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INTRODUCTION

The first exerimentsal determinations of the laws of
vibrating strings are credited to Mersenne (1535) and
Galileo (1538). A nractical annlication of these laws 1is
made in the vibroscone, an Instrument for finding the linear
density of fibers and thence thelir equivalent diametor,
The vibroscone consists of a device whereby a filament of
known length under tension 1s induced to vibrate transvsersely
by an apnlied onscillatory force, and the frequency of mechan-
ical resonance observed. From the values of frequency, length,
tension, and other parameters, it is nossible to calculate
the linear density and hence the equivalent diameter of the
fiber, under the assumntion of uniform density.

Gonsalves (1), anmarently the first to annly the laws
of vibrating strings to determination of linear filament
dsn3ity, gave the first-order stiffness correction, an
asoroximation based unon the work of Seebeck (7). Montgomery
(4) treated the combined effects of small stiffness and
slight nonuniformities, basing his treatment on a general-
ization of Rayleigh's work (3). In these treatmants
external danning was nsglected, so far as its effect on
natural frequenclies 1s concerned. Karrholm and 3chroder (3)
looked into the effect of air damning in their investigation

of the bending modulus of fibers, and found that accurate



results could be obtained with a resonance frequency method
when the fiber dlameter was large and the resonance frsjyuency
high,

With diameters substantially less than twenty mlcrons,
however, it 1s »nossible that corrections will be an»srecieble
at the frequencies used in nractical vidbrosconing. It 1is
the puroose of the oresent work to detsrmine the exlstencs
of such corrections, and to establish the an»slicability of

some of 3tokes'! theoretical work.



THEORY
For transverse vibrations of a uniform elastic string
or wirs of length / s, cross-sectional ares S , density
Pe » fixed at both ends, and under a constaunt tension 7_ .

the resonant frequency f; 1s given in the n-th mode by

- n T (1)
-Fh - 24 -;:—S— , h =/, X, 3 .....

As seen from the formula, the vibrating string has discrete
natural frequencies of vibration, harmonically related, each
resonant frequsency f; corres»oonding to the pn-th allowed
mode of vibration.

The validity of Egn. (1) 1s deoendent uoon csrtain
assumntions, the first of which 1s that the string is nerfectly
flexible., Filaments used in the nresent work were chosen
long and flexible 80 as to make the effect of stiffness
small and under control. According to Voong and Montgomery
(9), who have investigated the effect in detail, a stiffness

factor can be defined as

aE(#EI/}’T)'A )

where E:(dynes/cmuz) is the elastic modulus of the filament
material, ami_I'(cm.4) is the moment of inertia of the
filament about the neutral axis. In the work renorted here,

the largest stiffness correction was 2.2% under the



assumntion of circular cross-saction. rI'or our nurwnoses, this
effact can be consldsred negligible.

In the analysis for ths stiffness correction, it was
assumed thst the filament was of uniform cross-section
throughout its length, For actual filaments, nonuniformitises
coartainly exist; however, it has been shown (4) that slight
nonuniformities do not alter the stiffness correction in
the approximation used above.

Amovlitudes of vibration were purnosely kent small, in
conformity with the assumntions of the theory. It was found
that a slight change in the resonant frequency did indeed
occur if the amnlitude became very large and accordingly the
transverse disvlacement of the flber was kent below J.1 mm.
from squilibrium nosition at a mid-noint distance of five
centimeters from the end of the fiber.

The most significant condition on Eqn. (1) as far as this
work 1s concerned is the requirement that energy losses do
not disturb the resonant frequency. Such losses may be
traced to four sources: energy transferred to sunnorts,
internal dam»ning, acoustical raediation, and alr damning.

The fiber is su»morted at the ton by a large brass clamn
which may be considered to have infinite mass as comoared
with the mass of the fiber. Hence there are no direct energy
losses to it. 'The tension was supplied by the weight of an
aluminum foll tab cemented to the bottom of the fiber.

Wire-hook weights were hung on the tab when greater tensions



were reoquired. Though energy losses to this bottom sun»ort
waere not investigated directly in this work, no movement of
the tab could be observed, and it was concluded that energy
dissinated in this form was negligible., Internal Jdamning
exists in the filament but 1its effect is small relutive to
that of air damning, as shown by the greatly increased
amnlitude in a vacuum over that iIn air. No investigatlion of
the extent of acoustical radiation has been made, but it seems
unlikely that there can be very much energy radiated by a
fine fillament at small amolitude.

Air deamning 1s the last source of energy loss, and the
one with which the present work is primarily concerned.
The effect on fibers of not much léss than twenty microns in
diametgr is negligible, but it is nerhans annreciable when
smaller fibers are emoloyed. The calculation of air damning
on a stretch§d filament .an»ears not to have been worked out,
3tokes (8) has worked on the theory for a related problem,
however, in which he considers laminar fluid flow around an
infinite cylinder in sinusoidal oscillation normal to its
length. A Reynolds number calculation indicated that the
flow was laminar; and on the basis of Stokes' results, the
theory was worked out for fhe oresent case of a vibrating
string under tensilon. 4

Accordling to Stokes, the damning force (dynes/cm.) on
a unit length of a cylinder (c¢f. Fig. 2) of radius d (cm.),
and density P, (gm./cm.a), vibrating in a fluid of density

Y (gm./cm.®) and viscosity M (nolss) is given by
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F=-kKM&H — KMo 5t (3)
where 4 1s the disnlacement from the oosition of ejuilibrilum,
& 1s the angular frequency=27f, M (gm./cm.) 1s the mass
of the gas disnlaced=(°.5, where S (cm.z) is the cross-sectionsl
area of the cylinder, and k, and K,are comnlicated dimension-

less functions of N , where

R (4)
N = 4~# /a Yy «-

Karrholm and Sechroder (3), following Ising (2), assumed the

relative insignificence of the term confaining the second deriv

in Eqn. (3). It a»»nears from our work, Vhowever, that the

term is of im»nortance when very small values of a are

considered. With the addition of this added damning force,

Newton's Second Law annlied to a vibrating string, becomes

2
T3k “R5Frfme™=(ns+ K.M) 25
where T: tension (dynes), R =—k,Mg, and F(-p)is the driving

force in dynes/cm, The.K,_Mterm can be interpreted as an
added mass of gas dragged aiong with the cylinder. Setting
(a.S + K, M) = e , the solution of (5) is

e Y Faeinmt/t
7—(.3';'—')2} (Rzu—w’pS) o)

¢ being the length of the cylinder (cm.), Fm the nth

fj(¢,t)=c“"

Fourier comnonent of the driving force.



A moint on the envleond of the curve y (x,t) at fixed

x will have its maximum dis»nlacement, as a function of w ,.

when the absolute value of the denominator 1s a minimumn. It

13 convenient to work with the square of the absolute value,

and this quantity is

lDiz = [T('r;!‘)l— w'(.S-w'kzySJ +(K, 'ySw‘)_z

The equation resulting from setting the derivative of

(7)

|DF to zero 1s intractabls, but a good annroximation may be

obtained by writing

k.(N) = N d(N)(f (N) and Kz (N)E N ¢ (N), (8a,b)
where ¢ and d sare slowly varying functlons of N, and hence

of w , and may. be taken as constant in the differentiation.

Figure / shows the denendence of ¢ and d on N. If we

Introduce &, , the fundamental resonant frequency in the

absence of damning,

w! = (F) (T/eS),

the exoression for [DF becomes

(9)

(o)? =(p., S)z(w‘- N+ 4npm ¢w)z+ (4' 1"/“ d 1’“’)T

Differentiation of this exnression with resnect to cw

(19)

f: and 4 being taken as constant, leads to a cubic in w .
Instead of solving the resulting equation directly for @, ,

the n®h resonant frequency in the oresence of damning, we write
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10

introduction of this ex»oresslon into the cublc gives the

following result for € , the fractional frequency shift due

to dam»ning, to first-order terms:

@) @) [ ) e

Co

We write

é
£, S A

t

(13)

e

then
| [
€= A ! d*+ |+ = |

2
Wow 4 runs from 10 to 59 in the range of interest, and it

(14)

i{s usually nossible to neglect unity in com»narison with it

with small error in the correction; then

£ = A [] +at h:},

2
It turns out that 4 Als usually less than unity, and an

(15)

upper limit on the relative frequency shift € 1s then given
by Eqn. (15) with 4*) =1:

. 2¢ £
€~2)
fh e.S (16)

For vibrosconing under ordinary conditions in air at normal
temnerature and »ressure, for a frequency shift of 1 cycle/sec,

the linear density @ S 1s 10 to 20 mgm/em. Hence to get
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a reedily measurstle shift, it is necessary to work with
filaments finer than 19 m gm/em, corresnonding to diameters
leas than 7.7010" for glass or aluminum, 0.0005" for co»ner,
and 0,0003" for gold or tungston.

Then the relation (15), or its annroximate form, Eqn,
(16), can be checked by varying M » in goling from air to
hydrogen, say, at atmosnheric n»nressure, or from alr to vacuum;
by varying @, , in workling with different materials; and by
varying the cross-sectional area of the filaments. All of

these methods were used.
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APPARATUS AND PROCiDURE

The electrostatic form of vibroscone used 1s essentially
a "string electrometer,” and as such Is similar to that described
by Montgomery and Milloway (S5), (ses Fig.3). The fiber was
susnended inside of a glass tube to facilitate observations
in different gases at varying nressures.: Since the fiber was
observed with the vacuum pumnp in operation, a plenum chamber
and capillary were included in the system (Fig.4) to 1solate
line fluctuations from the fiber. Three pairs of curved brass
electrodes, diametrically opnosed on the sides of the tube,
were connected to an audio oscillator through the circuit
shown in Figure 3. A switchboard made it nossible to apply
the output of the oscillator to any vnair of plates 1n a ohase
relationshin suitable to excite desired modes of vibration.
The length of the fiber was measured with a cathetometer, and
the am»litude of vibration was measured on a reticle of the
cathetometer telescove. Figure 5 1s a ohotogranh of the
annaratus,

Filaments used were of tungsten, glass, cooper, and gold,
ranging from 2 to 12 microns in diasmeter and from 2.5 to 19.3
gm./cm.3 in density. The filaments were vibroscoved in air
at normal oressurs and at reduced nressures ranging from 29

to 50 m Hg.
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Since the viscosity of a8 gas is nzarly inde»endent of
aressure so long as the mean free nath is very small comnarsed
with the relavant dimensions of a body iIn motion relative to
the gas, it is necessary to go to qulte low »sressures to insure
the absence of viscosity effects. At 30,#”5, the mean free
nath for air molecules 1s greatsr than a millimeter, and hencs
viscosity effects should be comnletely negligible for filaments
of the diameters used. To establish this conclusion exoeril-
mentally, the n»ressure was lncreased to 50 m Hg. There was
no shift in resonant frequency, and it appears safe to take
the observed shift from atmosphere to 30 m Hg as the same as
the shift to a com»nlete vacuum. Some of the fibers were also
vibrated in hydrogen at one atmosnhere, the viscoslity of this
gas being aboutvhalf tbtat of air. Columns of Drierite (CaS0,)
and Anhydrone (MgCl04) were incorvorated in the system to
insure the dryness of the gas. admitted.

Some difficulty was oxoeriehced in getting a blas charge
on the glass fibers, and 600 volts O.C. had to be aonlied.
I'hree hundred volts was sufficient blas for the other fibers,
It was decided to work with fine metal fibers since they can
be obtained in series of more or less known diameters of a
high degree of fineness, For ease in handling, wires of
large diameter and hence oflow density were desired. Aluminum
came first to mind, and since 1t does not draw too well, it
had to be used in the form of Wollaston wire. Great difficulty

was exwerienced 1in removing the convner jacket without the
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aluminum core brsaking u» into small unsuitable »ieces.
Finally it became necessary to abandon the aluminum wire and
cbncentrate on gold, from which the silver jacket could be
removed quite easlily. The conner wire used was bare drawn,
7.0004 in. diameter being the smallest size available.

Tungsten filaments were best observed directly in front
of the source of 1llumination, in this case a microscone lamo,
Glass filaments were seen nmore readily in transmitted light
‘énd the light from the lamn was therefore directed at the fiber
obliquely to the line of sight. Gold and cooner showed un
best under reflected light, a small desk lampn alongside the
cﬁthdtomefér being used in this case.

All fibers were cemented to an aluminum foill tab at the
bottom end hung from the brass clamn at the ton. Jlncreased
tension was obtained by hanging copper wire hooks on the tab.,
Measurements of the mass of the hooks and tabs (with fibers

cttached) were made on an analytical balance,
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RESULTS

Figure 6 1s an examnle of the observations. Normalized
aanlitudes of vibration of a glass filament vibrated in air
at one atmosnhere, hydrogen at one atmoswohere, and vacuum
.(29 uHg), are nlotted as a function of "frequency. A shift to
higher frsquency and a corrésoonding sharnening of the
resonant neak #ro noted as th§ viscosity of the surrounding
fluid 1s decresased. This shift was quite well defined in the
case of glass, and the resonant frequencies here are at 252,
2635, and 268 cps for air, hydrogén, and vacuum resnectively,
The normalization of the amplitude to unity at resonance con-
ceals the great increase in adbiitﬁde in vacuum over that in
alr at normal pressure. From air at normal 9ressure to
vacuum, the calculated shift 15511 cycles/seé;, whereas the
observed value 1s 16 as seen from Flg. 6. For the shift from
air to hydrogen, the calculated shift is 9, whereas the
observed value 1s 11, It annears that the theory gives
roughly the value of the shift, but that the nredicted value
1s nerhans a third low.

Table I gives values of calculated and observed frequency
shifts for various flbers vibrosconed in air at normal nressure
and in a vacuum., 3Similar data for fibers vibrated in hydrogen
at atmosnheric nressure and in a vacuum 1s recorded in Table II.

Observed shifts are of relatively low orecision: noints on
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the frequency curves were reneatedly observed to be renroducible
to about one cycle/ssc., except with very fine fibers. The
shift is small in most cases, and a difference is being
observed. The oscillator, a Hewlett-Packard Model 200-D,

may have drifted slightly during the course of the experiment.
Observations of the Lissajous figures of the oscillator outnut
against a line frequency on a cathode ray oscilloscons ssrved
as a method of calibration. The line frequency, checked
against a tuned circult frequency meter was not found to

drift apnreciably. Eqn. (1) was used to check the diameter

of each fiber (column "a," Tables I and II), which 1n most
cases varied slightly from manufacturer's snecifications.
Length measurements made with the cathetometer were probably
accurete to 0.5%. The cathetometer was capable of much higher
nrecision, but the »noint of attachment of the fiber to the tab
cannot be precisely determined. Error due to the values of
tension and density, as.applled in (1), were ovrobably not

more than 0.3% and 1.0% resnectively.

Some of the discrenancy may nerhans be attribu;od to
innacuracy in frequency readings; but the observed values are
consistently high, and we must conclude that there exists
some effect not considered in the theory. It 1s unlikely,
however, that the error in n»oredicted values will be more than
one or two cycles/sec. low in the case of small shifts or

more than 20 or 20% low in the case of large shifts.
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TABLE I

RESONANT FREQUENCY SHIKTS FROM AIR (1 atm.) TO VACUUM

Nom. Disa, T by £ a £ af calc., af obs,
(mg) (c/s) (cm) (») (%) (c/s) (c/s)
Gold
119.53
g/cm)
0.0003"% 72.2 99 10,83 5.18 0,7 0.7 2
" 25,6 58 10,53 5.24 1.1 0.7 1
" 25.6 62.5 9.80 b5.24 0.9 0.6 1l
0.0002" 74.1 261 8,00 2,61 1.0 2.6 7
w 25,8 119 10,00 2.72 2.0 2.4 3
0.0001" 6.4 239 5.88 1.14 6,2 16,5 20
Tungsten
!Ig.o
g/cal)
0.0005" 36 .6 56 10.13 6,77 0.8 N.4 0
Copper
8.8
g/cd)
0.0004" 238.4 227 9.45 6,73 0.6 1.3 2
" 147.5 179 9.45 6.70 2.7 1,3 2
" 50.9 106 9.45 6,65 1,1 1.1 2
Glass.
é/cﬂ)
0.0004" 51,0 268 10,11 4.62 4.2 11,1 16




TABLE II
RESONANT FREGUENCY SHIFTS FROM Hy (1 atm.) TO VACUUM

Nom. Dia. T f A a € 4f calc. af obs.
(mg) (c/8) (em) (&) (%) (c/s) (c/s)

Gold
(19.33

g/cr)
£.0003% 25,6 61.5 ©9.80 5.33 0.4 0.2 1

g/crf)
0.0005" 36,6 56 10.13 6,77 0.8 D.4 0

Glass

é/cﬂ)
0.,0004" 51.0 263 10.11 4.62 0.9 2.4 )
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CONCLUSIONS

Exmerimental observations of the effect of air dam»ning
of transverse vibrations of stretched filaments of glass,
tungsten, conner, and gold by the vibroscons method lead to
the following conclusionsse

l. Air damning will have an effect on the natural
frequency and amolitude of vibration of fine fibers. Under
ordinary conditions the frequency shift is less than one
cycle/sec. for fibers of linear density greater than 10 micre-
gm/cm, but for finer fibers 1t becomes of increasing imnwortance.

2., Stokes' theory works well enough to allow rough
calculations to be made for the seffect of air damoning in
measurements of the resonant frequency made with a vibroscove;
but the observed shift seems to be about one or two eycles/sec.
higher than calculated in the case of small shifts or about
20 or 30% higher in the case of large shi fts,

3. A rigorous evaluation of the avolicability of J3tokes!

theory will require further investigation.
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