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I. Definition of Coordinates

The conical coordinates ¥ ,\\ , and U are defined by

=Y
(1a)
=K en(s, K) (1)
-t '
V=Kem (9 (1c)

a
where K X' = \ .

II. Some Geometrical Considerations
The transformations from the cartesian x, y, 2 coordinates

to the conical ¥ ,\W , Ay are given by the following relations:

X=x=t L JkourJkavs

(22)

o X = Yoy a.
= azt%\r-;w Jk't o (2b)

o \8: Co\dIny.
X = ,_.E;. W\ (2c)

or Z = ounTom,



The cartesian equations for the coordinate surfaces may
be obtained from (2a), (2b), and (2¢c) by eliminating two of the
conical variables at a time from the three equations. In this
discussion we shall consider a particular case and let K": K';"{'

If we eliminate W and V¥ , we find

) Gt ® \3"-»2‘-:-?? (3)

Hence, the surfaces Y = constant are spheres with centers at

the origin., Elimination of ¥ and A~ yields
'
Csrw)-ye-w)- 2 (Fe-wre. W

Since Ty < ";_ s the surfaces \A = constant are cones with
axes along the x-axis. The cones have elliptical cross-sections.

Finally, by eliminating ¥ and \A. we find the equation
.
WCoro) -1 (X -v)-2({et-vd)ze. (5)

LS
We also have \r & 'l,'_' ; hence, the surfaces \J 2 constant are

cones with axes along the y-axis., These cones also have elliptical
cross-sections., Fig. 1 illustrates the coordinate-surfaces.

In order to determine the signs of the coordinate-surfaces,
we must consider the § and N\  of equations (1b) and (1lc) as
the variables. Since the functions ¥ and CM’\ are periodic,
it is necessary to take § and V\ as the variables if we are to

be able to determine a point uniquely in the conical coordinates.
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We are lea to a proper ghoice for the range of k3 and \\
through the following considerations:
1. The surface area of a sphere calculated from
an element of area which was expressed in
conical coordinates.
2. The values of § and W\ which are necessary
to make the cartesian coordinates x and y from
(2a) and (2b) change signs properly.
3. The orthogonality of certain surface harmonics when
these are transformed into conical coordinates.
We shall choose for § the range O% § € WX and for |
the range =X € W& X . Here the cuantity K is the complete

elliptic integral of the first kind:

T
d
K- .

V1 -Lain¢
(o)

This should not be confused with the parameter K of equation (1b).
Fig. 1 and Fig. 2 illustrate the signs of the conical surfaces;
however, a description may prove helpful for the interpretation of
Fig. 2.

The cones whose axes coincide with the positive y-axis
are positive. These are the surfaces for which CJV\Y\ is constant,
and the range of V\ is O & V\ < X . The surfaces for which

c,v\Y\ is constant also represent cones whose axes coincicde with
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the negative y-axis. These surfaces are positive, and we have
-X 5‘\'2 © for them.

The cones whose axes coincide with the positive and
negative x-axes are the surfaces for which Cm"§{ 1is constant.
These surfaces change sign at the xy-plane. That is, the portions
of the cones which lie above the xy-plane are positive; those
portions which lie below the xy-plane negative. The following
outline indicates the distribution of the values for the variable

S .
1. Cones whose axes coincide with the positive x-axis:
(a) Portions above the xy-plane,
os g ¢ X,
(b) Portions below the xy-plane,
Keg<2K.
2. Cones whose axes coincide with the negative x-axis:
(a) Portions above the xy-plane,

IKsE<s4 K.

(b) Portions below the xy-plane,
2K £ 1<3XK,

From the transformations (2a), (2b), and (2¢c) we may
calculate the metric tensor Stw\u\ o« For convenience we now
change the notation slightly and write ¥= ‘i‘; ws= it y o= ‘E‘ .
For the metric tensor we have the expression

_ 2% oxt
™ x™ k™ (6)
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The barred x's refer to conical coordinates, and the unbarred
x's refer to cartesian coordinates. In the expression for 3«»\'\

summation is understood for the repeated index A « We find

%“ =\ (7a)

oo o VTGV Y]
{K‘- (X a)"“-w}‘_ (Yz)‘x (7v)

Y, = VTGV Y]
Ik Gy vt ()]

Also —émmz O for ffvs‘-km . Hence, we see that the conical

(7¢)

coordinates are orthogonal, We define the following quantities

as!
L
QP
§)
»
0

= 3\\311-3%3‘ (8)

(9a)

(9v)

\'\33 533 . (9¢)
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III. The Helmholtz Equation Va‘ﬁ'l' K¢ = o 1in Conical Coordinates
For any scalar Y and generalized coordinates X+ ’

the Laplacian becomes

S = < i) o
VY=l s (V3 3 ‘g‘%‘
a,_ L o A
R E TGS
\ -2 \ 3 =
= \Y- 3_“:. — —={Ja 33
ﬁax1(3 ai*+\5_§ax‘(33 :S_T-t_i). (10)

The 73‘“ may be found from the 3w by means of the following

relation:

(11)
Then from equations (9a,b,c) and equation (11) we find
- A\ ) - \
T J Yl (12)

If we substitute from equations (7a,b,c), employ equations (9a,b,c)
and equation (12), and carry out the indicated differentiations in

equation (10), we find the Helmholtz equation in conical coordinates

Vg+RG=
2 L2 (%) . -auw? oY
ravr av(av rr(w+vt) 3w
+ CE-wY(h vur) _a_(a_w_B*_ -2yu3 -1
UWirod) du\duw rr(urevr) v



£ (el o .
i (uyryor) Ov \r) +X¢t=0o. (13)

In this equation we have returned to the original notation and
written the conical coordinates as ¥ ,\\ ,VY”. We shall use

this notation in the remainder of the discussion.

IV. Separation of Variables
Let = REISMT(V), (1)
If we substitute this value for ¥ in (13) and divide by (RST),
we find
Ld (.dv au? ds
R ".(r )" S(ua u?) lu
W) (frw) Js _ 2vd JT
S(Wavt) dW T(uav?) Qv
+ E-GEe) 1
TWaod) gy

"l K\ < o.

(15)

We may separate from (15) the part which depends upon ¥ alone and

find 2 é
R ar ""gi( * Yk za
s where Q_ is

a separation constant, Or

f— )-\-2' ‘\Q +(k*-2)R =o0. 16)



v.

We find for the part which depends upon W alone

4 (ds -2u3 ds . (au*\)S
TINN T e Yewms Rt seve v Sk S

where © is also a separation constant. And finally, for the part

which depends upon A alone we find

-A— 47 + -2v? 4T (,Q\r‘-t-\,'\'r =0 (18)
T Av) T (L)) dv  (E-ueiEev)

In the finite complex plane, equations (16), (17), and (18) have
the following regular singular points:

Equation (16) ¥ =o

Equation (17) ur-t"\ﬁ_ and \= Ii-\\f';':

. 2 .
Equation (18) ay=% vz and Ay = I.\'\!F‘-.

Equation (16) has an irregular singular point at infinity, and
equations (17) and (18) each have a regular singular point at

infinity.

Solutions of the Ordinary Differential Equations
Consider the radial equation (16)
2
'R o2 4%
dv* ¥ dr
If we let the separation constant Q. equal Q(&'H\ where -Q is

an integer, we find the spherical Bessel functions for solutions of



the radial equation. Hence, we chall tentatively assign the
value Oz R(1+ \).

Next we shall consider the "angular® equations (17)
and (18). Wwith Q.= cl(,-l‘\'l) in (17), let us assume a formal

solution
m+a

A
S =2 onmlh-wy,
~ (19)
This solution is designed to converge in the neighborhood of the
singular points W= X 'e'r; . Substituting (19) in (17) and

equating the lowest pawer of (-'i-u‘) to zero, we find the indicial
equation al2d- ‘) =0

Hence,
=0

(20)
or A= Ji

In order to obtain a solution which converges in the
T )
neighborhood of the singular points U= xa '?1 s We assume

a formal solution

5= 2% Crwd”

+0

(21)

The indicial equation which one obtains after the substitution
of (21) in (17) has the two roots
d=0

(22)
and Q= ";_
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Since equation (18) with a=Q(L+1 ) possesses the
singular points V= '.t'lui and V= 24-“]'&_-. 5 We assume

formal solutions of the forms

MSQ
T= é“m (-\i_,\r\) (23)
and
T=Z o, o)™ " (24)
~ S v
From the respective indicial equations we find for @& of (23)
the values
oz0
o= -%. . (25)
and for & of (24) the values
@=0 (26)
®&=%

First, consider equation (17). Suppose we make the

following substitution for § .

S= (- P (21)

where P is a function of W not yet determined. Substitution

of (27) in (17) yields
a2p dP R
‘k’u“)d—‘} = (adv W35 *EL-Lra-Nud]Po (28)

from which we shall find the function ¥ . Let us assume a

pover: series about M\ = ¢ for ¥ ,
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v= Z W

m30 (29)

By substituting (29) in (28), we find a relationship between the
N~
[(m-x\(m-ﬂ +d (m-2)=- Q-1+ z)] W

Mm-2
--‘q'(m-\-‘z.\("\*\\\\ + M rorilh =o.
My

(30)

We wish to express am 1in terms of R ; and hence, obtain a
series whose powers of \A. depend upon X .
If in (30) we let "= A+ 6 , we may determine the
N Ry . Then for all \““'ﬁ' with (-l+% )2
we shall obtain a series in which the lowest power of \A is \L'\ .
on the other hand, for all \\‘\*'ﬁ with ({+g) & we obtain a
polynomial in \A , since we zllow no negative powers of A .
Let us meke the following supposition:
We may express the solution P either as a series whose lowest
power of \W is R or as a polynomial in \A of degree u-\).
We shall consider the series solution first. If we may express our
solution in this form, then all \\"'*t' with (-Q'*b)C-Q are zero.

With m= R+ 6, equation (30) becomes
LR+ 2-2) (R go3) + 4 (R4 g-2) - (2-)(L+3)] Yo
SR Uy, @ g, o,

(31)
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For %‘--2 , we find from (31)

FO(-N = o

This is to be true

for‘l?,z 3 hence, \\.I.-'O .

For %?. -V
T+ @\, =0,
or \'\&m‘ © -
For = O,

TRy - (Rebr i) <o,

Since \\J.-‘O ’ \\J.-H.?'O .

For B-.-. \,
ﬁ' (Q+3)(R+2)my, 4~ (Rab+ ), Wl

Therefore,
= 0.
W R+
For B-. A

(2842) - (R+aftva) by + Wbt E) =0,

or \\.l'\\-\?' o .
In general all the \\_\..,‘, with (&-\-5)7,0 are
zero. Since we have assumed the \\J.*& with © & (-l'\'b) <N are
zero, our solution 4s © =O. Either the \\"‘*t with © € (-l-t'b)‘&
are not zero or our supposition is not true. .

Mext we consider the polynomial solution. If P 1is to be

a polynomial of degree (&=1), then all \\Jﬁ'& with (l"‘t) 20
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must be sero. If we let J®© in the recurrence relation (31),

we find

20) b, - T (Qe2)( R\, g2t (R¥b+ i)Wy =0,

Therefore,

For %f-\
TR0 & 4(Q-1) - (-0 (0+)] W,

\‘J.-::: o.

-4 Q4 QD Wy o+ (Rebr )y, 2 0.

However,
TR0 R-2)+ 4 (2-1) - (-1 (R+D)) = .
COnsequently,\\ [ is arbitrary; and we assume that it is not zero.
For bz-\
(2-40)l, = @R, +L0+6+1TY To
(-4 g, + (R+¥bo-3IW g To.
For %: -2

(L-b Dy ¥ (b2, =0

Since \\&_1';0 s \\&‘*-. © . We assume that &. is sueh that
(.l-b)&o . For 6:-3
(12-30) Wy g~ ER-W(L-D Wy + (R+b-$)hy Fo.
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From this we can determine \\ A-S in terms of \\ L=t which is
arbitrary. In general we are able to find non-vanishing \\ &.b
with the assumption that all \\.M,'5 with (R4¢) 2L are sero.

If in the recurrence relation (31) we consider only even
% with B(o s we have a relationship between three consecutive
Wia of the form \\1'9 with ¥® even. We have shown that

\\,g.,_" \\.L--\?' © . Consequently, all \'\"'-B with !b.
even are zero,

Since we need consider only odd %, with 640,
equation (31) is a relationship between three consecutive "\ la
of the form \\ &_? with @ odd. We have shown that \\ -1
is arbitrary, and we can express \\ 8- in terms of \\ A=y °
Hence, from the recurrence relation (31) it follows that we may -
express any \'\&-k with odd & in terms of \'\.l.-| o

The solution is now of the form

P= \.\’.}‘k" ‘:’ \\&}g&“i" \‘&-\:&-S* .- (32)
1f according to our supposition, equation (32) is to be a polynomial
of degree (1“), then we must be able to make all k&"‘ 8’ with
(&*6) & © vanish., We consider separately the cases for Q odd
or { even.
Suppose .l is odd. Then \\l‘ \b*.‘.) with %-..Q
must be sero, and all subseguent \\ Ve must vanish. Let 6‘- -

in (31). Then we have

KA, ++h - (ori) = 0.



T~
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If \\-" is zero, this becomes
\
-i \\z- (¥+t\ \\bg Q.

For a given & we express W, and Mg in terms of \\.g-‘ .

This yields an equation for the separation constant L . The

roots of this equation are values of h which make \\-1 zZero.
We keep in mind that we are considering only odd &

and odd R . Then let §==(R+2) in (31). The result is

= (e |+ 5O+ (- 1)) o

The coefficient of \\° vanishes; and if \\-1-.0, then \\.*
is zero. Next let %-.-(-Q-\-r) with ¥ even and ¥* 2. The

relation (31) yields

Leran () - 4(eaa) - (04D W (4

-4 (2-r)1-¥v) *(b+i-vI\W_.~o.
L@ Yi-vil,  + ( Y.\ = o 33)

We have shown that \\-1“- \\-Q‘- © ; hence, from (33) it follows
that all \"‘*t with (-l-ts) & O are zero.
If J, is even, \\L.t with %‘.Q-\-\ must be zero.

Let %:. \=Q in the recurrence relation (31). We have

— AW - TRy Qe+ =0,
If \\_\ is zero, then we have

W, - Cev P\ =0,
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In this equation we express \\\ and \\‘ in terms of the arbitrary
\\ A-y - The result is an equation for the separation constant ‘o .
The roots of this equation are values of k which make \\_‘ ZEero,
In (31) let %:-(4-»\ ):

(-2 n_+ £ () b = Uomi) Wy = oo

The coefficient of \\‘ is zero, If \\-\ equals zero, then \.3
is also zero. Finally, let %=-(1 *Y‘) where ¥ is odd and >4y .
Then (31) becomes

A} A\ - -(R-
LOr+21(ra) ~u (ra2) - (& LSS N,

-y @-PY0-vdh, + (brd —rI\_ =0

This is a relationship between three consecutive \\‘ . We have
shon that W -y= W-,®O. From this equation it follows that
all \\_\*‘_ with (&*8)4Q are zero.

We have seen that in order to obtain the polynomial
solution for ? we must determine properly the separation constant
1S + The proper values of E for a given R arise from the
solutions of an equation in \; which we obtain by equating the
proper coefficient \\M to zero. Next we shall consider the degree
of this equation for a general value of X . Again we treat separately
the cases for & odd and .\ even,

For odd R we recall that W A-(gr) with b-..&
must be zero. From the recurrence relation (31) let us write

explicitly the equations for the various ‘\‘ks We obtain the
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following set of equations:

(2-u2)\w y-a¥ (- ) \\":‘ °
(12-ea\ o W2, (- 3o

(3e- ‘*-ﬂ\\_m' H (-)(8-v) W3t (R¥%" 3,:\\“:;0

(se-1e)hy - 5@-3)Q-)\,_+ (26 -R)h 30

. . (3k)

(- (A m+r 3y~ Qo+ £, =0

i
"‘i\'\,_"(k*z}\\,:o J
Lt
Consequently, for odd & we have 2 coefficients to
determine and &';._\ equations which involve these coefficients.

We may consider these equations as a set of linear homogeneous
equations for the \\‘b. If we are to be able to solve (34) for

the \'\ ‘Jb, then the determinant of the coefficients must be zero.

A
Fig. 3 shows the determinant, and we notice that it has 'Li"
4
rows and T columns., The separation constant o appears only

on the diagonal; therefore, the equation for ‘o must be of degree
iy
From the determinant (Fig. 3) we may obtain a finite
continued-fraction for o . Such a continued fraction may be con-
venient for the numerical calculation of k when & is large.

Suppose we denote the determinant of Fig. 3 by A and by &4



APy




*(1€) uotzenba JO SAUSTOTIIS0D 8Y3 WOIY PauLloy Jueutwrsya € °*3td

(3 +a)- § 0O ***°* 0 0 0 0 0
(48 (T-¥) ﬁmt:- € : : . : : :
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0 0 0 ** ot - 95 £-ary  -NGE-P- 0 °
o 0 O sees o ¥t - of 2y (WY 0
0 0 0O *°*** o0 0 ¥e - ad 4

¢ - avy (- (-
0 0 0 ***+ 0 0 0 ¥h-z $-a ay

u\




- 18 -

the determinant formed from & by deleting the first J. TOWS

and the first A. columns. Then
A= (R+h-§)a+ 50 (L-2)2-42) 2, 0.
Solving this equation for 1S s We have

a
b= (50 - § @ () (2-u) 2 (35)
However, we may find &, in terms of Q. and Q3 :
4,= (v §) o+ £ (- Q-1 Uz-v &y
Then

a s}
= = (- P + @R g,

or

A; - ‘

S @B eneae R (36)
Similarly,

a, ay

2 (R+%- 1)+ L (R-5WR-L)Bo-120) &
or

oy _ |

82 (Reb-1)+ t(&-s)(&-b)(}o-lz.ﬂ%: : (37)

We may continue to solve for the ratios of the consecutive A;:a- .
If we substitute (37) in (36) and then this result in (35), we find

for h the continued fraction
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¥ (@) (2-2)(2-42)
=3)(R-4) (12-vQ)
Qeb-2) + ISRt g)2
( ) (2+06-1) 44 (2-5)(2-0)C r"‘”%

b= (5-9) -

This may be written as

“HU-0LD(2-4a)  LENQ-N0TL)
(2+b-5) + (@+e-1) « (38)

b= (5-2)+

If .l is even we find the following set of equations

which corresponds to (3L):
(2-42)hy_,+ (&Ho-‘;\\,\f‘-o \
(a-vh - F@-0@-24 x(@vb-Bh 30

) ) ? (39)

(BNDN +SWg- (X4 Wy = o
%\"3 = o+ =0 J

The determinant of the coefficients is similar to that for odd -Q H
however, for even R the determinant has 2. Trows and '&' columns,
Again the separation constant v appears only on the diagonal, and
the equation for b isof degree é_‘ « We may also express b as
a finite contimued-fraction for even X .

We may conclude that the function \ 2 is expressible as

a polynomial of degree (-l"'\) for either even or odd X .
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Consequently, we write this solution of (17) as

A
W oy 2\ % AV, 8.3\ QS
S7= C-ul) (W W e g T e es), (Lo)

If X is odd P is an even function of W while if R is even

P is an odd function of W . The superseript (1) of (LO)
indicates that this is the first of four types of functions which we
shall introduce. All four types satisfy the differential equation
(17).

The second-type function is of the form
@) +
S = (X+w)?e (L1)

Substitution of (L41) in the differential equation (17) ylelds
e de®  ro_ 2
(-I;-“-\)-A—uz +(u-q u‘)é—“ a 1L+ ()R- W 1P=0. 2)

Once again we assume the power series

P= 3 LW\ 3g) (L3)

MmsO

for © « Substitution of (L3) in (L2) yields the recurrence relation

rE SR LGS0 VI

LD D) -4 (me)- (madmed]y_+ s E-6) b 2o
(L)
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Let us compare (LL) with (30). The same arguments which we used
to find the function ©'W are valid for finding Sm. Hence, we
shall present only the results.
In (L) replace ™~ by (1“‘) and find
LAt A AR L W
FLCR-N(*2) -y (v g -2) - (R4 p-2 -
LR-0(ar2) - 4 (Av §-2) - (R4 -2 (L g Mgeg-a

(A+ged -Q\""‘FBQ'
(L5)

All \\a*% with (.l-!-t) 28 are zero, and we consider expressing
P e polynomial of degree (&~1).
Proceeding with the recurrence relation (L5) just as we
did with (31) for the SV, we find that W A-y is arbitrary; and
we can express any \\&.% with odd % in terms of the \-\ L=t
Furthermore, all \\;_% with % even are zero; and all \\ .\-\-%
with % either even or odd and (R+ 6)‘ © are zero.

From (L45) we may write explicitly equations for the various

.
(a8-2)h,_ + (25D 3o \

(31N g g+ (N R-2) 4 (R~ 2-.0)\ oS
(28-30) hg o + & (- NR-Mhy + (2Lt o }

: ; (46)
Q-0 Wov v+ (2 -\, =0

L+ (5-\) W,=o
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These equations are for odd R ; and hence, correspond to (3L).
If we form the determinant of the coefficients of the WW'As of
(46), we find that the equation for the separation constant % is

R4
of degree 2 « We may write a similar set of equations for

even 3 however, the equation for %o is of degree ""f « As a

result the second type function is of the form
@ s, ; S ULV B A-S

We have used the letter P for the polynomial of (L7), since it
is identical in form with the polynomial of S“) .
The third-type solution which we attempt to make satisfy

(17) 1s
NPT PR
SU: (A-u) (Trw) @, (48)

where Q is a function of \A which must be determined. Substitution

of (L8) in (17) yields the differential equation
AZ
(5w T - \.u"i‘—?: e+ (DU @ o, w)

Let us assume for Q) the power series
oo
- ~m
Q = Z__ W (50)
M0
If we substitute (50) in (L9), we find the following recurrence
relation for the \\‘h:
A

- ‘.M (m=1) + bm - (R+2) (&'1\1 \'\M""\‘M:’-o (51)
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We shall attempt to express an in terms of 2 s and

hence, express the powers of W in terms of -Q . For this pur-

pose we let M= -Q'\'% in (51) and find
-+ (A g+ IR+ R+ Mg, gt
~TAR+ (R4 -0 + L(Rag) - (A+D @D\,

- \°\"J.+b*-:' ©.
(52)

We shall suppose that we may express Q either as a series
whose lowest power is R orasa polynomial of a degree less than -Q o

If Q 1is expressible as the series, then all \r\ .Lﬁ% with (Q*b) <-Q
are zero, In (52) let %‘a -4 and find

¥ QL) - (2-42) b, Jlh 2o

According to our supposition, \\_‘-Q and \, -1 2re zero, Hence,
\\f.o. For 6--3

% (0@ 4, F2R4g b =0
or \\a*‘-‘ o.

With ﬁs -2

F@eD@IN -Vl

, and

LYY I



For %-:-\
'.‘.,' (Qea)(Re2)\, fQes (2R+2)\, oot \a‘\\_“‘-O-

\

Since \‘Q:\' °, \‘l‘\-fQ'

For B:‘.o

TRD@DN, - (4840 =L by, T o
Since \\’.-.. \.\&*12 o, \-\l+.‘-..°_

From the WY which we have shown to be zero and the relatfon (52)

one sees that all \1*& with (,Q*B)?_.Q are sero. Hence, our

attenpt to express Q as a series whose lowest power is & yields the

result Q = ©. We turn next to the polynomial representation ofq .
If Q is to be a polynomial of & degree less than K,

then all \\_".‘.% with (.\'bb) 2 & mst be zero. Then if %-: ~f

we find that \l"\ is zero, For B:-), equation (52) yields
LC2-21(R-3) 46 8-2) = (A (e ]\, o

However,

L(0-21(2-3) + L(Q-2) - (M) (2-V] = o.

Hence, \\1.1 is arbitrary; and we assume it is not zero. With %7- -3,

we find from (52) .
-28 \‘\&_3*’¥\&-‘: 0.
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Since \n ‘f;° :\\ 8- 1is zero. For B: -y,

(2-4R) '1,_.""“‘1—:."‘ .

With this equation we are able to express \\’...,‘. in terms of \\’..; .
If in the recurrence relation (52) we consider only even
'b. with (5"4 ) then it follows from (52) and the results which
we have found for %‘-- % and 88 -4 that we can determine all \ A+
with (4*6)‘-’. and % even., All of the\ 1*'8 so determined can
be expressed in terms of \‘.I.-l « On the other hand, if we allow
only odd 3 ip (52) with 54-3, then it follows from (52) and the
fact that\Wg-=Vag.F © that all Wa-q mith Qg °odd are zero,
Consequently, we need consider only even 5 o
Since @ is to be a polynomial, all \\&.‘.B with (Q-‘-b) Y.
must be zero. First, suppose X is even. In (52) let %‘--(-li'l).

We find

L\, R+ Wb\ = o

1r W o,

L \ha-b\ =0
We find Wa and o in terms of the arbitrary Wg.-3 . If these
values are substituted in (52), the result is an equation for b .
The roots of this equation are values of b which make \\-;"- o .

Next, let %‘1 - (24¢4). Then (52) becomes

@ EI hor (242) (2-0)\ s Te.
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The coefficient of \o is zero; and if \\.1_‘-0 s then \\-.\.
is also zero. Now consider all ¢, of the form = (L+v)
where ¥* is even and X" %4 . The recurrence relation (52)

becomes

L %-r(3-v) \‘-*'-N-

"_Y'(" +H-Lyr-(R+3) Ul-z)] o ™ \,\,\1_: o.

From (53) and the fact that h-a® W4T © , it follows that
all \\g.,,& with (4¢) 20 and even R vanisn,

If X is odd, let g - (L+1) in (52). The result is

3k AR\ W = o
If \\-\ is zero, _
32-: hy-W\, o
We express \\3 and \\‘ in terms of the arbitrary \\.l-z and find
an equation for v . By solving this equation, we find values
of © which make Y-y zero. By setting 3= =(4+43) in (52),

we find

T V@ W+ R+ h_y-bh o

The coefficient of MW, vanishes; and if Y-y is zero, then ‘-3
is also zero. Finally, let 3 be of the form=(R4¥) with ¥ odd
and (v?3). Equation (52) gives
4 @G-V Ny
~Ir e - be- (A43)(L-2)]\\ (o - VoW, T O

(53)
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This is equation (53). Since \\-\"\\-3"" O, it follows that all
\\.l-\»%. with odd X and (14-9‘-0 are gero,

By means of (52) we may write explicitly equations for
the various W M. With X even we obtain the following set of

equations:
(4N gty Fo
FED-DN - Qz-v)) ) -Sh3e
L) Wy Be -2h, o -bw, o
oy (- M&-T) Wy, =S W)Wy _ (- & ©

Iy + (A N(R-2) Wy, =0
J{ \'\1.‘ E\'\° <0

/

Equation (54) is a set of linear homogeneous equations for the \\2@.
The determinant of the coefficients of the \\;b must be gero. Fig. L
shows this determinant which has %_" rows and ‘%_‘ columns, Since
the separation constant b appears only on the diagonal, the
equation for 1) s vhich we must solve in order to meke the proper
\\“zero, is of degree %_' .

From the determinant of Fig. L we may find a finite,
contimied fraction for ‘% . Let & be the determinant and @}
the determinant formed from & by deleting the first A rows and

columns, Then

a =8~ (22)(R-3)(2-48) &, =0,

(5k4)
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or

\o = 5(2-2)(R-3)2-4Q -}f- .

(55)
Solving for €, in terms of &, and @, , we find
A, = -y + ¢ (-4)(R-5)(12~-vR) A,
& —ea) 3.
2= -l + i (el s)(a v 7
Then
_A.i. - -\ . (56)
A7 e (@5 0 -t 22
If (56) is substituted in (55), the result is
-4 (-2)(L-3) (2-440)
L= ™ oy (57)
b- 5 (Q-4)(R-5)Ca-¥R) T2
Similarly, we find
£ - nk (58)
Q1" - @-0)WNGe-) 3T
Substitution of (58) in (57) yields
= Jwi-2)(4-3)(2-94)
H(L-4)(2-5) Lz-%4)
k"' 7 (L-4)( (59)

b - 4 (R-L)(4-1) B o-2) T

We may contimue to solve for the ratios of the consecutive A;‘h.

The continued function (59) may be written as
Lo TECLAE@) 24 Gadsen)
- o T s v 4 (60)
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For odd & the equations which correspond to (5L) are:
(2-44) hy.y+bhy =0
T (-2)(e- My - -8y -bwy _Zo
u-q\(&.s\\u_ - (3o-u.!\\u_,‘ bWy 2o
;e u"‘\("““‘a = (Se-widlh, _ -bh, zo
Shg+ (B+a)(R-3V -\ =0
;I ha-bh =o.

-1 1 -
In this case there are 2. of the \\mh and '%:- equations

from which to determine them. A determinant formed from the coef-
ficients of the WY@ of (61) shows that the equation for the separa-
tion constant b is of degree &i‘_ .

Consequently, we conclude that the function @ 1is a

polynomial of degree (.\-1) and of the form
-2 -\
Q= Wy il

The third-type function becomes
) - -
S (3-w) () (hutfnuddoly

Finally, the fourth-type function which we shall introduce

as a solution of (17) is a power series of the form

S= i WM

MO

(61)

(62)
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Substitution of the power series in (17) the recurrence relation

T (mra(me 3\\\'“*; LAWWEL Y TR B T T ) N

We shall express the powers of the variable W in terms of L

hence, we replace ~ in (63) by (Q-&B). Then (63) becomes

";" (R gt 4 X R+ ﬂk‘hb"“- o\ Avgrr
- Lpas f V) - RQ Y W, ¢ o

Suppose we write (6L) for some specific values of B :

bee
% Qe hyey™ Bhaey - BN -2+ o

b=
W (Rl TPUL - PV L(R-0(8) -R (LN} Wy 30

b2

¥ (el (20l g, - by~ LL2-2)(2-0) 202+ ] Ny Fo
b=-3

F AR, - ol - TAFN(82) 204NNy Fo

=
WA g -l g~ TRA-D - 2004 01N 30

As before, we shall attempt to express this solution

either as a series whose lowest power we must determine or as a

(63)

(64)

(65a)

(65b)

(65¢)

(654)

(65e)
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polynomial. A study of equations (65a,b,c,d,e) shows that a
polynomial of a degree less than ‘Q leads to the result that
both the polynomial solution and the series solution are zero,

From (65a) we see that the coefficient of \\& is
identically gero; and hence, we shall try a polynomial of
degree & . Then according to (65a), W & 1s arbitrary; and we
assume that it is not zero. From (65c) we may express hg.q in
terms of \\li and from (65b), \\&_‘ is zero. With Wy_, zero,
(65d) shows that \n A-3 18 zero. Then if we consider only odd 3.
with (§<-3) in (64), since \\&_‘-; Wg.3 © »all Was
of the form W A-pvith P odd are zero.

Since we can express \‘-l-‘). in terms of \‘J s We see
from (65e) that \'\ Q-y D2y be expressed in terms of \\a .
Now let % be even with (54—'{) in (64). As a result we are
able to find the WA of the form Wg_pwith P even in terns
of the arbitrary, non-zero \\1 o Consequently, we consider only
even %, .

If the function is a polynomial, all \\ _‘..% with
(&*b)<o must be zero. For even N 1let b.:-(lﬁ&) and

substitute for & in (6L4). The result is

Tha- o+ (vl (2-)\_2o.
If \-\-z is zero,

Ji\‘t- h\\o.‘O . (66)
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We find \\,‘ and W, in terms of the arbitrary W, and substitute
in (66). This yields an equation for the separation constant ® ,

and the roots of this equation are valuwes of o which make \\-1

Zero.

From (6L4) we can write explicitly a set of equations for
the various W\ % with R even.

by +(2-u)h, =0
FUNE-M N, - L), PIRG R TV LIPS
| A0, 22" Yo\ ' (3o-124)\ 13,0

TA--Ny -l g Sy To
. . (67)

3o\, r (Rl = o
EY Wa= W0 J

Here are *'\' \ of the \\M‘b and A;‘_- 4 \ linear, homo-
geneous equations which involve them. Fig. 5 shows the determinant
formed from the coefficients of the \\‘b in (67). We notice that
the separation constant 1) appears only on the diagonal; and since
the determinant has %-\-\ rows and A;_ + \ columns, the equa-
tion for ‘o 1s of degree A.; ~\ .

If R 1is odd, we obtain the following set of equations
from (64):
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\g\\l-\ u-q.t)k&_‘-zo
T W@-0 W - bh o~ (2-20\w, s
K (&-z\(&-s\\&_& bW, Go- um\,
w(&--ﬂ(-\ -SYhg_y~bhg (St el =0 3

(68)

Shg -bh, =~ (A4 (R-\ = o
—3{- \\3‘ \5\\‘2 () J

Since Q 1s odd, the last equation of this set is found by letting
B.—. = (_+1) in (6L) and equating W~y to zero. In this case there
are '&-‘il- of the \\ M'!‘ and the same number of linear homogeneous
equations which relate the Y\sl@. A determinant formed from the
coefficients of the »‘N\!" of (68) shows that the separation
constant o appears only on the diagonal. Hence, for odd & the
equation for ‘o 1is of degree Q"-%\- .

Frcm the determinant of Fig. 5 or the determinant formed from
(68) we can express B through a continued fraction. We illustrate
this fraction for the determinant of Fig. 5. We shall use the same
notation as we have for the previous continued fractions,

A= ba - L (Q)(L-)(2-48)e2 =0,

or

b= L) (2-ul) 22
all (69)
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Solving for the ratio e § s we find

o\
a\=-ba,+H(L2-2)(R-3)U2-92) 4,

2 =-br e\ n-e) B2

or Ay : | .
&,y -b +'#' (R-2)(R-3)(12-34) :—1‘.

Substitute (69a) in (69) and find

b = — ¥ - -49) _
T b (Al (@-) (2-38) §2

Also

8,=-bay+ H-N (2-5)(30-120) 4y

%2 =% *+ "-3 (&-Q\(&-S\(‘SQ-\‘L&)%;

————

8,

S . '
82 7 S (@5 Go-m) 32

With (69c), equation (69b) becomes

o= HENL-1N(2-44)
T op 4 dE-2) (2-3) (10-9.9)

o+ £ LR (e-nd) §E

Finally, we write (69d) as

o= FOE-0C2-48)  FUDU-3)(2-29)
- -b + -% +

e @ ¢

(69a).

(69v)

(69c)

(694d)

(70)
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#ith @ == (44, equation (6k) yields
+ O hg -bhog (12 -2Uan] W .

If \-\-& is zero, this equation shows that \\-‘?O. Now consider
only even & and let %: = (R¥v) where ¥ 1is even and Yoy .
Since W.#W_§© , it follows from (64) that all W Qaq TR
(-\*B) €© and R even are zero. For =" (R%3) we find from
(6L)

-\;‘- WY v -\~ Ll -2C¢a+0) W-o.
If \\-y is zero, then from this equation W-3 is also zero. For
odd R and B:- (R+4y) where ¥ is odd and © >3 , we see from
(6L) that a1l k&*% with (Q44) <O and R odd are zero.
Therefore, the solution of the fourth type is a polynomial of

degree 2 and is of the form
0‘\) " &
= -2 Q-4
L — + '\' \k e e o
W \‘g-\i‘ Wkt (71)
A summary of our results will be convenient. We have
shown the existence of four types of functions which satisfy the

differential equation

s __au? ds . RR@+du*-%ls
G-I ruddu T (- Cew)

= o.

The fanctions are:

) L - - -
5= (X-w)* {\n‘l\: +k&\_a: Hrwutt. --}

2
) 2

S =Gt {\\&\_%'\4-\-\-\&\:\:-2» \\_.‘\.hs.i .o ..S
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(&)

S = (k- u‘\ Erw) {\\ w’~ t"'\‘.\“k + “‘\:."X

S \\u-»\n ‘i‘ -\-\'\U\ .-

The expressions in the curly brackets of SU) and S\ﬂ are poly-
nomials of degree (l"‘ ), and the expression in the curly brackets
of S is a polynomial of degree (R=2 ). The function Sis a
polynomial of degree -Q

Our next consideration will be equation (18)

J‘T aud + LR(A+) v+blT
dJvt v (5 év (s v (X v?)

=0.

We notice ihat except for the sign of the separation constant b
equation (18) ia identical with (17). We shall introduce four
functions T (\r} which corresvond to the functions S‘ ) . g

The development of the T \\r) is identical with that of the S (‘,\l\-
Hence, we shall be brief and only indicate the results,

The first-type function is of the form
IR Y
T=(5-vp (72)

Substitution of (72) in (18) yields the equation

(- )R - e 8 [k + @Ik =0

t




Let

g

- M

Mso%.“\r . (7h)
Substitute (74) in (73) 2nd find the recurrence relation

% (m+q\&m*3\3m**+ Co-an- ) Az

"L (=) + e = (A1) (A+2)] gm=o. (75)

With m:&-&‘., (75) becomes

T (R ge al8vg+a) Jrrgpu” Co-R ¢ B ¥

“Las \IC L 'y V4 H(Rvg)- (Q-)C+2))] %‘“—'-BQ : (76)

For some particular values of %, we find from (76) the equations:

b=
T (Qea)( 240Gy ¥ (b-2-3) Jpap (20+2)9g=0 (77a)
b=

(.&*3)(.\1-:.\3 aeat(b-2- 1) 3 L= - Q) (o\]m- °. (77v)
b: 2 |

4 uﬂ\\&ﬂ)ﬁ&uﬂ- (b-R-%) g+ @Y = (77¢)

B‘ -3
T QW + (oK) 9y - (2-48) Yoo (774)

B--w
4 m(-&-\\:w- (\;-&+3-)3£ =~ (b=t ) 3,,_- °. (77e)
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From a study of equations (77a, b, ¢, d, e) and by
means of (76) one may establish the following resultss
(1) The function R 4s expressible as a polynomial of
degree (R-V), and an attempt to find R as a series
whose lowest power is -l yields the result R=o0.
(2) A1l 3&*%01' the form 3""? with @ even are
zero.
(3) A %"'*% of the formYq_p with P odd are
expressible in terms of the arbitrary %g‘.\ .
(L) an1 %g*%with (l%) & are jero if we make
3—1 zero for odd N and %-\ gero for even {2
(5) The vanishing of %-z and %-. is accomplished
through the determination of proper values of b .

(6) The equation for b is of degree &':‘ if

is odd and of degree & if  is even.
For particular values of % we may obtain from (76) the

following set of equations for the %\4 if R is oda:
(bo-R+ ;\3& —(z-w.nm
+ (-0 (a-2) 3 4yt Co-a+ ,_\3_1_3 (ll’?-\\s_\
W (-3 (2-4) Ja-y+(b-d+ ) 9Ya-§ G- -ndlgy o
T &&.-5\31 gt Co-a+ ) 3,,.-,-(5'&.- Vo n\3 9-9%0
3 3.‘ + (- %\3,_-\- (&-\K&ﬂ.\ 30 20
EETRICEL JEPEES J

(78)
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Fig. 6 shows the determinant of the coefficients of the 3 Yo of
(78). We notice that the separation constant B appears only
on the diagonal. The finite, continued fraction for 1% s which

may be obtained from Fig. S is

-5 00-1)(L-2)(2-42)  H(R-3)(R-4)(12-94)
- «dn e e o

We can find a similar result for even i} « Consequently, the

first-type function which satisfies (18) is
T (v ) (g v a2 e S
SCv ) (G QN YT )
The second-type function is of the form
5
T= (S+o)'e

By substituting (81) in (18), one finds the equation

2
(4= 3-% + - av) &+ Toe g (- v R =0

v

Let
s
M
R= \'4 and substitute for
o g™
R in (82)., This gives the recurrence relation

W nrallmadlq g+ (nrbo+2) 9.,

“Lmim-) + o —(2-0(4+2) ] 3,“‘- o-

(79)

(80)

(81)

(82)

(83)
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With amz (R4 t))’ (83) becomes

T (e ) (Reqa g | - T Qg b+ £ Ateqen

~LORrgI A =) + 4 Qg —(R-1) (R4 ) 9 dag © (8k)

From equation (8L) and a set of equations which corresponds to

(772, b, ¢, d, e) one may draw the same conclusions ( 1 to 6,
W
p. 38) which we established for the function T (Ar).

I1f JQ is odd, we may write the following equations:
CovR-3Mqq 7 (z-w&)'al. =0
\-\.—\\&1-1\3_‘ o (Rabe- 5.\3& = Gz-38) Ya-s=©
T (L) (2-4) qo-a+ (Qb” 1\3&-5 -(e-12)qg 4=0
(85)
m QQ‘S“‘Q"‘\Q».-s + (h\o"}_\g g~ (st -\wd) Ja=° >

. .
39y ¥ Cor£)g,+ (-0 (g =0
Ega+tGori) g 0. J
From (85) one can write a determinant which is similar to that of
Fig. 6. The determinant shows the degree of the equation for the
separation constant \: and provides a means of expressing b
through a finite, continued fraction. Hence, the second-type

function is

‘T"‘n-_ (";-\vlfi(,sl_‘\rl: %.\}5 3 \r S eed) (86)



- 41 -

The third-t.ype function which we shall consider cor-

responds to QY t\k\ and is of the form
T= (i*vﬂ V%z

Substitution of (87) in (18) yields the equation

(G-vdft - w3 & Tor el INTe,

4V
Let oo
N= éogm\r“" and obtain from (88) the

recurrence relation

A (nr 4) (m43) Yomas v Yt

gL GS R EE I AN E WE S
With A= .&-\-8, , we find for (89)

'\G (1*5*'\'\ (R+ %*3\ %&*%‘_**\9 3.\-&‘-\»;

TR+ A ) LA ) - (e 2] gy = 0
For some particular values of B, s we find from (90) the fol-

lowing equations:
B‘:.
L Avw (,1*3\3 Ayt \"31 . = (42+\) 03 S

%- -\
T A (Q+2) 31*3-\» \,3 PP Q+2) 0-i = o.-

(87)

(88)

(89)

(90)

(91a)

(91b)
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=2
J'-'i (R+2)(R+1) 3_“1-\-\,31- (o) 3&-2}‘- o (91¢)

g
“q(&*ﬂ&&\%h\-\-\,m_‘-\- @adVqy 2o (914)

B
T (Vg *bqq, - (2-43) Y05 © (91e)

From equations (9la, b, ¢, d, e) and (90), one may draw
the following conclusions:

(1) The function M (V') is a polynomial of degree (&-2).
An attempt to express NV (V) as a series whose lowest power
1s R yieids the result that N 1is zero.
(2) A1 3&.\.% of the form %"-'P with odd f’ are .zero,
(3) a11 3&*‘_ of the form 3_‘_9 with @ even can
be expressed in terms of the arbitrary 3&-1 .
(4) a1l 33...3 with (8+g ) €0 vanish if Q-2 is zero
for even R and if 3-\ is zero for odd & .
(5) The vanishing of 3-1. and %-\ is accomplished
through the determination of proper values of b .
(6) The equation for ‘o 1is of degree %-. ir R is
even and of degree -&-_;:\_ it R 1is odd.

The recurrence relation (90) 2llows us to find the

following set of equations for even R
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\53&_1- 2-44) A g-q=© \
"Q(&‘l\(&‘3\3&_1+\: qg-4 - U2-98Vqq_zo

q (.\-w\(). s) -4 *\’3& o~ (30-12 &\31.' =0
T (24 (.\-1\31_\; Y 3n-a” (su— wd) Yo-1e }

(92)

394 *\:\53._+(&+3\u-z) Jo=o©
Ji 31- ‘\'580’-0

Fig. 7 is the determinant formed from the coefficients of the :;x‘-
of (92). The separation constant % appears only on the diagonal.
A finite, continued fraction for % , which may be found from (92)

is

m (0o 2Y( 0o ( 2 0 aM Do) (12m
o= TEE z)(-Q\:)(?- 44) \ & (-4) (2 52('1 u)* ... (53)

We conclude that the function of the third type is

T« w-‘\ (‘L-\r‘\ (3‘\:- -»31\1-"‘ 139, L), (94)

We begin the development of the fourth function with the
power series
« Substitution of the series
an-°q3~‘

in (18) gives the recurrence relation

T na )t Ynra™ In(ma) —2(2+0] %M-\-\: Yna™ O (95)
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Once again setting m= .’.+b , we find from (95) the equation

0 e+ Jargan

-[(-l‘\-%\(&-\'%-\ V-2(2+1)] 3’9&&4\-\:;3_“%*{- o.

From (96) with particular values of ‘t we may write the following

equations:

g=o
T Ol (043) 9y - L)~ D gy +heg, S 0.

[
A Yaup LR -0 .)]3 wregage-
=-2

g (Ax2)(X40) Ty L-2)(2-1) - 204401 99-2" \:3 g =o.
=2-3 _
W () S\ L322 0] §g_5+ ey 3.

LV

FOYE-D I LCR-4)(R-3) -R(2+1)] Js-4*eJa3 o

Equations (97a, b, c, d, e) together with equation (96) allow us
to conclude:
W
(1) The fourth-type function T (W) can be expressed
as a polynomial of degree K.
(2) A11 3.\-\& of the form 3&.‘. with L 3 odd are
zero.

(3) a1 3.\-&& of the form 3“‘? with v even are
expressible in terms of the arbitrary % A

(96)

(97a)

(97v)

(97¢)

(97d)

(97e)
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(L) a1 3143 with (-Q-bb) £ ©® are gero if 3-:‘ is zero
for even & and Q-1 1is zero for odd R .
(5) Proper values of the separation constant ‘o make 3-1
and 3-\ vanish,
(6) The equation for ‘o 1s of degree J",, *\ if
is even and of degree % if & is odd.
By assigning %, different values in (96), one may obtain

the following equations if R 1is even:

by - (2-44)9, 70 \
R by, , - G2-18)y, o )
4 Q-1 (8-3) Ya-2 +b9g-4" (3o-12Q) 9g-¢ O

Jaurlag, + QA+ g vo

A -
13\. '\'\ 30 -O
A determinant formed from the coefficients of the 3 2 of (98)

/

appears in Fig. 8. As we have seen before, the separation constant
o appears only on the diagonal. A finite, continued fraction for

b is given by the expression

Lo TE@E-NG@-48) (121
b o * b +

Similar results are true for odd .Q . Consequently, the fourth-

(99)

type function is

-(%) - -
T :34\;"-\-3&){&:3&‘_\:":... : (100)
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Let us summarize the results., W%e have developed functions

of four types which satisfy the differential equation (18)

T oyl at_  [edvie]
vt (-vid(Lavd) dv v )Eaed)

YT =o.

The functions are:

T\\\ (-L-?\ eee
. {3"‘“’ *3‘\' +3 . 'k
K'L'\'\!"\ 5.3.\ \'.. -‘.3.‘ }l“ *3.\ .\... .}
T G- Gt o laus? -:31\‘-\-‘*3&_ :}

_‘_(\\1_ 3‘\\,_&_\_ 3&1&&-1_\_ 3&.\5&4&* e
The expressions in the curly brackets of T“) and Tu)
are polynomials of degree (-l'\ ), and the expression in the
curly brackets of TB) is a polynomial of degree (R-2 ).

The function T“‘ is a polynomial of degree A\ .

V. The Punctions S W) and T ) for =2 and R=3 .
We illustrate the general procedure for finding the
functions Su‘ and T‘n by calculating them for A=2 and
&'-‘- Y ., In the work which follows we shall choose the value
unity for all arbitrary coefficients. We treat the case Q=2

»firsto
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1. The functions S“‘.
The coefficient \\\ of (LO) is arbitrary.

From the first equation of (39) we have

Hence, W
- Y
S =udt-u
2, The functions Sm.
Again \\‘ is arbitrary, and the first equation
of (L6) yields
¥-%v=0
b= 3

.Hence, S“‘: “ m

3. The functions S“‘.
The coefficient \'\o of (62) is arbitrary. From

the first equation of (5L) we have
b=o0o
Hence, S&“: ‘Ft-ut \’jf-*ut

L. The functions Sm\.
The coefficient ‘\g of ecuation (71) is arbitrary.

From the first two equations of (67), we find
bh,-bW,=0
A
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Since ‘\1. is arbitrary, we solve for \\, in terms
of \\g:

\\b- 'z!:: \‘\l « Then

We have

Hence,

In order to determine the functions '1'“‘) one proceeds in a

similar manner., We shall only indicate the results.

T‘.\\: \r ,It -t kk: {-\

@)
T =~ -',:-hr‘ L\"'%)

Tn‘:\}-',-_*\r‘\)‘,:-\r‘ (% =0)

Q)]
Ty, = - \r_a (o, 203)
(CY) 33

-‘}bt =+ Y (\psz'ﬂ;\
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We may form the products of the proper S \b and T ‘h and obtain
the "angular" parts of the wave functions for =2 . If 'X'f‘

denote these "angular" solutions we find

X2 uevE-wr e (b=-1)
X, = wwrvErwii-vt (b= 3

XV E-w JEvwr V-V vt (b=o)
X2 W2y (- 8BYy  mdm)
Xg= WU Y o=

Next, let =3 .
1. The functions Su).

The coefficient \\1. is arbitrary, and eauation (3L)

yields

“toWm t o+ 3\, =0
“Z et (br i) hmo
Then \\ = m yand Papp-E oo -
Therefore, \,= =% + U  and Wo= 1 (1 +0%)
while \°z-‘-}i" JG and \'\o-“t (v =J%) .
Hence, 5:: VT {ue k Gow)}
SC‘:: Vi-u? {_u"-\- (- ‘W‘\‘S .
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2. The functions S“).
The coefficient \\7‘ is arbitrary, and from equation

(L6) we have
oo+ (- h, =0
-‘i\‘\;"' (i-h\\\°= o-.

e find

r»l"‘

\-\o '%‘ Q \) s and

2 \
b3~ T =0 .
Consequently,

\:‘7-%:*\3_(; and Wg==Te(1=¥%)  while
20T o N zohGas) -

r N
Then the functions S(' \become

(u J-’;-t-u‘- {u-*(\ \TC\} and
m Jt*“ &\*‘\o(\"'ﬂ\’s

3. The functions S\).

The coefficient \\\ is arbitrary and from (54)

=0 .
Hence,
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™)

b. The functions §

The coefficient \\3 is arbitrary, and we find

b Wy ~low, =0
With \\3?-\ s these equations yield
3
k\" 'i'i and
a
b-1S=o .
Therefore,

M
L=US and W= o  Thile

0§
512‘“-5- and Vv 1o -

Consequently, we find for the functions Sv“

W_ 3. 0Ns
S\a‘ T
SQ“ - .3 M

b, "\ T o W
One can find the functions Tu) in a similar manner, and the
. Q)
remlte arer Ty =T (v b -], (orlam)
' )
TL: = J& -2 E_\r‘-t * u-h)'i)'s ,  (bz$-0%)

TL:""-_ J-_&;_:\_;; {v‘-— -};(\-\-\m\.& , (\,‘-'%*\E)

TV Er e (V- R0, b=-1-w)
2
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3
T% vt E-ve

, (b=0)
T By SN
Torvts Py , (b=-UR)

If we denote the "angular" parts of the wave functions by X A

then the § e and T" Y% which we have found for A =13 yileld:

Xz FE-wsfEut (Weey ote) b=-%+E

Xz -X iy (Weq)vtg) b=-% Vg

Xy Vv V-t (u"-b\ (v g) b=+¢
W=V E- v (W) (vhe) b=d-VT

,X5=\.\\J'J‘t-u‘ Ve e v b=o

Xy = W (W) (v-l) b=Vis
X1 = v (u-) (vira) b=-\18

In the preceding equations,

-.0(\-\-\[—')) b \o(‘-‘r';) y A= \]\—:'
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(1) W)
VII. Orthogonality of the Functions S () and T vy .
In order to show the interval of orthogonality of the

Wy
S (\), we begin with equation (17) and write it as

P Ty au? b -
u‘.(“ u') ﬁl* G -w)E (t-w\i’]s & o

with &= X (X+1). According to the previous notation,

(V)
S (W) will represent any one of the four different types of
functions which have been developed. We shall let S};\: be the
function of the & th type determined by a particular value of the

separation constant % s Say bm- Then (101) may be written as

""l\"' u‘)‘ JSH] ‘_( o::t)‘i - (t‘a.:q)’i] Si‘?'o (1022)

and

f‘;‘_&‘ ‘) L X"" \-‘--u")z “w) -ksu =0 (102)

La) A
Multiply (102a) by S, and (102b) by 5:.3 and subtract the

results., We find

c 'y} A W) W) PR
d L) 2 SM - S _d_ -L_ % JSM
B - du MA“B“ “) 4w (103)
) 0
o mb) sA” s. = o. (btb.)

L _uq)'L
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Integrate (103) between the limits W= € and\A=d :

d ' d
3 ) . A )
Su‘.d_ Lo Q&JSE:) - Wd Ter_ g\2dSm
C c
Jd [\ PN
S A S(&
- o Hem - 0.
o) k- “‘idu ° (204)
[

Let us recall the range of the variables § and W . We have
taken © § RSW¥ K and =X €W\ € X ; and hence, u(o\:%gw“\:

5‘{ and \A(«&k\=3"§°n(wk\= J\Fi . Therefore, if § 1is
allowed to vary over its entire range, the integrals of (10L) con-
sidered in the Riemann sense are identically zero. (We suppose the
integrals to exist). Because of the periodicity of \A:'\\fi e ,
we éhall consider the variation of <§ .

If in the definition of the conical coordinates
-.L
W Vi Ov\'s
S
A = \ri C/V\\ s
we treat § and W as the variables, the seporated wave equation

yields

R W
I8 v p(ets-Ws o N

La=200e0)]
(106)
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and the radial equation (16). Both equation (105) and (106) are
forms of Lame's equation. By using u:d_; cw g We can transform
(105) into (17), and with \r= -“.-i e\ we can transform (106)
into (18).

We write (105) for two different values of © s say
h,,,\ and BM H

cl S +-L(QC~\'S . \su\ (107a)

dy?*

2_¢a)
is{‘ + L (fels-b)88 20 (1070)

Here the superscript (L) refers to functions of the same type. If
we multiply (107a) by S::\ and (107b) by S::)and subtract, we
obtain the equation
S\OJ 5“‘ Sm J"s‘ _|_ (\a \o...\S Sm (108)
dsr ™ dit
Integrate the first two terms of (108) by parts between the limits
R =and Q .

@

Imds“‘ OdS7, Lev) 5%s%as =0

d p 1 " A (109)

We shall let = and P=Y} where as before
T
z
XK= d¢
VI -%alld
Y
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Then Cm(a)=Cw(@)=1| . By considering the forms of the functions
SQ‘ s we shall show that the S(0 are orthogonal for the range
of § givenby 0 $S%WX ., We show the details for functions
of the first and fourth types. Similar calculations apply to functions
of the second and third types.
1. Functions of the first type.
From equation (LO) and with the identity am Y# oos‘s =\,

we may write the S as

St amy Flomy) (110)
where ¥ (M%) is a polynomial. Then for different b'a
we have
S:,:‘ R O 2 (emy) : (111a)
and
S ::\ z ant G (eny) (111b)

Substitution of (11la) and (111b) and their derivatives
into (109) yields for the exvression in the square

brackets
4k
[ﬁm‘ s(FG I- GF'\] -0 , since
()

QA (0\=M(\\K) < 0.
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d d
Here F' means F and G is —— @ .
d(ens)
Consecuently, we have d(ews)
X
(bov )| ssWdg=e. (b (112)
°

2. Functions of the fourth type.
According to equation (71), these functions are

polynomials in €wY{ . Hence, we write for different

values of B
S::" = F (twy) (1132)
)
5:“4 G (ew) (113b).

Differentiation of (113a) and (113b) and substitution

into (109) yields for the quantity in the square brackets

‘:msé.‘x (&'F -Fo)

WK ° |
Hence, )
BT R E M L ST (114)
©
In general, we mey obtain from (109) the integral
€WK
(b.oh) S:‘ S::) d5=o. ‘ (115)
°

We may extend (115) to the case for which the functions
are not of the same type. That is, the following integral is also

valid:
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X
(encb) | SP s N a g (o3, 6
°
Equation (116) can be proven by forming all the combinations
N .
5“ S::‘ (for ma% m ) of our four types of functions., We
N
illustrate the vanishing of (116) for two particular combinationms.

1. Combination of functions of the first and fourth type.

We have W)
Srw = om s Fleny) (117a)

4 )
an Sz G(ewy) (117b)

Differentiation of (117a) and (117b) and substitution
in (109) allows us to write for the quantity in the

square brackets

wK
[Dn 343 F G~ 2ydns (F G- FG'YL

The second term vanishes for § =0 and §=4X. For

the first term we recall that F and G are polynomials

in tmY , and alsoem (0 )T M (UK ) = dwm (0 ) =du(uX)=\.
Consequently, evaluation of the scuare brackets gives zero;

and we have the result

WX
(bov) | S5y =,

o
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2. Combination of functions of the second and third type.

From (L7) we write for the second-type function

552 dus Glemy) (118a)

and from (62) we may express the third-type function as

Sm- an3dnS F(Lny). (118vb)

We substitute (118a) and (118b) and their derivatives in

(109) and obtain for the expression in the square brackets
. 2 3 . kX
{wsu fFG-antdnI(F G- F'G'\l .
[+

The second term is zero for each limit of integration; and
sinceem (@)= tm (UK)=dn(0o ) = dn HK) =| , we see
that the first term yields zero upon integration.

Similar arguments are valid for any combination S::‘ S,&?‘

(with m$m ) of the four types of functions.
Next, we investigate the orthogonality of the functions Ta!

From equation (106) we cen obtain e

(A\

‘- md W md 1+ Cos W\ T T“‘AY\‘ (119)

ol
We shall show that for functions of the same type and for the range

of \\ given by ~K £ ‘\& ¥ s equation (119) becomes
r

(o-b ) \ T T =0 (120)
! x
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where K is the complete elliptic integral of the first kind.
The proof of (120) devends upon the degrees of the polynomials
F‘(w\) and G (Qv\\) which appear in functions T(u. We shall
treat each type of function individually,

For functions of the first type we may write

T2 a0\ G (emn) (121a)
T2 o\ F ena) . (120)

With (121a) and (121b) we obtain from (119)

X
[.‘..u\é'\‘m -‘-(OAT :\ AM’V\&«\\(G'F‘GF')X
-K | -

For a given R the polynomial ¥ differs from the polynomial
G only in its coefficients. Consequently, we see from (80)
that if R 1is even, the lowest power of U = ‘eﬁ M\‘\ in
either G or ¥ will be the first. Since Im (K)=om (-K)=o,
the quantity in the brackets is zero for the limits of integration.
If & is odd, the lowest power of W in either ¥ or G will be
the zeroth; and the next higher power of (CM‘) will be the second.
Hence, the lowest power of((mﬂ in F!' or G' will be the first; and
we have G' (Cwi{)= F'(tml ) 2 © for W=2K | Equation (120)
with 421 follows.

For a given R the degrees of the polynomials of the

functions of types one and two are equal. Consequently, the



.~

L
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argument which we have used for the first-type function is also
valid for functions of the second type. It follows that equation
(120) is valid for L =2 .

According to equation (94), we may write the functions

of the third type as

T2 el W duiy F (ent)

T2 o ML G (en N)

Substitution of (122a) and (122b) into (119) yields the expression

‘:\"“‘ du_ T“‘JT“‘} ‘.M’ ndw W (Fle- Fs'\]K

-X -XK

For a given R 1in equation (94), only the coefficients of the
polynomials ¥ and @ will differ. If R s even, the lowest
power of \Y in ¥ or G will be the seroth, and the next higher
power will be the second. Hence? the lowest power of (Oh‘) in F'
or G' will be the first. Since tm(K)=Ctm(-K)=o , both F'
and G' will vanish for “?-tk . With odd R the lowest power
of (tmY ) in the polynomials & and ¥ 1is the first, and

G (wh)=F () = o for W=2K . As a result equation
(120) is true for 423 .

From ecuation (100) functions of the fourth type

may be written

Tﬂt“’= G (caW)

T,.:““-‘- F (ewW)

(1222)

(122v)

(123a)

(123b)
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With (123a2) and (123b) we find from (119) the expression
)
[-‘- md-r S T c\ —X ‘-m\\d““ (GF-Fo \]

If R is even, the lowest power of (eAY4)in F or G is the
zeroth; and the next higher power is the second. Differentiation
of ¥ and G will yield polynomials whose lowest power of V' is
the first. Consequently, F'{cmWl) = G'(ewd) =0 for \=tX ,
When R is odd the lowest power of (¢mW ) in either ¥ or G is
the first. Therefore, F(cwN)= G(tmK) = o for \=2X |
Equation (120) for A=4 follows.

The extension of the integral of (120) to the type

K
(bsv,) T,..‘\:“Tmmc\\\?-e. (L43) (12L).
K
does not follow. Consider the case for 4= and =2 . %e write
T;\m= Im W F (et (125a)
Tt G (et (125b)

With (125a) and (125b) we obtain for the square brackets of (119)

[—r ‘“d'&m T dTM XK
M — -

dN l_yx

x
‘-Ji“\\c.n\\ F G+ o dw W(FG- F'GY_\
| - (126)
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The first term vanishes at the limits of integration, since
m(X) = em(-K)=0 . If R is odd, then the lowest power
of (¢wW) in the polynomial ¥ is the zeroth, and the lowest
power of (tw) in G is the first. For the derivatives F ! and
G' , we have for the lowest power of (cm” ) the first and
zeroth respectively. Consequently, the second term in the square
brackets need not vanish at the limits of integration.

As a specific example suppose we let .& equal three.

Then we find for the polynomials

F=Ywn-c, fc= 5 0+

To= 1 +0%)
\
4 Y _
an C=20 e\ = N, \'_4,-.5.5
Lo 03
The functions Tn&“ and TA:“ are
w_ =
T2 25 CR@ N - 5 e
()
Ta = dal (Bown -0)

If we differentiate ¥ and @ , we have

F'= caf

3
1 o — FY _4
G ‘1\’i :““ \ﬁ

(127a)

(127b)
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With these expressions for F ! and G' s the term

&M“%‘\(F G' - F' G) of (126) becomes
a X
QA ag (. ¢ A - 2 <
Y. “A““{‘hﬁo“ \\-\-zﬁ(ﬂ- Sc\w)\-\-——ﬁ}]

Evaluati ield
uation yields ac * o
vz

Hence, equation (12L4) is not true for this particular example, and

we may say that (124) is not true in general.

Transformation of the Angular Momentum Operator.
We shall find the components in conical coordinates of

the angular momentum operator

- . -
M=-ah (Fxv). (128)
-h
Let A ,-‘S s and ﬁ be the unit vectors in the cartesian coordinates

X, ¥y and z. In the conical coordinates we denote the unit coordinate-
vectors as ‘é.‘ ’ -él s and 63 « In the work which follows we shall
treat the variables ¥, ) 4 and ‘\ as the conical coordinates. The
general procedure consists of expressing the unit vectors-i ,-S s and
® in terms of the conical coordinates; finding (128) in conical
coordinates; and computing from these results the scalar products
(TR ), (O-M), ana (KRB ). Ve shand

begin by computing the component M'_ N
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In conical coordinates the operator ¥ may be written as

V' +-§..§_+§.{§-
“av hy @3 h; OW
Then

W= (&2, &3 XA W
( ‘\ W, a" \,‘x as »\33 \(At*)é'bkt))

K=& cagcan + —‘\1 (-reuzdnionn)
8

+ &1 (-remiemndan)
- 143
The operator (V"R ¥ ) becomes

¥xy=-6¥ 2 ,8x 23
2\\33“ 3“!3}

Consequently,

K- (¢x9) = ——\\-;ws o gt 3\-—-\-:-:..\3 Mv\““b.

With ‘\;\‘\32{( em T+ cmi | ), we find

< _24H Nl 2 - .
Mi 4 “{wg \\J..\\\a‘ Mg&a%wn%\} (129)

- wﬂs*“\t

One proceeds in a similar manner in order to find the components

M 3 and MY « The results are as follows:
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M= ~24h {w\\&.\&n‘s%-\- -‘,-;0-\\4»‘! W‘%&

(130)
P Tr et

=___24% Lomio|l 2 - onTdnFdun (131)
M‘!- O“sx* W"“ {2' o3 3\\1
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