mc depending upon
the value of L. Judzing from our experimental results
an arpitrary upper limit night be a.(?v product of 0.4.
In this product v can take on values that follow very
closely the Raman-Neath limits. In the frequency range
mentioned the best results are obtained for values of
ranging between 2 as a lower limit up to 5 or 6 as the
upper limit., Outside of this rather limited region
the much simpl¥er and more easily applied Raman-Nath
theory gives just as acceptable results.

Concerning our equipment we might state That the
stability of the light source and the sensitiveness
of bthe microphotometer are still well within btheir
ugeful limits as far as measurements of this Xind are

concerned., The limiting factor was the scattered light
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in the tank and in the medium. For further extensions
of this study this source of error must in zome manner
be reduced. At present there is now in the testing
stage in the laboratory a modulsted R.F. source, by
wnich it is hoped to decrease the light scattering
problen. A fregquency sensitive debector tuned to the

modulation frequency of the source willl be used.



50

APPENDIX

In constructing the curves presented in this thesis
it was necessary to carry out rather extensive mathematical
computations. With the view in mind of preserving these,
since they would be of some assistance to anyone inter-
ested in the intensity distribution of a diffraction pat-
tern in the 1 ~ 10 Mc range, the following tables have

been constructed.

TABLE I
Squared Bessel Functions

In this table are reproduced the square of the Bessel
functions of order O - 4 with arguments (representing in
our work the value of v) chosen in steps of one quarter.
These squared Bessel functions represent, according to
the simple Raman-Nath theory, the relative intensity of
the light in the various orders when the diffraction is
produced by progressive waves (see equation 8). They
would also be of value in the consideration of standing
waves as treated by Raman and Nath. It will also be

noted that they are needed in the more detailed work of

Mertens (see equation 24).



0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
2.25
2.50
2.75
3.00
3.25
3.50
3.75
4,00
4.25
4,50
4.75
5.00
5.25
5.50
5.75
6.00

Jg(VD
. 9390
. 8808
L7468
. 5855
L4172
.2619
.13562
.0501
. 0069
.0023
.0269
. 0677
.1108
c1445
.1611
1577
1365
.1027
.0651
.0315
.0087
. 0000
.0058
.0227

3% (v)
.0154
. 0587
«1219
. 19357
. 2607
.3113
«3366
«3326
« 5007
« 2471
1815
.1150
.0581
.0189
.0011

.0242
0534
. 0836
«1075
«1190
.1166
.1011
. 0766
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TABLE I

J§CV)
.0009
. 0045
.0132
.0293
.0539
.0864
+1245
.1638
«1990
.2245
.2363
« 2315
.2103
«1756
.1326
.0876
L0474
.0178
.0022
.0015
.0138
.0349
.0590

J%(V)

. 0004
L0014
.0037
. 0084
. 0166
.0293
. 0469
. 0694
. 0955
.1232
. 1496
.1712
.1851
.1884
. 1804
.1612
1351
0997
. 0656
0354
.0132

.0001
« 0004
.0012
. 0027
0054
.0101
- O174
.0279
L0418
.0590
.0790
« 1004
1214
.1397
.1530
« 1594
<1574
. 1466
.1279
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TABLE II

In the correction of Mertens, equation 24, it is
necessary to sum two series, The first of these Vo
Cis given by the expression'

: MH ~™
‘ - ( /) [JLM\. +m(&,m.+/)] fagpe
Wm(“).— (D,a_’“ z ozélm+l oy (,m_‘,.m),l dd

In this series each success:.ve higher order of m must

be multiplied by a different power of v. We reproduce

here the multipliers for the zeroth and the first orders.

" (nog_ho) (nl'z'gl)

0 0 2.41935 X 10”t v°
1 -2.50000 X 107t 2 -5.,04032 X 1072 v
2 3.12500 X 1072 v° 2.94019 X 10™2 +°
3 ~1.30208 X 102 v/ -7.87550 X 1072 v°
4 2,71267 X 102 v° 1,20320 X 10~° 10
5 -3.39084 X 10~/ v'1 ~1.18497 X 10~8 v12
6 2.82570 X 1072 v13 7.59597 X 10~ tiyl#
v ~1.68197 X 107 11y12 ~3.84432 X 10 Hy16
8 7.50878 X 10 1417 -
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TABLE III

Here we are concerned with the second of the two

series y7n2 in the correction expression. Where

Vor e = 2202 S ) st sl 2 49 2
“ A N 4™ (=)l (n+m=1) ]

R

This differs from the previous one in that the multiply-

ing factor involves only a single power of v for each n.
We reproduce below the multipliers for orders zero and
one., Note that for the zero order the summation sbtarts

for m = 2.

" (a 220 =2 1)
1 - ~0.03654
2 0.31250 0.,01713
3 -0,08593 ~0.00147
4 0.00553 0.00005
5 ~0.00015 -

2

sum 0.23195 X v -0.02083 X v°
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0.50
0.75
1.00
1.25
1.50
1.75
2,00
2.25
2.50
2.75
5.00
3.25
5.50
5.75
4.00
4,25
4,50
4.75
5.00
5.25
5.50
5.75
6.00

v2

0.0625
0.2500
0.5625
1.0000
1.5625
2.2500
3.0625
4,0000
5.0625
6.2500
75625
9,.0000
10.5625
12.2500
14,0625
16.0000
18,0625
20.2500
22.5625
25,0000
27.5625
30.2500
3%.0625
26.0000

TABLE IV
Even Powers of v
vt v©
0.0039 0.0002
0.0625 0.0156
0.3164 0.1780
1.0000 1.0000
2.4414 3.8147
5.0625 11.3906
9.3789 28,7229
16.0000 64,0000
25,6289 129,746
39.0625  244.141
57.1914 432,510
81.0000 729,000
111.566  1178.42
150.062  1838.27
197.754  2780.91
256,000  4096.00
326.254 5892.96
410,062 8303.77
509.066  11485.8
625,000 15625.0
759,691  20938.9
915,062  27682.9
1093.13 36141.6
1296.00 46656.0

S4

v8

0.003%9
0.1001
1.0000
5.9604
25,6289
87.9638
256,000
656,840
1525.87
3270,85
6561.00
12447.1
22518,8
59106.6
65536.0
106,441
168,151
259,149
390,625
577,121
837,339
1194931
1679616

le

0.0012
0.0563
1.0000
9.3132
57 .6649
269,676
1024.00
3325.25
9536.74
24735.8
58049.0
131,472
275,855
549,936
1048576
1922601
3405063
5847040
9765625
15907174
25331610
39507399
60466176
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PABLE IV (cont.)

v12

0.0002
0.0317
1.0000
14.5519
129,746
825.005
4096.00
16834.1
59604 .6
187,065
531,441
1388673
3379220
7733480
16777200
34726900
68952500
131924000
244140 X 107
438441 X 10°
766345 X 10°
130621 X 107
217678 X 104

vl4

0.0178
1.0000
22,7373
291.928
2526,57
16384.0
85226.3
372,529
1414679
4782970
14667800
41395500
95250200
268435000
627256000
1396290000
2976530000
610352 X 107
120834 X 10°
231819 X 107
431867 X 10°
783642 X 107

v16

0.0100
1.0000
35.5270
656.838
7737.62
655%6,0
431,458
2328306
10698510
43046800
154929000
507094000
1339456000
4294970000
11329800000
28274800000
67158000000
152588 X 10
333050 X 10
701253 X 10

S}
.
6

142786 X 107
282111 X 107
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TABLE V
0dd Powers of v
v 3 5 v7 e o1l

0.25 0.0156 0.0009 - -~ -

0.50 0.1250 0.0312 0.0078 0.0019 0.0004
0.75 0.4219 0.2373 0.1335 0.0751 0.0422
1.00 1.0000 1.0000 1.0000 1.0000 1.0000
1.25 1.9531 3.0517 4,7683 7.4505  11.6414
1.50 3.3750 7.5937 17.0858 38,4430 86.4967
1.75 5.3594 16,4132 50.2654 153,938 471,435
2.00 8.0000 32,0000 128,000 512,000 2048.00
2.25 11.3906 57.6649 291,929 1477.89  7481.8l
2,50 15.6250 97.6562 610,351 3814.69 23841.8
2.75 20,7968 157.276 1189.39 8994.76 68022.8
3,00 37,0000 243,000 2187.00 19683.0 177,147
3.25 34.3281 362.591 3829.87  40453.1 427,286
3.50 42.8750 525.219 6433.93 78815.6 965,491
3.75  52.7344 241,577  10428.4 146,649 2062250
4,00 64.0000 1024.,00 16384.0 262,144 4194300
4,25 76,7656 1386.58  25045,1 452,377 8171060
4,50 91,1250 1845.28 37366.9 756,680 15322800
4,75 107.172  2418.07  34557.7 1230960 27775500
5,00 125,000 3125,00 78125.0 1953120 48828100
5.25 144,703 3988.37 109,929 3029920 83512200
5.50 166.375 5032,84 152,243 4605350 139512000
5,75 190.109 6285.49 207,814 6870850 227167000
6.00 216.000 7776.00 279,936 10077700 362797000



0,25
0.50
0.75
1.00
1.25
1.50
1.75
2,00
2.25
2.50
2.75
3.00
3.25
3.50
3.75
4.00

4.50
4.75
5.00
5.25
5.50
5.75
6.00

13

v
0.0001
0.0249
1.0000

18.1899

194,618

1443,77

8192.00

37876.7

149;011

514,422
1594320
4513210
11827300
29000400
67108800
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1

TABLE V (cont,)

vi2

0.0140
1.0000
28,4217
437,890
4421,55
32768,0
191,751
931,319
3390300
14348900
49670800
44884000

407818000

1075740000

Vl7

0.0079
1.0000
44,4089
985,252
13541.0
131,072
970,739
5870740
29423900
129140000
524648000
1774830000
5734940000
17179800000

147590
310287
626640
122070
230180
421419
751071
130607

X

LA T B A S

-

10°
107
10”2
10t
107
10t
10%

102

266584
628331
141386
305175
e34454
127479
248323
470185

X

LT B S R N T o

10%

10%
10°
10°
10°
10°
10°
10°

481517
127237
519002
762937
174866
285624
821013
169267

X
X

NooRooX

LT o T o

10°

10°

10°

10°

107
107
107

108
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TABLE VI
Here we reproduce the actual correction multipliers,

or the term inside the bracket in the equation below

equation 23,

I = ) + Q"{[VJM,M)]‘+ AT ) Yo, (~1}

This term when multiplied by Gz gives the correction term
that we want. Cis a function of A Z*t/“o’ and ..and must

be obtained for each individual case.

v Oth order 1st order
0.25 0.0285 0.0001
0.50 0.1097 0.0020
0.75 0.2352 0.0085
1.00 0.4033 0.0195
1.25 0.6271 0.0289
1.50 0.9280 0.0245
1.75 1.3132 -0.0098
2.00 1.7460 -0.0831
2.25 2.1209 -0.1892
2.50 2.2724 ~-0.3006
2.75 2.0184 ~0.3691
3.00 l.2421 -0.3359
3.25 -0.0090 -0.1508
3.50 -1.4516 0.2082
3.75 ~2.5634 0.7220
4,00 -2.6676 1.2843
4,25 -1.9743 1.8941
4,50 2.4669 2.3481
4.75 7.9875 2.5989
5.00 14,7458 2.6323%
5.25 21.5323 2.6404
5.50 26.8667 2.42053
5.75 27.1508 2.6362

6.00

28,7801

3.6764



9.
lo.
11.

12.

15.

14, .

150

16.
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