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ABSTRACT

A POVER SERIES APFROXIMATION OF THE DYNAMIC TRANSFER

CURVE OF A VACUUM TUBE

One of the major problems in vacuum tube circuits is making accur-
ate calculations of the tube's output when the tube is operating in the
non-linear region of the tube. By use of finite power series the dynamic
transfer curve is approximated and this power series establishes a
relationship between the grid voltage and the plate current. The co-
efficients of the corresponding terms for transfer curves of differeat
plate voltages are compared and & means of plate modulation calculations
is devised. In addition several examples are worked out including a
single-ended smplifier operating class ‘31’ a push-pull amplifier oper-
ating class AB,, and a plate modulated rf. amplifier operating class C.

Some other approximations are discussed.
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4 POWER SERIES AYFROXIMATION OF THE DYNAMIC TRANSFER

CURVE OF A VACUUM TUBE
INTRODUCTION

Recently there have been papers written by serveral authors per-
taining to circuits with non-linear circuit elemenh.l’2 The method
of solution has been to approximate the non-linearity by a power series
of few terms and then proceed to solve the non-linear differential equa-
tion. This paper will show that vacuum tubes may be handled in a
similar manner by approximating the dynamic transfer curve such tﬁat
ip = f(lbb, °c)'

In April of 1919 H. J. van der Bijl published a paper which pro=-
vided a means to determine the plate current of a vacuum tube givea th;
input vo'ltages and the characteristics of the 'ml:be.:5 The essentials
of his paper follow.

I, = (B, + B, + € + e sin pt)B where @ sin pt was the input

signal, o is & constant whose value i3 a conductance and depends

upon the structure of the tuve, ¥ = 1/, and €is a voltage and
depends on several things such as the contact potential diftference

between the cathode and grid, and the power developed in the

e evew

1. Pipes, -L A. ;“Forced Oscillations of Non Linear Circuits; Comuuni-
cations and Electronics; September 1954; pp. 352-358,

2. Ku, Y. H.; Circuit with Non Linear Inductance and Capacitance;
Communications and Electronics; Jamuary 1955; pp. 019-b20.

3« van der Bijl, H. J.; Theory and Operating Characteristics of the
Thermionic Amplifier; Proceedings of the Institute of Radio Engineers;
Volune VII, Number 2; April 1919; pp. 97-128,
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filament (which was the cathode in many cases in those days).
But By = Bpp - I R where R 1s the load resistance of the tube and
Ebb is the applied plate voltage of the tube.
Then I, = «[¥ (B, = I,B) + Ec +€ + o sin pJ>.
Also let V= E, + E, T €.
van der Bijl then claimed that experiment showed B to be equal to 2 and
that € was very small compared to the rest of the expression for V.

He then solved the expression for I, and obtained the expression below:*

. +x2JR(Y + esin pt) =41 +«HIR(V + esin pt)
° 24¥2g°

This paper is still accepted today. However, there have been

several modifications that have greatly reduced its value for analytical
computation. The first limitation is that the tube must be conducting
and that the grid should not be positive. The second and more discour-
aging point is that B is not equal to 2 but is approximately l.b. This
makes an analytical solution for I, somewhat difficult and complicated,
if not impossibdle.

With the advent of mulitigrid tubes van der Bijl's equation became
less and less useful for the solution of circuit problems. Othersu
tried various means mos$ of which relied on the parameters of the tube.
In as much as these parameters varied to some extent with the applied

voltages the mathematics became very quickly highly involved.

® See Appendix A for the steps in the solution of the equation.

4. Caporale, Peter; A Note on the Mathematical Theory of the Multi-
electrode Tube; Proceedings of the Institute of Radio Engineers;
Volume XVIII, Nwnber 2; September 1930; pp. 1593-1599,




3

A popular way to handle these problems is a graphical method of
solution. This, however, has several serious drawbacks. With tubes
going into cutoff or saturation it becomes difficult to predict the
d.c. current drawn if the signal aprlied to the grid is a.c. A good
way is to assume that the characteristic is linear until the tube cuts
off. Using this assumption it is possible to make an approximation of
the output current by Fourier series. A similar assumption is made at
saturation.

These methods have the disadvantaze that the slightest change in
any one of the applied voltages necessitates starting all over again,
There 1s also no way to figure plate modulation. Hence the graphical
solution has several drawbacks which become quite serious when an

analytical solution is desired.



CHAFTER 1
THE APPROXIMATION

A solution is to approximate the tube curves with some
mathematical expression. This solution poses two questions which must
be answered before we can employ it. The first is, "What curve shall
we approximate?”® The second is, "Having selected the curve, how shall
we approximate it?%

Since we are interested primarily in the tude as a circuit element
we are most interested in its output for a given input. The transfer
characteristic gives us the plate current for a given grid voltage if
the plate voltage is held constant. Therefore the dynamic transfer
characterigstic will give us the curve we want.

Figure 1 shows us the curve we have to approximate. The ideal
approximation would be an infinite convergent series. This series
would then fit the curve on every point. Unfortunateiy such series are
difficult to find unless the curve fits a known function. In our case
this is not generally true. One may point out that the curve is very
nearly that of a translated hyperbolic tangent. This is tewe bus the
variation from the hyperbolic tangent is on the very part that we are
most interested in. If the tube goes both into saturation and cutoff,
the hyperbolic tangent may well be the curve to use. This point will
be discussed more fully later on.

Having ruled out infinite series we are reduced to a finite series

of some type. One series to use would be a Taylor series. The form
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to be used would be:

1 =a (e, + D) +az(e,; + b)3 +agle,, + )2 + ...

P c
The number of terms would depend on the number of points where the curve
is to fit exactly and the number of points in turn would depend on ths
closeness of fit desired. Thus if n points were desired then the curve

would have n terms (Note: At the point b = -%.3 i_ would automatically

P
equal zero and this point would not be included in she n points). Since
the function contains only odd powers the curve would be symmetrical
about the point b = -0, This fact greatly expands the usefulness of
the function. To ddtermine the coefficients of the series we substitute

the desired points into the equation, thus obtaining n equations with

n unknowns, and then solve. Or by matrix notation:

2n-1
" 3 5 - -
rlpl rcl cl cl ececes cl F .1
3 5 2n-1
1 LN BN )
»3 €3 ¢33 3 ‘3 *3
2n-1
Ltﬁmi ..000 L] oo oo e C2m1 aen-ﬂ
- -
where e = LY + b at the point k

and where 1pk = the current passing through the tube at that point.

Before actually solving a particular problem we shall firss go
about solving the general case. The method is that of organized sub-
stitution (or complete diagonalization of a matrix.).

The firet step 1s write the c masrix and augment it by adding the

ip column to form an n + 1 by n rectanzular matrix.



[ 3 5 2n~l .
c1 cl cl e0 00 CI 1p1
3 5 2n-1
63 03 CB eo0oee 03 ip3
c 3. b o1 i
| “20-1 Cn-1 ©3° °°°c ona) pan~-1
Divide the first row by cl. Multiply this new first row by c3 and

subtact it from the second row., This will be the new gecond row. Re=
peat the last step except multiply by c5 and subtract from the third
row, Contsinue this process until the first column reads 1 0 0 O ...

For simplicisy let us call the number in the second column and
second row of our new matrix 63. Divide the second row of the new
matrix (which will hereafter be referred %o as the second matrix) by
d3. This will give us the second row of the $hird matrix. The firss
row of the third masrix is the same as the first row.of the second
matrix. Call the number in the second column and third row of the
second matrix d5. Divide and mulsiply the second row of the $hird
mastrix by d5 and subsract it from the $hird row of the second masrix.
This will be the third row of the $hird matrix. Repeats the operation
until the second column reads ¥1 0 0 O ...

The process is repeated until principal diagonal of the last
matrix (The diagonal that starts from the first term in the first row
and continues to the kth term in the kth row is the principal diagonal)
consists only of ones and all terms below the principal diagonal are

zZero, or until she matrix looks as follows:



P
1
o 1
0 O
0O O
-

112 313 Xlu R

‘23 )'2],., esece
1 ,3)‘ XK
0 0O eeeee

Yin %1
¥2n %3

Y3n X5

. ’Tho above matrix is called a half-diagonalized masrix. To com-

pletely diagonalize the matrix the same process as half-diagonalizing

is used except thats you start at the bostom and work up. A completely

diagonalized matrix is shown below.

1 o
01
0 0
0 0
|

0

0

0

0

0

0

LB B 0

eeo 0o e 0

L N 0

0o e o 1

a2’1»-}

The reader will notse that the n + 1 column is the term coefficients

of the power geries that we are looking for. (The justificasion for

this manner of solution can be easily seen by placing a

k1 after every

term in the k column except the n + 1 column and a plus sign between

columns exceps between the last two columns where there should be an

equal sign. In this manner every row becomes and equation and the di-

8gonalization process becomes merely an organized method of solution.)



Now we have decided vhat curve we are going $o approximate and
the general manner of way we are going to go about its. In the diagram
below we have a single ended tretode amplifier. For the tube we shall

use a 6V6 **. We will let E,, equal 40O volts and lc be fixed at

2
250 volts. The load resistor will be 2,000 ohms.

‘—, ep
ti?: l
E E..
cci 73 Eccgf 5“*
Eccrt
Eceé-

Figure 2: Basic tretode amplifier.

To obtain the dynamic transfer characteristic, a load line is drawn
on the average plate characteristics chart (which is available from
various tube manuals) and a curve of plate current ve. grid voltage
is drawn along the load line.

For a first approximatsion we will choose the point 6, = =100 volts
88 our origin. We will use five other points; one at cut-off, one just

at saturation, one in the middle of the linear range, one well into

** The 6V6 is a beam power tretode. It behaves almost identically
like a pentode.
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saturation, and the last one approximately half way between cut-off and
=100 volts. The points selected were e = -00, =35, 0, +15, +50. TYor
clarity the five equations will be written out in their entirisy and
solved by diagonalizasion. Each equation will be of the form:

1p = a(e,; + 100) + b(ocl + 1oo)3 + c(ecl + 100)5 + d(ecl + 100)7 +

e(oc1 + 100)9

6 12

(1) 0=a b0+ Db ol x103 +c102.4 x 10° + d 0.16384 x 10 +

e 0.000262 x 1018

(2) 0O=a 65 + Db 27T4.625 x 103 + ¢ 1160.3 x 10b + d 4.902 x 1012 +

e 0.0207119 x 108

(3) 112.5 = a 100+ b 1000 x 103 + ¢ 100000 x 106 +d 100 x 1012 +
elzx 1018
3 b 12
(4) 1/7.H = a 115 + b 1520.875 x 10” + ¢ 20113.0 x 10 + d 266 x 100 +

(5) 177.5=a 150 + b 3375 x 103 + ¢ 79937.9 x 10b + d 1708.6 x 1012 +

e 3B.4l4 x 1018.

In the matsrix form:

"uo 64 x0°  102.8m0®  0.10384:10'°  0.000202x10'% 0

65 274.625x100 1160.3x0°  M.902 mo'?  0.0207119xm0'% o
(6) 100 1000 x103 10000 10° 100 not? 1 x10%8 112.5
115 1520.875x107 20113.6x10° 266 x0t? 3.5 not® 177.5
150 3375 x10° 75937.9x20° 1708.6 xo0'? 3844 x0!8 177.5 |

The first row is divided by 40 and then becomes the new first row for
(7). The firss row of (7) is multiplied by 65 and subtracted from she

second row of (6) giving the second row of (7). The third row of (7)
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18 obtained by mul$iplying she first row of (7) by 100 and subtracting

it from the third row of (6).

The fourth row of (7) is obtained by

multiplying the first row of (7) by 115 and subtracting it from the

fourth row of (6).

In a similar manner the fifth row of (7) is found

by multiplying the first row of (7) by 150 and subsracting it from the

fifsh row of (6).

(7)

(8)

1

0
0
0
0

1.6 x10° 2.50110°  0.004096x10%2
170.6251107  993.9 x10°  L.6358 x0'?
b 12

g  x0d 974 x0°  99.590

L x10

0.00000655x10%° 0 ]
0.020286 x10'° o

0.999345 =x1018 112.5
3.517247 x10t® 177.5

1336.875x10° 19818.2 x10°  265.529  x10}2

3135 x103 75553.9 x10° 1707.986 21012 38.439
1.6x103  2.56 110®  M.090 x0? 6.55  mol?
1 5.825x10°  0.02717x10% 0.0001189x10%2
0 4,851 76.7676 x103  0.899%469 x10°

0 12.032 229.206 x10° 3.356293 x10°

0 57.202  1622.808 x103 38.0602485x10°

8
18

10" 177.5
°o ]

0
112.5x107

177.5x1077

177. 5:10"%

(8) was obtained from (7) by rewriting the first row of (7) as the

first row of (8); by dividing the second row of (7) by 170.6251103 for

the second row of (8); by mul¥iplying the second row of (8) by 840x103

and subtracsing from the third row of (7) and then dividing by 109 for

the third row; by multiplying the second row of (8) by 1336.875x103 and

subtracting it from the fourth row of (7) and then dividing by 109 for

the fourth row; and by multirlying the second row of (8) by 31}5::103 and

subtracting it from the fifth row of (7) and tshen dividing by 109 for

the fifth row of (8).
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12
To got (9) we will rewrite the first and second rows of (8) as the
first and second rows respectively of (9). Then divide the third row of
(8) by 4.851 for the third row of (9). The fourth row is obtained by
multiplying the third row of (9) by 57.292 and subtracting it from the

£1fth row of (8) and then dividing by 10°.

1 1.6x10° 2.56 x10®  4.006m107 .55 mot? 0 N
01 5.825x107 27.17 x10° 118.9 x10° 0

(9 fo o 1 15.825x10°  0.1854x109 23.191x10™0
0 0 0 38.8 1.1276:106 ~101.53 10718
o o 0 716,162 27.444 x10°  -1151.6 110-12-

The next matrix, (10), is readily found in a similar manner. The
first three rows of (10) are identical with those of (9). The fourth
row of (10) is the fourth row of (9) divided by 38.8. The fifth row was
obtained by multiplying the fourth row of (10) by 7lo.162 and subtract-

ing it from the fifth row of (9) and dividing by 10}.

1 1.6x10° 2.50 10°  L.ogox10’  6.55 =o' o 7
0 1 5.825x105 27.17 m0° 118.9 x0° 0

(20)jo o 1 15.82500° 185.4 :10°  23.191:07°
0 0 0 1 0.02906x10°  =2.617x10712
0 o 0 0 6632 -723.04 10”7 |
1 1.6x0° 2.56 x10°  4.096x109 O -0.714x10~> ]
01 5.825110° 27.17 x0® o -12.96 x10~°

(o o 1 15.825110° 0 2.982x1079
° © 0 1 0 -5.785x107 12
0 o 0 0 1 0.109x10727 |
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Matrix (11) was obtained from (10) by dividing the fifth row of (10
by 6632 for the fifth row of (11); by multiplying the fifth row of (11)
by 29.06:103 and subtracting it from the fourth row of (10) for the
fourth row of (11); by multiplying the fifth row of (11) by 185.&1106
and subtracting it from the third row of (10) for she third row of (11);

9

by multiplying the fifth row of (11) by 118.9x10° and subtracting it

from the second row of (10) for she second row of (11); by multiplying

12 and subsracting it from the firss

the fifth row of (11) by 6.55x10
row of (10) for the first row of (11).

By shis time the reader must be fairly familiar with the process.
I will, therefore, merely outline the rests of the solution and give the
final results. The next step would be %0 eliminate the terms other than

one in the fourth column, and then the third, and lastly the secomnd.

The resultant matrix would be:

1 0 0 0 0 U427.87 x1070 7]
01 00 0 =4ob.t2 xa0"°
(12) l[o 0 1 0 0o 9u.53 x10™0
00010 -267n0%
0 0 0 01 o.109x10°li

Our results can now be expressed in the equation that approximates
our curve.
(13) i, = 0.428(e , + 100) - o.u96x10°3(ec1 +100)> + 0.09453x107%( a?t 100)°

-5.785x10"22(e at 100)7 + 109x10-18(ec + 100)°

1
The next step is to plot the expression and compare it with the curve

Ve are acutally trying to apprroximate. This is done on Figure 3.
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In this particular case we note that the approximation is very

close to that of the actual curve until saturasion is reached.

point there is considerable overshoot.

than 15 percent (Based on the saturation current). Therefore we no

that the curve for the most part is well fitted.

15

Nevertheless the error is less

te

I% 18 now possidle to vary the grid voltage over a considerabdble

range without making extensive new calculations. We still, however

are nailed down tight as far as plate voltage, screen voltage,

and lead resistor are concerned.

At this

Let us next investigate the offects of changing the plate voltage.

In order to be consistent we will use the same load resistor value and

the same origin.

For our first attempt we use a plate voltage of 300

volts and select the same points as we used in the 400 volt curve.

Our augmented matrix appears as follows:

0
0

112.5

(40 6+ x07  102.4x10°  0.16384x102%  0.000262 x10®

65 274.625x10° 1160.2x10°  L4.902 x10*°  0.0207119x1018

(a4 oo 1000 :03 10000 x0® 100 xot? 2 x10t®
115 1520.875x100 20113.6x10° 266 x10*2% 3518 =08 135

150 3375 x03 75937.9x10° 1708.6 xo0'? 38.Mu  x10l8

135

This solves in the same manner as the previous matrix and the resulting

equation is as follows:

(15) 1) = 0.60546(s) + 100) - 0.56153x10™2 (e, + 100)3 + 0.14259x10"

6

-12 -
(e + 100)? - 10.134x10 (oo *+ 100)7 + 221x10 lg(ccl + 100)7.

L1 2]
For the rest of the paper merely $he first matrix and the solution

will be given.

See the Appendices for step by step solutionse.
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Before checking this equation let us study the method of solution
used in obtaining these last two equations and see if we can notice any
similarity. First thing that we note is that the firet five columns are
correspondingly the same. Only the sixth columns are different. If we
were to use the same points in approximating the 200 volt curve, again
the first five columns would be identical and only the sixth column would
be different, Instead of repeating all the work all over again for the
first five columns the five by five matrix was augmented twice to make
a five by saven matrix, and the 300 and 200 curves were solved for
simul taneously,
The seventh column of the matrix was:
0
0
(16) 82.5
&87.5
87.5
The equation of the 200 volt curve was:
(17) ip = 0.“909(001 + 100) - 0.“7357110'3(901 + 100)3 + 0.11749:10"b
(8g + 200)° - 8.599x1072%( ey + 200)7 + 192110728 (s, + 100)9.
Examination of the functiom plots as compared to the actual curves
(Figures 4 - 5). Shows that the error in saturation is tremendous and
renders the curve unfit for use in this area. Also the fit in the limear
region could be improved. For these reasons we make a second approxi-
mation.
In hope that we can save some work we will again solve for the two

curves gimultaneously. Thks time we will gelect our points more in
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accordance with the principles we enumerated when aprroximating the

400 volt curve.

The points selected were e, = -60, =35, =10, +10, +30. This

gave the following mastrix.

18 N

: 2
4o o4 xlO3 102.1+x106 0.1638ux101 0.000262 x10 0 0

6 12 8

65 274.625x10° 1160.3x10° 4.902 x10 - o.c2o7119x10'% o o

2

(ted 90 729  x07 5904.9x10° 47.8297 x10'% 0.28742 x10M® 57.5 50.0

12

101331 =07 16105.1x20° 194.8717 x10%2 2.3579 x1048135.0 87.5

30 2197  x103 37129.3x0° 627.4852 x1012 10,6045 x1038135.0 87.5 ]

This leaves us with the following results:
Yor the 300 volt curve:
(19) 1, = 0.364899(e ;+ 100) - 0. 42348x10” (e, 4100) > + 0,07854x20°

-18
(8%100)7 = 4.563210"1%(e_ + 100)7 + 74.247107 8(e_+ 100)°

For the 200 volt curve:
(20) ip = 0.457889(oc1+ 100) - O.NNN022110-3(001+ 100)3 + 0.111769!10'6
(egy* 100)7 = 8.532x107%(ecy+ 100)7 + 208.426x10718(e_y+ 100)7.
The cemparison of these functions to the actual curves is shown in Fig-
ures 6 and 7. This set gives us a much more satisfactory approximatioxn.
There will be no attempt %0 compare coefficients of like Serms at¢ this
time. Instead the next step will be to note the eifects of varying the
load resistance.

After comparing the transfer curves of various aprlied plate volt-
ages with the ramge of load resistance desired it was decided that the
200 volt set would give us the most desireable information. (This set
had all leads going into saturation which was not true with the 300 and

400 wolt sets.)
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Since she curves were so radically different near saturation it
was felt that nothing could be gained by attempting te use tLe same set
of points for both curves. The 4OOO ohms curve was approximated using
the points o, = =00, -5, =15, =5, and +20. The 1000 ohms curve was

approximated using the points e . = -60, =35, O, +10, +30. Once agaia

cl
the initial matrices and the results will be given.

For the first approximation of the LOOO ohms curve:

"o 60 x0° 6 2 0.000202 x108 0] -

8

102.% x10° 0.16384x10t

65 274.625x10° 1160.29x10° u4.902 x10'2 0.0207119x10%

21) | 85 614.125x103 Wu37.05x10° 32.058 x10*2

0

0.23162 x10™® 30

6
95 857.375x10° 7737.81x10 69.983 x10'2 0.63025 x101% U5

N

h20 1728 x107 24883.2210° 358.3181 11032 5.515978 31018 U5

(22) 1) = 0.42654( e )+ 100) ~ 0.40569x107(ecy+ 200)3 + 0.103113x20™°
-12 ~18 9

(eey* 20015 - 7952010710+ 100)7 + 177.6:107%(e_+ 100)°.

For the approximation of the 1000 ohms curve:

b0 64 :0> 102.4x10°  0.16384x10'% 0.000202 x10'® ]

65 274.625x10° 1160.3x10° 4.902 x10'° 0.0207119:0%% o

(23) [100 1000  x10° 10000 x10° 100 x10t? 1 x10*® 107
110 1331 x07 16105.1x10° 194421 1012 2.3579 m0'® 160

130 2197 x10% 37129.3x10° 627.4852 x10'° 20,6045 0!8 160

(24) 1, = 0.26735(egy+ 100) - 0.24008x10" (e, + 200)3 + 0047712100
(°c1+ 100)” = 1.256x10"" (e, + 100)! - 31.2x10 (oc1+ 100) .
These results are plotted along with the actual curves in Figures 8 and 9.
Before trying to interpret the results we have obtained let us

examine a triode. The method will be the same as we used in investigating
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the 6Vo. Once again we will use a comion tube, the o6J5 or one-balf of
a 6SH7. The latter is a tube that is comuon to many television sets.
We will first use a 20,000 ohm load resistor with plate voltages of
200, 300, and 400 volts. Then we will use a plate voltage of 200 volts
with load resistors of 10,000 and 40,000 ohms. As usual we will give
the initial matrix and the final result.

For the 20,000 ohm set of curves, the points used were e, = =50,
-20, =2, +10, and +30. Once again e, = -100 was chosen as the origin.

For the 400 volt curve:

m50 125 100 312.5110°  0.78125:0%° 0.00195300° 0

g0 512 2103 3276.8x10° 20.97152x10'2 o0.13821 xot® 1.2

(25)] 98 941.192x103 9039.2x10° 86.81255x101% 0.83375 x10t8 12.5
110 1331 2107 16105.1x10° 194.87071x10™°  2.35795 =10t 19.3

130 2197 x0’ 37129.3x10° 627.48517x1012 10,6045 x10'° 19.6

(26) 1 = 0.263(eg* 100) - 0.17012x10™( e+ 100)° + 0.03350x10™ (e + 100)

-18

- 2.1932x10‘12(ec+ 1oo)7 + 47.4x10 (oc+ 100)9.

Since the same points were used for the 300 and 200 volt curves the
actual solution was preforied by using a five by eight matrix. For this
reason for the 300 volt and 200 volt initial matrices only the last
coluuan is given. The 300 volt column is the first column and the 200

volt column is the gecond column,

0o o
0o o0
en) 9.2 5.6
14.5 9.7
4.7 9.7
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The equation for the 300 volt curve is:

(28) ip = 0.25861(e + 100) - 0.17111110~3(ed+ 100)°> + 0.03207::10'6

(eg+ 100)° - 2.1197x10'12(oc+ 100)7 + ub.leo'ls(oc+ 100)°.
The equation for the 200 volt curve is:

(29) 1, = 0.00392(ey+ 100) - 0.07322x10'3(oc1+ 100)° + 0.01282x10'6

~18

(o + 100)% = 0.7345x207%(e 1+ 100)7 + 13.3x107 8 (e ;+ 100)°.

These last three functions are plotted and compared with the actual
curves of the tube in Figures 10~ 12,

For the different load resistors the first approximation used the
points ey = =50, -12, O, +10, +30. Once again the origin was assumed
at e, = =100. Both curves were solved for simultaneously. The sixth
column is the 10,000 ohm column and the seventh column is the 40,000

ohm column,

2

“s0 125 x03  312.5x10°  0.78125x10%° 0.001953x0'% o o

g5 681.472x10° 5277.3x10° 12 5 5648 1088 0 o

5
(30){100 1000 x103 10000 xlO6 100 11012 1.0 x.10l 10.8 3.8

6 12

40.3673 x10

2.%5795 x10'% 18.6 4.95
18

110 1331  x107 16105.1x10° 194.8717 x10

130 2197 x10% 37129.3x10° 627.48517x10*° 10. 60450 x10

The solution for the 40,000 ohm curve comes out as follows:

(31) 1, = 0.28609(ec* 100) - 0.18677x10'3(ed+ 100)3 + o.o3u62x10'6(ec+ 100)°

- 2.117x107%(e + 100) T + 57.5x20725( e + 100)

In solving for the 10,000 ohm curve the author must have made a
slight error because the equaﬁion did not check at the points selected
where the approximation should agree exactly with the curve. Resolving
yielded the correct equation Which very cloeely resembled the incorrecs

one. This serves as a warning that the coefricients must be calculated

—

18.6 4.95
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to more than three places. In order that the reader might compare the
two equatiens both are given below. Equation (32)is incerrect while
(33) is correcs.
(32) 1, = 0.51965(s + 100) - 0.32788x10" (e + 100)° + 0.05625:10“6(od+100)5
- - 3.483x20712(e + 100)7 .+ 73.2100738(e + 100)7  (INCORRECP!)
(33) i, = 0.51196(e+ 100) - o.32u00x10'3(oc+ 100) + 0.05597x10'6(oc+1oo)5
~ 3.498x10"22(ec+ 100)7 + 73.7x10728 (e + 100)7  (commzcr!)

The Justification from this apparent idiosyncracy is that the
errors in each term must be cwmilative and hence the difficulty.

The correct approximations are plotted in Figures 13 and 14,

For a second approximation the same points that were used in the
20,000 ohm set were used in the 10,000 and 40,000 oha set. The initial
matrix is shown below with colwan 6 as the 10,000 ohm coefficients and
colwnn 7 as the 40,000 ohm coefficients.

6 12 18

r50 125 x.].O3 312.5x10 0.78125x10 0.001953x10 0 o0

12 18

80 512 x100 3276.8x10° 20.97152x10°° o0.13421 x10° 0 0
(3%)] 98 941.192x10° 9039.2x10° 8o6.21255x10'2 0.83375 x0t° 8.7 2.8
110 1351 x107 16105.1x10° 194.87171110%°  2.35795 x10*% 18.6 4.95
6

130 2197 1107 37129.3:10° b27.Ue517x10* 20,6045 310" 29.1 U.95
The results were as follows: (35) is the 10,000 ohm curve while i

(36) 1s the 40,000 ohm curve.

(35) 1 = 0.08257(e,#100) = 0.04557x1073(e #100)> + 0.00471x10" (e +100)°

P
+ o.1bu69x10'12(ec+100)7 - 15.99x10"18(e

~*100)9.
(36) 4 = 0.06061(e+100) - 0.03908x10" (e +100)3 + 0.00689x10"%(e+100)
- 0.4020x10™ 2 (e #+100) T + 7.47x10728 (e +300)°.

These approximations are plotted in Figures 15 and 16.
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We shall now leave the 6J5 and go on to two more subes. This
pair of tubes are remote cuteff and sharp cutoff pentodes. Only one
curve for each tube will be approximated.

For the remote cutoff pentode we will use a 6SG/. The plate
voltage will be 200 volts, the screen voltage will be 100 volts and
the load resistamce will be 40,000 ohms. Our origin will be e, = =30
volsse. 8ince a 6SG]'s grid is not supposed to go positive no points

with the grid positive were selected. The points used were ¢ . = =16,

cl
-9, =5, =2, and O. The initial masrix and its solution are given in

(37) and (38).

b 27.44x10°  53.7824x10

21 92.61:102 408.4101x10

(3N 156.25:102 976.5625x10

2
28 219.52x10 1721.0 x10

4 12 =

0.020661x10° O

18.0209x10°  0.79428 x10*2 0

3.51470 x10*° 1.0

or

1.054% x10

>}

o

61.0351x10
134.4929x10° 10.57846 xlO12 4.0

& F F F
[+ ]

[+ ]

30 270.00x10° 2430.0 x10" 218.7 x0% 19.083 xmo? 475
(38) 1 = - 5.023856(e,+30) + 5.078815:10"2(ec1+ 30)3 - 1.685987x10" "
(ocl-v 30)5 + 22.55u3c10'8(e at 30)7 - 1014.56x10'12(oc1+ 30).
A cursdry examination of (38) shows it to be quite obviously a
poor approximation (let e ;+30 = 1 and see what I meaR). As an experi-
ment we will try using only four points for our approximation. They
shall be the same four points as the first four points of our first
approximation. Our initial matrix and its solution are given in (39)

and (40).

4 27.ux102  53.7824x10°  1.054% x0® 0 7]

21 92.601x10°  M08.bo1mo®  18.0109x0% o
(39) |25 156.25x10% 976.5625m0°  61.0351:10° 1.0

28 219.52x102 1721.0 x10° 134.4929310°% b.o]
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(40) 1, =- 0.028154( e +30) + 0.03226x10"2( e cl+3o)3 - 0.01171&2:10'“

<°cr*3°)5 + o.1332(oc1+3o)7. e

This approximation is plottsed in Figure 17.

The fact that four points give a better approximation tham five
points may seem somewhat surprising at first. However, in this case
1t must be realized that any finite power series with positive powers
tends to go to infinity as the varible goes to infinity. In the five
term approximation .the curve included a point in sasuration and tended
to approach a finite value as the varible approached infinity, while
the four term approximation di& not include the point of saturation and
the last point was in the path of increasing ip with increasing LT

Tor the sharp cutoff pentode we will use a 6SH]. The plate voltage
will be 200 volts, screen voltage will be 100 velts while the load
resistance will be 40,000 ohms. Our origin will be 0y = -30 volts.

Once again we will use only four points. This time they will be

eq = -12, -4, -2, and -1. The initial matrix and its solution are

shown below.

18 58.32:102 188.9568:10“ 6.1222x10° 0
26 175.56x10° 1188.1376x10"  80.3181x10° 0
(1) 28 219.52:102 1721.0 xlOu 13u.u929x105 2.05

n

29 243.89x10° 2051.1149x10" 172..4988x10°

L.5 |
(42) -2 3 4
1p =. 0.31:862(001#30) + 0.25778x10 (e +30)7 - 0.05782x10
(eg3+30)5 + 0.411x1075( e +30) 7.
This function is plotted in Pigure 18.
This concludes our survey of the various tube types and approxime~

tions of their transfer curves by power series. So far we have seen



abiath Metehed] Eu,...j

'



31

satop gy

...‘L.

83704 00T = S°gf

83704 002 = nan ”

EEEs DR

L :
1 wotswmyxoaddy ~ T T T F -

...... r»ugo VoY EEEES DUEES EESES EEae
: S BEE: suy OO0.0_: = Aﬂ s tA -

.nc«aul«uou.mmd luoa uaoh 837} vqc Swo L] uo o«au«uouonuuno ucunndua v

WAS ouswﬁm

) Q
soxeduwIITIN ©9%1d

ﬁ.



38

S4TOA

g

T T T T T T T (wora saxoaddy

eAIn) TEN3OY

swo 000°0H = W

w3104 00T = °g

5 o e e, o o e e YRR S

s370A 002 = Yy

.loaudaauoumad ﬂhoe hach s41 pue Nmmo % jJo ouaoauoaoeucsu JOISURIL ¥ °ST eInFIg

d

soxodueITIIN @2391d

=~



39
that this method offers a reasonadly good approximation for a given
plate and screen voltage and a given load resistance over a wide range
of grid voltages for most of the common types of amplifying tubes.
There are several limitations. First the approximation is not particu-
larly good at saturation. Also the tube must be conducting during some
part of the cycle on the grid voltage for the equation to be wvalid at%
all. (If this limitation is not accounted for it is entirely possibdle
to predict a plate current when the tube is entirely im cutoff.) A%
this point we still have to start over if we change either the lead
reslistance or the plate voltage. Our next step therefore is to try

to further reduce these limitations,



CHAPTER II
REDUCTION OF THE LIMITATIONS

The first limitation that we shall take up is that of the poer
approximation of the transfer curve when the tube reaches saturation.
We will sub-divide the problem into three cases. The first case will
be when the tube does not reach saturatiom, the second case will be
whea the tube reaches saturation but does not cutoff, and the third
case will be when the tube reaches saturation and does cutoff.

The first case is a trivial case. In this case we simply disregard
the fact that the curve is poorly approximated at saturation and use
it anyway.

The second case presents a far more serious problem. One way of
attacking it is to use basically the same method of approximation but
choose the origin such that the tube is in saturation and that the var-
ibdle will take the tube out of saturation. In this case the power
series will have a constant term that is equal to the saturation cur-
rent and the power series except for the constant will be norually neg-
ative except when the tube is at saturation and then it should be gzero.

For example if the bVob tube was to operate from ecl =0 to °c1 =
+50 volts, one could select the origin at e.; = +40 volts. Ome could
use the power series of the following form:

(43) ip =i+ al(ocl-uo) + 33(oc1-uo)3 + as(ocl-uo)s + ... where i,
is the saturation currens of the tube.

In particular if we were to apply 400 volts to the plate and 250
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volts to the screen with a load resistance of 2,000 ohms, and the above

limitations on the grid voltage we might get an initial matrix as showa

in (4N4).

10 - 1x10° - 1x10° - 1x10! o0
-20 - 8x103 - 320100 - 128m10' 0O

(k) =30 -27x10° - 243x10° - 2187x10] -12.5

40 -b4x10°

In this case the saturation current was 177.5 milliamperes. The

-1024x107 -16384x107 =65.9)

reader should note that the last column is not the plate current but
the difference between the plate current and the saturation curreat.
In most cases the problem of the tube saturating does not occur unless
the tube also cuts off. This case is only included for completeness
and (44) will not be solved.

The third case prsents a difficult problem. If we wish to use the
power series, it is obvious that we weuld need more terms. This would
make our taskK of solving for the coefficients more laborious and the
whole problem becomes unreasonable. The only other alternative is to
find anot};er way of approximating the curve.

We had eariier mentioned using the hyperbolic tangent. This curve
Yery closely resembles the transfer curve. Our equation might have the
form;

(45) i, = a + btamh cley + 4).
Thig geems to offer us considerable latitude as it appears that we
will be able to pick four arbitrary pointe that we wish to use. Unfor-

t =3 e
Unate] y this is not the cagse. The minute we select the saturation
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current we have chosen a, b, and d¢ One other point on the slope of
the curve will give us c. Thus in our previous example we had a satur-
ation current of 177.5. The tanh varies from -1 to +1. Therefore our
b must equal one half of the saturation current or in this case 88.75.
Since this point occurs at eg) + d = 0, a must equal 83.75. d is also
fixed because 1p = 88,75 for only one ®.a © is determined by select-
ing a point on the slope of the curve and putting it into the equation
and solving for c. This method is actually easier than that of power
series but unless the sube transfer curve is fairly near the shape of
the hyperbolic tangent the method will be inexact. (There is alse an-
other difficulty, bus this will be explained later.) In addition, im
order to use the quation we should transform it into a power series that

is convergent over the range we desire. This appears not to be too dif-
ficult. Before we do let us rewrite the equation in light of what we
already know, and let x = c(e, + d).

(46) i, =a(l + tanh x)

or in power series form

3 5 T
N = X s 2x” _1x o+ .,
(47) ip a(l + x 3 +15 315 ).

There is, however, a very serious limitation to the power series

form. This series converges only in a very linmited rangs. In fact x2

st be less thang-a- o Since the tanh does not approach 1 until x is
larger than gand since we want to go through zero we cannot use the
Pover serjes form of the tanh. (There is another form of the power
series for the tanh x when x is large but this 1s not valid for small
X 8nd thusg we gain nothing.) As a result of tnis limitation we are

al
M08t reduced to Fourier analysis in this cendition.
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The next two limitations were the fact that the present power
series approximations were limited to one plate voltage and load re-
sistance. Tne solution most apparent is to compare the series of the
same plate voliage or load resistance and see if some relation can't
be worked out with the coefficients of like terms,

It is obvious that we won't be able to vary both tue load re-
sistaiice and tue plate voliage. Our choice is to use & rixed lead re-
eistance and vary the plate volsage. Tne reason for this decision is
the fact that plate modulation euploys & constamt load but a varying
plate voltags, Actually the method we are going %0 use would be valid
whether we varied plaie voltage or load resistamce providimg the other
was held constant. So if the reader desired to keep the plate voltage
constant and let the lead resistance vary, tue same metnoa would work
out satisfactorily.

The method is one or comparing coefficients of like terms. In
order to make the data wore convenient we tabulate it.

For the oJH with a load resistance of 20,000 onhns

TABLE 1

Sunamary of Coefficients of (ec + 100)

—

Plate 3 5 9
Yolts  (6c¥100)  =(e +100)° +(e +100)° =(e,+100)7  +(e +100)

200 0.11392  0.07322x10~3 0.01282x10~0 0.7345x1071% 13, 2x10-18
300 0.25861 0.17111110‘3 0.03207110"6 :2.1197:10'12 Lo.8x10"18

I‘OO —3 -6 -12 ~1&
_ 0.26300 0.17612x1077 0.03356x10"° 2.1932x10 47.4x10
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From immediate observatioa it is obvious that there is no linear
relationship among the coefficients. Therefore it is mecessary that
ve find some other method to establish the relasiomship between them.

Let us investigate three methods. First is to plot the points oa
a graph. The second is to approximate the curve of the graph using the
known points and a power series using the odd powers only. The third
is a variation of the second. In this case the power series consists
of odd and even powers.

The graphical method consists of plotting the value of the coef-
ficients versus plate voltage. A separate curve is needed for each
set of coefficients. To find the coefficients of an intermediate volt-
age one need merely pick them off the curves. Figures 19 through 23
give the set of curves for our particular approximations of the 6J5
transfer curves. For a trial a plate voltage of 250 volts chosen amd
the transfer curve was approximated from the graphs. The equation of
the approximation is shown below.

(48) 1, = 0.218(e +100) - 0.138x1073(e;+100)3 + 0.0270x107°(e+100)3
- 1.70x2072%(e_+100)7 + 37.3x1072%(e +100).

This equation is plotted along with the actual transfer curve in

Figure 24,

A more detailed evaluation of the methods will be given later.
However, Figure 24 shows quite clearly that (48) is a very poor approx-
jmation of that particular curve.

Our second method consists of aprroximating the curves of the co-

ezﬁcienta versus the plate voltage using power series of the form:

()"9) ‘k = hllbb + baEbb3 + bBEbbS'
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In making this approximation we shall use only the points we actually
know. (Thus im our case we shall use only Eyp = 200, 300 and 40O velts.)
Once again we will use the matrix method of solution.

200 8x10°  32:010 0.114 -0.07322 0.01282 -0.7345 13.3
(50) |300 27x10° 2u3x10%0 0.259 -0.17111 0.03207 -2.1197 46.8

400 64x10° 1024x1010 0.263 -0.17612 0.03356 -2.1932 47.4

In this matrix the fourth columm is the first term coefficients
(a;) of the transfer curve approximatioms. The fifth column is the
third term coefficients (33) times 103. The sixth is the fifth term
coefficients (15) times 106. The seventh is the seventh term coeffic-
jents (a7) times 1012. The eighth is the ninth term coefficients (a9)
times 1018. (All the even term coefficients are szero.) Solving the
matrix gives the follewing results:
(51) o, = 0.00706::10"2:bb + 0.015u25x10‘6nbh3 - o.ooo735:10'mnbb5
(52) a5x10° = - 0.00245x107F,, - 0.01052x10™"E,,> + 0.000495x1071%%,
(53) agz100 = - 0.000574x107%8,, + 0.002142x10" Ry, = 0.000099x10" 8, ,
(54) a7x1012 = o.17559ux10'23bb - 0.1658b7xlo-bnbb3 + 0.007539x10'1°nbb5
(55) a9x1018 = - 7.485x10"2Ry, + u.zogxlo'ﬁnbb3 - 0.1938x107'%,

5

To test this approximation we will once again select a plate voltage
&nd compare the calculated current with the curreat calculated from the
published curves. Once again our voltage will be 250 volts. This time
our approximation will be
(56) i, = - 0.459(e +100) + 0.312110-}(oc+100)3 - O.Obhxlo-h(od+100)5
+ 5.210x10-12(oc+100)7 - 1“0.66:10-18(oc+100)9.

In order to save space merely a table of the evaluation of the plate
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current (actual and calculated) and grid voltage will be given. The

portion covered is im the linear region of the tube.

TABLE II

Results of the Approximation Using Odd Power Series for Plate Voltage

Plate voltage 250 volts 250 volts 250 voltse
Grid voltage -10 volts O volts +10 volts
Actual Flate Current 1.7 ma. 8.5 ma, 11.9 ma,
Calculated Plate Current =0.62 ma. 0.4k ma. 8.01 ma.
Load Resistance 20000 ohms 20000 ohms 20000 ohms

This is a better approximation, but it still is too imnaccurate to

be of much value.

Since the third metiiod is almost identical with the second method
only the matrix and its results will be given. In this matrix also the
fourth through eighth columns will be modified as inm (50).

200 hx.m" 8x106 0.1139 -0.07322 0.01282 -0.734% 13.3

(57) |[300 9x10l‘ 27;106 0.2586 =0.17111 0.03207 =2.1197 U6.8

4 6

400 16x10 0.2630 -0.17612 0.0ee56 =2.1932 Ub.U

64x10
The results are given below.

-2 -4 2 -
(58) &) = - 0.15065x10"°Byp, + 0.15350x107 ‘B, © - 0.02485x10 br.bb3

(59) a3x10% = + 0.10457x1072Ry, - 0.10403x107 *Eyy? + 0.01672x10708, 3

(60) agx10° = - 0.02189x10" By, + o.oeonxm'“nbba - 0.00329x10" g, 3

b, 2

+ 1.8042x107%, ) - 1.5633x107 By, ° + 0.2488x107°F 3

(61) a-,xlola

(62) 89x1018 - ug.zsxlo‘ezbb + uo.70x10’u1;bb2 - o.aussno'bnbb3.
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Once again a plate voltage was selected and the coefficients were
evaluated and an approximation made. This time the approximation was
(63) 1, = 0.1945(e+100) - 0.1275x10'3(oc+100)3 + 0.02343x10™%( *,+100)?
- 1.h97bx10'2(ec+1oo)7 + 31.7sn0'15(.c+1oo)9.
Over the linear region the results of this approximation are tab-

ulated in Table III.

TABLE Il
Results of the Approximation Using Odd and Even Power series for Flate
Yoltage
Plate Voltage 250 volts 250 volts 250 volts
Grid Veltage =10 volts O volts +10 volts
Actual Plate Current 0.7 ma. 8.5 ma. 11.9 ma.
Calculated Flate Current 3.59 ma. 8.27] ma. 12.13 ma,
Loead Resistance 20000 ohms 20000 ohme 20000 ohms

Since this approximation checks fairly well at 250 volts now let
us try it at 350 volts. (64) is the approximation.
(6U4) 1, = 0.2577(e _+100) - o.1915x10-3(oc+1oo)3 + 0.03627x10'b(ec+100)5

- 2.11301072(e+100) 7 + 53.594x10728 (e +100)9

Table IV gives the results of this approximation.

It is easily seen from Table IV that this is the desired approxi-
mation. It is only valid for Eyp from 200 to 400 volts but this range
could probably be extended by making additional approximations and in-

cluding those coefficients in the comparison.
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TABLE IV

More Results of the Approximation Using 0dd and Even Power Series for
Plate VYoltage

Plate Voltage 3150 volts 350 volts 350 volts
Grid Voltage ~10 volts O volts +10 volts
Actual Plate Curreat 4.95 ma., 12,20 ma. 17.25 ma.
Calculated Flate Current 5.810 ma. 12.26 ma. 17.04 ma,
Load Resistance _ 20000 ohms 20000 ohme 20000 ohms

In conclusion it should be added that there well could be other
methods of finding the intermediate curves tham the ones discussed.
Also each of the methods discussed may be of value in a particular case.
In our case the third way proved to be the best. If we had investigated
the 6Y6 we might have found the second way the best, or even the first
way.

In discussion of the three ways in particular, the second and third
ways are essentially the same, and neither offers much advantage over
the other except in a particular case. Both of them have the advantage
over the graphical method in that they can be calculated to more places.
In addition if the plate voltage is continuously varying as in plate
modulation the second and third ways can be directly gubstituted in the
equation for the plate current while the graph would again have to be

approximated.



CHAPTER 111

APFPLICATIONS

Now that we have made the approximation of the transfer curve amd
discussed its limitations it is now time to investigate some of the uses
it can be put to. Our first problem will be that of a single tube ampli-
fier using a resistance load with too much bias for operation in the
linear region. The tube will be a &J5, the plate voltage 300 volts,
the load resistance 20,000 ohms, and the bias =15 volts. We will apply
an alternating current voltage of the form 10cos pt. The circuit dia-

egram is shown in Tigure 25.

E - EC+ £ +
C b

Figure 25. Single-ended Triode Amplifier.

The varible, (e, + 100), now becomes (85 + 10 cos pt). Putting

this into (28) and expanding we get.
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(65) ip = 2.078 + 4.718cos pt + 0.976co-2pt - O.Zlmcos}pt - 0.0577colupt
+ 0.00183cos’pt + 1.153:10'3cos°pt + 10.5mo’5c0s7pt
+ 35.80x10.?c038pt + ltb.leO-gcosgpt.

Phis function in turn may be expanded by the use of trigomometric
identities into the more familiar harmonic functionse.

(6b) ip= 2.544 + 4.536cos pt + 0.459cos2pt - 0.058cos3pt - 0.00699ce skpt
+ 0.000126co85pt + 0.0363x10"Icosbpt + 0.165x10~2cos7pt
+ 0.280x10" | cosBpt + 0.183x10~Icos9pt.

To cbtain the output voltage it becomes merely necessary to multiply
this current by the load resietance. Of course if there is & blocking
condenser the direct current component of the voltage will be missing.

Push=pull circuits can aleso be easily calculated using this approx-
imation. 1In this case the tubes are figured separately and the‘ Plate

currents subtracted from each other.

6J5
(z}/'
Il
e —— e @m—
£ o b
'éc -f-— -t;‘ Output
~Cf 1F iy |

t_.

Figure 2b. Push-pull Amplifier
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For example let us assume that the output transformer appears as a

20,000 ohm load, that E,p, = 300 volts, that E_, = 15 volts and that s

10cos pt. This once again means that we use (28). For the top tube

the plate current will be identical to (65). The variable for the bot-

tom tube is (85 - 10cos pt). This gives the following results for the

bottom tube.

(67) 1p = 2,078 - 4.718cos pt + 0.97600|2pt + O.ZMcont = 0.0S??cosupt
- 0.00183cosdpt + 1.153x10 cospt - 10.53x10-5coslpt +

35.80x10~ T cos®pt - 46.8x10"Icosdpt.

Subtracting (67) from (65) gives us the output current (68)

(68) i, = 5.436cos pt - 0.488cos pt + 0.00BGbcocspt + 21.06x10"5co-7pt
+ 93.6x10"2cospt.

Or in harmonic form

(69) 1, = 9.072cos pt - 0.1lbcos3pt + 0.000252cos5pt + 0.330x102cosTpt
+ 0.366x10 2 cosgpt.

Thus we immediately see that the even harmonics cancel as they should
in a balanced pusk-pull circuit.

One of the most difficult problems to handle analytically as far
as vacuum tube circuits are concerned is a plate modulated r.f. ampli-
fier operating in class C conditions. Our approximation ofters a solu~-
tion. It is not an accurate solution inasmuch as several untrue as-
sumpt ions are made, but the results can be used as & guide on what to

expect.

Figure 27 shows a single-ended r. f. amplifier.
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9 Output
E- £+ E, .t
EL8™

Figure 27. Single-ended Amplifier

The untrue assumptions that we shall make are (1) if grid curreant
is drawn, that it does not affect the bias of the tube, (2) the neutral-
i zing circuit can be ignored in our calculations, and (3) the tank cir-
cuit presents a resistive load at all frequencies. This last assump-
tion is particularly objectionable, but it can be justified in that we
are interested primarily in the voltage ousput and not the current.
This means that we will find the current by making the assumption of a
resistive load and then finding the voltage by multiplying the curreat
by the true load. In such a manner we will be able to guess an approx-
imate solution.

Let us assume that we have such an amplifier. Let E’bb = 300 +
100cos mt, e, = 40 + 65cos ct, and that the tamk presents a resistive
load of 20,000 ohms at the carrier frequency. The expression for the

output current is (70).
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(70) 1p = C— 0.150b5110"2( 3004100cos mt) + 0.15350::10-“( 300+100cos mt)a-
0.02485::10-6( 300+100cos mt) 3.] (L40+o5cos ct) +[O.101+57J:10.2
(300+100cos mt) - O.lOUOBJcIO"b'(BOO'fIOOcos mt)2 + 0.01672x10'b
(300+100cos mt)3 ] (40+65¢co0s ct)’x1073 + [- 0.02189x10"2( 300+
100cos mt) + 0.02073110"“( 300+100cos mt’.)2 - 0.00329x10°6(300
+100 cos mt)> J (40+65¢cos ct)sxlo'b + [1.sou2x10“2(3oo+100cou
mt) - 1.5833:10-u(300+100cos mt)2 + 0.21+88x10-b(300+100000
mt)3 ] (4o+65cos ct)7x10'12 +[-N9.35x10-2( 300+100cos mt) +
uo.70x10““( 300+100cos mt)2 - 0.2488x10™0(300+100c0s mt)3 ]
(40+b5cos ct:)9x10'18 =
This expression is quite long and its expansion would be of dubious
value. Nevertheless we are able to see that the approximation will
&Z1lve us an expression for plate modulation,
There are many more problems that can be solved by this metnod.
Indeed other tubes may be used. Also nothing was done involving wave
shaping circuits. However, by tiiis time the reader should have a fairly
clear idea of the subject and can apply it to his own particular situ-
ation.
In conclusion once again it shiould be stated that this is only an
approximate method as is the case in most non-linear problems. The
method can only be as accurate as the approximation. It was found that
the calculations required the use of & caiculating machine as a slide
rule did not offer suiticient accuracy.
It also should bé added that the results experimentally way differ
from those calculated due to variations from the normal by the tubes

themselveg,
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As far as the results are concerned in this paper, no experimental
work was performed to prove or disprove them. However, each of the
calculations was checked at least once and most of them were performed
by wachine,

It is the author's opinion that this method will be of great value
when more than one grid voltage is applied to a tube and when the tube
goes either into saturation or cut-off (but not bothl) For just one
particular case the approximation is too much work for the value received.

Nevertheless the reader should not forezo his own opinion on the subjsct.



APPENDIX A

SOLUTION: VAN DER BIJL'S EQUATION

"



AFPENDIX A
Solution’ van der Bijl's Equation

B
(1) I,= «(¥Ey + E_+€ + esin Pt)

where Ey) = B, - IR and B = 2 (R is the value of the load resistance.)
(2) I, =e[¥(E,, - IR) + E, +€ + esin pt]z

Let V¥ = KEb+Ec+£

Since € is very small compared to ,Eb + Ec it may be neglected and
v= JB +E..

Rewriting
2
(3) Io = &(¥ + esin pt)

Expanding the right hand side of (3)

2
(W) I, = XV + 20 Yesin pt + & ealinept
Substituting the value of ¥ and further expansion

2
(5) 1,= oat(s°B,2 +EZ%+ 2JBE) + 2 (¥E, + E esin pt + « o sin°pt

Substituting B - Iol for E,, expanding and collecting terms

(6) .‘1232102 - 10(1 + euxanbbn + 2«¥RE, + 2% ¥Resin pt) = -« (V
+ esin pt)2

Rewriting

(7 Ioa(ﬂaae) = I,(1 + 2%¥R[Y + esin pt]) +&X (¥ + esin pt)2 =0

Substituting into the quadratic formmla

() 1,=1 + 2« JR(Y + esin pt) :¢1.1m:n(v + esin pt)

- . s E——— —— —— - - -



APPENDIX B

6
CHARACTZRISTICS OF THE TUBES

r——— - -

6 General Electric Company, Electronics Department; Electronic Tubes,
Receiving Types; Yolunme I.
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APPENDIX C

CALCULATIONS FOR THE APPROXIMATIONS



APFENDIX C

Calculations for the Approximations

Since a step by step process was given in the text only the

matrices will be given.

equation will be omitted.

The initial matrix is repeated but the final

Also after the matrix has been half diagom-

alized just the complete diagomalization will follow it.

6Y6 First Approximation For

Ebb = 300 and 200 volts with Ry = 2000 olms

x10°

- 4o 64 0.000262 x102% o
65 27%.625x100 1160.3x10°  4.902 =0*? 0.0207119x10'% o
3 6 12 18
(1) 100 1000 x107 10000 x10° 100 10 1 107" 112.5 82.5
115 1520.875x10° 20113.6x10® 260 0% 3508 x10t8 135
150 3375 1103 75937.9x10° 1708.6  x10'? 3.4 x0*® 135
1 1.6 x100  2.56x10°  0.004906x10%2 0.00000655x10%° 0
0 170.625x107  993.9 x10®  4.6358 x1012 0.020286 x10°° 0O
()0 z40  x103 9744  x0° 99.5904 x10'° 0.999345 =10
3 6 12 18
0 1336.875x10° 19818.2 x10® 205.529 x10%2 3.517247 x10 135
03135  x10° 75553.9 x10° 1707.986 x10%2 38.439  x10'8 135
3 . b 9 12
1 1.6x10° 2.56 x10 4.096 x10° 6.55  x0° 0 0
01 5.825x105  0.02717x10° 0.0001189x10%% 0 0
(3o o 4.851x10°  76.7676 x10° 0.899469 x10%D 112.5x10~3 £2.5x107
00 12.032x10° 229.206 x10% 3.35829% x101% 135 x10™3 87.5x1073
00 57.292x10°

102.4x10°

0.1638L4x1042

18

0

0

87.5
87.5 |

0
0

18 112.5 82.5
87.5
87-§d

|

1622.808 x107 38.0662485x10%0 135 x10™ 37.5::10“3]



(4)

(5)

(6)

(7

o o o =» o o o o

‘o

'o o o

rer) }

o)

o o ©

1.6x107 2.56 x10

1

0
0]
0

1.6x107 2.56 x10

1

0
0
0

1. 6x10} 2.56 x10

1

0

0

©o O ©o

6

68
12 7

4.096x10°  6.55 x10 0 0
5.525x100 27.17 x10° 118.9 =x0? o 0
1 15.535x100  0.1854x109  23.191x10~  17.007x10~7
0 385.500x103  1.1276x10° ~144.034x10~ ~117.128x10°9
0 716.162x10°  27.444 x109 ~1193.659x10~2 486.565:10-%
® L.ogex10? 6.55 x0l2 o 0 7
5.525x103 27.17 x10® 118.9  x0° O 0
1 15.825x100 185.4  x10° 23.191x10°  17.007x10”3
0 1 0.02906x10°  -3.71210071%  _3.019x10712
0 0 6.632 x10° 1447 10712 1275.2 n0719
® 4.ogex109 0 -1.448x0™>  -1.258x10]
5.825x10° 27.17 x10° 0 =26.277x10°° -22.829x10~°
1 15.525x10° 0 -=17.782x10"7 -18.590x102
0 1 0 =10.134x10712 .5.599::10'12
o 0 1 o.221m0° 12 0.192x10-15_"
0  605.48 x20™7  490.90 x10™° ]
0 -581.53 10~ 473.57 100
0 0 142.59 x0~?  117.49 x10”2
0 -10.13x1072°  -8.599x0" 12
01 o0.22x107Y%  0.192m0719)




6Yb Second Approximation for

Eyp = 300 and 200 volts with R, = 2000 ohms

6 18

0.16384x102°  0.000262 x10

12

40 64 x10°  102.4x10

65 274.625x105 1160.3x10° 18

4.902 =x10 0.0207119x10

0 0

0] 0

(3)

(9)

(10)

(11)

0 729
110 1331

130 2197

ﬁ 1.6

0 585
0 1155

9 1989

01
00
00

00
e

o1
0O

00

00

0 170.6251103

1 1.6x10°0  2.56

1 1.6x10° 2.56 x10

x10° 5904.0x10° 47.8297 x1012

X103 16105.1x10° 19%.8717 x10%2

x103 37129.310° 627.4852 x10'2

x10° 0.004096x1012

xlola

12
x10

xlo12

2.56:106

993.9 xlo6 4.6358

3

x10° 5674.5 x10 47.46}

2107 15823.5 x10

6
6 19u.421
6

x10° 36796.5 x10° 626,953

9

x10°  4.096 x10” 6.55

5.825 x10
2.266875x10
9.095625x10

25.210575x10

9

31.567 x10° 0.31727

163.040 x109 2.21985

o O O Ww o

572.912 x10° 10.3671

6 9 12

6.55 x10
9

5.825x10} 27.17 xlO6 118.9

4,096 x10
x10
1 13.925 x10°  0.13996x107

0 36.3834x105  0.94633x107

0 221.85u7x103 b.838b3x109 -5ou.u602x10“9 -h67.570x10f2

0.38742 x10

2.3579
10. 6045

0.00000655x10'° 0 0
0.020286
0.38683
2.35718
10.6036

x10 0 0

g
1% 5705 50
18

0% 135 &71.5
0% 135  &7.5

8 -

a0t o o

18 57,5 50.
135  87.5
135 87.5)

x10

xlols

8
xlO1

12

0.02717x10° 0.0001189x10%° 0

02 57.5x10°3 50 x10™3

15

x10°° 135 x1073 87.5x107

x10'? 135 x10~3 87.5x107)]

0 0 ]

o 0

25.365 x10™2

9

-95.7105x10 ° =113.122x10"

22.057x10~2

9

T



(12)

(13)

(14)

(15)

70

1 1.0x100 2.56 x10° 4.096x10?  6.55 x0'? o 0 N
01 5.825x10° 27.17 x103 118.9 =0’ © 0
00 1 13.925x100 139.6  x10° 25.365 11079 22.057x1072
00 0 1 0.02602x10° =2.6396x10"12 -3.109x1073°
oo 0 0 1.06597:106 79.1%&:10"12 222.176:10"13
1 1.6x103 2.56 x10® 4.096x107 0 -0.486 x107°  -1.365 x107° 7
01 5.525:106 27.17 x100 0 -8.528 x107° ~2k.782 x10~°
00 1 13.925x107 0 15.000 x10~2 ~7.039 x10™°
00 0 1 0 <4563 x10722 _g.532 xo12
oo 0 0 1 o.0742u7x107Y%  0.208426x10")
1 0 0 0 0 364.599 x10"> 457.889  x1070
01 00 0 -H2.348 x0°° -biu.oe2 x10°°
0010 0 7850 x10°0 111.769 x1072
00 01 0 <4563 x0t% _8.532 x10722
o 00 01 0.074247x10™3? o.zosuszlo'ls_
6V¥6 First Approximt;on for

Epp = 200 volts with R, = 4OOO ohms
4 64 x00  102.4 x10°  0.16384x102 0.000262 x10°° O]
65 274.625x107 1160.29x10° 4.902 x10'2 0.0207119x10'% o
§5 614.125x10° M437.05x10° 32.058 x1012 0.23162 x0'f 30
95 857.375x103 7737.851x10° 69.983 x1012 0.63025 x0'® 45
120 1725 x103 24883.2 x10° 358.3181 61012 5.515978 x10'" k5|




(16)

(an

(18)

(19)

lo o o o w!

1.6 x10°  2.56x10°  0.004090x1012 0.00000655x10'% O
170.625x10°  993.9 x10®  L4.6358 x1012 0.020286 x10'% 0
478.1252107 4219.45x10° 31.7098 x10*2 0.23106 x0t® 30
7053752203 7494.61x10° 69.5939 x10%° 0.62963 x101% 5

1536 x10° 2u575.80x10° 357.8266 x10%2 5.51519  x1018 45
1.6x103 2.56 x0® 4.096 x109 6.55 =mot? o ]
1 5.825 x10°  0.02717x10° 0.0001189x10*° 0
0 1.430x10° 18.7201 x107 0.17425 =t 30x1073
0 3.3656x00° 50.4289 x10° 0.54573 x0? 45x1073
0 15.6286x10° 316.0935 x107 5.3326 x10? U5x073
1.62105 2.56 x10°  4.096x10° 6.55 xo- o 7
1 5.825x10° 27.17 x10° 116.9 x0? 0
0 1 13.05 x10° o.121usx109 20.915x1077
0 0 6.244x103  0.13442x10°  -25.81kx1077
0 0 112.1%0x10°  3.43403x109 -251.872x10™)
1.6x10° 2.56 x10®  4.096x10°  6.55 x10*2 o ]
1 5.825x103 27.17 110® 118.9 x0% o
0 1 13.05 x103 121.48 x10°  20.915x107
0 0 1 0.0215;:106 -u.13ux10'12
0 0 0 1.0230x10°  181.714x10712

71




0 1.6x10° 2.56 x10°  4.096x10° 0  -1.163 x07> |
01 5.826x100 27.17 x10° 0 -21.117 x10~°
(20)]o o 1 13.05 x105 0 -0.660 x10~2
0 o 0 1 0 -7.952 n0~t2
o o 0 0 1 0.1776x07)
10 0 0 0 4654 x10™2 ]
0 1 0 0 0 =U4o05.69 210~
(2)fo o 1 0 o 103.113 x10~?
60010 =7.952x0 "
o 0 0 0 1 0.1776x07)
6Y6 First Approximation for
Epp = 200 volts with Ry = 1000 ohms
Tuo 64 xo0d  102.4x0° 0.16384110°2 0.000262 x101®
65 274.625x10° 1160.3:10° 4.902 1102 0.0207119x:10°
(22)|100 1000  x103 10000 x10® 100 x0t? 1. x10%®
110 1331 x10° 16105.1x10° 194.8717 x10*2 2.3579 x10%®
130 2297 3107 37129.3x10° 627.4852 1102 10,6085  x10*°
1 1.6 xod  2.56x10°  0.004096x10%%  0.00000655x108
0 170.625x103 993.9 x10° k4.6358 x10'° o0.020286 x0'®
(23)]o 840  x10> g7us. x10° 99.500% x10%? 0.999345 x10°
01155 x10° 15823.5 x10° 194,420 xm0'2 2.21985 x1018
01989 x103 36796  x10° 626.953 x0'? 10,6036  x0'®

72

~

0
107
160

160_

ol
o|
107

160

160



(24)

(25)

(26)

(27)

[ |

'o o o o

- |

o

lo o o

<

lo o o

[}

o

1.6x100 2.56

1
0
0
0]
1

1

1

o O ©O

.bxlO3

.6x10°

.6x10°

x10°
5.825 x100
4851  x10°

9.095625x10° 163.040 x107

2.56 x10°

1
0
0

2.56 x10°

5.825x10°

25.210575x10° 572.912 x10° 10.3671  x10%D 160x1073]
4b.096x107  6.55 x10*° 0 7

5.8525x100 27.17 x10° 118.9 x10° 0
15.825x10°  0.1854x107  22.057x1079
19.102x103  0.5335x10°  -40.622x10~2
173.955x10°  5.6931x10° -396.070::10‘1

2

4.096x10° 6.5 x0T 0 7]
27.17 x0® 118.9  x10? o
15.825x103 185.4  x10®  22.057x109

1

0

0

2.56 x10°
5.825x100
1

0

0

1
0

4.096x10°
27.17 x10°
15.525x107

1

0

76.7676 x10°

0

0

12

L.096 1109 6.55 x10 0

15

0.02717x10° 0.0001189x10 ° O

0.027929x10° =2.127x10”

0.83471 xlOb -26.068x10"

0.205 x1072 "
3.713 x10~°
27.847 x10~2

-1.255 x10~12

-0.03123x10717

0.999345 x10%? 107x10°3

2.21985 x101? 160x10~>

12

13

12

—



T4

0 0 0 0 267.347 x1073

-
1
01 00 0 -240.082 x10~°
(28)][o o 1 0 © 47.707 x10~2
0001 0 -1.255 x10-2
00 0 01 ..0.0312::10'15
e -

In order to save space and avoid needless repetitioa if a matrix,

L[Al, is repeated entirely in another matrix, [B], them

[y

v
[B]= |[a)] -
)

L B

where the column of b is the last column(s) of matrix 3 . Thus for

example if abecd and if bcad
[A]= |lefgh [B] = efghrJ
z

jJkmn kman
Then [B] could be written
[a] ¥
z

(Note: This is a perticular notation invented by the author for cone
venience on his part. There is no justification for this in any laws

of matrix algebra but just is a manner of notation.)



(29)

(30)

(31)

(32)

oJ5 First Approximation fer

Ey, = 300 volts with By = 20000
(50 125  x103 312.5:0° 0.78125x012
6 12

€0 512 x07 3276.8x10° 20.97152x10

98 941.192x103 9039.2x10° 86.81255x1012

110 1331 1107 16105.1x00° 194.87171x102

2

130 2197 =0’ 37129.3x10° 627.48517x10"

3

2.5 x10 6.25x10°  0.015625x1012

0 32 x03 2776.8 x10° 19.72152 x10t8
0 696.192x107 8426.7 x10° £5.28130 x10'2
01056  x10° 15417.6 x10° 193.15295 x10'
01872 x103 36316.8 x10° 625.45392 x10*2

1 2.5x100 6.25 x0° 15.625 x0d 39.06 x10'2 o ]
01 8.9 x103 0.06321x109  0.000420x10%° ©

00 2.23059x20° 41.2768 x107  0.53752 x10'? 9.2x10~3
5 0 6.0192 x10° 126.4032 x207  1.91013 x10%7 14.5x10~3
0 o 19.6560 x10° 507.1248 x10?  9.81318 x10%7 14.7x1073
1 2.5x10° 6.25x10° 15.025x10° 39.06 x10% 0 ]
01 £.9 x10° 63.21 x10° 420.0 x0? o

0 o 1 18.505x10°  0.24098x10°  4.12u5x10~9
00 0 15.018x103  0.45962x10° -10.3262x10"7
o o 0 143.391x103  5.07648x107 -6b.3712x107

75

ohms

0.001953x10%%

0.13421 xlols 0

18

0
0.83375 x10°° 9.2

2.35795 x10'% 14.5
10.60450 11018 1u.ld

18 7

0.00003906x10 0

0.1310852 x101% o
0.8299221 x10*% 9.2

2.353653 x10%° 14.5

10.59942  x10'8 14.7




(33)

(34)

(39)

(36)

1 2.5x10° 6.25x10° 15.026x107 0 -1.828 x10™3 ]

01 8.9 ¢10° 63.21 x210° 0 =19.056 x10~°

x10° 15.625x107  39.06 x0® o

x10° 63.21 x10® 420 x107 o
18.505x103 2L40.98 x10°  4.12u5x10”
1 0.03060x10®  =0.6876x10”
0 0.68872x10°  32.225 x10~

12.505x10° 0  =7.1534x10~7

1 0 -2.1197x10~12

0 1 0.0408x10717]

258,612 x10™5 ]

-171.107 c1o"b

32,0716x10"2
12

15

~2.1197x10~

0.0468x10

bJ5 Firstv Approximation for

Epp = 200 volts and 400 volis with Ry, = 20000 onms

1 2.5x10° 6.25
01 g.9
00 1
00 0
00 0
00 1
0 0 0
0 0 )
1 0 0 0 O
01 0 0 0
0 01 00
0 0010
v 0 0 0 1
[ o 0
0 1.2
(29) 5.6 12.5

9.7 19.3

i 0 o
0 1.2
(37)] (30) 5.6 12.5
9.7 19.)
9.7 19.6]

9.7 19.6J

9
12

12

76



(38)

(ko)

(42)

(43)

7

[ 0 0 ] [ 0 0 ]
0 0.0036x120™> 0 3.6 x107°
(31) 5.0x0™> 9.8 x10™° (39)[(32) 2.u286x10~7 4.293x10°
9.7x10™ 15.287 x10~> -4.9182x10™2-11.155x10~7
I 9-7x10~3 12,486 x10™7 | ~38.036 x1079-72.863x10"7] -
- 0 0 - i -0.5195x10™3 -1.891 x10™> ] |
0 38 uo™ _5.586 x10~" ~16.108 x10~° |
(33) 2.4286x107  4.393 11079 | (41)[(34) -0.7764x10™7 ~7.0295x107 |
-0.3275x10712 ~0.7428x10~12 073501012 _2,1932010712 -~
| s.02u5m0712 32,047 x10712] 0.0133x2073  0.0M74x1072
1 0 0 0 0 113.024 x10™0  263.00 x0T
010 0 0 =732.229 x10~" 176,12 mo~"
0 01 0 0 12.87x0"9 33556 x10~2
0 0010 -.0.731+5x10"12 -2.1932:10"12
0 0 0 0 1 0.0033:0°%%  0.0474x10"20
6J5 First Approximation for
E,, = 200 volts with Ry = 10000 and 40000 ohms
F50 125 x0d  312.5:10°  0.78125x10%% 0.000953x10° 0 o0
88 681.472x100 5277.3x10° 40.8678 x101- 0.71648 x110'° 0 0
100 1000  x10° 10000 x10° 100 202 1.0 x0™® 0.8 3.8
110 1331 x10° 16105.1x10° 194.8717 x10*2  2.25795 x101% 18.6 k.95
130 2197 x107 37229.3x20° 627. 1851721012 10.60450 0" 19.1 k.95




(1)

(45)

(46)

(47)

(Lg)

78

1 2.5 x10° b.25x1o6 0.015625x10%2  0.00003906x10% 0 0 ]
0 b61.472x103 U4727.3 x0® 39.h928 x10'% o0.71304272x10%% 0 0

0 750 x0° 9375 x10° 98.4375 x0'? 0.99609% x10'8 10.8 3.8
01056  x103 15417.6 x10° 193.1530 x10'? 2.35365 x10'% 18.6 k.95
01672 x10% 36316.8 x10° 625.15392 x10'? 10.5022  x0*® 19.1 k.o
N 2.5x100 6.25 x0° 15.025 1109 39.06  x0M2 o 0 .
01 10,244 1105 0.8556x10° 0.0006784x101° 0 0

00 1.692 x10° 34.2525x107 0.L8729% x1010 10.8x10~3 3.8x10~7
00 4.5999x10° 102.7895x10° 1.637260 x10%° 18.6x10~3 4.95x10~]|
0 0 17.1%0 x10° be5. 2481107 9.324255 x10%% 19.1x10™° u.95x10'_3j
1 2.5x10% 6.25 x10° 15.625007 39.06 =o'’ o 0 i
01 10.244x10° £5.58 x10° 678.%  x0? o 0

00 1 20.2b4x10°  0.2880 x109  6.383x1070  2.246x10™9
00 0 9.0b x103  0.31249x10° -10.761x10~7 =5.381x1072
0 0 0 118.266x10° 14,3879 x10° 90, 305x10~) -33.5%:10"2“
1 2.5x107 6.25 x10° 15.625x107 39.06  x0'° 0 0 i
01 10.244x103 85.58 x10° 678.4  x0d o 0

00 1 20.2Llx107 288 0% 6.383x10°9  2.246 x10~9
00 0 1 0.03235x10° =1.114x10"12 ~0.5570x10~23
00 0 0 0.5620 x10° 41.4u3x10732 32,308 no'lﬂ
i 2.5x10° 6.25 x10° 15.025x107 0  -2.88 x0™>  2.2up x1070 ]
01 10.24x103 85.58 x10° 0 =50.00 x0~P ~29.008 x10~P

0 o 1 20.244x103 0 -14.843 x10™7 14,314 x10™9

0 0 0 1 0 ~7.u498 x10~%2 _2.117 x10™32

0 o 0 0 1 0.0737x107t5  0.0575x10727




(49)

(50)

(52)

(54)

(29)

(32)

(34)

(1 0 0 0 0 511.96 x0™>  286.088 x10™° |
01 0 0 0 =324,00 x10~P ~186.767 xlo"b
0 01 00 55.970 x0~2 34,616 x10™2
0001 0 =348 0"t _2.m7 10718
0 0 0 01 o730} o.0575m0”Y

79

oJ5 Second Approximation for

Eyp, = 200 volts with Ry = 10000 and 40000 ohms

0 0
0 o
8.7 2.8
18.6 L4.95
19.1 k.95
0 0 ]
0 0

8.7x10~> 2.8 x10~3

-1 -
18.6x10™° 4.95x10™7

19.1x10™5 4.95x10"

0 0
0 0
3.900 x10~0  1.255 x10™9
-0.3246x107%  -0.1734x10722
~11.0137x1072 5,146 x10712

p—

(51)

(53)

(55)

- o 0 -
0 0
(30) 8.7 2.8
18.0 U4.95
19.1 4.95]
- o o ~
0] 0

(33)  3.900x10~°  1.255x10~7

-u.575x10;9 ~2.604x1072

~57.558x10"2 -19.72831077)

0.625 x10™> =0.2918 x10™ ]

6.706 x10~P ~3.1374 x10~°

(35) 7.753 x1077 -0.5451 x10~0

<12 -
0.16469x10 < -0.4020 120712

| ~0.01599x10715  0.007M7x2071

-



(57)

(58)

(59)

1

0

! o o O

o

o

14 27.44x10° 53, 7824x10

28 219.52x10° 1721.0

1.96x10
51.45x10
107.25x10
164. b4x10
211.20x10

1.26x102 3.2416 x10

1

0

0]

0 82.5735 X107

0 =l5.5722 xlo'b

0 4, 7054 x10™2

0  0.16b69x10712
15

1 -0.01599x10

60. 0088 x10™>
-19.0827 x10™°

6.28939 x10™2

-0.4020 xlo'12

o.oo7u7x10'1?J

68G] Pive Term Approximation for

Epp = 200 volts with Ry = LOOOO ohms

n
n
n

n

2 3.8416x10

327.7365x10
880.522 x10

1613.435 x10

F F F F F

N DD

2314.752 x10

6.3700 x10
1.9734 x10

& F NMVOF

5. b4678x10

9.69#08:10“

1.054 x10

0.07530x10

16.430 x10

132.3845 x10

7.530 x10
0.31934x10
24,2038 x10
79.8084 x10
148.2964 x10

21 92.61x10° L0.4101x10° 1£.0109x10° 0.7942

25 156.25x102 976.5625x10° 61.0351x10° 3.8147
xlOu 13h.u929x10s 10.57846 x10

| 30 270.00x10% 2430.0 x10" 218.700 x10® 19.6830 x10

8
8

g
59.153 x10  3.7778

8 10.5301

8

216.441 x10° 19.6387

14.76
0.014835

o o o o o

0.001476x10t

0.020661x10%2

g x1012

0 x10%2
12

12

2
12

0.76328 x10

x1012

2
xlO1

2
xlO1

xlO8 0

x1010 o

2.180746x1010 1.0 x10
8.094666x101C 4.0 x10~2
16. 505548 x10%0 h.75x10'f

80

1.0

k.0
4.75)

0
o
1.0

4.0

u. 72

-2




(60)

(61)

(62)

(63)

1 1.96::102 3.8416x10" 7.530 x10® 1L.70 100 0 i
01 6.37 x10° 31.934 x10” 148.75 x10® o

00 1 12.6197x10°  1.10847:10%  0.5067x107°
00 0 8.5477x10°  1.83538x10°  1.1388x107°
o 0 0 26.66002102  5.75995x10° -0.162 x10-°]
1 1.96x10° 3.8416x10% 7.530 x10® 14.76 mo® o 7
01 6.37001:10“ 31.934 x1o* 148.125 110° 0o

00 1 12.6197x102 110.847 x10%  0.5067x20~"
00 0 1 21.472 x10°  0.1332x10°°
00 0 0 0.03551x10" -3.713 x10~]
1 1.96x10° 3.8416x0%  7.530 110° 0 15.433111072]

01 6.3700::10u 31.934 xo* o 155.111&8x10"“

00 1 12.6197x10° O 116.%083x10-6

00 0 1 0 20.5843x107C

o o 0 0 1 -1.0456x10"

1 0 0 0 0 -502.2856x10~2 ]

01 0 0O 507.5815::10"*

0 01 00 -168.5987x10~°

00010 22.543x0°°

0 0 0 0 1 ~1.0450x10720)

6SG] Four TPerm Approximmtion for

Epp = 200 volts with Ry = 40000 ohms

81

The four term solution is identical with the five term solutionm



g2
from (57) to (60) with the fifth row and the fifth coluan omitted.

(64) is the matrix after (60).

0 1.96x10° 3.8416x10% 0 =1.003 x10™2
01 6.37 x10° 0 -4.2536x10" "
(64)jo o 1 0 -1.17u2x10"6
0 o 0 1 0.1332x1078 |
1 0 0 0 =-2.8154x10™2]
0100 3.2261x10'u
(65)[0 0 1 O .1.17u2x10‘6
-8

0 0 0 1 0.1332x10 ]

o08H] Tirst Approximation for
Epp = 200 volts with Ry = 40000 ohms

18 58.32:102 188.9568:10“ 6.1222x10° 0

26 175.56x102 1188.1376x10"  80.3181x10°

(60)[28 219.52x102 1721.0 x10" 134.4929x10° 2.05
29 243.89x10° 2051.1149x10% 172.4988x10° b.5

)T
10.4976x10 0.7401x10° 0
Y

L

1 3.24x10

8
71.4755x10° O
g

91.32x10 915.200 x10

o O

(67) 128.80x10° 1427.0672x10° 124.9701x10° 2.05

N N vwN

149.93x10 1746.b545x10u 162.63591108 4.5 |

US)

3.2Ux102 10.4976 x10% 34.01 x10° N
1 10.0219 x10° 0.7827x100 o
0 1.262465x00% 24.1583x10° 2.05x10

0 2.441010x10* 15.2857x100 u4.5 x10~2

(68)

s o o i




(69)

(70)

(71)

3.24x10°
1

0

0
3.21+x102
1l

0

0

0 0
1 0
0 0
0 1

10.497bx10u

10.0219x10°
1

0

10.4976x20"
10.0219x10°
1

0

~36.802x10™°]

25.778110’u

-5.782x10""

o.h11x10'§J

34,01x10° 0 7
72.27x10% 0

17.73x10° 1.505x10~°
2.01x10° O.SZOxIO'GL

2-
in

0 -13.978x10"

0 -32.169x10

0 .5.782::10"'6

1 0.41x1078 |
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APPENDIX D

CALCULATIONS FOR THE COMPARISON OF THE COE¥FICIENTS
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ERRATA
Page 1 - Line 1 several instead of serveral
Page 7 = Line 2 subtract instead of subtact
Page 9 = Line 3 tetrode instead of tretode
Page 9 - Figure 2 tetrode instead of tretode
Page 9 = Footnote ** tetrode instead of tretode
Page 10 « Line 3 entirety instead of entirity
Page 13 - Line 25 actually instead of acutally
Page 36 = Line 7 variable instead of varible
Page 4O = Lines 11=12 variable instead of varible
Page /2 = Line 12 equation instead of quation
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