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A B S T R A C T

To s tu d y  th e  c o m p a c t i o n  p r o b l e m ,  the  r e s u l t i n g  c h a n g e  in  s o i l  

c o m p a c t i o n  at e a c h  point c a u s e d  by an  a p p l i e d  lo ad  n e e d s  to b e  d e t e r ­

m in e d ,  T h i s  c a n  b e  a c c o m p l i s h e d  if a s u i t a b l e  m a t h e m a t i c a l  m o d e l  of 

s o i l  is a v a i l a b l e ,  s u c h  as  the  T h e o r y  of E l a s t i c i t y  is  f o r  m e l a l s .  

U n f o r t u n a t e l y ,  s u c h  a m ode]  fo r  s o i l s  d o es  not ex i s t  at th i s  t im e .

T h e  d e v e l o p m e n t  of a s u i t a b l e  s o i l  m e c h a n i c s  r e q u i r e s  

s p e c i f y i n g  th e  f o r c e s  a c l in g  on a s m a l l  v o l u m e  e l e m e n t  of th e  s o i l  and 

s p e c i f y i n g  th e  d e f o r m a t i o n  of th e  v o l u m e  e l e m e n t  r e s u l t i n g  f r o m  the  

a p p l i e d  f o r c e s .  T h e  m e c h a n i c s  of Ihe c o n l in u u m  p r e s e n t s  a r i g o r o u s  

m a t h e m a t i c a l  m e t h o d  f o r  s p e c i fy in g  bolh the  f o r c e s  and the  d e f o r m a t i o n :  

t h e  f i r s t  r e s u l l s  in a s t r e s s  t e n s o r  and  th e  s e c o n d  in a s t r a i n  l e n s o r  . 

T h e  d e s i r e d  m e c h a n i c s  w ould  r e s u l t  if t h e  r e l a t i o n s h i p  b e t w e e n  Ihe two 

t e n s o r s  co u ld  be  d e t e r m i n e d .  B e c a u s e  of the  c o m p l e x i t y  of th e  so i l ,  

t h e  d e t e r m i n a t i o n  of th e  above  r e l a t i o n s h i p  d o es  not s e e m  f e a s i b l e  at 

t h e  p re se n t ,  t im e .

A s i m p l i f i c a t i o n  of th e  p r o b le m  i s  p o s s i b l e  by i g n o r i n g  the  

s h e a r i n g  d e f o r m a t i o n s  and r i g i d  b o d y  r o ta t i o n .  T h e  v o l u m e  c h a n g e  o r  

v o l u m e  s t r a i n  c a n  be  e x p r e s s e d  as  a c h a n g e  in b u lk  d e n s i t y  of the  

v o l u m e  e l e m e n l  in d e p e n d e n t  of the  s h e a r i n g  and r o t a t i o n .  A s t r e s s -  

c o m p a c t i o n  r e l a t i o n s h i p  f o r  s o i l s  c a n  thus  be  d e v e l o p e d  by r e l a t i n g  

th e  s t r e s s  t e n s o r  to bu lk  d e n s i ty .  T h e o r e t i c a l  c o n s i d e r a t i o n s  s u g g e s t  

tha t  the  m e a n  n o r m a l  s t r e s s ,  an i n v a r i a n l  of the s t r e s s  t e n s o r ,  c o n t r o l s  

v o l u m e  c h a n g e .  An e x p e r i m e n t  w as  d e s i g n e d  to t e s t  th i s  h y p o t h e s i s  by



i i i

m e a s u r i n g  th e  s l r e s s  l e n s o r  and  the  b u lk  d e n s i t y  ‘a t  the  s a m e  p o i n t ’ 

in  th e  s o i l  w h i l e  the  s o i l  w a s  s u b j e c t e d  to s t a t i c  lo a d s  of v a r i o u s  

m a g n i t u d e s ,  A l a b o r a t o r y  m e t h o d  f o r  t e s t i n g  the  h y p o t h e s i s  u s in g  

t r i a x i a l  a p p a r a t u s  w a s  a l s o  d e v e lo p e d  w h ich  p e r m i t s  l a b o r a t o r y  c o n t r o l  

of th e  s o i l  and  a p p l i e d  l o a d s .

B e c a u s e  of i t s  s u i t a b l e  fac i l i t i e s , ,  th e  N a t io n a l  T i l l a g e  M a c h i n e r y  

L a b o r a t o r y ,  Auburn.,  A l a b a m a ,  w as  c h o s e n  f o r  the  t e s t i n g  p r o g r a m .

T h r e e  d i f f e r e n t  s o i l  t y p e s  - -  s a n d y  l o a m ,  s i l t y  c l a y  l o a m ,  c l a y -  - w e r e  

t e s t e d .  L i m i t e d  t i m e  al t h e  L a b o r a t o r y  p e r m i t t e d  only  p r e l i m i n a r y  

s t u d i e s  w i th  the  t r i a x i a l  a p p a r a t u s .

T h e  t i m e - c o n s u m i n g  c a l c u l a t i o n s  of e v a l u a t i n g  i n v a r i a n t s  of the  

s t r e s s  t e n s o r  b e s i d e s  t h e  m e a n  n o r m a l  s t r e s s  w e r e  r e d u c e d  by  u s in g  

M IST IC ,  an e l e c t r o n i c  d ig i t a l  c o m p u t e r  at M ic h ig a n  S ta t e  U n i v e r s i t y .  

B e c a u s e  of l a r g e  v a r i a t i o n s  in the  d a t a  and  s m a l l  d i f f e r e n c e  in s l r e s s

s t a t e s  obtained , a s im p le ,  rap id , g ra p h ica l  m ethod of e s t im a t in g  the 

s t a n d a r d  e r r o r  w as  u s e d .  T h e  d a t a  i n d i c a t e d  tha t  of f o u r  i n v a r i a n t s  of th e  

s t r e s s  t e n s o r  i n v e s t i g a t e d ,  the  m e a n  n o r m a l  s t r e s s  w as  th e  b e s t  

i n v a r i a n t . t o  r e l a t e  to b u lk  d e n s i ty .  H o w e v e r ,  il cou ld  not b e  c o n c lu d e d  

that  o t h e r  i n v a r i a n t s  of  ih e  s t r e s s  t e n s o r  w e r e  not r e l a t e d  to b u lk  

d e n s i t y .  T h i s  s u p p o r t s  th e  h y p o t h e s i s  that m e a n  n o r m a l  s t r e s s  is 

r e l a t e d  to bu lk  d e n s i t y ,  but d o e s  not p r o v e  it.

O l h e r  c o n c l u s i o n s  f r o m  Ihe  d a t a  w e r e  as  fo l lows:  a) t r i a x i a l

a p p a r a t u s  c a n  be  u s e d  to s tu d y  s t r e s s - b u l k  d e n s i t y  r e l a t i o n s h i p s  in



t i l l a b l e  s o i l s ;  t r i a x i a l  d a t a  in the  s a n d y  lo a m  s o i l  a g r e e d  wi th  f i e ld  

d a t a  of the  s a m e  so i l :  the  a g r e e m e n t  v e r i f i e s  both  m e t h o d s  of t e s t in g ;  

b) th e  d i s t r i b u t i o n  of m e a n  n o r m a l  s t r e s s  a p p e a r s  to be in d e p e n d e n t  

of s o i l  ty p e  and  d e t e r m i n e d  only  by th e  g e o m e t r y  of load ing ;  r )  th e  

m e a n  n o r m a l  s t r e s s - b u l k  d e n s i t y  r e l a t i o n s h i p  a p p e a r s  to be  e x p o n e n t i a l  

f o r  a l l  s o i l s  s tu d ied ;  d) s t r e s s  d i s t r i b u t i o n s  p r e d i c t e d  by the  T h e o r y  of 

E l a s t i c i t y  d id  not a g r e e  w i th  m e a s u r e d  d i s t r i b u t i o n s .
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IN T R O D U C T IO N

T h e  e f fec t  of the  p h y s i c a l  p r o p e r t i e s  of s o i l  upon  planl  g r o w th  

i s  r e c e i v i n g  i n c r e a s e d  a t t e n t io n .  F e r t i l i z e r s ,  p l a c e m e n t  of f e r t i l i z e r s
i

an d  s i m i l a r  c u l t u r a l  p r a c t i c e s  h a v e  i n c r e a s e d  p ro d u c t io n .  A p l a t e a u ,  

h o w e v e r ,  h a s  b e e n  r e a c h e d  w h e r e i n  h i g h e r  r a t e s  of f e r t i l i z e r  a p p l i c a t i o n ,  

f o r  e x a m p l e ,  do not m a t e r i a l l y  i n c r e a s e  p ro d u c t io n .  T h e  r e a s o n  f o r  

t h i s  i s  a p p a r e n t l y  that th e  p h y s i c a l  s t a t e  of th e  s o i l  h a s  b e c o m e  th e  

m a j o r  l i m i t i n g  f a c t o r  in c r o p  y i e ld s .  T h e  s t a t e  of c o n s o l i d a t i o n  of s o i l ,  

p o p u l a r l y  known as  s o i l  c o m p a c t i o n ,  is one  of the  s o i l ’s p h y s i c a l  

p r o p e r t i e s .  It h a s  b e e n  show n  that  m e c h a n i c a l  i m p e d a n c e  to r o o t s ,  

i n f i l t r a t i o n  r a t e ,  p e r c o l a l i o n  r a t e ,  o x y g en  a v a i l a b i l i t y  and n i t r o g e n  

a v a i l a b i l i t y  a r e  a l l  i n f lu e n c e d  to s o m e  d e g r e e  by  th e  s t a t e  of c o m p a c t i o n  

of th e  so i l .  ( B a v e r ,  1956; G i l l ,  1954; W a d le ig h ,  1957; W i e r s m a  and 

M o r f l a n d ,  1953.)

In s o m e  a r e a s  of C a l i f o r n i a ,  H a w a i i  and p o r t i o n s  of the  

s o u t h e r n  U n i t e d  S t a t e s  as  w e l l  a s  o t h e r  r a n d o m  r e g i o n s ,  t h e  d e g r e e  of 

c o m p a c t i o n  h a s  r e a c h e d  a l e v e l  that h a s  s e r i o u s l y  r e d u c e d  y i e l d s  and 

in s o m e  c a s e s  r e m o v e d  land  f r o m  c u l t iv a t io n .  ( E d m i n s t e r ,  1956.)

S in c e  t h e s e  a r e a s  h a v e  b e e n  r e m o v e d  f r o m  p ro d u c t io n ,  it b e h o o v e s  al l  

c i v i l i z a t i o n s  to s tu d y  the  c o m p a c t i o n  p r o b le m  b e f o r e  o t h e r  a r e a s  a r e  

r e m o v e d  f r o m  p r o d u c t io n .  E v e n  f u r t h e r ,  t h e  r e d u c e d  y i e ld s  f r o m  

i n c o r r e c t  c o m p a c t i o n  l e v e l s  d u r in g  t i l l a g e  o p e r a t i o n s ,  p l a n t in g  f o r  

e x a m p l e ,  cannot  e v e n  be  e s t i m a t e d .  In c e r t a i n  c a s e s  a d d i t io n a l



2

c o m p a c t i o n  m a y  be  d e s i r e d .

At t h e  p r e s e n t  l i m e ,  1 h e re  i s  no known m e t h o d  f o r  p r o d u c i n g  a 

d e s i r e d  s t a t e  of c o m p a c t i o n  d u r i n g  t i l l a g e  o p e r a t i o n s  o t h e r  th an  t r i a l  

and  e r r o r .  T h e  s l a t e  of c o m p a c t i o n  r e s u l t i n g  f r o m  a s in g l e  o p e r a t i o n  

b y  any  g iv e n  t i l l a g e  too l  canno t  be  p r e d i c t e d  e x c e p t  t h r o u g h  e x p e r i e n c e d  

j u d g m e n t .  In t h i s  r e s p e c l ,  t i l l a g e  h a s  not a d v a n c e d  f a r  f r o m  th e  d a y s  

w h e n  s e e d s  w e r e  p l a n t e d  in a h o l e  p u n c h e d  in the  s o i l  w i th  a p o in te d  

s t i c k .  As  c o n t in u e d  i n v e s t i g a t i o n s  r e v e a l  new k n o w led g e  c o n c e r n i n g  

th e  d e s i r e d  d e g r e e  of c o m p a c t i o n  fo r  a g iv e n  c r o p ,  th e  n e e d  f o r  a m e t h o d  

to  p r o d u c e  s u c h  a d e g r e e  b e c o m e s  i n c r e a s i n g l y  i m p o r t a n t .

T h e  l a r g e s t  m e a s u r e d  f o r c e s  a p p l ied  to Ihe s o i l  w e r e  u n d e r  th e  

r e a r  w h e e l  of a f a r m  t r a c l o r .  (Vanden  B e r g ,  e t . a l . , 1957.) W h i le  such  

m e c h a n i c a l  f o r c e s  a r e  not Ihe o n ly  c a u s e s  of s o i l  c o m p a c t i o n ,  t h ay a r e  

t h e  m a j o r  c a u s e  today .  H e a v i e r  t r a c t o r s  and i m p l e m e n t s  c o u p le d  with  

i n c r e a s e d  n u m b e r s  of t r i p s  o v e r  th e  s o i l  ( r e s u l t i n g  f r o m  new c u l t u r a l  

p r a c t i c e s  s u c h  as  f e r t i l i z i n g  and  s p r a y i n g )  ap p ly  r e p e a t e d  lo a d s  to th e  

so i l .  To  u n d e r s t a n d  th e  ef fect  of t h e s e  l o a d s  on the  so i l ,  the  am oun t  of 

c o m p a c t i o n  c h a n g e  at e v e r y  point in th e  so i l  r e s u l l i n g  f r o m  an a p p l i e d  

l o a d  m u s t  be  d e t e r m i n e d .  A s o lu t io n  to the  p r o b le m  m a y  b e  s e c u r e d  

b y  c h a n g in g  the  m a n n e r  in  w h ich  th e  load  i s  ap p l i e d  and o b s e r v i n g  th e  

c o r r e s p o n d i n g  c o m p a c t i o n  c h a n g e s .  In th is  w ay  the  b e s t  m e t h o d  f o r  

a p p ly in g  th e  load  c a n  be  d e t e r m i n e d ;  o r  at l e a s t  the  k n o w le d g e  to 

p r e d i c t  th e  am o u n t  of c o m p a c t i o n  c h a n g e  c a n  be  o b ta in ed .
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To  c a r r y  out th e  s tu d y  i n d i c a t e d  ab o v e  b y  m e a s u r i n g  the  

c o m p a c t i o n  c h a n g e  u n d e r  v a r i o u s  l o a d s  in v a r i o u s  s o i l s  w ou ld  s e e m i n g l y  

r e q u i r e  a p r o h i b i t i v e  a m o u n t  of t i m e .  It is  i m p e r a t i v e ,  t h e r e f o r e ,  that  

a m o r e  o r g a n i z e d  a p p r o a c h  b e  a t t e m p t e d .  If a s u i t a b l e  m e c h a n i c a l  

m o d e l  f o r  s o i l s ,  s u c h  a s  th e  T h e o r y  of E l a s t i c i t y  p r o v i d e s  f o r  m e t a l s ,  

c o u ld  b e  found it w o u ld  be  p o s s i b l e  to c a l c u l a t e  th e  d e s i r e d  v o l u m e  

c h a n g e .  At t h e  p r e s e n t  t i m e ,  no s u i t a b l e  s o i l  m e c h a n i c s  m o d e l  i s  

a v a i l a b l e .

T h i s  t h e s i s  w i l l  p r e s e n t  a m e t h o d  w h e r e b y  a s o i l  m e c h a n i c s  

m o d e l  b a s e d  upon  th e  c o n c ep t  of c o n t in u u m  m e c h a n i c s  c a n  b e  d e v e lo p e d .  

T h e  r e p r e s e n t a t i o n  of f o r c e s  a c t in g  on and  the  r e p r e s e n t a t i o n  of 

c o m p a c t i o n  c h a n g e  in  a v o l u m e  e l e m e n t  of s o i l  w i l l  be  d i s c u s s e d .  An 

h y p o t h e s i s  c o n c e r n i n g  th e  r e l a t i o n s h i p  b e t w e e n  the  f o r c e s  a c t in g  on th e  

v o l u m e  e l e m e n t  and t h e  c o m p a c t i o n  c h a n g e  in  th e  e l e m e n t  w i l l  be  

p r o p o s e d .  T h e  a n a l y s i s  of d a t a  t a k e n  to t e s t  t h e  h y p o t h e s i s  is  p r e s e n t e d  

and  a n a ly z e d .



R E V IE W  O F  L I T E R A T U R E

‘An a g r i c u l t u r a l  s o i l  in  a good  s t a t e  of t i l t h  i s  a p o o r  r o a d  

s u r f a c e  and  in  m o s t  c a s e s  it i s  d a m a g e d ,  at l e a s t  t e m p o r a r i l y ,  by  th e  

p a s s a g e  of a t r a n s p o r t  w h e e l /  (M cK ibben  and G r e e n ,  1940.)  T h i s  lo a d  

s e t s  up  a s t r e s s  d i s t r i b u t i o n  th ro u g h o u t  th e  s o i l  and  a c c o r d i n g  to 

M c K i b b e n  and  G r e e n ,  r e s u l t s  in s u b s e q u e n t  d a m a g e  to th e  so i l .  T o d a y  

t h i s  m e c h a n i c a l  c o n s o l i d a t i o n  of t h e  s o i l  h a s  b e e n  n a m e d  s o i l  c o m p a c ­

t ion .  In s p e a k i n g  of t h e  s l r e s s  d i s t r i b u t i o n  ab o v e ,  H o g e n t o g l e r  (1937) 

s t a t e d ,  ‘T h e  v o l u m e  of c o m p r e s s e d  s o i l  i n c lu d e d  b e t w e e n  the  p o in t s  of 

z e r o  p r e s s u r e  and  th e  b e a r i n g  b lo c k  (load) i s  known a s  th e  p r e s s u r e  

b u l b . . . T h e  s u p p o r t i n g  p o w e r  of Ihe  b u lb  is  d e v e l o p e d  by the  r e s i s t a n c e  

to  d e f o r m a t i o n  o f f e r e d  b y  th e  c o h e s i o n  and  i n t e r n a l  f r i c t i o n  of th e  s o i l . ’ 

O b v io u s ly ,  if t h i s  s t r e s s  d i s t r i b u t i o n  and th e  r e l a t i o n s h i p  b e t w e e n  

s t r e s s  and t h e  r e s i s t a n c e  o f f e r e d  by  the  s u p p o r t i n g  bu lb  d e s c r i b e d  

a b o v e  w e r e  know n,  1he c h a n g e  in  c o m p a c t i o n  r e s u l t i n g  f r o m  l o a d s  

c o u ld  b e  c a l c u l a t e d .

T h e r e  h a v e  b e e n  s e v e r a l  a t t e m p t s  to e v a l u a t e  s t r e s s  d i s t r i b u t i o n  

in  th e  so i l .  In  1885 B o u s s i n e s q  d e v e lo p e d  f o r m u l a e  that g iv e  s t r e s s e s  

in an i s o t r o p i c  h o m o g e n e o u s  m e d i u m  thal obeys H o o k e ’s law w hen  

s u b j e c t e d  to a point load .  In 1934, O, K. F r o e h l i c k  i n t r o d u c e d  a 

c o n c e n t r a t i o n  f a c t o r  in to  the  f o r m u l a e  w h ich  p e r m i t s  s o m e  g e n e r a l i z a t i o n  

of  t h e  s t r e s s  d i s t r i b u t i o n .  S o eh n e  (1 953) e s t i m a t e d  th e  c o n ta c t  a r e a  

u n d e r  v a r i o u s  t r a c t o r  t i r e s  and  d iv id e d  th e  a r e a  in to  25 s m a l l e r  a r e a s .
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C o n s i d e r i n g  fhe l o a d  a c t in g  on e a c h  l i t t l e  a r e a  a s  a point  lo a d  l o c a t e d  

at  th e  c e n t r o i d  of  th e  a r e a  and  u s i n g  F r o e l i c k ’s f o r m u l a e  he  th en  

s u m m e d  a l l  th e  c o n t r i b u t i o n s  of e a c h  a r e a  at s e v e r a l  p o in t s  b e lo w  th e  

l o a d  and  a r r i v e d  al a s t r e s s  d i s t r i b u t i o n .

An a t t e m p t  to d e t e r m i n e  th e  s t r e s s  d i s t r i b u t i o n  u n d e r  c i r c u l a r  

l o a d s  w a s  d e v e l o p e d  by  L o v e  and a p p l i e d  b y  the C o r p s  of E n g i n e e r s  

(1 953,)  T h i s  a p p r o a c h  w a s  s o m e w h a t  b e t t e r  th a n  th e  o n e  p r e s e n t e d  by 

S o e h n e  s i n c e  it w a s  not r e s t r i c t e d  to point  l o a d s .  L o v e ' s  f o r m u l a e  

a l s o  a p p ly  o n ly  to an  i s o t r o p i c  h o m o g e n e o u s  m e d i u m  w h ich  o b e y s  

H o o k e ’s law.  T h e r e  i s  c o n s i d e r a b l e  e v i d e n c e  that  s o i l  d o e s  not o b e y  

H o o k e ’s law.  T h e  m o d u l u s  of e l a s t i c i t y  c h a n g e s  not on ly  w i th  s o i l  

t y p e s  and  c o n d i t i o n s  but a l s o  as  a lo ad  is  a p p l i ^ d 0 (C o rp s  of E n g i n e e r s ,  

1954.)  F u r t h e r m o r e  th e  e l a s t i c  r e c o v e r y  a f t e r  c o m p a c t i o n  is  v e r y  

s m a l l ,  i n d i c a t i n g  l i t t l e  e l a s t i c  b e h a v i o r .  (Gill  and  R e a v e s ,  1956.)

S i n c e  s o i l s  ex h ib i t  l i t t l e  e l a s t i c  b e h a v i o r ,  th e  s t r e s s  d i s t r i b u t i o n s  

b a s e d  on e l a s t i c i t y  s h o u ld  be  q u e s t io n e d .

S e v e r a l  a t t e m p t s  h a v e  b e e n  m a d e  to c h e c k  th e  t h e o r i e s  g iv ing  

s t r e s s  d i s t r i b u t i o n s  and  s o m e  h a v e  m e t  w i th  r e a s o n a b l e  s u c c e s s  as  

r e p o r t e d  by  th e  C o r p s  of E n g i n e e r s  (1954.) T h e i r  1es1s w e r e  m o s t  

s u c c e s s f u l  on s an d .  P l u m m e r  and  D o r e  (1940) h a d  th e  fo l lo w in g  to 

s a y  about  o t h e r  e a r l i e r  t e s t s :  ‘U n f o r t u n a t e l y ,  a l m o s t  a l l  a c t u a l  l e s t s

h a v e  b e e n  c o n d u c t e d  on s o i l s  c o n s i s t i n g  of d r y ,  g r a n u l a r  m a s s e s  s u c h  

a s  s a n d s .  T h e r e  i s  s o m e  r e a s o n  to b e l i e v e  that  s o m e  s o i l s  a p p r o a c h ,
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in  t h e i r  s u p p o r t i n g  a c t i o n ,  that  of a v e r y  v i s c o u s  m a t e r i a l  s u c h  as  

a s p h a l t . . . W e  can n o t  at p r e s e n t  p r e d i c t  w i th  any  g r e a t  a c c u r a c y  the  

m a g n i t u d e  of s t r e s s  at a g iv e n  po in t  in s u c h  s o i l s . ’ F r o m  th e  a b o v e  

it s e e m s  q u i t e  c l e a r  that  at t h e  p r e s e n t  t i m e  t h e r e  is  no w a y  to 

a c c u r a t e l y  d e t e r m i n e  s t r e s s  d i s t r i b u t i o n s  in th e  so i l .

A t t e m p t s  h a v e  b e e n  m a d e  to go d i r e c t l y  f r o m  th e  a p p l i e d  l o a d  

to  s o i l  c o m p a c t i o n  but m a n y  p r o b l e m s  h a v e  b e e n  e n c o u n t e r e d .  (Gill  

a n d  R e a v e s ,  1956u) T h i s  r e f e r e n c e  s l a t e d  that  ‘m a n y  d i f f i c u l t i e s  w e r e  

e n c o u n t e r e d  w h e n  a t t e m p t s  w e r e  m a d e  to r e l a t e  s o i l  c o m p a c t i o n  to the  

c o m p a c t i v e  p r e s s u r e s  b y  t i r e s  to t h e  so i l .  M e a s u r e m e n t  of th e  c o n ta c t  

p r e s s u r e  i s  d i f f icu l t  and  not yel s a t i s f a c t o r i l y  m e a s u r e d ;  y e t ,  g iv e n  

t h i s  p r e s s u r e  in the  s o i l ,  o t h e r  c o m p l i c a t i n g  f a c l o r s  r e m a i n . ’ T h u s  

t h e  m o r e  b a s i c  a p p r o a c h  of  d e t e r m i n i n g  th e  s t r e s s  d i s t r i b u t i o n  and the  

e x a c t  r e l a t i o n s h i p  b e t w e e n  s t r e s s  and  c o m p a c t i o n  s h o u ld  l e a d  to a b e l t e r  

s o lu t i o n  of th e  p r o b l e m .

S o e h n e  (1 953) a s s u m e d  a r e l a t i o n s h i p  b e tw e e n  s t r e s s  and 

c o m p a c t i o n  and  p r o c e e d e d  to m e a s u r e  the  r e l a t i o n s h i p  on u n d i s t u r b e d  

s o i l s .  H e  a s s u m e d  1ha1 th e  m a x i m u m  n o r m a l  s t r e s s  a c t i n g  on Ihe s o i l  

e l e m e n t  r e l a t e d  b e s t  to s o i l  c o m p a c t i o n .  H e  th en  m a d e  th e  m e a s u r e m e n t s  

by  a p p ly in g  a s u r f a c e  lo a d  to the  s o i l  in a c o n f in e d  c o n t a i n e r .  In so  

do in g ,  h e  i g n o r e d  th e  s i d e  s t r e s s e s  a c t in g  on t h e  so i l .  It s e e m s  that  

t h e s e  s id e  s t r e s s e s  s h o u ld  b e  t a k en  in to  acco u n t  a s  w e l l  a s  th e  m a x i m u m  

n o r m a l  s l r e s s .
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T h e  a p p l i c a t i o n  of s t r a i n  g a g e s  in d e s i g n i n g  c e l l s  l e d  to  t h e  

f i r s t  r e a l  p r o g r e s s  in a c c u r a t e l y  m e a s u r i n g  s o i l  s t r e s s e s .  T h e  u s e  of 

s e v e r a l  t y p e s  of  t h e s e  c e l l s  i s  r e p o r t e d  in  s e v e r a l  s o u r c e s .  (C o o p e r ,  

e t .  a l v, 1957; C o r p s  of E n g i n e e r s ,  1954; P e a t t i e  and  S p a r r o w ,  1954; 

W i l l i t s ,  1956.) T h e  p e r f o r m a n c e s  of  t h e  c e l l s  p r e s e n t e d  b y  C o o p e r  

m a k e s  it p r e f e r a b l e  to t h e  o t h e r  t y p e s .  T h e  c e l l s  of t h e  C o r p s  of 

E n g i n e e r s ,  w h i l e  p r o b a b l y  a s  a c c u r a t e  a s  t h o s e  d e v e l o p e d  by  C o o p e r ,  

a r e  m o r e  e x p e n s i v e  and  p e r h a p s  l a r g e r  th a n  d e s i r a b l e  f o r  a p p l i c a t i o n  

to  a g r i c u l t u r a l  s o i l s .  T h e r e  i s  l i t t l e  doubt  f r o m  th e  w o r k  of  C o o p e r  

a n d  t h e  C o r p s  of E n g i n e e r s  that, t h e  c e l l s  m e a s u r e  s o i l  s t r e s s  

a c c u r a t e l y  w h e n  p r o p e r l y  u s e d .



T H E O R Y  - M E C H A N IC S  O F  T H E  CO N TIN U U M

A s m e n t i o n e d  b e f o r e ,  i f  a good  m a t h e m a t i c a l  d e s c r i p t i o n  of the  

s o i l  e x i s t e d ,  th e  c o m p a c t i o n  c h a n g e  in  the  s o i l  f o r  any  c o m b i n a t i o n  of 

a p p l i e d  l o a d s  c o u ld  b e  c a l c u l a t e d .  Such  a d e s c r i p t i o n  of th e  s o i l  d o e s  

not  e x i s t  to d a y .  T o  d e v e lo p  th e  n e e d e d  s o i l  m e c h a n i c s ,  th e  f o r c e s  

a c t i n g  on a v o l u m e  e l e m e n t  of s o i l  m u s t  b e  r e l a t e d  to th e  d e f o r m a t i o n  

of  t h e  v o l u m e  e l e m e n t .  T h e  m e c h a n i c s  of  a c o n t in u o u s  m e d i u m  p r o v i d e s  

a m e t h o d  f o r  s p e c i f y i n g  th e  f o r c e s  a c t i n g  on a v o l u m e  e l e m e n t  of the  

s o i l  and  a m e t h o d  f o r  s p e c i f y i n g  th e  d e f o r m a t i o n  of the  v o l u m e  e l e m e n t  

r e s u l t i n g  f r o m  th e  a p p l i e d  f o r c e s .  A s  is known,  t h e  f o r m e r  r e s u l t s  in 

a s t r e s s  t e n s o r  and  th e  l a t t e r  in  a s t r a i n  t e n s o r .  A r e l a t i o n s h i p  

b e t w e e n  th e  two t e n s o r s  p r o v i d e s  the  d e s i r e d  m e c h a n i c s  m e n t i o n e d  

above .

In d e a l i n g  w i th  s o i l  c o m p a c t i o n ,  it i s  p o s s i b l e  to s i m p l i f y  th e  

s t r a i n  t e n s o r  by i g n o r i n g  t h e  s h e a r i n g  s t r a i n s  and r i g i d  b o d y  r o t a t i o n s .  

T h e  c h a n g e  in  c o m p a c t i o n  i s  m e r e l y  t h e  c h a n g e  in the  v o l u m e  of the  

e l e m e n t  an d  i s  in d e p e n d e n t  of  an y  s h e a r i n g  o r  r o t a t i n g  that m a y  t a k e  

p l a c e  d u r i n g  s t r a i n i n g .  T h e  c o m p a c t i o n  of th e  v o l u m e  e l e m e n t  c a n  be 

c o m p l e t e l y  s p e c i f i e d  by  g iv in g  i t s  b u lk  d e n s i t y ,  i . e .  the  w eigh t  of oven  

d r y  s o i l  p e r  unit  b u lk  v o lu m e ;  th e  b u lk  v o l u m e  i n c l u d e s  bo th  v o l u m e  of 

s o i l  s o l i d s  and  s o i l  p o r e s .  T h e  b u lk  d e n s i t y  of e a c h  v o l u m e  e l e m e n t  

in a b o d y  of s o i l  s p e c i f i e s  c o m p l e t e l y  th e  s t a t e  of c o m p a c t n e s s  of th e  

b o d y  of  so i l .  A c o m p a c t i o n  law c a n  t h u s  b e  d e v e lo p e d  by  r e l a t i n g  th e
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s t r e s s  t e n s o r  to b u lk  d e n s i t y .  . In so  d o in g  it fo l lo w s  f r o m  a b o v e  that  

a l l  s h e a r i n g  and  r o t a t i n g  d e f o r m a t i o n s  w i l l  b e  i g n o r e d .  If a r e l a t i o n s h i p  

b e t w e e n  the  s t r e s s  t e n s o r  an d  th e  c o m p l e t e  s t r a i n  t e n s o r  c o u ld  b e  

d e v e l o p e d ,  t h e  e x a c t  p o s i t i o n  of e a c h  s o i l  e l e m e n t  as  w e l l  a s  t h e  v o l u m e  

c h a n g e  of e a c h  e l e m e n t  co u ld  be a c c u r a t e l y  c a l c u l a t e d .  B e c a u s e  a 

c o m p l e t e  s o lu t i o n  i s  not of i m m e d i a t e  c o n c e r n ,  i g n o r i n g  th e  s h e a r i n g  

a n d  r o t a t i n g  d e f o r m a t i o n s  p r o v i d e s  a s u i t a b l e  m e a n s  of  s im p l i f y i n g  

th e  p r o b l e m .

T o  d e s c r i b e  th e  f o r c e s  a c t i n g  on a v o l u m e  e l e m e n t ,  t h e  c o n c e p t s  

of  th e  s t r e s s  v e c t o r  and  t h e  s t r e s s  t e n s o r  a r e  r e q u i r e d .  If an i m a g i n a r y  

p l a n e  i s  p a s s e d  t h r o u g h  a point in s o m e  m e d i u m  s u b j e c t e d  to g e n e r a l  

f o r c e s ,  th e  m a t e r i a l  on o n e  s id e  of th e  p l a n e  e x e r t s  a f o r c e  a c r o s s  th e  

p l a n e  on t h e  o t h e r  s i d e  of t h e  m a t e r i a l .  In F ig .  1, f o r  e x a m p l e ,  th e  

f o r c e  e x e r t e d  a c r o s s  th e  a r e a  A  A b y  p a r t  (1) of t h e  body  on p a r t  (2) 

of  th e  b o d y  i s  r e p r e s e n t e d  by th e  v e c l o r  2 T ?  . T h e  s l r e s s  v e c t o r

T at t h e  poin t  O i s  th e n  d e f in e d  as

— x <ap
T = l i m   ̂" S T "  ■

^  A 0
E x i s t e n c e  of th e  l i m i t  r e q u i r e s  th e  m e d i u m  to b e  c o n t i n u o u s  and  without  

h o l e s  o r  g a p s .  T h i s  i d e a l i z a t i o n  is  a p p l i c a b l e  on ly  if t h e  t h e o r y  i s  

a p p l i e d  to s a m p l e s  l a r g e  in c o m p a r i s o n  to th e  g a p s  o r  p o r e s  w h ich  a r e  

a c t u a l l y  p r e s e n t .  In t h e  c a s e  of so i l  th i s  r e q u i r e m e n t  i s  e a s i l y  met  

s i n c e  th e  s e n s i n g  e l e m e n t s  u s e d  to m e a s u r e  s t r e s s  r e q u i r e  an a r e a  

m u c h  l a r g e r  th a n  th e  s i z e  of in d iv id u a l  s o i l  p a r t i c l e s .  T h e  c e l l s  thus
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m e a s u r e  th e  a v e r a g e  s t r e s s  o v e r  an a r e a .

In g e n e r a l ,  t h e  s t r e s s  v e c t o r  h a s  Iwo c o m p o n e n t s  - o n e  n o r m a l  

to  th e  p l a n e  on w h ic h  it a c t s  and on e  tan g en l  to  th e  p la n e .  T h e s e  

s t r e s s e s  r e p r e s e n t  d i f f e r e n t  p h y s i c a l  a c t i o n s  on th e  p l a n e  and  a r e  

d i s t i n g u i s h e d  as  s u c h  in th e  n o ta t io n .  T h e  f i r s t  c o m p o n e n t  is  th e  n o r m a l  

s t r e s s  and  i s  d e n o te d  b y  th e  G r e e k  l e t t e r  ( T  w i th  an a p p r o p r i a t e  

s u b s c r i p t ;  t h e  l a t t e r  c o m p o n e n t  i s  th e  s h e a r i n g  s t r e s s  and i s  d e n o t e d  

b y  th e  G r e e k  l e t t e r  T  , a g a in  w i th  a p p r o p r i a t e  s u b s c r i p t .  T h u s  in 

F i g ,  1 w h e r e  the  p la n e  i s  i d e n t i f i e d  by  th e  d i r e c t i o n  of i t s  n o r m a l  H 

{draw n  o u t w a r d  f r o m  th e  body  on w h ic h  th e  s t r e s s  a c t s )  th e  n o r m a l  

s t r e s s  c o m p o n e n t  i s  ( 7 n  and  the s h e a r  c o m p o n e n t  i s  T n -

In g e n e r a l ,  if  a d i f f e r e n t  p la n e  i s  p a s s e d  th r o u g h  th e  s a m e  po in t ,  

a d i f f e r e n t  s t r e s s  v e c t o r  w i l l  act  a c r o s s  it. H e n c e ,  the  s t r e s s  v e c t o r  

d e p e n d s  not o n ly  on th e  p o s i t i o n  of th e  point in  th e  body  but a l s o  on th e  

o r i e n t a t i o n  of t h e  p l a n e  t h ro u g h  th e  poin t .  An i n f in i t e  n u m b e r  of 

o r i e n t a t i o n s  m a y  b e  c h o s e n  f o r  a p l a n e  Ih ro u g h  any point ;  it i s  n e c e s s a r y  

to  b e  a b le  to d e t e r m i n e  th e  s t r e s s  v e c t o r  on a l l  of t h e s e  p l a n e s .  It 

c a n  be sh o w n  that  th e  s p e c i f i c a t i o n  of the  s t r e s s  v e c t o r s  on t h r e e  

m u t u a l l y  p e r p e n d i c u l a r  p l a n e s  c o m p l e t e l y  d e t e r m i n e s  th e  s t r e s s  s t a t e  

at any  point .  F r o m  t h e s e  t h r e e  s l r e s s  v e c t o r s ,  th e  s l r e s s  v e c t o r  on 

an y  o t h e r  p l a n e  t h r o u g h  the  point can  b e  c a l c u l a t e d .  T h e  p r o c e d u r e  f o r  

d o in g  th i s  w i l l  b e  p r e s e n t e d  l a t e r ,

In F ig .  2, th e  t h r e e  r e f e r e n c e  p l a n e s  a r e  r e p r e s e n t e d  as  t h r e e
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f a c e s  of  a c u b e  p e r p e n d i c u l a r  r e s p e c t i v e l y  to th e  X, Y, and Z a x e s  of 

c o n v e n t i o n a l  c a r t e s i a n  c o o r d i n a t e  s y s t e m .  T h e  s h e a r  s t r e s s  c o m p o n e n t s  

in e a c h  of t h e s e  f a c e s  a r e  f u r t h e r  r e s o l v e d  in to  two c o m p o n e n t s  e a c h  

p a r a l l e l  to  a c o o r d i n a t e  a x i s ;  the  s y m b o l s  r e p r e s e n t i n g  th e m  a r e  g iv e n  

tw o  s u b s c r i p t s .  T h e  f i r s t  s u b s c r i p t  i d e n t i f i e s  the  p l a n e  on  w h ich  it 

a c t s  and  t h e  s e c o n d  i d e n t i f i e s  the  d i r e c t i o n  in  w h ic h  it a c t s .  T h e s e  

n i n e  q u a n t i t i e s

a r e  th e  c o m p o n e n t s  of t h e  s t r e s s  t e n s o r  at a point r e f e r r e d  to a c h o s e n  

s e t  of a x e s .  N o te  that  t h e  cu b e  in F ig .  2 i s  i m a g i n e d  to be  i n f i n i t e s i m a l  

so  tha t  t h e  s t r e s s e s  on th e  t h r e e  f ro n t  f a c e s  act ‘at t h e  point O ’ in  the  

l i m i t  a s  t h e  v o l u m e  of th e  e l e m e n t  s h r i n k s  to z e r o .  F r o m  e q u i l i b r i u m

T h i s  l e a v e s  s ix  in d ep e n d e n t  v a l u e s  to b e  d e t e r m i n e d  to d e f in e  th e  s t a t e  

of  s t r e s s  at a po in t .

T h e  s t r e s s  v e c t o r  on an a r b i t r a r y  p la n e  c a n  m o s t  e a s i l y  be  

c a l c u l a t e d  b y  u s i n g  m a t r i x  a l g e b r a  s i n c e  the  s t r e s s  t e n s o r  c a n  be  

r e p r e s e n t e d  as  a 3 x 3 m a t r i x .  T h e  c a l c u l a t i o n  is  a c c o m p l i s h e d  in 

t h e  fo l lo w in g  m a n n e r :

S u p p o s e  a p la n e  i s  o r i e n t e d  so  that  i t s  n o r m a l  l i e s  in the  YZ 

p l a n e  and  b i s e c t s  the  a n g l e  b e tw e e n  th e  p o s i t i v e  Y and Z a x e s .  T h e  

n o r m a l  to t h e  p l a n e  w i l l  h a v e  d i r e c t i o n  c o s i n e s  0 ; / 2 / 2  * / s / 2

c o n d i t i o n s  it c a n  b e  show n
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r e s p e c t i v e l y  w i th  t h e  X ; Y and Z a x e s .  T h e  d i r e c t i o n  c o s i n e s  c a n  be  

w r i t t e n  in  a r o w  m a t r i x  as  follows:.

L e t  us  f u r t h e r  s u p p o s e  that  ih e  s t r e s s  s t a t e  i s  a s p e c i a l  o n e  in w h ich  

tw o  of th e  s h e a r i n g  s t r e s s e s  a r e  z e r o .  T h e  s t r e s s  t e n s o r  f o r  th is  

s p e c i a l  s t r e s s  s t a t e  i s  g iv e n  by

If i ,  j } and  k  a r e  u n i t  v e c t o r s  a lo n g  th e  p o s i t i v e  X ,  Y,  and  Z a x e s  

r e s p e c t i v e l y ,  th e n  t h e  c o m p o n e n t s  of th e  s t r e s s  v e c t o r  a c t i n g  on the  

p l a n e  d e s c r i b e d  above  a r e  g iv e n  b y  th e  m a t r i x  m u l t i p l i c a t i o n  sh o w n  

b e lo w .  U s i n g  th e  u s u a l  m e t h o d  of m u l t i p l y in g  r o w s  in to  c o l u m n s ,  th e

g  |  c  e  i 4 a t '  r 11 i c

T h e  m a g n i t u d e  of  th e  n o r m a l  s t r e s s  ac t in g  on th e  p l a n e  c a n  b e  found by  

o b t a i n i n g  th e  s c a l a r  p ro d u c t  of a uni t  v e c t o r  n in th e  d i r e c t i o n  of the  

n o r m a l  to  t h e  p l a n e  and t h e  s t r e s s  v e c t o r  T a c t in g  on th e  p la n e .  T h e  

unit  n o r m a l  v e c t o r  n i s  g i v e n  by
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n = 0 i  -r {2 / 2  j +  / 2 / 2  k . 

T hus th e n o r m a l s t r e s s ,  , on the p lane is

CTn =  1 /2  ((TV (Tz )  +  ^"Tyz ,
( 1 )

T h e  s t r e s s  t e n s o r  h a s  s e v e r a l  m a t h e m a t i c a l  p r o p e r t i e s  of 

i n t e r e s t .  It i s  a l w a y s  p o s s i b l e  to r o t a t e  t h e  c o o r d i n a t e  a x e s  (and with  

t h e m  t h e  i m a g i n a r y  p l a n e s  b ound ing  th e  c u b i c a l  v o l u m e  e l e m e n t )  to 

s u c h  a p o s i t i o n  that  a l l  of th e  s h e a r  s t r e s s e s  w i l l  be  z e r o  and on ly  

n o r m a l  s t r e s s e s  act on th e  p l a n e s .  In th i s  p o s i t i o n  the  a x e s  a r e  c a l l e d  

t h e  p r i n c i p a l  a x e s  o r  p r i n c i p a l  d i r e c t i o n s  of th e  s t r e s s  t e n s o r  at th e  

p o in t .  T h e  t h r e e  n o r m a l  s t r e s s  in t h e s e  d i r e c t i o n s  a r e  th e  p r i n c i p a l  

s t r e s s  at t h e  point  d e n o te d  by  (Tx > ( J Z  > and o r  as  in F ig ,  3. One 

of  t h e s e  p r i n c i p a l  s t r e s s e s  i s  the  l a r g e s t  n o r m a l  s t r e s s  on an y  p o s s i b l e  

p l a n e  t h r o u g h  the  point and a n o t h e r  o n e  i s  th e  s m a l l e s t  p o s s i b l e  n o r m a l  

s t r e s s  t h r o u g h  the  poin t .  T he  p r i n c i p a l  a x e s  o r i e n t a t i o n s  and  the  

p r i n c i p a l  s t r e s s  m a g n i t u d e s  a r e  not the  s a m e  at a l l  p o in t s .  It is  

p o s s i b l e ,  h o w e v e r ,  to c a l c u l a t e  fo r  any  one  point th e  m a g n i t u d e  and 

o r i e n t a t i o n  of the  p r i n c i p a l  s t r e s s e s  w hen  th e  s t r e s s  t e n s o r  c o m p o n e n t s  

a r e  know n wi th  r e f e r e n c e  to s o m e  s y s t e m  of c o o r d i n a t e  a x e s .  T h e  

p r o b l e m  i s  to d e t e r m i n e  t h e  d i r e c t i o n  c o s i n e s  n, , n, n  so  that
■A J  Z

th e  s t r e s s  v e c t o r  a s s o c i a t e d  w ith  th e  p la n e  d e t e r m i n e d  by th e  d i r e c t i o n
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c o s i n e s  is n o r m a l  to th e  p lan e .  F o r  e x a m p l e ,  in  th e  s p e c i a l  s t r e s s  s t a t e

u s e d  a b o v e ,  (T* m u s t  b e  a p r i n c i p a l  s t r e s s  s i n c e  t h e  p l a n e  on w h i c h  it

a c t s  h a s  no s h e a r  c o m p o n e n t s .  T h e r e f o r e ,  th e  o t h e r  two p r i n c i p a l  

s t r e s s e s  m u s t  l i e  in  th e  YZ p la n e  s i n c e  as  c a n  b e  s e e n  in F ig .  3, t h e  

p r i n c i p a l  s t r e s s e s  f o r m  a m u t u a l l y  p e r p e n d i c u l a r  t r i a d .  T h e  g e n e r a l  

p r o c e d u r e  i s  to p e r f o r m  th e  m a t r i x  m u l t i p l i c a t i o n  i l l u s t r a t e d  b e low  

w h i c h  f o r  th e  s p e c i a l  s t r e s s  s t a t e  d i s c u s s e d  ab o v e  i s

(*x *V n s )  / ( F  0 0 V

I  o (Ty
\  0 T y z  Oz )  - ( n x ( T  ny(T" n z (T) ( 2 )

w h e r e  . , n^. and a r e  th e  d i r e c t i o n  c o s i n e s  to o n e  of  th e

p r i n c i p a l  s t r e s s e s  and cr i s  t h e  unknow n  v a lu e  of the  p r i n c i p a l  

s t r e s s .

W h en  e q u a t io n  (2) i s  e x p a n d e d  th e  fo l lo w in g  s y s t e m  of  h o m o g e n e ­

o u s  l i n e a r  a l g e b r a i c  e q u a t i o n s  r e s u l t s  f o r  t h e  u n k n o w n s ,n y  , n z

(G~x -  C T ) rv  -h o ^ y  + O n 2 =  0

0  nx  ■*" (  0 " y  -  O ' j  ny  "t 'T 'y z  n z  ~  0

0 Rx -* T y z  *y + ( 0~z - ( F )  n z -  0 .
(^ )

T h e  w e l l  know n r e l a t i o n s h i p  b e t w e e n  th e  d i r e c t i o n  c o s i n e s  is

+- n *  +- r |  =  1 (4)
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T h e  s o lu t i o n  of  e q u a t i o n s  (3) g iv e s  t h e  v a l u e s  f o r  th e  unknown 

d i r e c t i o n  c o s i n e s .  T h e  t r i v i a l  s o lu t i o n  in w h ic h  a l l  of the  u n k n o w n s  

a r e  z e r o  i s  of  no i n t e r e s t .  E x c lu d i n g  s u c h  a s o lu t io n ,  th e  d e t e r m i n a n t  

of  th e  c o e f f i c i e n t s  of (3) m u s t  v a n i s h ,  a c o n d i t io n  w h ic h  l e a d s  to a 

c u b ic  e q u a t i o n  in  C T  , w h o s e  r o o t s  a r e  th e  t h r e e  p r i n c i p a l  s t r e s s e s .

In t h i s  s p e c i a l  c a s e ,  it i s  a l r e a d y  know n  th a t  i s  a p r i n c i p a l  s t r e s s ,  

an d  i t s  d i r e c t i o n  c o s i n e s  w i l l  be  (1, 0, 0), If 0 "  i s  not e q u a l  to CTx 

t h e n  — 0 and  e q u a t i o n s  (3) r e d u c e  to

( ( T V  ~  0 " )  ’V  + ^ T y z  n z ~  0

T y ,  " j  +  (  ( T ,  - C )  ” ,  =  0 151

i th  rpr and  n z not bo th  z e r o .  T h e  c h a r a c t e r i s t i c  e q u a t io n  of (5)w

IS

( J y  0 ~  T y z  

' T y z  ( J z  ~  ^

— 0

E x p a n d in g  th e  d e t e r m i n a n t  and  c o l l e c t i n g  t e r m s  g i v e s

( T 2-  ( O ', *  CTy )C + (T y  Cr. ~ T y l  = o  ">
E q u a t i o n  (6) c a n  be  s o lv e d  b y  ap p ly in g  th e  q u a d r a t i c  f o r m u l a  w h ic h  g i v e s  

tw o  v a l u e s  f o r  c r

Q~ 1 -  l / 2 (  (T y  +  (Tz ) — 1/ 2 (T z -  (Ty ) +  4
2

y 2

(7)

T h e  o r i e n t a t i o n  of th e  p r i n c i p a l  s t r e s s  i s  c o m p u t e d  as  fo l low s :  S o lv ing

t h e  e q u a t io n  in v o lv in g  (T* of e q u a t io n  (5) f o r  n^r g iv e s

n y  0~z.) n z  ^  T *  y z
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S in c e  e q u a ls  z e r o , (4) can  b e  w r itte n

( 0 ~  -  (Tz)2 u g ^ +  ' n z 2 1

S o lv in g  fo r  n„ g iv e s

n z -  * T y  z  / \ f  ^  (T s )  + T ,
2

y z
( 8 )

B u t

n — cos z

w h e r e  (X) i s  th e  d ir e c t io n  b etw een  th e Z a x is  and th e p r in c ip a l s t r e s s  

in  q u estio n . B y  th e  tr ig o n o m e tr ic  r e la t io n s  b etw een  tan and c o s  <£ ,

(8) b e c o m e s

t a n  (j) =  O '-  (Tz /  7 ^ yz  #

( 9 )

T h e s t r e s s  t e n s o r  a lso  h a s  the p ro p erty  that th r e e  q u a n titie s  

com p u ted  from  it  a r e  in v a r ia n t, m ean in g  that th e se  q u a n titie s  a re  

in d ep en d en t of th e  c h o ic e  of co o rd in a te  a x e s . T h e th ree  q u a n titie s  a r e

*S — ( J ^  ( j ~ j  + .  ( j ^

J I s =  G x  G~y *  ( T j  0~Z + ■  (jz Ox -  'Tyz ”  T x z  -  ' T x y

(10 )



19

p T * y
T x y (TV ' J ' y z

T y z ( P
i n s-

(10, conl  ’d)

T h e  f i r s t  i n v a r i a n t  i s  of p a r t i c u l a r  i m p o r t a n c e .  T h e  m e a n  n o r m a l  s t r e s s  

a c t i n g  at a point  i s  d e f in e d  as

(fm s l / 3  I a =  l / s ( ( T x  t ( T y  t  ( T z  )  (11)

a n d  b e c a u s e  of i t s  i n v a r i a n c e  c a n  be  e x p r e s s e d  in  p r i n c i p a l  s t r e s s e s  a s

G“m = 1/3 (  ( T i  + f f i  ♦ G F}

Now any  s t a t e  of s t r e s s  at a point m a y  be  c o n s i d e r e d  a s  a s u p e r p o s i t i o n  

of  a s p h e r i c a l  o r  h y d r o s t a t i c  s t r e s s  s t a t e  and a d e v i a t o r i c  s t r e s s  o r  

s t r e s s  d e v i a t o r .  In th e  s p h e r i c a l  s t r e s s  t e n s o r  a l l  s h e a r  c o m p o n e n t s  

a r e  z e r o  and  th e  t h r e e  n o r m a l  s t r e s s  c o m p o n e n t s  a r e  e a c h  e q u a l  to 

t h e  m e a n  n o r m a l  s t r e s s  < T m  ■ T h e  c o m p o n e n t s  of t h e  d e v i a t o r  s t r e s s  

t e n s o r  th en  d i f f e r  f r o m  t h e  s t r e s s  t e n s o r  on ly  in th a t  ( f m  i s  s u b t r a c t e d  

f r o m  e a c h  n o r m a l  s t r e s s  c o m p o n e n t .  T h i s  i s  sh o w n  be low  w h e r e  th e  

f i r s t  t e n s o r  i s  t h e  s t r e s s  t e n s o r ,  th e  s e c o n d  i s  th e  s p h e r i c a l  s t r e s s  

t e n s o r  and  t h e  t h i r d  is  t h e  d e v i a t o r  s t r e s s  t e n s o r .

T x z  

T y z  

CM

P  0  ° \  /C T  ~  <jV ^ T x y  ""Tv Z

0 P  c W  T T y ( P  -  Q 7  'T 'y z

°  c r  /  \  ' i x z  ' j ' - z  ( p - ( p0

T h e  d e v i a t o r  s t r e s s  t e n s o r  h a s  t h r e e  i n v a r i a n t s  as  w e l l  a s  a l l  of 

t h e  o t h e r  s p e c i a l  m a t h e m a t i c a l  p r o p e r t i e s  of  th e  s t r e s s  t e n s o r .  It c a n
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e a s i l y  b e  s h o w n  th a t  t h e  f i r s t  i n v a r i a n t  of t h e  d e v i a t o r  i s  z e r o .  A l s o  by  

c o n s i d e r a b l e  a l g e b r a i c  m a n i p u l a t i o n  it c a n  b e  sh o w n  th a t  t h e  s e c o n d  

i n v a r i a n t  of  t h e  d e v i a t o r  i s  g i v e n  b y  e q u a t i o n  (12) w h e n  e x p r e s s e d  in 

t e r m s  of  p r i n c i p a l  s t r e s s e s  of  t h e  s t r e s s  t e n s o r .

i i s , ^ [ ( C X T i  )*+ (CTe-Bi )**  (<T=-fi

F o r  t h e  r e a d e r  who d e s i r e s  a d d i t i o n a l  d e t a i l  c o n c e r n i n g  a n y  of the  

a b o v e  c o n c e p t s  and  d e r i v a t i o n s ,  th e  fo l lo w in g  r e f e r e n c e s  a r e  s u g g e s t e d :  

(H o ffm an  and  S a c h s ,  1953; J a e g e r ,  1956; M a l v e r n ,  1956, T i m o s h e n k o  

a n d  G o o d i e r ,  1951.)

In t h e o r i e s  of  e l a s t i c i t y  and  p l a s t i c i t y  (H offm an  and S a c h s ,  1953) 

th e  s p h e r i c a l  s t r e s s  is  g e n e r a l l y  a s s o c i a t e d  w i th  v o l u m e  c h a n g e  w h i l e  

t h e  d e v i a t o r i c  s t r e s s  g o v e r n s  c h a n g e  of s h a p e .  It w ou ld  s e e m  f r o m  th e  

a b o v e  and  p h y s i c a l  i n tu i t i o n  tha t  th e  v o l u m e  s t r a i n  of s o i l  sh o u ld  be  

d e p e n d e n t  o n ly  on the  s p h e r i c a l  s t r e s s  t e n s o r  and  in d e p e n d e n t  of the  

d e v i a t o r .  S in c e  th e  s p h e r i c a l  s t r e s s  t e n s o r  c a n  b e  c o m p l e t e l y  

r e p r e s e n t e d  b y  th e  s in g l e  s c a l a r  q u a n t i t y  (j~*m > th e  r e l a t i o n  b e t w e e n  

b u lk  d e n s i t y  and  th e  s p h e r i c a l  s t r e s s  t e n s o r  w o u ld  th e n  s i m p l i f y  to a 

s i n g l e  s c a l a r  e q u a t i o n  in v o lv in g  o n ly  (Tm r a t h e r  th a n  a d e p e n d e n c e  on 

s i x  s t r e s s e s .  T h i s  is  t h e  h y p o t h e s i s  p r o p o s e d  in th i s  t h e s i s  a s  a s o i l  

c o m p a c t i o n  law:  M e a n  n o r m a l  s t r e s s  is  r e l a t e d  to bu lk  d e n s i t y  f o r  a l l

s o i l s .  It r e l a t e s  a s c a l a r  f u n c t io n  of  the  f o r c e s  a c t i n g  on an  e l e m e n t  

to  a s c a l a r  f u n c t io n  of t h e  v o l u m e  c h a n g e  of the  e l e m e n t .

To p r o v e  th e  h y p o t h e s i s  two th in g s  m u s t  be  d e m o n s t r a t e d  - -
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f i r s t ,  that m e a n  n o r m a l  s t r e s s  d o e s  c o r r e l a t e  w i th  bu lk  d e n s i t y ,  and 

s e c o n d ,  that  d e v i a t o r i c  s t r e s s  d o e s  not c o r r e l a t e  w i th  bu lk  d e n s i ty .

T h e  m e a n  n o r m a l  s t r e s s  is  th e  o n ly  m e a s u r e  of the  s p h e r i c a l  s t r e s s  

t e n s o r .  T h e  d e v i a t o r  h a s  m a n y  e x p r e s s i o n s  w h ich  a r e  m e a s u r e s  of i t s  

i n t e n s i t y .  S in c e  the  f i r s t  i n v a r i a n t  of th e  d e v i a t o r  i s  z e r o ,  the  s e c o n d  

i n v a r i a n t  a s  g iv e n  in  e q u a t i o n  (12) is  p e r h a p s  the  b e s t  o v e r  a l l  m e a s u r e .  

T h e  m a x i m u m  s h e a r  s t r e s s  a c t i n g  on  an  e l e m e n t  is  a f u n c t io n  of the  

d e v i a t o r  and  is g iv e n  b y

'’T 'm a x  -  1//Z ( 0 “ l  ~  O i l  I )  (13)

w h e r e Q " T is  the  a l g e b r a i c a l l y  l a r g e s t  p r i n c i p a l  s t r e s s  and Q " j j 7 ^s 

t h e  a l g e b r a i c a l l y  s m a l l e s t  p r i n c i p a l  s t r e s s .  T h e  m a x i m u m  s h e a r  is  of 

s p e c i a l  i n t e r e s t  s i n c e  the  C o u l o m b - M o h r  y ie ld  f o r m u l a  f o r  s o i l s  d e a l s  

w i th  the  s h e a r i n g  s t r e s s .  T h e  f o r m u l a  is

3 — C +  N t a n  & ( '

w h e r e  S i s  th e  s h e a r i n g  s t r e s s  on th e  p l a n e  of f a i l u r e ,  C the  c o h e s i o n  

of  th e  s o i l ,  N th e  n o r m a l  s t r e s s  a c t i n g  on th e  p l a n e  of f a i l u r e  and &  

t h e  a n g le  of f r i c t i o n  of the  so i l .  T h e  s h e a r i n g  s t r e s s  p r e d i c t e d  b y  the  

C o u l o m b - M o h r  f o r m u l a  is  not  n e c e s s a r i l y  the  m a x i m u m  s h e a r i n g  s t r e s s  

at the  point ;  the  y ie ld  s t r e s s  p r e s u m a b l y  a p p r o a c h e s  the  m a x i m u m  

s h e a r i n g  s t r e s s  and  h e n c e  th e  i n t e r e s t .  T h e  m a x i m u m  s h e a r  s t r e s s  is 

an  i n v a r i a n t  of th e  s t r e s s  s t a t e ,  i .e .  i n d e p e n d e n t  of the  c h o i c e  of 

c o o r d i n a t e  a x e s .  T h e  m a x i m u m  n o r m a l  s t r e s s  w h ich  Soehne  (1953) 

a s s u m e d  to be  r e l a t e d  to b u lk  d e n s i t y  is  a l s o  a fu n c t io n  of the  d e v i a t o r .
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L i k e  th e  m a x i m u m  s h e a r  s t r e s s ,  the  m a x i m u m  n o r m a l  s t r e s s  is  an 

i n v a r i a n t  of  th e  s t r e s s  s t a t e .  T h u s  if it c a n  b e  sh o w n  tha t  t h e  m e a n  

n o r m a l  s t r e s s  i s  r e l a t e d  to b u lk  d e n s i t y  and  th a t  th e  m a x i m u m  n o r m a l ,  

t h e  m a x i m u m  s h e a r  and  th e  s e c o n d  i n v a r i a n t  of th e  d e v i a t o r  a r e  not 

r e l a t e d  to  b u lk  d e n s i t y ,  th e n  th e  h y p o t h e s i s  w i l l  b e  p r o v e d .

It is  i n t e r e s t i n g  th a t  if  a m e a n  n o r m a l  s t r e s s  s t a t e  is  a p p l i e d  

to  a s o i l  s a m p l e  s u c h  a s  c a n  b e  done  w i th  h y d r o s t a t i c  p r e s s u r e ,  

e q u a t i o n s  (12) and  (13) r e d u c e  to z e r o  s in c e

0~m =  ( J i  =  O i l  — U i i i .

H y d r o s t a t i c  p r e s s u r e  c o m p a c t s  so i l ;  h e n c e  it i s  u n l i k e l y  th a t  e i t h e r  th e  

m a x i m u m  s h e a r  o r  the  s e c o n d  i n v a r i a n t  of the  d e v i a t o r  i s  r e l a t e d  to  

b u l k  d e n s i ty .

T h e  t e r m s  s t r e s s  and  p r e s s u r e  h a v e  b o th  b e e n  a p p l i e d  to f o r c e s  

a c t i n g  in so i l .  As  i m p l i e d  a b o v e ,  p r e s s u r e  is  the  h ig h ly  s p e c i a l i z e d  

s t r e s s  s t a t e  found  in a f lu id  at r e s t .  H y d r o s t a t i c  p r e s s u r e  p r o d u c e s  a 

t r u l y  s p h e r i c a l  s t a t e  of s t r e s s  and s u c h  a s t a t e  g e n e r a l l y  w i l l  not b e  

fo u n d  in so i l .  In t h i s  s t a t e ,  th e  s t r e s s  v e c t o r s  on a l l  p o s s i b l e  p l a n e s  

t h r o u g h  a p o in t  a r e  e q u a l  in m a g n i t u d e  to the  p r e s s u r e  at th e  po in t .

T h e  d i r e c t i o n s  of th e  s t r e s s  v e c t o r s  w i l l  be  n o r m a l  to a l l  p o s s i b l e  

p l a n e s  t h r o u g h  the  po in t .  T h e r e f o r e  a t y p i c a l  c e l l  w ou ld  m e a s u r e  

p r e s s u r e  at the  po in t .  In a g e n e r a l  s t r e s s  s t a t e ,  the  s t r e s s  v e c t o r s  

n e e d  not  b e  th e  s a m e  in  m a g n i t u d e  o r  d i r e c t i o n  f o r  e v e r y  p l a n e  th r o u g h  

a  p o in t .  F o r  s u c h  a s t r e s s  s t a t e ,  the  t y p i c a l  c e l l  m e a s u r e s  th e  n o r m a l
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c o m p o n e n t  of th e  s t r e s s  v e c t o r  w h ich  is  b y  d e f i n i t i o n  the  n o r m a l  

s t r e s s  on t h e  p la n e .  T h e  n o r m a l  s t r e s s  is  not n e c e s s a r i l y  e q u a l  1o 

th e  p r e s s u r e ,  m e a n  n o r m a l  s t r e s s ,  a c t i n g  at th e  poin t .



F I E L D  T E S T S

T h e o r y .

S in c e  th e  p r i n c i p a l  d i r e c t i o n s  of the  s t r e s s  s t a t e  a r e  not 

g e n e r a l l y  known,  s i x  q u a n t i t i e s  n e e d  to b e  d e t e r m i n e d  to d e f in e  s t r e s s  

at a po in t .  O n ly  f o u r  q u a n t i t i e s  n e e d  to be  m e a s u r e d  if a s p e c i a l  s t r e s s  

s t a t e  s u c h  as  d i s c u s s e d  in the  p r e v i o u s  s e c t i o n  is c o n s i d e r e d .  W hen  

s u r f a c e  l o a d s  a r e  s y m m e t r i c a l l y  d i s t r i b u t e d  w i th  r e s p e c t  to a l in e  of 

s y m m e t r y ,  the  v e r t i c a l  p l a n e  c o n ta in in g  that  l in e  i s  a p r i n c i p a l  p l a n e  

of  s t r e s s .  T h a t  th i s  is  t r u e  c a n  be  s e e n  b y  r e a s o n i n g  as  fo l low s :  If

th e  f o r c e s  a r e  s y m m e t r i c a l l y  d i s t r i b u t e d ,  the  f o r c e s  a c t i n g  on one  s id e  

of th e  p l a n e  of s y m m e t r y  m u s t  b e  e q u a l  to the  f o r c e s  a c t i n g  on the  

o t h e r  s i d e  of th e  p la n e .  T h e  c o n c l u s io n  is tha t  o n ly  n o r m a l  f o r c e s  c a n  

act  on th e  p l a n e  s i n c e  no s h e a r i n g  f o r c e s  a r e  p r e s e n t .  H e n c e ,  th e  

p l a n e  m u s t  b e  a p r i n c i p a l  p l a n e  of s t r e s s  s in c e  by  d e f in i t i o n  a p r i n c i p a l  

p l a n e  h a s  o n ly  n o r m a l  s t r e s s  a c t i n g  on it. If, in add i t ion ,  the  s u r f a c e  

l o a d s  h a v e  c i r c u l a r  s y m m e t r y ,  the  s t r e s s  s t a t e  h a s  r o t a t i o n a l  s y m m e t r y  

about  a v e r t i c a l  a x i s  t h r o u g h  the  c e n t e r  of the  lo ad  c i r c l e  and  any  p lan e  

c o n t a i n i n g  th i s  a x i s  is a p r i n c i p a l  p l an e .  F ig .  4 show s  a lo a d in g  

s y m m e t r i c a l l y  d i s t r i b u t e d  o v e r  a c i r c l e .  T h e  Z ax i s  is th e  v e r t i c a l  

a x i s  of s y m m e t r y  and  the  YZ p la n e  is  a ty p ic a l  p l a n e  of s y m m e t r y  and 

t h e r e f o r e  a p r i n c i p a l  p lan e .  T he  s t r e s s  s t a t e  at an y  poin t  in the  p la n e  

of s y m m e t r y  w i l l  be  a s  in F ig .  5.

At the  p r e s e n t  t i m e  no s e n s i n g  e l e m e n t s  a r e  a v a i l a b l e  f o r



F IG .4  P L A N E  OF S Y M M E T R Y  
UNDER A CIRCULAR LOAD
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m e a s u r i n g  s h e a r i n g  s t r e s s e s .  T h e  u n k n o w n  s h e a r i n g  s t r e s s ,  ' T y z  

in  F i g .  5 c a n  b e  c a l c u l a t e d  b y  u s in g  e q u a t io n  (1). Note  tha t  the  s t r e s s  

s t a t e  u s e d  in d e r i v i n g  e q u a t io n  (1) is p r e c i s e l y  the  s t r e s s  s t a t e  sh o w n  

in  F i g .  5. H e n c e  b y  m e a s u r i n g  CTx * ( h ' C u  , and  th e  n o r m a l  

s t r e s s  CTn on a p l a n e  w h o s e  n o r m a l  b i s e c t s  th e  p o s i t i v e  Y and  Z a x e s  

a n d  l i e s  in th e  YZ p l a n e ,  th e  s t r e s s  t e n s o r  a c t i n g  at an y  point  in a 

p l a n e  of  s y m m e t r y  c a n  b e  d e t e r m i n e d .

T h e  f o u r  m e a s u r e m e n t s  ab o v e  m u s t  b e  m a d e  at th e  s a m e  poin t  

in o r d e r  to d e t e r m i n e  th e  s t r e s s  t e n s o r  at the  poin t .  T h e  m e a s u r e m e n t s  

c a n  b e  m a d e  by  a p p e a l i n g  to th e  r o t a t i o n a l  s y m m e t r y  u n d e r  a c i r c u l a r  

l o ad .  T h e  s a m e  s t r e s s  s t a t e  a c t s  at any  po in t  on the  c i r c u m f e r e n c e  of 

a h o r i z o n t a l  c i r c l e  c e n t e r e d  on th e  a x i s  of s y m m e t r y .  T h e  u n i f o r m  

‘ s t r e s s  s t a t e  i s  t r u e  f o r  a h o m o g e n e o u s  s o i l  s in c e  f r o m  r o t a t i o n a l  

s y m m e t r y  e a c h  poin t  on the  c o n c e n t r i c  c i r c l e  is s u b je c t  to the  s a m e
I
f o r c e s .  F o u r  s t r e s s  c e l l s  (C o o p e r ,  e t. a l . , 1957) c a n  be  o r i e n t e d  on a 

c i r c l e  to m e a s u r e  the  s t r e s s  t e n s o r  a s  show n  in F ig .  6. In F ig .  6 by  

i m a g i n i n g  th e  c e l l s  r o t a t e d  a r o u n d  th e  c i r c l e  u n t i l  t h e y  a l l  r e s t  at one  

poin t  P,  it c a n  be  s e e n  that  th e  c e l l  n o r m a l s  l a b e l e d  CTx - G~y ■ 

and  ( J 7  w i l l  be  m u t u a l l y  p e r p e n d i c u l a r  w h i le  ( T n  w i l l  m a k e  e q u a l  

a n g l e s  of  45 d e g r e e s  w i th  the  Y and Z a x e s  and a 90 d e g r e e  an g le  with  

t h e  X a x i s .  By  a l s o  m e a s u r i n g  the  b u lk  d e n s i t y  at the  p o in t s  l a b e l e d  B, 

a m e t h o d  i s  p r o v i d e d  to m e a s u r e  bo th  the  s t r e s s  t e n s o r  and b u lk  

d e n s i t y  lat the  s a m e  p o i n t . ’
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I n d ic a t in g  V o l u m e t e r .

A r e v i e w  of a c c e p t e d  m e t h o d s  f o r  m e a s u r i n g  b u lk  d e n s i t y  

( R u s s e l l  and  B e l c e r e k ,  1944; T o r s t e n s s o n  and E r i c k s o n ,  1936;

V e i h m e y e r ,  1929) r e v e a l e d  tha t  t h e y  w ou ld  not b e  a c c e p t a b l e  f o r  th e  

e x p e r i m e n t  i n d i c a t e d  a b o v e .  A l l  m e t h o d s  r e q u i r e d  a l a r g e  s a m p l e  

c o m p a r e d  w i th  th e  v o l u m e  of th e  s o i l  in th e  i m m e d i a t e  v i c i n i t y  of th e  

s t r e s s  c e l l s .  S in ce  a d i s t r i b u t i o n  of b u lk  d e n s i t y  w ould  b e  e x p e c t e d ,  

c o n s i d e r a b l e  e r r o r  w ou ld  r e s u l t .  F u r t h e r m o r e ,  b e c a u s e  a s o i l  s a m p l e  

h a d  to be  r e m o v e d ,  o n ly  one  s t r e s s - b u l k  d e n s i t y  m e a s u r e m e n t  c o u ld  be  

m a d e  f o r  a g iv e n  t e s t  se t  up. T h i s  w ou ld  m a k e  t e s t i n g  v e r y  t i m e  c o n ­

s u m i n g .  T h e  r e q u i r e m e n t s  of the  ab o v e  o b j e c t i v e s  w e r e  m e t  b y  

d e v e l o p i n g  an  i n d i c a t i n g  v o l u m e t e r .

B r i e f l y ,  the  v o l u m e t e r  c o n s i s t s  of a c a p i l l a r y  tube  c o n n e c t e d  

to a n o n - c o l l a p s i b l e  p l a s t i c  tubing .  T h e  p l a s t i c  tu b in g  is in t u r n  

c o n n e c t e d  to a s m a l l  b a l lo o n  ( a p p r o x i m a t e l y  15 c c . ) # W hen  the  b a l lo o n ,  

f i l l e d  with  s o i l ,  is s u r r o u n d e d  w i th  a l a r g e  v o l u m e  of  s o i l  of  the  s a m e  

t y p e ,  the  v o l u m e  of the  b a l lo o n  c a n  b e  c o n s i d e r e d  a point  m a s s .  As  the  

s o i l  c o m p a c t s ,  the  b u lk  v o l u m e  of  th e  s o i l  d e c r e a s e s  and th e  a i r  in the  

b a l l o o n  is f o r c e d  out .  T h e  d e c r e a s e  in v o l u m e  of the  b a l l o o n  i s  m e a s u r e d  

b y  r e c o r d i n g  the  d i s p l a c e m e n t  of a m e r c u r y  b u b b le  in the  c a p i l l a r y  

tu b e .  T h e  v o l u m e  p e r  l inea r ,  unit  of the c a p i l l a r y  tu b e  is  e a s i l y  

d e t e r m i n e d .  T h e  v o l u m e t e r  p e r m i t s  m e a s u r i n g  the  v o l u m e  c h a n g e  at a 

point  in the  s o i l  o v e r  a r a n g e  of b u lk  d e n s i t y  without  d i s t u r b i n g  th e  so i l
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s a m p l e  u n t i l  the  t e s t  i s  c o m p l e t e d .  T h e  f in a l  v o l u m e  of the  s o i l  s a m p l e  

i s  d e t e r m i n e d  b y  w e ig h in g  in  and  out of w a t e r .

T h e  p r i n c i p l e  of  the  v o l u m e t e r  w a s  c h e c k e d  u s in g  two s o i l  t y p e s  

in a s o i l  box .  T h r e e  of th e  b a l l o o n s  w e r e  p l a c e d  in  the  c e n t e r  of  a box  

c o n t a i n i n g  s ix  i n c h e s  of  s o i l  an d  a u n i f o r m  lo a d  w a s  a p p l i e d  o v e r  th e  

e n t i r e  s u r f a c e .  T h e  c h a n g e  of v o l u m e  of the  s o i l  in th e  box  w a s  d e t e r ­

m i n e d  b y  m e a s u r i n g  d i s p l a c e m e n t  of th e  p lu n g e r .  F r o m  the  i n i t i a l  

w e ig h t  and  m o i s t u r e  co n ten t  of  the  s o i l  in th e  box,  th e  a v e r a g e  bu lk  

d e n s i t y  of t h e  s o i l  co u ld  b e  c o m p u t e d .  T h i s  a v e r a g e  w a s  c o m p a r e d  with  

t h e  a v e r a g e  g iv e n  b y  th e  in d i c a t in g  v o l u m e t e r .  T h e  r e s u l t s  of th is  

t e s t  a r e  sh o w n  in T a b l e  A.

T a b le  A

C o m p a r i s o n  of I n d ic a t in g  V o l u m e t e r  and 
Soi l  B o x  B u lk  D e n s i t i e s  in  Two Soil  T y p e s

M a u m e e  S a n d y  L o a m
Soi l  box I n d ic a t in g Soi l  Box I n d ic a t in g

V o l u m e t e r V o l u m e t e r
g m  /  cc gm  /  cc g m /  cc gm / cc
1.14 1.16 1.24 1.24
1.20 1.19 1.31 1.29
1.26 1.24 1.37 1.35
1.33 1.29 1.44 1.41
1.39 1.36 1.51 1.48
1.45 1.43 1.57 1.55
1.52 1.52

T h e  o n ly  q u e s t i o n  about  th e  p r i n c i p l e  of the  v o l u m e t e r  is  w h e t h e r  the  

b a l l o o n  m e m b r a n e  i n t e r f e r e s  w i th  the  e q u i l i b r i u m  b e t w e e n  the  s o i l  

i n s i d e  and  o u t s i d e  th e  ba l lo o n .  T h e  d a t a  i n d i c a t e  the  b a l lo o n  m e m b r a n e  

d o e s  no t  i n t e r f e r e .  H o v a n e s i a n  (1958) f u r t h e r  d e v e l o p e d  the  v o l u m e t e r
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b y  m a k i n g  it  r e c o r d i n g  a s  w e l l  a s  i n d i c a t i n g ,  and  h i s  s t u d i e s  g iv e  an  

a d d i t i o n a l  t e s t  of th e  p r i n c i p l e .

A p p a r a t u s .

T h e  f a c i l i t i e s  of  t h e  N a t io n a l  T i l l a g e  M a c h i n e r y  L a b o r a t o r y ,  

A u b u r n ,  A l a b a m a ,  w e r e  m a d e  a v a i l a b l e  to c o n d u c t  th e  t e s t s .  E l e v e n  

d i f f e r e n t  s o i l s  t y p e s  a r e  a r r a n g e d  in  b in s  so  th a t  th e  s o i l  c a n  be  

p r e p a r e d  m e c h a n i c a l l y ;  in ad d i t io n ,  o t h e r  l a b o r a t o r y  e q u i p m e n t  f o r  

m a k i n g  p h y s i c a l  m e a s u r e m e n t s  of s o i l  p r o p e r t i e s  e n a b l e d  a m a x i m u m  

of i n f o r m a t i o n  to b e  o b t a in e d  w i th  a m i n i m u m  of t i m e  and e f fo r t .  A l l  

d a t a  w e r e  t a k e n  w i th  t h e s e  f a c i l i t i e s .  T h e  s t r e s s  c e l l  u s e d  w a s  s i m i i a r  

to t h e  t y p e  p r e s e n t e d  b y  C o o p e r ,  e t . a l . (1957.)  M u l t i - c h a n n e l  r e c o r d i n g  

o s c i l l o g r a p h s  w i th  a p p r o p r i a t e  s t r a i n  g a g e  a m p l i f i e r s  w e r e  u s e d  to 

r e c o r d  c e l l  r e a d i n g s .  T h e  b u lk  d e n s i t y  w a s  m e a s u r e d  b y  r e a d i n g  the  

i n d i c a t i n g  v o l u m e t e r  show n  in  F ig .  7. T h e  w e ig h t  and  th e  f in a l  v o l u m e  

of  s o i l  in  th e  b a l l o o n s  w e r e  o b t a in e d  u s in g  a s m a l l  s c a l e  a c c u r a t e  to

0.01  g m .  T h i s  i s  sh o w n  in F i g .  8. T h e  lo a d in g  p l a t e  (20 in. in  d i a m e t e r )  

a n d  th e  m e t h o d  of a p p ly in g  the  lo a d  a r e  show n in  F ig .  9. T h e  l a r g e  

p o w e r  c a r  of th e  L a b o r a t o r y  w a s  c l a m p e d  to th e  r a i l s  of th e  s o i l  b in s  

to  p r o v i d e  th e  n e c e s s a r y  s u p p o r t  f o r  ap p ly in g  the  load .

P r o c e d u r e .

T h e  s o i l  w a s  p r e p a r e d  b y  r o t a r y  t i l l in g  to  t h e  d e p th  of t h e  s o i l  

b i n s  ( a p p r o x i m a t e l y  24 in.)  It w as  lef t  in th i s  l o o s e  c o n d i t i o n  f o r  th e  

t e s t s .  T h e  s o i l  w a s  m o i s t e n e d  e i t h e r  b e f o r e  o r  a f t e r  t i l l i n g  d e p e n d in g
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upon  s o i l  ty p e  and  c o n v e n i e n c e  in m a n i p u l a t i n g  the  so i l .  T h i s  t r e a t m e n t  

le f t  t h e  s o i l  in a n e a r l y  h o m o g e n e o u s  s t a t e .

T o  c o n d u c t  a t e s t ,  a p l a t f o r m  w a s  p l a c e d  on the  l o o s e  s o i l  and  an 

a r e a  f o u r  fee t  s q u a r e  e x c a v a t e d  to th e  d e p th  of th e  b in s .  T h e  s o i l  w as  

r e p l a c e d  b y  h a n d  a s  c a r e f u l l y  as  p o s s i b l e  to the  d e s i r e d  d e p th  and  

l e v e l e d  w i th  a t e m p l a t e .  T h e  c e l l s  and  b a l lo o n s  w e r e  t h e n  p o s i t i o n e d  as  

s h o w n  in F ig .  6 and 11. T h e  r e m a i n i n g  s o i l  w a s  th en  r e p l a c e d  and  a g a in  

l e v e l e d .  T h e  lo a d in g  p l a t e  w a s  p r o p e r l y  p o s i t i o n e d  and  th e  i n s t r u m e n t s  

w e r e  c o n n e c t e d .  T h e  d a t a  w e r e  t a k e n  at p r e s c r i b e d  i n t e r v a l s  b e t w e e n  

0 and  26.5  p s i .  T h e  g e n e r a l  v iew  of th e  t e s t  s e t  up is show n  in F ig .  10. 

U p o n  c o m p l e t i n g  a t e s t ,  th e  c e l l s  and  th e  b a l lo o n s  w e r e  r e m o v e d  and 

t h e  b a l l o o n s  w e ig h e d  in and  out of w a t e r  to d e t e r m i n e  t h e i r  f in a l  

v o l u m e .  T h e  e q u i p m e n t  w a s  m o v e d  to a new a r e a  to c onduc t  th e  next 

t e s t .  T h e  m o i s t u r e  co n te n t  and  o t h e r  p h y s i c a l  p r o p e r t i e s  of the  s o i l s  

t e s t e d  a r e  g iv e n  in T a b l e  B.

R e s u l t s .

T o  p r o p e r l y  t e s t  the  m e a n  n o r m a l  s t r e s s - b u l k  d e n s i t y  h y p o t h e s i s  

o r  any  o t h e r  h y p o t h e s i s ,  d i f f e r e n t  s t r e s s  s t a t e s  m u s t  b e  a p p l i e d  to a 

v o l u m e  e l e m e n t ;  if  d i f f e r e n t  s t r e s s  s t a t e s  a r e  not u s e d ,  o n ly  p r o p o r ­

t i o n a l  lo a d in g  r e s u l t s .  In p r o p o r t i o n a l  lo ad in g ,  a l l  of the  s t r e s s  t e n s o r  

c o m p o n e n t s  a r e  l i n e a r l y  r e l a t e d  to the a p p l i e d  load .  T h e  l i n e a r i t y  

m e a n s  tha t  a l l  of th e  i n v a r i a n t s  of th e  s t r e s s  t e n s o r  w i l l  b e  l i n e a r l y  

r e l a t e d  and  c o n s e q u e n t l y  a l l  of the  i n v a r i a n t s  w i l l  a p p e a r  to be
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F ig . 0 G en era l v iew  of 
t e s t  equ ip m en t

(above)

F ig # 11 C e ll  o r ien ta tio n  
(below )
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T a b le  B

P H Y S IC A L  P R O P E R T I E S  OF 
SOILS USE D  IN T E STS

(Below in % o r g a n i c  f r e e  m a t e r i a l )

H i w a s s e e  D e c a t u r  L lo y d
S an d y  L o a m  S i l ty  C l a y  C la y

L o a m

G r a v e l 0.1 1.2 1.5
V e ry  c o a r s e  s a n d 2.0 0,4 2.2
C o a r s e  s a n d '1 9.5 1.6 4.3
M e d iu m  s a n d 23.3 2.6 3.7
F i n e  s a n d 25.4 8.4 7.4
V e r y  f in e  s a n d 2.9 5.8 5.6
T o t a l  s i l t 10,9 54,9 1 7,2
F i n e  s il t 8.3 32,7 1 1 2
C l a y 16.0 26 3 59.6

(B e lo w  in % m o i s t u r e )

L o w e r  p l a s l i c  l im i t 13 03 17,67 32 08

P l a s t i c i t y  index 6.51 11.07 24.29

15 a tm .  t e n s i o n 5,5 10.0 22.5

A v e r a g e  m o i s t u r e  con ten t  
of  s o i l  d u r in g  t e s t s  9 16 19
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r e l a t e d  to b u lk  d e n s i t y .  D i f f e r e n t  s t r e s s  s t a t e s  w e r e  o b t a in e d  by 

v a r y i n g  the  l o c a t i o n  of the  c e l l  and  b a l lo o n  c i r c l e s .  P r e l i m i n a r y  t e s t s  

i n d i c a t e d  that the  b e s t  v a r i a t i o n s  o b t a in a b le  u n d e r  the 20 in. d i a m e t e r  

l o a d in g  p l a t e  w e r e  a s  fo l low s :

1. A 12 in. d i a m e t e r  c i r c l e  i n i t i a l l y  5 in. be low th e  lo ad in g  p la te .

2. A 12 in. d i a m e t e r  c i r c l e  i n i t i a l ly  12 in. be low the  l o a d in g  p la te .

3. An 18 in.  d i a m e t e r  c i r c l e  i n i t i a l l y  18 in. be low th e  lo a d in g  p la te .

4. A 20 in. d i a m e t e r  c i r c l e  i n i t i a l l y  18 in. below the  lo ad in g  p la te .  

F i v e  r e p l i c a t i o n s  at e a c h  s t r e s s  s t a t e  w e r e  t a k e n  and the  r e s u l t s  a r e  

r e p o r t e d  in T a b l e s  I th ro u g h  XII in the  A ppend ix .  The  b u lk  d e n s i t y  

r e a d i n g s  r e p o r t e d  a r e  an  a v e r a g e  of the  fo u r  m e a s u r e m e n t s  t a k e n  

a r o u n d  th e  c i r c l e .

T h e  c h o s e n  m e a s u r e s  of the  s p h e r i c a l  and d e v i a t o r  t e n s o r s  w e r e  

c o m p u t e d  f r o m  the  f o u r  m e a s u r e d  s t r e s s  v a l u e s  u s in g  the  a p p r o p r i a t e  

f o r m u l a e ,  n a m e l y  e q u a t i o n s  (7), (11), (12) and (13). T h e  a l g e b r a i c a l l y  

o r d e r e d  p r i n c i p a l  s t r e s s e s  w e r e  d e t e r m i n e d  u s in g  e q u a t io n  (7) and the 

m e a s u r e d  v a lu e  of  CTx- T h e  l a r g e s t  v a lu e  f o r  ( T  f r o m  e q u a t io n  (7) 

g a v e  CTT T h e  s m a l l e s t  v a l u e  f r o m  eq u a t io n  (7) o r  CTx g a v e  ( m i  

d e p e n d i n g  u p o n  w h ic h  w as  th e  s m a l l e r  v a lu e .  It sh o u ld  be  n o te d  that 

in  a l l  c a l c u l a t i o n s  a c o m p r e s s i v e  s t r e s s  h a s  b e e n  c o n s i d e r e d  p o s i t i v e  

w h e r e a s  u s u a l l y  the  p o s i t i v e  s e n s e  is  r e s e r v e d  f o r  t e n s i o n  f o r c e s ;  h e n c e  

n e g a t i v e  s t r e s s e s  in T a b l e s  I t h ro u g h  XII i n d i c a t e  t e n s i l e  s t r e s s e s  in 

th e  so i l .  E q u a t i o n  (9) w as  u s e d  to c a l c u l a t e  the  ang le  ( b  . T he
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l a r g e s t  p r i n c i p a l  s t r e s s  (n w a s  s u b s t i t u t e d  f o r  Q ~  so  that 

r e p r e s e n t s  the  a n g le  b e t w e e n  the  Z a x i s  and  the l a r g e s t  p r i n c i p a l  s t r e s s  

(Tc . S in c e  th e  o r i e n t a t i o n  of <r* is  known and it is one of the  

p r i n c i p a l  s t r e s s e s ,  4> c o m p l e t e l y  d e t e r m i n e s  the  o r i e n t a t i o n  of the 

t r i a d  of p r i n c i p a l  s t r e s s e s .  MISTIC, an  e l e c t r o n i c  d ig i t a l  c o m p u t e r  

at  M i c h i g a n  S ta t e  U n i v e r s i t y ,  w a s  u s e d  to m a k e  the  l e n g th y  c a l c u l a t i o n s  

i n v o lv e d  in e v a l u a t i n g  th e  above  e q u a t io n s .

T h e r e  w e r e  s e v e r a l  s o u r c e s  of  e r r o r  in the  e x p e r i m e n t .  T h e  

a s s u m p t i o n  that  e a c h  c e l l  w ould  be  s u b je c t e d  to the  s a m e  s t r e s s  s t a t e  

on  o n e  of  the  c o n c e n t r i c  c i r c l e s  is  not c o m p l e t e l y  t r u e .  T h i s  w a s  

r e v e a l e d  by  v a r i a t i o n  in bu lk  d e n s i t y  r e a d i n g s  a ro u n d  th e  c i r c l e  and  

b y  c o m p a r i s o n  of the  r e a d i n g s  and o r i e n t a t i o n s  of c e l l s  w h o s e  n o r m a l s  

w e r e  in the  YZ p la n e .  An e x a m p l e  of the  e x t r e m e  v a r i a t i o n  o b s e r v e d  

in  f o u r  bu lk  d e n s i t y  r e a d i n g s  a r o u n d  a c i r c l e  f o r  a 26.5 lo ad in g  in 

H i w a s s e e  s o i l  is:  1.56,  1.53, 1.58,  1.49. T h e  a v e r a g e  s p r e a d  of fo u r  

b u l k  d e n s i t y  r e a d i n g s  f o r  a l l  t e s t s  w as  a p p r o x i m a t e l y  .04 g m / c c .  

A d d i t i o n a l  e r r o r  o c c u r r e d  d u r i n g  c e r t a i n  t e s t s  w hen  s o m e  of the  c e l l s  

r o t a t e d  f r o m  t h e i r  o r i g i n a l  o r i e n t a t i o n s .  In c a s e s  w h e r e  the  r o t a t i o n  

w a s  m o r e  th a n  10°, th e  r o t a t e d  c e l l  r e a d i n g  w as  c o r r e c t e d  by  a d j u s t i n g  

it c l o s e r  to th e  a v e r a g e  of c e l l s  w h ich  m e a s u r e d  the  s a m e  s t r e s s  

c o m p o n e n t  but d id  not r o t a t e .  W h i le  th is  is  h ig h ly  a r b i t r a r y ,  it w as  

n e c e s s a r y  on o n ly  10 of the  480 to ta l  r e a d i n g s .  F i n a l l y ,  t h e r e  w a s  the  

v a r i a b i l i t y  of the  s o i l  i t s e l f .  T he  m a g n i t u d e  of s o i l  v a r i a t i o n  due  to the  

f o r t u i t o u s  s t r u c t u r e  of the  s o i l  h a s  n e v e r  b e e n  e v a l u a t e d  but e x p e r i e n c e
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d i c t a t e s  tha t  it i s  p r o b a b l y  m u c h  l a r g e r  th a n  an y  of the  a b o v e  e r r o r s .  

F u r t h e r m o r e ,  s o m e  of the  v a r i a t i o n  in c e l l  r e a d i n g s  and b u lk  d e n s i t y  

r e a d i n g s  w a s  p r o b a b l y  due  to s o i l  v a r i a t i o n  r a t h e r  th an  e r r o r s  in 

e x p e r i m e n t a l  p r o c e d u r e .

T h e  v a r i a t i o n  w h ic h  c a n  b e  s e e n  by  e x a m i n i n g  th e  d a t a  in 

T a b l e s  I t h r o u g h  XII r e q u i r e s  tha t  s o m e  m e t h o d  of s t a t i s t i c a l  a n a l y s i s  

b e  e m p l o y e d .  A plot of an y  of th e  c o m p u t e d  v a l u e s  s u c h  as  o r  ( T :

r e s u l t s  in  a s t r a i g h t  l in e  w hen  the  s t r e s s  is p lo t te d  on a l o g a r i t h m i c  

a x i s  and  b u lk  d e n s i t y  on the  l i n e a r  ax is .  T h i s  e x p o n e n t i a l  r e l a t i o n s h i p  

h a s  b e e n  o b s e r v e d  by  o t h e r  i n v e s t i g a t o r s  (Soehne,  1953; H o v a n e s i a n ,  

1958.)  T h e  s t r a i g h t  l i n e  plot  o f f e r e d  a s i m p l e  g r a p h i c a l  m e th o d  f o r  

a v e r a g i n g  th e  d a t a  and  o b ta in in g  an e s t i m a t e  of the  s t a n d a r d  e r r o r .

T h e  b e s t  f i t t i n g  s t r a i g h t  l i n e  w a s  d r a w n  and a d ju s t e d  s l i g h t l y  u n t i l  the  

t o t a l  d i s t a n c e s  f r o m  th e  p o in t s  on e a c h  s id e  of the  l ine  w e r e  equa l .

T h i s  p r o c e d u r e  l o c a t e d  th e  a v e r a g e  l in e  w i th  a r e a s o n a b l e  d e g r e e  of 

a c c u r a c y  an d  co u ld  b e  c a r r i e d  out v e r y  r a p i d l y .  A s s u m i n g  a n o r m a l  

d i s t r i b u t i o n  of  e r r o r ,  one  s t a n d a r d  e r r o r  would  in c lu d e  68.3% of the  

p l o t t e d  p o in t s .  T h u s  th e  s t a n d a r d  e r r o r  l in e s  w e r e  l o c a t e d  so  th a t  

a p p r o x i m a t e l y  68.3% of the  p lo t t e d  p o in t s  f e l l  b e t w e e n  the  two s t a n d a r d  

e r r o r  l i n e s .  An e x a m p l e  of th is  p r o c e d u r e  is  show n in F ig .  12. It is 

a d m i t t e d  tha t  th e  p r o c e d u r e  of a v e r a g i n g  and d e t e r m i n i n g  s t a n d a r d  

e r r o r  is not  s t a t i s t i c a l l y  p r e c i s e ,  but it is r a p i d  and d o e s  g ive  an 

e s t i m a t e  of  v a r i a t i o n  w h ic h  is  r e a s o n a b l y  m e a n in g fu l .
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T h e  f o u r  m e a s u r e s  of th e  s p h e r i c a l  s t r e s s  t e n s o r  and the  

d e v i a t o r  s t r e s s  t e n s o r  - n a m e l y  j j ^  f and ~  w e r e

a v e r a g e d  in d i v i d u a l l y  u s in g  the  p r o c e d u r e  show n in F ig .  12 f o r  e a c h  

s t r e s s  s t a t e  and e a c h  s o i l  type .  T h e i r  i n d iv id u a l  s t a n d a r d  e r r o r  

w a s  a l s o  d e t e r m i n e d  and th e  r e s u l t s  s u m m a r i z e d  in F ig .  13 th ro u g h  24. 

If  a q u a n t i t y  is r e l a t e d  to b u lk  d e n s i t y  in a g e n e r a l  m a n n e r ,  the  a v e r a g e  

l i n e s  f r o m  e a c h  d i f f e r e n t  s t r e s s  s t a t e  sh o u ld  not b e  s ig n i f i c a n t l y  

d i f f e r e n t  f o r  a g iv e n  so i l .  F i g u r e s  13, 14, and 15 i n d i c a t e  no. s i g n i f i c a n t  

d i f f e r e n c e  f o r  the  m ean ,  n o r m a l  s t r e s s  in a l l  t h r e e  s o i l  t y p e s .  S i m i l a r l y ,  

if  a q u a n t i t y  is  not r e l a t e d  to b u lk  d e n s i t y  in a g e n e r a l  m a n n e r ,  the  

a v e r a g e  l i n e s  f r o m  e a c h  d i f f e r e n t  s t r e s s  s t a t e  sh o u ld  be  s ig n i f i c a n t l y  

d i f f e r e n t  f o r  a g iv e n  so i l .  F i g u r e s  16 th ro u g h  24 show tha t  (Ti • T™* 
an d  I I g t a r e  not  a l l  s i g n i f i c a n t l y  d i f f e r e n t .  T h u s  b a s e d  u pon  the  d a ta ,  

it c a n n o t  b e  d e t e r m i n e d  w h e t h e r  c o m p a c t i o n  is  in d ep en d en t  of the  

d e v i a t o r .  F u r t h e r m o r e ,  b e c a u s e  of the  l a r g e  v a r i a t i o n ,  m e a n  n o r m a l  

s t r e s s  is not c l e a r l y  r e l a t e d  to c o m p a c t io n .  F i g u r e s  13 t h r o u g h  24 

r e v e a l ,  h o w e v e r ,  that  of the  fo u r  i n v a r i a n t s  i n v e s t i g a t e d ,  the  m e a n  

n o r m a l  s t r e s s  i s  the  b e s t  i n v a r i a n t  to r e l a t e  to bu lk  d e n s i ty .

T h e  d a t a  i n d i c a t e s  tha t  f o r  a g iv e n  m e a s u r e d  s t r e s s  s t a t e  

( lo c a t io n  of a c i r c l e ) ,  the  m a g n i tu d e  of th e  p r i n c i p a l  s t r e s s e s  is  v e r y  

n e a r l y  in d e p e n d e n t  of s o i l  type.  To o b ta in  a p h y s i c a l  p i c t u r e  of the  

a v e r a g e  s t r e s s  s t a t e s  m e a s u r e d  at t h e  f o u r  l o c a t i o n s  of c i r c l e s ,  the 

t h r e e  p r i n c i p a l  s t r e s s e s  f o r  th e  26.5 p s i  l o a d in g  in a l l  s o i l  t y p e s  w e r e
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FIG. 13 MEAN NORMAL STRESS VS 
BULK DENSITY IN HIWASSEE SOIL
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FIG. 14 MEAN NORMAL STRESS VS  
BULK DENSITY IN LLOYD SOIL
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FIG. 15 MEAN NORMAL S T R E S S  VS 
BULK DENSITY IN DECATUR SOIL
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FIG.  16 M A X I M U M  N O R M A L  
S T R E S S  VS B U L K  D E N S I T Y  

IN HI W A S S E E  S O I L

1 0

STANDARD 
E R R O R  ,

1

1.2 1.4
BULK D E N S IT Y

1. 6
( g m / c c )



M
AX

 
N

O
R

M
A

L 
S

TR
E

S
S

 
(p

s
i)

45

FIG. 17 M AXI M UM  N O R M A L  
S T R E S S  VS  BU LK  D E N S I T Y
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FIG. 18 M A X I M U M  NORMAL  
S T R E S S  VS BULK D E N S I T Y  
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FIG. 19 M A X I M U M  S H E A R I N G  
S T R E S S  V S  BULK D E N S I T Y  

IN HI WASSEE S O I L
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FIG. 2 0  M A X I M U M  S H E A R I N G  
S T R E S S  VS BULK D E N S I T Y  
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FIG. 21 MAXIMUM S H E A R IN G  
S T R E S S  V S  BULK D E N S I T Y
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FIG. 2 2  SECOND INVARIA NT  OF 
DEVIATOR VS BULK D E N S I T Y
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FIG. 2 3  SECOND INVARIANT OF 
DEVIATOR VS BULK D E N S I T Y  
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FIG. 2 4  SECOND INVARIANT OF 
DEVIATOR VS BULK DENSITY
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a v e r a g e d .  T h e s e  v a l u e s  w e r e  th e n  u s e d  to c o n s t r u c t  t h r e e - d i m e n s i o n a l  

M o h r ’s c i r c l e s  f o r  e a c h  s t r e s s  s t a t e .  T h e s e  c i r c l e s  a r e  show n  in 

F i g .  25 and  26. N o te  tha t  th e  r e p r e s e n t a t i o n  h a s  the  s h e a r i n g  s t r e s s  

p l o t t e d  a g a i n s t  n o r m a l  s t r e s s .  T h e  s h a d e d  a r e a  of the  c i r c l e s  

r e p r e s e n t s  th e  p o s s i b l e  c o m b i n a t i o n s  of  n o r m a l  s t r e s s  and  s h e a r i n g  

s t r e s s  ( s t r e s s  v e c t o r s )  that  c a n  o c c u r  on any  p la n e  th r o u g h  th e  point  

r e p r e s e n t e d .  F o r  e x a m p l e ,  i f  o n ly  a m e a n  n o r m a l  s t r e s s  s t a t e  e x i s t e d  

at a p o in t  ( h y d r o s t a t i c  p r e s s u r e )  M o h r ' s  c i r c l e s  would  s h r i n k  to a 

p o in t .  If a c y l i n d r i c a l  s t a t e  of  s t r e s s  e x i s t e d  (Q"j ( j i i i  ) the  c i r c l e s  

w o u l d  b e c o m e  one  c i r c l e  w i th  the  s t r e s s  v e c t o r s  r e s t r i c t e d  to l i e  on th e  

c i r c u m f e r e n c e  of th e  c i r c l e .  F i g u r e s  25 and 26 c l e a r l y  in d ic a te  tha t  

t h e r e  w a s  v e r y  lit tle* d i f f e r e n c e  in th e  f o u r  s t r e s s  s t a t e s .  C o n s e q u e n t l y ,  

t h e  s t r e s s  s t a t e s  r e p r e s e n t  a c a s e  of  n e a r l y  p r o p o r t i o n a l  load ing .  

T h e r e f o r e  th e  l a c k  of  s ig n i f i c a n t  d i f f e r e n c e  in m e a s u r e s  of the  d e v i a t o r  

d o e s  not  s e e m  u n u s u a l .  In s p i t e  of  th e  s m a l l  d i f f e r e n c e  in s t r e s s  s t a t e s ,  

t h e  m e a n  n o r m a l  s t r e s s  s t i l l  a p p e a r s  to b e  the  b e s t  i n v a r i a n t  to r e l a t e  

to b u l k  d e n s i ty .

T h e  l a c k  of d i f f e r e n c e  in s t r e s s  s t a t e s  p r e s e n t s  s o m e  i n t r i g u i n g  

p o s s i b i l i t i e s .  F r o m  t h e  T h e o r y  of E l a s t i c i t y ,  p r e d i c t e d  s t r e s s  

d i s t r i b u t i o n s  u n d e r  a c i r c u l a r  lo ad  i n d i c a t e  that  th e  two s m a l l e r  

p r i n c i p a l  s t r e s s e s  d e c r e a s e  in  m a g n i t u d e  f a s t e r  w i th  d ep th  t h a n  the  

l a r g e s t  p r i n c i p a l  s t r e s s .  (C o rp s  of E n g i n e e r s ,  1954.) T h e  r a t i o  of 

0 “i  to an  a v e r a g e  of  O ii and 0 7 u  is  a p p r o x i m a t e l y  3.5 at a l o c a t io n
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s i m i l a r  to  t h e  5 ” - 1 2 ”  s t r e s s  s t a t e  in th i s  e x p e r i m e n t .  F o r  th e  5 ” - 1 2 ” 

s t r e s s  s t a t e ,  th e  m e a s u r e d  r a t i o  is  2.4 . At a l o c a t io n  s i m i l a r  to th e  

1 8 ,x- 2 0 ’ s t r e s s  s t a t e ,  t h e  r a t i o  p r e d i c t e d  b y  E l a s t i c i t y  i s  a p p r o x i m a t e l y  

22 .6  w h i l e  th e  m e a s u r e d  r a t i o  is  2.7. At the  1 8 " - 1 2 ” s t r e s s  s t a t e  

E l a s t i c i t y  p r e d i c t s  a r a t i o  of 41 .0  w h i l e  the  m e a s u r e d  r a t i o  is 6.6. T h e s e  

r a t i o s  i n d i c a t e  r a t h e r  s t r o n g l y  that  s o i l  in a l o o s e  p h y s i c a l  s t a t e  d o e s  

n o t  fo l low  an  e l a s t i c  law .  It c a n  a l s o  b e  show n that  th e  m a g n i t u d e s  of 

t h e  m e a s u r e d  p r i n c i p a l  s t r e s s e s  d i f f e r  g r e a t l y  f r o m  th o s e  p r e d i c t e d  b y  

E l a s t i c i t y ,  p a r t i c u l a r l y  at g r e a t e r  d e p th s .  It is a d m i t t e d  tha t  th e  above  

c o m p a r i s o n s  a r e  not c o m p l e t e l y  r i g o r o u s ,  but th e  v e r y  l a r g e  d i f f e r e n c e s  

l e n d  v a l i d i t y  to  th e  c o n c l u s io n s .

A n o t h e r  i n d i c a t io n  of th e  s i m i l a r  s t r e s s  s t a t e s  is  the  i m p l i c a t i o n  

of a y i e l d  c o n d i t i o n  f o r  so i l .  T h e  C o u l o m b - M o h r  f o r m u l a  (eq u a t io n  14) 

w a s  d i s c u s s e d  as  a p r o p o s e d  y ie ld  c o n d i t io n  f o r  so i l .  T h e  cond i t ion  

d o e s  not s p e c i f y  t h e  p l a n e  on w h ic h  y ie ld  o c c u r s  bu t  m e r e l y  s t a t e s  tha t  

on  s o m e  p l a n e  th e  i m p l i e d  r e l a t i o n s h i p  e x i s t s .  If th i s  y ie ld  co n d i t io n  

i s  c o r r e c t ,  it i s  p o s s i b l e  that, w h en  the  r a t i o  of th e  l a r g e s t  p r i n c i p a l  

s t r e s s  to the  s m a l l e r  p r i n c i p a l  s t r e s s e s  e x c e e d s  a c e r t a i n  v a lu e ,  

y i e l d  s e t s  in; th e  s o i l  th e n  r e l i e v e s  i t s e l f  by  d e f o r m i n g  s u c h  tha t  a new 

e q u i l i b r i u m  is  e s t a b l i s h e d  w h ich  d o es  not v io l a t e  the  y ie ld  con d i t io n .

In t h i s  m a n n e r ,  th e  p o s s i b l e  s t r e s s  s t a t e s  the  s o i l  c a n  s u p p o r t  m a y  be  

r e s t r i c t e d .  A s s u m i n g  the  above  a r g u m e n t  is t r u e ,  p o s s i b l y  the  l a r g e s t  

p r i n c i p a l  s t r e s s  w i l l  a lw a y s  be  v e r y  n e a r l y  p r o p o r t i o n a l  to th e  m e a n



n o r m a l  s t r e s s  and ,  c o n s e q u e n t l y ,  U i  c a n  b e  r e l a t e d  to b u lk  d e n s i t y  

a s  w e l l  a s  ,  In  p r a c t i c e ,  h o w e v e r ,  th e  m e a n  n o r m a l  s t r e s s  is

m u c h  e a s i e r  to m e a s u r e  t h a n  th e  m a x i m u m  n o r m a l  s t r e s s .  M e a n  

n o r m a l  s t r e s s  r e q u i r e s  m e a s u r e m e n t  of  th e  n o r m a l  s t r e s s  on t h r e e  

m u t u a l l y  p e r p e n d i c u l a r  p l a n e s .  To  m e a s u r e  the  m a x i m u m  n o r m a l  

s t r e s s ,  t h e  e n t i r e  s t r e s s  t e n s o r  g e n e r a l l y  n e e d s  to b e  d e t e r m i n e d  

an d  th e  m a x i m u m  n o r m a l  s t r e s s  th en  c a l c u l a t e d  u s in g  m e t h o d s  d i s c u s s e d  

in  t h e  p r e c e d i n g  s e c t io n .  T h u s  m e a n  n o r m a l  s t r e s s  i s  p r e f e r a b l e .

An i n d i c a t i o n  about  th e  s t r e s s  d i s t r i b u t i o n  u n d e r  a c i r c u l a r  lo ad  

is  s h o w n  in F ig .  27. T h e  m e a n  s t r e s s  f o r  e a c h  a p p l i e d  load  in a g iv e n  

s o i l  and  at a g i v e n  s t r e s s  s t a t e  w a s  a v e r a g e d .  T h i s  a v e r a g e  w a s  then  

p l o t t e d  a g a i n s t  the  a p p l i e d  load .  As c a n  b e  s e e n ,  th e  d i s t r i b u t i o n  of 

m e a n  n o r m a l  s t r e s s  a p p e a r s  to be  in d e p e n d e n t  of s o i l  type .  T h e  

i n d e p e n d e n c e  i m p l i e s  tha t  th e  m e a n  n o r m a l  s t r e s s  d i s t r i b u t i o n  is 

d e t e r m i n e d  b y  th e  g e o m e t r y  of the  s i t u a t i o n  and is i n d e p e n d e n t  of s o i l  

t y p e .  If  th e  a b o v e  i s  g e n e r a l l y  t r u e ,  it w i l l  b e  p o s s i b l e  to d e t e r m i n e  a 

s t r e s s  d i s t r i b u t i o n  f o r  a g iv e n  w h e e l  o r  i m p l e m e n t  and  th e  d i s t r i b u t i o n  

w i l l  a p p ly  to a l l  s o i l s ;  the  d i f f e r e n c e  in c o m p a c t i o n  w i l l  r e s u l t  f r o m  

d i f f e r e n c e s  in th e  s t r e s s - b u l k  d e n s i t y  r e l a t i o n s h i p  f o r  e a c h  d i f f e r e n t  

s o i l .

B e c a u s e  of th e  c o m p l e x  p h y s i c a l  n a t u r e  of so i l ,  t h e r e  is  s o m e  

q u e s t i o n  a s  to  the  v a l i d i t y  of ap p ly in g  c o n t in u u m  m e c h a n i c s  to so i l ,  

p a r t i c u l a r l y  in a l o o s e  co n d i t io n .  T h e  L lo y d  c l a y  w a s  a s e v e r e  t e s t  f o r
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th e  a b o v e  q u e s t i o n .  T h e  s o i l  h ad  b e e n  s e v e r e l y  c o m p a c t e d ,  and 

c o n s e q u e n t l y  w a s  l u m p y ,  g r a n u l a r  and  c o m p o s e d  of h a r d  p a r t i c l e s .

T h a t  a good ,  s m o o t h  r e l a t i o n s h i p  cou ld  be  o b ta in e d  b e tw e e n  s t r e s s  and 

b u l k  d e n s i t y  r e a d i n g s  i m p l i e s  tha t  the  co n c e p t  of th e  c o n t in u u m  w i l l  

a p p l y  to l o o s e  s o i l s .  T h e  s m o o t h  r e l a t i o n s h i p  v e r i f i e s  th e  s t a t e m e n t  

tha t  th e  c o n t in u u m  c o n c e p t  is  not v i o l a t e d  as  long as  a r e a s  l a r g e  in 

c o m p a r i s o n  to th e  p o r e s  and p a r t i c l e s  a c t u a l l y  p r e s e n t  in so i l  a r e  u s e d  

to  m a k e  m e a s u r e m e n t s .



L A B O R A T O R Y  T E S T S

P r o c e d u r e .

T h e  b a s i c  e q u i p m e n t  u s e d  in th e  l a b o r a t o r y  t e s t s  w a s  th e  t r i a x i a l  

a p p a r a t u s  m a n u f a c t u r e d  b y  S o i l t e s t ,  Inc.  m o d e l  T - 1 0 8  e m p l o y i n g  f i t t i n g s  

f o r  a 1.4 in ch  d i a m e t e r  s p e c i m e n .  T h e  a p p a r a t u s  is  sh o w n  in F ig .  28. 

T h e  e q u i p m e n t  w a s  m o d i f i e d  so  tha t  a i r  d i s p l a c e d  f r o m  th e  s o i l  s a m p l e  

w a s  m e a s u r e d  in  a U - t u b e  m a n o m e t e r  w i th  one  s id e  v a r i a b l e ,  w h ich  

p e r m i t t e d  m a i n t a i n i n g  a t m o s p h e r i c  p r e s s u r e  on th e  c l o s e d  s y s t e m .  At 

t h e  c o m p l e t i o n  of  a r u n ,  the  f in a l  v o l u m e  of  the  s o i l  s a m p l e  w as  

d e t e r m i n e d  b y  w e ig h in g  m e r c u r y  d i s p l a c e d  by  th e  so i l .  T h e  b e s t  

p r o c e d u r e  f o r  p r e p a r i n g  the  s a m p l e  w a s  found to be  t r a n s f e r r i n g  the  

s o i l  b y  s p o o n in g  d i r e c t l y  in to  th e  r u b b e r  m e m b r a n e  w h i l e  in the  t r i a x i a l  

a p p a r a t u s .  T h e  m e m b r a n e  i t s e l f  p r o d u c e d  a s a t i s f a c t o r y  s i z e d  s p e c i m e n  

an d  at  a l o w e r  b u lk  d e n s i t y  th a n  w h en  a m o ld  w a s  u s e d .  W ith  th i s  

e q u i p m e n t  it w a s  p o s s i b l e  to  ap p ly  v a r i o u s  s t r e s s  s t a t e s  to th e  s o i l  and 

o b s e r v e  th e  e f fec t  upon  th e  v o l u m e  ch an g e .

In th e  t r i a x i a l  a p p a r a t u s ,  th e  f o r c e  a p p l ie d  to th e  v o l u m e  e l e m e n t  

i s  c o n t r o l l e d .  W a t e r  p r e s s u r e  a p p l i e s  a m e a n  s t r e s s  s t a t e  to the  

s p e c i m e n  and i s  o n e  e x t r e m e  s t r e s s  s t a t e  p o s s i b l e  w i th  th e  a p p a r a t u s .  

T h e  a p p l i c a t i o n  of  f o r c e  a long  th e  l o n g e r  a x i s  of th e  s p e c i m e n  c h a n g e s  

t h e  s t r e s s  s t a t e  to  a s o - c a l l e d  c y l i n d r i c a l  s t r e s s  s t a t e  w h e r e  th e  two 

s m a l l e r  p r i n c i p a l  s t r e s s e s  a r e  e q u a l  ( those  ap p l ied  b y  w a t e r  p r e s s u r e . )  

T h u s  th e  p r i n c i p a l  s t r e s s e s  a r e  m e a s u r e d  d i r e c t l y  in th e  t r i a x i a l
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a p p a r a t u s .  T h e  o t h e r  e x t r e m e  s t r e s s  s t a t e  is  d e t e r m i n e d  by  the  

m a g n i t u d e  of th e  l a r g e s t  p r i n c i p a l  s t r e s s  b e f o r e  f a i l u r e  of the  s p e c i m e n  

by  s h e a r  o r  o v e r t u r n i n g .

R e s u l t s .

T h e  t i m e  a v a i l a b l e  at t h e  N a t io n a l  T i l l a g e  M a c h i n e r y  L a b o r a t o r y  

p e r m i t t e d  o b t a in in g  o n ly  a l i m i t e d  am o u n t  of d a ta .  M ost  of th e  d a ta  

o b t a i n e d  w e r e  to t e s t  if  t r i a x i a l  a p p a r a t u s  cou ld  be u s e d  wi th  s o i l s  in a 

v e r y  l o o s e  c o n d i t i o n  and  to d e v e lo p  t e c h n i q u e s  f o r  m a k i n g  m e a s u r e m e n t s  

w i th  s u c h  s o i l s .  It w a s  d e t e r m i n e d  that t r i a x i a l  a p p a r a t u s  co u ld  be  u s e d  

s u c c e s s f u l l y  if  p r o p e r  p r e c a u t i o n s  w e r e  tak en .  One s e r i e s  of t e s t s  in 

t h e  H i w a s s e e  ty p e  s o i l  w a s  r u n  w h e r e  t e c h n i q u e s  h ad  b e e n  d e v e lo p e d  

s u f f i c i e n t l y  to w a r r a n t  r e p o r t i n g  the  d a ta .  It sh o u ld  be  p o in te d  out,  

h o w e v e r ,  tha t  s o m e  of the  m e a s u r e m e n t s  w e r e  not as  p r e c i s e  as  c a n  be  

o b ta in e d .  F o u r  i n d iv id u a l  s p e c i m e n s  w e r e  t e s t e d ;  two w e r e  r u n  w i th  a 

m e a n  n o r m a l  s t r e s s  s t a t e  app l ied ;  two o t h e r s  w e r e  r u n  wi th  a c y l i n d r i c a l  

s t r e s s  s t a t e  a p p l ied .  T h e  r e s u l t s  of t h e s e  fo u r  t e s t s  a r e  g iv e n  in 

T a b l e  C. T h e  m o i s t u r e  co n te n t  of the  s o i l  in the  l a b o r a t o r y  t e s t  r a n  

a p p r o x i m a t e l y  4% h i g h e r  th a n  in the  f ie ld  t e s t .

T h e  s i g n i f i c a n c e  of th e  t e s t s  is  th e  c l o s e  a g r e e m e n t  b e t w e e n  

l a b o r a t o r y  d a t a  and  f i e ld  d a ta .  T h e  a v e r a g e  l ine  f o r  the  m e a n  s t r e s s -  

b u l k  d e n s i t y  p lo t  on s e m i - l o g a r i t h m i c  p a p e r  and the  s t a n d a r d  e r r o r  

l i n e s  w e r e  d e t e r m i n e d  as  d i s c u s s e d  in F ig .  12. T h e s e  l i n e s  f o r  the  

t r i a x i a l  d a t a  a r e  sh o w n  in  F ig .  29. T h e  p lo t t e d  p o in t s  a r e  f r o m  the
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T able  C

TRIAXIAL DATA IN 
HIWASSEE LOAM SOIL

S p h e r ic a l  s t r e s s  s ta te

M ean  S t r e s s  B u lk  D e n s ity  
(psi) ( g m /c c )

2.5 1.37
5o0 1.53
7.5 1.58

12.5 1064
20.0 1.70
30 .0 1.77
38 .7 1,83

2.5 1,43
3 .9 1.46
6.4 1.49
7.9 1.54
9.3 1.60

14.3 1.62
17.2 1.66
22.2 1.67
26„5 1.71

C y lin d r ic a l  s t r e s s  s ta te

M ean S tr e s s  Bulk  D e n s ity
(psi) ( g m /c c )

2.5 1,43
5.0 1.50

10.0 1.58
15.0 1.61
20.0 1.67
30.0 1.71
38,7 1.78

3.5 1,38
6.4 1.51

10.4 1.53
13.3 1.59
20.8 1.61
23.7 1.63
26.5 1,66
36.5 1.68
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FIG. 2 9  FIELD AND T R I A X I A L  
D A T A  IN H IW A S S E E SANDY
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NOTE:
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a v e r a g e  l i n e s  of  F i g .  13 of  t h e  f i e ld  d a ta .  S in c e  the  l a b o r a t o r y  s o i l  

w a s  a t  a h i g h e r  m o i s t u r e ,  m o r e  c o m p a c t i o n  s h o u ld  o c c u r  f o r  a g iv e n  

l o a d in g .  (Soehne ,  1953; H o v a n e s i a n ,  1958.) H e n c e  the  s l ig h t  t e n d e n c y  

f o r  th e  f i e ld  d a t a  to be  to  the  lef t  of the  a v e r a g e  l i n e  in F ig .  29 is 

e x p e c t e d .  T h i s  good  a g r e e m e n t  v e r i f i e s  th e  two m e t h o d s  and le n d s  

v a l i d i t y  to b o th  t e c h n i q u e s  f o r  s tu d y in g  the  r e l a t i o n s h i p  b e t w e e n  s t r e s s  

a n d  s o i l  c o m p a c t i o n .  T h e  s u c c e s s  of the  l a b o r a t o r y  t e c h n i q u e  p r o v i d e s  

a n  e f f e c t i v e  m e a n s  f o r  p r o d u c i n g  d i f f e r e n t  s t r e s s  s t a t e s  not  o b t a i n a b l e  

u n d e r  f i e ld  c o n d i t i o n s .  B e s i d e s  the  a b i l i t y  to c o n t r o l  the  s t r e s s  s t a t e  

a c c u r a t e l y ,  it sh o u ld  b e  p o s s i b l e  to c o n t r o l  the  v a r i a b i l i t y  of the  so i l  

s o m e w h a t  b y  m a i n t a i n i n g  u n i f o r m  s o i l  c o n d i t io n s  f r o m  t e s t  to t e s t .  

P r e c i s e  c o n t r o l  w a s  not p o s s i b l e  in the  f i e ld  t e s t s  ev e n  w i th  the  

f a c i l i t i e s  of  th e  N a t io n a l  T i l l a g e  M a c h i n e r y  L a b o r a t o r y ,  and  t h e i r  

lo n g  t i m e  e x p e r i e n c e  w i th  h a n d l in g  s o i l s .



CO NCLUSIONS

In th e  l o o s e  s o i l s  t e s t e d ,  the  d a t a  p r e s e n t e d  in d i c a t e  the  fo l lo w in g ;

1. T h e  c o n c e p t  of the  co n t in u u m  w i l l  ap p ly  to l o o s e  s o i l s .

2. Of the  f o u r  i n v a r i a n t s  of s t r e s s  i n v e s t i g a t e d ,  

“ s '  - T m a x  , th e  m e a n  n o r m a l  s t r e s s  r e l a t e s  b e s t  to 

b u l k  d e n s i t y ,

3. B e c a u s e  of s l igh t  d i f f e r e n c e s  in ap p l i e d  s t r e s s  s t a t e s  and 

l a r g e  v a r i a t i o n  in t e s t s ,  it cannot  be  c o n c lu d e d  f r o m  th e  

t e s t s  that s o i l  c o m p a c t i o n  is in d ep e n d en t  of the  d e v i a t o r .

4. T r i a x i a l  d a t a  on th e  H i w a s s e e  s a n d y  lo a m  so i l  a g r e e d  v e r y  

c l o s e l y  w i th  f i e ld  d a t a  on the  s a m e  so i l ,  th u s  v e r i f y i n g  

b o th  m e t h o d s .

5. T r i a x i a l  a p p a r a t u s  c a n  be  u s e d  to s tu d y  s t r e s s - c o m p a c t i o n  

r e l a t i o n s h i p s  in l o o s e  t i l l a b l e  s o i l s  and  w i l l  p r o v i d e  a 

m e a n s  of o b ta in in g  l a b o r a t o r y  c o n t r o l  of a l l  v a r i a b l e s .

6. T h e  d i s t r i b u t i o n  of m e a n  n o r m a l  s t r e s s  a p p e a r s  to b e  

in d e p e n d e n t  of s o i l  type  and d e t e r m i n e d  o n ly  b y  th e  

g e o m e t r y  of load ing .

7 T h e  m e a n  n o r m a l  s t r e s s - b u l k  d e n s i t y  r e l a t i o n s h i p  w a s  

e x p o n e n t i a l  f o r  a l l  s o i l s  t e s t e d .

8. S t r e s s  d i s t r i b u t i o n s  p r e d i c t e d  by  the  T h e o r y  of E l a s t i c i t y  

w e r e  not v e r i f i e d  in the  l o o s e  s o i l  u s e d  in the  e x p e r i m e n t .



SUGG ESTIO N S F O R  F U R T H E R  STUDY

1. V e r i f y  b y  a d d i t i o n a l  t r i a x i a l  l e s t s  the  h y p o t h e s i s  that m e a n  n o r m a l  
s t r e s s  i s  r e l a t e d  to s o i l  c o m p a c t io n ,

2. I n v e s t i g a t e  th e  ef fec t  of s o i l  p h y s i c a l  p r o p e r t i e s  on the  s t r e s s - b u l k  
d e n s i t y  r e l a t i o n s h i p .

3. A s s u m i n g  m e a n  n o r m a l  s t r e s s  is  r e l a t e d  to b u lk  d e n s i l y ,  c a l c u l a t e ,  
if  p o s s i b l e ,  t h e  m e a n  n o r m a l  s t r e s s  d i s t r i b u t i o n  u n d e r  a p p l ie d  lo a d s ;  
if not p o s s i b l e ,  m e a s u r e  the  d i s t r i b u t i o n  e x p e r i m e n t a l l y .

4. D e t e r m i n e  a y ie ld  c o n d i t io n  f o r  s o i l  w h ich  is a fu n c t io n  of i n v a r i a n t s  
of t h e  a p p l i e d  s t r e s s  s t a t e .

5. C o m b i n i n g  th e  y ie ld  c o n d i t io n  and the  c o m p a c t i o n  c o n d i t io n ,  d e v e lo p  
a m e t h o d  f o r  d e t e r m i n i n g  the  to t a l  s t r e s s  d i s t r i b u t i o n  in soil .

6 D e t e r m i n e  th e  d i f f e r e n c e  in above  r e l a t i o n s h i p s  if a p p l ie d  to an 
u n d i s t u r b e d  so i l .

7. A p p ly  th e  above  i n f o r m a t i o n  to t i l l a b l e  s o i l s  and c a l c u l a t e  m a g n i tu d e  
and  ty p e  of lo ad in g  to p r o d u c e  a d e s i r e d  s l a t e  of c o m p a c t io n .

8. D e s i g n  and  t e s t  t i l l a g e  m a c h i n e s  o r  m e th o d s  w h ich  wi l l  p r o d u c e  the  
d e s i r e d  s o i l  p h y s i c a l  s ta te .
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