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2
ARMANDO LOUIS ODORICO ABSTRACT

In thls research ten theoretical cam contours were
studied. The maximum dynamlic stresses of a follower system
during a single cam stroke were calculated. The maximum
residual stresses in the follower system after the cam stroke
were also calculated to check the validity of the results.
The specific problem undertaken was to attempt to find a
relationshlp between the dynamic and residual stresses.

A simple spring and mass model was used to represent
a typlcal follower system. The model was consldered to have
one degree of freedom and was exclted by a cam form. A
differential equation representing the response of the
follower system was developed. The solution of this
equatlion was made on an analog computer and the results were
recorded on an osclllograph. By simple operations, these
results were transformed into data used to plot the residual
stress factor and dynamic stress factor in non-dimensional
form.

The dynamic stress factor and residual stress factor
curves were determined for the ten cams. A comparison
between these two curves was made and a relationshlp was
found to exist. A simple equation was developed by which
the maximum dynamic stress could be approximated when the
reslidual stress 1s known. This equatlon 18 of practical
value to a designer since 1t can glve results qulckly and

simply.
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DEFINITIONS OF SYMBOLS AND TERMS

Absolute dlsplacement of mass
Absolute cam dlsplacement

Displacement of mass relative to cam
surface

Second derivatlves of Z, X, Y wilth
respect to time

Time

Equivalent mass of system

Equivalent stiffness of follower system
Natural frequency of follower system
Frequency corresponding to cam stroke
Period of one cycle

Voltage

Sanborn Recording Permapaper speed
Chart length corresponding to cam stroke

Chart length corresponding to one cycle
of residual vibration

Ordinate of chart corresponding to
maxlimum stress 1f follower system were
rigid

Ordinate of chart corresponding to
maximum dynamic stress during cam stroke

Ordinate of chart corresponding to
maximum reslidual stress

Number of free vibrations during cam
stroke

Maximum acceleration coefflcilent

in.

in.
in.

in./sec.?
sec.
lb.-sec.g/in.
1b./in.
rad./sec.
rad./sec.
sec.
volts
in./secs.

in.

in.

lines
lines
lines

dimensionless

dimenslionless






vii

Dynamic stress factor: the ratio of the

maximum stress durlng a cam stroke to the

stress that would result 1f the equivalent

mass were accelerated at the maximum can

acceleration multiplied by C4 dimenslonless

Residual stress factor: the ratio of the

maximum residual stress after a single

cam stroke to the stress that would result

1f the equlvalent mass were accelerated at

the maximum cam acceleration multiplied

by Ca dimensilionless



INTRODUCTION

Cams are extensively used because of thelr versatllity
and the ease with which they can be incorporated into systems.
A distlnct advantage of a cam actuated mechanism 1s that
the desired motion may be changed merely by substituting a
different cam form. In many instances, a cam can be sub-
stituted for a more complex mechanlsm and stlll produce the
desired motion. Therefore, cams are used in sewlng machilnes,
printing machines, internal combustlon engines, and almost
all types of automatic machines.

The basic functlon of a cam 1s to produce a specified
displacement of a follower system. In some appllcations
intermediate points, as well as the 1inltlal and final posi-
tions, are specifled. Thils narrows the cholce of the cam
contour. Where the initial and final positlons and the
time 1nterval between them are the only speciflcations, a
wide cholice of cams 1s avallable to the designer. The prob-
lem of selecting a sultable cam contour arises. A good cam
deslign wlll be determined on the basls of cost and perfor-
mance.

When a cam actuated mechanlsm 1s operated at a hlgh
speed, vibrations result due to the forces exerted on the
follower system. By elimlnating or reducing the vibrational

amplitudes, lower stresses result and cam wear 1s minimized.



Also, better accuracy can be obtained whlle operating at
higher speeds. Therefore, 1t 1s desirable for the designer
to have sufficient knowledge of the dynamical response of
follower systems.

Some factors that influence follower vibrations are
the flexibillty of the system, the operating speed, the
roughness and wavliness of the cam surface, and the theoretical
cam contour. No matter how much care is glven to other
factors, poor dynamic characteristics willl result 1f the
theoretical cam contour 1s not inherently good. Therefore,
the cholce of a sultable theoretical cam form 1is of the
utmost importance.

This 1nvestigation was concerned with the effects of
a theoretlcal cam contour on the vibrational stresses of a
follower system. More specifically, the relationship between
the maximum stress during a single cam stroke and the maximum
residual stress after the cam stroke was studled for ten

theoretical cam contours.



PREVIOUS INVESTIGATIONS

In the past, the conventilonal cam deslign procedure was
to assume the follower system was composed of rigid bodies.
It was not until 1947, when Dudley (2)* made an investigation
of automotive valves, that thls assumption no longer seemed
valid. The conclusion drawn from Dudley's investigation was
that the chlef cause of bad valve motlon was the flexibility
of the follower system.

With this in mind, Dudley used a new approach in cam
analysls by considering the flexibility of the follower
system. He belleved that there were 1ideal motion curves.
These preferred curves were those for which the integral of
the acceleratlion squared was a minimum. Uslng calculus of
varlatlons, the solution obtained was in the form of a
polynomial. Therefore, he concluded that the most satis-
factory cam form was a polynomial.

In deslgning a cam, Dudley calculated the 1lnertia
forces at the design speed and adjusted the polynomlal curve
to produce a vibratlion-free path. This method 1s called
"compensating" a cam. Cam compensating has been widely
accepted and proved very successful especilally in the auto-

motive 1ndustry.

*Numbers in parentheses refer to Bibliography.






In 1944 Hrones (3) made an analysis 1in which he con-
sidered the cam follower system to be an equlvalent spring
and mass wlth viscous damplng, excited by the cam. 1In the
study, Hrones examlined three cam contours: the gravity,
harmonic, and cycloldal cams. As a basis for comparison,
he used a dimensionless force plot. The gravity and harmonic
cams displayed generally Inferior stress characteristics
compared to those of the cycloidal. This was due to dis-
continulties 1In the acceleration curves for the gravlity and
harmonic cam. The cycloidal acceleration curve had no dis-
continulties. Hrones also found that as the amount of
damping 1n a system increased, the osclllatlions about the
equilibrium configuration decreased. However, discretion
must be used 1f damplng 1s purposely deslgned into a system
because the peak forces may become very large.

A significant contributlon was made in 1950 by
Mitchell (7). His experimental study supported the conclu-
sions of Hrones regarding the relative merits of the gravity,
harmonic, and cyclolidal cams. Although no new conclusions
had been reached, the valldation of Hrone's results supported
the importance of analytical investigations of theoretical
cam contours.

Neklutin (8) used two concepts 1n the analysis of cam
follower systems:

1. The shape of the cam should be determined from

a selected acceleration dlagram, not vice-versa,
as was commonly practiced previously.



2. He regarded damping in a follower system to be
light and neglected this factor in his analysis.

Further, he malntained that when osclllatlons persisted,
they affected the vibrational amplitudes for subsequent cam
strokes. Therefore, Neklutln examined acceleration diagrams
and used the resldual osclllations as a criterion in his
studies. Neklutin plotted his results in the form of dimen-
slonless ratlos, the residual stress factor, S, versus

the frequency ratio, f. His results also verified those of
Hrones. A significant contributlon by Neklutin was his
manner of presentation. Where Hrones plotted a curve for
all values of time for each frequency ratio, Neklutin plotted
a maximum polnt for each frequency ratio thus obtalning only
one curve for each cam contour. Since a desligner is usually
concerned with the maximum value only, Neklutin's results
were compact and concise.

Mercer and Holowenko (5) extended Neklutin's work by
using numerlcal methods to include cam forms that were not
amenable to exact mathematlical methods. Mercer and Holowenko
found 1t a practical necessity to program the problem for
solution on a digital computer. This gave a high degree of
accuracy. Another significant contribution was that the
residual stress factor curves were related to resonant ten-
dencles for periodic strokes of the cam. An analyslis of
this type 1s especilally important for cam mechanlsms where
the output mass 1s not brought to a positive stop, such as

those 1n 1ndexing machines. Results obtalned by Mercer and






Holowekno generally substantlated those of Hrones and
Neklutin and supported Dudley's theory on the excellence
of the polynomial curves.

Studies of the dynamic characteristics of theoretical
cam contours have also been made by Anderson (1), Kloomok
and Muffley (4), Rothbart (9), and others, but the methods

used were simlilar to those previously mentioned.



SPECIFIC PROBLEM

As previously mentloned, Neklutin used residual
vibrations as an indicatlion of cam excellence. In many
mechanlsms, such as valve gear 1in an internal combustion
engline, residual vibrations are eliminated because the
output mass (valve) is brought to a positive stop. In a
mechanism of this type the maximum stress of the follower
system 1is an important design consideration. Since the
maximum stress occurs during the cam stroke 1t 1s desirable
to determine this maximum value. However, determining the
stress values during a cam stroke 1s very tedlous, so a
more simple method of finding the maximum dynamlic stress
would be desirable.

The problem undertaken 1n this theslis was to determine
the maximum dynamlc stress during a cam stroke and attempt
to relate 1t to the maximum residual stress. A general
relationship between the two curves would simplify calcu-

lating the dynamic stresses for other cam forms.



THEORY

Assumptions

The model of the cam and follower, Figure 1, was
selected because 1t could Justifiably represent many cam
actuated mechanisms. The characteristics of this model
were:

1. The mass of the follower system was represented
by a single equivalent mass.

2. The follower was in contact wlth the cam surface
at all times.

3. The stiffness, k, of the follower system was
independent of position.

4, The system had zero damping.
The cam was considered to be a rigid body.

6. The cam veloclty was constant.

Basic Mathematical Equation

The method used in arriving at a general differential
equation was similar to that of Mercer and Holowenko. The
differential equation of motion of the mass, m, was deter-
mined by using Newton's Law, F = ma

mg =-kY [1]
Using the relationship from Figure 1

Z =X+Y [2]
and substituting this into equation [1]
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m(X + ¥) = - kY [3]
Rearranging and dividing by m
Y+ Ey--x [4]
The solution of equation [4] gave the motion of the
follower mass relative to the cam. Three methods of solution
were considered. The filrst method, used by Neklutin, in-

volved the use of Duhamel's integral to get a solution in

the form of equation [5].

A sin wy t + B cosw, ¢t (5]

w, = K [6]
and Ay, By are functions of time, t.

Point soltions for Y were obtained by solving equation [5]
for each desired time, t. Ag and By were calculated for
each corresponding value of t. A second method involved
expressing the right side of equation [4] as a Fourler
expanslion, that 1s, an Infinlite series of sine and cosilne
terms. These methods were very tedlous. It was found
practical to use a third method. Thils method involved
solving equation [3] on an analog computer. The procedure

of solutlon 1s discussed on page 19.

Equations for Calculating Data

It was deslrable to compare all cams on an equlvalent

basis. To do thls, each acceleration function was multiplied
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by its maximum acceleration coefficlent, C;. This condition
allowed the cams to produce the specified maximum displace-
ment of unity.

The stress factors, Sy and Sy were plotted as a func-
tion of f, the number of free vibrations per cam stroke.

By definition

f = " (7]

Since the solution of the basic equation [4] was

obtalned on an oscillograph in the form of a voltage repre-
sentation, the following equations were developed 1n order
to calculate f, S4q, and Sp. Refer to Filgure 2.

The Sanborn Recording Permapaper speed, v, was checked
and found to be constant. The length of the recording chart

corresponding to one cam stroke was

The length of the recording chart corresponding one cycle

of residual vibratlion was

where‘t’is the period of one complete cycle.
Since

w o= ==L [10]

then
Y [11]

88
3
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From equations [8] and [9]

T L
Le _ c
A [12]

From equations [7], [11], and [12]

P We _ _Le [13]
We L.
The stress factor, S, was deflned as
F
S = F‘ Ca [1}4]

c
Since the recorded voltage was proportional to the force

or stress, then

v
s_\—rc [15]

The osclllograph was callbrated at twenty-five volts for a

13

full scale deflection of twenty-five lines 1n an attenuation

of 100. Therefore,

g, . YVolts/ijne . ha . At%/100 Ca [16]
4 Volts/14ne - No - Abt/igg
Similarly
s, = Volts/1yne - hr . Att/100 Ca [17]
Volts/14ne . N . Att/100

where hg,, hg, and h, are measured in lines.
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DESCRIPTION OF EQUIPMENT

Curves

The acceleration-time curves for the ten cam contours
listed in the appendix were plotted from data calculated by
a digutal computer. The curves were then traced with a
conducting ink. The electrical resistances of these curves
were between 125 ohms and 425 ohms, well below the maximum

tolerable resistance of 5000 ohms.

Figure 3. Functilon Generator and Curve



16

Function Generator

An acceleration-time curve was placed on a Mosley
X-Y Recorder which was converted to a function generator by
means of a Curve Follower Adapter unit. The magnetic pick-
up coil on the carriage was centered over the curve. The
output voltage was adjusted to zero at the origin of the
curve. An integrating amplifier produced a voltage which
was a linear function of time. This voltage drove the
carriage across the time axis at a constant rate corresponding
to LAE, while the pick-up coil followed the curve and
generated an output voltage proportional to the acceleration.
This voltage was the forcing function, - i, of the basic

differential equation [4].
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Figure 5. Differential Analyzer
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Differential Analyzer

Equation [4] was set up on the computer as shown in
Figure 6. The relays D were placed across the caplctors to
insure a zero charge at time zero. Another relay, E, was
used to cut off the forcing function after one complete cam
stroke. Potentiometer A controlled the frequency ratio, f.
The solution of equation [4] was obtained from amplifier

three.

Sanborn Recorder

The results were recorded on a two channel Sanborn
Osclllograph. Each channel was calibrated for a full scale
deflection at a sultable voltage and attenuation factor.
The voltage output of the functlion generator was monitored
“on one channel; the other channel recorded the solution of

the differential equation[4].
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PROCEDURE

A perlod of time was allowed for the equlipment to
stabilize. After a forty-five minute warm-up period, the
following items were checked and/or adjusted: oscillograph
speed and calibration, u{;, W, , amplifier balance, voltage
supply, 1nitial condition - X =0 at t = 0, and the setting
K for potentiometer A.

To start the solutlon, relay swltches D and E were
turned on. Relay switch D controlled the relays across the
capaclitors for amplifiers one and two. Relay switch E con-
trolled the relay across the capacitor for amplifier five
and 1n the output line of the forcing function, - f. When
the forcing function had completed one cycle, relay switch
E was turned off thus making the differential equation [4]

'Y 2 o0
Y + WY = - X = 0

m
which gave simple harmonic motlon for the residual vibration.
A sufficlent number of residual vibrations were recorded to

insure a good record of the residual amplitude and frequency.
Relay switch D was then turned off, completing the operation.

This procedure was repeated for a range of f from zero to

twenty using increments of one-quarter.
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ACCURACY

Inaccuracies of the results obtained on the analog

computer were expected. The errors could have been 1nduced

by one or more of the following elements. They are listed

in the order of theilr 1mportance:

1.

the high magniflcation factor in amplifier three
stray voltage

rough operation of the functlon generator
amplifier drift during calculations

oscillograph callbration

measurements from recorded data

inherent errors in the computer

A minimum of error can be attalned by constantly checkilng

and adJusting the 1ltems llsted above.
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SAMPLE CALCULATIONS

The following sample calculatlions were based on cam B
for a frequency ratio, f, of 6.5 and C, = 5.333.
To obtain the frequency ratlo, f, the following

setting K was made on potentiometer A. From equation [7]

. W
£ = =7 (7]

(4
ng was selected to be unity, therefore

£ = wa [18]

The followlng resistors were chosen:
R
2

R
1

10 megaohms

0.1 megaohms

Referring to Figure 6
2
w,. = K -2 = K 100 [19]
For the nominal value, f = 6.5 and from equations [7] and [19]
£2 = 6.5 = 42.3 =K 100

therefore

K 0.423

The followlng data were obtalned from Figure 2.



Lo = 6.2 in.
Lm = 0.87 in.
he = 10 lines at attenuation 100
hg = 22.9 lines at attenuation 100
hr = 15.2 lines at attenuation 100

From equation [13]

6.2

= - = .12
87 !
From equation [16]
s = 1 x 22.9 5.333 = 11.1
1.1 x 10
and from equation [17]
s, = 1 x15.2 5333 =7.36
1.1 x 10

Values obtained in this manner were used to plot the

curves displayed 1in the Discusslon of the Results.
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DISCUSSION OF RESULTS

Comparison With Published Results

The reslidual stress factor curves given by other
investigators were plotted in thils report for all ten cams.
These curves were used to check the results obtalned on the
analog. When the results compared favorably, this was a
good indicatlion that the dynamic stress factor curves were
accurate. The results obtained for Sr compared very well
except for cam G. It was assumed that a large stray voltage
induced the error.

In some 1Instances there was a large percentage of
error when values of Sr calculated 1n this study were com-
pared with those given by other investigators. These large
percentage errors in Sy occurred only for large values of
where Sd was much larger than S,.. A large percentage error
in S, did not necessarily imply a large percentage error in
Sg+ Thils followed because the small absolute error which
corresponded to a large percentage error in SP was but a
small percentage error of Sd‘ For values of f less than

seven or thereabouts, good accuracy was obtained.

Residual Stress Factor

Although no new information was obtained concerning

the residual stress factors, thils section of the report was
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important as 1s 1t verified the results of other investi-
gators. These curves are displayed in Figures 7--16.

For purposes of discussion, the cams were divided
into flve groups. The uncompensated seventh degree polynomial
cam 1s discussed first because 1t will be used as the basis
of comparison for the other cams. This cam stood out from
all the others because of 1ts extremely low reslidual stress
factor. 1In thils respect, it was even superlor to the cyclo-
1dal cam for all values of f greater than three.

The second group consisted of cams A and B. These
cams had acceleration specifications in trigonometric form.
These cams dlsplayed generally higher residual stress
factors than the polynomlal. However, cam A showed very
good characteristics for values of f greater than eleven.
Cam B showed good results 1n the range of f between ten and
fifteen.

The third group conslsted of cams C and E, having
exponential acceleration specifications. Cam C showed gen-
erally inferior results for all values of f while cam E
displayed good results for all values of f greater than
fourteen.

A fourth group having quadratic acceleration specifi-
cations, consisted of cams F, G, and H. Cams F and H showed
generally poor results while cam G dilsplayed very good
results for all values of f greater than twelve with the

exceptlion of a small region of f near fifteen.
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The fifth group consisted of the double and triple
cycloid cams. Although the double cycloid generally had a
lower residual stress than the triple cyclold, both cams

were inferlor to the polynomlal.

Dynamlc Stress Factor

It was very Interesting to note the similarity between
a residual stress curve and 1ts corresponding dynamic stress
curve. When peaks occurred in the residual stress curve,
peaks were present 1n the dynamic stress curve. Simllarly,
when low values of S, persisted for ranges of f, low values
of Sq were also present for the same range. For large
values of f, the system approached the characteristics of a
rigid body and for all practical purposes the dynamic
stress was larger than the residual stress by a factor equal
to C,.

The polynomial curve dlsplayed good dynamic stress
characteristics for all practical values of f. It was gen-
erally superior to all the cams studied in this thesis for
f ranging from two to elght. This range 1s especially im-
portant for high speed operation. However, due to 1ts large
acceleration coefficlent, several other cams displayed better
dynamlc characteristics in the higher ranges of f. The
double cyclold showed excellent results for the frequency
range greater than five. The triple cyclold showed very
good results compared to the polynomial for f greater than

elght. Cams A and B also displayed excellent results for f
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greater than ten. The remaining cams, C, E, F, G, and H

displayed generally inferior characteristics.

Relationship Between Curves

The difference between the residual stress and dynamic
stress was observed to be a function of the maximum acceler-
ation coefficlient and the frequency ratio. To relate the two
curves an empirical equation was sought. The equation was
required to satisfy the following conditions:

1. The results of the empirical equation were to
be conservative.

2. The following boundry condltions were to be
satisfied.

A. S48, for £>1

B. S4 approached S + C4 as
f approached 1n¥1n1ty

Several emplrical equations were tried and the most satls-

factory equation developed was

1
S¢ = Sp + Ca [1-3%1 [20]

To satisfy the above conditions certalin restrictions were
placed on equation [20]. For calculating Sd from equation
[20] no values of f less than one were used. In addition,
for the range of f between one and eight only certain points
were used. The points that were omitted were those giving
the curve a positive slope. This 1is clarified in Figure 17,
where results using equation [20] were compared with those

calculated on the analog.
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CONCLUSIONS

The research reported 1in thls thesis resulted in
three significant contributions. First, the results veril-
fied residual stress factors reported by other investigators.
Second, dynamlc stress factors were found for ten cam
contours. And finally, a correlation between the dynamic
and the residual stress factors was found. Thls correlation

was in the form of the empirical equatilon

sd=sr+ca[1-%] [20]

Having found and expressed a correlatlion between S,
and S3, it 1s now possible for designers to calculate the
maximum dynamic stress durlng a cém stroke simply and
quickly. Through the use of equation [20] maximum stresses
can be predlicted without makling a detalled and time consuming
analysis.

Results also showed that for mechanlisms brought to a
positive stop after the cam stroke, a preference for one
cam over another should not be based on the residual stress
factor alone. As previously mentioned, the residual stress
factors for the polynomial cam were far superilor to other
cams. However, for certaln ranges of f several other cams

had lower dynamlic stresses. This was due to a difference



caN



39
In the maximum acceleratlion coefficient. Therefore, a com-
promlise should be made between Ca and Sr when selecting a

cam for such applications.
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POSSIBILITIES FOR FUTURE STUDIES

Equation [20] was based on the results of ten cam
contours having diverse acceleration specifications.
Therefore, it 1is probable that this equation 1s adequate
for all cam contours. A posslibility for future investi-
gations 1s to determine the maximum stress for other cams
for the purpose of checking the adequacy of equation [20].
Another possibillity is to find a more exact relationship
between S4q and S, through the use of digltal computing

facllitles.
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APPENDIX

ACCELERATION SPECIFICATIONS OF

THEORETICAL CAM CONTOURS
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