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ABSTRACT

CONTINUITY OF WEIGHTED ESTIMATES IN HARMONIC ANALYSIS
WITH RESPECT TO THE WEIGHT

By

Nikolaos Pattakos

Given the class of Aj weights, 1 < p < oo, we are able to define a metric dx on this set
such that the operator norm of any Calderén-Zygmund operator 7" on LP(w), w € Ay, is a
continuous function with respect to w. Moreover, we find the “rate” of this continuity with
respect to the weight and prove that it is sharp. This is done by finding the exact “rate”
for the Hilbert transform H on the unit disk. We also study many properties of this new
metric space (Ap,dy) and identify its completion as a subset of BM O(R%). In addition, we
extend the continuity result to the case of matrix-valued A9 weights W, for the Martingale
transform MY and we show that it does not hold for the classical Martingale transform.
The problem of continuity of weighted estimates with respect to the weight appears naturally
in problems of PDE (Partial Differential Equations) with random coefficients, and can also

be important to multivariate stationary processes.
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Chapter 1

Introduction

Weighted inequalities have been studied extensively during the last thirty years and have
found many applications in PDE, geometric measure theory and multivariate stationary
processes. The first characterization of the famous Muckenhoupt A classes in dimension 1,

was done in [18] by B. Muckenhoupt. The definition, which we will state in dimension d, is

1

Z()C(]Rd) function w and p € (1, +00) we write that w € A if

the following. For a positive L

the quantity
[w]Ap = sgp (ﬁ/@w(m)dm) (ﬁ/cgw(x)_ﬁdxyj_l,

is finite, where we consider the supremum over all cubes Q inside R%. The number [w] Ap is
called the A, characteristic of the weight w. The Ay class of weights is defined to be the

union of all the A; classes. That is
p>1

There is also the following useful characterization of An,. For a weight w we have that

w € Ax if and only if the quantity

< WﬂfQ w(z)dr )
exp(@ Jo logw(z)dx) ’

(W] Aq = sUp

Q

—_



is finite, where we consider the supremum over all cubes () inside RZ. This is called the Ang
characteristic of the weight.

In [18], Muckenhoupt characterized all weights, w, in dimension 1, and in [4] Coifman and
Fefferman all weights in dimension d, with the property that the Hardy-Littlewood maximal

operator M defined as

1
Mf(x) :=sup — d
GRS /Q )y,

where we consider the supremum over all cubes ) in R such that z € @, is bounded from
LP(w) to LP(w), for p € (1,+00). That is, under what conditions on the weight w the

inequality
1

([ Jr@ruan)” <c( [ IfePu)”.

=

holds for all functions f € LP(w) and a constant C' > 0 independent of f. As it turns
out, this is true if and only if w € Aj,. The classical proof of this fact starts by showing
that the A, condition on w is necessary and sufficient for the Hardy-Littlewood maximal
operator to be of weak type (p,p) with respect to w. This means that M sends LP'*°(w) to
LP°°(w). Then assuming that the A, condition is true one shows using Calderén-Zygmund
decomposition, that w satisfies the Reverse Holder inequality which implies that there is an
€ > 0 such that w € Ap_¢. Finally, by the use of the Marcinkiewicz interpolation theorem we
are done. Observe that the A, condition is equivalent to the requirement that all averaging

operators

1
o /I F()dt - .

are uniformly bounded on LP(w) with respect to the finite interval . The Hardy-Littlewood

f=

maximal operator is exactly an averaging type operator.



It is a very natural question to ask what happens when we choose p to be 1. In this
case it does not make sense to require that the Maximal operator sends L!(R?) to L'(R%)
since this makes no sense even in the unweighted case. It is very well known that M sends
LYRY) to LM(RY). Therefore, the correct question is under what conditions on the weight
w, M is bounded from L'(w) to L1 (w). The answer is exactly when w € Aj. The precise
definition of this class of weights is the following. If there is a positive constant ¢ such that

Muw(z) < cw(x),

for almost every = € RY, we say that w € Aj. The smallest such ¢ is called the A
characteristic of the weight and is denoted by [w] Ay The relation among the characteristics

of a weight w, for p € [1,+0o0], is

(WA < [w]a, < [w]ay.

This implies that the Aj classes are nested. That is A1 C A) C Axc.
A very interesting fact is that the A, condition is necessary and sufficient for many
of the classical operators of Harmonic Analysis to be bounded from LP(w) to LP(w), for

p € (1,+00). For instance, the Hilbert transform

1
Hf(x):= —pw. Mal :
™ RT—Y
and the Riesz transforms
L") T~ Yj
Rjf(z) = WnTH pU-/Rd Wf(y)dy;



1 < j < d, are examples of such operators. Additionally, in [12] it was proven that the
Hilbert transform is of weak type (p,p) with respect to the weight w if and only if w € Ap.
Their argument can be adopted to the case of Riesz transforms. Furthermore, Stein showed
in [28] that if any of the Riesz transforms is bounded on LP(w) then w € Ap.

By the use of good-\ inequalities and the strong Maximal operator, one is able to prove
that all Calderén-Zygmund operators are bounded on LP(w), provided that w € Ap. Re-
cently though, the focus has been on a problem, now known as the Asg conjecture for
Calderén-Zygmund operators, on how to find the sharp dependence of the operator norm
and the Ag characteristic of the weight. It states that for any singular integral operator T’

of Calderén-Zygmund type we have the estimate

||T||L2(w)—>L2(w) < C[w]A2a (1.1)

for all A9 weights w, where ¢ is a positive constant independent of the weight. This result
turns out to be correct and was first proven in [13]. This linear estimate with respect to
the Ao characteristic of the weight, is sharp for many of the classical operators, such as the
Hilbert and Riesz transforms. Such estimates play a very important role in PDE. In fact,
Calderon-Zygmund operators naturally arise as fraction derivatives of solutions of PDE. If
we recall, for example, in [26] the authors proved that the Ahlfors-Beurling operator in the

complex plane C defined as

T4 = 2o [ %dc,

satisfies (1.1), and as a consequence they obtained borderline regularity properties for solu-



tions of the Beltrami equation on C (uz = pu,, where u is a given function of ||u||foo < 1).
The main tool in their proof is the Bellman function technique which is very powerful to
such kind of estimates. We are also going to use this technique to estimate the norm of a

Riesz matrix operator.



Chapter 2

The Muckenhoupt Ay class as a

metric space

The main purpose of this chapter is to define a natural metric structure on the classical
Muckenhoupt A classes. As far as we know, this is the first time that such metric has been
studied in the context of continuity of norms of Calderén-Zygmund operators. Classically,
the Ay spaces have only been treated as sets with no additional structure on them.

Before we define the metric structure we need to state some useful and well known results
about the A classes and their relation with the BM O(R?) space. First of all, the space of

BMO functions in R?, consists of locally integrable functions f such that the norm

1
171 = sup /Q (@) — foldz

is finite. Notice that this quantity becomes a norm if we identify all functions inside
BM O(]Rd) that differ by a constant. If f is a BMO function then for any number \ €
(0, W], the function e is an Ap weight, 1 < p < oo, where the constant ¢ depends on p
and the dimension d. Secondly, for small BMO norm, the A, characteristic of the weight eM
is bounded by the number 2 for example (see e.g. [8]). A subset of BMO(R?) that appears
in many applications is BLO(]Rd). It stands for the functions of bounded lower oscillation.

A function f € Lllo C(IR.d) is said to belong in BLO(RY) if there is a positive constant ¢ such



that:

1 .
a1 [, fiy = it g <

for all cubes (), where the infimum is to be understood as the essential infimum. It can
be proved that for any w € Aj, the function logw is in BLO(]Rd). Also if a function
f € BLO(R?) then for sufficiently small A > 0 the function e’ € Ay. The reference for all
these results is [8].

Let us observe that if we have any weight w, any positive constant ¢ > 0 and any 1 < p < oo,
then [w] Ap = [cw] Ap- We define an equivalence relation in Ao in the following way: for
u, v € Ao we will write u ~ v if and only if there is a positive constant ¢ such that u = cv

almost everywhere in R?, This allows us to define the quotient space:
Ao = Ao [ ~ .
In the same way we define for 1 < p < oo:
Ay =4y~
For two elements u,v € Ay, we define the distance function dy as:
dy(u,v) = || log u — log v||.

It is obvious that all the requirements of a metric are satisfied and the reason for defining



the equivalence relation is exactly because we need to have:
dy(u,v) =0 u ~ .

So we define a metric in A, going through the BM O(Rd) space. Notice that the restriction

7

of the dx metric to Ay, makes the class a metric space. The drawback of these “new” metric
spaces is that none of them is complete. However, the following is an obvious remark that

gives more informations about this “new” spaces. It states that small balls around the

constant weight 1, are complete in the dy metric.

Theorem 1. Consider a closed ball B(1,7) of sufficiently small radius r > 0 and center at
the weight 1, in the metric space (Aso,dy), i.e. B(1,1) = {w € Aso : de(w,1) < 7}.Then

B(1,7) is a complete metric space with respect to the metric d.

Proof. -

Consider a Cauchy sequence {wp},en in (B(1,7),dy). This means that the sequence
{log wp }nen is Cauchy in the BMO(RY) space. But BMO(R?) is a Banach space and so
there is a function f € BMO(R?) such that logw, — f in BMO(R?) as n — co. By the
John-Nirenberg inequality we know that there is a dimensional constant ¢ > 0 such that for all
A€ (0, W] the function e € Ay. But ||| log wp s — || f]l+] < || log wn—f|+ = 0asn — co.
Here we use the fact that w;,, € B(1,7). This means that || logwy|« = || logwy, —log 1|« <7
and r is sufficiently small. Therefore, the number || f||« is small and so the number W is
really big. We are now allowed to choose for A =1 and we get that ef € A9 or equivalently
there is a weight w € A9 C Axo with f =logw. It is trivial now to see that dy(wp,w) — 0

as n — oo. O



Of course in the previous Theorem, we can replace the Ay, space by any of the other
Ay spaces. We already mentioned that none of the A, spaces is complete. The proof of this
fact is very simple. Let us prove that A; is not complete by finding a Cauchy sequence in
the space that has no limit inside A;. It will follow that this example works for anyone of
the A;, spaces. Consider a decreasing sequence —1 < r, < 0 with limy, 0 7, = —1. Define

the Ay weights wy, = |z|™. Then:
ds(wry, Wryy, ) = |[rnlog |z] — rm log |alll« = |rn — rm||| log |2«

and since r, — 1 we see that {wp},cn is Cauchy in Aj, or equivalently the sequence
{log wn }pen is Cauchy in BMO(R?). It’s limit in the BMO(R?) space is obviously the
function f(x) = —log|z|. This means that for w(x) = |?1| we have dy(wp,w) — 0 as
n — oo, but since w is not in L}OC(Rd) it can not be an A; weight. So the space (Aq,dx) is
not complete.

Let us also mention the following result in [9], by Garnett and Jones, that helps to

understand better when a ball in (Ap,ds) is complete. It states that for a function f €

BMO(R®),

1
sup{\ > 0:eM € Ay}

distppro(f, L) := inf{[|f — g« : g € L™} ~

This means that if we have a Cauchy sequence in A), the closer the sequence is to the
L>®(R%) space, the more chances it has to have a limit in A,.
So now we can try and find the completion of these spaces under the metric dx. By

definition the completion of (A, dx) is the space ffp that consists of the equivalence classes



of all Cauchy sequences of A,. We can identify this space as a subspace of BM O(Rd).

Indeed:
Ap = {f € BMOR’) : 3{wn}pen C Ap: lim_ | logwn — f[l« = 0},

and we can think of the A class as a subset of Ap, by identifying every weight w with it’s
logarithm, log w, in BM O(Rd). Since the classical Ay spaces form an increasing “sequence”
of the variable p (and of course the same is true for the A;, spaces), the same is true for this
new subspaces of BMO(R?), A; C A, C Ay C A C BMO(RY), for 1 < p < ¢ < 0.
They are also convex subsets of BM O(]Rd). Indeed, consider 1 < p < oo, and f,g € Ap.
This means that there are sequences {wn}peN, {vnfnen C Ap such that: f = limy 00 wp,
g = limy, 00 v, in BMO(RY). Let 0 < t < 1 be fixed. We will show that tf+ (1—t)g € Ap.
For this, we only need to see that ¢f + (1 — t)g = lim,_ oo log(wf,vl ™), in BMO(R?), and

check using Holder that the weight w%v}b_t € Ap, for all n, since:

t 1—t t 1-t
0o 4, < [lly, ]},

for all w,v € Ap. Thus, tf+ (1 —t)g € Ap. It is trivial to see now that A is also a convex
subset of BM O(Rd). For Ay the same holds, since if we have two Aj weights, w, v, it is
trivial to see that w'v!~! € A; and actually that [wtvl_t]Al < [w]ill [v]h_lt

Here, let us observe that for any 1 < p < oo, we have that L> (]Rd) - Ap. There is a nice
result of weighted theory (see [8]) that states the following (we will present the statement
only for As): There are dimensional constants ¢, co > 0, such that for a function ¢ in R4

we have:

10



a) e? € Ay provided inf{||¢ — g|[« : g € L2(R%)} < ¢ and

b) inf{||¢ — gllx : ¢ € LR} < ¢y provided e? € Ay. This means that all functions
f e BM O(]Rd) that satisfy the assumption a), belong to the Ay space. Equivalently, there
is a small neighborhood of L>(R%) inside BMO(R?), that lies inside the Ay space.

We should also mention that since:
BLOR?Y) = {alogw:a >0,w e A},

we can ask the question if the spaces Aj, BLO(Rd) are equal. Let us assume that they
are. A classical result of weighted theory is that BMO(RY) = BLO(RY) — BLO(RY).
By our assumption we have that BM O(]Rd) = A; — A;. Now consider a function f €
BM O(Rd). There are functions ¢,v € Ay such that f = ¢ — 1. We know that there are
sequences of Ay weights {¢on }enN, {¥n }nen such that f = limy, 00 log ¢ —limy, o0 log ¢y, =
limy, s~ log gbnwgl, where the limit is in BMO(Rd). But ¢n¢,§1 is an Ao weight for all n.
So we get that Ay = BMO(R?). But this is obviously false.

Notice that from the argument follows the inclusion, A; — A; C As. Trivially, we have
the more general fact, that for any 1 < p < oo, Aj + (1 — p)A; C Ap. Also, since we have
that w € A, & W= e Ap/, we get the equivalence f € A, < (1 —p/)f € Ap/. For p =2
we have f € Ay & —f € Ay, which means that the Ay class is symmetric with respect to
the origin in the BM O(Rd) space. No other /Ip class has this property. Here we should
remember the following about power weights. A function of the form |z|* is an Ap weight
in R%, if and only if —d < a < d(p —1). The interval for « is symmetric with respect to the
origin, if and only if p = 2. Now we can see that there is a “correspondence” between the

As space and the interval (—d, d).

11



Chapter 3

Continuity of weighted estimates and

sharpness of result

3.1 The continuity on the weight

In this chapter we are going to study the behavior of the operator norm of a sub-linear
operator T" on LP(w) with respect to the weight w. Our goal is to show that if two weights w
and wq are close in the metric dx, defined in the previous chapter, then the numbers ||7'|| .«

and ||T|[p,w, are also close. The main Theorem of this chapter is the following.

Theorem 2. Consider 1 < p < 400 and wy € Ap. Suppose that the sub-linear operator T'

on R4 satisfies the weighted estimate

1T 2o () LP(w) < F([w]a,),

for all w € Ay, where F is a positive increasing function. Then there is a positive constant
¢ that depends on p, the dimension d, [wQ]Ap and the function F' such that for all weights w

that are sufficiently close to wq in the metric dx,

1T 22 (w) = L2 (w) < N T LP(wg)— P (wg) (1 + cds (w, w)).

12



Moreover, we have

d*(wl’iqf;r(l))_m 1Tl £ w)—s 20 (w) = ITN 22 (wg)—LP (wg) -

Remark 3. In [2] Buckley showed that the Hardy-Littlewood maximal operator satisfies the
estimate

1
p—1

1Ml Lo (w)— Lp(w) < clwly, "

for 1 < p < +o00, and all weights w € A;, where the constant ¢ > 0 is independent of the

weight w. This means that the assumptions of Theorem 2 hold for M.

Remark 4. Consider any Calderén-Zygmund operator T. By [13] we know that:

max(l,p%I)

1T £p ()= pw) < clwly, ,

for any A, weight w, where ¢ > 0 is independent of the weight. This means that we can

1
1 _=
apply Theorem 2, for 1 < p < oo and F(z) = meax( ’P_l).

Before moving on to the proof of Theorem 2 we need to see some preliminary results. For
the proof of our theorem interpolation with change of measure is going to play an important
role. In the following (X, M, 1) and (Y, N, v) will denote measure spaces. Suppose 7' is an
operator of a class of functions on X into a class of functions on Y. T is called a sub-linear
operator, if it satisfies the following properties:

DIf f(z) = f1(z) + fa(x) and T f1(z), T fo(x) are defined then T f(z) is defined,
i)|T(f1(x) + f2(2))| < [Tf1(@)| + [T f2(x)], p almost everywhere,
iii)For any scalar k, we have |T(kf(z))| = |k||Tf(x)|, p almost everywhere.

Let pg, 1 be two measures for (X, M). If we define the measure = pg + p1, then pug, py

13



are each absolutely continuous with respect to pu. Thus, by the Radon-Nikodym theorem,

there exists two functions, aq, ay such that for any £ € M,

1i(B) = [ aj(a)dnto)

where 7 = 0, 1. In the following we will assume that «q, a1 are never zero. This is equivalent
to asserting that the sets of measure zero with respect to uj;, 7 = 0,1, are the same as the
sets of measure zero with respect to p. Thus, in the various measure spaces that we will
consider, the equivalence classes of functions will be the same. Let 0 < s < 1, and define

the measure g on X by

M@zé%*@ﬁ@wm,

for each E € M. Also assume, that we have two measures 1,1 on N, and define the
measures v, for 0 < r <1, just as we did for ug above.

Given any real numbers 1 < pg,p1,q0,q1 and any 0 < t < 1, we define py, g4, s(t), r(t) as

follows:
11—t t 1—t¢ t
(A=tpe  tpe _ o U=Bar , tar
Po p1 q0 q1
t t
S(t) _ ( pt),’l‘(t) _ ( Qt)
P1 q1

We have the following Theorem by [29]:

Theorem 5. Suppose that T is a sub-linear operator satisfying

||Tf||Qj7Vj < Kj”prjnuj

14



for all f € ij(X,M,uj), j=0,1. Then, for 0 <t <1, we have

1-t -t
||Tf||qt,vr(t) < K() K1||f||pt,u3(t)

for all f € Lpt(X,/\/l,,us(t)).
In addition to the previous theorem we need also the following proved in [15]:

Theorem 6. If the Axo characteristic of a weight w is small, i.e. [w]g, < 1+0 <2, then

the function f =logw, and any cube Q) satisfy

1
01 J, 1)~ Jqlds < 3275

We will give a rough idea for As, since for Ay is similar. We will show that for any As

weight w:

[Hogwllx <24 /[w]ay — 1.

Indeed, for any real number z we have that: 2 + 22 < e¥ + ¢~ %. Now apply it with

x = log(%) and get:

ﬁ/@@—l—(log%)%éﬁ leU_Q—i_ﬁ QM?Q.

Hence,

1 _
@/Q|logw—log(wQ)]2§1+wQ(w 1)Q—Q§ [w]a, — 1.

15



By Holder’s inequality, we have f: @1| fQ <, /ﬁ fQ f2, for any positive function f. Thus,

i1 [, g~ los(Q)] < yflula, —1.

Now using the well known inequality

1
|Q—|/Q|logw—(logw)Q\ SZ;&%M_/ | logw —

we get exactly what we want. Now for a general Ay, weight the proof follows the same lines.
See [15] for more details and for the proof that the square root is sharp.

Now we are ready to present the proof of Theorem 2.

Proof. First we will show that for any sub-linear operator T' that satisfies the assumptions

of our theorem we have:

1T 22 (w) = L2 (w) < N TN LP(wg)— P (wg) (1 + €0),

for all weights w € Ay with dy(w,wp) < 6. Let 6 > 0 be a small number that we consider
to be fixed. Fix also an Ay weight w, with dx(w,wg) < d. This means that || log 7> ||* < 6.
We would like to write our weight w as w = wo Wt for some small and positive number ¢
(which is going to be about 0), and some weight W € A;,. From the expression we can see

that

For this, let us consider only the case p = 2, but the general case is identical to this one.

Since wg € Ao we know that there is a small € > 0 such that w; := wé‘Le € Ag. Then

16



1
obviously wg = w}_s for small s > 0. To continue, consider the function f = log (U%) s

The BMO norm of f is really small since:

1
_5’
S

1
£l = ~ds(w,wo) <

Cc

| £l

and so by the John-Nirenberg inequality we have that for all A € (0, | ] the function

N = (wl())g € As, where c¢ is a positive constant that depends only on the dimension.

If we choose \ = %0, co > 0 is any constant less than or equal to sc, we see that wo :=
0]
<wﬂ0> 05 ¢ Ay, which implies that the function w%_swg € As. Then:

1
wt 1—s,,.s
W= —Fwy=w; "wsy € Ao,
T
Wo

where we put t = % Here we should mention that the As norm of W can be chosen to
be bounded above by a constant that depends only on the A9 norm of w;. On the other
hand, [wq] Ag depends only on the Ag norm of wg, and this is fixed. With this in mind, let
us assume that the Ao characteristic of W is bounded above by ¢. The important thing here
is that it does not depend on §. Write 7 = ||T||Lp(w0)_>Lp(w0). By the interpolation result
of Stein and Weiss, Theorem 5, for X =Y = Rd, M = N = L, where by £ we denote the

o-algebra of Lebesgue measurable sets in R?, and 1o = vy = wodx, 4 = v1 = Wdx, we get

1Tl Lo (w)— 2P (w) < VlftHTHtLp(W)_mp(W)
< ’Vl_tCtF<[W]Ap)t

< ’yl_tCtF(C)t

17



and the right-hand side goes to v as t — 0" or equivalently as § — 07. In other words:

limsup ([T pp(w)—s 22 (w) < Tl LP(wg) = LP (wg)
dx (w,w()—0

and in addition we have the desired estimate:

where ¢ is a constant depending on n, p, [wp] Ap and the function F', for all weights w in A,
that are 9 close to wq in the metric dx.

We can also conclude the following new result:

Proposition 7. The set

{logw : w € Ap}

is open in BMO(]Rd) forall 1 < p < 4o0.

Proof. To see this fix wy € Ay and choose sufficiently small 6 > 0. For f € BM O(R%) with
| f —logwg||« < 9, write f = logu, where u is a positive function. Then follow the previous
reasoning in the beginning of the proof, with w = u and write u = wo Wt for 0 < t < 1.
It follows that W € Ay, if 6 > 0 is small depending only on the A; norm of wy, and so
u = wé_tWt is an A; weight, by Holder’s inequality. As we can see, this is exactly the same

argument as before. O

There is only one thing remaining to finish the proof of Theorem 2. We need to show

that

Tl £ () LP (wg) Sd*%LmJ(%: 1T 2 () — LP ()
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We are going to resent two different proofs. The first appeared in [24] and the second in [22].

Both approaches give different information about the weights involved in the calculations.

For the first proof we assume that our operator T is linear. Let us also assume for

simplicity that p = 2 and that HT”LQ( = 1. Note that other p's can be treated

wg)—L2(wp)

similarly. Let M denote the operation of multiplication by ¢. To finish the proof of the

continuity at w = wg we are going to assume that the quantity

el M2 220

which is equal to

lim inf HM

1 (I'M
dsx (w,wg)—0 2

TV e
wo w2 wgw 5 L (’wo)—>L (wo)

is strictly less than 1 and get a contradiction. This means that there is 7 > 0 small, and a

sequence of Ag weights wy, such that di(wy,wy) — 0 as n — oo and in addition:

D=

_1 1 1
Hwo Qw%TwOan 9||L2( ) <(1- T)Hg“L2(w0) (3.1)

wo

for all functions g € L2(wp). Fix now any cube Q in R?. Here we can make the normalization
ion = [ Yn g, — i ines::

assumptllon Q] {Q we dr =1 for all n € N. We claim two things::

1%)|Jwy, 2 — wo—§|lL2(w0,Q) — 0 as n — oo where by L?(wg, Q) we mean the L?(wg) norm

over (), and

2*) there exists a subsequence k;, such that wy, — wq almost everywhere in the cube Q.

Obviously 2* follows from 1*. For a proof of 1*, see Lemma after the end of this proof.
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Now without loss of generality we can assume that the subsequence is the original sequence
_1 _1
wyp. Notice that 1* implies |jwy, 2 f — w 2fHL2(wO Q) 0 as n — oo for all bounded
1 11 ’
f, and so for g = fuwy 2 we get HT(wgwn 29) — Tg||L2(w07Q) — 0 as n — oo and this

implies that for a subsequence of w;, (which again we assume that is the whole sequence),
1 1 1 1
wy 2w Two wy, 29 — Tg almost everywhere in the cube Q. It is time to apply Fatou’s

Lemma in inequality (3.1) and get:

1 1 1 1 1 1
lim inf 27 H < i f” 27 H
‘ ggloré w, 202 wo wy, 2y g Q) = 1m1n w, 22 wo wy, 2y 12(09.Q)
< .
< (1 7—)”9"1;2(100’62)

1
Here g = fw, 2 with bounded f form a dense family in L%(wg, Q). For g from this dense

family it follows:

Il 20 < (1= Dl 20

by letting the cube @) expand to infinity, for ¢ in some dense subclass of LQ(wo) . By

assumption ||T']| 2 ) = 1 and this is how we have our contradiction. All that

(wp)—~L2 (wg

remains is the following Lemma:

Lemma 8. Let wg,w € A9 such that ds«(w,wq) < €, where € is sufficiently small. Let us have
1 _1 1 1

ati on b Jip 2 = 5y < 1Qlbe(0)?

a normalization assumption 18] fQ wodw 1. Then |Jw w HLQ(wO’Q) < |Q|2¢(€)2,

where c(€) is a positive constant that goes to 0 as € goes to 0.

—_

1 _
Notice that this Lemma states that the weight w2 is close to w, 2 in the L?(wp) norm

of the cube Q.
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Proof. : We want to estimate the expression:

1 }
%”w_% — 2Hi2(wo,Q) N ﬁ/cg% i é 0 <%>?

The last integral can be taken care of really easy, since by our normalization assumption and

Cauchy-Schwartz we get the following:

] 1 ,1 ;, 1 1
@/Q@” |@|/ o) 2 \@|/ &)) =g QZZ)V:L

Therefore, the quantity that we need to estimate is bounded above by:

[\.')\H

H2 1 wy

1
|@|H S0 2 wg0) S 101 g w

It is time to use the fact that ds«(w,wqy) < e. We get that the weight wﬂo is in the Ay class
and actually because the BMO norm of log <wﬂ0> is really small, the Ao characteristic is
bounded by 1+ ¢(¢€), where c(e€) is a positive constant that goes to 0 as € goes to 0. So we

have the desired inequality:

l\')\»—l

H;(wo,cg) = [wﬂohg —1<cfe).

QI H“’ ‘-
Il

Observe that the proof just presented can not be used to the case when the operator T'
is sub-linear. The linearity assumption for this proof is really essential.
The second proof covers all cases. Here we need not make any linearity assumptions for

T. Our operator is going to be sub-linear. The main tool for the proof is the inequality
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(proved earlier in this chapter)

TN zp(w)y—1pw) < TN 1P w)—1p ) (1 + cpy) , di(u,v)), (3.2)
Ap

that holds for all A, weights u,v € Ay that are sufficiently close in the ds metric, and for
sublinear operators T that satisfy the assumptions of our Theorem. The positive constant
Clo] A that appears in the inequality depends on the dimension n, p, the function F' and the
Ap characteristic of the weight v. Since the quantities n,p, ' are fixed we only write the

subscript Clo] 4 to emphasize this dependence on the characteristic.
p

Use inequality (3.2) with u = wy and v = w

1Tl £ (wg)— L2 (wg) < NT N Lp(w)—s 20 () (1 +C[w}Apd*(w7wo))-

At this point if we know that the constant Clw] 5 Temains bounded as the distance dx(w, wp)

Ap
goes to 0 we are done.

For this reason we assume that di(w,wy) = 0 is very close to 0. Then the function %
is an Ay weight with A, characteristic very close to 1 (see [8]). How close depends only on
0, not on w. Thus, if R is large enough, the weight (wﬂO)R € Ap, with A, characteristic
independent of w (again see [8]). Note that from the classical Aj, theory, for sufficiently

1+4€

small € > 0, we have w,™“ € Ap. Choose the numbers R, e such that we have the relation

% + % =1, i.e. such that R and R’ =1 + € are conjugate numbers. Then

<wsqew P Sl () () Ty P
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and by Holder’s inequality it is less than or equal to

Separating the R-terms from the R'-terms and applying Hélder’s inequality one more time

we obtain that this is at most

()] g <c.

where C'is a constant independent of the weight w. Therefore, [w] Ap < C.

The last step is to remember how we obtained the constant Clu] Ap that appears in
inequality (3.2). We used the Riesz-Thorin interpolation theorem with change in measure
and then expressed one of the terms that appears in our calculations as a Taylor series. The

constant c appears at exac is point and it is not difficult to see that it depends
tant [w] t tly thi int and it i t difficult t that it d d

Ap

continuously on [w] Ap- Since this characteristic is bounded for w close to wq in the metric

dsx we have that Clw] 4 is bounded as well. This completes the proof. O]
p

A consequence of the proof is the following remark.

Remark 9. Fix a weight wy € Ay, and a positive number § sufficiently small. There is a
positive constant C' that depends on [w] Ap and 6 such that for all weights w with dx (w,wp) <

d we have [w] 4p < C. In addition, from the inequality (see the proof of Theorem 2)

wla, < [(22)"] i, (3.3

and Lebesgue dominated convergence theorem (by letting R — +oo and remembering that
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the Ay constant of the weight (wlo)R is independent of R) we obtain

fimsup [, < [,
dx (w,wp)—0

In order to get the remaining inequality

w < liminf |w|y,.,
rola, < , mint lul,

we rewrite (3.3) as

o < [(2)" T 49,

and we proceed in the same way as before. In this case the number e depends on [w] Ap-
But we already know that for w close to wg in the dsx metric the A; characteristic of w is
bounded from above. This means that we are allowed to choose the same number € for all
weights w that are sufficiently close to wy and we are done. Therefore, the A; characteristic

of a weight w € A is a continuous function of the weight with respect to the metric dx, i.e.

the following equality is true

lim w = |w )
d*(w,wo)—m[ la, = lwola,

3.2 The sharp rate of convergence

In the following we are going to consider the Hilbert transform, H, the Riesz projection,
P4 and weights in A9 on the circle. We are going to show that Theorem 2 is sharp for the

Hilbert transform and that it is not sharp for the Riesz projection. This result is interesting
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because these two operators, H and Py, are very closely related, i.e.
H=—iPy+i(l — P;).

But as we shall see they do not behave in the same way.

We start with a weight w € Ag, such that [w]4, = 1+ 0, where 6 > 0 is really close

2
to 0. We know that there exists an outer function h such that w = |h|>. Outer means
that h = e““a, where u denotes the harmonic conjugate of the function u. As we already
have mentioned, logw = 2u is in BMO(T) with norm ||logw||x < ¢v/d. This means that
the conjugate function of u has small BMO norm, i.e. ||illx < ¢v/4. From [15] the square
root of § is sharp. So we can choose our function u such that ¢;v/§ < |jullx. Observe also
that % = ¢ 21U Let us now look at the operator f eif, that maps the space BMO(T)
continuously into itself (this is clear since if the oscillation of f is bounded then the same
should be true for the function e/ ). Of course, this is not a linear operator but it has some
nice properties. For example, for € > 0 small, it maps the ball B(0,¢) = {f € BMO(T) :
| £« < €} into another ball of center 0 and radius say ce. We claim that the ball B(0,¢) is
mapped homeomorphically onto it’s image, and that the image contains a ball B(0, ce), for
some c. For this it suffices to see that the derivative of this map at the point 0, is exactly
the linear map f + if which is a continuous surjection from BMO(T) onto itself. Then

make use of the inverse function theorem for Banach spaces. We did all this in order to be

able to claim that we can choose our function A satisfying:

< Cl\/g.

*

h
Vi< ||y
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Let f+ denote the analytic and anti-analytic parts of a bounded function f on the circle. Now
the space BMO(T) can be written as the direct sum of the BMOA and BMO A spaces, the

BMO analytic and the BMO anti-analytic spaces respectively. Without loss of generality

we can assume that cl\/g > H (%) H 62\[ But,

BMOA o

H(%)_HW:M“G’H%) oo ’/%¢‘

Il <1.6cH]

= ‘/ ¢1¢2
H¢>1||2 ||¢2||2<1,¢2

where ||.||2 is the norm in the Hardy space H2. This last supremum is exactly equal to

sup (Hy 61, ¢2) = || Hy I,
[91ll2:[92lla<1.¢2(0)=0 h

where Hy : H 2 5 H? is the Hankel operator of symbol % Now consider the spaces:
h

Hy = clos 2 {1 2,22 Y Ho = clos; o L2(w ){2,22,...}.
These spaces are called the future and the past spaces (the terminology comes from the
probability, where w plays the role of the spectral density of a stationary stochastic process,

see e.g. [31] and the literature cited therein).

The next step is to find the angle 6 of these two spaces in L?(w). This is exactly

||¢—||L2(w):sll,lp¢+|L2(w):1 ‘ <¢+’ ¢_>L2(w)"
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If we write down just one of these inner products we see the following

’/¢+¢ |h|‘—‘/¢+h¢_ %

The first two functions that appear in the integrand are analytic since they are products
of analytic functions. Note that since the function ¢_ is anti-analytic, the function ¢_ is

analytic. Also their H2 norm is < 1. This means that the supremum is exactly equal to

c2;/5 < HHEH = sup 1‘<¢+, ) ’ < 01\/_

T T

Therefore, the cos@ is exactly of the order v/§. This means that sin@ — 1 is of the order 4.
Now, all that remains is an easy problem. We are given that the cosine of the angle of two
directions is of the order v/ and we would like to find the order of sup H utv H over all vectors
u that have the first direction and v that have the second direction. Using the theorem of
cosines we can see that the order of this supremum must be 1 + ¢v/d. Thus

12 ) 12 0) > supHA1+C\/_

and

1

=1 4.
sin 0 te

||P+||L2 —>L2( )

This means that P, converges faster to its L? norm, as [w] A, — 1, than the Hilbert trans-
form. This should not be a surprise, since the multiplier that corresponds to P4+ takes only

the values {0, 1} and the multiplier for the Hilbert transform attains the values {—1,1}. So

the jump for Py is only 1 and for H is 2.

27



Chapter 4

Bellman functions and an application

to Littlewood-Paley estimates

In this chapter we construct a new Bellman function based on the results of the previous
chapter. It can be used to estimate the norms of second order Riesz transforms and to give
a better understanding of some Littlwood-Paley estimates that first appeared in [26]. For
instance, using our main Theorem 2 and techniques from [7], [20], [26], we can prove that

for any f,g € C®°(R?) the quantity
1

+ h h 1
/OO/R2 ?9];1 g£2‘>?<‘8m1‘+’8x2‘)?dydt

is bounded from above by

(" =1+ C\/5)||f!|Lp(w)HgHLp/(wl_p/),

for any A, weight w on R? with [w] Ap <146 <2 The functions on the left hand side are
the heat extensions of f, g respectively, and ¢ is a constant that depends on p € (1,+00) and

p* — 1 =max{p — }. For example, for an f in RY say, the heat extension to R4t is

7p]_
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the convolution of f with the heat kernel, that is

1) = Cd/Rd f(y)exp ( - %)dy-

The main Theorem of this chapter is the following.

Theorem 10. For any 1 < @ < 2, 1 < p < 400 define the domain D% = {0 <
(X,Y,z,y,r,8) € RxRx RIXRIXxRxR: 2P < XsP1, \y|p, < er/_l, 1<rsP~1< Q}.
Let K be any compact subset of Dg. Then there exists a function B = Bg)K(X, Y,z,y,r1,5)
infinitely differentiable in a small neighborhood of K, and at the same time for any e > 0,
Bg. i can be chosen in such a way that

(1) 0< B < (p*—1)(1+e)(1+cv/d)x/ryl/v

(2) —d*B > 2|dx||dyl,

where Q) = 140 and ¢ is a constant that depends on p and the dimension d.

Proof. By Theorem 2 we know that for the martingale transform 7} and an A, weight w,

on R, of characteristic [w]Ap <1+4+4d<2,

1T\l £ ) > 10 () < Tl Lo Lo (1 + eV5)

where ¢ is a constant that depends on p. It is really easy to see that the interpolation in
[29] works for the vectorized martingale transform T;.. This means that using the techniques
from the previous chapter, the above inequality is also true for the vectorized martingale
transform (acting on functions with values in a separable Hilbert space). But a famous

result by Burkholder (see [3], and an extension of it in [7]), states that ||T}||p_p = p* — 1.
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Therefore,

1T Lo (w)—s Lo (w) < (° = (1 + Vo).

Now, by using duality we arrive to the point (we denote by |.| the norm in our Hilbert

space) that the expression

1
7] o< tfe —<frrll<g>r, —<g>r |1

I1eD(J)

is bounded from above by
1 I 1=y 1)
(p* — 1)(1 4 Vo) < |f]Pw >J/p< |g|P w' P >J/p

for any J € D, any vector functions f € LP(w) and g € Lp/(wl_p/). The definition of the

Bellman function is the following.

1
B(X.Y,x,y,7,5) =sup{m Nol<fen <t l<gcn —<g>r 1]

IeD(J)
< f>5= = = =
jJ=r,<g>j=y,<w>jyj=r<w >J= S,
I 1—y/
< |fJPw > = X, < |g]P'w P>Jzy}.

Obviously, this function satisfies inequality (1) in the statement of our Theorem and it
does not depend on the choice of the interval J since averages of functions are trans-

lation invariant. We claim that for all 6-tuples a™ = (XT, YT ot yT 7t s7) 0= =
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— — — — — — p ++ - p . . .
(X7,Y 7,27,y ,r,5) € Dy, such that =—%— ¢ DQ, the inequality is true

at +a” B(a™) + B(a™ 1 _ _
() BB Yty

To prove this let us consider a positive e. Find functions f,¢",w™ on J4 such that they

satisfy the conditions in the supremum of the function B for the vector ™ and

B(aT)—e< Sool<ref <t ll<g> —<g>1 1l

IED(J+)

1741

Do the same for the vector a~ in the interval J_. Define the functions F, G, W on the
f+ onJy g+ onJy w4 onJy
interval J as: F = G = and W =
f— onJ_ g— onJ_ w— onJ_.

Observe that they satisfy the required equalities in order to be acceptable for the supremum

. +ig—
that defines the Bellman function for the vector % and therefore,

at+a” 1
B(T)ZW SN |Fry — Fro||Gry — Gr_||I] =
IeD(J)
1
2174 ] S A = et — g+
" ren(ry)
. e 1
2|J_| Z ’fI+_fI—||g[+—gI_||f\+mterm([:J)
IeD(J_)
1 + 1 _ 1
Z§(B(a )—6)+§(B(a )—€)+Z|$+—x_||y+—y_|

Now we need to mollify this function B, in order to take the smooth version of it. This can

be done in exactly the same way as in [20]. The concavity inequality remains the same after
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the mollification and the size condition can become 1 + C'ie times worse, where Cg is just

a constant that depends on the compact set K. O]
For a nice application of Theorem 10, we can formulate the following result.

Theorem 11. Let 1 < p < 400, and any scalar A, weight w on RY of [w]Ap <14+6<2.

Then

*
HRHLp(Rd,Rd,wdaj)—)Lp(Rd,Rd7wdg;) < (p — 1)(1 + C\/g),
where R = (RiRj)d 18 a matriz with each entry a product of two Riesz transforms.

1,j=1’

Observe that if we let 6 go to 0, which means w becomes a constant weight

HRHLP(RCZ,Rd)—)Lp(Rd,Rd) < (p* - 1)'

Proof. We can show that for any A, weight, w, on R? of [w] Ap <146 < 2, and any vector

functions ® = (@1, ..., dg), ¥ = (¥1,...,104) € C°(R?) the quantity

)= ’LJ:l

000 t) 1218 o 00 (1) 2y
2 furn (2 151 (X [ )Pt
is bounded from above by

0" = D+ VD oy 11

The proof of this inequality, follows the standard techniques appearing in [7], [20], [26], in
which the existence of the Bellman function implies a Littlewood-Paley type estimate and

it, in its turn, implies the desired estimate.
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In addition, expressing the norm of R by duality we obtain (here & = (gbj);-lzl, U =

(wi)gizl are vector functions on R%):

_ h
< RO,V >_2/d+1 § : 8:1:,8:6] — I Lyl t)dadt

6¢h (,0) oyl (x, 1)

=2
/Rd+1 Z oz ; ox; dedt,

where we get the second equality because ¢;,1); are smooth with compact support, and

hence ¢h, wlh are Schwarz functions. Now, we only need to observe that:

Ol (w, 1) o, 1) dacbhxt)ath)
/Rdﬂ Z au; o i - /RdH ; du; 01 Jdrdi

7=1

which in its turn is equal to

09! (1) oYl (x, )
/Rglfl trace [(%)izl (Zantxl,]:l] dxdt,

and that on the other hand, point-wisely

09} (x,1) I, 0]} (x,1) Iz,
(G N C e N (G e N N (G e N B

This means we are done. O
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Chapter 5

Matrix weights and the A; condition

In the previous chapters we considered only scalar weights w and studied the behavior of the
operator norm of an operator 7" on LP(w), 1 < p < oo, with respect to the weight w. We
treated all operators at the same time meaning that the exact same proof works for all of
them. The only property that we required from the operator was that it is strongly bounded
on LP(w) and that its operator norm depends only on the Aj characteristic of the weight.
Weighted estimates for matrix valued weights W have also been studied in the literature and
one of the main references is the paper [30] by Dr. Treil and Dr. Volberg. They considered
Lllo . matrices W € C4%d that are invertible, self-adjoint and positive almost everywhere
with respect to Lebesgue measure. One of their main results is the characterization of all

matrices W with the property that the inequality

1 1

x x), x(cx?_ ©)f (), f(x)pade )~
(LOV@HI@, B i) < O [ V@), fx)ade)”

holds for all f € L2(W), for some positive constant C' that depends on the dimension d
and the weight W, and H is the Hilbert transform that acts coordinate-wise on the vector

function f. The space L2(W) consists of all measurable functions f : R — C¢ such that

1125, = 1B = [ W (@), S (@) cade < .
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Their Theorem states that the class of such weights is the matrix As class that consists of
W that satisfy

(Wla

1 1
2:supH<W>?<W*1 >2 H<oo,
I

where the supremum is taken over all finite intervals I of the real line R, and the quantities
< W >7,< W™l > are used to denote the averages of W and W1 over the interval I
respectively. Notice that this characteristic for the matrix weight W is a generalization of
the scalar one and that the former is the square root of the latter. From now on in this paper,
wherever we write the symbol for the Ao characteristic we mean the one given for matrix
weights. Throughout the paper we always assume that the weight W is non-degenerate in
the sense that there is no vector e € C% such that W (t)e = 0 almost everywhere, because
otherwise we can always restrict ourselves to the orthogonal complement of such e. We have

to point out that the Ao condition just stated is equivalent to the requirement that
<Wl s < W, < W >71
> A2 I >

in the sense of quadratic forms. In addition, it is equivalent to the statement that all

averaging operators
1
[ (_/f(x)dx)XL
Il J1

are uniformly bounded in L?(W) with respect to the finite interval I. For this reason if we

consider any direction e € C?, ||| = 1, we see that the scalar weight we(z) = (W (x)e, €)cd

is an Ao weight of characteristic at most [W] 4,. Immediately we obtain that the diagonal

2

elements of W are scalar Ay weights and that the weight trace(W) is also an Ay weight of

characteristic at most d - [W] 4,.
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The motivation of studying estimates of this type comes from stochastic processes and
operator theory. Let us consider a multivariate random stationary process. For simplicity
we consider the case of discrete time i.e. a sequence of d-tuples x(n) = (z1(n),...,x4(n)),

n € Z, of scalar random variables such that E|z; (n)|> < 400 and the correlation matrix

Q(n, k) ={Q(n,k); jh<ij<a = {Exi(n)x;(n) < j<d,

depends only on the difference n — k (we use the symbol E to denote the expectation).
Without loss of generality we can assume that the process is complex valued. It is well
known (see [27]) that there exists a matrix valued non-negative measure M on the unit

circle T whose Fourier coefficients coincide with the entries of the correlation matrix

Q(n, k) = M(n, k),

n,k € 7Z and that if the process is completely regular then its spectral measure, M, is
absolutely continuous with respect to the normalized Lebesgue measure m on the unit circle,

i.e. dM = Wdm. The past of the process is defined as

Xp = span{z;(k) : 1 <j <dk <n}

and the future as

X" = span{zj(k):1<j <d,k>n}.

By writing span we mean the closed linear span in the complex Hilbert space L?(Q,dP). If
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we consider the mapping

x](/{) — zkej,

where {e;}1<j<q is the standard orthonormal basis of C?, then we obtain an isometric
isomorphism between span{z;(k) : 1< j <d,k € Z} and L2(W). The past and the future

of the process are mapped to the subspaces of L2(W)

Xp = span{z*C? : k < n}

and

X" = span{z"C?: k > n},

respectively. In this representation the angle between past and future is nonzero if and only
if the Riesz projection Py is bounded in the weighted space LQ(W). All these applications
are thoroughly discussed in the introduction of [30] and the references therein.

In this chapter we are going to study the behavior of the operator norm of some dyadic
operators on L2(W) with respect to a matrix weight W. As we shall see there are many
important differences between the scalar and the matrix cases. We will prove that for a
dimensional analogue of the Martingale transform the operator norm on L?*(W) does not
approach the unweighted norm as the matrix weight W “approaches” the identity matrix
Id. This already is in contrast with the scalar case where such thing can not happen as we
showed in the previous chapters. It seems that as we consider more than one dimensions
the flatness (meaning closeness to 1) of the Ay characteristic does not suffice for continuity
results of the kind of Theorem 2. It is also interesting and surprising that trivial dyadic

operators are examples of such not well behaved operators. Here we should mention that
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none of the techniques we used in the scalar case work for the matrix case. Firstly, the
Riesz-Thorin interpolation theorem with change in measure does not work and secondly,
there is no useful BMO theory for the case of matrices. Useful in the sense that there is a

nice interplay between BMO and the Ag class.

5.1 The not well behaved dyadic operators

Before we study such examples we need to establish some notation. For a function f (scalar
or matrix valued) and a finite interval I we denote by < f > the average of f over the
interval I, that is the number ﬁ / 7 f(z)dz. For a given interval I we denote the right half
as I and the left half as I_. For such interval there is a Haar function associated to it,

which we call hj, defined in the following way

h(z) = ﬁ(m (2) - x1_(2)),

where x 4(x) represents the characteristic function of the set A. It is obvious that if we

restrict ourselves to dyadic subintervals, I, J € D, of the real line we have

(hr hy)po = /Rhf@)hJ(fC)dfC =07,

where 077 is equal to 1 if I = J and equal to 0 if I # J. By D we denote the set D =
UZE{OOD;C, where D), = {[;—k, ];_kl) : j € Z}. In addition, for an interval J € D we are going
to denote by D(J) the set of all dyadic subintervals of J, including J itself.

Given a sequence of signs enumerated by the dyadic intervals o = {o7}rep, o1 €
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{—1,+41}, we define the martingale transform T, of a function f to be

Tof(x) =Y or(f,hp) p2hi(x).

IeD

The boundedness properties of this operator on L2 (w) for a scalar Ag weight w were studied
in [33], where the sharp dependence of the operator norm and the Ay characteristic was
found for the first time. For a function f: R — C% we can define the Martingale transform
T, f to be the vector in C% with coordinates the numbers (To f1,To f2, ... Tg f4). For our
purposes we will define a more general operator than this which we still call the Martingale

transform of the function f defined as

Mof(x)= Y o(f.0}) 2l (x),
IeD
1<5<d

where the function h]I(ZL‘) is the vector hye; and {e;j}1<j<q is a fixed orthonormal basis of
CY. Here the sequence o = {a}}, I €D and 1< j<d,is again a sequence of signs.
Let us also define the projections Py ; (that are orthogonal in the unweighted L? space)

in L?>(W) by the formula

Prst = b | POt €;)caes

Notice that Pr;f = (f, Wﬁlh‘;)zwh‘j, where we denote by (,)g 7 the inner product in

L2(W), from which it follows
2 177112 j 112
1Pz = 1V hrllz w1 12 -
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Observe that after some easy calculations we obtain

2 -1
1Prillaw = (<KW >peje)ca(S W™ >rej,€5) 0
The claim is that such quantity can not be controlled by the As characteristic. Let us choose

C2*2 and an orthonormal basis {ejti<j<ain C? such that the operator

a matrix weight W €
norm of Py ; is not close to its unweighted norm, which is 1, no matter how “close” W is to
the identity matrix Id. Assume that one of the bases vectors is e; = \/Li(l’ 1) and that W

is a diagonal 2 x 2 matrix with two scalar Ag weights w and v for diagonal elements. Let it

be that w is in the 1,1 spot and v in the 2,2 spot. Then

1
2 -1 -1
1Prallaw = 1(<w>1+<v>1)(<w Sr+ <o >))
1
> Z—L(2+<w>1<v*1 S+ <w Tl >r<v>))
> 1<2+<w>1+<v>1>’
4 <v>y <w>y

and the weights w, v have no relation with each other. Both of them can have A character-

istic close to 1, as close as we like, but the quotients 21}); ; and ;Z;II can not be controlled
in general. This means that even though the matrix weight W has Ag characteristic close

to 1 the norm [Py 1[[2, is not close to || Py 1[l2, 74 = 1. Here notice that the Martingale

transform M, can be written in the form

Mof =Y of(F. W ) oy ip(a) = ) orPrjf.
IeD 1eD
1<j<d 1<j<d

Since the operator norms of the projections Py ; in LQ(W) are not continuous with respect
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to the weight W we can not expect this Martingale transform to have an operator norm in

LQ(W) that is continuous with respect to W. Now we define the projection

Prf= Z Prif= h[(/lf(t)h[(t)dt)

1<j<d

In [30] it has been proved that the operator norm in L?(W) is exactly equal to
1 1
Pl = H <WsZawls2 H

This expression is obviously less than or equal to [W] As which immediately shows that Py
behaves nicely compared to its component operators that are the ones who do not. Here we
have a collection of projections {PI,j}lg j<d such that some of them do not become “flat” as
the weight W becomes “flat” but their sum is “flat”. Therefore, we already see that strange

things can occur in more than one dimensions.

5.2 Some results about “Hatness” and a Riesz basis

In this section we will discuss some results which give us hope that there are important
quantities of dyadic harmonic analysis that obey the same rules as their scalar dimensional
analogues. We also present an important example of a Riesz basis for LQ(W). All of them
were proved in [30] but we present them here to show that the dependence on the Ag
characteristic is the “correct” one and because we need them for our calculations.

We start with a Lemma.
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Lemma 12. Let A and B be nonsingular positive d x d matrices. Then:

A+ B
\/de’ﬁAde’GBSde’G( —iQ_ )
Proof. 1t suffices to prove the Lemma in the special case when A—? = I, since we can always

_1
consider the matrices C*AC, C* BC' where the matrix C' = <A+TB> 2 Write A =T + D,
B=1-D, D= D* and let A1, ...\; be the eigenvalues of D. Then the eigenvalues of A, B

are 1 + A1,..., 1+ Ayjand 1 — A, ..., 1 — )4, respectively. It follows that:

d
det(AB) = det Adet B = [[(1+ A\)(1 - X)) < 1= [det (
=1

SR

which is exactly what we need. O

Lemma 13. Let W be a matriz weight such that W and W1 are summable on a measurable

set I. Then for any vector e € cd

<W >re,e
( 16:€)cd -

([«W=t>p7 e e)eq ~

1 1
Moreover, the operators < W >?< w1 >? are expanding in the sense that they satisfy

1 1
| < W >I2< wt >I2 el > |le|| for all vectors e € CY.

Proof. Fix a vector e and define f = [W~1(I)]~le. Then

W) ey e)oa = (e ot = /I (W2 (e, W2 (1) )



cd
Thus,
Wi(l),e,e
P < (_1( ) _1)@d |
(W=HD)] e e)¢d
which is exactly what we wanted to prove. O

With the help of these two Lemmas we are able to show the following.

Lemma 14. Let us consider a matriz weight W € Ao. There is a constant ¢ independent of

the weight W such that for all J € D:

|LJ| Z tmce((VVI)_%(I/VLr — WI_)(WI)_%>2|I\ < clog[W] 4y,
IeD(J)
and
1 _1 12
g1, 2 Nt —w o< cuostiy
1eD(J

Proof. For a dyadic interval I let us denote by u(I) = det Wy, v(I) = det(W~1); and

: Wi, +Wr_ - 9
m(I) = p(I)v(I). Since Wr = —F5—— Lemma 12 implies that p(I)* > pu(I4)p(/-) and

similarly v(I)2 > v(I1)v(I_). Also, we define the matrices:
1 1 1 1
A=Wp) 2Wr, (Wy) 2, B= W) 2W;_(Wy) 2.

Observe that # = I and as it was done in the proof of the previous Lemma, we write

A=1+D, B=1—D and let \,..., \g be the eigenvalues of D. Then:

d d
det Adet B=[J(1 - A7) = exp (Zlog(l - A?))
i=1 i=1
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d
< exp < - 2 /\i)
= exp(—trace(D?))

— exp ( - itrace((A - B)2)>.
So we have proved that
p(1) 2 (p(1 1)) exp (5 gtrace([(W)™2 (W, — Wi_)(Wp) 2P%)).
But v(1)? > v(I;)v(I_) and this implies
(1) > (m(Lym(1))2 exp (3 - trace (W)~ 2(Wr, — Wy )(Wp) 21).

Applying this last inequality to I4, /— and then to the halves of these intervals we get on

the nth step

1
(1) > [TLmn)] 7 o (33 % trace([(Wr)“2(Wy, — W )(Wp)“2P)),

—_

where the product is over all subintervals, I, of J of length |I| = |J|27" and the summa-

tion is over all subintervals, I, of J of length |I| > |J|27™. We know that the operators
1 1

(W) Z((W~1)[)2 are expanding and this implies that m(I) > 1. We take logarithms, let n

go to infinity and obtain the inequality

D=

’—<1]| Z trace([(Wr)~

W, — WL)(WI)_%P)M < 8log sup[det(Wp, ) det((W 1), )]
1€D(J) I

0
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The right hand side of this inequality is less than or equal to the quantity
81og([W]34d2 ) = 16d1og[W] 4.
Therefore, we have shown that

ST trace((Wy) 2(Wy, — Wi ) (W) 22)|1] < 16d1g[W] 4.

1
1] IeD(J)

1

1 1
Notice that the matrix (Wy) 2(Wr,_ —W_)(Wy) 2 is self-adjoint which implies that we
have the same estimate with the square of the operator norm of the matrix in the place of

trace. O
The following Lemma is a type of a weighted Carleson embedding theorem.
Lemma 15. Let W € C¥? pe an Ay matriz weight and consider the quantity

_1 ~L19
M:\[]H<W>I§(<W>I+—<W>I_)<W>17H .

Then there is a positive dimensional constant ¢ such that

1 1
Yourl <W > 2<W2f > |7 < W log[Wa, | /113,
1D

holds for all f € L*(R — C%).

This was proved in [30] but the authors were not interested in the dependence of the
inequality with respect to the Ay characteristic of the weight. If we just simply follow their

proof we are able to obtain the square of [IW] 4, and the logarithm with the use of Lemma

2
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14.

Suppose now that we have a collection of subspaces E), of a Hilbert space H. We assume
that the only vector perpendicular to every Ey, is the zero vector. We will call such collections
complete.

The collection is called minimal if there is a family of bounded projections (not necessarily
orthogonal) &,

Sn :Id.XEn7

and is called uniformly minimal if

sup ||En|lg—p < 0o.
neN

For a minimal collection of subspaces E,, we can define the bi-orthogonal or dual system by
E! = (&)*(H) = span{E}, : k # n}™*,

where (&£,)* denotes the dual operator of &,.

A complete system of subspaces FEj, is called an unconditional basis if there exists an
isomorphism U from H onto another Hilbert space H' that maps the collection E,, into an
orthogonal system. Such an isomorphism is called the orthogonalizer of the collection. An
equivalent statement is that there exists a constant C' > 0 such that for any finite collection

of vectors f,, € Fy
Sl < | Al <o

Notice that if the subspaces E,, were orthogonal then we would have that these quantities
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are equal by the Pythagorean theorem. Instead of that we have that they are comparable.
A collection of vectors fy, is called an unconditional basis if the corresponding system of
one dimensional spaces is an unconditional basis and we call the collection of vectors a Riesz

basis if it is almost normalized, that is

0 < inf ||fnllg < sup || fullg < oo
neN neN

Notice that we do not allow the vectors f, to be arbitrarily large or arbitrarily small inside
the Hilbert space H.

The following is a very important result of [21].

Theorem 16. A complete collection of subspaces Ey, of a Hilbert space H is an unconditional
basis if and only if it is uniformly minimal and the following two conditions hold for some

positive constant C' independent of f

> NP, fll5 < Ol
n

and

> 1Py f < ClAIIE
n

for all f € H, where by Pg, and PEQ we denote the orthogonal projections onto Ey, and E,

respectively. .

Our Hilbert space now is going to be L2(W) where W € C%*4 is an Ao matrix weight.
A construction of a Riesz basis in L?(W) was done in [30]. We need this basis to define a
Martingale transform that its operator norm on L2(W) is going to be a continuous function

of the weight W. For this reason let us see how this construction was done.
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Denote by e];, 1 < k < d, an orthonormal basis of C, consisting of eigenvectors of the

positive self-adjoint matrix < W > and let

DN

1 _ _1
Wk~ (m /I (WD) f)gadt) 2= (< W > e, ef) 2
1

1
-1k k - k
= (W] 6[761>gd:”<w>1?61||'

Define the vectors

f}‘:(x) = wlfhj(x)el_}j.
Observe that

! / !
(7, 75 o = whah (b, e g /R hi(2)hy(2)de

which is equal to zero if [ # J since h; L hy in L? and if k # k' and I = J it is again equal
/

to zero since the vectors 61}7, 6]; are orthogonal in C?%. This means that the vectors {f f} are

orthogonal in the unweighted L? space.

In the L2(W) space similar things happen but the situation is slightly different. For

instance,

UF I 2y = (@) /]R Wy (@)W (@)e], ef)gadr = (W) (< W >1 efef)qa

/ /
and for k # k' we have that (f}“7 f}g )LQ(W) = ( since the vectors e];, e]; are orthogonal in

CY. But for I # J we do not have orthogonality in general. The reason for that is that the

/
vectors e]; and e§ for I # J have no relation for an arbitrary matrix weight W. This is a
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difficulty that we are able to overcome easily since we can prove that for W with “flat” Ag
characteristic these vectors are almost orthogonal. We will make this more precise later.

Now let us define a collection of spaces Ej as
Er = sp(m{f}€ 1 <k<d}= h](Cd,

I € D. The vectors { f}“ H<k<q constitute an orthonormal basis of £ inside L?(W). Here
notice that from our previous considerations it follows that the subspaces Ej and Ej are
orthogonal in the unweighted L? space for I # J. The E}’s are d-dimensional subspaces of
L?>(W) N L2, Tt is east to prove that if a vector function f is orthogonal to all Ej’s then
f = 0 almost everywhere. This means that our collection {Er}rep is a complete system of
subspaces.

Let us define the projections

Put(@) = eto)( [ romg(o).
Notice that we considered these projections before in the example of the not well behaved

Martingale transform. Also, ||Prlj2 = 1 and

1 1
I1Prllow = H <W>?%< w2 H

That is, these projections are orthogonal in L? but they are almost orthogonal in LQ(W) for

“flat” W € Ag. In addition, inside L?(W) (and L?) we have the equality

Pp=1d-xgy,
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which implies that our collection {E}}jep is minimal. Actually,

sup [|Prllo,w < [W]a, < o0,
1eD

and so the collection is uniformly minimal. Let us denote by E} the bi-orthogonal system
and by PEI the orthogonal projection onto E7 and by Py the orthogonal projection onto
I

E' . Using techniques from [30] and Lemma 15 we can show that the following is true.

Theorem 17. There is a positive dimensional constant C with the property

> 1P 13w < (14 Cflog[W]a) I £13.40

1eD

for all f € L*>(W) and

D 1P gl < (1 C\loalW]ag) gl

1D
for all g € L2(W).

Notice that this proves that the uniformly minimal collection {Ej}rep is actually an
unconditional basis in L?(W) and that the vectors f}“ are a Riesz basis in L2(W). Here is a

short outline of the proof of Theorem 17. What we want to show is that

ST Daw? < (1+C\flogWay)IF 113

IeD
1<k<d

1
For this reason we define the vectors g]f = f}“ + X]AIGI;, where A; = %|I|_? <W >I_1 (<
1
W>p —<W>p ) <W>; 2 Since the collection {g/f} is orthogonal in L2(W) and since
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by Bessel’s inequality (the norms || glf |2, are uniformly bounded because supy || glf ;2 (W) <
1+ cy/log[W]y,)

1 k 2 2
> (L gDl < 5w
IeD ||9]||2’W
1<k<d

it suffices to prove

ST xrAreD)awl? < (1+ 0y logW]a) 13-

IeD
1<k<d

for all f € L?(W). This statement is equivalent to

1
Yo HPIATW2 ) )17 < (14O log[W]ay) I /13,

1eD
1<k<d

for all f € L2 But [|A%e] < S(un)2|IIHI(Wy)~Zell, for all vectors e, where py is the
quantity that appears in Lemma 15. This means we are done. Before we go further and
study the Martingale transform in the next section, note that the system of subspaces Ej
in L2(W) has the same geometry as the system W%EI in the unweighted L? space. The

1
bi-orthogonal to the latter system is W 2 Ej.

5.3 The Martingale transform revisited: M, and M)"

In this section we will try to use the construction of the Riesz basis which was presented
before to prove that a new Martingale transform, MCI,/V , which depends on the matrix weight
W is “flat” for “flat” A9 weight W. We already know that we can not expect the usual

Martingale transform M, to behave nicely for a general Ay weight. This is because the
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LQ(W) operator norms of the projections Py ; that we considered in section 5.1 are not
“flat” in general for “flat” Ao matrix weight W. Let us fix such an A9 weight W and for
each dyadic interval I we consider the eigenvectors e]; of the matrix < W > as we did in the
previous section, their eigenvalues )\1}7, and the vectors h Ie]; (see section 5.2). For a vector

function f we define the operator

and the projections

me = (f, W thgeh)y whrek = h[(/jf(t)hl(t)dtaelﬁcd@]f-

We write the super-index W because they depend on the matrix weight. The claim is the
following Theorem which is a substitute for the not well behaved Martingale transform M,

(see section 5.1).

Theorem 18. Let W be a matriz weight with [W]a, = 1+ 3§ where 6 > 0. There is a

2

dimensional constant ¢ > 0 such that for all § sufficiently close to 0 we have the estimate

MY o <1+c W]a, — 1.

Proof. We claim that the projections P}/I;; behave nice in L?(W). The square of their norm

2

|PPY I3 s eaual to ek 2y lhrek]?

w1 and in its turn this is equal to the product
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(the brackets (,) mean inner product in C%)

(<W>p el},e’})(< wl>; el},e’}) = )\’f(< wl>; e]},e’})
1 1
— 1.2  /hk.k -1.2 k K
N R SR U S Y
= (KW >i<W>ie,<WT >7<W >7 )

IN

WA,

which is equal to 1+ ¢d for [W]A2 =146, 0 ~ 0. To continue we denote by (.,.)g the usual
inner product in the Hilbert space H = L?(W) (we denote the dual space L2(W~1) = H*)
and we use the notation xyj = h]elf. In order to estimate the operator norm of MXV on

L2(W) we only need to estimate the expression

S M@ WA el W) .

IeD
1<k<d

for f € L2(W~1) and ¢ € L?(W). This sum is equal to

Tk
S Nerwlaller el gl F)ull(

= lerklle
1<k<d

Tk

— 51
T alge” el 5-1)

where we denote by F = W~!f and & = W1). We bound |27 kgl 1 k|l = by the norm of
the projection PIME: on L?(W) which is less than or equal to [W],%lQ and then by the use of

Cauchy-Schwartz inequality, expression (5.1) is bounded above by

Do|—
N

W, (3 I )2 (Y I 0 ) (5.2)

= lerkla’ = ekl
1<h<d 1<k<d
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We bound each one of the two sums separately. Notice that for the first sum we project
€T
the vector F' orthogonally onto the unit vectors % which constitute a bases of the

vector space Ly introduced in section 5.2. This means that ) 1<p<4]( Fyl? =

Lk
oy kllE”
||PEIF||§ - and therefore,

< Z |(& F)H|2>% < (Z ||PEIF||%7W>% < <(1 +c log[W]A2)||F||%’W>%

)
i lrrella =
1<k<d

by Theorem 17, which is exactly what we want. For the second sum of (5.2) similar considera-
tions apply. Namely, we project the vector ¥ onto the unit vectors W?T,fm which are almost
orthogonal in H* (the cosine of the angle between the vectors zy ;. and Ik for k # k', is of
the order \/5) and they constitute a bases of E} So by the use of the law of cosines we can

bound the sum 3 << |( W) 7+ |2 from above by (1 + C\/S)HPE/I\I!H;W_l. Since

"
ETFAen

9 2
1P VIt < (1 e floglV L 12

IeD

by Theorem 17, we are done. In summary we have the desired estimate

IMgY o < 1+ ey /[W]a, — 1.

5.4 Open problems about matrix weights

CdXd

As we showed in the beginning of this chapter for any Aoy weight W € and any

direction e € C? the scalar weight we(z) = (W(z)e,e) g is Ay with characteristic at most

C
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[W]4,. Since the A characteristic does not change when we multiply the weight by a

9"
positive constant number it is not hard to see that for any vector y € Cd, y # 0, the weight

wy(x) = (W(2)y,y)q 1s an Ag scalar weight and actually,

sup  [wylay < [W]a,.
yeCh\{0}

The question that rises is the following. Suppose that for a matrix weight W and any non-
zero vector y the scalar weights wy := (W(z)y,y)q and (wil)y = (W1, Y)cd are in the
A9 class with uniform bound for the Ay characteristic. Do we necessarily have that W € Ay?
In [16] Dr. Lauzon and Dr. Treil proved that for W € R?*2 the answer to this question is
positive. That is if the weights wy, (wil)y are uniformly Ay over all unit vectors y € R2,
then W satisfies the matrix Ay condition. In addition, they proved that for n > 6 there are
W e R™ ™ such that for all directions y € R™ the scalar weights wy, (w_l)y are uniformly
A9 but W ¢ Ay. For dimensions n = 3,4 and 5 the answer is not known.

We should mention that the problem of characterizing matrix weights W e C4*? that

satisfy
(A(W(x)gﬂf(m),Hf(:r))gdd:c)fl’ < (J(A(W@)@(@,f@))éﬂ@?

for 1 < p < oo, where C' > 0 is a constant, has been solved in [19] and [32] with different
methods. It states that this holds if and only if W € Ay 4 where % + % = 1. To introduce
the A 4 condition we need some preliminary definitions. Let ¢ + p¢, t € R be a function

whose values are norms (or even semi-norms) on R” (or C"). We assume this function to be

measurable in the sense that for any vector x € R™ the function ¢ — p(x) is measurable.
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The LP(p) space consists of measurable vector functions f such that

Hf”]zp(p) = /Rpt(f(t))pdt < 0.

The weighted LP(W) space with a matrix weight W is a special case of the space LP(p)
1

where pt(x) = |W(t)Pz||. For a norm v on R™ (or C") we denote by v* the dual norm

defined as

R ]

y£0 VY (y)
The notation (,) denotes the inner product on R” (or C" depending on which case we are
considering). For a normed valued function p we define the dual function pf = (p;)*. We

also denote by < p >y, the p-average

=

<p>rp(r)= (%l/lpt(x)pdt) :

where z € R". We say that a normed valued function p satisfies the A, condition for

1 <p<oo, 119 + % = 1 if there is a positive constant C' such that
<P < C<p>7,, (5.3)

for all finite intervals I in R. Notice that the opposite inequality always holds with C' = 1.
This follows by Holder’s inequality and the fact that for a norm v and all z,y € R™ we have
|(z,y)| < v(z)r*(y). We can denote the smallest C' that satisfies inequality (5.3) by [p]qu

(notice that it is always bigger or equal to 1) and try to study the relation between operator

norms on LP(p) with respect to the quantity [p] A problem like this seems more difficult

Apg
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than the p = 2 case.

The Ap 4 classes do not have the analogous properties of their scalar dimensional ana-
logues namely the A; classes. In [1] the author showed that there is an Ap matrix weight
W e C2*2 such that W ¢ Apq for all p < 2, 117 + % = 1. This is a counter example to the
open ended property of the A, classes. He also presented an example of a 2 x 2 Ay weight
W such that W" ¢ Ay for all r > 1.

The behavior of the dimensional constants ¢ that appear in our calculations when d
grows is unclear and it can be an interesting problem. It is quite natural to understand
the infinite-dimensional stationary stochastic processes, and, thus, to understand operator-
valued weights. However, this is an open question. In [10] it was shown that for the Mar-

tingale transform

Tof = or(fhp)hy,

1eD

the following is true. There are constants 0 < a, A < oo, such that for every d there is an
Ay weight W,; € C*? with [Walay < Aand

1
sup [|T5 [l2,w,, = a(log d)2.

In [11] the same authors proved that a completely analogous result holds for the Hilbert

transform.
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