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ABSTRACT

NMeasurements by Olsen+) on thin indium wires at low
temperatures have d;monstrated that not only the residual
but also the temperature dependent part of the resistivity
increases as the wire diameter decreases, It was suggested
by Olsen that small angle phonon scattering, which may take
electrons to the surface, where they suffer diffuse scat-
tering, might give rise to the observed effect. Since an
exact solution of the transport equation in this case is
beset with nearly insurmountable difficulties, we have re-
sorted to an extremely crude analysis similar to that em-
ployed by Nordheim++). Two mechanisms are considered:

1) Electron-phonon scattering, which takes electrons to the
surface in a time shorter than tgh s Where ’an is the
electron-phonon relaxation time in the bulk. 2) Electron-
electron scattering, which, although of no consequence in
the bulk, may also contribute to the resistivity of a thin
wire by bringing carriers to the surface. Both processes
lead to a size and temperature dependent contribution to
the total resistivity of thin wires, although in the tempe-
rature region considered here the size dependence of the
electron-electron effect is very weak, and thus this pro-

cess could account for at most a small part of the observed

resistivity.

+): Olsen, J. L., Helv. rhys. Acta, 31, 713 (1958)
++): Nordheim, L., Act. Sci. et Ind., No.131 (Faris:Hermann)



CONDUCTIVITY OF THIN METALLIC WIRES

By

Helmut Gerhard Satz

A THESIS

Submitted to the College of Science and Arts
Michigan State University of Agriculture and
Applied Science in rartial fulfillment of

the requirements for the degree of

MASTER OF SCIENCE

Department of rhysics

1959



ACKNOWLEDGEMENT

It is my pleasure to thank Professor F., J. Blatt
for suggesting this problem and for his continued assist-

ance and encouragement throughout the course of the work.

The financial support of the U, S. Air Force, Of-

fice of Scientific Research, is gratefully acknowledged.



I.
II.
III.
IV.

VI.

TABLE OF CONTENTS

IntroductioNececccccecccecscossscccccscccoscsccscsascesl
Cutline of the Strict Transport Theory Analysis....9
Kinetic ApproximatioN.cccecccecceccsccccccssccossesld
Discussion and Comparison with Experimental
ReSUltB.cececesesoscsossssesoccscssscccccssossossesel?d
A, Temperature DeLeNndenCe.cecccccccssccscesscacssesltd
B, Size DependencCe.cccececcccccsccscccccscscscsscsosely
C. Electron-Electron EffectB8.cececcccecccccscesesesl8
D. Comparison of Various MechanismSs:eseesesccecsesel9
ConcluBiON.ecceeccosecsssecscscscscscssososccccsosssel]
ApPPEeNdiXeeecesoescosossossscssscsscsssossscsssososserd
I. Derivation of the "Distance of Flight" for

Electron-Ihonon ScatterinEececcccccoreccscecse’r’d
II. Outline of the Multiple Scattering Froba-

bility DerivatiCheececccscsocccsccsceoceccssees’rith
III. Consistency Check: Bulk Thermal Resistivity

via Multiple Scattering Method.ceeceecceeeeceesea3’5

Bibliography...................0..'.....O.............C'57



I. INTRODUCTION

If one attempts to explain the electrical properties of
metals on the basis of an essentially free electron gas
obeying Fermi-Dirac statistics (Sommerfeld theory), then
the electrical conductivity is obtained in terms of the
electronic "mean free path" 2 as

= (R
where €@ and n are the electronic charge and the number
of electrons per unit volume, respectively; U is the velo-
city of an electron at the surface of the Fermi distribu-
tion, and m the mass (or effective mass) of the electron.
Since U remains quite constant over a very wide range of
temperature from 0°k upward (the electrons forming a strong-
ly degenerate Fermi gas), the above relation gives the con-
ductivity, aside from constants, in terms of only the mean
free path.q)

At normal temperatures this mean free path is very
much shorter than any dimension of a specimen, and hence
the conductivity in that temperature region is independent
of the size and shape of the conductor. As the temperature
is decreased, however, the mean free path in a pure metal
increases, due to a diminished number of thermal vibrations
(phonons) present at lower temperatures, and hence for thin
wires and films at very low temperatures the dimensions of
the conductor may be comparable to or smaller than the mean

free path, thus suggesting that under these circumstances



there should be a dependence of the conductivity on the geo-
metrical shape of the conductor. ixperimentally it is in-
deed foundz) that at very low temperatures the conductivi-
ty of thin wires and films decreases with decreasing dia-
meter or thickness, This result can be interpreted as an
additional resistivity mechanism arising from an increased
importance of electron collisions with the surface of the
conductor, assuming these collisions to be at least partial-
ly diffuse. In calculating the low temperature conducti-
vity of thin wires or films the problem then arises as to
how these additional surface effects are to be treated.

The major theoretical investigations of this question
were carried out by Fuchsa)and DingleA); both authors give
critical evaluations of the work done previous to theirs.

A brief review of Fuchs' method for thin films will now be
given here; Dingle's work consists essentially in extending
this procedure to a cylindrical geometry.

In Fuchs' treatment the following main assumptions are
made :

1) Electron scattering at the surface is completely dif-
fuse; i.e., an electron is scattered from the surface into
any solid angle wi?h equal probability, independent of its
initial direction of motion. (Fuchs also treats the case
of partially diffuse, partially specular scattering; expe-
rimental resultsS) seem to indicate, however, that such
scattering is largely diffuse, and hence only this case will

be considered here).



2) In the bulk material the probability per unit time
that an electron is scattered through an angle © is inde-
rendent of © ; this probability may, however, be a function
of the electron energy.

These assumptions state in effect that any collision
suffered by an electron will completely randomize its momen-
tum, independent of the initial direction of motion.

A transport equation for the disturbed distribution
functiocn -¥(3:2) can then be written, in which the integral
operator for scattering in the bulk is replaced by a "relax-
ation" term involving a relaxation time T ; this is Jjusti-
fied by assumption 2) above. (For the geometry, see Figure
I-1). The non-equilibrium distribution function {(Jﬁz) is
now expressed in terms of the equilibrium (zero electric
field) distribution function {°(I7\) and a small perturbation

R e Y S N OTR HCE?

With this, the transport equation becomes, to first order,

a partial differential equation for {A(J{z) :

;_)_[‘ + #1 = ?_E a_{o (I-1)

A2
Filw e bt
Sur{qf.ti > £
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Figure I-1)




Equation (I-1) 1is then solved, subject to the following
boundary conditions:

At z = O,{sz) is independent of the direction of J:' for
all U0, and at z = a,{q(b"fz) is independent of the direction
of (? for all 0;< 0; these conditions are equivalent to the
assumption of perfectly diffuse scattering at the surfaces.,
The solution of (I-1) is used to find the mean current den-

sity and hence the conductivity:

J‘ - vk = Jm[eﬁsox{(fﬁm dcr,,olaaddzJ oz

The results thus obtained can be written in terms of ele-
mentary functions only for the limiting cases of thick and
very thin films, i.e., for {«a and €>a , where £ is
the mean free path and Q@ the film thickness. The results

are given below, together with the corresponding expressions

for wires, as found by Dingle‘”:
FILMS:
T - I + 3 000000000000 000 K>>‘ (I-2)

8K
3%(-[]/‘/03(7.{)_] R N &< (I-3)

where K = o‘/f ; 0'; and O are bulk conductivity and film
thickness, respectively.
WIRES:

ot }__ cecevsccseseces K>>\ (I-4)

9l



WIRES, continued:

G _ | -
__6:.... /K L R R N R N I I SN N A I S A N S Y K<<' (I 5)
where K—‘-d/g ; ol is the wire diameter.

These results can now be compared with experiment in
two different fashions:

1) The conductivity U may be measured experimentally at
one or more fixed temperatures for specimens of varying
thicknesses; in other words, K is varied by choosing va-
rious values of a or d , for a fixed £ .

2) T may be measured for a fixed thickness or diameter
at various values of the temperature; i.e., K is varied by
letting l vary at a fixed & or o .

Experiments using method 1), carried out for various
metalse), gave fairly good agreement with the Fuchs-Dingle
theoretical results. Fxperiments employing method 2) over

a fairly wide temperature range have been performed only

recently by Olsen7) and do not seem to agree with the above

theoretical calculations (see Figure I-2 and end of Section
I.). To find e possible reason for this disagreement it
will be necessary to consider in somewhat greater detail the
various mechanisms responsible for the resistivity of thin

wires or films.

In the bulk material there exist two types of resistance

mechanisms:

\n

a) Scattering by impurities, vacancies, dislocations, etc.;

this mechanism is temperature inderendent and hence will give
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a temperature independent contribution to the resistivity
("residual resistivity").

b) Scattering by thermal lattice vibrations (phonons);
this mechanism is temperature dependent: the average angle
of scattering decreases with temperature and vanishes as T
approaches 0°K. Lattice scattering therefore gives a tem-
perature dependent contribution to the resistivity ("ideal
resistivity").

In addition to these there is electron-electron scat-
tering. In the bulk mazterial this effect leads (in the re-
gion of validity of Chm's law) to no resistivity, since the
total electronic momentum is conserved in such processes.
In thin films or wires, however, electron-electron scatter-
ing may bring electrons, which would otherwise be scattered
in the bulk, to the surface, where the electron momentum is
randomized, hence giving rise to a resistive effect. oince
Fuchs uses the surface only as a boundary condition on bulk
resistivity processes, i.e., since T is a relaxation time
corresponding to bulk mechanisms only, any pure surface ef-
fects, such as electron-electron-to-surface scattering, are

automatically excluded.

Fuchs' method now requires the existence of a relaxation

time T to account for all mechanisms in the bulk material.
Since the two types of bulk resistance mechanisms are sta-
tistically independent and since Pt is proportioral to the

transition probability, one would obtain
= —_'_— + "_!_-
L resid. ¢

|
T ideal



rrovided that an urznrbiguous relaxation time can be defined
for each of the two processes. Assuming, as required by
Fuchs' approach, that this can be done, one finds thus that
in the bulk material a separation of the total resistivity
into a sum of a temperature independent and a temperature

dependent part is possible:

_ resid ideal '
Eb = Gb + Gb (Matthiessen's Rule)

Considering now the results of the theory for wires (since
Olsen investigated indium wires of various diameters over
a low temperature region), one finds for the resistivity
(cf. equations I-4 and I=5):
For K» 1
Pw = Co * ¥, [(’be/ol]

vevid, ideed

g L]
= (Dbmid + (’b;ouCJQ + CouS*‘QM*"‘(I/Ol)
and for R« | »

()w z (359./0‘ = m&a\d x( ‘/0‘)

where

Ppl = g, - M;nel = cowotant.

The theoretical results thus predict that for thin wires

itatthiessen's rule is still valid. For Kj»,\ , the tempera-

ture variation of fhv is the same as that of the bulk mate-
rial; for K« | , (?w becomes a constant, intuitively on the
grounds that all free paths now start and end on the surface

of the wire, whence the resistivity should be due largely

~J



to temperature independent surface effects. 4% any rate,

in both limits the temperature dependence of the wire re-

sistivity is independent of surface effects, i.e., indepen-

dent of the wire diameter.

Olsen's results7), however, indicate a pronounced de-

pendence of the temperature variation of G“’ on the diameter

of the wire (cf. Figure I-2). He finds that the resistivity

P“’ increases faster with temperature the thinner the wire.
Thus, liatthiessen's rule here is not strictly valid: there
is no ideal resistivity, since effects due to the geometri-
cal configuration of the conductor cannot be separated from
thermal effects.

Olsen suggests the following explanation: At low tem-
peratures an electron-phonon scattering event produces only
a very small deviation of the electron path, and hence in
the bulk material many collisions are necessary before this
mechanism randomizes the electron momentum; in the case of
thin wires, however, a much smaller number of collisions may
bring the electron to the surface, where its momentum is
randomized - thus the effective temperature dependent mean
free path is shorter in the wire, i.e., the resistivity is
greater, the thinner the wire.

We shall attempt in Section III. to use a similar argu-
ment in order to obtain semi-quantitative results to account

for the observed deviation from katthiessen's rule.

(R 8]



II. OUTLINE OF THE STRICT TRANSFORT THEORY ANALYSIS.+)

Since the Fuchs treatment, in spite of fairly good
agreement with experiments performed at constant tempera-
ture for wires of various diameters (method 1., p. 5),
failed to predict the correct experimental behaviour when
the temperature variations for wires of different radii were
compared (method 2;, p. 4), we shall attempt to employ a
more general transport theory treatment.

It is recalled that Fuchs' method consisted essentially
of setting up the transport equation, eliminating the inte-
gral scattering operator by assuming the existence of a re-
laxation time (for all bulk mechanisms), then substituting
a perturbation expansion { = {o + ¥4 for the disturbed di-
stribution function ; , and finally solving the partial

differential equation for f4 s, subject to the boundary

+) : Electron-electron-to-surface effects will be excluded
here from the outset, for two reasons: (1) Our objective in
this section is essentially to analyse the possibilit& of a
transport theory treatment even if only impurity etc., pho-
non and simple surface scattering mechanisms are present;
(2) should a strict transport theory approach prove to be
feasible, electron-electron effects could be included in a

8)

somewhat more general treatment. - In the phenomenological
approach to be develored in Section III., we shall consider
these electron-electron-to-surface effects along with the

other possible resistance mechanisms,



conditions of totally diffuse scattering at the film sur-
faces. muathematically then, assumption 1) above (r.2) pro-
vided the boundary conditions for the transport equation,
assumption 2) eliminated the integral operator, thereby re-
ducing an integro-differential equation to a partial dif-
ferential equation. It was further assumed implicitly that
a perturbation expansion of f is valid; this is physically
reasonable and will continue to be maintained. Assumption
1), regarding the diffuseness of the surface scattering, is
not essential; one could assume partially specular reflec-
tion by applying somewhat altered boundary conditions.a)
However, completely diffuse scattering seems to be fairly

well justified experimentallys)

, @and therefore this assump-
tion will also be maintained. Assumption 2) will, for the
time, be dropped, since there seems to be no a priori justi-
fication for it (see below),

The general transport equation then becomes

-Ga% + _e_.E:- a = S{ (1I1-1)

m Q0

where again the film surfaces are z = O and z = a; the elec-
> N\
tric field is along the x-axis. { - f(u-,z), and S is the in-

ot ]Su“u.’ i.e.

51 jawrandes [@a [peaee @2

Here TYE?U):T13J?U‘13 the transition probability per unit

tegral scattering operator, such that .S.F s éf

>/ -
time from state G to »* and vice versa, Introducing now

the perturbation expansion for'f , equation (II-2) becomes

-1C=



-11=

S{- 34, - —¥(uz)j{l—f“‘:“}ﬂ”‘“’)du (11-3)

If one now again assumes that in the bulk material there
exist two statistically independent scattering mechanisms,
one due to stationary scattering centers, the other due to

phonons, then

PPt

where‘%: is the impurity and T? the phonon scattering tran-
sition probability. With this substitution equation (II-3)

separates into

~ )
§)- 8- - L, [f{\- f*/{A}'FId&"-*ji!-#/{}?TM?J<II-‘*>
where -F::{'(J):i), etc.

It is noted that this possible separation, i.e., the
statistical independence of the two types of resistance me-
chanisms, does not imply wmatthiessen's rule; the require-
ments for the validity of the latter go considerably further;
namely, it has to be requiredg) above and beyond (II-4) that

1) unambiguous relaxation times can be defined for both
types of processes;
2) the ratio of these relaxation times is independent
of 5? .
Requirements 1) and 2) are contained in the assumption made
in the Fuchs-Dingle treatment, that a relaxation time T
can be defined for the total of all resistivity mechanisms,

independent of the scattering angle and of the electron's

initial direction of motion.



In the general equation (II-4) neither of these two
conditions is necessarily fulfilled. It will, therefore,

be necessary to investigate more explicit expressions for

?_T and PT

aAssuming static imperfections, ?& can be written asqo)
-~ D, - } -—
T (G0 = Bl ‘[ /_Q_] 1(8) (1I-5)
-

Here © is the angle between(f and U , the initial and fi-
nal velocities of the electron; _(2. is the atomic volume
(assuming one conduction electron per atom), and I (@) is the
scattering cross-section of the particular type of imper-
fection.

dimilarly'PT can be writtenqq)

L3
B (G7)= 70 o, C[ L [Tlepzm 6o boplar

+a C [T(Ng.*_]é’(e» -e>+hud))
O ST e 99

Here G, and Q, are constants; C is the electron-phonon
coupling "constant"; i'is the phonon wave vector with the
corresponding frequency uo($°); Pdﬁ is the number of phonons
with wave vectors ? ; finally, 6-—> is the electron energy,
corresponding to an electron with a wave vector I: (propor-
tional to Z? )e The first term of (II-6) corresponds to
absorption, the second to emission of a phonon.

From these expressions it is clear that in general both
T%E and P- are dependent on a? , and moreover, that this

dependence in general is different for ?1 and ?" : in Pl



-13=

it is temperature independent but varies with the type of
impurity, whi le in T% it is strongly temperature dependent,
in particular through the dependence of N% on temperature
(Flanck's distribution). Moreover, a relaxation time for
electron-phonon scattering can generally not be defined for
temperatures much below the Debye temperatureqa).

In a correct analysis it is therefore not permissible
to define a relaxation time including all bulk processes at
the outset, since requirements 1) and 2) (p.11) are probab-
ly not satisfied.

In order to solve the problem exéctly one would thus

have to solve, without any further major approximations, the

transport equation as it stands:

2 = 2 7
~J, 32{4(:1,2)», ’;.E 57&£uf)=--f,,(ufz) X (11-7)

g‘j[l-ftwylp **wa'ﬁf[b-ftuz)]hiq°343}

where T}. and -RT are given by (II-5) and (II-6); equation

(II-7) is then subject to the appropriate boundary conditions
of completely diffuse scattering at the surfaces.

The strict analysis will not be carried beyond this
point, for the following reasons:

Equation (II-7) is an integro-differential equation in
which the kernel of the integral operator, among other things,
is dependent on the boundary conditions. Its solution, if
at all possible, would be mathematically very difficult, if

no further simplifying assumptions can be made. A solution



has been obtained by Sondheimerqa), but under the very spe-
cial assumption that P.(©) = a coS Q.

What will therefore be attempted instead is the follo-
wing. Abandoning a rigorous mathematical procedure based
on transport theory, we shall try to construct a very crude
picture of the processes involved, based on simple physical
models, and try to see whether it is possible to obtain re-
sults giving at least rough overall agreement with experi-
mental results. That such an approach may not be totally
worthless is perhaps supported by the fact that a very crude
"kinetic" treatment of Nordheimqu) gives results which for

15)

thin wires agree to within 5% over the entire range of K
(i.e., of various diameters at a fixed temperature) with the
"exact" results of Dingle's treatment. One may therefore

hope that a crude treatment based on simple physical models
will at least give some insight into the role played by se-

veral scattering mechansims not considered by Fuchs or

Dingle.

-



III. KINETIC AFPPROXIMATION.

At the outset we shall classify the various resistivi-
ty mechanisms present in thin wires and films as follows:

A) Bulk mechanisms (momentum randomized without surface

interaction)

1) Scattering by lattice imperfections --- tempera-
ture independent.

2) Scattering by phonons --- temperature dependent.

B) Surface mechanisms (monentum randomized by complete-

ly diffuse scattering at the surfaces)
3) Simple surface scattering -— temperature indepen-
dent.
4) Small angle phonon scatterings which bring the
electron to the surface --- temperature dependent.
5) Electron-electron collisions which bring the elec-
tron to the surface --- temperature dependent.
The bulk processes are assumed to be known and are given in
terms of mean free paths:

2l : due to imperfections (residual bulk resistivity)

[T : due to phonons ( ideal bulk resistivity)

The simple surface scattering (residual surface ef-
fects) can be approximated roughly by a simple argument as
follows14>:

Considering an electrcn starting at the center of the

wire at an angle © with the wire axis (see Figure III-1),

we obtain a mean free path fss by simply averaging over

-15=



all directions®

! w
- = - Or pss = X r X (au.'.+w+

Figure III-1

It may be noted here that the result of our crude picture

gives an answer for residual effects

[ A Nl ARl )

- ( x': constant; d : diameter) - which agrees essentially

with Dingle's rigorous result

Presid. = Pr::l; - (5[(3:::‘; fI /0‘]

((5 : constant),

-16-

We now wish to find a mean free path Etsfor the resisti-

vity arising from electrons being brought to the surface
by phonon interactions. It should be remarked here that
the separation of the mechanisms listed under 2) and 4)
above (p. 15) is here assumed possible, even though these

processes are really not statistically independent.

+): For the objections to this procedure in a rigorous
treatment, see Fuchsa). We have essentially averaged over
all paths of one electron rather than over zll electrons

a2t a given moment.



We now calculate the desired {5 as follows. st low
temperatures each individual electron-phonon interaction

produces scattering through an extremely small angle €>16):

6 £ 0, ~ o,

where C{D is the Debye temperature. For larger anzles the
transition probability rapidly becomes vanishingly small.
Thus many small angle scattering events will be necessary
to bring an electron to the surface if it is initially mo-
ving along the wire axis. The average distance travelled
before each collision (inversely proportional to the transi-
tion probability) is given by17) (see Arpendix, II.)

- (kD7 L
[_8ne"(wcr)"’c‘* (’:

where ¢ 1is the velocity of sound, N is the number of elec-

trons per unit volume, and Fg is the thermal bulk resisti-
vity. We shall now assume that this distance is a constant
for all scattering angles from zero to em“u; the problem
then requires finding the mean free path for an electron
undergoing multiple scattering such that
1) each individual event causes a scattering through an
angle B¢ 9““5
2) the average distance of flight (and hence also the
inverse of the transition probability) between two
events is taken to be a constant ( @ ) over all angles
from zero to Q.. » and infinite for all larger angles;

3) the electron, after having undergone a large number



of such collisions, is brought to the surface, where
its momentum is randomized.
otarting with this information, ﬁns can be obtained (in a
not totally unambiguous fashion) by a method developed in
cosmic ray theory18>. Consider the wire axis to be the x-

axis of a Cartesian coordinate system (see Figure III-2);

the radius of the wire is r . Then the probability that

4 clectrou Pa‘fh

;

) X /P;
/ y [}
, s (
(r'r’-‘ D T 7x._ .

\/ /(——;—> \I

Figure III-2

an electron, initizlly noving along the wire axis, reaches
the surface of the wire through multiple scattering after
nsving traversed a distance ;Z along the wire axis (¢f. Fi-

gure III-2) is given ty (see Appendix, II.)

Hxr) = [E‘w] %% exp i—' %[w‘r‘§'3J§

24

where W= [ZC;/—_ 9“ Jl/z

N Vuax

O. being the "distance of flight" and B, the maximum
scattering angle as defined above.

We now define as the mean free path ﬁrs of this pro-
cess that distance ;o along the wire axis, for which the

probability that the electron has reached tne surface is a



maximum. That is to say, we determine the distzrce X, along
the wire axis by maximizing H{(x) (the radius y is fixed).
This procedure is ambiguous to the extent that the mean free
path need not necessarily correspond to a maximum of H(x) -
one could equally well ask that the probability of the elec-
tron reaching the surface have any particular fixed value,
such as, for instance, 1/e; furthermore, the mean free path
is actually the path taken by the electron in going from the
wire axis to a point on the surface --- not the correspond-
ing distance along the wire axis. The first point, however,
presumably does not intoduce any fundamentally significant
difficulties+), whereas the second can be justified by as-
sumning a sufficiently thin wire, so that the two distances
are approximately equal. Finally we shall assume that the
mean free path thus determined is approximately valid for
all electrons (i.e., also those not initially moving along
the wire axis). This then allows the most simple mathema-
tical treatment.

haximizing H(;‘() with respect to ¥ we find

|
- _ [(dl 1]“@ - _Zfifi_.] é - _131[_.]73 1;2?
Xo = r Ter, 4nner] ()%

where C: was the thermal ("ideal") bulk resistivity and
the wire radius. We thus have as the approximate mean free

path for thermal surface scattering

+): Applying this procedure to thermal bulk scattering does
result in essentially the correct ideal resistivity. See

appendix,III., where this consistency is shown.
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Jualitatively we note that'/(tS , and therefore the resisti-
vity arising from this mechanism, is temperature dependent
(through %ﬁ)% ), and that its contribution is greater for
thinner wires, as one would expect and as found by Olsen.
Lastly we wish to consider electron-electron effects.

The mean free path (in the bulk) for electron-electron col-

lisions has been found by Abrahamsqg) to be approximately

/ L (EL)
ee‘no;:kT

where E. is the Fermi energy and 0. is the electron-electron
scattering cross-section. U 1is temperature independent
since the Fermi energy remains quite constant over a wide
tenperature range. We note again that due to momentum con-

servation there will be no bulk resistive effects arising

from electron-electron scattering.

We find an approximation to the mean free path for
electron-electron-to-surface processes by a simple argument
similar to the one used to find the simple surface scattering
mean free path. Consider an electron moving along the wire
axis; after a distance lee it will experience an electron-
electron collision in which the total electronic momentum
is conserved; the mean distance S , which the electron now
still has to traverse in order to reach the surface (where
its momentum is randomized), was found before (for fss )

to be “r/n', I being the wire radius (see Figure III-3).
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Hence here the total mean free path for the entire process

in a thin wire is roughly

—_ ] < G
£se - Eee s - Qee + ﬁr
/r
g =
—_—————
Lee

Figure III-3

%e substitute in this the expression found by Abrahams for

lee and thus find

~2

0., = .,l.('j‘_r)"*r br J_.‘[-EF + Lg(KT)‘]

€ NGE \ w7 w (KT) nee n
Again we note gqualitatively that U%se and thus the resisti-
vity due to this process increases as the wire radius is
decreased; we also see that in the bulk ( f —> 00 ) the ef=-
fect vanishes, as expected, and finally, that the mechanism
becomes more important as the temperature is increased.

Combining all our results, we find for the total mean

free rath in thin wires

I |
= - -+ - t - -+ + —

—_—

l
3 III-1
{w (l (T QSS €T$ 659 ( )
" (p®)'"3 («7)*
B . [‘*_F".S‘]“’E&_) + I Gr o
81 {T Yy mU r2/3 F/an ¥ :l._:.r(KT

Thus, for the thin wire resistivity, using the Sommerfeld

theory expression myo ] )
= [ nex | €
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we obtain the result

. o L b _l ~,VZ‘. U ( |
Pw = Pz * CO * Ly Plgl] rot () [5%1] 4553 (111-2)

™
-
* [:e‘J[ B¢/t + M‘(KT)‘/HJ

b
and CT are the bulk residual and ideal resisti-

8
where PI
This can be rewritten in a simpler

vities, respectively.

form

. e 6\ K&
b= Pr spr v AT +(‘Lﬁ)g(@_r> v (III-3)
z *fr w AR TR B+ T
mU
where A =[;{;] is, for a given metal, a temperature and

size independent constant.



IV. DISCUSSION AND COMFARISON WITH EXFERIMENTAL RESULTS

we had obtained the following expression for the re-

sistivity of thin wires

) o T
P~=F;*f:+A[£r+(?)3@5+ - (K'): )L] (111-3)

Briefly looking at the qualitative behaviour of (III-3) one
sees that
1) for the bulk material, i.e., for v —> 0© , each term
within the square brackets vanishes and we obtain the cor-
rect bulk resistivity;
o) b L4 .
2) at T = C°K all terms except f: and ;;ll vanish and

we find the experimentally satisfactory Nordheim result

o 6 4AY L
Py (T=0%K) = pp + (¥) r

3)the last two terms within the square brackets are tem-
perature as well as size dependent, in contradiction to a
strict matthiessen's rule, but in qualitative agreement with
Olsen's results;

4) the size dependent part of the resistivity increases
in importance the thinner the wires are made, and the total

resistivity increases with temperature faster for thinner

wires.,

Hence we see that at least the qualitative behaviour
of our result gives agreement with Clsen's experimental
findings; we shall in the following attempt a somewhat more

quantitative comparison.



A. Temperature Dependence

e shall consider here the temperature derendence of
Gw without, for the moment, taking into account any elec-
tron-electron effects. Then we have
IRV

R CARA R (’: * [(eré 3,,' SJ (IV-1)
The value of A is determined from (Olsen's experiments, by
extrapolation of his measurements to T = 0°K. We take for
Ct' the measured resistivity of the heaviest wires minus
the extrapolated resistivity of these values for T = 0°K.,
These wires exhibit approximately bulk behaviour.

In Figure IV-1+) both the calculated and the experi-
mental values of GW(T)aJe rlotted as a function of tempe-
rature. It is appearent that the calculated values are
considerably too large and exhibit a slightly incorrect
tenperature dependence.

These discrepancies are possibly due to the following
reasons:

1) we have considered only so-called "normal" electron-
phonon scattering, which at low temperatures results in on-
ly small angle scattering of electrons. There exists, how-
ever, even at low teixreratures, the possitility that the
momentum of an electron is rendomized through large angle

scattering caused by direct interaction with the lattice

+): Figures IV-1 to VI-6 are found at the end of Section IV.

—

=4
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("internal Bragg reflection"), i.e., via so-called "Umklapp"-
processes, It has been calculated by Bailyn and Brooksgo)
that in bulk sodium at 4°k Umklapp-processes give rise to
about 80 % of the total resistivity, i.e.,eu/FNz'S. It is
almost certain that in the trivalent metal indium Umklapp-
prrocesses are at least ss important as in sodium, the metal
which most nearly erproximates free electron gas behaviour.
In all probability Vu/(:w »5 for indium.

3ince, however, in the derivation of the last term of
(IV-1):

i(twr)'/s A3 r“2’3} ((>i)v3 (1V-2)

the bulk resistivity wes assumed to be due to normal (small
angle) processes only, the use of the total experimental
bulk resistivity in the evalutation of (IV-2) must lead to’
a considerable overestimate of thet term.,

2) In the derivation of (III-3) the statistical indepen-
dence of thermal bulk and thermal surface effects was assumed.
This is undoubtedly not valid and may cause an error both
in the values and in the temperature dependence of PW(U .

¥e now introduce a multiplicative parameter X in ex<
pression (IV-1) to account for these effects, i.e., we as-

sume that

- . ] .
CulT) = pp + X {(q“)‘s,qz’i r "35((:1*3 3 (IV-3)

and obtain X by matching experimental and theoretical
curves at one temperature. We thus find the results shown

(for a particular wire) in Figure IV-2. The general



conparison between experimental and theoretical temperature
dependences is shown in Figure IV-3. These curves were ob-
tained as follows: 4 plot of ?wGﬂ vs. v 3 should result in

a series of straight lines (¢f. Figure IV-4), each corre-
sponcing to & different temperature; the slopes of these
lines should, according to our results, be proportional to
<(T)V3, their intercepts should be ( . Comparing the
experimental slopes (Figure IV-4) with (CT)5, we obtain
Figure IV=3, It is seen that the temperature dependence of
the calculated values in general is still somewhat too weak.
This is also indicated by Figure IV-5; here a log-log plot
of the slopes (~p. ) vs. the intercepts ( Pﬁ ) of Figure
IV=-4 is shown. According to our results we should obtain

a straight line of slope 1/3 (cf. equation IV-2); the actual
slope is somewhat steeper, indicating a somewhat stronger
temperature dependence of the experimental values than tnat
predicted by our model. A more quantitative statement does
not seem Jjustified here, since only a small number of some-
what randomly distributed experimental values are available
in this case.,

Of the above rezsons for the quantitative failure of

the theoretical results, the first could be eliminated, pro-

vided the effect of Umklapp-processes on the total bulk
resistivity were known. The appropriate changes in the
calculations could then be made. To our knowledge, how-
ever, there exist at the present time neither calculations

nor any experimental data which might allecw a reliable

(A

[0



)

estimate OfPu/PN+ . Such correction, when possible, would
however not lead to any significant change in the tempera-
ture dependence of Pwu), since normal and Umklarp-jrocesses
show approximately the same temperature dependencezg).

It would seem difficult to correct for the second ob-
jection, i.e., the statistical correlation of thermal bulk
and surface processes (which, as a conseguence of the above
remarks, would have to account for the temperature depen-
dence discrepancies), within the frame-work of our simple
model. A suitable parameter o , as used above, would, if
it were made to include effects arising from the statisti-
cal correlation of the two types of thermal mechsnisms, be-
come both temperature and size dependent. The crudeness
of our model, however, would hardly warrant or justify such

elaborate extensions.

B, Size Dependence

At T = 0°%K our results reduce to Nordheim'sqq) expres-

sion; Clsen showed that his results extrapolated to T = 0°k
agree quite well with this expression. At higher tempera-
tures, according to equation (IV-1), one would expect the

temperature dependent resistivity Pwﬁjto go as

P (1) = o5 + fC(0) e (IV-4)

+): One could, for example, estimate the ratio P“Q%V from
the ratio of electrical to thermal conductivity at low

temperatureszq), if this information were available.



Hence a plot of trhe experinental values of @$T)vs. % should
result, according to our model, in a series of straight
lines (each line corresponding to a particular temperature),
intersecting the (u(Y-axis at the value of the bulk thermal
resistivity ﬁf for that temperature (cf. p. 26 also).

such a plot is shown in Figure IV-4; it is seen that
the general behaviour of the exrerimental results agrees
with our predictions. However, not enough experimental
values are available to reach very definite quantitative

conclusions,

Ce Electron-Electron Effects

The temperature variation of the electron-electron-to-
surface effects alone can be compared with the temperature
behaviour of the various other mechanisms. In Figure IV-6
a plot against temperature of the experimental values for
the total thermal resistivity'ﬁjﬂ and the bulk thermal re-
sistivity'p:, as well as for the theoretical values for the
surface méchanisms is shown. (The latter are matched with
(°w‘U at 3°K for comparison purposes). It would seem rather
unlikely, however, that the electron-electron effect, as
treated here, is responsible for anything but a fairly small
fraction of the total thermal wire resistivity, since the
latter does show quite a pronounced size dependence, where-
as the electron-electron term, at least in ouvr model, gives
rise to a resistivity contribution which is juite inscnsi-

tive to size variations. Ve are forced to this conclusion

-28~



by the fact that in our result
= 3 2
Pse = A /[ Ze (L) 4 L.*IJ (1V-5)
APSRY T
=
the first term in the denominator (treating l:l"/mr"._. 35 a
parameter) has to be considerably larger thanthe second in

order to obtain a quantitatively reasonable contribution

form this effect.

D, Comparison of Various liechanisms

We see that our model provides a qualitatively reason-
able picture of lattice scattering of electrons and the
associated surface effects in thin wires; this picture can
be improved gquantitatively by considering Umklapp-processes.
Electron-electron effects, in our approach, seem to give
rise to only a lesser contribution, which is quite insen-
sitive to size variations.

It is appearent that we have made numerous simplifying
approximations in the development of our model =--- approxi-
mations which are not merely difficult to Jjustify, but which
may very possibly lead to serious errors. In support of
our crude model we can only cite the success of Nordheim's
equally crude approach. =--- Quite aside from the above con-
siderations, a number of approximations are implicit in
our treatment as well as in all previous work, such as that
of Fuchs and Dingle.

First we have not considered the effect that localized
surface states (Tamm states) might have on the conductivi-

ty of thin wires. Iractically nothing is known of surface



states in metals, although during recent years investiga-
tions of this field have been initiatedga).

Second, we have assumed throughout, as did all other
workers, that a continuum of states in momentum space is
availazble to electrons and phonons. ow it is clear that
in a thin wire the number of vibrational modes with wave
vectors normal to the wire axis is 3 Na, where Na is the
number of atoms in a cross-sectional area of the wire. For
thin wires Na may be éufficiently small so that at low tem-
reratures the energy difference between neighbouring vibra-
tional modes is of order kT. In that case the usuval de-
scription (density of states, etc.) for normal electron-
phonon scattering must failgu). Size effects attributable
to the discreteness of the phonon sprectrum have been obser-
ved in the past, most recently by Tanttila and Jenningszs}
The same boundary conditions which lead to & discrete (not
even quasi-continuous) phonon spectrum will similarly also
give rise to a discrete electron spectrum, as distinguished
from the quasi-continuous spectrum for the conduction elec-
trons in the bulk metal. Hence a treatment which assumes

a continuous spectrum cannot be correct.26)
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V. CONCLUSION

The general nature of our results indicates, as should
perhaps be expected, that the simple model used to investi-
gate the various-mechanisms giving rise to resistivity in
thin wires provides a picture which shows qualitatively
fair agreement with experimental results, but which is in-
sufficient to give correct or even conclusive quantitative
answers, Many difficulties arising in a Fuchs type treat-
ment have been avoided only by using the crudest physical
and mathematical approach possible; any great elaboration
would re-introduce these same problems also in this type of
kinetic approach. It has been shown that 2 mechanism such
as suggested by Olsen can account, at least to some extent,
for the temperature dependence of the resistivity of thin
wires, and, further, that effects due to Umklapp-processes
and electron-electron-to-surface mechanisms should at any
rate not be excluded a priori in a more rigorous future in-
vestigation. Before the relative importance of these me -
chanisms can be evaluated, however, further investigations
on bulk phenomena (such as a determination of the contribu-
tion of Umklapp-processes to the total bulk resistivity,
or the calculation of electron-electron mean free paths in
bulk materials) would have to be undertaken.

Even though it would seem that in the samples investi-
gated by Olsen electron-electron scattering is relatively
unimportant, the arguments concerning the relative impor-

tance of such effects in thin wires and in the bulk are
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presumably correct. It follows that suitable measurements
in thin wires may provide information on a mechanism, which,

although it exists, cannot be observed in bulk materials.



VI. APPENDIX

I. Derivation of the "distance of flight" for electron-pho-

non scattering.

If a(0) is the "distance", T(§) the "time" of flight
between two collisions, then
a(6) = U T(O)
where O is the scattering angle.

Now

T_om 4o owm L (12 c0sB) sinOdb
Pb - net T ne* J t(e)

and if we assume T ()= coustonrt = T' for O<¢ 0 ¢ Owmon
0.9] «{Ov 9>@WW'~

and O ux < |

then
8w ax 4
o Ll odp = ML Bua
rx e T )% e T g
Hence [ &
- ! W‘emb.x] 2T
/[Bme b]
But we haveq7) -
KT
6w«wt = myuC
and thus obtain
, { kT }_L
= U“"- b= b
& v [2ner(mo)ct Cr

which is the cited result,

-33-
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ITI. Outline of the multiple scattering probability deriva-

tion.

(1) 3ingle Event.

Here we know the probability per unit time that an elec-
tron is scattered, by a single collision, through an angle

© into a so0lid angle Jdw :

P (8) dw | where o) =7 aud {a'- ditdauer of [Liakt

O ¢ 8¢ 6,..x
Then P, (8) o = o Fp(6) ol

where 3(9) is the corresponding probability per unit length

traversed. Hence
\ \ - ‘
-F{(,Q) = ; —P,e(e} - 'a_ )

Then the mean square scattered angle for an electron which

0 <« 6 ¢ Egmnqx

has traversed a small distance OX is

QWM
<O ox J * T (8) OB - 27 = o, &X
0

1l

where
wr

2
[_lq/_ﬁ et’w‘ax] ¢

(2) lultiple Scattering.

We cannot use here immediately'TZ(G), which was the
transition probability for the single event. Instead we
use a multiple scattering transition probability'@&ﬂdefined
such that %)

()Ax(e) A = |

- 00



e jel(JAx(e) 49 = <ez>"" B

- oQ

;;Lt AX

where the limits are extended since @bﬁﬁ)is assumed to have
a sharp maximum about 6 = O and then go to zero. The (DAX(Q)
thus defined gives the probability of an electron being
scattered throuéh an angle © by many scatterings (each

of which is through a small angle) after having traversed

a distance AX along the direction of initial motion (the
x-axis). If the angle of "multiple" scattering or the tra-
versed distance AX 1is made very small, the problem should
reduce to the single scattering event, hence the second of
the above requirements.

Using this probability, one finds18) the probability
6(;(“9) that an electron, after traversing a distance X , is
deflected by an angle ® from its initial direction, and
further the probability'P{(Z,s) that an electron, again after
going a distance X along the wire axis, is deflected a
distance § perpendicular to the wire axis. These two

probabilities are given by

6&8) = iy ep [~ 4wt OTR]

HGs) = 280 exp [- 3 wrsizys
Zﬁ?(i)%‘ P [ 4 J



III. Consistency check: Bulk thermal resistivity via mul-

tiple scattering method.

In the bulk material, the electron momentum is rando-
mized if the electron has undergone enough scatterings to
be deflected by "/, from the original direction of motion.

Hence we maximize G(¥,6) for 0= T/ and find

— = _l_ IR z
Xo 2 w- N
Thus
_ 1
L = —(w*u’/g)
U
a | PN
an P'? = m = mJ g q"ﬂ'“e (’r
, = . o
he o " 2 -F\- M\r
T
T\

Hence our result obtained in this fashion is wrong by a
constant multiplicative factor of 32/1r‘only, giving the

"correct" answer otherwise,
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