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I, INTRODUCTION

The aoplications of Fraunhofer diffraction patterns have
been many and varied.

The diffraction patterns from rectangular and circular
apertures give a means of determining the ultimate detail which may
be expected in the images produced by optical instruments with aper-
tures of this type.

The two-slit system yields & method for determining the
angular width of a small source. In this method, which was devel-
oped by Michelson,l use is made of the fact that the diffraction
vattern from & very small source is made up of equally spaced maxima
and minima, If two line sources are displaced slightly with respect
to each other, the intensity distribution in the resulting diffraction
vattern is the sum of the intensities in the individual patterns.,

It was found by Michelson that if the light source consists
of two separate slits which subtend an angle CN(at the diffracting

apertures and if O = % )‘, the resultant pattern no longer shows

d
maxima and minima of intensity, but has a constant intensity for all
angles of diffraction. M is the wavelength of light used and d is
the sevaration of the diffracting slits,

In this method use is made of the fact that two separate
line sources are incoherent with respect to each other, For this
reason the resulting intensity distribution in the diffraction pat-
tern is the sum of the intensity distridbutions from the individual

sources,

If the source used is a solid rectangle, it may be regard-



ed as a large number of line sources, and the result is an incoherent
gource. It has been found here that the maxima and minima in the
resulting pattern disappear when X = -5. where o is the angle sub-
tended by the width of the source at the diffracting slits, In the
case of a solid disk source, the fringes are found to disapvear when
the diameter subtends an angle & = 1;33_21 .

Calculations are also carried out by Michelson for a disk
source in which the illumination decreases toward the perimeter and
for two separated disk sources where the separation is large in com-
parison with the diameter of either source.

These results have been anplied to the determination of
the diameters of double stars,2 to the sevaration of double stars.3
and to the measurement of the diameters of microscopic particles.u

Since in all these cases the intensity distribution in
the two-slit diffraction pattern has been used as a characteristic
which would allow assignment of source dimensions, it is of interest
to determine whether by adding slits between these two the effective
resolving power of the area in which the two slits are located may
be increased.

The term resolving power, as it 1s used in this paper, is
defined as the smallest angle of source, subtended at the diffract-
ing apertures, to which dimensions may be assigned., It is assumed
that the overall dimensions of the diffractor do not increase beyond
a certain 1limit,

The purpose, then, of this paper has been to determine
whether the inclusion of additional slits between the original two

increases the effective resolving power of the area, that is, whether



dimensions may be accurately assigned to smaller angles than those
to which dimensions are assizgznable by the use of the two slits,

It has been found that when three slits are used an effect-
ive increase in resolving power of 33% is achieved. When four slits
are used, an effective increase of the order of 25% is gained. The
four-slit case is found to be more precise exverimentally than the
three-slit,

Calculations are carried out for the case of a rectangular

source and for the case of a disk source.

I1I. SLIT SOURCE

It has been found.5 that when light of wavelength )‘ eman-
ating from a line source is diffracted by N rectangular apertures
of width a and separated by a distance d, the intensity distribution

in the diffraction pattern may be represented as follows:

1 = R: &Mt NY‘
A‘ ’.\Y

wheret

G T A (945)
r= RA%4 (6+4)
if we assume both the angle of diffraction, 9 , and the angle of

incidence, 1

to be small, This expression may be further simplified
by assuming a small value of & and dealing only with the central part
of the diffraction pattern. In this case,

_ “ M"NY
I=R A ¥V




If the angle of incidence is zero (i = 0), the intensity
distribution has a principal meximum at 9 = 0 and other principal
maxima on each side of it separated by N-1 minima and N-2 submaxima,

For example, if N = 2, the equation for the intensity

distribution becomes simply:

I:LIR:m‘T

and we have an intensity pattern of equally spaced maxima and minima,
If N = 3, there is a single submaximum which is 11% as intense as the
principal maximum, If N = 4, there are two submaxima of equel inten-
eity, 7.49% as intense as the principal maximum, If N = 5, there are
three submaxime, the center one of which is LP.O% as intense, and the
outer ones 6.2% as intense, as the principal maximum,

From these examples it is observed that as N increases,
the intensity of the submaxima decreases in relation to that of the
principal mexima. In the case of the diffractlion grating the sub-
maxima are of essentially negligible intensity excent adjacent to
the vrincipal maxima, It is important to note, however, that when N
is small the submaxima are definitely visible,

These expressions and statements apply only to the patterns
for a source of infinitely small dimensions, & line or point source,
which assumes a single wave train being emitted from the source and
diffracted. Since this is never attainable in practice, there is a
problem of determining the intensity distribution in the pattern
when the source has finite dimensions,

A source dlit of width w is assumed, the width small in

comparison to the length, This source may be divided into many line



sources of width dw. XEach of these elements of source then vroduces

its own diffraction pattern: 4 )
. 2N e (64

1, = R.‘ ANy N A 4

4w A Y At Tt (844)

and each of these will contribute to the diffraction pattern which
is observed.

Let X be thé angle which the source width w subtends at
the diffracting apertures. It is readily seen that each element of
the source has its own angle of incidence, and if the incidence
angle of the center element 1s zero, these angles vary continuously
from - g to « %‘.

If complete incoherence is assumed for the resultant source,
the intensities in the patterns produced by the source elements add,

Since the intensities are additive and the angles of in-

cidence vary continuwously from - % to ¢ %‘ , the expression for the

ensuing intensity distribution as an integral over i may be written:

1 %
1 = iRy Ain' Ny

dy, ATV
6

i,

Making use of the identity:

ANy AN ) ey al-2) sty 4---+m1(w-t)sj

— "] 3
(

and the substitution: i—: n,

I-aR: [ e (N en amulon) £ (V) eotn(B ) 4

“W‘.

Cee b LR AN TR (6+ A)] A,



And since cos (A+B) = cosA cosB - sinA sinB,

I1=2 R/ [N + (N-l) (mlnubml'lrm M\ukeuhu)
7
+ (V3)(tn Ymnd caimul - dan 4 n O ame #mu) +
S (u,;(w-c)ne o A(NAITT e —
di Y (N-)TT 0D A AUV Kﬂf AL .

This result when integrated term by term becomes?

2 QR:[ 5!; 4 lek\ Lt nB A T Wt +

) wn T uD Al AT + -
“Tk

y L ead(v-aud M(N-t\‘lkﬂ
A(N-1)Th

This may be written as a sum:

LA

Z‘ [ Nrwt  + Kw N}wamuuewwuuﬂ

In the case of the double slit, (¥ = 2), this reduces to:

21»\

I, = [‘nm + e ‘m\ew‘rm&]
T

For complete disavpearance of the fringes in this case it
is necessary that o = %-a % , at which value the intensity distridbu-

tion 1s constant for all values of 9 « It is also observed from



inspection of the general relation that if o = -;-‘ , the intensity
distribution is constant for all 9 for any number of diffracting
slits. This, however, gives no increase in resolving power. In
order to attain such an increase it is necessary to consider the
submaxima,

In general the intensity distribution is represented by a
number of harmonic terms whose amplitudes depend on & , For values
of & other than & :% the intensity distribution has been obtained
graphically, and a recognizable pattern has been sought to which a
unique value of ® could be assigned. Curves have been constructed
showing the intensity distribution for various velues of & for
three, four, five, and six diffracting apertures,

It has been found in general that the first change in pat-
tern tekes place at & = %f. At this value of O the pattern is
intermediate between the original of N-2 submexima obtained with a
line source and a pattern of N=3 submaxima, There is thus only a
slight residual secondary structure.

The grephs which are shown (Figs, 1-l4) are plots of inten-
eity against the angle ¥ %9 , the latter being taken between O0
and 180°, In all cases the lowest line is that for a line source.
This 1s plotted to a different scale then the others, but the rele~
tive intensities remain the same. The other lines are curves of
constant Ol , for larger values of X , " For the case N = 3, Fig. 1,
it is observed that all trace of the submaximum disappears at

W = %% It will be recognized that this particular value of
O might be difficult to determine precisely experimentally, since

beyonc tli= the minimum merely becomes more narrow.
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In Pig. 2, N = 4, the intensity distribution changes from

one heving two submexims to a pattern having one submaximum at

= 3—13; -2 o« This value is quite precise end cezn be successfully
recognize:i‘ éxperimentally. The deviation from the general relation
%% is accounted for by the lack of symmetry in the intensity distribu=-
tion for the small source, This lack of symmetry exists in all patterns
for ¥ 2 4, but becomes negligidble for higher values, Fig. 3, N = §,
follows in similar meaner,

In Fig. 4, the six-clit case is carried through a greater
renge of ™ to illustrate what occurs as the source slit is widened,
Changes in character of the pattern are seen to take place at

L =lé. o =12, :'._l_b. Not shown here is the final dig-
6 d 3d 24
avpearance of all submaxima, which takes place at approximately
o/ = %5- %‘ o There is also a minor structure in the principal max-
ima which appears for O/ % %‘ .

The stated purpose here is to obtain an increase in resolv-
ing power with the overall area occupied by the diffracting slits
limited to a constant value, Call this overall width g, In the two-
slit case, 4 = 8, and the disappearance of fringes tskes place at
o = )_\ . When three slits are used in the same area, &8 = 2d and the
su‘bmx:m disappears at R = % %‘ . In general, s = (¥-1)d and the
change in the character of the pattern takes place whem { = L;l é .
This gives for N = 3 a source to which dimensions may be assigned
that 1s two-thirds the size of source which is resolvable by the two

slit, representing an increcse in resolving power of 33%. In the case

of N = 4, the change takes place vhen ol = 5%5% » €lving an increase
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in resolving power of about 23%. In general, the increase in
resolving power associated with this change in pattern is l%g%. This
percentage decreases as N increases. Therefore, the greatest increase
in resolving pover is found when N = 3, followed by a lesser increase
in N = k4, etc,

Experimentally the three slit case nresents difficulty, as
is expected from the gravhs of intensity distribution. In the other
cases the transition is limited to a very small range of values for o
and may be determined quite accurately.

Experimental verification was obtalned quite simply with
a laboratory spectrometer. Diffracting apertures were ruled on
aluminized glass plates and mounted on the spectrometer table, The
bilateral slit of the collimator became the varisble source slit, and
the patterns were either observed visually with the telescope or
photographed with an atteched camera, The width of the source slit
for a particular tyve pattern was determined by direct measurement
with a microscove compmarator, With apparatus available and consider-
ing the scale of the experiments, the source width could be determined
with an accuracy of only 5-10% at best. In all cases, the width of
source slit could be determined more precisely from the type of pattern
produced than from direct measurement,

The pictures in the following pages may be compared with the
preceding graphs., TFigs. 5-7 are a sequence of patterns for N = 4 and
may be compared with Fig. 2 for grachical description. Figs, 8-11
inclusive are the patterns for N = 6 and may be compared with the

graph in Fig. 4,
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Fig. 5. N =4, Line
source.

Fig. 6. N =4,

First disappearance of

submaximas o 2>.
T 3,92 4
By direct measurement,
w= 0,18 mm,

By calculation,
w=0,17 mm,

Fig. 7. N = 4, Single
submeximum visible.
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Fig. 8. N = 6. Line
source.

Fig. 9. N = 6.
First disappearance of

By direct measurement,
w= 0,12 mm,
By calculation,
w = 0,11 mm,

Yig, 10, ¥-= 6,
Three submaxima visible.




Tig. 12. B =6,
Second. disapnearance of
submaxima

1M

=22

Jr@:
By direct measurement,
w=0.22 mm,
By calculation,

w = 0,22 mm,

III., DISK SOURCE

Calculations have been carried out for a circular or disk
source as follows, 2gain assuming the following expression for an
infinitely small sourcet

8 M‘ Nv

l.;r

In this case & disk source of finite dimensions is divided into many
line sources of width dx and of length ZE;_Z- » where w is the
radius of the source and x is the distance of any element from the
center,

For any element of width dx, the contribution to the dif-
fraction pattern may be written as follows:

AT = fu) di aNY
At Y
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Using the same identity as for the slit source:é

AT -2 fG)aif N+ (V-) eadY +

N-3) ety +---+ cnd(v-1) {J

vhere, as before, Y = o J/A (e 44:)
in e substitutio - d
and making th titution n QAT 4
AI =& ‘(‘\d& f.g +(~-C)(Mk9 LOWA ~de 1O Mki)

+ (N’l)(w AnPundni -,4@1\94&1»\4‘) +

~-—+[:u=(N-l)nB e (N-)) wi —
_eim (N-)uB M(ﬂ-c]ki]‘ da .

If it is assumed that the contribution of a single source
element to the intensity at the center of the diffraction vattern
is provortional to the area of the element, nemely 2@ dx, and
2 o is the angle subtended by a diameter of the source at the dif-

fracting apertures, source and diffractor being separated by a dis-

tance K,

w= Ko , X=Ki
fask = Ak Vor=3F A

If these substitutions are made and the resulting expression is in-
tegrated over the entire source, the integration limits are - & and

+ 0, the resulting intensity distribution is:
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J .
[o 40U TR T (cans o ns
=ol

-Mueu..uh(*’*ﬁ"‘-“(‘*""‘Gw“*
PSE TR YV T e O

[w (V=) w8 en(V-)wnd =4 (N4)uB g (N-1) u] %0\;.

Since the sine terms are all odd functions they drop out of the

expression and there remains

T = 4'("/“)'.3"@' s (VS conBeans

-«
+(~‘1\m¥ wlke CHAURA + -
+ Vo cas[N-)ud em (N-i)wi ?;L
which is equivalent to <
1.1 j L" N VT i e nejow.‘;m.&
+(~°1)Lnlhﬂ /o.lW'Tv eplwi A4 - - -

b em (VAkB [V colN-hni & (
0

Further simplification is introducecd by making the substitutions:

LL%“\/O( ) W Wz ).'“A/‘\*

Thie changes the limits since

wvhen 1 =0, u
, u

0
vhen 1 =¢ 1

These substitutions give:
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I - 8«‘«‘{/'.’!VH* Au +

(Nl\mkel Vs o e due

(N-}) e Aub [‘m;usamu daa +

-+U‘(N-‘)ne/‘y':; m(N-\\mA‘.(
[

Upon integration this becomes:7

I-83K'«T, 5 Q’ * QJ'.:{) o n® L)
H(82) endn® () + -

A N-i)n 6 S (N~ g
"'(w ™ en [ ]

where Jy(m) is the Bessel function of first order. This may be

writtens

T. KL [VM (K2 ) e tnb 3],

If this 1s expanded for W = 2,

1, - *_"_tf'“[ LR no 3.(“~\]

. ™

It may be seen from this that, since Jy(m) = O when m = 3.83, the

disavpearance of fringes for the double slit takes place when m = 3,83
a - 3.83 ™ A
- 2 -— or 2* - - - 1.22 - o

Another property of the Bessel function is that the values

for which it goes to zero are not simple multivles of each other, For
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this reason it is seen that in the general case N 2, there is no
valus of Ol expected for which all terms beyond the eonstant are
similtaneously zero, and therefore, there will be no value of source
diameter for which the intensity is a constant for all é? .

The intensity distribution is plotted graphically for the
four-slit case in the same fashion as for the slit sources., The
curves showing the intensity distribution are given in Fig. 12, From
these curves it is seen that the first chance in character of this
vattern takes place at 28 = L.%Z -g o« The point of this change, how-
ever, is not as vrecise as for the slit source. There is a region
of ¥ 54 surrounding this value in which there are no graphically
visible submaxima,

Photogranhs of these patterns have been made and are shown
in Figs. 13-18, There are two series, the first consisting of a
source of constant diameter with the separation of the diffracting
avertures varied, the second, a constant aperture separation with

the source diameter wvaried,
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Constent Source Diameter

Fig. 13. Disk Source.
N=4,

Source diameter = 0,23 mm,
Separation of apertures '
= 0,16 mm,

ey

Fig. 14. Disk Source.
Source diameter = 0.23 mm,
Separation of apertures

= 0.18 mm,

Fig. 15. Disk Source.
Source diameter = 0.23 mm,
Separation of apertures

= 0,25 mm,

2 W) L4223
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Constant Separation of Diffracting Slits

Pig., 16, Disk Source.
N=4
Source diameter = 0.23 mm,
Separation of apertures
= 0,10 mm,
oy 22>
L 4

Fig. 17. Disk Source,
Source diameter = 0,42 mm,
Separation of apertures

- 0.10 mm,

a
Zdzl"ﬁaz

Fig. 18, Disk Source.
Source diameter = 0,66 mm,
Separation of apertures

= 0.10 mm,

122 A
2 pupe s
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