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ABSTRACT

ON THE STABILITY/SENSITIVITY OF RECOVERING VELOCITY
FIELDS FROM BOUNDARY MEASUREMENTS

By

Hai Zhang

The thesis investigates the stability /sensitivity of the inverse problem of recovering
velocity fields in a bounded domain from the boundary measurements. The problem
has important applications in geophysics where people are interested in finding the inner
structure (the velocity field in the elastic wave models) of earth from measurements on
the surface. Two types of measurements are considered. One is the boundary dynamic
Dirichlet-to-Neumann map (DDtN) for the wave equation. The other is the restricted
Hamiltonian flow induced by the corresponding velocity field at a sufficiently large time
and with domain the cosphere bundle of the boundary, or its equivalent form the scattering
relation. Relations between these two type of data are explored. Three main results
on the stability/sensitivity of the associated inverse problems are obtained: (1). The
sensitivity of recovering scattering relations from their associated DDtN maps. (2). The
sensitivity of recovering velocity fields from their induced boundary DDtN maps. (3). The
stability of recovering velocity fields from their induced Hamiltonian flows. In addition,
a stability estimate for the X-ray transform in the presence of caustics is established.
The X-ray transform is introduced by linearizing the operator which maps a velocity field
to its corresponding Hamiltonian flow. Micro-local analysis are used to study the X-ray
transform and conditions on the background velocity field are found to ensure the stability

of the inverse transform. The main results suggest that the DDtN map is very insensitive



to small perturbations of the velocity field, namely, small perturbations of velocity field can
result changes to the DDtN map at the same level of large perturbations. This differs from
existing Holder type stability results for the inverse problem in the case when the velocity
fields are simple. It gives hint that the methodology of velocity field inversion by DDtN
map is inefficient in some sense. On the other hands, the main results recommend the
methodology of inversion by Hamiltonian flow (or its equivalence the scattering relation),

where the associated inverse problem has Lipschitz type stability.
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Chapter 1

Introduction

1.1 The main inverse problem

The work in the thesis mainly comes from [9], where the sensitivity of the inverse problem
of recovering velocity fields from boundary DDtN maps is investigated. The result on the
stability of recovering velocity fields from Hamiltonian flows are obtained as a byproduct.
For this reason, we refer the inverse problem of recovering velocity fields from boundary
DDtN maps as our main problem, which we formulate now. Let {2 be a bounded strictly
convex smooth domain in RY, d > 2, with boundary I'. Let ¢(x) be a velocity field in
) which characterizes the wave speed in the medium and let 7" be a sufficiently large

positive number. Consider the following wave equation system:

%Utt —Au = 0, (,t)eRI%(0,7) (1.1)
uw(0,2) =u(0,2) = 0, z€Q, (1.2)
u(z,t) = f(z,t), (x,t) el x(0,7). (1.3)

For each f € H&([O, T| xT), it is known that (see for instance [31]) there exists an unique

solution u € C1(0,7; L%(Q)) N C(0, T; H(2)), and furthermore 9% € L2([0,T] x T),



where v is the unit outward normal to the boundary. The DDtN map A, is defined by

0
Ac(f) = a—ZHo,T]xr-

The inverse problem is to recover the velocity function ¢ from the DDtN map A..

The uniqueness of the inverse problem is solved by the boundary control method first
introduced by Belishev in [10]. The method can also be used to solve the uniqueness for
more general problems, for instance, the anisotropic medium case. We refer to [11], [13],
[12], [30] and the references therein for more discussions.

We are interested in the sensitivity of the above inverse problem. Namely, we want to
investigate how sensitive or stable is it to recover the velocity field from the DDtN map
and characterize how small changes in the DDtN map affect the recovered velocity field.

The inverse problem of recovering velocity field is closely related to the inverse kine-
matic problem in geophysics, which we shall briefly review in chapter and we refer to
[43] for more discussions. It also can be viewed as a special case of the inverse problem of
recovering a Riemannian metric on a Riemannian manifold. Indeed, it corresponds to the
case when the metrics are restricted to the class of those which are conformal to the Eu-
clidean one. The inverse problem of recovering a Riemannian metric has been extensively
studied in the literature. The uniqueness is proved by Belishev and Kurylev in [13] by
using the boundary control method. However, it is still unclear that if their approach can
give a stability estimate since it uses in an essential way an unique continuation property
of the wave equation.

The first stability result on the determination of the metric from the DDtN map was



given by Stefanov and Uhlmann in [46], where they proved conditional stability of Holder
type for metrics close enough to the Euclidean one in C* for k> 1 in three dimensions.
Later, they extended the stability result to generic simple metrics, [49]. Here we recall

the definition of simple manifold.

Definition 1.1.1. A compact Riemannian manifold (M, g) with boundary OM is called
simple if OM s strictly convex with respect to g, and for any x € M, the exponential map

expy : expy L(M) — M is a diffeomorphism.

An important feature of their approach is to first derive a stability estimate of re-
covering the boundary distance function from the DDtN map and then apply existing
results from the boundary rigidity problem in geometry. Their approach was extended by
Montalto in [33] to study the more general problem of determine a metric, a co-vector and
a potential simultaneously from the DDtN map, and a similar Holder type conditional
stability result was obtained. The stability of the inverse problem of determining the
conformal factor to a fixed simple metric was studied by Bellassoued and Ferreira in [14].
They proved the Holder type conditional stability result for the case when the conformal
factors are close to one. We comment that the result in [14] holds for all simple metrics.
For other stability results on the related problems, we refer to the references in [33].

We emphasize that all of the above stability results deal with the case when the metrics
are simple. To our best knowledge, no stability result is available for the general case when
the metrics are not simple.

The thesis is devoted to the study of the general case when the metrics induced by the

velocity fields are not simple. To avoid technical complications due to the boundary, we



restrict our study to situations when the velocity fields are equal to one near the boundary.
From this point of view, our results can be regarded as interior estimates. We refer to
[49], [51] and the references therein for useful boundary estimates. In contrast to existing
results mentioned above, where Holder type stability estimate are suggested for the case
when the velocity fields are simple, our result shows that the inverse problem of recovering
velocity fields from their induced DDtN maps is insensitivity to small perturbations of
the data. In fact, we showed that for a quite general velocity field, which we call “fold-
regular” (see definition 6.2.3, 6.2.4, 8.0.1), if another velocity field is sufficiently close to
it and satisfies a certain orthogonality condition, then the two must be equal if the two
corresponding DDtN maps are sufficiently close. On the other hand, we showed that the
inverse problem of recovering velocity fields from their induced Hamiltonian flows at a
sufficiently large time is well-posed, in the sense that a local Lipschitz stability estimate

for the inverse problem can be established.

1.2 Overview of the approach of solving the main

problem

We now briefly review the approach we used to solve the main problem introduced in the
previous section. We first derive a sensitivity result of recovering the scattering relation
from the DDtN map. Our result shows that two scattering relations must be identical if the
two corresponding DDtN maps are sufficiently close in some suitable norm. Equivalently,
any arbitrarily small change in the scattering relation can imply a certain change in the

DDtN map. To our best knowledge, this is the first sensitivity result for the problem in the



non-simple metric case. Moreover, our result is fundamentally different from those in the
literature where Lipschitz, Holder or logarithmic estimates are derived , see for examples
8], [2], [46], [47], [48], [49], [33] and [28]. This is the reason the term “sensitivity” is used
instead of “stability” whenever it is more proper. We remark that when the geometry
induced by the velocity field is simple, the scattering relation is equivalent to the boundary
distance function. In that case, a Holder type interior stability estimate for recovering the
boundary distance function from DDtN map has been established in [49]. Compared to
the Holder type result, our result is much stronger. Our approach is based on Gaussian
beam solutions to the wave equation, which are capable of dealing with caustics, major
obstacles to the construction of classic geometric-optics solutions. We refer to [37] and
[30] for more discussions on Gaussian beams and its applications.

We observe that for any velocity filed ¢, the induced Hamiltonian flow 7—[2 when re-
stricted to the unit cosphere bundle S*R? determines the scattering relation &.. We
linearize the operator which maps c to 7-[€| g*Rd and obtain a geodesic X-ray transform
operator J. with matrix-valued weight. Note that the scattering relation (or Hamiltonian
flow) is the natural object to study when the metric is not simple. It is related to the
lens rigidity problem in geometry. We refer to [53] for more discussions on the topic.
The boundary distance function (global or local) has received extensive attention in the
literature for the problem where the metrics are “simple” or “regular”, see for instance
[48], [53]. However, it is unlikely to work for the case of general non-simple metrics. In
the thesis, we attempt to overcome the difficulty by analyzing the scattering relation (or
Hamiltonian flow).

We study the inverse problem of recovering a vector-valued function f from its weight-



ed geodesic transform J.f. For a fixed interior point x, we use a carefully selected set
of geodesics whose conormal bundle can cover the cotangent space T;Rd to recover the
singularity of f at . We allow fold caustics along these geodesics, but require that these
caustics contribute to a smoother term in the transform than z itself. It is still an open
problem to show that such a set of geodesics exists generically for a general velocity field
with caustics. But we draw evidence from the classification result on caustics and regu-
larity theory of Fourier Integral Operators (FIOs) to show that it is the case under some
natural assumptions in the dimensions equal to or greater than three. We call the interior
point which has the above set of geodesics “fold-regular”. A local stability estimate is
derived near fold-regular points.

We define a velocity field to be fold-regular if every interior point is fold-regular with
respect to the Hamiltonian flow induced by it. As a consequence of the above local
stability result, we obtain a Lipschitz stability result, up to a finite dimensional space, for
the X-ray transform in a fold-regular background velocity field, or the linearized inverse
problem of recovering velocity fields from their induced Hamiltonian flows at a fold-
regular background velocity field. By standard arguments of linearization, it yields a
similar stability estimate for the nonlinear inverse problem. We remark that it is still
an open problem to show whether the finite dimensional space is empty or not. This is
closely related to the injectivity of the X-ray transform J.f.

Finally, We combine the stability result on the X-ray transform and the sensitivity
result on recovering scattering relations from DDtN maps to deduce a sensitivity result

for the inverse problem of recovering velocity fields from their induced DDtN maps.



1.3 Outline of the thesis

The thesis is organized as follows. In the first two chapters, chapter 2 and 3, we present
some background material for the problem we contributed in the thesis. The results
shown therein are standard and well-known in the field. In chapter 2, we give a brief
introduction to the inverse kinematic problems of seismic (or travel time tomography in
seismic). It serves as a major motivation for our investigation of the stability of recovering
velocity field from Hamiltonian flow, which can be viewed as a generalization of the travel
time tomography to the more general case when the velocity fields are not simple (see
chapter 7). In chapter 3, we introduce the X-ray transform for scalar functions in the case
when the background metric is simple. It prepares necessary preliminaries for the more
general results in chapter 6, which works for the case when the background metric is not
simple. Starting from chapter 4, we investigate the main problem in the thesis. This is
where new ideas and results are developed. We first give some preliminaries in chapter
4, fixing notations and conventions. We then derive a sensitivity result for recovering
scattering relations from their corresponding DDtN maps in chapter 5. In chapter 6, we
show the equivalence of the scattering relation and the Hamiltonian flow. We linearize
the Hamiltonian flow with respect to the velocity field. This leads to a X-ray transform.
We study properties of the X-ray transform and establish some stability estimate for the
transform. In chapter 7, we apply the stability estimate to the nonlinear inverse problem of
recovering velocity fields from their induced Hamiltonian flows, a Lipschitz type stability
result is obtained. Finally, in chapter 8, we combining the results from chapter 5 and 6

to study the sensitivity of recovering velocity fields from their induced DDtN maps.



Chapter 2

The inverse kinematic problem of

selismic

2.1 Introduction

In geophysics, a basic problem is to study the earth’s inner structure by making obser-
vations of various wave fields on the surface. In the elastic model, one assumes that the
earth is an elastic body and the inner structure of earth is characterized by the velocity
field of the elastic waves. Geophysicists are interested in finding the velocity field by mea-
suring the travel time of seismic waves between points on the surface of the earth. The
problem is referred to the inverse kinematic problem of seismic or travel time tomograph
in seismic. The first result on the problem was obtained by G.Herglotz, E.Wiechert and
K.Zeoppritz in 1905. They modeled the earth by a ball with spherically symmetric metric
and studied the following mathematical problem: Let M = {z € R3 : |z| < R}. Assume

that the metric of M is given by

dr? = n?(r)dz? (2.1)



where n(r) is a positive function on [0, R]. The mathematical problem then becomes to
determine the function n(r) from the induced boundary distance function.
They solved the problem and constructed solution to the inverse problem under the

following “non-trapping” assumption

(rn/(r)) > 0.

The general problem is to recover a metric of the following form

dr? = n2(x1,a:2,a:3)dx2 (2.2)

from the boundary distance function induced by it. Linearization of the problem leads
to a linear integral geometry problem. Both the linear and the nonlinear problem in two
dimensions were solved by Mukhometov [20, 21] under assumptions which can be inter-
preted as the “simple metric” assumption. In addition Romanov studied the linearized
problem near a spherically symmetric metric in 1967 [41].

Generalizations of the above two-dimensional case to multinational case were studied
by Mukhometov [22, 23], Anikonov and Romanov [4], Bernstein and Gerver [15], Romanov
[42], Pestov and Sharafutdinov [34].

We remark that all the results above require that the velocity fields are “simple”, in
the sense that the metrics induced by them are simple. In the general case when the
velocity fields are not simple, the inverse problem of travel time tomography is no longer

well-posed. In fact, in that case, the geodesics may have conjugate points (or caustics)



and hence are not necessarily length minimizing. Therefore, linearization of the travel
time tomography problem may not be well-defined. For the general case without “simple
metric” assumption, we need more data than the travel time in order to “regularize”
the problem. This leads to the lens rigidity problem where additional information about
directions of geodesics (the scattering relation) are used to recover the associated metric
(or the velocity field in our case). We shall briefly introduce the lens rigidity problem in

Section 2.3 and its connection with our result in chapter 6.

2.2 Mukhometov’s solution in 2D

In this section, we present Mukhometov’s solution to the inverse kinematic problem in the
two dimensional case. We choose his solutions for two main reasons: one is the simplicity
of the results; the other is its importance in the development of the field.

We first introduce the concept “regular family of curves” which is a key assumption in
his results. Let M be a bounded simply connected domain on the plane with C'' smooth

boundary OM. Parameterize OM by

1 =1(t), 1o =1(t), 0<t<T,

where ¢ is the arc length parameter and 7' is the length of M. We call that a family of
curves I in M are “regular” if the following four conditions are satisfied:

(1). For any two different points on M, there exists a unique curve v € I' joining
them.

(2). The end points and inner points of any v € I" belong to M and M respectively.

10



Moreover, the lengths of all curves are uniformly bounded.

(3). For each point z € M, direction 6, there exists a unique curve v € I' passing
through z with direction . We parameterize the curve by v = 7(z, 0, s) where s is the
standard length parameter.

(4). The vector-valued function « in (3) is C3 in M and satisfies

for some C' > 0.

We remark that in the case when the family of curves are the geodesics (with respect
to some metric equipped to M) passing through M, the “regular” condition can be shown
to be equivalent to the “simple metric” assumption on the underlining metric.

Now, we formulate and present Mokhometov’s solution to the 2D inverse kinematic
problem of seismic. Let n(x,y) > 0 be a function defined in M. Consider the Riemannian
metric

dr? = n?(z,y)(d2® + dy?)

and the corresponding functional

n(x,y)\/ dx? + dy?.

=~
2
I
S—
Q.
\]
I
S—

Assume that the family of extremals of the functional J(7v) is regular in the sense just

11



defined. We can thus define the boundary distance function

[(t1,t2) = / nds,
v(t1.t2)

where y(t1,t9) is the unique extremal of the functional J() joining the boundary points

(11(t1), m2(t1)) and (71(t2), 72(t2))-

Mukhometov established the following result.

Theorem 2.2.1. Letn € 04(M) be such that the corresponding family of extremals for J
is reqular. Then n(x,y) can be uniquely determined from I'(t1,to), moreover, the following

stability estimate holds:

It = nall a0 < - 281 =T2)) .
2200 = 5" g 2o rixqo.r)

Proof. See [21].

In addition to the nonlinear inverse problem considered above, Mukhometov investi-
gated the linearized problem, which is a X-ray transform, and derived a similar Lipschitz

stability estimate.

Theorem 2.2.2. Let [ € CQ(M), define

[(f)<t17t2):/ f(l'l,xQ)dS, OStl,tQST,
(t1:t2)

where y(t1,t9) is the unique curve in I' joining the boundary points (11(t1),72(t1)) and

(11(t2), 72(t2)). If the family of curves {v(t1,t2)}o<t, ty,<T are regular, then the following

12



estimate holds

Wl o, < g 2olinta)y .
L(0) = 1 g 12010 T))

Proof. See [20].

2.3 The lens rigidity problem

Let (M, g) be a compact Riemannian manifold with boundary M. Let H! be the geodesic

flow on the tangent bundle 7'M and let SM be the unit tangent bundle. Denote

StOM = {(x,€) 1z € OM, ||y =1,(& v(x)) > 0}

S_OM = {(z,§):xe€0M,|tly=1,(v(z)) <0}

where v is the unit out-normal and (-, -) stands for the inner product. We now define the
scattering relation. There are several definitions. Here, we only introduce the simplest
one. We assume that the metric g is known for all points on the boundary. For each
(x,&) € S_OM, define L(g)(x,&) > 0 to be the first positive moment at which the unit
speed geodesic passing through (z, £) hits the boundary OM. If L(g)(z, &) does not exist,
we define formally Ly (z,€&) = oo and call the corresponding geodesic trapped. We define
Y(g) : S_OM — S+0M by

2(9)(x,€) = 9F9(z,¢).

We call the manifold (M, ¢g) non-trapping if there exists 7" > 0 such that L(g)(z,&) < T
for all (z,&) € S—_OM. We call the pair (X(g), L(g)) the full scattering relation induced

by the metric g.

13



The lens rigidity problem can be formulated as recovering the metric g from its induced
full scattering relation (X(g), g). It is known that there is no uniqueness to this problem.
The first obstruction comes from the diffeomorphisms which leave the boundary dM fixed.
In addition to this, trapping of geodesics also prevents the uniqueness of the problem. See
the counterexamples constructed in [17]. Therefore, a more natural formulation for the

lens rigidity problem is as follows:

Conjecture 1. Given a compact non-trapping Riemannian manifold (M, g) with bound-
ary OM, can we recover the metric g by its induced full scattering relation (3(g), L(g)),

up to an action of diffeomorphism which leaves the boundary fized.

It was observed by Michel that the lens rigidity and boundary rigidity problem are
equivalent for simple metrics. We refer to [48] and the reference therein for the uniqueness
and stability results for the boundary rigidity problem. With regarding to the lens rigidity

problem, there are only two uniqueness results available:

1. Croke (2005) [16]: The finite quotient space of a lens rigid manifold is lens rigid.

2. Stefanov and Uhlmann (2009) [53]: Uniqueness up to diffeomorphism fixing the

boundary for metrics a priori close to a generic regular metrics.

To our best knowledge, there is no stability result on the lens rigidity problem. In
Chapter 7, we obtained a stability estimate for an equivalent problem in the case when
the metrics are conformal to the Euclidean metric, i.e. the inverse problem of recovering
velocity fields from their induced Hamiltonian flows. By exploring the relation between
the scattering relation and the information we used in the Hamiltonian flow, we can

establish a Lipschitz stability estimate for the corresponding lens rigidity problem.

14



Chapter 3

Weighted X-ray transform for scale

functions

3.1 Introduction

The X-ray transform is an integral transform first introduced by Fritz John in 1938. In
the simplest form, it can be stated as follows. Let f be a compactly supported function

in RY. for each straight line passing through point z with direction w, define
I(f)(z,w) = /f(z +tw)dt, zeR¥westh

I(f) is called the X-ray transform of the function f. There are two nature questions for
the transform. One is the uniqueness, namely, given I(f)(z,w) for all or some (z,w), can
we recover f?7 The other is the stability, namely, how perturbations in the data I(f) affect
the reconstructed f.

The X-ray transform has important applications in the field of medical imaging. X-
ray computed tomography, also called computed tomography (CT), utilizes computer-
processed X-rays to produce tomographic images or slices of specific areas of human body.

In that case, f represents the density of an inhomogeneous medium and I(f) represents

15



the scattered data of a tomographic scan. Besides medical imaging, the X-ray transform
also finds applications in the inverse kinematic problems of seismic and nondestructive
materials testing.

The X-ray transform coincides with the Radon transform in the two dimensional case.
The Radon transform was first introduced by Johann Radon in 1917, who also derived
a formula for the inverse transform. We remark that both the X-ray transform and the
Radon transform belong to the broad field of integral geometry. We refer to [44] for more
detail.

We shall present some basics about the X-ray transform in this chapter. Section
3.2 and 3.3 studies the case in the Euclidean space with constant and variable weight
respectively, while the case in simple Riemannian manifold is studied in Section 3.4.
These results gives necessary preliminaries for us to understand the stability results we
derived for an X-ray transform in the case when the Riemannian manifold is not simple

in Chapter 6.

3.2 X-ray transform in the Euclidean space

We study the X-ray transform in the Euclidean space with constant weight in this section.
We first derive a formula for the inverse of the transform. We start by parameterizing the

set of straight lines by

Sd—l X Rd_l = {(0,1‘) 10 € Sd_17 <I’,0> = 0}

16



We then define the X-ray transform in the following form

1(/)(0,x) = / Fo + t6)dt

We have the following important theorem which is also called the Projection-Slice

Theorem.

Theorem 3.2.1. The following identity holds

I(H)N8.€) = @2 €),¢ Lo,

where the fourier transform on the left hand side is the (d-1)-dimensional Fourier trans-

form in x € 0+, namely,

10 = [ G, for € L0

reh

while the Fourier transform on the right hand side is the usual d-dimensional Fourier

transform in x € RY.

We now introduce the adjoint of the X-ray transform. We define

M) = [, , 906, Ega)as.

where Fj is the orthogonal projection onto 61, i.e. Fpz = = — (z,6)6.

With the help of the adjoint operator IT, we obtain the following recovering formula.

17



Theorem 3.2.2.

1

_ T
= st PRI

f
where the operator R is defined by (Rh)"(0,€) = |€|R\(0, €).

As a consequence of the recovering formula above, we have the following uniqueness

result on the inverse of the X-ray transform.

Theorem 3.2.3. Let d = 3, and assume that each great circle on S% meets So. Then, f

is uniquely determined by 1(f)(0,-) for 0 € Sy.

The condition on Sy above is called Orlov’s completeness condition. An obvious

example of S satisfying Orlov’s completeness condition is the great circle.

3.3 X-ray transform with weight in the Euclidean s-

pace

We now study the X-ray transform with weight in R, Let M be a convex domain in R?
and let w = w(z, §) be a smooth function defined in M x S?=1. Assume that suppf C M.

Define the weighted X-ray transform by
Ly(f)(x,0) = /w(m +10,0)f(z + t0)dt, ,xeR?HesiL

We are interested in the uniqueness and stability of recovering f from [, f. Unfortu-
nately, for some weight, the uniqueness fails, as is shown by the following counterexample

first constructed by Boman in 1993.

18



Theorem 3.3.1. Let B be the unit disk in the plane. There exist functions w € C*°(B)

and f € C*°(B) with the property that w > co >0, f # 0, but

Although the uniqueness does not hold in the case of a general weight. We still can
study the stability of the inverse transform up to a finite dimensional space. This is
because of the fact that the kernel of the X-ray transform can be shown to be of finite
dimensional for general smooth weight.

We now focus on the stability of the X-ray transform. Define

S_OM = {(z,w):x€IM,|w| =1, ({w,v(z)) <0},

SM = {(x,0):2 € M,|0] =1}.

The set S_OM parameterizes all straight lines passing through M. We define a mea-
sure p on S_OM by

dp(z,w) = [(w, v(2))|dS (z)do(w),

where dS and do are the Lebesgue measures in M and S¢1. We have the following

elementary results about the X-ray transform and its adjoint.
Lemma 3.3.1. I, is a bounded linear operator from L*(M) to L>(S_0OM, du).

Lemma 3.3.2. The adjoint operator L]LU has the following representation

M) = [, F0ula.0)dn(0),
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where gﬂ(xﬁ) is defined as the function that is constant along the ray and is equal to

g(x,0) on S_OM.

We define the normal operator Ny, to be Ijulw. We can show that Ny, has the following

expression

Wiz, y)f(y) ,

Nuwf(z) =cn 7 — y[n1

Y

where

_ r—1Y r—1y _ r—vy T —vy
W(z,y) =w(r, ——— ) )w(y, ——) + w(r, — )w(y, ——).
(@9) ( u—m>( M—yp (Ix—m)( u—m)

We now present some properties of the normal operator Ny,.

Theorem 3.3.2. Ny, is a elliptic VDO of order —1, provided the following elliptic con-

dition on w is satisfied:
V(z,&) € M x st 36 € S% Lsuch that 6 L ¢ and w(z,0) # 0.
Moreover, in that case there exists a constant C' > 0 such that

||f||L2(M) < C(HwaHHl(M) + ||f||H*S(M))a Vfe LQ(M)

for any s > 0.

Proof. See [52].

As a consequence of the above theorem, we have the following corollary.
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Theorem 3.3.3. Let w € C*°(M X Sdil) satisfy the elliptic condition. Assume that I,
is injective on, C°(M). Then Ny, : L*(M) — HY(M) is onto, and there exists a constant

C > 0 such that

112000y < CINw g1 agy VF € L2OM).

Moreover, the above estimation remains true under small C1 perturbations of w.

3.4 X-ray transform with weight on Riemannian Man-

ifold

We consider the X-ray transform with weight defined on a Riemannian manifold in this
section. Let (M, g) be a Riemannian Manifold with boundary OM. Assume that OM is

strictly convex. Define

S_OM = {(zr,w) €TM :z € IM,|w| =1, (w,v(x)) <0},

SM = {(zr,w)eTM :z € M,|w| =1}
Define measure p on S_9OM by
dp(z, w) = [(w, v(2))|dSz(x)dyo(w),

where d;S(z) and dyo(w) are in surface measure in dM and S M in the metric, respec-
tively. doy(w) = (det g)1/2dog(w), where dog(w) is the Lebesgue measure in S 1.

For each (z,w) € S_OM, denote 7, (t) the unit speed geodesic through (z,w). We
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call M non-trapping if v4 ., (t) hit OM at finite time for all (z,w) € S_OM.

We define the X-ray transform on M with weight w by

Lo f(2.w) = / W 25(8), o (8)) F (o () .

We now present some basic results on the uniqueness and stability of the inverse of

the above X-ray transform.

Theorem 3.4.1. Let (M, g) be a simple Riemannian manifold, then IJUIw 1s an elliptic

W DO of order —1, provided the following elliptic condition on w s satisfied:
V(z,() € T*M, 36 € Ty M such that 6 L ¢ and w(z,0) # 0.

Theorem 3.4.2. Let (M, g) be a simple Riemannian manifold, and let w = 1, then

1. I is injective;
211l 2001y < IVl 1 -
Proof. See [22, 23, 15] and [47].

Theorem 3.4.3. Let (M, g) be a simple Riemannian manifold. Assume the ellipticity

condition on the weight w, then
1. Iy has a finitely dimensional smooth kernel;
2 W2y < CIN Sl apy VS € (KerD)®;
3. If I is injective, then HfHL2(M) < C’HwaHHl(M) Vf e L2(M).
Proof. See [47].
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Chapter 4

Preliminaries

Starting from this chapter, we study the main inverse problem introduced in section
1.1 in the following chapters: 5, 6, 7 and 8. For the convenience of reading, we first fix
notations and definitions in this chapter. They will be used throughout the rest of the
thesis. Let Q be a strictly convex smooth domain in R% with boundary I'. Let ¢ be a
smooth velocity field defined in €2 which is equal to one near the boundary. Then ¢ has
natural extension to R%. Throughout the paper, we always use the natural coordinate
system of the cotangent bundle T*R? in which we write (z,€) for the co-vector & jdxj in
Tx RZ. For ease of notation, we also use & for the co-vector £jdxj . The meaning of &
should be clear from the context. The velocity field ¢ introduces a Hamiltonian function
He(x,€) = %cz(x)\é”]Q to T*RY. Tt also defines a norm to each cotangent space TR% by

€le = c(x)lg], for ¢ e TR

Here, | - | stands for the usual Euclidean norm in R?, while | - |. stands for the norm
in T*R% induced by the function ¢. When there is no other velocity field in the context,
we drop the subscript ¢ and write || - || instead.

Denote the corresponding Hamiltonian flow by Hé, i.e. for each (z¢,&y) € T* Rd,
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HL (g, &0) = (2(t, 20, &), £(L, 20, &0)) solves the following equations:

OH,
i = g =& al0) =, (4.1)
: OH, 1
§ = —5 =5Vl o) =4 (42)

We call (z(-,zg,&),&(+, o, &n)) the bicharateristic curve emanating from (zq,&y) and
x(+, g, &p) the geodesic. By the assumptions on ¢, the flow 7—[2 is defined for all t € R.

Note that the flow H? is also well-defined on the cosphere bundle S*R? = {(z,€) : z €
R, |€le = 1}
We say that a velocity field ¢ is non-trapping in €2 for time 7' > 0 if the following

condition is satisfied:

HE(s*) (s Q=0 (4.3)

Denote

Sir - {(ZL’,f) HEUIS Fv |§|C - 17 <§,V(ZE)> > O}’

S*T = {(z,&):x el [¢ec=1,(v(x)) <0}

Assume that the velocity field ¢ is non-trapping in €2 for time T'; we now define the
scattering relation &, : S*I' — SHT'. For each (xq,&p) € S*T, let (xg,&p) be the first

moment that the geodesic z(-, zg, y) hits the boundary I'. Define

Se(xg, &) = ch(x0750)($0, £0).
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For future reference, we define [— : S*Q — (—o00,0] by letting [—(x,&) be the first
negative moment that the bicharacteristic curve H!(z,¢) hits the boundary S*I' and
7:5%Q — S*T by

7(x,€) = ’Hl—(x’g)(as,f).

We remark that {—(-) and 7(-) are well-defined by the assumption (4.3).
We now introduce the class of admissible velocity fields that are considered in the

paper.

Definition 4.0.1. Let My, e and T be positive numbers. A welocity field ¢ is said to
belong to the admissible class A(My, e, Q, T) if and only if the following three conditions

are satisfied:
1 .
1. ce C3(RY), 0 < W < ¢ < My, and HC”C’?’(Rd) < My;
2. the support of ¢ — 1 is contained in the set Qy =: {x € Q : dist(x,T) > ey};
3. the Hamiltonian He is non-trapping in €2 for time T

By Condition 2 above, we can find two small positive constants ¢* and €1, both de-

pending on €q, such that for any (zg, &) € S*T, if

{#'(z0,%0) : t € (0,10, &0))} [ ) S0 # 0,
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then

(o, v(z0)) < —¢€, (4.4)
€rv(rr) > € (4.5)
l(zo,&0) = e, (4.6)

where (z1,&1) = G¢(x0, &)

Finally, we remark that we set up the discussion in the paper in the cotangent space
T*R%. But one can also set up the discussion in the tangent space T]Rd, see for instance
[45], [53]. The equivalence of the two setups can be seen from the procedure of “raising and
lowing indices” in Riemannian geometry. We choose the cotangent setup mainly because
the following three reasons. First, it is more natural to the construction of Gaussian
beams. Second, the classification result of singular Lagrangian maps is more complete
than that of singular exponential maps in the literature, though these two problems are
equivalent in Riemannian manifold. Finally, it is more natural to study caustics in the

cotangent space.
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Chapter 5

Sensitivity of recovering scattering
relations from their induced DDtN

maps

We study the sensitivity of recovering scattering relations from their induced Boundary

DDtN maps in this chapter.

5.1 Gaussian beam solutions to the wave equation

We first construct Gaussian beam solutions to the wave equation system (1.1)-(1.3) in this
section. Let ¢ be a velocity field in the class (g, 2, Mg, T'). We now construct a Gaussian

beam in R?. Following [36], we define G(z,¢) = ¢(z)|¢]. For a given (x,&)) € S*T, let
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(x(t),&(t), M(t),a(t)) be the solution to the following ODE system:

T = Gpa $(t0):1’0,

M = —GL M- MGgy — MGegeM — G, M(lg) = V=1 Id, (5.1)
i = —- (Rtrace(M) — GLG, — GIMGy), a(ty) = M (5.2)
20 e ¢ &) 0 : .

The corresponding Gaussian beam with frequency A (A > 1) is given as follows

g(t,z,\) = a(t)eAh)

where 7(t,7) = £(t) - (x — 2(t)) + 3(x — 2(£)) M(t)(z — 2(1)).

Let the beam ¢ impinge on the surface I', we want to construct the reflected beam
g~ . Without loss of generality, we may assume that the ray z(t) hits I" at the point
x(t1) = x1. Write £(t1) = &. We parameterize I in a neighborhood of z1, say V(z1),
by a smooth diffeomorphism F: U(x1) — V(z1), where U(z1) is a neighborhood of the
origin in R4~1. We require that F(0) = x;. With the coordinate x = F(y), we can

rewrite functions restricted to the boundary I'. For example, we rewrite

g(t,I) - g(t7 F(ZJ)) - g(t7y)7 T(t,l’) = T(t7F<y)) = 7A_<tay)7 for z € V(xl)

We next derive formulas for 7(¢,y) and §(¢,y). For this, we need to calculate 7(t1,0),
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. . ~ 2.
%(tl, 0), %(tl, 0) and M (ty) =: 8(815—;)f<t1’ 0). In fact, by direct calculation, we have
ot ot OF
Zo(t1,0) = —1, —(t1,0) = (—(0))T¢;.
5 (11,0) : ay(l, ) (3y())§1
Moreover, the imaginary part and real part of the matrix agﬁz(tl, 0) are given below

Ive? —(V1 tOF
%]\Z[(tl) = R<t1a$1)T%M(t1)R(t1,x1)+ Vi (@)& ( n;(ﬁl)) Ty( )
—(%E(0)'V Inc(ay) 206
where R(t1, 21) = (2(r)é1, 35 (0)).
We claim that
SM(ty) > 0.

Indeed, note that the column vectors in the matrix %(O) are linearly independent and
hence span the tangent space of the surface I" at the point z1. By (4.5), £ forms a nonzero
angle with the tangent space and thus is linearly independent with all the column vectors
in the matrix %(O) Therefore the matrix R(t1,21) is invertible, and our claim follows.

Using (4.4) and (4.5), we further have

SM(ty) > C (5.3)
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for some C' > 0 depending on €y and Mj.

. . 2.
Now, we have calculated 7(¢1,0), &(tl,O), g—;(tl,()) and —9°T (t1,0). It follows that

¢ a(t,y)?
07 0?7
7A—(ilay) = 7A-<t170> + (WTy)(tla 0)>T(t - tlay) + (t - tlay)a(t ;)2 (tla 0)(t - t17y)1‘

+O((t = t1,9)I)

oF .
= (=L 5, 07 (= ty) + (= )M @)~ ty) + 01t = t,w)P)
We proceed to construct the reflected beam g—. Write
g (t,x,\) = a_(t)ei)‘T_(t’x)

with

) =€ () (o =2 (0) + oo — 2T @) M) -2 (1)

We need to find (7 (¢1),& (t1),a™ (t1), M~ (t1)) such that the g~ +g = 0 on the boundary.

Following [3], we impose the following condition
Opy7(t1,0) = 057~ (t1,0), for all |af < 2. (5.4)

The above condition with |«| = 0 gives that 77 (¢1,0) = 7(¢1,0) = 0; with |a] = 1 gives

that
oF
dy

oF

T_
5, ) (55)

(5-(0) e =

where £, = £ (f1). Since the column vectors in (%;(0))T spans the tangent space Ty, I,
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we see that the tangential component of £ and ; are equal. Besides, note that [£;] =
£, | = 1. Thus,

£ (1) =& =& — 261, v(x))v(e).
Condition (5.4) with |a| = 2 gives that M‘(tl) = M(tl). Recall the relation between

SM™(t1) and SM(t1), RM~(t1) and RM (¢1), we have the following two identities:

R(t1,21)ISM(t)R(t1,21) = R(ty,21)!SM™(t1)R(t1,21),

R(t1,21)'RM(t1)R(t1,21) = R(t1,21)/SM ™ (t1)R(t1, 1)

. 3V ()& — &) 0
0 CEO)E - &)

Solving the above equations, we obtain M~ (¢1) and M ~ (¢1, ) and hence M~ (¢1). Fi-
nally, set a™ (1) = —a(t1). Then all of the four components of (z~(¢1),£™ (t1),a™ (t1), M~ (t1))
are constructed. We then solve an ODE system to get (x ™ (t),& (¢), M~ (t),a™ (t)) as we

did for the beam ¢. This completes the construction for the reflected beam ¢~ .

We now present some properties about the constructed beam. The following lemma

is crucial in the subsequent estimates. We refer to [37] for the proof.

Lemma 5.1.1. Both the matrices M(t) and M~ (t) are uniformly bounded fort € [0,T +
€1]. Moreover, there ezists C' > 0, depending on My and €y, such that SM(t) > C and

SM~(t) > C forallt € [0, T + €1].

We next introduce two auxiliary beams below

g* (t, Yy, )\) = a(tl)eZA%*7 g*— (t, Y, /\) =a” (t1)€ZA%;,
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where

- <<—1g—§<o>fa>,<t—t1,y>>+<t—t1,y>M<t1><t—t1,y>T,

o= (-1, 68—1;(0)%;), (t—t1,9)) + (t — t1,9) M~ (t1)(t — t1,y).

It is clear that 7« = 7, and g« = — 05 .

Lemma 5.1.2.

Wty A) = 9ty N+ OV in HY(Ber/4,t1+€1/2) x Ulxr)),  (5.6)

gty A) = 0 by )+ 0NN in HY((Ber/4t +€/2) x Uler).  (5.7)

Proof:. We only show (5.6), since (5.7) follows in a similar way. For simplicity, denote

D = (3e1/4,t1 +€1/2) x U(x1). We first show that

1

G(t,y, \) = Gx(t,y, \) + O(—=) in L%*(D). 5.8
9(t,y, A) = 9+t y, A) <\/X) (D) (5.8)
Indeed, by direct calculation,
3ty N) = G+(t.5, 2) = (alt) — a(t))e™™ + a(t) (7 — A7), (5.9)
It suffices to show that
_ APy .
Ry = (aft) = at)e™™ | 2 ) S
s s 1
Ry = @)™ =) o € =
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d
We first estimate Rj. By Lemma 3.1 in [7], we have |a(t)| = A4. By equation (5.2), we

d
further derive that |a(t)| = A4, thus

1 d
a(t) —a(ty) = /0 a(ty +s(t —t1))ds(t —t1) = ON%)|t — tq].

Therefore,

I(a(t) = a(t)eN |2y ) S / A (1 — 1) 2o ME-tr)SITD -t gy <
D

> =

i < L
This proves R < %
We next estimate Ry. Write 7 = 7 + 67, then 07 = O(|(t — t1,%)|®) and hence

11— M7 < X-O(|(t — t1,y)[3). Tt follows that

Ry < / |a(t)6i)‘7ﬁ*|2 1= ei)\df'| dtdy
D

< / NI I(t — 151,y)|36—2A(t—h4/)31(4(7?1)(7/‘—7517y)Jr dtdy
D

N
>/_I —

This completes the proof of (5.8).

We now proceed to show (5.6). By direct calculation,

2§ 0y« .)\8% R ./\8%* .
- = = IN—" — IAN—
oy Oy oy 7 oy
ot 0T, . . O ,. .
Y e A A 6
One can check that % - % = O|(t — t1,y)|?, then a similar argument as used in the
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estimate of Ry above shows that

87: 87—*
||>\(a—y - —) all% s

Besides, (5.8) implies that

0T . . \92
H)‘ By : (g - g*)HLQ(D)

Combining these two estimates together, we conclude that

dy
Similarly, we can show that
1% P,
ot

This completes the proof of (5.6) and hence the lemma.

Note that [|g(t,y, \) ~ 1. As a direct consequence of

‘|L2((t1*€1/27t1+61/2)><U(f171))
Lemma 5.1.2, we obtain the following norm estimate for the beam g restricted to the

boundary I'.

Lemma 5.1.3.

g M p2 (1) —eg 72,41 461 /2) 0V (1)) = (5.10)

We now present an H!-norm estimate for ¢~ + ¢ and an approximation for the Neu-

mann data g + % on the boundary.
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Lemma 5.1.4.

g (t,x,\)+g(t,z,\) = O(\/X) in Hl((3q/4,t1 +e1/2) x V(xy)); (5.11)

dg~  Og

5% T, - 2i\g - (€1, v(21)) + O(VN) (5.12)

in L*((3e1/4,t1 + €1/2) x V(x1)).

Proof:. Denote D = (3¢1/4,t1 + €1/2) x U(x1) again. We first show (5.11). Since x

is restricted to V' (z1) C T, it suffices to show that

Gty N+t y, ) =0KWN) in HY(D).

But this is a direct consequence of Lemma 5.1.2 and the fact that g, = —g«.

We now prove (5.12). By direct calculate

9 9 AT (t,x .
() = (a0 ) = ixg - 2

Note that in the coordinate x = F'(y),

[(M(#)(x — (), v(2))] = Ot —t1,y))),

[(€(t), v(x)) — (&(t1), v(z1))| = O((t —t1,9)]).
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It follows that

g+ (€6), (@) — vy ) S
lg- (M@)o = 2l0), (@) 22 S
Thus
29 (1,2) = g - v
20 (1,2) = idg - {€(t), v(en)) + O(V).
Similarly,
% (1) = g™ - (€ (1) V(1)) + O(VA),

Finally, using (5.11) and the fact that (7 (¢1),v(z1)) = —(£(¢1), v(z1)), we conclude that

(5.12) holds. This completes the proof of the lemma.

Now, we are ready to construct Gaussian beam solutions to the initial boundary
value problem of the wave system (1.1)-(1.3). We first choose x¢; (t) € C5°(R) such
that xe,(t) = 1 for t € (e1/4,€1/2) and xe (t) = 0 for ¢t € (—00,0)J(3€1/4,00). Let
(z0,&0) € S*T'and (x,§)) = H_%(xo, &) = (xo—g—lf—l, o). Let g be the Gaussian beam
constructed with the initial data x(0) = z,£(0) = §j, M(0) =i - Id and a(0) = )\%. The
beam ¢ is reflected by ' at (z1,&1) = S¢(zg, &) = ’ch(mo’f())(xo, o) at t1 = l(x, &) + 541—
We construct the reflected beam g~ by the preceding procedure. Let u be the exact

solution to the wave system (1.1)-(1.3) with

f(t,ZL', )‘) = g(t,%, >‘) " Xeq (t)
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Then v = g + g~ + R, where the remaining term R satisfies the following equation

system
PR = —Plg+g ), (tx)eQx (0t +e€1/2),
R(0,z,A) = —(g+9)0,2,}), z€Q,
Ri(0,2,A) = —(gt+g;)(0,2,)), z€Q,
R(t,fE,A) = _g(tWI’ )‘)(1 - X€1(t)) —g_(t,m,)\), (t,ZE) = (O7t1 + 61/2) x I

Here P stands for the wave operator %8@5 —A.
ce(T

Lemma 5.1.5.

OR
”5”132([0,&%1/2]@) < CVA

for some constant C > 0 depending on ey and M.

Proof. We apply Theorem 4.1 in [31] to derive the estimate. Note that the compat-
ibility condition is satisfied on the boundary at time ¢ = 0. It remains to show that the

following four estimates hold:

1P+ Meqoreey marzy S VA (513)

I+ )0 - Mg S VA (514)

o+ 60 M2y S VA (515)

lott, 2 (0= Xy (8) = (62 M o ey ey S VA (5.16)

First, (5.13) follows from the standard estimate for Gaussian beams, see for example [7].
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We next show (5.14). By Lemma 5.1.1, there exists a constant C' > 0 depending on M

and €q such that the following two inequalities hold

gt < AL e Cxa—am )

Y

(o) < AT e O T2,

Thus the beam g and g~ are exponentially decaying away from the ray x(t) and =~ ()
respectively. Using this property, it is straightforward to show that ||g(0, -, \)|| Q) <1

and [|g~(0,-, ) < 1, whence (5.14) and (5.15) follows.

HHl(Q)

Now, we show (5.16). We divide the domain (0,1 4+ €;/2) x I' into three parts:
Y1 =1(0,e1/2) x I, ¥ =(e1/2,t1 —e1/2) x I, Y3 =(l1—€1/2,t1 +€/2) x I.

We show that inequality (5.16) holds on each part.

For (t,x) € ¥1, we have 1 — x¢, (t) = 0. Consequently,

g(t,x)(l - Xel(t)) - g_(t,l’, /\) = g_(t,ZL’, )‘>

By the exponential decaying property of g—, we obtain that

||g(t,l’)(1 — Xeq <t>> - g_<t,l‘, /\)HHl(Zl) 5 \/I
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For (t,x) € X9, by the exponential decaying property for both g and g~ again, we obtain

||g(t,x, A)(]- - XGI (t)) - g_(t,x, >‘)||H1(22) S L.

Finally, for (t,z) € X3, note that t; — %1 = l(zg, &) + 541— — %1 > %l We can apply

Lemma 5.1.4 to the part € V(z1) and the exponential decaying property for both g and

g~ to the remaining part to conclude that

||g(t,l‘, A)(l - Xél (t)) - g_(t,x, /\)||H1(Z3) S \/X

This completes the proof of (5.16) and hence the lemma.

5.2 The sensitivity result

It is known that the DDtN map A. determines the scattering relation &, uniquely [35].
We show that the following sensitivity result of recovering the scattering relation from

the DDtN map holds.

Theorem 5.2.1. Let ¢ and ¢ be two velocity fields in the class A(eq, 2, My, T). Then

there exists a constant 6 > 0 such that
GE - 60

if | Ae — AC||H6[0,351/4]XFHL2([O,T+61]><F) =90
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Proof. For any (zg,&y) € S*T, let (x1,&1) = Sc(xg,&y) = ch(xo,io)(xo’&)) and

(71,&1) = Salzo, &) = Hlé(xo’g())(xo, &p). We need to show that

(U(zo, ), 71, &1) = (l(z0, &), 31, &)

if ||Az — A¢|| is sufficiently small. We do this in the following steps.

Step 1. Let t1 = I(zg, &) + 541— and t] = l~(x0, &) + 541— Without loss of generality, we
may assume that ¢t < #1. Let V(x1) be a neighborhood of 1 in I' which is parameterized
by a smooth function F': U(x1) — V(x1) as before. We may assume that 21 € V(z1).
Let 21 = F(dy). We construct the initial beam g, the reflected beam ¢, the boundary
Dirichlet data f, the solution u to the wave equation with velocity field ¢ and remanning
term R as in the previous section. We similarly construct §, §—, @ and R to the system

with velocity field ¢ and with boundary Dirichlet data f = f.

Step 2. Denote by I(t1,€1/2) the interval (t; — €1/2,t1 + €1/2). Since t; < #; and
I(zg, &) > €1, we have I(t1,€1/2) C (3e1/4,t1+€1/2) and I(t1,€1/2) C (3e1/4,t1+€1/2).

Then we can apply (5.12) and Lemma 5.1.5 to obtain

ou 0u
(he—Af = o= ~
_ Og+g) 0O(g+g ) OR OR
N ov ov ov  Ov

= 2\ {(&,v(21) - g — (€1, v(F1)) - G} + O(VN)

in L2([(t1,61/2) x V(x1)).
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It follows that

((Az—Ao)f, 9>L2(I(t1,e1/2)><v(x1)) =20\ (&, (1)) <g’g>L2(I(t1v€1/2)><V(x1))
— (&, v(1)) - <§79>L2(I(t1761/2)><v($1))

+O(VN).

Note that

[{((Az — A¢) f, g>L2(I(t1,61/2)XV(‘r1))|

< A=A L2701y ey 2y viey)) 19N E22ty 60 /20 v (@)

< [l(Az - AC)fHL2((0,T+€1)><F) ’ Hg|lL2(I(t1,61/2)XV(arl))

< Az — ACHH&([0,361/4]><F)—>L2([O’T+€1]XF) . ||f||H6([0,361/4]XF)
'H9HL2(I(t1,e1/2)xV(xl))

S A e = Aell g o 3eq pa) ) 220,74 5T

Thus the following inequality holds

[(€1,v(x1)) - (979>L2(I(t1761/2)xv(x1))| - ’<glv v(Z1)) - @’9>L2(I(t1,el/2)><V(:v1))‘

C

< 5 +C A (5.17)

N ACHH(%([O,?)el JAXT)=L2(]0,T+¢1]xT)

for some constant C' > 0.

Step 3. We now estimate the two terms on the left hand side of the inequality (5.17).

41



First, by (4.5) and Lemma 5.1.3, we have

(€1, v(21)) - |<g’g>L2(I(t1,el/2)><V(x1))| ~ 1. (5.18)

We next estimate (g, g>L2(I(t17q/2)><V(:c1))‘ In the coordinate x = F'(y), by Lemma 5.1.2,

we have

502010, 0 290 = 500200 oy HOLR) (519
Here we recall that g« = a(t;)e'™ and g, = &(tl)ei)‘%* with
. 8F ot . t
o= (-1 ( )'€1), (t—t1,y) + (¢t —t1,y) M(t1)(t — t1,y)';
: 3F té ; ; ; ; t
o= ((-1, a—y@y) ), (t —t1,y —0y)) + (t —t1,y — oy)M(t1)(t — t1,y — oy)".
By Lemma 3.7 in [7], we have
SN < —Co)\|52|
19490 12111 e 2 <0 o) | =€ (5.20)

where ¢ is a positive constant depending only on ||| -3 + |[¢[| -3 and

102] = |t — E1)* + \6y\2+\ @)‘fa y()W
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It follows from (5.19) and (5.20) that

~ —C z 1
1G.9) 1201ty 1 2y vy S €O +0(=). (5.21)

S

Step 4. Combining (5.17), (5.18) and (5.21), we see that

1

—coA|dz
e 0N > 0 — Cp|A; — AC||H6([O,361/4]xF)%LQ([O,TJrel]xF) - C3ﬁ

for some positive constants C, Co and C'3 which are independent of (xq,&p). By letting
A — 00, we conclude that §z = 0 if

C1

1Az = ACHH&([O,361/4}><F)—>L2([O,T+61]><F) < Cy

Set § = 2 From §z = 0 it follows that ¢; = #1, 0y = 0, and 8F( e — ( 0)f¢ = 0.
It remains to show that & = &. Indeed, T( )Tf o (O)Tfl = 0 implies that the
tangential component of £; and &; are equal. Besides, ||€1]| = [|€1]|. These together with

(4.5) yield that €1 = &. This completes the proof of the theorem.
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Chapter 6

Stability of X-ray transform in the

presence of caustics

6.1 The X-ray transform resulted from linearizing

Hamiltonian flow with respect to velocity field

We begin with the following observation.

Lemma 6.1.1. Let ¢ and ¢ be two velocity fields in the class A(eq, 2, Mgy, T), then &, =

S; if and only ichT\Sir = Hg‘SiF'

The above lemma shows the equivalence of the Hamiltonian flow and the scattering
relation. The next lemma shows that H. satisfies an equivalent ordinary differential

equation (ODE) system in S*RY.

Lemma 6.1.2. Let (z0,&)) € S*RY = {(x,€) € R?: ¢(z)|¢] = 1}, and let (z(t),£(t) =

HL (g, &), then (x(t),£(t)) satisfies the following ODE system

i - é (6.1)
£ = ba), (6.2)
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where b(x) = —%VIan. Conversely, if (x(t),£(t)) € S*RY satisfies the ODE system

(6.1)-(6.2), then (x(t),&(t)) = Hi(xo. &o)-

We next linearize the operator which maps each velocity field to its induced Hamilto-
nian flow restricted to the cosphere bundle. Let ¢ be a fixed smooth background velocity
field. Denote the perturbed velocity field and Hamiltonian flow at time T as & = ¢ + 6¢2

and ’Hg = HI + 6HL respectively. Denote also that 0b = —%V(ln & —Inc?) and

0 Q(L)
Al €) = e

ab

o g

For each (zg,&y) € S*T', let ®(t,z(,&y) be the solution of the following ODE system

() = —D(H)A(HL), @(0) = Id.

By the standard linearization argument, we have

T
SHL = OHe (8b) + r(8b),
ob
where
oML r o 0
FE@a0.0) = [T, ) - Bs.a0.€0) as(63)

6b(x(s, z0,80))

and [|7(6D)]| foo < CH(SbHél for some constant C' > 0 depending only on HCHC3(Rd).
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Formula (6.3) motivates us to define the following geodesic X-ray transform operator

T
Je(f)(z0,0) :/0 D(s,z0,&0) f(x(s,20,&0)) ds, [ € E(Q,R?). (6.4)
Then %(%)(z &) = (Ifl(T . :
3b 0,80 ,20,60) - Ie(f) (20, &0) with

0
f= : (6.5)
%V(lnc2 —Iné?)

We introduce a matrix ®(x,&) for each (x,&) € S*Q. Let (z9,&) = 7(x,) =

,ch,(z,g) (x,€). We then define

q)(xv é) = q)(_l*<'r7 5)7 T('rv g))

It is clear that the following identity holds

D(He(zo,€0)) = (s, 70, 0)

for all s € Ry such that HZ(zg,&y) € S*Q. We can rewrite the X-ray transform operator

Je in the following standard form

T
Yol (20, €0) = /0 B(HS (0, £0)) f (m(H2 (0, &0))) dis

l(zo:€0)
- /O ®(H (w0, €0)) f (m(He(x0, €0))) ds. (6.6)

Remark 6.1.1. Formula (6.6) is derived in the coordinate of T*R®. Hence it may not
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be geometrically invariant.

Lemma 6.1.3. Assume that S. = S, let f be defined as in (6.5), then

13efllree S If I g

6.2 Statement of the main results for the stability of

the geodesic X-ray transform J.

We consider the stability estimate of the operator J.. For simplicity, we drop the subscript

c. Define 5 : T*RN\{(z,0) : z € R4} — S*R? by

Br,€) = (x ﬁ) .

Let 7 : T*R% — R? be the natural projection onto the base space. We define ¢ :
T*R% — R? by

(2,8 =mo W= (x,6), (2,6 € T"R.

We remark that ¢ defined above is equivalent to the exponential map in Riemannian
manifold.

The following result about the normal operator 9t = 317 is well-known.

Lemma 6.2.1. The normal operator M : L2(Q,R?*?) — L2(Q,R??) is bounded and has
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the following representation

Nf(x) = Wz, &) f(¢(x,€)) doz(€), fe L2(9,R¥) (6.7)

T

where do, denotes the measure in the space T;Rd induced by the velocity field c, i.e.

dop(€) = c(x)4de, and W is defined as

W (0.6 = T (0108, €)- B0 foM(r, )+ ¥l ) -ofoN (5, -6). (03)

Proof. See [54] or [47].

We see from (6.7) that the local property of the normal operator 9 restricted to a small
neighborhood of = € Q is determined by the lagrangian map ¢(x,-) : T R — R?. When
the map is a diffeomorphism, it is known that the operator 91 near x is a pseudo-differential
operator (YDO). However, in general case, the map may not be a diffeomorphism and
may have singular points which are called caustic vectors. The value of the map at caustic
vectors are called caustics. When caustics occur, the Schwartz kernel of the operator 1
has two singularities, one is from the diagonal which contributes to a YDO 91y, and the
other is from the caustics which contributes to a singular integral operator 919. The
property of 919 depends on the type of caustics. The case for fold caustics is investigated
in [54], where it is shown that fold caustics contribute a Fourier Integral Operator (FIO)
to MMy. Little is known for caustics of other type. Here we recall the following definition

of fold caustics.

Definition 6.2.1. Let f : RE — R™ be a germ of C™ map at xg, then zq is said to be a
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fold vector and f(xqg) a fold caustic if the following two conditions are satisfied:
1. the rank of df at xg equals to n — 1 and det df vanishes of order 1 at xq;

2. the kernel of the matriz df (xq) is transversal to the manifold {z : det df (x) = 0} at

x(Q.

We now introduce the following concept of “operator germ” to characterize the con-
tribution of an infinitesimal neighborhood of a caustic or a regular point to the normal

operator 1.

Definition 6.2.2. For each ¢ € TXRINO, the operator germ MNe is defined to be the

equivalent class of operators in the following form

Nefly) = | W (@l m)x(y,n) doy(m). (6.9)
Y

where x is a smooth function supported in a small neighborhood of (x,&) in R2, Two
operators with x1 and x2 are said to be equivalent if there exists a neighborhood B(z,§)
of (z,&) such that x1 = x2 - x3 for some x3 € C3°(B(x,§)) with x3(x,&) # 0.

The operator germ Ne is said to has certain property if there exists a neighborhood
B(z,€) of (x,€) in T*RY such that the property holds for all operators of the form (6.9)

with x € Cy°(B(x,§)).

Properties of the above defined operator germ will be given in Section 6.3.
We note from the preceding discussion that it is complicated to analyze the full oper-
ator 91 which contains information from all geodesics. However, for a given interior point

x, to recover f or the singularity of f at x from its geodesic transform, we need only
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to select a set of geodesics whose conormal bundle can cover the cotangent space T;Rd.
Caustics may be allowed along these geodesics as long as they are of the simplest type,
i.e fold type so that we can analyze their contributions. This idea can be carried out by
introducing a cut-off function for the set of geodesics as we do now. We remark that this

idea is motivated by the work [51]. For any oo € Cg°(S*T'), we define

Uzp.&p)
Tof (20,E0) = a(z0.&o) /0 (M (w0, €0))  (m(HS(x0. &0))) ds (6.10)

where (z0,&)) € S*T. Let of be the unique lift of a to S*Q which is constant along
bicharacteristic curves, i.e. af(z,€) = a o 7(z, &) for (z,€) € S*Q. Then of is smooth in

S*Q) and we have

I(z0,¢p)
Yol (20, 0) = /O U 0 ) (M (0, 60) [ (w0, E0)) ds (6.11)

With the original weight ® being replaced by the new one of -®, we similarly can define

M. In fact, it is easy to check that DN, is defined as in (6.8) with W being replaced by

Walet) = ng%laoromx,g)r?@oﬁ(x,&)-@oﬁo%(x,o

+||5||%'0‘ o0 Bz, )20t o Bz, —€) - ® 0 B0 H ™ (z,—¢)

It can be shown that with properly chosen «, the analysis of the operator 91, becomes
possible and we can recover the singularity of f from 9, f.

We now give two definitions whose discussions are postponed to Section 6.
Definition 6.2.3. A fold vector & € T;Rd 15 called fold-reqular if there exists a neighbor-
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hood U(z) of x such that the operator germ M is compact from L2(Qy, RQd) to HY(U(x), R2d)

(or from H(Qo,R2Y) to HSTH(U (x),R2%) for all s € R).

Definition 6.2.4. A point x is called fold-reqular if there exists a compact subset Z9(x) C

S;Rd such that the following two conditions are satisfied:

1. For each & € Z9(x), there exist only singular vectors of fold-reqular type along the

ray {t& : t € R} for the map ¢(x,-);
2. V€ e SR 30 € Zo(x), such that 6 L €.

We remark that Zo(z) parameterizes a subset of geodesics that pass through x and
along which there exist only fold-regular caustics.
We now present the main results on the stability estimate for the geodesic X-ray

transform operator. The proofs are given in Section 7.

Theorem 6.2.1. Let xx be a fold-reqular point, then there exist a cut-off function o €
Cg°(S™T), a neighborhood U(x«) of wx, a compact operator Mg o from LQ(QO,RQd) to
HY(U(24),R2%) and a smoothing operator R from &' (2, R2%) into C°(U (x4), R24), such

that for any Uy(z«) € U(xx) the following holds

1A s g2y S 1Ml s+ () + 120l gst1 gy T IR N ms@ ) (6:12)

for all f € D'(Q9,R2%) and s € R.

Theorem 6.2.2. Assume that the background velocity field c is strong fold-reqular. Then

there exist U(zj) C Q, a; € C§°(5-09), j = 1,2...N, and a finite dimensional space
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2o € L2, R2) such that the following estimate holds for any f € L2(Q,R24) with
support in €q:
N
HfHL2(M) S Zl ”maijHl(U(xj)) + Hm2’aijH1(U(l'j)) + H%ijL2(U(xj)) (6.13)
]:

where each ‘ﬁg,aj is a compact operator from LQ(QO,RM) to HI(U(xj),RM), and R;
smoothing from E'(Q,R21) into C’OO(TJ:]'), R2%). If we denote by 731% the orthogonal
projection in LQ(Q,RQd) onto the subspace which is perpendicular to £y, we have the
following Lipschitz estimate
N
’|7)£(J)_f’|L2(M) S ; Hmo‘ijHl(U(xj))' (6.14)

6.3 Local properties of the normal operator 91

In this subsection, we present some results about the local properties of the normal oper-
ator N (see (6.7)).

From now on, we fix z, € 2. We first decompose N locally into two parts based
on the separation of singularities of its Schwartz kernel. Note that the map ¢(z,-) :
R? — R? is a diffeomorphism in a neighborhood of the origin. In fact, we can check
that %5*7)(0) = c¢(x4) - Id. Similar to the proof of existence of uniformly normal
neighborhood in Riemannian manifold [32], we can find €5 > 0 and a neighborhood of z,

say U(xy) C R? such that ¢(z,-) are diffeomorphisms for each x € U(x4) in the domain

{& - 1€l < 2e2}
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Let x« € C§°(R) be such that x(t) = 1 for |t| < eg and x(t) = 0 for || > 2ep. We

then define

N f(x) = Wz, ) f (&, ) x«(lI€]]) dow (), (6.15)

TEQ)

Nof(z) = Wz, &) f(¢(x, ) (1 = x«(lI€]) do (£)- (6.16)

T

Note that for any f supported in Q, f(o(z,£)) =0 for all ||£|| > 7. Thus we have

Ny f(x) = / W (e, €) F(3(2.€)) (1 — xa(1€]))) do (€).
EETEQ, eo<|l€|I<T

It is clear that Mf = Ny f + Nof. This gives the promised decomposition of . We

next study 91; and Iy separately.
Lemma 6.3.1. 91 : C’go(f](x*),RM) — D'(U(zs),R?¥) is an elliptic YDO of order —1
and its principle symbol is

(M), =27 [ 56000 (w,0) - B(z,6) dos(6).

SHQ
Proof. See [51] or [54].

We now proceed to study the operator 919 whose property is determined by the La-
grangian map ¢(z,-). We shall study the operator germ Mg ¢, for each § € Tx**]Rd. We

first consider the case when &, is not a caustic vector, i.e. &4 is a regular vector.

Lemma 6.3.2. Let & € S}‘*Rd be a regular vector, then there exists a neighborhood U (xx)
of x« and a neighborhood B(xs,&x) of (xx,&) such that for any x € C5°(B(x«,&)) the
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following operator

Ny, f(x) = W (z, &) (o, ) (1 = xx«([I€]]) - x(2,§) dow(§)

Q)
is a smoothing operator from E'(Q,R2¥) into C™°(U (z4), R%4).

Proof. Since &, € S;*Rd is regular, there exist a neighborhood V' (z) of x in R? and
a neighborhood B(ax, &) of (4, &) in R2% of the form B(zy, &) = V(xx) x By(&) for
some open set By(&x) in R such that the map ¢(z, -) is a diffeomorphism between By(&x)
and its image for all 2 € V(x4). We denote the inverse of the map ¢(x,-) by ¢~ 1(z,-). By
a change of coordinate £ = qb_l(:c, y) and use some cut-off function, we can write No ¢,

in the following form

Ny e, f(x) = /Q K (2, 9)f(y) dy, f € €, B2

for some smooth function K in €2 x €2. The Lemma follows immediately.

We next consider the case when & is a fold vector. We have the following slightly

modified result from [54].

Lemma 6.3.3. Let & be a fold vector of the map ¢(x«,-). Then there exists a small
neighborhood U(xx) of x« and a small neighborhood B(x«,&x) of (xx,&x) in R24 sych that

for any x € C§°(B(w«,&x)), the operator Na ¢, ENQ,R2) — DI(U (), R2Y) defined by

Ny, f(x) = W (2, €) f($(x, )1 = x«(I€]) - X(w, €) doz(€), f € E'(QR™)

T30
(6.17)
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1s an FIO of order —% whose associated canonical relation is compactly supported in the

following set

{(l’,f,y,?]); S U(SC*>,y = ¢($>w)> (x,w) € B(x*7£*>7 det dw(b(wi) = 07
99" (z,w)

£ = i M€ C’oker(dw¢(:v,w)).} (6.18)

Proof. We sketch a proof here and refer to [54] for detail. We first note that by the
fold condition, there exists a small neighborhood Bj(zx, &) of (x4, &) in R29 such that
&« is the only singular vector of the map ¢(xx,-) along the ray {t& : t € R} in By(z4, &s).

Define

S = {(z,w): detdyé(r,w) = 0} € R*,

Y = {(z,y):y = o(z,w), (z,w) ES}CR2d.

By shrinking Bj(z«, &) if necessary, we can show that S() By(z«,&x) is a smooth
(2d — 1)-dimensional manifold in R2?, and ¢ is a diffeomorphism between S () By (x+, £x)

and its image. Denote

S1=S[)Bi(r.&), S1=¢(S1).

Note that X1 is a smooth (2d — 1)-dimensional manifold in a neighborhood of (7, yx)
in Q) x 2. Let m be the projection from 2 x € to its second component. By the fold-
condition for & and the fact that the matrix d, ¢¢(7«, &) is surjective, we can show that

dmg : T( )21 — Ty*Rd is surjective. Thus there exists a neighborhood Vi (ys) of ys«

I*f*
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in R? such that Vi(ys) C mo(21). We remark that the surjectivity of the linear map dmo
implies that the conormal bundle of $1 belongs to (T*R%\ 0) x (T*R%\ 0), where 0 stands
for the zero section of the normal bundle T*R¢.

Let Uj(z«) be a small neighborhood of x4 such that Uj(xyx) C w(S1) and x €

C3°(B1(7«,&x)). Consider the Schwartz kernel of operator
Ny g, : £(QRYM) - D/(Uy(24), R
defined by

Ny, f () = . W (2, ) f(o(x, ) (1 = xs([€]) - X(,€) dos (), f € E'(QR™).

We can show that it has conormal singularity supported in the set 1. Moreover, the

conormal bundle N*¥; is given by

N*El = {(%f,yﬂ?); TE U(ZL‘*),y - qb(l‘,td), (:E?w) € Bl(l‘*,f*),

99" (x,w)

§ = —m 2, 1 € Coker (dud(w, ), det dug(,w) = 0.}

By analyzing the singularity of the Jacobian determinant of d,,¢(z,w)), we can show that
the Schwartz kernel of &2’5* belongs to the conormal class 17%(9 X Q, X1, Maogxad),
where Moy94 denotes the vector bundle of matrices from R2% to R2 over Q. Especially,
when the domain of ‘5{2’5 , 1s restricted to distribution sections supported in Vj(ys), the
operator ‘5?275* is a FIO of order —% from &' (V1 (yx), R2%) to D' (U} (x), R2).

The above ‘ﬁg,f* with ¥ € C§°(B1(w+, &) requires the domain to be &' (Vi (y«), R24),
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we now show that this condition can be relaxed by further decreasing Bj(x«, &«). Indeed,
let U(z4) be a neighborhood of x4 such that U(z«) € Uy (z«) and B(z«, &) be a neighbor-
hood of (xx,&«) such that B(zy, &) € Bi(xx,&«). By choosing U(z«) and B(z«,&x) to be
sufficiently small, we can assume that the set V(y«) = { ¢(x, &) : © € U(xx),& € B(w«, &)}
is compactly supported in V] (y«). We then choose xy € C5°(V1(zx)) such that xy (z) =1
for z € V(z4). One can check that for any x € C§°(B(7«,&x)), the operator My ¢ defined

by

Ny, f(x) = W (2, €) f(d(2, )1 — x«(I€]]) - x(@,€) doa(€), [ € & (2R

T

satisfies Mg ¢, f(r) = N ¢, (X - f)(x) for all z € U(xs). Thus Ny ¢ is well-defined from
E'(Q,R??) to D' (U(zx), R??), and is a FIO of order —% with canonical relation compactly

supported in the set (6.18). This completes the proof of the lemma.

6.4 Singularities of the map ¢(z,-)

In this subsection, we present some properties about the map ¢(z,-) which is equivalent
to the exponential map in Riemannian manifold.

By the classification result for Lagrangian maps (see [5] and [6] for detail), there are
only a finite number of stable and simple singular Lagrangian map germs in dimensions
between three and five and they are generic. In three dimensions, there are four types:

fold, cusp, swallow-tail and D4. The others are unstable and can be removed by using
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arbitrarily small perturbations. We define

K(z) = {£¢€ T;Rd : the map germ ¢(x,-) at £ is singular};
Ki(z) = {£€ T;]Rd : the map germ ¢(x,-) at £ has singularity of fold type};
Kao(z) = {¢€€TyR?: the map germ ¢(x,) at € has singularity of cusp type};
Ks(z) = {¢€TiR?: the map germ ¢(z,) at & has simple and stable singularities
of types other than fold and cusp};
Kyi(z) = {£€ T;;Rd : the map germ ¢(z, ) at £ has singularity

which are either not simple or stable}.
It is clear that K(z) = U?:l K;(z). Denote

S(x)={¢ € S;;Rd :r€ € K for some r € R},

Sj(x)={¢ € SERY ;e € K; for some r € R}, j=1,2,3,4.

We say that the map ¢(z, ) is in a general position(or generic) if the map germ ¢(z, -) is
simple and stable at all caustic vectors in IC(x), i.e. K4q(z) = 0. Tt is possible that the map
¢(z,-) can be brought to a general position by adding an arbitrarily small perturbation
to the velocity field ¢. By the classification result of Lagrangian maps, see for instance

[5], the following result holds for the set IC(z).

Propsition 1. Assume that the map ¢(x,-) is in a general position, then the sets Ki(x)
and Ko(x) are smooth manifolds of dimensions d — 1 and d — 2, respectively. The set

K3(x) is a union of smooth manifolds of dimensions not greater than d — 3. FEspecially,
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for d = 3, the sets Kq(x), Ko(x) and Kg(x) consists of smooth surfaces, smooth curves

and isolated points, respectively.

In the case when the map ¢(z,-) is not in a general position, it is known that
Ki(xz) U Ka(z) |JKs(x) is open and dense in K(z).
Note that S;(z) are the images of ICj(z) under the map 3 which sends § € TIRY to

@ € S;Rd for £ #£ 0. We conclude that the following result holds.

Lemma 6.4.1. Assume that the map ¢(x,-) is in general position, then the sets Sa(x)
and S3(z) are of finite d — 2 and d — 3 dimensional Hausdorff measures, respectively.
Especially, for d = 3, the set So(x) is a curve (not necessarily smooth) of finite length in

SER3 and S3(z) consists of a finite number of points.

6.5 Discussions on the concept of Fold-regular

In this subsection, we discuss the concept “fold-regular”. We show that for a general
velocity field in €2 whose induced metric is not simple, a given point in €2 is fold-regular
under some natural assumptions.

We begin with the concept “fold-regular vector”. It is still an open problem to find
a complete characterization for it, i.e. what are the necessary and sufficient conditions
for the map germ ¢(xy,-) at & for & to be fold-regular. We have the following partial

answer in the form of remarks.

Remark 6.5.1. In dimension d = 2, the set of fold-reqular vectors is generally empty. In-

deed, for a fold vector &, the operator germ Ny ¢, is a FIO of order —1, and hence the best
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estimate is that it is bounded from L?(Qg, R2%) to HY(U(zx), R2%) for some neighborhood

U(zs) of x.

Remark 6.5.2. In dimension d > 3, a sufficient condition for a fold vector &« to be

fold-reqular is that the following condition is satisfied

dgd(a, &) (Niy (6) \ 0 x ey, Sy 5 of full rank. (6.19)

where Ny, (§«) denotes the kernel of dgd(zx, &x) and S(w) the set of all vectors € € T;*]Rd
such that det ded(z,§) = 0. Indeed, in that case, it is shown in [54] that the canonical
relation associated with the operator germ Ny ¢, s locally a canonical graph and hence
No ¢, is bounded from L2(Q9, R to H%(U(x*),RM) for some neighborhood U(xy) of
xx. Note that for d > 3, H%(U(:v*),RM) is compactly embedded in HY(U (), R2%), so
Ny ¢, is compact from L2(Q0,R?%) to HY(U(z4),R??) and we can conclude that & is
fold-reqular.

The set of fold-reqular vectors Zi(xy) contains more elements than those which sat-
isfy the graph condition (6.19). In fact, let C C T*Q x T*Q be the canonical relation
associated with the operator germ Ny ¢ defined in Lemma 6.3.5. We have shown that
C is homogeneous and C C (T*Q\0) x (T*Q\0). By the main result in [24], Mo ¢, is
bounded from L*(Q, R%%) to H%_%(U(x*),R%) for some neighborhood U(x+) of x«, if
the only singularity of the projection of C to its first or second component at the point
associated with (z«,&x) is fold or cusp. Since H%_%(U(:c*),RQd) is compactly embedded
in HY(U(z+), R, we see that Ny ¢, is compact from L2(Q0,R?%) to HY(U(x4), R%%) and

hence & is fold-reqular.
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We now consider the concept “fold-regular point”. We denote

Zi(zy) ={€ € S;*]Rd : Vr € R,r is either regular or fold-regular}.

It is clear that

Z1(w4) C Z(ax) =1 S5, R\ (Sa(w) | S3(w)) | Sa()-

We remark that Z(z4) characterizes the set of geodesics that pass through =4 and along
which the map ¢(z«, ) only has singularities of fold type. By Morse’s index theorem (a
fold vector for the map ¢(x,-) corresponds to a fold conjugate vector for the exponential
map exp,(+)), for each £ € S(x«), there are at most finitely many fold vectors along the
geodesic o H! (x4, €). Using the definition of “fold-regular”, we can conclude that 2 ()
is open in S;*Rd.

Recall that x4 is fold-regular if there exists a compact subset Zo(z4) C Z1(x4) such

that the following completeness condition is satisfied
Vee SERY 30 € Zy(xy), such that 6 L €.

Remark 6.5.3. A sufficient condition for the completeness of Z1(xx) is that Z1(z«)
contains a set

ot = {c e SR € L 6)

for 0 € S;;*Rd.
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Remark 6.5.4. If the completeness condition fails for Z1(x«), then there exists 6 € S;*]Rd

such that

0+  Sao(aa) | S3(xe) | Salas). (6.20)

Assume that the map ¢(x«,-) is in a general position. By Lemma 6.4.1, the set on the
right hand side of (6.20) is of finite d — 2-dimensional Hausdorff measure, so is the set
0L for each 6 € S;;*Rd. Thus, we conclude that there exists at most a finite number of 0

such that (6.20) holds.

6.6 Proof of Theorem 6.2.1

We prove Theorem 6.2.1 in this subsection. The proof can be divided into two major
stages: in the first stage, we present some preliminaries and construct a cut-off function
a € C§°(S*TI') which selects a complete set of geodesics with only fold-regular caustics,
see Lemma 6.6.1; in the second stage, we study the normal operator 9, = Jiﬁa, see
Lemma 6.6.2 and 6.6.3. Theorem 6.2.1 is then a direct consequence of Lemma 6.6.2 and
6.6.3.

We now present some preliminaries that are necessary for the construction of a. Let
xx be a fold-regular point with the compact subset Zo(zy) C S *Rd in Definition 6.2.4.
Denote CZ9 = {r&; € € Z9(x4),r € R and ey < |r| < T}. For each & € CZ5, by Lemma
6.3.2 and Lemma 6.3.3, there exist a neighborhood U(xx,&x) of x4 and a neighborhood

B(wx, &) of (w4, &) such that for any x € C5°(B(zx,&x)) the following operator

N g, flx) = Wz, &) f(¢(x, &) (1 = xx(lIE])) - x (2, €) dow(€)

TQ)
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is compact from H*(Qg, R2%) to HSTH(U (24, &), R2%). Let By(x«, &) be another neigh-
borhood of (x4, &) in R24 such that By(z, £x) € B(xx, &) Since CZ5 is compact, there

exists a finite number of &,’s in CZ9, say &1, &2,..., €7, such that
M
€2y C | J Bo(a«.¢)).

J=1

We can then find smooth functions x1, x2,...,x s With suppx; C B(z«,§;) for each j such

that

M M
D xjl@, &) =1 forall (x,¢) € U 0(7%, &)
j=1 j=1

Denote by Ay be the greatest connected open symmetric subset in UJle Boy(x, &)
which contains CZ9. Here and after, we say that a set B in R24 ig symmetric if (z,&) € B

implies that (z, —&) € B. Define
Ac={(2,6) eR*: jo — 2. <, e < [I€]| < T}

for each € > 0. It is clear that A, is compact in R2%, so is the set A\ Ap.

Lemma 6.6.1. There exist €3 > 0 and a € C°(S™T') such that the following two condi-

tions are satisfied:

a(zo,&o) = 1 forall (z9,80) € 7o B(CZ2(xx)), (6.21)

a(zo,§0) = 0 for all (z9,80) € 7o B(Aez\Ap). (6.22)

Proof. Note that both  and 7 are continuous. Since CZ3(zy) and A\ A are
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compact, so are the sets 7o 3(CZ9(x«)) and 7o f(Ae\Ag). We claim that there exists

€3 > 0 such that

70 [(CZo(4)) ﬂT o B(A\Ag) =0

for all € < e3. Indeed, assume the contrary, then

70 B(CZa(xx)) [ |70 BIANA) # 0

for all € > 0. Note that the collection of compact subsets 7o 8(CZa(xx)) (7 o B(A\Ap)
is decreasing with respect to €, so it satisfies the finite intersection property and we can

thus conclude that

TO ﬁ(CZQ(x*)) m TO B(AG\AO) # 0

e>0

But on the other hand, we can check that

M 7oBANo) = T((A\Ay) ()55, R)

e>0
70 B(CZa(xs)) = T(CZa(x:)[ ) Sh,RY.

Using the fact that 7 is injective on S;*]Rd and CZy C Ap, we obtain
T((ANAY) ) S5, R () 7(CZa(xx) () S5, RY) = 0.

Thus,

70 B(CZ2(xx)) (] 70 B(ANAg) =0

e>0
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This contradiction completes the proof of our claim.

Now, we have

70 B(CZo(x4)) ﬂT o B(Aeg\Ag) = 0.

By decreasing €3 if necessary, we may assume that
{z: |z —xs] < ez} Cw(Ap).

Since both the sets 7o B(CZa(2x)) and 7 o B(Aeg\Ap) are compact in S*T", we can find

a € C§°(S*I') as desired. This concludes the proof of the lemma.

The construction of a above completes the first stage of the proof of Theorem 6.2.1,
we are now at the second stage. We define the truncated geodesic X-ray transform J, f
as in (6.10) or (6.11). By replacing the weight ® with the new one of - @, we obtain Ny,
Ny o and Ny , from the corresponding formulas of N, Ny and Ny. It is clear that Lemma

6.3.2, 6.3.3 still hold with the new weight.

Lemma 6.6.2. There ezist a neighborhood U(xy) of x« and a smoothing operator R from
QR into C°(U (x4), R2Y), such that for for any s € R and any neighborhood Uy(ax)

of xx with Uy(z+) € U(x«), the following estimate holds

||f||HS(U0(.’E*),R2d) S Hml,af”Hs—i-l(U(x*)’R2d) + Hg{f”HS(Q’H@d)' (6'23)

Proof. We first show that 91y , is an elliptic ¥DO. Indeed, as in Lemma 6.3.1, 9Ny

65



is a UDO of order —1 from CSO(U@*), R24) to D/ (U(x4), R??) with principle symbol

op(M) (x,€) = 2 - / _S({E a2+, 0) P21 (2,0) - @ (2, 0) doa(6).
SEQ

By the construction of «, for any £ € Sj;*Rd, we have af (24, 0) = 1 for some 0 € S;*]Rd

with 6 L &. Thus

(M) (0 €) = 21 / 104 (s, 0) 20T (2, 0) - B (2, 0) o, (6) > 0
geSy, R, 0.1¢

in the sense of symmetric positive definite matrix. By continuity, we can find a neighbor-
hood U(w+) C Ul(ay) of x4 such that ap(My o) (x,€) > 0 for all @ € U(zy) and € € SERY.
Thus we can conclude that 91y 4 is an elliptic DO of order —1 from C§°(U (), RQd) to
D' (U(zy), R?).

Now, let B be the pseudo-inverse of 9y ,, restricted to U(zx). Then B is ¥DO of
order 1 and there is a smoothing operator Ry : £ (U(zs), R2%) — C°(U (), R2%) such
that

g = %o‘ﬁlﬂg—l—%lg (6.24)

for all g supported in U(zy).

Next, let Uy(xx) be any given neighborhood of x4 with Uy(zs) € U(z«). For later
convenience, we write Us(xx) for U(z). Then there exist two neighborhoods of z, say
Ui(z+) and Up(z«) such that Up(z1) € Up(xx) € Us(zs) € Us(wx). We choose three
smooth cut-off functions xg, x1 and x2 such that suppyx; C Uj;q and Xj|Uj = 1 for

J =0,1,2. Then both x¢B(1 — x1) and x1911 (1 — x2) are smoothing operators.
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Note that xof is compact supported in Usg(xx), so we have by (6.24) that

xof =B oMy o(x2f) + Rilxaf)

Thus,

xof = xo-x2f =x0-B oM ax2f + x0R1(x2f)
= x0Bx1Max2 - [+ (xoB(1 —x1)M ax2 + x0R1x2) f
= x0Bx1Mof + (0BXx1M1a(l — x2) + x0B(1 — x1)M1.ax2 + xoR1x2) f

= xoBx1Mof + RS

where R = xoBx191,0(1 — x2) + x0B (L — x1)N1,aX2 + xX0R1x2. We can check that R
is a smoothing operator from &'(Q, R%?) to C°°(U (z4), R*4).

Finally, we conclude that

HfHHS(Uo(I*),RQd) S HXO%X].ml,OLfHHS(UO(J:*)’RQd) + HmeHS(UO(a:*),]R2d)
H%lel,afHHS(Ug(x*)’RQd) + ||9%f||H5(UO(x*)aR2d)
S I Ml gs 1 g m2d) T IR s 0 (o) m24)

~ Hml,afHHs—i—l(Ug(m*)RQd) + HmeHS(UO(m*),RQd)'

This completes the proof of the Lemma.

We now study the operator Mo .

Lemma 6.6.3. There exists a small neighborhood of x«, say U(xy), such that the following
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decomposition holds for the operator Mg 4 ENQ, RQd) — DU (z4), RQd)

M

Moo = > Mo (6.25)
j=1

where each Ny ; is compact from H5(Q,R2) to HSTH(U (), R2).

Proof. Recall that 915 o, has the following representation

Mo f(0) = [ Wale, (0. )1~ xs(€1) - dosle).

where
Wa(z,§) = MH%W oTO 5(I,§)|2(I)T o fB(x,€) - o foH(xE)
+H§”%|Oé oToO 5(1'7 _f)‘QCI)T o ﬁ(l’7 _f) .dofo Hil(l‘, —f)

By (6.22) and the fact that Ay is symmetric, we see that supp W, C Ag for all z with
|z — 24| < €.
Now, let x;’s be as in the first stage. Define My ; : 5’(9,R2d) — D'(U(x*,fj),RM)
by
Mo @) = [ Walw S0 )1 = xu(1€D) x5, o).
Let U(zy) = ﬂjj\il(U(x*,ﬁj)) (Yz : |z — x«| < eg3}. Then U(xy) is a neighborhood of
z, and each Iy ; is compact from H*(€, R24) into HSTH(U (), R29).

We claim that 9o, = Z]‘Mil My ; when both sides are viewed as operators from

ENQ,R?¥) to D'(U(zy),R??). Indeed, for any f € CgO(Q,RQd), since Zjle Xj =1 on
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Ap and supp W, C Agp, we have

=

Wa(x,€) f(¢(w, ))(1 = x([I]) = Wal, ) F(d(a, )1 = x«(I€N) - (O xj(x,€))

j=1

for all z € U(xy). Thus Ny o f = Z;‘il My ;f and the claim follows. This completes the

proof of the lemma.

Finally, note that 9y = My o + Mg . Theorem 6.2.1 follows from Lemma 6.6.2 and

6.6.3.

6.7 Proof of Theorem 6.2.2

Proof of Theorem 6.2.2: Step 1. We show that (6.13) holds. For each z € Qq, by
Theorem 6.2.1, there exist neighborhoods U(x) € U(x4) of  and a smooth function
o € C§°(S*T) such that the estimate (5.13) holds. Since Qq is compact, we can find
finite number of points, say 1, 2, ... ), such that Qg C Ujj\il U(x;) and the following

estimate holds for each j:

Hf”LQ(U(xj)) < Z ”maijHl(U(xj)) + HmQ’O‘ijHl(U(xj),RQd) + ”%ijLQ(U(xj),RQd)
j=1

where f € L?(Q) has support in €. The estimate (6.13) follows by observing that

£l 200y < 5% 120

Step 2. From now on, we show that the second part of the theorem holds. Denote by
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H the Hilbert space Hjj\il HY U (), R24). We consider the following three operators

Tf = (malfamOéQfa"'?mOéMf)v

Tlf (m27041f7 mQ,Oz2f7"'am2,0éMf)7

If = (%alfa %agﬁ "'79:{(1Mf)'

It is clear that all three operators are bounded from L?(Qq) to H. Moreover, T and T

are also compact and the following estimate holds

171l 20220y S ITH e + 1T f i+ 1o f (6.26)

Step 3. Let £y € L2(Q,R2) ¢ L2(Q,R2%) be the kernel of T. We claim that
Lo C L2(QO, RQd) is of finite dimension. We prove by contradiction. Assume the contrary,
then there exists an infinity number of orthogonal vectors in £y C L2(Q, R29), say, e,
€9, ..., such that HejHL2<QO,R2d) = 1 and Te; = 0 for all j € N. Since the sequence
{ej}ﬁl is bounded in L2(QO,R2d) and the operators 77 and Ty are compact, we can
find a subsequence, still denoted by {ej};-’il, such that both the sequences {Tlej};?il
and {T2€j}§i1 are Cauchy in H. By applying Inequality (6.26) to the vectors e; — e;
and recall that T'(e; — e;) = 0, we conclude that the sequence {e; }3";1 is also Cauchy in

L2(Q9,R?%). This contradicts to the fact that ||e; — > 1 for all ¢ # j. This

€j||L2(QO,R2d)

contradiction proves the claim.
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Step 4. We claim that

171200, p2d) S I Tl forall f € g5 (6.27)

Indeed, assume the contrary, there exists a sequence { fn} 2 C £1 such that

1
anHLQ(Q&RQd) =1, and ||Tfn||H < 5 for all n.

By the same argument as in Step 3, we can find a subsequence, still denoted by {e; }Jo-il,
such that both the sequences {Tlej}}?il and {Tye; };";1 are Cauchy in H. By Inequality
(6.26) and the fact that ||Tfy|lg < %, we can conclude that {f,}>° ; is also Cauchy in
L2(Q9,R2%). Let fy = limp_o0 fn, then | T foll g = limysoo || Tfnllgr = 0. This implies
that fy € £9. However, note that S& is closed, as the limit of a sequence of functions in
26‘, fo must belong to S(J)-. Therefore, we see that fy = 0. But this contradicts to the

fact that “fOHLQ(QO,RQd) = limy—00 anHLQ(QORQd) = 1. The claim is proved, whence

the estimate (6.14) follows.
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Chapter 7

Stability of of recovering velocity
fields from their induced

Hamiltonian flows

We investigate the stability of the inverse problem of recovering velocity fields from
their induced Hamiltonian flows.

Let ¢ be the smooth background velocity field and let ¢ be a perturbation. We require
that ¢ is in the admissible class of velocity fields. Denote by X the X-ray transform

operator obtained from linearizing the map which associate velocity fields to their induced

T
Hamiltonian flows, More precisely, X = 5?; , where b(x) = —%Vln . Tt is clear that
(see section 6.1)
X (w0, &) = (T, 20,&0) - 3(f)(0. &0)- (7.1)

We recall the following result on the linearization.

Lemma 7.0.1. The following estimate holds
1970 = H'(0) = X Flles_ann) S 112y (7.2)
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where f is defined as in (6.5).

Theorem 7.0.1. Let d = 3. Let ¢ be a fold-reqular admissible velocity field. Then there
exist € > 0, a finite dimensional subspace £ C LZ(Q,R3), and a finite number of smooth

functions a; € C°°(S-09Q), j =1,2,..N, such that the following estimate holds
N
Hé2 - 62||H1 Z ||a] HT <C))||H1(S_8Q)7 (7‘3)
7=1

for all ¢ satisfying ||¢ — C”HQ(Q) <eand V(lnc? —1né?) L £.

Proof. Let f be as in (6.5). Denote by £ the projection of £q from L2(€2, R%) to the
space LQ(Q, R3 ) by taking the last three components. Note that the first three components

of f are zero. Thus the condition V(In 2 —In 52) L £ implies that f € Sé‘. Therefore

N
12 = Z ”maijHl(U(mj)) (by Theorem 6.2.2)

.
I
—

A
M=

Hja fHH1 ST (by the result that I is bounded from H1 to H)

.
Il
—

A
M=

”:{oz fHHl S_T) (by (7'1))

.
|
—_

A
WE

||’HT( ¢) — HT(C)HaijHl(S_F) + ||f||2,2(9) (by lemma 7.0.1)

.
I
—_

A
M=

o (HT (@)~ HT (@Dl gras )+ 1720 -1 zsi

.
Ex

(by interpolation inequality)
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By choosing € to be sufficiently small, we can show that

N
112 £ 7 oy (M@~ HT (@)l 1 sy
j=1

Using the formula for f, we obtain

N
Ime? = 1 S 3 oy (HT @) = HE ()l 1 s_py
j=1

Finally, note that

=2 2
52 B 02 _ C2 . (elnc —lnc* 1).

The estimate (7.3) follows. This completes the proof of the theorem.

Remark 7.0.1. Similar result also holds for d > 3.
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Chapter 8

Sensitivity of recovering velocity

fields from their induced DDtN maps

In this chapter, we investigate the sensitivity of the inverse problem of recovering
velocity fields from their induced DDtN maps. We first present a lemma which is a direct

consequence of Theorem 5.2.1 and Lemma 6.1.3.

Lemma 8.0.2. Let ¢ and ¢ be two velocity field in A(eg, 2, My, T), and let f be as in

(6.5). Then there exists 6 > 0 such that if |Az — <9,

ACHH& [0,3¢1 /4] xT—L2([0,T+¢1]xT)
then

||jf||LOO(SiI‘7R2d) < C“fHQOl(Q’RQd) (8-1)
for constant C' > 0 depending My.

Definition 8.0.1. An admissible velocity field ¢ is called fold-reqular if all points in €

are fold-regular with respect to the Hamiltonian flow H,.

We have established the following sensitivity result. For simplicity we only consider

the case d = 3, similar results also hold for d > 3.

Theorem 8.0.2. Let ¢ and ¢ be two velocity fields in the class A(eg, 2, My, T). Assume

that the velocity field c ws smooth and is fold-reqular. Then there exist a finite dimensional
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subspace £ C LQ(QO, ]R?’), and a constant d > 0 such that for all ¢ sufficiently close to ¢ in
17 L .
H'2(Q) and satisfying V(Inc® —Iné&) L £, ||As — ACHH&[O,361/4]><1“—>L2([0,T+el}><F) <9

implies that ¢ = c.

Proof. The proof is divided into the following three steps.
Step 1. Let £ be defined as in Let Theorem 6.2.2. Let f be as in (6.5). Assume that
f L £9. By Theorem 6.2.2, there exist U(z;) C Q, aj € C5°(5S-09), j = 1,2...N such

that the following estimate holds

||f”L2(Q) 5 Zl ”maijHl(U(xj))' (8‘2>
j:
Step 2. We show that
N 2
19, £l e SR vl : (8.3)
j—zl J HI(U( ])) H%(Q,RQd) LQ(QvRQd)

Indeed, for each 3%.7 by Lemma 8.0.2, we have ||jaijLOO(SiF) < C’1Hf||él. Apply 3(];].

to both sides and use the fact that ’J:&j is bounded from L? to L?(see [45]), we obtain

1% £l 20, g2y S 11 ) m2a) (8.4
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Then,

1
3
HmaijHl(U(mj),RZd) S ||majf||H3( )]RZd H O‘fHL? QRQd)

(by interpolation 1nequality)

< i I gy, (O 0)

S HfHH3 0. R2d) HfHCl Q.R2d (by Lemma 6.6.2, 6.6.3)

< ||f||H3 .R2d) ||f||H3 Q.R2d) (by interpolation inequality)
- ||f||§13(97R2d)

< S 5 15 £l 12(0.R2d)" (by interpolation inequality)

H2 (QR%)
It follows that (8.3) holds.

Step 3. Denote by £ the projection of £q from L?(£, R2d) to the space L?(9, ]Rd) by
taking the last three components. Note that the first three components of f are zero,
see (6.5). Thus the condition V(In¢? — Iné?) L € implies that f € 20L Consequently,

Inequality (8.2) holds. Combining this with (8.3), we see that

1120 g2y S ||f||5 I 20 m2dy:
7(QR d
Therefore, we must have f = 0 for || fH5 sufficiently small. Finally, note that
(Q R2d)
Wfll 15 Slle=¢|| 17 and that both ¢ and ¢ vanishes near the boundary, we
2 (Q.R2) H2(Q)

conclude that f = 0 implies ¢ = ¢. This completes the proof of the theorem.
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