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A STUDY OF CERTAIN LOCI ASSOCIATED WITH ANALYTIO

FUNCTIONS OF A COMPLEX VARIABLE

INTRODUCTION

The aim of this thesis is to study nets whose curves

in the 2 plane are the maps by means of an analytic function

z=f(w) of the lines u=constant, v=constant in the plane of

a complex variable w. We find all the nets whose Laplace

transforms also enjoy the property of being maps of the

lines u=constant, v=constant by means of an analytic

function of w. We shall discuss the curves corresponding

by duality to the curves of the net under the same

restrictions-

lo AN ADMISSIBLE SET OF DEFINING DIFFERENTIAL EQUATIONS

FOR z=f(w) INTEGRABILITY CONDITIONS

Let z=f(w) be an analytic function of a complex variable.

If z=x+iy, and w=u+iv, we have xu=yv and xv=-yu. The homo-

geneous coordinates1 of a point in the 2 plane

(0
I: lflqw,

(:7: y(u,v))

2.1,,

are solutions of differential eauations of the form2

C?) 6;“:dé,,,+sav+cej

awtdz€p+ékv+ae,

PVV : ale)“ +6I’6v #C (9.

1. Define a Net. E- Jo Wilczynski, One Parameter Families
 

and Nets of Plane Curves, Transactions of American mathematical

Society, Vol. 12 (lgllfj’p.473.

 

2. E. J. Wilczynski, One Parameter Families and Nets of

Plane Curves, Transactions of American Mathematical Society,

Vol. 12 (1911), p. 474.
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Substituting the functions (1) into the first of equations (2)

we find that

(3) qufalu+6ZV+CXJ

yuKTQyu+éyy+CC7,

‘Zua :LLZ“ +6£v +C2.

Solving for a, b and c, we find:

(4) fl/ 1‘ 1.14.147“ .“é/aekly ,

1: 4x?”

A: 1:11 fligfiluw K..-)

ICE—+1: 5L

C : O .

Similarly we find the following:

I

i,

(5) (L : WK—IVJ 62' : .XKVSLV_’_ LTKK-AFZ J

X5 +er"
u 7f

1“. +XV

I
//

A ‘I Ak'gfia‘f‘ {your in, A 3 14 Z VA: “tinder“!!- ,

X“ + Xv
X14. K:- M

/ u

C : 0) C :0

by using the second and third equations in(2).

Therefore We can say that the homogeneous coordinates in (l) are

solutions of differential equations of the form

éuu : {/(fa +56, +06,

(72,. V : 017624 +5ch +c'e,

67w : ad's“ + 6’wa + Ca,

for the values of a, b, c, a', b', c', a", b" and 0" given in

(4) and (5) when x and y are not constants.

Let us consider the known relations:

(6/ thy")

1V2- “1

Differentiating each of the ecuaticns in (S) with respect u,

then with respect to v, we obtain the ecuations:



(7/ XMM:§,HV’ ’ruvTcdi/y,

Zav:--é/uc4,, KW: *guv.

Using these values of these derivatives as defined by the

differential eouations

(X) (Qua :4'4 19: +45» ,

guy 261,5“ +5 6V)

6?“, : 4:19.. +56” )

we find that , ,

an. v-exy war/o, +51.“

whence from (6) we obtain

mu. 7‘ng : -431. + e’m,
01‘

(d—g71u#%2¢471 E 1 ita X,: »

therefore ” 0' ( " , ’ ” ("j

4? 1‘: é’) ér—CCI.

In a similar manner we find

/ ll ’ I

(1, : é and/I/ é : —a", ,

Hence , fl ’ fl

{5/} M:é:—& , ét-él 3‘ .

we shall call a set of equations of the form (2) an admissible
 

.ggg of defining differential equations if they admit x, y, 1, such

that xu=yv, and xv=-yu.

In order that the system of differential eeuations (8)

have a solution, it is necessary and sufficient that the

following integrability conditions3 be satisfied:

[/(IZ + 61,, : wlléi+ drip)

46' +45% a= oc'é +61%; J

AZ"; a'Z'+ a}, : dd‘I‘f 4’5”+a'£. ,

{/0}

II I/

flIé/vL éy:a é+é£bo

3. E. J. Wilczynski, One Parameter Families and :31g of Plane

Curves, Transactions of American Mathematical Society,

Vol. 12 (1911), p. 474.



Since a=b'=—a" and b=—a'=—b", these conditions become

-flé+fly=—“é”@J

422- é2+ 6V: —éz+a‘ 2-;de

52~6Z2_ é, : -dZ—féz—mw)

-45 +41” :—dé-64¢ .

These four conditions may be reduced to the following two

conditions: .

0d ‘Qv+é“:01
d“ —éy:0.

These conditions restrict a and b to be functions satisfying

the Cauchy-Riemann differential eouations.

The results thus far obtained may be stated in the theorem

--Ag admissible set 9: defining differential ecuations for
 

z=f(w), where xu=yv 229.xv=‘yu i§_

()2) a“: (2‘9“ +A§VJ

éuvt-é6“+fley ’

61y:~.416L—4465J

where a gag b satisfy the Cauchy-Riemann conditions-

The transformations 4?: 9504), Raw), leave the curves u=

constant, v=constant invariant but change the function z=f(w)

into E=f(i)- Let us investigate the nature of the function

9 and y>, such that f(fib is analytic. By partial differentiation

we find:

i » ’7» r , 17 _ l

3 .ill:=§1l aéair-lfi-’ :iflIIELZ he ‘SJ1
0 ) a '3 31 l 35 ‘W' 4” fly )

”P l - 2/1 5.0;” = ’1." 3 ”3—: : 9'1 014-1-1- : 51":
ifif' @V £5 a? (DE 7”‘ 4“ ¢u

Since by assumption X§:y; ) X;:—f/J) Xueyy and 1, 2-57“

we find from equations in (13) that

04/ 4b = m-
But O is a function of u alone andyz’is a function of v alone,

whence from (14)



05'} ¢:K:Kt(+l<,’

¢2 l7: //\V+K2,

Let us consider now the transformation

{/é) i=6Ln1 +412 y,

Differentiating equations (16) and using conditions (6) we

find: n

(Ix/”£1! éV+fl/276(=-0421é/“+422f/y3

.. “/11 y“ 7‘g éz’Il <7‘/: — (2/1/77 — 4.22 ykj

therefore L

{/7) bl” :(LJJ ) (é/Z :va'ZI '

By substituting the values for 822 and 821 found in (17k in (15)

and differentiating, it can readily be verified thst the

Cauchy-Riemann conditions are satisfied for i and'?.

Therefore the most general affine transformation
 

transforming the analytic function z=f(w) into the analytic
  

function i=f(W) i§_3§_affine similarity»transformation.

2- EFINING DIFFERENTIAL EQUATIONS OF THE LAPLACEAN

TRANSFORRS

The first end minus first Laplacean transforms of the

given net are defined in homogeneous coordinates4 by

(/y/ 21,.— x,—[¢’x , ISL-4’1)

XJIyy‘éCZA/J l'Iyu—éy’

X3: ZV~6<333 E,:Zu—é’z‘7)

respectively. In non-homogeneous coordinates they are

— - y“ "X ~ _ _ _’

{/7/ X2. “ 1:46" _ , K. - lfzfiéul )

12 r .C #4,? 1,: .iiu_:él )

(f3, ”1 6—6

4. E. J. Wilczynski, One Parsmster Families and Net:

of Plane Curves, Transactions ongmericon—Fethemsticsl
Society, Vol. 12 (1911). p. 486.

  



since in our problem 2:1.

Substituting the values of In )1; J (7; , ($7,;— in (13)

into the second equation of (2) we have

a I l I

Kéfi924K4QZ+Afl§V+CQ

 

0r

6‘7; t 2%; 6);? +/€_ (9‘7 +f__ @-

‘/ ’ ‘/ .r \/ /

Lat 4 :Z J g :£, , C T.C :‘0

/4’ K K2 ’

The eXpressions (18) become

\

I —5’z:/4/(——/<Z'l:K(14_Z’
l,

/ -g’/~//<Wa—Ag744/6149/,

“,~.5’2 /4' g;—/AZ ~-/4( AZ})

and

,_,/i _-/ "
16V é(&—/’\)‘V- (( KA‘:/’<(/‘;“41)

(jV_/(2—//<§/;—67’Kf/:/’{(?/‘—a ’7)

2 ‘61:2 _-/I{Z; _. Z2742 : /K(Z; ~(( '3).

V

We have shown that the transformation (15) leaves the

eXpressions (18) the same except for a fector.

Differentiating the eduations (19) es denoted by the

subscript and making use of equstions (2), we obtain the

following results:

' , h ’ / I] ’ \ /

@969 @1)Xvu'=C4Affl;érféi24fig;ééjb- ,(6/ X,,; J. ‘afé/A/{a
6'2 _ g 2

(C) X2“ : LL“: :f‘éi/ii: , (”77 i2» : (.47.; *4:"/ZOX_“‘_"";h_fr<-¢ J

LC 4L

‘ ’I I I 1'? 1‘2 [‘2

(11%.... : (gamma/6 1—25“ —6~z_:64:’6 AA 71:: #24666,2; 6661A
.._- , 1..--1- _ A)? .o, _6_- -6_"-_ _ _fl_

'
_,2 l r ’ I , I ' I I I ,3 [I I

07/] AMI/:fiAOZV-6/.06 —.?A,:,/JV raéo/ 1—455“ -o’<aA +aA-a. 66 )Xu

,2”
4,3

fo’o/“~a‘A'—J;A'W456 62 76662th f; ,



7.

‘ 3 I I I z 6 / / ’2’ I ’3’

(‘WXNVI (‘4<~'4/jiééywé‘:9v;5/"*Qdfézfiee‘ (4 46:“. £62,“

{/6} X:uu:L.Uddéu:4_zK‘/((¢¢+Qb<[(ué[Zg)1v+//(£“_:/(:___2/1.:

)

d

6 ‘ .. I / / I ,2 / I / I I “I ’If/ ,-2/ 1/ _

wU,gqv/pz6.dU 666 wxéfI~Qflufly+ifld;g*vléAhpd66)1y

7L([‘6/Z/sz“:“‘ “H'IéquJf-oLaI)

3’ 1‘2 ll .12 ’62,].1 ’2." "

{3/ 2146?;(aayp ‘7‘2fl/fl/ é+fl5"a év‘gar-dé”flva é/l"

,, / [311/2 ,1 l3.” [4 II /‘?

7L 25([2 fly 7‘Zl d—(Z d ”A [Z (1 —oc AZV)XRJ]—}— fl

Substituting the first derivatives obtained in(18—a,b,c,d) in

equations (8) we find:

{Z ,[LA: ~66A74/)6“U'A/_.,]+/(/,__64,7167)

6" -_ ‘1’“

("A/2766:[(6666666 2,666 6616.6 +6]?‘flé/i

(C)XVV:A([lé~//J7‘AAXé/I]+A/[5k—6/KJK]

A’2

(1/) M) X. 6., 6, I
I

(Al) illuu :5//_I/(/)XJ + é[A(V745/?A/AXV‘AZ/a6/XII)I

@)XM /LZkfl%fi/
X ] 4‘42[GZVfé

Y-azflyxy-4
Q1”XK]

(U )(ZW : 6/[666”66;A_/2<] + A,[(./(y¢é(—/(A/X7/611.

Eliminating xu and xv between the equationsformed by setting

the equivalents of corresponding second derivatives ecual in

(20) and (21) and using relations in (9), the coefficients of

the defining differential eouations of the Leplacean trans-

forms are found to be:



(own/rm, :<_/66_:6Z.-.2666 , (A) 6, 4/66. +6666.66
)

I 6LA .2 A /6/ 7Lé( A]

(H6C:-u1gg;flé:HuQ-aké) wflA—w(am¢hmgigfifié+flfl;6m@&,

((5 cc Afcl 7L/1é/ )

a96€2~—6QA7666) (/)4._JgfiyfflZZ“20@A:flfl/A:ou6+dfl’é1flfla_

5 (‘é((/ 74 [/6

(7)4- AA6'6 _74-age/{6A+244 243A} +4A276. 612126 —AA66 A_ //7§/é.- £6: 66

—M é/éu—aé/ 3 , . 6"

(3/47,:.66.U___6{ 6‘ 666661LMA 6 (2/ 4r fiéxée ,
{/(éu‘Zlé/ ,,

“/6?—6/A,,.,+6(A6!_AV , ('r'jA2_ 14.53:.24/jéz754 A

d(5u—¢([)) d 6

Let us impose the conditions that the defining differential

equations of the minus first Laplace transformation be admissible-

If AZ,:—61,, ‘we have

Muitggeé : 514—4e ,
0(6

6

or

g“ *6? ‘fiv/(gt : (X * _éu: )

therefore

L) Life! “/6” 0)

D“ d /

or

623) a/b = function of v alone.

If A = ‘6." or

ad_Avfi/Aé 4A): 2.4A —.?ddé—ffl/Xufly MA A - 5‘6 _AWAWA-aga’

4165/67we/lé/ -1“ _ A/Je idéj J

 

then

6(w/ 71/741,“:24; ~2Klyé7‘flu/(V +aflu : 4/44 A“ - [(M“ »

._ a 7“ 2f“

“ .._..

é

Factoring we have

/g.Z_ 4‘ §%-//flvégj:€'

A a - 5

setting the first factor equal to zero and applying (23) we have

VA}, +gu30) 0T péyzfly.

fhxt CL: éav

This equation gives, on differentiating:



(IV: 5.,177Léf/L,

therefore

(:2 17!) 417,, :0, or 17 is a constant.

Setting the second factor eousl to zero and applying (23) we

 

  

 
 

   

2“

have %:zx:év,or-éu:—éu,

integrating we find 52 : ‘—;£1'+-CJV).

But y:aé r—éiVufiwflflw)’

therefore

_ .7 I _ _ ‘a_‘v ,/fl_ CI»; Va.

_VM‘f‘c-(V) V

. 2 x 2‘
since Au:é v ,then-fly:é p:§é:4_-g~_,

v

or - (I, 1 __I__-

a? J

Integrate:

ya V+I7C1(q)

V

therefore , -

(34W “V“U : !;:.K£;d:!

V V

01' l7 : (1,0) “_Z.

61.04)-“

Since K7 is a function of v alone then CL@,: v and ngfzu.

Therefore

_—L:UF+1/ :‘a—I—i .

a ‘7 ~—— f]

But

6 c1 é!‘

Integrate:

___’._ :-l("f‘//‘(w

d

Then 1/ --—..((~—¢...
[1+ ./‘())

‘
1



10.

which says that L{:-ll , which is impossible except for

a':¢9 , thus making it necessary for Al, 5; to be zero.

A 2?

If A”: 6b. , we have

 
    

.2 - ,. V

h/(fluy4+(/;A_€LgJL—.é+fl[li_ZXK/Mév
2L4“ +/-_/_..42-’2d 4.6.,

(74 flfifwfié/ {/5

01‘

 

2— _

a“ +K/ZZ-éfiqflv + (M mu A = 5L4“ +46?» — 1Mv+a é«
a 27 A 6 a

-+c7fié—u24g 4,

but we found in setting 41,3-th' that é§_:_ggl , and

g (z

applying this fact along with the integrability conditions

(12), our eoustion reduces to 4x¢A0,+,2oQ‘é,:cg OY‘é;,1uzéé;:¢q

 

therefore

r 2

or 0’

(25)

g, T 42 : function of u alone.

If .4 :-¢4.' , we have

- lgx-Z _ _fi “z .

éiifihggéhl:€;éa:ééhél;é:féiéfa;1“f§*éV : €_§Ltuiz )

61é/‘jr‘fflé/

é

or

day 7“” Lé‘ciigflg +514: ”flug‘, :: M‘léf‘Iddp‘fC/i

“ é _ZT_' 27"

since 97V :._ £1“ then

5" a ’

577—

@24/ ¢4Z~¢7‘:: function of u alone.



11-

[I

If 4'”: 5, , it follows that

.2
1 , l 3 2.

- a4. ~//' 47:47 A, — 4,4 :g’jn 4+ 6225», - gave-944% fizéwméim
4‘6 M é((/yf(/é))

)
   

then _ 2 2

«.3.» - on w a; - a - «at vamp—aka: act-.44,
é a 1

——2[/ —- 24,4 ~4é$ddq+dudu

775 T’

simplifying we have

. - - 2

‘44; -246!“ +a’_.¢ — 4.. : 0-
é a

Regroup and factor and substitute:

(JV/:él; + Q +duk‘34du:9'

6i?

Therefore

ga- zm—w: 0-
Therefore

$27] 6Z.—~6?i is a function of v alone-

If g! —-_.é(’ , it follows that
I —.

Mffléi 4“ é“ : M45" +(7vé ..

6(dr-raé/ ((4; __~ '

  

  

whence

. A g _ - .z , ‘2
flu“ frag—flu 4k. 2 [/14 (I‘, +(IV‘é ‘12:“441 +21: +0401 +aé_aéb

or Z Z
+ayéJ

[43“ .. '2

Mum‘£"pé+€yép—é(_g:0.

(4

But from (23) we have 42;:‘5' and since ‘9 is a constant
If ’

we have

. l. 2‘ 2‘2

éaV—ZééVV—+4Lg—é;J/:Q

4 6'?

or

Therefore

L22) .5; ¢.A§L is a function of u alone.



12.

From (28) and (27) we find 4x” ~414' =constant; differentiating

this equation with respect to v we have éZuy-é’4‘7v110.

Differentiating equation (25) we have

.574”, 7‘ 524.551: : 0,
p2

since

gylflu _ 6: fl...

' V

Therefore “‘2

Jflder-Qadv.

or

\1

Vf‘lJ OTC/’30.

But 4:617) and flytékf ;and since 4,:0 ,it

follows that 4’ g 6, , whence both a and b are constants.

Since we are using real values for x and y, the only solution

for our problem is for a and b to be constant.

In a similar manner, if we impose the conditions that the

defining differential equations of the first Laplace trans-

formation be admissible, we arrive at the same conclusion,

namely, that a and b must be constants. We may state our

results as follows: lg,g£g§3_thgt thg_ming§_£i£§3 Laplace

transform of a net have admissible defining differential

gguations i3_i§_necessary and sufficient that a and QDQQ

constants-_ it follows that the defining differential

eguations g: the first_Laplace transform lg also admissible,
 

the defining differential equations g£_the two Laplace transforms
 

are identical with those 9: the original net.
 



13.

3. THE MOST GENERAL NET '"cSE DEVINING V"UATIONS ARE

ADMISSIBLE THE DEFINING ETUATIONS OF YUOSE LAPLACE

TRANSFOR"S ARE ADIISSIBLE

Let us assume that a and b constants. Take l':(2&,€7:(gaa

wherein

(9._Z0(,H7‘/~’3V
I

32“Cizfl'fibfi K (q/Cny p5; being constants).

From (12) we find:
2

‘/.:6‘Q/. *4/31)U.

'3’ :-éd.—+a/r’o),

/: 2‘ .

/3, —~.xcx._ €54 .

Solving these equations we find that .= 6" 56 , and/3354 ‘4 C, )

In a similar manner we find that 09':¢7+4§( , and/éizr 0’(“é‘;

a, —,6

The solutions ‘X:~c? , 9/: cf 1 are complex. But

(24) i:a,,/<+61.2 g

gzd‘uX—f-azz‘j.

are also solutions. we may determine at ’¢212 ,c71,’¢92 z
I!

so that i" (57 will be real and satisfy the Cauchy-

Riemann conditions as follows:

\ , 5, -8

XL: : ("I 0(' Q ‘7‘ 4/2 CV; Q

— 6, ' __ 6

:7":azl*°)le +fl12,~{2€l
' / / J

6“ ,6?

XV ‘ a,./,3,Q I—f- a] Z/jz-e 2,

— , 6 6

7a: OLZIQ/IQ'—f azzwzQ

whence 6

(and ~59, 3,:)e + (4,.“ ~a22 3.. [e 1:0,

(a2! (X. +avrfl/CJ 6' +(a12ql+a’12/32)Q6220.

Since 66and C! are functions of £4 and. v, it follows that

and!" flJI//3I :0. [21.2 d2 ‘ ((22/ Q)2.— 0,

421d: ‘I‘au/J), :0, 61-22 d: +d,_2/,32: 0,

therefore

/ 2 .2 1 2

C(ll ‘7‘“?! ‘0; a21+all‘0

3180 3:2. -; (’2?! :- (’1, all : (LL/1'25 4’12.

 

 



l4.

 

or

all : ‘LéfZCiZ :_c' [£22. —. (?7“é(_’ - -C'

RI:— KITZK ’ on; _( —ac)

Therefore , , (2 '5;

(350)
C(,, I — ( a1, , ‘22. ‘- ( ,2

X may therefore be written in the form

.. «YU+.J’.1’ J)
' / _ (X114 ‘f 1"

X :ta.,€? fi-zgz C
)

du~év . .. I
: 6 [(a,,+a,,_ CwJQMMp)+(6/,;(I,,)1A¢n@u+au)J ,

using equations (30)

_ ail—6P ' 1 . ‘ '-

A —. e ((1.; raz,)cm(éa+mj + (“rm”) ewe/gum»)
then au—év

: (3 [,4, Cw)(éé/fav) #fl; 44,;(AL/11a1/fjj

wherein ’ _ ,

(3/) HI: {ll/2‘42, L

and ”72.:- azl‘féhz‘“. are real numbers.

Solving equations (27) for all: and. 492, , we find

"(1:1 3 i555. » a2: : &~_~—B-L—('
2 1

In a similar manner we find

_ -4 .. . ”‘

10/: QM V[‘ Hz (ta/"3(éuh—ffll/I‘_l‘fl'xfikt/fl(éa+flkjj'

Multiplying and dividing the values of R and g'by'yflzz+.gcz,

we obtain ,llll

R : Vllv’zz‘fflzz

:)’,a:—i:/’7:L C)

60'“ ‘ ék/C’muMCa/J (éambv 2M4 M Jena/HM Uj )

M~éy

C/lA/D (Au +0 v-41]!

 

 

‘ ”II—”z. QAA‘ \

gZ}/qllz‘f/L/L Q 6V/24,v (4‘1 +0V“M}’

wherein

owwn-fld: , egnm: EL,

m. 1+”: 2* ”3+ 5‘?

It can readily be verified that these values ofLX and g satisfy

the Cauchy-Riemann differential equations-

Hence the functions
 

(92> ;:A6“‘fyewd(éu+aV~MA
‘ A — V

7::K 9““ 145m (éu167V“47)1
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where K and M are arbitregg_constants are the most general

solutions of the case i2_which equations (2), (18) and (19)
 

are all germissible and such that the solutions are real and

satis§1_the Cauchx—Riemann differential eouations.

4. DEFINIE3G DIFFEREI’TIAL EQUATIONS OF THE TAHGENTS TO

cu AND 0v

The tangents to v=constant are

i/7w/‘//—%j-r/(z/M—
Auyfl— 0.

Let Ll) L2 and 1/ be the Plucker coordinates of this line.

Then

La

95’ ((1:L , LA- 1% , /f/.
, W¥ l‘u-Xu

Differentiating; he ecuetions (33) end making use of ecuetions

(3) We obtain the following;

’
{W '

(a)

“'1 7’; : ‘ <6 V ' u v a "A“
(34/ j A%«/&{+{m LdL! , (j v 4%KIA“):X”

We4%?+4va ’ W <Again

aloh4:;é7/3W:»dJWJ6€W3“CWI ~241Vfi3¢2jfi:)1

HM ”44 A’“;dg/z“1.,2m“;_/“’jzy}+ “fie

(fibflhu,:;cfld(hficaM.,u” 2¢51“+1“1“M—41VIZ2XZY“+44X”“)9"

711(A'AM/1t'h/ vim/2A(”.2 rag/l “Cid juiiwjérv} -.'~/1W

(if/“W _— g (A luff/{“9 a2/1“’+AW(W-,25/iw ‘“’—2 AWE) y“

+(a2/é/1Wz-a .,u/\(+241mI/ilul)/ }2—5 AWE:

)

(«I 1

wherein A 2:, l “/.
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Substituting the first derivativec othined in (34——a,b,c,d)

in equations in (8), we find:

(35) (a) 2/“. : {a ox, X“: a, 2:”- 44:12?zit/llu__ +9: 613(u':_/<fl_3:21.14 )

 

(6%, “ ,,. v 2 log-4a, Well?:igf'flfl’fl’i’)gu+(— e34{1%.329— J

> 1/ ' J u (“I 4 N I“) I! (“/) II (N) / " ‘11)

«j“n,:—wuxAE¢a;3u+éOlif%§_
L Hu+kéc&/1-agjj (V.

' _.___..--- 4&31

Eliminating .X“ and./lv between the equations formed by

setting the equivalents of corresponding second derivatives

equal in (34) and (35) the coefficients of the defining

differential equations of the tangents to (2‘ are

(a)

(36/ w 6%, : 34 + 5% — gale , (14/ ,3 .— -4
é 7(a) / :

. (“l l (U)

— - y ..... a"! (I ""1 '3 . - u.
(C) CY, _ é +_2/__ A“: J ( //.J7 ((16! )

I 4 A ,, (“l
, l _. // ,. _ .- - u

w’“ ‘4:@“+“4/ ’ Qfioi‘ éféé-

In a similer manner we find the defining differentiel

ecuations of the tangents to (1V are

 

_ _ (V) _

(fU M/q273dfw%L-J/$k , @042:_4J

/ V I

(C/ 0(2 : -—é 7Lét: _. /1(': , (d)/’32_/': 4‘ A(:

6 W)- H / ) )

// II {V}

" /‘ /"7 - —‘- —~ V .(1.2 %_- /é My f 04/ , (y 2/91 , 54 2rd

Let us impose the condition that the defining differential

equations of the tangents to Cste admissible-

'
I

r )
2If ()(I: f”

we have ;?a +‘éfi.__
6,



  

01‘

(“I (q)

3/8 + é; —- =2 A“ : a— w
6 Au) )

then

1(a) .

i ‘ _ A

“F1607“ “ ‘24 2““ ,

also.

/ (u)

z(—/“ __a,_ta

: Z“ '

Hence

(a)

{1L ‘ 247‘— fig

AW 6 ‘

therefore

Ja — é} :2/1+ 4‘,
£3 _ J

01?

.15 + £44 : 0,

6 6

hence

If /9/ I - (Y! T//_)},

we have

, (‘41 , (u/

bh_é_ + “AV : 3(7 +£_/l_k_.

6 X14) Am;

whence

, . (u) (”j

O‘céz 4. _/\V : 35+ 9/11,

é KID" AM)

01‘

(w

A V “ “ 2 g _ .41:

“AW ’
also

(“I

3éde514J: —..é,
A“

01‘

(04/

_ /\ V -— - .26

‘Al‘f.’ ’

therefore

17.

2-4,
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and

41,20‘

07'.é is a function of u alone.

But we know from theorem I that

6(“:4,)

Then a?u~:¢9) or an is a function of v alone,

but

41V:_.Au— , therefore a and b are constants.

Under these conditions the coefficients (36) become

(32/ Xe. fit :_A' , «31.52)

(X’:él /3,/—_*av’ fltg,

In a similar manner we find

(37” 0213-4, /3::- A) (1:1:42’

(2:36) /31:—4, ”2:4.

By substituting the values for ,2 and ii of (37) in

equivalents Of/LL and 1) in (38) we have

44— 4

/0L : 61/(C VMféqjean—__/z/)/—/-_ éA ed"gym/ewueraym)_

KJea“6yt’0Mééumy—Mj é/u'm(6u+anr~W)“9""‘ZzZfléwu-meéwm”'1’

   

MA

7,): /1’{46“ w/3(6u+4y~M)~A e“ H '_iéfii‘iwfllf—r

Kxeau6V(AC«/>(6u+¢v—/V/j+d m;(éuM
V—Wjj~ylréa“ 6(am/”NV”0‘64“”(6umu”0)

 

 
 

01‘

m év

KQau [21/36ch éX/Cwo (64*M—/1/7j— (d X‘l’6Q/W(Au+du—M)f)
/

2": __/_:G él/Zd‘ (76% (AU+dV 47/ é/Mw (éu+62V—~“W;

K G“:;§(bx aj)€wo (5a+ay-Mj+ (UK-1‘ 6%)Qm(éu+auIvyf 3
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Let ¢.:é¢/+4y-/y/ and (QTfl/J‘éy)

then

_ a , ,

(40} /( : E (”.34-”)«1 (75 + A Capo 7(5))

EAK' ‘

V: _d:6 ’ -6( L',(L-~J¢+ A/JILM _, .

‘6/\ K 97$)

We may readily verify that 24 : /4q/ andzdwe—frn

and that /A, and 2/ satisfy the system

fiuur—Czeafiéfivy

(9“,,2—écQR—~a(9y J

eyy aQIA +é9y '.‘
I

We may summarize our results as follows:

The most general net whose defining_differential

equations are admissible and the defining differential

equations g:_whose minus first Laylace transform is also
  

admissible is defined Ex
 

_M -4

X : 14, 8”“ V can (éu +au «4/0,

au‘AV .
(17/375 6 gum (6a+av—/I/lj,

wherein E? /M at ¢§ are arbitrary constants.
J J y )
 

Any other net with these properties is :_similar affine
  

transformation gf_any given one. The admissible defining
  

differential enuations are:
 

qut‘éeu. +deV)

e -. —a eu-gev,
VV



It follows that the defining differential equations Q£_the

first Laplace transform is also admissible._ The defining
 

 

equations gf'both Laplace transforms coincide with the

defining equations Qf_the original net.’ Hence the Laplace
 

transforms are similar affine transformations of the original

net. Again the defininquifferential equations of the nets

corresponding §1_dualitz t__the curves of the original net

are admissible if and only if a and b are constants. Each
 

 

inthe net§_thg§_correspondingpgl duality to the curves of
  

 
 

the net i§_§_similar affine transformation of the other.

The defining equations of the dual nets are:
 

 

[Quél:-é? (gt/(“69V’

aw : éau _ as,”

(El/y ’: flea—féfly o



THE SUBJECT OF THIS THESIS WAS

SUGGESTED BY DR. V.a. GROVE. IF THIS

PAPER POSSESSES AHY MERITS, THEYARE,

DUE. TO THE INSPIRATION AHD THE HELP-

FUL SUGGESTIONS GIUBH BY HIM. TD THE

I WRITER WHILE DBUBLOPIHG THE. SUBJBGT
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