DIFFUSION FOR MARKOV WAVE EQUATIONS
By

Bernard Clark Musselman 11

A DISSERTATION
Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of
DOCTOR OF PHILOSOPHY
Applied Mathematics

2012



ABSTRACT
DIFFUSION FOR MARKOV WAVE EQUATIONS
By

Bernard Clark Musselman I1

We consider the long time evolution of solutions to a Schrodinger-type wave equation on
a lattice, with a divergence-form, Markov, random generator. We show that solutions to this
problem diffuse. That is, the amplitude converges to the solution of a diffusion equation, in
the diffusive scaling limit.

Additionally, we expand upon a similar result due to Kang and Schenker for a Markov-
Schrodinger wave equation by computing higher moments of position, also in the diffusive

scaling limit.
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Chapter 1

Introduction to Diffusion for Markov

Wave Equations

In the classic study of deterministic partial differential equations, the phenomena of wave
propagation and diffusion are treated separately. The derivations of the heat and wave
equations are distinct and rely on observations of different physical behavior. Important
properties such as the maximum principle, regularity and the domain of dependence, also
called the wave cone [2], have no analog on the other side. While both models have ex-
istence /uniqueness theorems, the methods of proof are vastly different and a deep under-
standing of one does not necessarily provide any intuition about the other. Waves in nature,
however, do not satisfy such a distinction. Indeed, a vibrating guitar string will eventually

come to rest as do the waves on water’s surface, in the absence of wind or further vibration.

It is not the immediate goal here to include every aspect of nature in a particular wave
model. Instead, we show that when noise or disorder is included, one can see a departure

from the classic understanding of wave propagation. The resulting more natural model allows



for the diffusion of wave packets. Specifically, we show that for two particular examples, if
the environment through which a wave packet propagates is governed by a Markov process,

then the wave packet will eventually diffuse.

Related to the above, the first question we address is “How does one detect diffusion?”.
In chapter 2, we develop a mathematical characterization of diffusion by beginning with the
diffusion equation. After all, whatever characterization we decide upon must be consistent
with the classic diffusion equation. From this, we derive a natural scaling and define diffusion
for a wave equation to be the convergence (under this scaling-limit) of its square-amplitude

to the solution of a diffusion equation.

In chapter 3 and with this understanding of diffusion, we discuss a model with a divergence-
form generator that includes randomness. This begins by studying the semi-group generated
by a Markov process and its underlying probability measure. This semi-group gives rise to
a generator which encapsulates the process in a mazimally-dissipative operator on a Hilbert
space. A few further assumptions on the generator give us enough leverage to control the
spectrum of the overall problem: the Markov generator together with the divergence-form
generator. We then demonstrate the (slightly weakened) diffusion criterion by computing

the diffusive-scaling limit of norm-squared solutions.

The weakening of this criterion is essential to our method. (A procedure for strengthening
this weakened criterion, as well as a complete example, is given in chapter 4.) By averaging
the diffusive criterion over all realizations of the disorder, instead of computing the criterion
for arbitrary realizations, we reformulate it in terms of a particular matrixz element of the
complete generator. This reduces the problem to controlling the spectrum. That is, we

write the semi-group in terms of its resolvent by way of the holomorphic functional calculus.



We control the resolvent, in the diffusive scaling limit, by controlling its constituent parts
individually. This choice of a decomposition is motivated in a natural way by the generator
itself; we use the Schur complement (see Appendix E) according to the projections onto the
kernel and range.

In chapter 4, we elaborate on a similar problem addressed by Kang and Schenker [3].
In their paper, the weakened criterion is demonstrated for a Markov-Schrédinger equation.
We provide further evidence of diffusion by showing that higher moments of position also
possess a diffusive scaling limit and that this limit is a derivative of the heat kernel. We do
this by analytically continuing the diffusion criterion and recognizing that higher moments
are merely derivatives in the complex variable. Convergence then follows from the theory
of complex variables. It should be noted that this procedure will apply to the problem
considered in chapter 3 if sufficient control of the perturbed spectrum can be obtained. This

is a topic for further study.



Chapter 2

A Mathematical Characterization of

Diffusion

To detect diffusion in solutions to a Markov wave equation, we require a rigorous charac-
terization of diffusion. For consistency, this characterization must also be a property of the

classic heat equation. That shall be our starting point.

Consider the solution to the classic heat equation with Dirac initial data:

Opulx,t) = Au(x,t), (z,t) € R x Ry

u(z,0) = dg(x), x e RA
which we may write explicitly as

w(z,t) = ———e 4t .



The function x +— cu(z,t) is then a probability density function on R?, where we let

¢— (/Rdu(x,t)dx>_1 — 9d/2

h

be the normalizing constant. For p € N, the pt moment of position is given by

2

o0 T

/ |£B|pcu(x, t)dr = _d__ / Tp+d_1€ At dr,
R (2rt)4/2 Jo

where we have switched to polar coordinates. Here, w,; is the surface area of the unit ball in
RY. We then see that the integrand on the right-hand side obtains its maximum, regardless
of the value of p, when the position 7 is proportional to v/t. This leads us to consider the

diffusive scaling

t—t/n

v x/\M |

in the small n limit, as in reference [3].

The models we wish to study are on the lattice, so we must find a way to apply this
scaling in a discretized context. To this end, we use a mollifier h € CZ° (Rd) with [hdr =1
which we convolve with a lattice function to obtain a smooth approximation. Ultimately, our
characterization of diffusion should be independent of the choice of h. We may accomplish

this by using a Fourier transform. To see this, suppose 1 € (2 (Zd) satisfies

Opthy(x) = Hyypy (), z € 79t e R

Yo = 0y

?



a wave equation with a random, time-dependent generator. We say 14 exhibits diffusion

(see [3]) if

(@) = Y hlx — )l ()
cezd

satisfies

|2
L Dt ¢(z) dz (2.2)

e iy o) o de 120 [
/2 /Rd t/n — JRA (zDr)d/2
for all suitable test functions ¢, and some D > 0. That is, under the diffusive scaling,

h * |¢t|2 converges weakly to a solution of the heat equation. Using the Fourier transform,

we see that (2.2) is satisfied if

—i\ /- 2 —Dit|k|?
> IR @) 120 PR
zezd
This is the characterization we seek.
Note that the disorder parameter here is suppressed. The solution 9y € 2 (Zd) depends
implicitly on which realization of the disorder actually occurs. The method we establish in

chapter 3 and Kang and Schenker discuss in [3] require us to weaken this condition to
i ik _ 2
S Wik <’¢t/n($)|2> 20 DUk, (2.3)
zezZd

where we have averaged over all realizations of the disorder. Later, we will establish the

existence of a diffusive-scaling limit to higher moments of position (see chapter 4).



Chapter 3

Diffusion for a Markov,

Divergence-form (Generator

Here we demonstrate that the amplitude of the solution to a wave equation with a Markov,
Divergence-form generator satisfies the diffusion characterization (2.3). We begin with the
assumptions necessary to precisely state the wave model under consideration. These include

the construction of a Markov generator and differential operators on the lattice.

Having stated the theorem, we prove it in several steps. First, an equivalent problem is
derived which is more appropriate for the diffusion characterization (2.3). We then transform
(2.3) into a statement about the holomorphic functional calculus of a particular matrix
element of the generator. We then reduce the integral in the functional calculus to its
substantive part in the diffusive scaling limit. The remainder is then dissected by way of
the Schur Complement Formula and projections which are natural to the problem. The
components are then controlled by a spectral analysis and we are then free to compute the

diffusive scaling limit, establishing the theorem.

7



3.1 Assumptions

For the purposes of this chapter, we assume that we are given a probability space (€2, 1) and
a Markov Generator! B with domain D(B) C LQ(Q). We assume that the numerical range?

of B is sectoral:
NB)C{z=a+iyecC:2 >0, |y| <maz},

for some m > 0, and that B satisfies a gap condition. That is, if we restrict B to it’s range,

then the numerical range of this restriction is bounded away from zero:

Re(w, B) > 9]

for some T' > 0 and all ©» € Rng(B). Also, assume that there are y-measure preserving maps
or 2 — Q, for each z € Zd, such that oy 0 oy = 04y. These maps shift the process by x

3 which partially diagonalizes the generator

and will be used as part of a Fourier transform
for the overall problem.

Next, we construct the generator for the wave model. We start with “differential opera-
tors” on the lattice (finite difference operators) and include a function of a random variable
so that we may include the Markov process in the generator.

Let EZ be the space of directed edges connecting nearest neighbors in 74 and V

EQ(Zd) — EQ(Ed) be the discrete gradient Vf(z,e) = f(x +e) — f(z). It’s adjoint is

given by VTf<£L') = Z(f(x +e,—e) — f(x,e)). Suppose that 6 : E? x Q = R is positive,
e

1See appendix B for the complete construction of B.
2See appendix A for the definition of the numerical range and its implications.
3See section 3.4.1 for the Fourier transform and the operator to be partially diagonalized.



bounded, non-constant, and translation covariant: 0(x,e,w) = 0(x — &, e, ag(w)). That is, 0
is invariant under shifts of the process in Z%. Further assume that |0 — 0]| L2(EdxQ) # 0

where 6 is the average

f(e) ::/QQ(:E,e,w)d,u(w):/QH(O,e,w)du(w),

independent of z since € is translation covariant and oy is p-measure preserving. Lastly,

assume that 6 is constant across directions on a given edge: 0(x,e,w) = 0(z + e, —e,w).

We are now able to state the initial-value problem under consideration and make the goal

of this chapter explicit. Before doing so, we give a brief example of such a Markov process.

3.2 The Flip Process

A particular example of the Markov process constructed above is the so-called “flip process”,
similar to [3]. For this process, we envision each (non-directed) edge in E? as the site for a
process which takes values in {1,2}. Let £ be the space of edges, irrespective of direction,
connecting nearest neighbors in zd. Then, the probability space is 2 = £ g {1,2}. Now,
suppose that for each site (z,e) € £, 0 < t1(z,e) <to(z,e) < ... is a collection of random
times given by independent, identically distributed Poisson processes. At each of these times,
the process at the corresponding site will change sign. The Markov process w is then a point

0700). With this process, we may choose 6 to be point evaluation of the

in the path space ol
process at the given edge. That is, 0(z,e,w(t)) € {1, 2}, the value the process takes at time

t on the edge (z,e).



3.3 Statement of the Problem

The goal is to show that mean-squared solutions to —idyiyy = VTew(t)th on the lattice,

diffuse. That is, under the diffusive scaling limit,

T x/\n

t—t/n

asn — 0T, (3.1)

the quantity E(|wt|2 ) converges to the solution of a heat equation. A criterion for diffusion
was derived in chapter 2, however, we use an equivalent statement. We establish the criterion
on the Fourier transform side as this allows for the partial diagonalization of the key generator

for the problem. The task before us is stated in the following theorem.

Theorem 1. If yy; € 62(Zd) 15 a solution to the discrete Schrodinger initial-value problem

i0py (2) = vTew(t)wt(x), t>0,2ezd | 52

Yolz) = 6y (), zezd

then there exists a symmetric matrix D such that

lim > VIR (Jy ), (@)2) = e HEDR) (3.3)

+
=0 xEZd

for k e T9.

10



3.4 Proof of the Theorem

First, we derive an equivalent problem which is more appropriate to our goal. We then
reformulate (3.3) in terms of a particular matrix element of the resolvent of the semigroup
generator by using a Feynman-Kac-Pillet formula. A symmetry in the new formulation

allows us to bound the resolvent and take the limit.

3.4.1 A More Appropriate Problem

Since the diffusion criterion (3.3) requires only information about the amplitude of the so-
lution, a linear problem for |@/}t|2 is more suitable. We will use a random density matriz
p(x,y) = Yp(x)(y)™ so that |wt(x)]2 = p¢(z,z). It follows that ps defined in this way

satisfies

i0ppi(w,y) = Lw)pp(z,y),  t>0, (z,y) € 29 x 24

po(,y) = 8o(x) © do(y) (x,y) € 24 x 7

where L(w) = VLHI’WVI —V;nywvy. For each w € Q, L(w) is then a bounded, symmetric

operator on EQ(Zd X Zd). Now, the Fourier transform

Fiwwhk)= Y e W f@—g ¢ 0ew), (3.4)
cezd

11



acting on the augmented space LQ(Zd x 74 x Q), partially diagonalizes L. That is, the

transformed operator, which we will refer to as L k> depends on k as a parameter.

Lpp(z,w) = 2> 0z, e,w) (b(x,w) — bz + e w))

23 00,e00) (6.0) — o — e,00(0)

In light of this observation, we will now operate solely on the space LQ(Zd x Q) for arbitrary

) e T,

3.4.2 The Resolvent of the Generator

To reduce the problem to a resolvent analysis, we will need a Feynman-Kac-Pillet formula [6],
derived as follows. The conditional expectation we wish to understand can be differentiated
and thus can be seen as the solution to an initial-value problem. The derivative invokes
both the Markov generator and the wave model generator. So it follows that the conditional
expectation — that is, the solution to the initial value problem — can be written as an

exponential of this operator.

UB(pr () =) = tim By gyl 4 h) = ) — Elpy  w(t) = )
- im, By gyl + h) = ) — Elpy  wlt + 1) = )
+hi%l+ %(E(pt cw(t+h) =a) = E(p : w(t) = a))

— E(@pt: w(t) = a) - BE(py : w(t) = a)

= (—iLl(a) = B)E(p : w(t) = a))

12



That B is the derivative of a conditional expectation is illustrated in appendix B. This is

the deterministic Cauchy problem with exponential solution
E(p w(t) =) = e (LQ)FB),,

since the initial data is assumed to be non-random. Integrating over a € (), we may now
express the left-hand side of (3.3) as a particular matrix element of the semigroup generated

by the Markov process and the revised problem.

E(pt(z,y)) = /Q e_t(iL(O‘HB)po ® 1(z,y) du(a)

iL+B)

= (Gr@iyel, et (3.5)

P0® 1) 120d 7 )

Using the unitarity of the Fourier transform, we will exploit the partial diagonalization of
L. That is, we are fortunate that the matrix element under consideration is the one which
corresponds to the function 6y ® 1 on 7% % Q and that this function is in the kernel of Lk
This will allow us to pick projections according to the kernel of L L allowing us to decompose
L [ in a natural way. This is the subject of section 3.4.4. For a brief tutorial on these ideas,

see section E.2. With this in mind, and using the fact that Fpqy = dj, we write:

E(pr(e.a) = (0ol B yen) 500 0 o

_ —t(iL+B) 1
(Fog @y @1, (Fe F )]:p0®1>L2(ZdXQXTd>

_ ik —t(iLy+B)
= (e (50@1,6 5O®1>L2(ZdXQXTd)

_ /T L o1, B g 1) dk) (3.6)

L2(Z4xQ)

13



r €
0—¢ !
yd
|| Z]]
> Re(z)
—-n
—||L]]
AN
'3

Figure 3.1: The contour I" in (3.7) and the numerical range of Zf’\/ﬁk + B.

and we interpret the exponential of an unbounded operator by using the holomorphic func-
tional calculus in [5]. This will allow us to write the semigroup in terms of the resolvent of

its generator. Under the diffusive scaling (3.1), we arrive at

~(t/m)GL et B) L ot i (3.7)
T JT z—(zL\/ﬁk+B)

(&

14



Our motivation for the particular choice of the contour I' = 1"y UT'9 UT's,

M= f=atipeC : y=11[|L] et - tn)
Py == {z=—n+iyeC : <1+ }
I's = {z=24+iyeC : y=—-1—||L||+cot(d—€)(z+n) }

with € € (0,6), subject to the constraints in [5], is as follows. By bounding the resolvent
in terms of the distance to the numerical range, we will show that in the small 7 limit,
the integral along I'y U I'g vanishes. The substantive part of the integral is then along I'o.
We will show that this contribution is exactly what was stated in (3.3). To this end, we
apply the functional calculus (3.7) to (3.6). In doing so, we have reduced the problem to

understanding the limiting behavior of one matrix element of the resolvent.

> VIR (jy ), @))

xEZd

_ iviks [ ik —(t/n)(iL;+B) :
Zde /Tde (6 ® 1, ¢ 009 1) 3, 40F)
TEL

- /]I‘d S FVIk—=R)T 50 6 1, e_(t/m(iLﬁB)ao®1>L2(dem de(k)
zeZd

= /]rd So(vnk —k)(dg® 1, e
= <(50 ® 1, 6_(t/n)(iL\/ﬁk+B) 0p ® 1>

L2(Z4xQ)
1

1

—= 1

= —— e ntz (50®1,.A 50@1 dz
2mi JT zL\/ﬁk,+B—z

We proceed by showing that the contribution to the integral from the unbounded portion of

15



the contour is small.

3.4.3 The Substantive Part of the Integral

Given our sectorality assumption on the Markov generator B, our choice of the contours
I'y and I'3, and the above lemma, it is easy to see the integral over I'y U I'g vanishes. For
z =z + iy € I'1, the distance from z to N(zi\/ﬁk + B) is at least 1. Let ¢ =1+ ||L|| and

m = cot(6 —€). Then y =€ +m(x +n) for —n <z < .

1 —L 1
o € 77Z = dz
271 Fl z — (ZL\/ﬁk+B)
= +am) /OO —h(atiy) 1 o
omi )y v+iy = (il g+ B)

dx

V14 m? /OO - 1
- - e N
27 —n

dist(x + 1y, N(@f/\/ﬁk + B))

V1 2 roo _t
27 —n
Likewise for I'3. We then have
iy/Mk-x 2\ _ L
2 ¢ E <|¢t/77(x)| > 2mi J1p, (3.8)
xEZd N
e tw <50®1, = IB 5O®1> dw + O(n)
7 NG — nw
n

after the substitution z = nw.

To proceed, we wish to take the small n limit of the resolvent. It is unlikely that this

limit exists as a bounded operator, given that heuristically, L is a second order derivative.

16



Indeed, L will map large, slowly varying functions to functions with small norm. However,
we need not address the entire resolvent. We will be satisfied with the particular matrix
element in (3.8). We continue by dissecting the resolvent according to projections which are

natural to the generator.

3.4.4 Natural Projections and the Schur Complement Formula

Let Py be the orthogonal projection on LQ(Q) to non-random functions: Fyf = fQ fdpu.
Then Pd- is the projection onto mean-zero functions. Also, let Qg = (69 ® 1)(dp ® 1,-).
We will use these projections with the Schur complement (see appendix E.2) to estimate
the resolvent in (3.8). These projections are the natural choice for the resolvent in question,
given that Ker(f/o) = Rng(Qq), Ker(B) = Rng(F), and the gap condition on the Markov
generator gives us that B _1Pd- is norm bounded by 1/7T (see appendix D).

A first iteration of the Schur complement formula yields

<5o®1, Qo7 sz Q050®1> (3.9)
1 — nw
ikt B
L
Vik | 1
— (o1, | —w+ | Q—Yq]
< Vi iQy L @y +BQy —mwQy
L —1
1 /nk
Qo —Q o ® 1
0 NG 0 0
L
k 1
= | —w+ Bigg(og ® 1, QoﬂQd‘ —= T T T
i ZQO L\/ﬁk@o JFBQO _anO
-1

L
Q&%QO 5o ® 1>

The last equality follows from the fact the operator has a one-dimensional domain and range

17



and thus may be treated as scalar multiplication. The factor on either side of the resolvent

in (3.9) will play a special role (see (3.12) below and appendix C). This leads us to define

A

L
VK

= Pp—Y—dp®1 3.10
In.k 0= 5 % (3.10)

— e—i\/—Tnk.x (—5@) S sin (\/_T”k . e) (66 — 6_¢).

We now apply the Schur complement a second time. In this instance, we apply it to
the resolvent in (3.9) according to the projection . We will then take the limit of the
Py - -+ Py term in (3.9) and later we will use this to compute the other three terms, Fy - - - Pd-,

Pd- -+ Py, and Pd- e Pd-. A second iteration of the Schur complement gives us:

1
By - Py (3.11)
L T T T
i@y L mrly +BQy — iy
= |iPyQq L @0 Fo — muQy Py
-1
17 i 1 17 1
+ (PyQy L /=1.Py ) —— (Po L mrQy o)
POV S L P B — g O VIO

Note that the validity of these two applications of the Schur complement formula hinge on
the inversion in the right-hand side of (3.11). Indeed, the inner-most resolvent on the right
hand side of (3.11) is norm bounded by 1/7', so by the Schur complement formula, the left
hand side is a bounded operator if the right hand side is invertible. Therefore, to proceed,

we must find a lower bound for operator being inverted on the right hand side of (3.11).

It is important to note that we need not compute the limit of (3.11) in its entirety. We

need only compute the limit of the particular matrix element ( fT] i (Py- - ) fT] 1) because

18



L
of the factor Qé‘%kQO in (3.9).

3.4.5 In Search of a Lower Bound

For simplicity, we define

C ik = Py L Qg Fo)

pl 7 1 L i
ka(w) = il L\/ﬁkPO + BPy —nwk

_ pnli 1 1 ] 1

A reasonable next step might be to show that Re M777 1.(w) is bounded below, away from
zero, uniformly in 1. We could then take the limit of a uniformly bounded sequence of
operators. In attempting to compute this lower bound, we find instead that Re M777 (w) is
bounded below by another operator, which we will call R k)2 and that this operator has
spectrum near zero. While the ideal lower bound does not exist, we may show nonetheless

1/2 1/2 - 1/2
that R\/_k/2Re My, ( )R\/_W2 is uniformly bounded below on the range of R\/_k:/2

show that R \/32 /2M77 p(w)R \/_{{: /2 is appropriate for our problem, we must also show that

f"] L is in the domain of R \/_k /2 This compels us to find a more explicit representation for

R k)2

As a first step to this goal, define

Dy, == (B~ 1P L, Py )T (B™ Py L PyQy) (3.12)

19



for k € ']Td, a bounded operator on LQ(Zd x §2). This operator has the more explicit form

Dy, = 8O +8xAN +4x Y (6e — K C5_ ) (56 — M€, ), (3.13)
e

the derivation of which is the subject of Appendix C. Here Aév is the “Neumann Laplacian”

AYw(@) = (1-dg(x) Y (@W(x)— vz +e))
x+e7#0
le|]=1

and Aév is it’s Gauge transform:
AJ]{:V _ e—z’k-XAé\feik-X
Ao = (1 =q) D (v@) - +e).

r+e#£0
le|=1

We shall soon see that D NGl is a lower bound for the operator in question. However f?77 ks
the function which forms the key matrix element, also varies with 7. This makes some of
the required calculations difficult. To remedy this, we use a Gauge transform to “push” the
k and n dependence from the function to the operator. To see this, we first transform the

finite-rank part of Dy,

k. . . k.
axe' 2T 3 (00 — RS o) (50 — e ) =4y 3 (G — _)lbe — g, 2 0)
le|]=1 le|]=1
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so that we may write

k -k
_qu, i X N AN Z ikox

We then obtain a lower bound as follows. For |k| < T{a 2 cos (% e) > 1 and

(0 (882 A02) )
OIS (%(w)—(e‘ig‘%eig‘e) w<x+e>>

x#£0 x+e7#0
le[=1

:g;o?/f*(l”) xl—i_z:e#o (2 cos (g . e> (x) — 2cos (g . e) Uz + e))
el=1

> vH@) Y W) - dzte)

A

~ (vofe)

Vv

v

ikx

kox
and thus AN > AO and Dj. > e —igX Rpe A o Rk/Q’ where we have

AN
—k/2 / k: /2
defined

Ry =8xAY + 4D (0e = 0_¢){de — . ). (3.14)
e

Notice that the factor de — d_, appears in (3.14). Also, the same function is present in
the definition (3.10) of f77 . which was inspired by the Fj--- Py term of (3.9). With the

following lemma, we may conclude that f,7 f is in the domain of R which means that

1/2
\/_2/2M77 k() \/ﬁé:/Q

1/2
k2

is indeed appropriate for our problem.
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Lemma 2. Let A > 0 on a Hilbert space H and let f € H. Then, for a > 0, f €

D (Aglﬂ) where Aoy = A+ af(f,-).

Proof. First note that the following three statements are equivalent. Here () (A& 1) is the

form domain of A, 1.

feD(A;W)
f€Q<A&1)
lim (f, (Ao + N 71f) < oc

A—0T

Using the resolvent identity we see that

A+N)"1 = Aa+ )T+ Ao+ ) Lo, A+t

oA+ = (f A+ N7 +alf, (Aa + NI (A+ 071

and

(F(Aa+ N7 = —— <~

since A > 0 and thus (A + )\)_1 > 0. O

By the above lemma, d¢ — 0_, is in the domain of RO_ 1/ 2. From this, it follows that
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f k is in the domain of R \/_/k; Indeed,
2

12

Pk = Rk Ink
2
—2i0 AL
= (5%9) Z sin (\/_Tn-e>e 2 XRO 1/2(56—5_6)
le|=1
and
/2
L0,k hm R\/_k .k

C Y ko sy
le|=1

Now, it remains to examine the invertibility of Mm L (w).

3.4.6 Bounding the Resolvent

1

Recall that for w € ﬁr% Rew = —1 and note that

|
ReM. . > Relct . —~ ¢
mh= ( VIRE, b ﬁk)
1

Re Fn’k T

v

D ik (B_lc’\/ﬁk)T(B_lC\/ﬁk).
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Suppose f € D <D\/_{€2) with |f| = 1. It follows that

C\/—kf kReF kF kc\/_kf>
77,

1 1

m,
2
! C

v

Il
iﬂ|;— T~

2
1

-1

5| 1B e 12

e e T T

= SIB7YE LT3 D )

where we have defined

Lo ~1 —2
¢y = — lim ||B “F

1 1l —1pl =2

o1l 3 —
- ﬁHzB Pd‘LOPd‘+P()J‘|| 2
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Thus, we have shown

v

1 1
e (C\/ﬁk—FnkC\/ﬁk ZCOD\/ﬁk‘ C()R\/gk,,
1/2 1 —1/2

R C mkR ;
‘ \/_k\/_ka\/_k’\/_k = 0

and finally
/2 . —1,1/2 1
R M "R < —.
\/ﬁk \/ﬁk )
e 2

With this bound, we may compute the small 7 limit of the Fy--- Py term in (3.9).

3.4.7 The Diffusive-Scaling Limit

Recall that fT] €D (R 1/2 ) and we have defined Pnk = R L/2 - The Py--- K

— / f
ik ik I,
2
term in the inner product in (3 9) is then
1
Lk P Py | ot VI \/_

Qo -
Vi 0 ) QIE ot + Bag —mead U\ VA

<50<®fh Qy——=

50<® 1>

1
— (fyp R i
< VL e + B — Qg 10 ”k>

= <Rl\§gk¢n ko M k(w) 1R1\§2/€ (,07] ]{3>
2 2

= <s077,k, R%an,k( ) IR 1\;2,{ sonk>
2
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which tends to

1/2
<900,/{;, R

1

L7 pl T
iPy-LoPg- + BF;

(POQ&[:OP(%) (POLEOQ&PO)

1/2
R 900,/<:>

in the small 7 limit. It is now a simple matter to compute the /- - P@L, Pd- -+ P, and
Pl ... P terms of (3.9).
0 0
Using the Schur complement formula, the F-- Pd- term in the inner product in (3.9)

is

Ax/_ 1 I NN
5o @1, Py P Al
50®1>

1 LMk
< " ZQ(J)‘L\/ﬁkQ(J)_ + BQ(J)- — and‘ V1
1 L ik

pl] 1 1 I
iPy L Py + BPy —nwFy V1

50®1>

which tends to

1
<f(),k7 (CT 01000> (iPQt LoPg)— <2i20(0,e,w)(k;-e)5e>>

1 1 1

since oy ® 1 € Ker(ﬁo) and

A ~ A

L L s — Lo
lim ﬂao ®1= lim \/7_’—50 ®1=-2iY 0(0,e,w)(k - e)de.
n—0+ /7 n—0+ NG S
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The Pd- - Py term in the inner product in (3.9) is then

L L
nk ] -
<50®1, Qo \/_QO Py-- — _ry ot \/’QO
v L mQpy + BQy — moe NG
50®1>
L
k
Vi oL Qo +BQy —nwig
L
ik 1 -
= (70l ——7 iPgL QP
fn,k>
which tends to
1
' L pli Al t 1
21 0<0767CU)(]€-€)5€ , — (ZP L Q P) C C f '
<< ; iPELoPi + BPL 0" b0 o) | o <o 0.k

Lastly, we compute the limit of the Pd- POi term.

Py 1 Py =
z‘@&mk@& +BQy —mQg
1 1 ol 1
- (iPy L m1.Qy Fp)
L 1 1 ol 1 1 T\V0 Hymk0 0

1
pl 7 1 1 1
ZPO L\/ﬁkPO + BPO — T]UJPO

~Mn’k(w)_ (iPyQp L \/ﬁkpo )
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and the appropriate matrix element tends to

< (22‘29(0,6,@(1{ : e)(se> :

1 1 ol AL
_ — § (iPy-LoQy FPy)
ol 1 L . pl L 10 0
iPy-LoPy- + BPy- iP5 LoPy + BE;

-1
. JrIC' iPQJ‘I:PJ‘ L 2 0(0,e,w)(k - €)de
<0F00 o) et O)POLLOP@HBPL Z

In the above, we have computed

1
Qi L m1.Qd + BQE — nuwQi-
0 “\/nk*=0 0 0

L 1. L
<50®1, Qo :/fZQﬁ Qo \\;Qo 50®1>
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and

J = lim J, p(w) (3.15)
n—0t G
1/2 1 - 1/2
1z pl Lz Al
= e 1, D (PhQqy LoPy) - (Py-LoQy Pp) Dy "
< 0,k 0 00 =040 Z.Pd_LOPd_+BPd_ 0 ~0%0 10 0 0,k

~1
n AL pl 1
o [l (iPyQa Lo Ps-) ——
<O’k’ ( 0Fy0 0) 00 ~0%0 iP-LoPi + BPA-

0 0 0
21 Z 0(0,e,w)(k - e)5e> >

>3
.
(

, 1 ol Al
2iy 0(0,e,w)(k-e)de |, - (1Py-LoQpy Py)
( 26: “) iptigpt+pRs 000D

0F.0
+< (2@29(0,6,@(/{-6)56),, T i T i T

ol p ol i oLl ol 1
Pt Py) | Cl=—Co | GRQE LoP) ——
0 70RO 70 Foo 0 VOO0 i p L iR+ BRE

(22'29(0, e,w)(k - 6)(5e> >

Although it is not obvious from (3.15) above, .J}. is of the form (k, Dk) cd with D symmetric.

To see this, we must compute J. a different way.

Let D) be the matrix of time-averaged second moments:

/ > apeiE () 2) et

rc7d

This is just a time-averaged second derivative, evaluated at k = 0, of the left-hand side of

It is clear that this matrix is symmetric. Now by using the

the diffusion criterion (3.3).
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Feynman-Kac-Pillet formula (3.5), we see that

(n) 0 0 1
D = 1, | = -
2] T\ 90 3ki3k’j@'[,\/ﬁk+3+77

o) ® 1> )
k=0

But, by computing the derivatives, we see that (k, D(n)k> is the inner-product on the right
hand side of (3.9), which we have already named I Je- Thus, Jp is of the form (k, Dk) with

D symmetric.

All that remains is to compute the limit of the integral in (3.8).

_L' . e_tw;dw
2me ﬁp2 _w+Jn,k

1 _ 1 1 1 _ 1
=—5—- 1. € tw — dw——,/1 e~ g
2me ﬁr2 —w + Jn,k —w+ J. 2 ﬁFQ —w+ Jg,

t
For the first integral, the difference decays like c/w2 SO %% is an integrable upper
w

bound for the integrand. Thus, by the Lebesgue convergence theorem, the first integral goes

to zero as n — 0.

We will use the residue theorem to compute the final integral. The path

_ 14zl

yz{w:—1+Rei9:—z<9<z}, R "

2 2

together with %FQ, forms a closed loop. For 7 sufficiently small, this path encloses Ji.. The

residue at this pole is e k.
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On the curve 7,

s
1 _ 1 1 4 6 1 ;
—/ e tw dw| = —_/QW et 1+ Re) 7 iRe dp
2mi [~ w—Jp. 2mi ~7 —1+ Re¥ — J,.

yis
1 /2 o—t(=1+Rcos0) R' do
- 27 _% —1—|—R620—Jk
t T
< 2/2 e—tRcosed97
- 27 _%

which goes to zero as n — 0" by the bounded convergence theorem.

Therefore,

lim S VIRIE (g, @)2) = ek,

_|_
=0 :cEZd

Jy. is of the form 261762 (k-e1)(k - e9)Deq,eq as seen above, and the theorem is proven.
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Chapter 4

Higher Moments for a

Markov-Schrodinger Equation

4.1 Statement of the Problem

The problem we consider here is that of computing moments of the position variable with
respect to the probability density function IE(WHQ) on 74, Here Yy is the solution to a
Markov-Schrodinger equation on the lattice and the expectation is an average over all real-

izations of the process. Specifically, 1y € 2 (Zd) satisfies

gy () = > ey, y(y), v €29 t>0
Yy

Yolz) = opl), z ezl

with w a Markov process and hy(-, -, t) € Ez(Zd X Zd). By way of a gauge transform, this
problem is seen to be equivalent to the wave model in [3] and their result is crucial to the one

presented here. We begin by giving the necessary details for diffusion in [3] and by showing
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the equivalence of the two models. A few further assumptions will be made, giving us a

ballistic upper bound on solutions thus allowing for the computation of moments.

4.2 Diffusion for a Markov-Schrodinger Wave Equa-
tion

Here we will provide the minimum details from [3] to define the original problem and state
their main result. For further details, the reader should consult [3].

Suppose h is a function on Z9 with erZd |x|2|/~z(x)] < oo and h(—z) = h(x)* for all
v € 74, Further suppose that for k € ]Rd, B(:U) # 0 and k- x # 0 for some x € 74, We may
then define T4 (x) = Zy h(z,y)¢(y). The assumptions on A imply that T is a bounded,
self-adjoint operator from (2 (Zd) to itself.

Let A > 0 be constant, t — w(t) be a Markov process on a probability space (£2, i), and

for x € Zd, suppose vz : £2 — R is measurable. Given |1 = 1, the problem under

2(zd)
consideration is that of finding 7;15 € EQ(Zd) for t > 0, such that

104y (2) = Ty (x) + vz (w®)dy(z), = € Z4. (4.2)

In the case when 1)) = (), their main result is

.k

i 3 e VT E(rg(a)?) = ¢t 2 Dig Wik (43

T—00 Tt - ’ '
xEZd

for k in the torus T¢ and D = D()) a positive definite matrix. The result presented here

is that we may differentiate (4.3) term-by-term, at & = 0, which will allow us to compute
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higher moments in the diffusive scaling limit. We do this by analytically continuing (4.3) in
the variable k to a neighborhood of the origin in c?. But first, we must draw an equivalence

between the models (4.1) and (4.2).

4.3 Equivalence of Models

The result in [3] that is crucial to the result here, is stated in terms of the solution to (4.2).
To derive the bounds we need to compute moments, we would prefer to work in terms of
(4.1). These two are easily seen to be equivalent. Moreover, the corresponding probability
density functions, and hence moments, are equal: E(|1/1t|2) = E(WHQ) To see this, define

the following gauge transformation.

t
dw(x,t) = /\/O vy (w(s)) ds
hy(z,y,t) = 6i¢w(x,t) ﬁ(x, y)e_iqbw(y’t) (4.4)

vi(x) = 0@t ()

Now h in (4.1) is fully defined and hy inherits the assumptions placed on A in [3]. We
then see that v satisfies (4.1) if and only if ¢y is a solution to (4.2). It follows that the
probability density functions are equal, as claimed. For the extended result here, we require
some additional assumptions on h and 1;0. Namely, those conditions that will guarantee a
ballistic upper bound on solutions to (4.2) and equivalently to (4.1). This is the topic of the

next section.
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4.4 A Ballistic Upper Bound

We assume the following decay conditions on % and the initial condition 1/:0. Equivalent

assumptions on h and () are then inherited and are also stated here.

S g,y 0] = 37 Ve, )| < 4 (45)
Yy Yy

co = sup ey ()] = sup 1| ()] < o

To compute a ballistic upper bound, we first integrate equation (4.1) and iterate the result

to arrive at
t Xty Tn—1
w n w w
Ut () =¢o(aﬂ)+/ Hﬁl)wodrﬁ Z/ / / Hﬁl)...Hﬁnwodm---drl,
0 —5J0 JO 0
n=2
where Ht(w)w(x) = Zy he)(z,y, )4 (y). Now we multiply by the exponential

t
€u|$|¢t(l‘) = e#|93|¢0(x)+/0 e'u|x|Hr11/10dr1

00
+y N Tn_leMWH Hy, o drry, - - - dr

0 Jo 0 r]---Hrp¥Y0 4n 1
n=2

and notice that if we write

et < enle=y1lenlyr—yal ... culynl
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and understand that Hrj provides a sum over y; € Zd, then the decay conditions (4.5) give

us
t 0 t rr Tn—1
e/"x||wt(:c)| < co—l—/ coAdry + Z / / / coA" drp, - - - drq.
0 —5/0 J0 0
n=
But this is just the integral over the simplex I'n(t) = {(r1,...,mn) :n < rp_1 < -+ <

n
r1 <t} which has R"-Lebesgue measure %r This gives us

00

th A

eﬂ‘$’|¢t(x)| < ¢g+cpAt+ %COAHH = coe t
n=

and |4 (z)] < coeAt_“m is the bound we seek.

4.5 Moments by Analytic Continuation

To show that (4.3) can be analytically continued, we require some notation. For ¢ > 0,

7> 1, and z € C? with |z| < p, define

Fir(z) = Y eVTE(gr(@)[?)  and (4.6)
erd
Fiz) = o 2 PijVzz

where 1)y is a solution to (4.1) and D; (A) is given by (4.3). Equation (4.3) is the motivation
for these definitions since, in this notation, the main result in [3] is that limr o0 Ftﬂ.(—ik) =
Fy(—ik) for all k € T4,

To begin, we wish to show that limr— oo Ft,T = F}. Since Fy is clearly analytic, this is a
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result of the identity theorem if we first show that limr— oo Ft,T is analytic. Moreover, we
also wish to show that the derivatives of Fy r converge to the corresponding derivatives of
F}. From this, it is a simple matter to compute any moment of the position. One may just
differentiate (4.3) with respect to k € T4 and substitute k = 0.

That these derivatives converge appropriately, is a consequence of the fact that the ana-
lytic functions (on regions in C with the sup norm) form a closed subset of the continuous
functions (see [1]). Therefore, it remains only to show that Fy ; and limr—eo Iy are
analytic.

For the remainder of this chapter, when we discuss convergence or analyticity, it is un-
derstood that the domain under consideration is {z € cd . |z| < po}, for some pg € (0, ).
This extra space between () and p will allow us to conclude uniform convergence for the

series rather than mere point-wise convergence.

4.6 Convergence and Analyticity

First we show that the series in (4.6) converges uniformly and absolutely. We then show
that (4.6) and its limit are analytic. This will complete the argument laid out in section 4.5.

Let Wy be the surface area of the unit ball in Rd.

Lemma 1. The series in (4.6) is uniformly and absolutely convergent with

2l i
S eV E(Wﬂx)ﬁ%coemt%l)ﬂ;-

vend (1 — g
Moreover, Fy - defined in (4.6) is analytic.
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Proof. The partial sums of the series are analytic and approximate Ft,r- So, to show ana-

lyticity, we need only show uniform convergence of the series. Since

polz

SN VTR < YD e VT E(ur@)l?),
zezd re7d
Ed

Ql

T

it suffices to show »_ E(|w7t(:c)|2) converges.

xEZde

For all z() € Zd, there exists a unique closed unit hypercube Cxo C RY with z(), the
unique point in the hypercube furthest from 0. The union of all such cubes is RY, Although
they are not disjoint, the intersection of any two cubes has Lebesgue measure zero. For

k > 0, it follows that

e~ Flzol — —Flzol dr < / ekl dz,

and we sum over T € Zd to arrive at

— 1!
S e hll < / oKl g, — @dd =D
= Rd kd
WS

From section 4.4, we have |@/}t(x)|2 < coeAt_”|x|. Note that |¢¢(x)] < 1 since the

solution generator is unitary and the initial condition is a unit vector. With this, we may
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conclude that the series converges absolutely and with constant bound as follows.

|2|| ]
S e VT @) < Y eh01e] ey ATt plz]
erd erd
_ ATt Z —(p—p)|z|
zezd
d—1)!
< cOeATtwd( Bj
(1 — o)

Lemma 2. 7_1i>moo Ft,T 15 analytic.

Proof. From [3],

=L —trL .
rezd

and so it suffices to show
trl .
llm <50 ®1,e _Zz/ﬁéo X 1>

is analytic. As E—iz/\/? is a perturbation of f’O on the order of 1/4/7, the estimates
on the spectral gap in [3] hold. In particular, E(z) is an isolated eigenvalue of L with
|E(z)| < ¢/+/T. The rest of the numerical range is contained in a sector of the form

Z+:{z:x+iyEC:x>6A—%, |y|§mx}.

We may then choose a contour I' = I'y UT'9, with index 1 around the numerical range.
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Im(z)

> Re(z)

o

Figure 4.1: The contour I' and the perturbed numerical range.
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I'q is the circle centered at the origin, with radius ¢/+/7. Then we choose I'y winding once
around X, maintaining a distance at least on the order of 7=1/3 from Y. We will use

the fact that
dist(tI'9,734) = O (7‘ — 7'2/3>

and so an integral of the resolvent of Tﬁ_iz INT over 7I'9 is small (see Appendix A). With

this contour, we may use the holomorphic functional calculus (see [5]).

—trL . 1 B 1
<(50®1,e —ZZ/\/F50®1>:T/@ ”w<50®1, . (50®1>dw
™ JT w—L ;. /7

To make use of the resolvent estimate above and to avoid an asymptotic integral, we make

a linear change of variables to arrive at

1

1
—_— e_tw 50@1, _ 50@1 dw
21 JoT w_TL—iz/\/?
1

_ 1 1
= e tw op ® 1, _ op®1 dw+(9(—),
2mi I w — TL—Z’Z/\/F T

and the resulting integral over 7I'; is an exponential times a Riesz projection. Indeed, if

U(z) is a unit vector satisfying L, ¥ (z) = E(z)¥(z) then

1 1

Qz dw
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is the projection onto the span of ¥(z) and L,Q» = E(2)Q. It follows that

> Vg = e TECEND (01,0 i@ 1) +0 ().

T

It is clear that (dp® 1, Q . 0p® 1) tends to 1. From [3] we have an expansion for
0 —iz/\/T°0

E(z) near zero with £(0) = 0 and VE(0) = 0 from which we may conclude

with h(z) = limr— oo TE(—iz/+/7) holomorphic. O
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Appendix A

The Numerical Range of a Linear

Operator

Definition 1. The numerical range [8] of an operator on a Hilbert space is defined by

N(A) = {{z, Az) : © € D(A), |z = 1}.

Lemma 2. Suppose H is a Hilbert space, D(A) C H is dense, and A : D(A) — H. Then

the norm of the resolvent is bounded by the inverse of the distance to the numerical range:

E - AH = dz’st(z,l./\f(A))'

Proof. Suppose z € C such that dist(z, N (A)) > 0 and let ¢ € H be a unit vector. Define
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—1
c= ‘leAw‘ and ¢ = cleAw.l Then

dist(z,N(A)) < |(¢p, (z = A)g)| = ¢

(st

and the result follows by inverting the inequality and taking the supremum over {|¢| =

1. O

As a consequence of this lemma, the spectrum of an operator is contained in the closure
of its numerical range. Indeed, if dist(z, N(A)) > 0 then Ker(z — A) = {0} and z € p(A).

So, if z € 0(A), then dist(z, N(A)) =0 and z € CloN(A).

LAt this point, one should verify that ¢ is well-defined; that the domain of the resolvent is the
entire Hilbert space. To do this, it suffices to show that the resolvent is bounded. One approach,
and perhaps the simplest, is to define it to be so. In [7] for example, the resolvent set is defined
to be those complex numbers such that the resolvent is a bounded operator, defined on the entire
space. Alternatively, [4] defines the resolvent set such that the resolvent need only be a bijection
on H. Then, the closed graph theorem asserts that the resolvent is bounded.
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Appendix B

The Markov Generator

Here we construct the semigroup and generator corresponding to a Markov process. The
generator will be an unbounded operator, defined on a subset of L2-functions on a probability
space. This semigroup structure encapsulates the process in the generator, allowing us to
reduce the problem of understanding the Markov dynamics (in an averaged sense, see 2.3)
to a spectral analysis of the generator. We may focus on the generator itself, and not the
process it represents, because of a Feynman-Kac formula due to Pillet [6]. This formula
allows us to write the amplitude of a wave-form in terms of a particular matrix element of
the overall generator — the generator for the wave model together with the Markov generator.
Hence, a detailed study of the Markov process and its underlying probability space is limited

to this section, allowing us to concentrate our focus in chapter 3 solely on the generator.

We begin by defining the underlying probability space, a path-space for the Markov pro-
cess, and the appropriate semigroups. Several assumptions are placed on these spaces so that
we indeed have a semigroup, and that this semigroup is a strongly continuous contraction.

With this, we may write down its generator and, with a few additional assumptions, derive
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the key aspects which are required in chapter 3. The development below is nearly identi-
cal to [3], except that we construct a collection of processes, independent and identically

distributed, and indexed by the space through which our wave solution will propagate.

Let EZ denote the space of directed edges between nearest-neighbor pairs in 74, That is,
(x,e) € EY if 2 € Z% and e is a unit vector with z + e € Z9. We call the points x and x + e
in Zd, nearest neighbors. Each of these directed edges may be thought of as a site at which

a Markov process runs.

For each (x,e) € Ed, we will construct a Markov process as follows. It is assumed that
the collection of processes constructed in this way are i.i.d. Let (€2, 1) be a probability space
and suppose we have a collection {Pq : o € Q} of probability measures on the path space

P = 0l0,50) and that each measure P is supported on those processes which start at a.

That is,

Po({w(-) € P:w(0) # a}) =0.

Further, we assume that each path w(-) € P is right-continuous — Pq-a.s. With these

probability measures in mind, we assume that p is invariant:

/Q Pa(w(t) € A)dpu(a) = u(A)

for measurable sets A C ().

Let S; be the backward shift on P, Spw(-) = w(-+1), so that St_l(A) ={w(") rw(-+1) €
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A} for measureable sets A C P. Finally, we suppose that the Markov property holds:

[ P (A) a(0) = Pl (),
We then define
Sef(a) =Ea(fw(t), Sp: L2(Q) = LA(Q),

and the above assumptions imply that {S;};>( is a strongly continuous, contraction semi-
group on LQ(Q). It follows that the adjoint S;[ is also a strongly continuous, contraction

semigroup given by

s} f(0) = B(f(@(0)w(t) = ).

Let B denote the generator of ST,

Ligt

B =— lim - (Sly— o
t—0T t ( t >

so that e 5 = S;[ . The generator B is defined on D(B) — those L2(Q) functions for which

the limit exists. The exponential of an unbounded operator may be interpreted using the

holomorphic functional calculus [5]:

—tz
1
e_tB = — ¢ dz.
2mi JT 2 — B

To ensure convergence of the functional calculus, and to further control the spectrum of the
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Im(2)

> Re(z)

Figure B.1: The contour I' and the numerical range of the Markov Generator.

overall generator in chapter 3, we assume that the numerical range (see appendix A) of B
is sectoral. That is, if z = x + iy € N(B), then |y| < mx for some m > 0. This condition is

easily satisfied if B happens to be self-adjoint.
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Appendix C

Another Realization of D,

The operator Dy, plays a special role in showing diffusion for the divergence-form model in

chapter 3. Here we derive another useful formulation for Dy..
For k € (Cd, let D}. be the bounded, self-adjoint operator defined in section 3.4.4 by
Dy, = (B~ P31 Py ) (B~ P11 PyQy)- (C.1)

At the present time, we are only concerned with k € ’]Td, however the full generality of

k € C4 will be useful when computing higher moments of position.

Consider (z,e) € Ed, a directed edge connecting nearest neighbors in 74, The opposing
direction on the same edge is given by (z + e, —e). Due to translation covariance, 6 does not

distinguish between these two directions. Indeed, 0(x,e,w) = 0(z + e, —e,w). Moreover, if

20



(x,e) and (!, ') are distinct edges,

(B~ 0(x,e,w) — 0), B~L(0(2, ¢ ,w) — ) 200

since the Markov processes on each edge are independent and the set of mean-zero functions

are invariant under B. Thus, for any pair of edges (x,e) and (z/,¢’) we may write

(B~ (0(x, e,w) — 6), B0, ¢, w) — M2y = X(6z(a")oe () + 6x(a” + ¢)oe(—¢"))

where x = ||B_1(9(x, e,-)—0) . Note that x is independent of (z, ) since the Markov

[k
L2(Q)
processes on edges in E? are i.i.d. We will use this equality to evaluate matrix elements of

Dy.. Let ¢ € KQ(Zd) with ¢ = PoQOLQO. That is, ¢ is non-random and ¢(0) = 0. Also, define

0(z,e,w) = Pd‘@(x, e,w) = 6(z,e,w) — 6. Matrix elements of D}, are evaluated as follows.

o1



:42/

ze7d
< ~lpgt Z [ (,e,w) (p(z) — p(z +e)) +60(0,e,w) (6_%69"("@ —e) - 90(35))])

/

%iz[ (2:0) (51) = ot + ) + 00,6 0) (7ol =)= ) )]

dp(w)

We now may evaluate the integral by using the definition of y. That is, by making use of

the assumption that the Markov processes at each site are i.i.d.

o2



(0 D#) 1220

) | dute

x,e.e

B (x,e,0) (0¥ (2) — ¢*(z +¢)) - B~ Yz, ¢/, w)(p(z) — oz + ')
+ B e, )6 (1) — (@ + 0) - B0, ¢ w) (e R p(a — ') — p(a))
+ B0, 6, w) (e (2 — ) — g* (@) - BL(w, ¢! w)(pla) — (o + )

+B7LI0, e, ) (R e (@ — ) — o () - BTLI0. ¢ w)(e R ol — ') — ()

4XZ
/

T,e.e

(*(z) — ¢*(x + e))(p(z) — pla +¢))de(e))
* * —ik-e! / / /
+ (" () =" (z +e))(e p(x —€') = p(x))(0g(x)de(e’) 4 0, s (x)de(—€))
+ (R et (@ — ) — o* (@) () — pla + e"))(8g(x)de () + de(x)de(—€"))

(@R e (@ —e) — o* @) e ol — ) — p(@))ele)
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Evaluating the Kronecker delta functions give us

= 4XZ ¥ (x4 ) (p(x) — oz +e))
—4xz ~R ¥ (e)p(—e) + ¥ (—e)p(—e)
—4xz ekt (—e)ple) + 0¥ (e)ple)

1y SR o o) — gH (@) (e Hpn — ) — ().

In the case when £k is real,

(0. Do) 2gd gy =  SX2¢T @) D lpl@) = plw +e)]
XY (@) D [ple) — R (e + o))
—8x Y _ ¢ (e) (6_“{'690(—6) + w(e))

and we will examine each of these three terms separately. The first term is

B Y @)Y [e(@) — gl + el +8x Y6 e) D [ple) - ple + )]

+8¢ > [p(e)[?
e

= 8x(p, 80 0 +8x Y lp(e)?
e

o4



where A(])V is the “Neumann Laplacian”:

A () = 1=0p(x) D () —v()

y#0
lz—y|=1

This new “Laplacian” is just the traditional discrete Laplacian with Neumann boundary

conditions near zero. With the substitution e = y — x, the second term is then

D DR G I D L P O Bt

|£L’|>1 yEZd
lz—y|=1
+8y Y () 3 [6”“' Cp(e) — e 'yw(y)]
€ y#0
le—y[=1

+8x Y lole)?

= 8x(p, A1) +8x Y l(e)|?
e
where A]kv is the Gauge transformation of the Neumann Laplacian,

AN = ik X AN kX

M) = (1=dg) Y (wle) - M)
y70
|z—yl=1

= (1=0@) 3 (v) - Fop(+e)

x+e7#0
le[=1

Lastly, we take the third term along with the non-Laplacian terms from above. These
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may be written as:

4x <gp, Z <5e - eik'eé_e) (0e — eik'eé_e, >90> :

e

Combining these three terms, we have our alternate representation of Dp.:
Dy, = 8xA +8x AN +4x Y (e — ™Mo ) (s — MO, ). (C.2)
e

Note that we have only shown the equivalence of diagonal matrix elements of the operators
in (C.1) and (C.2). However, each of these operators is non-negative. By applying the
polarization identity [7] to the operator’s square root, one sees that this is sufficient to
conclude equality of (C.1) and (C.2). Indeed, if A > 0 on a Hilbert Space, and (z, Az) =0

for all € D(A), then the polarization identity says

(x, Ay) = Al/zx,A1/2y>

—~

(A2 (@ + )2 = 1AV 2@ = )2 + i) AV 2 (@ — )| — i A 2 (@ + i) )

e i

((z+y, Alx +y)) — (x —y, Az —y)) +i(r — iy, A(z —iy))
—i{z + iy, A(x + iy)))

= 0.
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Appendix D

Inversion of Linear Operators

Lemma 3. Suppose A is a linear operator on a Hilbert space and € = mfze./\/'(A) |z| > 0.

Then A is boundedly invertible and HA_1H < 1/e.

Proof. 1t is clear that A is invertible, since zero is not in the numerical range, thus not in
the spectrum. Suppose HA_l || > 1/e. Then there is a unit vector y, in the domain of AL

such that |A_1y| > 1/e. Let o = A1y so that 1/|x| <e.

) = ml G o) <
ol Tl /| = Tt |\

This contradicts our assumption on the numerical range of A. O]

Indeed, what we have shown is that if an invertible operator fails to be boundedly in-
vertible, then zero is in the closure of the numerical range. Another conclusion we may
draw is that, to show an operator is boundedly invertible, it suffices to show that its real
(or imaginary) part is bounded away from zero. By the real part of an operator, we mean
(x, Re(A)x) = Re(x, Az) and we may extend this definition, by way of the polarization

57



identity, to (z, Re(A)y). The imaginary part is then Im(A) = —i(A — Re(A)) as expected.
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Appendix E

The Schur Complement Formula

The Schur complement [9] is a generalization of the notion of the determinate of a 2x2
matrix, in the case when the entries do not commute. A formal statement of this fact is
given here and the proof is given in section E.1. The formula is particularly useful when
used in conjunction with projections that are natural to the operator being inverted, as

demonstrated in section E.2.

Lemma 4. (The Schur Complement Formula) Suppose A, B,C and D are linear operators
A B

from a vector space to itself and that D 1is invertible. Then 18 1nvertible if and

C D
only if (A — BD_lc) 1s invertible. In the affirmative case, we also have

—1
B
(E.1)
D

(A—Bp 1oy —(A-Bp loy~1Bp—1

I
~— >~ Q =

-p~1lca-Bp~ley-t p~lyp-locwm-Bp-loy-lpp-!
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Definition 5. Equation (E.1) is known as the Schur complement formula whereas (A —

BD_lC’)_1 is known as the Schur complement.

E.1 Proof and a Corollary

Proof. If (A — BD_lC)_1 exists, then we may define

(A—Bp 1oy —(A-BDp loy~1Bp—1
X =

-p~1lca-Bp~ley-t p~lyp-locwm-Bp-ley-lpp-!

and use matrix multiplication to conclude

B A B
C D C D
Conversely, we may factor
A B I BD™! A-BD 1o 0 I 0
C D 0 I 0 D Dl 1
to conclude
—1 —1
A-BD lc 0 I BD 1 A B I 0
0 D 0 I C D plc 1
which is clearly invertible. O]
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Corollary 6. In the affirmative case, if A is also invertible, then

-1
A B (A—-Bp 1)1 —(A-Bp~loy~1Bp—1
C D ~p~lca-Bp 1)1 (D—-cA-1p)~1
D C
Proof. Apply the lemma to and take the (1,1) matrix element. ]

E.2 Using the Schur Complement Formula

To see the utility of the Schur complement formula, consider the following. Let n > 0 and
suppose L and B are linear maps from a Hilbert space to itself. Suppose further that L
is bounded and self-adjoint and that the numerical range of B satisfies a gap condition:
N(B) C {0} U{Rez > ¢} for some ¢ > 0. Let P be the projection onto the kernel of B and
suppose that the range of Pl is invariant under both B and BY. When we write BPL, it
is understood that we mean the restriction to the range of B, and thus, BPL is invertible.

This is exactly the scenario that we encounter in section 3.4.4.

We may now identify the operator iL + B + n with its block matrix form:

P(GL+B+n)P P(L+ B+n)Pt Py
(iL+B+n)y ~
PLiL+B+n)P PLiL+ B+n)Pt pLy
iPLP +nP ipLpPt Py
iPLLp  PLGL+ B+n)Pt pLy
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The Schur complement applies here since

Re(PL(L + B +n)Pt) > Re(PLBPL) > ¢

and PL (iL+ B+ n)PJ- is invertible. The Schur complement is then:

1
1L+ B+n

pP= (z‘PLP + P —iPLPL L zPiLP> ! .
ipLopl 4+ plppl 4 ppl

If another appropriate projection is chosen, we may apply the Schur complement a second

time, further reducing the operator in question into its constitute parts. While the resulting

equations are more cumbersome, the difficulty in analyzing the original operator is greater

than the sum of the difficulties of its parts.
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