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ABSTRACT

The problem studied in this thesis is the expansions of
parabolic wave and harmonic functions. The wave equation
separated in the coordinates of the paraboloid of revolution
yields solutions referred toas parabolic wave functions.
Series expansion for the parabolic wave functions in terms of
the spherical wave functions has been obtained, with
coefficients of the expansion explicitly determined. These
coefficients have been given in terms of certain polynomials
due to Pasternack for which the orthogonality relation is
known., With this relation then the series expansion has been
inverted to express the spherical wave functions, in integral
form, in terms of the parabolic wave functions. iwo'methods
have been developed to find the expansion for the parabolic
potential functions. Further, the linear generating function
for the Pasternack polynomials has been obtained in terms of
a hypergeometric function. In addition a new derivation of
the bilinear generating function in the continuous case has
been given for the parabolic wave functions. Finally a
second method for the derivation of the series expansion of

the parabolic wave functions has been found.
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I. INTRODUCTION

The parabolic wave functions have received considerable
attention in recent years. This has been due, for a large
part, to the interest in the physical problem of diffraction
of waves both acoustical and electromagnetic, by a paraboloid
of revolution. The diffraction problem has been basic in the
work of Fock in some recent advances in the general theory
of diffraction. Of the many papers of Fock we refer only to
reference [8] where other references can be found. The
diffraction problem has also been studied by Hochstadt [10]

to which we shall refer later.

It is found iﬁ the approach to the diffraction problem
that the relation of the parabolic wave functions to spher-
ical wave functions is of considerable importance. In this

\thesis we study the problem of expanding parabolic wave
functions in infinite series of spherical wave functions.
This assumes as a heuristic principle, that a solution of
the wave equation in some coordinate system can be expanded
in terms of solutions of some other coordinate system.
However the number of cases where this has actually been
done and the coefficients explicitly determined, is very
small. We shall show that in the present case, the expansion

can be done and the coefficients determined.



It is of interest to note that as a by product of the
expansion, certain polynomials due to Pasternack [12] will
play an important part. These polynomials are orthogonal and
the orthogonolity relation is known. Hence the expansion can
be inverted and as a result spherical wave functions are then
expressed, in integral form, in terms of parabolic wave
functions. Further; we are able to find the generating
function for the Pasternack polynomials as a hypergeometric
function and finally we are able to give a new derivation
of the bilinear generating function in the continuous case

for the parabolic wave functions themselves.



II. PRELIMINARY NOTIONS AND NOTATIONS

We define the spherical coordinates r, €, Y , and the
coordinates of the paraboloid of revolution E ’ 7 R ‘f ’

by
x=2rsin@cosfP =EY cosY
y=rsin @ sinf =% sin¥
= r cos O =']'é-(§'2- ’72).
The wave equation
AU + X°U = 0

transformed to the coordinates E;' s 1 )° , is

1 1
EZ_._,,IZ g PY3

9 2
+5'2L’?2 a‘fg+kU‘

The method of separation of variables then admits solutions

of the form ¥ (£,A) Y (n,-A) e-imf ,
where V (€, A) satisfies the ordinary differential equation

2 2
d 1 d 2 2 =
;_5%+‘_&-"-—(i—l§‘+(kg —224-’\)54—0, (1)

and ¥ (7 ,-A) satisfies a similar equation with the sign

of /\ reversed. We shall refer to the product of solutions

Y (M) Y (,- e BT or Yy (E,N) Y (0,-A) as

a parabolic wave function.



From (1), ¥,_(&,A) can be given in terms of a confluent

hypergeometric function

%;g)\- + DL ono+15-1kE2). (2)

N 2,
- m ik 2

Yl E,A) = g™ MK E/2 g (-
For physical reasbns we shall expect to have wave functions
which are regular and single valued and thus assume m to

be integral.

Similarly, the wave equation transformed to the

coordinates r, 8, ¥ , becomes

2 2
1 2 0 U QU o U
——e— |7~ sin © + 2r sin © > + sin 6
r2 sin © brz r 062
' 2
ou 1 o ul, .2

+ cos 6 > + Sin 6 —T;FE + kU = 0,

and it has solutions of the form jn(kr)P;m(cos e)e~inf |

Here Jn(kr) is a spherical Bessel function and satisfies the

differential equation

2 .
acj (xkr) 5 a J (kr) 2 _ n(n+1) =

and P;m (cos ©) satisfies

2 = ' -1m
5 a Pn (cos @) a Pn (cos 8)

sin™®© + sin © cos ©
a6 de

2 2

+| n(n+l) sin“@ - nm P;m(cos e) = 0.



The function P;m(cos 8) is related to the associated

Legendre function Pg(cos e) by

-m - [ 4
P "(cos @) = (-1)% %ﬁ}f Pg‘(cos e).

Here we choose P;m(cos ©) so that we can absorb the factor

n-m)!
%ﬁ;ﬁ%? later in our expansions.

Various notations have been employed to designate
confluent hypergeometric functions and the parabolic wave
functions, notably those introduced by Whittaker and Bucholz.

The Whittaker function, MK,V(X)’ is defined by [3, page 10]
2
</ v + 1
= o~%/2 2 - y+1, .
2

and for v integral, is a regular function of x. It satisfies

the differential equation

2 2
d Yy _ 1 K l - v _
dx X

Our functions Wm( EL AN, LA ,-A) can be expressed

in terms of this Whittaker function, as follows:

mtl
y’m(§ s)\) = (-ik) 2 ’é"‘ Mi)\ m (-ik az)y
Bk’ 2
1
Y (M=) = (1K) © == M) (ik 7).
g T2



If in the above Whittaker function, v is not a negative

integer, the function Mx,v(") is defined by Buchholz

2
[3, page 12] as My (%)
v
= 2
MK:g(") (1 + v

In terms of these functions of Buchholz, our functions are

- ot
Y (&, A) =mt (-ik) 2 —3,—141,\ -1k £ 2),
bk * 2

~ and
_ml )
Yo(M,-A) =t (1K) 2 -%—Mé\ 1 (1k 77,

Still a further notationfxnifo(x) , useful in applications,

has been introduced by Buchholz [3, page 53]. It is a solution
2

\'4
re

of

and is given in terms of the above functions of Whittaker

and Buchholz by

1 1 Mx', V(x)
M (x) = x-‘2ﬁ4 (x) = x 2 _-TZ-T
X XX 4 r(1+v

2

Hence our functions can be expressed as



m .
=5, (m) |
Yo(EsA) =mt (-ik) ,2771,%1; (-ik £ 2)

o
Yl M=) = nt (1K) 27?1.(:12 (1k 1 2).
Lk

Finally we summarize these notations by writing the

parabolic wave functions %m(cf ,A) Vm( ,-1) as follows:

Vo(E,0) ¥(m,-h) = 22—y (1 ?)

&n vt
* M) m(iqu),
Bk 2
or ) (12 -(m+l)
b €500 W0 1,m0) = UM ik g D)
B 2
M LA m(ikrlz)’
i
or

- (m)
()2 XM, (-1k £ 2)
Lk
(m)
2
bk

| Ym(g’k) Wm(,?""\)



III. EXPANSIONS
We now attempt to expand the parabolic wave functions
V(5,2 "{fm("t',-)\) in terms of spherical wave functions

J,(kr) P;lm(cos ©) and assume an expansion
o)

Yl M) Wylysm ) =) &% j_(xr) P M(cos 0), ()
n=m
| 2 .2
withr=-]25(§2+722) and cosezi—l-

§2

The coefficients ag , which depend on k, A\, m, can be
determined from the condition that the expansion (4) must be
a solution of the differential equation (1) for all values

of YL « Since the particular value of WZ does not matter, we

choose arbitrarily small YZ, and examine P;m(cos 8) for Y(

- near zero. As 7z —> 0, cos 8 —> 1 and since
. ;

lex e
(1+m5

as x—> 1, we find that

: a
P;lm(x) —> 2 2

m
P;m(cos g) —> - X

m! E}m

The expension (4) thus becomes

4 -m XD _
Ym(g.)\) \}’m(‘r(.-%) =72m . -i—;—- . % aﬂ j(kr).

It remains here to investigate \jfm(?l,- A) for small ’)z .



Let iw=-2'%.
Then.
2
\Vm(YZ,-)\) =7zm o'k yl/211"1(--!2-"4‘--@-*2'l 3 m+ 1; -ik7(2)
W, o+l
2 "2 %73
=)'(m AkN/2 |, ., (-ik?(z)
m+ 1

+ O( 7z)+) O'.} .
But the 1Fl above approaches 1 for small 7 » so that

we have

\}/n;()z,-)\)xwzm

and the expansion (4) reduces to
®

\}’m(gy)\) = %ﬁz a?; g-m Ik V)

n=m

with V = 52/2.

We now determine the cohdition that

S £ 3,0k §272)

. n=m

satisfies the differential equation in (1). Let
00

V=2 e g™y 2.

n=m

Substituting 4’ in the differential equation (1) leads to
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00
2
> " [% I €2/2) + (-m) 3} (x32/2)

n=m

Ke2 4 qw) I, (k&2%/2) J: 0.

+ (

If we put v =(k/2)§2 the last equation becomes

2.9)
> allve (@) + Wwil(n) + (v + 103 n] =0, (5)
n=m

in which we can eliminate the j;(v) and j;(v) by using the

differential equation for jn(v) and the recursion

formulas
£2021) 5 (v) = 3 (W) + 3 (), (6)
(2n + 1) jo(v) =nej (v) = (n¥1) j . (v) . (7)

The differential equation for jn(v) is

vedi(v) + 230 (v) + [v - alorl) ]jn(v) = o,
or _
v.j:(v) = [ Qi%ill -v ] jn(v) - 2jn(v).

"
If we now introduce v-jn(v) into (%), it becomes, after

simplifying

00 : .
E ag [ n+$ L4 S iw:] Jp(v) = (1+m) J;(v) = 0.

n=m
Using the recursion formulas, (6), and (7), the last equation

reduces to
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8 0] -
3t v+ 54 a0+ ]

n=m

m+l

or
00 (4 o)
a® n({n-m) m .
E &) n ¥ 1 -1 (V) + 2 a iw § (v)
n=m n=m
. @
m (n+l) (n+m+l -
* Ln_man '(7'2%'(1_1T)' Ina (V) = 0.

This can be rewritten as

(9] '
n+l){(n-m+l m m n{n+m m _
E jn(v) [: (2n + 3) 2neyp tivoay ¢ (2n-1 an-;] =0,

n=m

which can be reduced to a simpler form if we let
_ m
= (2n+l) b, .

This leads to
00

P .|>(n+1)(n-m+1) bp,y + iw(2n+1) by

n=m

+ n(n+m) bn 1] 0. (8)

Hence for (8) to hold, the coefficient of jn(v) must vanish,

and we therefore have

(n+1)(n-m+1) b§+1 + iw(2n+1) bﬂ + n(n+n) bﬁ_i = 0, (9)

which is a three-term recursion formula for the coefficients

m
an

55 71 ip our expansion (&).

m-.-=
bn =
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The problem is now to determine the coefficients ag .

This can be done by comparing the recursion formula (9) for
the bﬁ with a recursion formula for certain polynomials

studied by Pasternack [12]. In order to do this, in (5) 1let
m _ §n+m;! m -
bn ~ (n-nm)? Bn *
This leads to
(n+1)(n+1+m) Bg+l + iw(2n+1) Bﬁ +

n(n-m) Bﬁ_l = 0, (10)

which is a recursion formula for the Bg « Now let Bg = 1B Cg.

Then (10) reduces to
m m m  _
(n+l)(n+l+m) C ., + w(2n+l) C - n(n-m) C _; = O

This is the recursion formula for the set of polynomials

Fﬁ(w) given by Pasternaek [12]. They are defined as
Fﬁ(Z) = 3F2('n , N +1, 12-' + % + 'S_;lim"'l;l)

for all m, real or complex, except m a negative integer.,

Therefore we have

(2n+1) (n*m 2 gl

m _ m
8n < (2n+1) bn n-m)! °n

n+m)! .n
n-m)! imc

i

(2n+l1) (

where the Cg are proportional to Fg(w). Hence



s b

m
Fm(w)
with iw = A/2k. The aﬁ can now be given if we evaluate

ag from the expansion (&),

o)
\Vm(g,ﬁ) Ym(‘? y= ) =Z alr':.jn(kr) P." (cos 8),

n=m
by dividing by gmizm = r® sin™e, and taking the limit as

f , 7', r —> 0. Now on the right-hand-side the dominant

term for small r is the first term of the series for

IpCkr) =\z T, e

*3

. a
which, after dividing by rm, becomes %55%i7? k™,

‘ . .
Also, P;m (cos 8) = s;n e which, after dividing by sin™e,
2" m!

becomes « So that we have now for the right-hand-side

2™ my
oM @ s 1 m K
(

m T ———
8y (Cm+l)t ° oM 8 (Cm*1)? °

But the left-hand-side

V(5 s A Y (,= )
g "
approaches 1 in the limit, and therefore we have for the a_

am - (2m+1)8 .

m kA

13

' FR(w)
on+1 ¢ -
= (2311§ (‘2E;I?(n-m' T i T (11)



1k

Therefore we have for the coefficients ag, substituting

a® into (11),

m
m _ (2n+l §n+m;! n-m Fp{")
" (omm)t 1

n m m ¢
k F(w)

We have finally for our expansion (&)

00
\I/m(;,)\) \{fm(ﬁ,-)\) =;n ag (k) P;m(cos 8),
s  sD-Mm 'Fm(w) A
all = (2n+1) $E8Le L L with iw = 5 . (12)
(n-m)! ’ 2k
n n @ K0 Fz(w)
m

The coefficients a can also be given in terms of F;m(w), if,
for the moment, m is not an integer. This can be done if we
let bﬁ = 3% Bg « Then the recursion formula for the bg

becomes, with iw =')/2k,

(n+1)(n-m+1) 171 BT+ (2041)(1w) 17 B

+ n(n+n) 101 Bﬂ_l = 0,

or
(n+1)(n-m+1) Bﬁ+1 + (2n+1l) w Bg - n(n+m) Bﬁ_l = 0,

which is the same as the recursion formula
-m -m
(n+1) (n-m+1) Fn+1(z) + (2n+l) 2z Fn (z)
- n{(n+m) F;m(z) = 0,

So that now we have
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o Fo(W) F_ " (w)
aﬁ = Lgﬂill (em)t 170 —%ﬁ—__ . But —%E——— is defined as m
k F (w) Fo(w)

approaches an integer, and thus our expansion (12) can be given as

@
Yats TONACIINE Q> Latl) (o) ynom

=m k
F_2(w) |
[ n ° -
;;E?;; jn(kr) an (cos ©). (13)

Now, in order to establish the convergence of our
series expansions for the parabolic wave functions, we

write (12) as

00
_ 4 04m F2(w)
Ym(g,)\)\lfm(vz =) = nE___m (2n41) S5 - F§(w) 3 Ckr)

m
Pn (cos 8).
To investigate the behavior of Fﬂ(w) for large n, we can use

the asymptotic expansion of a certain polynomial given by

Rice [13]. He defines these polynomials as
Hn(C,p:V) = 3F2('nsn*lyg; 1,p;5v),

and with E = Q—%ﬁ’-' and p = m+*l and v =1 these reduce

tb Pasternack polynomials. Hn(§9,p,l) however, behave as a
power of n for large n. Hence the coefficients ag in the
expansion behave as a power of n. This is also the case for
the function Pz(cos 6). But jn(kr) behaves as O(%?) for large

n, so that the series converges everywhere.
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IV. INVERSION OF THE SERIES EXPANSION FOR PARABOLIC WAVE
FUNCTIONS

It is now proposed to invert the series expansion for
parabolic wave functions and express the spherical wave
functions in terms of the parabolic wave functions. This
can be done using the known orthogonality relation for
Pasternack‘polynomials. The orthogonality relation is given

by Bateman [1] as

o0
T 1 Fp (%) F" (-1x) 0,  p#n
2T (1*m) (1-m) Cosh ™ X + cos m 7 OX = 1
-0 /én+1, p = n.
(1)
Our series expansion for parabolic wave functions is
m -
m, i
I (n#m)t |, Fnl- 5% )
\'/m (g ’%)Ym (y(,-)\) —Z m (2n+l) (n=m)? m, i
) n=m k Fm(" 2k )

+ 3, (kr) P (cos @),

which can be rewritten as

N . N-m FO(- liﬁ)
(E, MY _(M,-N) =}:1 (2n+1) —B—=ak
Vel YO ) B e S

. jn(kr) Pg (cos 8) (2)
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For convenience, we let t = %ﬁé , and restrict this substi-

tution for this section only. Now, multiplying (2) by

m, .
Fp(-lt)

cosh 1t + cosm 7

and integrating with respect to t from -oo to w, and as it

is permissible here, interchanging the summation and the

integration, leads to
f¢5)
FR(it) FO(-it)
.\ ,m
(-1)" k E%s Tt +pcos mm Ym (§ ’)\)Ym()’(’-k)dt

-

Fp(it) Fg(-it)

cosh wt + cos mw

dt  (3)

el
= Z i" j (kr) Pp(cos 8)(2n+1)

From Pasternack [12] we have, if m 1s not an integer,

(1+m)

- f' n+m+ r 1=~ m
an(z) = T Fg(z) = 1:%;:;;%% °1=%T;ﬁ%-Fn(z) (%)

Under this condition, introducing (&) into right-hand-side
of (3) for Fg(-it), and then applying the orthogonality

condition (1), leads to

C (ntm+1 1
" 3 (k) PP(cos 6) = J(-1)" i oYL 1
17 3p(kr) Pp(cos 2 MO ) " [T (me1) 12

0o ,
Fo(it) Fo(-it)
coxsnh Tt +ncos mw Ym(§ ’)\)Ym(n,-)\)dt. (5)

=00
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The factor in the integrand involving Pasternack's polynomials

can be expressed in terms of hypergeometric and Gamma func-

tions. We have
Fp(=1t) = JF,(-n,n+1, 5 + 3 - 355 m+1,151),
Using the transformation (9)

o, o

I R B I I BN et AP ur
32 81282 [ (Bam ST (By*Bam =y Q)
| By X 1aBym o °<3,‘l
*.F
2 104 P4
32| ByaBytBy- Oy- X,
leads to
 gedeed
FR(-it) = — —
n | (m+1)| (%—%m-k %)
°3F2(-n+m,n+m+1, -é- + %— m + -1—235 m+l,m+1l;1) (6)

Also, we have

F1t) = ,F (-m, &+ 3 @+ 25150,
which, with the relation [14, page 282]
2F1(a,b;c;l) = Frtzijz %T;::si ’
1 it
reace ¥ Fa(it) = L (§'+ 2:?-i—211 - - (7)
[ ()| (3-35m-%)
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Hence, from (6) and (7) we get

1 1 it 1,1 . _ it
Fo(-it) FR(it) = 1 B (5 + 350+ Té-)l_(.z- +3n ;2_
R T WP g b B - e 8

=

* yFp(-ntn,n+mel, 5 + %xn- %};m+1,m+l;l) (8)

If we now use the functional equation

[ G+l d-2 ==L,

we can write for

1,1medty T (Ll,lp.ity T 2
I_(g‘-"gm‘.-—?—)—o ‘ (g+gm _2_1—.]_' r(ldbl'-m '#-l&)
l—_(l-._l.m_i_t.) —(l__]_-_m_,_j._t)w’ﬂ' 2 2 2

2 2 2 | 2 2 2

_ 2
*coS v(%+%) %r[‘ (%-p%m_ -1-25)\’ cos w(%-%)

2
R 1.1 it, 1 ,.1h it \
= 2W2[|_(2+2m+ 2) l_(2+2m 2) ] (cosh mt+ cos mm)
(9)

Substitution of (9) into (8) leads to

=
-
-

™ 2
o =+t (G o 3 T o da- 31 |

¢ (COSh mt+ cos m'rr) 3F2(-n+m,n+m+1,-% + '12"111— .]2;;. H m+l,m+1;1)

(10)
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Equation (10) can now be introduced into (5), and thus we get

n m _1 . 1 . D (neme
17 Jp(kr) Pp(cos @) = g= (-1)" k" [T (o) 1% T’%§331%§

2

. [r(%+—é—m+%§) r(%+%m- 32&)]

s 3Fp(-n+m,n+n+l, -é- + %m- it me1,me151) e (g AN VY, (‘VZ -A)at

This result, which now holds for integral (11)

values of m, can be reduced to a representation due to

Buchholz [2, page 202] if we use his parabolic functions.
m

Buchholz redefines the functions 7}?( )(z) [2, page 198] as
K

1/2
mM™a = & u .
K K2

Using this definition and the expression relating our

parabolic wave functions and the Whittaker functions,

section II, we get

V(; PN Y= = 3y 77??:)(-11{;2

Lk

(m) 2
. 77?. (ik N ). (12)
e [
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Therefore, for integers m, with - -1-21-; = s, and the relation (12),

equation (11) reduces to the result obtained by Buchholz, and

we get

1" 3, Ckr) Pl(cos @) = -12; (-1)8 —1  (ntm):
(m!)" (n-m)!

i o

2
.'2_—]1?'5. S [r(%+%m+s)\-(%+-§-m-s)]

-1 oo

* 3F2(-n+m,n+m+1, ‘12—'4- % m+ s; m+l,m+l;l)

(m) 5 (m) 5
, (-1k £2) (1k n?)ds.
M oes® My
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V. SPECIAL CASES

1. A SERIES EXPANSION FOR THE FUNCTION Y, (5, »). By the

use of the expansion (12), section 111, we can now derive a

series expansion for the parabolic function\]/m(g ,2N) in
terms of the spherical Bessel function jn(kr). It is then

possible to give an expansion in terms of the function
j(kr) for the Whittaker function M_, _ (-ik§%).
. . , -
2

i

We have already shown, page 9, that

(0.0)
a6 = == > &l 5 (), (1)

m! gm n=m

with v=k 52/2, and where

‘n-m  F(w)
n . e Fp(w)

with iw = A/2k. Now with

Yal§, 2 = i~ ey L 16 D)
g 2 ' 2
(1) becomes .
o (ml)/2 2
‘ . 2y _ (-ik m
M__g’ g (-ikE2) = i——’——————m' §T an al j, (v),
or % _ m -(m-1)/2 .
2 -1)"(~ik ;N
M_ (-ik£°) = - (2n+1)1
g9 5T L
F(w)
+m)! "n
(g-m ! () Jn(v), (2
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where we have substituted for the coefficients ag , page 1k,

The series expansion (2) can now be compared with an
expansion for the Whittaker function given by Buchholz
[6, page 128]. In this case, however, essentially the same
4Whittaker function has been expanded in an infinite series
whose terms are a finite product of a sum of two Bessel

functions of the first kind whose orders are half an integer.



24

2. THE DERIVATION OF THE SERIES EXPANSION OF HOCHSTADT

In [10] Hochstadt makes use of an expansion of parabolic
wave functions in terms of spherical wave functions and we

shall show that his result is a special case of ours.

Hochstadt gives, for s and m integral,

ﬂm (P) -DM ‘ (m) (-21 k§)

l+m

*TT
p L n+
"77] ) Lep GLEE -inf > L = (2n41)

P) n=m

Z -1) (m-n) (m+n+1) (r+m+1)( r)

(m+l) (s-r)
«J, (kr) Pﬁ(cos e)e'im\f . (3)
Our expansion is
y (D=1 Fm(w)
Y (‘?' , MY, (7? -N) —Z(2n+l) %@}4_ i -
— F (w)
o J(kr) P;m (cos 6), (%)

with iw = M2k.

Using the notation of Buchholz for our parabolic wave

functions (4) becomes

' X
(m.)2 777.(_ 2 (- 1k§ ) 772 (ik77 % (2n+1)

n-m Fm(w)

m
m

mi m
e (-1) J(kr) P (cos 8),

(w)
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or _
(m) 2 (m) 2 2n+1 +
(-ik &€ <). (ik72) = S_Q__l n+m
7”— % 5 77?_ g 7? % (m')
F(w)
. n :
T Jpkr) PP (cos ). 2

Now let -w = 2s + 1 + m, where s and m are integers, then

(5) becomes

(m)
( X 2 ik - ‘21]"'12 n-l=m
7775*%— 15)%] 1"”’( 7 %(m_)z
F2 (-2s-1-m)
n m .
. (kr) P_( 8). 6
Fp (-2s-1-m) dp{kr) Ppleos €) (6)
We have
Fz (-2s=-1-m) = 2F1(-m,-s;l;1)
(1+s)
o (s*m)t _ [(s+me1) (
" m! s! T m! st * 7)
Also o
F_(-2s=-1-m) = 3F2(-n,n+1,-s;m+1,l;1)
rdedeslan b
EREREI

.3F2(-n+m,n+m+l,-s;m+1,m+1;1)
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S
l_! s+m+lz (-n+m) (n+m+1) (- S)
s! m! ;;% (m+1) (m+17[1r' .

]

_ T (stnt1) (m-n) (n+m+1) (-1)% s!
T st mt (m+erm+1) r! (s-rv)! °

Here we have used the transformation [9, page 499]

%1,%2,%3;1 [ (B [ (By*Ba- %y~ %o =)
[~ (Bom %3) T (By=Bom ™1 5%)

32
B1s By

ﬁl_ cX]_:E’l“ °<2 ’ 0(3;'1
o 3F2 o( d *
BysBy*Bo- -0

Hence we have with,some simplifying,

s
— (-1)T (n-m) (n+m+1) (m+1+r)
m( 2s-1-m) = 2=0 (m+1) - (s-rT' (s=r) . (8)

Introducing (7) and (8) into (6) leads to

(m)
772 1+m (- ikg ) 77? 1+m (lk? )

:Z_ (2n+1) in+m m! st
- (m, (s+m+1)

(-1)F(n-m) (n+m+1) (mbl+r) (o)
’:l_ (m+l) Y (s-r)'

n=m

. jn(kr) Pﬂ (cos 9©),
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(m)
N 2
1 s + Lo (-1k &%) 7775 + 1o (1n™)
)

B ) S

m? (m+1)r(s:r)! T}

. m
. Jn(kr) P, (cos 8),

which is the series expansion given by Hochstadt with the
parabolic coordinates X=2+Z 7’( cos f, ¥Y=2 ~/§72 sin ¥,
Z= S ""7( .
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VI. THE EXPANSION FOR PARABOLIC POTENTIAL FUNCTIONS

The parabolic potential functions are the solutions

of LaPlace's equation |
AU=0

in parabolic coordinates. The expansion for these functions
~can be derived in two ways. Directly, by repeating the
process for LaPlace's equation which we did for the wave
equation, and this will be shown later in this section.
Secondly, the expansion for these functions can be derived
by taking the 1limit of the expansion for the parabolic wave
functions, (12), section III, as k —> 0. Then the parabolic
wave funct%ons become Bessel functions in the limit, as is
the case if we separate the LaPlace's equation in the
parabolic coordinates and find its solution. To show this,

the differential equation satisfied by V ( ; , \) is

BV _(E,A) L ay(E, N [ 2 }

_m_ ¢ + 1 _1m ¢’ 4 22 _m_ LA

T A A
Yl Es N =0,

which becomes, as Kk — 0O,

§2 <f2qqg(§ » 2N) +‘§ d\Ké(E s AN)
d§2 d?

| °\Vm(§’)‘) = 0. (1)

—

v |-m® + (7\1/2%")2

This is Bessel's differential equation with a solution

regular at § =0, J( )\1/2§). For the equation involving
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7(, thé corresponding solution is Jm(i,k1/27l).

Now for the right-hand-side of the expansion III (12)
we must find Fg(w), Fg(w), and jn(kr), as k —> 0, while
P;m (cos 8) is independent of k.

We have

L] o

m + % wi;l,m+1l;1)

n .. 1.1 1
=j§::( n)r(n+l)r(2 +3m+ 3 w)r 1
]
=0 (1)r (m+1)r r!
The last term in series (r=n) contains (% + % m + % w)n.

This factor is of degree n in w. All other terms of
r < n are of degree less than n in w. Therefore, near

k=0, with r=n and w = -iA/2k, we have

3 1 ?
P R T

k * nl n!  (n+m)?
L (qynn 20 _mtCemt 37N )

Similarly, near k = 0, we have

Pl A2y oomi(em)t IZAT 1

_if AT 1
mt 228 M

Then, near k = 0, for the coefficients ag we have
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gl ~ 2n+l n+m) ! 40-m m'§2n}'in)\n 1
n”"™ 2 2n n
k% n-m)! (n+nm) ! (nt) k
mt 22m 10
® im Am 2
or
2n+1 md n-m n-m 1
- ) A (2n)t —=— ,
n m o (n. A kn

The dominant term in the expansion of j (kr) =\/12T—ff I (kr)
n+ =

near k = 0 is the leading term and hence for small k

n
o (kr) = gTEnL_'_%T—&'-

Thus the right-hand-side of our expansion III (12) becomes,
in the limit as k —> 0, |

E ‘(%%TET (- )]:)n- 2fpt ) o n P;lm (cos 8).
n=m
It remains now to investigate the left-hand-side of our

expansion as k —> 0. We have

2
. / . 2
Then VN 2\2
m 1 (—2—3)
tm Ynl§:2A) =% 1 © (o) 1?-4
A
1 (£5)

* (o) (m+2) 31
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e |ET @Y ay
(VG:)m m} | (m+1)$ 1! (m+1)T 27

1
N
T
A
+
o
+
-
N
o

Similarly

m -1k}?2/2 1IN . ptl 2
Ymﬁz,-)\) = 72 e 1F1 (+ bk +* T35 mtl; -ikY( )
approaches

¢ ol
e TaC /XW().

Therefore the expansion III {(12) now becomes

(o)
@n? 227 5 ye J (1)\/2 ) =) a)° r”
g0 D m § m 71 (n-m)! n!
=m
(- %)n-m 22 AT P~ (cos @),
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or

1/2 1/2 ©
T, AN By g A 7) =Z Y S C VL

n-m)!

. .n .-m
r Pn (cos 8)

=i o bien” ,

n! (n+m)! r
« P® (cos 6). (2)
n
-which is the expansion for the parabolic potential functions.

As mentioned above a different way to get this expan-
sion for the potential functions would be to repeat the
process for LaPlace's equation that we did for the wave
equation. We assume the expansion

1/2 1/2 &=
= m ._n ,m

Jm()\ §) Jm(i_)\ 72) = E b, r’ P (cos @), (3)

n=m

2

5+ 1

2 §2 2
with r = > , COS O =

2-7?
54 7

to determine the coefficients bﬁ by substituting (3) in

« Again we attempt

1/2 '
the differential equation for J (A g') for all ’7 .

Since the particular value of 7 does not matter, we

choose arbitrarily small 72 « Then in the right-hand-side



of the expansion (3), for'7 near zero, we have

2 2
m (2 =0\ . m (nem: . 1 sz
§ +7( n-m)e Me m

3

2n
and rn’,&:Lo
on
1/2
For the function J (i A '7), near q = 0, we have
S L
Jm(i)\ 7)~ - .

Thus the expansion (3) for Y. —> 0 reduces to

-m/2 2n-m

-m m (n+m)! A
J()\ g) Eb (-1) (n-r—n'}f o0 §
We now determine the condition that

Q0 'm/2 2ne-
PEETREEE = -l

n=m

satisfies the differential equation (1). This leads to

2n-m
jz:.bm n+m ! -i; (hn - L4nm) §

.O

n=m

Ms

2n-n+2
m (ntm)? 1 -
by (n-m;! on 2 ? =0,

n=m

which can be simplified to
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o -

S| e, (b |

n=m+1l

n-m

- € =0 ()

. 2n-m
Hence for (4) to hold the coefficient of §' must

vanish, and thus we have the two-term recursion formula

bR = - {ntm-1)3 —_— gn-mgg
n (n-m-1)! n-l (n+m)! En(n-ms ’

or
- ge)\g -
bg = 7 Ln(n+m bg-l . (5)

The solution of (5) gives, for b? in terms of bm ,

. _ 0P @A py (om)y

n "0 ht (men)!

m

Now the coefficients bﬁ can be given if we evaluate bg
from expansion (3). This can be done by dividing (3) by
m .m m "

§ N =r" sin™e, and taking the 1imit when 5s 72 —> o.

This gives for the right-hand-side

The left-hand-side is 12 1/2
JAXNT ) TGN T

s'
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and this becomes
im )\m
22m (m!)2

as ;' » 7 —> 0, and therefore we have for the b:

bm - g_llm im )\m

22w (2m)!
Finally, we have for the coefficients bﬁ

n M C-HTent
bn = T n! (mtn)! y

The expansion for the parabolic potential functions is

therefore

n n
1/2 1/2 X M- §) (@A) n
Jm()\ g) Tn(i A 7) =z nt! (n+m) ! i
n=m

. Pg (cos 8).

This is exactly the same expansion as in (2), and it can

be rewritten as

n_n
1/2 1/2 © 4m. Ly A
Jm()\ §) Jm(i)\ }Z) =Z n! (Eﬂn)&
n=m

2 2
2 217 _
e ().
¢+
It follows immediately that the series is convergent for all

§ and '? .
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VII. GENERATING FUNCTIONS

1. Linear Generating Function for Pasternack Polynomials.

In order to find this generating function we first

consider the representation

B(B’ K - B) 2Fl (O(:B§ X;X) =

1 .
J uP-1 (1-u) ¥-g-1 (1=xu)” x du, (1)
0

which is an integral representation for the hypergeometric

function [11, page 12 ]. let X =m + 1/2, B = (m+l+w)/2,

¥ = m+l, and x= -4t /(1-t)2, then (1) becomes

B(m+1+w m+l-W)2Fl(m+ 1 mtltw ; m+l; - _.ﬂ_ )

2 * 2 2* 2 (1-t)2
1  m-ltw m=l-w . -n-%
={w % aw ? 1+ —0 du, (2)
(1-t)
0
and
1 n+tltw mlew m+l+w Lt
B( ) JF, (m+ +1
(1_t)2m+l 2 * 2 2°1 2 0 2T HHIT 0 62
1 nm-l+w m=1l-w -m-%
(w2 (@ 2 [1+t2-2t(1-2u):] du.  (3)
5

Now the generating function for the Gegenbauer polynomial

2, -v-1/2

CX+1/2(Z) is (1-2hz + h , and we have [5, page 175]
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—v - —

(1"2hz+h ) E C (z)hn =
n=m
- X
v+ : +2 2
r—(2v+1 C 2+IV+1 (1-2°) Pn+v (z)h". (4)
. 1/2

which is convergent for [h l < Iz * (22-1) / .

Substitution of (%) into (3) leads to, with v=m, h=t,

and z=1-2u,

1 _.l_z{m*' + m+l- 1 mtl+ L
B( , ..—l) F m W, 1;_ S
(1-1) 281 P (m*3, 5wl )
2 1 _
= (-l)m _(?13%?2 tn-m 2m 1 S (1 Z ) m(z)
n=n 2y
m+g—1 m=w=1
- 2
) ] e

: - ~-m - (.18 {n-m)?¢
where we have applied the relation Pn (x) = (-1) %§:E%T

. Pg(x), started the summation from n=m, and, as it is

permissible here, changed its order with the integration.

Now from Buchhoiz [2, page 202] we have

m

‘fw ) - - m + 13 1+-
J(tan—i Prnn (cos ) a f -ﬁ%—%{-ﬁ:ﬁ r(—%—l’)

0



1+m+
. I (=—=— m w) 3F (-n+m,n+m+1,mi%i¥ ; m¥l,m+l;l).
If we put tan‘jé=\/%i§ » Z = COS v in (6), we get
1 g 1 m+¥4l m—g-l
S [ﬁ] PI(z) —L— az =S -z) = (Q+z) =
/ P) m i
21 1-z -1 (1-2)°2 (1+2)2
PP(z)az

1
mty-1 mey-l
= 2m'18 (1-22) [lg—z] [%—z] ' PD(2)dz,
]
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(6)

(7)

which except for a constant factor is the integral in (5).

Introducing (7) into (5) leads to, from (6),

1 mtlty mtl-w 1 omlbw ., Ubb
PEERY o - R Y oRmrs . T amlis )
Q) .
n-m g-l)m n+m)? m+l-w
= (-1)" (2m)"zg: t (m)2 (n-m)? [_( >
n=m

. r(’—“%-f—"!) 31'«'2(-n+m,n+'m+1,E%-t"-’; m+l,m+l; 1),

or
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o0 .
- n+m)!
Zm!g;;'(n-m 1 3Fp(-n+m,n+mel, mi%:g ; mtl,m+l; 1)« t©

Using -w for w, we get

o
1 mtl-w, . W, _ 1

Q
N {n+m)? -
'2 (n-m 3Fo{-n*m, ntmtl; BHW el ,mel; 1)t (8)

n-m)!
n=m
But we have
i (1 1 W
| m! (% - =m+ =)
F,(-n+m,n+m+l, ZEL=Y o 4 neds 1) = __l—AQ 2 2’
372 2 ’ (l f:m+ ¥
2 2 2
.« Fp(-w), (9)
and
1 1 W
(+sm+ 3)
Fli(w) = F;l L2 (10)
mt [(3-3m+3)
Introducing (9) and (10) into (8) leads to
£ 1 mtl-w ut 1
F.(m+ 3, 3 mtl; - ) = N
00 m
. (n+m)! Fn(-W) . gD (11)
(n-m)! F(w) *
n=m m

But from Pasternack [12, page 212] we have
m = (o730 o
Fn("Z) = (-1) Fn(Z)’

so that (11) becomes
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i 1 m+l-
——t—— _F (m + 5, BXlow, A - |
(1_t)2m+1. 2 1l 2! 2 m+1; (1-t)2 ) = (2m) !

m

- !
£ n-mj). Fﬁ(W)

or, multiplying by (ik)™,

(2m)! g™ 1l mt+lew Lt
: o — F (m + = 3 m+l s =
00 m
) 1) (nem) Fn(w) n
= t7. (12)
N (n-m;E m '
b= (ik) F(w)

The coefficients of t" in the expansion (11) are
proportional to the coefficients of the expansion in

section III. In fact if we rewrite (12) as

(2m)$ . £ 1 m+l-w Lt
—t—— _P.(n + %, ; m+l; -
(1k)®  (1-t)emtl 21T 2h 2 T (a-t)?
..gn 1070 Cham) FE(W) ;L D
L— k F ()

it is seen at once that the coefficients of intn here are

exactly the bg section III, page 12 and 14. That the

coefficients in (12) are proportional to the coefficients

bﬁ can also be seen by considering the differential equation

(t2-1)f" + [(m+3)t+2w+ 9{-;] £+ (n+l + "-é)f = 0, (13)
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satisfied by the function on the left-hand-side of (12).

However, as t=0 is a regular singlular point of (13), if we

assume a solution of the fornm
00
- n,n
f -:E:.cn i7t,
n=m

upon introducing this series into the differential equation,

we get ‘
o ®
E [n(n+m+2)+(n+1)‘] . R T E w(2n+l)e 10gn-1
n=m - =m
90
+ Z n(m-n)c i0gh=2 - 0,
n=m

which after simplifying becomes

Qo
DI [(n+1)(n-m+l)cn+1 + iw(2n+l)cn+n(n¢m)cn_1] = o.
=m

Hence for (14) to hold, the coefficient of t® ' must vanish,
and thus we are lead to the following three-term recursion

formula for the c,
(n+1)(n-m+l)cn+1 + iw(2n+l)cn + n(n+m)cn_1 = 0, (1)

with iw = A/2k, this is exactly the same recursion formula,

equation (9), page 11, satisfied by the coefficients bﬁ .

Thus the ¢ must be proportional to the coefficients bﬂ,

and hence the function on the left-hand-side of the equation

(12) 1is a generating function for the coefficients bg .
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2. Bilinear Continuous Generating Function for Parabolic

Wave Functions and Whittaker Confluent Hypergeometric
Functions.

The bilinear continuous generating function for the

Whittaker functions has been given by Erdélyi [4%, page 66]

as
1/2 (- %Z fill-;—%) 1/2
t : 2(txy) 1
1+t e Top [ T+t = m

X F(%-K+u) |‘(%*K+p)
]t MK,}L(X)

L [ M2 + 1)7°

M, (¥) K, (1)

where L 1is a path from -i oo to + i oo, separating the

poles of f—(% + K + p) from those of r'(% ~ K + p).

The purpose of this section is to derive the bilinear
continuous generating function for our parabolic wave
functions using our series expansion for these functions
and some properties of Pasternack polynomials. Then with the
relation between our parabolic wave functions and Whittaker
functions already established, the above formula, a proof

of which has been given by Erdélyi [4], can at once be given.

We start with (Appendix, equation 4)
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Q0
To(z sin ol sin p)el? €08 X cos B 5" yn-m (5,
n=m

(gtg: § 3o (2) P;lm (cos e¢) P;m(cos B).

2 2 2 2
* &~ -
Now let 2z = kr = §' 2’] k, and cos B = ——5——215 s then
Fe+ ]
we have
£%-7°
ik === cos LY _
Tn(k §% sin o)e = E AT (ons1)
n=m
n+nm)?
%H_E%T In (kr) P m(cos e) P Mcosx), (2)
£2,72 £2_ 72
with r = —-——s— , and cos 8 = —5—— ,
2 2 72
+
1/2
If we now substitute cos X = ﬁ sy 8in X = ]2_21-,
in (2), we get
2 2
1/2 T A -
57 ) 1k 2 T1st E jn-m
Jm(2k T+t e
n=m
« (2n+1) $BHLL 5 (kr) P1"(cos ) PIMISD) . (3)

Now we make use of a certain integral involving the

Pasternack polynomial Fﬁ(x). Pasternack gives [12, page 216]



. +w
f—(m+1) e™ sech x P m(tanh x) = % S- e1¥2 Fg(iz-m)

-

. s'ech(% mz) dz . ()
1/2
If we substitute tanh x = %—_;% , So that sech x = %—&-—— ’
-1/2
and x = 1n t , and replace iz for 2z, (4) becomes
RE S
i1-t, _ 1 2 m o
[me1) S5— 0" G5 = 3 ¢ " Fy (czem)
i

. sech(% Tiz)dz ,

or 1/2 i o mtz
p-m (1-t) S t 2 Fm (_z_m)

m

|_(m+1) 1+t n 1+ n

-i o

. sec (% T z) dz . (%)

Let w=—J%5— = -(m+z), then (5) becomes

m+i ©

1/2

r(m+l) {—;ﬁ— P;lm (%ﬁ) 5-_1- t F;nl(w)

Nl

m=1 oo
. 1
sec 5 m(-m-w) Adw,

which can be written as
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m+1ioo
1/2 W oom
t P-m(l-t) . &_ 1 t- 5 Fp(w)
1+t 1+t’/ =
" 1 (m1)? Fg(w)
m=-ioo

Td+d-» [d.3
EREENCTE

&)
%; sec % m(-m-w) dw. (6)
2

But we have

i‘(% - %ln- %)'[-(% + %Xn+ %) = T sec % T(m+w) ,

so that (6) becomes

m+ioco
w
1/2 -m ,1-t, _ 1 -2
SR = - t
m-ioo
B ? S RN 1, 1lm_w F2(w
. r‘i*ﬁam*‘é’l | G+37-D - . dw. (7)
[r(mﬂ)]2 Fy (W)

Returning to equation (3) above, if we multiply it by
1/2
t and introduce (7) there, we get

1+¢
2 2 |
- 0
1/2 1/2 §°-N" 1.t
t7/o& N ik IR n-m
t = i 2n+
170 T (T ) e z 17 (2n41)

n=m

§ i, (kr) P;m (cos 8)- E%%T



m+ioo
1l
) t-%’ r(jé"“zm f;va") I—(i-%-%m-%)
| [[ (m+1)1°
m-1i00
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We can interchange the summation and integration here, and

then use our expansion III(12) for the parabolic wave

functions, thus (8) becomes

£2n°
1/2 1/2 ik = . -t
Tt t 1+t
17t Tn (k¥ T e
m+im
W
_ _K® g 2
= - L7
m=-io

2 T2t T 2l 2 2 2 Ym<§)‘>

[ (m1)12

,qu( )z ,= A) dw.

(9)

This is the bilinear generating function for our parabolic

wave functions. We have already shown that

\'fm(gy)\) Ym(qs')\) = ﬁ k-(m+l) M..

ol
Qb=

’

M

H

]
nl=
nis

(-ik & %)

(ik72),
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iA

with w= - X ¢

so that for the Whittaker confluent hypergeometric functions
{9) becomes, after multiplying by f )z ,

2 2
1/2 /2 § - 1-t
2 1+t
€ 57 s Ta0e 5y e o
m+ico
—(d 4 1 ¥ 1 . lp_¥
R ¢ [ [ (m1)]°
m-1o0o
. - 2. 2
M_!,,m(ikg ) M_x E(lk?()dw,
2 2 2?2
which is essentially formula (1) with x = -ik 5 2, y = ik 72,

K:—;,-%_—;i)\/hk, and 2p = m.
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APPENDIX

It is possible to derive the series expansion for the
parabolic wave functions in terms of the spherical wave
functions with a different method. This can be done by using
an equation due to Buchholz that expresses the product of the
 parabolic functions as denoted by him, in terms of an
integral of a Bessel function of the first kind. Buchholz
gives [3, page 85]

M (ayt) * M (apt) =

Xsp/2 Xy /2 ) r(‘l'%& + x) rfl—;—ﬁ - x)
T -'lé'(al + a2)t cos7o L
-\ © Jp(t v aja, sin ‘f)
0
* (cot ’;2" af . (1)

Also from Erdelyi [ 6 , Page 102]

1/2 -V

i ol ¢cos
(sinX sin B) J 12 cos P

(z sino¢ sin B)e

-3

2\)'}2' -1 2 3 1T ni(n+ V)
2 . J . (2)
2 (mz) < [[ (V)] 2 [ 2V +n) B

n=0

. Cr\f (cos <>()C;,1 (cos B). (2)
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here Jv (z) is the Bessel function of the first kind and
) .
Cn(x) is the Gegenbauer polynomial. Equation (2), with
V=m + i b
= 5 » becomes

1
- 2m + &
(sin sin p)™™ J(z sinoC sin B) elz cosStcos B _ 5 2

A o0
e 1.2, =3 S 1" nl(mn+3) |
(m+ 3] (m2) - L —Fmmyy Jm_,_M% (2)
m+% m+%
" c (cos X) C_ (cos B). (3)

Substituting for Gegenbauer functions in terms of Legendre

functions [5, page 175]

m+1

' 1
2 20 T (m+)) [ (n+omed) 2,7 2% -m

in (3) leads to

' 1
3 : 2m+ =
(sin ¢ sin B) ™" J.(z sino sin B) o1z cosX cos B _ , 2

o0
i i nt(m+n +:7'|2")

— 1 2 -3
(@] ) = TwmmD) .1

n=0

2m

-2

[ I -m -
| [ﬁ%—% ' -,-%—%—”J (stnotstn P PR, (cos o)

-m
e Pn+m (COS B)o
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This simplifies with

r(m+% A 2m)?

to
. 00
J (z sin ™ sin B) ol 2z cos X cos B =w212r z 4
_ n=0

. (2m+2n+g)gn+2m)! I

Y] : 1 (z) P78 (cosx)

mtn +3 n+m

¢

+ P (cos B) = 0 aP7m gl 4 (g

n=m

. pm -
P_"(coseX) an(cos B). (4)

Now, comparing (1) and (4), we can substitute (&) into (1)
. _ o 1

if we put B =F , iz cosX = - 5(a; + a,)t, and

z sin(= t«+ a . Thus

= it -

a, + a
coso<=-él—:-5g— .
1 2

Hence (1) becomes, with p = m, and we can change the order

of integration and summation here,
( )1/2
a t
(a;t): M (aph) = =12
1 2 I‘
‘M r(lzm ) (l+m

x’ x,%

nis
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n-m 2n+1 n+m , it
an i (n-m)n Jn [ '13' (al - 32)]

m
- a,+a _ -2x
g e (;}_—_;—2) . S P_"(cos T)(tan -g-) a7y
0

1/2 00 ,
e DA™ (ne) (1)
= Tz, T . i 2n+1)(-1
‘ (5= + x) l—( - x) =
m
. it a,ta,
In [ (a,- 32)] P (ﬁ) . S Pﬁ(cos D)
0
‘(tanf )" a7f. (5)

Using equation (6) section VII. 1, (5) becomes

@
1 . in—m
— (a;t)° (a,t) = E (2n+1)
(a,a,)1/2 t Mx,ég 1 J%c,% 27 L (m1)?

. n+m) F2 (-n+m,n+m+l,-x + -I%L ; m+1’m+l;l)

(n-m)! 3
a- ¥a
o J [2(31 32)] P (;i__'a_z-> o (6)



Now, as before, we have

2
r(‘- - m+ X)
[-(1 =0 + x) ‘ Fﬁ (-2x)
_ Fg (-2x)
Fz (-2x)

so that (6) becomes

o0
1 ' -m
= (ayt)- (a t) = 2 (2n+1)
(3132)1/2 t MX)% 1 X,2 e : n=m

m
fotmll fnl20) 3132 (221 P2" (f—lf—?-) .

(n=m)t p(_2x) n\ 2178

Now in (7) we put X = - % » aqt = -ik ?’2 = ik 7?2
and 2 2
a,-a +
. N R i S
1 2 t"‘k 2 —kI‘
2 2
a, +a -
12 . §2 )22 = cos O,

and get

52

(7)
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* 3y (kr) P2 (cos @) . (8)

We have for our parabolic wave functions

2
Y (E, MV, (N,-N) = (mt) = p=(m+1)

&
- M ik %) « M, L x9?) .

- ’ )

o€
O] =

NI

Introducing this into (8) gives at once our expansion (12)
for the parabolic wave functions in terms of the spherical

wave functions in section III.



BIBLIOGRAPHY
1. Bateman, H. An Orthogonal Property of the

Hypergeometric Polynomial. National Academy
of Sciences Proceedings 28: 371-375, 1942.

2. Buchholz, H. Integral-und Reihendarstellungen ;ﬁ;
die verschiedenen Wellentypen der mathematischen
Physik in den Koordinaten des Rotationsparaboloids.
Zeitschrift fur Physik 124: 196-218, 1947 -1948.

3. Buchholz, H. Die Konfluente Hypergeometrische Funktion.
 Springer - Verlag, Berlin, 1953.

L, Erdélyi, A. Generating Functions of Certain Continuous

Orthogonal Systems. Royal Society of Edinburgh
Proceedings 6l: 61-70, 1941.

5. Erdélyi, A. Higher Transcendental Functions, Volume 1.
McGraw-Hill, New York, 1953.

6. Brdélyi, A. Higher Transcendental Functions, Volume 2.
McGraw-Hill, New York, 1953.

7. Erdélyi, A. Higher Transcendental Functions, Volume 3.
McGraw-Hill, New York, 1955.



55

8. Fock, V. A. Diffraction, Refraction, and Reflection of

'Radio Waves., Translation of Thirteen Papers of

Fock. Antenna Laboratory, Electronics Research
Directorate, Air Force Cambridge Research Center,

Bedford, Massachusetts, 1957,

9. Hardy, G. H. A Chapter from Ramanujan's Notebook.

10,

11.

12,

13.

Cambridge Philosophical Society Proceedings, 21:

Hochstadt, H. Addition Theorems for Solutions of the

Wave Equation in Parabolic Coordinates. Pacific

Journal of Mathematics, volume 7 No. 3;

1365-1380, 1957.

11
Magnus, W. and Oberhettinger, F. Formeln und Satze fur

die Speziellen Funktionen der Mathematischen
Physik. Springer-Verlag, Berlin, 1948.

Pasternack, S. A generalization of the Polynomial Fn(x).

London, Edinburgh and Dublin Philosophical

Magazine and Journal of Science, 7th Series, 28

209-226, 1939.

Rice, S. 0. Some Properties of 3F2 (-n, n+l,Z 31,p;v).
Duke Mathematical Journal, 6: 108-119, 1940.




56

14, Whittaker, E. T. and Watson, G. N. A Course in Modern
Analysis. MacMillan, New York, 1947



