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ABSTRACT

STRESS-STRAIN RELATIONSHIPS FOR SOIL
WITH VARIABLE LATERAL STRAIN

by Osamu Kitani

A two-dimenslonal stress-strain law for soll 1s re-
qulired for calculations of the general behavior of soil
under load or when deformed.

A study was made to investigate the behavior of a
cylindrical soll sample which was axially compressed and
laterally confined with springs of Qarious spring rates.
This kind of test has more similarity to the actual situ-
ation where soll expands laterally under increasing axial
stress, and the lateral confinement stress 1s not a con-
stant but a function of the lateral strain. Moreover,
even a very loose soll can be tested by thils simple and
rather inexpensive method.

The soll sample was compressed at a constant speed,
and the axial stress, axial strain and lateral strailn were
measured. The lateral stress was calculated from the test
data. Shear strain was obtained from X-ray pilctures of
lead spheres buried in the soil sample.

A loam with an average moisture content of 12.4%
dry basls was used with an average initial bulk density
of 0.0346 1b/1n3. A friction reducer was applied on the

surface of the sample and the wall friction was made small



Osamu Kitani

enough to satisfy the assumptlons of uniform stress-strain
distribution and negligible shear stress along the wall.

Tests were carried out for the four variable spring
rates (1b/in) of 9.6, 56, 264 and = (fixed wall). From
the test results, relationships between the two principal
stress components and the two principal strain components
were determined in graphical form. It was also found that
there was an approximately llnear relationship between
axlal stress and lateral stress in the test range of
€; < 0.36 and e, < 0.029,

The functional forms of the relationships between
principal stresses and strains were derived by applying
the isotroplic hardening theory and by modifying it. The

functions were of the following form;
o1 = ale; - 2¢ex)"
g2 = U0,

The maximum shear stress was not a function of the
maximum shear strain alone, but was llinearly related to
the mean normal stress.

The functional relationship between the mean normal
stress and the volume change (or the bulk density) was

also derived.
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€1

€2

.ml

al

increment of radius

shear stress (ultimate value)

time (time of compressign)

cyrrent volume of soll apecimen

initiai volume of soil specimen

change of volume; AV < 0 for compression
gphear strain

natural axial strain

natural lateral strain

contributlion factor of ¢, to ¢,

angle of inclination of plane from the maximum
principal stress direction

soil parameter u = ¢,/0;
Polsson's ratio:
bulk density
axial stress
lateral (radial) stress
deviatoric axial stress
deyiatoric lateral stress
o; + 203
mean normal stress; On = ———;———- for cylindr;cal case
shear stress ‘

angle of internal friction

generalized strain; & - //%'Eij €3y -

" generalized stress; o = //% °'1J o'iJ

On p. 6, 7, and 10, o is used as the effective stress
in soil.



I. INTRODUCTION

The stress-strain relationship of soil is the most
important basis for all the problems related to the soil
deformation‘and fallure.

The problem of tillage,in which one of the important
objectives is how to reduce the draft and the tillage
energy, can only be solved completely after the stress-
strain law of soll is establlished and whereby the draft
and the energy for various tillage tools under certain soil
conditions can be calculated.

The traction problems also require the knowledge about
the stress-strain law. To achieve maximum tractlon, the
s0ill deformation and the stress under the tractor tire or
shoe must be calculated. The integration of the stress
along the border will yield the traction force which we
want to maximize.

Thus, agricultural engineers need soil stress-strain
relationship which can be applied to the practical problems,
or at least, can be a basis for them. The main effort in
this thesis has been devoted to get a stress-straln re-
lationship of soil which is applied to the practical

problems.



Agricultural engineers have rather speclal problems
in the study of stress-strain laws of soll, because the
solls on the field surface are soft and highly compressible.
Accordingly they are work-hardened very much. They also
contain complex organic matter. These features create differ-
ent problems from those 1n foundation englneering in which

the englneers are malnly interested in compacted soils.



II. REVIEW OF LITERATURE

There are two main categories in the study field of
soll stress-strain relations. They are the study of force
versus deformation and the study of ultimate strength which
may be considered as a part of stress-strain relationship

in the form of yield criterion.

2.1 Force versus Deformation Study

Soll changes its rheological properties according to
its texture, moisture content and density as well as loading
history. Therefore, there are several ways of approach in
this fleld. The theoretlical studles so far have been based
upon theories of eilther elasticity, plasticity or visco-
elasticity.

The theory of linear elastlcity has been used quite
extensively in foundation engineering especlally as the
means of calculating initlal settlement. It 1s assumed
th;t the strain 1s completely recoverable and 1t follows
the linear stress-strain relationship as shown in Fig. 2-1
(a=1l). In a 3-dimensional case 1t 1s written in the follow-

ing form.
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} etc.* (2.1)

where E, G and v are constants.

The agricultural solls are mostly so soft that it is
impossible to assume a complete recovery of strain after
the external force has been removed. Soehne (1956) re-
ported that the surface soll behaved as a non-linear elastic
material (broken line in Fig. 2-1 (a)) only after it was re-
peatedly loaded up to the highest load encountered.

Thus, the surface soils have qulte plastic charac-
teristics. Only particular types of clay of certaln moisture
content do, however, show nearly ideal plastic flow which is

defined -

d etc. (2.2)

where Sy is shear stress or deviatoric stress
K i1s a constant which represents yleld value

IId is the second invariant of rate of defor-
mation

dx i1s rate of deformation.
This relation corresponds to either one of the flat lines in
Fig. 2-1(c).
By assuming rigld-perfect plasticity with the yield

criterion in the form of Coulomb's equation, we can calculate

*etc. means similar equations for y and z components.



stress-strain distribution of hard (incompressible) soil
under simple boundary conditions as described by Scott
(1963) .b. 510.

Berezantsev (1955) analyzed the soil deformation
under a conical head by means of the plastic equilibrium
theory of soil.

However the actual situation is far more complex.

Soil shows work-hardening due to the increase of strain

(and stress) as shown in Fig. 2-1(d). Drucker et al. (1957)
showed that soll should be treated as a work-hardening
material. Drucker (1961) also tried to apply limit analysis
to soil.

In many cases, efforts have been made to get a stress-
strain relationship of soil as a mixture of non-linear
elasticity and some kind of plasticity through simulation
type tests. That is to say, strain remains even after the
load 1s removed, sometimes no yield point 1s reached, or
even if it reaches the yield point, stress does not neces-
sarlly remain constant.

Actually most of the studies do not consider the
factor of time. They take into consideration only stress
and strain in the same manner as elasticity. The mosp
frequently used relationshib of this kind 18 the consoli-

dation equation.

de = e, - e =c, log — (2.3)



where e 1s void ratio, e is a constant. If one-
dimensional consolidation is assumed, eq. (2.3) can be

written in the form of the following stress-strain relation.

e, = ¢C log o + ¢! (2.4)

Roberts and Souza (1958) reported that this relationship
was valld also for the very high stress under which the
soil particles themselves are crushed.

Another equation of this type is Bekker's sinkage
equation which has been used in traction problems. The
relationship between penetratlon pressure p and sinkage 2z

under a penetration disk 1s described as

n
p = Kz (2.5)
where K and n are constants.
If one-dimensional situation is assumed for eq. (2.5), it

becomes

(2.0)

In the.iower axlal force range, the axial force versus
displacement curve of Soehne's study (1956) plotted by the
author in Flg. 2-2, shows itself in the form of Bekker's
equatlon, whereas, in the higher range 1t obeys the consoli-
dation law. Sochne'’s soll compression tests were carried
out In a rigid wall'cylinder.

Another stress-strain relationship which has recently

been studied extensively 1s the viscoelastic theory which
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is a combination of (a-1l) and (b) in Fig. 2-1 and expressed
in the following form.

dyx

S = G 3t etc. (2.7)

Xy Yxy ¥ 0

where G and n are constants.

McMurdie (1963) carried out a set of triaxial tests
and creep tests. He reported that the viscoelastic theory
agreed best with the test results.

Kondner and Krizek (1964) have developed a vibratory
soll compressdon test device with which they analyzed the
solil behavior and divided the straln into the storage part
and the dissipation part.

Waldron (1964) showed that the strain super-position
law of viscoelastic theory 1s valid for soils only within a
limited range of molsture content, stress and time. He also
obtalned three viscoelastic functions from his tests.

There are sbme studles which do not deal with the
constitutlive laws of soll, but rather check whether or not
some stress-strain relation of continuous media is valid
for soll. VandenBerg et al. (1958) suggested that the bulk
density change during soil compaction should be caused only’
by mean normal stress. However, VandenBerg (1962) later
reported that the triaxial tests with diametral measurement -
showed that the change in bulk density p 1s not a function
of mean normal stress % alone but also a function of maxi-

mum shear straln ;ﬁax in the following exponential form.
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ap ~ b _ ‘ —
€ "m(l + Ymax) (2.8)

where a, b are constants.

2.2 Ultimate Strength Study

Many studies have been carried out from the viewpoint

of soll strength based upon the famous Coulomb's law.

S =c+ 0 tan ¢ (2.9)

where s is ultimate shear strength, ¢ is coheslon and ¢
is angle of internal friction.

Hendrick :nd VandenBerg (1961) conducted a tensile
strength test of soil at various loading rates and cbtained
¢ values at tenslile fallure. They concluded that the ulti-
mate strength does not change with a change in the loading
rate, whereas the deformation at faillure decreases as
loading rate lncreases.

Vomocil et al. (1961) carried out a tensile test using
centrifugal force.

The triaxial test 1s considered as the most reliable
-test to measure the two parameters ¢ and ¢. Normally soill
fails in a progressive manner. 1In the case of a triaxial
test the stress conditlon, however, changes rapidly with the
increase of deformatipn, especially after maximum stress is
reached. To aveid this, other devices such as torsion
shear apparatus have been developed (for example, Waterway

Experiment Station, 1952).
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Some people tried to combine deformation and ultimate
strength laws together. Taylor and VandenBerg (1965) intro-

duced deformation J in the failure equation.
K (2.10)

where n and K are constants.
They derived this formula from a seriles of tests with a

ring shear device 1n laboratory soil.



ITII. THE PROBLEM

3.1 Purpose of Study

As described in the previous chapter, several stress-
strain laws for soll have been proposed for the one-di-
mensional case. However a two-dimensional stress-strailn
relationship 1s required to solve the practical problems
of tillage and traction, because in solls their strength
as well as thelr stress-strain level depends largely on
the mean normal stress. Thls indicates that the stress-
strain relationships of soil, unlike those of metals,
could be largely affected by the mean normal stress. The
particular problem of this study may be defined as describ-
ing how the relationshlp between axlal stress and axial
strain in a compression test of a cylindrical soill specimen
is affected by the lateral (radial) stress and lateral strain.

This kind of study with various lateral stresses can be
carried out with a triaxlal compression test apparatus with
lateral strain pick-up. The triaxial test is, however,
limited to those soills with a certain natural strength so that
the sample can maintaln its shape without lateral support.
This 1s a great disadvantage for studying stress-strain re-
lationships of a soft surface soil in agriculture. For

these, 1t 1s necessary to provide lateral support for the

12
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soll specimen. This kind of device could be used even
for a very loose sand.

The triaxial test also takes time to be carried out.
It requires rather expensive equipment. A test device with
lateral confinement can be much simpler, because it does
not require handling the soil specimen in 1liquid.

Moreover some of the practical problems of tillage
and traction have boundary values in terms of strain rather
than stress, for example, boundary by a rigid blade or an
elastic tire. 1In this situation, a test with various types
of strain confinement may be more suitable than a stress
confinement test. More generally, almost any element of
8011 under load in one direction 1s subjected to a confine-
ment in the other direction, where the confinement stress is
not a constant but a function of the lateral strain. Because
the soll strength is affected by this lateral stress and
strain, a realistic testing should be made with a strain-

defined lateral confinement.

3.2 Assumptions for Study

Thus, a soil compression test in which lateral strain
confinement is controlled was designed. Actually the lateral
confinement was provided by two springs. There is, there-
fore, an approximately linear relationship between lateral
stress and lateral straln as; o, = kjyepz. (cf. eq. (5.4)).

The lateral strain level at a certain axial stress or
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axial strain can be controlled through the exchange of
springs with various spring constants k.

The test has to be limited to the loading process
and to the loads below the failure point. Within these
limitations, the stress-straln relationship is considered
to be a single valued, monotonlcally increasing function.
Hence, the relationship between normal stress and normal
strain in this cylindrical case (or in the general two
dimensional case) could be described by the following two

functions.
o1 = Fy1(ey, €3)

o2 = Fa(e1, €2)
where o, and o, are principal stresses

€1 and €, are principal strains

For the measurement of these principal stresses and principal
strains as described later, it 1s assumed that the stress
state is uniform in the whole sample and that the principal
axes are parallel and perpendicular respectively to the
axis of the cylinder. In order for this to be true the
assumption that there is no wall friction must be satisfiled.
The shear stress can be calculated from the principal
stresses o; and o, assuming homogeneity of the soil. The
shear strain 1is picked up from X-ray pictures of the soil

as the change of the angle of a line in the solil.
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As the first step, the author assumed that there is
a functional relationship between shear stress t and shear

strain y independent of normal stress and strain components.

T = G(y)

Thus the stress-strain relationship in any two-di-
mensional case (even when principal components are not
known) 1is fully described by the three functions F,, F,
and G. These functions make it possible to calculate the
three stress components if the three strain components are
given.

It might also be possible to calculate the stress-
strain distribution under certain boundary conditions using
the equations of equilibrium, compatibility and boundary
values.

The above mentioned two-dimensional approach might
be applied to some of the practical three-dimenslonal pro-
blems by further breaking down the problem into numbers of

two-dimensional problems.



IV. EXPERIMENTAL APPARATUS AND PROCEDURE

4.1 Apparatus

The general view of the test equipment 1is given in
Fig. 4-1. It is composed of a soll compression device, test
cylinder, amplifiers, strip-chart recorder, X-Y recorder

and X-ray machine.

Compression Device

The soll compression device compresses the cylindrical
soll specimen at a constant speed. Three speeds can be
selected. The picture of the compression device 1s given
in Fig. 4-2. The designed maximum compression force 1is
1000 1lbs. and the maximum piston stroke is 4.5-inches. The
upper and the lower position of the piston is controlled by
two limit switches. A 1/4 H.P. induction motor drives the
piston screw through two worm gears, a V-belt and a chain.

The axlal force transducer is made as a ring of high
strengfh aluminum alloy. Four SR-4 strain gages are at-
tached to the inside wall of the ring. The calibration
(App. A-1) shows good linearity.

The axlal displacement of the plston could be picked
up by a strain gage equlipped cantlilever connected to the

driving screw. However, since the axial displacement has

16
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complete linearity in terms of driving time as shown in
App. A-2, 1t 1s simpler and more accurate to get the

axlal displacement from the driving time.

Test Cylinder and Stress-Strain Plckup Device

As shown in Fig. 4-3, the test cylinder has an over-
lapping split side wall. The inside diameter is 3-inches.
The height is 7-inches. The cylinder 1s made of 0.0156-
inch thick steel plate. The friction in the overlap is
reduced by means of a frictlon reducer which 1s mentioned
later.

The lateral confinement of the soill in the .cylinder
is provided by two springs which deform tangentially along
the gulde rods. Several springs with various spring con-
stants were made so that the condition of lateral confine-
ment can be controlled from an almost free expansion to an
almost rigid wall. The spring constanhts are given 1n App.
A-3.

The expansion of the cylinder i1s measured by the two
cantilever type strain gage transducers made of spring steel
with a Teflon tip on the end of the beam. The callbration
curve is given in App. A-4. The relationship between radial
expansion (tangential displacement) and the output reading
on the X-Y recorder chart shows falrly good linearity. From
the radlal expansion the lateral strailn of the soil can be

calculated.
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The strain gages on the axial force transducer and
lateral displacement transducers are hooked up with Brush
RD5612 and BL310 amplifiers and a Brush recorder (Fig. 4-4).
In addition a Moseley 135 X-Y recorder was used for record-
ing the axial force and the lateral displacement with better
accuracy than the strip-chart recorder. With time marks on
the X-Y curve produced by feeding time signals into the X-Y
recorder, a complete set of data 1s obtained on the X-Y re-
corder chart, because axial displacement 1is obtained from

the time marks.

Soil Preparation Device

The main part of the soll preparation device consists
of a pneumatic vibrator and a test cylinder holder. When
lead spheres are buried in a 45° line a special holder base

is used as shown in Fig. u4-5,

X-ray Machine

A General Electric Model 11DB6, 150KV Medical X-ray
machine in the Veterilinary Clinic of Michigan State Univer-
sity was used. Kodak Industrial AA Type X-ray film was
chosen to get an accurate picture of the lead spheres in
the 801l specimen. The film attached with magnets to a
plate of steel and a lead shield were placed just behind
the test cylinder (Fig. 4-2). To secure an exact distance
between the X-ray source and the film a wooden frame was

used.
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4,2 Procedure

Soil

A loam with average moisture content of 12.4% dry
basis (range 11.5-13.0%) was used. The soil was sieved
with a 1/4-inch mesh sieve. Then it was kept in a can to
keep a constant moisture content and uniform distribution

of s80ll water during a serles of tests.

Preparation of Soil Specimen

The test cyllinder was placed in the cylinder holder
with the piston (and a thin disk plate on top of it) at
the bottom of the cylinder and clamped between two holders.
The friction reducer was applied on the inside of the
cylinder wall with a painting roller. The friction re-
ducer 1s a mixture of graphite and grease with a weight
ratio of 1:3. The friction reducer was also applled on
one s8lde of a sheet of plastic wrappling film. The total
amount of the friction reducer turned out to be quite im-
portant for this test. Therefore, the amount of the friction
reducer applied to a speclmen was controlled within the
range of 0.143-0.176 1lbs. (65-80 grams), corresponding to
an average total thickness of 0.075-inch.

With a small amount of soil in it to prevent the film
sticking together, the friction reducer-coated plastic film
was applied tightly inside the cylinder. A small cup of
soll corresponding to a layer of approximately l-inch was

then put into the cylinder. The pneumatic vibrator vibrated
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the cylinder for two minutes for each additional cup of
soll. When the soll surface came up near the middle of
the cylinder height, the cylinder holder was placed on the
45° holder base so that a 45° surface was created (Fig. 4-5).
The lead spheres were placed 1l/4-inch apart on this surface
by means of an aluminum plate with holes. Then, another cup
of soil was added and vibrated. After the cylinder was set
in the 1niltilial vertical position agaln, the same process
(adding a cup of soil and vibrating for two minutes) was
repeated until a desired amount of soll was packed in the
cylinder. After covering the top of the packed soll with
the upper part of the plastic film, the upper disk plate
and the piston rod (total weight is 1.9 lbs.) was put on
top of the wrapped soll and the vibration was carried out
for three minutes. Thils completed the preparation of a
soll specimen with an average bulk density of 0.0346 lb/in3
(0.96 g/em3), (range; 0.0337 - 0.0352 1b/in3).

Sometimes a compression test was carried out without
a X-ray test, because the transportation to the Veterinary
Clinic for X-ray introduced some error in the initial con-
dition of soll. 1In these cases no lead spheres were needed
and the soil was packed Jjust layer after layer without the

45° holder base.

Test Procedure

The compression test was carried out as soon as the

soll preparation was finished. Before starting the
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1. Test cylinder 2. Cylinder holder
3. Pneumatic vibrator 4, Holder base

Fig. 4-5. Packing the Soll in the Cylinder at U45°

Fig. 4-6, Soil Specimen after Compression

(Covered with a thin plastic film
sandwitched by the friction reducer)
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compression the initial height of the specimen was measured.
The 1nitial dlameter was kept constant by the holder. The
transducers were connected to the amplifiers and the re-
corders (Fig. 4-4) and the instruments were balanced.

The compression of the soll was made at the rate of
0.092-in/min. The X-Y recorder plotted the axial force
versus tangential displacement curve and the strip-chart
recorder recorded every separate component versus time. An
X-ray picture was taken every 2.5 minutes without stopping
the compression and a time mark was put down on the X-Y
curve at the time of exposure. The X-ray machine was set
for 125 KV, 300mA intensity with 40-inch focal distance and
1.5 second shutter speed. Fig. 4-7 shows two X-ray pictures.

At the end of each test before unloading, the test
cylinder was pushed back toward the upper plston and the
friction at the maximum lateral stress was measured. The
coefficient of the wall friction fell in the range of
0.037 - 0.053.

Three replications were made for each test. Three
kinds of springs were chosen so that it was possible to
get the stress-strain curves at various levels of lateral
confinement. A test with fixed wall (k ~ =) was also con-
ducted by replacing the springs and the guide rods with

bracing bolts and nuts.
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V. METHOD OF ANALYSIS

5.1 Stress and Strain Components

The stress components o;, 0, and 1, and the strain
components e€;, €, and y (natural strain) e;, €, and y(con-

ventional strain) are obtained as follows:

Axial Stress o;

Due to the low friction on the pistons and on the
cylinder wall,* the stress distribution in the soll specimen
is considered to be uniform. Since the shear stress on the
surface of the soll specimen 1is negligible due to the low
friction, the axial and the radial directions are considered
as principal directions.

From the axial force transducer output which is re-
corded on the Y-coordinate of a X-Y recorder chart, the
axlal force P; 1s obtained by means of the calibration

chart App. A-1l. Then,

op = 21
A

where A 1s the current area of the soil cylinder, and

= 2 = Ary2 o 2
A = n(rg + Ar) 1ry2 (1 + ro) Ag (1 + e5)

¥ This 1s also confirmed by the uniform movement of the
lead spheres buried near the pistons and the cylinder wall.

28
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Dimensions of the soil specimen and
the stress-strain components.

Fig. 5.1.
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Therefore, P,

where e, 1s calculated from eq. (5.5).

Axlal Strain e; and €,

Since the plston displacement shows complete linearity
in terms of compression time t as shown 1n App. A-2, the

axial displacement A% 1s obtained from the compression time.

Then,
2
e1 = I+ (5.2)
e1 = -tn(1l - e,) (5.3)

This strain is assumed the same for the whole sample for

the same reasons given for the axlal stress.

Lateral Stress o>

The lateral stress 1s assumed constant along the wall
of the cylinder. The equilibrium equation for one-half of
the cylindrical shell is considered. The spring force (for
one spring = P,) 1s in balance wilth the total force due to
o, in the direction of P,. Consldering the symmetry, the

equation of equilibrium becomes

m
2(2P3) = 22/% (rd8)oysine = 2rio;

Therefore,

92 T =
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Since P, = kA%, where Af; 1s spring deflection,

5, = 2k822 _  2kak2
2 T (ro + Ar) ¢
211'1"0 + Alz AL
Using the relation 4r = r - ry = ——>;— - Tro = 75%’
the above equation becomes
_ Yrkar - Yrnkeo
°2 = Tr, + o)X - (T ¥ e0(1 = e1)%, (5.4)

where e; and e, are obtained from eq. (5.2) and eq. (5.5)

respectively.

Lateral Strain e, and e,

The lateral strain is also considered to be constant.
From Fig. 5-1, eq. (5.5) is obtained. The tangential displace-
ment A%, 1s obtalned from the output records of the lateral

displacement transducer by using the calibration chart in App.

A=l
_ Ar = A2
e = - = T (5.5)
e; = &n (1 + ey) (5.6)

Shear Stress =

Since 1t is assumed that there 1s no wall friction,
both the axlal and the radlal directions are princilpal
stress directions. The shear stress on the plane of incli-
nation 6 from the radial direction is

01 = 02
T = —'—2———— sin2e (5.7)

o1 = 02
at 6 = 7, 'l'_n_ = — 3 (5.8)
T
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Shear Strain y

Shear strain is obtained from the change of the angle
of line of lead spheres buried in the soil. As shown in

Fig. 5-2,

y, = 28 (5.9

ul
T

Assuming uniform distribution of the strain, it 1s also
possible to calculate shear strain from the normal strain

components in the % plane as shown in Fig. 5-3.

AR
1 - —
v, =26 = 2|F - arctan{————z%ﬂ} (5.10)
T 1 + —
ro
Y, appr. = 7 - 2 arctan{l - e, - e}

T

5.2 Mean Normal Stress, Devliatoric Stress
and Volume Change

Mean Normal Component and Deviatoric Components

It 1s common to dlvide the normal stress into a mean
normal component and deviatoric components.

Mean normal component 1s

61 + 0o + 03

o, = 3 in the general case,
91 * 292 £01 the cylindrical (5.11)
Om = ——3— or e Cy narica case. . )

Deviatoric components for the cylindrical case are
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s Cet

Shear Strailn

=

Xo = To

xsxo}‘%=ro-——

b
(=]

_._.j:;tj

T Lr
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01" = 6 —o_ =’-§-(01 - a,) (5.12)

02' = g2 - Om = —%(01 - 02) (5.13)

Deviatoric stress is considered to cause the ehange of
shape. Singe both of the components of the deviatoris
stress contain (¢g; - 03), the shear strain y will be a

function of (o; - g2).
Yy = Gy(o; = g2) = Ga(1)

Volumetric Change

The volumetric change is.

AV _ V. -Vo _ 1 2
7y Vo Vo{2w(r0 + Ar)4(Ro - AR) = Vil
therefore,
%‘;’ = (1 + ep)2(1 - e;) -1 (5.14)

Eq. (5.14) implies
sn(1l +'AV) = 2¢n(l + e3) + 2n(l - e;)
"Therefore zn(i:+'Av)'- 2ea - € (5.15)
’ . W

The mean normal stress is generally considered to

contribute to the volume change. Therefore, the following

- function H may be expected.

AV
vo— = H(Om)



VI. RESULTS

6.1 Recorded Results

Fig. 6-1 shows the results of 12 tests superimposed
on a chart. The three replications for each spring rate
show considerable deviation, yet the general tendency due
to the change of lateral confinement can be clearly seen.
The triangles indicate the same axlal displacement (time).

From thlis record, together with the calibration
chart of the transducers in App. A-1, App. A-2 and App.
A-4, each component of the stress and strain as well as the
volume. change was calculated using the equations in Chapter
V. The calculated results are tabulated in App. B. The
main results are presented‘graphically in the following

sections.

6.2 F; and F, Functions in Graphs

Fig. 6-2 shows the relationship between o; and e
with ¢; as contours. Since o; shows a certain unique (single
value) functional relationship with €; and e€;, a o; value can
be obtalned graphically if e; and e, values are given.

g, versus e; and e€; relationship is shown in Fig.
6-3. The general tendency is similar to ¢, versus e and

€; relationship with smaller scale factor for o;. Therefore,

35
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Fig. 6-2.

g, versus e, and e; relationship
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(1b/1in)
N ---=0---k = 9.6
/
/ 56

Fig. 6-3. o2 versus e; and e;. relationship



39

if e and e, are known, d; is directly obtained from this
figure. ¢€; and e, values have to be determined for a
practical use of these graphs. This can be done by X-ray
method burying lead spheres 1n the soll at every node of
an imaginary network.

Sirice formulation of F; and F, introduces a certain
error, this graphit¢al method may be the most accurate way
to get the stress components 1f the €; and e; network is

dense enough.

6.3 o, versus e; Relationship

Fig. 6-4 shows the relationship between o; and €¢;. In
the higher compresslon range the effect of spring rate 1is
clear:_,higher spring rate creates highér axlal stress at the
same level of axial strain. 1In thé lower compression range,
the effect of spring rate is, however, inconsisfént. This
may partly come from the variation of initial density.rang-
ing from 0.0337 to 0.0352 lb/in3. This variation corresponds
to a variation in axial displacement amounting up to 0f26-
inch (e; = 0.044) which is large enough to create the in-
consistehcy. Thé'low initial density might be another reason,
becguse ih lower density, soil particles and aggregates have
more freedogtof sliding or folling. This might imply a more
@nstable.mechanical condition which makes it possible for .
the sOil_ﬁo.take more-thanfohe'stress’path in the compression
' process.' |
The smaller slope of the initial compression lines

of log o) yversus lag -€p'eurves in;Fig. 6-5 indicates that
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Fig. 6-4. o, versus e; relationship
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there may be some critical point where the soil bhecomes
more stable and begins to show a higher rate of work-
hardening.

There are two commonly used soil compression
equations which may fit to the test results. They are a
modified form of Bekker's sinkage equation and of the consoli-
dation equation (eq.(2.ﬁ) and eq. (2.6)). Fig. 6-5 shows 1log
o1 versus log e; relationship, where eq. (2.6) should be a
straight line. Fig. 6-6 presents log o; versus e; relation-
ship, where eq. (2.4) should be a straight line. The log
0] versus e; curves in Fig. 6-6 are not linear. This means
that the equation similar to the consolidation equation is
not valid here. The log o; versus log e€; relation in Fig.
6-5 can be represented by two straight lines which are des-
cribed by the following equation with different values for

the constants a and n.

g = 8.€1n (Unl)

This means that the equation similar to Bekker's sinkage

equation 1s wvalid.

6.4 o, versus o, Relationship

The relationship between o; and o, 1s shown 1n Fig.
6-7. From this figure, there seems to exist a linear re-

lationship between o; and o, that can be expressed by

o, = uog, (6.2)
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The uw values which are calculated from App. B-1 and

App. B-3 are tabulated in Table 6-1.

TABLE 6-1.--u = 0,/0; values.

Axial displacement Spring rate k(1b/in)

a¢(in) k= 9.6 k = 56 kK = 264
0.23 0.151 0.108 0.202
0.46 0.156 0.115 0.130
0.69 0.139 0.130 0.103
0.92 0.122 0.152 0.123
1.15 0.105 0.172 0.125
1.38 0.179 0.152
1.61 0.181 0.174
1.84 0.181 0.194

Consldering the large variation of u values calculated for
the individual test (App. B-9), it will be possible to
assume that u 1s a constant for various lateral strain con-
finement within this test range of e€; < .36 and €, < .029
and with a posslble exception for the very low compression
range. The 1dea of u = constant 1s similar to the idea of
the coefficlent of earth pressure 1n soll mechanics. The
coefficient of earth pressure 1is deflined as the ratio of the
lateral stress to the vertical stress. According to

Scott (1963) p. 403, this coefficient is defined for both

the soill conditions at failure and below faillure (soil at
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rest). The earth pressuie coefficlent 1s considered

as a constant for a soll ¢f semi-infinite mass in which a
soll element under a vertical pressure can expand laterally
with certaln lateral confinement, which 1s similar situation
to this test. The average value of u here in this test 1s

p = 0.141.

6.5 1 versus y Relationship

The y values measured from X-ray plctures show good
colneidence with y calculated from e; and e, (eq. (5.10))
as shown in Fig. 6-8. This faet implies that the effect of
the wall friction 1s small. Since the latter calculation
method has higher accuracy so far as the wall friction 1is
negligible, the values calculated from e; and e; are used
for the following discussion. The t values were calculated
from o; and ¢, using eq. (5.8).

Fig. 6.--9 shows the relationship between t and vy.
Spring rate apparently affect the v value. This indicates

that t 1s not a functlon of y alone.

AV
6.6 o Versus g Relationship

Fig. 6-10 gives the relationship between the mean
normal stréss andAthe volume change. The figure shows
approximately the same tendency for all spring rates.

The.om versus %% relationship on a log-log chart
is shown in Fig. 6-11. The same relationship is shown on

a semi-log chart in Fig. 6-12.
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Fig. 6-12 shows approximately a straight line in the
higher compression range of e€; > 0.15. This straight line

is expressed by eq. (6.3).

AV
log m = ko - 7 for €; > 0.15 (6.13)

where ko 1s a constant.

This 1s a similar form to the original consolidation equation.
Since Tt takes varlous values at the same level of y

and 1 1s linearly related to o, as discussed later in Chapter

VII. 7.2, the bulk density (or volume) calculated from Vanden-

Berg's equation (2.7) will take various values for the same

value of 9 Thls conflicts with the fact that o, versus

%% curve shows approximately the same tendency for various

lateral confinements. VandenBerg's equation does not, there-

fore, seem to be valid here.



VII. DISCUSSION

7.1 Strain-hardening Theory and
F; and F; Functilons

The principal stress components o; and o, are ob-
tained graphically from Fig. 6-2 and Fig. 6-3 if two
principal strain components e€; and e, are knoﬁn. This is,
however, not sultable for calculations of a general case.
For the development of a general theory, the F; and F,

functions have to be formulated.

Isotroplc Hardening Formula

The theory of strain-hardening developed in metal
plasticity may be useful to explaln the lncrease 1n soil
strength with compaction and to formulate a stress-strain
relationshlp for soil. The basic 1dea of 1sotropic harden-
ing theory is quoted from Hill (1950) p. 23.

Assuming that a materlal 1s work-hardened isotropi-
cally, the one-dimensional stress-strain relationship
o, = HI(epx) (p implies plaétic component of strain) can
be extended to the two- or three-dimensional case by using
a generalized stress ¢ and a generalized strain Eb. The

one-dimensional relationship can be easily obtalned from

a tensile test of a metal plece for example, and the

53
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function form HI 1s determined. Then, the same function

can be assumed for ¢ and /fde..

Hy p

¢ = HI(dep) (7.1)

Since a soft surface soil has only negliglible elastic

strain, 1t can be assumed that the total strain* equals

plastic strain for soll, that is, Ep = ¢. It 1s also as-

€. Thus eq. (7.1) becomes

sumed here that fde

o = Hy(e) (7.2)
where o = /%ﬁijoij (7.3)
E = ,/%Ei,j Eij (7-“)

For the cylindrical case,

2(0y) = 02)
cl' = 3 and 02' = 03 = (_Ol_g__o;g_)

Therefore,

/301 = 902052 + (-2 + (-D)2) = o1 - 0,
} (7.5)

g

™ |
n

/%(6212 + 2822)

The soill test corresponding to the tensile test of
metals will be a compression test without lateral confine-
ment. It 1s, however, almost impossible to do this test for

a soft soil. Instead, the necessary relationship can be

*Tcoal strain includes volumetric strain, because 1t con-
tributes to the :train-hardening.
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obtained from a compression test of soll in a fixed wall
cylinder with suitable friction reducer on the wall. 1In

this case o0, is no longer zero. Extending the test result

of eq. (6-2) to the fixed wall case, o, can be calculated
from o, = uo;. And, for this case 6; - 0, = ¢ and e; = /rg'E
(as a special case of eq. (7.5)).

From the fixed wall test result presented in Chapter

VI. 6.3, the same equation as eq. (6.1) can be used for H

I
function.
g = aeln for €; > 0.15 (7.6)
where a = 493 (psi)
n = 2.414

Since in the lower compression range of €; < 0.15, the effect
of lateral confinement 1s not consistent as discussed 1n
Chapter VI. 6.3, the theoretical consideration here 1s limited
to the higher compression range of e€; > 0.15.

Since eq. (7.6) 1s introduced, the prototype equation

becomes
n
g - g2 = (l - u)ael (7-7)

Therefore the general form is
= —\n
o= (1 - wa(/=¢) (7.8)

Substituting eq. (7.5) into eq. (7.8),
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0, - g = (1 - U)a{/%‘/%(elz + 2622)}n

and using eq. (6.2), eq. (7.9) 1is obtained.

o; = ale;? + 2522)% (7.9)
However, thls formula looks unreasonable because o; in-
creases as e, increases even 1f €, is in the direction
of expansion. Strailn-hardening of metals occurs equally
under compression or tension. For soils, the situation is
different, soll 1s work-hardened by compresslion but softened
by expansion. Therefore, the plus sign in front of 2,2
could be changed into a minus sign in the case of expansion.
If ¢, 1s in the direction of compression the sign should re-
main plus. Then, the following equations are obtained.

n
2

gy = a(€12 - 2€,2) (7.10)

o, = pa(e;? - 2622)% (7.11)

The o, values calculated from eq. (7.10) are listed
in App. C-1. The comparlison between the calculated values
and the measured values 1is shown in Fig. 7-1. It shows al-
most no effect of ez. It also shows a large deviation from
the measured value when the lateral confinement 1s weak.
This might mainly be due to the fact that in soil only a
small straln is produced in the lateral directlon even if
a large axlal strain is put in; in other words, e,/¢;

values for soils are comparatively smaller than for metals.
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Calculated from
n
g1 g = a(€12 - 2€22)?
psi Spring rate (1lb/in)
e <} k = 56
30 +
—— K= o
Measured value
———0— k = 9.6
———X-- k= 56
e A k = 264
20
—_——0-—-— k ~=
//
K/
10 /
/////
/
27 o
7
" S
7~
//
.0~
0 010 02q l .30 A €1
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Figl 7-1.

o1 from Isotropic hardening theory.
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The reason will be that most of the input energy is dissi-
pated in the form of volume change and only a small part is
used for lateral expansion. Probably soil is not work-

hardened 1sotropically as 1s metal.

Modification of Isotroplc Hardening Equation

1. One of the maln reasons for the discrepancy of
eq. (7.10) with the test results will be the assumption that
€1 and e; contribute equally to o;. If it is assumed that a
part of o; is contributed from o, (that is, oy = ¢;(1) + ¢,(2))
and also g; = aezn as well as 02 = ug;, then ¢;(1) = aeln and
01(2) = = %aczn. Also modifying eq. (7.10) into a simpler
form, eq. (7.12) 1is obtained.

g, = a(eln - % Szn) (7.12)

However eq. (7.12) has the same tendency as eq. (7.10) as
shown in Fig. 7-2 and App. C-2.

2. The discfeéancy of eq. (7.12) mainly comes from
the assumption o; = aszn based upon some idea of isotropy.
This assumption together with o, = uo; leads us to the re-
lationship ;%2.- ﬁ. The.test result apparently shows fhat
this ratilo 1s‘not a constant. That means there 1s a non-
linear 1nteraction between ¢; and e€;. This may be described
in the form 6f o1 =‘f1(el) + f£o(ep) + £3(e1,€2). If the
intéfacfionif3(el,e2) is expressed by a form of polynomial
éilbieln;i(n2eg)i,‘then it may'ﬁe:reasonable to modify eq.

i=]
(7.12) in the following form.
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4o —
Calculated from
g1 o = ale," - %Ezn)
psi
— — k = 9.6
30 |- —+— k=56
—_—A
—
Measured
— e O
_.__x-_
—_——— A
20
—_—— -
10 |-
.10 .20
0 . |

Spring rate (1b/in)

Fig. 7-2.

o, from the modified equation (1).
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o1 = afe; - n(2e;)}" (7.13)
where n 1is a contribution factor of e, to €;.

If the contributlion factor n = 1, that is, the inter-
action term is contributed equally from €; and e€,, the

following form 1s derived.
n
op = a(e; - 2¢3) (7.14)

The calculated value of o; according to eq. (7.14) is given
in Fig. 7-3 and App. C-3. The same a and n values from the
flxed wall test as in the calculation of eq. (7.10) were
used for this calculatlion. The calculated results show
failrly good agreement with the test results for various
lateral confinements.

Using the equation ¢, = uo;, eq. (7.15) 1s obtailned.
n
o, = pale; - 2¢7) (7.15)

The calculated values of o, from eq. (7.15) are given i1n
Fig. 7-4 and App. C-4. Consldering the fairly large vari-
ation in u value, the calculated values are consldered to
be approximately in agreement with the measured values.

Since (o; - 05) 1s the generalized stress in the
cylindrical case, the general form corresponding to eq. (7.8)
1s 0; - 0 = (1 - wale; - 2e)" (7.16)
log (o; - o,) versus log (e; - 2e,) relationship should be
a straight line. This 1s shown in Fig. 7-5 1in which measured

values are plotted.
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7
40 - / A
/m A
91 Calculated from
si
P g = a(el - 262)n
Spring rate (1b/in)
— —— k = 9.6
30 |- ¢ ?
—_t k = 56
—A— k= 264
—_—— k & =
Measured value
———— Q-
—— X ——
20
Y .
10 —
20 .30 €
.10 1
0 3 ] | ] 1 |

Fig. 7-3. ¢, from the modified equation ( 2)n =1
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A
/
/
gr | Calculated from /
/
psi gy = Aua(el - 2ez)n : //
| /
Spring rate (1b/in) /
6 » /
o — k = 9.6
—+— k=56
— A — k = 264
Measured value
| —=—=—0—= k = 9.6
y =
——-—%X-— k=56
————lO— k = 264
2 T
0 | ] 1 l |

.10 .20 _ .30 €1

Fig. 7-4.. o, from the modified equation (2) n =1
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4ol— Spring rate (1b/in)
—o0— k = 9.6 g
30
o —_—X— kK = 56
- yis)
—A— k = 264
~ 20 X
° —_— ke~ o (0, was
! X
— calculated from
~ oy = uoy) /
X
A/
10— /
,D
X
x,‘?/
5
A
X
o
o
X
€y > .15
2 A © range
| I | ol
.06 .08 .10 .20 .30 .40

(e1 = 2e7)

7-5.- log (o, - o) versus log (e; - 2¢e3)
relationship
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Other values for n, for example n = %, gives larger
deviation from the measured values as shown in Fig. 7-6 and
App. C-5.

Thus, eq. (7.14) and eq. (7.15) can be used as F;
and F, functions for the range of €, > 0.15. If the initial
bulk density is high, these equations could probably be used
in the lower range of e; also with different values for

parameters a and n.

7.2 G Function

As shown in Fig. 6-9, t 1s not a function of y alone,
because 1 takes various values at the same level of Yy.
Actually t seems to be affected by On? which gives a reason

T
to study —*. The values are given in App. C-6. They are
o

m

falrly constant for all the spring rates with an average
X

value EE = 1.00. tf'and o are calculated from eq. (5.8)
m

and eq. (5.11) in which only measured values of o; and oy

are used. (The relationship o, = uo; is not used.)
The same conclusion 1s also derived from the re-

lationship o, = uo;, because

T S .21

=

op + 20 _ 1 + 2u

o 3 Y1
Therefore,
T
: 3(1 - u)

8
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4o
Calculated from
o1
01 = ale; = )"
psi
Spring rate (1lb/in)
s oy k = 9.6
30 |- == i i b
A k = 264
OERRNE ) TR, K &« =
Measured value
—_— 0—- k =
_._._x__ k =
20 —— A k =
———0—--
1:0: =
:1.0 .20 .30 €
0 | 2' | % | 3

Fig. 7-6. o, from the modified equation (2) n = %—
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where u 1s the average value for all the test range and

uw = 0.141.
Ty
Hence, FE = 1.01 from eq. (7.18). This agrees
m

naturally with the above calculation. So far as the re-
lationship o, = uwo; is valid, T has a linear relationship
with 9 in the form of eq. (7.15).

Since y is a function of e, and e; in the form of
eq. (5.10), it 1s possible to express a G function in terms
of ¢; and €. Using eq. (7.14) and eq. (7.17), a G function
in the following form 1s obtained.

TS il—%—ll a(e; - 2e,)" (7.19)

7.3 H Function

An experimental equation similar to the original

consolidation equation 1s derived in Chapter VI, 6.6.

However, 1f the relationship between Om and %%

should be consistent with eq. (7.14), the following

equation (7.20) is derived.

Since en(l + %%)= 2e; - €1 (from eq. (5.15))

1l + 2
and Om = __3_11 a(e:1 - 262)n,
= 1 + 2y _ AV, n |
o = T3 a{-2n(l + VE)} (7.20)

where AV < O for compression.
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In Fig. 7-7, the Om values calculated from eq. (7.20)
are plotted against the % values which are directly obtained
from the measured value of o; and o;. They show a fa;rly
good coincldence considering the large deviation of meésured
values and of the u value in the calculation.

o_ can be expressed 1n terms of bulk density »op.

m
W PO Av Ap
Since 2 = = ——— (accordingly +— = -—/— eq. .20) be-
p =5 &Y ( gly v, p), q. (7 )

Vo

comes
= 1 1t 2u p \n
9 = a(znpo) (7.21)

7.4 Conventional Strain System and
Natural Straln System

In Fig. 7-8, o0; 1s expressed in terms of the con-
ventional strain e;, although the strain 1s expressed as
natural strain in all other dlagrams in this thesis. A
comparison of this figure with Fig. 6-5 shows that Fig. 6.5
may give a slightly clearer idea in dividing the whole
function into two straight lines. The difference 1s, how-
ever, almost negligible. Both systems fit to the form of
g, = aeln or og; = aeln, although the values of a and n are
different for each system. Therefore, from the viewpoint
of formatioh of stress-strain relationships, there wiil'be
no appreéiable difference between the two systems.

Although the conventional strain system has simpler
equations in most cases as listed 1in App. C-8, theoretically

speaking, natural strain 1s better for handling large strain.
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Calculated from
. _ 1+ 2qu _ AVy,n
o 9 3 a{-an(1 + VO)}
m
psi | Spring rate (1b/in)
15 - —e— k = 9.6
—A—— k = 264
i T from measured o; and o,
10
5 b—
i
1
-.10 -.20 -.30

AV
Fig. 7-T7. % calculated from Ty
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40 Spring rate (1b/in)

_______ = /
30 | (o) k 9.6

56

>|(
=~
"

20

g1

psi

10

] | | l 1

.20 .30
e, (in/in)

Fig. 7-8.--1log o, versus log e; relationship.
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This is especially true when the volume change or bulk
density 1s handled. The author has, therefore, used

natural strain for the theoretical calculations.



VIII. SUGGESTIONS FOR THE APPLICATIONS

1. Method of obtalnling parameters

The simplest method to get the three parameters a,
n and pu will be a compression test of soil in a thin-walled
cylinder on which strain gages are attached to pick up o,
under the condition of €2 = 0. The wall must be lubricated
with friction reducer.

By plotting o; and €; on a log-log chart, a and n

are obtalned. u can be calculated from eq. (6.2).

2. Calculation of stress components

If the principal strain components e; and e, are
given, o;, 9, and 1 can be calculated from equations (7.14),
(7.15) and (7.17).

The X-ray technlque could be used for measuring the
strain in the soll. €x? ey and ny are obtained from the
deformation of the grid of lead spheres buried in the soil.

€] and e, are easily calculated from them.

3. Boundary value problems

Simple force-deformation problems of soll might be
solved by a numerical method using the stress-strain re-
lationship together with the equation of stress equilibrium

and strain compatibility as well as boundary values. It

71
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might be possible to compute stress-straln distribution by
selecting a network over the stress field and calculate the

stress-strain values at each node step by step.

4y, Simulation type study

A simple approximation method might be passible for
those practical problems 1n which the situation could be
simulated by a compresslon test of soll under certain latersl
strain confinement. For example, the problem of soil de-
formatlon under the tractor tires might be simulated by this

laboratory test of varilable lateral confinement.



IX. SUMMARY AND CONCLUSIONS

9.1 Summary

A two-dimensional stress-strain law for soll 1s
fequired to solve the problems of tillage and traction.

The author studied the behavior of a cylindrical
soil sample which was laterally confined with springs of
various~§pring rates. 'The sample was compressed axlally
at the rate of 0.092 in/min and the axial. stress and strain
were measured. The lateral strain was also measured with
stfain'gage'ﬁransducers. Since the sample was laterally
confined by the springs, the lateral stress could :be ob-
jtainéd’from the known spring rate. The shear stress ‘was
caltulated from the two normal stresses. The shear strain
‘was measured from:X-ray photographs of soill sample in which
small ledd spheres were buried. The change in the angle of
the lines between the spheres corresponds to the shear
strain. The shear strain was also calculated from -
two ‘principal strain components assuming that there was no
wall friction. |

A loam with an average moisture content of 12.4%
dry ‘basis was used. The soil was packed in the cylinder

with a pneumatic vibrator. - The.average initial bulk

73
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density was 0.0346 lb/in3. A friction reducer which was

a mixture of grease and graphite was applied inside of the
cylinder wall and on the pistons. The wall friction was
small enough to satlsfy the assumption that the stress
distribution was uniform in the sample and that the shear
stress on the surface of the sample was negligible.

Four tests were carried out for the various spring
rates (1lb/in) of 9.6, 56, 264 and = (fixed wall). Three
replications were made for each test.

It was filrst assumed that the functions which de-
scribed the relationship between principal stresses and
principal strains are unique for the loading (compression)
process below the fallure point. A series of tests gave

the following relationships

01 = F1(e1,e3)

o2 = Fy(eyp,e3)

The functional form of F; and F, was derilived by applying
the isotropic hardening theory and by modifying it. They
were 1n the form of power functions.

The maximum shear stress was also formulated in
terms of e€; and e3.

The functional relationship between mean normal
stress 9m and volume change as well as between Om and bulk

density change was derived by using F; and F, functions.
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9.2 Concluslons

The following conclusions have been made from this

1.

A soil compression test under various lateral

straln confinement has several advantages over a
compression test under stress confinement (such as
triaxial test) for obtaining stress-strain law
below fallure point. The advantages are (a)
easiness of handling, (b) being able to handle
with any kind of soil, (c) more similarity to

the actual situatibn where soll expands laterally
under 1increasing vertical stress, and (d) simpler
and lower cost test equipment. The test gives us
useful information on stress-straln relationship
of soil.

The effect of wall friction is negligible when a
friction reducer 1is applied properly. The shear
strain obtalned from X-ray pictures shows good
agreement with those values calculated from
principal strains on the assumption that there

ls no wall friction. Thls implies that expensive
X-ray test can be eliminated.

From a set of tests in which lateral confinement
spring rate 1s changed from almost free expansion
to a rigld wall, two graphs showing the relation-

ships o; = F1(€1,€2) and g, = Fz(El,Ez) have been
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obtalned. Therefore, principal stresses can be
obtalned graphically, if principal strains are
known (e.g. from X-ray test).

69/a; = constant (u) 1is noticed throughout
various lateral strain confinements within this
test range of €; < 0.36 and e, < 0.029.

A power equation og; = aeln is valid for the o,
versus €; relationship in this test range:of

o1 < 40 psi. Two straight lines are noticed on
the log o; - log e; graph.

By starting from the 1sotro§ic hardening theory
of metal plasticity and modifying it, the follow-
ing functional relationships which show fairly
good agreement with test results have been de-
rived for the range of e¢; > 0.15 (bulk density
> 0.04 1b/1in3).

g; = a(sl -.2ez)n
gy = nale; - 2ep)0

The three soil parameters a, n and u can be ob-

tained from a simple fixed wall compression test

with lateral pressure pick-up.

The maximum shear stress r; takes varilous values
at the same level of maximum shear strain. 1%
seems to be affected by mean normal stress %

in the form of



T, could also be formulated in terms of e; and

= — 3 a(e1 - 2&2)n for €; > 0.15.

The functional relationship between mean normal
stress and volume change seems to be in the

following form from the test results.

AV
v

log Om = ko - for €; > 0.15

However, the following function is obtailned by

using F; and F; functilons.

1l -2

g_ = —-3—-—& a{-1ln(1l + é‘y')}n

Vo

A similar equatlion is obtailned for the relation-
ship between %m and bulk density.

Theoretically, a natural straln system is better
than ‘a conventional strain system for dealing
with é large Str&in. However, no practical

difference for the formulation of a stress-

‘strain law is noticed between these systems.



SUGGESTIONS FOR FUTURE STUDY

1. Improvement of the test equipment 1n the follow-
ing polnts are desired.
(a) Greater e, range
(b) More rigid cylinder wall
(c) Better lubrication method to get smaller,
more uniform and constant effect of wall
friction.
2. Similar tests should be carried out for other
solls of various texture, moisture content and density.
Another soll parameter n in the following form might have

to be introduced.
g = a(el - 2n€2)n
o, = aule; - 2ney)"

- 3. After part two is studied, a fleld test equip-
ment similar to the fixed wall test cylinder with u (and n)
plck-up transducers should be developed.
Development of a soll strain transducer 1s desired.
b, The applications of the stress-strain law should
be studied extensively. One of the flrst examples should be
the penetration test which has been used so much as a method

of measuring soll strength and deformation.
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APPENDIX B-1

o; Values (psi) From eq. (5.1)

AL Spring rate k(1lb/in)

(in) k=9.6 k=56 k-26I kom~o
0 0 0 0 0
0.23 .60 1.145 .85 .85
0.46 1.35 3.05 2.30 1.98
0.69 2.43 1,90 4.85 3.68
0.92 3.98 7.24 7.94 6.55
1.15 6.37 10.35 12.53 10.99
1.38 14.18 18.85 17.99
1.61 19.38 27.66 26.50
1.84 26.13 39.51 n1.27
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APPENDIX B-2
(a) e; Values (in/in) From eq. (5.2)

Spring rate k(1lb/in)

AL

(in) k=9.6 k=5 k=260 kno
0 0 0 0 0
0.23 .0379 .0379 .0384 .0370
0.46 .0758 .0758 .0768 L0741
0.69 .1137 .1137 .1152 L1111
0.92 .1516 .1516 .1536 L1481
1.15 .1895 .1895 .1920 .1852
1.38 .2273 .2304 .2222
1.61 . 2652 .2688 .2593
1.84 .3031 .3072 .2963

(b) €; Values From eq. (5.3)

As Spring rate k(1lb/in)

(in) k=9.6 k=5 k=26l ke~
0 0 0 0 0

0.23 .0387 .0387 .0391 .0377
0.46 .0788 .0788 .0798 L0770
0.69 .1207 .1207 .1224 1177
0.92 L1644 L1644 .1668 .1603
1.15 .2101 .2101 .2132 .2048
1.38 .2579 .2619 .2513
1.61 .3082 .3131 .3002
1.84 .3611 .3670 .3514.




o, Values (psi)
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APPENDIX B-3

From eq. (5.4)

Spring rate k(1lb/in)

(ig) k = 9.6 k = 56 k = 264
0 0 0 0
0.23 .09 .16 .17
0.46 .21 .35 .30
0.69 .34 .64 .50
0.92 .48 1.10 .98
1.15 .67 1.78 1.57
1.38 2.54 2.87
1.61 3.52 4,82
1.84 .74 7.68
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APPENDIX B-4

(a) e, Values (in/in) From eq. (5.5)

Spring rate k(1lb/in)

A%

(in) k = 9.6 k = 56 k = 264 K~ =
0 0 0 0 0
0.23 .oolh .0013 .0003 0
0.46 .0099 .0028 .0005 0
0.69 .0153 .0049 .0008 0
0.92 .0211 .0081 .0015 0
1.15 .0280 .0126 .0023 .0001
1.38 .0172 .0040 .0004
1.61 .0228 .0064 .0010
1.84 .0293 .0097 .0017

(b) €, Values From eq. (5.6)

AL Spring rate k(1b/in)

(in) k=9.6 k=56 k=26l ko
0 0 0 0 0
0.23 .oo4y .0013 .0003 0
0.46 .0099 .0028 .0005 0
0.69 .0152 .0049 .0008 0
0.92 .0209 .0081 .0015 0
1.15 .0276 .0125 .0023 .0001
1.38 L0171 .0040 .0004
1.61 .0226 .0064 .0010
1.84 .0289 .0097 .0017
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APPENDIX B-5

(a) op Values (psi) From eq. (5.11)

Spring rate k(1lb/in)

AL
(in) kK = 9.6 k = 56 k = 264
0 0 0 0
0.23 .26 .59 .40
0.46 .59 1.25 .97
0.69 1.04 2.06 1.95
0.92 1.65 3.15 3.30
1.15 2.57 4,64 5.22
1.38 6.L2 8.20
1.61 9.14 12.43
1.84 11.87 18.29

(b) o;', op' Values (psi) From eq. (5.12) and eq. (5.13)

Spring rate k(1lb/in)

AL

(1in) k = 9.6 k = 56 k = 264
o' agp! g’ gp! g agp'
0 0 0 0 0 0 0
0.23 .34 -.17 .86 -.43 .45 -.23
0.46 .89 -.45 1,80 -.90 1.33 -.67
0.69 1.39 -.70 2.84 -1l.42 2.90 -=1.45
0.92 2.33 -1.17 4,09 -2.05 h.64 -2.32
1.15 3.80 -1.90 5.71 -2.86 7.31 -=3.65
1.38 7.76 -3.88 10.65 -5.33
1.61 10.57 -5.29 15.23 =7.61
1.84 14.26 -7.13 21.22 -10.28
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APPENDIX B-6

1, Values (psi) From eq. (5.8)

T
Ag Spring rate k(1lb/in)
(dn) k= 9.6 k = 56 k = 264
0 0 0 0
0.23 .26 .65 .34
0.46 .67 1.35 1.00
0.69 1.05 2.13 2.18
0.92 1.75 3.07 3.48
1.15 2.85 4,29 5.48
1.38 5.82 7.99
1.61 7.93 11.42
1.84 10.70 15.92
APPENDIX B-7
Y, Values From eq. (5.10)
T
AL Spring rate k(1b/in)

(in) k = 9.6 k = 56 k = 264
0 0 0 0
0.23 .0430 .0400 .0394
0.46 .0882 .0814 .0802
0.69 .1358 .1228 .1228
0.92 L1840 L1714 L1676
1.15 .2356 .2202 L2140
1.38 L2716 .2628
1.61 .3256 .3194
1.84 .3804 L3674




AV/Vy Values
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APPENDIX B-8

From eq. (5.14)

AL Spring rate k(1lb/in)

(in) k = 9.6 k = 56 = 264
0 0 0 0
0.23 -.0294 -.0354 .0378
0.46 -.0575 -.0706 .0759
0.69 -.0864 -.1050 .1138
0.92 -.1155 -.1378 .1511
1.15 -.1435 -.1689 .1883
1.38 -.2005 L2243
1.61 -.2313 .2594
1.84 -.2616 . 2937
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APPENDIX C-1
g, Values from Isotropic Hardening Theory

n
g = a(812 - 2522)? (psi)

Spring rate k(1b/in)

AL

(in) K = 9.6 k = 56 k = 264 kK o
0.92 6.19 6.29 6.54 5.94
1.15 11.17 11.36 11.82 10.73
1.38 18.61 19.41 17.58
1.61 28.58 29.87 27.00
1.84 41,84 43.81 39.48

APPENDIX C-2
o1 Values from the Modified Equation (1)

o1 = a(eln - %Ezn) (psi)

Al Spring rate k(1b/in)

(in) k = 9.6 k = 56 kK = 264 K
0.92 6.01 5.96 6.54 5.94
1.15 10.81 11.31 11.82 10.73
1.38 18.54 19.41 17.58
1.61 28.40 29.87 27.00

1.84 41.54 43.81 39.48
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APPENDIX C-3

o1 Values from the Modified Equation (2), n =1

g, = a(el - 262)n (psi)

Spring rate k(1b/in)

A%
(in) kK = 9.6 kK = 56 k = 264 K~ =
0.92 3.11 4,91 6.26 5.94
1.15 5.47 8.40 11.21 10.70
1.38 13.27 18.02 17.44
1.61 19.62 27.02 26.56
1.84 27.67 38.46 38.57
APPENDIX C-4

o, Values from the Modified Equation (2), n =

o, = pa(e; - Zez)n (psi)
") Spring rate k(1b/in)
(in) kK = 9.6 k = 56 k = 264 K
0.92 0.46 0.73 .93 0.89
1.15 0.82 1.25 .67 1.59
1.38 1.98 .68 2.60
1.61 2.92 .03 3.G6
1.84 h,12 .73 5.75
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APPENDIX C-5

o1 Values from the Modified Equation (2), n = %

g = &(81 - Ez)n (psi)

Spring rate k(1lb/in)

AR

(in) kK=9.6 k=5 k=260 krn e
0.92 4,54 5.59 6.39 5.94
1.15 8.13 9.85 11.51 10.72
1.38 15.85 18.71 17.51
1.61 23.94 28.43 26.78

1.84 34.48 41.11 39.03
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APPENDIX C«6

Tn/om Values
T

Spring rate k(1lb/in)

AL
(1n) k = 9.6 k = 56 k = 264
0 - - -
0.23 1.00 1.10 0.85
0.46 1.14 1.08 1.03
0.69 1.01 1.03 1.12
0.92 1.06 0.97 1.05
1.15 1.11 0.92 1.05
1.38 0.91 0.97
1.61 0.87 0.92
1.8 0.90 0.87

APPENDIX C-7

o Values calculated from AX, (psi) From eq. (7.20)

m Vo
AL Spring rate k(1lb/in)
(in) k= 9.6 k = 56 K = 264
0.92 1.35 2.13 2.71
1.15 2.36 3.63 4,85
1.38 5.76 7.79
1.61 8.50 11.69

1.84 11.98 16.65
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