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I. INTRODUCTICN

The impedance method is a familiar one in the field
of acoustics. The term 'motional impmedance! was first
introduced by A. E. Kennelly and G. W. Pierce in 1912,
when they were studying the variation of imnedance with
freouencvy for a telerhone receiver and discovered that
the electric imredance could be influenced by the motion
of the couvnled mechanical systeml,

The imredance conceot was introduced into mechanics
and acoustics as a result of the similarity in form of
the mathematical equations for acoustical and mechanical
vibrations with those of oscillating electric circuits,
Its introduction rroved invaluable to the analysis of
transducer performance and facilitated improvements in
transducers by leading to the develorment of a comrre-
hensive theory of electroacoustics.

The imnedance conceot carried over very directly
into ultrasonics, where it continued to be of vital
imrortance in transducer design and theory. Radiation
resistance, motional imredance, and imredance matching
are imrortant ccnsiderations for anyone working with
ultrasonic transducers,

Recause the motional imredance of a transducer is
affected by the medium in which it is oprerating as well
as the manner in which the crystal is mounted, and since

a change in the motional imredance in turn causes a



variation in the electrical impedance offered to the
generator at the innut terminals of the transducer,
observations of the electrical imnmedance lead to a
knowledee of some of the imvortant nroperties of the
media being irradiated. This study utilizes the imped-
ance method for the measurement of the characteristic
imredance of various licuids.

The theory will be outlined in Section II, and its
specific aoponlication to this problem and the avpvaratus,
and some of the vroblems involved, including its 1limit-

ations, will be considered subsequently.



IT. THEORY

As has been pointed out, the study of equivalent
circuits and the analogy between electrical and mech-
anical oscillatory prhenomena has led to the development
of the theory of electro-acoustics, By means of this
theory it is possible to rerresent electro-mechanical
transducers by a single form of equivalent circuit.
Although such a representation by a single equivalent
network allows maximum generality for apnlication of
theory to different cases, it has become common practice
to use different types of circuits for different trans-
ducers, on the assumption that some networks are physi-
cally more meaningful than others, Here the discussion
of transducers will follow the more general method, in
which the transducer is considered as a four-terminal
network.

Following the theory given by Huntz, we consider a
transducer as g four-terminal network, with two terminals
representing the electrical input coupled through a
"black box" element, which represents the general con-
version of electrical to mechanical energy, to a mech-
anical circuit of a single degree of freedom (figure 1),

On the electrical side, a current I flows through
an electrical impedance Zg, with a voltage E across the
input terminals; on the mechanical side, there is a

velocity v, a mechanical impedance Z_, and a force F

m



across the output terminals,

Two equations are needed to describe the behavior
of this system: one in terms of the electrical quantities,
including the reactions caused by the motion of the mech-
anical system; the other in terms Qf the mechanical var-
jables, as well as any mechanical reactions due to the
currents and voltages in the electrical network, The
symbols Tqy and T,, represent "transduction coefficients”,
denoting electromechanical coupling. Assuming a steady
state, with time appearing in the form eia’t, the equaticns

are
E = Zg'I + Tepev

(1)

F=Th'l *+ipv

Some important properties of the electromechanical
interaction can be displayed by observing the driving-
point‘impedance anrearing at either pair of terminals,
The electric driving=-point impedance at a terminal pair
is defined as the comrlex ratio of voltage across the
terminals to the current in the terminal pair, when all
other electromotive forces and current sources are
suppressed. Putting F=0 in Eqs.(l) and solving for I
in terms of E, we get

Zee® [_’.EL:O= Z°'+(_Tuznfmd (2)

The mechanical driving-point imnedance is similarly

found to be



- |E - (TemTme)
V4 []£=o zZ_ + Z. (3)

Fquations (2) and (3) show the usual electrical
and mechanical imredance with an additive term contain-
ing the transduction_coefficients. These extra terms
represent a modificstion of the imnedance caused by the
presence of a bilateral electromechanical coupling. The
additive term in Eq. (2) 1ndicateé the modification of
the electrical impedance by the motion in the mechanical
system; this term, (= TmeTem) ™ Zmot» has been given the
name of "motional 1mpedange".

Then Eq.(2) may be rewritten to include this defi-
nition in the form Zege= Ze *+ Zp,t, Where Zg is the
"clamred™ or "blocked" imnedance, measured when the
mechanical system has in some manner been prevented
from vibrating. Since the motional impedance, Zpqt,
is directly proportional to the negative product of the
transduction coefficients, its nature will depend on
the size of these coefficients and whether they are
real or comnlex., However, the general behavior of the
motional impedance, especially its variation with fre-
quency, may be studied by considering the behavior of
the mechanical admittance yp, since Zpor=(=TerTme)/Ym»
where yqp = 1/Zn.

If the mechanical impedance Zy is written in the

generalized form Zpm = rp + JW1, + _1 = rp + Jxy,
Jwem



where the quantities ry, 1lp, and cp refer to the mechan-
ical resistance, mass, and compliance, respectively,
-'and x, denotes the mechanicallreactance, we see that
the variation of this imredance with frequency may be
exhibited by expressing Z, as 2 vector from the origin
in the complex x -r, plane, In general both the length
and phase of this vector will vary as the frequency
chahges, and the tip of the vector will trace out a curve
which is called an "impedance lccus", If rp is not a
function of frequency the imredance locus will be a
vertical straight line at a distance rj ffom the origin,
The phase angle is zero at the anfular frequency of
mechanical resonance,CUo2 = 1/1pCpme

If a similar plot is made of the mechanical admit~
tance, yp, the admittance locus is a circle, which is
just the geometrical inversion of the straight-line
imnedance locus, This admittance circle has a diameter
of length 1/rp. Since Zy is real at mechanical reso-
nance, yn is also real when a)02 - l/lmcm (figure 2),

If we call the frequencies for phase angles of 7 /2
and =7 /2 radians w'and w" (the quadrantal frequencies)

' | | -Wo?
respectively, we may write Tn -—W 'm"'w' Cm W' Im [w.zo J

d il - 'l [rwd
an Tm = m wu cm m ) Y

From these relations it can bte shown that cu'af=a%2

Further, the damring of the mechanical system, r,/2 1.,



is fecund to be 2 Im > , and the mechanical quality

factor Qp, wolm — Q= Wo
rm w"-w

Thus, measurement of the resonance frequencies and
both quadrantal frequencies gives encugh information to
determine uniquely the relative values of rpy, 1y, and
Cpe Only relative values are so obtained because meas-
urement at the electrical terminals gives the admittance
locus multiplied by the scaling factor (-TemTme). This
product of the trénsduction coefficients may be consid-
ered as a vector orerator which bcth alters the scale
and rotates the diameter of the admittance circle
about the oriein by‘an angle denoted by 2/9. It also
serves as a wnits orerator, converting the locus of
mechanical admittance into a locus of electrical im-
redance,

The elect4ical imredance vector, Z,, may also be
revresented on the comrnlex nlane. Since Zgg = Zg+ Zj ¢,
the plot of the total driving-point imredance, Zgeq,
will be a combination of the motional impedance circle
with the tip of the blocked imredance vector, Zg, as
its moving origin, resulting in an impedance loon of the
form shown in figure 3.

Such loors occur in the vicinity of the resonance
frequency, and smaller loons aprear at the harmonics,

with the possibility of parasitic modes giying rise to



loops also.

when the mechanical system is blocked the electrical
imredance, Zg, and its frequency-variation can be measured
directly. After makine similar measurements when the
crystal is allowed to vibrate freely, the motional imped-
ance may then be found by subtracting Zg from Zge at each
frecuency, Since it is usually imrossible to block the
motion of the crystal ccmpletely, it is necessary to infer
the shape of the blocked-impedance locus by smoothly join-
ing the measured values of Z, made at frequencies far
above and far below rescnance, being careful to avoid
the region of a harmonic modc. This interpolation may
be done most easily if the values of Ry and Xg are
plotted in rectangular coordinates with frequency as the
abscissa, Then direct subtraction gives the coordinates
of rp and x, for each point of the motional imnredance

locus:

In this way the motional-imnedance circle may be
drawn and its diameter and resonance and quadrantal
frequencies found directly. In addition to being able
to calculate the values of r,, 1y, and ¢ from these

diarrams, it is also possible to find such quantities

as the mechanical quality factor, Q,? the mechanical



power delivered to an external load, the effective effi-
ciency, 7], of conversion of electrical power into useful
mechanical rower, and the maximum efficiency of power
cénversicn,

Now let us ccnsider a srecific equivalent circuit
for a plezoelectric crystal., An eguivalent circuit is
a ccmbination of R, C, and L elements, which, when sub-
stituted for the element in an electrical circuit, will
exhibit the same electrical rrorerties as the element
itself. The equivalent circuit which is now universally
accepted for a piezoelectric transducer3 is the one
shown in figure 4, where the serie¢s arm R, C, L i3 re-
lated to-the mechanical elements fesistanco, compliance,
and mass, resrectively, and the parallel condenser, Cg,
expresses the rrorerty of the crystal as a capacitance,
This equivalent circuit is treated in detsil by Cady3,
Masonk, Vigoureux’, et.al.

At mechanical resonance, L and C have equal magni-
tudes but oprrosite phase, thus cancelling out, and the
equivalent circuit reduces to a simrle R-C network. It
is important to note that the circuit elements in the
ecuivalent network are considered to be strictly constant
over a narrow range in the vicinity of a resonance, and
that similer circuits aprlv near each of the harmonic
modes, R, L, and C, taking different values for each

harmonic,



If a coll whose reactance at the resonant frecguency
is of the same magnitude but of opposite sign as the
reactance, 1/WCq, of the element C,, is inserted in
parallel with the crystal, then the resulting network
will show only the pure resistance, A measurement of
this resistance offered by the transducer and coil at
the electrical terminals at the frequency of mechanical
resonance will permit the evaluation of R cf the equiv-
alent netwerk, However, this resistance, which corre-
sronds to the mechanical losses of the crystal, derends
on the method of mounting and the internal losses in the
transducer as well as on the loading medium. If the
internal losses and those due to mounting were negligible
compared to the radiation losses into the lcad, measure-
ment of the resistance at resonance would give directly
the characteristic 4impeiance of the liquid being irra-
diated. An arrangement where these aprroximations are
quite good can be rractically reslized for a free crystal
orerating in a highly absorbing liquid. A nore accurate
way of eliminating the effect of t-e internal and mount-
ing losses is to make a resistance measurement at resonance
when the crystal is orerating into air, and another
measufement when it is orerating in the liquid under
study. This corresponds to having two equations from

which the mcunting and internal losses may be eliminated,

10



The common liquids behave like pure resistance,
but some of the mecre viscous ones exhibit a reactance
component in addition to the resistance. In such a
case one may evaluate the reactance comﬁonent by meas-
uring the change in resonant frequency cf the crystal
from the unloaded to the loaded condition. Actually
it appears in practice that one may cocnsider the
unloaded frequency as that measured for the crystal
in air, provided the liquids under study are relatively
viscous,

Thus it is clear that the characteristic imnedance,
Zo = Ry + JXp, of a liquid may be found by measuring the
change'of electrical resistance, ZSR. = KyRpm, at resonance,
and the change of resonant frequency, Af = KoXp, tetween
the unloaded and the loaded conditions®., The constants
K, and Ky may be evaluated theoretically from the geom-
etry of the crystal and the type of mounting“'é. In
practice these constants are determined exverimentally
by carefully measuring ZXR, and Af for a liquid whose

characteristic impedance is accurately known,

11
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valid for all transducer types.
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Figure 3. Typlical electrical 1lmpedance
loop (generally non-circular)for
frequencies very near resonance.

:
?

Figure 4. Universally accepted equiva-
lent circult for piezoelectric
transducer.
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III. C°J0=C7T o7 ZNTHRITTUT

Becougse of thie rother peneral utillity of the
Inmnedance mothiod 1t wes consldered desiroble to
bulld up sufficlent epperctus so thot the teclhnique
would be avoilable whencver 1t nizht be neceded for
studlics in the ultrasonlcs loborotory, in conjunce
tlon with both ontlcal and pulse methods,.

As on cionple of the Imovledse that noy beo
gained by thils nmethod, the decision wos made to
undertalza an invecticotion of scveral llaulds to
determine thelr ccoustice immedonces, from which the
spound voloclitics n~y be deoriveld, if desirod. This
w28 2lso done with on cye toward determining
whether theoro night be o sulflclont time-veoriction
in the acoustic Iinncdonco of o7 elbunin to mnle
Teasible thie develonnent of o method Tor clieccliing
1,:e freshnecs of o3 by ultrosonice redlotinsn.

In order to 1llustrate thie uscfulncos of this
nethod a variecty of apslleations cre dlanlaryed.
Toward t:4i8 ond two innedance looms (a »lot of
reactance vse roolstonceo with frequeney as a noroe-
neter) have bveen includede An immcdonco loop is
use™ul dbocouse 1t rondors inmedictely vicible mony

innortaat porfornonce characteristics of tronslucorse

14



Anothier intcrectins practicol problem is the
effoct of the nethod of mounting on the trronsducer
roeteristies, for whiich the inped-

e to

perlorn-nee cho

ance nethod econ clve valuoble inTormatione.
tine linitotions only one cryst~l wos considerced

fron this particulor point of view,



IV. EXPERTVENTAL SET-UP AND APPARATUS

For all investigations in the vicinity of one
megacycle a Brush Hypersonic Generator Model BU=21j
was used as a source of alternating current. This
oscillator has an output frequency range from 300 to
1,200 kilocycles. This frequency range is covered in
five stages, involving altering the coil in the fre-
quency-control tank-circuit, Within the five ranges
the frequency is continuocusly variable by means of an
auxillary coil located inside the main coil of the
control tank circuit, causing small variations of
inductance of the L-C tank circuit.

The measuring instrument per se was a General
Radio ~“ompany R-F Bridge, Type 1606-A, in conjunction
with a Hallicrafters General Communications Radio
Receiver, Model 8X=-62 A, which functioned as a null
detector for determination of bridge balance conditions.,
The type 1606-A Radio Frequency Bridge is a null instru-
ment for use in measuring impedance at frequencies
from 400 k¢ to 60 Mc. The bridge is used with a
series subtstitution method for meésuring an unknown
impedance, Z,, in terms of its series resistance compon-
ent, R, and series reactance comronent, Xy. The

resistance is read from a variable-condenser dial directly

calibtrated in reactance in ohms at a frequency of 1 Mc,

16



The resistance dial reading is indenendent of frequency,
and reads from O to 1000 ohms; the reactance dial from
O to 5000 ohms at 1 Mc,

The imrortant characteristics required of the meas-
uring apparatus are the following:
(1) The oscillator must be as stahle as possible in
frecuency, the output frequency and voltare being rela-
tively independent of the load, It would be desirable
to have cne oscillator to cover the entire frequency
range of interest to the experimenter, but it may be
more convenient to use several oscillators of different
frequency ranges, as was done in this case, The gener-
ator must also he adequately shielded so as to avoid
stray courling between it and the detector.
(2) The bridge must bte a radio frequency tyre, capa-
ble of a high deeree of accuracy over the entire frequency
range of interest, and well .shielded against stray pick-up
from either the generator or detector. It is strongly
advisable that co-axial connectors be used for connections
to both the source and the receiver. Obviously the
reactance-resistance ranges must te commensurate with
the corresronding imnedance compcnents being measured.
(3) The detector must be of high sensitivity in
order to enable very rrecise location of the balance
rcint, s8ince this is the quantity of major concern in

this method. It must be well shielded, for the same

17



reasons mentioned in connection with the signal gener-
ator and the R-F bridge. It must possess a local oscil-
lator capable of putting out a strong, c¢lear signal, and

should have an automatic volume-control switch,

Frequently measurements were hade with a U,S. Army
Signal Corrs Frequency Meter BC=-221 J, with a range from
125 to 20,000 ke, The prime requisite of the frequency
measuring device in this application is accuracy, The
meter used here was accurate to 1000 cycles rer second.
(see figure 1 for diagram of apparatus)

The procedure for making measurements was the fol-
lowing:

The signal generator was set somewhere in the

vicinity of the resonant frequency of the crystal,

which was operating into air, This frequency was
measured on the frequency mePor, and then recorded,

Then the bridge was balanced with the crystal short-

circuited, After connecting the crystal into the

unknown arm of the bridge, a balance was again ob-
tained using the reactance and resistance dials,

The reactance and resistance were then recoried,

This procedure was then repeatsad in its entirety

for several different frequencies, until it was

certain that the resonant peak in a nlot of re-

sistance vs, freauency had been located,



Next the crystal was immersed in one of the

liquids under consideration snd the procedure

outlined above was rereated, step by step. An

example of these plots is shown for a general

case (figure 2,)

lMeasurements were made for several different crys-
tals in each of the liguids investigated, Also some
measurements at higher frequencies were made, using
another oscillator that was available. In general
reactance measurements were not made, since only the
resistance and the resonant frequenéy were required
for obtaining the acoustic imredance of the licuids.
However, in order to obtain imredance loops, reactance
data were measured in a few cases,

AS a rough indication of the effect of the crystal
mounting, measurements were made on an unmounted tarium
titanite disc, and then arain after the same crysﬁal had
been glued onto a phenolic resin comreosition board back=

ing on one side,

19
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Comparison of mecsured values of the acoustic

Fizure 4.
impedance of four liculds with their knowvn volues,
taken with borium titanate crystal.
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Figure 5. Same as Figure 4, using quartz
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"he data shovn in Section V, ond the cxporionce
roined in cssenbling end ueine the oronarctus, cleoasrly
roint out sev-rol important conclusionse. Firstly,

the percent re errors in liic measurcernent ol the
ceoustie inansdonee of ligulids ct & fre-ucney of one
negneycle witn the rresent apnarctus cre ce hich g
ten pere-nt, reondering 1t innocsible to detrrmine the
tinc-veoriation of co~~ olbunin to better thon ten
merecnte Thls fle 1y oo ms Insuiflclcentl; ceonrcte,
Cce~nly, the noerforaonce of the mersurononis with
e rreserd earlnment 1s vory slow onl troubleosame,

It aon-nra, howcver, thnt 4t willl be rosaihl

0

In a ecnanorctively short time, to incve e the recurcey
to within on2 or two nereont. Crdy, in a poner for

the CfTice of llnval foscaﬁchg, “ointa ot th-g

cinil-r m-thol, but onerating ot the much ~rerter
Treoucrney of fifteen merceyeles p r second, 1s conoe-
Wle ol accurncics o8 hirh rs8 one nerercnte Procticolly
no choanmes are necessary for ciztension of the ccnln-
-t vard for this study to the fiftcon me~-erelo
ro~ion.

Por stuilcs in higily viscrus licuids vhich
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resicstlve A4

rcactve commonents of tho acoustic inredonce 1t

will be

nocescory to conctruect o more sencitive Tre-

areney nac o surin~ deviee thnn 1s novr cvellcatle in the

ultragsonics lahoratory, bee-uce tic

ent Is vronortiontl tn the
qioney fron cir to 1liouid,

13 extrencly

gm21l (nn tic

crrel=s nrr sceonl).

coetlve cemmone
¢honge In resontnt Tre-
nd thils Trcauency c¢honse

ord~r o o Tou hun?red
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