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ABSTRACT

FIRST ORDER STUDY OF
SOME BEAM ANALYZING SYSTEMS FOR
A MEDIUM ENERGY CYCLOTRON

by Kei Kosaka

In order to have a useful output some distance  away
from an acceleratbr, it is necessary to use magnetic systems
which focus, bend, and resolve the beam. When such systems
are compounded, it is cumbersome to try to hand calculate the
beam properties. A computer program is presented here which
calculates the first order optical properties of any combi-
nation of such systems and gives the combined effect of these
systems on the beam properties. Results are presented for
several typical systems of interest in handling cyclotron

beams.
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INTRODUCTION

The output beam from an accelerator consists of
particles with momenta distributed over some range. In
nuclear experiments, it is usually desirable to have a beam
with small momentum spread, high intensity and small cross
sectional area. Usually, the type of experiment and the
quality of the beam from the accelerator make it expedient
to sacrifice one or more of these beam properties to improve
the third.

It is possible, by using bending magnets, to disperse
particles of different momenta, and produce a spectrum at
the image plane. If the image slit is to just include all
of the particles with some selected momentum, it must have
a width equal to the magnification times the scurce slit
width.* With such an image slit, and assuming the scurce
slit is illuminated uniformly, the momentum distribution of

the transmitted particles will be triangular with the peak

*There is no advantage in making the slit narrower,
since the transmitted intensity decreases while the width of
the momentum distribution (measured at the usual half maximum
intensity points) remains the same. If the slit is made
wider, the width at half maximum, of course, increases.



located at the selected momentum.

The width of the triangular momentum distribution may
be made smaller by either decreasing the magnification or
increasing the momentum dispersion. Decreasing the magnifi-
cation allows one to narrow the image slit and still pass
through all of the particles with the selected momentum;
increasing the momentum dispersion causes particles with
momentum differing from the selected momentum, to be deflected
through greater angles, so that some previously transmitted
particles will now fail to pass through the image slit.
Usually, for real systems, neither the magnification nor the
momentum dispersion change independent of the other.

The momentum spread across an image slit sized to
just admit all particles with a selected momentum, is a
well known figure of merit--designated resolution--which com-
bines the effect of both magnification and momentum dispersion.
In the calculations that follow, the fractional half base
width of the triangular momentum distribution at the image
slit (equivalent to the fractional full width at half maximum
of the distribution), is calculated. This quantity, calcu-
lated for a unit source slit width, is defined as the
resolution.

For different systems, the resolution depends on the

way in which the magnets are positioned, on the type of



bending magnets used, and/or on the number of various magnets
which compose the complete system. The computer program
presented here enables one to study this property for various
simple and combined systems, as well as to study the more
familiar optical properties, and to make useful comparisons
between them.

Equations of motion for first order theory of the
bending magnets were first developed in connection with
magnetic spectrometers. Such a study of magnets giving
general expressions for image distance, astigmatism, magnifi-
cation, solid angle, dispersion, and resolution has been
made by Judd.l* The basic equations are, however, essentially
the same as the betatron equations developed by Kerst and
Serber.2 The first order equations for the magnetic quadrupole
developed here are much like those used by Enge.3

In such a first order treatment, the equations of
trajectory are, of course, by definition linear in the initial
displacement, angular spread, and momentum spread. This
enables one to set up the problem in matrix form, which is
convenient when several magnets are considered in series.

The matrix method used here is based on the formalism

developed by Penner.4

*References are listed at the end.



The magnetic systems considered herein are the bending
magnet and the magnetic quadrupole lens. Nonmagnetic systems
such as the electrostatic quadrupole lens are not considered,
since excessively high fields would be required in the energy
range of interest (= 40 Mev protons). It would not be
difficult to handle the electrostatic quadurpole in the
computer program, however, since the equations are exactly
the same as the magnetic quadrupole except that the force
constant has to be redefined.

In the examples calculated, comparisons are made
between the performance of double focusing and flat field
bending magnets. Combined systems focusing radially and
axially have also been worked out using flat field bending
magnets and magnetic quadrupoles. Such combined systems are
attfactive in that they combine double focusing with the
usual advantages of flat field bending magnets, i.e., such
magnets can easily be precisely stabilized by the use of a

nuclear magnetic resonance probe.



I. EQUATIONS OF MOTION

In setting up a sequence of quadrupole lenses and
bending magnets to form an analyzing system, one, of course,
designs with respect to some particular momentum value:;
all of the lenses and bending magnets are positioned and
their strengths adjusted such that a particular ray of the
specified momentum follows a central path through the system.
This path is designated the "optic axis" of the system. An
arbitrary trajectory is specified at any point aloné the
optic axis by giving perpendicular displacements (x, y) from
the optic axis in two independent directions (customarily
at right angles to each other), the corresponding conjugate‘
momentum (px, py), and the momentum difference (Ap = |§| - |§6|)
between the trajectory in question and the optic axis.
Following the procedures of Penner4 and Livingood,5 equations
of motion accurate to first order in these displacement
coordinates are derived in the following subsections for the
magnetic quadrupoles and bending magnets. In each case the

matrix formulation is specifically exhibited.



A. The Magnetic Quadrupole

The geometry of the quadrupole is roughly shown in

Figure 1, the 2z axis in the figure being the optic axis.

Yy Yy

Wy

Figure 1. Magnetic quadrupole geometry. d is the aperture
and L is the length of the quadrupole.
Hyperbolic equipotential lines, for field strengths less than
saturation, are made possible by making the poles rectangular
hyperbolic cylinders which are symmetrical about the x and y
axes. If adjacent poles have opposite polarity, the gradients
of the field components are constant and the force on the
particle is proportional to the displacement from the z
axis. The equipotential lines are hyperbolas expressed by
the equation V = Gxy (1)
where G is a constant to be evaluated. There is no field
component along the z axis within the quadrupole (at the

edges, it exists only over a small range compared to the



length of normal quadrupoles), so that we need only to

consider the other two components

av
By Tax - &
dav
B =—"— = Gx
y dy

The gradients of these components are
de dB
dy = G ax G
These are equal and positive, since Bx is proportional to y

and By is proportional to x.

The x and y components of the Lorentz force relation

F =qVxB are F_=-qvVv_ B =-gq v, Gx (2)

|
]
Q
<
w
I

q v, Gy (3)

where the beam is moving parallel to the z axis. These
equations show that with this choice of orientation of poles
with respect to the x and y axes, the x component of the
forcé drives the particle toward the z axis while the y
component drives it away. It is not difficult to see that
if the orientation were to be changed by a 90° rotation
about the z axis, this situation would be reversed.

The equation of motion in the x-z plane is from

equation (2)



since trajectories are considered only in magnetic fields,
there is no energy change of the particles, and hence, no
change in the velocity or mass of the individual particles.
This makes it possible to take out the mass from the derivative
in the above equation, i.e.,

d2x
m &=

2

= - g vVv_ Gx
at z

This can be rewritten by noting that

2
.d._x_é_<d_z d_x)

dtz‘dtdtdz
and
4 _ dz & _ _ 4
dt dt dz z dz
as
mw, gz (Vz %% > = -qv, Gx , (4)
Since
Ve ° V2 B sz =V [1 -(55 2 * ...;]1/2

equation (4) can be written to first order in x and vV, ass

Regrouping of the constants gives

2
9—-;—‘+99x=o (5)
az p

where p is the magnitude of the particle momentum.



In terms of the reference momentum, P equation (5) can be

written

and by defining K2 E'ig, then

o

2 -1

Q_§ +-K? (l +'é2) X =0
o

daz

which has a solution

-1/2 -1/2
x=AcosK(l+%B) Z+BsinK(l+-A;R) Z

o o

Expanding the arguments of the trigcrometric functions in a
binomial series and keeping only terms of first order and
lower,

X = A cos K (l -

N |-
S

Z + B sin K (l - %

5 1
N

Rewriting the trigonometric functions in terms of the sum of
the angle relation

X = A (cos K Z cos 1 2ap K 2 + sin K Z sin 1 4p K Z)

2 Po 2 Po
A A
+ B (sin K Z cocs L12op K Z - cos K Z sin LZp K Z)
2 p 2 p
o o
: . . . . Ap . .
Expanding the sine and cosine functions which have in their
o

arguments, and only keeping terms of first order and lower

A . . A
x = A (cos K Z + 1Z2p K 2Z sin K 2Z) +B {(sin K Z - i2op K Z cos K Z)

2 po 2 pO
whose derivative
x =% _ 2 (KsinkK2Z+L22Pgcinkz+22R %% 72 cos K 2)
dz 2 po 2 po

2

i 1 .
+ B (K cecs K 2Z -'5 K cos K Z +'% K~ Z sin K Z)

o°lg
o’ I8
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along with the initial conditions, x = X x' = xé when
z =1z = 0, makes it possible to evaluate the constants.
v x'
o) .
These turn out to be A = x and B = . Expanding

o 1 Ap
K (1 - = =5
2 po

B in a binomial series and only keeping first order or lower
. ]

X
A
terms, B = Eg (1 + % —E). Dropping all terms containing,
Ps
- Ap v Ap ;
either of the products X o or x_ o in the equation for
o o

X and x , and evaluating at Z = L, the terminating point of

the quadrupole, gives, finally:

= |~

X = xo cos KL + x sin KL

1
o
(7)
X' = =X K sin KL 4+ x' cos KL
o o

Equation of motion in the y-z plane is by equation

(3)

d .

at my = q v Gy

In similar fashion to the previous calculation, all terms

containing Ap can be shown to be of second order. The linear

equation of motion, hence, reduces to
av _ sz =0 (8)

where K is defined in the same way as before. This has a

solution

y = C cosh KZ + D sinh K2
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whose derivative

y' = %ﬁ = CK sinh KZ + DK cosh KZ
along with the initial conditions, y = Y and y' = yé at z =
. Yo
z = 0, yields C = Y, and D = x ' S° that

1
= + y' = si
Yy Yo cosh KL Yo X sinh KL
(9)

y' = Y, K sinh KL + Yé cosh KL
where, once again, L is the effective length of the quadrupole.
It is possible to write both equations (7) and (9) in
matrix form, since they are all linear equations. Equation

(7), for example, becomes:

l !
P cos KL X sin KL| !'x

X -K sin KL cos KL X .
\ ) \ \ S/

This arrangement has the attractive advantage that all
information regarding the quadrupole is contained in the
matrix entirely independent of any particular set of initial
conditions. The effect of the gquadrupole on any arbitrary
trajectory is found simply by multiplying the phase space
coordinrnate vector at entry by the matrix to obtain the phase
space vector at exit. In similar fashion to (7), equation

(9) can be written
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/\( N\
y cosh KL sinh KL Y

x|

y' K sinh KL cosh KL y;J
N/ \ / \

It is convenient for calculations made in combination

with the bending magnets, to combine these two matrices to
make a single six by six matrix which includes the momentum

spread as the third and sixth coordinates. It has been

e

o
is to first order zero. Hence, the third and sixth columns

shown, above that the coefficient in front of the term
of the transformation matrix can be set equal to zero,
except for the unit transformation coefficient which accom-

panies each momentum coordinate. The combined matrix is

N 1 N2\
b4 cos KL, — sin KL O 0 0 0 e
K lo}
x' -K sin KL cos KL O 0 0 0 x;
A
=B 0 0 1 0 0 of | &
P, 1
1l .
Yy 0] 0 0 cosh KL K sinhKL O Yo
y' 0 0 0 Ksinh KL cocsh KL O yé
%p— 0 0 o o 0 1 %E
L o\ .J \ ©/

(10)

Note that if the field direction is reversed or if the quadru-

pole is rotated by 900, the same condition is achieved by
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interchanging the two submatrices, i.e.,

N 1 \ 7\
b d cosh KL = sinh KL O 0 0 0 X
K o
x' K sinh KL cosh KL O 0 0] 0 x;
fp 0 0 1 0 0 o |&R
Po po
= 1 (11)
y 0 0 0 cos KL x sin KL 0] Yo
y' 0 0 0 -K sin KL cos KL 0 yé
%}3 0 0 0 0 0 1 —SB
\ o) \ s\ Y

Equation (10) is converging in the x-z plane and diverging

in the y-z plane. The reverse is true for equation (11).

B. Bending Magnets

Consider, first, the axial motion. Use cylindrical
coordinates with origin at the center of curvature of the
optic axis of the magnet. Within the bending magnet B6 is

zero, and edge phenomena will be treated separately later,

so that the axial equation of motion is:

mz = - qv Br (13)

a_
dt 6
We are interested in the first order terms in the

variables expressing variation from the particle following

the optic axis. These variables are taken to be the
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displacement coordinates x = r - r, and z, and their
conjugate momenta Py and pZ and the total momentum displace-

ment Op = ,El - lﬁgl. First, expand Br about z = o, and

v, in terms of v and v .
e X z

d 1 Vx M vz
—dtmz=—qv 1l - V2 + - .. Ear (r,z;J +
Z=0
dB:l 2 2
r 2 d B
Z—— +—_ + » o 0
[dz 21 [dzz]
Z=0 Z=0

Keeping only the linear terms in the variables mentioned above

d [dBr
3t mz = - qV Br (r,2z) + Z 3z

Z=0 Z=0

Since the field is symmetrical about z = o, [Br (r.2z)]
Z=0

O.

Using the fact that the curl of B is zero for a source free

PR O
at -~ 4q dr

Z=0

region

Expanding the field derivative about r = . and since the

mass is constant in a magnetic field

2 " |dB  (r, z) dZB (r,z)
y = -3V -2z + x 4 PR
P dr dr2
r=ro r=ro
Z=0 Z=0

Expanding p in terms of Ap and v in terms of Av, which is
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related to Ap, and keeping only linear terms

qv dB, (r,z)

Z = - Po zZ —ar (14)

r=ro
Z=0

The momentum of central particle, i.e., r = r

z = o and Ap = o is given by

which when substituted in equation (14) gives

. Vo 2 dBZ (r,z)
r, [Bz] dr
r=rg r=r
z2=0 Z=0
Yo
When w 1is defined as @ = T
o
) 5 r de (r,z)
zZ =w 2z B ar
[B.) .
r—ro r=r,
zZ=0 Z=0
Define a field index as
) = ot aBz (r,2)
[Bz (r,z)] or (15)
z=0 2=0

Using this and (to conform with the notation of the
previous section) writing y in place of z, as the axial
coordinate of the cylindrical system, the equation of motion

simplifies to
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.o 2
y +w n (ro) y = o (16)
This has a solution,

1/2

y = A cos n 1/2

wt + B sin n wt
If a is taken as the angle through which the magnetic field
is effective,

1/2 1/2

y = A cos n a + B sin n a

, VA
Note that a can also be written E' so that

1/2 1/2
y' = dy . _ An sin nl/2 a + Bn cos nl/2 a
dz p o
With the initial conditions, y = Y, and y' = y' = 0, the
A= ap=2ob a
constants are =y an 1/2" an
_ 1/2 , p . 1/2
y =y, cosn a + vyl 12 sin n a
(17)
‘ nl/2 , 1/2 , 1/2
y = —yO sSln n a + yo cos n a

Equation (17) can be rewritten in a single three by
three matrix equation. As in the case for the magnetic
quadrupole, the momentum terms appear only in second or
higher order, so that zeros may be placed for the coefficients

of the momentum term.



17

~ - N 7N\
Y cos nl/2 a £ sin nl/2 a 0 Yy
n1/2 o

= |- nl/2 sin nl/2 a cos nl/2 a 0 !
Y P Yo (18)
A
EE 0 0 1 %E
\ ¢/ \ J N9/

Returning now to conventional custom, the axial
coordinate of the cylindrical system is again written as Z,
and the radial motion is considered.

Since BG is zero, the radial component of the Lorentz

force is

Again the mass is independent of time and can be taken out of

the time derivative of the momentum and the radial acceleration

M
can, hence, be written as r - r The equation of motion
is then 2
A4 q v, B
. 6 6
r - = —2 (19)
r m

Again, the equation is expanded in terms of the
deviation from the optic axis and Ap. First, expanding Vg

B, and r,
z

dZ 2 vx2 + sz %
— + - —— - - + e o o 3
a2 (r x) 0 1 v, 1 r
q 1 sz + vz2 dB
m v l—_z' , + ... BZ] + x F + e
r=r r=r
o o
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Keeping only the linear terms in the deviation from the

optic axis,

2 % de
<__>=9-V [B] +x | =2 (20)
r m zZ dr
o o L

Expand p, in terms of Ap and v in terms of the corresponding

w:
|
H|<

Av,
2
5('—(VQ+AV) <l_x_>=
r r
o o
dB
L (v_+ Av)2 1 - &y [ﬁ ] + x [——E}
P o P z dr
o o
r= r=

If orly the linear terms in the deviations from the central

momentum and the optic axis is kept, this becomes

v v X 2 v Av
- [e) o a
- + 2 - - =
o r o (21)
o
2 2 dB, 2 A
a \Y PB] + 4. v X E__ -4 v Sp [B +
pc o zZ po o r p0 o) po zZ
r=r r=r r=ro
o o
2gv_ Av
Sl i
po
r=r
vo
Using the relations po = -q rg [B ] and w= T
r=ro o)

one can form the relations,
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Substituting these in equation (21) and combining terms,

r dB
s 2 2 Ap 2. o z _
¥ + 0% - row po + W x[—Bz] [dr ] 0 (22)

r=ro r=ro

Making use of the field index defined by equation (15) and

writing p in place of r, yields

34:°+o‘>2(l—n)x=pa)2éE (23)
Po
The general solution to this equation is
x = —2— LPincos w (1-m% ¢t 4B sin w1 - )%

l-n po

where o is the angle through which the magnetic field is
effective.

Examine the solution to the equation € +c02 (1 - n)
s = 0 which is the same as equation (23) except that the right
side has been set equal to zero. A solution to this equation
is

/2

1/2
s = A cos (1 - n) / a + B sin (1 - n)l a
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and the derivative is

1/2

o = 88 _ _(-n) Asin(l-n)l/2a+
dz P
1/2
{d -n) B cos (1 - n)l/2 a
[
The initial conditions, s = so and s' = sé at z = zo = 0,
s; o
gives the constants, A = s and B = ——-. Equations
o 1/2
(1 - n)
for 8 and s' are
p s’
s =s cos (1 - n)l/2 a + —2— sin (1 - n)l/2 a
o 1/2
(1 - n)
(1 - n)t/? 1/2 1/2
s' = - s sin (1 - n) a + s' cos (1 - n)
P o o a
which in matrix notation can be written
s cos (1 - n)l/2 a —P sin (1 - n)l/2 a s
_ 1/2 o
= (1 - n)
1-ml? 1/2 1/2
s' - o sin (1 - n) a cos (1 - n) a s;
Now change the variable, s, to x. Since s = x - I—g—; %E
o
and s' = x',
- \ - 1/2 \
X - I—g—;'éB cos (1 - n)l/2 q —E— 1/2 sin (1 - n) / a
po - (1 - n)
1/2 1/2
%' _ (1 n) sin (1 - n)l/2 q Cos (1 - n) a
\ S \ p e

. _—P__ fp
o l1 -n po

[
(o]

X
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Writing this out in terms of x and x',

/2

/2 + x' —Le 1/2 sin (1 - n)l a +

X = X5 cos (1 - N 5
(1 - n)

Sp _p (1 - cos (1 - n)l/2 a)

po l -n
1/2
x' = - X il—%—gl sin (1 - n)l/2 a + xé cos (1 - n)l/2 a +
Ap 1 1/2 sin (1 - n)l/2 a
P (1 - n)
o
In matrix notation, this becomes
‘) 1/2 0 1/2
X cos (1 - n) a sin (1 - n) a
1/2
(1 - n)

(l - n)l/2 1/2 1/2
x' |=|- o sin (1 - n) a cos (1 - n) a
Ap 0 0
Po) (24)

N /7
R [i - cos (1 - n)l/2 % X \

l - n o

—_—l___l/z sin (1 - n)l/2 a xg

(1 - n)

1 AP
J \ Po /

C. Edge Effect for the Bending Magnet

Consider now the effect of the edges of the magnet.
In the general case, these may be non-normal to the central

ray (Figure 2).
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Figure 2. Edge effect of the bending magnet. The central
ray enters from the right and exits to the left,
with angles 61 and BZ' respectively, away from
the normals to the entrance and exit edges of the
magnet.

Consider, first the axial focusing effect of the
edges. As long as 61 and 62, as shown in the figure, are
less than 90°, there is axial edge focusing. At any point
displaced from the median plane, a component Bh of B exists
due to the bulging field at the edge. Assume that this edge
field exists over a very short range, and hence, assume that
the force due to the field changes the direction of the
particle but not its position. Using coordinates where the

z - axis is along the optic axis, the axial equation of

motion in the edge region is

e W =gq (v, B cos 51,2 - v, B sin 51,2) (25)

Take points, z; and z,: as in Figure 2, which are
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outside the influence of the edge field Bh' Consider a
rectangular path which lies in the y-z plane between 2y and
Z,e Let one side of the rectangle lie on the optic axis

and the opposite side displaced by a distance, y, which is
same as the axial coordinate of the particle as it passes
through the edge region. Carrying a unit magnetic pole about

this path, starting at z, on the median plane, no work is

1
done in carrying the pole away from the plane through a
distance y, since no field exists at z,. However, in going

1

z

from zy to z, along the displaced path requires J’ 2 Bh
z

1

cos Bl 2 dZ of work. The work done in going back to the

’

median plane at z., is -yB, but the work done in gcing from

2

z, to 2y along the median plane is zero, since the field is

perpendicular to the median plane at all points. Since there
are no sources in the loop, the total work done in gcing
arocund the loop has to be zero, so that

V4

2
-f Bh cos 5112 dz =-yB {(26)
%1

Since the edge field has been assumed to extend only
over a very short distance, change in the coordinates in
crossing the edge can be neglected. Hence, the contour

cf (26) corresponds to the particle trajectory.
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Going back to equation (25), the first term on the
right is second order, since Bh is proportional to y by

equation (26). The mass is, again, independent of time and

may be taken out of the time derivative. 4 Yy may be written

dt
d dy
as Vz(dz dt)' so that

a o, _ _4a -
az ¥ =~ B sinBy,

Integrating this equation along the particle trajectory in
the edge region,

fzz Z2
) = 9 g [ _a
2 da (y) . sin 61'2 2 B dz = tan 51'2

‘['2
z B, cos B dz

l,2

Using equation (26), this becomes

2
. _ q
y - yB tan 61,2
%1
but v = dz dy _ v ', and as before, v. = v to first order
y dat d=z z ¥’ "z order:
so that
Z2
’ - 9
y e B tan 51,2
21

Consider a deviation from the central momentum, and
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expand in terms of Ap,

Z
2 A
y' = L <].—-~—E + ...> y B tan B,

z pO pO

Keeping only first order terms in the small quantities, this

becomes

I’ 2

= L y B tan B
P, 1

Using the relation, P, ==a r_ B

= - X tan

: Bl (27)

1
where ro has been replaced by p.
Note that the equation holds for both entry and exit.
Radially, the rotation of the pole edge tends to
defocus the beam when 91 and 92 are less than 90°. Consider
the entry -into the magnet in Figure 3. DG is the central
ray entering the magnet at E and AC is another ray entering
at B. Assume that AB and DE are very nearly parallel, so
that BHax, and < JBA = < HBEzﬁl. Also assume that x is

small enough so that EF=EH. When ray AC reaches B, ray

DG from the same source has reached the point F. The angle ¢
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Figure 3. Geometry of non-normal entry into a bending
magnet.
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can be written

7

BH sin B
EF __ HE pEsin <EpH .. °°° P L x tan By
(] = — " — = (] =5 —
P P Y P P
Ax dx X tan Bl
. ~ & __ dx .
Since ¢ =~ Az % gz ' X o
Similar argument will show that for 62 less than 900,
x tan B

x' = at the exit.

p

matrix form, the radial motion

VRN \
X ( 1 0] ) /xi
tan Bl
x' _— 1 x!
p i
\ / \ / \ /
and the axial motion
~ N\ ~ . N 7N
Y 1 0 Yi
t
: tan By \
Y - T 1 Ys
N A ~ - N A

One can generalize the

including these edge effects.

Writing these equations in

can be written as

bending magnet equations by

For the radial matrix equation

(1 o oy [ Y1 1 o 0)
tan B . tan B
2 3 X 3 matrix 1
My = p 10 given in (25) P 1o (28)
e o 1) { J Lo 0 1]

Similarly,

for the axial matrix




! 0
tan B
M =|- 2
Y P
S 0 0]
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3 X 3 matrix
given in (17)

\ A

(29)

In the same manner as in the case of the quadupoles,

these two matrices can be combined to form a single six by

six matrix, i.e.,
~
M
X
M =

0 0
0 0
(0 0

D. Relative Orientation and Separation

0 0
(28)
0 0
0 0
0
0 M
y
0

0 N\
0
0
(29)
7

(30)

It is desirable in many cases to have an angular

orientation between two systems which is other than zero.

To achieve this rotation,

bending magnet matrix by a rctation matrix.

one can transform the gquadrupole or

This is accom-

plished by making a conventional similarity transformation

by an Euler transformation matrix.

the z axis through an angle 6,

For a rotation about



X cos 6

Yy -sin 6

29

sin 6 X

6
cos Y

A suitable transformation matrix is obtained by expanding this

to a six by six matrix,

cos 6 0
0 cos 6
0 0
R =
-sin 6 0
0 -sin 6
0 0

0 sin 6 0 0)
0 0 sin 6 0
1 0 0 0
(31)
0 cos 6 0 0
0 0 cos 6 0]
0 0 0 l/

To separate a magnetic system from another by empty

space, a matrix is needed which will multiply the derivatives

with respect to z by the separation distance, and add it on

to the displacements.

"1 4

o 1

b - o o
0O o

0o o

o o

This matrix is simply,
0 0 0 0)

0 0 0 0

(32)

0 0 1 0

0 0 0] l/

All the matrices necessary to form a final product

which will describe the combined effect of placing several

systems in series have

been derived.
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E. Relation of Beam Properties to the Matrix
Describing the Focusing Systems

The several properties of interest, derivable from
the final combined matrix, are the focal lengths, magnifica-
tions, image distances, and the resolutions. We can find
the correspondence between the matrix elements and the optical
properties by considering the combined system to be a thick
lens.

Consider just the two by two matrix equation

X A1 Ao X5

[} [
x By Bya X5

To find the distance, b, as given in Figure 4, which
is the distance from the magnet boundary to the focal point,

solve the following equation

v/
o 1l b All A12 xo

(33)

X 0 1 A2l A22 o

which describes a parallel beam being bent by the lens and

focusing at a point, b, beyond the magnet. When solved,

b= —. Similarly, by solving the following equation
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Figure 4. Diagram showing the relative positions of the
object plane, focal planes, principal planes,
image plane, and the focusing region.

xo All A12 1 a o
= ’ (34)
0
o AZl A22 0 1 X
D
55

The focal length, f, can be found by extending the
equation (33) until the final displacement away from the z

axis is same as the initial displacement, i.e.,

b'e 1 f 1 b All A12 X

= (35)

v
X 0 1 0 i A21 A22 0
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This equation, when solved for f. gives f = - —/—.

The magnification is given by M = g . Use the

=, to rewri M M = .
£ o) te as b - f

a. so that M = ——i———.
fo) do-a

. . 1
equation from optics, ; +

Q-

"
Q
|

Looking at Figure 4, p - £

. - f .
M can be also written as M = Q_E__' From the figure,

the image distance may be written as di = (q - £f) + b,

and making use of the magnification relation, this becomes
d, = Mf + b.
i
The momentum resolution; as indicated previously, is

defined as:

~

Il
-
d

where s, 1s the full width of the object slit of the system,
and Ap/p is the fractional full width at half maximum of the
momentum distribution transmitted by an image slit just wide
enough to completely transmit all particles of the reference
momentum.

An expression for the resolution in terms of the
matrix elements is obtained by calculating the transverse
displacement at the image plane of a ray starting initially
on the optic axis but with displaced momentum, i.e., we

solve for x in the equation:
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rd AN /l d o\ ~ -~ N\
X i B By By 0
X =|o 1 0 A, A, A 0
&p 0 0 1 0 0 1 Zp|.
\p S N\ ) \ P \p/

where di is the image distance and the middle matrix can
represent a single magnet or a combination of magnets (forming
a "thick lens").

Solving yields X = (A + di A23) AP/P-

13
If this displacement just equals the image width MSO of a
monochromatic object the Ap/p is easily shown to be that

specified in the resolution definition. Hence we have:

o So  By3 T By, By3 td; Ay

1 Ap 1 o M

R = = = =
P d.
In terms of the six by six matrix used in the

computer program, these properties are summarized as follows:

f = —l—i a = fgg‘ b = fll"
= - _ = = ; = - :
x A1 x Ay % A1
fx 1 Ap Mx
M = sy d. =f M + b} =
X dox a ix X X X SOx P A13 + dix A23
1, A55 A44
f T A % TR P T Ta,
Y 54 Y 54 Y 54
£ 1 M
M = 4 _ ; dlZ = f M +b; S —AE= é 'y
Y oy ay y ¥ Y oy P 43 iy 53



ITI. THE COMPUTER PROGRAM FOR CALCULATING

THE BEAM PROPERTIES

A computer program was written for the MISTIC, a 4096

word memory computer, located at Michigan State University,

to calculate the beam properties of combined magnetic systems.

In order to make calculations for a system composed

of several magnetic elements,

the parameters are written in

the same order as the elements actually appear in the com-

bined system. Parameters necessary for this code are listed

below along with their scalings

Location Parameter Scaling
30 Bl radians (fraction 10—1)
31 62 radians (fraction 10-1)
32 n (fraction lO—l)
33 o (fraction 10_3)
34 a radians (fraction lO_l)
35 K (fraction 10—1)
36 L (fraction 10-2)
37 a integer, a=1 for radially diverging

a=2

34

quadrupole.
for radially converging
quadrupole.
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Location Parameter Scaling
38 6 radians (fraction 10-2)
39 d (fraction 107 %)
. b=1 for bending magnet.
40 ;
b integer. b=2 for quadrupole.
41 c integer, c=0 for any system other
than last.
c=1l for the last system.
42 N integer, number of prints + 1
43 d (fraction 107°)
ox
44 d (fraction 10-5)
oy
45 A g (fraction 10_5)
ox
46 A d (fraction 107 °)
oy

These parameters are input by the Special Input Routine. On
the tape the address is followed by an equal sign, fractions
terminated by a space and integers terminated by a period.

The code will read the parameters for each element and its
relative position and form the appropriate matrix as described
in the previous sections. This is done separately for each
element and the matrices are multiplied in the same order that
the parameters are written. The character, N, punched after
the parameters for each element, will transfer to the proper
location in the code to calculate the matrix for that element.
Parameters are not erased after each element so that it is

not necessary to input parameters for an element which are
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identical to those of the previous element. The code will
continue to read the next parameter set for the succeeding
magnetic element until the parameter, C, has been set
equal to 1.

After the last element has been calculated and matrix
multiplied with the previous elements, the code calculates
the radial and axial focal lengths, ar ay, bx' by'
magnifications, image distances, and the resolutions of the
combined system as a function of the object distance. These
properties may be calculated again for a different object
distance by inputing an appropriate increment of the object
distance and specifying the number of times this is to be
repeated by the parameter N. The code will calculate these
properties only after the matrix for the last element has
been formed and multiplied.

The code tests these properties for singularities
during the calculations, and if any quantity exceeds scaling
limitations, the code will skip this calculation and output
an appropriate number of spaces so that the output format
is not affected.

The bending magnet parameter, n, 1s specially tested
for singularities which may occur in the equations. Hyperbolic
functions replace the trigonometric functions where n is

greater than one, and cases where n = o, and n = 1 are treated
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separately.
The code is written in fixed point and the limitations

3

on the parameters are, roughly, -2 <{ n< 2, p< 107, a<{ 3 T,

Bl,z { /4, KL < 2, and d < 10%.

The code outputs the relative orientation and separation
parameters, along with the magnet parameters and the radial
and axial matrices for the bending magnet or the parameters
K and L for the magnetic quadrupole, in the same order as
they appear in the combined system. This is followed by
the final combined system matrix and the various beam properties
of the final system.

The scaling of the output is as follows: the para-
meter output is scaled the same way as the input; the indi-
vidual matrices for the bending magnets are scaled by 10 ~;
the total combined matrix is scaled by 10—4; £, a, b, M, 4 _,
and di are all scaled by 10-5 and the resolutions are scaled
by 1072,

A sample calculation of a system where a quadrupole
is placed after a bending magnet is given below. The necessary

input parameters are:

30=0 O 05 036 15707964 005 05 1.0 O 1.0.N.
40=2.1.7.00005 00005 0001 0001 N

The output is as follows:



D: +00000
ALPHA:
RHO:
N:
1
2

BETA,
BETA,

MX

+000444015
-000017597
+000000000
MY

+000444014
-000017599
+000000000

D

+00000

+00500

=
"

M

+000036897
-000001255
+000000000
+000000000
+000000000
+000000000

FX

00000

+1570796400
+3600000000
+0500000000
+0000000000
+0000000000

8 +0456178379
5 +0004440158
0 +0000000000

9 +0456175389
5 +0004440149
0 +0000000000

00000

00000

+004929971
+000103500
+000000000
+000000000
+000000000
+000000000

AX

THETA:

THETA:
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L:

+004769408
+000181299
+000100008
+000000000
+000000000
+000000000

BX

+0500000000

+0000000000

+0400308628
+0012671623
+0010000000

+0000000000
+0000000000
+0010000000

+0000000000

A=1

+000000000
+000000000
+000000000
+000034288
-000002256
+000000000

+0007966125 +0008244977 +0002939271

FY

AY

BY

+0004432700 -0000592633 +0001519881

DOX
0000500
0001500
0002500
0003500
0004500
0005500
0006500
0007500

MX
-00001029
-00001181
-00001387
-00001679
-00002127
-00002902
-00004565
-00010693

DIX
-00052543
-00064691
-00081067
-00104347
-00140059
-00201790
-00334275
-00822434

RES. RAD.
00021624
00016972
00013967
00011866
00010314
00009122
00008176
00007408

DOY
0000500
0001500
0002500
0003500
0004500
0005500
0006500
0007500

+000000000
+000000000
+000000000
+004639642
-000013370
+000000000

MY
+00004057
+00002118
+00001433
+00001083
+00000870
+00000728
+00000625
+00000548

+000000000
+000000000
+000000000
+000000000
+000000018
+000100008

DIY
+00195029
+00109094
+00078733
+00063209
+00053782
+00047449
+00042902
+00039479
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Running instructions for the code are:
1. Bootstrap the program tape.
2. Black switch the parameters.
The DOI input may be used when overwrites are desired.
This is accomplished by using the white switch instead of
the black switch. The transfer at the end of an overwrite
should go back to location 1253 where the black switch -

white switch stop is located.



ITII. RESULTS

The computer program described in the previous section,
has been used to calculate properties of a number of analyzing

and focusing systems.

A. Single 90° Bending Magnets

Figure 5 shows the radial resolution, image distance,
and magnification of an n = o bending magnet with 90° bending
angle, and the edges set for normal entry and exit (Bl = 52 = 0°).
The field strength is such that the radius of curvature of the
optic axis is 36 inches. The radial focal planes of this
magnet are located exactly at the edges of the magnet and
are 36 inches from their respective principal planes located
in the field region. For unit magnification the object slit
must be located a focal length, i.e., 36 inches, in front
of the edge. The axial focal length is, of course, infinite
for this magnet. The radial resolution is seen to improve
as the object distance is increased, but there is a natural
limit for this improvement, since the aperture of the magnet
and the dimensions of the working area make it impractical

to arbitrarily extend the object distance. The loss at the

40
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aperture occurs because the beam dimension becomes larger

than the aperture, due to the increase in object distance.

The fractional half maximum width of the momentum distrilution
transmitted by a matched image slit is obtained by multiplying
the resolution by the source slit width. For example, in
Figure 5, the resolution has a value .0l115 in -1 when the
object distance is 50 inches. If the source slit width is

.2 inches, the fractional half maximum width of the trans-
mitted momentum distribution will be .232%.

Figure 6 shows the properties of an n = 1/2 bending
magnet with parameters otherwise the same as for n = o magnet.
This magnet is completely double focusing, i.e., radial and
axial optical properties are identical to each other. The
focal planes are located 56.7 inches from the principal
planes and 25.2 inches away from the magnet edges. When the
object slit is placed a focal len%:th in front of the fo:zal
plane, we have unit magnification. The image distance is
negative unless the object is placed, at least, beyond the
focal plane. A parallel beam results, if the source slit is
placed at the focal plane. Again the resolution improves
with increasing object distance and is slightly better for a
given object distance than that for an n = o magnet.

Although the magnification is infiﬁite when the object distance

is 25.2 inches, the resolution has a finite value, .0L% in
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since the image distance is also infinite at this point. The
radial focusing of the n = 1/2 magnet is seen to be weak as
compared to the n = o magnet. For example, unit magnification
occurs at 81.9 inches for the n = 1/2 magnet and at 36 inches

for the n = o magnet.

B. Single Quadrupole Magnet

Figure 7 shows the properties of a single, five inch
quadruople as a function of field strength. Although not
shown explicitly on the figure, when the object is placed
a focal length before the focal plane, i.e., object distance

equal to £ + b, there is unit magnification as expected.

C. Bending Magnet Pairs

Consider, now, systems consisting of two bending
magnets. The bending planes for two bending magnets in a
series need not be the same. It is possible to rotate the
bending plane of the second magnet about the optic axis
joining the two magnets so that it has some angular relation
to the bending plane of the first magnet. The angle between
the two bending planes, specified by 6, is defined such that
when 6 = 0° the two magnets bend the beam in the same plane
and to the same side of the optic axis entering each magnet.

For example, if there are two 90° bending magnets which are
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oriented such that 6 = Oo, the outgoing beam from the system

will be antiparallel to the incoming beam, and if these
magnets are oriented such that 6 = 1800, the outgoing beam will
be parallel to the incoming beam.

Figures 8, 10, 12, 14, and 16 show the radial and
axial resolutions of two n = o bending magnets, which have
the same field strength and bending angle as the single
magnet described in A. Several relative angular orientations
of the two magnets are considered, and for eaéh orientation,
several separation distances are taken. Figures 9, 11, 13,
15, and 17 show corresponding results for two n = 1/2 magnets
with the same field strengths and bending angles as the n = o
magnets.

In the several orientations taken for both the n = o and
n = 1/2 magnet combinations, when the bending of the beam
takes place in a single plane, there is first order resolution
only in that plane. Figure 8 is a plot of the radial resolution
for the n = 0 bending magnets with 6 = 0°. This plot shows
three peaks in each of the three out of four curves plotted.
From the way in which the d = 10 inch curve corresponds to
the other three, it can be seen that there exists a peak in
this curve, also, for a greater object distance. These peaks
correspond to maximum transmission and no resolution. For

improved resolution the source slit has to be moved away from

v
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the positions where the peaks appear, and have to be placed
either far away from the magnet or nearer the focal plane of
the first magnet. The intensity is sacrificed with an
increase in object distance, since the beam has a greater
chance of having a larger dimension than the aperture of

the magnet. Improved resolution without an increase in
object distance is made possible by an increase in the
separation distance, but when this is done, loss of the beam
may occur at the entry to the second magnet.

Figure 9 is a resolution plot for the n = 1/2 magnets
which corresponds to the n = 0 case given on Figure 8. The
peaks follow the same pattern as the n = 0 magnets but occur
at greater object distances. The resolution, at a given
distance away from a peak, however, is a little better than
the n = 0 magnets. With the object slit placed at the focal
plane of the first magnet, for both cases, the resolution is
about a factor of two better for the n = 1/2 magnets.

Figure 10 shows the resolutions of a system of two
n = 0 bending magnets oriented so that each magnet bends the
beam in different planes oriented 45° to each other. The
first magnet resolves the beam in one plane, while the second
magnet resolves the beam again in the other plane. 1In the
axial direction of the first magnet, the resolution remains

particularly good for reasonable separation between the two
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magnets for practically all object distances. The peaks in
the curves for the resolution in the radial direction occur
for object distances which are slightly longer than the 6 = 0°
case. The general character of the curves are, however,

very much the same as those of Figure 8.

The resolution, in the axial direction, for the
corresponding orientation for the n = 1/2 magnets as plotted
on Figure 11, is not very good for short separation distances.
The radial resolution curves are very much like those for
6 = 0° except for a slight shift in the object distances. It
is not very easy to make a precise comparison between the
n =0 and n = 1/2 magnets for this orientation, since there
is resolution in two planes for both cases.

Figure 12 is the resolution curve for the case where
6 = 90° for the n = 0 magnets, and Figure 13 is the correspond-
ing plot for the n = 1/2 magnets. The radial resolution,
which is in the axial direction of the first magnet, is

practically equal for both cases and is unchanged by a

change in separation distance. The axial resolution for the

n 1/2 magnets is peaked in practically the same way as the

e 45° case, and reasonably goocd resolution is found when

the object slit is placed at the focal plane. although it is

about a factor of two inferior to the corresponding situation

with 6 = OO. The resolutions for the n = 1/2 magnets, at



Pt e . v !
et N_.._‘_AJ T L 1z -' . CRE S SR LB PRETARET B RS e S
Sl | b | A R
_...___,L. ,_;1__“ [TE2] 0N 0103 FSRERCHRES LIT0% bLEl Lol ot )RR E ‘ | MRS RN .!_ fad l,_.-_..i,‘_ 5
— in 20 40 60 80 100 120 140
Figure 11. Radial and axial resolutions for ‘two n = %.

p = 36 in., a = 90° and B, = B, = O’ bhendihg
magnets oriented so that = 450. Plotted

against the object distance given in inches,

for the separation distances 4 = 10 in., 60 in.,
110 in., and. 160 in. Axial resolutions are plotted

with dashed lines.



04—

| ’ i
¢
03—
. ‘ i
, L _ 5 %
Haf o |
| i i
()21- | | i g
o | pis
‘ | , . ;
‘ ! : i l
e = e
{ } ,' ) |
» | ! | ; B
T i o R arTRE N UHIFR s rwvorn
} | i ! ATl Kol | { { i i
. [ , '
RN ST 1;, L g 460.“ X ST b3 4 | it {
| { | * { { i | ! { {
e e 0 B e Ml R R L
Ol_g:_‘u’ i1 ,T,w et ' T,__;‘ et =E = D iR L ER ST S B M .....H,
o= d=10" fieetiir | ' Rasierst
In \?\ ‘ .L i1 s e ‘ R
H— ,A..,T......-__ :.,‘ ‘, e i s ‘ — 1 - ]I S --....j - _._1
ok 8] _ i
S LT S0 B o " e Ay
- H | } | Ly 5
oAl e I N, I . e
! d,. ‘n';‘--.."_ J<y 7““"‘ - — e P —
P-.‘. @~ [T - - s i R B T -— |
RIS Rt ndha K0P W RSO 51 i L IO SRS BRI e L8 O SR
ERaadins £ S ’ i b g ™S T e :
; : d w"'-“--’--p -.._:::— - — et sdrsasdis. L 200
R s b it B st R et St
S sdek & e e £ s e FEOAG Ehid e 54 - o 0 AT 1 — - _g, i SEAEY GERES ATk bl ol b vk soun uly b
!,. l ! i f A4 | | ] | ¥ : | ! ;
L.__......_a!_,_ e SBOS S -,l..- ___L_-_._M-L J S A.l | L _! - Llaide _!L e 631 v ol v Tl < v

Figure 12.

40 140
Radial and axial resolutions for two n = 0,
p = 36 in., @ = 909, and B = Py = 0° bending
magnets oriented so that 6 90°. The axial
resolution is plotted with dashed lines.

Plotted against the object distance for the
separation distances d4d = 10 in., 60 in., 110 in.,
and 160 in.



04—

Ol -+
in

e e
+

4210’ 60%

A 5041104
| 5 ‘16436’§ |
....__.i..- = - - ..,_,(;,A.....,:.,', SN
xR i i e : :
Lo '} SR I L"m, ‘ , ) “l
60

—in 20 40

Figure 13.

0

Radial and axial resolutions

80 0

p = 36 in., a = 90° and B;
magnets oriented so that 6

,ﬂﬂizcjw

N o
’ kﬁ 2 L5
|- N
{ : PN
| Il- 1481 ._,hﬂ.,_,_
| L3 ”! 1.5:

for two n =
By = 0’ bending
900. Plotted

against the object distance given iq inches,
for the separation distances d = 10 in., 60 in.,

110 in., and 164.16 in.
plotted with dashed lines.

|
LUl
=T
l
{
ts {
|

Axial resolutions are



55

longer object distances and larger separations, are quite
good, but there is a natural limit as discussed before. The
n = 0 curves, in Figure 12, show no peaks for the resolution
in either of the planes, and the resolution remains good

for all separation distances considered and a very wide range
of object distances.

Figure 14 shows the resolution curves for the n = 0
magnets for 6 = 1350. The radial curves peak near the focal
plane or the entry edge of the first magnet, and very little
change is observed from one separation distance to another.
The corresponding case for n = 1/2 magnets, shown in Figure 15,
has considerably poorer resolution, particularly in the axial
direction of the first magnet.

Figures 16 and 17 are resolutions for n = 0 and
n = 1/2 magnets, respectively, both with 6 = 180°. The
magnets in both cases are oriented in the same plane, and
hence, they resolve the beam only in one plane. For both the
n =0 and n = 1/2 magnets, the resolution peaks when the
object slit is placed at the focal planes of the first magnets,
regardless of the separation distance. The way in which the
curves tail off, as the object distance is increased, is
approximately the same for the two cases.

Figure 18 through 20 show the magnification for the

n = 0 magnets for all the orientations discussed so far. 1In
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bending magnets oriented so that6 = 90°
Plotted against the object distance

given in inches for the separation distances
d =10 in., 60 in., 110 in., and 160 in.
Axial magnifications are plotted with dashed
lines.
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general, the magnification blows up for small separations
and small object distances. This makes it undesirable to
consider placing the object slit at a distance which is left
of the peaks in the resolution curves for most cases. There
is no focusing in the axial direction when the magnets are
oriented in the same plane.

Figure 21 is the magnifications for the n = 1/2
magnets, and the curves are same for all orientations.

Also; since this system is double focusing, the radial and
axial focusing properties are the same. Except for very
small separation distances, the magnification for object
distances not very far from the focal plane blows up. When
the object and separation distances are fairly large, the
magnification is well behaved. There is unit magnification
for all cases when the object slit is placed at the focal
plane of the first magnet.

Figures 22 through 24 show the object distances for
the n = 0 magnets. In general, for the n = 0 magnets, the
image distances are in a more useful range for larger object
and separation distances. In Figure 22, which describes the
radial object distances for the n = 0 magnets for the orien-
tation angles 6 = 0° and 1800, image distances less than 150
inches are available for separation distances greater than

110 inches. Figure 23 shows the object distances for the
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