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ABSTRACT

A POWER SERIES APPROXIMATION OF THE DYNAMIC TRANSFER

CURVE OF A VACUUM TUBE

One of the major problems in vacuum tube circuits is making accur-

ate calculations of the tube's output when the tube is operating in.the

non-linear region of the tube. By use of finite power series the dynamic

transfer curve is approximated and this power series establishes a

relationship between the grid voltage and the plate current. The co-

efficients of the corresponding terms for transfer curves of different

plate voltages are compared and a means of plate modulation calculations

is devised. In addition several examples are worked out including a

single-ended smplifier operating class A31, a push—pull amplifier oper.

ating class A31, and a plate modulated rf. amplifier operating class 0.

Some other approximations are discussed.
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A POWER SERIES APPROXIMA'I‘ION OF THE DYNAMIC TRANSFER

CURVE OF A VACUUM TUBE

INTRODUCTION

Recently there have been papers written by serveral authors per-

taining to circuits with non-linear circuit elements.1'2 The method

of solution has been to approximate the non-linearity by a power series

of few terms and then proceed to solve the non-linear differential equa-

tion. This paper will show that vacuum tubes may be handled in a

similar manner by approximting the dynamic transfer curve such that

ip = {(lbb, ec).

In April of 1919 H. J. van der 3131 published a paper which pro-

vided a means to determine the plate current of a vacuum tube given th;

input voltages and the characteristics of the tube.3 The essentials

of his paper follow.

10 8 «(731, + Ec + E + e sin pt)B where e sin pt was the input

signal, a: is a constant whose value is a conductance and depends

upon the structure of the tube, 8 = 1/“, and £13 a voltage and

depends on several things such as the contact potential difference

between the cathode and grid, and the power developed in the

“9". 0“ O n---m«

l. Pipes, L. A.; Forced Oscillations of Non Linear Circuits; flw-

‘ h---“

2' K11. Y. H.; Circuit with Ron Linear Inductance and Capacitance;

Wicatieae am: acetaqnwics: Jammy 1955; pp. b19425.

'5. van der 3131, H. J.; Theory and Operating Characteristics of the

Thermionic Amplifier; Proceedings o_f_ the institute 03; Radio Engineers;
..-0

Volume VII. Number 2; April 1919; pp. 97-128.
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filament (which was the cathode in many cases in those days).

But 3b = Ebb - Ion where R is the load resistance of the tube and

Ebb is the applied plate voltage of the tube.

Then 10 = «(x (Ebb -. 103) + 3c + 6 + e sin p173.

Also let V= Eb+l°+6.

van der 3131 then claimed that experiment showed 3 to be equal to 2 and

that 6 was very small compared to the rest of the expression for V.

He then solved the expression for Io and obtained the expression below"

 

I 134121110 + esin pt) ab. 111413307 +‘e‘s_ifin pt):

° 20(3232

This paper is still accepted today. However, there have been

several modifications that have greatly reduced its value for analytical

computation. The first limitation is that the tube must be conducting

and that the grid should not be positive. The second and more discour-

aging point is that B is not equal to 2 but is approximately 1.6. This

makes an analytical solution for ID somewhat difficult and complicated,

if not impossible.

With the advent of multigrid tubes van der Bijl's equation became

less and less useful for the solution of circuit problems. Others1+

tried various means most of which relied on the parameters of the tube.

In as much as these parameters varied to some extent with the applied

voltages the mathematics became very quickly highly involved.

 

rSe‘eWAppendivafor the steps in the solution of the equation.

’4. Caporale, Peter; A Note on the Mathematical Theory of the Multi-

electrode Tube; Proceedings o_{ the Institute 9_f_w 915.119.113.13

Volume XVIII, Number 2; September 1930; pp. 1593-1599.
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A popular way to handle these problems is a graphical method of

solution. This, however, has several serious drawbacks. With tubes

going into cutoff or saturation it becomes difficult to predict the

d.c. current drawn if the signal applied to the grid is a.c. .A good

way is to assume that the characteristic is linear until the tube cuts

off. Using this assumption it is p0ssible to make an approximation of

the output current by rourier series. A similar assumption is made at

saturation.

These methods have the disadvantage that the slightest change in

any one of the applied voltages necessitates starting all over again.

There is also no way to figure plate modulation. Hence the graphical

solution has several drawbacks which become quite serious when an

analytical solution is desired.



CHAPTER I

THE APPROXIMATIOR

A solution is to approximate the tube curves with some

mathematical expression. This solution poses two questions which must

be answered before we can employ it. The first is, mthat curve shall

we approximate?” The second is, "Having selected the curve, how shall

we approximate it?"

Since we are interested primarily in the tube as a circuit element

we are most interested in its output for a given input. The transfer

characteristic gives us the plate current for a given grid voltage if

the plate voltage is held constant. Therefore the dynamic transfer

characteristic will give us the curve we want.

Figure 1 shows us the curve we have to approximate. The ideal

approximtion would be an infinite convergent series. This series

would then fit the curve on every point. Unfortunately such series are

difficult to find unless the curve fits a known function. In our case

this is not generally true. One may point out that the curve is very

nearly that of a translated hyperbolic tangent. This is true but the

variation from the hyperbolic tangent is on the very part that we are

most interested in. If the tube goes both into saturation and cutoff,

the hyperbolic tangent may well be the curve to use. This point will

be discussed more fully later on.

Having ruled out infinite series we are reduced to a finite series

of some type. One series'to use would be a Taylor series. The form
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to be used would be:

i =a1(ec1+b) +a3(e°1+b)3+a5(el+b)5+ ...
p c

The number of terms would depend on the number of points where the curve

is to fit exactly and the number of points in turn would depend on the

closeness of fit desired. Thus if n points were desired then the curve

would have n terms (Note: At the point b 8 '°cl' 11) would automatically

equal zero and this point would not be included in the n points). Since

the function contains only odd powers the curve would be symmetrical

about the point b = "cl' This fact greatly expands the usefulness of

the function. To determine the coefficients of the series we substitute

the desired points into the equation, thus obtaining n equations with

n unknowns. and then solve. Or by matrix notation:

      

w
23-1.

hp]. [c1 c13 c15 . . . . . c1 f at "

3 5 2n-l
ip3 c3 c3 c3 . . . . . c3 a3

2n-l
i . . . . . . . . . .

JL Pan-i L c2n-‘l J 1., °2n-ij

where ck= 'cl + b at the point k

and where 1p]: = the current passing through the tube at that point.

Before actually solving a particular problem we shall first go

about solving the general case. The method is that of organized sub—

stitution (or complete diagonalization of a matrix.).

The first step is write the c mtrix and augnent it by adding the

1p column to form an n + 1 by n rectangular “W1"



  

F 3 5 2n~l '—
c1 c1 c1 asses Cl 1P1 [

3 5 2n..l
C3 c3 C3 sees. 03 1P3

c 3 c 5 c2n-l i
Len-1 c211ml 3 "'°' 2n—l pan-l

Divide the first row by c1. Multiply this new first row by c} and

subtact it from the second row. This will be the new second row. Re-

peat the last step except multiply by c5 and subtract from the third

row. Continue this process until the first column reads 1 O O 0 ...

For simplicity let us call the number in the second column and

second row of our new matrix d3. Divide the second row of the new

matrix (which will hereafter be referred to as the second matrix) by

d3. This will give us the second row of the third matrix. The first

row of the third matrix is the same as the first row of the second

matrix. Call the number in the second column and third row of the

second matrix d5. Divide and multiply the second row of the third

matrix by as and subtract it from the third row of the second matrix.

This will be the third row of the third matrix. Repeat the Operation

until the second column reads 81 O 0 O ...

The process is repeated until principal diagonal of the last

matrix (The diagonal that starts from the first term in the first row

and continues to the kth term in the kth row is the principal diagonal)

consists only of ones and all terms below the principal diagonal are

zero, or until the matrix looks as follows:



 

F q

1 '12 XI} 31),; ..... r111 N1

0 1 323 ’2]; ..... gen «3

O O 1 '3“ so... ’3“ “5

b0 0 0 O ..... l “Zn-L1 
. .The above matrix is called a half-diagonelized matrix. To com-

pletely diagonalize the matrix the same process as half-diagonalizing

is used except that you start at the bottom and work up. A completely

diagonalized matrix is shown below.

[10000 .....051"

O l 0 00 .....Oa3

OOlOO.....Oa5

  “:3 O O O O .....1 820%

The reader will note that the n + 1 column is the term coefficients

of the power series that we are looking for. (The Justification for

this manner of solution can be easily seen by placing a after every

alt-l

term in the k column except the n + 1 column and a plus sign between

columns except between the last two columns where there should be an

equal sign. In this manner every row becomes and equation and the di-

aSomalization process becomes merely an organized method of solution.)



Now we have decided what curve we are going to approximate and

the general manner of way we are going to go about it. In the diagram

below we have a single ended tretode amplifier. For the tube we shall

use a 6V6 t'. We will let 3 equal #00 volts and 2c be fixed at
bb 2

250 volts. The load resistor will be 2,000 ohms.

 

 

    

8p

£5 (E ‘

Cc’ ‘6 Etc-‘5f 554*

Ecc: *

Ecce-

Figure 2: Basic tretode amplifier.

To obtain the dynamic transfer characteristic, a load line is drawn

ontthe average plate characteristics chart (which is available from

various tube manuals) and.a curve of plate current vs. grid voltage'

is drawn along the load line.

For a first approximation we will choose the point ec1 = -lOO volts

as our origin. We will use five other points; one at cut-off, one just

at saturation, one in the middle of the linear range, one well into

 

3; The 6V3 is a beam power tretode. It behaves almost identically

like a pentode.
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saturation, and the last one approximately half way between cut-off and

-100 volts. The points selected were ec1 = ~b0, -35, 0, +15, +50. For

clarity the five equations will be written out in their entirity and

solved by diagonalization. Each equation will be of the form:

1p 2 “.61 + 100) + bud + 100)3 + c(ecl + 100)5 + d(ec1 + 100)7 +

°(°cl + 100)9

6 12

(1) o = a.uo + b on x 103 + c 102.u x 10 + a 0.153sn x 10 +

e 0.000262 x 1018

(2) 0 '3 a 6‘3 4‘ b 27N.625 x 103 + c 1100.3 x 10b + d lL902 x 1012 +

e 0.0207119 x 1018

(3) 112.5 =’a 100 + b 1000 x 103 + c 100000 x 106 + d 100 x 1012 +

e 1 x 1018

u — 3 . b _ 12
( ) 177.5 — a 115 + b 1520.875 x 10 +'c 20113.o x 10 + a 266 x 10 +

e 3.518 x 1018

<5) 177-5 - . 190 + b 3375 x 103 + c 75937.9 2: 10° + a 1703.5 x 1012 +

In the matrix form:

Fuo 6h. :103 102.hx106 0.1o38u11012 0.000202x1018 0 '7

65 27h.6251103 1160.31.106 n.902 x1012 0.020711921018 0

(6) 100 1000 :103 10000: :106 100 :1012 1 :1018 112.5

115 1520.875x103 20113.6:106 266 :1012 3.518 :1018 177.5

u  H50 3375 110 75937.9x106 1708.6 31012 38.914 x1018 177.5J

The first row is divided by M0 and then becomes the new first row for

(7). The first row of (7) is multiplied by 65 and subtracted from the

second row of (6) giving the second row of (7). The third row of (7)



11

is obtained by multiplying the first row of (7) by 100 and subtracting

it from the third row of (b). The fourth row of (7) is obtained by

multiplying the first row of (7) by 115 and subtracting it from the

fourth row of (b). In a similar manner the fifth row of (7) is found

by multiplying the first row of (7) by 150 and subtracting it from the

fifth row of (6).

 

E 1.6 x103 2.5bx106 0.00%96n012 0.00000655x1018 0 1

o 170.6251uo3 993.9 x106 1+.6358 1:1012 0.020286 x1018 0

(7) 0 8% x103 97m. 1106 99.590h ::1012 0.999395 :1018 112.5

0 1336.875x103 19818.2 :106 265.529 :1012 3.5172u7 :1018 177.5

L9 3135 x103 75553.9 1:106 1707.986 x1012 38.h39 :1018 ”7'2

'1 1.61.103 2.56 1106 14.090 1:109 6.55 x1012 0 "

o 1 5.8251:103 0.02717x109 0.0001189xio15 0

(8) 0 o 11.2551 76.7676 x103 0.899%9 1:109 112.5x10"9

o 0 12.032 229.206 x103 3.358293 x109 177.5x10'9

L0 0 57.292 1622.808 1103 38.06621485x109 177.5:10'9J  
(8) was obtained from (7) by rewriting the first row of (7) as the

first row of (8); by dividing the second row of (7) by l7O.(3251103 for

the second row of (8); by multiplying the second row of (8) by 89-01th3

and subtracting from the third row of (7) and then dividing by 109 for

the third row; by multiplying the second row of (8) by 1336.875x103 and

subtracting it from the fourth row of (7) and then dividing by 109 for

the fourth row; and by multiplying the second row of (8) by 31.35x103 and

subtracting it from the fifth row of (7) and then dividing by 109 for

the fifth row of (3)-
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To get (9) we will rewrite the first and second rows of (8) as the

first and second rows respectively of (9). Then divide the third row of

(8) by H.851 for the third row of (9). The fourth row is obtained by

multiplying the third row of (9) by 57.292 and subtracting it from the

fifth row a: (8) and then dividing by 103.

‘1 1.6::103 2.56 x106 9.0961109 6.55 x1012 0 '1

o 1 5.825;:103 27.17 x106118.9 1109 o

(9) o o 1 15.825x103 0.185uxio9 23.191x10"9

0 o o 38.8 1.1276x106 401.53 1:1042

P o 0 716.162 27.111111 x106 4151.6 110-12-  
The next matrix, (10), is readily found in a similar manner. The

first three rows of (10) are identical with those of (9). The fourth

row of (10) is the fourth row of (9) divided by 38.8. The fifth row was

obtained by multiplying the fourth row of (10) by 710.102 and subtract-

ing it from the fifth row of (9) and dividing by 103.

r11.6:r103 2.56 1:10‘3 11.096x109 6.55 x1012 0 '-

0 1 5.825x103 27.17 nob 118.9 x109 0

(10) 0 0 1 15.825x103 185.11 x106 23.191x10’9

o o o 1 0.02906x1o6 -2.bl7x10'12

_0 0 o 0 6632 423.09 x10'5_

{’1 1.61103 2.56 x10" ’+.090x109 o -o.7iux10"3"

o 1 5.8251103 27.17 x106 0 -12.96 1.10“"

(11) o o 1 15.825x103 o 2.982x10'9

0 0 0 1 0 -5.785xi0‘12

9 o 0 o 1 0.109110-15J  



 

 



13

Matrix (11) was obtained from (10) by dividing the fifth row of (10)

by 6632 for the fifth row of (11); by multiplying the fifth row of (11)

by 29.06x103 and subtracting it from the fourth row of (10) for the

fourth row of (11); by multiplying the fifth row of (11) by 185111106

and subtracting it from the third row of (10) for the third row of (11);

9
by multiplying the fifth row of (11) by 118.9x10 and subtracting it

from the second row of (10) for the second row of (11); by multiplying

12

the fifth row of (11) by 6.55x10 and subtracting it from the first

row of (10) for the first row of (11).

By this time the reader must be fairly familiar with the process.

I will. therefore, merely outline the rest of the solution and give the

final results. The next step would be to eliminate the terms other than

one in the fourth column, and then the third, and lastly the second.

The resultant matrix would be:

‘1. 0 0 0 o u27.87 x10'3‘

0 1 0 o o -l+Ob.‘+2x10"6

(12) 0 o 1 o o 9h.53 x10”9

0 0 0 1 0 -2.617xid'12

o o 0 o 1 0 109:10'12
L ' 41  

Our results can now be expressed in the equation that approximates

our curve.

(13) 1p = o.u28(0c1 + 100) - 0.1496110'3(oc1 + 100)3 + 0.091453x10'6(ecl + 100)5

~5.785110'12( cc]. ‘0’ 100)7 + l()9xlO-.18(ec + 100)9

l

The next step is to plot the expression and compare it with the curve

we are acutally trying to approximate. This is done on Figure 3.
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In this particular case we note that the approximation is very

close to that of the actual curve until saturation is reached.

point there is considerable overshoot.

than 15 percent (Based on the saturation current).

that the curve for the most part is well fitted.

Nevertheless the error is less

Therefore we note

It is now possible to vary the grid voltage over a considerable

range without making extensive new calculations. We still, however,

are nailed down tight as far as plate voltage. screen voltage,

and load resistor are concerned.

At this

Let us next investigate the effects of changing the plate voltage.

In order to be consistent we will use the same load resistor value and

the same origin. For our first attempt we use a plate voltage of 300

volts and select the same points as we used in the 900 volt curve.

Our augmented matrix appears as follows:

F110 61+ 11103

65 2714.62511103

(1k) 100 1000 2103

115 1520.875x103

150 3375 x10

b

\
N

 

6

6

10000 1106

102.ux10

1160.3110

20113.6:106

75937-9x10b

0.16389x10

b.902 x10

100

266

1708.6

12

12

:1012

11012

:1012

0.000262 :10
18

0.0207119x1018

1

3.518

38.NN

:10
18

O

0

112.5

:1018 135

110

18

135

This solves in the same manner as the previous matrix and the resulting

equation is as follows:‘..

(15) 1p = 0.60598(ec1 + 100) - 0.58153x10'3(.c1 + 100)3 + 0.19259x10”
6

 

us 2
u

“.1 + 100)5 - 10.136110 1 (ecl + 100)7 + 221110 13m, + 100)9.

 

...

For the rest of the paper merely the first matrix and the solution

will be given. See the Appendices for step by step solutions.
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Before checking this equation let us study the method of solution

used in obtaining these last two equations and see if we can notice any

similarity. First thing that we note is that the first five columns are

correspondingly the same. Only the sixth columns are different. If we

were to use the same points in approximating the 200 volt curve, again

the first five columns would be identical and only the sixth column would

be different. Instead of repeating all the work.all over again for the

first five columns the five by five matrix was augmented twice to main

a five by seven matrix, and the 500 and 200 curves were solved for

simultaneously.

The seventh column of the matrix was:

0

0

(16) 82.5

87.5

87.5

The equation of the 200 volt curve was:

(17) 11p a 0. 4909(0cl + 100) - 0.117357110'39c1 + 100)3 + 0.1171191110”b

(ac1 + 100)5 - 8.5991110"12('01 + 100)7 + 1921110480161 + 100)9.

Examination of the function plots as compared to the actual curves

CFigures u - 5). Shows that the error in saturation is tremendous and

renders the curve unfit for use in this area. Also the fit in the linear

region could be improved. For these reasons we make a second approxi.

mation.

In hope that we can save some work we will again solve for the two

curves simultaneously. This time we will select our points more in
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accordance with the principles we enumerated when approximating the

ROD volt curve.

The points selected were ’cl = 410, -35, -10, +10, +30. This

gave the following matrix.

. 2 -
no 6% :103 102141106 0.1638111101 0.000262 :1018 o 0

65 2711.62511103 1160.3110b 11.902 11012 0.020711911018 0 0

(1’8 90 729 1:103 59011.91106 447.8297 :1012 0.387112 111018 57.5 50.0

12
10 1331 :103 16105.1:10b 198.8717 x10 2.3579 110181350 87.5

30 2197 x103 37129.3xio6 627.9852 :1012 10.6ou5 11018135.0 87.55 
This leaves us with the following results:

For the 300 volt curve:

( 19) 1p = 0.3611899(.c1+ 100) - 0.31123148x10'3(ec1+100)3 + 0.078511110'6

-12 -18
(6,:1+100)'3 - l1.563110 (061+ 100)7 + 79.287110 (061+ 100)9

For the 200 volt curve:

(20) 1p 2: 0.u57889(.cl+ 100) - 0.ul+u022x10’3(.cl+ 100)3 + 0.111769x10'6

“81* 100)5 - 8.532x10‘12<.c1+ 100)7 + m8.%6x10'18(ec1.1» 100)9.

The comparison of these functions to the actual curves is shown in Fig-

ures 6 and 7. This set gives us a much more satisfactory approximation.

There will be no attempt to compare coefficients of like terms at this

time. Instead the next step will be to note the effects of varying the

load resistance.

After comparing the transfer curves of various applied plate volt.

ages with the range of load resistance desired it was decided that the

200 volt set would give us the most desireable information. (This set

had all leads going into saturation which was not true with the 300 and

L‘00 volt sets.)
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Since the curves were so radically different near saturation it

was felt that nothing could be gained by attempting to use the same set

of points for both curves. The “000 ohms curve was approximated.using

the points ec1 =t-00, -35, -15, ~5, and +20. The 1000 ohms curve was

approximated using the points 0 = -hO, -35, 0, +10, +30. Once again

c1

the initial matrices and the results will be given.

rsr the first approximation.of the #000 ohms curve:

3 6 0.1038ux1012 0.000202 :1018

12

Ho 60 x10 102.11 x10 6-

0.020711921013

(21) 85 011+.125x103 W437.05x106 32.058 :1012 0.23162 :10“ 3o

05 2784;251:103 1100.29x10" 11.902 x10 0

6

95 85703751103 7737.81X10 69.983 11012 0063025 11018 1+5

  920 1728 x103 21+883.2x106 358.318] 1:101‘2 5.515978 x1018 us.

( 22) 11) = 0.u1b5n(ec1+ 100) .. 0.h0509x10-3(ecl+ 100)3 + 0.103113110"6

(ecl+ 100)5 - 7.952110-12(°cl+ 100)7 + 177.mo‘15(.d+ 100)9.

For the approximation of the 1000 ohms curve:

[1+0 bu 1103 102.le106 0.1638uxio12 0.000202 x1018 0‘

b5 274.0251103 1160.3:106 8.902 11012 0.0207119x1018 0

(23) 100 1000 1103 10000 1:106 100 1:1012 1 1:1018 107

110 1331 x103 18105.1xio6 1911.421 11012 2.3579 :1018 100

E30 2197 x103 37129.31106 027.1352 1:1012 10.8045 x1018 16%  
(2“) 1p = 0.20735(ec1+ 100) - 0.2%08x10'3(ec1+ 100)3 + 0.01+77ix10"6

5 ~12 7 -13 9
(ec1+ 100) - 1.25bx10 (ec1+ 100) - 31.2110 (ec1+ 100) .

These results are plotted.along with the actual curves in Figures 8 and 9.

Before trying to interpret the results we have obtained let us

examine a triode. The method will be the same as we used in investigating
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the 670. Once again we will use a common tube, the 6J5 or one-half at

a 6817. The latter is a tube that is common to many television sets.

He will first use a 20,000 ohm load resistor with plate voltages of

200, 300, and L$00 volts. Then we will use a plate voltage of 200 volts

with load resistors of 10,000 and 1$0,000 ohms. As usual we will give

the initial matrix and the final result.

For the 20,000 ohm set of curves, the points used were e. = ~50,

~20, —2, +10, and +30. Once again ec = -100 was chosen as the origin.

For the #00 volt curve:

1P50 125 1103 312.51100 0.7812511012 0.00195311018 0 q

80 512 1103 3276.8x106 20.97152x1012 0.13421 x1018 1.2

12 13
(25) 98 9141.192x103 9039.2;10 86.81255x10 0.83375 :10 12.5

1911.87171x1012 2.35795 x1018 19.}

2

110 1331 x103 10105.1x10

O
‘
O
‘
O
‘

  130 2197 x103 37129.3:10 627.h8517x101 10.6045 :1018 19'§1

(26) 1p = 0.203(edr 100) - 0.17012xlO-3(ec+ 100)3 + 0.03350x10-b(ec+ 100)5

~18
- 2.1932x10-12(e¢+ 100)7 + u7.ux10 (.c+ 100)9.

Since the same points were used for the 300 and 200 volt curves the

actual solution was preformed by using a five by eight matrix. For this

reason for the 300 volt and 200 volt initial matrices only the last

column is given. The 300 volt column is the first column and the 200

volt column is the second column.

0 0

0 0

(27) 9.2 5.6

1n.5 9.7

1h.7 9.7
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The equation for the 300 volt curve is:

(28) ip = 0.25801(ec+ 100) - 0.17111110'3(oc+ 100)3 + 0.03207110"6

(oc+ 10055 - 2.1197x10'12(oc+ 100)7 + u6.8110'18(oc+ 100)9.

The equation for the 200 volt curve is:

(29) ip = 0.00392(ecl+ 100) - 0’07322fl0.3(°c1+ 100)3 + 0.01282x10”6

(601+ 100)5 - 0.73u5x10'12(oc1+ 100)7 + 13.3n0‘18(.cl+ 100)9.

These last three functions are plotted and compared with the actual

curves of the tube in Figures 10- 12.

For the different load resistors the first approximation used the

points ec = ~50, --12, 0, +10, +30. Once again the origin was assumed

at °c = ~100. Both curves were solved for simultaneously. The sixth

column is the 10,000 ohm column and the seventh column is the l$0,000

ohm column.

p

“’50 125 x103 312.5:10" 0.78125x1012 0.001953261018 0 0 “

88 681.1+72x103 5277.3x10b 140.8673 x1012 0. 316MB 11015 0 o

(30) 100 1000 x103 10000 x106 100 :10” 1.0 x1018 10.8 3.3

110 1331 1:103 16105.1x106 191M717 x1012 2.35795 x1018 15.6 11.95

_1_30 2197 1:103 37129.3:106 627.N6517x1012 10.601150 1:1018 18.6 u.95_  
The solution for the LI-0,000 ohm curve comes out as follows:

(31) 1p = 0.28609(ec+ 100) - 0.18677x10‘3(.c+ 100)3 + 0.03u62x10'°(ec+ 100)‘3

-18( °c+ 100)9
- 2.l+17x10'12(oc+ 100)7 + 57.5x10

In solving for the 10,000 ohm curve the author must have made a

slight error because the equation did not check at the points selected

where the approximation should agree exactly with the curve. Resolving

Yielded the correct equation which very closely resembled the incorrect

0118- This serves as a warning that the coefficients must be calculated
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to more than three places. In order that the reader might compare the

two equations both are given below. Equation (32) is incorrect while

(33) is correct.

(32) 1D = 0.51965(o.f 100) - 0.32788x10'3(oc+ 100)3 + 0.05025x10'b(ed+100)5

_ - 3.883x10-12(ec+ 100)7.+ 73.2:10‘15(.d+ 100)9 (1100331012)

(33) 1], = 0.51196(ec+ 100) .. 0.32800110'3(.c+ 100)3 + 0.05597x10'6(.c+1oo)5

- 3.898x10”12(ed+ 100)7 + 73.7x10'18(eé+ 100)9 (CORRECT!)

The Justification from this apparent idiosyncracy is that the

errors in each term must be cumulative and hence the difficulty.

The correct approximations are plotted in Figures 13 and 11}.

For a second approximation the same points that were used in the

20,000 ohm set were used in the 10,000 and 1+O,000 ohm set. The initial

matrix is shown below with column b as the 10,000 ohm coefficients and

column 7 as the 140,000 ohm coefficients.

  

F50 125 :103 312.5x106 0.78125x1012 0.001953x1018 0 <3 _

80 512 :103 3276.8:106 20.97152x1012 0.13821 :1018 o 0

(3h) 98 981.192x103 9039.2;106 80.81255x1012 0.83375 :1018 8.7 2.8

110 1331 x103 16105.1:106 198.87171x1012 2.35795 x1018 18.6 8.95

8330 2197 x103 37129.3x106 627.8851711012 10.6085 :1018 19.1 8.95‘

The results were as follows: (35) is the 10,000 ohm curve while

(35) is the 140,000 ohm curve.

(35) :1 = 0.08257(ec+100) _ 0.08557x10'3(6c+100)3 + 0.00871x10'”(oc+100)5
.p

"15(oé+100)9.+ 0.16N69x10”12(ed+100)7 - 15.99x10

(36) 11):: 0.00001(ec+100) - 0.03908x10’3(oc+100)3 + 0.00089x10'b(0¢+100)5

- 0.8020x10'12(o¢+100)7 + 7.47x10'18(e¢+100)9o

These approximations are plotted in Figures 15 and 16.
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35

We shall now leave the 6J5 and go on to two more tubes. This

pair of tubes are remote cutoff and sharp cutoff pentodes. Only one

curve for each tube will be approximated.

For the remote cutoff pentode we will use a 6867. The plate

voltage will be 200 volts, the screen voltage will be 100 volts and

the load resistance will be uo,ooo ohms. Our origin will be 'c1 = -30

volts. Since a 6367's grid is not supposed to go positive no points

with the grid positive were selected. The points used were e a‘=-l6.
cl

-9, -5, -2, and 0. The initial matrix and its solution are given in

(37) and (38).

r1h 27.1l41102 53.752hx10

21 92.61x102 hos.u101x10

(37) 25 156.251102 976.5625x10

2

28 219.52x10 1721.0 110

0.0206b111012 o _

18.0109xlO 0.79125 :1012 o

3.8lu70 11012 1.0

12

o
n

1.05U'110
o
s
o
s

61.0351110

13h.u929x10 10.578h6 x10 u.o

4
r

-
:
*

t
r

e
r

t
r

 o
s )0 270.001102 2150.0 :10 215.7 110 19.68} x1012 Ind

(33) 1p = - 5.023856(scl+30) + 5.078815x10’2(ecl+ 30)3 - 1.6859571104‘

(eclv 30)5 + 22.58N3cld-8(ecl+ 30)7 - 10“.56xlO-12(ec1+ 30).

A cursory examination of (38) shows it to be quite obviously a

poor approximation (let ec1+30 = l and see what I meaa). As an experi-

ment we will try using only four points for our approximation. they

shall be the same four points as the first four points of our first

approximation. Our initial matrix and its solution are given in (39)

and (#0).

  

"in 27.1mx102 53.752ux101‘ 1.05M x108 0 "

21 92.611102 uOSAllelOu 18.01091108 o

(39) 25 156.25x102 976.5625me 61.03511108 1.0

L28 219521102 1721.0 no“ 131$.1L929x108 “'04
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(to) 1p = .. 0.02815Mecf30) + 0.03226no’2(o°1+30)3 - 0.0117u2x10'”

(ec1+30)5 + 0.1332(ec1+30)7. ' '

This approximation is plotted in Figure 17.

The fact that four points give a better approximation than five

points may seem somewhat surprising at first. However, in this case

it must be realized that any finite power series with positive powers

tends to go to infinity as the varible goes to infinity. In the five

tern approximation .the curve included a point in saturation and tended

to approach a finite value as the varible approached inf inity, while

the four term approximation did not include the point of saturation and

the last point was in the path of increasing ip with increasing °cl‘

For the sharp cutoff pentode we will use a 6887. The plate voltage

will be 200 volts, screen voltage will be 100 volts while the load

resistance 1:111 be 110,000 ohms. Our origin .111 be ad = ~30 volts.

Once again we will use only four points. This time they Will be

°cl = -12, -11, -2. and -l. The initial matrix and its solution are

shown below.

  

'15 58.32x102 15535681110“ 6.12221108 o ‘

26 175.5tnno‘2 115543762110" 80.3181x1o8 o

(‘11) 28 219.52x102 1721.0 non 13I+.u<329::103 2.05

L29 2143459me 2051.11h9x10‘l 172419851108 11.51

(“2) 1p = - 0.3b562(ec1+30) + 0.25778110'2(ec1+30)3 - 0.05782110’u

(ocl+3o)5 + o.n11x10'5( °cl+30)7'

This function is plotted in l'igure 15.

This concludes our survey of the various tube types and approxima-

tions of their transfer curves by power series. So far we have seen
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that this method offers a reasonably good approximation for a given

plate and screen voltage and a given load resistance over a wide range

of grid voltages for most of the common types of amplifying tubes.

There are several limitations. First the approximation is not particup

larly good.at saturation. .Also the tube aust be conducting during sole

part of the cycle on the grid voltage for the equation to be valid at

all. (If this limitation is not accounted for it is entirely possible

to predict a plate current when the tube is entirely in cutoff.) .At

this point we still have to start over if we change either the load

resistance or the plate voltage. Our next step therefore is to try

to further reduce these limitations.



CHAPTER II

REDUCTION OF THE LIMITATIONS

The first limitation that we shall take up is that of the poor

approxtaation of the transfer curve when the tube reaches saturation.

Ie will sub-divide the problem into three cases. The first case will

be when the tube does not reach saturation, the second case will be

when the tube reaches saturation but does not cutoff. and the third

case will be when the tube reaches saturation and does cutoff.

The first case is a trivial case. In this case we simply disregard

the fact that the curve is poorly approximated at saturation and use

it anyway-

The second case presents a far more serious problem. One way of

attacking it is to use basically the same method of approximation but

choose the origin such that the tube is in saturation and that the var.

ible will take the tube out of saturation. In this case the power

series will have a constant term that is equal to the saturation cur-

rent and the power series except for the constant will be normally nega

ative except when the tube is at saturation and then it should be zero.

For example if the be tube was to operate from ecl = O to ec1 =

+50 volts, one could select the origin at ‘cl = +fl0 volts. One could

use the power series of the following form:

(#3) 1], = 1' + .1(.c1-uo) + .3(.cl-uo)3 + .5(.c1-uo)5 + where 1.

is the saturation current of the tube.

In particular if we were to apply “00 volts to the plate and 250
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volts to the screen with a load resistance of 2,000 ohms, and the above

limitations on the grid voltage we might get an initial matrix as shown

in (M).

.1

F110 - 1x103 - 11:105 - 11:107 0

-20 -. 5x103 - 321105 - 12:51:107 o

(“14) ~30 «27x103 . 2u3x105 ... 2157x107 42.5

  :uo -bhx103 402M105 -1b3shxio7 415.01

In this case the saturation current was 177.5 ailliamperes. The

reader should note that the last column is not the plate current but

the difference between the plate current and the saturation current.

In most cases the problem of the tube saturating does not occur unless

the tube also cuts off. This case is only included for completeness

and (M) will not be solved.

The third case prsents a difficult problem. If we wish to use the

power series, it is obvious that we would need more terms. This would

make our task of solving for the coefficients more laborious and the

Whole problem becomes unreasonable. The only other alternative is to

find another way of approximating the curve.

We had earlier mentioned using the hyperbolic tangent. This curve

very closely resembles the transfer curve. Our equation might have the

form:

(1‘5) 1p = a + btanh c(ecl + d).

This seems to offer us considerable latitude as it appears that we

“11 be able to pick four arbitrary points that we wish to use. Unfor.

t ... .. .
unatvly this is not the case. The minute we select the saturation



42

current we have chosen a, b, and (1. One other point on the slope of

the curve will give us c. Thus in our previous example we had a satur-

ation current of 177.5. The tanh varies from --1 to +1. Therefore our

b must equal one half of the saturation current or in this case 88.75.

Since this point occurs at °cl + d = O, a must equal 88.75. d is also

fixed because i = 88.75 for only one ocl‘ c is determined by select-

P

ing a point on the slope of the curve and putting it into the equation

and solving for c. This method is actually easier than that of power

series but unless the tube transfer curve is fairly near the shape of

the hyperbolic tangent the method will be inexact. (There is also an-

other difficulty, but this will be explained later.) In addition, in

order to use the quation we should transform it into a power series that

is convergent over the range we desire. This appears not to be too dif-

ficult. Before we do let us rewrite the equation in light of what we

already know, and let x = c(ec1 + d).

(’46) i1) = a(l + tanh x).

or in power series form

3 2 5 7
(“7)1 =a1+x-£+—£-1-lx—+eee).

P < 3 15 315

There is, however, a very serious limitation to the power series

In fact x2
form. This series converges only in a very limited range.

must be less thanE-a- . Since the tanh does not approach 1 until x is

larger than gand since we want to go through zero we cannot use the

1’0"” Series form of the tanh. (There is another form of the power

series for the tanh x when x is large but this is not valid for small

x and 111111.8 we gain nothing.) As a result of this limitation we are

al
“0“ reduced to Fourier analysis in this condition.
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The next two limitations were the fact that the present power

series approximations were limited to one plate voltage and load re.

sistance. The solution most apparent is to compare the series of the

same plate voltage or load resistance and see if some relation can't

be worked out with the coefficients of like terms.

It is obvious that we*wonfit be able to vary both the load re-

sistance and the plate voltage. Our choice is to use a fixed lead re-

sistance and vary the plate voltage. Tne reason for this decision is

the fact that plate modulation employs a constant load but a varying

plate voltage. Actually the method we are going to use would be valid

whether we varied plate voltage or load resistance providing the other

was held constant. So if the reader desired to keep the plate voltage

constant and let the lead resistance vary, the same metnou.would work

out satisfactorily.

The method is one of comparing coefficients of like terms. In

order to make the data more convenient we tabulate it.

For the be with a load resistance of 20,000 Ohms

TABLE I

Summary of Coefficients of (ec + 100)

M

g

 

 

Plate + - 3 5 - 7 9

Mt. (0c 100) (sci-100) “Heed-100) (oc+100) +<°c+100)

20° 0.11392 0.07322110'3 0.01282x10'b 0.73%:10‘12 13.311045

300 0-25801 0.17111x10‘3 0.032071110‘6 2.1197310"12 110.8x10’15

n00 -3 A —6 ~12 ~18
\0.20300 0.17b12x10 0.03356x10 2.1932x10 147.111110
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From immediate observation it is obvious that there is no linear

relationship among the coefficients. Therefore it is necessary that

we find some other method to establish the relationship between them.

Let us investigate three methods. First is to plot the points on

a graph. The second is to approximate the curve of the graph using the

known points and a power series using the odd powers only. The third

is a variation of the second. In this case the power series consists

of odd and even powers.

The graphical method consists of plotting the value of the coef-

ficients versus plate voltage. A separate curve is needed for each

set of coefficients. To find the coefficients of an intermediate volt-

age one need merely pick them off the curves. Figures 19 through 23

give the set of curves for our particular approximations of the 6.75

transfer curves. For a trial a plate voltage of 250 volts chosen and

the transfer curve was approximated from the graphs. The equation of

the approximation is shown below.

(148) 1p = 0.215(.c+100) - 0.138x10“3(ec+100)3 + 0.0270x10‘°(.c+100)5

- l.'IOxlO-]‘2(ec'+100)7 'i' 37.3110-18(ec+100)9.

This equation is plotted along with the actual transfer curve in

Figure 214.

A more detailed evaluation of the methods will be given later.

However, Figure 214 shows quite clearly that (118) is a very poor approx-

imation of that particular curve.

0111‘ second method consists of approximating the curves of the co-

efficient; versus the plate voltage using power series of the form:

M9) ‘1: = ”11111) + beam? + b3Ebb5.
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In making this approximation we shall‘use only the points we actually

know. (Thus in our case we shall use only ’bb = 200, 300 and 1400 volts.)

Once again we will use the matrix method of solution.

E00 81:106 32111010 0.11M -0.07322 0.01252 -0.73u5 13.3-

(50) 300 27x106 2h3x101° 0.259 -0.17111 0.03207 -2.1197 ue.s

  $00 614x106 lOZlixlO:lo 0.263 -0.l7612 0.03356 -2.l932 347.5

In this matrix the fourth column is the first term coefficients

(.1) of the transfer curve approximations. The fifth column is the

third term coefficients (a3) times 103. The sixth is the fifth term

coefficients (as) times 106. The seventh is the seventh term coeffic-

ients (I7) times 1012. The eighth is the ninth term coefficients (a9)

times 1018. (All the even term coefficients are zero.) Solving the

matrix gives the following results:

(51) a1 = 0.00706x10'21:bb + 0.015u25x10'63bb3 - 0.000735x10‘1orbb5

(52) 03x103 =,_ 0.002u5x10'3nbb - 0.01052x10'bsbb3 + 0.000u95110‘103bb5

(53) 05:106 = - 0.00057hx10'21:bb + 0.0021u2x10'“sbb3 - 0.000099x10'10sbb5

(5’4) a-leO12 = 0.17559Hx10'22bb - O.lh‘58b7xloubh.“3 + 0.007539x10.10Ebb5

(55) 4119:1015 = - 7.14-85x10'21bb + n.309x10'e‘sbb3 - 0.1938x10’losbb5

To test this approxination we will once again select a plate voltage

and compare the calculated current with the current calculated from the

published curves. Once again our voltage will be 250 volts. This time

°m' ‘Pproximation will be

(56) 11, = - 0.h59(.c+100) + 0. 31211106061100)3 - 0.004x10'b(ec+100)5

+ 5.210x10'12(.c+1oo)7 - 1110.66n0’15(.c+100)9.

In order to save space merely a table of the evaluation of the plate
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current (actual and calculated) and grid voltage will be given. The

portion covered is in the linear region of the tube.

TABLE II

Results of the Approximation Using Odd Power Series for Plate Voltage

 
 

Plate voltage 250 volts 250 volts 250 volts

Grid voltage ~10 volts 0 volts. +10 volts

Actual Plate Current 1.7 ms. 8.5 mm. 11.9 ma.

Calculated Plate Current -0.02 ms. 0M4 ma. 3.01 ma.

Load Resistance 20000 ohms 20000 ohms 20000 ohms

 

This is a better approximation, but it still is too inaccurate to

be of much value.

Since the third .method is almost identical with the second method

only the matrix and its results will be given. In this matrix also the

fourth through eighth columns will be modified as in (50).

F200 M10“ £53.106 0.1139 -0.07322 0.01282 -0.73u5 13.3"

(57) 300 92:10“ 2711106 0.25% .0.17111 0.03207 -2.1197 110.8

1+ 6

  300 16x10 64:10 0.2630 -0.17b12 0.0.1.50 -2.1932 146.1:

The results are given below.

(56) a1 = - 0.157373511043131, + 0.15350110'ulbb2 - 0‘02%5fl0.%bb3

(60) asxlob z - 0.02189x10-2Ebb + 0020731104}!be

(61) a711012 = + 1.£501+2::10"‘?i'.bb - 15533110.“:be

-1} 2 -b

b + 140.70110 Ebb - 0.2ussx10 Ebb}.

- 0.00329x10'6'sbb3

— ' 3

+ 0.21188110 E‘s“

(62) 1:92:10“ - u9.35x10‘as
b
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Once again a plate voltage was selected and the coefficients were

evaluated and an approximation made. This time the approximation was

(63) 11, = 0.19u5(.c+100) - 0.1275x10"3(.¢+100)3 + 0.023u3x10'b(.c+100)5

. 1.14970x10-2(age-100)7 + 31.78x10‘15(ec+100)9.

Over the linear region the results of this approximation are tab-

ulated in Table III.

 
 

TABLE III

Results of the Approximation Using Odd and Even Power series for Plate

Voltage

Plate Voltage 250 volts 250 volts 250 volts

Grid Voltage ~10 volts 0 volts +10 volts

Actual Plate Current 0.7 ma. 8.5 ma. 11.9.ma.

Calculated Plate Current 3.59 ma. 8.27 ms. 12.13 ma.

Load Resistance 20000 ohms 20000 ohms 20000 ohms

 

Since this approximation checks fairly well at 250 volts now let

us try it at 350 volts. (61+) is the approximation.

(01+) 1,, = 0.2877(oc+100) - 0.1915x10-3(ec+loo)3 + 0.03£>27110"b(ec+100)5

.. 2.u13x10‘12(oc+100)7 + 53.59ux10'15(oc+100)9

Table IV gives the results of this approximation.

It is easily seen from Table IV that this is the desired approxi-

mation. It is only valid for Ebb from 200 to #00 volts but this range

°°u1d Probably be extended by making additional approximtions and in-

eluding those coefficients in the comparison.
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TABLE IV

More Results of the Approximation Using Odd and Even Power Series for

Plate Voltage

 

 

Plate Voltage 350 volts 350 volts 350 volts

Grid Voltage ~10 volts 0 volts +10 volts

Actual Plate Current 14.95 ma. 12.20 ma. 17.25 ma.

Calculated Plate Current 5.810 am. 12.26 ma. 17.011 ma.

Load Resistance _ 20000 ohm: 20000 ohms 20000 ohms

 

In conclusion it should be added that there well could be other

methods of finding the intermediate curves than the ones discussed.

Also each of the methods discussed may be of value in a particular case.

In our case the third way proved to be the best. If we had investigated

the 6V6 we might have found the second way the best, or even the first

way.

In discussion of the three ways in particular, the second and third

ways are essentially the same, and neither offers much advantage over

the other except in a particular case. Both of them have the advantage

over the graphical method in that they can be calculated to more places.

In addition if the plate voltage is continuously varying as in plate

modulation the second and third ways can be directly substituted in the

equation for the plate current‘while the graph would again have to be

approximated.



CHAPTER III

APPLICATIONS

Now that we have made the approximation of the transfer curve and

discussed its limitations it is now time to investigate some of the uses

it can be put to. Our first problem will be that of a single tube ampli-

fier using a resistance load with too much bias for operation in the

linear region. The tube will be a 6.75. the plate voltage 300 volts,

the load resistance 20,000 ohms, and the bias ~15 volts. We will apply

an alternating current voltage of the form lOcos pt. The circuit dia-

gram is shown in Figure 25.

 

 

 

Jea—‘hL \ "

 
E“ Ec+ E f
C ‘6

Figure 25. Single-ended Triode Amplifier.

The varible, (ac + 100), now becomes (85 + 10 cos pt). Putting

this into (28) and expanding we get.
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(65) 1p = 2.078 + 14.7150” pt 4- 0.976cos2pt - 0.2Mcos3pt - 0.0577cosnpt

+ 0.00183cos5pt + 1.153x10'3cosbpt + 10.53xio'5coa7pt

8pt + 1H). 8110-900 s9pt .+ 35.80x10.'7cos

This function in turn may be expanded by the use of trigonometric

identities into the more familiar harmonic functions.

(be) 11, a 2.5m + n.53bcos pt + O.‘+59cos2pt - 0.056cos3pt - 0.00699cosllpt

+ 0.000126cos5pt + 0.03b3x10'3ces6pt + 0.165x10'5cos7pt

+ 0.280x10'7cos8pt + 0.183x10'9cos9pt.

To obtain the output voltage it becomes merely necessary to multiply

this current by the load resistance. 01’ course if there is a blocking

condenser the direct current component of the voltage will be missing.

Push-pull circuits can also be easily calculated using this approx-

imation. In this case the tubes are figured separately and the plate

currents subtracted from each other.

 

 

'E ——4 Output

     
 

Figure 2b. Push-pull Amplifier
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For example let us assume that the output transformer appears as a

20,000 ohm load, that Ebb = 300 volts, that Rec = 15 volts and that eg

lOcos pt. This once again means that we use (28). For the top tube

the plate current will be identical to (65). The variable for the bot-

tom tube is (85 - lOcos pt). This gives the following results for the

bottom tube.

(67) 1p = 2.078 .. “.718cos pt + 0.976cos2pt + 0.2mcos3pt. = 0.0577cosl‘pt

- 0.00183cos5pt + 1.153110-3cosbpt - 10.53x10'5cos7pt +

35.80x10‘7cos8pt — ‘46.8110"9cos9pt.

Subtracting (67) from (65) gives us the output current (68)

(68) io = 5.u3bcos pt - O.M88cos3pt + 0.0036bcos5pt + 21.06x10'5cos7pt

+ 93.6x10'9cos9pt.

Or in harmonic form

(69) 1° = 9.072cos pt - 0.llbcos3pt + 0.000252cos5pt + 0.330x10'5cos7pt

+ 0.}6bxlO-9cos9pt.

Thus we immediately see that the even harmonics cancel as they should

in a balanced push-pull circuit.

One of the most difficult problems to handle analytically as far

as vacuum tube circuits are concerned is a plate modulated r.f. ampli-

fier operating in class 0 conditions. Our approximtion offers a solu-

tion. It is not an accurate solution inasmuch as several untrue as-

80111131310113 are made, but the results can be used as a guide on what to

expect.

Figure 27 shows a single-ended r. f. amplifier.
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EC. E" Eu"

Es6"

Figure 27. Single-ended Amplifier

The untrue assumptions that we shall make are (1) if grid current

is drawn, that it does not affect the bias of the tube, (2) the neutral-

izing circuit can be ignored in our calculations, and (3) the tank cir-

cuit presents a resistive load at all frequencies. This last assump-

tion is particularly objectionable, but it can be Justified in that we

are interested primarily in the voltage output and not the current.

This means that we will find the current by making the assumption of a

resistive load and then finding the voltage by multiplying the current

by the true load. In such a manner we will be able to guess an approx.-

imate solution.

Let us assume that we have such an amplifier. Let Ebb = 300 +

lOOcos Int, ec = ‘40 + 6500:: ct, and that the tank presents a resistive

load of 20,000 clans at the carrier frequency. The expression for the

output current is (70)-
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.. 2

(70) 1F = L. 0.150o5x10'2(3oo+100cos mt) + 0.15350x10 1‘( 300+lOOcos mt) -

0.02485xlO-b( 300+100cos mt)3J (bro-tobcos ct) +£0.10457x10-2

(300+100cos mt) - 0.10‘4-03x10"u(300+10()cos mt)2 + 0.OI|.b72x10"b

(300+100cos mt)3J (1404-65cos ct)3x10"3 + [- 0.02189x10.2( 300+

lOOcos mt) + 0.02073110-u(300+100cos mt)2 - 0.00329x10'b( 300

+100 cos mt)3] (W65cos ct)5x10'b + [1.80u2x10.2(300+100coa

mt) - 1.5833x10-u(300+100cos mt)2 + 0.2%8x10-b(300+100cos

mt)3](1+0+65cos ct)7xlO'12 +[-u9.35x10'2(3oo+100cos mt) +

l40.70x10““( 300+100cos mt)2 - 0.21188110~6(300+100cos mt)3]

(HO'tbScos ct)9x10']'8

This expression is quite long and its expansion would be of dubious

value. Nevertheless we are able to see that the approximation will

give us an expression for plate modulation.

There are many more problems that can be solved by this method.

Indeed other tubes may be used. Also nothing was done involving wave

shaping circuits. However, by this time the reader should have a fairly

cl ear idea of the subject and can apply it to his own particular situ-

ation.

In conclusion once again it should be stated that this is only an

approximate method as is the case in most non—linear problems. The

method can only be as accurate as the approximation. It was found that

the calculations required the use of a calculating machine as a slide

rule did not offer sufficient accuracy.

It also should be added that the results experimentally may differ

from those calculated due to variations from the normal by the tubes

themselves.
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As far as the results are concerned in this paper, no experimental

work was performed to prove or disprove them. However, each of the

calculations was checked at least once and most of them were performed

by machine.

It is the author's opinion that this method will be of great value

when more than one grid voltage is applied to a tube and when the tube

goes either into saturation or cut-off (but not both!) For just one

particular case the approximation is too much work for the value received.

Nevertheless the reader should not forego his own opinion on the subject.
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APPENDIX A

Solution: van der Bijl's Equation

3

(1) IO = «(ab 4 1c + e + esin pt)

where Eb = Ebb — IR and B = 2 (R is the value of the load resistance.)

' 2

(2) Io = «(new - IR) + so 4»: + esin pg]

Let Y= XEb+Ec+£

Since 6 is very small compared to "Eb + no it may be neglected and

v = tab + no.

Rewriting

2

(3) Io = «(v + esin pt)

Expanding the right hand side of (3)

2

(it) I0 = a” + 20‘ Yesin pt + u easinept

Substituting the value of Y and further expansion

(5) to = «(IaEbe + Ecz + ZIEbEc) + 20‘ (13b +_Ec)esin pt + “easinapt

Substituting Ebb — Ion for Eb, eXpanding and collecting terms

(b) “1232102 .. 10(1 + sexenbbs + some + saneun pt) = ..«(v

+ esin pt)2

Rewriting

(7) 102(uxen2) - 100 + 2030 + esin ptj) +x(v + esin pt)2 = 0

Substituting into the quadratic formula

 

(5) IO = 1:12:13" + esin pt) :Jl:h«lll(_!.t£s.i_n. pt)
-‘--“...-m- ---- ...-.-- n-'-
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APPENDIX C

CALCULATIONS FOR THE APPROXIMATIONS



APPENDIX C

Calculations for the Approximations

Since a step by step process was given in the text only the

matrices will be given.

equation will be omitted.

The initial matrix is repeated but the final

Also after the matrix has been half diagon-

alized Just the complete diagonalisation will follow it.

676 first Approximation Tor

Ebb = 300 and 200 volts with BL = 2000 ohms

' no 6n x103 102.l+x106

65 2711.625x103 1160. 3:10

(1) 100 1000 :103 10000 x10 100

115 1520.875x103 20113.6:10 266

6

6

6

_150 3375 6 x103 75937.9x10 1708.6

'1 1.6 x103 62.56x10

0 170.625x1o3

o 8uo

993.9 x106

6
(2) x103 97uu x10

0 1336.875x103 19818.2 :106

[o 3135 3 6 
b h.09b x109

0.02717x109

ET 1.6x1o3 2.56 x10

0 1 5.825x103

6

6

o 0 n.851x10 76.7676 x109(3)

o o 12.032x10 229.206 x109

57.292x106 1622.808 x109 J<) O

0.1638ux1012

n.902 x10

0.00u906x10

n.635s

99-590“

265.529

x10 75553.9 xlO 1707.986

0.000262 :1018 o o '

0.0207119x1015 o 0

11018

x1015

11015

12

12

110 1

2

1101 3.518

38.hu

112.5 82.5

135 57-5

12 135 87.5‘ 110

12 15 -

0.00000655x10 O 0

18

12 x10 0 0x10 0.020256

12

x10 0.9993M5

o12 3.5172u7

38 .1439

8
112.5 82.5

135 87-5

135 876‘

1

110

15

x10

x1018

11

x1012

12

6.55 110 0 0 W

0.0001189x1015 o o  
0.899u69 x1015 112.5x10'3 82.5x10'

3.358293 :1015 135 1:10“3 87.5110~3

38.0662u85x1015 135 2:10“3 87.5xio”'



('4)

(5)

(6)

(7)

 l
o
o
o
o

H
1

 '
o
o
o
o

o
o
o

 '0
0
:
)

H
‘

O

 '
0
0
0

1 .6x103

1

0

0

o

1 . 6x103

1.61:103

H
0
0
0

6

68

12

 

 

 

2.56 x10 n.096x109 6.55 x10 0 o

5.825x103 27.17 x106 118.9 :109 o o

1 15.835x1o3 0.185ux109 23.191xio"9 17.007x10"9

o 38.800x103 1.1276x109 -1hh.03uxio“9 ~117.128x10'9

0 716.162x1o3 27.uuu x109 --1193.659x10"9 .886.865x10”?j

2.56 x106 n.096x109 6.55 x1012 0 o 7

5.825x103 27.17 :106 118.9 x109 0 o

1 15.825x1o3 185.u x106 23.191x10'9 17.007x10"9

o 1 0.02906x106 -3.712x10‘12 -3.Ol9x10'12

0 o 6.632 :106 1u6u.7 x10"12 1275.2 1:10"1

2.56 x106 14.096x109 o -1.uu811o”3 -l.258xlO-3q

5.825x1o3 27.17 x106 0 -26.277x10'6 .22.:8291110"b

1 15.825x103 0 ~-l7.782x10'9 «18.590x10"9

o 1 o --1o.13l+x10'12 --8 .599x10'”12

o o 1 0.221x10‘15 0.192xlO-lé'

o 605.u8 x10"3 u90.9o x1o'3"

0 -581.53 x1o"6 -u73.57 :10'6

o 1M2.59 x1d'9 117.u9 2:10’9

o --1o.13l+x10"12 -s.599x10’12

1 0. 221x10“15 o.192::1o"15j 
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61b Second Approximation for

Ebb = 300 and 200 volts with RI. = 2000 ohms

"so 68 x103 102.ux106 0.1638ux1012 0.000262 :1018 0 o ‘-

65 27u.625x103 1160.3:106 n.902 x1012 0.020711911018 0 0

(8) 90 729 :103 590n.0x10b u7.8297 x1012 0.387u2 :1018 57.5 50

110 1331 x103 16105.1x106 19u.8717 :1012 2.3579 :1018 135 87.5

  

  

  

&30 2197 2103 37129.3:106 627.u852 x1012 10.60n5 :1018 135 87.5“

11 1.6 x103 2.56:106 0.0014096x1012 0.00000655xio16 0 o '

0 170.625x103 993.9 x106 n.6358 :1012 0.020286 :1018 0 0

(9) o 585 :103 567u.5 x106 M7.u61 x1012 0.38683 :1018 57.5 50.

0 1155 :103 15823.5 x106 19u.u21 :1012 2.35718 :1015 135 87.5

9 1989 x103 36796.5 x106 626.953 x1012 10.6036 2:1018 135 87.3

Fi.1.6x103 2.56 x106 h.096 {x109 6.55 x1012 0 0 ‘1

0 1 5.825 :103 0.02717x109 0.0001189x1015 0

(1o) 0 o 2.266875x106 31.567 :109 0.31727 :1015 57.5x10"3 50 x10"3

0 0 90956251106 163.0u0 :109 2.21985 :1015 135 :10“3 87.5x10”3

L0 0 25.2105751106 572.912 x109 10.3671 :1015 135 x10-3 87.5x10—é'

'1 1.6x103 2.56 x106 M.096 :109 6.55 x1012 0 0

o 1 5.825x103 27.17 :106 118.9 :109 0 0

(11) ()c) 1 13.925 x103 0.1399bx109 25.365 x10"9 22.057x10‘9

o o o 36.383l4x103 0.9M0831109 ..95.7105x10"9 .113.122x10'9

5) 0 0 221.85u7x103 6.83863x109 -5ou.u662x10‘9 -067.570x10f2j  



'fi 1.0x103

0 l

(12) O 0

O 0

 0 O
b

'i 1.6x103

o 1

(13) 0 0

o 0

 £9 0

i

0 1 0

(1h) 0

O O O

 r
0 0 0

no 614

65 2714.625x103 1160.29x10

(15) 85 6111.125x103 N437.05xlO

95 857.375x103 7737.81x10

120 1728

70

6
2.56 x10 1+.096x109 6.55 x1012

 

 

o 0

5.825x106 27.17 :103 118.9 :109 0 0

1 13.925x103 139.6 :106 25.365 1:10"9 22.057x10'9

o 1 0.02602210b --2.6396x10"12 -3.109x10'12

0 o 1.06597x1o6 79.1uu8x10'12 222.176xlO-li

2.56 x106 n.096x1o9 0 -o.u86 x10"3 -1.365 110'3"

5.825x106 27.17 x106 0 ~8.828 xlO'b.~-2u.782 110‘s

1 13.925x103 0 15.000 1:10'9 -7.039 x10"9

0 1 o -u.563 x10"12 ~8.532 110‘"12

0 0 1 0.07u2u7x10'15 0.208u26x10'1_j

0 o 3bh.899 1:10"3 : h57.889 x10"3 ‘

o 0 -3u2.3h8 x10-6 21.11.0221 1:10"b

o 0 78.5u0 :10‘9 111.769 x10"9

1 0 -h.563 x10“12 -8.532 x10"12

 0 1 0.07h2h7x10'15 0.208u26x10'15
d

bib First Approximation for

Ebb“ 200 volts with BL = #000 ohms

8 .-

6 0.1638ux1012 0.000262 :101 o

n.902 x1012 0.0207119x1018 0

2 81 l 30

0.63025 :1018 M5

1103 102.“ x10

32.058 110 0.23162 :10

69.983 no12

358.3181 81012 5.515978 11018 827

0
‘
0
‘
1
0
‘
0
‘

 x103 2u883.2 xlO
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1.6 17:103 2.56:10" 0.00u096xio12 0.00000655111018 a

170.625x103 993.9 :106 M.b356 x1012 0.020286 :1018 o

M78.125x103 u219.!+5x106 31.7098 x1012 0.23106 :1018 3o

705.375x1o3 714914.61x106 69.5939 :1012 0.62963 x1015 u5

1536 x103 214575.80x1o6 357.8266 :1012 5.51519 :1018 05

1.6x103 2.56 x106 n.096 :109 6.55 x1012 0 -

1 5.825 :103 0.027172109 0.0001189x1015 0

0 1.u3hux106 18.7191 :109 0.17u25 x1015 30::10'“3

o 3.3858x106 5o.u289 x109 0.5u573 :1015 #5110“3

0 15.6286x106 316.0935 :109 5.3326 :1015 M5110'2

1.62103 2.56 x106

1 5.825x103

'0 1

o o

o 0

1.6x103 2.56 x106

1 5.825x103

0 1

o 0

0 o

113-1‘Kklo3 3-“3‘403x109 -281.672x10'a
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9

b 118.9 x109 0

3 0.121148x109 20.915210“

2

u.096x10 6.55 x101 0 '7

27.17 x10

13.05 x10 9

6.2uux103 0.13u42x109 .25.81l+x10"9

 

h.09bx109 6.55 x1012 0 —

27.17 :106 118.9 :109 0

13.05 x103 121.u8 x106 20.915x10”9

1 0.0215x106 ..u.13l+x1o'12

0 ' 1.0230x106 181.71ux10'ti 



 

[1 1.6x103 2.56 x106 n.096x109 0

0 1 5.825x103 27.17 x106 0

(20) 0 0 1 13.05 x103 0

0 0 0 1 0

£1 (1 o 0 1

F1 0 0 o 0 1416.514 x10-3-

O(21)

 T
o

-'MO 6“

(22) 100 1000

110 1331

 .130 2197

[1 1.6

(23) O 8’40

0 1155

 7.0 1989

0

0
0
0

0 r
d

0

0 1 o o 0 4505.69 :10"
6

103.113 x10"9

~12

-7.952 x10

 0.1776x10-15J

-1.163 x10”3 .-

-21.117 110’6

-0.660 xio'9

-7.952 x10"12

 -15
0.1776110 J

6Y6 First Approximation for

Ebb = 200 volts with 31. = 1000 ohms

x103

x103

x103 16105.1x1o6 19u.8717 x10 2.3579 :10

x103

x103

0 170.625x103

1:103 971m. 110

102.ux106

65 274.625x103 1160.3:10b u.902

10000 3:106 100

6
37129. 3x10 627.1852 110

2.56m6

993.9 :106 0.6358

6 99.5903

x103 15823.5 x10b 19u.u21

:103 36796 :106 626.953

0.16381’1101

0.001+096:c1012 0.00000655Juo1

2 18
0 .000262 :10 O

8
x1012 0.0207119x101 o

1? 18
x10 1 - 110 107

12 18 160

12 18 .

8

x1012 0.020286 :10”

12 18
110

10.6ou5 x10 160_
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o
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0.999365 x10 107

:1012 2.21985 x1018 160

12 18
110  10.b036 110 160
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O

1

3
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.61103

6 8.096 x109

5.825 :103 0.027171109

n.851 :106 76.7676 x109

9.095625x106 163.0Ho x109

25.210575x106 572.912 1109 10.3671 x1015 160x10'2J

2.56 :106 11.0961109 6.55 x1012 0 ‘-

5.525x103 27.17 :106 118.9 :109 o

1 15.825x1o3 0.185ux1o9 22.057x10'9

0 19.1022103 0.53352106 ..ho.622x10‘9

0 173.955x103 5.6931x106 -396.070xlO-?J

2.56 :106 0.0961009 6.55 x1012 0 7

5.825x10b 27.17 x106 118.9 x109 0

1 15.825x103 185.u x106 22.057x10"9

0 1 0.027929110b ...2.127x10"12

o 0 0.83u71 x10b -26.068x10'1€j

2.56 x10" 14.0961109 0 0.205 x10'3‘

5.825x103 27.17 x106 0 3.713 x10"6

1 15.825x103 0 27.8u7 x10”9

0 1 o -1.255 1:10”12

o 0 1 -0.03123x10‘15_1
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6.55 x1012 0 '

0.0001189x1015 0

0.9993u5 :1015 107110"3

2.21985 :1015 160x10"3

 

 

 

 



7h

267.367 x10‘3'7

6

H
1

O O O O

0 1 o o 0 -2uo.082 x10-

h7.707 x10"9

  

(28) 0 0 1 0 o

0 0 0 1 0 -1.255 x10"12

. -15
0 0 0 0 1 -0.0312x10

L- .J

In order to save space and avoid needless repetition if a matrix,

[A], is repeated entirely in another matrix, [B], then

F b.“

be

m= m-

L be  
where the column of b is the last column( s) of matrix B . Thus for

example if abcd andif bed

511:: e f g h [69 = e f g b y

,j k m n J k m n 2

Then ['13] could be written

[A] y

2

(Note: This is a particular notation invented by the author for con-

venience on his part. There is no justification for this in any laws

of matrix algebra but Just is a manner of notation.)
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(32)

 

 

 

 

6J5 l‘irst Approximation for

Ebb 8: 300 volts with B; = 20000 ohms

r—50 125 1:103 312.51106 0.78125x1012 0.00195311018 0 .-

80 512 2:103 3276.8x106 20.97152x1012 0.13821 :1015 0

98 981.192x103 9039.2x106 56.8125511012 0.83375 x1018 9.2

110 1331 :103 16105.1:106 198.87171x1012 2.35795 :1018 18.5

23° 2197 x103 37129.3x10b 627.88517x1012 10.60850 :1018 18.7i

F1 2.5 x103 6.25:106 0.015625x1012 0.00003906x1018 0 _

0 312 :103 2776.8 :106 19.72152 :1012 0.1310852 :1018 0

0 696.192x103 8826.7 :106 85.28130 :1012 0.8299221 :1018 9.2

0 1056 :103 15817.6 :106 193.15295 x1012 2.353653 x1018 18.5

L0 1872 x103 36316.8 x106 625.85392 x1012 10.59982 x1018 18.7

'1 2.5::103 6.25 x106 15.625 x109 39.06 x1012 0 -

0 1 8.9 x103 0.06321x109 0.000820x1015 0

0 0 2.23059x106 81.2768 x109 0.53752 x1015 9.21110“3

0 0 6.0192 x10b 126.8032 x109 1.91013 x1015 18.5100"3

L9 0 19.6560 :106 507.1288 :109 9.81318 :1015 18.7:10'31

'1 2.5x103 6.25:10b 15.625x109 39.06 x1012 0 -

0 1 8.9 :106 63.21 :106 820.0 x109 0

0 0 1 18.505x103 0.28098x109 8.1285x10‘9

0 0 0 15.018x103 0.85962x109 .10.3262::10"9

,9 0 0 183.391x103 5.07688x109 -bb.3712x10-9
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6.75 First Approximation I'or

Ebb = 200 volts and 800 70163 with 3L = 20000 came

I 0

O

(29) 5.6

9-7

9.7 

O

 

' 0 0 l

0 1.2

(37» (30) 5.6 12.5

9-7- 19-5

9.7 1942  

 

'1 2.5::103 6.2512106156251009 39.06 1:101‘2 0

0 1 8.9 1106 63.21 1:106 820 1:109 0

0 0 1 18.505x103 280.98 :106 8.1285x10'9

0 0 0 1 0.03060x106 -0.6876x10"12

0 0 o 0 0.68872x106 32.225 x10~12

'1 2.51103 625x105 156251109 0 -1.828x10'3'

0 1 8.9 6103 63.211106 0 -19.656 x10'6

0 0 1 18.505x103 0 .7.1538x10"9

0 0 0 1 0 -2.ll97xlO"12

L0 0 0 0 1 0.0408110-15J

F1 0 o 0 0 258.612 x10-3‘-

0 1 0 0 0 -171.107 610"6

0 0 1 o 0 32.0716::10"9

0 0 0 1 0 -2.1197x10"12

_0 0 0 0 1 0.0868xlO-15;
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- 0 0 - F 0 0 _

0 0.0038x10"3 0 3.8 110'6

(31) 5.0110-3 9.8 x10"3 (39) (32) 2.8286x10'9 8.393xm’9

9.7::10"3 15.287 110'3 .8.9182x10"9-11.155x10‘9

L 9.7xlO~J 12.886 xlo.?‘ L ~38.036 x10'9-73.863x10'?‘

r“ 0 0 - ( --0.5195x10"3 -1.851 x10'3'7

(33) 2.8286x10‘”9 8.393 x10'9 (81) (38) ..0.7768x10"9 -7.0295x10'9

--0.3275x10"12 -0.7828x10'12 ..0.7385x10"'12 ..2.1932x10"12

8.9285x10'12 32.687 x10"12 0.013 :10'15 0.0878110'15L _ L 3

'i 0 o 0 0 113.928 x10'3 263.00 x10'3'

0 1 0 0 0 -73.229 x10”h -176.12 1:10"6

0 o 1 o 0 12.817 x10"9 33.556 x10"9

0 0 0 1 0 ..0.7385:c10"12 -2.1932x10”12

L0 0 0 0 1 0.0133x10~15 0.0874x10-1§I

6J5 First Approximation for

Ebb = 200 volts with BL = 10000 and 80000 ohms

'50 125 x103 312.5x106 0.78125x1o12 0.001953x1018 0 0 ‘
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2.5 x103 6.25x106 0.015625x1012 0.00003906x1015 0 0 7

861.872x103 8727.3 x106 39.8928 x1012 0.31308272x1018 0 0

750 no3 9375 :106 98.8375 :1012 0.996098 x1016 10.8 3.8

1056 x103 15817.6 no6 193.1530 :1012 2.35365 x1018 18.6 8.95

1872 x103 36316.8 x10b 625.85392 x1012 10.59822 x1018 19.1 8.95I

2.5x103 6.25 x106 15.625 :109 39.06 x1012 0 0 ‘

1 10.288 :103 0.8558x109 0.0006788x1015 0 0

0 1.692 :106 38.2525x109 0.887298 :1015 10.8x10'3 3.8::10"3

0 8.5999x106 102.7895x109 1.637260 :1015 18.6x10'3 8.95110"3

0 17.180 x106 865.2881x109 9.328255 x1015 19.1210"3 8.9510014

2.5x103 6.25 x106 15.625x109 39.06 x1012 0 0 7

1 10.288x103 85.58 :106 678.8 :109 0 0

0 1 20.288x103 0.2880 :109 6.383x10”9 2.286x10'9

0 0 9.66 x103 0.31289x109 ..10.761::10"9 --5.381::10"9

0 o 118.2661103 8.3879 x109 -90.305x10'9 ~33.586xlo‘2)

2.5x103 6.25 x106 15.625x109 39.06 x1012 0 0 ‘

1 10.288x103 85.58 x106 678.8 x109 0 0

0 1 20.288x103 288 x106 6.383x10‘9 2.286 x10"9

0 0 1 0.03235x10°'-1.118x10'12 ...o.5570::10"12

0 0 0 0.5620 :106 81.883x10~12 32.328 xlO'lj
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r1 0 0 0 0 511.96 x10"3 286.088 x10-3‘—

0 1 o 0 0 .328.00 x10-b ~186.767 x10“6

0 0 1 o 0 55.970 x10"9 38.616 x10“9

0 0 0 1 o -3.898 x10“12 -2.817 x10"12

_0 0 0 0 1 0.0737fl0-15 0.0575x10'45_

6J5 Second Approximation for

Ebb== 200 volts with BL = 10000 and 80000 ohms

f 0 0 ' f 0 0 '-

0 0 0 0

(29) 8.7 2.8 (51) (30) 8.7 2.8

18.6 8.95 18.6 8.95
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F 0 0 _ _ o
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-15

1 -0.01599x10

6807 live Term.Approximation for

60.6088 110-3 ‘
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2 ~12

-0.u020 x10

 0.00787110’1§J

Ibe= 200 volts with BL ='N0000 ohms
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r1 1.96::102 3.8816x10“ 7.530 11106 18.76 x108 0 '

0 1 6.37 x102 31.938 x10“ 188.35 x106 0

(60) 0 0 1 12.6197x102 1.10887xio6 0.5067x10'b

0 0 0 8.5877x102 1.83538x106 1.1388x10"b

p o 0 26.66001102 5.75995x106 -0.162 11041)

’1 1.96::102 3.8816x1ol‘ 7.530 1:106 18.76 x106 0 ‘

0 1 6.37oox10" 31.938 :10“ 188.35 1:106 o

(61) 0 0 1 12.619712102 110.887 :10“ 0.5067x10‘”b

0 0 0 1 21.872 x102 0.1332210'5

_0 0 0 0 0.03551210“ -3.713 x10“:

’1 1.96::102 3.88lbx10b’ 7.530 x106 0 15.8331110'23

0 1 6.3700x10u 31.938 110“ 0 155.1188x10"”

(62) 0 0 1 12.6197x102 0 116.8083x10‘b

0 0 0 1 0 22.5883x10‘5

L0 0 0 0 1 -l.0856xlO-1(:| 

’1 0 0 0 0 -502.3856x10‘2‘

1.
0 1 0 0 0 507.8815x10“

-168.5987x10"(’

8

(63)0 0 1 0 O

0 0 o 1 0 22.5883x10‘

-10

A
O 0 0 0 1 -1.0856x10   

6507 Four Term Approximation for

Ebb = 200 volts with 11L = 80000 ohms

The four term solution is identical with the five term solution

81



from (57) to (60) with the fifth row and the fifth column omitted.

(68) is the matrix after (60)-

  

71 1.961102 3.8816x10u 0 -1.003 x10'2‘

0 1 6.37 x102 0 -8.2536x10'“

(68) 0 0 1 0 -1.1782x10"6

_0 0 0 1 0.1332x10'8J

71 0 0 0 -2.8158x10"2‘

0 1 0 0 3.2261x10‘”1+

(65) 0 0 1 0 -1.1782210'6

-8

  0 0 o 1 0.1332x10 .1

6837 First Approximation for

Ebb = 200 volts with 3L = 80000 ohms

2 18833568110,4 6.1222x108 0 -

26 175.56x102 1188.1376x10u 80.3181x108 0

138.8929x108 2.05

18 58.32x10

(66) 28 219.52x102 1721.0 x10“

2
29 283.89x10 2051.1189x10” 172.8988x106 8.5   

2 u 8
3.28x10 10. 8976x10 0. 3801x10 0

o 91.32x102 915.200 :10“
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71.8755x10 0

8
(67) 0 128.80x10 1827.0672x10 128.9701x10 2.05

  _9 189.93x102 1786.6885x10u 162.6359x108 8.5_

  

71 3.28:102 10.8976 :101‘ 38.01 x106 0 '—

0 1 10.0219 :102 0.7827x106 0

(68) 0 0 1.362865x10“ 28.1583x10b 2.05x10”2

_0 0 2.881010x10“ 85.2857x10b 8.5 x10“€7
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APPENDIX D

CALCULATIONS FOR THE COMPARISON OF THE COEFFICIENTS
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ERRATA

Page 1 - Line 1 several instead of serveral

Page 7 - Line 2 subtract instead of subtact

Page 9 - Line 3 tetrode instead of tretode

Page 9 - Figure 2 tetrode instead of tretode

Page 9 - Footnote ** tetrode instead of tretode

Page 10 - Line 3 entirety instead of entirity

Page 13 - Line 25 actually instead of acutally

Page 36 - Line 7 variable instead of varible

Page [.0 - Lines 1.1-12 variable instead of varible

Page 42 - Line 12 equation instead of quation
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