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A STUDY OF CERTAIN LOCI ASSOCIAT®D WITH AVALYTIC
FUNCTION3S OF A COLPLEX VARIABLZ
INTRODUCTION

The sim of this thesis is to study nets whose curves
in the 2z plane are the maps by mesans of an anel&tic function
z=f(w) of the lines u=constant, v=constant in the plane of
a complex variable w. e find all the nets whose Laplace
transforms 2lso enjoy the property of being maps of the
lines u=constant, v=constant by ﬁeans of a2n analytic
function of w. Te shall discuss the curves corresponding
by duality to the curves of the net under the same
restrictions.

le AN ADUIZSSIBLE SET OF DEFINING DIFFZRENTIAL EQUATION3
FOR z=f(w) INTEGRABILITY CONDITIONZ

Let z=f(w) be 2n analytic function of a complex variable.
If z=x+1y, and w=u+iv, we have xy=yy and xy=-y,» The homo-

geneous coordinatesl of a point in the z plane

W

X= X(ww),
y;j(“ﬂ%
2 = /,

are solutions of differenti=l equations of the formd
() Eiu= T, +466, +CoO,
Gy =« Eu +6°6, +tc e,

Sy, =46, +4°6, 6.

l. Define a Net. E. J. Wilczynski, One Parameter Families

and Nets of Plane Curves, Trancactions of American athematical
Society, Vol. 12 (1911), p.473.

. E. J. Wilczynski, One Parameter Families and Nets of
Plane Curves, Transactions of Americsn Lathematical 3Society,
Vol. 12 (1911), p. 474.

103450
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Substituting the functione (1) into the first of ecuations (2)

we find that
(3) Xpa =@ Ko +6 2 +C X,

y““:%yu+égy+CJ
Ly et 2y +62_ +C2,
8olving for a, b and ¢, we find:

o = =/ Y

079) _;34(2’;5 /j/‘.“:‘._, v,
VAR % l“?@;‘g“ 51—‘5-)
C = O .

Similarly we find the following:

(5) o= La_#z,:i[uzlxg 6(_,//: XZV,;V_— Yve Av )
X: + X X .

“u +Xy
4 V2
4 = L‘L{a;z,/~ Xluvyu' é = X Yo ."_Mi(//‘_,
Xt X X5+ &2 v
/ "
C - o, C -0

by using the second and third eguations in(2).

Therefore we can say that the homogeneous coordinastes in (1) are
solutions of differential equations of the form

Cuu = 0 €0 + L&, +C &,

6uy:cté¢+ék;+céa

vy - &b +E6 + O,
for the values of a, b, c, a', b', ¢!, a", b" #nd c" given in
(4) and (5) when x and y =re not const~nte.

Let us consider the known relations:

(6) lu:yV)

xv:‘ Uy
Differentiating each of the eruaticns in (8) with respect u,

then with respect to v, we obtain the ecuations:



%)

qu :Cl/fay, Xuyt(,dyy'
lay:‘(L]l‘(“' V‘,— 7(&‘/4

3.

Using these values of these derivatives as defined by the

differentisl e~uations

(s)

guu :lé (911 +é §V 3
Eu Vv = dl@u + 6 6)" )
6)yy = 6!-"@“ +6”6l/ J

we find that

A Xu ‘/‘éXy:diL/q -fé,,l./)

whence from (8) we obtain

or

ZZXM 7‘5/\"/ :‘(L'/ly ’fé,)\w,
(a~4) X +Ur) A, = O

therefore

r'd

LZ:é, é:-q_,

In a eimilsr =manner we find

28 ek -

Hence

&,

4 V4 ’ ”
AdA=-8Eb--a”, b=-c'=-4.

(Yu'ﬁé@ X, 20)

we shall call a set of e~u~tions of the form (2) en adriecible

gset of defining differentinl emuations if they =24vit x, y, 1, euch

that x,=yy, and xy=-yy.

In order that the system of differenti=l e~ustions (8)

have 2 solutlion, 1t 1s necessary and sufficient that the

following integrability conditionsd be satisfied:

(7¢)

3.

(/(lé+cly -w'é/+‘c,«/)
dé + 44 +é—-ué+é 24,
L as 4 & ‘“¢‘+“é*““)
P

E. J. Wilczynski, One Parameter Families and

T+ts of Plane

Curves, Transactions of Americsn YatLematical Society,

Vol. 12 (1911), p. 474.



3ince a=b'=-a" and b=-a'=-b", these conditions becoxe

—_ﬂé—ﬁd‘, ':"dé_ékJ

P 2 _ z 3
A*- L2p by = — b va "raw,
65 az 4, :—42+62—4«,)

,Llé ,_/.él.,:—dé“étg .

These four conditions may be reduced to the following two

conditions: 4
(14) &y + bu=0,
Ao - éy:O.
These conditions restrict a 2nd b to be functions eatisfying
the Cauchy-Riemann differential eoustions.

The results thus far obtzined may be stzated in the theorem

-—An sdmissible set of defining differential ecuations for
z=f(w), rhere x,=yy and x,=-y, is
(12) Giu=26u +68,
(ffuv:—ée“*d@v )
éiv:"a'&“_égébJ
where a and b satiefy the Qauchy-Riemann conditions.

The transformations &= A, v=£(v), leave the curves u=
constant, v=constent invariant but change tke function z=f(w)
into 2=f(i)- Let us investi.ate the nature of tne function

¢ and ¢, such that £(W) is analytic. By partial differentiation

we find:
B :ax doc: XK., '5‘—2_51 ‘Lzrik_
(/3) _aa‘-l( U Ada 5:- é’;—l T ov Ay . )
DX = 24 L = L 29 = 09 S = Jw

Since by assumption X;:y; , X;:-ja , A :yy and X, :—JM
we find from ecuations in (13) tiat

{/‘l/ ¢) = ¢

But Q is a function of u alone and}b’is a function of v =2lone,

whence from (14)



(%) ¢:E:K«+K”
g =v=RKvV +k,.

Let us consider now the transformation
(1¢) X=ct 1 +2,2 Y,

Differentiating equations (16) =2nd using concditions (8) we

find: ,
oy [’V'fﬂ/z L‘/L(-‘——oéz,oé/“‘f“dzz(é/yj
- é("/l ( T éL/l = - (L 7 - s
/a v z/ 4 22 J
therefore u/ y' ?
(17) A, Tz , L, 5 ==

29 °

By substituting the v-lues for spp and a5y found in (17% in (lé)
and differentiatinge, 1t c2n re=dily be verified that the
Cauchy-Riemann conditions are satisfied for X and .

Therefore the most gener=2l affire transform~tion

trensforming the anaslytic function z=f(w) into the an-lytic

function z=f(w) is an affine gimilsrity transformation.

2. ETINING DIFFER NTIsL E7UAaTIONS OF THE LAPLACEAN
TRANSFORILS

The first ~ud minus first Laplacean transformus of the

given net sre defined in horogeneous coordinatest by

(/5 X,= X, -2 x| X, = X,-6nx,
xl:yy‘xfy, l,:gu_é’y,
X,:Zv—dt'z?) ;I:Z"u—é,z")

respectively. In non-homogeneous coordinates they =re

(7% X, = Ku-c'X K= Xa=6'1

" ’ -4
X, = -’y X, = w69
2 s e
4.

E. J. Wilezyneki, One Faram-=ter Famrilies and rtets

of Plane Curves, Transactions of Americ~n ¥athemnatical
Society, Vol. 12 (1311). p. 485.




6.

gince in our problem z=1.
Substituting the v=lues of Xx , 25, (é/; s Jv in (12)
into the second erustion of (Z£) we have

< 4 ’ 7/
W Eay,= XhE; +6 A0, +CO,

or 4 ’
- _ ce _ 7
) ay_;_(_@“vu}%&?‘f/%@.
= 4 g . r — 7 V4
Let &« -2 |, &'-4g" | &-< -,
s " ~n 2

The expreseions (18) becoume
. . R
Xu‘é/(':/’(/‘——/‘\Z/Z:/’((l;_é‘llj
Yu-dly Ky _/\47-/4/ i-£7),

b bz K Zi-kKs Z Al s -4 Z2)
and

I’V'c{//t:/’\)(l/-‘/zf/(,\_-/f( (f(,;—d",{))

’

Ljy_/cé/_/xfj;_ﬁ'/«f:/4(?/;-47 )
2 *(/:Z_./,{Z;_ZI'/{Z:/K(Z;~]'Z)
1 4

.

#%e have shown that the transformation (15) leaves the

expressions (18) the sare except for 2 f~ctor.
Differentisting the e~uations (13) ~s denoted by the

subscript and making use of eaguations (2), we obtain the

following results:
120) () Xyu = (bu-cc b+ éf_)}:«._:_fﬁé,’/'y b X, cihe - d )X

s’ ) 42
(C) }(AZ“:(d;:ﬂ'él/X., , (d/il (z( + -z.//))( —((a /’(,(
cct T P ’
/1)'{ = (é&;‘tf_?(ij'/,-.z /—,-?é -d é +a/ -t 45 /1 *{-«740&[ //,“ u/éjé_

&7
/)7//*,“/-} éow “,é L2064 rubd rads, -auns sl es )’*
, P
Y ud 88" T8l a8 )X, fE 6,



7.

(@);,széj4(12/_{i_éz, ~/a,v——?/,, +.,?4ég )/\'u-./.(éé —{(é '1_‘,

o

d'

2 2 3
(M) Xz la@ln - a Yic-2el s el 6" B0 +( 400 870

sy, 12,0 ‘ ’ 4 AP
(F) Ky e ety ~ad b, - 4V~gg¢“d:+gaa:,g+aéau aéé),ty
o 4 /2.'7 ’ ) - /’/3
H& by ~ a8 ) K f = &,
” ,3/, 2 ., ”
(3/ 2“,:}(45’4/,—;.?&’[(’44[(5 ~a' Ll - 24, ‘44, d“é/’L

. A
rH2a'z"a, + Al - )X J}.-

Subetituting the first derivstives obtzined in(18-a,b,c,d) in
equations (3) we find:

(2/) () Kirur = ot [Q AT I rv]+é,[(42-?éf/z’)1
57

(4) Xow, = 7 /(éu //47‘4 j,g“ L4 /*é/(é‘tiféji
(C’)X,V,,‘z([[é -//Jfg/x -4l 1]+g/

é/z
(L{) Xluu 24 / /(J )X ] + é—l[_&{,"__j/('_/z é j/YV .-62/4(“)“'])
c*
) %

f‘(“ ~al) X / M 4[@_@1_4'-2“;/")%-d__'f@")(f&])
A
Cé) = [/ /Z(,,, ﬂé/)( j —/~

(4, a4 )X ]

2VV

[(/(.« fé( /(é//‘ T2 PN
Eliminating x, and xv between the esuations' formed by setting

the ecuivalents of corresponding second derivatives ecusl in
(30) and (21) and using relations in (9), the coefficients of

the defining differentizl eouations of the Leplacean trang-
forms are found to be:



(é) é 4//,,“ ‘/‘/// da Ju
b (et +CC )

)

(,(.é )
aﬂzg; ;ﬁlngaéffaé;-aké

R AA )

#) el = ~db +a, (#: (494, ;@@V Fa bR -duct, L
2 (‘-é(( > 4)
[7)4( s -k bbun t RAUE A2 ~208 8 fangad{{k éé«é
, ~ AL b e 8)
(Djﬂ _.-éav A 8- bu " ~6"4u 7"ﬂé‘?) (// 4 :Q/é:éﬁ' )
/(éu~(4éj

Kjdz - ol éyv + O é,,é/r,é!/ o
A by -t ) “

Let us impose the conditions that the defining dif

2

(/) & = e« (1,“,5-/‘4/5 (/‘,(/,,é i,
< & (e, +ad)

6(//(( é;/
-J

57‘4/( L raana,

/1/6 - /{‘é:é«

(¥) £, -—ﬂéz,%ugfd 4

ferential

ecuations of the minus first Laplace transforanation be admissible.

V4

If ¢«(,--4,, we have

dbu L -2a,6 - Ab-bu |

o b 6

or

éa T+ d - 2l = '74&_,)

« 6

therefore

'L:)V .»—/1 «U; = O

D u Lg 4 g
or
(23) a/b = function of v alone.
If 4 or

Ud,, b+a’bs,-a’sloall-2aa, Y qa.a, +a" (b - L bu,, b-ad®

et 4(5/» + A 4/

then

Ay, T4l

or

28y 20,4 4,00 pally= Ml Lo ~ Lo,
« 5 —%

é/{ éy— é—; ‘f‘éé“ - éa él/ J:O-
a _‘,_z,_‘__

Factoring we have

(G0 2 ()7

éﬁf‘-fc7éj

getting the first factor equal to zero and applying (23) we have

But

VE, + bu=0,

a =54V

Or Véy:ﬂ/y'

This equation gives, on differentiating:



.

[{V:AVP%AIZ,
therefore

(2 4 61, =0, or V ig a constant-.

Setting the second factor eousl to zero and avrlving (23) we

2_
have -éi-_ﬂ:év, or-é“:-év,
4
integrating we find Yy = v +Cq .
But V=ag, --a Du—r(lc,(‘,,’
therefore
A -~ _ v , Y= CJﬂ;—Du.
—viu+Cun %
Since b = éz v ,then - &, :5217 ENZ A a4
v
or - A, - 1
a? v
Integrate:
7[( = V+‘7 C,(u)
%
therefore _
Cao) v = v+ ¥ Calw
v v
or [; - C,‘,)_—__l_/
ca.(u)—“
Since Vv 1is a function of v alone then C,,)=v and Cou,- w«.
Therefore
—,—: (/D-f—l/ :\L(—FL -
« SR o
But
_éi - U = A ovr (du -t
e = 7
Integrote:
,,‘ -4+ //‘(u/
A
Then U+ L= =y,



10.

which says that o4¢-- « , which is impossible except for
U = O ’ thus making it necessary for 4o + é« to be zero.
4

If 4': &, » We have

AA,, é""[/;’é{/]f‘[’vé*/{”f'ﬂﬁuév —ddutadf-2au 5,
i b (d.rad) et 6

or

2 .
[[ay'fﬁzé"{(_u(/., -+ f "['/“él/: ﬁyék —fﬂd.,—v?duau-f-a éu
174 4 Z 6 @

+a?b-2a. 4,
but we found in setting ., =-4~ thot du - 4« , and
A =
apolying tris fact along with the inteyr=tility conditions

(12), our ecuation reduces to (4, , *2d. b =0, OY &4,, +244, =0,

therefore
O (4, * 51) =O
or O
(25)
4, 1 LY = function of u alone.
If 4 --a° , we have
L day b+ @76yt b tudi-daly - s de
ot b (e + &/ - S >
or
Adu, + @4~ o d o —+ él__fs. —du b, - o/lé"/,?dd,'fdz
“ & S
since Ay - - U then
& e« ?
uy~Rad, = o
or O ((/H‘”’—JTO

o Vv
(R¢) -0 ® = function of u alone.
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If 4'- 4  , it follows that

2 . > 2
~dd.-ub yab,-a b -aa, b+a¥dl, - 26/:é—.Qa‘d,él-dzé—f(/ﬂ,,éid(/«(/y,

“ & A b (U rud)
then , .
G @_é@ Ldl maly~alirald,~al =, ralb,
. é V74

2
20, 24 ~Adbrad.td.a.
a T

simplifying we have
~Add, -—Z&du'f‘a_i -d., = O.
—4Z PZ

Regroup and factor =2nd substitute:
aV[‘éLﬁa by V ]+ au-244a., =0

év
Therefore
o (#e-a’)= o
Therefore
27) L - % is a function of v alone.

If 4 - -u' , it follows that

Maw L4048 u bu = ctta +a8-ad, +a, [
é(a-p _fl/éj c/é T ‘

whence

) Z ) =
or s

2 ) ‘_2
Luve ~24y [ + dy bo - L -0

(24

A —
But from (23) we have & =4, ,and since Vv 1s a constant

we have
— — < 2 — 2
éa“ V‘Zéévl/—Fép__l/ "‘éz l'/ 0_,
v
or
-él/l/ - —244‘,
Therefore

(25) é@,f.éfl is a function of u alone.
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From (28) and (27) we find « . e =constant; differentiating
this equation with respect to v we have <lu. - zad, =o

Differentiating ecustion (25) we have
Huy + Rade -0,
VA

since

gy: o« é: é——s
Therefore 2

2AdAX, UV - -Rad,
or

Dl_—.-/ or d, = O

Rut «€ = L, and a4, - &, V ; and since 4@, -0 , it
follows that 4, - o , Whence both a and b are conste=nts.

Since we are using real values for x and y, tke only solution
for our problem is for a 2nd b to be constant.

In 8 similar manner, if we impose the conditions that the
defining differzntial ecuations of the first Laplace trans-
formation be adwissible, we arrive at the same conclusion,
namely, that a and b must be constants. e may state our

results as follows: In order that the minus first Laplace

transform of a net have admissible defining differential

equations it is necessary and sufficient that a 2nd b be

constants. It follows that the defiuing differential

equstions of the first Laplace traneform is 2leo adrissible,

the defining differentisl equations of the two L2place transforms

are identical with thocse of the original net.
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3. THE MOST GENERAL NET W-03E DRUFINING TYUATIONS ARE
ADMISSIBLE TEE DE?INIVG ERUATIONS OF "YCET LAPLACE
TRANSFORYS ART ADISSIBLE

Let us assume that a and b constants. Take X = 9, (b/; e,

wherein

’

b, - KA, u 7, b, (q’ q/p/ PR being constants ).
From (12) we find:

9;;&’,“%/%’)/

2
"/:aa/.‘/‘é/*(l)

A,

s j, = - é a’, —+ 67/“’,/,
'3,2: - A Q/' - é.:?, .
s

\\

7/
Solving these eguations we find that &, = «- ¢ ’ an@/ffé ‘4Z<f>

In a similar manner we find that &, = 4+ &< | and T, = ¢ <-4,

, 2]
The solutions ¥ - e‘é , é/ - * are comolex. But

(24} ;:au}('/“a'i [0'"
g: 728y, X-l-az:‘ﬂ:

are also solutions. e may deterrine ¢ KL,, Ay, @y a

LAY

so that x j‘ will be re=l and satisfy the Cauchy-

Riemann conditions as follows:

— ) 6, 6
X = A, Q"Q '+dIZQ/1 & l)

" e, C, L6
Jv = @y, € 4+a22 5 € *

J

— 6 ©
Xp = d,:/,j,@ '74- d,z/;a’,_e 2,

— . 6, 6
Gu= e Sy @y, @

whence 5
(4, X, al,g)() " (A, X~ Gy, T )€ o,
(a.zlb"( +6(n/3’}@'+ (azza( "‘a'tz/-"’z)Q = O.
Since 6 "and € “are functions of &« and v,it follows that
A, Q/: = ﬂ.?l//‘jl z0, C'ZIJ (Xz = ((12/ S o, )
X 7,%, -fa,,/"!?’, = 0, 54 X, —f—anl/‘;”z: o,
therefore
.2 2 2 2
(/(ll “f 6(21 = o ) azz + a‘; = 0,
also Lo ‘_/j_’:;?_'_ B IE Y AN Gaz = %X = - X, 2 )
p X .. « s Tu s 5 2
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or
ALy - -(bra<) - Lz22 - arde --c.
Uz a_z ’ <y 2 -(6-a <)
Therefore , ) .
(Fo) o, = - a,, , @22 = - €&,
X may therefore be written in the form
— “Yu‘fj" 7 J’l
X- a,, @ + A,, @o(‘ * v

)
au-4y -

= C [(5‘,.‘/‘4,7_ Cw:(éufap)+¢I,;(1,,)1'A2¢'y,@a+au£} R

using equations (30)

- u-6 ' N
X=20 “ y[ -('a,,)cw(éu—fgy)-f(a,z"rc'd,ocm/v(éaf—ay{/‘

then ad-bu
X =-c Hy Cas(bterarv) +H2 i (é‘”a%'],
wherein ) _ ,
(3/) H:‘— A,2-A2y T
and Ha =~ A5, +4, 2%, are re2l numbers.

Solving equations (27) for (,¢,, and «,, , we find
- A, -A. ¢ 43 - M, —_ﬂ,_('

2 —_ s ) 219

2 2

2y
In a similar mannar we find

— A ) . i
g - e YA ut a5 A, 2 (burar)]-

,~l RS —

Yultiplying and dividing the v~luaes of x 2nd J by VA /.E

we obtain L , : N
- y“"/7;l—//72 GOM—AP/ZWJMCW) (éé/-ﬁ(////"—f/MM/-l‘M(LL/f—aI/}J N
= ),E}T{:ﬁ:l (’M‘éy -2 (éa + V—/V)/l
g SIA S HE @A é"/z,‘,"v. (L +av ~M}}
wherein
C[(,,_) M = /aL_._,_ R L Qe~n Al = _ FZ_}_ e
//” +/7 3 HI’."’ H;L

It can readily be verified that these values of X and ﬁ satisfy
the Cauchy-Riemann differential equations.

Hence the functions \
(/.?-2) }Z-_f\c’a’“‘é"c/u/) (bu+a v- A )|
' — u-6

L’/:'!'( (Ja P_Lg,';/\ (éu‘f“‘/'/p’),
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where K and M are arbitrasry constants are the moet genersal

solutions of the case in which equations (2), (18) and (19)

are all permissible and such that the solutions are rez2l and

satisfy the Cauchy-Riemann differ=enti=zl ecuations.

4. DEFINING DIFFERZNTIAL EQUATIONS OF THET TANGTINTS TO
Cy AND O,

The tangents to v=constant are

1(7”‘//;)1/(1/“—/{“7/ O.

Letﬁélj 2 and / be the Plucker coordinates of this line.

Then

(33) . g~ - X« VRS

’ }7u-xu
Differentiating {re ecurtiong (33) 2nd makine ure of ecuntions
(2) we obt=in tte following:

s vh s XY ALy, @/14_,A Yoy X N
)] A“"I

(oyu.—-szxu-+/n¢UL s 4iUL%%¥isz~

el L :gé@4fw P VST P OEPD o Wi)zu

o

f(ﬁé’(a+é A +dé/((ujo?éﬂa: /\A))l } - (“)
(YL}/“/“ v © ;( 44( /A(:/’ (U/ .?dé/f’" s (s _éj“//tu} X‘:: )(ul 1_’2“}:\4/‘“’)?
AR A Sy ) A

G o= J AL a2 £
+(;4é/l Lu, fgﬂ)""/f“v’)gvf - /\’

() b &
wherein A = f x “/.

J g«
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Substituting the first derivatives oht-ined in (34--3,b,c,d)

in ecuations in (2), we find:
; 14 w (ll g “ (%
(G5) @) Vs = (e X ). é@‘_ﬁ@ :iy’llu,, (%, 4w a8 ) Xy

r teaw = (caa v X s 420 N ) oo (-t 8 0 X) Y

A2
v \uJ PN Y} A Y o« {/ NI "A‘ul ,
() ey, =[~aa A +"A + 4,3 A "'/.?’_CIL, /; gfj(’_é_“;‘A L, v .
Ry e AT ) e

Eliminating X, and X, btetween the equations formed by
setting the equivalents of corresponding second derivatives
equal in (34) and (35) the coefficients of the defining

differential enu=tions of the tangents to C, are
)

(fé/ (e / C\/l = A4 +# »éé««: — g){?‘"% , (é//'\?, - - J‘
. («r / («)
= - ro - v 4‘/‘ 3 - o - “w
© « - 4‘*i?‘ ig‘ N ﬁpé ,
0 y . 74 _ (“/
(e) X = /% (é/,,‘/‘ﬂé/ R (}l//;f,:—/;?égc_~

In a simil=r manner we find the Aefininy differentisl

ecuations of the tan-ente to C  are

v)
G7) (@A, - 3ax % - .z//)/l . @3- 4,
’ v, ]
(¢) X, = -4+ 8, _ /1(,1_, , (6{)/‘31,:-6(' /)(:
4 71?) 7?7) )
” ,” (v)
W, =y (aras) , (7%)/5;:*54—2)\“

)\(w
Let us impose the condition that the defining differential

equations of the tan.ents to C. be admissible.

If o= 5 - -«
(4 («)
we have Tl b - 2Aa mh-Aa -- A _
p3 A& T A« I3

)



or
(s (ws
3(2+i_«_2/‘t«:a—:))
then
/)(ul *
”T“LT = 2a- _46_‘& N
also .
. /](u)
= “ = - A - A
P
Hence
()
Au = 2a—+ a,
A s !
therefore
Rd-~ b —2u4+ a,
A VAR
or
é‘— Ay = O
6 4 !
hence
éq 7 d,, - 0.
If /Q, =z - —_//3,
we have
() , Y,
b‘Aé;_—+.An/ - 5L 2 A
6 Al A
whence
, ) («)
o - 5_&_/_ — »/\(':/ = jé—/—_Q /\'P
6 X R
or
(w)
/‘,, ~-2,5— ék
Xer 4’
also
()
34’/‘ - /{v :—é
e |
or
(a/
/\l/ - _—26
A ’
therefore

I

I
1
O

17.

=-4,



18.

and

by =0,
oy 4 is a function of u 2lone.
But we know from theorem I that
W« =4,
Then . = 0, or « 1is a function of v alone,
but
= -4, » therefore a and b are constants.

Under tnese conditions the coefficients (38) become

Fs) Az-a, /%= 4 «"s a,
'u(,,: 6 3~ —a /,«j”__g.

In 3 similar manner we find
R T A
«'- 4, /3 -—a AR

By substituting the values for X and fj of (37) in

equivalents of ¢<¢ and ¥ in (38) we h-ve

At = a/(C e (e +~av-m/ + 44 e et c,a/a(éa+ay ~M)

KJL 6y(1@M(ék~fﬁy-Mj b2 (éu fﬂV~M/) Ax QUM” Bﬂm(é"*”—/”)f“w(b““” »’

D’“.s/L{_d(_a“ ~4v l,a/)(éllv‘dy—/W) AGI“ 6ya,<;m (éu—(»du-Mf

Axedu Ay(é@/>(é,~$‘y_@+d i (b +av-M) ) 3/re"“ 6V (actw/‘“*‘“’ A/ -

6 acn (émrqu—»f—)’)}

or

au-~ &
= Ke g {d,.u,m(éufay ar)+4 Cos(buvav- »7)
K oo by § @~ 6X) cas (buw aw-n7) - (A X164)ain (br vav- mf >

e

2= N e” le Coa (butav-A1)- & ot (futav-m) ]

Keau ‘yg(é))( alj)f”-/i) (6a+al/ M}+ (a X~ 6H)W(éll+al/ M)f



13.

Let ¢:éd+ﬂy—/y/ and A~ wu- 4,

then

o) A= 6-9 ('ﬂvaﬁn (]57*[)(4.07%))
46K ’

Yz el caca by boin )

—OGA

We may readily verify thet i = /4,V andzﬁ,:_fiu
and that FC and 2 satisfy the esystem
é’uu_——aéa‘éﬁv,

6VV ﬁ@“ +69y -
We may summnarize our results as follows:

The most generzl nst whoese defining differential

equatione Aare adrissible 2nd the defining differentinl

equations of whcese minus first Leplsace trznsform is 2l1so

admiesible is defined by

L -6
X - K e VC-a/J(élv(-l-au——/m})

au-bv
4

é/:ZE & 2can (bu—+av—m),

whereir x  m, x, 4 are 2rvitr-ry constente.
)

> )

Any other net with thece provertize is = similar affine

transformation of any given one. The admissible defining

differentinl e~uvotions ore:

Cuw=a O+ 86, ,
qu_—‘éau -f—ﬂ@‘/)

Oy, = -~ Bu-£6, .



It followrs that the defining cifferenti=l e~u~tions of the

first Laplace tronsform is 2lso admiesitle. The defirning

equations of both Laplace transforms coincide with the

defining ecuations of the orizinal net. FHence tone Laplsace

transforms are gimilar affine transformations of the original

net. Ag-in the defining differential equations of the nets

corresponding by duelity to the curves of the originsal net

are admieeible if and only if a 2nd b 2re const=nts. Each

of the nets thus corresponding by cu=2lity to the curves of

- -

the net is a gimilar affine transform=tion of the other.

The defining ecuations of the dual nets sre:

(/’:uélt_l? ﬁu*‘ég‘/)
Cuy = 64 - 4 O,

Eyy = a b+ 66, .
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