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ABSTRACT

A HYBRID SYSTEM APPROACH TO
IMPEDANCE AND ADMITTANCE CONTROL

By

Frank Mathis

Impedance Control and Admittance Control are two different implementation meth-
ods that are used to achieve the same control objective of producing a desired rela-
tionship between applied force and displacement of a robotic system interacting with
an environment. Due to the difference in implementation method, impedance control
and admittance control have complementary performance and stability characteristics.
Impedance control is stable for all contact environment stiffness and has good perfor-
mance for stiff environments, but results in poor performance during interaction with
soft environments. Admittance control results in good performance during interaction
with soft environments but results in either poor performance and or unstable behaviour
during interaction with stiff environments. We use a hybrid system framework to propose
a family of controllers that attempt to interpolate the stability and performance charac-
teristics of impedance control and admittance control. The advantages of this approach
are first demonstrated through analysis and simulations of a single degree-of-freedom
rigid linear model. The methodology is then extended to multi degree-of-freedom linear
and non-linear models and single degree-of-freedom system with flexibility. Experimen-
tal results with a lightweight robotic arm are presented to demonstrate the usefulness

of the approach.
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Chapter 1

Introduction

Most popular implementations for industrial robots are restricted to tasks which involve
little to no exchange of mechanical energy between the end-effector and the environment.
Instead they require precise position controls, such as in welding, painting, and pick and

place operations.

The first control method is called “Hybrid Position and Force Control” and was
developed by Raibert and Craig [23]. In hybrid position and force control the control
input is decomposed into two orthogonal subsets, one subset for position control and
one subset for force control. The force control subset is used to control the desired force
of interaction of the end effector with the environment in certain directions, and the
position control subset is used to control the position of the effector in the remaining
directions. However, because the subsets of the control method are orthogonal, and
dynamic coupling between the position of the effector and the force from the environment
is not considered, it is not possible to accurately control either the end effector force

or position. The compliance control method proposed by Mason is a variation of the



hybrid position and force control method [14] and sufferes from the same drawbacks as

“Hybrid Position and Force Control”.

The second control method was proposed by Hogan and is known as “Impedance
Control” [8]. In impedance control, the mechanical impedance of the manipulator is
controlled to match that of a desired model. Therefore, impedance imposes a relation-
ship between the position of the effector and the force produced by the environment,
and provides a unifying methodology for all tasks ranging from motion in free-space to

dynamic interaction with an environment.

Strategies that combine impedance control and hybrid position and force control have
also been proposed. Anderson and Spong [3] proposed a method that uses feedback
linearization as an inner loop. For the outer loop, they used a hybrid position and
force type controller which uses impedance control instead of position control. Liu and
Goldenberg [12] proposed a robust method for hybrid position and force control, it uses
impedance control in the position control subspace, and an inertia normalization and
damping in the force control subspace. A PI controller is used to achieve robustness,

and the controller was implemented on a two degree of freedom direct drive robot.

The impedance control method may be implemented in one of two ways. Although
Hogan [8] refers to both methods as impedance control, we make the distinction between
the two. In the first method of implementation, which are referred to as “Impedance
Control”, the control force is derived from the desired mechanical impedance between the
end efector position and force exerted between the end effector and the environment.
The second implementation method is referred to as “Admittance Control” wherein

the control input is a position controller that drives the end effector to the resulting



mechanical admittance derived from the desired relationship between the force produced
by the environment and the end-effector. Stability properties of impedance control and

admittance control are discussed in [10].

Robotic systems controlled with impedance control typically have more stable dy-
namics when interacting with stiff environments, but have poor accuracy in free space
when compared to admittance control. The accuracy problem of impedance control may
be mitigated through hardware modifications such as low-friction joints and direct-drive
actuators. Impedance control has been implemented ATR’s Humanoid built by Sarcos
[4] and in DLR’s light-weight robot using inner loop torque sensing and control [18] as

well in the Phantom haptic device using low-friction joints and low inertias.

Admittance control has complementary characteristics of impecance control and has
high accuracy in free-space, but can result in instability when implemented with high
contact stiffness. To improve stability characteristics, admittance control is implemented
together with series elastic actuation but such hardware modification reduces the per-
formance of the system in free-space. Also, admittance control usually requires high
transmission drives, as compared to the direct drives that are used with impedance con-
trol, to achieve accurate position control and higher torque values for the inner loop

position controller.

Impedance control and admittance control have complementary characteristics but
neither provides good performance over the full range of control tasks from accurate
position control in free-space to stability in contact with rigid environments. Although
hardware modifications can be made to improve either controller, such modifications

result in a predisposition to that controller as it degrades the performance of the other.



To overcome this obstacle and have complete flexibility over choosing the best controller
for a given task, a hybrid switching control based on a hybrid systems framework [11]
was proposed by Ott, Mukherjee, and Nakamura [19]. However, the proposed method
was investigated with a single degree of freedom linear time invariant model. In this
thesis, we extend this analysis to higher dimensions as well as the use of series elastic

actuation and verify the results through experimentation.



Chapter 2

Background

2.1 Problem Statement

RS
=
¥

Figure 2.1: A single degree-of-freedom mass interacting with the environment

We begin with a review of the hybrid impedance admittance control problem as

originally proposed by Ott, Mukherjee, and Nakamura for a single degree-of-freedom

5



linear system [19]. Consider a single degree of freedom mass, m, that interacts with its
environment as shown in figure 2.1. The displacement z with F' and F,,+ denoting the
control force and force applied on the mass by the environment, respectively. Both F'
and Fg, are measured positive in the direction of positive displacement. The equation

of motion is written as

mi =F + Foyt (2.1)

The control objective of both impedance and the admittance control is to design the

control force F' that will result in the following dynamic relationship

Mgé + Dgé + ng = Fopt (2.2)

between

e=1x— (2.3)

which is the error in the position of the mass relative to a desired equilibrium trajectory
xg and Fegzp. Where My, Dy, and Ky are positive constants that represent the desired
inertia, damping and stiffness, respectively. For the single degree of freedom system, the

differential map may be written as a transfer function between e and Fg,+ denoted by

(2.4)



2.2 Impedance Control

For impedance control, the control force is a mechanical impedance with the control
plant and desired plant being a mechanical admittance. From equations (2.1) and (2.2)

we have

o= m_l(F“‘Fea?t) (2.5)

i = dg+ My (Feat — Kge — Dgé) (2.6)

Comparing equations (2.6) and (2.5) and solving for F' we set

F = F; = mig + (mMy " — 1) Fegy — mMj ' (Dge + Kye) (2.7)

It can be verified that the substitution of equation (2.7) into (2.1) yields

Mg(i — &o) + Dg(& — 20) + Ko(v — 20) = Fegt (2.8)

2.3 Admittance Control

For admittance control, the control force is a position-controller designed to track the
trajectory, x = x4. Traditionally, tracking is implemented using a PD regulation con-

troller of the form



with positive gains kj and k;. The desired trajectory, x4, is derived from the mechanical

admittance in (2.2). Then, x4 may be written as the solution to the differential equation

My(ig — ig) + Dg(iq — d0) + Kg(wg — x0) = Feat (2.10)

Substituting (2.9) into (2.1) we find the complete system dynamics to be given by

mi + Kg& + Kp(x — xg) = Fext (2.11)

My(&q — Zo) + Do(tq — Z0) + Ko(vq — 0) = Feat (2.12)

2.4 Motivation for Hybrid Control

The performance of impedance control in terms of position accuracy depends primarily
on the back drive-ability of the system as well as unmodeled friction. For large unmod-
eled friction, the position accuracy in free space tends to be poor as it depends on the
desired stiffness and damping which are generally chosen to be small to reduce input
noise [26]. However, impedance control is robustly stable for model uncertainties and

even when in contact with stiff environments, as analysed by [6], [2], and [15].

The performance of admittance control depends heavily on the position controller
[22], which effectively compensates for unmodeled friction [26], [13]. Therefore, admit-
tance control may be implemented in systems with poor back drive-ability and large
unmodeled friction. However, we find that the position controller results in instability

when the mass comes in contact with large stiffness environments even in the absence



of uncertainties [10]. To compensate for the instability issue of admittance control re-
searchers have proposed adaptive control methods for dealing with environments with

unknown stiffness [25], [24].

The complementary characteristics of the two controllers is well known [27] and is

illustrated with the help of fig. 2.2 bellow [19].

Ideal Control

Admittance Control

Impedance Control

Performance

Environment Stiflness

Figure 2.2: Qualitative illustaration of the performance of impedance control and ad-
mittance control for different environment stiffness

To overcome the limitations of both the impedance controller and the admittance
controller we propose a hybrid controller in the next section that can potentially provide
good performance for the entire spectrum of tasks ranging from motion in free space to

dynamic interaction .



2.5 Hybrid Framework

For the single degree-of-freedom system described by equation (2.1), we propose to switch

between the impedance controller and admittance controller as follows:

F;  teltg+kotg+ (k+1—n)d)
F= (2.13)

Fy, : telto+ (k+1—mn)dty+ (k+ 1))

where t( is the initial time, § is the switching period, n € [0, 1] is the duty cycle, and k
is a positive integer. Fj is given by equation (2.7), and Fj is given by equations (2.10)

and (2.9).

If the environment is modelled as a linear spring, namely

Fept = —ke(x — x0) (2.14)

and the equilibrium trajectory, xg is assumed to be constant, 7.e.,

ig =0 (2.15)

o)

the hybrid system follows the descriptions

X; =A;X; - te€tg+kdtog+ (k+1—n)d)
Xo =AaXy : teftg+ (k+1—n)d tg+ (k+1)0) (2.16)

10



where

X;=(e ¢) (2.17)

0 1
A; = (2.18)

—(Kg + ke)/My —Dg/My

Xo=(e ¢ eg ég)T (2.19)
eq = Tg— xg (2.20)
and
0 1 0 0
Ag = (2.21)

—(Kp+ke)/m —Kg/m Kp/m 0

When switching from the impedance controller to the admittance controller, two
additional states are introduced. These states, e; and é4, are chosen at the instant of
switching to maintain continuity of the control force F' and its derivative. Equation (2.9)

gives the expression for the control force of the admittance controller

11



Tq
= €4
Tq

:>éd

1 .

1
e+ — (Fz + Kdé) (2.22)
Kp

. 1 /- .
T + ?p (Fz + Kdilj')

.1,
et By + Ka(Fy + Fet)| (2.23)
p

Replacing F; in equations (2.22) and (2.23) with F; from equation (2.7), it is possible

to obtain an expression of the form

1

Xa =54iX;,  Sai = (2.24)

S

at the instant of switching, where I is the identity matrix, and s;;, i = 1,2, j = 1,2 of

the S matrix have the expression

1 Ke m Ke m
s;i1 = 1——(F—-1)— ——
H Kp" My Kp My
s o Kd Dg m
27K, KpMy
S12 = _m Ky the) (Kg Dy

My K m Mipetq

k D K D K

- 1__e<ﬁ_1>__e(_d__eﬁ)__92 (2.25)

When the system switched from the admittance controller to the impedance con-

troller, the state mapping is given by

12



Xi = SiaXa,  Sia=1I 0] (2.26)

Where 0 is the 2 x 2 matrix of zeros.

2.6 Stability

Knowing the states at time ¢ = tg + k¢, the states at t = tg+ (kK + 1), k € Z4 is a

positive integer, can be obtained using equations (2.16), (2.24), and (2.26) as

Xito+ (k+1—n)) = eill=m0x, () + ko)
= Xo(to+ (k+1—n)d) = Syuedill=m0X, () + ké)
= Xa(to+ (k+1)8) = €A™ X, (tg+ (k+1—n)é)
= X;(to+ (k+1)0) = S;ge™ X, (tg+ (k+ 1 — n)d)

= X;(tg+ (k+1)5) = S;uea08,eA4i=0X, (1) + k6) (2.27)

We now define the matrix A ;¢ to be

Adis = iaeAamSSaieAi(l_n) (2.28)

such that

Xi<t() + (k + 1)(5) = Adiin(tO + k5> (2.29)

13



We see that Ay, defines a discrete map of states from time ¢ = tg+ké to t = tg+(k+1)0,
independent of k. We now define a Discrete Equivalent System based on the definition

in Das and Mukherjee [5].

Definition 1. [Discrete Equivalent Subsystem (DES)] The time-invariant linear system
X = AegX (2.30)

is a DES of a switched linear system if the state variables of the DES assume identical
values of a subset of the states of the switched system at regular intervals of time,

starting from the same initial conditions

Based on definition 1, the system given by equation (2.30) is a DES of the switched

system described by (2.16), (2.24), and (2.26) if

1
Aeq = 5 Inf[Ag;] (2.31)

Where In is defined as the principle matrix natural logarithm. Now, the following theo-

rem on stability is presented [19].

Theorem 1. The equilibrium X; = 0 of the switched system described by equations
(2.16), (2.24), and (2.26) is exponentially if Aeq of the DES system in equation (2.30)

18 Hurwitz.

Proof. see [19]. O

Remark 1. The necessary and sufficient condition for Aeq in equation (2.31) to exist is

that Ag;s is non-singular [7]. Furthermore, we find that if Ay is an eigenvalue of Ay,

14



then the eigenvalue, \¢q corresponding to Aeq is given by [7]

1 1
Ao = 5 I Adgia) + 5 21 (M) (2:32)

where arg is taken to be the principle argument.

Remark 2. The stability analysis is based on switching from impedance control to ad-
mittance control and back to impedance control. This sequence leads to a DES defined

Aand g e Ai(1-1)0 a9 shown

by the principle matrix logarithm of the 2 x 2 matrix S;,¢
in equation (2.27). However, if the hybrid system is switched from admittance control
to impedance control and back to admittance control, the DES would be defined by
the principle matrix logarithm of a 4 x 4 matrix SaieAi(1_7’)55}@6‘4‘”“s instead. This is
problematic, since for any two matrices A € R™*" and B € R"™*" with m < n, the
eigenvalues of AB and BA are the same except for the (n — m) additional eigenvalues
of BA which are identically zero [9]. Therefore, the matrix SaieAi(l_”)‘SSweAand is

singular. However, we note that the states corresponding to the zero eigenvalues are

virtual states.

2.7 Stability of Nominal Plant

Theorem 1 provides a sufficient condition for exponential stability of the linear single
degree of freedom switched system. However, the matrix Aeq is dependant on both
the external stiffness, ke, the switching period, §, and the weight n. Therefore, before
simulating a sample system we will analyse the stability properties of the system in the

abscense of model uncertainties.

15
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Figure 2.3: Stability boundaries for hybrid impedance and admittance control for dif-
ferent values of 0

Let the parameters of a single degree-of-freedom system be given by

m=1kg Kp=10°

N
Ky=14\/Kym —
m

N
Dy = 1.4/KyMM, E‘S (2.33)

3= 3=

M9:1]€g K9:100

Figure 2.3 show stability boundaries of the system for different values of k¢, n, and §. The
solid lines in the figure represent the projection of the stability boundary for a constant
d in the (n, k¢) plane, with the lower left side of the solid lines denoting the stable region.
We see from the figure that the region of stability increases as 0 decreases. We notice

also that the stability boundary does not necessarily meet the stability boundary of the

16



admittance controller when n = 1. This is due to the resetting condition when switching

from the impedance controller to the admittance controller, as found by the mapping

Sqi as defined in (2.24).

0 =40

Figure 2.4: Stability boundaries for hybrid impedance and admittance control for o
values 10 ms, 20 ms, 30 ms, and 40 ms

We note that Figure 2.3 does not provide a complete picture of the change in the
stability boundary for changing delta. We see in Figure 2.4 that at certain k. values
the largest n value in the stable region does not necessarily correspond to the smallest

0 value.

17
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Figure 2.5: Soft Contact position response for 6 = 50 ms and n = 0.9

2.8 Simulations

We will now simulate a sample single degree-of-freedom system in order to study the
performance when switching in the presence of uncertainties, like time delay on sensors,
uncertain mass value, noise, and unmodeled damping. We will let the parameters of the

system be given by

N N s
=1kg, K,=100=2, K;=14Km—
m g7 p m? d pm m )
N N s

M@ =0.8 kg, K9 =100 ) Dg = 1.4\/KOM9 — (2.34)
m m

where the measured value of m is 80% the actual value. The simulations use a fixed

time Diamond-Prince method with time step of T' = 0.001 s. We assume the measured

18



value of x, &, and Fg,y have a delay of T; = 0.002 s, and the external input is corrupted

by noise. We choose the function Fe,¢ to be given by

and x( is chosen to be a constant value of 1 m. We choose § = 50 ms for all simulations.

We begin by considering the soft environment stiffness to be given by ke = 100 N/m.
We then wish to demonstrate how different values of n change the performance. There-

fore, let us begin with n = 0.9

06 T T Il_r_‘ ~ T T T T
0.5 e
0.4 i
E
< 03 i
c
i)
‘@ 0.2 .
3 | Desired
— — — Admittance
o |- Impedance ||
— Hybrid
0 -
_0.1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Time (sec)

Figure 2.6: Soft contact position response for 6 = 50 ms and n = 0.1

Figure 2.5 shows the response of the impedance controller, admittance controller, ideal

response in the abscence of uncertainties, and the hybrid controller when interacting
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with a soft environment and for n = 0.9. From the figure we see that the response of the
admittance, hybrid, and ideal response are very close to each other while the response
of the impedance controller lags behind the ideal response and results in a steady state
error. This implies that for 6 = 0.5 the admittance controller has a very similar response
to the hybrid controller as n — 1. To further investigate, consider the same external

stiffness, ke = 100 N/m, but let n = 0.1.

E

> i

c

i)

9 02r 4 e Desired T
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————— Impedance |
— Hybrid
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
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Figure 2.7: Soft contact position response for § = 50 ms and n = 0.5

Figure 2.6 again shows the response of the impedance controller, admittance con-
troller, ideal response, and the hybrid controller when interacting with a soft environment
and for n = 0.1. We now have the hybrid controller closely approximating the same per-
formance as the impedance controller. This is expected since when n = 0 the hybrid

controlled system is the impedance controlled system. Now, consider the system subject
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to the same external stiffness, ke = 100 N/m, but let n = 0.5.

Position x (m)

_01 ] ] ] ]
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8

Time (sec)

Figure 2.8: Soft Contact position response for 6 = 50 ms and a range of n values

Figure 2.7 again shows the response of the impedance controller, admittance con-
troller, ideal response, and the hybrid controller when interacting with a soft environment
and for n = 0.5. Now the hybrid controller approximates a mean performance between
the impedance controller and the admittance controller. This implies that the switched
system response resembles a weighted average between the impedance controller and the
admittance controller with the weights being based on the value of n. This is shown in

Figure 2.8 which plots the response of different n values in the hybrid controller for the
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same external stiffness, ke = 100 N/m.
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Figure 2.9: Stiff contact position response for 6 = 50 ms and n = 0.9

Figures 2.5-2.8 demonstrate the variation in the response of the hybrid system as a
function of n, and how it interpolates between the response of the impedance controller
and the admittance controller. However, the figures plot the results for a soft contact, for
which the admittance controller has good performance. Therefore, we now investigate
the scenarios where the system comes in contact with a hard surface, ke = 1000 N/m.
We again begin with n = 0.9.

Figure 2.9 shows the response of the closed loops system under impedance control,
admittance control, the hybrid control, and the ideal response when interacting with
a stiff environment and n = 0.9. From the figure we see that the hybrid control and

the admittance control closely approximate each other. This is consistent with the soft
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Figure 2.10: Stiff contact position response for 6 = 50 ms and n = 0.1

contact case. However, we see that the admittance controller does not approximate
the desired performance. We then let n = 0.5 with the same external stiffness, k. =

1000 N/m.

Figure 2.10 shows the responses of the closed loop system uner admittance control,
impedance control, hybrid control, and the ideal response when interacting with a stiff
environment and n = 0.1. From figure 2.10 we see that the hybrid controller response
closely approximates the impedance controller. Again, this is not surprising as when
n = 0 the hybrid controller is the impedance controller. Therefore, we consider the case

where n = 0.5 for the same external stiffness, k. = 1000 N/m.

From figure 2.11 we see that the hybrid response again approximates a mean be-

tween the admittance controller and the impedance controller when interacting with a
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Figure 2.11: Stiff contact position response for 6 = 50 ms and n = 0.5

stiff environment. We again infer that changing the value of n from 1 to 0 changes the
response of the hybrid controller from the admittance controller to the impedance con-
troller in a similar manner to that of a weighted average based on the value of n. This is
further demonstrated in Figure 2.12 which shows the response of the hybrid controller
for different values of n for the same external stiffness, ke = 1000 N/m.

This simple example demonstrates the desired effect of switching between admittance
and impedance in order to improve the overall performance for a range of external

stiffness values.
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Figure 2.12: Stiff contact position response for 6 = 50 ms and a range of n values
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Chapter 3

Preliminary Work

The previous chapter introduces the idea of switching between the impedance control and
the admittance control in order to improve the the performance based on the stiffness
of the environment. However, the proof of stability using a DES is inadequate since
it is unable to handle analysis of switching for the sequence of admittance control to
impedance control, and back to admittance control due to the singularity of the resulting
matrix. Therefore, we begin this section by providing a new stability theorem that does
not have the same issue. We then briefly investigate why we choose to switch controllers
instead of producing a feedback control that is a weighted combination of the admittance

control and impedance control.

The gains of the position controller used in the admittance controller are large and
may be diificult to implement in experiments due to hardware restrictions. Therefore,
we revisit the nominal plant stability and simulations of the previous section using
smaller position gains. From this investigation we find that the position gains effect the

performance of the switched system. Therefore, we propose a new method of defining
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the additional states of the admittance controller at the instant of switching to help
compensate for the effect of smaller gains. Finally, we discuss a method for solving the
new switching method using only measured values of the external force instead of using

a known function for the external force.

3.1 Stability

Using the same notation used in chapter 2 for a single degree-of-freedom switched system
we express the states at ¢ = tg + (k + 1)d in terms of the states at time ¢ = tg + kJ by,

namely

Xi(to+ (k+1—-n)) = eAi=mIX, () + ko)

Xa(to+ (k+1—=n)8) = Suedill=m0x;(ty + k6)
Xolto+ (k+1)8) = ™ X, (tg+ (k+1—n)d)
Xi(to+ (k+1)8) = Siged@™ Xy(tg + (k+1—n)é)

Xi(to+ (k+1)8) = Sjeedam? s, eAill=m0x, (15 + ko) (3.1)

We now define the matrix Az,

Agis = iaeAamSSaieAi(l_n) (3'2)

such that
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Xl'(t() + (k + 1)5) = Adz’in(tO + k’(s) (3.3)

the matrix Ay, defines a discrete map of states from time ¢ = tg+kd tot = tg+(k+1)d

independent of k. We now have the following theorem.

Theorem 2. The origin of the switched system described by (2.16), (2.24), and (2.26)
s asymptotically stable iff all eigenvalues of Ag;s lie within the open unit circle about

the origin.

Proof. For convenience we define the following variables:

Al (7_) — eAi(l—n)T (34)

As(1) = SiaeAam-SaieAi(l_n)(S (3-5)

M = max {|A;(7)]? || Ao(7)%} (3.6)
T€[0,9]

Sufficiency: From discrete control theory, the system described by equation (3.3) is
asymptotically stable iff the eigenvalues of A4 lie within the open unit circle about at

the origin [16]. Then, from the discrete linear converse Lyapunov theorem there exists
a V(x) given by [16]
V(X;(to + ko)) = XTI (to + k0)PX;(to + ko) (3.7)

for a positive definite P, such that
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V(Xi(to + (k +1)0)) = V(X;(to + k) < X[ (to + k0)QX;(to + k6)  (3.8)

where () is negative definite. From equations (3.6), (3.7), and (3.1) we may find

V(Xi(to +€) < MIXT (to)PX;(ty)] Ve € [0,0] (3.9)

= V(Xi(to + k6 +€)) < M[X] (tg + k6)PX;(tg + k6)] Ve € [0, 0] (3.10)

From equation (3.7) and (3.10) that

VI(Xi(to + k6 + €) < MV (X;(tg + k6)) Ve € [0, 0] (3.11)

and since equation (3.8) the sequence of functions V(X;(tg + kd)) is monotonically

decreasing, we may write equation (3.11) as

V(X;i(to + k6 + €)) < MV (Xi(tg)) Ve € [0,0] (3.12)

VX)) < MV(Xi(te) ¥t > 1o (3.13)

For asymptotic stability we wish to show that X;(t) — 0 as t — oco. To do this
we consider that, V(X;(tg + 6)), V(X;)(tg + 26)), ... is decreasing and lower bounded,

therefore the limit of V| X;) as k — oo and may be given by L > 0 [21]. Then we have
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0=L—L= lim V(X;(tg+ (k+1)8)) — lim V(X;(ty + ko)) =

k—00 k—o0

lim [V(Xi(to + (k + 1)8)) = V(Xi(to + kd))] <

k—o0

lim [Xf (to + k8)QX; (to + k)| <0 (3.14)
o0

k—

therefore, || X;(tg+kd)|| — 0 as k — oo since @ is negative definite. Therefore, X;(t) — 0

as t — oo.

Necessity for the proof of necessity we use contradiction. Assume that the switched
system is asymptotically stable, but that Ay, has at least one eigenvalue not in the
open unit circle. Then the discrete system is not asymptotically stable. Therefore, there

exists a choice X;(tp) € By, and an N > 0 such that

1X;(tg + k)| > N Yk >0 (3.15)

However, from the fact that the switched system is asymptotically stable we have

li X; )| = 1
T [1X(1)] =0 (3.16)
implying that
lim || X;(tg + kd)|| =0 (3.17)
k—o00

Therefore, there exists a A > 0 such that if & > A then
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| X;(to + kO)|| < N (3.18)

which is a contradiction of equation (3.15).

Remark 3. The stability analysis is again based on switching from impedance control to
admittance control, and then back to impedance control. This sequence leads to a 2 x 2
matrix Ag;s, as shown in equation (3.2). If we instead switched from the admittance
control to the impedance control, and back to the admittance control the matrix Ag;q

would be a 4 x 4 matrix given by

Agis = Sqietill) g eAand (3.19)

However, this does not change the stability analysis, since for any two matrices
A e R™*" and B € R"™" with m < n, the non-zero eigenvalues of AB and BA are
the same except for the (n —m) additional eigenvalues of BA which are identically zero

9], which is in the open unit circle.

3.2 Comparison of Additive Control

The control method proposed thus far is for a switching based control strategy. However,
switching is only one possible method for hybrid control. Therefore, we will now briefly
investigate a hybrid method that uses a convex combination of control inputs. Namely,

let the input force be given by
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F=nF,+ (1 —n)F;

(3.20)

where Fy is given by equations (2.10) and (2.9), F; is given by equation (2.7), and

n € [0,1]. We again assume that z( is a constant point, and that Fi, is given by equation

(2.14). Then by choosing n to be constant yields a time invariant linear differential

equation of the form

where X is given by

X=le, ¢, e, e
and A is given by
0 1 0 0
K
Al A2 n—p 0
A= "
0 0 0 1
_ke o _Bo _Dy
L My My My |
where A; and A9 are given by
K +ke K9+ke
A = —[n—2L 1—
L= P () R
D
A = —In2d (1 it
) = =) Y)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



Then the system described by X is asymptotically stable if and only if A is Hurwitz.

4
x10

Environment stiffness [N/m]

0 0.2 04 0.6 0.8 1
Switching rate (O=Impedance, 1=Admittance)

Figure 3.1: Stability boundaries for convex combination of impedance and admittance
control

Therefore, we are able to compare the stability region produced by the convex com-
bination of impedance and admittance control for different external stiffness compared
to the switching method. To do this we consider the parameters of a linear single de-
gree of freedom system given by (2.33). Figure 3.1 shows the stability properties of the
combination of controllers for different values of n and k. with the grey portion being
unstable, and the white portion being stable. We see from the figure that the set of
values (n, ke¢) for the convex combination control method is very restrictive compared
to the switching method. The resulting closed-loop system is unstable even for small

values of n, which approximates impedance control.
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3.3 Stability of Nominal Plant

We revisit stability of the nominal system using theorem 2. Additionally, we explore the
effect of the gains used in the position controller. We note that the proportional value
K used previously is very large and therefore the position control torque might be larger
than the hardware permits. Therefore, let us again consider the single degree-of-freedom

linear system with parameters given by (2.33) with the exception that

Kg=14K, m — (3.26)
m

X 104 delta=0.010000

w
w

N
w

—_
(9]
T

Environment stiffness [N/m]
N

e

5t

0 0.2 0.4 0.6 0.8 1
Switching rate (O=Impedance, 1=Admittance)

0

Figure 3.2: Stability boundaries for hybrid impedance and admittance control for § =
10 ms and K, = 10000 N/m

Figure 3.2 shows the region in which the controlled system is stable (in white), and the

region in which the controlled system is unstable (in grey) for § = 10 ms and for varying
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ke and n values. We notice that the separation between stable an unstable regions are

smooth similar to the when K, is large at the value § = 10 ms in Figure (2.3).

x 104 delta=0.060000

1.5}

Environment stiffness [N/m)]

0.5f

0

0 0.2 0.4 0.6 0.8 1
Switching rate (0=Impedance, 1=Admittance)

Figure 3.3: Stability boundaries for hybrid impedance and admittance control for § =
60 ms and K, = 10000 N/m

While figure 3.2 is informative, it does not provide a complete picture of the region
of stability to compare to the case with larger value K. A plot of the stability region
for 6 = 50ms in Figure 3.3 shows similar features to figure 2.4. However, we notice that
when ke > 35000 N/m the regions where the system is unstable are not connected. This
indicates that reducing the value of K causes the the boundary between stable and

unstable pairs (n, ke) to deform irregularly as ¢ increases.
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Figure 3.4: Soft contact position response for Kj; = 10000 N/m, 6 = 50 ms, and n = 0.9

3.4 Simulations

We see from the previous section that the position gains can change the stability char-
acteristics of the hybrid system. We now wish to see how a similar change in gains effect
performance. Let us again consider the single degree of freedom system whose model is
given by equation (2.1). Let us also choose the parameters of the system to be given by
(2.34), except we now change K to be

ot ¥

Ky=1 (3.27)

3

which also changes the value of K since it is based on the value of K. The external

stiffness is chosen to be ke = 100 N/m. We again begin with n = 0.9. Figure 3.4 shows
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Figure 3.5: Soft contact position response for Kj; = 10000 N/m, 6 = 50 ms, and n = 0.5

the response of the admittance controller, impedance controller, hybrid controller, and
the ideal response. We notice immediately that the response of the hybrid controller
is not a good approximation of the admittance controller as it was before, instead we
see that the hybrid controller results in a steady state error as well as the fact that
the admittance controller no longer closely approximates the ideal response. To fur-
ther investigate we consider Figure 3.5 which shows the response of the admittance,
impedance, and hybrid controllers as well as the desired response for n = 0.5. We notice
that contrary to the case where K, is very large, for K, smaller the hybrid controller no
longer approximates an average between the impedance control response and the hybrid
response when n = 1. Instead the hybrid controller produces a larger steady state error

when n = 0.5 than the impedance controller. The deviation in behaviour is because
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the position controller used in the admittance controller does not track a trajectory, but
instead assumes that z; is a sequence of fixed points with a disturbance F¢,¢. Thus, the

gains of position controller greatly effect the performance of the admittance controller.

3.5 Change of Switching Conditions

A large factor in the performance of the switched system is the position control gain
used in the admittance algorithm. This is partly because the control force in (2.9) is
based on the assumption that z; is a constant. Therefore, choosing the states z; and x4
(when switching from the impedance controller to the admittance controller) such that
the force and force derivative are continuous, is not necessarily optimal. We change the
algorithm as follows for the single degree-of-freedom case.

We have the impedance control torque to be given by (2.7). We then change the
admittance torque to be given by a PD controller instead of just a position controller

giving

F=F,=—-Kylx—uzg) — Kg(t — ig) (3.28)
with x4, &4 to again be given by solutions to (3.28). We again let the external force,
Fext

Fegt = —ke(r — x0) (3.29)

with zg again being a constant.

We then consider the hybrid switching as proposed in (2.13) giving
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where

and

Xa

= A;X; - tE[tO+k(5,t0+(l€+1—n)5)

— AaXq 1 tE[to+ (k+1—n)d.to+ (k + 1)d)

€=4q—49o

€d = 4d — 40
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(3.31)

(3.32)

(3.33)

(3.34)
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0 1 0 0

M YK, +k) -M'K; MK, MK,
A, = b P (3.36)

0 0 0 1

— M ke 0 ~My 'Ky My 'Dy

When switching from the admittance to the impedance controller, we have

Xi = SiaXa,  Sia=1I 0] (3.37)

at the instant of switching.

When switching form impedance controller to the admittance controller we have two
additional states, x4 and @4, which must be defined. We wish to find x; such that the
control force is continuous. Using (3.28) as the expression for the control force of the

admittance control we have

walty + (1= mo)*) = G m o+ KN Kgla - 2g))] (3.39)
= (tp+(1-n

= cal(tg+ (1=m)0)") = o m e+ Ky (Fy o+ Kale = éa)| - (3.39)
— k —n

Instead of defining ;4 such that the derivative of the force is continuous at the instant

of switching, we consider it to be chosen later. We may then obtain the expression

Xa = 54iXi + Baiéq,  Sai = (3.40)
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at the instant of switching. Where S is given by

S11 512
S = (3.41)
00
S =1- K, tke(MM; ' —1) — K, ' KpM M, ! (3.42)
S1o = K, ' Kq— K, ' DgM M, (3.43)
and Bg; is given by
0
0
Bgyi = (3.44)
K, K,
1

For brevity, let us define ¢;. such that t = tg + kd, k € Z. Then, knowing the states
at time t = tj,, the states at ¢ = t;. + ¢ can be obtained using equations (3.30), (3.37),

and (3.40) as

41



Xi(tg+ (1 —n)d) = eAm0X, (1)
Xa(ty + (1 —n)d) = Suedi0™0X;(t) + Byiég
Xoltp +6) = e™X, (1, + (1 —n)d)

Xi(tp +6) = Sige™ Xy (t + (1 — n)d)

Xt +06) = Sige a8, eAill=mdx; (1)

—i—Sm@AanéBaiéd (3.45)
We define A,;¢ as follows
Agis = iaeAamSSaieAi(l_n)é (3.46)
and By, as follows
Bgis = iaeAamsBai (3.47)
This gives
Xi(ty +06) = Agis Xi(tg) + Baiséd (3.48)

Let us now define the following as the desired behaviour of the closed loop system.

Xdes = Adestes (3'49>
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with X .4, and Ag.s given by

Xdes = e, é]T (3.50)

Ages = 1 1 (3.51)
— My Ky +ke) —M,; Dy

Solving (3.49) from time ¢, to time ¢, + 0 gives

Xes(t + 6) = edes® X g (1) (3.52)
Let A, be given by
Ay = eldes® (3.53)
such that
Xies(tr +06) = AgXges(tr) (3.54)

In the next section, we define é; at the instant when we switch from the impedance
controller to the admittance controller. We note that the matrix A,;s and the vector
B;s depend on the value of n, and that B is zero when n = 0 since By; is in the null

space of S;,. However, we also find that A;; = A; when n = 0 making the case trivial.

3.5.1 Matching Eigenvalues

The first method of choosing ¢, is have it be a feedback of the form
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éq = Kei Xi(ty) (3.55)

where K; is a matrix chosen such that the eigenvalues of A; are the same as the eigen-
values of Aj;s+ BgisKei- This method produces similar response times from the switched
system and the desired system. While the requirement that the pair (Ag;s, Bgis) match
all eigenvalues is not very restrictive, the resulting gains do not necessarily produce a
smooth space with respect to variations in (n, ke¢). Also, matching the eigenvalues does
not take the eigenvectors into consideration producing different responses as the order

of the system increases.

3.5.2 Minimizing Discrete Difference Between Desired and Ac-

tual Behaviour

The goal is then to minimize | X go5(tg + ) — X;(tg + 0)|. To solve this we may write

[Ag — Agis) Xi(ty) — Bgiséq =0 (3.56)

Using the Moore-Penrose inverse we find

1
fa= [Bgi;sBdiS] B[ Aa — Aais) Xi(t1,) (3.57)

We define K}, to be

44



T -1 7
K, = [BdisBdis} B [Aq — Agis] (3.58)

such that

eq = KpXi(tg) (3.59)

Then, we have the discrete mapping of the switched system to be given by

Xi(ty +0) = (Agis + BaisKp) Xi(ty) (3.60)

3.6 Linear Separation of External Force in Switch-
ing Condition

The change of switching conditions mentioned in the previous section is based on prior
knowledge of the external force Fe,t . However, the form of the equation of the external
force is not generally known, but can be measured using a force sensor. Therefore, we
now rederive the method in the last section accounting for only measurements of the

external force and not the actual equation in (3.29).

3.6.1 Derivation

Let us consider the external force as an unknown input into the closed loop differen-

tial equation. Then the system dynamics when the impedance controller is applied in
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equation (2.7) may be written as

X = AiXj+ BiFegt (3.61)
where X is given by
e
X; = (3.62)
é
A; is given by
0 1
A; = (3.63)

and B; is given by

B; = (3.64)

The system dynamics when the admittance control is applied according to equations

(3.30), (3.34), and (3.36) may be written as

Xo = AuXy + BoFoyt (3.65)

where X, is given by
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Xg = (3.66)
€d
€q
Ag in equation (3.65) is given by
0 1 0 0
-M'K, -M7'K; MK, MK,
0 0 0 1
0 0 ~My'Kg My 'Dy
And By is given by
0
M—l
By = (3.68)
0
1
LMo |
Solving equations (3.61) and (3.65) give the general solutions
t
X;(t) = eilt=10) x;(t0) + / AT By Fypy(7)dr (3.69)
to
and
t
Xo(t) = eAalt=10) X, (¢,) + / AT B F (7Y dT (3.70)
to
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respectively. Then, for switched system we have

X; = AiXj+ BiFey Vt€ [ty t + (1 —n)d) (3.71)

Xy = AuXq+ BaFeyr Vte [ty +(1—n)d,t +0) (3.72)

for a positive integer, k, and for 0 <n < 1.
At time ¢, the system is switched from the admittance controlled system to the

impedance controlled system. We then have the change of states given by the mapping

X;=SiuXa Sia=1[ 0] (3.73)

At the time ¢ + (1 — n)d, the system is switched from the impedance controlled
system to the admittance controlled system. This results in additional states e; and é,4
where e, is chosen such that the control force is continuous and é, is chosen later as in

the previous section. From (3.38) we have

eg((tr + (1 —n)d) ") = " +11(r1n - e+ K, H(Fy + Kg(é — ég)) (3.74)
k —nNn

Then, the change in states at time t;, + (1 — n)d may be given by

Xg = SaiXi + KaiFegjt + Baiéd Sm = (3.75)

where S is given by
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S = (3.76)
0 0
S =1- K, KyMM, (3.77)
S1o =K, ' Kyq— K, ' DyMM, (3.78)
B,; is given by
0
0
By = (3.79)
—K, 1K,
1
and K ,; is given by
0
0
Kgi = (3.80)
- -1
Ky N MMyt —1)
0

Solving for the general solution of the switched system from time ¢ to time (¢ + 0)

we find
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Xi(tg 4 8) =Siqe™0 8400 X (1)

8 eAalty+0) /
tk+(1—n)5

tk+§
G_AaTBaFext(T)dT

tk+(17n)5

+ 5, eAand g Ailtp+H(1-n)9) /
Uk

+ SiaeAanéKaiFext (tk + (1 - n)5) + SiaeAamsBaiéd

We now write the desired behaviour in equation (3.49) as

Xdes = Adestes + BdesFewt

Where A, is given by

and B¢ given by

0
Bdes =

—1
M,

Then, the general solution of Xy ., from ¢}, to (t;, + 0) is given by

tk+5
Xges(t) = 6Ades(t_to))(des (k) + / 6Ad68(t_T)Bdeleext(T)dT
t

e_AiTBiFext(T)dT

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)



As in section 3.5.2 we have the goal is to choose &4 at t3 + (1 —n)d such that

| Xges(ty, +6) — X;(t +0)|| =0 (3.86)

Substituting equations (3.81) and (3.85) into (3.86) we get

tk+5

edes X g (t,) + edes k) /t e~ AdesT B o Feqy () dr—
k

tk+6

[SmeAamsSaieAi(lin)éXi (tk) + SiaeAa(thr(S) / eiAaTBaFemt (T)dT

tk+(1—n)(5

tk,+(1—n)5
+ Gy eAand g Ailty+H(1-n)o) /t AT B F (7 dr
k
+ Sjue aiFext(ty + (1 —n)d + S;qe Buiéql =0 (3.87)

To solve equation (3.87) we will consider &4 to be of the form

éq = up + up (3.88)

where uj, minimizes the homogeneous portion of (3.87), when Feyy = 0. And wp min-
imizes the additional terms when Fg;y # 0. Then, to find uj, we find equation (3.87)

may be written as

ledes? X goi (tg) — Siae 0™ Saie i X; (1)) — 4™ By, = 0 (3.89)

Letting X goq(tr) = X (1), (3.89) simplifies to
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[eAd685 N SiaeAan(SSaieAi(lfn)(s]Xi (tk) - eAanéBaiuh =0

using the Moore-Penrose inverse we find uj, to be given by

-1

Agnd T Agnd Agnd T
Up = (S@'ae ar Bai) Siae an By (Siae ar Bai)

[des? — Sjqetam 5t =) X (1)

We will then let K}, be given by

-1
Ky = (SiaeAam;Bai)TSiaeAanéBai (SiaeAamsBai)T

[6Ades(5 _ SiaeAan(SSaieAi(l_n)a]
such that

up, = K5, X;(ty)

Since switching occurs at t3, + (1 —n)d it is desirable to write uy, in the form

up, = Kp (A0 (4 1 (1= n)d)

By substituting (3.94) and (3.88) into (3.87) we find
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tk—‘r5
eAdeséXdes (tk) + eAdes(tk"_‘S) /
Uk

[SiaeAamSSaieAi<1_n)6Xi(tk) + SiaeAa(tk+6) /

thr(l*n)(S

6_AdesTBdeSFemt(T)d7’—

tk-i-cs
G_AaTBaFext(T)dT

tp+(1-n)é

+ SiaeAan(SSaieAi(tk+(1_n)6) / €_AiTBiFext(T)dT

th

+ Sigeam By Ky (70 7L (8 + (1 — n)o)

+ Siae MK i Fut (b, + (1 — 1)) + Siqe’a™ Byjup) = 0 (3.95)

Using equation (3.69) we write (3.95) as

{@AdesaXdes(tk) — SmeAan(sSaieAi(17n)6X(tk) — SmeAanéBaiKhXi(tk)}—i-
t.+0
Ades(tp+0) / k
Uk

(53 cAa(t+0) /
tk+(1—n)5
+ 8,geAars s yeiltt 1= [

tk
tk—|—(1—n)5

€_Ad65TBd€SFext(7')dT—

tk+5
e_AaTBaFext(T)dT

thr(l*n)(s
G_AiTBiFeg;t(T)dT

+ SiaeAanéBaiKheAitk / G_AiTBiFext(T)dT

g

+ Siae MK 4 Fut(t, + (1 = 1)8) + Siqe’a™ Byjuy) = 0 (3.96)

From equations (3.89), (3.93), and from linearity we have the choice of up can only
be chosen to minimize portions of (3.96) containing the external force. Thus, (3.96)

simplifies to.
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tk+5
eAdes(tk+5)/ e_AdesTBdesFext(T)dT_
g
4 tk—|—5 A
[Sz'ae a(ty+9) / e aTBaFeart(T)dT
tk+(1—n)5
+ SiaeAan(SSaieAi(tk+(1—n)5) / e_AiTBZ-Fext(T)dT
Uk

+ Sjqe@™ By Kpeith /t e AT By Fygy(r)dr

k

+ SmeAanéKaiFeIt(tk + (1 — n)5) + SmeAanéBaiuP] =0

Solving for uy gives

-1
Up = [(SiaeAanéBai)TSiaeAamsBai] (SiaeAanaBai)T
tk+5
{eAdes(k ) /t ¢~ AdesT B o Feat (r)dT—
k
tk+5
[SiaeAa(tk+6)/ e_AaTBaFext(T)dT
thr(l*’rL)(s
tk+(1—n)5
+ SiaeAamSSaieAi(tk+(1_n)6) / e_AiTBiFext (7)dr
Uk
Ans A tk+(1—n)(5 A
+ S;ae” 4" By K e itk/ e T B Fop(T)dT]
tk

— Sige MK Foi(t + (1 —n)8)}

If we define the functions F,, and Hy, as

o4
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—1
Fp = (SiaeAamsBai)TSiaeAamsBai] (SiaeAamsBai)T

{6Ad65<tk+6)€_AdESTBdes _ iaeAa(tk+6)€_AaTBa} (399)

-1
Hp = — [(SiaeAanéBai)TSiaeAan(sBai] (SiaeAamsBai)TsiaeAamsKai (3100)

Then up may be expressed in the compact form:

tk+§
Up = / Fp(t — T) Fegt(T)dT + HpFext(tk + (1 —n)d) (3.101)
b

We then find that the choice é; = wup, + uy is the same as the choice of ¢, in section 3.5.2
due to uniqueness of the convolution mapping. However, the value of u;, must be solved

numerically based on measured values of the external force on-line.
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Chapter 4

N-DOF Rigid Joint Models

The theory in the previous chapters are applicable to a single degree-of-freedom linear
model. In this chapter we now wish to extend the theory to multi-dimensional systems.
We proceed by considering a multi-degree-of-freedom linear rigid joint system and de-
riving switching conditions based on continuity of control force and its derivative. We
then generalize the control method and switching conditions for multi-degree-of-freedom

non-linear systems.

4.1 Linear N-DOF

4.1.1 Equations of Motion

Assuming rigid joints, the system dynamics of a general linear N-DOF is given by

Mi+Cq+Gq=r1+J" Fep (4.1)

where M is the symmetric positive definite mass matrix, C' is a symmetric matrix acting
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as a form of damping, and G acts as a stiffness matrix. Fg, ¢ is the external force applied
to the system, J is the Jacobian matrix transforming rotational coordinates to Euclidean
coordinates, and 7 is the input torque. The control objective is to the design 7 such

that (g, q) satisfies the system of differential equations

My(G — do) + Dg(q — do) + Kg(q — q0) = JT Fent (4.2)

where My, Dy, and Ky are positive definite matrices.

4.1.2 Impedance Control

In impedance control, we let the controller be a mechanical impedance. Therefore, by
comparing equations (4.1) and (4.2), and solving for 7 we find the impedance torque to

be given by

T =1 = Mjy+Cq+Gq+MMp' [~ Kg(q — qo) — Dpd]

H(MM; — D) JT Fpyy (4.3)

Indeed, substituting (4.3) into (4.1) results in

My(G — o) + Dg(q — do) + Kg(q — q0) = JT Fent (4.4)
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4.1.3 Admittance Control

For the admittance control, the control torque is a position controller to a trajectory
qg which is generated by the mechanical admittance. Therefore we consider the control

torque to be given by

T =14 = —Kp(q—qq) — Kq(d) + Cq+ Gq (4.5)

where K and K are positive definite matrices, and ¢, is given by the solution to the

desired behavior

My (dg — do) + Da(dq — do) + Ko(qq — q0) = I Fext (4.6)

Substituting (4.5) into (4.1) results in the dynamic equations

M+ Kqq+ Kp(q — qq) = I Feat (4.7)

My(Gg — o) + Dg(dq — do) + Kglag — o) = JT Feay (4.8)

If ¢ converges to gy, by the virtue of gains chosen in (4.7), then (4.8) gives (4.2).

4.1.4 Hybrid Framework

For the linear N-DOF system described by equation (4.1), we propose the following
switching torque
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T tE€[tg+ ko, tg+ (k+1—n)d)
S (4.9)

To @ t€fto+ (k+1—n)dtog+ (k+1)0)

where t( is the initial time, ¢ is the switching period, n € [0,1] is the duty cycle, k is
a positive integer. 7; is given by equation (4.3), and 7, is given by equations (4.5) and

(4.6).

If the environment is modeled as a linear spring

JTFext = _ke(q - QO) (4'1[))

for a positive definite definite matrix ke, and the virtual trajectory qg is assumed to be

constant, i.e.

Go = Go =0 (4.11)

the hybrid system follows the descriptions

X = yOAX+ (1 —7(t)AaX Vt=t, (4.12)
AX = (I)jX YVt = tj (4.13)

where t; defines the instants of switching between the impedance and admittance control

torques and may be written as
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tje{tlt=to+ks, k€ Ze}U{tlt =to+ (k+1—n)s, k€ Ze, ne[0,1]} (4.14)

and 7(¢) indicates which controller, impedance or admittance, is being applied at any

given time, and may be written as

1 : te(tg+kdtg+ (k+1—mn)d)
V(t) = (4.15)
0 : te(tg+(k+1—n)oty+ (k+ 1))

The state X and the matrices A; and A, are given by the relations:

X=(e ¢ ey ég)h (4.16)
e=q—qo (4.17)
ed = qq — 40 (4.18)

0 I 0 0

—M; Y (Kp+ke) —M; 1Dy 0 0
Ay = o ‘ o (4.19)

0 0 0 I

—M; 1k 0 ~M; 'Ky M;'D
| g e g 0 Mg 0 |

and
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0 I 0 0
M YK, +k) -M'K; MK 0
A, — b P (4.20)
0 0 0 I
—M; 0 ~M; 'Ky —M;ID
i g e g 0 6 0 |

When switching from the impedance controller to the admittance controller, additional
states are introduced into the control torque. The states, e; and é,4, are chosen at the
instant of switching to maintain continuity of the control torque 7 and its derivative.

By setting equations (4.3) and (4.5) equal to each other we find
eq((tr + (1 —n)d) ) = lim e+ K, (1, — C4— Gg+ Kye) (4.21)
t—(tp+(1—n)d)~
By differentiating (4.21) we have
éq((tr + (1 —n)d)") = lim e+ Ky N7 — Cq— Gg+ Kgé) (4.22)
£ (ty+(1—n)8)

Substituting equation (4.3) for 7; in equations (4.21) and (4.22), it is possible to obtain

an expression of the form

XT(tg+ (E+1—=n)8) =Sy X (tg+ (k+1—-n)d), Su= (4.23)

61



at the instant of switching. Where X (¢) denotes the right limit, X~ (¢) denotes the

left limit, [ is the identity matrix, and S is of the form

S11 912
S = (4.24)
So1 522
where
S o= I— Ky (MM —1ke — K, ' MMy K (4.25)
S1o = K,'K;— K, *DygMM,* (4.26)
S = —K, ' KyMy Ky +ke) — K, " MM, DgM, ' Ky (4.27)

Sep = I— K, (MM, — Dk — K, ' MM, 'K,

— K, ' KgMy Dy + K, " MMy ' DyM, ! Dy (4.28)

Then, we find that ®; to be given by

Di(to+(k+1—-n)d) =8, — 1= (4.29)
Sai —1

When the system is switched from the admittance controller to the impedance controller,

the state mapping is given by

I0
X (tg+ k) = S;u X (tg + k6),  Siq = (4.30)

0171

Where 0 is the n X n matrix of zeros. We then find ®; at this instant to be given by
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(I)j(tO + kb)) =S; — 1

I
=

(4.31)

4.1.5 Stability

Knowing the states at time ¢ = ¢y + kd, the states at t = tg+ (k+ 1)0, k € Z4 is a

positive integer, can be obtained using equations (4.12), (4.23), and (4.30) as

X (to+ (k+1-n)s) = el=m0xF (4 + k)

XTto+ (k+1-n)8) = Sueti="Ix+ (1 + k6)
X (tg+ (k+1)8) = eAa™Xt(t+ (k+1—n)d)
XT(to+ (k+1)8) = Sied™ X (tg+ (k+1—n)é)

XT(to+ (k+1)8) = S;uetam08,e4ill=m0x+ (1) + k) (4.32)

We now define a matrix Ay to be

Agis = Siqea™ S el (4.33)

such that

XT(tg+ (k+1)8) = Ay X (tog + k6) (4.34)

With Ag;s being a n X n matrix now instead of a 2 x 2 matrix. However, theorem 2

holds independently of the size of Ay, and therefore holds here.
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4.2 Non-linear N-DOF Model

For the linear case we found that the single degree-of-freedom system can be generalized
to n dimensions. We now wish to generalize the concept to a non-linear system. However,
we note that the position controller used in the single degree-of-freedom and the linear
multiple degree-of-freedom cases rely on Fepr = 0 when z = x¢ and that @5 = 0.
Therefore, we additionally consider a position control that is better suited for tracking

a trajectory, and is independent of when the external force is zero.

4.2.1 Equations of Motion

Consider a general non-linear dynamic system given by

M(q)i+ C(q,9)q + G(q) =7+ JT Foyy (4.35)

where M (q) is the mass inertia matrix, C'(q,q) is the matrix representing the Coriolis
effects, and G(q) is the gravitational matrix. Our goal is to design 7 such that (g, q)

form the solution to the differential equation

My(G — do) + Dg(q — do) + Kp(q — qo) = I Feus (4.36)

Where the virtual trajectory, qg is then assumed to be a smooth bounded function in

time.
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4.2.2 Impedance Controller

For the impedance controller we consider a force feedback controller that attempts to
cancel the non-linear dynamics and then feedback the desired control objective. This is

achieved by a control torque of the form:

=1 =C(q,9)q+ G(q) + M(q)jo

— M(q)My H[Ky(q — q0) + Dy(d — do)] + (M(q) My — 1) Fegr (g, 4) (4.37)

By substituting (4.37) into (4.35) gives

My(G — do) + Dp(d — do) + Kp(q — q0) = JT Fegi(g,4) (4.38)

4.2.3 Admittance Controller

For the tracking controller we cancel the non-linear dynamics and produces a controller
that allows ¢ to track a desired trajectory g,;. Thus, we consider a control torque given

by

7 =70 =C(q,4)q + G(q) + M(q)4g — JT Fext+

M(g)M7Y~Kp(q — aq) — Kq(d — da)] (4.39)

Substituting equation (4.39) into (4.35) we have
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My(G — Ga) + Kq(qg — da) + Kplg —qq) =0 (4.40)

For positive definite values My, K4, and K, g converges to g, for any initial value g(tp).

The desired trajectory g, is obtained by solving the differential equation

My(dg — do) + Dg(dq — do) + Ko(qq — q0) = JT Fent (4.41)

The admittance controlled system is represented by the dynamics

My(G — Ga) + Kq(qg — qa) + Kp(g —qq) =0 (4.42)

My (dg — do) + Dp(dq — do) + Ko(ag — q0) = I Fegt (4.43)

4.2.4 Hybrid Framework

We define a switching controller based on the hybrid system framework. Let us begin by

defining the force caused by interaction with the environment to be modeled as a linear

spring

JTFext(Q) = _ke(q - %xt) (444)

for a positive definite definite matrix ke, and gy is a constant offset.

Now, let us define a function r which forms a solution to (4.36) generated by an

arbitrary set of initial conditions, namely
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Mpy(i* = Go) + Dg(* — o) + Kg(r — q0) = —ke(r — qeat)

(4.45)

Where (r(tg), 7(tg)) € R?". We then have that the control objective is achieved if there

exists a pair (r(fg),7(tp)), and a t; such that

lg=rl=0

Vit

(4.46)

We then define the variable e = ¢—r and e; = g;—r. Then, the system under impedance

control may be given by

where

— My ke

T

0 0
0 0
0 1

~My 'Ky —My'Dy

Likewise, the system under the admittance control may be given by

Xa — AaXa

67

(4.47)

(4.48)
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where

Xa = (6 ) é » €d > éd)T (451)
0 I 0 0
Aal Aa? Aa3 Aa4
0 0 0 I
M Y%, o0 -M;lkx, —M; 1D
i g e o 0 o 0 |

and

Agt = —(My ke + M7E) (4.53)
A = —M;'Ky (4.54)
Ay = MK, — M, 'Ky (4.55)
A = M;'Ky—My'Dy (4.56)

Both X; and X, have the same number of states, and both are invariant when X; =
X = 0 which corresponds to ||¢ — r|| = 0.

Now, we define the set of times o to be

o={tlt=tg+ kS, ke Z yU{tlt=to+ (k+1—n)d, k€ Zy, ne[0,1]} (457

Then we may write the general hybrid control law as
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X = yOAX+ (1 —q(t)AaX Vt=t, (4.58)

AX = d; X Vit =t (4.59)

where t; € o, and y(t) € [0, 1] for all ¢. Since we are only concerned with switching we

have

1 : te(tg+kdtg+ (k+1—n)d)
V(t) = (4.60)
0 : te(to+ (k+1—n)dtg+ (k+1)0)

namely, we either apply all impedance control or all admittance control, but not both
at the same time. We must then define ®; which causes an impulse in the system at
times ¢ = ¢;. Since the times ¢; € o and o is the union of two sets, we will investigate

each individually.

First, we will investigate is {t|t = to+ (k+1—n)d, k € Z4, n € (0,1)}. In this
case we see that we switch from the impedance controller to the admittance controller.
When we switch we wish to ensure that the control torque is smooth at that instant.

Setting equations (4.37) and (4.39) equal we find
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M(q)iig = T" Fext + M(q) My [~ Kp(q — aa) — Kq(d — 4g)]
= M(q)do — M(q)My ' [Kg(q — q0) + Dy(d — do)]
+H(M(q)My "t = D) Foy (4.61)
= g+ My [~ Kp(q — q0) — Kald — 4q)] =
o — My ' [Kg(a — a0) + Dg(d — do)] + My "I Feat (4.62)
= MM ' [~ Kp(q — qq) = Kald — da)] =

My(do — d4q) — Kg(q — qo) + Dg(q — do) + JT Fent (4.63)

We see from (4.63) that the choice ¢ = ¢4 and ¢ = ¢, satisfies the equation and all its

derivatives. Therefore, we have

XT(tg+ (k+1-n)8) = SyuXT(tg+ (k+1—n)d), Sy = (4.64)
I0

at the instant of switching from impedance control to admittance control. We then have

that ®; to be given by

O =Sy — 1 = (4.65)

For the set {t|t = to + k6, k € Z,} the system is switched from the admittance

controller to the impedance controller. During this switching instant we choose to keep
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the states continuously differentiable. Thus the state mapping is given by

I0
XT(tg+k6) = S;u X (tg + k6),  Siy = (4.66)
01
and does not result in an impulse, meaning ®; is given by
bj=S;,—1=90 (4.67)

4.2.5 Stability

Knowing the states at time ¢ = tg + ko, the states at t = tqg + (kK + 1)d, k € Z4 is a

positive integer, can be obtained using equations (4.58), (4.59), (4.64), and (4.66) as

X (tg+ (k+1-n)s) = eAill=m0x, (1 + k6)

XT(to+ (k+1-n)8) = Suedill=m0X,(ty + k6)
X (tg+ (k+1)0) = et X, (tg+ (k+1—n)d)
XT(to+ (k+1)8) = Sie®™ X4 (to+ (k+1—n)d)

Xttg+ (k+1)8) = Sigedandg, eAill=m0x, (1) + ko) (4.68)

We now define a matrix Ag;s to be

Adis = iaeAangsaieAi(lin) (4.69)

such that

71



XT(tg+ (k+1)8) = Agis X (tog + k9) (4.70)

With A;;s being a n X n matrix now instead of a 2 X 2 matrix. We again note that

theorem 2 holds independently of the size of A ;, and therefore holds here.
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Chapter 5

Flexible Joint Model

All development thus far is for a rigid joint model which is characteristic of a directly
driven system. However, in order to achieve large torque values gearing of the actuator is
required. This leads to some flexibility between the actuator and the joint. Furthermore,
many modern robotic control drives use series elastic actuation which improves the

stability of position control methods and enforces smoothness of torques on the link.

For this chapter we rederive the impedance control, admittance control, and hybrid
methods for a single degree-of-freedom flexible joint system using continuity of control
force and control force derivative. We then rederive the alternate switching conditions
for the system with joint flexibility. Finally we examine a simple nonlinear system with
flexibility, and examine the changes the impedance, admittance, and hybrid controller,

as well as the proof of stability of the hybrid controller.
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5.1 Linear 1-DOF Model

We begin with the simplest case as in chapter 2, a single degree-of-freedom linear system.
However, to add flexibility to the system we consider the actuator to be coupled to the

system through a spring.

5.1.1 Equations of Motion

Figure 5.1: Single degree-of-freedom flexible joint model

For the single degree of freedom linear flexible joint model as shown in figure 5.1.1

the system dynamics are given by

F=Kpnly—=2) (5.3)

Where x represents link side dynamics and y represents actuator side dynamics, M is a
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positive constant corresponding to the mass of the system, K, is the stiffness between
the actuator and the joint, Fg,; is the external force applied to the system, and Fj, is
the input force.

We choose the desired dynamics to be given by

Mpy(% — Zg) + Dy(& — @9) + Kg(r — 20) = Feat (5.4)

We note that the values that we can measure are y, y, F', and F. We cannot explicitly

measure x or z.

5.1.2 Passive Impedance Controller

For the passive impedance controller, we assume a controller of the form [17]:

Fy = F; = BBy Y{MM, [~ Ke(y — yo) — De(y — o))

H(MMy Y — 1) Fege + Mig} + (I — BB )T (5.5)

Where By is a normalization of the acutator mass B. By substituting equation (5.5)

into equation (5.2) we find the dynamics to be given by

M3 = F 4 Feoyy (5.6)
Byij + MMy ' [De(y — o) + Ke(y— wo)]
— (MMt —1)Fog + Mig = —F (5.7)

5



By combining equations (5.6) and (5.7) we get

My (i — o) + De(i — 90) + Kely — y0) = Feat — MgM ™~ Byj (5.8)
x
i~ —by
K.

7

Figure 5.2: Single degree-of-freedom passive impedance for flexible joint model

We choose B, to be as small as possible such that the effect of § is negligible. The
resulting model is shown in figure 5.1.2. We then wish to find the values of D, K., and
yo such that (5.8) produces the same result as (5.4).

To find yg we consider the static solutions of (5.6), (5.7), and (5.4) when Fe.¢ = 0.

This yields the equations

Tss = Yzx (5-9)
Yss = Y0 (5.11)

where x4¢ represents the static value of x, and ygg represents the static value of y.

Solving (5.9)-(5.11) we have the equation
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Yo = 20 (5.12)

To solve for K we consider the static solutions of (5.6), (5.7), and (5.4) when Feyt # 0

this yields

Km(alss - yss) = Fext (5'13>
Kc(yss - yO) = Fegt (5-15)

Solving equations (5.13)-(5.15) we find

Ko = [K;l . K;ll] ! (5.16)

Finally, to find D, we consider that all internal forces in figure 5.1.2 must be equal.

This gives the equation

De(y — 90) + Ke(y — yo) = Dy(& — 20) + Kg(x — x0) (5.17)

From equations (5.13)-(5.15) we assume

Ke(y — yo) = Kg(x — z0) (5.18)

Giving
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De(y —90) = Dy( — ip)

Then we have

Dc:D(;x_xO

Y=Y

Since, we always will initialize the system from rest we then assume & — g ~ y —

Ky, large. This gives

DC:DQ

Therefore, We, for small By, have (5.8) is approximated by

M@(i’ - fi’O) + De(y - ?JO) + Kc(?J - yO) = Fegt

which is equivalent to

Mpy(i — o) + Dy(& — 20) + Kg(x — x0) = Feat

5.1.3 Admittance Controller

For the admittance controller, let the position controller be given by [1]
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Fp = Fy = BB =Ky — yq) — Ky — Kp Ky ' (F — Fy)

~KgKy'F]+ (I - BB;Y)F (5.24)

This produces the dynamic equations

Bgij+ Kqy + Kp(y — yq) +

K¢K 'F + KpK, }(F — F)) = —F (5.26)

Combining equations (5.25) and (5.26) we find

Mi+ Kgy+ Kp(y — yq)

+ KgKp'F+ KpK,, ' (F — Fy) = Feet — Byil (5.27)

We again choose B, small such that the effects of 4 is negligible. We then choose x4,

&4 to be given by the mechanical admittance in equation (5.4). Namely, let x4, and g4

be the solution to

M (&4 — &o) + Dg(iq — 20) + Kg(xg — 20) = Fext (5.28)

We then assume that the stiffness K, is large enough such that y ~ x and y ~ &. Thus,
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we choose y; = x4 and g4 = ©4 making F; = 0. We then find that the full dynamics of

the system to be given by

Byy+ Kqy + Kp(y —ya) +
KgK P+ KpK,'F = —F (5.30)

M (jjg — &o) + Dg(yq — ©0) + Kg(yq — ©0) = Fext (5.31)

5.1.4 Hybrid Framework

For the single degree-of-freedom system described by equations (5.1)-(5.3), we propose

to switch the controller between impedance and admittance as follows

F1 : t€eftg+kdtg+ (k+1—n)d)
Fpy = (5.32)
Fy - teftp+ (k+1—n)dtg+ (k+1)d)
where t( is the initial time, § is the switching period, n € [0, 1] is the duty cycle, k is a

positive integer. F7 is given by eq. (5.5), and Fj is given by equations (5.24) and (5.28).

Let the environment is modeled as a linear spring

Fept = —ke(x — x0) (5.33)

and the virtual trajectory, xq is assumed to be constant,

g =209 =0 (5.34)
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The hybrid system then follows the descriptions

XZ' = A;X; - tE[tQ+k5,t0+(l€+1—n)5>

Xo =AgXy : tefto+ (k+1—-n)d tg+ (k+1)0) (5.35)
where
. . . \T

Xi - (6 ’ € ) 69 ) 69) (536>
e=x— 1 (5.37)
o =Y — Yo (5.38)

0 1 0 0

MY Kp+k) 0 MKy, 0

A; = (5.39)

0 0 0 1

— — -1 -1
A 0 =By '\ MMy (K + Kp) =By ' MM, 'Ky |

Aj = By (MM, Ky + (MM = 1)ke) (5.40)

Xo = (6 . € eg, g, €q, éd>T (541>



and

€d = Yd — X0

M YKy —ke) 0 MKy, 0 0 0

0O 0 O 1 0 O
Aal Aa? Aa?) Aa4 Aa5 0

0 0 0 0 0 1

~My ke 00 0 —My 'Ky — M, Dy

Agt = By (K + Kp K

Ago = B KgK !

Ay = —B;l(Km + Ky + KpK;b)

Ags = =By (KgK,,' + Ky)

Ags = B 'K,

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

When switching from the impedance controller to the admittance controller, two
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additional states are introduced. These states, e; and ¢4, are chosen at the instant of
switching to maintain continuity of the control force F' and its derivative. Equation

(5.24) gives the expression for the control force of the admittance controller and may be

written as
1 (B . KyF  Kg . By
- S e AR G T et I B W A 2
Yd y+Kp(B i+ Kag+ =t 2 P = (-5
1 (B, . KpF  Kg - By
= — | =F,+ K — 4+ —=F—-4+(1—-—=)F 5.49
= eq €9+Kp(B i+ 1K€ + m+Km +( B) ( )
and differentiating equation (5.49) gives
, .1 [ By- . KpF  Kg - By. -
- e Ny IR NI &y N | )
Jd y+Kp(B i Kai+ et +1-7)
_ , 1 (By. . KpF Kg - By. -
= ¢, = — | =F,+ K, — 4+ —=F—4+(1-—=)F 5.50
éq 69+Kp<B i+ Kafp+ —+ 1> +1-7) (5.50)

Substituting equation (5.5) for F in equations (5.49) and (5.50), it is possible to obtain

an expression of the form

I
Xo=54iXi,  Sai= (5.51)

S

at the instant of switching. Where [ is the identity matrix, and S is given by

$11 512 S13 S14
S = (5.52)

521 S22 523 524
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Where

s11 = _Kp_lKT
512 = —Kp_lKS
o 1 1
S13 = KP [KP+KT—MM0 Kc_(MMg —1)]{36]

st = K, ' (Kg+ Kg— MM, ' Dy)

s = —K, 'Ky

_ K + ke) M _ K

= gl Bm k) e e Mo B
-1
1. KgKn, MDy (Km+ MM, K)
= —K;! Kj+Kg—
MK, M
= K, YK+ Kp— =% —(— — 1)k -
MDy. MDy
Kg+ Kg——-* 5.53

When the system switched from the admittance controller to the impedance con-

troller, the state mapping is given by

Xi = SiaXa, Sia=1 0] (5.54)

Where 0 is the 2 x 2 matrix of zeros.

5.1.5 Stability

Knowing the states at time ¢ = ¢y + kd, the states at t = tg+ (kK + 1)d, k € Z4 is a

positive integer, can be obtained using equations (5.35), (5.51), and (5.54) as
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Xito+ (k+1—n)8) = eMill=m0X, (1o + k6)

Xalto+ (k+1—-n)8) = Suedill=m0x;(ty + k6)
Xolto+ (k+1)8) = 4™ X, (tg+ (k+ 1 —n)é)
Xi(to+ (k+1)8) = Sige@™ Xy(tg + (k+1—n)é)

Xi(to+ (k+1)8) = Sjpedam? s eAil=m0x, (15 + ko) (5.55)

We now define a matrix Ag;s to be

Agis = iaeAangsaieAi(lin) (5.56)

such that

Xi(t() + (k + 1)(5) = Adiin(tO + k5> (557)

With Ag;s being a n x n matrix now instead of a 2 x 2 matrix. However, theorem 2

holds independently of the size of Ay, and therefore holds here.

5.1.6 Simulations and Performance

Let us now consider a linear single degree-of-freedom system described by equations

(5.1)-(5.3) and with parameters given by
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N
m=36ky B=15308kg Ky =22000—

m
N N N
Kp=113580 — K4z =361.2 i Kp =119470 —
m m m
N
Kg=30764 —> My =36344 kg By = 0.34017 kg
m
N N
Ky=100 — Dp=23872 " (5.58)
m m
We then choose the external force to be given by
Fept = —kex (5.59)

0.7 T T T T T T T T

Position x (m )
o
w

o2+ I Desired i
————— Impedance
01k — — — Admittance | |
— Hybrid
0 .
_0.‘| 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Time (sec)
Figure 5.3: Soft contact position response for 6 = 50 ms and n = 0.1
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and xg is chosen as a constant input of 1 m with a system initial condition given as
x(tg) = y(tg) = 0. The switching time, d, is chosen to be 50 ms. We then add a mass
error to the system of 80% as well as a feedback time delay, input noise, and unmodeled

friction. To simulate a soft stiffness, k. is initially chosen to have a value of 100 N/m.

0.7 T T T T T T T T

|t St | T L

E ]

x

cC .

S

‘0

O -

a o2+ 49 DeS”'ed ]
————— Impedance
- — — Admittance | T
— Hybrid

_01 1 1 1 1
0 0.2 04 0.6 0.8 1 1.2 14 1.6 1.8

Time (sec)

Figure 5.4: Soft contact position response for § = 50 ms and n = 0.5

Figures 5.3, 5.4, and 5.5 show the response of the passive impedance controlled system,
the admittance controlled system, the hybrid controlled system, and the desired response
for n = 0.1, n = 0.5, and n = 0.9 respectively. We see from figure 5.3 that the
hybrid controlled system response is almost identical to the passive impedance controlled
system. This is expected since the hybrid controlled system is the same as the passive
impedance controlled system when n = 0. Then from figure 5.4 we see that increasing n

from 0.1 to 0.5 improves the performance of the hybrid system and causes the resulting
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response to approach that of the admittance controlled system.

0.7 T T T T T T T T

E ]

X

C .

i)

3

g
----- Desired
————— Impedance
- — — Admittance | |
— Hybrid

_0.1 Il Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Time (sec)

Figure 5.5: Soft contact position response for 6 = 50 ms, and n = 0.9

We again see from figure 5.5 that again increasing n from 0.5 to 0.9 improves the per-
formance of the hybrid system and causes the response to approach the response curve
of of the admittance controlled system. However, we notice that as n goes to 1, while
the hybrid system does approach the admittance controlled system it does not converge
to it. This is due to the flexibility in the position controller used as the inner loop of
the admittance controller.

We have shown that the hybrid control method can improve the performance of
the impedance control for a soft environment, but tuning of the position controller is
required to reach the performance of the admittance controller. Now we wish to see the

performance of the hybrid control method when the system is in contact with a stiff

38



0.18 . . .

----- Desired
0.161 /N Rk Impedance |
- — — Admittance
0.14 — Hybrid |
0.12 |
E 01 /’ \\ R
X 7 N P
_5 0.08 _7 - -
3
g 0.06 .
0.04 i
0.02 i
O .
-0.02 ' : '
0 0.5 1 15 2

Time (sec)

Figure 5.6: Stiff contact position response for § = 50 ms and n = 0.1

environment. Therefore, to simulate a stiff environment we choose k. = 1000 N/m.
Then, Figures 5.6, 5.7, and 5.8 show the response of the passive impedance controlled
system, the admittance controlled system, the hybrid controlled system, and the desired
response for n = 0.1, n = 0.5, and n = 0.9 respectively for the stiff environment. We
see from figure 5.6 that when n = 0.1 the response of the hybrid system is again almost
identical to the passive impedance controlled system. This is again is not surprising
since when n = 0 the hybrid controlled system is identical to the passive impedance

controlled system.
From figure 5.7 we see that increasing n from 0.1 to 0.5 shifts the response of the hybrid

system toward that of the admittance controlled system and away from the passive

impedance controlled system. Then, from figure 5.7 we again see that increasing n from
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0.18

----- Desired
0.16 e Impedance |]
— — — Admittance
0.14 — Hybrid |
0.12 ]
E o1 SN oS
X Ty N P
_S 0.08 7 - .
3
g 0.06 1
0.04 1
0.02 ]
O .
-0.02 ' . '
0 0.5 1 1.5 2

Time (sec)

Figure 5.7: Stiff contact position response for 6 = 50 ms and n = 0.5

0.5 to 0.9 shifts the response of the hybrid system closer to the response of the admittance
controlled system. However, the deviation between the response of the hybrid controlled
system and the admittance controlled system remains as n goes to 1. This again is due
in part to tuning of the inner loop position controller used in the admittance control

algorithm.

Therefore, we find that through the switching method it is possible to vary the
response of the hybrid method between the the admittance controller response and
the passive impedance controller response possibly producing better performance than
either. However, the variation in response of the hybrid controlled system is highly
dependant on the tuning of the inner loop position controller used in the admittance

algorithm.
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0.18 . . .

----- Desired
0.16 e Impedance |]
\ — — — Admittance

0.14r A\ ‘\ —— Hybrid |

0.12
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Figure 5.8: Stiff contact position response for 6 = 50 ms and n = 0.9

5.2 Change of Switching Conditions

A large factor in the performance of the switches system is the position control used as
the control force in the admittance algorithm. This is partly because the control force
in (5.24) is based on the assumption that x4 is a constant. Then, choosing the states
x4 and &4 when switching from the impedance to admittance controller such that the
control force and its derivative are continuous is not necessarily optimal. Therefore, we

change the algorithm as follows.

We have the impedance control torque to be given by (5.5). We then change the
admittance torque to be given by a PD controller instead of just a position controller
giving
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Fy = Fo = BBL' [ Ky(y — ya) — Kq(§ — §a) — K7 K, (F = Fy)

~KsK,'(F — Fp)]+ (I - BB;Y)F (5.60)

with z4, 4 to again be given by (5.28). We again let the external force, Fiz¢

Fept = —ke(x — x0) (5.61)

with zg again being a constant.

We then consider the hybrid switching as proposed in (5.32). Then the switched

system may be written as

X, =AX; : tetg+kd tg+ (k+1—n)d)

Xo =AaXy : t€fto+ (k+1—n)d tg+ (k+1)0) (5.62)
where
o . . N\T
XZ - (6 y €, €9, 69) (563)
e=x— I
€9 =Y — Yo (5.64)
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0 1 0 O

~M YK +k) 0 MKy, 0
A = (5.65)

0 0 0 1

-1 -1 -1 -1
A1 O _Bd MMQ (Kc+Km) _Bd MM0 Ky

Aj = By (MM, Ky + (MM = 1)k) (5.66)
Xa = (6 ) e €0 5 69 » €d > ed)T (567>
eq =g — xg (5.68)

and

M YKy —ke) 0 MK, 000
0O 0 0O 1 0 O

Ay = (5.69)

Aal Aa2 Aa3 Aa4 Aa5 Aa6

0 0 0 0 0 1

—My ke 00 0 —My'Ky — My Dy

Ag1 = By (K + KrK,,b) (5.70)

Ago = B KgK ! (5.71)
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Agg = =By (Km + Kp + K7 Kb (5.72)

Ags = —B; N (KgK,' + Ky) (5.73)
Ags = B;'K) (5.74)
Age = B Ky (5.75)

We remember that when switching from the admittance to the impedance controller,

we have

Xi = SiaXa, Sia=1 0] (5.76)

at the instant of switching.

When switching form impedance controller to the admittance controller we again
have two additional sets of states x4 and &; which must be defined. We again wish to
find x4 such that the control force is continuous. Using (5.60) as the expression for the

control force of the admittance control we have

1 (By . KpF Kg . By
= — (ZEFr L K L LR (1= DF
Yd y+Kp(B i+ Kay + 4 +( B)
1 (By . KpF  Kg . By
e — | FE+K —— +-Z2F—+4+(1-=2)F 5.77
ed eg—l—Kp(B i+ Kqép + - +Km +( B) (5.77)
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Instead of defining g, such that the derivative of the force is continuous at the instant

of switching, we consider it to be chosen later. We may then obtain the expression

1
Xa = 50 Xi + Bai€q,  Sai = (5.78)
S
at the instant of switching. Where S is given by
S11 S12 513 S14
S = (5.79)

0000

s11 = _Kp_lKT
= KK
S12 = D S
si3 = Kp'[Kp+Kp— MMy Ke — (MMy ™t —1)k]

s = K, ' (Ky+ Kg— MMy ' Dy) (5.80)

and Bg; is given by

By = (5.81)

—K, 1K,
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For brevity, let us define ¢; such that t;, = tg + kd, k € Z1. Then, knowing the
states at time ¢ = ¢}, the states at t = t;, + ¢ can be obtained using equations (5.62),

(5.76), and (5.78) as

Xty + (1—n)s) = eil00x(t,)
Xa(ty + (1 =n)8) = Sgeil=0X (1) + By
Xoltp +0) = e X,(tp + (1 —n)d)

Xi(ty +0) = Siqe@™ Xo(ty + (1 —n)d)

Xitp+06) = Sige@mS,etiT0X; (1)

+8;,e9™ B, ey (5.82)
We then let A ; be given by
Agis = iaeAamSSaieAi(l_n)é (5.83)
and Bg;s be given by
Byis = Siae™™ By, (5.84)
giving
Xi(ty +0) = AqisXi(tr) + Baiséd (5.85)

We now wish to define the desired closed loop behavior by

96



Xdes = Adestes (586)

with

) T
Xjes =1le, €, eg, ég (5.87)

However, since the the desired system given by equation (5.4) does not contain ey or
ég we cannot define A ., the same way we did for the rigid joint model. We will instead

leave the discussion of the choice of A, for later.

5.2.1 Matching Eigenvalues

The first method of choosing é, is have it be a feedback of the form

éq = Kei Xi(ty) (5.88)

9 are the same as the

where K,; is a matrix chosen such that the eigenvalues of eAdes
eigenvalues of Agy;s + BgjsKei- This method produces similar response times from
the switched system and the desired system. While the requirement that the pair
(Agis, Bgis) to match all eigenvalues is not very restrictive, the resulting gains do not
necessarily produce a smooth space with respect to variations in (n, ke). Also, match-
ing the eigenvalues does not take the eigenvectors into consideration producing different

responded as the order of the system increases. Therefore, we will not consider this

method further for the flexible joint model.
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5.2.2 Minimizing Discrete Difference Between Desired and Ac-

tual Behavior
For the flexible joint model we have additional states, (ep, éy), which were not present
in the rigid body case. However, we note that these additional states do not appear in

the equation for the desired behavior. Therefore, the desired equation of motion of the

states (eg, ég) must be determined before proceeding to the

5.2.2.1 Choosing Desired Behavior based on Passive Impedance

The first method investigated is to choose A .5 as an ideal system being controlled by

the passive impedance controller. A,  is then given by

0 1 0 0
MY Kp+k) 0 MKy, 0
Ages = (5.89)
0 0 0 1

-1 -1 -1 -1
| Adest 0 — By ' MMy (Kot Kn) — By MM Ky |

Agest = By (MM Koy + (MM, = 1)ke) (5.90)

Solving (5.86) from time t to ¢ + J gives

Xdes(tk +9) = eAdestdes(tk) (5'91)

Let A, be given by
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Ay = eAdesd (5.92)

such that

Xies(ty, +0) = AgXges(tr) (5.93)

The goal is then to minimize | X j.4(t5 +0) — X;(t +6)|. To solve this we may write

[Ag — Agis) Xi(ty) — Bgiséq =0 (5.94)

using the Moore-Penrose inverse we find

-1
fd= [BC%;SBdis] Biijs[Aa — Agis] Xi(ty) (5.95)

We will then let K}, be given by

T -1 7
K, = [BdisBdis} By [Aq — Agis] (5.96)
such that

eq = KpXi(ty) (5.97)

Then, we have the discrete mapping of the switched system to be given by
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Xi(ty +0) = (Agis + BaisKp) Xi(tr) (5.98)

5.2.2.2 Choosing Desired Behavior based on Rigid Impedance

For the second method we choose A ;.4 to be the desired rigid joint impedance decoupled

from the additional states (eg, ég). We thus let Ag.5 to be given by

Ades = (5-99)

with 0 being a 2 x 2 matrix of zeros, and A .41 is given by

0 1
A = 5.100
desl Kythe Dy ( )
My My

Solving for (5.86) from time ¢}, to t; + & we have

eAd6816 0
Xdes(tp +0) = Xdes(tk) (5.101)
0 0
Let A, be given by
An O
Ay = (5.102)
0 0
where A, is given by
Agy = eAdes1? (5.103)
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such that

Xies(ty +6) = AgXges(tr) (5.104)

Our goal is to minimize |CX gos(ts + ) — CX;(t + 9)|, where C' is given by

C=1I 0 (5.105)

We then have

[CAg — CAgis] Xi(ty,) — CBgiséq =0 (5.106)

Using the Moore-Penrose inverse we set

(OB TAd — CAg )Xoty (5.107)

¢4 = |(CBais) " (CBai,)|
éq = KpX;(ts) (5.108)
Where K}, is defined as

-1

Ky = [(CBgio) ' (CBais)|  (CBaia) " [Aay — CAgid (5.109)

The discrete mapping of the switched system is then given by
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Xi(ty +0) = (Agis + BaisKp) Xi(tr) (5.110)

We see that as n — 0 the switched system is dominated by the passive impedance con-
troller. However, the passive impedance does not exactly reproduce the rigid impedance

causing the resulting gains of K}, grow unbounded.

5.2.2.3 Choosing Desired Behavior based on Combination of Passive and

Rigid Impedance

Since the passive impedance controller does not exactly produce the desired rigid joint
behavior. Therefore, the first method is not the most appropriate method. However,
as noted the second method which does use the desired rigid joint behavior is not ideal
since it produces unbounded control gains as n — 0. We therefore propose to use a gain

Kj, that is a convex combination of the two desired behaviors.

Kp =7vKp1 + (1= 7)Kpg, v €10,1] (5.111)

where Kj; is given by (5.96) and Kj9 is given by (5.109). The variable v is chosen
such that v = 1 when n = 0 and v = 0 when n = 1. Since there are infinitely many
functions, v(n) which satisfy the boundary conditions, trial and error is used to find an

appropriate combination at each n value.
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5.3 Linear Separation of External Force in Switch-
ing Condition

In the change of switching conditions section we determined a set of values of e and é;4
at the instant the system is switched from the impedance controller to the admittance
controller. However, we notice that the choice of é; is dependant on the value of k¢,
which may not be known. Therefore, we wish to re derive the conditions used in the
previous section with the external force not modeled as a spring force but as a measured
variable. We will again use the assumption that the system is a single degree of freedom

linear model given by equations (5.1)-(5.3)

5.3.1 Derivation

Let us consider the external force as an unknown input into the closed loop differential

equation. Then the hybrid switched system dynamics may be written as

Xj = AiXj+ BiFeyt Vit € [ty t), + (1 —n)d)

Xo = AgXq + BaFeyr Yt €[ty + (1 —n)d t;, +0) (5.112)

for a positive integer, k, and for 0 < n < 1. Where Xj is given by

X = [6 , €, €g, 69]T (5113)

A; is given by
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~-M 1K, 0 MK, 0
A; = (5.114)

By'Km 0 —B Y (Ke+ Kn) —B(gle_

B; is given by

0
-1
My
B; = (5.115)
0
(MM, —1)
X, is given by
. . . . 1T
X(I - [6 y €5, €9, €9, €q, ed] (5116)
Aq is given by
0 1 0 0 0 0
-M1'K,, 0 MK, 0 0 0
0 0 0 1 0 0
Aa - (5.117)
Aal Aa2 Aa3 Aa4 Aa5 Aa6
0 0 0 0 0 1
0 0 0 0 —-M1Ky — M 1Dy




and B is given by

Solving the differential equations in (5.112) give the general solutions

and

(1=10) X, (t) +/

By Y (Km + KrK;,')
—1 —1
B KgK,,
— B (K + Kp+ KpKb)

~B; Y (KsK,,' + Ky)

-1
B Kp
B, 'K,
0
M—l
0
Ba —
0
0
~1
- Me -

to

t
eAit_TBaFext(T)dT

(5.118)
(5.119)
(5.120)
(5.121)
(5.122)

(5.123)

(5.124)

(5.125)

(5.126)



for a positive integer, k, and for 0 < n < 1.

At time ¢ the system is switched from the admittance controlled system to the

impedance controlled system. We then have the change of states given by the mapping

Xi=SiuXa Sig=1[I 0]

(5.127)

At time ;. + (1 — n)d, the system is switched from the impedance controlled system to

the admittance controlled system. This results in additional states e; and é; where e;

is chosen such that the control force is continuous and é,; is chosen to satisfy equation

(5.139). From (5.77) we have

1 (B  KpF Ky .
— — (Z2F + K =TT L S E
Ya y+Kp(B RETEE
1 (B,  KyF | Kg .
= e, = — (2 4+ K e A lel~ B A
K 6y+Kp(B A

The states at time ¢, + (1 — n)d are given by the realtion

Xq = 84 X; + KgiFegt + Bgieq  Sig =

where S is given by

S11 S12 S13 Sua

0 0 0 0
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(5.129)

(5.130)



B,; is given by

and K; is given by

S11 =

S12 =

513 =

S14 =

—K,'Kr

-1
~K, 'Kg

Kp'[Kp + Kp — MM, ' K]

K, Y (Kg+ Kg — MM, Dy)

_Kp_

le

(5.131)

(5.132)

(5.133)

For the switched system, the states from time ¢;, to time ¢;. + d can be expressed by the
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mapping:

X (ty, + 0) =Siqe" Gue im0 x5 (1)

4+ 5 eAalty ) /
tk+(1—n)5

tk+5
e_AaTBaFext(T)dT

tk+(1—n)6

+ SiaeAandsaieAi(tk—‘r(l—n)(S) / e_AiTBiFe.%‘t (T)dT

g

+ Siae MK i Fot (g, + (1 — n)8) + SiqeX@™ Byiég (5.134)

We consider the desired behavior of the closed-loop system to be that of the system

under passive impedance control. The desired dynamics can be written as

Xdes = Adestes + BdesFeu’Ct (5-135>
Ages is given by
0 1 0 0
~-M1K,, 0 MK, 0
Ages = (5.136)
0 0 0 1
| Bj'Km 0 —By'(Ket Km) —Bj'Kg

and B4 given by
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0
M—l
Bes = b (5.137)
0
(MM, —1)
The general solution of X ;.4 from t to ¢t + ¢ is given by
tk+5 A
Xges(t) = edealt=10) X gy (1) + /t s By Fep(r)dr— (5.138)
k

As in section (5.2.2.1) we have the goal is to choose é; at ¢ + (1 — n)d such that

[ Xges(t +0) — X(tg +0)[| = 0 (5.139)

Substituting equations (5.134) and (5.138) into (5.139) we get

t1.+0

k

eAdes(SXdeS (tk) + eAdeg (tk+5) / e_AdeSTBdesFext<7—)d7—_
tg

[SiaeAamSSaieAi(lin)éXi (tk) + SiaeAa(tk+5) /
tk-i-(l—n)é

tk+5
eiAaTBaFext (T)dT

tk+(1—n)5

+ SmeAan(sSaieAi(thr(lfn)(s) / efAiTBiFeIt(T)dT

tr

+ SiaeAandKaiFezt@k: +(1—=n)d+ SiaeAanaBaiéd] =0 (5.140)

To solve equation (5.140) we will consider é; to be of the form
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eq = up + up (5.141)
where u;, minimizes the homogeneous portion of (5.140), when F,;; = 0, and wu, mini-
mizes the additional terms when Feyt # 0. To find uy we let Fepr = 0 and up = 0 and
equation (5.140) can then be written as

[eAdesO X 4o (1) — Siqe 0™ 8400 X ()] — 4™ B juy = 0 (5.142)

Letting X ges(tr) = X (t), (5.142) simplifies to.

[Ades® — S5, 5, A X (1) - ARy =0 (5.143)

Using the Moore-Penrose, set

Up = KhXZ(tk) (5144)

where
-1
K = |(Siae @™ Byi) T Si0e ™ By | (Sigeta™ Byy)T
[@Ad686 . SweA“mSSaieAi(l_”)d] (5145)

Since switching occurs at ¢, + (1 — n)J, it is desirable to write uj, in the form
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wp, = K, (e =1 x4, 4 (1 — n)é) (5.146)

By substituting (5.146) back into (5.140) and find

tk+6

eAdes(stes (tr) + €Ad65(tk+5) /t C_AdesTBdesFeazt (7)dT—

k

thr(S
[SiaeAamSSm‘eAi<1_n)5X(tk) + Sz‘aeAa(tk—Hs) / e_AaTBaFext(T)dT
tk+(1—n)5

tk+(1*n)5

+ SiaeAan(SSaieAi(tk—‘r(l—n)é) / e_AiTBiFBIt (T)dT

tk
+ Sige ™ By Ky (e ) TLX (8 + (1 =)o)

+ SiaeAandKaiFext(tkz + (1 =n)d) + SiaeAanéBaiup] =0 (5.147)

Using equation (5.125) we write (5.147) as

{eAdesaXdes (tg) — Sz-aeAamSSaieAi(1_n)6X(tk) - SiaeAanaBaiKhX(tk)}—F
b+
Ades(th+0) / k
Uk

(5, cAa () /
thr(lfn)(s

€_Ad€3TBdesFext(T)dT—

tk—|—5
B_AaTBaFext(T)dT

tp+(1-n)é
+ Sjgedamd g, e it H1=n)?) /t e T B gy ()dr
k
tk+(1—n)5
+ S;qe ™ B Ky e itk /t e~ 4T B; Fopy(7)dr
k

+ i€ K i Fo (b, + (1 — n)6) + Siqea™ Byiup] = 0 (5.148)
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From equations (5.139), (5.140), (5.144), and from linearity we have the choice of u,
can only be chosen to minimize portions of (5.148) containing the external force. Thus,

(5.148) simplifies to

A 5 tk+5 A
eAdes(tit )/ e desT Beg Fegt(T)dT—
tg

[Sz‘aeAa(tk+6) /
tk/,Jr(l*n)(s

tk—|-5
e~ 40T By Fop(7)dr

tr.+(1-n)o

+SiaGAamSSaieAi(tk+<1_n)5)/ g :
Uk

tk—F(l—n)(S

+ S;qe ™ B Ky e itk /
t
k

+ SiaeAanéKaiFe:vt(tk + (1 =n)d) + SiaeAamsBaiup] =0 (5.149)

Solving for uy gives

-1

Up = [(SiaeAanaBai)TSiaeAamSBai] (SiaeAanaBai)T

tk+5
{eAdes (t+6) / B_AdesTBdesFesct (T>d7_
tk
+ SiaeAamSSaieAi(tk+(1_n)6) /

Lk
tk+(1—n)5

tk+5
G_AaTBaFext(T)dT

tk+(1—n)5
e_AiTBiFext(T)dT

+ S;,edam0 B, K eAitk / e~ AT B; Flpy(7)d7]

th

- iaeAanéKaiFext@k + (1 - n)5)} (5.150)
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which may be written in the form

tk—|—5
up = /t Fp(t — 7)Fegt(T)dT + HpFegt(ty + (1 — n)d)
k

where Fj(t) is given by

-1
Agnd T Agnd Agnd T
Fp = (Siae an Bai) Sia€ an By (Siae an Bai)
{eAdes(tk+5)e_AdesTBdeS
. [SiaeAan(SSaieAi(thr(l*n)(S)e*Ai’i‘Bi

+ SiaeAamsBinKheAitke_AiTBi]}

for 7 € (tg, tg + (1 — n)é], F} is given by

—1
Fp = (SiaeAamsBai)TsiaeAamSBai] (SiaeAamsBai)T

{eAdes(tk:Jr(s)e*AdesTBdes — Aa(tk+5)e*AaTBa}

ia€

for 7 € (ty + (1 —n)d, ty + 6], and H) is given by

-1
Hp = - [(SiaeAanéBai)TsiaeAamsBai] (SiaeAamSBai)TSiaeAamSKai
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Chapter 6

Experiments

We now investigate the performance of the hybrid impedance and admittance controller
as we change n value using the KUKA-DLR lightweight arm, shown in Figure 6.1. The
arm is equipped with a force sensor at the end of the effector to measure the external

forces.

Figure 6.1: Photo of Experimental Setup
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6.1 Experimental Set-up

The reference angle for the arm is shown in Figure 6.2. The large gear ratio in the drive
of the joint causes the arm to act according to the flexible joint model. The joint is
equipped with a force torque sensor to measure the resulting torque between the link
and the motor. The model of the single-DOF flexible joint Kuka-DLR arm is assumed

to be:

Figure 6.2: Reference Diagram of Experimental Set-up

mij+ g(q) = 7+ DK '+ + J" Feat (6.1)
Bl + 71+ D Kyt = 1y (6.2)

7= Km(0 — q) (6.3)

(6.4)
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The parameters of the single joint of the KUKA-DLR lightweight arm are given as

follows:

m =236 Kgm?> B=15308 Kgm® K =24000 Nm

Dy, =12 Nms  g(q) = —73sin(q) Nm

The parameters of the desired impedance were chosen as follows:

B
Mg=m Kyp=100 Nm Dy=14\/KygMy Nms §:4.5
6

The impedance controller is implemented according to

Tm = 7; =BBy {g(7,(0)) + MM, [~ Ko(,(0) — q0) — Dp(6 — do)]

+ Mo + (MM ' — 1)7eqs} + (1 — BBy YT

where q; is given by

h; is given by

(6.5)

(6.6)

(6.8)

(6.9)



and [(q) is given by

l(q) = g9(q) — Ky(q — q0) (6.10)

and the admittance controller is implemented according to the control law.

B . .

1 . B
+ (Km + K7 + Kp) Ky, 9(qq) + Kpgq + Kqdq) + (1 = B_e)T (6.11)
with g4 again being given by
Mp(ig — o) + Daldg — do) + Kp(aq — q0) = I Feut (6.12)

We see that the mapping q; is a steady state approximation of the value of ¢ at a given

value of . The control gains chosen to be

Kp =06732.78 Nm  Kg=292.09 Nms

Kp=-0402 Nm K, = —0.00446 Nms (6.13)

We implemented the hybrid controller described by (5.32). At the instant that the
system is switched from the impedance controller to the admittance controller we con-
sider the choice of states g; and ¢, such that the control force 7, is continuous. Setting
equations (6.7) and (6.11) equal gives
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(Km + Kp + K1) K, g(aq) + Kpgg = (K + Kg — Dp)d

+(Kp + K7)0 — K1q — Kgq + Kg(qo — q;(0)) + 9(q;(0)) — Kadq (6.14)

Inverting equation (6.14) may be difficult analytically, However, given ¢; we find that
(6.14) may be solved using the same iterative process used in section (4.2.4). To solve
for ¢; we wish to use a process similar to that used in section (5.3). However, the non-
linearity of the control and switching complicates the minimization equations. Therefore,
to simplify the process we consider the linearization of the equations about the operating

point and use the linear method to find ¢,.

We have ¢, given by

where uj, and uy are given by the relations

-1
up = (SiaeAam;Bai)TSiaeAanéBai (SiaeAamsBai)T
eAdes® (A=) "1 x4, 4 (1 — n)é)
= Siqe a5yt (AN X (4 + (1-n)8)  (6.16)

tk+5
k

Note that the solution of wuy, requires knowledge of the external torque at future times
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t € [ty + (1 —n)d, ty +0]. We then use theorem 3.2.3 from [20] which allows us to rewrite

(6.17) as

tp = Up(ty + 0) Fogt(ty + 6) + HyFogr(ty + (1 — n)0) (6.18)

This again requires Fep¢(t; + ) which is not known at time t; + (1 — n)d. However,

Fert(t) is surjective and therefore there exists a right inverse allowing us to write

up = [Up(ty + 0) + Hp)Fegt(ty, + (1 —n)o) (6.19)

Since Up(tk + §) cannot be calculated at the time the experiment was performed, we

instead show the validity of the approach by choosing a set of values constant K, where

We now proceed to analyse the response of the system under different values of Hp to
demonstrate the change in response and verify that there exists a time varying function

that satisfies (6.20) is equivalent to (6.17).

6.2 Results for Desired Response Equal to Passive
Impedance

In (5.2.2) we discussed briefly that it is possible to choose different desired behaviors
for a flexible joint model based on the passive impedance control response and the rigid

impedance control response. Therefore, we will analyse multiple desired behaviors the
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understand fully the advantages and disadvantages of each.
First we consider the desired behavior to be given by the passive impedance control
response. The experimental response of the hybrid system when no external force is

shown in Figure 6.3 with a switching rate of 25 ms

_005 T T T T T T T T T
0] -
0.05 - .
. 0.1} |
o .
= > n decreasing
o
= 0.15+ .
2
£ 0.2f ]
0.25 | .
0. 3f i
, n=0
Admittance
n=1
0'350 1 2 3 4 5 6 7 8 9

Time (sec)

Figure 6.3: Free Space Hybrid Response for Different n values with § = 25 ms, and
using the passive impedance as the desired behavior

From Figure 6.3 we see that there is little deviation between the passive impedance
controlled system and the hybrid system during the free response case. This is not

surprising since the passive impedance controller is used as the desired behavior for
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the choice of states of the switching conditions, and because gravitational feedback was
tuned for the passive impedance control. To verify that there is a difference in response
for different values of n in the case with no external force let us consider the application

of the gravity free control in the system with gravity.

'0.1 T T T T T T T T T
Admittance
0.1k n decreasing i
T 0.2f .
=
=
@]
£ 0.3F :
S
o
n=0
0.4} s
0.5F i
O. 6 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9

Time (sec)

Figure 6.4: Free Space Hybrid Response for Different n values with 6 = 25 ms, and
using the passive impedance as the desired behavior ignoring gravity

We see from Figure 6.4 that when gravity is not considered the system produces
a large steady state error when controlled by the passive impedance controller while it

produces virtually no error when controlled by the admittance controller. We further see

121

10



that the hybrid controller produces a steady state error between that of the admittance
controller and the passive impedance controller. Furthermore, the steady state error of
the hybrid controller decreases as the value of n increases giving more weight to the
admittance controller. However, we find that the hybrid controller does not closely
approximate the admittance controller when n = 0. This is due to restrictions on the
position controller gains due to torque restrictions and noise in the read position and

velocity.

We next consider contact with a soft environment. To this end, a padded surface
is placed in the path of the end effector. Then the link is moved until the effector is
in contact but there is no force. Then the reference position is commanded to move 10
degrees into the surface. Since the presence of the external force requires the particular
solution of the feedback in the form of u, in (6.20), we observe the change in response

for a constant n value and a switching rate of 25 ms, and for different values of Kpq.

Figure 6.5 shows the response of the system for n = 1 (admittance control with resetting)
for Kpq with values 0.005, 0.000, —0.001, —0.002, —0.003, —0.004, and —0.005 shown
in decreasing order from right to left. We notice that there is a small change in the
steady state solution as Kp, varies, but the change is small due to the softness of the
external stiffness. We also see that as K, decreases, the rate at which the hybrid system
response converges to the steady state solution increases. We may therefore infer that
the changing the value of Kj, changes the transient response of the system. However,
we are unable to compare the system to the admittance controlled system since the
experiment would need to be reinitialized to change the controller, which changes the

set point at which the effector contacts the surface.
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Figure 6.5: Soft contact position response for 6 = 25 ms, n = 1, and varying K, values
while using passive impedance controller for desired behavior

Figure 6.6 shows the response of the hybrid system with switching rate 25 ms using
a constant value Ky, = 0.005 and varying n from 1 to 0 in decrements of 0.1 shown
from left to right. We see from the figure that there is a small change in the steady state
position as the value of n changes. However, some of the variation can be attributed to
the slight change in initial configuration. We also notice that the rate of convergence
to the steady state solution increases noticeably as n decreases. The change of rate of

convergence is characteristic of the admittance controller with lower gains. From Figures
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Figure 6.6: Soft contact position response for 6 = 25 ms, K, = 0.005, and varying n
while using passive impedance controller for desired behavior

6.5 and 6.6 we see that when in contact with a soft environment the hybrid system shows
large overshoot and oscillations for small n which decrease as n increase, and that we

may change the value of Kj, to achieve the desired performance for a given n value.

We now study the response when the hybrid controller is implemented during contact
with a stiff environment. The experiment for stiff contact is done in the same manner as
the soft contact, except that the padded surface has been removed completely leaving

only the stiff surface the pad was sitting on. We observe the change in response when
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Figure 6.7: Hard contact position response for 6 = 25 ms, n = 1, and varying Kp, while
using passive impedance controller for desired behavior

contact is made with a constant n value and a varying Kp, value. Figure 6.7 shows the
position response when in contact with a stiff environment for n = 1 (admittance control
with resetting) and with Kp, values 0.005, 0.000, —0.001, —0.002, —0.003, —0.004, and
—0.005 shown in decreasing order from right to left. We notice a slight variation in the
mean steady state value, as was the case for soft contact. However, for smaller K,
values the system does not reach a steady state value, and produces a high frequency

vibration about a mean value instead. This is because the steady state value of the
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position controller is not the same value as the passive impedance controller, and the
deviation between the steady state values increases as the external stiffness increases.
This also explains why the oscillations were not observed for the soft and free space
cases. Noting that the performance changes as Ky, changes allows us to again infer that

there exists a varying Kpq value that produces the desire result.
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1.208
0

Figure 6.8: Hard contact position response for 6 = 25 ms, Kp, = 0.005 and varying n
while using passive impedance controller for desired behavior

Figure 6.8 shows the response of the joint angle for Ky, = 0.005, § = 0.25, and n
varying from 0 to 1, with n decreasing from left to right. Similarly Figure 6.9 shows the

response of the joint angle for Ky, = —0.005, 6 = 0.25, and n varying from 0 to 1, with
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Figure 6.9: Hard contact position response for § = 25 ms, Kp, = —0.005, and varying
n while using passive impedance controller for desired behavior

n decreasing from left to right. We see from both Figures 6.8 and 6.9 that changing the
value of n changes the steady state behavior of the system, and can result in a persistent
excitation. We also note that the response more closely resembles the passive impedance
controller as n goes to 0. Therefore, we find that we may choose a value of n to produce

the best behavior for a given external stiffness.
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6.3 Results for Desired Response Equal to Combi-

nation of Passive Impedance and Rigid Impedance

In the previous section we analysed experimental results with resetting conditions that
were chosen to minimize the difference between the switched behavior and the ideal
passive impedance behavior. However, the ideal passive impedance behavior does not
exactly match the desired link behavior. Therefore, we investigate experimentally the
effect of switching based on a convex combination of the passive impedance controller
and the rigid joint impedance as described in Section 5.2.2.3. The experiments are

preformed with 7 in equation (5.111) given by

v =(1-n)? (6.21)

Figure 6.10 shows the response of the system in free motion for varying n values with
0 = 25 ms. For free motion we do not have to consider the external torque. We notice
that there is a change in transient response of the hybrid controller as n is changed,
and that small n values produce transient responses closer to the passive impedance
controller while larger n values produce transient responses closer to the admittance
controller. This is an improvement over the choice of passive impedance as the desired
behavior shown in figure 6.3 since it did not change the transient response as n varied.
However, we notice that there is a difference between the steady state position of the
admittance control compared to both the impedance and hybrid control methods, and
that the steady state response of the hybrid controller does not vary much as n changes.

To investigate the steady state error effects closely, we apply the control again in free
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Figure 6.10: Free Space Hybrid Response for Different n values with 6 = 25 ms, and
using a combination of passive impedance and rigid impedance as the desired behavior

space but assume that there is no gravity present.

Figure 6.11 shows the response of the system in free space with varying n, n de-
creasing from left to right, for § = 25 ms, and without gravity compensation. We see
from the figure that there is a large change in the steady state response as n changes,
with the steady state position of the hybrid controller equal to that generated by the
passive impedance controller when n = 0 and approaching the steady state position of

the admittance control as n goes to 1. However, the steady state response with the
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Figure 6.11: Free Space Hybrid Response for Different n values with 6 = 25 ms, and
using a combination of passive impedance and rigid impedance as the desired behavior
while ignoring gravity

hybrid controller never reaches the steady state position of the admittance control. This

is due to the low position gains, constrained by hardware limitations.

We next consider the response of the system when it comes in contact with an external
surface. We first consider a soft surface which is produced by putting a padding on the
rigid surface. We use the same procedure as in the previous section of moving the
effector until it is in contact with the surface but the force measurement is still zero.

We then send a step input command of moving 10 degrees into the surface and record
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Figure 6.12: Soft contact position response for 6 = 25 ms, n = 1, and varying K, values
while using a combination of passive impedance and rigid impedance as the desired
behavior

the response. Figure 6.12 shows the joint angle response for § = 25 ms, n = 1, and
for varying Kp, values. We see from the figure that the steady state response changes
as Kpq changes. Also, the rate at which the system converges to steady state changes

as Kpq changes. Clearly, it is possible to change the performance of the hybrid system

through our choice of Kp,. We next investigate the change in response as n varies.

Figure 6.13 shows the response of the system for 6 = 25 ms, Kp, = 0.005, and

n changing in decrements of 0.1 from left to right. We see from the figure that the
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Figure 6.13: Soft contact position response for ¢ = 25 ms, Ky, = 0.005, and varying
n while using a combination of passive impedance and rigid impedance as the desired
behavior

steady state response of the hybrid system varies noticeably as n changes. Also notice
that the transient response changes as n changes. However, we notice that the passive
impedance control, n = 0, does not appear in line with the trend of decreasing n.
Namely, we notice that as n is decreasing, the steady state position gradually decreases
and the rate of convergence of the system gradually increases. When n changes from 0.1
to 0.0, we notice a sudden increase in the steady state position of the system and a very

large decrease in the rate of convergence of the system. This is due to a constant choice
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of Kpq over all n values. We notice from chapter 5.3.1 that the value of K, should
ultimately be determined by both the external stiffness, and the switching weight n
and from figure 6.12 we see that the value for K, effects the steady state position.
Therefore, we are able infer that varying K, and n can be used to change the behavior
of the system meaning there is a selection of K, and n that will produce the best
response for the soft contact case. However, we notice that the steady state response is
more sensitive to the choice of Kp, then when the passive impedance control is used as
the desired behavior. The admittance controller is again not shown as the system must
be reinitialized in order to run the admittance control which changes the set point of
the surface contact. We have now examined the soft contact and the free space motion
of the link and seen that choosing n and Ky, allows for a wide range of performance

form the system.

We now wish to examine contact with a stiff contact surface. The contact with the
stiff contact is done the same way as in the previous section. The effector is bought
into contact with the surface such that the force sensor continues to read 0 external
force. Then the system is given a step into of 10 degrees into the surface and the
response is measured. Figure 6.14 shown the response curves for stiff contact with
n =1, 0 =25 ms, and Kj, varying. We see from the figure that there is an increase in
high frequency vibration as K, decreases. Furthermore, the high frequency vibration
persists causing the system to never reach a steady state equilibrium. This behavior is
also present when the passive impedance control is used as the desired dynamics. We

now proceed to investigate the effect of varying n for a given K, value.

Figures 6.15 and 6.16 show the response of the hybrid controlled system for § =
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Figure 6.14: Hard contact position response for = 25 ms, n = 1, and varying K, while
using a combination of passive impedance and rigid impedance as the desired behavior

25 ms, n decreasing by 0.1 with each curve from right to left, and K, = 0.005 and
Kpa = —0.005 respectively. From figure 6.15 we see that the steady state behavior
changes drastically as n changes from 0.2 to 0.1. Furthermore, we see that the high
frequency behavior decreases as n decreases. However, in figure 6.16 we notice that
the large change in steady state behavior occurs when n changes from 0.3 to 0.2, a
larger n value than in figure 6.15. However, we also see in figure 6.16 that the higher

frequency behavior of the system is of larger magnitude for larger n values. Figures 6.8
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Figure 6.15: Hard contact position response for 6 = 25 ms, Kpq = 0.005 and varying
n while using a combination of passive impedance and rigid impedance as the desired
behavior

and 6.9 which use the passive impedance control show smaller deviations in steady state
behavior and smaller effects of the high frequency motion for larger n. However, we see
that the high frequency motion has higher magnitude at steady state when using the
passive impedance control as the desire behavior.

Therefore, we conclude that using a combination of rigid joint impedance and passive

impedance control to find the desired behavior produces better results for larger n in

free space than choosing the passive impedance control as the desired behavior. How-
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Figure 6.16: Hard contact position response for § = 25 ms, Kjp, = —0.005 and varying
n while using a combination of passive impedance and rigid impedance as the desired
behavior

ever, choosing the desired impedance control as the desired behavior is less sensitive to
the chosen value of K), as the external stiffness increases. Even with the comparable
behavior we find that we may choose a pair n and K, to produce the same or better
performance of the passive impedance control for all external stiffness values, and bet-
ter performance than the admittance control for stiffer external stiffness. Although we
are unable to match the admittance control performance in free space due to hardware

restrictions.
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Chapter 7

Conclusion

We have presented a hybrid switching method as originally proposed by Ott et al. for
a single degree of freedom system [19]. The method uses a duty cycle as a parameter
design to interpolate performance characteristics and stability of the impedance control
and the admittance control. We then expand upon the previous work by providing a new
stability theorem which includes a wider range of possible systems, and produced new
switching conditions to improve improve the performance of the switched system. We
then generalized the theory for general system modelled by the rigid joint model, linear
single degree-of-freedom system modelled with a flexible joint, and a class of non-linear
single degree-of-freedom systems modelled with a flexible joint. Through simulations and
experiments we find that we are able to combine robustness of the impedance control
in stiff contact and accuracy of the admittance control. However, the the combination
is limited by the quality of the position control and becomes numerically difficult to
calculate for the flexible system as non-linearities are added. All analysis of robustness

here is done based on simulation and experimentation and more analytic methods of
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analysis are an important goal of future work. Through experimentation and simulation
we have shown that it is possible to change the performance of the controller for a given
stiffness by changing the duty cycle allowing us to choose one which we believe to be
best. However, since the performance of the hybrid control it based on the external
stiffness and thus a method of adaptive approximation of the external stiffness is also

included as a future research goal.
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