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ABSTRACT
RESBOS2: PRECISION RESUMMATION FOR THE LHC ERA
By
Joshua Paul Isaacson

With the precision of data at the LHC, it is important to advance theoretical calculations
to match it. Previously, the ResBos code was insufficient to adequately describe the data
at the LHC. This requires an advancement in the ResBos code, and led to the development
of the ResBos2 package. This thesis discusses some of the major improvements that were
implemented into the code to advance it and prepare it for the precision of the LHC.

The resummation for color singlet particles is improved from approximate NNLL+NLO
accuracy to an accuracy of N3LL+NNLO accuracy. The ResBos2 code is validated against
the calculation of the total cross-section for Drell-Yan processes against fixed order calcula-
tions, to ensure that the calculations are performed correctly. This allows for a prediction
of the transverse momentum and (b;; distributions for the Z boson to be consistent with the
data from ATLAS at a collider energy of /s = 8 TeV. Also, the effects of choice of resumma-
tion scheme are investigated for the Collins-Soper-Sterman and Catani-deFlorian-Grazzini
formalisms. It is shown that as long as the calculation of each of these is performed such that
the order of the B coefficient is exactly 1 order higher than that of the C' and H coefficients,
then the two formalisms are consistent. Additionally, using the improved theoretical predic-
tion will help to reduce the theoretical uncertainty on the mass of the W boson, by reducing
the uncertainty in extrapolating the CZZ;;W distribution from the data for the d;lg#‘% distribution
by taking the ratio of the theory predictions for the Z and W transverse momentum.

In addition to improving the accuracy of the color singlet final state resummation cal-

culations, the ResBos2 code introduces the resummation of non-color singlet states in the



final state. Here the details for the Higgs plus jet calculation are illustrated as an example
of one such process. It is shown that it is possible to perform this resummation, but the
resummation formalism needs to be modified in order to do so. The major modification that
is made is the inclusion of the jet cone-size dependence in the Sudakov form factor. This
result resolves, analytically, the Sudakov shoulder singularity. The results of the ResBos2
prediction are compared to both the fixed order and parton shower calculations. The calcu-
lations are shown to be consistent for all of the distributions considered up to the theoretical
uncertainty. As the LHC continues to increase their data, and their precision on these ob-
servables, the ability to have analytic resummation calculations for non-color singlet final
states will provide a strong check of perturbative QCD.

Finally, the calculation of the terms needed to match to N3LO are done in this work.
Once the results become sufficiently publicly available for the perturbative calculation, the
ResBos2 code can easily be extended to include these corrections, and be used as a means

to predict the total cross-section at N3LO as well.



Dedicated to: My parents and Laurel DiPucchio.
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Chapter 1

Standard Model

The Standard Model (SM) of Particle Physics is almost a complete description of all of the
phenomena observed in high energy physics, including interactions of the strong and elec-
troweak forces. With the discovery of the Higgs Boson on July 4th, 2012 [30, 311, B32], the
standard model is now complete. Although experimental data appears to agree with the
SM quite precisely, there are certain phenomena that cannot be explained in the framework
of the SM (such as gravity [33], dark matter [34, 35 B6], neutrino masses [37], and the
matter-antimatter asymmetry [38]). Additionally, there are some problems that arise from
a theoretical standpoint, such as the hierarchy problem [39, 40] and the strong CP prob-
lem [41]. Therefore, the SM is anticipated to be an effective theory of some complete higher
energy theory. The precision of agreement between the experimental results and theoretical
predictions forces the discovery of any new physics to either be through searches at high
energies or through the study of small effects on specific observables. To study small effects
on observables requires precise experimental measurements. Observables that can be mea-
sured precisely and that are sensitive to the parameters of the SM are considered precision
observables. One such observable is the g — 2 of the electron, which is currently measured
to a precision of ~ 10713 and calculated theoretically to a similar precision. Despite the
success of the SM, there are many unanswered questions pertaining to particle physics, such

as the exact nature of the Higgs Boson, and what new physics can explain dark matter. In



order to search for new physics, the parameters of the SM must be measured as precisely as
possible and any deviations from the expected value will hint at the presence of new physics.

Calculational accuracy of the SM can be improved in either of two forces: the electroweak
force, which unifies both the weak and electromagnetic forces (details can be found in Sec-
tion [L.1]), and the strong force (details can be found in Section [1.3)). These predictions are
calculated using Quantum Field Theory (QFT). QFT is a mathematical framework based
on the physically motivated assumptions that the theory incorporates Poincare invariance,
point-particles, local interactions (no actions at a distance), causality, unitarity (the quan-
tum mechanical evolution conserves probability), and is free of divergences (also known as
a renormalizable theory) [42]. These restrictions define the underlying principles of the
standard model.

The standard model is traditionally expressed via the Lagrangian formalism, in which
all physical interactions are encoded into a Lagrangian. The form of the Lagrangian, is
determined by demanding the Lagrangian be invariant under a set of local symmetries.
These symmetry transformations correspond to locally conserved quantities as detailed by
Noether’s Theorem [43]: Noether’s theorem states that for each symmetry of the Lagrangian

there is a corresponding conserved quantity of the form,

oL
—Ya, 1.1
4o Ta ( )

where L is the Lagrangian density, ¢, is the time derivative of a coordinate, and v, is
some function (note the use of Einstein summation notation). Through Noether’s theorem,
quantities that are experimentally conserved are used to introduce symmetries of the SM

Lagrangian and greatly constrain its form. The SM symmetries are the Poincare symmetry;,



Fermions B
First Generation \ Second Generation \ Third Generation osons
u C t v
d s b g
e 1 T W+, z
Ve Yy Vr H

Table 1.1: Standard Model of Particle Physics

S0O(3,1), and the gauge symmetries SU(3)oxSU(2) 1, xU(1)y. Generally, a gauge symmetry
is a symmetry that is space-time dependent, or local. Gauge symmetries are responsible for
all of the SM forces and as such can be broken into two groups: the SU(2)r, x U(1)y gauge
groups generate the electroweak force, while the SU(3) gauge group generates the strong
force.

In addition to the gauge symmetries that define the forces of the standard model, the
fermionic content of the standard model needs to be introduced by hand, but must still obey
the symmetries of the standard model. Therefore, for a particle to interact with the gauge
field it must be in a non-singlet representation of the group, or in other words, has to have
a special transformation property under the group symmetryﬂ The full particle content of
the standard model can be found in Table .1 The details for the electroweak sector can be
found in the following section (Sec. , and the details of the strong force can be found in
the section on QCD (Sec. [1.3)).

The following sections discuss the Electroweak sector and the QCD sector of the SM. Ad-
ditionally, in the Electroweak section the Higgs Boson and spontaneous symmetry breaking
is discussed. The symmetry groups that make up the SM will be discussed, along with the

experimental evidence that supports these observations through the discussion of conserved

11 the SM outside of the gauge fields and the Higgs boson, all other particles are fermions. Details of
the equation of motion for fermions can be found in App. E}



quantities as described in Noether’s theorem.

1.1 Electroweak

The electroweak force is the unification of the electromagnetic force, and the weak nuclear
force. The quantum description of electromagnetism (QED) arose in the 1920s and 1930s,
through work by Dirac, Pauli, Heisenberg, and Fermi [44], 45 46| [47]. One of the major ac-
complishments in QED was the calculation of the electron gryomagnetic ratio, known as g—2.
Currently, the most accurate measurement was done by Hanneke et. al. [48], obtaining a
value of g/2 = 1.00115965218073(28). This is consistent with the theoretical prediction given
as: ¢g/2 = 1.00115965218182(6)(4)(2)(78), where the uncertainties in the theoretical predic-
tion, arise from the eighth order QED correction, tenth order QED correction, Hadronic
Electroweak corrections, and the Atomic Physics determination of «, respectively [49].

In 1896, Henri Becquerel discovered [-decay [50], based off of the penetration of the
decays through material. In modern language, § decay is the process in which a proton
turns into a neutron and emits a positron and a neutrino. This phenomenon is unable to be
explained in QED, and thus a new theory was needed to explain it. At first, Fermi developed
the four point interaction to describe S-decays, and introduced a new particle known as the
neutrino, in order to conserve momentum [51]. In the 1970s, Weinberg, Glashow, and Salam
developed a theory that could explain both QED and [ decay through a single theory,
the Electroweak theory [52], 53, 54]. In addition, it predicted that 8 decay is mediated
by a W boson, and further predicted the existence of a massive neutral gauge boson, Z.
The first evidence of the neutral current in this theory was discovered by the Gargamelle

collaboration in 1973 in neutrino scattering [55]. The direct detection of the W and Z



bosons was first done by the UA1 and UA2 collaborations in 1983 at the Super Proton
Synchrotron [56l, 57, 58, 59]. Finally, 't Hooft and Veltman showed that the Electroweak
theory is renormalizable in 1972 [60]. The discussion that follows explains the theory that
was proposed, along with the definition of renormalizable.

Any fermion can be described by the direction of its spin in relation to the direction of
its momentum. If its spin is parallel to its momentum, then the particle is said to be right-
handed, and if its spin is anti-parallel to its momentum then the particle is left—handedﬂ
The electroweak (EW) sector of the standard model is described by the gauge symmetries of
SU(2);xU(1)y. Experimentally, it was discovered that the weak force (5-decay for example)
only interacts with left-handed particles. Secondly, the U(1)y gauge group interacts with
a particle’s hypercharge. The SU(2)y, group has three gauge mediating bosons, W where
i =1,2,3, and the U(1)y group has one gauge mediating boson, B.

To understand how the gauge bosons interact with the fermions, consider how the in-
finitesimal gauge transformations affect the fermions. Namely,

Y
YR = (igTﬂi(@ +ig 59(1?)) VLR (1.2)

where g and ¢’ are the gauge couplings, T; and Y are the generators of for SU(2);, and
U(1)y respectively, and 6;(z) and 6(x) are space-time dependent transformation variables.

The commutators for the two groups are given by:

[T, T;] = ieF Ty, (1.3)

[1;,Y] =0 forall i, (1.4)

2For more details on spin and the difference between spin and helicity one can reference Appendix



where €7F is the fully anti-symmetric tensor in three dimensions, and T; = 0;/2, where o;
are the two dimensional Pauli matrices. A Lagrangian composed of fermionic fields that

remains invariant under this transformation rule is:
Ly =i, (15)

where 1 is the fermionic field, ¢ = wHO, D= Dy, and D is the covariant derivative which
is defined in such a way to maintain the gauge invariance. The covariant derivative for the
electroweak sector is:

: Y
Dy = 8 — igP W), — @'g'EBM. (1.6)

In addition to dynamical fermionic terms, the SM Lagrangian also requires dynamical
bosonic terms. The gauge bosons transform under the adjoint representation of the gauge

groups, according to:

5WZL = alﬂi(:v) — geijké’j(:v)W/]f, (1.7)

5By, = 0,0(x). (1.8)

The kinetic term for the gauge bosons (which is invariant under the above transforma-

tions) is given as:
1

Ly = 1

1 .
BMVB/_LZ/ - ZWZ’L“/WZ-/U,VJ (19)



where BH and W are known as the field strength tensors given by:

BM = gt BY — 9 BM, (1.10)

Wi‘uu _ auwil/ _ aVWi,U + gEZ]kWJ,uWkV (]_].1)

Because SU(2), is non-Abelian, the W-boson kinetic Lagrangian contains self-interaction
terms. Additionally, the interaction Lagrangian between fermions and these gauge fields is

given by:

/o _ /Y L -
Lint = —%wRYRBwR — 1, (g QLB + gT : W> Ur, (1.12)

where 11 /R and ¢ /R are the left and right handed fermion wavefunctions, Yp /L is the
right- and left-handed hypercharge respectively.

However, these gauge bosons are all massless. Introducing a mass term by hand explicitly
breaks the gauge symmetry. This issue is resolved through the use of the Higgs Mechanism

and spontaneous symmetry breaking.

1.1.1 Higgs Mechanism

The Higgs Mechanism is a means of breaking spontaneously the Electroweak SU(2);, xU(1)y
gauge symmetry, and through which massless gauge fields and massless Nambu-Goldstone
bosons combine to produce massive bosons [61], 62, 63, 64]. To illustrate this mechanism,
consider a U(1) gauge example.

A symmetry can be spontaneously broken by simply adding a complex scalar field (®),



(a) The unbroken vacuum, i.e. uZ >0 (b) The broken vacuum, i.e. p® <0
Figure 1.1: The two different scenarios for the value of ;2
with a Lagrangian given by:
21612 4
L= (8,) 0" — ;2|®2 — Ao (1.13)

The physical interpretation of this Lagrangian depends on the sign of uz. When uQ > 0, the
symmetry remains unbroken. The classical potential of this case is illustrated in Fig. [1.1a]
The minimum of the vacuum state occurs at the origin and furthermore, the Lagrangian
expanded around small oscillations of the minimum reproduces Eq. [1.13] However, when
p? < 0, the minimum of the vacuum is no longer unique as shown in Fig. , with a
minimum given by:

2 2

/1/ .
(®2)g = —ﬁe“" = 7eZ‘), (1.14)

where 0 is any real number, for simplicity 6 will be taken to be zero. The U(1) degeneracy

of this minima reflects the U(1) symmetry of the initial Lagrangian. Defining a shifted field:



= — (D) = : (1.15)

the Lagrangian takes the form of:

4 3 2§2
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and looking at small oscillations about the minimum of the potential (keeping terms that

are quadratic in the fields), the following Lagrangian is obtained:
1 1% 2,2 1 Iz
L50 = 5(0und"n +2u707) + 50,69"E, (1.17)

plus a constant term. There are two particles in the Lagrangian, one of which is mass-
less (£), and one which has a mass given by m, = —242 > 0. The ¢ particle is called a
Nambu-Goldstone Boson(NGB), and the general outcome is known as the Goldstone phe-
nomenon [62] [65]. In general, there exists one NGB for each broken generator of the original
symmetry group. As such, when applied to the Standard Model, the breaking of symmetry
groups of SU(2)r, x U(1)y to U(1)g will generate three NGBs.

The appearance of NGBs during the Higgs Mechanism significantly impacts the massless
gauge fields. For simplicity, consider the U(1) example again, but now extend the Lagrangian

with a gauged U(1) symmetry:

1
L =|DH|? — 12]|®?) — N o|* - T F" Fu, (1.18)

_ 91tid
where & = )

is a complex scalar field, D* is the covariant derivative as defined pre-



viously, and F#” is the field strength tensor for a U(1) symmetry as defined in Egs. [L.9]
1.10l Consider when ,u2 < 0. In this case, the absolute minimum corresponds to the vacuum
expectation value given as:

2
2 2
(120 = 53¢ = 5. (1.19)

To produce a viable quantum theory, the complex scalar field must be expanded around this
minimum. By choosing the vacuum expectation value to be real and positive (§ = 0), and

expanding around the minimum, ® is given by the following formula:

o= Lﬂ“@ (1.20)
After plugging this into Eq. [1.18] the Lagrangian becomes:
Loou 2,2y, 1au Ly 1 ¢V’ v

In addition to the massive scalar resulting from the Goldstone phenomenon, the ”photon”

gains a mass term. Furthermore, the gauge transformation given by:

1
Ap— Al = Ay + q—yaug, (1.22)

» +n
& =i/ = VT 1.23
NG (1.23)

greatly simplifies the Lagrangian to:

q2y2

2

1 1
L= 5 (0undtn + 240%) = L FW Fyy 4 =~ A, A (1.24)
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plus terms that are not of interest to this discussion. Note there are only two fields appearing
in the above equation: a massive scalar field (m;, = —2u2) and a massive "photon” field
(m 4 = qv). There is no Nambu-Goldstone Boson field. This is colloquially described as
the massless gauge boson “eating” the Nambu-Goldstone Boson in order to become massive.
Details of how this simple example may be extended to an SU(2) x U(1) symmetry can be
found in Appendix [C]

The above mechanism resolves the issue of describing massive gauge bosons in the Stan-
dard Model, yet leaves the fermions massless. To resolve this issue, consider a fermionic

mass term:

‘Cmf :mf@ERi/)L—l-h.C., (1.25)

where m s is the mass of the fermion, and h.c. is the hermitian conjugate of the previous term.
The mass term mixes left-handed and right-handed fermions. This explicitly breaks the
SU(2), symmetry because ¥z, does not form an SU(2)y, singlet, and thus the Lagrangian
does not respect SU(2);, symmetry. This can be resolved by introducing a Higgs doublet

under transformations of SU(2),

d = : (1.26)

which is already in the appropriate form to expand about a classical vacuum and subsequently

including the following SU(2), invariant interaction in the SM Lagrangian:

Lint = yz/_)RCDT@/)L + h.c. (1.27)

11



When expanded, the above interaction generates terms that are related to the interaction
of the fermion to the Higgs boson, and the Goldstone bosons associated with the W and
Z bosons, along with a mass term. The interactions with the Goldstone bosons can be
absorbed into the W and Z interactions, and are discussed below. The interaction of the

Higgs boson with the fermion and the fermion’s mass term are given by”

B (U + H + Zgbo)
Lint = Yyup—=—=uy, + h.c. 1.28
int = YuUR \/5 L ( )
This includes a fermionic mass term (compare the above to Eq. , where the mass may
be identified as my, = yu\%
Therefore, the Higgs Mechanism introduces masses into the Standard Model without

entirely destroying the symmetry structures admitted by gauge symmetries.

1.1.2 Broken Electroweak Sector

After symmetry breaking through the Higgs Mechanism, the gauge bosons now obtain a

mass. Defining the electric charge as:

Y
Q=Ts+ 5, (1.29)

where T3 is the third component of the weak isospin generator, Y is the hypercharge, and @)
is the electric charge of the operator. Applying the isospin, hypercharge, and electric charge

operators to the ground state of the SU (2); @ U (1)y after spontaneous symmetry breaking

12



0
(P)o =
v/V?2

gives the following results:

0 1 0
T (¢)o =
1 o) \v/v2
0 —2 0
To(p)o = )
i 0 y/\/§
1 0 0
T3(p)o = )
0 —1 1//\/§
0
Y{p)o = +1{d)o =
v/\V2
Y +1 0
Q{p)o =
0 Y -1

_ (1.30)
0
[ (1.31)
0
0
- (1.32)
N
(1.33)
0 0
. (1.34)

v/\V?2 0

In the above equations, only the combination of the electric charge corresponds to a zero,

implying that this symmetry is unbroken, while the remaining symmetries are broken. In

other words, the original four bosons correspond to broken symmetries, but the linear com-

bination given in Eq. is unbroken. This combination can be recognized as the photon,

and remains massless, while the other three gain masses. Furthermore, the W1 and W2

bosons can be exchanged for the W™ and W~ bosons through the following relationship:

wWE =
a V2

13

1 7172
WMZFZWM.

(1.35)



This combination is similar to the raising and lowering operators for angular momentum often
seen when discussing the hydrogen atom in introductory quantum mechanicsﬂ Plugging this

transformation back into the Lagrangian results in a mass term of the form:

2.2
g°v _
(WP + 1w 2). (1.36)

and the W mass can be defined as: My, = %, Additionally, the WB and By, bosons mix

into two experimentally observable bosons using the orthogonal combinations:

—g' Bt 4 g3
Z, =28 (1.37)
Vg +y
i3
_ 9B g Wi (1.38)

SV

where g is the coupling of the SU (2); gauge group, and ¢’ is the coupling of the U (1)y-
gauge group. It is convenient to relate these couplings through the use of a mixing angle,
given by:

g = gtanby,. (1.39)

Using the above equation the relationship can be rewritten as:

Zy, = cos Ong’ — sin 0y By, (1.40)
AM — SiIl eng’ ‘I’ COS ewBlu, (14:].)

3The angular momentum of the hydrogen atom also has an SU(2) symmetry.
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where 6, is the experimentally measured weak mixing angleﬂ Finally, the interaction Lagra-
gian in Eq. can be rewritten into the charge current interaction and the neutral current

interactions. The charged current in the lepton sector is given by:
Lint,w = —% <5W//+PL€ + éI/I/*PLu) , (1.42)

where v, e are the neutrino and electron wavefunctions respectively, and Py is the left-handed
projection operators. The left(right)-handed projection operators project the fermion onto

a left(right)-handed state. The projection operators are defined as:

1 - 1
p—-—25 p 5

9 R 9

(1.43)

where v5 = 1797v172773. The coupling of the W boson can be identified in terms of measurable

G p M2
observables as —L- ﬁW, where G is the Fermi constant, and will be discussed in detail later.

The neutral current interaction for the lepton sector is given by:

/
g9 _
Eint,neutral = W&A@
/ 2 12
2
1

VET

2 12

<—g’QéZPRe + uéZPLe) | (1.44)

* 2

Identifying the coupling of the photon with the fundamental electric charge e, gives:

/
e=—29 (1.45)

4Details of measuring this angle can be found in Sec. m
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It is important to note that this also gives a definitive prediction for the Z boson mass given
by:

2
MW

cos By’

MZ = (1.46)

which implies that the Z boson mass must be greater than the W boson mass, which is
confirmed experimentally.

Similar to angular momentum in the hydrogen atom, the square of the weak isospin
generator (TQ) and the third component of the isospin generator can be used to distinguish
the compnents of the doublet after symmetry breaking. All of the fermions are in the
fundamental representation of the U(1)y gauge group, and are each assigned a hypercharge.
Furthermore, the left-handed fermions combine into doublets of SU(2) (i.e. 1T = (u . d L)
for the left-handed up and down quarks), while the right-handed fermions are singlets. The
quantum numbers for the first generation of fermions are summarized in Table [1.2] Tt is
important to note that while v is included in Table[I.2] it does not interact with anything,
and is therefore also acceptable to completely drop right-handed neutrinos from the theory.
However, if the neutrinos are to have a Dirac mass term, then right-handed neutrinos need
to be included in the theory. As of the writing of this work, neutrinos are known to have
mass, but the origin of mass is unknownﬂ The quantum numbers for the first generation

are also the same for the respective members in the second and third generation of fermions.

1.1.3 Electroweak Precision Observables

In the electroweak sector, a set of three measurable quantities known as the S, 7T, and U

parameters are able to test the nature of the electroweak theory [67]. The parameters are

SFor additional details on the status of neutrinos, the reader is referred to [66].
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Table 1.2: Electroweak quantum number for the first family of fermions

extracted from the precise data from the LEP experiment and include the recent Higgs
mass measurement by ATLAS and CMS [1]. The parameters are defined using the oblique
(vacuum polarization) corrections to the gauge bosons. Current measurements are consistent
with the Standard Model prediction.

The vacuum polarization functions for the Electroweak bosons can be expanded in terms
of the four momentum transfer, ¢2. Keeping only up to O (q2), the vacuum polarizations

can be expressed as:

( ) = ¢, (0)+ O <q4> , (1.47)
( ) =PIy (0)+ 0 <q4> , (1.48)
Iz <q2> =Tlz7(0) + ¢*I;, (0) + O <q4> : (1.49)
()

) =T (0) + Mgy (0) + 0 (g*). (1.50)

where I’ represents a derivative of the vacuum polarization with respect to ¢2. Furthermore,
the constant terms for II,4 and IIz, are zero due to the renormalization conditions of the
Electroweak sector, namely that the photon should have zero mass and that the mass matrix

for the mixing of the photon and Z is diagonal. In the above equations, there are six different

17



Variable Value S Correlation | T' Correlation
S 0.03 £0.10
T 0.05+0.12 0.89
U 0.03 £0.10 -0.54 -0.83

Table 1.3: The current best fit results for the S, T, U parameters, along with their
uncertainties and correlation coefficients. Reproduced from [I]

quantities, IT,,., (0), H’Z7 (0), Iz (0), 1T, , (0), Dy (0), and Iy, (0). Three of these can
be fixed by input parameters, in this work they are the fine structure constant («), the Fermi
coupling constant (Gg), and the Z boson mass. This leaves three parameters that can be

measured. These are the S, T, U parameters, and are defined as:

2 2
aS = 4s2 2 <H’ZZ (0) — %H’ZV (0) — 1T, (0)) , (1.51)
wtw
11 11
o = 0w 0) ZZ2(0)’ (152)
MW MZ
alU = 452, (H’WW (0) — 21Ty 5 (0) — 2swewlly, (0) — s21IT, (0)> , (1.53)

where s,, and ¢, are the sine and cosine of the weak mixing angle respectively. In most
observables, the effect of the U parameter is small, and it also predicted to be small in most
new physics models. Therefore, typically a two parameter space is used with U being set to
zero. The fit to current data for both U non-zero and U zero can be seen in Figure and
, respectively. The current best fit values for S, T, U are given in [I], and reproduced
in Table [1.3] The SM predictions for the S,T,U parameters are all zero, and the data
currently is consistent with the SM.

The W mass is an important observable in constraining these parameters, and the dis-

cussion of how to precisely measure this observable can be found in Chap.
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Figure 1.2: The best fit in the T'S plane with U free to float on the left and U fixed to zero
on the right. Additionally, mg = 126 GeV and m; = 173 GeV in this fit. Reproduced from

o

1.1.4 Electroweak Parameters

While this work focuses on the QCD corrections for given processes, the processes themselves
contain Electroweak couplings. Therefore, it is important to discuss the parameters in the
electroweak sector, the different schemes to set the parameters, and the scheme and values
of input parameters used for the results in this work.

In the electroweak sector, typically, the values of My, the fine structure constant «, and
Fermi’s constant G'p are used as input parameters. The reason that these three are chosen
is due to the fact that these are the most precisely measured parameters. It is possible to
trade out G for My, and other such exchanges. These would result in slightly different
predictions that should only differ by higher order corrections. In this work, the choice of
parameters follows that detailed in Section 3.1 of [68], and are detailed below for simplicity.
The constant width approach is used, and thus the W and Z masses and widths need to be

adjusted from that measured in the s-dependent width approach [69, [70]. This results in the
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inputs for the W and Z boson to be:

My =91.1535GeV, Ty = 2.4943GeV (1.54)

My = 80.358GeV, Ty = 2.084GeV, (1.55)

where I'z 17 is the width of the Z and W boson respectively. Additionally, the value of o (0)
is replaced by the effective coupling a e V2G FM%V (1 — %) /7. The input value for
Gp = 1.1663787 x 10~ 5 GeV~2. In all numerical results, these input parameters are used
for all the calculations, to ensure that any difference is not due to different choices of input
parameters.

There are three schemes for the measurement of the EW parameters that are discussed
in the literature, the on-shell scheme [71], the M S scheme, and the sin 6, scheme. In the
on-shell scheme, the weak mixing angle is fixed to be given by the following equation to all

orders:

sin? 0, =1— - (1.56)

In the M S scheme, all parameters develop a scale dependence and the parameters run as a
function of the hard scale. Finally, the effective angle scheme determines the mixing angle
by using Z pole observables to obtain the Z couplings to fermions, and thus fixing sin y,.

These schemes will have small deviations in the calculated parameters.

1.2 Renormalization and Regularization

In Quantum Field Theories, calculations are usually performed as a series expansion of

a small coupling constant. However, when calculating an observable beyond the leading
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Figure 1.3: An example of a loop diagram, py, p2, and pg are the momentums of the
external particles, and k is the momentum of the loopﬁ

term in the expansion, the theory generates infinities. Because the physical observables are
finite, physicists developed a procedure to ensure that predictions are similarly finite. This
procedure consists of regularization and renormalization.

Regularization is a means to isolate the divergences in the theoretical calculation. The
present work focuses on Dimensional Regularization, the most commonly used regularization
scheme [72]. In Dimensional Regularization, field theory equations are calculated in D =
4 — 2¢ spacetime dimensions, where € is eventually taken to 0. The divergences will show
up in the form of ¢~ poles, where n is a positive integer. Consider the Feynman Diagram
in Fig. 1.3l From conservation of momentum, the values of p1, p2, and p3 are all related,
but k is left arbitrary. Therefore, all possible values for £ need to be considered, resulting
in an integral over the four momentum of k. In general the set of one-loop diagrams can be

expressed in integrals of the form:

dPk  N(k?
/ T it A))n, (157)

where the numerator and denominator must each be constructed exclusively from even pow-

6Drawn using TikZ-Feynman [73]
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ers of k, since any odd powers of k will integrate to zero since it would be an integration
of an odd function over symmetric bounds. If the power of k in the denominator is greater
than that in the numerator by at least 4, then the subsequent integral is divergent in 4
dimensions as the loop momentum goes to infinity. This divergence is known as an ultravio-
let(UV) divergence. In dimensional regularization, this divergence is regulated by moving to
a dimension slightly smaller than 4 and results in simple poles in €. Similarly, it is possible
that a divergence appears as the loop momentum goes to zero. Such a divergence is called
an infrared(IR) divergence, and is discussed in more detail in Section [1.3.3] For now, note IR
divergences are regulated in dimensions larger than 4. Any poles in the resulting calculation
need to be removed in order to obtain a physical result, this is known as renormalization.
Additionally, Dimensional Regularization causes couplings to gain a mass dimension. How-
ever, this is undesirable, so the coupling is traditionally modified to be dimensionless, and
an additional dimensionful parameter y is introduced to ensure the proper dimensions in the

Lagrangian (g — g2 ,u4 D ). The above discussion can be generalized to higher order loops,

by modifying Eq. to:

dPk; Nk, ... k2
/H ! ”), (1.58)
2m)P D(k3, ..., k2)

where the k;’s are the loop momenta, and N and D are some function of the momenta
squared.

Renormalization modifies the Lagrangian parameters from so-called bare parameters into
renormalized parameters. When redefining these bare parameters into renormalized parame-
ters, the UV divergences are absorbed. Because the renormalized parameters must be able to
absorb a divergent contribution yet obtain a finite result, the bare parameters must also be

divergent. There are many different renormalization schemes. This work utilizes the Modi-
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fied Minimal Subtraction (M S) Scheme [74],[75]. To illustrate the renormalization procedure,

consider the bare QED Lagrangian:
1 ‘— - -
L= = FM Eyy +i)090° — mo 0y — Ay, (1.59)

where my is the bare electron mass, eq is the bare electron charge, wo is the bare electron
field, and A? is the bare photon field. By defining renormalized quantities, the Lagrangian
can be rewritten in terms of renormalized quantities plus counterterms. To begin, rewrite

the bare electron field according to:

1

\/Z_Qwo, (1.60)

wR
where /% is the renormalized field, and Z5 is some infinite number. Because the calculations
will be performed order by order, it is more convenient to express Zs as 1 (its tree level value)
plus a counterterm. Thus, Z9 can be written as 1 + d9, where d9 is the counterterm, and
is expressed as a Taylor series expansion in the coupling of the theory. Furthermore, the
process can be repeated with the mass, thereby yielding an additional counterterm 9, and
a renormalized mass mp. These terms are used to absorb the divergences in the calculation
as well as some finite portion of the calculation. The form of the finite piece absorbed is
determined by the renormalization scheme used. As mentioned above, this work utilizes the
M S scheme, wherein counterterms are chosen to remove the aforementioned poles, along with
constants proportional to In (476_7]3 ), arising from any loop calculation performed using
dimensional regularization. The renormalization of the coupling constant will be discussed

in relation to QCD in detail in Subsection [1.3.2] and is discussed in terms of the running of
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the coupling, in which the coupling gains an energy dependence.

In all of the above discussion, it was assumed all the divergences could be absorbed by a
finite number of counterterms. A QFT for which this is true is said to be a renormalizable
theory. However, it is not guaranteed that any theory can be renormalized using a finite
number of counterterms. To show that a theory is completely renormalizable is quite compli-
cated. t"Hooft [76] showed this is true for spontaneously broken non-Abelian gauge theories,
thus paving the path for the Standard Model. A rough sketch of proving that a theory is
renormalizable is described below. Firstly, it is necessary to show that it is true not only for
one loop calculations, but for all loop orders. Bogoliubov, Parasiuk, Hepp, and Zimmerman
developed a theorem describing the conditions needed for a QFT to be renormalizable to all
orders [77,[78,[79]. The BPHZ Theorem states a theory is renormalizable if all divergences in
the theory can be removed by counterterms corresponding to superficially divergent one-loop
irreducible amplitudes. Therefore, it is sufficient to show that there are only a finite number
of superficially divergent one-loop processes and that the number of superficially divergent
amplitudes does not increase with increasing orders of perturbation theory. Showing there
are a finite number of counterterms at one-loop is a straight forward calculation. Ensuring
no new superficially divergent amplitudes appear at higher perturbative orders is more dif-
ficult, and involves a proof by induction. The details of this proof for the Standard Model

are in Ref. [80].
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1.3 Quantum Chromodynamics

1.3.1 Introduction

The theory of Quantum Chromodynamics was developed in order to study the strong force
that holds hadrons together. As mentioned at the start of this chapter, there are 6 quarks
that interact through the strong force.

Gell-Mann and Zweig introduced the quark model to describe the many hadrons being
observed [81, 82]. However, the model possessed a major problem. Consider the ATT

particle:

AT = jululul). (1.61)

Because the up quarks are identical and all spin up, multiple fermions occupy the same
state, and this spin 3/2 particle violates Fermi-Dirac statistics. This problem was solved
by introducing what is now called “color charge”. Using this new idea, the A™T can be
expressed with a completely anti-symmetric expression by including three different colors of

quarks, and requiring the new object to be colorless:

1
ATT = 76 Z e”k|uju;u£) (1.62)
ijk

Motivated by the color theory of optical light, colorless refers to the fact that the ATT
contains one of each color (named red, green, and blue). Another way to create a colorless

object is to have one color and the same anti-color (e.g. red and anti-red). Quarks are
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defined in a color triplet as follows:

|qr)
=1 lgg) |- (1.63)
[y
It is important to note that experimentally, observables must depend on the complete triplet
e.g.,

O ~ (glOla) ~ (1lar)? + llag)* + la,)?) . (1.64)

The above equation is invariant under the transformation ¢ — ¢’ = Ugq, where U is an
unitarity 3 x 3 matrix (UTU = 1). This matrix includes Abelian transformations that do
not mix ¢, qg, and g. These transformations are not desired (this type of transformation
is included in QED). To single out the transformations between g, qg, and g the matrix is
required to be special (det(U) = 1).

These transformations form the group of special unitary transformations of degree 3,
labeled SU(3). For a group SU(N), the number of generators are given by N2 —1. Therefore,
SU(3) has 8 generators resulting in 8 different force mediators (gluons). Let us define the
Gell-Mann matrice A% and the T matrices, T% = 4\;

The properties that follow here are general to SU(N):

1. The T are traceless and hermitian:

Tr(T%) =0 (1Y =717 (1.65)

A representation for the Gell-Mann matrices can be found in Appendix @
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2. Lie-Algebra of SU(N):

[T, T = if,,.T¢ A% AP] = 26 f, A\ (1.66)
3. Structure Constants:
Fbe — 9Ty ([T“, Tb]TC> (1.67)
4. Traces:
1
Tr (T“Tb> =30" I ()\“/\b) — 2690 (1.68)
5. Fierz Identity:
1 1

The covariant derivative for quarks under the strong force is given by:

where gg is the strong coupling constant and G® is the gluonic field. The introduction of
the gluonic field is needed to ensure that a local SU(3) transformation of the quark fields

remains invariant. Under the gauge transformation, the gluonic fields transform as:

GY — G% + 00" () — go f770" () G5, (1.71)

The kinetic term in the Lagrangian for the gluon fields is given by:

1
Lg= —ZGZ,,GQ‘”, (1.72)
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where the field strength tensor is given by:
G%, = 9GS — 8,GY + gs f*°GhGE. (1.73)

Since SU(3) is a non-Abelian group, the gluons are allowed to self-interact. The La-

grangian for the cubic and quartic coupling are given by:

1
Lo = 595 fape (OFASY) AZAS — fupe (VA% AzAg] ; (1.74)

/ /
Lg= g2 fapef g AP ACAY AG (1.75)

respectively. The fact that the gluons self-interact leads to many interesting properties of
QCD. These properties are asymptotic freedom and confinement, which are discussed in the

following section.ﬂ

1.3.2 Asymptotic Freedom and Confinement

In Quantum Field Theories, the coupling in the theory is dependent upon the energy scale
at which the theory is being calculated. In this section, the low energy and high energy
properties of Quantum Chromodynamics are discussed.

Asymptotic freedom is the phenomenon that occurs in QCD at high energies, while
confinement is the phenomenon that occurs in QCD at very low energies. Both of these
phenomena are the result of the running of the strong coupling constant. As mentioned in
Subsection[I.2] the couplings in the gauge theory gain an energy dependence when performing

loop corrections to the coupling (an example diagram for corrections to a coupling is shown

8Details on the derivation of the QCD Feynman Rules can be found in App.
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Figure 1.4: The first order correction to the strong coupling constant can be calculated

from this vertex correction diagram.

in Figure . The bare coupling should be independent of the scale of the calculation,

which leads to the following equation:

danare
dp Jln (,u2

2
where o = %E’ with ¢ being the coupling of the theory, and /3 is given by:

Q@ )\ 2 9
B(a)——a;ﬁo—Oz(;) 61+O(aa>.
For QED, the leading term in the S-function is given by:

QED _
By =—3

(1.76)

(1.77)

(1.78)

With this running of coupling constant, at low energy scales the coupling is small, but as the

energy is taken to be larger and larger, the coupling grows. At a certain point the coupling

divergences, this is referred to as the Landau pole [83], and occurs around 10286 oV for QED.
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For QCD, the leading term in the S-function is given by:

QCD . 110A — 2nf
By T =———,

= (1.79)

where U4 is the number of colors in the theory, and ny is the number of active flavors.
The number of active flavors is determined by the scale at which the calculation is being
performed. For example, if p2 < mg then ny = 3, and if mg < pu? < m% then ny = 5.
Furthermore, it is interesting to note that if ny is less than 6, than the value of [y is greater
than zero. In QCD, this condition is satisfied, which leads to a running of the coupling
which is the opposite of QED. So while the QED coupling grows as a function of energy,
the QCD coupling decreases as a function of energy. This leads to a running coupling
that asymptotically approaches zero at high energies, and therefore QCD asymptotically
approaches a free theory [84], [85]. On the other hand, the coupling grows for small energy
scales and eventually becomes non-perturbative (as > 4m), and it is no longer reasonable
to describe QCD using quarks and gluons, but rather using hadrons. Calculations in this
regime are done either using Chiral Perturbation Theory [86] or Lattice QCD [87]E| Since
the coupling becomes so strong the quarks and gluons become confined into the hadrons
that are used to describe the theory, this describes the phenomena of confinement found in
QCD.

It is possible to analytically solve the running of the coupling at the lowest order, the

9Both ChPT and Lattice QCD are beyond the scope of this work. For additional information, the reader
is referred to [86] [88] [89] for ChPT and to [87, @0, T ©2], O3] for Lattice QCD.
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result given in terms of [y is:

o () = a (1)

— 5
1+ _0‘(;‘0)60 In %
Ho

(1.80)

where i is the scale the coupling is being evaluated, and pgq is the input scale at which the
coupling was measured at. While 1 and Bﬂ have been calculated [94], it is not possible to
solve the running of the coupling analytically, and is traditionally done numerically.

Given the value of the coupling at a given scale, it is possible to predict the coupling at
any other scale. For QCD, the experimental measurements of the coupling are shown to be
consistent with the theoretical predictions as seen in Fig. [I.5] Typically, the starting scale
is chosen to be the mass of the Z boson, and is given as as (My) = 0.118 + 0.0011 [6]. As
mentioned previously, the value of n s is dependent upon the scale that one is evaluating the
coupling at, and thus leads to the need to create a matching procedure in order to ensure that
the coupling is a continuous function. This results in choosing ag (mq — e) = Qg (mq + e)
at the scale of my.

When using the renormalization group equation (Eq. to obtain the running of the
coupling, the large logarithmic terms that appear at all orders are resummed in order to
improve the theoretical prediction of this quantity. Later in this work, there will be a large
focus on the methodology of resummation in the case of the transverse momentum of a given

system.

10pe expressions for 31 and 89 can be found in App.
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Figure 1.5: The comparison between the theoretical calculation of the strong coupling
compared to experimental data. The plot is reproduced from Ref. []

1.3.3 Soft and Collinear QCD

As mentioned in the previous section, all physical results must be finite. However, during
the calculations there can be an IR divergence that is the result of two particles being
emitted collinear to each other, or in the case of a massless particle, the momentum can
be very small, which is referred to as a soft divergence. To see these divergences from a
mathematical standpoint consider the denominator of a massless and massive propagator

given as:

=— (1.81)

and

= 1.82
(p+k)2—m2  2p-k+p2+k2—m? (182)

respectively. In the massless case, in the limit that k# — 0 or k* — ap*, where a is some

scaling constant, the propagator diverges. However, when considering the second equation,
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Figure 1.6: Electron scattering off of a proton with an energy of 188 MeV. Results show
data is inconsistent with a point-like proton. Reproduced from [7].

only the limit that k* — ap* results in a divergence. This is a result of having a momentum

cutoff due to the mass of the particle.

1.3.4 Factorization

The QCD cross-sections can be broken into a long distance piece and a short distance piece.
While the short distance piece is the major discussion of the rest of this work, here the long
distance physics needed in order to compare a theoretical calculation with data is briefly
discussed. The two major long distance physics phenomena that will be discussed here are
the parton distribution functions (PDFs), and hadronization along with jet algorithms.
The parton model (Richard Feynman, 1969) [95] is the idea that a proton is composed
of many smaller pieces, that are essentially free point-like particles. This was supported by

data showing that indeed the proton was not a point particle and the validation of Bjorken
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Figure 1.7: Depiction of the F5 proton structure function, showing Bjorken scaling. This

was the motivation for the parton model proposed by Richard Feynman. Plot is
reproduced from [§].
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Scaling [96] (See Fig. . If the proton was a point particle, then proton electron collisions
should follow the predictions made by Mott Scattering [07]. However, as seen from the results
of [7] and reproduced in Fig. |1.6] it is clear that electron-proton scattering does not follow
the prediction for Mott Scattering. To resolve this issue, proton structure functions are
introduced. For further simplicity the calculations are performed in the ”infinite momentum
frame,” where p# ~ (F,0,0, E) with £ > M), where M, is the mass of the proton. It is

then possible to write the scattering as the following cross-section:

d2o B dmra?
dedQ? Q4

(14 0= 0P) A @) + Y (Rl @) - 201 0.07) | 0189

/
where Q2 is the energy transferred by the photon being exchanged, y = 1 — EF, with B’
the outgoing energy of the electron, and F the incoming energy of the electron. Also,

QQ

= —=*—— and F] and F5 are the two structure functions that appear. Furthermore,
2M,(E—E)

x
there exists the Callan-Gross relation [98], that states for a spin—% particle, Fp = 2xF7. This
can be tested experimentally, and the results can be seen in Fig. It is clear that the
results are close to zero and thus the proton is made of spin-1/2 particles. However, this is
not the complete story, and at higher energies there is a deviation away from zero as a result
of higher order QCD corrections, and interactions with the gluon.

From these results, the picture of the proton becomes one of a set of valence quarks, sea
quarks, and gluons. When calculating a theoretical prediction, it is necessary to know the
probability of removing a given parton from the proton at a set energy. These distributions
are known as Parton Distribution Functions (PDFs) and a detailed discussion follows in the

subsequent section. However, because these distributions are related to the proton composi-

tion at low energies, it is non-perturbative. Therefore, to obtain a calculation, factorization
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Figure 1.8: Test of the Callan-Gross relation, with Ky = F5/(2xF1) — 1. Results are
consistent with spin-1/2 predictions. Reproduced from [9].

was introduced. The idea behind factorization is that one can introduce an arbitrary scale
to separate the non-perturbative contributions from the perturbative contributions. Because
the scale is arbitrary, the final result should be independent of scale, if the calculation can
be performed to all orders. However, this is not the case and therefore a scale dependence
is introduced, which is used for estimating theoretical uncertainties, referred to as the fac-
torization scale (up).

The factorization of the long distance physics from the short distance physics is given

schematically for deep inelastic scattering (e +p — e + X) as:

J:/f(a:)[fdx, (1.84)

where o is the total measured cross-section, f(z) is the PDF, and & is the calculation of
a quark interacting with an electron. A similar technique is used to describe final state
quarks. In this case, since only hadrons are physically observed, there needs to be a function
that takes quarks into hadrons. This is known as the fragmentation function, and is again

defined using an arbitrary scale. Additional details for fragmentation functions can be found
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Figure 1.9: The splitting kernels that occur at as. Note that to obtain the missing kernels,
take fermions to anti-fermions and vice-versa.

in [99, 100]. However, if the details of the hadrons in the final state are unimportant, a jet
algorithm can be used to create theoretically manipulable objects. Details on jets and jet

algorithms are provided below.

Parton Distribution Functions

In order to perform calculations at a hadron collider, it is necessary to use Parton Distribution
Functions. However, it is possible to extend the basic purely non-perturbative picture of the
PDFs to include the improved parton model. In the improved parton model, it is possible
to calculate the energy dependence of the PDFs. In order to calculate these effects, consider

diagrams of the forms found in Fig.[1.9] The results of these calculations can be represented
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by the following equations at leading order:

Pool2) = Cp ((llfi + 25(1 _ z)) , (1.85)
Pyg(z) = Cp (1 i (12_ 2)2) : (1.86)
Pyy(2) = % (2+a-2?). (1.87)
Pyy(2) = 20, ((1 _ZZ)+ + Z) + Bod(1— 2), (1.89)

where P;; is the splitting kernel from j to i. Also, the ﬁ is the plus-distribution and
is discussed in detail in Appendix [F} Similar to the summation that was performed for the
running of the coupling, it is possible to define bare PDFs which are independent of scale.
This results in a set of 2N +1 coupled differential equations, known as the full form DGLAP

evolution equations [101], 102, [103], given by:

0 q(x, p?) _as(/ﬂ) /1@ Pyq(z)  Pyg(2) (J(%aﬁﬂ)

O1n 12 - or z
a g(x,,uQ) qu(z) ng(z) 9(%7ﬂ2)

up to O (ayg). To solve these equations, it is convenient to define a new set of PDF's, defined
using the valence quark, singlet, non-singlet, and gluon contributions. There are Ny valence
quark contributions, Ny —1 non-singlet contributions, and one of both the singlet and gluon

contributions. The valence quark distribution is

q = — G, (1.90)
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the non-singlet distribution is

1—1
o= (an+adn—a—a) (1.91)
n=1
and the singlet distribution is
Ny
qS = Z(Qn + Gn)- (1.92)
n=1

This change of variables leads to a set of 2Ny — 1 decoupled and two coupled differential

equations given up to O (ay ) as:

a?ﬁi? - %2(52)]3 w6 (1.93)
a?rqliQ - %2(:2)]3 w0 (1.94)
8?3?;2 = %2(7[:2) (qu ®q° + 2N Pyg ® g) (1.95)
81?19”2 _ oz52(7/:2) (pgq ®¢° + Py ® g) (1.96)

Additionally, there are constraints on the solutions implemented by sum rules. The momen-
tum sum rule forces that the total momentum of the partons to be the momentum of the

hadron,

1
Z/O zf(z) =1. (1.97)

4,49.9
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Figure 1.10: Plots of the CT14 NNLO Parton Distributions at 2 GeV (left) and 100 GeV
(right). The plots are reproduced from Ref. [10]

The other sum rule is the valence quark sum rule, which for a proton is given by:

1
/ (fu—fa) =2, (1.98)
0

1
| a1 =1. (1.99)

1
/0 (fg — f7) =0, for q#u,d. (1.100)

The DGLAP equations can be extended order by order in QCD, and currently have been

calculated to NNLO [104], 105]. An example of a PDF can be found in Figure [1.10, where

the energy dependence can be seen between the two subfigures.
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Jet Algorithms

A true observable must be an infrared safe observable which means the observable is un-
changed by the addition of a soft or collinear contribution. If this is not the true, then the
result will suffer from IR divergences and is known as an IR unsafe observable. In the case of
final state partons, an infrared safe observable is constructed by collecting the partons into
jets. The method of combining the final state partons into jets is known as a Jet Algorithm,

and must satisfy the following two conditions:

1. If two particles become collinear then the observable must not change:

On(p1,p2,---,0n) = On—1(p1 + D2, ..., Pn) (1.101)

2. If one particle is soft then the observable must not change:

On(p1,02; sPn) = On—1(p2; -, Pn) (1.102)

Currently, there is one major class of jet algorithms used to ensure the final state is infrared
safe. This class of algorithms is known as sequential recombination algorithms, which con-
tains anti-k¢, k¢, and Cambridge-Aachen algorithms [106, 107, 108, 11]. For this class of
algorithms, the methodology of forming jets is the same, but the measure to determine when
to combine two subjets together varies from one to the other. The steps of the algorithm is

as follows:

1. Calculate the distance between all sets of two partons (d;;) and between all partons

and the beam (d;B)
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2. Find the smallest distance. If d;; is the smallest, combine ¢ and j into a subjet, else if

d;p is smallest remove subjet ¢ from the list and mark as a jet
3. Repeat until all particles are clustered into a set of jets
The definition of the distance varies from one algorithm to another, but can be represented

in general by:

2p\ ftij
k) R

dip = k7, (1.103)

o mi 2p
d;j = min <kti ,

where, ky; is the transverse momentum of the ith particle, p is the power factor that depends
on the scheme (-1 for anti-k¢, 1 for k¢, and 0 for Cambridge-Aachen), R;; is the distance
between the two particles given by R,?j = (y; — yj)2 + (¢; — qﬁj)Q, and R is a parameter that
determines the radius of a typical jet. The anti-kp, kp, and Cambridge-Aachen algorithms
can be compared by looking at how they cluster the same event as shown in Figure [L.11] It
is interesting to note that the anti-kp algorithm tends to have the most cone like jets. In
recent years, there has been work to begin delving into the sub-structure of jets to obtain
more information about them. While that discussion is beyond the scope of this work, the

reader is referred to [109, 110, 11T}, 112} 113, [114] for some of the recent advancements.
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Cambridge-Aachen algorithm.

Reproduced from Ref. [I1]

(a) Anti-k; algorithm. (b) k; Algorithm. (c)

Figure 1.11
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Chapter 2

Experimental Measurements

Since the true test of any theory is how it compares to experimental data, it is important to
understand how the data is collected and analyzed. The purpose of this chapter is to discuss
the most important pieces needed to understand the data used in future chapters, and how
it was obtained. The main focus will be only on applications to hadron colliders, however,
some of the topics are general to all colliders. In this chapter, the needed concepts that are
general to all hadron colliders will first be introduced, along with the details that are unique

to both the ATLAS and CMS detectors at the LHC.

2.1 Basic Concepts

There are many experimental concepts and methods that are general to all hadron colliders.
These include the types of data that are collected, the variables that are used to describe
the momenta of the particles, and methods of determining particle identities.

Firstly, data is collected in terms of events. An event is an interesting collision between
the two incoming hadrons that gets recorded for further analysis. To compare the events
that are collected by the experiments, it is necessary to convert either the experimentally
measured events into cross-sections, or take the theoretically calculated cross-sections and

convert that to the number of expected events. In either case, there is a conversion factor
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’ Cross Section ‘ Process

1b cross section of heavy nuclei
30 mb proton size (772, where 7 = 1 fm)
50 mb proton-proton inelastic cross-section at the LHC
50 nb W and Z boson production at the LHC
20 pb inclusive Higgs boson production at the LHC: pp — H + anything
100 fb inclusive ttH production at the LHC: pp — ttH + anything

Table 2.1: Representative cross section scales (cross sections are not exact). Reproduced
from Ref. [2]

that is used, defined as the luminosity. The instantaneous luminosity is a quantity that
measures the intensity, density, and thickness of the beams. The integrated luminosity is
simply the integral of the luminosity over a given period of time. The conversion between

events and cross-section is given by:

o= N % Lins 21)

where o is the cross-section, N is the number of events, and L;;,; is the integrated luminosity.
This however is not the complete picture. This assumes that for every single bunch crossing
all of the data is recorded. Since the detector does not cover the full 47 region of the collisions
an additional factor, called the efficiency (€), needs to be included in Eq. . The efficiency of
the gaps in the detector is modeled through programs such as GEANT4 [I15]. Additionally,
due to the large number of collisions that occur at these colliders, it is impossible to record
every collision. Therefore, there are minimum cuts placed on the momenta of the final state
particles, to ensure that the recorded events are of physical interest. This reduces the cross-
section and needs to be included in the efficiency factor. In order to understand the need

for the momentum cuts, some examples of cross-sections are listed in Table [2.1]
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Figure 2.1: Depiction of particles traveling through the CMS Detector. Reproduced from

Ref. [12]

2.2 Detecting Particles

When recording events, only certain particles can actually be recorded by the detector.
These particles are relatively stable, with lifetimes that allow the particle to make it from
the collision point to the detector. This reduces the number of particles that can be detected
to a list of only seven particles. These include: electrons, muons, photons, pions, kaons,
protons, and neutrons. The remaining particles that are produced in the hard interaction
either cannot be detected (neutrinos), or decay before they hit the detector (top quarks, b
hadrons). A depiction of a cross-section of the CMS detector at the LHC is shown in Fig. 2.1
to show which pieces of the detector each of the particles interact with. In the previously
mentioned figure, the curved tracks are due to charged particles traveling through a toroidal
magnetic field. The direction of the curvature is used to determine whether the particle

is positively or negatively charged. Additionally, the curvature of the tracks allows the
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momentum of the particle to be calculated, recalling from classical Electromagnetism:

r=—-—, (2.2)

where r is the radius, p and ¢ are the momentum and charge of the particle respectively, and
B is the strength of the magnetic field.

Another handle on the energy and momentum of the particles is through the use of
calorimeters. The calorimeters are classified into two classes, electromagnetic and hadronic.
These two classes focus on two different mechanisms to stop the particles. The electromag-
netic calorimeter focuses on stopping lighter particles (electrons and photons) through the
use of electromagnetic interactions. The hadronic calorimeter is used to stop hadrons, as the
name implies, through the use of nuclear interactions. The typical property to define the
material used in a calorimeter is the radiation length (X() and nuclear interaction length
(A7) for the electromagnetic and hadronic calorimeters respectively. The typical size of an
electromagnetic calorimeter is 15-30 X, and for an hadronic calorimeter 5-8 A\; [6]. These
detectors tend to be segmented in both azimuthal and rapidity segments in order to obtain

direction information and improve reconstruction. The details of how each calorimeter works

can be found in Sections [2.2.2] [2.2.3]

2.2.1 Trackers

The inner most layer of the detector is known as the tracking system. This layer is used to
obtain track paths of charged particles and aid in vertex reconstruction. Furthermore, the
tracker is helpful in determining the momentum of charged particles as previously mentioned.

The curvature of the path allows for momentum and charge information to be collected. How-
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ever, the momentum and charge determined becomes inaccurate at very high momentum,
due to the radius becoming too large to detect. The ability to reconstruct the vertex allows
the ability to distinguish between particles that come from the hard process versus some
background event (underlying event) or from a secondary decay. The beams consist of large
bunches of protons, and many may collide in each crossing. An underlying event is another
interaction that occurred in the crossing, but is not related to the hard interaction being
studied. A secondary decay results in a displaced vertex, and usually arises from events
containing b or ¢t quarks. Experimentalists have developed techniques to determine massive
particles such as b and t quarks from these displaced vertices called "tagging”. Details on
tagging can be found in Section [2.3.1.1

At ATLAS, the tracking system is formed from three sub-systems. The first layer is the
pixel detector [116], which is made up of 92 million silicon pixels covering a rapidity range
of |n| < 2.5. As particles pass through the pixels, ionization occurs by creating electron/hole
pairs. The resolution of the tracks formed by this system are 10um in the r — ¢ plane and
115um along the z-axis. The next layer is the semiconductor tracker [117, [I18], which covers
the same rapidity region. However, this system is formed by strips of silicon instead of
pixels. This system provides position resolution of 17um in the r — ¢ plane and 580um along
the z-axis. Finally, the last sub-system is the transition radiation tracker [119] 120, [121],
which covers a rapidity range of |n| < 2. The transition radiation tracker contains a gaseous
medium used for producing ionizing radiation needed to obtain tracking information. The
resolution of this system is approximately 170um in the » — ¢ plane, but does not provide
information about the particles position along the z-axis. Through the use of vertex finding
algorithms and the tracking data, the resolution of the location of the vertex is about 10um

in the r — ¢ plane, and between 36-40um in the z-axis [122].
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At CMS, the tracking system also consists of multiple sub-systems [123] 124]. The first
layer is again a silicon pixel detector containing 66 million pixels with a resolution of the
tracks at the 10-15um level in the r — ¢ plane, and a resolution of 150um in the z-direction,
covering the rapidity range of |n| < 2.5. The second layer is a silicon strip tracker, consisting
of 70 m? silicon micro-strips. The strip tracker also covers the same rapidity range as the
pixel detector, and has a resolution on position of approximately 20um in the » — ¢ plane,
and a resolution of about 500um in the z-axis. The CMS collaboration decided to not use a
gas system for position measurements in order to have their tracking system all of the same
material. The combination of all of these systems, along with the algorithms implemented
to determine track information results in a vertex resolution of 10-12um in all three spacial

directions [125].

2.2.2 Electromagnetic Calorimeters

The method of stopping particles in electromagnetic calorimeters is through electromagnetic
showers. The primary method of energy loss is through ionization, but Mgller scattering,
Bhabha scattering, and annihilation also play a role, as seen in Fig. for lead [6]. The
energy resolution of an electromagnetic calorimeter (o/F) can be parameterized as:

a

g &
T _ b £ 2.
5= oo (2.3)

where E is the energy of the particle in GeV, and & means that the terms are added in
quadrature. For the LHC, the electromagnetic calorimeter resolution is: 2.8%/ VE 30.3%®
12%/E for CMS [126] and 10%/VE @ 0.7% @ 0.170/E for ATLAS [127]. The response

of electromagnetic calorimeters is well understood, and is simulated accurately in both the
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Figure 2.2: Fractional energy loss per radiation length in lead as a function of electron or
positron energy. Reproduced from Ref. [6]

EGS4 [128] and GEANT [I15] Monte Carlo detector simulators.

2.2.3 Hadronic Calorimeters

Unlike electromagnetic calorimeters, hadronic calorimeters are more difficult. The size of the
calorimeter needs to be approximately 30 times larger than the electromagnetic calorimeter
in order to absorb the same fraction of the particle’s energy. Additional complications in
measuring energy deposits arise from large fluctuations in neutron production, undetectable
energy loss to nuclear disassociation, and other effects [6]. At both the ATLAS and CMS
detector, the hadronic calorimeters are behind the electromagnetic calorimeters. The type
of calorimeters used at the LHC are known as sampling calorimeters. This means that the
calorimeter is made up of alternating layers of dense absorbers and plastic scintillators.

The absorber layers allow for the hadrons to interact, creating secondary particles. These
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particles form a hadronic shower. When the particles pass through the scintillators, light is
created and then through the use of wavelength-shifting fibers are transmitted to electronic
readout equipment [6].

Furthermore, the resolution of hadronic calorimeters are lower than the resolution of
electromagnetic calorimeters, due to the fact that the hadronic showers are broader than
electromagnetic showers. The energy response of hadronic calorimeters tend not to be linear
since the enegy deposited arises from both hadronic and electromagnetic showers. This
further adds to the complexity of measuring final state jets. The energy resolution at CMS
is given by a stochastic term, a = 84.7%, and a constant term, b = 7.4% [129]. The energy
resolution at ATLAS is given by a stochastic term, a = 41.9%, a constant term, b = 1.8%,

and with ¢ = 1.8 [130].

2.2.4 Muon Spectrometers

As mentioned in Sec. [I, muons are second generation leptons. Muons have a lifetime of
2.2us, and are about 200 times heavier than an electron. Due to these properties, muons
escape from the colliders with minimal energy loss as it transitions through the trackers
and calorimeters. Therefore, it is necessary to have additional detectors outside of these
systems to gain additional information on the muons in order to accurately determine their
momentum.

The momentum and charge of a muon is determined by the sagitta of the tracks formed
in magnetic fields. A sagitta is the distance from the center of a circular arc to the center of
the base. The measurement of the sagitta in the inner tracker is combined with that from
the muon spectrometer in order to improve the precision of the measurement.

In the ATLAS detector, the muon spectrometer is made up of four main sub-systems.
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These systems consist of the Monitored Drift Tube (MDT) chambers, the Cathode Strip
Chambers (CSC), the Resistive Plate Chambers (RPC), and the Thin Gap Chambers (TGC) [I31].
These sub-systems can be divided into two sub-groups. The first group, consisting of the
MDT chambers and the CSC, is responsible for high precision tracking and momenta mea-
surements. The second group, consisting of the RPC and the TGC, is used as inputs for
the trigger system. The goal of the precision tracking components are to be able to measure
the momentum of a 1 TeV muon to an accuracy of 10%, resulting in a requirement on the
accuracy of the sagitta to be measured to a resolution of approximately 50pum. The MDT
chambers cover the rapidity region |n| < 2.7, and are used to obtain the z component of the
position, while the CSC is responsible for the R component in the range of 2.0 < |n| < 2.7
for muon rapidity. The need for the CSC is to measure the high flux of muons in the for-
ward direction, which is unable to be handled by the MDT chambers. Finally, the RPC
and TGC do not have very accurate position determination, but are optimized instead for
fast response times in order to interface with the muon trigger electronics. This allows for
accurate bunch-crossing identifications in order to properly reconstruct events. However,
this means that these systems need to provide coverage over |n| < 2.4 and over the entire ¢
range.

In the CMS detector, the muon spectrometer is made up of three main sub-systems.
These systems consist of a RPC, a CSC, and a Drift Tube Chambers (DT) [132]. The
RPCs are used in both the barrel and the endcap solely for the purpose of being used
for the trigger system. The response time is approximately 1.3ns, guaranteeing a precise
identification of the bunch crossing. The endcaps use the CSC to provide precise time and
position measurements, and are able to handle the high flux and complex magnetic field.

This system is able to obtain a spatial resolution by approximately 100 — 240pm. Finally,
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the DT chambers are used in the barrel region to obtain precise position measurements, and
from a single hit is able to obtain a precision of approximately 190um. Combining these
systems into many stations, CMS is able to obtain a resolution on the momentum between

5 — 13% for momentums of 1 TeV if the inner tracker information is also used.

2.3 Physics Objects

Experimentally, all that is measured are energy deposits. Therefore, it is important to
separate these contributions into the fundamental particles that lead to the energy deposits,
in order to study the underlying physics. The major objects that these deposits or lack of
a deposit can be grouped into: jets, leptons, and missing energy. It is also possible to use
tracks to measure particles with a short but non-negligible lifetime through the use of offset

vertices from the major interaction point, this is known as tagging.

2.3.1 Jets

The definition of jets for experimentalists, is a collimated spray of hadrons that fall within a
given cone. Typically, the reconstruction of jets at the LHC is through the use of the anti-kt
algorithm, see Section for details. The dominant uncertainties arise from the absolute
energy scale and the jet energy resolution, or in other words, the relationship between jets
formed in simulations and from those actually reconstructed in the detector [2]. To help
validate this, a comparison between dijet events, and photon plus jet events are compared.
In addition to understanding the jets as a complete object, it is important at the LHC to

begin to probe into the substructure of jets. Some of these techniques are described below.
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2.3.1.1 B-Tagging

There are a few different algorithms that are implemented in tagging the decay of b hadrons.
These include techniques that range from looking at signed significance of the decay length
to ones that use both secondary vertex and impact parameters [133]. These are combined
using multivariate methods to obtain the best discrimination possible.

One class of algorithms are known as lifetime-based tagging, which is based on the fact
that a b hadron with a pp ~ 50 GeV will travel approximately 3mm before decaying [133].
This will leave behind a displaced vertex inside the tracker from which the charge particles
produced from the decay of the b hadron lead back to. The algorithms in this class try
to identify this topology in the events, and are broken into two sub-categories: impact
parameter algorithms, and vertex algorithms.

Impact parameter algorithms compute the impact parameters with respect to the primary
vertex. The transverse impact parameter is assigned to separate the tracks from the decay
from the hard interaction tracks. The sign of the momentum is positive if the secondary
vertex is in front of the primary vertex, and negative otherwise. An implementation of this
algorithm is known as JetProp [134], which was used at LEP and the Tevatron.

The vertex algorithm uses a three dimensional reconstruction of the vertex formed by
the decay products of the b hadron. The invariant mass of the charged tracks are used to
help reject vertices due to decays of Kg and A particles, along with photon conversions [133].
An example implementation of an algorithm which uses the secondary vertex to tag b-jets is
known as JetFitter [135].

Another class of algorithms that are used to tag b-jets is muon-based algorithms. Muons

are produced from the decay of the b hadrons either directly, or indirectly through the decay
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Figure 2.3: Performance curves obtained for different b-tagging algorithms using simulated
data. (Left) The mis-identification for light jets. (Right) The mis-identification for ¢ jets.
Plots are reproduced from Ref. [13]

of the subsequent ¢ hadrons. The efficiency of these types of algorithms tend to be lower
than that of lifetime-based algorithms, due to the fact that the branching ratio to muons is
only about 20%. However, the Soft Muon Tagger used by ATLAS does not use any lifetime
information, therefore making it a complementary method [133]. This method looks for
muons that are within AR(jet, 1) < 0.5 and other additional selection criteria.

These sets of algorithms are then combined using multivariate techniques as previously
mentioned. The results for the combined tagging efficiency to mis-identified jets and tagging

efficiency to mis-tagging c jets at CMS can be found in Fig. [2.3]

2.3.2 Leptons

When measuring leptons, there are a few sup-groups that are used in order to classify them

more throughly. This list consists of prompt, non-prompt, tight, loose, and fake leptons.
Prompt leptons are those that come from the decays of a W, Z, v, top, Higgs, or some

new physics and not associated with a jet. A lepton that is associated with a jet is the result

of the decay of a short lived hadron and is known as a non-prompt lepton.
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The identification of tight and loose leptons refer to the set of selection criteria that are
applied to an experimental object during reconstruction. Tight criteria are used to help
ensure that the object is more likely to be a prompt lepton, and therefore prompt leptons
should pass tight selection criteria with a very high efficiency and non-prompt should not.
Loose selection criteria would be able to reconstruct both prompt and non-prompt leptons,
but also have the chance to identify an object that is not a lepton as a lepton. This leads to
the last identity, fake leptons. Since the tight selection criteria will not guarantee that the
object is a prompt lepton let alone an electron at all, a fake lepton is used to describe such
objects. Experimentally, there is not much that can be done to handle fake leptons. The
best method is to estimate the probability of fake leptons passing the tight lepton criteria
and to remove the contributions from the final result on average. However, removing fake

leptons is impossible on an event-by-event basis.

2.3.3 Missing Transverse Energy

As mentioned above, there are means to detect charged particles, photons, and neutral
hadrons. However, particles that are neutral and have lifetimes that are long enough to
escape from the detector before decaying are not detected at all. In the SM, the only such
particle is the neutrino, but there may exist additional particles that also have these proper-
ties. It is still possible to interpret the energy in the transverse direction that these particles
had, and to know its azimuthal angle, but not its rapidity. The transverse components
are simply obtained through the use of conservation of momentum, since the beams only
have momentum along the beam axis, the total transverse momentum must sum to zero.
Complications arise for this measurement due to gaps in the detector, and imperfect en-

ergy resolution. The accuracy on the missing transverse energy at ATLAS has a stochastic
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behavior with a = 0.55 [I36] and CMS has a stochastic behavior with a = 0.63 [137].

The particles that are inferred from the missing transverse energy measurement are neu-
trinos, dark matter candidates, and other exotic particles that may or may not exist. In
this work, the missing transverse energy will be solely used for neutrinos in determining the
W boson mass (Chap. . The W boson mass is an important measurement that strongly
depends on both resummation and an ability to accurately measure the missing transverse

energy.
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Chapter 3

Resummation

When performing fixed-order calculations, the calculation is organized by the power of ag.
fixed-order calculations make sense when each term in the series is smaller than the previous
term. However, there are certain phase space points that result in each subsequent term
being larger than the previous one, causing the breakdown of the fixed-order calculation.
To resolve this, resummation is introduced. Resummation reorganizes that calculation by
noticing that there are certain terms that appear at every order in «yg [I38]. These terms

2
that appear in a specific form at each order are logarithms of two scales, e.g. log (Q_2) . The

IT
number of logarithmic terms included in the calculation is denoted by leading log for having

only the leading term, and adding next-to for each additional log term included. Table

shows the difference between the organization of a fixed-order calculation and a resummed

calculation.
LL NLL NNLL NNNLL .. NFLL
LO 1
NLO Qg log2 ag log Qg
NNLO | a2log? a2 log? a2 log o2
NFLO | oFlog?*  oFlog? =1 aFlog? =2 aFlog?—3 .. ak

Table 3.1: The organization of fixed-order and resummed calculations. Going across a row
is the fixed-order calculation included at a given order of o, while going down the columns
is the resummed calculation up the the given power of the logs included.
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This chapter introduces the Collins-Soper frame, which resummation is typically per-
formed in, followed by the calculation of Drell-Yan to next-to-leading order as an example
of a fixed-order calculation. Additionally, it will be shown how the fixed-order calculation
breaks down at each order in perturbation theory for the transverse momentum of the vector
boson. This will then lead into the derivation of the resummation formalism, a discussion of
the resummation scheme, and the non-perturbative function. Reproducing the fixed-order
calculation from the resummed calculation is an important cross-check of the resummation
formalism, and also the asymptotic piece needs to be obtained to allow the resummed piece
to properly match to the fixed-order result at high transverse momentum. Finally, the scale

dependence of the resummation formalism is calculated.

3.1 Collins-Soper Frame

The Collins-Soper (CS) Frame is a special reference frame in which ¢y resummation is
typically performed [I39]. Here the details of the Lorentz transformations between lab and
CS frame are given for completeness. The lab frame is the the center of mass frame of the

colliding hadrons. In this frame, the momentum of the two colliding hadrons are given by:

V'S
pl}fl,hz = T (1,0, 0, :l:l) y (31)

where hq,hy are the two incoming hadrons and v/S is the center of mass energy of the
collider. The Collins-Soper frame is a special rest frame of the vector boson. In this frame,
the z-axis is defined to bisect the angle between the hadron momentum Phys and the negative

of the hadron momentum py,, in the CS frame, shown in Fig.

59



lepton plane

Figure 3.1: Depiction of the Collins-Soper Frame. Reproduced from [14].

Define the Lorentz transformation between the lab and CS frames as AL:

p’lés = Aypl . (3.2)

Since the amplitude is independent of the ¢ angle in the lab frame, without loss of
generality, the ¢ angle will be taken to be zero. The transformation can be performed in
two-steps. First, the lab frame is boosted to the rest frame of the vector boson. Secondly,

the frame is then rotated such that the z-axis bisects the angle formed by the momentum

M d =p*
P, and —pj, .
The boost factor from the lab frame to the rest frame is defined by 5 = %, where ¢ is
the 3 momentum, and qq is the energy of the vector boson in the lab frame. Boosting by E

brings any four vector from the lab frame to the rest frame of the vector boson. The explicit

Lorentz transformation matrix in terms of the momentum of the vector boson in the lab
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frame, is given by:

q° —qr 0 —q
2 3
dr qaT4q

— + L= 0

ir Q q°+Q ' +Q

=
=
I

(3.3)

Q=
o
o
O
o

3\ 2
_q3 ﬁ 0 Q+ <g+)Q

L=
o
_|_
Q
<

where () = \/ (q0)2 — q% — (q3)2 is the invariant mass of the vector boson, g3 is the mo-
mentum along the z-axis, and ¢; is the transverse momentum of the vector boson in the lab
frame.

After the boost, a rotation is applied to ensure that the z-axis bisects the angle formed
between Phy and —Dhy- Once the boost given in Eq. is performed, the momentum of the

incoming hadrons are given by:

2\ 0 Q0 P+q Q"+ Q)

u P—
Phy hg 2

Vs (q%& L+ Q¥ | (2Q—¢°) (q0+Q)i(q3)2>' 8.4)

In the case that qp is zero, there is no needed rotation. However, in general qp # 0, and
an additional rotation is needed. To keep the hadronic momentum in the x — z plane, the

rotation should be made around the y-axis. The angle for the rotation is given by:
QU = arccos [Q (qo + MT) / (MT <q0 + Q))} , (3.5)

where My is the transverse mass given by Mp = 4/ Q2 + q%.

Combining the two transformations given in Egs. [3.3] and into a single Lorentz

transform gives the full transformation from the CS to the lab frame, which is given by the
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Lorentz matrix:

My e 0 FQ

L1 |arMr M2 0 0
QMrp

AL(CS — lab) = (AL (lab — CS)) ™~ (3.6)

0 0 QMp 0

My @dar 0 °Q

The kinematics of the leptons from the decay of the vector boson are completely deter-
mined by two angles (polar and azimuthal) defined in the Collins-Soper frame. Taking the
lepton momentum in the CS frame, and using the transformation given in Eq. [3.6] gives the
lepton momentum in the lab frame. The momentum for the fermion and the anti-fermion
in the lab frame are given by:

q,u

pH = % (a + sin 0 cos pX* + sin 0 sin pY +COS(9Z’u) =gt — pH,

where p(p") is the (anti-)fermion momentum, ¢* is the vector boson momentum in the
lab frame, X, Y, and Z are the axes in the CS frame given by the lab frame momenutm.
The anti-fermion momentum is simply obtained by conservation of momentum. The vector

boson momentum and axes in the lab frame are defined as:

g"" = (My coshy, g cos ¢y, gt sin ¢y, My sinhy)

Q M
XH=——— | gen! + g0t — 4" |,
M \ "7 Q?
1
ZMZW(QM”LM—Q '),
t
YH — el %Zaxg, (3.7)
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where, ¢+ = \%(qoj:q?’), y = In(qy/q-), n¥ = \%(1,0,0,1), n’ = \%(1,0,0,—1),

and e"®P is the completely anti-symmetric Levi-Civita tensor. With the derivation of the
Collins-Soper frame, the act of resummation can now be performed. Next the motivation

for resummation will be discussed, followed by the means to perform resummation.

3.2 Fixed-Order Calculations

In Quantum Field Theory, calculations are performed order by order in perturbation theory.
Calculating the first term in the series is referred to as leading order (LO). Adding an
additional term is referred to as next-to-leading order (NLO), etc. The Drell-Yan process
(pp — eTe™) is calculated to NLO below in order to illustrate the steps of a fixed-order
calculation.

The Feynman diagrams that represent this calculation are shown in Fig. [3.2] Feynman
diagrams are a means to pictorially represent the calculation of the scattering matrix element.
To simplify the calculation, the hadronic matrix element is separated from the leptonic matrix
element. The leptonic matrix element is the same for both the leading order calculation and
the next-to-leading order calculation, and the diagram is represented by the right half of

each diagram of Fig. [3.2] The result for the leptonic martix element is given by:

L,uu =4 [2 <f% + f]2~2) (ll,ul2y + l2,ully — Guv (ll ’ ZQ))

+ (f% - f%) ifuupaqplifg] ) (3.8)

where g, = 11+ oy, Loy = L1y — oy, llu/l2u is the momentum of the lepton and anti-lepton

respectively, and f /R are the left and right handed couplings respectively.
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(a)

(b) ()
(d) (e)

Figure 3.2: The diagrams that contribute to the ag correction to Drell-Yan. @ is the born
diagram. is the virtual coupling correction. is the wave function correction. @ and
@ are the real corrections
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The leading order calculation for the hadronic matrix element is done in d-dimensions,
with d = 4 — 2¢, since this dependence will be needed to obtain the correct result after

calculating the virtual correction. The hadronic matrix element is given by:

HW =4 [2 (g% + g%) (P)'Ps + pirh — " p1 - p2)

(9% - 912{) ieW‘)‘ﬂpzapm] , (3.9)

+

where g /R are the left and right handed coupling of the quarks to the vector boson, p; is
the momentum of the incoming quark, and po is the momentum of the incoming anti-quark.

At next-to-leading order, both the virtual corrections and real corrections are required.
The virtual corrections contain a virtual gluon connecting the two initial state partons (ver-
tex correction, Fig. , as well as a virtual gluon connecting one initial parton to itself
(self-energy, Fig. . However, in Dimensional Regularization the self-energy diagrams do
not contribute if the quark is massless, which is the case here. The real correction contains
a real gluon being radiated off of one of the external legs, and also a gluon splitting into
a quark anti-quark pair, as seen in Figs. [3.2d] and respectively. Both of these con-
tributions are required in order to ensure that the soft divergences cancel according to the
KLN theorem [140} 141]. The KLN theorem states that in the SM that all IR divergences
that arise from loop integrals (virtual corrections), must be canceled by phase space correc-
tions. In addition to these two contributions, the renormalization of the Parton Distribution

Function needs to be included to ensure that the final result is completely IR finite.
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3.2.1 Real Corrections

In performing the calculations of the born contribution, the virtual contribution, and the
real contribution, it is possible to separate the leptonic piece of the matrix element from
the hadronic piece of the matrix element. First, consider the vector boson gluon final state

hadronic matrix element. The matrix element is the sum of the left hand sides of the diagrams
in Figs. , and . Defining the Mandelstam variables as: ¢t = (k — ), u = (¢ — 1),

and s = (k + 1)2, the hadronic matrix element is expressed by:

8
HW:E(Q%+9%) [(pzpz +p1p1)< 49%) (1 - ¢)
+4sqMq"e — gM (<q2—u> t ) (1—¢)
—gt <2q25—2tu>e+(p1q +¢"pY) <2 - ) (1—¢) +2<—q2+u> e)
+ (phd” + ¢'"ph) (2 (q —u) 1—€)+2 ( q +t) ) (PP + phpY) (4(]26)}
8

+—i (97— gh) |7 %prags (2 (s +u) + " Ppaagy (<2 (s + )] (3.10)

The hadronic matrix element can be separated into a symmetric and anti-symmetric piece

under the change of p1 — —p1, p2 — —p2. The symmetric piece is thus:

Sl — % (g%%—g]?%) [(l“l” + EFEY) < 92> (1-—
+4sqtq’e — gMv (<q2 — u) q - t) ) (1—¢) (3.11)
—gh <2q 5 — 2tu) e+ (k"q" + ¢"k") (2 <q2 ) 1—¢€)+2 (—q2 + u) e)
2

+ (IMg" + ¢"1Y) (2 (q2 - u) (1—¢)+ ( @+ t) 6) + (KMY + 1MEY) <4q26)} ,
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and the anti-symmetric piece is:

8

HA = 2 (g3 = g) [ hags (2 (s + u) + e Plagg (-2 +1)|  (312)

With both the leptonic and hadronic matrix element, the amplitude squared is:

64 Q2
2
[Mlgqg=H"Lyw = ——

[(g% + g%) (f% + fﬁ) (a <(t - Q2>2 + (u - Q2>2) +4 ((k 9)? + (1 512)2>

6( at+u 4(k-l12+l~l12)2)>

+ (g2 —a%) (12— 12) (4 (t- Q%) (k- ho) =4 (u=Q*) (1 12))] . (3.13)

where @ = 1 in 4-dimensions, and @ = 1 — € in d-dimensions. Finally, the color average factor
(% X %) and the spin average factor (% X %), in addition to a sum over the initial state colors
(3) needs to be included in the final result.

To obtain the calculation for quark-gluon initial states, crossing symmetry can be used,

which is defined by the following transformation for this process:

p1—p2, ¢—q p1L—q¢—p1—p2, —(P1+Dp2—4q) — D1, (3.14)

u—s, s—t, t—u. (3.15)

Additionally, the color and spin factors need to be modified since there is now a gluon in

1 1 1

the initial state. In d-dimensions, the spin factor goes from 5 X 5 — —ey < %, and the

color factor is zl); X 31; — % X % Finally, since there is an exchange of an outgoing particle

with an incoming anti-particle, the final result needs to be multiplied by (—1). This gives
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the amplitude squared as:

M2, = 64%%2 ((g% +a3) (13 + 13) (a (_ (-2) (s Q2)2)
—4 <<k g+ 1 l12)2 + (- l12)2> + € (a (u + 3)2 +4(k- l12)2>>

+ (g2 —ah) (12— 12) (-4 (v = @) (- 12) =4 (= Q*) (k-2 +1-112) ) ).
(3.16)

Similarly, for the anti-quark-gluon initial states, again crossing symmetry can be taken
advantage of to obtain the same result as Eq. |3.16] but with a change of sign for the anti-
symmetric piece. With the real corrections calculated, the virtual corrections are needed to

complete the NLO correction to the Drell-Yan process.

3.2.2 Virtual Correction

Finally, to obtain the complete NLO correction to the total cross-section to the Drell-Yan
process, the virtual corrections need to be calculated. The diagram that contributes a
non-zero result up to one-loop in the strong coupling are given in Fig. 3.2bf When using
dimensional regularization to calculate the loop contributions, the loops on massless external
legs lead to a contribution of zero, since the loop integral obtained is a scaleless integral, and
thus must be zero. From a physics standpoint, this can be seen by the fact that the UV-
divergences exactly cancel the IR-divergences in dimensional regularization (e = —€rp)-
Therefore, only one diagram remains to be calculated. Additionally, when performing the
calculation, only the terms proportional to ag need to be considered. From this, the virtual

matrix element squared does not contribute, but the interference of the one-loop diagram
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with the tree-level diagram does. The hadronic matrix element is given by:

A = 4(0+2f () (2 (0] + g) (B0 + 1700 = g (1)

virtual
—21 (g% - g%{) e“yo‘ﬂla/%) : (3.17)
where
s AP\ ¢ 1 2 3 5
_ s I , 1
f(e) 47TCF(Q2) F(l—e)( i 8+ (3.18)

Details of obtaining f (¢) can be found in App. . The one-loop matrix element squared is

thus:

M7 16 (1 +2f () Q"

vitrual —

((g% + g%) <f% + f12%> <2a — 1+ cos? (9)> + (g% — g%) (f% — f12%> 2 cos (0)) )
(3.19)

Eventually, the limit of € to zero will be taken and the divergences in f (¢) will cancel with
those in the real correction once the additional radiation is integrated out and also with the

corrections to the PDF.

3.3 NLO DY Total Cross-Section

It is convenient to express the matrix elements in terms of angular functions in the Collins-

Soper Frame. At this order, the matrix element can be expressed using the following angular
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functions:

L =1+ cos?0, (3.20)
Ay = % (1 — cos? 9) : (3.21)
Aq = sin 26 cos ¢, (3.22)
Ay = % sin 0 cos 2¢, (3.23)
Az = cos b, (3.24)
Ay = sinf cos ¢. (3.25)

Rewriting the real matrix elements in terms of these angular functions gives the following
for the ¢q channel:
2 2
@0+ (@0’

2 _
|M|yq = 64 " 5

((o7 + k) (574 13) (B0 - i) + (g3 = o) (/E = 13) 1), (3.26)

where the H functions are given by:

2 2 2 92 2
ar (@ —u)" - (@ —1)" qr@Q
H=L+—F"—F (A A A 3.27
1 +Q2—|—q%( 0+ 2)+(Q2—u)2+(Q2—t)2Q2+Q% 1 (3.27)
oy =L (t £’ (@+2)° i (Ao +A2)  (3.28)

(@ —u)’+(Q2-1)?  (@2—u)+ (@ -1)* QP +a7
20 (@-w)’ = (@t 2

Hy = As + A
Jo i T (@0t (@07 o2y g

There is a similar set of relations for the quark-gluon and anti-quark-gluon initial state

(3.29)

processes, see App. [F] It is important to note that the coefficient of Ay and Aj is identical at
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NLO. This is known as the Lam-Tung relation [142] [143] 144]. A more detailed discussion of
the angular functions for Drell-Yan, the breaking of the Lam-Tung relation, and a comparison
of the ResBos2 code to LHC data can be found in Sec. 4.3

In the real diagram, the divergences come from when the gluon becomes soft or collinear
to an initial parton. In other words when the transverse momentum of the vector boson goes

to zero. In the limit g — 0, the terms proportional to ﬂlz— for the gqgq channel are:
a7

2

’M‘gingular - 64% ((g% + 912%) <f[2, + f}%) 1L+ (g% - 9]2{) (f% - f%) 2/C2.A3) , (3.30)

with

1 2 3
K1 :g5<1_ZA)5(1_ZB) (ln (%) —§>
i 1+2124 .
U%((l—m)f“ )

— 5 (1= 24) (1= 2p)) + 24 ¢ 2, (3.31)
ar

2 2\ 3
/CQZg(S(l—ZA)(S(l—ZB) (ln (?—%) —§>

2
- L (<1+ZA> 5(1—zB)+zA<—>zB), (3.32)
+

¢ \\1-2a

where z 4 /B is the partonic momentum fraction of the parton from hadron A/B respectively,
and ﬁJr is the plus-function and its properties can be found in App. . There are similar
expressions for the quark-gluon and anti-quark-gluon initial states (App. |[F]). The most im-

portant difference between the quark-anti-quark and (anti-)quark-gluon expressions is that

there are no terms proportional to §(1 — z4)d(1 — zp) for those with gluons in the initial
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state. Integrating out the transverse momentum of the vector boson results in the poles that
are needed to cancel the double poles in the virtual correction. In order to obtain a full can-
cellation of the poles, the parton distribution functions need to be renormalized. Once the
poles for the PDF renormalization are included, then all of the poles will be canceled, and a
finite result will remain. To obtain the singularities from the real correction, an integral over
the phase space is needed. Details on d-dimensional phase space integrals can be found in

App. [F] The results of the phase space integration are shown below for the singular terms.

102 —Q2
+4(1+2) (%) 2 (1;:22) In z> . (3.33)

Similarly, performing the phase space integration over the virtual result gives the following

dol as [4rp?\°€ 1 2 2 (1+ )2
799 _ Qs H L5122 TE)
ooCp - ( ) =0 25(1 2) @

results:

dogq as [Amp\© 1 2 3
a9 S H 8 2 )
;Z 1 Z . . 4

Comparing Egs. and the terms proportional to 1/€? cancel, as required by the
KLN theorem. However, there remains a divergence which is canceled by the definition of

the parton distribution functions. The singularities of the PDF's are:
2 as [(1+2?% 3

which exactly cancels the remaining poles. Combining the real and virtual correction results

in the total cross-section for Drell-Yan at NLO. At this order, the result is completely UV
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do/dg; (pb/GeV)

Figure 3.3: Plot showing fixed-order versus resummed predictions. The dashed curves
correspond to fixed-order calculations, and the solid curves correspond to resummed

finite. At higher corrections in ag this is no longer true, and requires the strong coupling to

be renormalized as discussed in Section [.3.2] Details on the calculations to NNLO can be

PP -+ EUY = FI+X

Je=T Te¥  MNMNPFDF3.0

o
TR
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I¥Res pig=jip=Q=mg 2
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T, pg=pp=mmg/2
NLLA+MNLO, NNLL+NMLO

gy (GeV)

predictions. The plot is reproduced from Ref. [15]

found in [145], and parts of the calculations to N3LO can be found in [146, 147, [14S].

3.3.1 Breakdown of Fixed-Order

When using fixed-order calculations, certain distributions contain integrable singularities,
resulting in nonsense theoretical predictions in certain kinematical regions. For example, the

transverse momentum distribution of the vector boson in Drell-Yan displays such properties.

This is seen in the g7 distribution at NLO and NNLO for Drell-Yan in Fig. [3.3]
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As the calculation is performed at higher and higher orders the small g region will



oscillate, as seen in Fig. comparing the red dashed (NLO) and blue dashed (NNLO)
predictions. As the orders increase, the result continues to oscillate, but will never reach a
stable result until all orders of the calculation are included. The solution to this problem is
the introduction of the resummation formalism, which sums up the large logarithmns that

appear at each order in the fixed-order calculation.

3.4 Resummation Formalisms

The dynamics of multiple soft-gluon radiation in scattering processes is treated through the
use of the resummation formalism [149] 150, 151, 152], 153]. There are many applications
of resummation at modern colliders. In this work, the focus will be on the treatment of
transverse momentum resummation. The formalism was originally shown to be possible for
all the large logarithms (leading and subleading) to all orders by Collins, Soper, and Ster-
man [138]. The formalism developed in their work will be referred to as the CSS Formalism.
A more recent formalism was developed by Catani, de Florian, and Grazzini, which is known
as the CFG Formalism [I54]. The details of the two formalisms are explained in Sec. [3.4.1]
and Sec. respectively. The differences between the two formalisms are highlighted in
Sec.[3.4.3] The remainder of this section will focus on the general outline of g7 resummation.

Firstly, resummation is a means to relate the different scales of a multi-scale process to
a single scale, which also removes the large logarithms that result from the large difference
between the scales. Therefore, the first step is to factorize the cross-section calculation into
the different scale regions that are involved in the calculation. The regions that are important
to this work are known as the hard factor, the soft factor, and the collinear or jet factors. A

diagrammatic representation of each piece for the Drell-Yan process can be seen in Fig. [3.4]
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Figure 3.4: A diagrammatic representation of the factorized cross-section for Drell-Yan,
broken into a soft, collinear, and hard factor. The soft factor is labeled by the S, the
collinear factors are labeled by the C’s, and the hard factor is labeled by the H

and can be expressed as:

do

IRy o< H () St i) Cr (s o) Co(p, 1) J (1, Rit), (3.36)

where H is the hard factor, S is the soft factor, C'; and Cy are the collinear factors for each
incoming hadron, and J is the jet factor. The remainder of the section is to discuss the
calculation of the soft factor, and derive the well known Sudakov factor. Starting from the
fixed-order calculation up to the nt® order in ag, the result can be split into a singular piece,
and a regular piece. The singular piece are terms that are proportional to L2 log™ (Q—;)

a7 a7
(m=0,1,...,2n—1) and 0(g7), and the regular terms are less singular than those previously

2
mentioned. As detailed in Sec. |3.3.1} this calculation breaks down when oz?—lg log™ (%)
T T

becomes large.
To resolve this issue, the logarithms need to be summed to all orders to obtain a finite
result in the limit g — 0, and remove all large logarithms from the final result. In order to

perform the resummation correctly, the cross-section needs to be Fourier transformed into
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impact parameter (b) space. In impact parameter space, the total transverse momentum is
explicitly conserved [I55]. After the Fourier transform, the cross section can be expressed

as:
do 1
dQ%dq3dy  (27)

> / ATV (b, Q, 21, 79) + Y (g7, Q.1 72),  (3.37)

where TV contains the resummation of the singular pieces of the cross section, and Y contains
the regular pieces of the cross section defined by taking the fixed-order calculation and
subtracting the asymptotic piece. The asymptotic piece contains the terms that are at least
as singular as ﬁlj in the fixed-order calculation in the limit g7 — 0. The calculation of the

a7

asymptotic piece up to a3 can be found in Secs. 3.5.2|

By studying the form of the singular piece, the x; and xo dependence in W can be

factorized into:

W (b,Q,21,79) = Y_C; (b,Q,21) C; (b, Q.x2) W (b,Q), (3.38)
J
where C} is a convolution of the PDFs with a collinear Wilson coefficient, with the convolu-

tion defined as:

ci=Y / 1 C 05 (Z0.1.Q) fu o). (3:39)

where Cj, is the Wilson coefficient, f, is the PDF, the sum a runs over all incoming par-
tons, and j represents the parton that enters into the hard cross section calculation. These
functions are the collinear factors as previously mentioned. The remaining term contains

the hard factor, and the soft factors.
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W is determined by solving the evolution equation [156]:

0

Tiog g2V (@) = [ (b5 (10) + G (Q/ s gs ()] W (@:0), (3.40)

where K (bu, gs (1)) and G (Q/p, gs (1)) satisfy the renormalization group equations (RGEs),

dljguK (bi, gs (1)) = =7k (95 (1)) (3.41)
dlfgﬁ (b/1,95 (1) = 7K (95 (1)) , (3.42)

where vg is the anomalous dimension, calculated from the singular terms of the cross sec-
tion []. Through the RGE equations, K (bu, gs (1)) and G (b/u, gs (1)) can be evolved inde-
pendently to scales of order 1/b and Q respectively, removing all large logarithms from the
calculation. After solving these equations, the A and B functions can be defined such that

Eq. can be rewritten as:

_9
0log Q2

C2Q2d 2 02 2 -
L %<A<gs<u>,01>1og 2 +B(u),01702>>W(Qab):
C2/p2 H K

Wi -
(3.43)
where C1 and (9 are arbitrary constants of integration arising from solving the RGEs. It
is possible to calculate the values for the A and B functions order by order in perturbation
theory.
Finally, to obtain a result that can be used to make predicitons of the cross section, the
evolution equation of W needs to be solved. The solution can be written as

1 — _S(Q’b) 1 &
W (Q,0) = e W (C2b,b> : (3.44)
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where S is known as the Sudakov factor, and is given by

22

C3Q% 42 C

Putting all of the results above together, the resummed cross section can by written as:

do H 2, idpb —S(Q.b Ch C1
= b iTbe=S@ONT o (L 0 vy ) 0 (21,0, 29 ) +Y (g7, Q, 71, 72).
(3.46)
This is the general form for transverse momentum resummation. However, this form is not
the final form used in calculations, due the fact that when the impact parameter becomes

large, the scale of resummation goes below Agcop. Therefore the calculation becomes non-

perturbative. To prevent using a scale below Agcp, the b* prescription is introduced, where:

. (3.47)

where byqz is chosen such that 1/by,qz is of order Agcp- The lower bound of the Sudakov
integral is then modified from C%/b? to C%/b2. This functional form prevents b* from ever
being large than byq,, preventing scales below Agop. However, this causes the prediction
to be inaccurate at low g7, since a piece is removed by the b* prescription. To resolve this,
a non-perturbative function needs to be introduced.

There are many different proposals for the form of the non-perturbative function [157,
158 [159] 160]. In this section, the general concepts of the non-perturbative function will be
covered. The method of obtaining this function is through fits to data. It is believed that

the non-perturbative function should be universal, and only depend on the color structure
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of the initial states. Details on a specific proposed non-perturbative function can be found
in Section [3.4.4] This then gives the final form of the resummation formalism in a scheme

independent way as:

do H / 2 ighb, ~Spert ,—S
_— = dbe'iT e Pperte ™ NPC' @ f,C @ f, (3.48)
dQ2dgidy Zj (2m)? Y

where Spert is the Sudakov factor, while Sy p is the non-perturbative Sudakov factor. Finally,
up to this point the integration coefficients (C7, Co, and C3) were left to be arbitrary. The
canonical choice for these scales are given by C| = by, C9 = 1, and C3 = by, where by =
2¢7E. In Section , the relationship between the canonical scale choice and any arbitrary
choice is calculated. The theory uncertainty due to the missing higher order corrections can

be estimated by modifying the values of C'1, C, and Cg as discussed later in this chapter.

3.4.1 Collins-Soper-Sterman Formalism

So far, the resummation formalism has been developed in a resummation scheme independent
way. Here, the Collins-Soper-Sterman Formalism is introduced [I3§]. In this formalism, the
hard matrix element, H, is taken to be 1, with no corrections as a function of ag, and the B
and C' coefficients become process dependent. The A, B, and C' coefficients can be expanded

as a series in oy as:

A=3 (%)” A (3.49)
B=Y (%)n B, (3.50)
Ciy =i+ Y () ¢, (3.51)



For Drell-Yan, the coefficients for A up to ag, B up to ozg and C' up to as are given with

the canonical scale choice as [161], 162} 163, 164 165, 166]:

AW = cp,

A(2)=% F((%_%Q) A—ng),

AD <0F2Nf (QS B %) - % e (1553 N 171;04
roany (52 + o )

BW = —gCF,

B _ %(%2_%_3@,) +CpCy (% 2—% gC?,

1 1

C’éé)(z) = §C’F(1 —z)+6(1 - Z)ZCF (7?2 — 8) ,
1

Clg(2) = 521 - 2),

Cy () = C(z) = L)) =0,

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
(3.58)

(3.59)

where Cp = 4/3, Cy = 3, and Ny is the number of active quarks. The results for B®) can

be found in Ref. [I67], and for C(2) can be found in Ref. [168][1

3.4.2 Catani-deFlorian-Grazzini Formalism

Catani, deFlorian, and Grazzini realized that the behavior of soft gluons is independent of

the hard process, and developed a resummation formalism in which the hard factor which is

process dependent can be pulled out of the Fourier Transform [169]. This then leads to the

Ihe results for B3) and ¢(2) can be found in App.
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calculation in impact parameter space only depending on the initial state partons, and not

the hard factor. Like in CSS, the A, B, and C functions can be expanded as a series in .

However, in addition to these three, the hard factor H is not fixed to one, but can also be

expanded as a series in ag. In the CFG formalism, the A, B, and C coefficients are given

by:

AW = cp,
2
@2 _1 67 = o
AT =50r ((18 6) A9 )
CpN 55\ N7 11¢; 1nt 67n2
(3) _ FiVf I _f 2 3 _
A OF( 5 (43 48) 0s "9\ T T e T
~7¢3 . 51?209
+Caly (7 M @)) |
m__3
B QCFa
~17 883
B(2) — ((—3 + 24(¢s — 48(3) C% + (T - ?CZ + 24<3) CrpCy
2 16
T (g + ggz) CFNf) /16 + Crfoce,
1
Cig () = 5CR(1 - 2),
1 1
Cii(2) = 5C2,
1 1
C(gg)(Z) = 52(1 - 2),

Cy () = C(z) = Cl)(z) = 0.

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
(3.66)
(3.67)

(3.68)

The relationship for obtaining the A, B, and C' coefficients in the CFG formalism from

the coefficients in the CSS formalism can be found in Sec. [3.4.3] The hard factor is process

81



dependent, and for Drell-Yan are given as:

HPY(W) — o (g - 4) , (3.69)

2 4 2 4
DY(2) _ 59¢s 1635  215m% w1 5 511 67a%  1in
H CFCA( s 102 "o 2a0) TaE (TS T A T T

1 2
+ 507N (192G + 1143 — 1527) | (3.70)

up to O (ag) [154].

3.4.3 Comparison of CSS to CFG

The conversion between the CSS and CFG Formalisms can be given using the all orders

relations [169]:

1
Cip(z) = [Hf] ® Cap(2), (3.71)
dln HF
F _ _ c
B =B. -5 Tno (3.72)

where the I’ superscript is used to indicate which pieces are process dependent, and f is
the function that describes the running of oz5E|. This can be expanded order by order to
give a conversion between explicit CSS and CFG coefficients. It is important to note that

the A coefficients are always universal, and B (1) is also universal (only depends on the color

23ee Section for a detailed discussion of the 5 function.
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structure of the initial state). The conversions up to N3LL resummation are listed below:

cr ) = ) + dws - 2z (373)
1 1 1 2
O (2) = O () + SHPDTC) ) + 8o (1 = 25 (Hc(f)F 5 (1) ) . (374)
BT = B 4 gouVE (3.75)
2
353)F = B£3) + B1H§1)F + 25 (HC(lQ)F - % (Hc(ll)F> ) , (3.76)
. 2 .
with Gy = 110141—22Nf and B1 = T 5CA2]Zf RNy .

Comparisons between the numerical results, and how each compare to data can be found

in Section [.I]and 4.2

3.4.4 Non-Perturbative Contribution

As mentioned above, the resummation formalism needs to be cut-off at large values of impact
parameter. Originally, the functional form was taken to be solely for the calculation of Drell-
Yan. However, recent work in the transverse-momentum dependent PDF community (TMD)
propose that the functional form should be universal.

The most successful form for the non-perturbative function is the Brock-Landry-Nadolsky-
Yuan (BLNY) fit to the transverse momentum dependent Drell-Yan lepton pair production
in hadronic collisions [I57, 170]. The BLNY fit parameterizes the non-perturbative form
factors as (g1 4+ g2 In(Q/2Qq) + 9193 In(100x129)))b? in the impact parameter space with
and xo being the longitudinal momentum fractions of the incoming nucleons carried by the
initial state quark and antiquark. These parameters are constrained from the combined

fit to the low transverse momentum distributions of Drell-Yan lepton pair production with
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4GeV < @ < 12GeV in fixed target experiments and W/Z production (@ ~ 90GeV) at
the Tevatron. However, this parameterization does not apply to the semi-inclusive deep in-
elastic scattering (SIDIS) processes measured by HERMES and COMPASS collaborations:
extrapolating the above parameterization down to the typical HERMES kinematics where
Q? is around 3GeV?, the transverse momentum distribution of hadron production in the
experiments cannot be described [I71], [172].

A parametrization form that can consistently describe the Drell-Yan data and SIDIS
data in the CSS resummation formalism with a universal non-perturbative TMD function is
proposed below. In order to describe the SIDIS data, it is necessary to modify the original
BLNY parameterization. In the original BLNY parameterization, there is a strong corre-
lation between the z-dependence and the Q?-dependence [I57, I70], since zjz9 = Q2%/S
where S is the center of mass energy squared of the incoming hadrons. Therefore, the x-
dependence will be separated out, and assumed to follow a power law behavior: (zq/ x))‘.
These two parameterizations (logarithmic and power law) differ strongly in the intermediate
x range. Secondly, the In () term in the non-perturbative form factor is modified by following
the observation of Ref. [I71, 172], which has shown that a direct integral of the evolution
kernel can describe the SIDIS and Drell-Yan data of Q? range from a few to hundreds of
GeV2. Direct integration of the evolution kernel leads to a functional form proportional to
In(b/bs) In(Q), instead of b?In(Q?). Therefore, the experimental data will be fit with the

proposed non-perturbative function defined as:

9162 + g2 1n(b/b.) I(Q/Qo) + g3b? ((wo/m1)* + (w0/22)*) (3.77)

where Q% = 2.4GeV?, xg = 0.01 and A = 0.2, and are fixed in the fit. This new non-
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perturbative function will be referred to as the Sun-Isaacson-Yuan-Yuan (SIY'Y) non-perturbative
function. The z-dependence is motivated by a saturation picture for parton distributions at
small-z. This functional form also has mild dependence on x in the intermediate z-range as
compared to the original BLNY parameterization.

After obtaining the TMD non-perturbative function from the fit to the Drell-Yan data,
the fit is applied to the transverse momentum distributions in SIDIS processes from HERMES
and COMPASS.

In the BLNY parameterization, the gy term is responsible for the Q2 dependence, which is
modified in order to describe the Drell-Yan and SIDIS processes simultaneously. At small-b,
the above function reduces to b2 behavior, which is consistent to the power counting analysis
in Ref. [I60]. However, at large b, the logarithmic behavior will lead to different predictions
from BLNY.

To constrain the values of g1, g2, and g3 a global fit is performed on the Drell-Yan data.

The data that is included in the fit is listed below:

e Drell-Yan lepton pair production from fixed target hadronic collisions, including R209,

£288 and E605 [16] 18, 17].

e 7 boson production in hadronic collisions from Tevatron Run I and Run IT [19] 20, 21]

2.

In total, 7 Drell-Yan data sets from 3 fixed target experiments and 4 Tevatron experiments
are included. While the LHC data was not included in the fit, the fit is compared to data
from the LHC afterwards, and is shown to be in good agreement. In total, there are 140
experimental data points, and g1, g2, and g3 as free parameters in the global fit, with

bmar = 1.5GeV 1. In the numerical calculations, the CT10-NLO parton distributions at
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Parameter ‘ SIYY1 fit ‘ SIYY? fit ‘

g1 0.200 0.18084
g2 0.810 0.16741
93 0.0204 0.00323
E288 Npit = 0.82 | Ny = 0.757
(28 points) (Norm Err = 0.25) | x? = 52.6 x? = 38
E605 Npip =086 | Ny = 0.824
(35 points) (Norm Err = 0.15) | x2 = 63.5 x? =61
R209 Nyt = 1.02 | Ny = 0.956
(10 points) (Norm Err = 0.1) x2=3 X2 =5
CDF Run 1 Ny =1.06 | Npy = 1.048
(20 points) (Norm Err = 0.04) x? =10 x> =93
DO Run 1 Npit = 0.93 | Nyy =094
(10 points) (Norm Err = 0.04) 2 =7 x> =63
CDF Run 11 Npir = 0.990 | Npyy = 0.992
(29 points) (Norm Err = 0.04) | x? = 30 X2 = 26.2
DO Run II Npip =094 | Npy = 0.939
(8 points) (Norm Err = 0.04) X2 =37 X2 =36
| X’ | 169 | 150 |
| x*/DOF | 121 | 107 |

Table 3.2: The non-perturbative functions parameters fitting results. Here, Ny;; is the
fitted normalization factor for each experiment.

the scale 1 = by/bx are used [173]. An additional fitting parameter (Ny;;) is assigned for
each experiment to account for the luminosity uncertainties.

In Figs. 3.6, 3.7, and [3.9] the best fits to the Drell-Yan data from E288, E605,
and R209 Collaborations, and Z boson production from the CDF and DO Collaborations at
the Tevatron Run I and II are shown. The fitting results and y2 distributions are listed in
Table [3.2l The plots and the table show that the SIY'Y non-perturbative function provides
a reasonable fit to all 7 experimental data with 3 non-perturbative parameters g1 2 3 and 7
independent normalization factors.

In the above fit, SIYY2 is an update fit to the BLNY fit, with the choice of by, = 1.5

instead of the traditional value of 0.5. This fit is updated as well to estimate the uncertainty
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Figure 3.5: Fit to the differential cross section for Drell-Yan lepton pair production in
hadronic collisions from E288 Collaboration [16].

in the non-perturbative fit due to the parameterization of the non-perturbative function.

Among these parameters, the most important one, relevant to the LHC W and Z boson
physics, is g9 which controls the (Q? dependence in the non-perturbative form factors. From
the x? distribution in scanning the gy parameter as shown in the left panel of Fig. [3.11] its
uncertainty is given as:

g2 =08140.06 (at 90% C.L.) . (3.78)

In order to demonstrate the sensitivity of go on different experiments, in the right panel of
Fig. [3.11] the Ax? distributions are plotted as functions of go from separate data sets: one
from the Drell-Yan experiment E288, the combined contribution from all other Drell-Yan
experiments, and one from Tevatron Z-boson experiments. From this figure, it is clear that

the strongest constraints come from the precise Drell-Yan data at fixed target experiments,
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Figure 3.7: Fit to the Drell-Yan data from the R209 Collaboration [I§].
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i.e., the E288 experiment. It is also interesting to note that, although the Tevatron data for
Z-boson production is the most precise data, it does not pose a strong constraint on the go
parameter. This can be understood as a result of the dominance of the perturbative contri-
bution to the transverse momentum distribution of W/Z boson productions at these collider
energies. A similar observation was made in Ref. [174, [159] with a different prescription to
introduce the non-perturbative form factors. However, in the original BLNY fit, the Gaus-
sian form of the go term (gob® In Q) leads to a stronger effect on the W/Z boson production
as shown in Ref. [158]. The comparison of this non-perturbative fit to the SIDIS data can
be found in App. [F] As seen in the figures, the updated Gaussian fit is also consistent with
the data, and the two fits give a good estimate of the uncertainty due to the form of the

non-perturbative function.

3.5 The Asymptotic Piece and Obtaining Fixed-Order

Cross-Sections from Resummed Results

The asymptotic piece contains the terms that are at least as singular as ﬁlz, and can be
7
obtained in two manners. One way to obtain the asymptotic piece is to take the limit of
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qr goes to zero of the real correction. However, this explicitly involves integrating out all
the kinematic variables of the additional radiations, with the requirement that the boson
qr is the desired value, i.e. adding in a 5(2)(q} — > DT7;), where ¢ is over all additional
radiations. The other method of obtaining the asymptotic piece is to perform an expansion
of the resummation formalism to a fixed-order in ag. The expansion of the resummation

formalism reproduces all of the divergences that exist in the real correction, and thus the

3

two should cancel as g goes to zero. The second method is detailed below up to as.

An important cross check of the calculations, is to ensure that when the appropriate
expansions are made, the fixed-order total cross section is reproduced. In order to calculate
the fixed-order total cross section three pieces are needed, the singular piece below p%lt, the

cut t

real correction for g > p7'*, and the regular piece below p7t. The regular piece is the

difference between the real correction and the asymptotic piece. The contribution to the

total cross-section from the regular piece is small if p%ut is taken to be small. Throughout

this work, p%‘lt will be chosen to be small such that the regular piece provides a negligible
contribution and will therefore be ignored. For the leading order calculation, obtaining
the fixed-order calculation from the resummed result is trivial, and therefore the first order
discussed will be NLO. Throughout the following calculation, without loss of generality, the
choices for the resummation constants (C, Co, and C3) will be chosen to be the canonical
values for simplicity (C7 = C3 = by, Cy = 1). As will be discussed in the following section
(Sec. , all U1, Cs, and ('3 dependence should cancel in the expansion of the resummation
formalism to some fixed-order in ag. Therefore, the asymptotic, singular, and real piece do
not depend on the choice of resummation constants.

The asymptotic piece consists of terms that are at least as singular as qEQ. The singular

piece consists of terms that are at least as singular as g 2 plus it also includes the §(gr) terms.
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The expansion of the A, B, C, and H coefficients to O (o)) can be explicitly found up to
O (a?) in Section , Section , and Appendix for the CSS and CFG formalisms. The
expansion of both the CSS and CFG formalism result in the same singular and asymptotic
piece, so it is sufficient to only consider the CSS formalism. The lepton variables and angle
between b and gt are integrated out to simplify the discussion, but do not modify the results.

After these simplifications, the resummation formalism becomes:

d 1 R
lim U 5 5 / dnnJo (n) oS (n/ar.Q)
ar—0 dQ?dydqs. — 2mq7 Jo

xC® f; (xl, q%/nZ) C®f; <x2, q%/nQ) Yok (379)

where terms that are not of importance in the derivation have been dropped, and terms that

are less singular than é or d(qr) have also been dropped. The asymptotic piece is obtained

by integrating over n = bgp. This can be performed by using the following integration by

parts identity:

/O h dmmJo (n) F'(n) = — /O h dimJy (1) dl;gn) : (3.80)

which is true given that the boundary term vanishes, (nJl (n) F (77)%020 = 0>. Additionally,

the following integral results will be important in obtaining both the asymptotic and singular
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piece up to O (ag):

(

1, ifm=0
2
an—2, ifm=1

In® =5, if m=2

00 212
/O dnJi (n) In™ <M>= ln3Q—22—4C(3), if m=3

29
bhar

2
% —16¢(3) Y, ifm=4

2 2
In® 9 —40¢(3) In2 & — 48¢(5), it m =5,
a7 a7

2 2 2
n® < —80¢(3) In3 & — 288¢(5) In % + 160¢(3)2, if m =6,
\ a7 a7 a7
(3.81)

where by = e” "E | and g is the Euler constant. Up through m = 2 is needed for the O (as)
calculations, through m = 4 is needed for the O (ag) calculations, and all of the above will
be needed for the O (ag) calculations.

Secondly, the singular piece is obtained by taking the integral of ¢p for the O (a2)
corrections from 0 to pCT“t, and is calculated in a manner similar to the asymptotic piece,

with one key modification. Instead of using the integration by parts identity, the order of

integration between ¢ and b is interchanged, giving us the following relationship:

cut

1) b 1 [
2 /0 da / b TTF (b) = o /0 apt () F (). (3.82)

Finally, the calculation of the real corrections is needed. The additional jets then need
to be integrated out, and the singularities need to be canceled in order to obtain a finite

prediction. For NLO this is straightforward, and there is an analytic form. However, at
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NNLO this is not possible, and an external code with the parameters tuned to match that
of the ResBos2 code will be used to obtain this contribution. Additionally, to ensure the
external code is tuned correctly, it will be validated against the total cross-section at NLO.
Once the functional form for C4) is calculated, the ResBos2 code along with the Z plus jet

to NNLO calculation will be able to predict the N3LO total cross-section.

3.5.1 O (a,) Singular, Asymptotic Piece, and NLO Result

In this subsection, the computational details of obtaining the singular and asymptotic piece
needed for the NLO calculation are shown. Firstly, to obtain the asymptotic piece the

Sudakov factor is expanded to O (ay), S(b, Q) = SU (b, Q) + O (043), with S() given as:

1) _ Qs (QZ) 1 ( 5 QQbZ Q2 2
(b, Q) | 2A 2 + B0 2 (3.83)

Also, the convolution of the PDF with the C' function needs to be expanded to O (o).
At O (ay), the C function does not appear in the asymptotic piece at this order, but will
appear at higher orders. For the asymptotic piece, at this order it is sufficient to use the

PDF evolution equation given as:

R i GV RGO R

Using the integration by parts identity in Eq. [3.80} requires the derivatives with respect to

71 of the Sudakov factor and the PDF, given as:

ie S(n/ap.Q) — __QM A Q2 i +W| 10 (a?) , (3.85)
dn noow "R
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and
it (rbabit) = 2B (P, 0 ) (i) w0 (). 50

Combining these results with those from Eq. [3.81], the final results for the asymptotic piece

is given as:
q;-ivrgo dQ;cil#q% - %273(]% as<7§ﬂ) { [fJ (1‘1, Q2) (P]}<—b & fb) <x27 Q2>
i (92:@%) (Prea @ o) (01,07 (3.87)
+2[A0) m% + B i (21,Q) i (22.Q%) +j & /2;} +0(a?).

For simplicity, it is useful to introduce the following definition,

do oo 2n—1 o i) Q2
dQ?dyd? sm? 2.2 2 ( ) nCon I (7) (3.88)

T i5 n=1m=0 a7

which becomes very useful for organization beyond O (o). The definition above differs from
that found in Ref. [I75] by expanding in factors of % instead of g—g, and the overall factor

for the = term is 21

instead of = 1 . Using these definitions the above results are given as:
qT

) —oAW g g

1C(gi’j) = 23(1)fifj [f] (Pip ® f) fi ( ja ® fa)] )

Secondly, calculating the singular piece begins by expanding the Sudakov factor in the

same manner. However, instead of using the evolution of the PDF as a shortcut to obtain
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the derivative with respect to 1, the PDF is directly expanded to O (ay) as

b (e) =8 (m )+ 25 () (o) () w0 (). 0

where ,u2 is the factorization Scaleﬂ It will be convenient to again introduce the following

definition:

(p%Ut)Q 2 do _ 00 =
/0 “a T aQ2dydg. ~ 522 Z (

1,7 n=0m=0

n . 2
) WV (%) (3.90)
T

Combining this with Eq. we obtain the following results using the above definition of

nvn(zi’jx
= fifj,
i 1
1V2( 9 = —§A(1)f¢fj,
vi) _ g r r
11 fzf] [fj( zeb®fb)+fz( j<—a®fa)}>

f]( z<—b®f>+fl( ]<—a®fa)‘

Finally, the regular terms and real corrections can be found in Ref. [I76] in Section 2.2.5.
By combining these pieces, the NLO prediction can be calculated, and is implemented into
the ResBos2 code. As mentioned above, there is a p%‘t that is artificially introduced to
separate the singular region from the regular region. The numerical result at NLO is for the
total cross section for Drell-Yan in the invariant mass region of 66 GeV < M < 116 GeV
at a collider energy of v/S = 8 TeV. Furthermore, comparisons to other publicly available

codes tuned to have the same Electroweak parameters as defined in Ref. [68], and mentioned

3The higher order expansion for the PDF is detailed in App.

96



NLO Calculation Cross-Section
ResBos2 (¢§ = 0.1GeV) | 1113.3 pb
ResBos2 (g7 ot = 3GeV) 1115.1 pb
MCFM 1112.6 pb
FEWZ 1113.2 pb

Table 3.3: Total inclusive NLO Drell-Yan Cross-sections for 66 GeV < Mj; < 116 GeV.
MCFEFM calculation using version 8.0 [3]. FEWZ calculation using version 3.1_rc [4]

in Sec. [1.1.4] and using the CT14nnlo PDF [I0], can be seen in Table [3.3]

3.5.2 O (aQ) Singular, Asymptotic, and the NNLO Total Cross-

S

Section

At NNLO, the procedure above is extended to the next order in ag. The most important
difference from NLO is that the expansion of as(p?) needs to be considered. This expansion

is given by the following to O (ag’):

2 2 21\ 2 2 21\ 3 2 2
asgru ) _ 043(7/:3)_<045(7/: )) BoIn M2 (O@(MR)) <,6310g2u—2 y logu—Q)—i—O <a§>,
KR T KR KR
(3.91)

where §y and S are defined in App. [El and up is the renormalization scalelﬂ The Sudakov

factor then can be expressed as § = S(M) + 52 4 © (a?) with:

a2 (@%) 1

7

212 22
12Qb—b+B mQ ]

0 O

A

2) —
(4, = :

(3.92)

4The complete derivation of the result can be found in Appendix
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and after expanding ayg, the Sudakov factor is

212 22
S=%<1A 2L p, @0 )

2
m\2 b5 iy
as\2 (1 (1), , 2 Q% 1y 3 Q%% 1 (9), 2 Q%
N2 AWy m2 1 SA@2
+<7r> (4 foln 02 HQQ Doln R T2t T
212 22 22
50111@6 1n“f§+ =Bl 51n2Q L@, &0 +0( ) (3.93)
bO Q bO bO

A similar expansion as above is carried out for the convolution of the C' function with

the PDF. The results can then be expressed as:

o 1 QW . uE
C®ff+?< ®f—§P ®f< ) 1@

2
0

1 sas\2 Q2 2 2
(3) (4500(”®f< 5)
2

(1) Qb %“ Q ,u Q22 %2
_QBOP ®f IH?—FIH@ In bO —|—an —|—BP ®f bo _‘_ln@

1) o pO) Q% 1 2 4
+acWgp ®f< ? Q2>+8C ® f

(1) 1) QZbQ M% 2 Q2 2 2 5
+ PYRPY®f|In b(z) n@ 1+ 2p2 ®f bo Q2 +(9<a8>,

(3.94)

where pp is the factorization scale.
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Following the procedure used at NLO, the ,,C),’s for the asymptotic piece, are given as:

L5 = 2 (AW)* fi;,
2C5H9) = ( 6A1BM) 4 24( ﬁo) fifi =34 (£; (Picy @ fo) fi (Pjea @ fa))

o 2
2C§Z"7) ( ) 6o an_ +9243) _ (B(l)> + B(l)ﬁo) fifj+ 4AM) <C<1) ® fi> i

—24M (p ( ®fz) fin gf; 4B (P(l) ®f¢> f;
+ o (P(1> ®fi> fj— (P 1 g p() ®fi> fi— (P<1> ®fi> <P<1> ®fj) io

203”') _ (4 (A(l))2g(3) Mg, an—R +2B( ) fifj
+BY) (4( ®fz) fi—2 <P1 ®f2> filn Q22>

- Bo (4 (C(l) ® fl> Ji— < ® f,) fjn Q22>

+2<O(>®P ®fz>f]+2( (1>®fi><P(1)®fj)—<P()®P ®fl)fj1n

2
Q2
(008 (F0 6 )t (P00 ) i

where the ¢ <+ j corresponds to the same terms with ¢ and j interchanged. These results

above are consistent with the results of [I77]. Also, using the expansions above, the singular
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piece is given by

V) é (A(1)> fitj,
i) _ (%A(l)B(l) _ éA(l)B()) fifi+ %A(l) ((p(l) ® fz-> fi+ <p(1> ® f]-) fi) :

2
i), B s a0
4 8 4 L

+— - —) /i (P(l) ® f,) + é (P(l) 2 P g fz) Wi

— 1A(l) (C(l) ® fl> fit+s (P(l) ® fz) (P(l) ® f;) +i4 7,
)2 - 1ﬂoB(D In <@> - #) fit; - BY (C(l) ® fi) fj
+ %B(l) In (M—%> (P(l) ® fl) fi+ %ﬁo <C(1) ® fz) fi— % (C(l) o PU g fz) i

(P06 7) (P& ) + 1o (gé) (P P s 1) £
) (P(l) ®fi> fi— i (P(Q) ® fi) fitiey,
Wy = (1ﬁo<<3>A“> - <<3>A“>B<“) fify = <340 (PO & ;) )

cW g fi) (P(l) ® fj) . (“2F> (C(l) o PM g fi> ij

< 2\ @2
() @)+ (@)
it () (005

b () (o) (40 ) « o () (0000 1)

e ()



NNLO Calculation Cross-Section
ResBos2 (q%“t = 1.5GeV) 1111.0 pb
ResBos2 (q%“t = 4.5GeV) 1115.6 pb

MCFM 1116.6 pb
FEWZ 1111.0 pb

Table 3.4: Total inclusive NNLO Drell-Yan Cross-sections for 66 GeV < M < 116 GeV.
MCFEFM calculation using version 8.0 [3]. FEWZ calculation using version 3.1_rc [4]

Similar to the NLO calculation, the results can be compared to that from other publicly
available tools. Everything in the comparison is the same as it was in the NLO calculation,
with the exception that the real correction is obtained from SHERPA [I78]. The results are
shown in Tab. 3.4l

The results for the O (042) calculation can be found in the App. .

3.6 Scale Dependence

In the resummation formalism, there exists three constants that are a result of solving the
renormalization group equations. These constants are arbitrary, and should therefore not
appear in the expansion of the resummation formalism to a fixed-order in as. This implies
that the resummation coefficients, A, B, C, and H should depend on these parameters. Here
the calculation is done in the CSS scheme, but the CFG scale dependence can be obtained
using Eq.

To obtain the coefficients, the resummation formalism is expanded for arbitrary scales

and is compared to the canonical choice, (C7 = C3 = by, and Co = 1). In other words:

14 (ba Qv Cla 02: 03) ’(’)(a?) =W (b7 Q? Cl = b()a 02 = 17 03 = bO) ‘O(a?)a (395)
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where the definitions of C'1, (9, and C3 can be found in the scale dependent resummation

formalism given as:

0202 ; 2 22
2% d C50Q
W = exp (— / e (u;C1)10g( v )+B<u;01,02>>

CZ/p2 p
cp C cp C
cofu(ngh ) con (mg F). (3.96)

performing the series expansion of the previous equation, and using Eq. , to O (ag), the

scale dependence is given by:

A1) — 410 (3.97)
2
A®) _ A20) _ gy 4010 10 (b_g) 3.9
Ol
AB) = 4B 4 452 4(10) 1562 (b_o) — 2log (b_o) (ﬁlA(]-vc) + QﬁoA(270)> (3.99)
C; C
b3C2
B = o) _ 4(L) 140 (M> (3.100)
02
1
BO) _ B0 _ 4201 (@)
02
1

+ By <2A<1»C> log? (—0) — 241102 (Cy) + 2B Jog (02)> (3.101)

P (A(Q’C) log? (g_ol) +log (C) (B2) - A2)1og <cz>)) (3.102)
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012 i
2
1, O3
C1pg 8 (3.103)
2" Ja b3
9 1 b3C3 b2 1.2
@ = 2V (e) 45,0001 — &) [ = A A log? [ L2 ) 1og | L
J 4 Cl bO
Lo ooy (5068 ) oo (PFF ) L (410210t [ PBC3
+560B1 log 5 log 2 )+ (A ) log o
L1013 (B 1 e pte s (0003 ) L1 a0 b5C3
1250A log 012 8A B log 012 + 2B log 12

Lo, (503 1 000, 2 (03
+ §B Cja 1 012 ZA Cja | 12
2
(Lo _ 1A »(1) _1,@Y, O3
+ (ﬁ C]a icjb ® Py, — ija ) lOg%
1A(1,C)P(1) P(l) 1 23 1 (1,C)P(1) 1 1%022 1 Cg
+ g jb X ba og % — 4B ja g —12 og %
Lep@, 2 (803, C3 Bo,m), 203

Comparing these results to that from Ref. [I79], it is important to note the differences in
the definition of Sy and . In Ref. [I79], the § functions are fy = (11Cy — 2ny)/6 and
By = (17C% — 5Cgns — 3CFny)/6, while here By = (11C4 — 2ny)/12 and By = (17C% —
5Cny —3Cpny)/24. Note that this result is consistent with Ref. [179], except for the scale
dependence in C (@), Additionally, the calculation is extended to include AB) and BG). The
maximum uncertainty for the Sudakov factor arises for the choice C7 = by/2 and Cy = 2
and C1 = 2bg and Cy = 1/2, which can be understood from the fact that this has the largest
impact on the value of the Sudakov integral. The dependence of C3 for the uncertainty is

more complicated, because it deals with the complex energy and z-dependence of the PDF's.
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With the these scale dependence calculations, and the calculations of the previous sections
for the asymptotic piece, the comparison of the ResBos2 code to the LHC data for W and Z
physics is possible to a higher precision then previously. The comparison to the LHC data

can be found in Chap. [ and [5] for the Z and W results respectively.
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Chapter 4

/ Boson Resummed Predictions

At the LHC, one of the most important precision Standard Model processes to study is Drell-
Yan, specifically, with a focus on the Z boson mass peak. The precision of the data at the
LHC is at the sub-percent precision for the normalized distributions, and a few percent for
unnormalized distributions due to the luminosity uncertainty at the Z-peak. The transverse
momentum distribution is important for the study of soft gluon resummation. However, a
new observable was recently proposed at the Tevatron which has been shown to be more

accurate, known as ¢, [180, 25] and is discussed in Sec. .

4.1 Z pr Distribution

As mentioned in Chapter [3] the transverse momentum of the Z boson requires resummation
to describe the small pp region. With the precision of the LHC data, the current ResBos
code is insufficient, and the order of resummation needs to be increased, from NNLL to
N3LL. A comparison of the calculation using NNLL resummation to the data at ATLAS at
Vs = 8 TeV can be seen in Fig. . Clearly, there is a disagreement between the theory
and the data. There are two regions of disagreement between the theory prediction and
the data. These two regions can be categorized as: the intermediate transverse momentum

region, between about 10 GeV and 100 GeV, and the high transverse momentum region,
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Figure 4.1: Comparison of p% data from ATLAS compared to ResBos predictions,
reproduced from Ref. [23]

above 100 GeV. The resolution to each of these disagreements arises for different physics
reasons.

Firstly, in the high transverse momentum region, the ResBos code used the invariant
mass of the lepton pair for the factorization and renormalization scale. However, when the
transverse momentum is above the mass of the Z boson, the major contribution comes from
the process of a Z boson with one hard jet. In this process, the hard jet will have an energy
close to that of the Z boson, and the scale that appears in the calculation is the transverse

mass of the Z boson, defined as:

u’ = Mjj +p7, (4.1)

where Mj; is the invariant mass of the lepton pair, and pp is the transverse momentum of the
lepton pair. Changing the scale to the transverse mass results in better agreement between
the theory prediction and the data as seen in Fig. [4.2

However, in the intermediate transverse momentum region simply changing the scale
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Figure 4.2: Comparison of the ResBos2 calculation with a scale choice of 2 = M l21 + p2T to
the ATLAS data given in Ref. [23], focusing on the high transverse momentum region

to the transverse mass does not resolve the problem. Therefore, the precision of the theory
calculation needs to be improved. The order of the resummation calculation needs to be done
to N3LL, which means that the A coefficient is done to O (042), the B coefficient is done to
O (ag’), and the C coefficient is done to O (a%). The order of B needs to be one order higher
than that of the C' coefficient in order to have good agreement between the CSS and CFG
prediction as seen in Fig.[£.3] In the previously mentioned figure, only the IW-piece is included
to focus solely on the difference between the two schemes (the Y-piece is the same in both
schemes). The fixed order calculation for Z+jet at NLO is obtained from the Sherpa [I78]
program to correctly predict the angular distributions which is discussed in Section (4.3
Since the fixed order calculation contains a jet, the transverse momentum of the Z boson
is required to be greater than 2 GeV to remove the singularity at pp = 0. Additionally, it
has been shown that at this order the fixed order and asymptotic calculations cancel to a
sub-percent accuracy for pp ~ 2 GeV, as shown in Fig. [4.4] Finally, the matching of the
resummed prediction to the fixed order prediction needs to be performed at high transverse
momentum. In the ResBos2 code, matching occurs when the asymptotic expansion cancels

with the resummed calculation, i.e. W — A = 0. As seen in Fig. [4.5 there are multiple
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Figure 4.3: Comparison of the CSS and CFG formalisms, focusing on only the small
transverse momentum, and not including the Y-piece.
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Figure 4.4: Comparison of the fixed order piece up to O (ag) to the asymptotic piece up to
O (a%). The cutoff on the transverse momentum of both calculations is set to 2 GeV.

crossing points, and the first crossing past the peak is used as the matching condition.
Above the matching point, the prediction is set to be only the fixed order prediction. In
this matching scheme, the crossing occurs approximately around 20 GeV for the invariant
mass of the lepton pair near the Z peak, and in the central rapidity region, for a resummed
order of N3LL and an asymptotic order of O (ag). With the resummation calculation to
N3LL, asymptotic piece to @ (ag), the fixed order to NNLO, and the matching procedure
as described above, the ResBos2 code can be compared to the data.

The comparison of the ResBos2 code for both the CSS and CFG schemes to the ATLAS
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Figure 4.5: Comparison of the Asymptotic piece to O (ag’) to the N3LL resummed piece.
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Figure 4.6: Comparison of both the CSS(left) and CFG(right) prediction to data. The
PDF and scale uncertainty is given by the error bands. The lighter error band is the PDF
uncertainty, and the darker error band is the combination of the scale and PDF uncertainty.
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data [23] can be found in Fig. [1.6] In the figure, both the scale and PDF uncertainties
are shown. As mentioned previously, the high transverse momentum region is resolved
by switching the scale of the calculation, and this is supported by the results shown in
the previously mentioned figure. Additionally, by increasing the order to N3LL accuracy,
the intermediate transverse momentum is improved. There exists a calculation for Z+jet
up to NNLO [24], however, their results are not public enough yet to perform a detailed
comparison to the asymptotic piece up to O (ai). However, in their calculation, the k-
factor is approximately flat above the matching region, in which the fixed order is the only
calculation. To approximate these corrections at high transverse momentum, this k-factor is
included. One step for the future of the ResBos2 calculation, is to perform a matching to the
NNLO Z+jet calculation, when the results are public enough to check that the asymptotic
piece cancels exactly in the limit of the transverse momentum going to zero. The results from
the NNLO Z+jet calculation for the same data set as compared to above can be found in
Fig. and shows improvement in the intermediate transverse momentum region over the
NLO result. Therefore, the matching to this prediction would further improve the prediction

of the ResBos2 code.

4.2 7 ¢, Distribution

The QS:; observable is a new observable proposed at the Tevatron [180, 25] that only de-
pends on the angular distribution of the final state leptons, but directly correlates with the

transverse momentum of the Z boson. The definition of this observable is given as:

¢;'; = tan <7T —2A¢) Sin ((9;;) : (4.2)
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Figure 4.7: Comparison of the fixed order calculation of Z+jet to NNLO compared to the
ATLAS data. Reproduced from [24].
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Figure 4.8: The frame definition for ¢, reproduced from [25].

where A¢ is the azimuthal separation of the two leptons and 9;; is the measurement of the
scattering angle with respect to the proton beam direction in the rest frame of the Z boson.
8:; is given in terms of lab observables as cos («9;';) = tanh <#), where n~ and 7T are
the pseudorapidities of the negatively and positively charged lepton respectively, see Fig.
for a depiction of the frame. Taking the limit of the transverse momentum to zero, the gb,";
prediction can be approximated by:

ar .
¢p ~ ——sin oo, (4.3)
T My
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Figure 4.9: Comparison of gb;’; data from ATLAS compared to ResBos predictions,
reproduced from Ref. [23]

where ¢ g is the ¢ angle in the Collins-Soper Frame, g is the transverse momentum of the
Z boson, and Mj; is the invariant mass of the lepton pair. Using the equation above, the
correspondence between the gbj; distribution and the transverse momentum distribution may
be approximated, e.g. for Mj;; ~ My, the range of 1073 < qb;; < 0.1 radians corresponds to
a transverse momentum from 0.1 GeV to 10 GeV. From Eq. [4.3] the features can be mapped
to Fig. [4.9] and therefore can be explained in the same manner as before. Looking first at
the high ¢7’; region, the disagreement is again resolved by a change of scale, from Mj; to
M. For the intermediate ¢y region (0.1 < ¢j < 1), the calculation needs to be improved
as detailed above. Again Sherpa is used to obtain the perturbative prediction for Z+jet at
NLO for the transverse momentum above 2 GeV. The matching is done in the same way
as mentioned above, again matching in the transverse momentum distribution. Since the
results are fully differentiable, the qﬁ;’; distribution can be calculated from the lepton and
anti-lepton momentums.

Similar to the discussion above for the transverse momentum distribution of the Z boson,
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Figure 4.10: Comparison of both the CSS(left) and CFG(right) prediction to data. The
PDF and scale uncertainty is given by the error bands. The lighter error band is the PDF
uncertainty, and the darker error band is the combination of the scale and PDF uncertainty.

the improvement from the ResBos2 code is again noticeable. The PDF and scale uncertainties
for the ResBos2 prediciton of quf, can be found in Fig. 4.10, The improvement in the large
(;S;; region is again due to using the correct scale for the calculation. Also, the improvement
in the intermediate region is due to the increased accuracy of the ResBos2 code over the
ResBos code. Finally, the Z+jet to NNLO fixed order calculation [24] compared to the data
can be found in Fig. [£.11] The matching cannot yet be completed to this order, until the
results of the group become more public. However, once the matching can be performed,

the ResBos2 prediction should be even further improved.

4.3 Angular Functions

In Drell-Yan, the angular distributions of the charged lepton pairs allow for an additional
handle on precision QCD studies. The fully differential cross-section describing the kinemat-
ics of the leptons can be decomposed into nine harmonic polynomials in the Collins-Soper
Frame [181], (182, [183] [184]. It is convenient to factor out the unpolarized cross-section, and

write the differential cross-section as a function of the harmonic polynomials and dimension-
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Figure 4.11: Comparison of the fixed order calculation of Z+jet to NNLO compared to the
ATLAS data. Reproduced from [24].
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less angular coefficients, Ag_7 as:

do B do
dppdydQ?dcosfde  dprdydQ?

1
[ <1 + cos? 9> + §A0 (1 — 3cos’ «9) + Apsin26 cos ¢ (4.4)
1
+ §A2 sin? 6 cos 2¢ + Agsinf cos ¢ + Ay cosf

As sin? 6 sin 2¢ + Agsin 26 sin ¢ + A7 sin € sin qﬁ} :

It is important to note that only A4 is non-zero in the limit of pp goes to zero. There
is a well established relationship that states that Ag — A9 = 0, known as the Lam-Tung
relation [142] [143] 144], and is expected to hold up to O («y), but is known to break down at
@ (o@) as will be shown later. The coefficients A5 ¢ 7 are zero at NLO, and small at NNLO,
and thus will not be included in the comparisons to data. The coefficients A3 and A4 depend
on the relationship between the vector and axial couplings and are therefore sensitive to the
weak mixing angle (sin® fyy).

To obtain the theory predictions for each of the angular coefficients, the moments of each

coefficient are calculated by:

[ Pi(cos®, ) dodcosfdg

(P; (cosb,¢)) = T dod cos 00 , (4.5)

where the P;’s are the angular functions associated with each A; respectively. There is a
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Figure 4.12: The predictions for Ay — Ay for the DYNNLO code [26], at NLO and NNLO.
Reproduced from [27].

direct relationship between each moment and the angular coefficient given by:

(Po (cosf,6) = (5 (1~ Beos?8)) = % (Ao _ g) ,

(P (cos 6, 8)) = (sin20 cos ¢) — %Al,

(Py (cos 0, 6)) = (sin? 0 cos 26) — 11—0A2,

(Ps (cosf,6)) = (sinfeosg) = | A (4.6)

(Py (cosf, ) = (cosf) = 1Ay
(P (o3, 6)) — (sin? 0sin 26) — %A5,
(Pg (cos b, ¢)) = (sin20sin ¢) = éA(;,

(P; (cos,6)) = (sin Osin ) — iAT

The precision of the LHC shows the breaking of the Lam-Tung relation at large transverse

momentum [27], as predicted by the NNLO calculation by DYNNLO [26] of the angular
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Figure 4.13: Theoretical prediction from the ResBos2 program for the angular coefficients
of Ay, Ag, Ay, and the breaking of the Lam-Tung Relationship for the CSS Scheme. The
lighter error band is the PDF uncertainty, and the darker error band is the combination of
the scale and PDF uncertainty.

functions in Drell-Yan, see Fig. [£.12] The original ResBos code is unable to appropriately
predict the angular coefficients to the precision required by the LHC, due to the fact that the
k-factor obtained using the calculation by Arnold and Kauffman [I77] can only be applied
to the symmetric and anti-symmetric leading order angular functions (L and Ay4), but not
to the other angular distributions. To include these corrections in the ResBos2 code, the
fixed order prediction is obtained by using the Z+jet prediction at NLO from the Sherpa

code [I78], which includes the full angular dependence.

From the prediction in Figs. [4.13| and |4.14) the ResBos2 prediction shows the Lam-

Tung relationship breaking down, as expected at this order. Additionally, A4 is non-zero as
expected. There is some disagrement with the data, but it should improve with the inclusion

of higher order corrections.
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Figure 4.14: Theoretical prediction from the ResBos2 program for the angular coefficients

of Ag, A9, Ay, and the breaking of the Lam-Tung Relationship for the CFG Scheme. The

lighter error band is the PDF uncertainty, and the darker error band is the combination of
the scale and PDF uncertainty.
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Chapter 5

W Mass

One of the most interesting places to look for new physics signals is in the W mass. The preci-
sion of the Standard Model prediction of the mass is at the 0.01% level, and the experimental
measurement is of similar precision. In order to improve the experimental measurement of
the W boson, it is important to understand the transverse momentum of the W boson,
and its relationship with the Z boson transverse momentum. Currently, the dominate un-
certainty in the direct measurement of the W mass at the LHC arises from the theoretical
predictions of the transverse mass of the W boson, or the transverse momentum of the lep-
ton. In this chapter, the Standard Model prediction from Electroweak precision tests will be
discussed, followed by a discussion of the experimental measurements at the Tevatron and
the LHC. Finally, the improvements to the ResBos2 calculation for the W mass measurement

are introduced.

5.1 SM EW Precision Fit

Using the Electroweak input scheme defined by on My, G, and «, the W boson mass is a
predicted parameter. The Standard Model calculation is detailed in Ref. [I85], and is given

by:

M2 T
M2 _w) 1+ A 5.1
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with the loop corrections contained in Ar. At the one-loop order, the calculation of Ar is

given as:
02
W
Ar=Aa — —5-Ap+ Arrem (Mp), (5.2)
Sw
M2
where C%V = EZT/, S%V =1- C%V, and sy is the Weinberg angle defined in Chap. |1} as the
rotation angle needed to diagonalize the neutral boson sector of the Standard Model. The
correction to «, given by A« is due to light fermions and is proportional to the logarithm of
their masses. Additionally, there is a modification to the p parameter as defined in Sec. [I.1.3]
Finally, the last term contains all the dependence of the Higgs boson mass.

The calculation of Ar has been done to two-loops in the Electroweak coupling, contains
the fermionic contributions [I86, [187, [188] and the bosonic contributions [189) 190l 191,
192]. As for the QCD corrections to Ar, they are known to O (aa?) [193, 194, 195, [196].
Furthermore, Ap has been calculated to O (ozozg) [197, 198, 199]. The fit to all of the
Electroweak observables was done at NNLO in Ref. [5], and a summary of the results can be
found reproduced in Table [5.1, The precision obtained by the global fit on the mass of the
W boson sets the goal for the LHC. It is possible to break down the uncertainty of the fit to
the W mass measurement into the contributions from the top mass, the theory uncertainty
of the top mass, the Z mass, Aay,,q, os, the Higgs mass, and the theory uncertainty of the
W mass. These contributions are broken down in Table The largest uncertainties on
the indirect determination of the W mass come from both the experimental and theoretical
determination of the top quark mass, followed by the theory uncertainty on the W mass, and
then the experimental measurement of the mass of the Z boson. The LHC should provide an

improvement on the experimental measurement of the top quark mass, and should improve

significantly at a future electron-positron collider. There is not going to be any improvement
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w/o exp. input
or theory unc.
My [GeV] @ 125.144+0.24  125.14+£024 9373 9373

My [GeV] 80.3854£0.015  80.364£0.007  80.358 £0.008  80.358 == 0.006
Ty [GeV]  2.0854£0.042  2.091£0.001  2.091£0.001  2.091=£0.001
My [GeV]  91.1875£0.0021 91.1880 £0.0021 91.200 £ 0.011  91.200 = 0.010
Tz [GeV]  2.495240.0023  2.4950 £0.0014  2.4946 & 0.0016 2.4945 =£ 0.0016
my [GeV]  173.34£0.76  173.81+0.85  170.0733 P 177.0 £2.3 P

Parameter  Input Value Fit Result w/0 exp. input

& Average of the ATLAS [200] and CMS [201] measurements, ignoring any correlation
between systematic uncertainties
b The theoretical top-mass uncertainty is excluded.

Table 5.1: Electroweak fit. The fourth column gives the fit results without using any
experimental or phenomenological estimate for the parameter when performing the fit. The
fifth column is the same as the fourth, but ignores all theory uncertainties. The table is
reproduced from Ref. [5].

Source Value

my 0.0046
5theorymt 0.0030
My 0.0026
Aozhad 0.0018
Qg 0.0020
My 0.0001

Stheory My 0.0040

Table 5.2: The values are reported in GeV, and taken from Ref. [5]

on the experimental measurement of the Z boson at the LHC or at a future electron-positron
collider, due to the fact that the LEP measurements are very precise [202]. Finally, the
experimental measurement of the W mass ideally should be close to the current uncertainty
of the indirect measurement by the end of the LHC running [203, 204]. The details of the

experimental goals and the limits that are expected are discussed in the following section.
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5.2 Experimental Measurement

The experimental measurement of the W mass is one of the most important measurements
at a hadron collider. The most precise channel to study the W mass at the LHC comes from
the process, pp — ev + X. However, the fact that there is a neutrino in the final state leads
to the inability to directly reconstruct the invariant mass of the lepton-neutrino system.
Therefore, two different observables are proposed to study the mass of the W boson. The

first observable is the transverse mass of the W boson defined as:
M7 = 2pg B (1 = cos6), (5.3)

where Py is the transverse momentum of the final state lepton, Jp is the missing transverse
momentum (attributed to the neutrino), and # is the angle between the lepton and missing
transverse momentum. The other observable is the transverse momentum of the lepton.
Both of these observables are not accurately predicted by a fixed order calculation due to
the dependence on the transverse momentum of the W boson, which requires resummation.

In measuring the W mass, an appropriate prediction of the Jacobian peak region for
the lepton is important to obtain the correct mass. One of the most important features in
determining the W mass is the tail of the distribution, and the Jacobian peak. Having an
accurate theoretical prediction is required to match the shape of the data.

The traditional method of obtaining the W mass is through the use of a template fit
technique. To estimate the uncertainty that arises from the PDF, the following 4 step

method is used [205]|H

IFor real data, a similar procedure is used to estimate the central value, but replacing the pseudodata
with the actual data.
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Figure 5.1: Results of the EW Fit, reproduced from Ref. [5]
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1. Generate the observable to be used for the fitting for fixed W mass for each PDF error

set of interest. Treat the generated observable as pseudodata.

2. Generate the mass templates for the distributions used to fit the pseudodata as a

function of the W boson mass using the central prediction for the PDF.

3. Given the PDF set 4, and the mass template j, calculate the x2 for each combination
of 7 and 7, given by:

\ Nbins (Oi_%)?

. . o\ 27
Moins 53 (4)° + (o)

2
where O} and oy, are the value of the observable and the standard deviation of it in a

given bin (k), respectively.

4. The minimum of the X% j distribution for each PDF set i gives the mass j that the
PDF best fits. The difference from the central value is the shift in the mass induced
by PDF i. Combining all of the PDF sets, using the method to obtain the uncertainty

as defined for the given PDF set, the allowed mass range is obtained.

This procedure will be demonstrated below for the CT14nnlo PDF set [10] for the lepton
transverse momentum. Similar results are obtained if the transverse mass of the W boson
is used. The CTEQ PDFs are based off of the Hessian method. Therefore, each eigenvector

does not give the full uncertainty, and the uncertainty needs to be calculated by using the
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master equation as given in [206] and below:

n
AXF = |3 (max (X - Xo, X[ — X0,0))7, (5.5)
)
- 2
AX—:\Z(maX(Xo—XﬁXo—X{,O)) , (5.6)
)

where i goes over each eigenvector, and the + refers to whether the shift is along the positive

or negative direction respectively.

5.3 ResBos2 Results

One important prediction to make is the ratio of the transverse momentum of the Z boson
to the transverse momentum of the W boson. With an accurate prediction of this ratio, the
experimentalists can use data driven methods to obtain the transverse momentum predictions

of the W boson through:

do
w
do dpgﬂ )th do 57
W)~ | T @ 5:7)
vy PREANNN KL
T th
where ‘Z%/) is the data driven prediction for the W boson transverse momentum, %V) is
de dp T th
the theory prediction for the W boson transverse momentum, % is the theory prediction
de
th
for the Z boson, and % is the Z boson transverse momentum data. An accurate

dp.
T data
prediction of this ratio allows to attempt to apply a transverse momentum cut on the W

boson. This cut reduces the theoretical uncertainty arising from the PDFs greatly [205].

The normalized ratio (Ry / ) is shown in Fig. for the ResBos2 prediction.
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Figure 5.2: The ratio of the normalized transverse momentum distributions of the W boson
to the Z boson.

The ResBos code can be used to calculated the theoretical uncertainty of the PDFs, as
described in the section above. An example of the y2 distribution for one error set can be
found in Fig.[5.3] After calculating the shift for all of the eigenvectors, and using the Hessian
master equation as given in Eq. 5.5 the CT14nnlo PDF uncertainty can be calculated. For
a collider center of mass energy of /13 TeV, the W mass uncertainty is given as §+ = 37

MeV and 6~ = 34 MeV.
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Figure 5.3: An example of the y2 distribution for an error set, others are similar to this.
The central input mass was My = 80.358 GeV. The minimum here occurs around 80.372,
a shift of 14 MeV.
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Chapter 6

Color Singlet Boson Plus Jet

Resummation at Hadron Colliders

Soft gluon resummation for the class of color singlet boson plus jet processes has its own
interest in perturbative QCD. To deal with the divergence in low transverse momentum hard
processes, the transverse momentum resummation formalism is employed [138]. However, the
g7 resummation formalism has been mainly applied to color-neutral particle production, such
as inclusive vector boson W/Z and Higgs boson productions. Extensions to jet production in
the final state has been limited, not only because of the technical issues associated with the
jets in the final state, but also because jets carry color. Therefore, the soft gluon interactions
are more complicated than those for color neutral particle production. Nevertheless, there
has been progress made in the last few years on the g resummation for dijet production in
hadronic collisions [207, 208, 209]. Here the details of expanding the calculation to single
jets plus a color singlet boson are examined.

The resummation formula for V' + j resummation can be summarized as

o Pby i §
= AR IR 7 x1,22,01 ) +Y, , 6.1
dyvdyjdp%quJ_ % 00 [/ (27T)2 ab—scd (71, 72,0 ) ab—cd (6.1)

where yy and y; are rapidities for the boson and the jet, respectively, Pr is the jet transverse
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momentum, and ¢, = ﬁV 1+ P '7 is the total transverse momentum of the boson and the jet.
The first term W contains the all order resummation, the second term Y comes from the
difference between the fixed order corrections and the asymptotic piece, and o represents
the normalization of the differential cross section. Higgs plus jet ¢p resummation will be
used as an example of the procedure for calculating the resummation results for this class of

processes.

6.1 Higgs Plus Jet Resummation

The effective Lagrangian in the heavy top quark mass limit is used to describe the coupling

between the Higgs boson and gluon given by:

«
Loy =~ H, (6.2)

where v is the vacuum expectation value, H the Higgs field, F'*¥ the gluon field strength
tensor, and a the color index.

To begin, the W term can be written as:

a2

Wyg—hg (¥1,22,0) = Hyy s gg(Q)x1 fg(21, p)rafe(z2, p)e SQ%bL), (6.3)
2

Wyq—Hq (21,72,0) = ng—>Hq(Q)fE1fg($1,M)@fq(l’z,M)e_S(Q U pay o ag, (64)

a2
Wgostg (11, 72,0) = Hyg s 11o(Q)a1 fo(1, m)wafy(xa, m)e @00 4oy v ao, (6.5)

at the next-to-leading logarithmic (NLL) accuracy. Here Q% = s = z1295 and represents
the hard momentum scale, by = 2¢™E, with yp being the Euler constant, f, ,(, u) are the

parton distributions for the incoming partons a and b, and z1 2 are momentum fractions of
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the incoming hadrons carried by the partons. Beyond the NLL, a C' function associated with
the parton distribution functions will also need to be included.
The Sudakov form factor can be written as
22
CQQ d :U’2 |: <Q2
— |In

1

S 2p) =
Sud(@7,b1) / .

212
c2md p

where R represents the cone size of the jet. Here the parameters A, B, D can be ex-
panded perturbatively in ag, for example in the gg — Hg channel, A = C A%, B =
—-2C Aﬂo%, and D = CAg—;. The hard coefficient H can be calculated order by or-
der, from the leading Born diagrams. For example, the gluon-gluon channel is given by:
HO) = <S4 +tt ut m%) /(stu) [210, 211], where s = @2, t and u are the Mandelstam

variables for the partonic 2 — 2 process.

6.1.1 Virtual Corrections

Firstly, W (b) needs to be calculated at the one-loop order and shown that it can be factorized
into the parton distribution, jet, soft, and hard factors. The virtual corrections have been
calculated in the literature, see for example Refs. [210, 212]. For convenience, the results are
summarized below to demonstrate the resummation of the Higgs plus jet system. Since the

virtual diagrams are proportional to d(qy), the b-space result can be expressed as

Wéz)v (bp) = a1.f (w1, ) 22 f (w2, 1) Top, (6.7)

where f1 and f9 are the PDFs, 1 and z9 are the momentum fractions of the partons from

each hadron, and the expressions for ng can be extracted from the calculations in the
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references mentioned above. For the gluon-gluon channel,

C 3 1 Q2 2
rY :H(O)as A2y 22 + =L
g9 = Hag 5 |Ta@ TPz T
2
1 P2 2 P2 2 2 11
+= n—‘2] —2an—2ln—'2]—21nQ—an—+—7r2
2 1 7 W -t —-u 6

. M? [t L/ u
+2L12 <1—@>+2L12 <W>+2L12<m)
+ (1 ¢ 2— 1 t 2—1— | u 2— | i)’
2 - 2 g

+ oSy | (6.8)

where @,f = M? — u,t respectively, and 5Hg%) is the finite term not proportional to Hég)

and is given by:

1 M?
SHSY = (N - np) NIV - 1)

" [stu + M? (st + su + tu)] : (6.9)

For the quark-gluon channel,

_ o)« —u 10 —2 2 —Uu —t s
Lag Hq92 {4CA50( +ln?—§ +Cp |l - (ln— —In— —In—

O Y

—t
2
+21n—ln—+1n —2—1 —2—ln

p? ot 1 1 1 —u M?
2
T 14
AL ( ) 18 .
+4Lig (175 ) +18C(2) — - + 3}
+C {—2——(—21n—“ 3) 2In® — + 2% 2 4 6In —
€ € M t ,u

M? { { o2
4Ly (1—T)+4L12< )—2111 —t+21n Mi+4<( )—%—16]}

+ o (6.10)
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(1)

again with 0Hg, (1)

analogous to dHy, above, given by:
SHSY = (Cq — Cp) CaCp (s +1) | (6.11)

Finally, for the quark-anti-quark channel,

2 1 -2 2 2
v, = 0% {40 Bo (——2ln——|— 0>+0A [—2—-111%
u2 3

49 27 e ut
ut — M?
In* = +2In” = — 21n” o 2+4L12<1——>
spi? p " " s
2

—14¢(2) — % - 8} +Cp

—4 2 s

ut t U
—181n — ln Yo rom? Y a1 4Ly ( ) + 4Ly (—)
P2 p2 u2 u28 u2 sp2 M? M?

om2 L t - _ 22
21In - 21In? u—|—2ln 2 +21n? 2 +36C() u 16]}

(1)
+0H,, (6.12)
with 0H %) given as:
1
SHY = (Ca = Cp) CaCp (—t — ) | (6.13)

It is important to note the :12 and % divergences that appear in the above equations. These
will be canceled by the divergences in the remaining terms.

At NLO, the strong coupling needs to be renormalized, yielding the following contribu-

asCa (Q—22>_ (—§> 260 . (6.14)
2w I €

Here, the renormalization scale is set to Q2 to simplify the final expression.

tion:

132



6.1.2 Jet Corrections

Next, since this process contains a final state jet, the jet function needs to be applied in

order to cancel out the collinear divergences from the final state. In order to perform this

calculation, the Narrow Jet Approximation (NJA) is applied as derived in the calculation of

inclusive jet production [213]. This approximation allows an analytic result for the jet pro-

duction cross section to be obtained. For completeness, the quark and gluon jet contributions

are listed below:

27 €

[ P2R2
g4 = 4sCF l+1<§—1n J )+I‘1

11 P2R?
jg:aSCA —2+E<2ﬁ0_ln iﬁ >+Ig

21 €2 €

(6.15)

where 199 depends on the jet algorithm used. For the ks-family of jet algorithms the values

of I7 and I9 are,

2
1 [ P2R? P2R?> 67 3 23
19==(In—<Z —2BpIn —L — _Ip2_ =N
2(11 2 ) foln 2 +9 4" 547
2
. lnP3R2 —§lnP3R2+E—§7T2
_ g - .
2 1 2 1 2 4

Their contributions to W (b ) can be included in the following manner,

Wg(;)J(bL) = 11 fg(x1, p)wo fo(xe, 1) Iy

Wq(;)J(bL) = 21 fg(x1, )22 fo(xe, )Ty

W () = oy fyan, p)rafalen )T,
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(6.17)

(6.18)
(6.19)
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Again, there are divergences proportional to % as expected for a collinear jet function, which

will be canceled with similar contributions from the soft corrections, see Sec. [6.1.4]

6.1.3 Collinear Corrections

Thirdly, the collinear radiation associated with the incoming partons needs to be calculated.

These contributions can be written in terms of parton splitting functions:

s ', / (1+f2)
d ! / /
Pyq = 5 quCF/x_I/Q3 fo(@', p) (1+(1—£)2) , (6.22)
s 1 da’ 2¢ 21-¢)
Py = 522 [ S (g e exa-0) . o
s d
Pog = 20;2(] 2/ xxfg@ 1) <§2+(1—€)2) : (6.24)

where ¢ = x/2/. Here the £ # 1 contributions are taken into consideration, whereas the
¢ = 1 part will be evaluated together with the soft gluon radiation contribution. These

terms introduce divergences of the form %Pab into Wy, (D).

6.1.4 Soft Corrections

For soft gluon radiations, the leading power expansion can be applied to derive the dominant
contribution by the Eikonal approximation, as discussed in Sec. [F] This analysis has been
applied in Ref. [214] to obtain the leading double logarithmic contributions to dijet produc-

tion. For outgoing quark, antiquark, and gluon lines, the Eikonal approximation gives the
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Figure 6.1: Feynman diagrams for the gluon-gluon scattering channel to a Higgs Boson.

following Feynman rules:

I I I
2k} 2k! 2k!

Dk kg +ie | 2k kg+ie) | ;- kgt e

respectively, where k; represents the momentum of the outgoing particles.

incoming quark, antiquark, and gluon lines, the rules are:

2p/f 2p’f 2p’f
2p1 - kg + e’

_2p1~/€g+i6g’ 2p1'kg—i€g

(6.25)

Similarly, for

(6.26)

respectively, where p; represents the momentum for the incoming particle, g is the strong

coupling constant, and kg4 is the momentum of the soft gluon.

In the gluon-gluon scattering channel, the relevant Feynman diagrams can be found in
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Fig. [6.1] from which the following contributions for soft gluon radiation can be calculated,

Bk C
9 / mw)((ﬂ - ng_)TA [Sg(p1.p2) + S¢(k1,p1) + Sg(k1,p2)] (6.27)
g

where Sy(p, q) is a short-handed notation for

2p-q
Sq(p,q) = ——— . 6.28
R iy (6.28)

In order to evaluate the contributions from soft gluon radiation, the phase space of the
gluon with restriction that gluon transverse momentum leads to the imbalance between the

Higgs-jet system needs to be integrated out, i.e.,

3k
92/(%)3—29@:5(2)(6u - kgL)Sg(p17p2> . (6-29)
g

The derivation of the above term is straightforward, by noticing that the lower limit in the

longitudinal momentum fraction integral, is given by:

1
dr 1
/ r o (6.30)
X

— 5
min © ng_

where x is the momentum fraction of pj carried by the soft gluon. Because of momentum

k2
conservation, the lower limit for the z-integral is given by: i, = 5—%‘. Therefore, the
above integral leads to the following leading contribution,
1 2
.
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Substituting the above equation into Eq. (6.29) results in,

a3k o 1 02

2 [ %M 52, _ — s - il

g / gL —kg1)Sg(p1,p2) = 2In : (6.32)
(2m)32Ey, 9--/9 212 2 7

The other terms are not as straightforward to calculate, because the simple phase space
integral will contain jet contributions which have already been taken into account by the
jet functions above (Sec. . Therefore, the jet contributions need to be subtracted in
order to avoid double counting. That means the phase space integral has to exclude the jet
region, noting that this exclusion does not depend on the jet algorithm at this order. This
is because, this contribution arises from the soft gluon radiation, whereas the jet algorithm
focuses on the collinear gluons associated with the jet.

As a general discussion, take the example of one term, given by:

& 2
&1 (kg1 —&1k11)?

a3k
[ 5500~ kg )Sylhrn) = [ P16 a1~ k1) - (6.33)
kg

where k1| represents the transverse momentum for the final state jet, and & = kg-p1/k1-p1.
(Clearly, there is a collinear divergence associated with the jet, if the gluon radiation is within
the jet cone a collinear divergence will be generated. In order to regulate this collinear jet
divergence, the phase space integral can be limited to require that the gluon radiation be
outside of the jet cone. Under this restriction, there will be no divergence associated with
the jet, instead, the jet size R will be introduced to regulate the collinear divergence from
the jet.

There are different ways to regulate the above integral. The central point is to identify

the jet cone requirement. In the above example, a divergence exists when kg4 is parallel to
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k1, which means the invariant mass of k1 + k4 is small. The out of cone radiation requires

that the invariant mass has a minimum,
(k1 + kg)? > A2 (6.34)

Clearly, A depends on the jet size, if (k1 + kg)2 is smaller than A2, its contribution needs
to be excluded, because it belongs to the jet contribution calculated in the previous section.
Following a similar analysis as for the jet contribution, the size of A can be worked out. For
example, if the kinematics of k1 and kg are substituted into the above equation, the results

are:
(k1 +kg)® ~ ky gy (V1799 + €Y97 Y1) — 2y kg cos(dy — ¢g) ~ ki kg BT, . (6.35)

where 11 and y4 are rapidities for k1 and kg, ¢1 and ¢4 are the azimuthal angles, for

the jet and additional gluon respectively, and Ry, represents the seperation of k1 and kg

(Rig = \/(yl —yg)2 + (61 — ¢¢)?). In other words, if Ryg4 is smaller than R, the gluon
radiation will be considered inside the jet cone and vice versa. Therefore, in the phase
space integral of Eq. , the following kinematic restriction is imposed: ©(2k1 - kg — A2)
with A% = & Lkg | R?. Equivalently, a slight off-shell-ness for the jet momentum ki can
be adopted to regulate the divergence: k? = m% = k:% J_R2. By doing so there is no need
to impose any kinematic constraints, and the phase space integral can be carried out in a

straightforward manner. The choice of m% is made to ensure (k1 + kg)2 is always larger than
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A2, shown by,

(k1 +kg)? = k3, +m3ky) (Y1799 + eY9U1) — 2k | k| cos(dr — oy) (6.36)
K2+

VI +miky  (Ay)? + ky kg (Ad)? + 2k, (,/ki+m§—ku) .

Q

By choosing m% = k% LR2, (k1 + kg)2 is guaranteed to be larger than A2 for any values of
Ay and A¢. In addition,the narrow jet approximation, i.e., R — 0 limit, is taken. In this
limit, the phase space cut-off technique results in the same leading contributions in terms of
In(1/R), as the introduction of a mass term.

After adding an off-shell-ness to the jet momentum, the above integral can be written as

& :
&1 f%k’%l(l + R2) + k;l — 281k - ng_

(6.37)

To further integrate, the azimuthal angle of the jet is averaged over but the azimuthal angle

is fixed for kg |, giving:

&y / " do 2
& Jo m Gk (L4 R2) + k2 — 261k kg cos(9)
3 ! _ (6.38)

&1 2,.2 9 )2 2.2 1.2
(€383, 1+ B2+ 02 )" — 463k3 42

Again, the integration over £; has a lower limit, and taking the limit of ¢; < @ and R — 0,

the leading power contribution is:

11 2 t 1
qLQ qJ_ u R
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Therefore, the final result for the Sy(k1,p1) term can be written as

3k as 1 Q2 1 t
2 g (2) . _ Gs
g /—6 (g —ky1)S¢(k1,p1) ==—=—5 |n—5 +In— +1n (—> . (6.40)
(27T)32Ekg 9+/"9 272 qi qi R% u

Evaluation of the other terms follow the same procedure, and the results are summarized

below:

as 1 Q?
2m%qy a7
as 1 [, Q2 1 (t) 1. 5,1 x?
Sq(kq, = ——5|In5+h—+In{—)+e|=In*"—= + — . (6.42
9( 1 pl) 02 qi - qi R% W 9 R% 6 ( )
as 1 [ Q? 1 u 1 .91 72
So(kl,pa) = —5 ln—+ln——i—ln<—>—i—e 2=+ (643
9( 1 p2) 92 Q3 - Q3 R% ¢ (2 R% 6 ( )

where the e terms are kept since they contribute to the finite piece after Fourier transforming

into b L—spaceﬂ

6.1.5 Total Real Correction

Combining the soft and collinear gluon radiation together, the asymptotic behavior at small

qr can be obtained. The gluon channel is given by:

Qg Hg(,g) / dz1dzo
272 q% 2129

21fg (21) 22fg (22) <<5 G -1aPY () +6 & 52)

2 2
+0(§1—1)0(&—-1)Cy (211122—%—460—%11&%—1-6(%IDZ%%—%))), (6.44)

IDetails on Fourier transforming into b-space can be found in App.
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where §; = x;/z;, x; is the momentum fraction of the gluon from the proton, and H, ;g) is the
tree level contribution. Similar equations exist for the gluon-quark and the quark-anti-quark

channel. Combining the three channels gives:

ag 1 dz1dz9
272 q% 2129

21fa (21) 22fp (22) {(5 (& -1 PY () + & « £2)

6(61—1)6(&2—1)

2

1

Hﬁ(IB)OA <2ln§— — 458y + In R2)
T

1
+HW ( (C4+Cp)In f 9260~ 3Cp + (Ca - CF>1n—+cF1nR>

2
2
T
(0) ’
+Hgq (Ca+Cp)In 5
T

3 1
—20p— =Cp+ (Cy — CF)ln——f-CFlnR)

2
} (6.45)

This will be compared to the fixed order calculation in the limit g7 goes to zero in Sec. [6.1.7]

2
|
+HY (205 Q— ~3Cp + Cyqln—;
qq ¢ R

Now that the complete asymptotic piece is calculated, the Fourier Transform into b-space
is performed. After the Fourier Transform, the poles from all of the different pieces cancel.
The gluon-gluon channel is shown below, but similar results exist for the other channels, and

can be found in App. [G] The poles for the virtual correction are given by:

2 2
F(0)2sC4 (—% + = (21 Q— +1In —)) : (6.46)
2m € € 2 (2

the coupling renormalization is given in Eq. [6.14] and needs to be multiplied by the tree

level matrix element (H (0)). The poles for the jet, collinear, PDF renormalization, and soft
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corrections are given by:

7 aZiA (;2 + % (250 —In Pi 52)> , (6.47)
~HOSTAL (56— 1) &1 Pyy (€1) + 1 0 ). (6.48)
HOOTAL (56— 1) (6P (€) + 2600 (1 ) + &1 &), (649)
HO 0‘82%‘ <§2 + %m 5_22 - éln %) , (6.50)

respectively. All the terms above are proportional to 6(§; — 1)0(§2 — 1) unless otherwise

noted. Combining Eqs. [6.46], [6.14], and [6.50] it is clear that all of the poles cancel, and the

remaining result is finite as required.

6.1.6 Resummation Calculation

After Fourier Transforming into b-space, the finite contribution at the one-loop order for the

gluon-gluon channel is given as:

sC b
Wé;LHg(b) = Hég) QQWA {hl b222 [5(52 - 1)5113;%)(51) + (&« 62)] +6(& —1)o(&2—1)
2p2 2 2),2
x | — (m Qg{) + <450 —1In %) In ngi + Hé?(S(él —1)0(& — 1),

(6.51)

where the integral over the parton distributions is implicit, and similar results exist for the

gluon-quark and quark-anti-quark channels. The hard coefficient, H (@) for the gluon-gluon
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channel is:

P%R2 R? PT 5 s

- - ~ 2
+1In? (#) — In? (-7) +In? (%) — In? (_iu) + 2Liy (1 - @)
h h

u 67 w2 23
2Ly [ — D —N
>+ iy (m% +35 5 !

2 2 2 _
In2 <— 28l -2 Q——an—tln—u

+ o, (6.52)

performing the

where ¢ = m%{ —t,u = m%l — u, and (5H£? can be found in Sec. |6.1.1}

calculation for the gluon-quark channel results in:

1o ji? Py u P}, $
éln <P2 >+ln(u2 ln<?>+ln ﬂ2 In /12

1 0) s
Hs(zq) = HS(IQ)% {CA

—t i’ i i 7 Ax?
—21n A21n 4,801n - GBoln—+2L12 % —1n2i+1n2%+_+l
2 2 [i2 i2 my —u my 3 3
1 2 3 02 1 52 p2 p2
+ Cp Eln2 <MT>+21 —2,u 2+ln—21n—'u2 —1In gj‘lng—ln—;];‘ln%
Py, Py, RE Py, p= ot fs
2 ~ -
m t t t
+31 1——h) yoLip [ = | —m?(— ) +m? | — _3
S m% —t m%l 2
5 2
—%} +2050} + ol (6.53)
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where 6HC§;) can again be found in Sec. [6.1.1] Finally, the quark-anti-quark channel is given

(1) _ 7(0) s
Hyq = Hyq o {CA

1 ~2 P2
Ly (L) ‘i ( J) ()
Py, H t

+
—t. —u —u (12 ) u
2 fi fi

2
M
~ ~ A2
—ln2l—|—lr12l2—i-z—i-i
—Uu mh 3 3
1 ~2 ~2 1 ~D P2 P2
+Cp 51112 (%) —|—gln 2” 5 +In—51In ,u2 —In j];‘ Y ;JQJ‘ In :92
Py Py R RSPy, K t H H
2 ; ; 2
— m t t t
+31nA—;L+2L12 — —I ) 4+ 2Liy | — —ln2(—)—|—ln2 — _3_ 5
s S mj —t my 2 6
(1)
+2080} + 6Hyq (6.54)

where (5H(§(1]) is given in Sec. [6.1.1, With the above results, it is possible to calculate the

resummation result in the CFG formalism by solving the evolution equations as discussed
in Sec. This results in a similar Sudakov factor to that for color singlet final states.

however, the cone size needs to be introduced. This gives the following form:

2

R du? 1

S(b):/ %(Aln%JrBJrDln—Q), (6.55)
bg /b2 M 1 R

where R is the cone size for the jet. The coefficients for A, B, and D depend on the process,
and can be expanded order by order in perturbation theory. For the gluon-gluon channel,
AW = ¢y, BY = —28), and D = C4. For the gluon-quark channel, A1) = %(CA +Cp),
B() = —Bo — %CF — %(C’A — Cp)In%, and D = Cp. Finally, for the quark-anti-quark

channel, A1) = Op, BN = —3Cp, and D = Cy.
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The dependence of In Elf in the Sudakov factor can be understood by looking at the
soft radiation, which is what is contained in the Sudakov factor. As mentioned during the
calculation of the soft factors (Sec. , the phase space needed to be separated to ensure
that the soft gluons inside the jet were not double counted. This can also be understood by
considering the contribution of the soft gluons inside the jet cone to the transverse momentum
of the Higgs plus jet system. If the gluon falls within the jet cone, then the momentum of
the gluon contributes to the jet, and does not contribute to the imbalance of transverse
momentum between the jet and the Higgs boson. Instead, if it falls outside the cone it does
contribute to the imbalance in transverse momentum.

It is interesting to note that many of the logarithms in H (1) can be eliminated if the
resummation scale [i is chosen to be P . To illustrate this point, the ratio of H 1) /H 0)
is plotted as functions of the Higg’s rapidity (yz) as shown in Fig. with the jet rapidity
fixed at y; = 0. This result shows that H (1) is much larger than H (0) in the large yg
region if i2 = s. In contrast, the ratio of H(l)/H(O) becomes less sensitive to yy with
ﬂ2 = P? |- This is because when the difference of yg and y; becomes large, the invariant
mass Q2 of the Higgs boson and the leading jet can become much larger than the transverse
momentum of the jet. Hence, the scale of the results will be taken to be i = Py, in order
to resum the large logarithms in the perturbative contributions. In the following, this scale
choice is adopted in the theory predictions for comparison to fixed order and parton showers.
However, results with ,&2 = s will be shown for the sake of comparison, and to support the

choice of i2 = P; 1
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Figure 6.2: Rapidity dependence of the hard factor for Higgs+Jet for different scale choices

6.1.7 Results

The above resummation formula to compute the differential and total cross sections of the
Higgs boson plus jet will be used to compare to both fixed order and parton shower results.
While data exists for this process, it is currently not at an accuracy that will be able to
discriminate against different predictions. In the numerical calculations shown, only the
gluon-gluon and the gluon-quark channel are used. This is a valid approximation because
the contribution for the quark-anti-quark channel is less than 1%, while the gluon-gluon and
gluon-quark channels make up 71% and 29% respectively. The anti-k7 algorithm is used in
defining the jet with a cone size of R = 0.5.

Firstly, before the results are given, a cross check of the total cross-section is performed.

This cross check is done in a manner similar to that described in Sec. [3.5] In this cross check,
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it is evident that using the narrow jet approximation results in a 2% discrepancy between the
fixed order result from MCFM, and the result from the calculation described here. This dis-
crepancy varies as a function of R supporting the fact that it is due to the narrow jet approxi-
mation. Therefore, the correction is modeled by an additional R-dependent function inside of
H). The correction is obtained by fitting the difference in cross section to a quadratic in R,
giving a correction of H(0)§s (C4R — 1.1R + 23.3R?) and H") 5 (Cp — 0.8 R + 22.3R?)
for final state gluon and quark jets respectively. Additionally, for the resummation to be
valid, the g7 needs to be smaller than Pj |, since the g is defined as the vector sum of the
transverse momentum of the Higgs boson and the leading jet. If ¢p is greater than Py it
is not clear what the leading jet is, and the fixed order calculation needs to be used in this
region. Finally, since A@) is global and only depends on the color factor in the initial state,

this is also included into the calculation.

6.1.7.1 Comparison to Fixed Order

In Fig. [6.3] the comparison of the Higgs plus jet system at the LHC is shown for the total
transverse momentum and the transverse momentum of the Higgs. The fixed order calcu-
lation is given by MCFM, while the resummation calculation is shown for the two scales
discussed above.

For the total transverse momentum distribution, the leading order (LO) MCFM pre-
diction is from the first non-zero prediction of the transverse momentum of the Higgs plus
jet system, and the NLO result is the one-loop correction to that. In other words, the LO
prediction is given by Higgs plus two jets, while the NLO prediction is given by Higgs plus
two jets at NLO. The MCFM NLO prediction is cut-off at 20 GeV due to the numerical diffi-

culties of obtaining an accurate prediction below this value. Comparing the total transverse
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Figure 6.3: The differential cross sections of Higgs boson plus one jet production at the
LHC as functions of the total transverse momentum ¢ (left) and the Higgs boson
transverse momentum Py | (right). The resummation predictions (resum) with
resummation scale set to be Py (black line) and @ (green line) respectively are compared
to the LO result from MCFM (pink line) with non-zero ¢, , and the NLO result from
MCFM (red line) which is the production rate of Higgs boson plus two separate jets up to
one-loop in QCD.
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momentum distribution of the resummed and fixed order calculation, it is seen that the fixed
order fails to describe the small ¢ region. Additionally, it is clear that the scale choice of
i = @ results in a calculation that is too hard (too large of a cross-section for large ¢r), and
can never be matched to fixed order. On the other hand, the scale choice of i = Py gives
a much more reasonable prediction.

For the transverse momentum of the Higgs boson, only the NLO prediction from MCFM
is shown. This prediction is given by the ag corrections to the Higgs plus jet result. Again,
the resummation calculation is given for the two different scale choices. The choice for
it = @ is too hard in the high transverse momentum region as also seen in the total transverse
momentum distribution. Here, there is a discontinuity at the value of pgr | = p jeut, known as
the Sudakov shoulder singularity. This is due to a integrable singularity that arises when the
leading jet is close to back to back to the Higgs boson, or in other words, when ¢ approaches
zero. This is resolved in the resummation calculation, by appropriately resumming the

logarithms to all orders that result in the divergence to give a finite result.

6.1.7.2 Comparison to Parton Showers

Similar to the fixed order calculation, the comparison of the resummation result can be
compared to that from parton shower predictions. In this study, the Higgs boson was set to
125 GeV and left undecayed, the MMHT2014nlo68clas118 PDF set was used [215]. Finally,
the theoretical uncertainties were estimated by varying the scales by factors of % and 2
around the central scale, but left the renormalization scale (1) fixed to Py as discussed
above. The setup and details of the other predictions used in this comparison can be found
in [28]. The jets for this calculation are taken to have a cone size of R = 0.4, with py; > 30

GeV and |yj| < 4.4. The codes that are used in this comparison are: SHERPA [I78] plus
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GOSAM [216, 217], MINLo [218], BEGLP [219], HeJ [220] 221, 222] 223], 224], Herwig 7.1 [225],
Madgraphb_aMC@NLO [226], POWHEG-BOX [227], STWZ [228], and SHERPA NNLOPs [229, 230].
Exact details of the setups for each of the individual codes can be found in [2§].

Firstly, the total rates for the jet multiplicities are compared across all of the codes,
shown in Fig. 6.4 The ResBos2 code is able to predict both the total inclusive rate for Higgs
along with the inclusive rate for Higgs plus 1 jet. Comparing across all of the codes, it is
clear that the ResBos2 prediction is consistent with the others as expected from the fixed
order comparison above.

The differential distributions that are compared are the transverse momentum of the
Higgs, the leading jet, the Higgs plus leading jet system, and the rapidity of the leading jet.
Here the transverse momentum of the Higgs requires the presence of at least one hard jet.

The comparison of the transverse momentum of the Higgs boson in the presence of an
additional jet can be seen in Fig. [6.5 The fixed order calculations again show the Sudakov
shoulder singularity, but the all orders calculations do not have this singularity. In the ratio
plot, at the high transverse momentum, there is a deviation of the resummation calculation
from that of POWHEG due to a different choice of scales. In the RESB0OS2 calculation, the
central scale is pug = %mh as mentioned above, but the scale choice for POWHEG is pug =
%1 /m% + pQT. This scale choice softens the high transverse momentum tail as discussed in
detail in Sec. 4.1l

Next, the comparison of the leading jet transverse momentum and rapidity distributions
can be found in Fig. and Fig. [6.7] respectively. Both of these distributions do not contain
any large Sudakov effects, and therefore all the calculations should be close to that of the fixed
order calculation. This is clearly seen in the aforementioned figures, with all the calculations

falling within each others uncertainty bands. Additionally, the size of the uncertainty bands
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Figure 6.4: The central predictions(left panel) and with theoretical uncertainties (right
panel) for the inclusive jet multiplicities as predicted by fixed-order calculations, resummed
calculations, NNLO and NLO Monte Carlos. The bottom panel is divided up into three
subplots all showing the ratios with respect to the POWHEG NNLOPS prediction. The upper
of these plots contains the HEJ and SHERPA NNLOPS ratios, while the middle one includes
all NLO merged predictions (Madgraph5 aMC@NLO, Herwig 7.1 and SHERPA) and the lower
one shows all those listed in the bottom left legend of the main panel. Reproduced from

8.

are consistent with each other and are of the order of 20%. Again the difference in the
high transverse momentum tail between the POWHEG and RESBOS2 calculations arise from
the difference in scale choices. For the rapidity, the calculation is consistent throughout

the rapidity range, and the offset between the POWHEG and RESBOS2 calculations is due to
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Figure 6.5: The Higgs boson transverse momentum in the presence of at least one jet
central predictions(left) with uncertainty bands(right). The ratio plot panel is divided into
six parts where the upper four exhibit the ratios to the POWHEG NNLOPS result while the
lower two show them to the NLO calculation for h + 1 jet as provided by GOSAM+SHERPA.
Reproduced from [2§].
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Figure 6.6: The leading jet transverse momentum distribution for h 4+ > 1-jet production,
to the right (left) shown with (without) the uncertainty bands provided by the various
calculations. The part below the main plot contains four ratio plots taken wrt. the NNLO
result of the BFGLP group following the same strategy for grouping the predictions as
before (NNLOPS versus NLO ME+PS versus fixed-order and resummation results).
Reproduced from [2§].

the fact that the total cross-sections differ by about 5%, which is within the theoretical

uncertainty at this order, as seen when the uncertainty bands are overlaid.
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Figure 6.7: The rapidity distribution for the leading jet in h + > 1-jet production, shown
without (left) and with (right) theoretical uncertainties. Ratio plots are displayed in the
lower part of the plot using the POWHEG NNLOPS result for Higgs boson production as their
reference. Predictions are grouped, from top to bottom, according to the categories
NNLOPS, ME+PS at NLO and NLO fixed order as well as resummation. Reproduced from

[28].

Finally, the transverse momentum of the Higgs plus jet system is examined. The com-
parison between the different results can be found in Fig. Here comparing the RESBOS2
calculation to POWHEG has some interesting features that need to be discussed. In the high
transverse momentum region, there is a discrepancy between the two calculations which arise

from the fact that in the tail of the distribution, the RESBOS2 calculation only is matched to
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the LO prediction for this observable as described in Sec. and the agreement should be
improved if the matching is done to a higher order prediction. Additionally, in the RESB0OS2
calculation the logarithms dealing with the jet cone size are resummed as mentioned in
Sec. This results in a broader Sudakov peak than the other parton shower predic-
tions, and an upward shift in the Sudakov peak value. When the LHC data becomes precise
enough, this difference will be a strong test of the resummation formalism versus the parton
shower model.

Overall, the parton shower predictions and the resummed predictions are consistent with
each other. This was expected, since the formal accuracy of the two predictions for all
observables with the exception of the transverse momentum of the Higgs plus jet system
are of the same order. The major difference arises in the prediction of the Higgs plus jet
system transverse momentum, due to the dependency of the jet cone size in the RESB0OS2
prediction. Once the LHC data becomes precise enough, these codes and their differences

can be tested against data.

6.1.8 Future of Higgs Plus Jet Resummation

In this section, some brief future steps are discussed. Firstly, there has been some work to
begin to extend this calculation from Higgs plus one jet to Higgs plus two jets [29]. Addi-
tionally, at higher order calculations for the Higgs plus one jet system non-global logarithms
are introduced into the calculation.

The calculation of the Higgs plus two jets system is an important calculation to separate
the vector boson fusion (VBF) production of the Higgs boson from the gluon fusion produc-
tion of the Higgs boson. As shown in [29], the peak of the transverse momentum of the

system peaks at drastically different values. This can be used to apply an additional cut
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Figure 6.8: The transverse momentum of the Higgs-boson-leading-jet system in the
presence of at least one jet. For better visibility, results are shown without (left) and with
(right) theoretical uncertainties. The plot layout exactly corresponds to that of Figure

except for the extended g-axis range in the ratio plots. Reproduced from [2§].

on the Higgs production events to increase the purity of the VBF signal. The normalized
distributions for this observable can be seen in Fig.

Finally, the goal is to extend the Higgs plus one jet calculation to NNLL accuracy.
However, going beyond NLL accuracy introduces what are known as non-global logarithms.
Non-global logarithms are logarithms that may not appear at each order in the calculation,

and do not have a specific form to predict the higher order coefficients of them. Therefore,
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Figure 6.9: Noramlized distributions of the vector boson fusion and gluon-fusion
contributions to the Higgs boson plus two jets production in the typical kinematics at the
LHC with v/S = 13TeV, where the jet transverse momenta ky | = ko = 30GeV,
yj1 = —y;2 = 2 and y;, = 0: as functions of the total transverse momentum ¢ (left); the
total rate as function of the upper limit of ¢ | (right). Reproduced from [29].

it is not possible to resum these logarithms to all orders [231], 232, [I1], 233]. This results in

additional complications that need to be considered.
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Chapter 7

Conclusion

The improvement of the ResBos code from the precision used for the Tevatron, to that of
the new ResBos2 code, will allow for precision resummation calculations at the LHC. These
improvements come from many different improved predictions, as mentioned above. Below
a review of the improvements to the predictions, along with the experimental comparisons
are summarized for the reader.

First, the improvements to color singlet resummation will be reviewed. In this section,
the difference between schemes will again be pointed out. Also, the predictions for both the
Z and W boson at the LHC will be reviewed. Finally, the future steps for this project will
be outlined.

Afterwards, the addition of non-color singlet resummation calculation will be reviewed.
In this section, the calculation for the Higgs plus jet system will be reviewed, along with
some mentions of other works using these ideas. Finally, the future prospects for this new

type of gr resummation will be emphasized.
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7.1 Color Singlet Resummation

7.1.1 Resummation Schemes

Two main schemes in g7 resummation are again the Collins-Soper-Sterman and the Catani-
de-Florian-Grazzini schemes. The differences between these schemes have both an order by
order, and an all orders relationship, to map from one scheme to the other. It was shown that
as long as the calculation is preformed such that the orders of the B, C', and H coefficient
are such that the order of B is one higher than C' and H, then the two calculations are in
very good agreement. This is supported by the conversion between the two schemes as seen

in Eq. [3.73] and the results of Fig. 1.3

7.1.2 7 Boson Predictions

Previously at the LHC, the prediction of the ResBos code was unable to reproduce the
data. The resolution to this issue took many different steps as outlined above. These steps,
included the improvement of the precision of the calculation, and the change of the scale of
the fixed order calculation.

The improvement in the precision of the calculation, was from NNLL to N3LL, and the
fixed order was improved from approximate NNLO to NNLO, with a k-factor included in
the high transverse momentum region to match the NNLO Z plus jet calculation. One
improvement that will be made to the ResBos2 code is the matching fully with the NNLO Z
plus jet calculation. This will be included once the results of the NNLO Z plus jet calculation
become sufficiently available.

The other improvement was the change of the fixed order scale from the invariant mass

of the lepton pair to the transverse mass of the lepton pair, defined in the text above. This

159



choice of scale makes more sense for the high transverse momentum region due to the fact
that at high transverse momentum, the energy of the jet is comparable to the invariant mass
of the lepton pair.

Upon using these improvements to the ResBos prediction, the agreement between the
theory prediction and the data is greatly improved. Further improvements will arise with
the matching to the higher order fixed order calculation. However, this improvement will
only help in the intermediate region.

One more improvement that can be made to the ResBos code, is to further improve the
non-perturbative piece. Currently, the non-perturbative piece is fixed as a function of the
resummation scales. This has recently been believed to give too conservative an estimate of
the uncertainty of the prediction at small transverse momentum. Therefore, another future
improvement is to include the resummation scale variations into the non-perturbative fit,

allowing the non-perturbative function to depend on these scales, as makes physical sense.

7.1.3 W Boson Predictions

The ResBos2 predictions for the W-transverse momentum, and the ability to use the code
to help predict the W mass at the LHC will be helpful in understanding the EW sector of
the SM. As mentioned in the text above, the indirect measurement is much smaller than
the direct measurement of the W mass. It has been proposed to use resummation tools to
improve the direct measurement, by predicting the ratio of the W transverse momentum to
the Z transverse momentum. With these, the experimentalists will be able to reduce the
uncertainties in the W mass measurement. These reductions will allow the measurement to
be competitive with the indirect measurement.

Additionally, the ResBos2 prediction allows for a template fit of the experimental mea-
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surements of the transverse momentum of the leptons to the theoretical prediction. This
will allow for a precise determination of the W mass.

Some future improvements that could be included into the ResBos2 prediction are again
similar to that of the Z boson, from the matching to the higher order fixed order calculation,
and improving the non-perturbative piece. While these may not have a large effect on the
determination of the W boson mass, there are not any improvements that can be made in
the theoretical prediction in the near future. The major improvements that would help,
included calculations to much higher orders, which are not feasible at the writing of this

thesis.

7.2 Non-Color Singlet Resummation

Recently, there has been work done to allow for non-color singlet g7 resummation in QCD.
The first of these being the dijet calculation, and another related to the work of this thesis
being the Higgs plus jet resummation as mentioned previously. With these calculations
completed, a new set of processes are now able to be calculated that previously were thought
not possible.

As mentioned above, the Higgs plus jet calculation was an important step in under-
standing QCD, and an important contribution towards obtaining the Higgs plus two jet
resummation calculation. The Higgs plus two jet calculation is important in the study of
the Higgs boson, in allowing one to separate the gluon-gluon fusion production mechanism
of the Higgs boson from the EW production of the Higgs boson. Additionally, it is shown
that the current prediction for the gp resummed prediction for the Higgs plus jet system is

consistent with the parton shower results. However, there is the one major difference in that
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the analytic resummation knows about the cone size of the jet, resulting in a shape that
differs from the parton shower codes. When the data becomes more precise, a great test of
this method would be to see if the data can distinguish whether the paron shower method,

or the analytic resummed method is correct.

7.3 Final Remarks

In conclusion, the improvement of the ¢ resummation calculations in QCD are included
in the ResBos2 code. With these improvements, the calculations are now at a level that is
sufficient for the precision required at the LHC. In the future, the ResBos2 will continue to
improve building off of the work of this thesis, and the ideas that have formed as a result of

this work.
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APPENDIX A

The Dirac Equation and v Matrices

The Dirac equation is the equation of motion to describe fermions, and is given by:

Y (i0ty, +m) Y =0, (A1)

where 9 is the wavefunction of a fermion, m is the mass of that fermion, and yﬂ are the

Dirac matrices defined by their anti-commutation relation:

{4} = 24", (A.2)

where g"” is the metric tensor defined using the mostly negative choice, g"* = diag(1, —1, -1, —1),
such that squares of time-like four momenta result in positive results.

The ~ or Dirac matrices are used for infinitesimal transformations of spinors under spatial
rotations and Lorentz boosts. There are many representations for these matrices. The Weyl

representation is given by:

7 = . = : (A.3)

1y Eq. it is common to rewrite 8'“7M as @. This slashed notation will be used through the rest of
this work. Also, additional details on the v matrices, along with one representation of them can be found in

App. @
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where o' are the Pauli matrices, and 1 is the 2 x 2 Identity matrix. Additionally, a fifth ~

matrix can be defined as:

7 =i’y = : (A.4)

Important relationships of v matrices are:

—_

M = 41y,
2. Yy = =297,
3. Y APy = 49"P 1y,
Ao APy = =297y,
5. trace of any odd product of v matrices excluding 75 is zero,
6. trace of any odd product of v matrices times 7° is also zero,
7. Tr (yH4Y) = 49",
8. Tk (19977777) = 4 (6" g7 — 974" + g"7g""),
9. Tr (v°) = Tr (9"7°) =0,
10. Tr (MY yPy) = —4ielVro,
11. Tr(y#1 - ykn) = Tr (yHn ... 4 H1),

where 14 is the 4 x 4 unit matrix and e#*P? is the completely anti-symmetric Levi-Civita
Tensor. When moving beyond 4 dimensions, the contraction identities are modified as fol-

lows:
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Lo Ay = dly,

2. Py, = —(d—2)y",

3. YAy = 4g"P — (4 — d)v"”,

4. APy = =2979PYY + (4 = d)yV PO

The trace identities not involving 4° are not modified since they are independent of dimen-
sionality. There are many complications of dealing with 7° in dimensions not equal to 4.
There have been many discussions on the appropriate way to handle this situation. The

reader is referred to [234], 235] for detailed discussions on this topic.
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APPENDIX B

Spin, Helicity, and Chirality

Spin

Spin is the eigenvalue of S. For a fermion, S = Sig#. For a single particle, the spin
and the angular momentum operators are the same. The scalar spin s is the eigenvalue in

§2 = s(s + 1). When saying a particle is spin-1/2 refers to the value of s.

Helicity

Helicity is the projection of the spin on the direction of momentum. Helicity eigenstates are

given by the operator H = Wf , and exist for any spin particle.

Chirality

Chirality is a concept that only exists for fermionic particles. A particle is chiral if it is
not symmetric under a mirror symmetry. This leads to the definition of left-/right-handed
particles. The projection of the fermionic wavefunction to the left- /right-handed components

is given by:

(B.1)
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L
In the Weyl representation, the spinors can be represented by . In the massless limit

YR

chirality and helicity are the same.
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APPENDIX C

Standard Model Higgs Boson and

Higgs Mechanism

As discussed in Chapter [I} the Higgs Mechanism is used to introduce masses for vector
bosons, in a manner that preserves the gauge theory. There, the calculation was demon-
strated for a Higgs boson added to QED. The full details for adding a Higgs boson into
SU(2)r, x U(1)y is detailed below.

First, the addition of a scalar doublet is required to be added to the Standard Model,

given by:

o= ©1)

¢3 + iy
which is a multiplet of SU(2)r, timesU(1)y. The hypercharge of the above doublet is chosen
tobe Y = 1.

The potential for the scalar doublet that is responsible for the spontaneous breaking of
the symmetry is the generalized form from that in Chapter [I, and is given as:

2
)

V(#) =12 (676) + 1 (¢f0)
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where ,u2 < 0. With a Lagrangian given as:
L= (D'¢)! (Dug) =V (9), (C3)
where D, is the covariant derivative given as:
. 1 — g . /1
Dy, =0, + 1957 W, +1g §YBM. (C4)

The vacuum state (¢g) is given by:

¢0 = = ) (05)

where v is known as the vacuum expectation value. With this choice of the vacuum, SU(2), x
U(1)y is broken, but since the vacuum has charge Q) = I3+ %Y = 0, there remains a U(1) gps
symmetry as required.

The Lagrangian above can be rewritten into terms of the physical gauge bosons (W™, W™, Z, v).

The W= boson can be related to W1 and W2, by the following relationship:

1

wE ="
V2

(Wl =S z’WQ) . (C.6)

Additionally, the Z and v can be rewritten in terms of the W3 and B bosons as given by:

1
A=—0 (¢dW3+¢B), (C.7)
92 +g/2 ( )
1
Z=——(gW3—¢B). (C.8)
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Combining these relationships, the Lagrangian for the scalar can be rewritten as:
1 2 —\2
(D19)T (Dug) = c0? (2 (W) 402 (W) + (2 +42) 22+0-47), (C9)

plus terms that involve the Higgs boson. The rest of the results follow as discussed in

Chapter
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APPENDIX D

Structure of SU(3)

A given representation of the Gell-Mann matrices is given by the following 8 matrices:

010 0 —i 0 1 0 0
AM=(100]|, X=]i 0 0], M=[0 -1 0]
000 0 0 0 0 0 0
00 1 00 —i 000
AM=100 0. M=]00 0, A=]00 1];
100 i 0 0 010
00 0 10 0
AM=100 —il, As—% 01 0 (D.1)
0 i 0 00 —2

The structure functions are completely anti-symmetric in the choices of a, b, and ¢, and

are a generalization of the Levi-Cevita Tensor from SU(2) to SU(3). They are defined as:

V3

1
f123 =1, f1a7 = fi65 = foa6 = fos7 = f345 = f376 = 3 fa58 = fors = 5 (D.2)

and in general they are zero, unless they contain an odd number from the set of {2,5,7}.
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APPENDIX E

QCD Feynman Rules

Fermion Lagrangian

To find the interaction terms for the fermions, we start from the free Lagrangian. For all of
this, we will assume that the fermions are massless. It is easy for one to extend the following

to include fermion masses.

Ly =id (E.1)

We will now require that the Lagrangian remain invariant under a SU(3) transformation.

To begin, a local SU(3) transformation can be written as:

X = e—iTaPa(x) (E.2)

Where p%(x) are all real. We can then act this transformation on the above Lagrangian:

Y — X Oy = X0 + (0,X) (E.3)

To bring back the desired SU(3) invariance, we introduce the covariant derivative which
is defined such that:

Duth — XD, (E.4)
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Working through the equations above to find the definition of the covariant derivative,

one finds that the form the covariant derivative must take is given by:

Where in the above equation, gs is the strong coupling constant, and AZ are the vector
boson fields for the strong force, known as gluons.

Therefore, the SU(3) invariant Lagrangian for fermions is defined as:

Ly=1 (i — gsTA") ¥ (E.6)

Looking at this equation, one can see where the interaction between the quarks and the
gluons arises. Details on the interaction and the Feynman rules for QCD will be calculated

in later sections.

Vector Boson Lagrangian

The vector bosons, or gluons, are in the adjoint representation of SU(3). Therefore, under a

SU(3) transformation the fields transform as:

Al = A% — 0up™ (@) + g faper” () AS, (E.7)

We can also define the field strength tensor for QCD in an anologous way to that of QED,
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but we have to include additional terms since unlike QED, QCD is non-Abelian.

Fil, = 0 AL — 0y A% + go [ A, y Ay e (E.8)

Also, similar to QED, the kinetic part of the Lagrangian is formed from a Lorentz invari-

ant using two field strength tensors.

1

Lhin =~ PP, (.9
To simplify the expressions, we can define: A, = —iTaAZ and
Fu = —iTF ﬁy. Using these definitions, we can rewrite the kinetic part of the Lagrangian

by using the following relations:

1

9

Where D), is the covariant derivative from Eq. . Using the trace property of the T%’s,

one can rewrite the Lagrangian as:
1 "y

Putting the fermion Lagrangian together with the kinetic term for the boson La-

grangian [E.9] one obtains the complete Lagrangian for QCD.

1 _
Locp = —ZFWﬂFgV + 1 (i) —m) (E.12)
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QCD Feynman Rules

In order to find the Feynman Rules for QCD, we first need to expand the kinetic term of
the QCD Lagrangian in order to find the quartic, cubic, and quadratic terms for the vector

bosons in the Lagrangian.

FIOps, — <E)“A”’“ 9V AR 4 g f“bCAé‘AZ) (@A‘; — 9, A% + g, fab’C'AM,AM,)
= DAL — DAL+ go U AN A,
— O A0, A% + O A9, AG
—ga VP AP A, gt gaf AL AL AL — gy fUV AL AY D), AL

I
4 ggfabcfab c A'IL)LAZA/,L,b’AI/,c’ (E.13)

The equation above can be further simplified by noting:
OH A9, Ay = 0" ARCO, Ay and OF A0, Ay = 0¥ AR10, A
We can also interchange the A-fields since we represented them in terms of group com-

ponents instead of matrices. Reorganizing the above equation and simplifying, one obtains:

FHV,CLF/(}V =2 [aMAV,aauAg . auAu,aaVAZ]
295 | fabe (0" A”®) ADAG — fape (97 AR) AL AS (E.14)

/ /
+ 92 fape gy APPAVC AL AG
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Putting this back into Eq. [E.12] the Lagrangian can be written as:

1
EQCD = —5 [8/‘141/’@8“14% - 8“141/’@8,/142}
1
- 598 [fabc (0 A% AZAg — fape (0" A1) AZAi
) o (E.15)
= (95 Fabel oy S AN AV A,
+ 3 (i — m) b — gs T A%y
Now that we have the Lagrangian in this form, we can begin calculating the Feynman

Rules for QCD. We will calculate the Feynamn Rules for:

1. Gluon propagator

2. Triple gluon coupling
3. Quartic gluon coupling
4. Fermion propagator

5. Fermion-gluon vertex

Gluon Propagator

To find the gluon propagator Feynman Rule, one must first find all the quadratic terms in
AZ. These terms are as follows:

1
5 [0rAna9, A — 94 AV, A
(E.16)

1
- _ §Au,a [aZguyéab + auaydab} AV:b

However, to find the propagator one needs to find the inverse of this operator, but due

to gauge invariance this operator does not have an inverse. Therefore, in order to obtain the
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gluon propagator we must first break the gauge invariance of the Lagrangian. To do this,
we will insert a new term by hand, known as the gague fixing term. Here we will use the

following gauge breaking term:

1 2 1
Lag = o (0 19)” = — L8 (<0107 5,) AL (&7

Combining these two equations, we are able to find an operator that is invertible. The

new term that we need to invert is given by:
1 wa | 92 1 v,b

The propagator is found by taking two derivatives with respect to the Fourier transform

of the Lagarangian.

B 02F(L) 1
1 : : 2

By observation, it is easy to see that the form that the inverse of this equation must take

the form of:

k. k

One can solve the equations for A and B to obtain the result for the propagator.

PP! = 1= glog
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1 kHPEY
= <k72gua - (1 - a)kl/k'0> (Ag’w +B L2 ) 5ab

1 1
= — Ak*gl — Bk'ko + A (1 - 5) kko + B (1 — 5) K'ko = g

(E.21)
= - Ak® =1 —B+A(1—l)+3(1—1)=0
o «
1 1

Plugging the solutions to A and B back into Eq. [E.20, we obtain the Feynman Rule for

the gluon propagator.

0 1 —a)kyk
&wm&wzlki; —g,,WJr—( k; i (E.22)

Triple Gluon Coupling

To find the triple gluon coupling, first we need to find all the terms that are cubic in the
gauge fields. We will also be using the all incoming momentum convention when calculating

the Feynman Rules. These terms are as follows:

1
L3 =~ 9 abe (91 AV — 9 AP9) AD A (E.23)

We then follow a similar procedure to that used for the propagator. We need to find:

(3) _ —i0PF(L3)

= GALoAT AT (524
« B Yy
The array of (I,m,n) has 3! = 6 permutations, but due to f,;. being antisymmetric,

we can reduce the number of terms that need to be consider %’ = 3 cases. In deriving the

Feynman rule, we will go through each of the three cases to determine it. Also, the gluons
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will have the momenta p, k, and ¢, as seen in the diagram of the vertex below.

1. Consider (I,m,n) — (a,b,c):
The Fourier transform brings down the momentum associated with the gluon that has

the derivative acting on it. So in this case we get factors of (ip).
—i . , —1 . .
798fabcémbgﬂu5ncg’yy [5algau (@pu) - g,ua(sal (ZpV)} = 798flmn [(Zpﬂ) Yoy — (pry) gaﬁ}

2. Consider (I,m,n) — (b,c,a):

Similar to above, but here the momentum factor is (ik).
—i . , —1 . .
TQSfabcélbgauémcgﬁy [5an9’w (Zk,u) - gu75an (@kvﬂ = 795fnlm [(Zka) 98y — (Zkﬁ) ga’y]

Note: frim = —finm = Jimn

3. Consider (I,m,n) — (c,a,b):

Here the momentum factor is (iq)
—i , , —1 . .
~ 95 fabeOnbg " 91c9™" [6angpy (iqy) — 9,80an (iqy)] = 5 95Smni [(ity) 9ap — (ipa) 9]

Putting the three terms together along with manipulating the structure constants to

match, one obtains the Feynman rule for the 3 point function as:

= 9sfimn | (4 = K)o 0y + (k= D)5 0ya + (0 = 4)y dap (E.25)
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Quartic Gluon Coupling

The last piece that includes on the gauge field are terms that contain quartic terms in the

fields. There is one such term shown below:
1
Ly = _ZggfabcfadeA%bAV’CAﬁAs (E.26)

Therefore, following the same approach in the sections above, we will need to calculate

the following term in order to get the Feynman rule:

@ 0 F (Ly)

 9AkoALoAmOAY

(E.27)

Here we can see that there will be 4! = 24 different permutations that can occur for the
indices (k,l,m,n). Again, due to the properties of the structure function we are able to
relate (k,l,m,n) to (k,l,n,m), (k,m,l,n), and (k,n,m,1).

However, to illustrate the relationship, we will still show the work for all 24 permutations.

1. e Consider (k,I,m,n) — (b,c,d,e)
_: 2f 0t S g8 167 P6 S __t 2 0,
493 abcJadeObkd" Ocl9 " OdmYuyPengvo = 495 aklJamnGov9po
e Consider (k,l,m,n) — (b,c,d,e)

i o9 Lo
_195 fabcfade‘sbkguafsclgyﬁ5dng,ua5emgufy = _ngfaklfanmgaag[h
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Consider (k,m,l,n) — (b,c,d, e)

i 9 i 9
_Zlgsfabcfadeébk:gua5cmgyvédlguﬁ5engVU = _ngfakmfalngaﬁg’w

Consider (k,m,n,l) — (b,c,d,e)

i 9 i o9
—195 faveSadeOvkg" " 0emd” " danguodergus = =95 fakm faingac 9,

Consider (k,n,m,l) — (b,c,d,e)

i 9 i 9
_ng fabcfade(sbk:guaécngya5dmg,twéelgy6 = _ngfaknfamlgoz’ygﬁa

Consider (k,n,l,m) — (b,c,d, e)
_3 2f f 5 uaé Vo‘é‘ 5 __E 2f f
495 abc)adeObk9™  9cng  0di9up9emPry = 493 aknJalmY9aBIvo

. From here out, we will just write the result for each term. This can be done by

recognizing the pattern of the terms above.

e Consider (I,m,n, k) — (b,c,d,e)
i
_ngfalmfcmkgﬁogwa
e Consider (I, m,k,n) — (b,c,d,e)

i
_ng falmfa,kngaﬁg’ya
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Consider (I,n,m, k) — (b,c,d, e)
i 9
_ng falnfamk:gﬁygoza
Consider (I, k,n,m) — (b,c,d,e)
i 9
_ng falkfanmgﬁggay
Consider (I,n, k,m) — (b,c,d,e)
i 9
_ng falnfakmgaﬁg’ya
Consider (I, k,m,n) — (b,c,d, e)
L9
_ng falkfamngﬂ'ygaa
Consider (m,n, k,l) — (b, c,d,e)
i 9
_ng famnfaklgorygﬂo—
Consider (m,n,l, k) — (b,c,d,e)

9
_ng famnfalkzg/é’ygao
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Consider (m, k,n,l) — (b,c,d, e)
i 9
_ng famkfanlgwagaﬂ
Consider (m,l, k,n) — (b,c,d,e)
i 9
_ng famlfakngavgﬁa
Consider (m, k,l,n) — (b,c,d,e)
i 9
_ng famk‘falngﬂ'ygaa
Consider (m,l,n, k) — (b,c,d, e)
L9
_ng famlfcmkg’yagaﬁ
Consider (n,k,l,m) — (b,c,d, e)
i 9
_ng fankfalmg/é’agav
Consider (n,k,m,l) — (b,c,d,e)

i 9
_ng fankfamlg’yagaﬁ
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Consider (n,l,k,m) — (b,c,d, e)

i 9
_ng fanlfakmgaagﬁfy

Consider (n,m,l, k) — (b,c,d,e)

1
_Zggfanmfalkgavgﬁa

Consider (n,l,m,k) — (b,c,d,e)

i
_ng fanlfamk‘g”yagaﬁ

Consider (n,m, k,l) — (b,c,d, e)
i 9
_ngfanmfaklgaagﬁfy

Combining the above 24 terms together, and simplifing the expressions, we get the fol-

lowing for the Feynman Rule:

—igg [faki famn (gowgﬁa - gozag,87>
- + fakmfain (gaﬁga'y - gaagm) (E.28)

+faknfalm (gaﬁgd’y - ga(fgﬂ’y)]
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Fermion Propagator

Now we will consider terms in the Lagrangian containing fermions. The first term that we
will calculate is the fermion propagator. Unlike the gluon propagator, the fermion propagator
does not have the issue of being zero due to gague invariance. It is therefore, a straight-

forward calculation. The term needed in the Lagrangian is:

Ly=1p(id—m)y (E.29)

The propagator is found by the same method as above. In other words, we need to

calculate:
p_ (27 15) N (E.30)
T ovoy ‘
Preforming this calculation, one obtains:

i 7i(p+m)

PR R (E.31)

P=i(p—m) ' =

—m

Where to get to the last equation, we multiplied the top and the bottom by p + m to

bring it to the typical form. Thus, the Feynman rule for the Fermion propagator is given by:

- % (E.32)
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Fermion-Gluon Vertex

The remaining term that has not been accounted for in the Lagrangian thus far is the

interaction term between gluons and fermions. This term is given by:

Lint = gsT ALyt = gg Albapiyt (T 1) (E.33)

Where in the second equation we wrote in the indices corresponding to the color of the
fermions. The index a goes from 1 to 8, where the indicies 7,7 can be 1,2, or 3. Again, we

preform the same procedure as before:

OYOYPOAS, .
This gives us the Feynman rule, which is shown below:
= igs7u(T%)} (E.35)

Note: The order of (ij) is important because 7% is not a symmetric matrix.

Fadeev-Popov Ghost Fields

Arising from an artifact of insiting on Lorentz invariance and unitarity for massless spin-1
particles are unphysical particles known as Fadeev-Popov ghosts. These also arise in QED,
but since the theory is Abelian, they do not couple to the photon. Here in the non-Abelian

theory they do couple to the gluon, but only appear at higher orders, since they are non-
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physical. There are ways to derive the Feynman rules to not have any ghost fields knwon as
Axial gauges and a discussion on these can be found in [236].

The gauge fixing term can be expressed as:

Lyr= —%(ca)Q (E.36)

The ghost Lagrangian is defined as:
Lpp = X"Mypy" (E.37)
where M, = % We can see that there will be one ghost and one anti-ghost for each of

the gluons. Therefore, there will be 8 ghost fields and 8 anti-ghost fields. Let us examine

how the ¢ fields change under a local gauge transformation.
¢t = MAY — OM(A] + 0A)) = ¢ +oc” (E.38)

To find the equation for M, we will need to calculate the §C* term in the above equation.

The derivation is shown in the equations below.

0C™ =0M(SAL) = O (=0uA” + gs fapc A" AL)
= — 0PN + g faned (A A7) (E:39)
= [~ 0%0% + gy Fape (A" + DM A7) | A
o

=My = 5 = —00ap + s fape (ASOM + OFAL) (E.40)

188



Plugging the above result into Eq. we get the resulting ghost Lagrangain.

Lpp=x" [_825% + 9sfabe (A/ciau - alqu)} Xb (E.41)

= (9X®) (9"X") = gs Fabe (9"X") A"

Now we will begin to calculate the Feynman rules for the ghost fields. We begin with the

calculation of the propagator.

) B -1
B OO P '
1 E.43
................. = Zﬁéab ( . )

The only remaining Feynman rule for QCD to calculate is the ghost-gluon interaction

term. This term is given by the same procedure as above, giving:

J?fb’m = 9sJabcPp (E.44)

It is important to note that the anti-ghost fields are not the anti-particles of the ghost

fields.
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QCD {$ Functions

The § functions in QCD arise from the calculation of the renormalization of the strong
coupling constant. They have been calculated up to four-loops [237, 238]. The results up to

that order are listed below:

Bo :ECA - %TFnF, (E.45)
81 :5031 — —C’ATFnF — ACETEnp, (E.46)
8o _2§i70 3 - 1‘;5 CATpnp + gi,YSCAT%n% + %CFTI%n%
- @OACFTFn P+ 205 Tpnp, (E.47)
by =CaCrtpaiy (T2 + 256 + Cackronp (- 50+ B2 ) + ocutind
+C3CFTrpnp (720723 - @Cs) + CRTEn% (72?0 %C?)) 1224332 CpTin}
C’iTFnF (—398—1143 @@) Ch (154086653 — %C{g) + C’%Tgﬂn% (12? — EC?,)
+46C3 Trnp + 1 F_dan?ffi%de (% _ % 3> + n%_d%“bcjc\lfi?w (_% @@)
P AT ( T, (Ba5)

where the coefficients in the § equations can be expressed in the specific values for an SU(N)

group are:
Py S Cy=N L W\
F 27 F IN ’ ’ NA 96N2 7
d%)CddadeA B N(N2 + 6) d%)CddadeA B N2(N2 + 36) Ny — N2 1 E.49
Ny 48 7 Ny 24 Nam e (B
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APPENDIX F

Calculation Details

Plus Functions

The Plus function is a distribution to handle singularities of functions that occur for x = 1.

Given the function F(z) which is singular for x = 1, the plus function is defined as:

1-p
F(z)+ = lim <F(x)@(1 —z—p)—01—x— ﬁ)/o dyF(y)) . (F.1)

£5—0

When a plus function is convoluted with a test function, the final result is well defined. For

example, given a test function G(x), the convolution is given by:

1 1
/ o F(2)4G(x) = / dxF(z) (G(z) — G(1)). (F.2)
0 0

Additionally, a property of the plus function is:

/1 deF(x)4+ =0, (F.3)
0
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which can be easily derived with a choice of G(z) = 1. Finally, it is possible to obtain the

result for a lower bound that is non-zero by:

1 1 a
/a deF(x)+G(x) = /a deF(x) (G(z) — G(1)) + G’(l)/o F(x). (F.4)

NLO Real Corrections to Drell-Yan

Similar to the quark-anti-quark channel, the singular terms for the (anti-)quark-gluon chan-

nel are given by:

<|M\gq)smg 64 (Q2> (o7 + k) (/7 + 12) KsLo— (9 — o) (47— 13) Ka 2A4) .

(F.5)
with
1
Ks=— (4+0-22)?) 80~ 2p)
T
1
— q—25(1—ZB)ZA(1—ZA)+ZA<—>ZB, (F.6)
T
1
Ki=—= <ZA+(1—ZA) )5(1—ZB)+ZA<—>ZB. (F.7)
a7

Loop Integrals

Here a brief discuss of loop integrals is given, along with the calculation of the loop integral
involved in calculating the NLO correction to Drell-Yan. For additional discussions of loop
integrals, and the more modern approach that has been developed to tackle the calculations

of higher number of loops can be found in [239] 240, 241].
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Figure F.1: The hadronic virtual correction Feynman Diagram to Drell-Yan at NLO.

For Drell-Yan at NLO accuracy, there is only one virtual diagram to calculate if di-
mensional regularization is used. The hadronic component of the calculation is given the
following Feynman diagram in Fig. . Since this diagram is O («ay), the matrix element
squared will be of O (ag). Since this is a higher order correction, only the cross term of the
virtual diagram and the tree level diagram are used up to NLO. The result is obtained from
virt

2Re (MbomM f ) Using the Feynman rules, the virtual correction is given as:

o (M Mle) = [ 51 (31 (1K) o (3 +£) )

¢ 212 2
2 (pg — /{5)2 (p1 + k)gguu (2m) g5Q%e”, (F.8)

where C' is the color factor, gs is the strong coupling constant, () is the charge of the quark,

and e is the electric charge. Consider the integral:

/ alr T (P (9 — #) 2% (py + #) 27910
(2m)? k2 (p2 — k)* (p1 + k) '
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Using the Feynman parameter trickEL gives:

B a1 (7’27a (pz - k) 7 <p1 T k) 7%17”)
-/ Y om0 — 2= 5) + (2 — WP + (1 + Fy (F10)

The denominator of the above equation can be simplified, using the substitution: [* =
kH — pgx —|—p/fy, and the definition ¢% = 2p; - po, giving:

D =12+ ¢*uy. (F.11)

Now consider the numerator of Eq. the numerator can be simplified, using the substi-

tution for [ given above, to:

N = —4q4 [(1 —y—x)(1—¢) +:By—262a:y]

1—2¢ 99 2,2
—q°l* — 1-— [~ F.12
+82(2_6)q 8e(l—¢€)q ( )

Combining the numerator and the denominator and putting the integrals back, gives three

unique integrals to calculate. The first integral is:

11—z ddl 1 —y—
I :/ d:v/ dy/ Y x3
+q2xy)

—1 4m 1 2
= 167242 (_q2> QF(l—E) (6—2—|—g+4+0(6)), (F.13)

IDetails on the Feynman parameter trick can be found in Appendix A.4 of [42]
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the second is:

11” d
12—/dx/ /‘”
+q:cy)

—i 2—¢€ ([ 4m 1 1 3  Te
1672 2 <—q2) I'(1—e) (25+2+2+0< )) (F.14)

and finally, the third is:

1— x ddl
o]
2 4 Pay)’

—1 47 1 36
1.2 00 ( ) F.15
167T2q22 (—q ) (2 + 2 * > ( )
Plugging all of the results back into Eq. [F.10] gives:
po Y L (2o seati0( (F.16)
— -8+ €) ). .
1672 F(l—e) \ e €

Finally, substituting the result of the integral back into Eq. gives the desired result

found in Eq. [3.18]

Phase Space In D-Dimensions

When working outside of d = 4 —2¢ dimensions, the integrals over the phase space need to be

modified. The major calculation that is needed, is the area of a unit sphere in d dimensions.
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This can be calculated by using the following trick:

(V)" = ( / dm—xz)d ) /ddw exp (i2)
Z/dEd/Ooodxxd_le_’Iz _ < r

QL

N/

Q.
~_
N | —
N
N L
~~_

Solving for [ dX; gives:

/ s, = Zusi) (F.17)
I'(d/2)

Using Eq. reproduces the expected results for the familiar integer dimensions as seen

in Table [E11

| d|T(d)2) ] [dEy |
1] x 2
2 1 2
3| 7/2 4dm
4 1 22

Table F.1: Table of the results of calculating the area of a d-Sphere

Resummation Coefficients to N°LL

The coefficients up to NNLL can be found in Section [3.4.1] and |3.4.2| for the CSS and CFG

formalisms respectively. For the additional terms that appear at N 3LL, they can be found
in [167, 168], and are reproduced here for ease.

The B anomalous dimension in CSS at O (ag) is given as:
1 2
BYY =A8Y — 4+ P + 28 (ng —3 (C?Y> ) : (F.18)
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substituting the numbers into the equation above, the numerical result is given as:
BYY =114.98 — 11.27ny + 0.32n7, (F.19)

where n ¢ is the number of active flavors. Note the above equation differs from that in [167],
since the expansion in [167] is for g2, while this work uses <£.
The hard-collinear coefficient at the NNLO for vector boson production is given by five

different initial states: ¢, ¢¢’, qq, q¢’, and qg. These coefficients are given as:

3 2
20(%) (2) +0(1—2) [Hé)Y@) -2 (H(?Y(l)> n TF <7T2 B 8) HQDY(I)}
+ %CFH(?Y(D (1—2)

2
:HDY(Q) (Z)_CT% [5<1_2)(7T2;8)+ (7#-10) (1—2)—(1+z)1n2’] ,

41+ 1
(F.20)

o) @)+ i W0 -2 = u 2 ()
_%{zlnz+%(1—22>+<%2—4>z(1—z)], (F.21)
Cie) (2) = Mg (2). (F.22)
Cg? (2) = HZ};(Z/ (2), (F.23)
Cé? (2) = Mogeqz (F.24)
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where the H coefficients are given by:

DY), 7¢ 101 1 59¢3 1535 21572  xt\
Hygeqq(?) —CACF{( AV ++ 8 192 " o6 " 240) 002

L1+ P ( _ Lig(1—2) Lig(z)log(z) 1

T 5 + Lig(2) — — —Lig(2)log(1l — 2)

2 2

L 1og3(2) — L log?(1 — 2)log(2) + ~n?log(1 — ) -
— —log(2) — = lo —z)log(z) + —7m“log(l — 2) — —
24 & 598 & " % 8

1 1 2 1 2 2
_ (11— ) ——(— 12 11)1
1_2( 4( 32%) (3 5\ 77 H12et 0g”(2)

Tz

1 2
- (8322 — 362+ 29) log(2) + T)

+(1—=2) (LIQ—(Z) + 1log(l —2) log(z)) + 2 —;7100 + }lzlog(l - z)}

2 2

14/ 1 1 )
— (19264 + 1143 — 152 ) 1—
+CFnF{27(1—Z) +864<9C3+ 3—15277) (1 — 2)

M J log(2)(3og(=) +10) + %( 192 — 37)}
+CF{ ( 15¢3 + E—%Jr%) 5(1 - 2)
11t Zz ( 5(1—2) 5Li;,(z) ) % Ly () log(1 — =) 4 2L2(2)108(2)
—log(z) log2(1 — =) + ilog () log(1 — z) — 1—127r log(1 — ) + %)
-2 (—Lig(z) ~ 2 log(1 - =) log(2) + 2% - %) + o (1)1 (2)
1

1 1

+ = (—222 + 2z + 3) log?(2) + = (1722 — 13z + 4) log(z)
1—-2\8 4

— Zlog(l - z)}

—l—CF{l(l —2) <222 —z+2) (thélog(l — 2)log(z) — g—;)

6
1 (1 2_14 12)——( )1
+2162( z) ( 136z 3z + 17 822 + 32 4 3) log?(2)
2 (32z —30z+21> log(z )+i(1+z) log3(2) (F.25)
36 24 ’ ‘
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2
DY (2) , \ Lo 2 : B o
H () = OF{—122(1 2) <2z Pt 2) (ng(z) +log(1 — =) log(2) — >
1 2 1 3
+Z§;ﬂ—¢)0&k —LBz+Ym>+Z§O+%Obg(@
(g2 20,y 4 - (3952 _
% <8Z + 3z + 3) log“(z) + = (322 30z + 21) log(z)} ,  (F.26)

Hore o) (2) = O (OF - ch) {1 kil <3Li3(_z) + Lig(2) + Lig ( ! ) _ Lig(=2)log(2)

979 2 1+ 2 2 1+2z 2
Lig(z)log(z) 1. 3 L. 3 1 2
— 5 o1 log®(z) 5 log®(1+ z) + 1 log(1 + 2) log(z)
2 .
T 3(3 Lig(z) 1 15
T jog(142)— 228 ) 41—z (222 4 2 . =
+ 15 og(l+z2) 1 ) + ( z)( 5+ 2log(l z)log(z) + 3
1 _ 2 1
— 5(1 + z)(Lig(—2) + log(z) log(1 + 2)) + ﬂ(z —-3)+ g(llz + 3) log(2)
1 2 . 7T2
+ C’F{@(l —2) (2z —z+ 2) <L12(z) +log(1 — z) log(z) — €>
1 2 L (g2 2
— 1 — 14 172) — — 1
+4322(1 z)( 362 3z + 7) 9% (82 +32+3> 0g-(2)
1 9 1 3
— — 211 —(1 1 F.2
+ = <322 30z + ) og(z) + 48( + z) log (z)} : (F.27)

2, DY) (2) = 2, PY(2) ()|

F.28
qq<—qq’ qq<—qq’ ( )
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1
Mg gol) = CA{ — 21— 2) (1122 = 2 42) Lig(1 - 2)

Lig(1—2) 1. 1
2 LB\L—<) 1 _ . - 31 _
+ (22 2z + 1) ( 3 8L12(1 z)log(l —z) + 18 log”(1 z))

e (B Us () Lin(—2)loa(2)

1
— —log3(1
4 8 a1 loe"(1+2)

1 1 1
+ G log?(2) log(1 + z) + 4—87r2 log(1 + z)) + Zz(l + 2z)Lig(—2) + zLiz(2)

14922
216

1 1
- 5 (4422 = 122 + 3) log?(2) + = (6827 + 6% — 30z + 21 ) log(2)

72

2

Tz 43z 43 1 3 1 9
—(2 11 — —zlog(1 — 2)1

+ 51 + 18 + 1082+48< z 4+ 1)log?(2) 2,2 og( z)log”(z)

_ %zmgu _ 2)log(2) — #Lig(2) log() — g (22 41) G5 -

— é(l —2)zlog(1 — z) + iz(l + 2) log(1 + z) log(z)

35

1
(3 —42)zlog(l — 2) — 2
+ 16(3 z)zlog(l — 2) 48}

+ CF{ (2z2 — 2 1) (43 CLis=2) L) L log(1— 2

8 8 8

Lig(z)log(z) 1. 3 1 2
21202) 08F) _  1063(1 — 2) + — log(2) log2(1 —
+ 3 15 1087 (1 = 2) + 1 log(2) log™(1 — 2)

+ % log?(2) log(1 — z))

322 1,9 3 1 2 2
————<4z —22+1>10g (z)+—<—8z +122+1>10g (2)

8 96 64
1 2 5 2 11z 1 2
+ 5 ( 827 + 23z+8> log(z) + i (1—2)z+ 3 + 8(1 2)zlog”(1 — 2)
1 1 9
- 1(1 — z)zlog(1 — z)log(z) — 1—6(3 —4z)zlog(l — 2) — 3—2} : (F.29)
DY (2 z 1
quég;( ) = ~3 <1—z+§(1+z) log(z)) , (F.30)
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where Lig(z) (k = 2,3) are the polylogarithm functions,

z 1
Lio(2) = —/0 % In(1—1¢) , Liz(z) :/0 % In(¢) In(1 — 2t) , (F.31)

and the H factors are the scheme dependent resummation factors. For CSS, H is 1 to all

orders, while for CFG, H has as dependence.

Fit to SIDIS Data

The universality of the parton distribution is a powerful prediction from QCD factoriza-
tion. According to the TMD factorization, the universality of the TMD parton distributions
should exist between SIDIS and Drell-Yan processes as well. Therefore, the non-perturbative
functions determined for the TMD parton distributions from the Drell-Yan type of processes
shall apply to that in the SIDIS. Of course, the transverse momentum distribution of hadron
production in DIS processes also depends on the final state TMD fragmentation functions,
which need to be determined by fitting to existing experimental data. Following the univer-
sality arguments, the following parameterizations for the non-perturbative form factors for

SIDIS process can be assumed, in contrast to Eq. for Drell-Yan process,

Sj(\?pls) = %152 + g2 In (b/b:) In(Q/Qq) + g3b? (zo/zp)* + Z—ng . (F.32)

h

In the above parameterization, g; and g9 have been determined from the experimental data of
Drell-Yan lepton pair production. The factor of 1/2 in front of the g; term is due the fact that
there is only one incoming hadron in the SIDIS process, while there are two incoming hadrons

in the Drell-Yan process. Although there has been evidence from recent studies [242} 243] that
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gp, could be different for the so-called favored and dis-favored fragmentation functions, them
will be taken to be the same in this study for simplicity. When more precise data become
available, a global analysis with two separate g; parameters may need to be preformed.

In principle, g1, g2, and g;, may be fitted to both Drell-Yan and SIDIS data simultane-
ously. However, the SIDIS data from HERMES and COMPASS mainly focus in the relative
low Q2 range. Because of that, the theoretical uncertainty of the CSS prediction is not well
under control, particularly, from the Y-term contribution. There have been several successful
phenomenological studies to describe the experimental data from HERMES and COMPASS
experiments, using the leading order TMD formalism [242] 244]. The goal of this paper
is to check if the non-perturbative form factors determined in the Drell-Yan process can be
applied to the SIDIS processes. As shown in Ref. [I71], fitting both is not possible with
the original BLNY or KN fit, where it was found that the extrapolation of these fits to
the kinematic region of HERMES and COMPASS is in conflict with the experimental data.
However, it will be shown that the SIYY form will be able to extend to SIDIS experiments
from HERMES and COMPASS Collaborations.

Therefore, in the following, the parameters (g1 2) are set to the fitted values from the
Drell-Yan data and compared to the SIDIS data for consistency. In Fig. the comparisons
between the theory predictions with g5, = 0.042 and the SIDIS data from HERMES is
given, with a total 2 around 180. This parameter is consistent with previous analysis
when the leading order TMD formalism is considered [242] 244]. Tt is also consistent with
the TMD formalism with truncated evolution effects in Ref. [I71]. The differential cross
section for the SIDIS process depends on the hadron fragmentation functions, for which
the parameterization from the new DSS fit [245] 246] is used here. A normalization factor

about 2.0 in the calculation of the multiplicity distributions shown in Fig. is used, which
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Figure F.2: Multiplicity distribution as function of transverse momentum in semi-inclusive
hadron production in deep inelastic scattering compared to the experimental data from
HERMES Collaboration at Q2 = 3.14GeV?2.
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accounts for theoretical uncertainties from higher order corrections for both differential and
inclusive cross sections H Here, the Y-term contribution is not included, for the reasons
mentioned above.

The figures in Sec. and Fig[F.2 clearly illustrate that the SIY'Y non-perturbative
function is a universal non-perturbative TMD function which can be used to describe both
Drell-Yan lepton pair production and semi-inclusive hadron production in DIS processes in
the CSS resummation framework. Also, note that that the new functional form for the
non-perturbative function is crucial to achieve this conclusion as given in Eqgs. and

(F-32).

o, Expansion

The Taylor series expansion of ag around some fixed scale p is given by:

oast) 2 1 p2aslw) 2
cmm:%WM_WZ m%+y_ij mwﬁv@g.mw
T T Ologp=ly=py 15 20 (logp?) lu=pg M0

To obtain the final result, we need to calculate the derivatives. However, the first derivative

is exactly related to the § function for the running of the coupling,

S = Blas (), (F.34)

2Compared to the leading order TMD fit of Ref. [244] where there is no normalization factor, the C (1)
coefficient is large and negative in the CSS resummation application to the SIDIS. Phenomenologically, that
is the reason to include a factor of 2 in the comparison to the SIDIS data. This could be improved if the
differential cross section (instead of multiplicity distributions) are measured in the future.
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with

N k1
Blasi) =3 () sy (F.35)

For the second derivative,

2 95 (ay (

™

0 (log u2)2 s

™

00 k
5 s ) = =0 s () Y- e ) (P00) s (3o
k=1

Inputing these results into Eq. m, and keeping terms only up to O (ag’), the expansion of

Qg iS:

2 2 2 2
as (1) _ as () (1 _ o) g i (as (uo)) (68 10622 _ 1 log u_2) o @g)) |
™ ™ L

T T M 0 o
(F.37)

PDF Expansion

The Taylor series expansion of the parton distribution function around some fixed scale pp

is given by:

of; (x, 2

i o) = fi G up) + DB g
2. 2 3. 2
20 (log 12)~ lp=pp pe o 60 (logp?)” lu=pp HE
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To obtain the final result, the derivatives need to be calculated. However, the first derivative

is exactly related to the DGLAP evolution equations,

0fi (fﬁ,/;) _ W p) g f )
d0log i s AN
2 3
" (%2;”)> PO & fiw,m) + (a;;ﬂ)) PO @ fi(@,m)+0(af),  (F.39)

When calculating the second derivative, it is also necessary to expand ag (¢) around pup
as shown in the previous section. Only up to O (ag) will be keep to keep the equations

short. The second derivative is given as,

O fi (w, ) u as 2 (1 1, o) )
~p ® — =GPV ®
oz )’ - (=) (5 f ()= 56PN & f (1)
2
+(2) (ép o () + 5P e P @ f () + 5 Ly PO e 1 ()
MR
2
——50 hl—QP ) ® f (1) - 1P g fp)— lﬁop(z) ® f(u)) +0 (Cﬁ) :
W 2 2
(F.40)
and the third derivative is given as,
Pfi(w,p)  (as)3 ( 2 (1) 35 (1) o p(l)
— s == PV ® — —BoPV @ PV ®
oz ) (22)" (88PN @ f () - 280 f ()
+ép(1) ® P(l) ® P(l) ® f (u)) +0 (o/sl) . (F.41)

Inputing these results into Eq. [F.38, and keeping terms only up to O (ag), the expansion of
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the PDF is:

2
£ ()= £ (up) + 3 22V 1 B p0) & f )

HE
2 2
os )\ (1, 2 mE ) TR Y D & f(up)
+ (T) <_2501n /ﬁ% In H%P ® f(1r) 450 n ,u%
12 2
+é1 25 pll )®P(1)®f(uF)—|—ilH;L—2P(2)®f(ﬂF)>
MF F
N _0‘8(”3)>3 L 2P<>®P( ®f(MF)+%1H2'u B e Pl e f(up)
T 16 /”LF ,uF
1 2 2 2 ] :u 12 2 1)®f( )
+5601 ufvl MR ®f(uf)+ ﬁonﬂp /J%z o
2 12 p
__5 In? 2 2 p(1) & p(1) ®f(up)——ﬁ11n L =L W @ f (up)
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(@ (ozg’) Asymptotic Piece
Continuing on to O (045) the calculations become extremely complex. The asymptotic piece

can be given by:
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Similarly, the singular piece to O (ag’) can be calculated in a similar method. However,
C3) has not yet been calculated, and involves a complex three-loop calculation. Therefore,
it is not possible to obtain the a§ cross-section at this point, and there is no need for the

singular piece to be calculated.

Eikonal Approximation

Eikonalization in the Collinear Limit

Given a collinear gluon of momentum [ connecting two fermions of momentum p; and po,

as shown in Fig. the matrix element can be given as:

57 u(p2), (F.43)



p1 (1 —1) (p2 —1) P2

>

il

Figure F.3: Connection of a soft/collinear gluon between two colored particles.

where the dots represent any allowed processes between the two fermions. If [ is collinear to

p9, then

(o = 1) 7w (p2) = (P2 = D" v 7 u(p2), (F.44)

where the coordinate system being used is the light-cone coordinates, and the +/— refers to
the plus or minus component of the momentum defined as: p* = E + p.. Consider the ~
matrices in the above equation. If & = —, then v~ u (p2) = 0 from the on-shell condition. If
a =T, then v~ 7% = =474~ from the anti-commutation relations, and therefore also gives
zero. Hence, the only non-vanishing term is for a = +, giving:

T <¢1 - l) (p2 =" y*

M =70 (p1) (p1 — l)2 T (p2 — 1)2 u (p2) - (F.45)

Using the on-shell condition and commutation relation, the part before the dots can be

simplified to:
2py

F.46
(1 —1 (F.46)

@(pl) )27

and furthermore, if py = (p+, 0, 0), and p{ = pfﬁo‘ + pj na +pr{QT, where n,, = (1,0,0),

ny = (0,1,0), and np = (0,0, 1), then the equation can be shown to factorize, giving:

(F.A47)
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Eikonalization in the Soft Limit

Similar to the collinear limit, the process can be factorized if the gluon connecting the

particles is soft. Again, starting from Eq. [F.43] taking the limit [ < 0, gives:

—(m_llyau(pg)%{—( 7 } (F.48)

(p2 — 1) —pa - 1) + ie

Which can be calculated by using the on-shell condition, and properties of the v matrices. It
is important to note, that in calculations the sign of the € term is important to keep straight,
and must always be positive when using this approach. Again, the final result factorizes the

left-hand side of Fig. from the right-hand side.

Fourier Transform Details

The Fourier Transform in d — 2 dimensions from transverse momentum space to impact

parameter space is given by:

. ta-1
/elka(ﬂ?ekT _ (ﬁ)e T all—e-a) (F.49)
(k%)a 47 I'(a)

To obtain the Fourier Transform for functions of the form le log” k2., derivatives with respect
T
to a are taken of the previous equation, and then « is taken to one. The derivation of the

above equation can be found below, and requires the use of the following identity:

2\—o __ 1 o0 a—1 ka2
(kT) = m x e Td.’ll', (F50)
0
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using this identity, the first equation is derived as follows:

ikp-b - 00 2
/ € 5 d2_2€kT _ 1 /ezk‘T-bdQ—QekT/ xa_le_kad:L‘
(k%) I' () 0
=y o [ [T b0
I'(a) Jo 0

1 o o0 ; k2
— / l’aldl'/ k%_26_1dkT / d9272€ Sin—Qe eelka COS(G) ka
['(a) Jo 0

- L/OO:Jc“‘lda:/oo k221 g, o Fi1-e _ L2 kg
I (a) Jo o T TTa—o! 4 T

B (g)€+a_1 War (11:(;)— a))

where o F] (1 — € —%52/{3%) is the confluent hypergeometric function. Using this relationship,
we can easily derive the Fourier Transform of all the terms needed to check the asymptotic

contribution up through O (ag’). Here are a list of the results for completeness:

10 = 7 <g)€r (—e) (F.51)
W= 7 ( ) —c vE+1og——wo( )) (F.52)

I
1(2)=7T( ) ((VEJrlog——lDo( ))2—%2+¢1(—6)> (F.53)

b2 b2 3 2 b2
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2

#301(-0) (3 + 1o = 0 (-9 ) ~ 2002 (1) + ¥ (-0) (F 54
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22

9% -
where I(") = S —# log™ (qg) et and 1, is the n'! polygamma function defined as:

n(z) = pRES] log (T" (2)) (F.57)
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APPENDIX G

Higgs Plus Jet Resummation

Calculation Details

The poles for the quark-gluon channel are given for the virtual, renormalization, jet, collinear,

PDF renormalization, and soft corrections as:

24 -2 2 —u —1 s
H(O)% — ———-|Ih—--Ihh——-Inh—
2\ € Po+Ca €2 € " 2 " 2 " 2

+Cp (—é—%(—an;—;+3)>), (G.1)

_ H(O)%%%? (G.2)
77(0) a;(;F (632 T % (g —In Pif2>) : (G.3)
H(O)g—;g (Cro (& — 1) &1 Pyq (&) + Cad (&1 — 1) E2Pgg (&) , (G.4)
H<0>g‘—; (QfF (qu (&1) + g(s (wiq — 1)) + @ (Pyq (£2) + 2800 (wig — 1>)> . (G.5)
HO (2 (Cu + Cp) (}2 + % In “;) - g ((CA —Cp) 111% +Cpln %)) (G
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‘respectively. Similarly, for the quark-anti-quark channel, the poles are in the same order as

above, and are given as:

H<0);—; (2460% +COy <;—22 - %ln%) +Cp (Z—;l - % (—2ln% + 3))) . (G)
g% (—iCA 250) | (G.8)
H(O);‘_;ch (;2 + % (2@) —In 1;_:5 +1In %)) : (G.9)
HOZ 20 (56 - 6Py (1) + 6 0 &), (G.10)
H(O)g—;sz (qu ()& + 25 G -D+& < 52) : (G.11)
H(O)g—;Q (CF (;2 + gln %2) - %CA In %) . (G.12)

In both of the above set of equations, all the terms are proportional to d(§; — 1)d(§2 — 1)
unless otherwise noted. Looking at the above equations, all of the poles cancel, leaving a

finite result, and validating the results of the calculations.
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